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The imaginary part of the optical potential for nuclear ion-ion scattering in the energy
range 20 MeV<E/A ~<200 MeV is derived using Feshbach's projection formalism. It is
defined as the effective absorptive potential in the projected one-body Schroedinger equation for the relative motion of the colliding nuclei. Calculations are done in the ThomasFermi approximation, which accounts in a simple way for all phase-space effects as
well as for the finite size of the ions. Intrinsic excitations are considered to be of one
particle - one hole type in either of the ions, the other remaining in its ground state.
The effective two-body interaction is taken to be of finite range. Further simplifications
of the model consist in neglecting antisymmetrization between the mutual wave functions
of the two ions and in the omission of the Coulomb energy.

PACS: 24.10.Ht; 25.70.Cd

Introduction
This article deals with the calculation of the imaginary
part of the optical potential for nuclear heavy ion
scattering.
The relevant collective degree of freedom is chosen
to be the relative distance between the centers of mass
of the two ions. This is the appropriate coordinate
in a description of peripheral collisions at incident
energies well above the Coulomb barrier as well as
above the excitation energy of giant resonance modes.
In the framework of Feshbach's projection formalism
[1] one expects then that the Q-space (the space of
all intrinsic excitations) can be considerably simpliefled. We consider here excitations of the lowest order,
namely only those channels which involve at most
the excitation of one hole and one particle in either
nucleus, leaving the other in its ground state. Reactions involving simultaneous excitations of the two
nuclei are much less important than those in which
only one of the nuclei is excited. This has been shown
in a recent theoretical work [2].
Furthermore we study only incoherent processes.
We find that these account already for about a half
of the measured reaction cross section, leaving the

rest for other processes such as coherent effects at
low energies and higher many particle - many hole
(rap-m h) excitations at higher energies, and break-up
reactions. A similar result has been obtained in the
case of the nucleon-nucleus potential [3], where the
same effective force and the same methods were used
as in our case. Furthermore there is experimental indication that coherent processes contribute in a minor
way to the reaction cross section [4].
We use semiclassical methods to evaluate the imaginary part of the optical potential. They prove to
be very successful in the description of mp-mh level
densities [5], as well as in the formulation of the real
and imaginary parts of the nucleon-nucleus optical
potential [3, 6] and of the temperature dependence
of the nucleon mean free path [7].
The semiclassical approach used here is based
upon the Wigner-Kirkwood expansion of the onebody density matrixy (see [8, 9] for an introduction
to the formalism). It has been extensively studied in
the evaluation of static properties of nuclei, and precise statements can be made about its validity in the
Hartree-Fock framework [9]: one obtains with the
semicalssical approximation exactly the average part
of the microscopical Hartree-Fock results, leaving out
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the shell effects. Whereas the selfconsistent semiclassical evaluation of average nuclear energies and densities necessitates the inclusion of second and fourth
order corrections in h, these can be ignored to a very
good degree of approximation when studying small
deviations from the Hartree-Fock ground state due
to particle-hole excitations. Even in the lowest semiclassical order, i.e. at the Thomas-Fermi level, the
Pauli exclusion principle can be treated correctly
(which becomes particularly transparent in phase
space); finite size (i.e. nuclear surface) effects and finite-range residual forces can be incorporated in a
simple and natural way. This has been demonstrated
in the successful calculation of rap-nh level densities
[5] and their above-mentioned applications [3, 6, 7].
Preliminary results for the ion-ion potential obtained
in this framework have been presented in [10].
This decade has given rise to a series of interesting
studies about the imaginary part of the ion-ion potential. A formulation quite close to ours is the recent
work of [2]. There, too, the optical potential is defined
in a projected Schroedinger equation for the wave
function of relative motion, and the total many-body
wave function of the system is expanded into a product of eigenstates of the intrinsic unperturbed Hamiltonians of the two ions. At this general stage, the
optical potential is still too difficult to calculate. The
type of approximations and methods we then use are
quite different from the ones in [2]. While we work
in 2nd quantization and truncate the excitations at
the l p - 1 h level and then use semiclassical methods,
whose merits we have outlined above, in [2] the excitations are not truncated. Instead, the propagator is
handled in eikonal approximation and the excitation
energies of the nuclei set constant and closure performed.
Other authors [11-13] have derived the imaginary
part of the optical potential due to inelastic and
transfer processes in a different context. The absorptive potential is introduced there by solving the equations of motion for the amplitudes associated with
different reaction channels in a limited channel subspace. The imaginary part of the potential "mocks
up" the missing channels. The ions move on classical
trajectories.
Finally we quote the work inspired by the
Brueckner theory of nuclear matter. An extension of
the nucleon-nucleus potential [14] to the ion-ion potential has been formulated in [15, 16]. It yields to
a too weak absorptive potential. A substantial enhancement was achieved by including collective excitations in the nuclear matter potentials. This was
done by modifying in a somewhat ad-hoc manner
the G-matrix [17].
Our paper is structured as follows. In the next
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section we derive the optical model for relative motion, define the model space, the effective two-body
interaction, and write in semiclassical approximation
the expressions for the real and imaginary parts of
the optical potential. In Sect. 3 we derive the expressions for the optical potential using specific density
distributions of the ions. We show quantitatively that
the imaginary part of the optical potential is inversely
proportional to E for incident energy per particle E/A
larger than the Fermi energy. In that section we also
discuss the numerical results, specifically the spatial
and energy dependence of the optical potential. In
Sect. 4 we evaluate in a straight-line approximation
the absorption cross section and compare it to experiment. The paper contains three appendices which fill
in details of the derivations and of the momentum
integrations. We conclude with a summary and outlook in Sect. 5.

2. The Optical M o d e l for Relative M o t i o n

The many-body Hamiltonian H for two interacting
heavy ions A and B with centers a distance R apart
is
H(rt ... rA; Sl... SB; R)

= HA (rl ... ra) + HB(sl ... sB) + T(R)
A

+ ~

B

~ v(R, si, rj)

(2.1)

j = l i=1

where HA and HB are the intrinsic Hamiltonians of
ions A and B respectively, depending on the nucleon
intrinsic coordinates U (J= 1 ...A) and sl (i= 1... B).
The interaction between a nucleon of B at position
si and one of A at rj is described by the two body
operator v(R, si,rj). The operator T stands for the
kinetic energy of relative motion.
For the many-body wave function ~u, which satisfies the full Schroedinger equation HgJ=E7s, we
make the separation ansatz
~ ( r l ... rA; Sl ... SB; R)

= ~Go(R) CPAj(rl... rA) Oni(Sl... SB)

(2.2)

i,j

which is of very general form except for the neglect
of antisymmetrization between the partial intrinsic
wave functions ~bAjand ~bB~,which are the eigenfunctions of HA and HB, respectively. Since our interest
lies mainly in higher energy reactions, where the phase
spaces of the nucleons in A and B are quite different,
this approximation is quite reasonable.
Furthermore we rewrite the two-body interaction
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A

B

V= ~, ~, v(R, si, U) in (2.1) as a sum of a mean field

where

j=li=l

contribution VvF(R) between the two ions and a residual two-body interaction VR(R, s~, r j)

V e f f = FAr

1
VQ E _ H A _ H a _ T-- VMF--QVRQ+ ie QV
(2.7)

V= VMF(R) + VR(R, st, rj)

(2.3 a)

VR(R, st, r j) = V-- V~,F(R).

(2.3b)

It is well known that using projection techniques the
many-body problem can be reduced to an effective
one-body Schroedinger equation for a chosen degree
of freedom [1]. Then the information about all the
other degrees of freedom is accounted for formally
in an effective potential, the optical potential. We
choose the relevant degree of freedom to be the relative distance between ions A and B. To obtain the
optical potential for the relative motion we proceed
as follows. In second quantization the expansion of
the full many-body wave function (2.2) in terms of
projectile and target eigenstates is expressed as

[~P> = ~, ci ]gt> 10> + ~ CtjK [gk> a~> ai< [0> + . . .
i

(2.4)

i,j,k

where a~ creates a particle above the Fermi level
and ai< destroys a particle below the Fermi level of
either ion A or B. The ket 10> denotes the ground
states of nuclei A and B. The ket IgK> is the component of the wave function which describes the relative
motion and is eigenstate of ref f = T + VMv,
Weft Igk> =

ek [gk>.

We define projection operators P and Q acting
on the intrinsic subspace of A|
as
P = 10) <0l

and e0 is the ground state energy of A and B, which
we set equal to zero. The residual interaction VR is
defined in (2.3).

2.1. The Model Space
In practice it is of course not possible to treat the
effective potential exactly. We recur to the following
approximations:
(a) we neglect residual interactions Q VRQ.
(b) we truncate the Q-space at the one particle
- one hole ( t p - 1 h) level.
The neglect of residual interactions looks formally
like the effective potential to 2nd order in the twobody interaction, with an effective kinetic energy Telf.
However, by keeping VMvin the propagator, approximation (a) is much more powerful than the usual
2nd order expansion, which sets QVQ=0, i.e. also
VMF=0.
Approximation (b) is less obvious and done
mainly for caleulational purposes. We expect however
that in peripheral collisions most of the excitations
will be of the l p - 1 h type. We recall also that in
the case of the nucleon-nucleus optical potential the
truncation of Q at the l p - 1 h excitations is a very
good approximation, since it leads to very reasonable
values of the nucleon mean free path [7].

(2.5 a)

2.2. The Optical Potential
and

Q =~,af>at< 10> <0J a~ at> + . . .

(2.5 b)

i,j

where P + Q = 1 ; [HA,B;P] = [HA, B; Q ] = 0 and also
[T, P] = IT, Q] = 0 since antisymmetrization between
the wave functions of A and B is neglected.
We obtain the effective Schr6dinger equation for
the relative wave function Igk> by operating alternatively with P and Q on the full Hamiltonian H and
eliminating Q J~> from the two equations. Taking
then the expectation value of the resulting expression
in the ground state wave functions 10> one obtains
{(% + T-- E) + <01 V,ff ]0>} ~ ci [g,> = 0,
i

(2.6)

With the simplifications (a) and (b) we calculate matrix elements Veff= <0] Voffl0>which describe the transition of the relative wave function from state tgk'>
to state ]gk">" By inserting complete sets (in the truncated Q-space) of eigenfunctions of H A + H B + Tel f t o
the left and right of the propagator in (2.7), one obtains the optical potential
opt __

V~,, k,- <gk,,I Vofflgk'5
= Z <gk"[~jiiJlgk ">
i<,j>

+

~

~

v=A,B i<,j>,k

<gk,,l~mjlg~>
l<

1
E--e~ +e~--ek + i~

,-<
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Here e~ and e~ are the particle and hole energies in
either ion v = A or B, e k is eigenvalue to T~rr. The
quantities ~,..,.,., are the antisymmetrized matrix elements of the two body interaction
V=

+ an+ ~mnm,n, an, am,,
am

~

(2.9)

m , n , m " , ~I"

where
"Omnm, n, =

(toni vlm' n'> = (mn[ ~[n' m'>

(2.10)

and
<mnl ~[m'n'> =
Sdl d2d3 d4cp*(1) ~o*(2) ~(1, 2, 3, 4) ~0m,(3) ~0,,(4). (2.11)
Here the ~0~are single particle wave functions.
The first summation in (2.8) describes the change
in the relative wave function caused by the mean field
z~j,j. The second term describes the change in relative
motion when 1 p 1 h excitations occur in one of the
ions (indices i,j of ~), leaving the other ion inert (repeated indices of v, which also have to be summed
over) followed by propagation and deexcitation.

depth u ; = 4 2 . 7 MeV and the range r ; = 1.4 fro. The
value for the range comes again from a fit using the
Gogny force [3]. Although this is a very simple parametrization of the mean-field potential, we think it
is enough to describe properly the imaginary part
of the optical potential, where it enters only in the
propagator.
With the parameters Uo and r 0 chosen above, good
agreement with phenomenological fitted optical potential depths in nucleon-nucleus interactions has
been obtained for incident energies 15 MeV
< E < 6 0 MeV.
The parametrization (2.12) means the following.
The excitation of the particle in the excited nucleus
occurs at the same place as the excitation of the hole,
given by one of the Dirac delta functions. The other
delta function puts the virtual excitations in the "inert
nucleus" (repeated indices in the matrix element of
~, in (2.8)) at a single point. The finite range force
u (2.13) is a measure for the nonlocality between these
two types of excitations. In a similar way (2.12) describes the nonlocality between virtual excitations in
each of the ions, for reactions in which both ions
remain in the ground state.

2.3. The Effective Interaction
We neglect exchange effects in ~ m n m ' n ' and take an
effective local Wigner force instead [3, 6]. In coordinate space it reads
v(rl +RA, rz + R a ; Sl +RB, s2 +RB)
= 6 (rl - r2) ~ (% - %) u(R + rl - sl)

2.4. Semiclassical Description
of the Optical Potential
The space representation of the mean field contribution to the optical potential, the first term in (2.8),
is (using (2.12))

(2.12)
VMF(R)=Sdrlds2p(rl)u(R+rl--s2)p(s2),

where RA and RB are distances from the common
center of mass of ions A and B to their respective
centers, i.e. R = RA--RB and r s, s~ are intrinsic coordinates as before. The finite range two-body force u
has been fitted to the s-wave part of the Gogny force
[183
u(r) = -- Uo exp(-- rZ/rg)

(2.13)

of strength u0 = 26.5 MeV and range r 0 = 2.25 fm [3,
6]. It is especially designed to describe pairing properties [19] which include the same matrix elements as
the ones considered in the Q-space of our model. The
mean field part of V ~ has a quite different type of
effective vertex, which must be treated accordingly.
For the mean-field vertex we use the same form for
the effective interaction as given by (2.12) but the parameters are chosen such that a binding energy per
particle e = - 8 MeV is reproduced for nucleons of
one nucleus in the field of the other. We take the

(2.14)

where
p(r) = ~ ~o*(r) ~o~(r)= <rl t~Jr>
i<

(2.15)

is the single-particle density for one ion, and ~ is the
density operator. Equation (2.14) is the well known
folding potential [20].
Since the effective force u is real, the first order
contribution to V~ is also real. This is in contrast
to the effective interaction at high energies, E / A >
500 MeV, which is complex [21].
Therefore we calculate only the imaginary part
of the second contribution to V~ which we call V2
assuming that its real part will be a small correction
to VMF.
The space representation of the imaginary part
of V~ is then
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Im V2x'R'= ~

Idteiet(Rl~te-i(T+V'~)'lR ')
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Q the conjugate momentum to y as

v=A,B

Q

u~ /~r~\ 3/z

. i d r l l d r i ( r l l ^ pe m~, Jr1)
, (rd pe
-~ -in~t Irt)
,
9Ids2p(s2) u ( R + h - - s 2 ) I d s l p ( s l ) u(R'+ r;--sl) (2.16)

W(E,Y,

where we have Fourier transformed the propagator
in (2.8). The particle density operator is represented
by ~ and the hole density operator by r The density
associated with relative motion is denoted by pM. The
unprimed and primed coordinates denote the interaction points before and after propagation, respectively.
Before discussing the semiclassical approximation, it
is instructive to compare (2.16) to the imaginary part
of the nucleon-nucleus optical potential, derived in
1-6] by use of similar assumptions. Equation (2.16) reduces to the nucleon-nucleus optical potential by replacing the density of the inert ion with p(s)oc6(s), i.e.
making it a point particle, and by interpreting the
coordinates R, R' as the coordinates of the extra (incident) nucleon. Then T+ VMvis just the Hamiltonian
of the extra particle, which can be above the Fermi
level (tS~---,P) or below (PM ~ ~). In the first case one
obtains the polarization graph ( 2 p - 1 h), in the second
the correlation graph (1 p - 2 h ) .
We now proceed to write the imaginary part of
the optical potential in semielassical approximation.
In this approximation the brackets in (2.16) become

f i ( Q _ p o + p _ p , ) 5 (E

(rll ~eimlrl)

and similarly for the bracket containing the particle
density 3, and

dp . . . . .
=S(~-~3~)3 e ~P Ye

p2

't(2~-t- VMF(Y))

(2.18)

O (2

)=(~)s[~)

With definitions (2.17) and (2.18) and the Gaussian
interaction (2.13) we write the Wigner transform of
the imaginary part of the optical potential, W,, with

p~ p,2 p2

2/~

2m k2m-- VMF(Y))

--2m--Vo(X))

O (P'2
\2m -{- Vo(X)-- 2)

p2

exp ( - - ~ (P--P')2)~ [-Y + x, Q - P o ]

(2.19)

where
~[y+x,

.
--722(V+X--~')2
Q _ p o ] = j d ~ e r0

9~d ~e-~r -(Q- po)p(~, _ ~/2) p(~' + ~/2)

(2.20)

contains the nuclear structure information in the
Wigner transform of the product of the nuclear densities of the inert ion at different spatial points. The
two delta functions in (2.19) describe momentum and
energy conservation, the O functions take the phase
space for particles and holes into account. In (2.19)
the momenta are as follows. The particle momentum
is denoted by p, the hole momentum by p' and Po
is the momentum of relative motion, conjugate to the
distance y = R - R'.
Comparing (2.19) to the corresponding formula
for the polarization graph of the nucleon-nucleus optical potential [6] we note the following. In that case
an additional

step function

o/P\2m + VM~-(Y)-2)

requires the impinging particle to be above the Fermi
level, due to the Pauli principle. However, at incident
momentum Q well above the Fermi momentum, this
step function becomes less important. The reason is
that contributions
to the po-integration coming from
2
small Po, ~

< 2 - V~,e(y), are suppressed by the finite

range force exp ( - ~
for the relative motion
In (2.17) the step function O restricts the holes
to be below the Fermi energy and Vo (X) is the potential of one of the ions in the intrinsic system (e.g.
a Harmonic Oscillator or Woods-Saxon potential).
The coordinates X and x are the mean and relative
distance, respectively, of the coordinates rl and r'~,
X=(rl+r'0/2, x = r l - r ' b /~ is the reduced mass of
R+R'
ions A and B and Y - ~ ,
y = R-- R'.

~dX~dpo~dp~dp'

(p-p')2). Qualitatively this can

be seen from the following consideration. The momentum transfer to the particle-hole excitation is p'
- P = Q - p o , by virtue of the momentum delta function. This means that for small P0 the momentum
transfer is large and is suppressed by the gaussian
form of the finite range force. In other words: a large
slow-down of the relative motion is relatively improbable. The suppression increases with the mass of the
projectile, since Q increases with the effective mass
of the system. The neglect of the relative antisymmetrization between the two ions is thus justified for
not too light projectiles. The Fermi spheres of the
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two nuclei are not likely to overlap during the reaction.
To make the argument more quantitative we cal-

_[ ro )
culate the suppression factor e x p ~ - ~ - ( p - p ' ) 2 for

the overlap of the Fermi sphere(s) at an incident momentum corresponding to a 20 MeV nucleon. Whereas in the reaction n + 12C this factor can be as big
as 0.7, it is always smaller than 2 x 10 .2 or 2 x 10 .7
in the ion-ion reactions e + 12C and 12C "q-12C, respectively.

2.5 Density Distributions
For the explicit evaluation of the optical potential
we need to know the density distributions of the two
interacting ions. We parametrize the ion densities to
be either of Gaussian shape (for light ions) or WoodsSaxon distributions (for heavier ions). We have to
resort to further approximations in the case of the
imaginary part of the optical potential for WoodsSaxon distributions, since the number of integrations,
which remain after integrating the delta functions in
(2.18), is too large to be solved numerically. The approximation consists in substituting the X-dependence in V0(X) by the fixed value Y, which is the
relative distance between the two ions. This approximation was introduced first by Hasse and Schuck
[6] in the evaluation of the nucleon-nucleus optical
potential, and designated as "local momentum approximation" (LMA). In that case the approximation
was reasonable in the interior of the nucleus, but the
resulting imaginary part of the optical potential
dropped too fast at the surface.
Using Woods-Saxon profiles together with LMA,
the evaluation of the imaginary part W(E, Y, Q) of
the optical potential is reduced to a 1-dimensional
integral; in the case of Gaussian distributions, W is
expressed by a two-fold integral.
As we show later in subsection 3.4, the L M A is
quite unsatisfactory in the case of ion-ion potentials.
We therefore will perform most of the calculations
using Gaussian density profiles. We choose the reaction 12C+ 12C for a comparison with experiment, because for 12C a Gaussian density is presumably reasonable.
Since a Woods-Saxon type of expression can be
well parametrized as a superposition of Gaussians
[22], the imaginary part of the optical potential can
be readily obtained also for reactions involving heavier nuclei, without the need of LMA. We plan to make
a systematic analysis of reactions involving nuclei of
light and heavy masses in a later work.
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3. Calculations

In the following subsections we discuss the results
for the mean field and imaginary part of the optical
potential. All calculations are performed for a symmetric system A = B, i.e. for collisions involving nuclei
of the same mass.

3.1. The Ion-Ion Mean Field
a) Gaussian Densities. The mean field can be readily
obtained for Gaussian density distributions for both
ions
p =po e-r2/"2

(3.1)

using (2.14). The result is in Hartree approximation

VMe(Y)=A z U'o

, ( ~ ) 3 / 2 exp(-- Y2/(2a2 + r2o')),
(3.2)

where A is the particle number of one of the ions,
p is normalized to A and a 2 are chosen such that
the root mean square radius is reproduced

(r2)1/2= 1.2A1/3 = (3a2)89

(3.3)

b) Symmetrized Woods-Saxon Densities. A symmetrized Woods-Saxon density [23], for each ion normalized to the particle number A, takes the form
1

cosh()+cosh(;)

(3.4)

with

3A [R 3

2R'~-1sinh(R),

a)

(3.5)

where a is the surface thickness and R is a measure
of the root mean square radius of the ion. In this
case the integrations in (2.14) cannot be performed
in closed form.
In Fig. 1 we compare VMv(Y) as function of the
relative distance Y between the two ions, for Gaussians (dashed line) and symmetrized Woods-Saxon
distributions (full line) of the densities, taking A = 64.
We observe that the central mean field energy per
particle is for Gaussians about 45 MeV and for the
Woods-Saxons about 56 MeV. In the latter case it
is about 10% higher than the usually accepted depth
of 50 MeV.
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where
ION-IONMEANFIELD

A

6t,s,ymmetric

=

2~2a2r6u2]~ [3A [R 3

2 R\-l't2.

Woods
- Saxon
Ooussian

25

-~'~'\\\~

This is a 1-fold integration, in contrast to (3.6) for
Gaussians, due to the LMA.

o

i

1.25

~ ' ~

3.3. Asymptotic Behaviour of W(E(Q), Y)
for Large E
0

1

2

3

~.

S
5
Y[fm]

7

8

9

10

Fig. l. Ion-ion mean field VMv(Y) as function of the mean distance
Y between the ions, calculated for Gaussian density profiles (dashed
line) and symmetric Woods-Saxon densities (solid line)

At large incident energy per particle, E/A > 2, the imaginary part W is inversely proportional to the momentum Q. This is a useful relation, because it allows
to deduce the E-dependence of Win the energy region
E/A > 2 from a single value of W. We derive this dependence in Appendix C.

3.2. The Imaginary Part of the Optical Potential
The momentum integrations in (2.19) can most conveniently be performed by defining new coordinates
q = p - p' and P - p + P'. The nine-fold momentum in2
tegrations can be reduced to a one-dimensional one
for both density profiles, Woods-Saxon together with
LMA, or Gaussians. This is done in Appendix B.
Q2
All results are for the on shell condition E = - + VMv(Y). For Gaussians we obtain
2#
Ct

WG(E(Q), Y)=

~ dXX

2
e a2+rg(Y2+X2)

o

/ 4XY \ ~
~ dqq
\a +ro]o
q2(r~+a2)
9e
2 I(q,X),

-2 sinh | ~ }

(3.6)

where c~ denotes the classical turning point for Vo(X),
I(q, X) is defined in the expressions in curly brackets
of (B.17) in Appendix B and
6
A 2 rol~U
o2

C = 16(23/2 rc(a 2 + r2))l/2 .

(3.7)

For the symmetrized Woods-Saxon densities we obtain in the L M A
co

wws(E(Q), Y ) = ~C1
- ~odqqe
[Rcos(q,R)
9

qZr~

2 I(q, Y)

a~ sin(qR) cosh(a~q)
sinh(a~q)
)
q2 sinh 2(a 7~q)

,

(3.8)

3.49 Numerical Results for W(E(Q), Y)
For all calculations in this subsection we take a symmetric reaction with A = 64. The particular choice of
A = 64 is arbitrary and irrelevant for the discussion
which follows. The parameters of the two-body interaction are Uo=26.5 MeV and ro=2.25 fm, as mentioned in Sect. 2.3.

a) Spatial Dependence. First we discuss the results
of W as a function of the distance between the two
ions. In Fig. 2 we compare the behaviour of W at
fixed energy E/A = 150 MeV for Gaussian density distributions of the two ions. We either take the ion-ion
mean-field VMv in the propagator of Eq. (2.7) in account, or set it to zero. We also show the results
for the local momentum approximation LMA. The
full calculation in presence of the mean-field yields
smaller values of W as compared to a calculation
with V~F = 0, especially for small values of the mean
distance Y. The L M A calculation is, at least for Gaussians, unsatisfactory. There is a sharp cutoff at the
classical turning point, so that the long-tail behaviour
is suppressed and because of normalization the central part is overestimated. The spatial dependence
keeps its qualitative behaviour when the energy is
changed, see Fig. 3 for Gaussian densities. Here, the
mean-field is taken in account. In Fig. 4 we show the
spatial dependence for symmetrized Woods-Saxons
in L M A with E/A = 75 MEV, solid line. For comparison, we include a curve for Gaussian distributions,
in L M A (dashed line) as well as the exact calculation
(dash-dotted). The results in Fig. 4 are with V~r
turned off. We observe in Figs. 2 4 that for Gaussian
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densities, W has also a Gaussian shape and for
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b) Energy Dependence. The

influence of the meanfield potential on W is shown in Fig. 5 a, at a fixed
distance Y= 5.5 fm, using Gaussian densities. The effect of the mean-field is to shift the energy scale, since
it produces an effective acceleration of the nuclei to-

w a r d s each other d u r i n g the a p p r o a c h . A t larger distances, the m e a n - f i e l d is w e a k e r a n d therefore h a s alm o s t n o i n f l u e n c e o n W (see Fig. 5 b w i t h Y - - 9 . 6 fm).
S i n c e the c a l c u l a t i o n o f W i n v o l v e s t o o m a n y inte-
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the calculation is valid roughly in the regime
20 MeV < E/A ~ 100 MeV.
The calculated imaginary part of the optical potential for the 12C ions can be parametrized by a
Gaussian with an energy dependent width. Then (4.1)
is reduced to the following expression

A:64
/

E

~

If~\,

--

~.~

"

Woods-So.xon

---- aaussian

~2

~2

'
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%bs(E)=rcAZ(E)

1

7(E)exp(-BZ/A2)dx
~
- - ( 1 - e -x)
0

(4.2)

x

Here A (E) is the energy ependent width of the Gaussian, the quantity 7 (E) is defined as

40
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120

140
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Fig. 6. The Y-integrated imaginary part of the optical potential,
as function of E/A, calculated for Gaussian densities (dashed line)
and sym. Woods-Saxons (solid line)

grations when we use Woods-Saxon like densities for
the nuclei, it is instructive to see, how the choice of
parametrization influences integrated quantities, like
cross section, calculated from W. To get a feeling for
this, we evaluate the integral ~d YW(E(Q), Y) as function of the incident energy. We point out that the
spatial integration of W can be done exactly also in
the case of Woods-Saxon densities, i.e. without recurring to the LMA. In Fig. 6 we compare the integrated
absorptive potential for Gaussians and Woods-Saxons, with VMF-----0. Although the magnitude is different
by a factor of about 1.3, the qualitative behaviour
remains quite similar.

7(E) = 2 ]/~ AH/hv o

(4.3)

where H is the absolute value of the depth of the
absorptive potential. We have introduced the parameter B = IBI to study the contribution of different regions of impact parameters, B denoting the smallest
impact parameter in the integral. Certainly (4.1) is
meant originally to contain be[0, oo]. However, we
include only 1p - 1 h excitations, which we expect to
be most important for peripheral reactions. In the
regions of larger overlap of the ion densities other
processes, such as fragmentation, are dominant. There
is of course no sharp cutoff which separates these
different types of processes. In Fig. 7 we show the
energy dependence of the absorptive potential for several fixed values of the mean distance Y between the
centers of the two 12C ions. We like to point out
that the results are not sensitive to how accurate the
mean field VM~ is calculated. The curves shown are
almost indistinguishable from the ones calculated
even with VMv=0. In Fig. 8 we display %bs calculated

4. Cross Sections

To have a first estimate for cross sections we solve
the Schroedinger equation for the ion-ion relative motion in a straight-line approximation [24], for Gaussian density distributions.
The absorption cross section Gabs(E) is with Y

100
IMAGINARY PART OF OPTICAL POTENTIAL
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%b~(E)=d (1--exp[h2Vo

;W(b,z,E)dz])d2b, (4.1)

6frn
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3:
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where b denotes the impact parameter and v0 the
incident velocity, and where B is a cutoff parameter,
see the discussion below. As before, W denotes the
imaginary part of the optical potential.
The validity of the calculation is restricted at
lower energies by the assumptions intrinsic to
Glauber theory, and at higher energies due to the
fact that relativistic effects become important. We
consider the reaction ~2C+ tec. We can state that
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Fig. 7. The imaginary part of the optical potential for a2C+l:zC
as function of the laboratory energy per particle EI,b/A for different
values of Y
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Fig. 8. Comparison of the experimental reaction cross section
a,~,c,o n with the calculated absorption cross section a, bs (for three
different impact parameter cutoffs, see Sect. 4 for the I2C+ ~zC system as function of E~,b/A. The experimental inelastic excitation of
the (jn, E . ) = ( 2 +, 4.4 MeV) state of 12C is also shown, a2+ [4])

for B =0, 4 and 5.5 fm. At B =0, the minimum impact
parameter corresponds to two nuclei that fully overlap, at 5.5 fm to two touching 12C, each with a r m s
radius of 2.75 fro. The calculations are compared to
the experimental reaction cross section a .... ,o, as well
as to the experimental inelastic cross section cr2 + for
the excitation (jn, E*)=(2 +, 4.4 MeV) of 12C. The latter contributes only about 1 % - 2 % to a .... ,on [4].
We conclude that the incoherent 1 p - 1 h excitations in our calculation exhaust to a large extent the
experimental reaction cross section. For the intermediate value B = 4 fm we obtain about 70% of the experimental reaction cross section.

5. Summary and Conclusions
A derivation of the imaginary part of the nucleusnucleus optical potential is presented, using a projection technique [1], where the allowed excitations are
assumed to be only one particle - one hole states.
We define the optical potential to be the effective potential which results when the many-body Schroedinger equation is reduced to a one-body Schroedinger
equation for the relative motion of the interacting
ions.
Since we employ semiclassical methods, the finite
size of the ions as well as phase space factors are

automatically incorporated. We use a real-valued effective two-body interaction of finite range, fitted to
the Gogny force [3, 6, 18].
The calculation of the absorptive potential is almost analytical for Gaussian density distributions.
F o r density profiles of the Woods-Saxon type, which
are more realistic than Gaussians for larger ions, the
calculation of the optical potential involves too many
nested integrations, which cannot be solved analytically. This is, however, not a major problem, since
there exist parametrizations for Woods-Saxons as superpositions of Gaussians.
The energy domain considered is 20 MeV < E/A <
200 MeV. Due to the neglect of the antisymmetrization between the two nuclei, our calculation becomes
less reliable at lower energies (E/A<20 MeV) and
non-peripheral collisions, since the phase space of
nucleons in one and the other nucleus overlap strongly in this case. Central collisions are not well described
in our model also at higher energies (E/A > 200 MeV),
since we take only l p - - 1 h excitations into account
and do not adjust the nuclear densities selfconsistently, but take static density profiles for each nucleus.
Thus we neglect all kinds of higher-order excitation
channels, deformations and break-up, of importance
at small impact parameters. Therefore the best way
to test our calculations is to compare to exclusive
experiments, where peripheral collisions are selected.
Angle-integrated cross sections, which contain integrals over all impact parameters b, cannot be calculated accurately. Nevertheless, the results seem to be
promising because small impact parameters contribute less to the cross section due to the Sbdb term
in the integration. We analyze in particular the symmetric reaction 1 2 c + a 2 c
at 2 0 M e V < E / A < ~
100 MeV and find that the incoherent superposition
of 1 p - 1 h excitations considered in our model covers
already a large fraction of the measured reaction cross
section. We assume hereby that the ions move on
straight-line trajectories. We exclude in an approximate way central collisions by limiting the integration
over impact parameters from below. If we take 4 fm
to be the minimal value for the impact parameter
(the rms radius of 12C is 2.75 fm), we obtain about
70% of the measured reaction cross section [4]. The
remaining part of the reaction cross section is probably due to either coherent excitations or to incoherent
multi particle - multi hole excitations - the former
one being more important at lower energies and the
latter at higher energies - and also to break-up reactions. The collective 2 + state of 12C, measured in
12C + 12C reactions [4], contributes only to roughly
1 % - 2 % of the reaction cross section. This number
suggests that the role of collective states, as compared
to incoherent processes, is minor.
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We plan to improve our calculations in the following ways. (i) The trajectories of the two colliding
nuclei should be corrected to include the Coulomb
deflection, (ii) l p - l h excitations in both nuclei at
the same time should be included. (iii) Experimental
evidence implies that elastic scattering is by no means
negligeable at high energies (of the order of 1 GeV
per particle) [25]. We plan to extend our work to
these energies9 For that it will be necessary to correct
for relativistic effects and modify the effective interaction to account for pion production, etc.

Appendix A
Here we show in detail the derivation of (2.19-20),
which describe the imaginary part of the optical potential.
Using (2.16) for the space representation of the
imaginary part of the optical potential and (2.17) and
(2.18) for the semiclassical approximation, we derive
the Wigner transform W(E, Y, Q) of (2.17). With the
y+x
variable substitutions Z = - - ~ , z = y - x we obtain

W(E, Y, Q ) = ~ d y e i " Q I m
= j'dt eiEtldzSdZ e \
,~ , d Po ~ dp

/

Appendix B. Momentum Integrations in W(E,Y, Q)
The sequence of momentum integrations which appear in (2.19) and (2.20) is performed as follows.
The axis q is the difference in the momenta of
particle and hole, q = p - p ' and we let P = (p + p')/2.
In order to perform the momentum integrations
it is convenient to take as reference axis for the qintegration the fixed conjugate momentum to Y, Q,
and for the P =(Pz, P•
the axis q, alined
along Pz.
After integrating over Po in (2.19) we express the
energy-conserving delta function in the new variables
q and P
(
;
6 E--

e-iP~

(Q + q)2_

(P-q/2)2 (P + q/2) 2
2m
+
2m

--Q~
# 5 (cos
_ 0 + ~ (1Q

)

VMF(Y)

2 +q2-2#(E-V~,te(Y))

)

m P~q)"

Vff'y

(B.1)

Q

An integration over the cos 0 in the delta-function
leads to the condition

~ dp

E-~ Pzq
Z 2) --it(~--~+VMF(u

9

s+s'
one obtains
and ~ ' - - -

to the variables ~ = s - s '
finally (2.19) and (2.20).

e

m

)

Q2+q2
2#

VMF(Y)

<_Qq

(B.2)

#

e

p2,

In the following we restrict our analysis to the energy-

.e

shell condition E =

p2 Vo(X)) O /p,2
"O (;C-~ml~m + Vo(X)__X)

(B.2) constrains the Pz-momentum region to

-F(Y+X+Z) F(u +X-Z),

(h.1)

where F describes an average of the two-body interaction u in the one-particle density distribution p(s) of
the inert ion
F (Y + X + Z) = 5 d s p (s) u (Y + X - s + Z).

p~
2#

m (Q+ ql<p~<m~(Q-q I.
--~ \ z~
# \ z/
We get therefore
W(E(Q), Y)= 2

nr~ 3/2 u~ # j~ dqqe

(B.3)

r2

(27~)4 Q 0

(A.2)

Integrating over z we obtain the momentum conservation delta function (2 n) 36 (Q - Po + P - p') and integrating over t the energy conserving delta function

2nb(E

+ VMF(Y), which, inserted in

p,2 p2
2m
-I-~m--VMF(Y )) "

Now using the Gaussian parametrization (2.13)
for the effective two body interaction u and changing

p (Q+ q/2)
9S d X ~ [ Y + X ,

--q]

S

dP~dP•

9

n41
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First we do the Pz-integration and obtain from the
product of the O-functions, which we denote by O~
and 02

~dP~g(P~)=D 1 = q(Pv(X)- 2) 2
A G q < 2Pc(X)

fdP•

q

m

forP/MIN>0 ; P2MAx>O (B.5)

or

if -- Q<Pv(X)<Q
#
for

(~2(x)- ~ -

Idl'•

if P2MtN< 0; P~AX > 0.

or

(B.15a)

0 = q___<2Pv(X)
if O<Pe(X)< m Q
#

(B.6)

Here p2MIN and p2MAx denote the boundaries of the
p2-integration which stem from the product O 1 02,

Id~g(~)=D2=(~)2q(Q-~ z
O5q52Q

p2M,N p 2 ( X ) - P~+
=

if ~ ( X ) ~ Q

P•2

2
q 2
= PF(X)--(Pz--~)

(B.7)

~r

or

(B.lSb)

O~q~A
m

if -- Q ~ ( X ) ~ Q
#

and
p2 (X) = 2 m (2 -- Vo(X)).

(B.8)

I d ~ f(P~) = O 3 = Pv(X) q2 _ ~q3
O<q<2Pv(X)

Now we perform the P~-integration. We introduce the
following notations

if Pv(X) <
for

1
F- - -

(B.9)

x)-

j

Q

#

A 1 --

2(;
~-

Q--PF(X)

(B.IO)

)

m

#

~dP~ f (P~)=D4=4pFa(X)
~2Pv(X) < q < A 1
for (if Pe(X)<FQ

~dP~f(P~)=D5={P~(X)[~(Q-2)-Pv(X)+ q]
Q + Pv(X)

(B.12)

1

m

1+-#

]
g(P~) --- 2P~q.

(B.16b)

(B.11)

1+-#
A2 -

FQ<=PF(X)<m~Q

if

m

m
]----

(B.16a)

O<q<A1

2s
A=

FQ

or

-(e(X)-

A <q<2Pv(X)
(B.13)
if Q > P v ( X ) > ~ Q
(B. 14)

for

or

A~<q<2PF(X)
The result of the Pz-integration is summarized in the
following equations (B.15) and (B.16).

if

m
QF< Pv(X)<-Q

(B.16c)
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The function F which occurs in (B.17) assumes
different forms depending on whether the single-particle density of the inert ion is a Gaussian or a symmetrized Woods-Saxon.
In the case of a Gaussian we obtain

~dP~f(P~):D6=PZ(X)(~(Q-2)-2)
1 m

q

q3

23

2P~(X)_---q __<~2

qZ
2 (r~+a2)

F=qe

(B.18a)

m

if ~ Q > PF(X)>FQ

For Woods-Saxons with LMA it is

or

for

AI <q< A2

(B.16d)

F=e

q~
24

R cos(qR)

if PF(X)< FQ

an sin(qR) cosh(anq)
sinh (a n q)
q sinh 2 (a n q)
(B.18b)

or

2Pp(X)<q<A2

Appendix C

if mQ<pv(x)<_ Q
The P~-integration has generated a tot of step-functions for the q-integrations.
Let the function F contain the q-dependence of
W(E(Q), Y) which is not included in ~dP~g(P~) and
~dP~f(P~). The explicit form of F is given in (B.18)
below. We end up with the following regions in momentum space. In the equation (B.17) below the quantities appearing in curly brackets are abbreviated in
the main text as I(q, X), see (3.6) and (3.8).

in units of ~ 2 , whereby we set 2--47 MeV (for A
= 64) and 2 =42 MeV (for A = 12). All barred quantities below are also in these units. The Fermi momen-

Region I: 0 < P F ( X ) <---FQ
SdqO(q) F {(D 1 +D3) O(2 Pv(X)--q)
+ D 4 . 0 ( q - 2PF(X)) O(A,-q)
+ D 6 . O(q- A x) O(A2 -q)}

(B.17 a)

Region II: FQ<=Pv(X)<m Q
#
~dqO(q) F {(D 1 + P 3 ) O(A, -q)
+(D1 +D5) O(q- A1) O(2Pv(X)--q)
+ D60(2PF(X)--q) O(A2--q)}

(B.17b)

Region III: m Q < Pv(X) < Q
~dqO(q) F {D 1. O(q- A) O(2Pv(X)-q)
+D2-O(A - q ) + D 5-O(q-A). O(2PF(X)--q)
+ D6" O(q--2P~(X)) O(A2--q)}
(B.17C)
Region IV: PF(X)>=Q
~dqO(q) F {D2. O(2Q -q)}

Here we sow that at large insident energy per particle,
E/A ~>2, the imaginary part of the optical potential,
W(E(Q), Y), is inversely proportional to the momentum Q.
A relevant quantity which occurs in the momentum integrations is the Fermi momentum

turn is comprised between the values 0 </~ =<1//2. We
obtain the following results.
(i) /~=0. In this case we expect W(E(Q), Y) to
be identically zero, independently of the value of Q,
since/~ = 0 corresponds to the classical turning point
of the nuclear potentials. This is easily verified.

(ii) O<PF<~/2. The integration limits A, A1, A2
depend explicitly on the value of the reduced mass
#, see (B.10-B.12). In order to get a mass-independent
estimate, we write Q > A. The lowest boundary of (~,
A, is obtained by setting E/2=A and VMr=0 in
Q=]/~)(E-VMv).

where D 1 to D6 are defined in (B.15) and (B.16).

with
m

O<PF<FQand

_

region II (B.17b) with FQ<PF< - Q
#
contribute to the momentum integrations. We obtain

EQ>I;
(B.17 d)

Only region I (B.17a)

m

_

-Q>2;
#

2 ( 2 - 1 ~ ) < 3 ~ <4;

3<0;
2(2 +1/2) < A2 <4.

444

A.H. Blin et al.: Absorptive Part of Nucleus-Nucleus Potential

The Q-dependence enters explicitly in the evaluation
of D 5 and D 6 and in the boundaries of the q-integration, in D3 and D4. The q-integration decreases at

[ qZr~

least as L = exp ~ - - - ~ - ) . The largest value of L in
D5 and D6 is obtained at the smallest q-boundary,
ztl, and is small compared to the values L assumes
in D1 and D3 for 0 < ~ < 3 a . So we neglect D5 and
D6, compared to D 1 and D 3. D 1 is independent of
Q. Finally the q-integrations in D3 and D4 do not
change with Q, which appears in the upper boundary
31, because L is then negligibly small. Therefore the
only substantial Q-dependence appears in the denominator of W(E(Q), Y), which is linear in (~.
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