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Introduction

In this paper we study D — ¢-gauges introduced by J.M. Fontaine and U. Jannsen, the
author’s advisor. These are objects of (Frobenius)-linear algebra over a perfect field k
of positive characteristic. Fontaine and Jannsen define invariants for smooth projective
varieties over k, which take values in gauges, by means of e.g. syntomic cohomology of a
sheaf G, built essentially of the sheaves O,

In the first section we study D; — p-gauges over a perfect field k. A D; — p—gauge
over k is a graded module M of finite type over the graded ring k[f,v]/(fv) (with f
in degree 1 and v in degree —1) together with an Frobenius-semi-linear isomorphism
©: M>® 5 M~ Fontaine defined the subcategory of rigid gauges to be those D; — (-
gauges with imv = ker f, imf = kerv and ker(f,v) = 0.

We study the structure and morphisms of rigid D; — ¢-gauges. The underlying D;-module
of a rigid gauge is isomorphic to @2:1 Dy (my,) with some numbers my. The morphisms
of D; — p-gauges can be described by matrices over k which satisfy some Frobenius-linear
equations. The composition of morphisms is in general not given by matrix multiplication,
but we give an explicit description of the matrix of a composition of two morphisms.

An F-zip over k is a finite-dimensional k-vectorspace, with an ascending and a descending
filtration with semi-linearily isomorphic subquotients (see . There is a functor from
rigid Dy — ¢-gauges to F-zips over k, due to Fontaine, by sending M to M~°°. The
filtrations are defined by the images of v>° resp pf° (With e.g. v2° the map M"™ — M~°
induced by v). We construct a functor in the opposite direction by mapping an F-zip
(M, C*, D,, ) to (®7D;) Xg(oary (BCT), which is a rigid D — p-gauge. The main result
is that these functors are quasi-invers to each other, i.e. the category of F-zips over k is
a full subcategory of the category of D; — ¢-gauges. It is equivalent to the category of
rigid Dy — p-gauges.

The second section introduces quasi-étale morphisms. A morphism of schemes is called
quasi-étale (or quiet) if is locally a composition of étale morphisms and successive ex-
tractions of p.-th roots. By the latter we mean a morphism of rings A — A[T]/(T? — «)
with some element «. Stability of quiet morphisms under compostition and base-change
is shown. One important property of classes of morphisms we study, is the ”lifting prop-
erty”: We say that a class 7 of scheme morphisms satisfies the lifting property, if for
every nil-immersion U — T and for every 7-morphism f to U, Zariski-locally there is
a T-morphism ¢ to T, such that f is the base-change of ¢g. It is shown that quasi-étale
morphisms satisfy the lifting property.

Later we shall show that the quasi-étale cohomology of certain sheaves is equal to syntomic
cohomology. This is true for example for O,

In the third section we will study different topologies and the associated cohomology for
direct images of quasi-coherent crystals. After a quick review of the large crystalline



site endowed with different topologies, we define three axioms on classes 7 of scheme-
morphisms (T1)-(T3). (T1) lists some standard properties, like flatness, stability under
base-change etc., (T2) is similar to the lifting property and (T3) demands that every
extraction of a p.-th root has to be in 7. If a class satisfies all three axioms we call it
p-crystalline.

If the first two are satisfied for a class 7, we can construct a morphism of topoi from the
large T-crystalline topos to the large 7-topos v : (X/S)crrs,r — X;: The main reason is,
that the lifting property together with flatness ensures, that a 7-covering can be lifted to
a 7-crystalline covering of any P D-thickening.

A crystal is a special, "rigid” sheaf on the crystalline site, and it is called quasi-coherent
if it is defined by quasi-coherent modules. In the following, cohomology of direct images
of quasi-coherent sheaves under the morphisms v is studied. For example O%* is the
direct image of the crystalline structure-sheaf Ox ;. The main result is the following
comparison theorem:

If two classes 7 and 7’ of morphisms satisfy the three axioms, 7-cohomology of the direct
image of a quasi-coherent crystal agrees with its 7/-cohomology. The proof combines
the facts that higher direct images R0, F of a quasi-coherent crystal I’ vanish and that
crystalline cohomology of a quasi-coherent crystal is independent of the topology on the
crystalline site.

The fourth section is devoted to the study of the sheaves GG,,. They are defined by Fontaine
and Jannsen and are one of the central constructions. We shall give and proof a small
formulaire of elementary properties of G,,.

First the sheaves O are defined: OFS(Y) = HO, (Y/W,, Oy, ) and a relation to a
divided power envelope of the pre-sheaf of Witt-vectors is given. It follows that there
is a Frobenius ¢ on O, The image of Frobenius for n = 1 is determined: There is
a canonical monomorphism O — O{*, and the image of Frobenius is the image of this
monomorphism. Furthermore there is an epimorphism Of* — . Both compositions
equal the respective Frobenius.

We study the fundamental exact sequence

cris cris cris
0— O — O0n%, — OpF — 0.

The graded sheaf of rings G, is defined by letting G}, be the cokernel of p™”-multiplication
on G7 = ker(O%s % O%s — O) for m > n +r (This is independent of m). There are
global sections f and v of respective degree 1 and —1. We show ”strictness”, i.e. that

(f>°,v°) is injective and some kind of rigidity, namely that the sequences G, SN G, iR

T yrr

G, and G, i G, SN G, are exact. There is a ringhomomorphism ¢ : G,, — O which

T
n’

79

is, on G", informally be given by ”division by p"” after Frobenius on O%*. The images
F, = imyp, in O define an ascending filtration.
Now we consider characteristic p, i.e. n = 1. The kernel of Frobenius jl[l] is a divided

power-ideal in O and the higher powers define a descending filtration F" = jlm on
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OS$s, Tt is a result of Fontaine, that the subquotients of both filtrations are isomorphic,
via the Cartier-isomorphism. Kernel and cokernel of v : G — GT~! are isomorphic to F,,
while kernel and cokernel of f, : GI! — GT are isomorphic to F". The second statement
follows from the first with rigidity and Cartier-morphism. There is an exact sequence

0—G,— Gunin— G, — 0.

We wish to compare chomology of G,, for different topologies. One possible way to do
this is via p-good algebras and Cech-cohomology. A smooth k-algebra is called good, if it
admits a system of parameters, and a k-algebra is p-good, if it is the quotient of a good
algebra A, by a regular sequence (f¥,..., fP). Every syntomic k-scheme can be covered
by p-good algebras in p-topology and every syntomic covering can be p-refined (i.e. in the
topology generated by p.-th roots) to a covering consisting of p-good algebras in a very
particular form, a so called p-good covering. Fontaine computed the value of the sheaves
osis . 710 and g7/ 7 explicitely over p-good algebras.

We are then able to show with Cech-cohomology computations that cohomology of the
subquotient jlm / \71[”1} does not depend on the p-crystalline topology used. This easily
implies that the cohomology of GG,, is also independent of this choice.

In the fifth chapter we study relations between F-zips and different notions of gauges
over a scheme X over F,. The correct notion should be the one of ¢ — Gy-crystal. A
¢ — Gi-module is a graded Gj-module M plus an isomorphism & : O o~ ®c, M —
O ®a, M. A ¢ — Gi-module which comes from the small Zariski-site is called a
¢ — Gh-crystal. If X is a field, a ¢ — G1-crystal is the same as a D1 — ¢-gauge. It turned
out that it is necessary to modify the notion of F-zip slightly, for details see the appendix.
It seemed also, that modified F-zips are the right definition for extending the notion of
F-zip to a higher level, i.e. for definig F-zips over W,,.

First we introduce the notions of Dy — ¢-gauges over X. These are graded O[f,v]/(fv)-
modules plus an isomorphism (M*)®) — M~ Again there is a notion of strictness
and rigidity, given exactly as in the case of fields. If we want to compare with F-zips we
have to introduce a property of locally freeness: A D; — ¢-gauge is called locally free if
all graded pieces are locally free and if kernel and cokernel of v, and f, are locally direct
summands. There is a functor from modified F-zips to D; — ¢-gauges which induces an
equivalence of categories between modified F-zips and rigid locally free D; — p-gauges.
The functor and its quasi-inverse functor are essentially given as in the case of fields.

To a Dy — p-gauge M we can assign a G; — p-module by tensoring: G ®p, M is a
D; — p-crystal, with the morphism D; — Gy which is given by D} = O — O¢" = G
and f— f,v— 0.
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Conventions and notations

For a set F we let §F be the cardinality of F.

The n.-th unit-matrix is denoted by F,,.

For an abelian Group A we let A, be p-torsion: A, = {a € A|pa = 0}.

All gradings are indexed with Z. We write a graded object M as M =&, ., M".

For a graded object M we and n € N we define the n.-th twist of M to be the
graded object M(n) with M(n)" = M"™*"

If f: M — N is a morphism of graded modules of degree n, we write f, for
M"™ — N™T,

Descending filtrations are marked with an upper index, ascending filtrations with a
lower index.

Let C* and D, be a descending and an ascending filtration of an object M. If the
subquotients exist we define

grM = C,/C,_y and grt? M = D" /D",
Monomorphisms are symbolized by <, epimorphisms by — and for isomorphisms

we use —.

If f: X — Y is morphism of schemes, the associated morphism Oy — f.Ox will
be denoted by f*. For an Oy-module M we denote Ox ®-10, f~'M with f*M.

If M is a Ox-module over a scheme X/F, we let M®) = M ®¢, - Ox with the
absolute Frobenius F': x — 2P.

By "DP” we mean divided powers. If an ideal in a ring is furnished with divided
powers, we denote by -, the n.-th divided power.
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1 Elementary calculations on rigid modules and gauges

1 Elementary calculations on rigid modules and gauges

Let k be a perfect field of characteristic p > 0, let its absolute Frobenius be denoted by o.
Let W = W (k) be the ring of Witt-vectors of k, and W,, = W/p" as usual. The Frobenius
morphism on W and W,, will also be denoted by o. It raises each component to the p.-th
power.

For a module M over W (resp. W,) we define (“M) to be the scalar restriction along
Frobenius: Multiplication of an element m by a scalar A is by definition A»m. For n =1,
i.e. for a k-vectorspace we have the alternative description (M) = M ®y, » _, k.

If M is W-module, we let M® = M @ , W be scalar extension along Frobenius
(analogously for W,,-modules).

Definition 1.0.1. A o-linear map ® : M — N of modules over W (resp. W,,) is a W-
linear (resp. W,-linear) map M — (?N). Equivalently we can say that ® is an additive
map, such that for any element m € M and any scalar A\ it holds ®(Am) = o(\)®(m)
(= XP®(m) for n = 1).

Remark 1.0.2. Let a: V — W be a map of k-vectorspaces with respective bases vy, ..., v,
and wy, ..., wy,,. Let the matrix of o with respect to these bases be denoted by A = (a;;).
The matrix of o : 7V — W is given by

=

A = (“a;j) = (af).

]
Indeed the underlying map is the same, hence, if we denote scalar multiplication in “W
by *, we have:

m
(o
alv) = E i W
k=1
moo
_ P
= E Qap, * Wg.
k=1

1.1 Preliminaries

Remark 1.1.1. (i) We say that a graded module M over a graded ring R is of finite type
(or finitely generated) if there are homogenous elements m; ..., m,, such that their R-
linear span is M. Equivalently M is of finite type if there is an epimorphism of graded
R-modules

k=1
where R(ix) is R with twisted grading.

The notion of gauges was introduced by Fontaine and Jannsen. They found many notions
of gauges in different situations, this is the simplest:

6



1 Elementary calculations on rigid modules and gauges

Definition 1.1.2. (Due to Fontaine and Jannsen)

(i) Let D be the Z-graded, commutative ring D = W{f,v]/(fv — p) where f and v are
variables of degree 1 and —1 respectively.

(ii) A D-module is a graded module over D of finite type.

(iii) For a D-module M we let

M~ = lim M* = M/(v—1)M

kezZ,>
M>™ = lim M*= M/(f - 1)M
keZ,<

where the transition maps in the limit are given by multiplication with v resp. f.
For the maps into the limit we write

v M"— M
2 M"— M™
(iv) A D — p-module is a D-module M with a o-linear map ¢ : M> — M~°.
v) A D — p-module is called a D — p-gauge if ¢ is an isomorphism.
2 2

Definition 1.1.3. For a natural number n we let D,, = D/(p™) = W,[f,v]/(fv — p).
Similarily we get the notion of D,,-modules, D,, — p-modules and D,, — ¢-gauges.

Remark 1.1.4. (i) We will view a D,-module M =, M" as a diagram of W,-modules
CSMIlsMMsMts...

with W,,-linear maps v, : M" — M" ! and f, : M" — M"*!, such that for every r it holds
v fr1 =pand fu.11 = p.

(ii) Since a D,-module is assumed to be of finite type, multiplication by f is an isomor-
phism for very large degree and multiplication by v is an isomorphism for very small
degree. This follows from simple calculations in graded modules:

Let M be the quotient of D, (i1) ® ... ® D,(is) by the submodule generated by homoge-
nous elements myq, ..., m, of respective degrees di,...,d,. Then the graded piece M? is
(for s > max{dy,...,d,, —iy,...,—is,0})

W, e WL (T my, L )

and multiplication by f is an isomorphism. We can treat v analogously.
(iii) Thus we can in effect represent a D,,-module by a finite diagram like in (i):

M*s Mt 5.5 M

for some integers a < b.



1 Elementary calculations on rigid modules and gauges

There are many interesting subcategories in the category of D,-modules, especially for
n = 1, i.e. in characteristic p. We need the following notions of ”strictness” and "rigidity”,
due to Fontaine. They are defined purely in terms of easy linear algebra, but give a
subcategory which allows us to compare gauges with other constructions of algebraic
geometry, especially Moonen and Wedhorns F-zips.

Definition 1.1.5. (due to Fontaine.) Let M be a Di-module.

(i) M is called strict it M™ — M"™1 @ M"™! is injective for all r € Z.

(ii) M is called rigid if M is strict and it holds imv = ker f and ker f = imv (or equivalently
if imv, 1 = ker f, and imf,_; = kerv, for all r).

1.2 Structure and morphisms

First we find, that for rigid modules the dimension of the homogenous parts does not
change with varying degree.

Lemma 1.2.1. Let M be a rigid Dy-module.

(1) It holds dim M" = dim M"™*! for all r € 7Z.

(it) One has rkf, — rkf,_; = rkv, —rkv,41 > 0.

(iii) Furthermore vplimo, ., and frlimf,_, are monomorphisms.

Proof. (i) Consider the exact sequence

Mr—l f:1 MT" &) Mr—l

which gives the exact sequence
0—imf,_; — M" — imv, — 0.
Thus we have rkf,_; + rkv, = dim M" and analogously by the exact sequence
ML A I M

we get that rkf, + rkv,,; = dim M" for all r.
(ii) Let n = dim M". Tt is (because of the strictness)

n > dimkerwv, + dimker f,
= n —rkv, +n —rkf,
rkf._1 + rkv, — rkv, +n — rkf,
= rkf,.1 —1kfr +n

and a similar calculation shows that this equals rkv,.; — rkv, + n.
(iii) If v*m = 0 it follows (v(vm), f(vm)) = (0, pm) = 0 and strictness implies vm = 0. [



1 Elementary calculations on rigid modules and gauges

We will now classify rigid modules and gauges. Firstly we can associate to every rigid
module its type and we can define standard modules for every type:

Definition 1.2.2. (i) A type is a map Z — N with finite support.
(ii) Let M be a rigid D;-module. The type 7 of M is defined to be the following map:

7:2Z—N;nw—rkf, —rkf,_1
We define h(7), 71, ..., Ther by:
Supp(7) = {11 <72 < ... < Twn}

(ili) We need some auxiliary notations:

For M C Zlet d(r, M) =", . 7(m)

d(7) = d(,Z) (the ”dimension”)

(iv) For a type 7 let M(7) be the rigid D;-module with M (7)" = k%7 for all n and

fo= ( Ea(r(~oom) 0 ) and v, = ( 00 )
0 0 0 Ea(r,jn+1,00))

(v) If furthermore A € Glgi)(k) then let M (1, A) be M(r) with M*> — (M ™) given
by A (in the standard base).

Remark 1.2.3. Let M be a rigid D;-module of type 7.
(i) The dimension d(7) is the dimension of each graded piece:

d=d(r) = ) 7(n)

for N > 0, since fy is an isomorphism.
(ii) We have for n € Z

T(”) = rkfn - rkfn—l
d — dimker f,, — dimimf,
= d — dimker f,, — dimker v,

Since M is strict, the kernels intersect in 0 so there is a (non canonical) decomposition
M"™ = kerv,, @ ker f,, DV,

with dim 'V, = 7(n).



1 Elementary calculations on rigid modules and gauges

(iii) Let M be a D-module. There are maps:
8y : M" — M"*$
{ f*m for s >0
m +—

v3m for s < 0.

Sometimes we omit J, in the notation, i.e. we write m for the image of m in any graded
piece.

Lemma 1.2.4. Let 7 be a type. There is an isomorphism.:

M(r) = @ Dy (—n)™™.

neL

Proof. clear. O

The first classification result is the following:

Proposition 1.2.5. Every rigid Dy — @-module M of type T is isomorphic to M(t, A)
for an A € Gly (k).

Proof. For each n there is a decomposition
(%) M"™ = ker(f,) ® ker(v,) ® Vj,,

where V,, is a 7(n)-dimensional k-vector space. Choose a basis b}, ..., br™ of V, for each
n € Z. Let h = h(1) = §Supp(7).

The following claim will prove, that each M™ has a basis

bl bn gl T b;(fh) (the images of those vectors, cf. above).

7'17 b 7'27 b Th?

Claim:
1 7(71) 1
O T =N

s(n) by letting {7y,...,7s} the part of the support of 7 which is strictly smaller than n.

The images of b b;?“) form a basis of kerwv,,, where we define s =

Analogously a basis of ker f,, is given.

We prove the claim by induction: For n < 0 multiplication by v is an isomorphism, so
ker v,, = 0. Now let the basis of ker v,,_; be of the described form. Since kerv,,_1®V,,_; is a
complement of ker f,,_; by (%), multiplication by f is a monomorphism on kerv, 1 ®V,_;.
Its image is ker v,, and the claim follows.

We use this basis to identify M™ with k?. This identification gives the desired matrices
for the f’s and v’s. O]

10



1 Elementary calculations on rigid modules and gauges

Remark 1.2.6. We can visualize rigid D;-modules as diagrams. Let for example 7(0) = 2,
7(2) = 1 and 0 elsewhere. The picture for M(7) is

— & — e — e —
— o — e — e —
— @ — e +— o —

The columns symbolize the graded pieces, each point stands for a standard basis vector.
An arrow starting in a point means sending the basis vector to itself, an arrow terminating
in a point means sending the basis vector to 0:

—

o e
o o e

H
<
Lemma 1.2.7. Let n € Z and let M be a Di-module. There is a k-linear isomorphism

Hom(D;(n), M) = M™",

i.e. Dy(n) is a "free object of rank one in degree —n”.

Proof. Clear. O

The Hom-Sets of rigid modules and gauges can be computed explicitely: Morphisms of
Di-modules can be described as matrices. The matrices of the k-linear maps between
the graded pieces are given by elimination of certain matrix-entries. Compability with ¢
gives conditions on the involved matrices. First the following easy statement:

Lemma 1.2.8. Let 7 and o be types.

(i) There is a k-linear isomorphism Homp, _nroa(M (1), M(0)) = M(d(T) x d(0), k).

(11) Let C' = (¢;j) € M(d(t) x d(0),k) and let pc denote the corresponding morphism.
Let C™ denote the matriz of pc in degree n (w.r.t. the standard base). Then the j.-th
column of C™ is given by

C1; C1j 0
Cd(o,(—00,m(j)])1i 0
for ;< n for yjy =n for Tyj >n
0 Cd(o’,[Tt(j),OO)),j
0 Cd(o)j Cd(o)j

where we let t(m) =i if 23;11 7(1j) <m < 23:1 7(1;) (See the following remark).
(iii) Let A € Myy(k) and B € Mgy (k). Then

Hom(M(r, A), M(c, B)) = {C € M(d(r) x d(c),k)|(°C)~®A = BC*}.

11



1 Elementary calculations on rigid modules and gauges

Proof. (i) This is clear because M(7) is a direct sum of D;(a) for some integers a, and
Dy (a) is "free”. We will give a direct construction:

Let M = M(1), N = M(0). To a matrix C' we assign a morphism as follows:

Consider M™ = ker(f,) @ ker(v,,) &V, like above and choose a basis for V,, which consists
of standard basis vectors. We define the image of e, € V, = by the n.-th column of C.
This completely determines a morphism M — N because the basis of each M" consists
of images of basis vectors of the V/,.

(ii) This is easy to see (the hardest part is writing it down) because the f’s and v’s kill
coordinates just in the way described above.

(iii) clear. O

Remark 1.2.9. We use t to parametrize the basis of M(7)": The m.-th basis vector of
M (7)™ is the image of the m.-th standard basis vector in M (7)™ . This means ¢ has

values
11,22, h....h
T(T1)—times T(m2)—times 7(7h)—times

Ezxample 1.2.10. Let 7(0) = 1,7(1) = 2,7(2) = 3,7(3) = 1 and 0 elsewhere.
Let oo : M (1) — M(7) be given by A € M(7 x 7,k). The matrix of a in second degree,
i.e. of o2, arises from A be eliminating the 0-marked entries:

k% x| x x x|0
Of[*x *x|*x % %[0
Of[*x *x|*x % %[0
X=| 0|0 O[*x % %[0
00 O] % %x|0
00 O] % %x]|0
010 O * x|x
The matrices of &= (resp. a®) arise from A be eliminating all entries in blocks right

(resp. left) of the diagonal blocks.
Ezxample 1.2.11. (i) Let 7,0 be one-dimensional types and €, A € k*. Then

0 if7'17é01

Hom (M (7,€), M(c,)\)) = { {v € k[y? =~v(e/N)P} if 1 =0

because “ve = \y & ’)/%6 =y & vl = NP,
(ii) In particular End(M(7,¢€)) = {7y € k|7 = v} = F, and Aut(M(7,¢)) =F.

Remark 1.2.12. (i) One can see easily that for a matrix X € M, (k) and a type 7 the
determinant of X; in M (1) is given for all ¢ (!) by

h(r)

H det X (7,n)

n=1

12



1 Elementary calculations on rigid modules and gauges

where X(7,n) = (X;;|d(7, (=00, 7, — 1] < 4,5 < d(, (—00, T)).

(N.B. This only depends on the partition of d(7) induced by 7). So a matrix yields an
invertible morphism if its ”7-determinant” is nonzero, its determinant can vanish very
well:

(ii) Example: Let 7(0) = 7(1) = 1 and let 7 be zero elsewhere. The matrix X = < 1 1 )

with det X = 0 gives an invertible endomorphism

ax : M(t) — M(T)

11 10
where o, corresponds to ( 01 ) for n < 0 resp. ( 11 ) for n > 1.

(iii) The composition of two endomorphisms is in general not given by the product of
the corresponding matrices, but one has to multiply the matrices on every level (in fact
multiplication in degree —oo and oo suffices). For example: The matrix corresponding to

OzoOziSl2
X 0 ax 9 1)

This defines different ring-structures on M, (k):

Definition 1.2.13. (i) Let 7 be a type. Define a ring-structure on My, (k) by structure
transport along the isomorphism of abelian groups:

Endp, aroa(M (7)) — My (k)

Denote this multiplication by A - B.

(ii) To fix some notation: For M € My)(k) and a < b € {1,...,h(7)} let M*® be the
d x d matrix (M;;)i<i j<g for

d=d(t,{1e,...,n}) and | = d(7,{m,...,7a—1}) and g = d(7, {Tp41, - - -, Th(») })

Lemma 1.2.14. Let 7 be a type and let A, B € My (k). Then
(A7 By = (A""B"")i_1,j

forl=d(7,{m1, ... 7a-1}) and a = inf(4(i), £(j)), b = sup(¢(0), (7).

Proof. Assume i < j, so that a = ¢(¢) and b = ¢(j). Let x = (A7 B);;. According to
Lemma we get x = (A*°B*);;. The i.-th line of A% has [ leading zeros, the j.-th

column has g = d(7, {Ty41, ..., Th(r)}) zeros at its bottom. Thus multiplying this vectors
gives the same as multiplying the (i — [).-th line of A%® with the (j — [).-th column of
B, ]

13



1 Elementary calculations on rigid modules and gauges

Remark 1.2.15. (i) Let us make clear the previous statements. First we subdivide the
matrices according to the partition associated to 7, for example:

<

Il
ONONONICNO)
ONONONIONO,
ONONONIONO,
ONONONICNO)
ONONONIONO)

Here the part marked with ® is X?23.

For computing one specific entry of a multiplication A-™ B = M one chooses a and b like
above. Then X%? is the smallest quadratic submatrix containing the considered entry and
containing complete blocks on the diagonal (For X = A, B or M). For example multiply
A?* by B** to determine the entry marked with .

(ii) These ringstructures obviously depend only on the partition associated to 7.

Remark 1.2.16. (i) The categories of D,-modules, D,, — p-modules and D,, — p-gauges are
abelian categories. This is almost clear, we only have to check that there are well-defined
¢’s on kernel and cokernel of a map. Let a : M — N be a morphism of D,, — ¢-modules
and let m € (M*>)®. Then (a®)®(m) =0 = o (a®)P(m) =0 a > oyp(m) =0, so
that ¢ on M restricts to a well defined map ¢ : (ker a®)® — kera~>. If M and N are
gauges, the first implication = is an equivalence and ker «v is a gauge. By a dual argument
the cokernel of a map of D,, — p-modules (resp. D,, — p-gauges) is a D,, — p-module (resp.
D,, — p-gauge).

(ii) Thereof it follows that a morphism of D, — ¢-gauges is a monomorphism (resp.
epimorphism) if and only if it is set-theoretically injective (resp. surjective).

Ezample 1.2.17. (A 2-dimensional rigid D; —p—gauge without nontrivial rigid subobjects)
0 1

Now let 7(0) = 7(1) = 1 and 0 else and let A = ( 10

). Let o be a type of dimension

1 and € € k*.
We assume a monomorphism: ¢ : M(o,e¢) — M(7, A) given by ( N ) Then Supp(o) C
)

{0,1}, else t> = 0 or t=>° = 0. We can assume o(0) = 1, the case o(1) = 1 is treated

analogously.

So we have (*° = (a: ) and (.~ = (x)
0 (1
Now Ai>® = (71=®)e = 01 Y= )= R . This implies
10 0 Tye T Tye

x =y = 0 which is a contradiction to injectivity.

The rigid D; —p-gauge M (7, A) has nontrivial non-rigid subobjects. Consider for example
the Dy — p-gauge M = D1 /(f)(1) ® D1 /(v)(—2) with ¢ defined by the matrix (1). There

14



1 Elementary calculations on rigid modules and gauges

is a monomorphism

Dy/(£)(1) @ D/ (v)(=2) — M(7, A)

given by D1 /(f) 2 1+ ey € M(1,A)"" and D1/(v) 3 1+ e; € M (7, A)% The picture is
the following:

— & — @ — o — e — e —> e —
— @& — @ — e — e — e —> e —

1.3 Connections with F-zips

We want to establish an equivalence of categories between the category of rigid Dy — -
gauges and the category of F-zips over a field &, introduced by Moonen and Wedhorn in
their paper [MW](See appendix).

Lemma 1.3.1. There is a functor (due to Fontaine)
F : (rigid Dy — ¢ — gauges ) — (F — zips over k)
defined as follows:
For a rigid Dy — p—gauge M = (M", ) let F(M) be the F—zip (F(M),C*, D,, ;) with
o F(M)= M
o (" =im(vX)
o D, =im(po f*) and

e o, gwen by the diagram with exact lines

Mr—l oy Mr—i—l(f’v) M proy grgF‘(M) 0
|
id id :W
co \
M?”*l @Mr+1(f7 ) M,r, p ‘pf'rngD<o—F(M)) 0

Explicitly ©, is given as follows: For x € gr" M we choose a preimage T under v° which
is well defined modulo kerv>®. Then @, (x) equals pr o ¢ o f°(&) which is well defined
because ker v° = ker v, = imf,_; maps to 0 under proyo f.

For a morphism g of D1 — p—gauges we let Fg = g=°.

15



1 Elementary calculations on rigid modules and gauges

Proof. The lines form complexes by definition and since fv = vf = p = 0. By rigidity we
know that ker v>° = kerv, (< vlimy is @ monomorphism). So for m € M" mapping to 0
there exists m’ with

v (m) = v, (m)
which implies
vrp1(m’) —m € kerv° = kerv, = imf,_;

and m € imv,,1 + imf,_;. Exactness of the second line is shown analogously.
Obviously @, is an isomorphism. So F'(M) is indeed an F-zip.

Finally we have to show that a morphism of gauges induces indeed a morphism of F-zips:
Let g be a morphism M — M (with M = (M, f,v, ) and M = (M, f,9,$)) then

Fg(Fil"F(M)) g v (M")
09" (M")
(M)
Fil"F(M)

N

and analogously

(“Fg)(Fil] F(M)) (“g)pf(M7)
@9 o (M")

= @f>g (M)
PI(M")

File F(M).

N

Thus Fg respects both filtrations. Furthermore we have the commutative diagram with
exact lines:

Mr—l o) Mr+1 ngF 0
At e e ﬁ/
M=t g Mt M greF /L)
Mrfl D MrJrl Mr
which shows us that Fg is compatible with %, and ,. O

16



1 Elementary calculations on rigid modules and gauges

Remark 1.3.2. The type of arigid D —¢-gauge M coincides with the type of the associated
F-zip F(M):

Recall Fil"F(M) = image of v, so dimFil"F (M) = rkvp® = rkv,. The type of F'(M)
in the sense of F-zips takes value dim Fil" F(M) — dim Fil"*' F(M) at r (see appendix),
and the type of M in the sense of gauges takes value rkv, — rkuv, ;.

0 1)zaundM:

Ezample 1.3.3. Let 7(0) = 7(1) = 1 and zero elsewhere. Let A = ( 10

M (7, A). Consider (k?,C®, D,,p) = FM. We have
C'=k*Cl=<e,>,C*=0

and
("D-1) = 0,(7Dp) =< Ae; >=< ey >, ("Dy) = k*.

It is easy to see that the Hom-sets are the same:

End(M(r, A)) = {X - ( CCL Z) € My(k)

=) ool (6 e )4=2(5 4 )y
=)ol (e )= (00))

= {(a Z) € My(k) ("a):d,("d):a,("c):b}

C

(CX)A = AXOO}

=8

The endomorphisms of the image of M are matrices which have to respect the filtrations
(here: the subspace spanned by the second standard basis vectors) and which have to be
compatible with the isomorphism of the associated graded spaces. These conditions give

the following description:

End(FM(r, A)) = { ( i 2 ) € My(k)

(“a) = d, (°d) = a} .
The functor F : End(M(r, A)) — End(FM(r, A)) maps ( Z Z ) to ( Z 2 )

We will now construct the quasi-inverse functor.

Proposition 1.3.4. There is a functor
G : (F — zips over k) — (rigid Dy — ¢ — gauges )

Explicitely G is defined by the following construction:
Given a F-zip M = (M,C*, D,,p,) over k let:

GM" =ker("D, & C" — gr? ("M)|(z,y) — = — 5,(y))

17



1 Elementary calculations on rigid modules and gauges

fr=("Dr)C" L9 (“D,y1) ® O™ restricted to GM”
v = (("Dr) & C" &4 ("D,_1) ® C™1) restricted to GM”

:GM™ = ("Ds) = ("M) — ("M) = (°C™) = ("GM ™)
where v stands for inclusions, and Cyy = Cy for s > 0, D™ = D*® for s < 0. If
a: M — M is a morphism of F-zips we define Ga in degree r by the commutative

diagram with exact lines:

GM" (°D,) ® C" ——gr?(“°M) 0
|
I
Ga’l l(”a,a) k
|
v~ ~ ~ ~ ~
GM" (°D,) & C" —=grP (" M) 0

Proof. First we show that GM is a gauge:

e The f,. are well defined: The image of (vz,0) in gr? ;M is  — 0 = x which is 0 for
x € (°C,). The same argument shows that v, is well defined.

e GM is a strict gauge:
(frove) :GM"™ — GM™ o GM"™*
is restriction of
(D) ®C" — (“Dy1) ®C" e (D) @ C"H @ (Dpy) & CT

with
(¢,d) — (¢,d) and (¢,d) — (¢,0,0,d)

which is injective, so (f,,v,) is injective itself.
e For rigidity consider for example:
("Dys1) & CTH (D) @ O 5, ("Dry1) @ CTH

Let m = (x,y) € GM" with f,(m) = 0, which means m = (0,y) for some y. Since
m € GM" it follows @, (y) = 0. This is equivalent to y = 0 € gt M & y € D",
which is equivalent to m € imv, by surjectivity of (?D,41) — grZ ,("M).

For functoriality we note that the diagram in the statement is obviously commutative.
Compability of Ga with f and v amounts to stating that kernels are functorial (in the
proof of we used a dual argument). Compability of Ga with ¢ is immediate. O

18



1 Elementary calculations on rigid modules and gauges

Remark 1.3.5. Let M be an F-zip like in the proposition. The W;-modules C' = &, ., C"
and D = €, ., D, are modules over W [f,v]/(fv) if we let f-multiplication be induced
by the inclusions and v-multiplication be 0 on D (respectively v-multiplication induced
by the inclusions and f-multiplication 0 on C'D). We view the Wi-module gr” (M) as
Wi[f,v]/(fv)-module with f and v operating as 0.

There are canonical morphisms of graded Wi[f,v]/(fv)-modules
(°D) — gr? (M) with = — pra

C — gr? (M) with x — B, o prz in degree 7.
With these morphisms we can describe G(M) as a fibered product

G(M) = (UD) XgrD(f’M) C.

The main theorem of this section is the following:

Theorem 1.3.6. Let k be an arbitrary perfect field of caracteristic p. The categories of
rigid Dy — o—modules and F-zips over k are equivalent. The equivalence is given by the
functors F' and G which are quasiinverse to each other.

Proof. (i) We show that FG = id. Let M = (M,C,,D*,%,) be a F-zip and N =
(N,C,,D*,4,) = FGM.

1) Ttis N = (GM)~= = D_. = M.

2) Use the snake lemma on

0 GM" (“Dy) ® C" ——gr?("M) 0
Uked k(o,b) l
0 D_o D_oo 0

and get the exact sequence
(°D,) — grP?(°M) — GM ™ /imv>® — GM~>/C" — 0.

The first map is surjective, so the second one is 0 and we see that Cr= imv* is equal to
Cr.

3) Analogously we see D, = D,.

4) For checking that v, = ,, first note that a general element of GM™ is of form (3, (y), y)
(with $,(y) actually a lift of @,(y) under °D, — gr?(?M)). Consider the following

19



1 Elementary calculations on rigid modules and gauges

diagram
?.(y)  ("Dx) (7 D) 0
[ (+,0)
@),y M’ (°D,) @ C" gr ("M)
02 (0,0)
Y D= C— 0

Recall that 1, is defined by applying ¢ 1 to a preimage under v°. Note that in the
image of G we have always ¢ = id, so

(ii)) We have to check that GF = id. Let M = (M, f,v, ) be a rigid D; — p-gauge and
let FM = (M~>,C*, D, .).

1) The map (pf>2,v°) : M™ — GFM" is a canonical isomorphism, since the construction
of ¥, implies that

(P f2u7)

(UDT) N Or (x,y)ﬁ@(y) gT’D<UM_OO) N O

r

0— M"

1s exact:

Composition is 0 by definition of @,.
Injectivity follows by strictness.
Let (z,y) € °D, & C" with  — ,.(y) = 0. Choose a preimage § with v2°(7) = y. We get

r—7.(y) =0 = z=5(0(7))
= z=of>(7)
= (z,9) = (pf;°,07°)(9)

2) Consider the commutative diagram

Mr Mr-i—l
|
|

(@froovvroo)l ((,Df,?ilfl)r-‘-l)

|
Y (¢,0)
GFM"

GFMT+1

which guarantees the compatibility with f.
3)Analogously we show compatibility with v.

20



1 Elementary calculations on rigid modules and gauges

4) Compatibility with ¢ is essentially trivial: After passage to the limit we have a com-

mutative diagram
¢

M (TM~)

© id
GFM™> — =560 (eGP ) -)

]

Remark 1.3.7. Moonen and Wedhorn mentioned that F-zips do not form an abelian
category thus rigid D; — p-modules do neither by the theorem. Let us make clear one
point where this fails:

Let 7(0) = 2 and 7(—1) = 7(1) = 1 and zero elsewhere. Let A be the matrix permuting
two basis vectors. Consider the kernel of

a:M(t,A) — M(7,A)
defined at M(7, A)°® — M(7, A)° by the identity matrix:

—

—

e O <— o o

This is indeed a morphism of gauges because

o= (39)(10)
(1)

o = (V) (00)
- (1)

Obviously dim ker o = 2 and dimker a~! = ker o' = 1 which shows us that ker o cannot

and

be rigid.
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2 Quasi-étale morphisms

2 Quasi-étale morphisms

We define quasi-étale (or quiet) scheme-morphisms introduced by Fontaine and Jannsen
and show stability under composition and base-change. Furthermore we introduce a lifting
property which will be important to study quasi-coherent quiet crystals.

Let p be a fixed prime number. All consideres schemes are over [F,,.

2.1 Definition and Properties

Definition 2.1.1. (i) Let f : Y — X be a morphism of schemes. We say that f is
quasi-€étale (or quiet), if locally f can be written as a composition of an étale morphism
after a p-th root.

(ii) A morphism of schemes is a p-th root (or an extraction of a p-th root or a p-morphism)
if it is locally a composition of morphisms of the form Spec(A[z]/(2? — «)) — Spec(A)
for a € A.

Here are some simple properties of p-th roots:

Remark 2.1.2. (i) Because p-th roots are locally of finite type and flat, hence open mor-
phisms and because open immersions are étale, one can choose the p-th root in the defi-
nition of a quasi-étale morphism to be surjective.

(ii) The fibers of a p-th root f over a point z = Spec(k) are locally of the form Spec(R)
where R — K is a nilpotent thickening of the residue field extension of a point over z,
which is a purely inseparable field extension of k. Especially f is radicial.

One can see this immediately by induction: Assume A — B a p-th root with such a fiber
R and B — Blz]/(z? — 3) a morphism. Let Spec(K) be the point over Spec(K). Consider
the diagram

Rlz]/ (2 = ) —— Kla]/(a” = B) —— K

R K

where the square is cocartesian and 7 is surjective (resp. an isomorphism) if in K a p-th
root of /3 exists (resp. does not exist). Then R[z]/(2? — 3) — K has the required form.
(iii) Obviously a p-th root is integral.

Lemma 2.1.3. The property "quasi-étale” is stable under composition and base change.

Proof. The base change of an étale morphism is étale, so we have to show that the base
change of a p-th root is again a p-th root. This is evident.

For stability under composition consider f o ¢’ where f : Y — X is a faithfully flat p-th
root and ¢’ : Z — Y is étale. We know that f is integral, surjective and radicial and thus
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2 Quasi-étale morphisms

with [SGA4.2] VIII 1.1 one can find a cartesian square

72— g
g 9
vy o x

where ¢ is étale . Then f’ is a p-th root. Because p-th roots resp. étale morphisms are
stable under composition, this implies the lemma. O

Lemma 2.1.4. Quasi-étale morphisms are syntomic.

Proof. This is clear (see Appendix [A.1]). O

2.2 Lifting property

The following lifting property is the main point which allows us to use quiet morphisms
for our purposes. It enables us to refine a quiet covering to a covering which can be lifted
infinitesimally, to be more precise: Given an infinitesimal thickening, any quiet covering
of the source can be refined to a covering which can be lifted along the thickening.

Thus the topology T generated by classes of morphisms satisfying this lifting property (in
fact a weaker form suffices) has good properties on infinitesimal sites. Especially it gives
a connection from the infinitesimal 7-site to the large 7-site. If the classes are additionally
assumed to be flat, they actually behave well with respect to the crystalline site.

Proposition 2.2.1. (Quasi-étale lifting property) Let f' : U — U be quasietale and
U — T be a (closed) nilimmersion. Then every point u of U’ possesses a neighborhood U,

(for Zariski-topology) such that we ca find a cartesian square with a quasi-étale T-scheme
T

U T
|

U/

|

U T.

Proof. It is enough to treat the cases that f’ is either étale or a p-th root:

Assume f : U’ LZyr 5 17 and the lifting property is satisfied by f; and fy. Let u € U’
and v = fy(u) € U”. The following diagram implies that the lifting property holds also
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2 Quasi-étale morphisms

for f:
U// T
v
U//
VAR
U// U/ T/
N/
0L
U T

The three squares are cartesian. First 7" and U] are defined by the lifting property of fi,
then U” is defined as fibered product and U,~,T" are defined by lifting property of fs.

If f' is étale this is a weaker statement than topological invariance of étale morphisms
[EGA44] 18.1.2.

So let f" be a p-th root. Because the problem is local in T we can assume that 7' = Spec(A)
is affine, so U = Spec(B) with A — B. Furthermore we can, by the argument from above,
reduce to the case that U" = Spec(B[t]/(t? — 3)) for a § € B, but then our problem is
solved by Spec(A[t]/(t* — «)) for a preimage « of [3. O

Remark 2.2.2. The lifing property holds for other classes, too: It is also true for the class
of syntomic morphisms (see [Be2] Lemme 1.1.9), for étale morphisms and for the class of
extractions of p-th roots.

Remark 2.2.3. Syntomic morphisms were used by Fontaine and Messing in their paper
[EM] to give means of calculating crystalline cohomology. They identified crystalline
cohomology of a smooth scheme over a field k£ with syntomic cohomology of some special
sheaf O on the syntomic site over k:

Hi (X/Wo, Oxpw,) & 13, (X, O5F)

But the class of syntomic morphisms is very large, so the natural question arose whether
one could replace the class ”syntomic” with some smaller classes. One possible solution are
quasi-étale morphisms but the even smaller class of p-th roots is also a possible substitute.
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3 Cohomology of quasi-coherent crystals
3 Cohomology of quasi-coherent crystals

3.1 Topologies

We work consistently over large sites and topoi. Here we recall the basic definitions of
the large crystalline site with different topologies as introduced in [Be2].

Definition 3.1.1. (i) Let (S, I, y) be a PD-scheme and X an S-scheme to which v extends.
Let CRIS(X/S) or CRIS(X/S,1,~) denote the category with objects

(1:U—=T,6)=(U,T,0)

where U is an X-scheme, ¢ a closed immersion into an S-scheme 7" and 9 is a PD-structure
on the ideal J C Or of i, which is compatible with v. Such an ¢ is called a PD-thickening
of U.

A morphism in CRIS(X/S) is a commutative diagram

v

T/

T

u

U’ U

where v is a PD-morphism. A morphism is called cartesian if its diagram is cartesian.
(ii) We say that a morphism (u,v) has a particular property (e.g. being an open immer-
sion, syntomic etc.) if v : 77 — T has the corresponding property.

We use the procedure of constructing topologies in [SGA3.1] exp. IV 6.2. In order to use
the good properties of topologies built in this way, e.g. a criterion for presheaves to be
sheaves ([SGA3.1] exp.IV 6.2.3), we have to check some technical conditions, but these
are almost all trivial.

Definition 3.1.2. Let 7 be a class of flat, locally of finite type scheme morphisms which is
stable under composition and base-change. Assume that 7 contains all open immersions.
(i) Let 7(X) be the big 7-site, and X, the corresponding topos.

(ii) Let CRIS(X/S), be the category CRIS(X/S) endowed with the topology generated
by surjective families of open immersions and surjective 7-morphisms of affine objects.
Let (X/S)crrs+ be the corresponding topos.

(iii) Let Ox,g be the presheaf of rings

(U, T) — OT

which in fact is a sheaf (by flatness of 7). Is is called the structural sheaf of (X/S)crrs.+-
We use Ox/g to give (X/S)crrs,- the structure of a ringed topos.
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3 Cohomology of quasi-coherent crystals

Our aim is to construct a morphism of topoi
vr 2 (X/S)crrsr — X5

for different classes of morphisms 7.

In their paper [EM] Fontaine and Messing implicitely use this morphism; the existence of
v, as we will construct it, implies that the presheaf O is a sheaf for syntomic topology.
We will give axioms for classes 7 that guarantee the existence of v,. The key point is the
property that that coverings should admit a refinement which can be lifted to a crystalline
covering. This is closely related to the lifting property of the previous section, in fact it
follows from the lifting property.

Definition 3.1.3. Let 7 be a class of morphisms of schemes. Consider the following
properties:

(T1) (Stability, flatness and open immersions) The class 7 is stable under base change and
composition and every 7-morphism is flat and locally of finite presentation. Furthermore
every open immersion is 7.

(T2) (Refinement) The class 7 admits 7-crystalline refinements (see next definition).
(T3) (p-morphisms) Every p-th root morphism is 7.

If 7 satisfies (T1),(T2) and (T3) we call 7 a p-crystalline class.

Definition 3.1.4. Let 7 be a class of scheme-morphisms. We say that 7 admits crystalline
refinements if for every PD-thickening U — T and every surjective family of 7-morphisms
{U; — U} there exists a refinement {V; — U} with € : J — I and PD-thickenings V; — T}
with T-schemes T} such that the diagrams

Vi T;
|

Ue(s) fi
|
U T

are cartesian with PD-morphisms f; € 7.
We get the already announced relation to the lifting property by the following lemma.

Lemma 3.1.5. Consider

(T2’) (Lifting property) Let f': U" — U be a T-morphism and U — T a closed nilimmer-
sion. Then every point u of U' possesses a Zariski-open neighborhood U] s.t. there exists
a cartesian square

U, T
|

U/

U T

with T" — T a T-morphism. Then ((T2°) and (T1)) = (T2).
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3 Cohomology of quasi-coherent crystals

Proof. Note that divided powers extend along flat morphisms ([Be| I 2.7.4). H

Remark 3.1.6. The lemma shows us that the following classes of morphisms satisfy (T2),
i.e. admit crystalline refinements:

e syntomic
e quasi-étale
e p.-th roots
e étale

e Zariski-morphisms

since they satisfy the lifting property (see[2.2.1)). Zariski- and étale coverings can be exten-
dend to crystalline coverings even without refining because of their topological invariance
and flatness (We call morphisms Zariski-morphisms if they are locally open immersions).

Remark 3.1.7. The axioms play different roles:

(i) Condition (T1) implies that toplogies on X-schemes resp. on CRIS(X/S) are of a
specific form described in [SGA3.1] IV Proposition 6.2.1 (p.239):

In notation of loc. cit. we let C = CRIS(X/S) (resp. the category of X-schemes), C"
the full subcategory of affine objects of CRIS(X/S) (resp. affine X-schemes), P the set
of open coverings and P’ the set of finite 7-coverings. The axioms (P1), (P2), (P3), (a)
and (b) of loc. cit. are immediately verified using Lemma below, for (c¢) we notice
that 7-morphisms are open and affine schemes are quasi-compact.

(ii) Assuming (T1) and (T2) guarantees that there is a morphism from the 7-crystalline
site into the big 7-site.

(iii) We shall see that assuming all three axioms (T1)-(T3) for a class 7 implies that higher
direct images under v, of a quasi-coherent crystal M on (X/S)crrs, vanish:

RY(v, )M =0 for ¢ > 0.
Lemma 3.1.8. Let 7 be a class with (T1). Let (U, T") — (U,T) be a T-morphism and

(U, Th) — (U,T) be a morphism. Then the fibered product (U',T") xwry (Uy,T1) in
CRIS(X/S), ezists and is canonically isomorphic to (U xy Uy, T" X7 T1).

Proof. See [Be2] 1.1.2. The proof works in our situation because T7-morphisms are flat. [

Remark 3.1.9. (i) We need the following simple technical statement: If 7 is a class which
admits 7-crystalline refinements then obviously every surjective family which can be re-
fined by a 7-family, admits a 7-crystalline refinement. Especially every surjective family
of source-locally T-morphisms (i.e morphisms f : X — Y such that there exists an open

covering (U;) of X with 7-morphisms f|y,) admits a 7-crystalline refinenment.
(ii) For all cases which we consider here, a morphism is a 7-morphism if and only if it is
source-locally a 7-morphism. This is obvious since the defining properties for 7 are always

local properties.
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3 Cohomology of quasi-coherent crystals

3.2 A morphism of topoi

This subsection contains the technical main part of this section.

Concerning sites and topoi we use notations and conventions of [SGA4.1], but we write
P(-) for the category of presheaves (in [SGA4.1] denoted by * ) and S(-) for the category
of sheaves (in [SGA4.1] denoted by ~) on some site.

Recall that a morphism of topoi is a pair of adjoint functors, ”direct image” and ”pull-
back”, with exact ”pull-back”-functor.

Theorem 3.2.1. Let 7 be a class which is flat, locally of finite presentation and sta-
ble under composition and base-extension, i.e. T satisfies (T1). Assume that T admits
crystalline refinements ( (T2) ). Then there is morphism of topoi

v 2 (X/S)crrs: — Xr

We denote v, also by v if the topology is fized.

Proof. The proof is based on [K].
By [SGA4.1] IV Proposition 4.9.4 a continuous([SGA4.1] II1.1) and left exact functor from
the site 7(X) to the topos (X/S)cnis, gives a morphism of topoi

(X/S)CRIS,T - XT‘

Let
V . T(X) — (X/S>CRIS,T

be defined by Z +— ((U,T) — Homy (U, Z)). Then V is a well-defined, continuous and
left-exact functor.

(i) V_is well-defined:

This is Lemma [3.2.2]

(i) V_is continuous:

Consider the functor W : P((X/S)crrs,r) — P(7(X)) given by F' +— F o V. We have to
show that W maps sheaves into sheaves, i.e.

W S(X/S)crisy) = (X/S)crisr — S(X7) = X7,

with P denoting presheaves and S denoting sheaves. Note that the category of sheaves
on a topos is equivalent to this topos by representing sheaves (See [SGA4.1] IV Corollaire
1.2.1). Let F be a 7-crystalline sheaf.

If Z is an X-scheme, then WF(Z) = F(V(Z)) = Hom(x/s)op;s, (VZ, F) (The value of
the sheaf F' at the sheaf V' Z). By [SGA3.1] IV 6.2.3 we have to check sheaf-condition for
certain types of coverings:

Part 1: Let {Z; — Z} be a Zariski-covering of X-schemes and let

(s:) € ker(] [Hom(V 2, F) = [ [ Hom(V Zy;, F))
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3 Cohomology of quasi-coherent crystals

with Z;; = Z; x ; Z; = Z;NZ;. We have to show that there is exactly one s € Hom(V Z, F)
mapping to (s;). Let U = (U,T') be in CRIS(X/S), and f € VZ(U) = Homx (U, Z).
Let U; = f71(Z;) and U; = (U;, T;) defined by requiring the following squares to be
cartesian:

U= fY%Z)—Z Ui T;

U

N

U

T

and T; — T being an open immersion. In the right diagram the closed immersions have
PD-ideals and the open immersions are PD-morphisms (See remark [3.1.6).

Let f; = fly, : Ui — Z; be in Z;(U;). Then s(U)(f) can be constructed by the following
commutative diagram:

[T F(U:) " [114:(U;)
(*) res
(Uij)pr
[1F(U;) Zi(Us) x 11 Zj(Usy) (fil wiyys Filwis)

inc

5jlz;;(Uij)=silz;;

[12:;(Us) "(flwp)”

The uniqueness follows, under the hypothesis that s maps to s;, from the following com-
mutative diagram (for every fixed f separately):

Z(U) f
s(U)

F(U) / [2W)  (flw)

NP~y Z(T) ()

Furthermore we have to show s defines a morphism of sheaves. Let ¢ : V' — U (in the
crystalline site). Then s(V)(f|v) is determined by the image of f;|y, = fipi : Vi — Z;
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3 Cohomology of quasi-coherent crystals

with V; = o U;) = (fe) 1 (Z;). Now the following diagram is commutative because
each s; is a morphism of sheaves.

EV) 11 Z4(V)

res

H F(U:) (5:(Us)) H Zi(U:)

Finally we show that s maps to s; for i € I. Let U = (U,T') be in CRIS(X/S), and fix
ke l. For fr € VZi(U) = Homx (U, Z) it is by definition s|z, (U)(fr) = s(U)(co fx) (for
L: Zx — Z). Note that in diagram (x) it is Uy = U and thus s(U)(¢efx) = s(Uk)(fr)-
Part 2:

To check sheaf-condition for a finite 7-covering of affine schemes it suffices to check
it for a faithfully flat source-locally 7-morphism, since by the first part the presheaf
W F maps sums to products and the sequence for a finite covering {SpecB; — SpecA}
can be identified with the one for {Spec([] B;) — SpecA} (It is WF(Spec([[ Bi)) =
W EF(]] Spec(B;)) = [[ WF(SpechB;)).

Now let Z/ — Z be a surjective source-locally 7-morphism with affine Z’ = SpecB and
Z = SpecA. Let

s' € ker(Hom(VZ', F) = Hom(V(Z' x5z Z'), F))

We have to find exactly one s € Hom(V Z, F') which maps to s, so let U = (U,T) €
CRIS(X/S), and f € VZ(U) = Homyx (U, Z). The surjective family {7’ x, U — U}
can be refined to a 7-crystalline covering {U; = (U;,T;) — U} by (T2) and remark [3.1.9]
Define f! by the following diagram

Ui T;
(%) 7'<—7' x,U
Z<~——U T

Let U;; = (U; xy U;, T; x¢ Tj). Similar to part 1 we define s(f) by the commutative

30



3 Cohomology of quasi-coherent crystals

diagram
FU) S%f)

(U () (f)

[1FU;) T [12'(U;)

(* * *) res
s'(Usz)pry

HF(UU) §'(Us;)pr HZ,(UU> X HZ/( ) (f | 13)7f'|(Uij))

S’IZ; (Uij)=s'l'52

112" xz Z'(Uy) 7 (f|(Uij))”

Because of the following commutative diagram this is the only possible choice for the
image of f, if we suppose s maps to s

F(U) zw)  (flw)

[FU)~————T12'(U) ()

Again we have to show s defines a morphism of sheaves. Let ¢ : (V,S) — (U,T) (in
the crystalline site). First note that V; = (V;,S;) = (V xy U;, S xr T;) is a 7-crystalline
refinement of {V x, Z' — V}.

Then s(V)(f|v) is determined by the image of (f|v); = flpi : Vi — U, — Z' with ¢;
the basechange of ¢ to U;. Now the following diagram is commutative because s’ is a
morphism of sheaves.

HF(W)WHZ’( )

res res=-0yp;

[1F(U) ~— 11 2/(00)

Finally it is to show that the restriction of s equals §'. Let U = (U, T) be in CRIS(X/S)-
and let f" € VZ'(U) = Homx (U, Z"). Let f! be associated to z o f' (with z : 7' — Z)
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3 Cohomology of quasi-coherent crystals

according to (xx), then f/ = f'|y,. It is:

slz/(U) (DN = (s(U)(zo )], by definition
= (S (U)([f) by diagram (x s %)
= (') )lv since f{ = f'|u,

and we conclude that s|z = §'.

(iii) V is left exact:

By [SGA4.1] I 2.4.2. it is enough to show that V' maps the final object X € 7(X) to the
final object e € (X/S)crrs.r, which is trivial as VX ((U,T)) = Homx (U, X), and that V'
commutes with fiber-products:

We have V(212 Z,)((U,T)) = Homx (U, Z1x z22) = Hom(U, Z1) X oy 17 ) Hom(U, Z3) =
VZi((U,T)) xvzqumry VZ((U,T)) = VZi xvz VZ((UT)). Note that the fiber product
of sheaves is given by the set-theoretic fiberproduct over each object. O]

Lemma 3.2.2. Let 7 be a class satisfying (T1) and let V' be as in the theorem, Z an
X-scheme. Then V Z is a T-crystalline sheaf.

Proof. Tt {(U;,T;) — (U,T)} is a covering in 7-topology then {U; — U} is an fppf-
covering and the following isomorphic (cf. [3.1.8)) sequences

VZU,T) - vz, T) = [[VZ(ULT) xwr (U, Ty))

HOIH)((U, Z) — HHOIH)((UZ,Z) = HHomX(Uijvz)

are exact since representable presheaves are fppf-sheaves.

]

Remark 3.2.3. We wish to make clear the precise nature of the direct image functor for
the morphism of topoi in the theorem. If f is a left-exact, continuous functor from a site
C' (where finite projective limits are assumed to be representable) into a topos E, the
associated morphism of topoi g is given by

g F— Fof

and ¢g* a left adjoint to g.. For details describing the ”pull-back”-functor see [SGA4.1] TV
4.9.
So in our situation v, : F' + Hom(x/s)op;s, (V (), F) is the functor we called W.

3.3 Crystals

We restrict our attention now to what Grothendieck called special sheaves on the crys-
talline site, but which is better known as crystal. These are in a sense rigid presheaves
which in fact are sheaves.
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3 Cohomology of quasi-coherent crystals

Remark 3.3.1. Let 7 be a class satisfying (T1), and let (U,T") be an element of the site
CRIS(X/S). Every presheaf I on CRIS(X/S) defines by restriction a Zariski-presheaf
on 71"

TDT — F(U %y T',T)

We denote this presheaf by Fr.

Definition 3.3.2. Let (X/S) be as in[3.1.1] A Ox/s-module presheaf F is called a crystal
if:

(1) it is a Zariski-sheaf and

(ii) for any morphism (g, f) : (U',T") — (U, T) the induced morphism (f*Fr) — F} is an
isomorphism of Op-modules (Here f* denotes pullback of module-sheaves, i.e. f*Fp =
[Fr @10, Op).

A crystal is said to be quasi-coherent if every Frp is quasi-coherent.

Lemma 3.3.3. A quasi-coherent crystal is a sheaf for any topology coming from a class
T satisfying (T1).

Proof. Again using [SGA3.1] IV 6.2.3 it suffices to show the exactness of the sequence
to a covering {(g, f) : (SpecR,SpecB) — (SpecS, SpecA)} with f source-locally 7 and
surjective, hence faithfully flat (cf. the proof of the theorem). If Fgpecs = M for an
A-module M then Fspeep = f*Fapeca = f*M ~ M @4 B and this sequence is

M—>M®AB:§M®AB®AB
which is well known to be exact (See e.g. [SGAI] VIII 1.7.) O

Proposition 3.3.4. Let 7 and 7' satisfy (T1) with 7 C 7'. Then there is a canonical
morphism of coarsening topology

a: (X/S)crisr — (X/S)cris+
and one has Ria,F =0 for ¢ > 0 if F' is a quasi-coherent crystal.
Proof. See [Be2] 1.1.19. for a similar statement. The proof is exactly the same. O

Quasi-coherent crystals have 7-crystalline cohomology independent of 7 for a very general
choice of the class 7:

Corollary 3.3.5. Let 7 and 7" satisfy (T1). Then for a quasi-coherent crystal F' it holds:
H"((X/S)crisq, F) = H"((X/S)crrsy F)

Proof. Both topologies are finer than Zariski-topology. Consider the two morphisms of
coarsening topology:
(X/S)errs: — (X/S)cris,zar
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3 Cohomology of quasi-coherent crystals

and
(X/S>CRIS,T’ - (X/S)CRIS,ZCL’I"'

Using the Leray spectral sequence both terms are isomorphic to Zariski-crystalline coho-
mology of F. O]

Remark 3.3.6. Let 7 C 7/ satisfy (T1). Obviously there is a morphism of coarsening
topology
6 X — X, .

The direct-image functor is the canonical inclusion. Pullback is given be assigning to
every T-sheaf its 7’-sheafification.

3.4 Direct images of crystals and their cohomology

This subsection contains the main results of this section: The comparison of cohomology
of direct images of coherent crystals for p-crystalline classes 7 for a k-scheme X and
S = W, (k) with a perfect field k.

We study the following commutative diagram of topoi with 7 and 7’ satisfying (T1) and
(T2) and 7 C 7.

(X/S)orisr —= X:

o¢| Jé]
(X/S)CRIS,T/ - XT’

We will see that quasi-coherent crystals are acyclic for direct images of all the morphisms
if we assume in addition (T3).

Remark 3.4.1. Let E be a topos, X an object of E' and F' an abelian sheaf. Then H9(X, F)
is defined as RII'x F for I'x : M — Hompg(X, M) (I'x a functor on abelian sheaves). See
[SGA4.2] V 2.1.

Proposition 3.4.2. Let T be a p-crystalline class, X a scheme over k and S = SpecW,, (k)
for a perfect field k. Let F be a quasi-coherent crystal on (X/S)cris,r- Then one has for
q>0

R, F = 0.

Proof. The proof is essentially the same as of [Ba] Proposition 1.17. (which deals with
the case of syntomic topology):
Recall that R%v,F is the sheaf associated to the presheaf

X, 5 U — Hiv'U, F)
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(See [SGA4.2] V 5.1). Under the identifications S(X;) = X, = S(7(X)) this corresponds
to the sheaf associated to the presheaf

7(X)>Uw— FY(U):= H'(v'U, F).

(U stands for the sheaf represented by U and v*U sends (Y,T') to Homx (Y, U)).

By LemmaBAdit is F1(U) = H(U/S)cnis. F).
It is sufficient to check

() (FOYU) =0

for affine U € 7(X). This statement is implied by lim H°(U, F) = 0 where the limit runs
U
over all coverings of U and H® denotes 0. Cech-cohomology:

HW F) =ker([[ F/U) = [] FUU <0 U))
U, el Ui,UjEU

Thus it suffices to show: For every affine V' € 7(X) there exists a family of faithfully flat
7—morphisms {V; — V} with lim F(V}) = 0:

Assume the U; affine, let u; € F(U;). Choose U! (a member of the family for U;), such
that u; maps to 0 € F9(U/). Then {U/} is a refinement of {U;}, where (u;) vanishes.

For SpecA an affine X-scheme define inductively
Ap=Aand A, = A,_1[ze;a € Ayq]/ (2 —a)

Let A be the perfect envelope lim A,,. Then A= lim B; for some surjective p.-th roots
SpecB; — A which are 7 by (T3). Now we have

lim F%(Spec(B;)) = lim H((SpecB; /W), F) = lim H((SpecB;/Wy)cris.et, F)
by corollary [3.3.5, which by [Ka] 2.4.3 in turn is isomorphic to
Hq((SpeCA/Wn)CRIS,éta F) = Hq((speCA/Wn>CRIS,zara F)

The proposition follows from the following one since coherent modules have no higher
cohomology on affine schemes. O

Proposition 3.4.3. Let A be a k-algebra with surjective Frobenius morphism, k a perfect
field of characteristic p > 0. Then there exists a W, -divided-power thickening (U,T') in
CRIS(SpecA/W,,) zar with affine T' such that for any abelian zariski-crystalline sheaf F
and each q € N it holds:

H((SpecA/Wy) sar, F') = HY(T, Fr)

for Fr the induced abelian Zariski-sheaf on T
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Proof. [Ba] 1.16. O

To complete the proof: First recall the definition of the global section functor for presheaves

Fonasite C: I'(F) = Hom(e, F') = lim F(U), where e is the final object in the associated
vec
category of sheaves (the constant sheaf with value {x}). If in C' there is a final object Y,

it obviously holds I'(F) = F(Y').

Lemma 3.4.4. Let Z be an X-scheme and T a class with (T1). Then the restriction
functor res : (X/S)crisr — (Z/S)cris+ is exact (on abelian sheaves). Furthermore it
holds: T'(z/syores = Homx/g)(v*Z,-) (Again Z stands for the sheaf represented by Z and
v*Z maps (U, T) to Homx (U, Z)). We conclude that

HY((Z/S)cris F) = HI(v'Z, F)
for any abelian sheaf F' on (X/S)crrs.-

Proof. Exactness is immediate. Let e be the final object in the topos (Z/S)crrs-. Then
we define a map

Qo F(F) = HOIIl(Z/S)(e, F) — HOIH(X/S)(U*Z, F)

by sending ( f(,7)) to the morphism of sheaves which sends ¢ € v*Z((U’,1")) for (U',T") €
CRIS(X/S) to fw ) (Here (U',T') is viewed as an object of CRIS(Z/S) via ¢ €
v*Z((U',T")) = Homx (U’ Z)).
The inverse map

B : Homx/s)(v*Z, F) — Homz/g)(e, F)

is given by ¢ — (sw,r)) with the global section sy ) defined as follows:
For (U,T) € CRIS(Z/S) the structural map U — Z is an Element in v*Z((U,T)) =
Homy (U, Z). Define sy = (U, 2)(U — Z) € F(U,T).

This is indeed the inverse map:
Let f = (fw,r) be a global section of F. Let s,y be associated to a(f). Then

Ba(fwry = swm
a(f)U,T)U — 2)

= fwumn)-

Let ¢ € Homx/s)(v*Z, F') and let (sw.r))wr) = 3(¥) . Then we compute:

aB(¥) = (Homx(U',Z) 3 ¢ — swrm)
(Homx (U', 2) 3 = (U, T)(U' = Z) = ()

36



3 Cohomology of quasi-coherent crystals

Proposition 3.4.5. Let 7 and 7' satisfy (T1) and (T2) with = C 7'. Then diagram of
morphisms of topoi

(X/S)C'RIS,T X’T
« B
(X/S)crisr - X

is commutative where (3 is defined by coarsening topology.

Proof. Again by [SGA4.1] IV proposition 4.9.4 it is enough to show that v* * and a*v?
restricted to 7(X) are isomorphic. It is *Z = Z since representable presheaves are
sheaves on both X, and X, by (T1). Furthermore v*Z is in both cases given by the
presheaf

VZ:(UT)w— Homx (U, Z),

which is actually a sheaf for 7 and 7' (see Lemma [3.2.2]). Now note that inverse image
morphisms of coarsening topology morphisms map a sheaf for the coarse topology to the
associated sheaf in the fine topology. m

Remark 3.4.6. Assume all 7 satisfy (T1). By Lemma we know that for a quasi-
coherent crystal F' the underlying sheaf on (X/S)cgrs does not dependend on 7. By
proposition we know furthermore that its cohomology is independent of 7.

The proposition now tells us that the underlying sheaf of the direct image of F' does
not depend on 7 (for all 7 satisfying (T1) and (T2)). Proposition implies that its
cohomology is independent of 7 (assuming (T3) fulfilled) under the assumptions of the
proposition. We summarize in the main theorem of this section:

Theorem 3.4.7. Let 7 and 7' satisfy (T1), (T2) and (T3) and let X be a scheme over k
and S = SpecW,, (k) for a perfect field k. Then one has for a quasi-coherent crystal F':

HYX,,v.F) =2 H(X, v F)
In particular, if we let F' = Ox/g:
HY(X,,O7") = (X, O).

Proof. We can assume that 7 is the class of p.-th roots; this is the smallest possible class.
We have a commutative diagram of morphisms of topoi

(X/S)cris+ X-
a B
(X/S)cris, —— X,
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Using Leray spectral sequence for v, and v, recalling RY(v,),F = 0 for ¢ > 0 by
and the preceding remark, we get isomorphisms:

HY((X/S)crrsy, F) = HY( X, v.F)

and
HY((X/S)cris, F) = HI( X, v, F)

Combining this with the isomorphism
HY(X/S)cris, F) = H'((X/S)crrsq F)
of the remark, the claim follows. O

Theorem 3.4.8. Let 7 C 7' both satisfy (T1), (T2) and (T3). Then one has with (X/S)
like in[3.4.7 and a quasi-coherent crystal F':

RIB (v, F) =0
forq >0 and 8 : X, — X, like above.

Proof. Let G = v, F. We know that RI3,G is the 7-sheaf associated to the presheaf
U — H!(U,G), so it is enough to show that this associated sheaf takes zero-values on
affine X-schemes.

We have HY,(U,G) = HY(U,,G) = HY((U/S)crrs, F') by the previous results. This is
F4(U) in notation of the proof of [3.4.2, There it was shown that (F9)*(U) = 0 for affine
U. O
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4 Topologies and the sheaves G,

Let X be a scheme of finite type over a perfect field k of positive characteristic p. Let W
denote the ring of Witt-vectors and let W,, denote the truncated ring of Witt-vectors.

4.1 The ring O

Here we give the main definitions of this section. This subsection also contains outlines
of some proofs Fontaine sketched in his conversation with Jannsen.

Recall section |3 that there is a morphism of topoi
v (X/Wo(k))orrssyn — Xsyn
Definition 4.1.1. (i) Define the sheaf of rings in X,
Oris = v.O0x/w, -
(i) Let O = 0.

Obviously O is a sheaf in X, for any class of morphisms 7 contained in the class of
syntomic morphisms. By definition we have for ¥ — X

O™ (Y) = H((Y/Wa)crissyn: Ovyw,)

This is the original definition (to be found in [FM]). There is another description of O
which is very useful for computations:

Remark 4.1.2. One knows (see [FM]), that
WDP ~ Ocris'

The presheaf W,, maps a k-algebra A to W,(A) and the presheaf WPT is the divided
power envelope of W,, with respect to the ideal I = {(ay, ... ,an)|a€n = 0}, compatible
with standard divided powers on pW,,.

The isomorphism is constructed as follows:

There is a canonical map:
cris
w, — O,

given over a k-algebra A by

(a0, - -y an) = (@8 +pal 4. ")) € lim (T, Or).
(u,T)

Recall that the limit is taken over all A-schemes U with W,-thickenings U — T. Fix a
component (U, T) = (SpecA v T). Now let a; be a preimage (under ) of f*(a;),
then p'a? "™ does not depend on the choice of the lifting:
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Two preimages a;,b; of a; differ by an element in the divided power ideal ker f*, say

&i = bl + «. Then )
,L»Apn—i . iApn—i i pnil iA(pn—i_i)
pa; =pa; "‘pZ( ; >O‘bz‘ -
>0
Since « has divided powers we can write p’ (”nj) al = p (pn;i) ilv;(«). This equals 0
because the p-valuation of the coefficient is i +n — i — v,(7) + v,(i!) > n and I'(T, Or) is
annihilated by p™ (see [A.3.4]).
Since the image of I under this map is contained in pO%* we can extend the map to
morphism
WnDP N Orclris‘

Syntomic sheafification gives the desired map
WnDP N O:Lris.

Fontaine and Messing claim that this is an isomorphism, see [EM] 1.4.

There is a Frobenius ¢ on O which is compatible with the canonical projections
v: O O
It is induced by Frobenius on W, :
F:-WwW,—W,
(agy...,an_1)+— (af,...,ab_,)
It is clear that F' extends to the divided power envelope.

Lemma 4.1.3. (Computation of OSS(Speck)) Let k be a perfect field of positive charac-
teristic p. Then one has:

O (Spec(k)) = W, (k) = W, (k)
whith notation from above.

Proof. By definition, WP (k) is the divided power envelope of W, (k) along the ideal
{(ag, ... ,an_1)|a} = 0}, compatible with the canonical ones on pW, (k). By definition
and since k is perfect (and reduced),

oW, = A{p(bo,...,bu_1)|b; € k}
= {065, b _5)[bi € K}
= {(ag,...,an_1)|a; € k,ay = 0}
= {(ag,...,an-1)|a; € k,a] =0}

So the ideals coincide and forming the divided power envelope is trivial, which shows the
second isomorphism. The first is in [FM]1.4 (Again because k is perfect). O
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Definition 4.1.4. Let O be the structural sheaf, i.e. O(Y) =I'(Y,Oy) for Y — X.

Lemma /Definition 4.1.5. (due to Fontaine)
(i) There is an epimorphism of p-sheaves (topology consisting of p.-th roots)

O;I‘ls N (9

given in terms of Witt-vectors by (ag, ..., an_1) — ag" (c¢f. [EM] I1.2.1). The morphism
18 surjective for any topology finer than topology of p.-th roots.

(ii) The kernel of the map O™ — O, denoted jlm, is a PD-ideal. Its r.-th divided powers
are denoted by jlr].

Proof. (i) The morphism W,, — O with (ag,...,a,-1) — agn maps I — 0, so forming
D P-envelope and taking the associated syntomic sheaf we get

DP cris
W, —=WPP - 0o

O

Hence, to show surjectivity it is enough to show that for any section a € O(SpecA), with
a k-algebra A, there exists a p-covering f : A — B, such that the restriction a|g = f(a)
has a preimage in W,,(B).

This is obvious: Take B = A[t]/(t"" — a), then (¢,0,...,0) is the desired preimage.

(ii) The kernel of W,, — O is the ideal used un the divided power envelope. O

Lemma 4.1.6. In characteristic p, ie. if n =1, there is a monomorphism
p:O— OFS
(due to Fontaine).

Proof. Let U be over X and let x € O(U). Then there exists a p-covering {V' — U} such
that x|y posesses a preimage y € Of*(V') by the previous lemma. Let I be the kernel of
Oss — . Consider the commutative diagram with exact rows and columns, given by
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sheaf-condition of I, O™ respectively O,

I(V xy V) OTS(V xy, V) O xy V)
I(V) OF=(V) o)
I(U) OF™(U) o(U)

0 0 0

The element y is mapped to 0 in O(V xy V), so ¢ := (image of y in OF5(V x V)) lies
in I(V xy V). Since I is a PD-ideal 7 = ply,(y') = 0, so y? € O§5(U). We let p(z) = yP.
Two preimages of x|y differ by an element d € I(V), for which we have again d? = 0,
showing that the definition is independent of this choice.

Let V' be another covering. Then both V' and V' refine the covering V [[ V' so we can
without loss of generality assume that V' — V. In this case it is clear that p does not
depend on the choice of the covering: If y is a preimage of x|y, then y|y- is a preimage of

€T |V’-
Injectivity is proven in [FJ] Proposition 3.3.2 on p.13: One can show injectivity over
p-good algebras (for a definition see , and this suffices. n

Lemma 4.1.7. (i) The composition
O — O - O

equals Frobenius on O.
(ii) The composition

(9(131’15 s O [N OiI‘lS

equals Frobenius ¢ on O.

Proof. (i) Let x € O(U) and p(z) = y” be the image of z in Of* like in the proof of the
previous proposition. The image of y” in O(V') equals x|}, and since the restriction map
OU) — O(V) is injective, the image of p(z) = y? in O(U) is z?.

(i) Let z € O$(U), and let = be the image of z in O(U). In the construction of p we can
choose V = U and p(z) is defined as p.-th power of a preimage of z, hence p(z) = 2. O
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Lemma 4.1.8. The sequence
0—kerp — O -0 —0

15 exact. In other words jlm is isomorphic to the kernel of Frobenius on OfS.
Proof. This follows immediately from the factorization of ¢ in [4.1.7(ii). O

Remark 4.1.9. (i) We recall [EM] that for natural numbers m and n there is an exact
sequence of T-sheaves

cris T cris v cris
0—-0"—=07, —0,°—0

with the canonical projection v defined as divided power envelope and sheafification of

Wn+m - Wm

(ag, -\ Qpim—1) — (agn, cean )

The map 7 is defined by the diagram

cris ™ cris
o —— 055

\

Ocris

n+m

cris

N Sometimes we will denote 7

which means locally mx = p™z for any lift  of x in O
by

m . cris cris
O — Op%,

to avoid any confusion. We note that the images of p™ and 7 coincide: We can identify

O with the image of p™-multiplication in O .

(ii) This sequence identifies O to the kernel of p™-multiplication in Q%% also: Multi-

plication by p™ factors

cris v cris ™" cris
Om+n - Om - Om-l—n

with 7" the monomorphism of the sequence with m and n switched. So for a local section
xr we have p"r =0 = vr =0= 2 € ima"™ = imp" locally = p"x = 0.

(iii) We can identity O with the cokernel of p"-multiplicationin OIS | by switching m
and n above: im& = imp", which means O = cokerm = cokerp”. Together we have the
exact sequence

cris T cris P cris
0—-0;"—=0 — O

v cris
n+m n+m - On - 0

(iv) The maps 7 and v commute with Frobenius ¢ as one easily checks.
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Remark 4.1.10. For calculations the following fact is very useful:

We can "divide by p” in O in the following sense: Let z,y € O

cris
n—1-*

pr=py=x=yin O
Indeed, with v : O — O | it holds 7(vz) = pr = py = 7(ry). The injectivity of 7

n—1»
implies vo = vy.

Notation 4.1.11. (i) For an integer z let z = max(z,0). Thenitis z+2 <z 4+ 2/ < z+72
(ii) For integers 2,2’ let (z,2') = 2 + 2’ — 2 + 2’. One verifies easily that

(2,2) =

min(|z|, |2/|) if z and 2’ have different signs
0 else.

In particular (z,2') = (—z,—2').

Remark 4.1.12. Let r € N and let s be such that r + s > 0. The morphism O — O
denotes 7 or v if s > 0 resp. s < 0. It is defined in both cases by the diagram

cris cris
o —— 0715

]

Ocris = Ocris
748 r+s
as one easily checks.
The next two lemmas deal with interaction of 7 and v.

Lemma 4.1.13. Letr € N, and s,t such thatr+s,r+t,r+s+t > 0. The composition
Oﬁris N Ocris N Ocris

r+s r+s+t

equals the morphism O — Oﬁf‘s 4 followed by multiplication with p@.

Proof. This follows completely from the commutative diagram, where all ”vertical” mor-
phisms are the canonical epimorphisms

cris cris cris
Or Or—i—s Or+s+t
cris P~ cris cris D~ cris
O —= O O — Ol
cris p= cris p= cris
Or+§+§ Or+§+§ Or+§+§
cris/ pﬂpﬁ:?ﬁp& \ris
OH‘L‘H OH‘L‘H

44



4 Topologies and the sheaves G,

Lemma 4.1.14. Let s > 0.
(i) The composition

cris cris cris
Or - Or—i—s - Or

equals multiplication with p°.
(ii) The composition
05t — 05 — O

equals multiplication with p°.
(iii) Let r € N, and s,t such that r + s,r +t,r + s+t > 0. The diagram

cris cris
Or - OrJrs

L

cris cris
Or+t Or+s+t
commutes.

Proof. This follows immediately from the previous lemma. It can also easily be shown by
using the definitions. m

4.2 The fundamental gauges G,

We will construct a sheaf of gauges on the big 7-site for some p-crystalline class 7. This
construction is due to Fontaine and Jannsen, we prove the technical statements. So let 7
be a p-crystalline class.

Let m,n € Z. We will use exact sequences
(%) 0— (’)gis 5 O;i‘sm Z (’);is — 0
Definition 4.2.1. Let G’ be the kernel of

cris P cris cris
0.,° = 0" — O

for r € Z and m € N with r < m. The sequence () implies that a section x € O is in
G" if and only if locally gz = p-y for y € O,
Let G,, = &G, be the sheaf of graded abelian groups with

G, =G, /vGr,

for m > max(n,n +r).
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Remark 4.2.2. For r < 0 it is by definition O™ = 0 and hence G, = O%*. Tt follows
G = O
for r <0.
Lemma 4.2.3. The definition is independent of m: Fiz m > max(n,n + ) and let
K, = G:n—&-l/pn Arm+1
and ) )
H, =G, /p" G,
Then K, = H).

Proof. Consider the commutative diagram with exact rows and columns (coming from
snake lemma applied to the right two exact columns)

0 0 0

0

Oiﬁrls O%FIS 0

A cris vy cris
0 G, m~+1 Or

m+1

— 0

0 é;l O;iis ve Ogris
0 0 0

Considering cokernels of p™-multiplication of the first column we get an exact sequence
ors L KI — HI — 0.

The map 7 is zero: Consider the diagram (the defining diagram of 7)

cris ™ T
Ol m+1

e

m—n v

cris P A p cris
O =G — OO0t

which is commutative by the next lemma (with s = 1).
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Lemma 4.2.4. Let m >n+7r and s > 0. The map p™ : O — O  factors in

m-+s m-+s

" Ar cris
- Gm+s — Om-i—s

. prTn A
OCI‘IS N GT‘

m+s m+s

Proof. Obviously p™ "O%% is mapped to 0 in O since m —n > r. O

m+s

Lemma 4.2.5. The graded module G,, is a graded ring with multiplication defined by the
following commutative diagram:

T s r4s
Gr x G5, G
A A

e s Ar+s
Grox G5, G
v v

cris cris mult cris
Qs Qs UL r

form > max(n+r+s) .

Proof. Firstly we have to show that multiplication on O restricts to G. Let x € (A?Zl

and 2/ € G* so that locally gz = pty and ' = p¥y/ for y,y € O, Then it is

o(zx’) = p=teyy which means z2/ € GLis C Gr® C Qs

It is clear that multiplication is well defined after dividing out the image of p"-multiplication.
O

Definition 4.2.6. There are two distinguished global sections of G,:
(i) Let f be p € G (Note that p € G for all m).
(ii) Let v be 1 € G,;} = O,

Remark 4.2.7. (i) Multiplication by f is given via
ér _P, G«r+1

(multiplication by p). Indeed, if px = p"y, then ppxr = p"*ly.
(ii) Multiplication by v is given via the canonical inclusions

Ar Ar—1
G,, — G, .

(iii) By the above remarks G,, is a graded O%*[f, v]/( fv — p)-module.
Remark 4.2.8. Let k be a perfect field. We compute G, (k). It is

O (Speck) = WP (k) = W, (k),
(See 4.1.3). In particular ¢(Speck) is an isomorphism. So
G (Speck) = ker(vyp) = ker(gv) = ker v = imr = W,,_, (k)

It follows that
G (Speck) = W, (k)

47



4 Topologies and the sheaves G,

for all r € Z.
Explicitely ¢ : W,,(k) — G7.(Speck) is given by

Wi (k) e W, (k) 5 G (Speck) — G.(Speck)

with the canonical projection pr.
(pr : Wy, — W, is the map we use to identify W,, with W,,,/p"W,,. It maps (ao, ..., am_1)

to (ag,...,a,_ 1) This map should not be confused with v : W,, — Wy; (ao,...,a,) —
(ab"",...,a?","). One Obviously has v = F™ "pr. Using pr guarantees that the iso-

morphism is independent of the auxiliary index m).

By definition of m we can also write

r

W (k) e Wiy < Win(k) 2 GT (Speck) — G” (Speck).

So the isomorphism maps a = (ao, . . ., @,-1) to p"( &/ag, . .., K/@,_1,0,...,0)in G} (Speck) «
G7,(Speck) C W, (k).
The map
v EPw, =G,
is an isomorphism of W,-modules. We now examine the ring-structure on @ W,, induced
by 1. Denote this multiplication by .

Let a € Wy(k) =2 Gl and b € W, (k) = G2 and choose m large enough. Then a,b
correspond to 1(a) = pta, ¥ (b) = p2b for liftings a, b under pr o v and

W(a)(b) = pteab = pTprtsab = pTap(ab) = ¥ (p"Lab)

It follows that a, * by = p@ab which shows that

Wa(k)[f,v]/(fv —p) — Gu(k)

with f +— 1 in degree 1 and v — 1 in degree —1 is an isomorphism of W,,-algebras. Indeed
it is obviously

Wn[fa ] fU - — @ W
with f +— 1 in degree 1 and v — 1 in degree —1 an isomorphism of W, -modules. The

preimage of a, (resp. by) is a, ffo=" (resp. bsf2v=2), and it holds

0 frUTh U = agb, frhep
(Irb f@ —T—Sf(?",s) (—r,—s)
— arb fr+s —r— p(rs)

which is the preimage of a, * b,. This shows compatibility with multiplication.
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Proposition 4.2.9. (Strictness and rigidity) Let n € N.
(i) The map
(fv2): G — GX e G,>

r yur
18 a monomorphism for all r.
(i) The sequences
G 5 Gy 5 Gy
and
Go =5 G 15 Gy

are exact.

Proof. Always choose m large enough.
(i) Let « € GI,, such that v*z = 0 and f*x = 0, where without loss of generality s > n.
This implies that
T =p"y
locally and that p*z = p"z where @z = p"™5t locally. It follows that

7 s n—+s

pz=pr=p Y

and hence

pey) =p

locally. So in O it holds p(y) = p't, ie. x =0€ G.

m—n—s

n—i—s—i—rt

(ii) It is clear that the sequences are complexes since all modules are annihilated by p"
and f"o" =" f" =p".

So let z € G7,, such that v"2 = 0 in G"*". This means that z = p"y with p(y) = p=="z
locally. This is equivalent to saying that z is the image of y under f™.

Now let x € G’,’ﬁn with f"z = 0. It follows that p"z = p™y with y € GTmJF”, Le. gy = prtiy

for a z. This implies z = y in C;‘fn_n, so z is the image of y under v". O]
Corollary 4.2.10. G is rigid.
Proof. Clear. O

Definition 4.2.11. (Due to Fontaine) There is a (non-graded) surjective ringhomomor-

phism (see [4.2.14])

v: G, — Ozris

constructed as follows:
Let m > n+7r and r € Z. The composition G, 5 Ois %, O™ is 0 by definition, so the
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commutative diagram

Ny cris cris
Gr e O O

cris
O£

gives a map G, — OIS — O Let ¢, be defined by this map followed by multiplica-

tion with p==:

pr 2 Gy — O3, — OF 15 O3
Remark 4.2.12. Let r € Z. For € G, so that oz = p"y with y € OF* it holds

pr(z) = p=(image of y in OF)

since p"y = w(y'), where ' is the image of y in O and by definition ¢,(z) =

m—r

p=—(image of 3’ in O").
Lemma 4.2.13. ¢ is well-defined.

Proof. Let r > 0. For r < 0 the lemma is clear.
1) Let x € G! be the image of y;,y2 € GI., i.e. y1 = yo + p"g with g € G . Let
©(y2) = p"ys. We get

e(y1) = ¢(y2+p"9g)
e(y2) +p"eg
= Py +pp"d
for some element ¢’ € O, But in O it holds yj = v +p"¢’, so ¢.(z) does not depend
on the choices of yq, yo.

2) Let 2 € G’ be the image of y € Gf and z € G

m?

where we can assume [ > r.
Furthermore we can assume that G] — G}, maps y — z by 1). The commutative (see

4.1.14)) diagram
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. Ocrls Oeris
7’ OCHS Ocrls
Ocris
implies the lemma. O

Lemma 4.2.14. The map ¢ from above is a ringhomomorphism.

Proof. Let z € G,y € G, so that locally there exist 2/, € O with gz = pa’ and

py =y’ So
or(x)ps(y) = p=a'p=y
pr=ipErmsl gy
PolrEs) )
= 90r+s(953/)
since @(xy) = prealy’ = prts(plaly). -

Remark 4.2.15. (i) This map may be seen as "¢ followed by division by p™” (an inverse
of 7). Indeed it is by definition

Gr = {x € OTS|p(x) = 7(y) for a (unique) y € OFS }

and 72(y) = p=y for a lifting § of y in O, Thus for an element in G represented by
x € Gy, one has

pr(z) =7 (p(2))
(i) For a perfect field k£ and n = 1 this reads as

kLS, 0]/ (fo) = K

which is the absolute frobenius on k and maps f to 1 and v to 0. We can write ¢ as
composition

¢ K[f,0)/(fo) == K[f,0)/(fo, f = 1) "=k
Lemma/Definition 4.2.16. (i) The map ¢ is compatible with f-multiplication, i.e. for
g € Gy, it holds:

w(fg) = ©(9)

(ii) The image of p, : GT — O s denoted by F,O<. These images define an ascending
filtration on O;S.
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Proof. (i) is clear since ¢ is multiplicative and ¢(f) = 1.
(ii) By the first part ¢, factors over ¢, 1, so the image of ¢, is contained in the image of

Pr+1- L
We now restrict attention to the case mod p, i.e. in the following we assume n = 1.
Lemma 4.2.17. (i) The kernel of ¢, equals ker p (With ¢ coming from ¢ on OZY if we
identify G as quotient of Gt C O ). This is also equal to the kernel of f : G} — G;*.
(ii) There is an exact sequence

0— kerp — C;*;H 2 F.OSE 0

Proof. (i) The kernel of ¢ on O is contained in CA?;" 41 Let z € CAJ: +1, which means by
definition px = p"y = 7(y), and y € OF* is ¢, (). Since 7 is a monomorphism, p,(x) =
y = 0 < ¢(z) = 0. For the second part of (i) let © € G} be represented by = € G7_.,.
Then ¢,(z) =0 & p(z) =0 € O < o € GIF). This is equivalent to pr = 0 € G}
In general it holds for g € C?’”m and m > n+r, that p"g = 0 € G|, & g € CA;;@. If

cris
m—n’

p'g = p"y with y € CA?;,Z, it follows that x =y in O and since m —n > r, we get that

0(g) = p(y) =0€ 0" ie. g€ G,
(ii) clear. 0O

Proposition 4.2.18. (Cartier isomorphism) There is an eract sequence

0— \71[7”-1-1} — jlm — F.O{S/F,_ 0% — 0
Proof. By Fontaine, see [EJ] 3.3.4. on p.14. O
The following two sequences are claimed to be exact by Fontaine. We give the proof here:
Lemma 4.2.19. There is an exact sequence

0 — FO0f" — Gi*' 5 G} &5 F,0" — 0.
Proof. There is an exact sequence:

0= Gl = Gy & FOT™ — 0

To see exactness in the middle, let = € GZH, so that p(z) = p"y = w(y) for some y,y,
with 7 : O§" — O, The image of « under ¢, is by the image of  in O, This
image is 0 if and only if y = py’ for some 3, and this happens if and only if § = pg for
some §. At last ¢ is divisible by p if and only if p(z) = p"+'§ < = € G711,

We apply the snake-lemma to p-multiplication of this sequence and get the exact sequence
(C§’£+2)p — F.O¢ — Gt — G — F.08 — 0.

The first map is 0:
Let z € GI,, with pr = 0, which implies = 7'y for some y. So we can write
o(z) = 7"l p(y). By definition ¢, () is the image of 7'p(y) in O™, which is 0. O
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Remark 4.2.20. To prove the next lemma we need to know exactly how F,O$™ is identified
with kerv,,q. Let r > 0:
We have the commutative diagram:

FTO?"iS_ s

Ar+1 N Pr cris
0 It =Gy 2= KO ——0

/| /| p0

A ~ ©r :
0—— G:i; — G, —> FLO¢ ——(

Lo

Vr41 :
-G T G s RO (),

Let x € kerv,,; C G be given by z € G:E Let x = py with y € G§+2, so that there
is a z with ¢y = p"z. The image of x in F, O™ is by defintion ¢,(y) = z.

But px = ¢(py) = p""'z, so the definition of ¢, yields ¢,1(z) = z, i.e. T+ @ q1(x)
in F,O§". Informally "y, (z) = ST =T = o= or(y)”.

Lemma 4.2.21. There is an analogous exact sequence
0— FsOiris — Gi"_l EN G§—>F8(’)§ris — 0.

Proof. Let Fy = F,0{" and F'* = F*O{*. We proceed by induction.
By definition F"O$™ = O for r < 0, so assume that the sequence is exact for all r < s
and s > 0. We can apply the snake lemma to multiplication by v of

0 —ker f — G} —imf — 0.

This gives us the commutative diagram

0 Fr—l Fr - - - =
0—ker f, Gr—L o imf, 0
v v=0
0 P =t im0
Pr—1 ~
7
-—=->C Fr—l = Fr—l 0.

First, the middle column is exact by 4.2.19, By rigitiy of Gy, it follows that v|imf, = 0
and with [4.2.19| we get imf, = kerv,y; = F, and hence exactness of the right column.
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By the preceding remark imf,._; is identified with F,._; via ¢,, hence ¢, f = p,_; implies
that f is an isomorphism.
It follows that C' = F,/F,_; and ker f,. = F"™! by the Cartier-isomorphism |4.2.18|

Multiplication by v and snake-lemma give also the commutative diagram

~

0 Fr Fr N777>

0 im f, §+I—>C—>O
v=0 v

0 ——imf, 4 Gy Fr 0

===k F, D 0.

Again, by |4.2.19, the middle column is exact. By rigidity, v|ims = 0 and with [4.2.19|
imf, = kerv,,; = F,.. Together with the injectivity of F,_; — F, we get N = 0. This
implies that D = F,./F,_; and hence C' = F"! by Cartier-isomorphism. O

Lemma 4.2.22. Let m,n > 0. There is an exact sequence of graded modules
0— Gp 5 Gy = Gy — 0.

Proof. Let T defined as quotient of the restriction of 7 : (’),iffr — OFE L to G7 .., which

n+nr?
has image in Gy, ,..,. Let v be defined by the identity on G}, .
Surjectivitiy of v is immediate.
The following considerations are locally:

-
n-+r

say m(z) = p™*"z, where pz = 0 € O, This means 7(x) = 7(p"z) and the

To check injectivity of 7, let 2 € G” . such that 7(z) = p™& is divideable by p™™ in

Grm+n7
injectivity of 7 implies that x = p"z =0 in GJ,.
Let x € G], « G, ., then the image of x in G}, is p™2 = 0, where 2 is a lifting of z in

n+r’
Gy inyr (First choose a lifting in O then it is clear that it is in G ). So the

m+n-+r
sequence is a complex.
Finally let « € G7,,,., such that v(z) = 0 & = = p™y for y € GJ,,,.,. Obviously

x = m(y') where 3/ is the image of y in CA;’T"HFT. O

4.3 p-good algebras and coverings

In this subsection we introduce a class of k-algebras, which are very useful for our consider-
ations. In sites contained in the syntomic site, with topologies finer than p-topology, there
are enough p-good-algebras. More exactly: Every syntomic k-algebra can be p-covered
with p-good algebras. The sections of O 71" and J[1 /7™ can be computed ex-
plicitely over p-good algebras.
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Definition 4.3.1. Let A be a k-algebra. We denote by A? ' the k-algebra A with struc-

tural morphism k£ — A "— A.

Definition 4.3.2. (Fontaine) (i) A smooth k-algebra A is called good if it admits a system
of parameters, i.e. if there are elements ty,...,t; € A such that dty, ..., dt; form a A-basis
of 9,14 Ik

(ii))A k-algebra A is called p-good if there is a smooth and good k-algebra A, a regular
sequence uq, ..., u, and an isomorphism of k-algebras

A= A/(f, ... ub).
Lemma 4.3.3. Let A be a smooth k-algebra. Then the Frobenius-morphism
A— A, x— 2P
1s a faithfully flat p-th root-morphism.

Proof. (Based on an idea of Fontaine) Every smooth k-algebra is Zariski-locally good, so
we can assume that A is good. Let tq,...,t4 be a system of parameters for A. By [Ty]
III.Thm 1 the elements ty,...,t4 form a p-basis of A, this means {¢]'---t}'|0 < s; < p}
is linearly independent over k[AP] = AP and

A: k[Ap,tl,...,td] :Ap[tl,...,td},
where AP denotes p-th powers of elements of A. Let
a: ATy, ..., Ty /(TF —t1,..., TH —tq) — A

be given by x — 2P on A and T; — t¢;, which is obviously well-defined. Let I = {s =
(s1,...,84)|0 < s; < p}. With ty,...,t; being a p-basis, every z € A can be written

_E pP4S1 Sd
xr = astl "'td.

sel

uniquely as

Let
Blr):= > aTy Ty € ATy, T/(TY — t,..., TY — ta).

One sees immediately that (3 is an inverse for o and that the following triangle commutes

ATy, ..., T/ (T} — t1, ..., TY —tq)

A

z—xP

which completes the proof.
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Lemma 4.3.4. Let A be a syntomic k-algebra. Then there is a p-covering of A by p-good
k-algebras.

Proof. Zariski-locally A is given as A/(f1, ..., f,) where A is a smooth and good k-algebra
and fi,..., f, is a regular sequence. Let B be AP '. The square

A vt B

is cartesian. So the top morphism is a faithfully flat p.-th root since A — B is, by [4.3.3]
The structural morphism of B is Frobenius on k, which is an isomorphism, followed by
the smooth structural morphism of A, so B is smooth. The sequence fF, ...  f? is regular
in B by flatness ([EGA4.1] 0.15.2.5) and the lemma follows. O

We are interested in computing Cech-cohomoloy of jlm / jl[rﬂ}. We can do this only
for very special coverings, but this will suffice to give an isomorphism of cohomology of
jlr} / jl[rH] for all p-crystalline topologies 7.

Lemma 4.3.5. Let A be a p-good algebra, identified with A/(t], ... t8) like in the defi-
nition. Let

By = A[Yy,.... Y]/ (v1,. .., Um)

be a syntomic faithfully flat A-algebra and assume that vy, ..., v, form a reqular sequence
in AlY1,....Y,].

There is a commutative triangle

A=AJ, .. 1) AYa, Y8 o o) = Bo

’r n?

B[Yy,....Y, ]/ (W}, ... ;ub of, ... 0P ) =B

) n’

with the following properties:

(i) B is the smooth k-Algebra AP .

(i) (uf, ... ub v}, ... o) is a reqular sequence in B[Y1,...,Y,].
(1i) B is a faithfully flat p-th root-morphism.

(v) a(t;) = u;.

In other words, there is a p-th root-refinement of A — By by a p-good algebra B.
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1

Proof. Define B = A7 and £ : AV, ..., Y] — B[Y1,...,Y,] by x — aP. By |4.3.3| the
morphism [ is a faithfully flat p-th root. Let u; = ((¢;) = t¥, then by flatness of 3, the
sequence (uf,...,ul v} ... vP) is regular ([EGA4.1] 0.15.2.5).

Y n’

The commutative square

B[Yi,...,Y,] BlYy,...,Y.]/(ul, ... ul o . 0P)
B B
AlYy, ..., Y] AYy, . LY (R v, o)
is cartesian, so 3 is a faithfully flat p-th root. O

Definition 4.3.6. We call a covering A — B of a p-good algebra like in the previous
lemma a p-good covering.

Lemma 4.3.7. Let A be a p-good algebra, identified with A/(t}, ... t2). Let
U= {U; — SpecA}jc;

be a syntomic covering. Then

i possesses a refinement in p-topology by a finite covering
U ={A— Bi}ier
of the following form:

A=A/H,...,t0) = B =Bi[Xq,... . X ]/(uf,...,ub, v, .. 00 )

» Yny Y1 » Yimy

—1 .
where B; = Az;i for an element fi € A and uf, ... ub,vp, ... 0], is a reqular sequence
in B;[X1,...,Xs,] and such that t; — u,.

Furthermore, for ig,...,1, € I, the tensor product B;, @ ...® B;, is also p-good.

Proof. There is a covering of SpecA by principal open subsets SpecAy, such that 4 can be
refined by a covering of the form {A — A.[Xy,..., X]/(vix, ..., Vim,)} with a regular
sequence v;1, ..., Vim, by considering the local definition of syntomic morphisms. Since
SpecA is quasi-compact and syntomic morphisms are open we can assume [ finite and
applying implies the lemma.

The last statement is clear, for details see the proof of [1.4.5] m
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4.4 The comparison theorem for G,

In this subsection we shall show as main result that cohomology of G, is independent of the
choice of a p-crystalline topology. Using homological algebra and some exact sequences of
subsection , we can easily see that it suffices to show this independence for \71[7"] / jl[TH].
This follows from the exactness of the Cech-sequence for p-good coverings, which we shall
prove with explicit computations.

Definition 4.4.1. We say that an abelian syntomic sheaf F' is p-good if the natural
morphism

H(Xsyn, F) = H(X,, F)

is an isomorphism for all p-crystalline topologies 7 which are coarser than syntomic topol-
ogy.

Remark 4.4.2. (i) If in an exact sequence (starting and ending with 0) all terms except
one are known to be p-good, then the remaining one also has to be p-good.
(ii) In section [3| we have shown that O is p-good.

(iii) Sheaves arising from coherent modules on X, are p-good, see e.g. [MJIIL.3.7. (We

say that a sheaf F' comes from the coherent module M if F(Y EN X) = f*M(Y) =

(Oy ®p-10, [TTM)(Y)). In particular the structural sheaf O is p-good.
Lemma 4.4.3. If we assume jlﬂ/jl[rﬂ] to be p-good, then G is p-good.

Proof. (1) The sheaves O and O are p-good as noted above. The exact sequence
0— \71[1] — O — 0 — 0

implies that .71[” is p-good.

(2) The image of ¢ : O — O is O by . The definition of G,
0— G — 0% Zimp — 0

implies that C;‘}n is p-good. Consider the monomorphism of exact sequences

0 K O;ris 7 (Oiris)pn
0 é}n O%is i Oiris

where the first row is p™-torsion of the second one. With m > 1+ n we have pvm =0 so
the injectivity of the vertical morphisms implies that v = 0. Hence K = O is p-good.
The exact sequence

(o

O—>K—>CAJ,1%p—>CA¥in—>G,11—>0
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4 Topologies and the sheaves G,

shows that G is p-good.

(3) The Cartier-isomorphism [4.2.18
0 — ‘71[7”+1} N ‘71[7”} N Froiris/Fr—loiris 0

together with the assumption implies that F,.O/F, ;O is p-good. By induction over
r it follows that F,.O™ is p-good: FyOf™ is the image of ¢p : GY — O but ¢y is the
same as ¢ : Ofs — O,
(4) The exactness (4.2.19)) of

0 — F0{ — Gt 5 G — F,O08™ — 0
implies with an induction over r that G7 is p-good. [
The rest of the subsection is devoted to showing that jl[r] / JI[TH] is p-good, with help of

p-good coverings.

Lemma 4.4.4. Let A be a p-good algebra, identified with A/(uf, ... uY) like in the defi-
nition. Then jl[r]/jl[r+1] is a free A-module with basis {Ym, (u1) - -« Ym, (ua)| Y m; =r}.

Proof. By Fontaine, see [FJ] Prop. 3.3.1. on p.11. ]
Proposition 4.4.5. Let
{A=A/, ..., 1) — By = Bi[ X1, ..., X ]/ (uf, ... oub vf 1, .. 07 ) Yer
be a covering like in . Then the Cech-Complex
0— A = [T 7By — T[A 7B oaB) — ..
18 exact.

Proof. Let n = (ig,...,4) € ' and B, = By, ®4 ... ®4 Bj,. Let B, =B, @4 ... ®4 B,
and S =S, = s, +...+s;, and M = M, =n+m;, +...+m,,. Let v, : B;, — B, be the
canonical inclusions. Define

Yi = Lo(Xl)
}/57;0 = LO(XSiO)

Y1 = ul(Xy)

}/37;0""37;1 = Ll(st‘l)

59



4 Topologies and the sheaves G,

and define
wp = tl
w, = t,
Wn+1 = Lo (Uio,l)
wn+m¢0 = (Uio,mio)
wn—&—mio—&-l = Uu (Uihl)
wn—&-mio +my, = U (/Uil My )
WM, = U (Uihmil )

Then we have
B, = B,Y1,...,Ys, ]/ (w], ... ,wﬂn)

By the lemma above
r 1 ~
VTN B = D Byt (w1) -+ S (w0)
> mj=r

The key observation is now that this module is isomorphic to the r-th graded piece of

Bio [Zb ) Zn—i—mio] ®A[Z1 ..... Zn) " ®A[Z1 ..... Zn) Bil [Zlv SR Zn-i-mil]

which is seen easily by counting the bases:
It holds B [Zl, e Zn+mL0]®A[Z1 77777 /8 ®A[Z1 Zn]Blz [Zl, e Zn—i—ml ] =B [Wl, .. ZMW]
which follows from the easy formula: R;[Z, X| ®pgz R2[Z,Y] = Rl ®@r Ro[Z, X, Y] for

R-algebras Ry and Ry. The isomorphism maps ’yml(wl) Ay (War) to W™ WM

.....

Note that this isomorphism is compatible with the inclusions of ®-product, and hence
with Cech-complexes: Let, for simplicity of notation, § = (ij,...,1n,7) and consider the
inclusion of the first n factors B, — By:

The image of w; is w; for all 4, so the image of y,,,, (wy) - * - Ym,, (war) under .71[T]/ [r+1] (B,) —

T (Bo) s Ay (1) -+ Aoy (a1, 190 (Wi 1) - Yo (Wing) = Fomy (101) - VmM(an)-
The image of W; under B, [Wy,..., W] — By[Wy, ..., Why,] is Wi, so W™ - WM is
mapped to W™ --- WM under By [Wh,..., Wiy, |" — Ba[Wi, ..., Wa,]".

So it is enough to show exactness of the graded complex

0— AlZy,...,Z, HB Ziseoy Dingm,) —
= HB Zyyooy Zngmg) @aizy,z) Bil 21, o Loy ] — -+
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4 Topologies and the sheaves G,

This complex is the Cech-complex of O with respect to the covering {A[Zy, ..., Z,] —
Bi|Zy, ..., Znim,|} and by it is isomorphic to the Cech-complex of O with respect
to the faithfully flat covering {A[Z1,...,Z,] — B} with B = [[ Bi[Z1, ..., Zntm,]- This
sequence is well known to be exact ([M] 1.2.18). O

Lemma 4.4.6. Let P be a sheaf on the site (SYN/k)sy, and let T be a p-crystalline
topology.

Assume HY(U/V, P) =0 for all p-good V and for all coverings 8 in some cofinal system
(with respect to T) for all ¢ > 0.

Then it follows that the associated sheaf in p-topology of the presheaf U — HI(U, P) is 0
for all g > 0.

Proof. The proof is based on proposition 111.2.12 in [M]. Denote with HY(P) as usual
the presheaf U — H9(U, P) and by H'(P) the presheaf U +— H?(U, P) (in both cases
cohomology for the p-crystalline topology 7).

Let HI(4/V, P) = 0 for all p-good V and for all coverings {f in some cofinal system. We
show:

(1) HY(V, P) = 0 for p-good V and ¢ > 0:

The assumption implies that H°(P) takes 0 as value on p-good schemes. Since first
Cech-cohomology-group and the first cohomology group of a sheaf agree, this implies that
H'(P) is 0 on p-good schemes. We proceed by induction. Let us assume that H?(P) is 0
on p-good schemes for all p with 1 < p < q.

Then H”(H*?(P)) is 0 on p-good schemes:

We have ¢ — p < ¢ and so H*P(P) is 0 on p-good schemes. This implies for V' a p-good
scheme: H"(H??(P))(V) = lim HP(0/V, HT?(P)) = 0, because every covering U of V

can be refined by a covering Q%I’ , which consists of p-good schemes and is such that for
Vi,...,Va €Y' also V1, @y ... ®y V, is a p-good algebra (see Lemma .
Furthermore H’(H°(P)) = H'(P) is 0 on p-good schemes since P is a sheaf and EO(EQ(P))
is 0 on p-good schemes by [M] II1.2.9.

Thus we have showed that H" (H"(P)) takes O-values on p-good schemes for all m+n = .
Using Cech spectral sequence the induction is completed.

(2) Because every p-covering of a syntomic scheme possesses a p-refinement consisting of
p-good schemes, (1) implies Hg(V, H(P)) = 0 for syntomic k-schemes schemes V' (where
FIS denotes Cech-cohomology with respect to p-coverings). From this, it follows that the
associated sheaf is 0. O

Lemma 4.4.7. Let 4 = {A — A;}ier be a faithfully flat covering of a k-algebra A and
let F be a sheaf on some site over k, where coverings are finer than Zariski-coverings.
Assume that I is finite. Then the Cech-complex of F with respect to L is equal to the
Cech-complex of F with respect to {A — [] A;}.
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4 Topologies and the sheaves G,

Proof. Using that F is a sheaf, in particular F([[ B;) = [[ F(B,) for a finite family of
rings (B;), we calculate :

Il 74, @..@4,) = H Ay ®...® A;,)

- ]—"(HA ®...e]4)

using that finite sums and products of modules coincide. One easily sees that the maps
in the Cech-complexes coincide. O

We do not use the following lemma but it gives a different approach to prove the main
theorem of this subsection. The proof would get more technical, while one had to prove
4.4.5| only for a covering which consists of one p-good algebra.

Lemma 4.4.8. Let A be a p-good algebra and let {SpecAy, C SpecA} be a Zariski-covering
of SpecA with localizations of A by elements fi Then the Cech-complex

<*> 0 — jl[r]/jl[r—i-l] H jlr]/jlr—l-l] H jr]/ [r+1] A R4 A]) N

15 exact.

Proof. We can write A = A/(t],...,t?) with smooth and good A and a regular sequence
ti. It follows for f € A, that Ay = Ag/(#],...,t8), with Ay smooth and good and (¢;)
regular. This implies

Afil Rp ... R4 Afis = Afil...fis/(tlf, e ,tﬁ).

We abbreviate A;, s, = Af, ®a...®4 Ay, . The description for jlm / jl[rﬂ] over p-good
algebras gives

/ [T+1 ( 1. 'Ls) = @ Ail---zs = Afl s

where d is the cardinality of {(m1,...,m,) € N*|> > m; =r}.

It follows, that the Cech-complex (%) is the same the as the Cech-complex of O4 cn OVer
SpecA with respect to the covering {SpecAy, C SpecA}. This is well known to be exact,
see e.g. [Li] 5.2.2 Lemma 2.17. O

Theorem 4.4.9. The sheaves G are p-good.

Proof. We have to show, by the reduction above (| , that P := le] / leJr is p-good.
This follows from the previous lemmas:

Let « : Speck, — Speck,. Then Rio, P is the p-sheafification of U +— HY(U, P). The
computation of Cech-cohomology above 5| shows that H9(4L/V, P) = 0 for all p-good

V and for all coverings U like in [4.3.7] Whlch form a cofinal system of coverings, for all
g > 0). Then lemma m proves the theorem. O

Corollary 4.4.10. The sheaves G,, are p-good for all n.
Proof. This follows inductively with [4.2.22] O]
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5 -G,-modules and crystals

5.1 Definition

The following generalizes the notion of D, — p-gauges for a larger basis and is due to
Fontaine. Let X be a scheme over [F,,.

Definition 5.1.1. (p-G-modules modulo p™ or ¢-G,-modules, due to Fontaine)
Let E be a site contained in SY N(X) and let G,, be the sheaf over E defined above.
(i) A pre-p-G,-module over E is a graded G,-Module M equipped with an additive map

o:M—M/(v—-1)M

such that o(Am) = p(A\)p(m) for A € G° = O, (Note that ¢(\) is the image of )
under the map ¢ from [4.2.11{(i).) This is the same as to give an O%-linear map

(O3 OZHS@\ ®Gn M — OSLHSPT\ ®Gn M

with the projection pr : G, — G, /(v—1)G,, = OI*, by setting P(A@m) := P, (A@m) :=
Ap(m).

(ii) A ¢ — G, -module (or a ¢ — G-module modulo p™) is a pre-p — G,-module (M, ®) such
that ® is an isomorphism.

(iii) A morphism of a ¢ — G,-module is a graded morphism « : M — N of G,-modules
compatible with ¢, i.e the diagram

oM -
M O%rlb ®G1 M
@ 1dQRa
PN Ocris N
N 1 O

1S commutative.

Remark 5.1.2. (i) Indeed to give ¢ is equivalent to give ®:

Given ® like above we let p,(m) = ®(1 ® m). One immediately sees that one recovers ¢
from @, and ® from ¢g.

(ii) One immediately checks that a graded morphism of G,-modules is compatible with
@ if and only if it is compatible with ®.

Remark 5.1.3. For a perfect field k and n = 1 over k it holds:

OF s @, M = kox @rira)(s0) M
kLol ((fo, f = D) @nipl/iro) M

kLf, o]/ (fo)en ®ripa)po) M/(f — 1M
= (M/(f-1)M)P
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and
OF x @, M = Epe ®ifal/(s0) M
= k[f,0]((fv,v —1) @)/ (so) M
k[f, 0]/ (fv) ®kip)ppoy) M/ (v —1)M
= M/(v—1)M,
so we have

O (M/(f—1)M)®P — M/(v—1)M.
It follows that the sections over k of a pre-G; — ¢p-module (resp. of a G; — ¢-module)
form a D; — p-module (resp. a D; — p-gauge).
Remark 5.1.4. Let R be a graded Ring and let M, N be graded R-modules. Then there
is an isomorphism

MorN=@( P M™@p N"/U,)

r m4n=r

where U, is the subgroup generated by elements
TMme®n—menrn
with r € R, m € M™ ,n € N* and ' +m’+n’ = r. This induces a grading on M ®x N.
Lemma 5.1.5. There is a pair of adjoint funtors
(js,J°) = 7 : pre- ¢ — Gp-modules over X, — pre- p — G,-modules over X ,,,
where X4, is the small Zariski-site of a scheme X of characteristic p with
7« : M — M restricted to X,

.j* N — j_lN ®jflGn,zar Gn,T

where j~' is the inverse image fuctor of the morphism of topoi X, — X.q. (this maps

F € X.u to the associated sheaf of U +— lim F(V) where V' runs over Zariski-open

%
neighborhoods of the image of U in X ).

Proof. By Fontaine ([Fd] p.3). O

Definition 5.1.6. A pre-p-G,-crystal M is a pre-p — G,-module of finite type such
that j*j.M — M is an isomorphism. We call M a ¢ — G,-crystal if it is moreover a
¢ — G,-module (i.e. ® is an isomorphism).

Remark 5.1.7. Obviously a pre-p-G,-crystal is determined by its restriction to the small
Zariski-site. So by remark the datum of a p-G,-crystal over a perfect field k is
equivalent to give a D,, — ¢-gauge over k.

Remark 5.1.8. Let M be a G, .q,-module of finite type with ad : M — j.7*M an iso-
morphism. Then j*ad : j*j,7*M — j5*M is also an isomorphism, so N = j*M is a
pre-p-G,-crystal.
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5.2 Connections with F-Zips II

Let X be a scheme over F,. We will construct a functor from modified F-Zips over X to
¢ — G-crystals over X.

Definition 5.2.1. (i) Let D; be the sheaf of graded algebras O[f,v]/(fv) where the
degree of f is defined to be 1 and the degree of v is —1.

(i) Let D$™s = OSs[f v]/(fv) be graded again with f in degree 1 and v in degree —1.
Remark 5.2.2. The ”limit terms” of D™ are isomorphic to O, consider for example

D>  Dyw-1)D,

= O?is[ﬁ U]/(fl),l) - 1)
= OFF[f0]/(fv—1)
~ Oi:ris
The limit terms of D; are obviously isomorphic to O.
(ii) There are obvious graded ring-homomorphisms by sending f to f and v to v

D1 — D?IS — Gl.

The first one is induced by the morphism O — O for the second one note that, by
definition, GY = O§'s.

We wish to assign a GG; — p-crystal to any modified F-zip over X. We can use a similar
construction as in the case of an F-zip over a field, which gives us a D; — p-gauge. There
is an notion of rigidity for D; — ¢-gauges and the category of rigid (and locally free)
D, — p-gauges turns out to be equivalent to the category of modified F-zips.

Definition 5.2.3. We consider sheaves on the small Zariski-site of X.

(i) A Dy-module is a graded module over Dy of finite type.

(ii) A Dy—p-module is a Dy module M with a Frobenius semi-linear map ¢ : M* — M~°.
(iii) A Dy — ¢-gauge is a Dy — ¢ module M, such that the induced O-linear map
@ (M>)P) — M~ is an isomorphism.

We wish to characterize those Dy — p-gauges which correspond to F-zips. In order to do
this we need the following properties of D; — ¢-modules:

Definition 5.2.4. (i) A Dy-module M is called strict if for all r the maps
(U, f): M"™ — M~ @ M

T

are injective.
(ii) A Dy — p-module M is rigid if it is strict and if

ML v
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M2 ML Mm
are exact.

(iii) A Dy — ¢-module M is called locally free if all M" are locally free O-modules (nec-
essarily of finite type) and if both kernel and image of

v M7 — MT!

and
fr M s MrJrl

are locally direct summands for all r.

Construction 5.2.5. Let M = M = (M,C*, D,, p,) be a modified F-Zip over X. We
wish to assign a D; — p-gauge to M.

(1) Define the graded D;-modules
c=cr
reZ
with trivial f-multiplication and v-multiplication induced by the inclusions of the de-

D=EHD.

rez

scending filtration,

with f-multiplication induced by the inclusions of the ascending filtration and with trivial
v-multiplication.

grM = @gr?]\/f

r€Z
with both trivial f- and v-multiplication.
By definition the morphisms
p1:C — grM
with (¢;) — (¢, o pr) and
P2 D — grM

given by the canonical projections are graded D;-module-homomorphisms.

(2) Let M = C X0 D be the fibered product of graded D;-modules with respect to the
maps p; from above. This is easily to be computed as

M" = ker((¢, o pr, —pr) : C" @ D, — grP M)

Obivously fv=0=uvf.
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(3) We have to define ¢ : (M*)® — M~ We compute both sides:

(M>*)® = ((C xgas D)*)®
= (Coo ng°°D )()
= (0 X0 )
~ @

M~ = (C xga D)™
O™ Xgppr—o0 D™°
M®) X0 0

M®)

e 11

2

We let ¢ be defined by the identity and the canonical isomorphisms above.

(4) Let a : (M,C®, Dy, ps) — (M',C", D,, ¢,) be a morphism of F-zips. With a being
compatible with the filtrations and ¢ resp. ', there are induced maps a : C — (',
a:D — D and a: grM — grM’, which are compatible with the maps p; resp. p}. In
other words « gives rise to a commutative diagram of graded D;-modules

D D’
grM grM’
C

S

a:C XegrM D—C XgrM/ D'

which induces a graded D;-linear morphism

It is easy to see that this map is compatible with ¢ as defined in (3).
Proposition 5.2.6. The assignment (M, o) — (M, &) defines a functor

D : (modified F' — zips over X) — (Dy — ¢ — gauges over X)
Its essential images consists of locally free rigid gauges.

Proof. 1t is clear that the assignment is well defined and functorial.
Furthermore M is strict because the map (f,v>) : (C Xgar D)" — M® @ M sends

r o T‘

c,d) to (c,d). To show rigidity consider for example:
(c,d) to (c, gidity p
i L 2

67



5 -G,-modules and crystals

which is by definition isomorphic to

Cc" XgrMr Dr (C’dﬂf’m Cr+1 Xgrpr+i Dr+1 (C7dﬂ>0’d) cr XgrMr Dr-
Obviously composition is 0. Let (¢,d) € C"™™ X1 Dy mapping to 0, which means
d = 0. This implies that the image of ¢ in grM is 0, so ¢ comes from C”. The surjectivity
of D, — grM" now gives a preimage of (c, d).

Finally we have to show that M is locally free:
The exact sequence
0— M —C @®D,—grl’?M — 0

implies that M" is locally free (the kernel of a epimorphism of locally free sheaves is
again locally free). Consider the commutative diagram, arising from an application of the
snake-lemma to the last two lines:

0 —>ker f, o grP M ——0

0 M" C"® D,

(rpr,—pr)
_—

grtP M ——0

fr (0,) 0

)0—— Mr‘+1 - > Ot @D Dr+1 - - ger+1M —()

(Note that C™ — gr? M is surjective). It follows that ker f, is locally free. Since C* is a
filtration whose terms are locally direct summands, locally, there exist sections

s g (MP) — O

of pr. Let U C X be open and such that s exists. Then over U the diagram

cr grP? M
(id,—s(or) ' pr) =
C"® D, grP M

is commutative:

rpr(c— s(p,)~'prd) = ppre — prd
for (¢,d) € C" @ D,. So (id, —sp, 'pr) induces a splitting of the monomorphism ker f, —
M" which shows that it is locally a direct summand.
A similar argument can be applied to imf,, but with precisely the same argument we can
show that kerwv, is locally a direct summand. But now rigidity gives us, that imf, and
imwv, are locally direct summands. O]

68



5 -G,-modules and crystals

Proposition 5.2.7. There is a functor
G : ( locally free rigid D1 — ¢ — gauges over X) — (modified F' — zips over X)

given as follows:

To a locally free rigid Dy —@-module N we assign a modified F-zip G(N) = (G(N), C*, D, )
by

Let @, be given by the diagram with exact lines:

N1 N7+ NT prolp)” ovy gl (GN®) 0
I
B = ! ©r
I
o Y
N1 D N+l NT priy gr,’?GN 0

Proof. 1t is clear that the filtrations are locally direct summands. It follows similarily as
in the proof of that (the lines are exact and) G(N) is an F-zip over X:

The lines are complexes by the relation fuo = vf = 0 and by rigidity. Let (locally) n € N”
with pr(p)~tve°n = 0. So it exists n’ with (¢~ 1)oP%n’ = (¢~ 1)v°n which means
v’ = vn
and hence
vn’ —n € ker v = ker v, = imf,_;.

We conclude that n € imv,,; + imf,_;. It follows analogously that the second line is
exact. We conclude that G(N) is an F-zip.

We have to show that a morphism of gauges induces indeed a morphism of F-zips: Let g
be a morphism N — N’ (with N = (N, ) and N’ = (N, ¢')) and let § be the associated
map ¢ : (N,C*, D, ps) — (N',C", D.,,¢.). Then it holds

gren) =

N
Q
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and analogously
9(Dy) = g=(f=NT)
= [Zg"(N)
c

Thus g respects both filtrations. Furthermore we have the commutative diagram with
exact lines:

N1 N+l NT grg(GN(p)) 0
or
Nr—lg NT+1 NT grPGN 0
(Nt e (N — <N/>7"/ gr@((;fém 0
l ©r
(N1 & (W) — (V)" ar? G 0
which shows us that § is compatible with ¢, and /. O

Proposition 5.2.8. The functor D induces an equivalence of categories
D : (modified F — zips over X)) — ( locally free rigid D1 — ¢ — gauges over X)

A quasi-inverse is given by G.

Proof. Let M = (M,C*®, D,,p,) be a modified F-zip and let M’ = (M',C", D,,y,) =
G(M). We write M = (M, ¢).

1) By definition M’ = M> = (C X g D)™ = Dy, = M.
2) The filtration step C"" is by definition the image of

—I,Uoo

O gt Dy = N7 P25 ()0 2 a0

This map is given by (c,d) — ¢ by definition of ¢ (In the image of * the isomorphism
¢ 7is” the identity). But with the morphism D, — gr,M being surjective, the image
im(pry : C" Xg v Dy — M(p)) = (" is equal to C".

3) Analogously we see D! = D,.
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4) Let us check that ¢/ = ¢,. The diagram with exact lines

ro(p)Lov®
N — 2 o (M) 0
‘ ‘/SOT
M7 ol gr? M’ 0

commutes, if we identify M with M’ by the canonical isomorphism from above: For
m = (c,d) € M" = C" Xg a D, we have

prpre” v (e,d) = pre

and
prf>(e.d) =d.

Since (¢, d) € C" Xg p D7, it follows that ¢,c = d in gr,M = gr? M’ and hence commu-
tativity. Surjectivity and the definition of ¢! implies that ¢! = ,.
Now let N = (N, p) be a locally free rigid D; —p-gauge. We write M = (M, C*, D,, p,) =
G(N) and N' = (N',¢') = G(N).
1) The map

(>, f°): N" - N" =(C" Xgn Dy = im(p~tv>) Xgr ar iM(f7°)

is well defined by the definition of ¢,: Recall that the morphisms in the fibered product
C" — gr,M « D, are given by ¢ — ¢,c;d < d and ¢, maps an element = to f>Xy
where y is such that ¢~ 'v®y = z. It is injective by rigidity and surjective, since for
(z,2) € im(p ') Xgp ar im(f°) there is again by definition of ¢, a y € N” such that
r=p Py and 2z = f*x. So N and N’ are isomorphic O-modules.

2) Consider the commutative diagram

N7 N7+l
|
|
(o~ 1o, £2°) | (COCER k)
v
N'T 0.0) N/

which guarantees the compatibility with f.
3)Analogously we show compatibility with v.

4) At last we have to show compatibility with ¢. From 1) we get that the pieces of degree
oo (resp —oo) are identified via the isomorphisms

id : (NP = (0 X g N)P) = (N)P)
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and
p: (N'72) = (N*)P) Xy 0) = (N®)®) — N7,

So the diagram

(V7P —E= s o
id ©
(N>)@) L N-—o©

commutes.
O

The next step is to construct a functor from D; — p-gauges to GG; — @-crystals. This is
given simply be tensor product:

Construction 5.2.9. Let M be a D; — p-gauge over X.

(1) Let G(M) = G1 ®j—1D1 j_lM = G1 ®j—1G%ar j—l(G?ar ®D1 M) = j*(Giar ®D1 M) This

is a graded Gy-module and it holds (if we suppress ”j7!7):

77 3.G(M) = G Qg ju(G1 @p, M)
& G Qgzr GT" @p, M
G(M)

12

(2) We have to construct an O"-linear morphism
O;ris(p\ Ra, G(M) N Oirispr\ Qa, G(M)
For the definition we consider both domain and codomain (We will suppress ”j~1”):

O . @, G(M) = OF* . ®c, Gy ©p, M

= OfF . @p, M
= DY™/(f = DD ©p M (1)
= DY"/(f = 1)Di™ @p, Digs @p, M (2)

D @p, (M/(f ~ )M)®
= Dy o, (M)P

I

Isomorphism (1) holds since the diagram

D, G,
¥ @

D<1:ris D(lzris/(f o 1) 5 Ogris
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commutes: Both possible ways are given by O — Q¢ R O§"s and the condition f +— 1
and v — 0.
Isomorphism (2) follows from the commutativity of

D, ——=D,

D(lzris ¥ D(lzris

Now consider the codomain

Oirispr’\ ®Gl G(M) = O(I:risp'r’\ ®G1 Gl ®D1 M

OirispT\ ®D1 M

> D{f(v - 1D, ©p, M (3)
~ D @p, M/(v - 1)M

o~ Diris ®D1 Mfoo

I

Isomorphism (3) holds since the diagram

D,

Gy

pr

D(I:ris/(,U _ 1) ~ Oiris

commutes: Both possible ways are given by O — O$ and the condition f +— 0and v — 1.
Define

®: 01" ®c G(M) — OFF < ®q, G(M)
by requiring the diagram

OF* o« ®c, G(M)

Ogrispr"\ ®G1 G(M)

1d®p

Dclzris ®p, (Moo)(p) Diris ®p, M~

to be commutative. This obviously gives an Of"*-linear isomorphism.
Explicitely one computes for A ® g @ m € Ofrisw\ ®a, G1 ®@p, M

A®g@mi— Ap(g) ® 1@ p(m) € OFF . ® G &p, M

where ((g) denotes the image of g under G; — O and (m) is the preimage of my,
where my is the image of m ® 1 under M® — (M/(f — 1)M)® % M/(v — 1)M (note
that ¢(m) is not well defined per se, but it is well defined in the tensor product).
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The associated y-semilinear morphism
¥ G(M) - Ogrispr\ ®G1 G(M)
maps g @ m — ¢(g) ® 1 ® p(m), with the ¢’s defined as above.

(3) A morphism of D; — p-modules o : M — N gives a morphism of the associated G-
modules. We must show compatibility with ¢. This amounts to showing commutativity
of the following diagram

Gy ®p, M FeUDperis T G1®p, M

1 opr

id®a 1d®idRa

PG(N)

Gl ®D1 N

Ofrispr\ ®g, G1 ®p, N
Commutativity follows since because for g ® m € G; ®p, M it holds
©(9) @1 ®pn(a(m)) = p(g) ® 1@ a(pu(m)).
Proposition 5.2.10. The assignment M +— G1 ®;-1p, j~ M defines a functor
G : (D1 — ¢ — gauges over X) — (G — ¢ — crystals over X)

Proof. This is clear, since all steps of the construction above are functorial. O
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A.1 Syntomic morphisms

Definition A.1.1. (i) A morphism of schemes f is called locally of complete intersection
if f factors locally as a smooth morphism after a regular immersion.

(i) A morphism of schemes is called syntomic if it is flat and locally of complete intersec-
tion.

Remark A.1.2. (i) A syntomic morphism fX — Y can locally be written as a regular
immersion in an affine n-space A}, over an open subset U of Y.

(ii) The class of morphisms of locally complete intersection is stable under base-change
only for flat morphisms, but the class of syntomic morphisms is stable in general.

Lemma A.1.3. (i) The composition of two syntomic morphisms is syntomic.
(ii) The basechange of a syntomic morphism is syntomic.

Proof. (i) A composition A% — S = T of a regular immersion after an affine n-space can

. . I . . .
easily be written as A% — A% — T, where // is regular since affine n-space is flat.

(ii) See [EGAZ4] 19.3.9. O
Proposition A.1.4. Syntomic morphisms satisfy the lifting property of[3.1..

Proof. See [Be2] Lemme 1.1.9. O

A.2 [F-zips

One aim of this paper is to find connections between (different notions of) gauges and
so called F-zips, invented by Ben Moonen and Torsten Wedhorn.We give the basic facts
about F-zips. The source is their article [MW].

Let S be a scheme of characteristic p. An F-zip over S is a locally free Og-module
with two filtrations, whose graded quotients are semi-linearily isomorphic. Moonen and
Wedhorn gave a complete classification of F-zips over algebraically closed fields, so by
our theorem we have a classification for rigid gauges over algebraically closed fields,
which is quite explicit.

Remark A.2.1. If we speak of a filtration of a locally free Og-module, we always mean a

filtration, such that the inclusions are locally direct summands. Hence the subquotients
are locally free Og-modules, too.

Definition A.2.2. Let S be scheme over F,,. An F'-zip over S'is atuple M = (M, C*, D,, p.)
with

(i) a locally free Og-module of finite rank M,

(ii) a descending filtration C* on M,
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(iii) an ascending filtration D, on M,
(iv) a family of Og-linear isomorphisms

on (gt M)® 5 grl M
forn € Z.

Moonen and Wedhorn use so called "types” to classify their F-zips. The type of a filtration
C of a locally free Og-module of finite rank M is the function

6L — N

which assigns to each n the rank of the graded piece of degree n at a fixed point s. This
function obviously has finite support. The mapping s — 7 is locally constant, so for
connected S there is a single function 7¢ : Z — N with finite support.

Each type 7 defines an ordered partition (Ny,...,N,) of N =3 ., 7(n) (Hence N is the
rank of M). Let Sy, X ... x Sy, be a subgroup of the symmetric group Sy in the usual
way.

Theorem A.2.3. Let S be the spectrum of an algebraically closed field. Then there is
bijection
{ 1somorphy classes of

= S .ox S \S
F-zips of type T OUGT’S}—> Ny X SN\

Proof. See [MW]| Theorem 1 and Theorem (4.4). They explicitely construct very simple
F-zips over [F,,, with their filtrations given by standard basis-vectors. Changing bases to
S, these give representatives of the isomorphy classes. O

While this work was written, it appeared, that another notion of F-zip would be more
suitable to work with. The definition is essentialy the same, but one has the descending
filtration on M®. We will call these objects modified F-zips:

Definition A.2.4. A modified F-zip is a is a tuple M = (M, C*®, D,, p,) with
(i) a locally free Og-module of finite rank M,

(ii) a descending filtration C* on M®),

(ili) an ascending filtration D, on M,

(iv) a family of Og-linear isomorphisms

O ng(M(p)) ZoarP M
forn € Z.

Obviously every F-zip gives rise to a modified F-zip, but not vice versa in general. But
if S is the spectrum of a perfect ring the two notions coincide.
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A.3 Some p-valuations

Lemma A.3.1. Letn = ag+ap+...+a,.p" be the p-adic expansion of a natural number.

Then vy(n!) = w

Lemma A.3.2. Let a,b € 7Z with p-adic expansions a = a, + pa; + ... + p'a, and
b=b,+ pb; + ...+ p°bs. Define ¢; inductively by e_; =0 and pe, + s, = a, + by, + €51
with 0 < s, < p. Then v,((“I*)) =X, €.

Proof. See e.g. [Kul p.116. O
Remark A.3.3. The numbers ¢; are the ”carry digits” arising from p-adic addition.
Corollary A.3.4. Letr € Z and i < p". Then v,((%)) =1 — v,(3).

Proof. Assume i < p". Consider the p-adic expansions of ¢ and p” —i. Let v = v,(7), then
one has i = a,p” + a1 p*t 4+ ... and p" — i = byp® + by 1ptt + ... with a, + b, = p and
a,+b,=p—1lforv+1<n<r—1landa,+0b.=0. Hencee, =... =¢,_1 =1 and
€g=...=€_1 =0. [
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