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The single-particle density p(r) of a system of fermions can be calculated in a tractable
way as the Laplace inverse of the Bloch density describing the system. The complex
integrals involved can be solved very easily by the saddle-point method. The semiclassi-
cal nature of this approach is illustrated in the simple example of the single-particle
level density of a harmonic oscillator potential. It is then applied to calculate the total
energy of particles in different mean field potentials. The exact Bloch density being
generally unknown, different approximate forms are used in our calculations which
correspond to a partial resummation of the Wigner-Kirkwood #-expansion. The result-
ing local densities reproduce the exact density distributions on the average, without
quantal oscillations. They are well defined everywhere, even beyond the classical turning

point, in contrast to the original Wigner-Kirkwood approach.

1. Introduction

It has become increasingly clear over the past few
years that the semiclassical approximation con-
stitutes a very useful approach to the nuclear many
body problem. Indeed, the successes of semi-empiri-
cal mass formulae like the liquid drop or droplet
model [1-5] are due to the fact that the shell cor-
rection energy is very small compared to the nuclear
bulk energy. This allows for a perturbative treatment
of shell effects as done for instance in the Strutinsky
method [6, 7]. To test the validity of the Strutinsky
energy theorem and to calculate the shell-correction
energy microscopically, it has been found essential
to determine the average density matrix p in a sell-
consistent way. This has been proved by using mi-
croscopically Strutinsky-smoothed densities in an
iterative Hartree-Fock (HF) cycle [8, 9].

*  Present address: Institut fiir Theoretische Physik, Universitit
Regensburg, Universitétsstrasse 31, 13-8400 Regensburg, FRG

In this paper, it will be shown how the partial #-
resummation technique can yield average densities p
and average energies E(p) in a much more economi-
cal way which avoids the use of single-particle wave-
functions. Using this semiclassical method in con-
nection with density dependent effective forces of the
Skyrme type [10-12] it has been recently possible
[13] to calculate in an iterative cycle self-consistent
average binding energies and density distributions of
spherical nuclei.

The aim of the present paper is a study of the two
main ingredients used in this self-consistent semi-
classical procedure: the partial A-resummation tech-
nique and the saddle-point method. This paper con-
tinues a series of investigations on the partial %-
resummation method [14-16]. Chapter 2 will be de-
voted to a short presentation of this approach. In
Chap. 3, the saddle-point method will be studied in
some detail and compared with the Strutinsky
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smoothing procedure. Average density distributions
and energies obtained for two different model poten-
tials will be presented in Chap. 4 and compared with
the corresponding Strutinsky results.

2. The Partial Resummation of the Wigner-Kirkwood
Series

So far there have been mainly two different, though
closely related semiclassical techniques which have
been used to deduce average nuclear properties, such
as binding energies and density distributions, from
an effective nucleon-nucleon interaction. These are
the extended Thomas-Fermi method (ETF) and the
partial A-resummation technique. Both these meth-
ods use the Wigner-Kirkwood expansion [17-19] as
a starting point and go beyond the Thomas-Fermi
(TF) approximation.

The single particle Bloch density

Cp=e % (1)
of a Fermion system, can be written as an expansion
in Wigner space
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The first order is just the well known Thomas-Fermi
result. Higher order terms in # are due to the non-
commutation of the kinetic and potential energy

parts of the Hamiltonian:
h2
H = ™ V24 V. (3)

These terms may be interpreted as semiclassical cor-
rections to the Thomas-Fermi approximation. The
Wigner-Kirkwood expansion (2) can be considered
as an expansion in s as well as in the gradients of
the potential.

Integrating C(r,p; f) with respect to p yields the
local Bloch density C(r, §). The density distribution
p(r) is then obtained by the inverse Laplace trans-
form:

1 c+1ioo

i Losce pap @

27'Cl c—im

1
p

where the Fermi energy 4 is determined by nor-
malizing p(r) to the given number N of particles.

Laplace transforming the Wigner-Kirkwood series
term by term, the extended Thomas-Fermi (ETF)

p=2;3 |, cep-

expansion is obtained. It has been shown to yield an
extremely rapidly converging series for the total en-
ergy of N particles in various model potentials [20],
although the corresponding density distributions are
limited to the classically allowed region and even
diverge at the classical turning points*. Eliminating
the potential and its derivatives between the ETF
expressions for p(r) and the kinetic energy density
1(r) a semiclassical functional 7[p] is obtained [22-
257 which can be used to obtain selfconsistent semi-
classical results for a given effective nucleon-nucleon
interaction [24-29].

Instead of Laplace inverting the Wigner-Kirkwood
expansion term by term it is possible to selectively
resum only those terms in (2) which contain de-
rivatives up to a certain order of the single-particle
potential V. Resumming for instance all first order
derivatives of V yields after the p-integration:

)= (5.7 )3/2e~ﬁV+f—/’3<VV>Z (5)
T, )= ey 24m .
This partially resummed Bloch density generates a
density distribution which is well defined and con-
tinuous everywhere in space, also outside the classi-
cally allowed region [14].

In the nuclear surface, however, this density distribu-
tion, though not vanishing, is still decreasing too
steeply as compared to the quantum mechanical (e.g.
HF) one. This is due to the important role of the
curvature of the potential in this region, not taken
into account in (5). Trying to go beyond the “lin-
earized” approximation (5), Bhaduri first proposed
an approximate form of the local Bloch density con-
taining also some second order derivatives of the
potential [14]:

CP(x, B)

m

_ 3/2 1 hZ ﬁZVZV ~ﬁV+2£ﬂ3(VV)Z (6}
—Mlzﬁ m e Zs .

This Bloch density gives satisfactory density distri-
butions defined everywhere in space. It also correctly
reproduces the A-expansion up to the second order
of the local ETF Bloch density corresponding to (2).

Resumming consistently all first and second deriv-
atives of the potential to all powers in # yields the
“harmonized” Bloch density. In the spherically sym-

* This divergence in coordinate space is somewhat spurious. In
fact, the Wigner-transformed (ETF) density p,(r, p) can be under-
stood as a distribution [21, 22] in momentum space, from which
energies and other expectation values are obtained as well defined
moments
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metric case it is given by [15]:

3 2
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C(r, )= (27%)3/2 [sinh (Bhw,) sinh? (ﬁhwl)] N

b [V—;I/i] — (II/L)Z tanh (g hw,) 7

where the derivatives (V', V") are taken with respect

V//
to the radial variable r, and where w,=]/m and

1 'vf/
= ET

The expression (7) for C(r, f) is exact for a harmonic
oscillator. In the general case, the approximate ex-
pressions (5) and (7) correspond to locally replacing
the considered potential by a straight line or by a
parabola, respectively. The expressions (6) and (7)
have the advantage that the corresponding density
distribution describes very well the surface region,
which is not the case for the purely linearized form
of (5).

3. On the Technique of Laplace Inverting the Bloch
Density

To obtain the one-body density p(r) we employ the
saddle-point method for Laplace inverting C(r, ) as
proposed by Bhaduri [22]. The Laplace inversion is
written as:

] et+iw s C(l‘, B)
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where ¢ is a positive real number [35, 36].
If B, is a stationary point defined by [0S/0f],,=0,
we can expand S(f) around S,:

S-S0+ 3 2 nB—For
with

a" S
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Furthermore, if f, is positive, we can choose the
arbitrary constant c¢=fi;. Expecting that most of the
contribution to the integral comes from the part of
the integration contour where S(f) is large, the ex-
pansion can be stopped after the second term and
we find the usual saddle-point result:

o
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which can be solved analytically:
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if o, is positive and with y= —i(f— f,).

This may be considered as the leading term of an
expansion for I. Taking into account the following
terms in S(f) yields:

«© o0 5, o e,
=8P [ 317X SrYdy. (10)
The coefficient o, regulates the convergence of the
series in the exponent of the integrand in (10). It
may be used to define the reduced variable x and
coefficients 4,,:

x=]/@y &n:ﬂ.

&,

Expanding the last exponential in (10) as a function
of a,, and noting that the odd powers of y do not
contribute to the integral, we obtain:

SBo) © _ x? 1 1
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Each term A4,(x), 4,(x)..., corresponding to increas-
ing powers of the inverse of «, gives rise to a cor-
rection in I:
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Equation (11) is exactly the result of the method of
steepest descent [30] when one takes into account
more than the usual leading term for the series
which represents the integral I.

The only problem for solving (8) is thus to find f,:
for that, the method of Newton is used, when the
solutions of @S/0f=0 is not analytical. For the ap-
proximated Bloch densities we used (5-7), two cases
may occur, in the range between f=0 and the first
real positive branch-point, if any:

- one of the solutions of dS/0f=0 is real and posi-
tive, the other ones being complex conjugate in
pairs. Since we are interested in semiclassical quan-
tities, we must eliminate the complex solutions as
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possible saddle points, because they give rise to os-
cillating contributions. It is the same as for purely
imaginary poles for the harmonized Bloch densities,
which give spurious oscillations to the local density,
whereas the pole at =0 gives the semiclassical part
we are interested in [31, 32]. Thus f, is the only
real positive saddle point.

- all the solutions of dS/08=0 are real. We can in
principle choose for B, any one of the positive so-
lutions (the exact result of (8) being independent of
the value of ¢), providing that there is no singularity
of the integrand between zero and f,. In the case of
the Bloch density of (5) and (6) only one positive real
B, solution of 8S/0p=0 is found for all problems
considered in this paper (harmonic oscillator and
Woods-Saxon potential).

In order to illustrate the semiclassical nature of the
saddle-point method, we shall consider a very simple
problem where all calculations can be performed
analytically. We shall be dealing with the level den-
sity of a spherical harmonic oscillator. It is the La-
place inverse of the exact partition function given in
this case by:

)d%—% S . (12)

sinh® (g hw)

The semiclassical level density is known analytically
in this case. It has been shown in the ETF approach
[33] to be given by:

Z(p=JC,

g2 1

(ho)®  4ho (13)

g(e)=

This result is rigorously the same as what is ob-
tained with the Strutinsky averaging procedure
which can be performed analytically [34].

Using the saddle-point method to evaluate the in-
verse Laplace transform

c+ico

80=5 | e Zp)dp,
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a real saddle-point is found at ﬂozi-arccoth(x)
%)

2
where x=3 h_ Taking only the leading order term
of the saddle-point series (Eq. (11)) into account, one
obtains

x+1>%x

22 thw( -y

which in the limit of large quantum numbers (semi-
classical limit) x> 1 reduces to
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since the function
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converges for increasing x very rapidly to e>.

This result reproduces already quite nicely the lead-
ing (Thomas-Fermi) term of the semiclassical level
density in (13).

If the first saddle-point correction C; is taken into
account, on¢ obtains similarly, in the limit x> 1:

gole)=

¢ 36L]
(ho)® 35 4ho |

Including the second saddle-point correction C, im-
proves the result in the sense that the coefficients of
e2/(hw)® and 1/4hw become closer to unity, in the
limit x> 1, leading to

g.(e)~ 09995[

e* 2520 1 ]

82(6)=0.9999 [(hco)3 T2501 dhoo |

In this simple case, we have shown that in the semi-
classical limit of large quantum numbers, the saddle-
point method gives not only the leading order (TF)
term of the average nuclear level density, but also
the semiclassical corrections with their correct coef-
ficients.

4. Densities and Energies Obtained with Nuclear
Model Potentials

So far, we have demonstrated the validity of the
saddle-point method as a mean of obtaining a semi-
classical expansion for the partially resummed Bloch
density. Let us now test the ability of this method to
reproduce semiclassical density distributions and
ground state energies using suitable model poten-
tials. Applying simple rules for Laplace transfor-
mations [35-37] the energy can be expressed as

A A€
E={eg(e)de=AN—{ [ g(e)de de
o 00

[Zﬁ(f)] (14)
where g(g) is the exact single particle level density

and 4 is the Fermi energy determined by the normal-
ization condition

=IN-%&;

B4
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N= jg(g}de— ’8”[[3
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Table 1. Spherical harmonic oscillator.

Average energies in a spherical harmonic oscillator potential. All
energies are in MeV. The saddle-point method is used to perform
the Laplace inversion (14) with Bloch densities (5-7), respectively
in Thomas-Fermi (E,g), linearized (E,), harmonized (E,) and
Bhaduri (Ey,) approximations. These results are repotted for dif-
ferent numbers N of particles. The last column gives the energies
obtained from the exact ones by a Strutinsky smoothing pro-
cedure. The calculations have been performed with a shell spacing
of Aw=7MeV. The constant #?/2m has been taken to be
20.748 MeV fm? [31]

N Erp E, E, Eg, Eg,
20 4111 397.8 424.8 4249 424.6
40 1035.8 1014.7 1057.5 1057.6 1057.2
60 1778.6 1750.9 1807.0 1807.0 1806.5
80 2610.1 2576.6 2644.5 2644.5 26440

100 3514.6 3475.7 3554.5 35544 3553.8

120 4481.8 44379 4526.8 4526.7 4526.1

Using the exact partition function for a given prob-
lem and performing the Laplace transformations
without any approximations, one obtains of course
the exact quantum mechanical densities, level densi-
ties and single-particle energy sums. Semiclassical
results are obtained by using either a semiclassical
expansion for the partition function Z(ff), as done in
the ETF method, or by applying a semiclassical
technique like the saddle-point method to perform
the Laplace inversions of the Bloch density like those
obtained by a partial h-resummation of the Wigner-
Kirkwood expansion.

To test the different resummation approaches, equa-
tions (5) to (7), we have calculated the average en-
ergies of different numbers N of fermions in a
spherical harmonic oscillator potential (without
Coulomb or spin-orbit contributions). The results of
these calculations are compared in Table 1 with the
corresponding Strutinsky results which can be ob-
tained analytically in this case [34]. For the sake of
comparison, the results obtained in the pure Thom-
as-Fermi approximation have also been reported. In
all these calculations, saddle-point corrections up to
second order have been included.

Comparing the results obtained in the different re-

Table 2. Spherical Woods-Saxon potential.

summation approaches, it appears that the harmo-
nized resummation ansatz (7) (which is the exact
Bloch density in this case), and Bhaduri’s approxi-
mation (6) do about equally well and reproduce the
Strutinsky values to less than 1 MeV for all systems
considered, which seems very satisfactory. The lin-
earized form (5) on the other hand misses the
Strutinsky results by almost 100 MeV in heavy sys-
tems, which again illustrates the importance of tak-
ing correctly into account the curvature of the po-
tential. It is in fact quite striking that the results
obtained in the pure Thomas-Fermi approximation
are closer to the “exact” semiclassical results than
those of the linearized form. Indeed, the semiclassi-
cal corrections to the Thomas-Fermi result in the
Wigner-Kirkwood expansion (2) though giving rel-
atively small contributions to the total energy, re-
sult from quite large contributions which almost
cancel. It is therefore not surprising that the neglec-
tion of one of the A%-terms in the linearized approxi-
mation leads to an error of about 100 MeV in the
total energy.

The same kind of comparison has been reported in
Table 2 for a spherical Woods-Saxon potential.
Again the harmonized and Bhaduri’s approach give
good results whereas the Thomas-Fermi and the lin-
earized approximation miss the nuclear bulk en-
ergy by ~100 MeV or more. Here again, the Thom-
as-Fermi approach gives better resuits than the
linearized form.

Though quite reasonable, our results for the Woods-
Saxon potential are not as close to the Strutinsky
smoothed results as in the case of the harmonic
oscillator, whereas the ETF approach [20] repro-
duces the Strutinsky energies up to ~1 MeV (which
is the uncertainty of both methods). This again is
related to the neglection of some terms at a given
order in A Of course, the fourth order terms in %
(including e.g. terms like F*V) are not all taken into
account by ecither of the resumation approaches,
whereas they were consistently included in the ETF
approach [20]. Although the total correction of or-

Same as Table 1 for a spherical Woods-Saxon potential (V, =44.0 MeV, a=0.67 fm, R, =1.27 A'/® fm) with

2N (N =Z) particles, Egy being the extended Thomas-Fermi value [20]

N=z Erg E, E, Egy Epre By
(MeV) (MeV) (MeV) (MeV) (MeV) (MeV)
20 - 7176 — 7540 — 6863 -~ 6835 — 680.8
36 —1368.2 —1420.6 —13222 —13182 -1315.0 —13154
32 —3344.6 —34325 —3267.1 —3259.1 —3254.9 —3256.0
102 —4229.6 —4330.6 —4140.9 —4131.1 —4126.5 —4126.6
130 --5484.5 —5602.4 —5381.3 —5369.0 —5364.0 —5364.4
146 —6208.1 ~6335.1 —6097.2 —6083.5 —6078.2 ~6078.6
208 -9044.7 —9203.9 - 8906.3 —8887.5 —8881.5 —8882.8
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Fig. 1. Density of N=92 particles in a spherical Woods-Saxon
potential (parameters given in Table 2). The quantum-mechanical
density (full line) is compared to the semiclassical densities ob-
tained through the saddle point method with the resummation
approaches in the harmonized form (dashed-dotted line) and in
Bhaduri’s approximation {dashed line)

der h* to the ETF energy is quite small (of the order
of 0.1% or less), it is obtained as a sum of terms
which can be quite big individually. The neglection
of some of these terms in Bhaduri’s approximation
(6) and in the harmonized form of (7) explains the
fact that the Strutinsky ecnergies are not as well
reproduced as in the ETF approach. The terms ne-
glected in Bhaduri’s form contribute apparently to a
lesser extent to the total energy than those neglected
by the harmonized approximation, for the problem
considered here.

As mentioned in the introduction, the ETF ap-
proach fails to generate reasonable density distri-
butions defined everywhere in space. This is not the
case for the “resummed” Bloch densities which in-
deed correctly describe the surface properties. This is
illustrated in Fig. 1 where the densities calculated by
the saddle-point method with the Bloch densities of
both approximations (6) and (7) are compared with
the exact quantum mechanical density distribution
of 92 particles in a spherical Woods-Saxon potential.
Apart from quantal oscillations the latter is very
well reproduced on the average.

These conclusions are not limited to one-dimen-
sional or spherically symmetric problems. As an ex-
ample, we compare in Fig. 2 contour plots of the
exact and the corresponding semiclassical density
distribution in an axially deformed harmonic oscil-
lator. The exact Bloch density is:

i o, o?
c® =( - )I/ o
©P=\52%2) |/ sinh (phoo, ) simb? (B )

zztanh(ghwz)— 5 (x2+y2)tanh(§hwi) (15)

in the case of a symmetry with respect to the z-axis.

e
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Fig. 2. Contour plot of the density distributions of 70 particles in
a deformed harmonic oscillator potential of prolate shape (15) (w,
=w,=2w,). The quantum-mechanical density (full line) and the
semiclassical density (dashed line) are given in units of 2.10~2/fm?*

The good reproduction of the average density distri-
bution in the semiclassical approach is evident in
this figure.

5. Conclusions

We have discussed how Laplace inversions of the
single-particle Bloch density can be easily performed
using the saddle-point method and illustrated with
simple examples that the latter is indeed a semi-
classical approach.

The saddle-point method, in conjunction with the
resummation approximations (6) and (7) to the gen-
erally unknown exact Bloch density has been shown
to provide a very powerful tool for calculating av-
erage nuclear properties for given model potentials.
Not only the average energies have been reproduced
to within a few MeV (of the order of 0,5 % or less) of
the corresponding Strutinsky smoothed results, but
also the associated average density distributions are
well-behaved everywhere in space. These properties
have been shown to hold for different single particle
model potentials and for spherical as well as for
deformed shapes.

Comparing the different resummation approximations
it has appeared that Bhaduri’s approach is probably
the best suited for a generalization to deformed
shapes. It has already been extended to include Cou-
lomb and spin-orbit interactions as well as an effec-
tive mass [13]. The method is currently generalized
to excited nuclei in the statistical approximation
[38].

The present method provides the foundation of an
approach which may be applied in selfconsistent
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semiclassical calculations [13, 38]. Used in connec-
tion with the Strutinsky shell-correction procedure
this method is of great value for many different
applications in nuclear physics where nuclear bulk
properties are playing the dominant role.

The authors are indebted to Prof. R.K. Bhaduri for having in-
itialized and largely encouraged this work. Many enlightening
discussions with P. Schuck, H. Grif, P. Quentin and M. Valliéres
are gratefully acknowledged.

References

= OO0 AW

U

12.

13.
14.
15.

16.

17.
18.
19.
20.

21.
22.
23.
24.

25.

. Weizsicker, C.F. von: Z. Phys. 96, 431 (1935)

. Bethe, H.A., Bacher, R.F.: Rev. Mod. Phys. 8, 82 (1936)
. Myers, W.D., Swiatecki, W.J.: Nucl. Phys. 81, 1 (1966)

. Myers, W.D., Swiatecki, W.J.: Ann. Phys. 55, 395 (1969)
. Myers, W.D., Swiatecki, W.J.: Ann. Phys. 84, 186 (1974)
. Strutinsky, V.M.: Nucl. Phys. A122, 1 (1968)

. Strutinsky, V.M.: Nucl. Phys. A 218, 169 (1974)

. Brack, M., Quentin, P.: Phys. Lett. 56B, 421 (1975)

. Brack, M., Quentin, P.: Nucl. Phys. A 361, 35 (1981)

. Vautherin, D., Brink, D.: Phys. Rev. CS5, 626 (1972)

. Beiner, M., Flocard, H., Nguyen Van Giai, Quentin, P.: Nucl.

Phys. A238, 29 (1975)

Bartel, J., Quentin, P., Brack, M., Guet, C., Hakansson, H.-B.:
Nucl. Phys. A 386, 79 (1982)

Bartel, J., Valliéres, M.: Phys. Lett. 114B, 303 (1982)

Bhaduri, R.K.: Phys. Rev. Lett. 39, 329 (1977)

Durand, M., Brack, M., Schuck, P.: Z. Phys. A - Atoms and
Nuclei 286, 381 (1978)

Durand, M., Schuck, P., Brack, M.: Z. Phys. A - Atoms and
Nuclei 296, 87 (1980)

Wigner, E.P.: Phys. Rev. 40, 749 (1932)

Kirkwood, J.G.: Phys. Rev. 44, 31 (1933)

Jennings, B.K., Bhaduri, R.K.: Nucl. Phys. A 237, 149 (1975)
Jennings, B.K., Bhaduri, R.K., Brack, M.: Phys. Rev. Lett. 34,
228 (1975)

Voros, A.: Ph. D. Thesis, Université de Paris, Orsay, 1977
Grammaticos, B., Voros, A.: Ann. Phys. 123, 359 (1979)
Grammaticos, B., Voros, A.: Ann. Phys. 129, 153 (1980)

Guet, C., Brack, M.: Z. Phys. A - Atoms and Nuclei 297, 247
(1980)

Bohigas, O., Campi, X., Krivine, H., Treiner, J.: Phys. Lett.
64B 381 (1976)

26.
27.
28.
29.
30.
31

32.

33.
34,
35
36.
37.

38.

347

Chu, Y.H., Jennings, B.K., Brack, M.: Phys. Lett. 68B, 407
(1977

Guet, C., Hakansson, H.B., Brack, M.: Phys. Lett. 978, 7
(1980)

Brack, M.: Colloque sur les Méthodes Mathématiques de la
Physique Nucléaire, Bruxelles, 21-25/6/1982. Demeur, M., Gi-
raud, B., Quentin, P. (eds.) p. 251 (1983)

Brack, M., Guet, C., Hakansson, H.B.: (to be published)
Morse, P., Feshbach, H.: Methods of theoretical physics. Part.
1. New York: Mc-Graw-Hill 1953

Jennings, B.K.: Ph. D. Thesis, McMaster University 1976
Ring, P., Schuck, P.: The nuclear many body problem. Texts
and Monographs in Physics. Berlin, Heidelberg, New York:
Springer-Verlag, 1980

Bhaduri, R.K., Ross, C.K.: Phys. Rev. Lett. 27, 606 (1971)
Brack, M., Pauli, H.C.: Nucl. Phys. A 207, 401 (1973)

Daétsch, G.: Handbuch der Laplace-Transformation. Vol. I-111.
Basel: Birkhduser Verlag 1950

Pol, B. Van der, Bremmer, H.: Operational calculus. Cam-
bridge: Cambridge University Press 1955

Abramowitz, M., Stegun, LA.: Handbook of mathematical
functions. New York: Dover 1965

Bartel, J., Brack, M., Guet, C., Hakansson, H.B.: (to be pub-
lished)

J. Bartel

Institut Max von Laue
Paul Langevin

B.P. 156

F-38042 Grenoble Cedex
France

and

Laboratoire de Physique Théorigue
Université de Bordeaux I

Rue du solarium

F-33170 Gradignan

France

M. Durand

Institut de Sciences Nucléaires
(IN2P3)

F-38026 Grenoble Cedex
France

M.

Brack

Institut fiir Theoretische Physik
Universitdt Regensburg
Universititsstrasse 31

D-8400 Regensburg

Federal Republic of Germany



