PHYSICAL REVIEW B

VOLUME 39, NUMBER 6

15 FEBRUARY 1989-1I
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We use the jellium model and a semiclassical version of the energy-density variational method to
investigate static properties of spherical metal clusters and obtain excellent agreement with the
(averaged) microscopical results. Exploiting random-phase-approximation (RPA) sum-rule tech-
niques, we calculate the eigenmode spectrum for collective multipole vibrations of the electrons, in-
cluding coupling between surface and volume plasmons. In the classical limit the old Mie result is
recovered for the surface plasmons of all multipolarities. From the sum rules, we estimate the static
dipole polarizabilities and the position and width of the electric dipole resonance. We find that the
RPA estimate of the width is in qualitative agreement with recent experiments on small Na clusters.

I. INTRODUCTION

It is by now well established! ~® that the jellium model
is able to give a fair description of the static properties of
clusters of light metals such as Na, K, etc. The density-
functional formalism in the Kohn-Sham version com-
bined with the local-density approximation (LDA) has
been used by several authors?™> to perform self-
consistent microscopical calculations of the binding ener-
gies, ionization potentials, and dipole polarizabilities of
small metal clusters. For the study of collective excita-
tions of the valence electrons in these clusters, linear-
response theory in LDA has been applied to calculate the
dynamic polarizability.® Such self-consistent microscopi-
cal calculations become quite time consuming when the
size of the clusters increases. It might therefore be of in-
terest to develop a fast numerical approximation which
allows one to extend such studies to very large clusters
but still ensures self-consistency. v

In the present paper, we propose a semiclassical ver-
sion of the density-functional approach, making use of
the extended Thomas-Fermi (ETF) approximation to the
kinetic-energy density,”® which has proven to be very
successful in reproducing the average static properties of
nuclei® obtained microscopically by Hartree-Fock (HF)
calculations. The TF or ETF kinetic-energy functional
has already been used in density-variational calculations
to study the average static properties of jellium
spheres.'"12 We shall improve these results by taking
the fourth-order gradient corrections”? to the kinetic en-
ergy seriously and at the same time using a more flexible

trial function® for the electron density. Based on the-

variational electronic ground-state densities thus ob-
tained for jellium spheres, we propose a semiclassical ex-
tension of the random-phase-approximation (RPA) sum-
rule approach!? to calculate estimates of the peak posi-
tions and widths of collective multipole excitations of the
electrons, including coupling of surface and volume
plasmons, and to extract the static polarizabilities. We
shall show that this method yields similar results as the
microscopic time-dependent local-density approximation
(TDLDA) linear-response calculations® and is at the same
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time so fast that systematic investigations also of very
large clusters (containing thousands of atoms) become
possible at very short computing times.

II. GROUND-STATE PROPERTIES

The total energy of a neutral cluster is written® as a
functional of the local density p(r) of the valence elec-
trons:

f E(rl) d3r:
Ir—r'|

Elp]= [ |7lp(1)]+ &, [p(r)]+Lep(r)

+V,(r)p(r) |d*r+E, . 1)

Here 7[p] and &, [p] are the kinetic and the exchange
plus correlation energy densities, respectively, the second
term is the Hartree Coulomb energy of the electrons, and
V; and E; are the potential and the total electrostatic en-
ergy, respectively, of the ionic background, evaluated as
usual in terms of a square density (jellium) of the positive
ions and characterized by the Wigner-Seitz radius r; [or
the bulk density p{=3/(4mr2)] and the number Z of
atoms. The density p(r) is normalized to the number N
of valence electrons:

[ pn)d*r=N . )

Instead of varying single-particle wave functions and
thus solving the Kohn-Sham equations as done in Refs.
3-5, we perform a restricted variation of the density p,
utilizing explicitly the semiclassical gradient-expanded
functional 7[p] of the extended Thomas-Fermi model in-
cluding all terms up to fourth order”® without manipulat-
ing their coefficients. This functional has been shown®® to
reproduce very exactly the average—or semiclassical —
part of the kinetic energy of a system of fermions in vari-
ous types of local potentials, in particular, also in nuclei
whose densities resemble very much those of the elec-
trons in the jellium model. For &, [p] we use the LDA
functional of Gunnarsson and Lundqvist.!* We shall
presently only apply the method to spherical clusters; the
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extension to deformed systems is straightforward.’
Our spherical densities p(r) are parametrized by the
following trial function:

r—R ||
p(r)=py|l1+exp |[—— (3)

The total energy (1) for a cluster with given atomic num-
ber Z is then minimized with respect to the parameters
Po» R, a, and y under the constraint (2). Our approach
thus goes beyond similar earlier calculations!®!! in two
respects: we (i) include the fourth-order gradient terms in
7[p] and (ii) have a more flexible density parametrization.
In Refs. 10 and 11 the fourth-order terms were omitted;
the trial functions used by Snider and Sorbello!! are the
ones we obtain from Eq. (3) with y =1 [except for very
small clusters; the fact that the slope of the density (3) at
r=0 is mathematically not zero has no numerical
significance for clusters with N larger than four or five].
The relevance of the fourth-order terms in 7[p] and of
the variational parameter ¥ in Eq. (3), which regulates
the asymmetry (for y=41) of the density surface profile
around its inflection point, will become evident in the re-
sults below. (Typical values of ¥y are ~0.5-0.6 for all
Na clusters.)

By this restricted semiclassical variational procedure
we find densities, potentials, and energies which, of
course, exhibit no shell effects, but reproduce very closely
the averaged results of the microscopic Kohn-Sham cal-
culations of Refs. 3—5. As a typical example we show in
Fig. 1 the variational densities of a neutral Na oz cluster
alongside the self-consistent effective (Kohn-Sham) poten-
tials. The microscopic results are taken from Ekardt®
and shown by the solid lines. The dashed lines give our
semiclassical results obtained by using the full functional
7[p] up to the fourth-order gradient terms, and the
dashed-dotted lines correspond to including only the

FIG. 1. Variational densities p(7) (in units of the jellium bulk
density p{) and self-consistent effective potentials V(r) (in Ryd-
berg units) for the neutral Na,og cluster (r,=4). Solid lines are
the results of Ekardt (Ref. 3), dashed and dashed-dotted lines
are the present results (see text for details). The parameters in
the density Eq. (3) for this cluster are R=22.51625a,,
Po=0.00376531a5 3, a=0.50691a,, and ¥ =0.519 86; a,, is the
Bohr radius. '
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second-order (i.e., the Weizacker) gradient correction.
Clearly, the fourth-order terms have an important role in
bringing our results closer to the microscopical ones.
Note that especially the density tail and the “wine-bottle
shape” of the potential are perfectly well reproduced.
The reason for this wine-bottle shape (the slow increase
of the depth of the potential with increasing 7) is due to
the fact that for a finite cluster the bulk electron density
po is slightly higher than that of the jellium density (i.e.,
pd), as a result of the surface tension which tends to
compress the electrons. A detailed discussion of this
mechanism, along with a systematical analysis of our
static results, will be found in a forthcoming publica-
tion.!?

In Fig. 2 we show (a) the total energies per electron
E /N of neutral (N=Z) Na clusters, (b) the ionization
potentials ®=E(N=Z —1)—E(N=Z), and (c) the elec-
trostatic parts ® of the latter, all as functions of the
cluster radius R, =r,Z'/3. The solid lines give our
present results and the dots show the results of Ekardt.3
Clearly we miss the shell effects which are important for
the energies shown here. They can be recovered pertur-
batively either by a Strutinsky procedure!'® or by adding
one or two iterations of the Kohn-Sham equation starting
from our variational effective potential; corresponding
studies are in progress. Note, however, that the semiclas-
sical results nicely represent the averaged microscopical
energies. Especially for the electrostatic parts of the ion-
ization potentials, which exhibit almost no shell effects,
the agreement is surprisingly good even for N=4
(R;=6.3a,). The fact that the semiclassical binding en-

oe} (@)

(b)

R; (a,)

FIG. 2. Upper part (a): total energy per electron (in units of
the absolute bulk value |a,|) vs cluster radius R ; for neutral Na
clusters. Lower part: Ionization potentials (in eV) of Na clus-
ters vs radius; (b) total ®, and (c) electrostatic part ®* (surface
barrier). Solid lines are the present results, small circles are the
results of Ekardt (Ref. 3).
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ergies go almost exactly through the quantum-
mechanical energies of those clusters which correspond
to the closed-shell configurations is gratifying in that
those clusters are spherical and the most stable ones (and
easiest to observe experimentally!). For the regions in be-
tween, the quantum-mechanical energies will be lowered
when allowing the clusters to be deformed (see also Ref.
17), which is a mechanism dictated by shell effects,
whereas their average energies will slightly increase (the
semiclassical energy is always minimal for spherical
shapes), so that we can expect the agreement to improve
considerably in calculations including deformation
effects. The situation that the semiclassical energies
reproduce best the quantum-mechanical ones in closed-
shell configurations has also been observed in density-
variational calculations of atomic binding energies'® and
is different from the situation in nuclear physics, where
the exact energies fluctuate around the average ones.'®

It is interesting to perform a liquid-drop-model-type
expansion of the binding energies obtained in our calcula-
tions. This will be discussed in a forthcoming publica-
tion.!> We only mention here that for neutral (N =Z)
spherical Na clusters (r,=4) our variational total ener-
gies are reproduced to within four digits for N > 8 (and
within three digits even for N >2)
by

E(N)=a,N+a,N*3*+a N . 4)

Hereby a,= —0.1655 Ry is the bulk energy, a, =0.0398
Ry the surface energy, and a.=0.0113 Ry the curvature
energy coefficient. This value of the surface energy corre-
sponds to a surface tension of o =155 ergscm ™2 the
value found by Lang and Kohn!® in microscopic Kohn-
Sham calculations (using a slightly different correlation
functional) for an infinite jellium surface with r,=4 is
0=160 ergscm 2. This good agreement not only
demonstrates the overall consistency of our results, but
also the interesting fact that the Friedel oscillations,
which are present in the density profiles of the Kohn-
Sham results,!® as well as in the microscopical densities of
spherical clusters’ > (see Fig. 1), apparently do not con-
tribute to the surface energy. In an independent recent
study?® for nucleons in typical potentials it has, in fact,
been shown that Friedel oscillations hardly affect the sur-
face energy, but contribute considerably (and negatively)
to the curvature energy.

III. ELECTRONIC MULTIPOLE VIBRATIONS
A. RPA sum rules and inequalities

We shall now proceed to the discussion of collective vi-
brations of the valence electrons in spherical alkali-metal
clusters. To this purpose, we shall employ the RPA
sum-rule formalism.!> We start from the RPA strength
function Sy(E) corresponding to a given excitation
operator Q. The kth moments of So(E) are defined by

mk(Q)=f0°°Est(E>dE
=3 (E,)|(n|Q]0)|2. (5)

n=+0
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Hereby E, and |n ) are the RPA energies and wave func-
tions, respectively, of the excited states of the system, and
E,=0, [0) correspond to the RPA-correlated ground
state. The operator Q is assumed here only to act upon
the electron wave functions, i.e., we describe collective
excitations of the electrons assuming the ionic back-
ground to be inert.

We shall be particularly interested in the moments m
and m,; which can be expressed as the following ground-
state expectation values, often called sum rules:

m(0)=1(0I[0,[A,01110) , 6)
m3(0)=1(0I[[A,01,[A,[0,A11110) ; @)

hereby A is the total Hamiltonian of the system. The in-
terest in these expressions lies in the fact that, according
to a theorem by Thouless,?! they can be evaluated replac-
ing the correlated ground state |[0) by the uncorrelated
ground state |0) on the right-hand side of Egs. (6) and
(7), without introducing any error. That is, if one starts
from a self-consistent microscopic Hartree-Fock calcula-
tion for a given Hamiltonian A and then performs a RPA
calculation in terms of the HF particle-hole states to ob-
tain the RPA spectrum E,, |n), the full RPA moments
m, and m are obtained by taking the expectation values
of the commutators in Eqgs. (6) and (7) (containing the
same Hamiltonian) in the HF ground state.

Note that the RPA moments m; with other indices k
can, in general, not be evaluated from the uncorrelated
ground-state wave functions. It has, however, been
shown?? that the negative-energy-weighted sum rule m —1
is related to the static ground-state polarizability apol(Q ),
which can be evaluated from a constrained HF variation-
al procedure solving 8(H —AQ ) =0 with the Lagrange
multiplier A, by

m_(0)=1ta,,(0) . ®)

In the present case, we do not start from a HF solution
but, ideally, from the solution of the Kohn-Sham equa-
tion derived from Eq. (1). Our semiclassical approach to
the sum rules my and m, consists?® of evaluating exactly
the commutators in Egs. (6) and (7), and rewriting their
expectation values as functionals of the density p(r) us-
ing, where necessary, the semiclassical gradient expan-
sions as will be shown below.

From the three moments (6)—(8), one gets the following
inequalities'? for the centroid E and the variance o of the
strength distribution Sy (E),

E15E5E3, UfamaXZ%(Eg_E%)l/Z , )

in terms of the energies E;, E, defined by

172 172
mj | my
’ El—

Ey= (10
m, m _y

It is thus possible to estimate the position and the
width of a RPA mode, whose collective strength is con-
centrated in one peak, without performing the RPA cal-
culation but simply by calculating the sum rules (6) and
(7), and the static polarizability (8). [Note that if the peak
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is infinitely narrow (0 =0), then E; =E, is the energy of
the collective state.]

For local operators O =Q(r), the energies E; and E,
have simple physical interpretations. As shown in Ref.
13, the moment m; then is the restoring force parameter
(“spring constant”) C and m, the inertial parameter
B of a diabatic collective motion described in terms
of the wvelocity (or rather displacement) field
u(r)=—(#/m)VQ(r) (see also the Appendix). Thus,
E,=#V' C/B =%uw is the energy of a harmonic vibration.
This motion is diabatic in the sense that the electrons are
oscillating around their equilibrium configurations
without changing their nodal structure and without
affecting their own mean field. One may therefore also
call** E; the “sudden approximation” to the energy of
the mode excited by the operator Q On the other hand,
E, is the static or ‘“‘adiabatic” approximation, since it in-
volves the static polarizability via m _,, see Eq. (8), thus
describing a motion which is so slow that the mean field
has time enough to follow self-consistently the oscillation
of the electrons.

B. Surface plasmons

In order to describe collective electronic vibrations of
multipolarity L, we shall first use the electric multipole
operators in the long-wavelength limit (written in polar
coordinates),

0=0,=rty, (0,4) (L21). 11

These operators lead to divergence-free velocity fields,
since AQ; =0, thus describing pure surface oscillations
during which the electron density is translated (L =1) or
deformed (L > 1), but not compressed. Evaluation of the
commutators in Egs. (6) and (7) leads for spherical sys-
tems to!>?’

2
ml(QL)=%%fr2L_2p(r)d3r s

) v (12)
m3(QL):m§ln+m3COUI+m3l .
The contribution of the kinetic energy to m is
# ’
kin — 2L —4
=|— | L(L—1
m L= fr
x |Lrn+E 220 |a?r ;
2r
(13)

the direct part of the electron-electron interaction gives

2
L¥L—1)
2L +1

ﬁ2
m

m§o = — (4me)?

X fowru‘3p(r)dr forrlzp(r')dr' , (14)

and the electron-ion interaction gives
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IR W
3 m | 2(2L+1)
X [ Vi r =4 r2p"(n+2rLp'(1)1d%r ,  (15)

where p'(r),p''(r) are radial derivatives. Note that the
exchange-correlation energy in the local-density approxi-
mation, like any part of the total energy which is only a
Sfunction of p(r), does not contribute to m;(Q; ). In the
kinetic-energy term (13), 7(r) is the kinetic-energy density
and A(r) an angular momentum density, defined in terms

of the Kohn-Sham single-particle wave functions @;(r) by
_ 7 2
7(r) . iglquv,»(rH ,
PN X (16)
— i LU, +1),
o S @O+ D

i=1

Alr)=

where /; is the angular momentum quantum number of
the state i. Instead of the quantum-mechanical expres-
sions (16) we use here the gradient-expanded ETF func-

tional 7{p]"® and a corresponding functional A[p] which
was recently derived, 3
k[p(r)]=§r27'[p(r)]—%rzAp(r)—I-%PVp(r) . (17)

The above results simplify appreciably in the case of
the dipole operator Q,. Equation (12) with L =1 then
becomes the familiar Thomas-Reiche-Kuhn sum rule

2
m(@)=1-N (18)

and the only contribution to m; comes from the
electron-ion interaction, since all other terms in (1) are in-
variant with respect to a transition of the electrons.
Writing the integrand in (15) for L =1 in terms of Ap,
performing two partial integrations, and exploiting the
Poisson equation for the ionic potential V;, we find

2
4qre?
3

ﬁZ

m

fp(r)p,(r)d3r_ . (19)

1
my(Q)=7

Thus, the restoring force parameter (19) is, as could be
expected, proportional to the overlap of the electron and
the ion densities. Using the step function of the jellium
model for the ionic density p;(r), we can write (19) as

ﬁ222

1

m3(Q1)=-2— (N—AN) . (20)

e
r}
Hereby AN is the number of electrons outside the jellium,
the so-called “spillout”:

AN=4x [ ” r’p(ridr . 1)
1

With Egs. (18) and (20) we find for the energy E; in the
dipole case

#e | an|]"”?
E;(Q,)= [Tn—r_f I_T]
1 an |7
“vaten |1y ] ’ 22
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where fiw, is the plasma frequency. In the limit of a very
large cluster, AN goes to zero and E; goes to the classical
Mie result?® for the dipole surface plasmon. (In Ref. 24
the same classical limit was recovered, although there the
m, was evaluated differently and the leading contribution
seemed to come from the electron-electron interaction.)

Note that our result (22) is quantum-mechanically ex-
act, if p(r) is evaluated from the Kohn-Sham wave func-
tions; it holds for spherical clusters.

For the higher-multipolarity modes (L > 1), we can in
a similar way find the classical limit by assuming the elec-
tron density to be a step function with the value p}.
Neglecting the kinetic-energy contribution (13), which
will be of order N ~2/3 relative to the leading Coulomb
contributions, we get from (14) and (15) in this limit:

172

L #ioy for N—>w ,

E;(Qp )—»hw?ie: SL41

(23)

which is the Mie result.?®

We thus have found the novel result that the classical
Mie frequency of the surface plasmon can be recovered
from the RPA energy E;, evaluating the sum rules in
terms of the multipole operator (11), for any multipolari-
ty L. For finite clusters there are surface and kinetic-
energy corrections which will shift the energy away from
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ous multipolarities L, evaluated from our self-consistent
semiclassical densities for Na clusters with atomic num-
bers N from 2 to 8000 (corresponding to radii R; from
5a, to 80a,). The dipole plasmon is red shifted due to
the spillout factor AN/N in (22). For the higher L
values, the kinetic-energy contribution (13) is nonzero
and becomes more and more important for increasing L
and decreasing size of the cluster. As a result, the fiw;
with L > 1 are larger than the Mie energies for small clus-
ters; only in the large-N limit, where the kinetic-energy
contribution becomes negligible, do they approach the
Mie limit from below.

Our results for E; in the dipole case agree well with
the values quoted by Bertsch and Ekardt?*—there called.
w(sudden)—within 2 parts per thousand for the clusters
with N=20 and 90; in the case with N=192 our value is
~2% larger.

C. Coupling between surface and volume plasmons

We have included in Fig. 3 also a volume plasmon with
multipolarity L =0 which is analogous to the
“breathing-mode” vibration (giant monopole resonance)
of nuclei. We chose for this mode the operator Q,=r?,
which leads to a good approximation of the breathing-
mode energies in heavy nuclei.!*?* With this operator,
all terms in the energy (1) contribute to the restoring
force parameter m; the energy E; can be written as

172
. . e K N2/
this clgsswal limit. E;(Qy)= ——Nz-— , (24)
In Fig. 3 we show the energies E;(Q; )=*iw, for vari- m(r?)
hwpl
2
-
3
=
Mie
hw,
1 I 1 I 1 l I I x\\_
0 20 40 60 80
R, (ao)
FIG. 3. Plasmon frequencies #iw; =FE;(Q, ) for finite Na clusters vs radius R;. The solid curves labeled 1, ...,5 and 10 are the

surface plasmons of corresponding multipolarity L; the solid line labeled O is the volume plasmon. The plasma frequency fiwy, and

the Mie surface-plasmon frequencies i}

are shown on the right-hand margin of the figure to be reached asymptotically for N — co.

The dashed lines show the centroids of the eigenvalue spectrum for L =0 and 1, respectively, as calculated below (see text for details).
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where K is the incompressibility of the N cluster and

(r?) is its mean-squared radius. We leave the detailed

formula for Ky and its discussion for a future publica-

tion'® and just mention here that K can be expanded as
9 ¢?

KN—;T+0<N*“3)+ R (25)

s

It might be of interest to note that the leading term in
(25) corresponds to bulk compression moduli for alkali
metals which are within less than 15% of the experimen-
tal ones. In the classical limit we recover from E;(Q,) in
(24) the plasmon frequency

E;(Qy)—tw, for N—co , (26)

as can also be seen from the results in Fig. 3.

In finite clusters we have to expect a coupling of sur-
face and volume plasmons for all multipolarities, as
pointed out by Ekardt® in the dipole case. In order to
study such a coupling in our present approach, we intro-
duce a set of trial operators Qf for each multipolarity:

QF =rPY, o(©,¢) 27

with p being a positive real number. For ps£L, AQf 0
and this operator will describe modes which involve local
compression of the electrons, such as is the case for the 72
operator (Q,) discussed above. We therefore study the
coupling of modes obtained with (27) using different
values of p. We use hereby a multidimensional extension
of the sum-rule approach which was recently developed
for describing giant resonances in nuclei.??

Noting, as discussed above, that E; is the one-phonon
energy of a harmonic oscillator with spring constant
C=m, and mass B=m, it is a natural extension of Egs.
(6) and (7) to introduce the following matrices:

B,,=1(0l[Qf,[H,0¢11l0) , (28)
C,y=1(0I[[#,071,[A,[Qf ,AH]11l0) . (29)

They are symmetric as long as |0) is an eigenstate of H.
[Note that the right-hand sides of Egs. (28) and (29) can
again be identified, by an extension'® of the proof given
by Thouless, with the corresponding sum rules of a mixed
RPA strength function involving the transition probabili-
ties {0|Qf|n ) {(n|Qf10).]
The stiffness tensor C,,- and the mass tensor B, define
a system of coupled harmonic oscillators. Choosing now
a series of M operators with different values p;
(i=1,2,...,M) for a given L, we can solve the secular
equations
- 2

jél(Cpipj~a)anipj)x;'=O (i,n=1,...,M) (30)
in order to find M eigenmodes of multipolarity L with
frequencies w, and eigenvectors x;. These eigenmodes
have velocity fields u,, fulfilling the orthogonality relation

mfu,,-ump(r)d3r=§,,8nm , (31)

where B, is the mass of the nth normal mode. For a
given excitation operator- Q, we then calculate the sum

rules m; semiclassically by
M

m(Q)=3 (Fiw, ¥|{n|Q10)|% , ' (32)

n=1

where the semiclassical transition probabilities are

#i A 3
= Sp,d°r
20,B, fQ p

2
) (33)

[{(n1Q10)]%=

and 8p,, is the transition density from the ground state to
the one-phonon state with energy #iw,,:

8p,=—V-(pu,) . (34)

By construction,”® Eq. (32) gives the correct RPA sum
rules m,(Q) and m;(Q) for local operators Q whose gra-
dients lie in the space spanned by the u,, i.e., the eigen-
mode spectrum of Eq. (30) exhausts these two sum rules.
Although this cannot be proven for the other moments,
we may take Eq. (32) as a semiclassical approximation to
the corresponding RPA moments. Evaluating in this
way the moments m _;, m,, and m,, we can obtain our
estimates for the static polarizabilities by Eq. (8) and the
centroids E and variances o of the strength function by

m 2
—L ] . (35)
mg

=1 222

mg my

The evaluation of Egs. (28) and (29) with our trial
operators (27) is rather cumbersome for p,p's~L, particu-
larly for the kinetic-energy contribution to the stiffness
tensor (29). We have evaluated the latter contribution in
the local-density approximation, i.e., using the Thomas-
Fermi functional 7[p] for the kinetic energy, in the cases
with p,p's4L. (For not overly small clusters, the corre-
sponding terms will not contribute appreciably.) The ex-
plicit results in terms of integrals over the density p(r)
are given in the Appendix. We shall first discuss the clas-
sical limit, for which the results are analytical, and then
give numerical results for the finite clusters.

In the classical limit of a very large cluster, the
diffuseness of the electron density can be ignored, so that
we can take p to be a step function: p(r)=plO(R;—r).
Furthermore, the kinetic and exchange-correlation ener-
gies vanish as N ~2/® with respect to the leading Coulomb
contributions. We then find from Egs. (A4), (A10), and
(A11) the following analytical results:

_# 3N RpTT
P 2m 2L +1 p+p'+1

lpp’+L(L+1)], (6

2 _
c 1 |# "3 3N RfTT
P2 \m | r} 2L+1 p+p'+1
L L+,

X |pp'+ 2L +1 (2L—p—p") |, (37)

valid for all L 20 and p+p'> —1. Solving the secular
equations (30) with the matrices (36) and (37) for a given
set of M different numbers p; leads to the following in-
teresting results.

(1) Case L =0. Independently of the values of p; (trivi-
ally, they must all be positive), there is only one (M-fold)-
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degenerate eigenvalue o =cw,. This is seen directly from
the above expressions with L =0 in which case
C,p /By, wf,] for all p and p’. There exists thus for clas-
sical metal spheres only one monopole mode with the
same frequency as the bulk plasmon.

(2) Case L >0. There are always M —1 degenerate ei-
genvalues ©=w,,, independently of the p;, and one non-
degenerate eigenvalue w; 7w,,. If one of the p; equals L,
then o; is the classical Mie frequency of the surface
plasmon: o, =o)i. If all the p, are different from L,
then w; ~o)i, whereby w; —o}® for M—ow. (We
have no mathematical proof for this general result but
checked it numerically for many instances.) Thus, in
classical metal spheres there exist for each multipolarity
L a surface plasmon with the Mie frequency and a
volume plasmon with the bulk-plasmon frequency. It
should be noted that in this classical limit the surface
plasmon takes up all of the strength of the multipole
operator Q;, and the volume plasmons are decoupled.

The fact that all volume plasmons are degenerate in the
classical limit means that the energies E; of these solu-
tions do not depend on the radial form of the operator Q.
This in itself is not surprising since this limit is defined as
the one where the electron density is constant over the
whole volume of the cluster.

Our result for L >0 is a generalization of the result of
Jensen,?’ who in 1937 investigated the dipole oscillations
of small metal spheres by solving the hydrodynamical
equations of motion with the boundary condition of a
step function for the electron density. He found small
derivations of the above frequencies of the order R; ',
which also in our present treatment come about naturally
as soon as one allows for p(0)4pf, or if one takes kinetic
energy, exchange-correlation effects, or a finite diffusivity
of the electron density into account. These effects thus
lift the degeneracy of the volume plasmons and give them
a finite multipole strength in real finite clusters.

In our numerical calculations we evaluated Egs. (28)
and (29) from the variational ground-stated densities p(r)
of finite clusters. The choice of the number M of coupled
modes, as well of the values p; used to obtain the eigen-
mode spectrum, was made by trial and error. We found
that typically the results for E, o, and the polarizabilities

pol converged within a few percent (the a,, being the
most sensitive ones) for 8 SM $12 and 15p; 512, the
upper limits being given by purely numerical stability
reasons. The resulting centroid energies E for the mono-
pole and the dipole cases are shown in Fig. 3 above by the
dashed lines. The difference to the solid line indicates in
the dipole case the coupling between the surface and the
volume modes; it disappears in the limit N — o, as men-
tioned above. In the monopole case, the difference comes
from the admixture of modes corresponding to values of
p; different from 2 (which was used for the solid line in
Fig. 3).

For the remaining discussion of our results, we shall re-
strict ourselves to dipole oscillations, as they have recent-
ly been observed experimentally by photoabsorption on
small Na clusters.?? As already mentioned, our results
for the E; energies obtained with the dipole operator
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agree very well with those of the microscopic Kohn-
Sham calculations.®?*

In Fig. 4 we show by the solid line our results for the
static dipole polarizabilities &, of spherical Na clusters
obtained from the moments m _;(Q,) with Eq. (8). They
are seen to reproduce fairly well—apart from some weak
shell effects—the microscopic results obtained in the
same jellium model with LDA exchange and correla-
tions,*~%2° shown by the squares. They share the com-
mon defect of all LDA calculations to underestimate the
measured polarizabilities®® by ~20-25 %. This defect is
presumably due to the LDA treatment of the Coulomb
exchange. As a consequence of this approximation, there
is too much screening of the external potential ¥; by the
electrons, which lets the total (Kohn-Sham) potentials fall
off too quickly in the surface of the clusters. This, in
turn, leads to a too steep tail of the electron densities and
an underestimation of the spillout factor AN /N defined
by Eq. (21). As has been shown,*'! the static polarizabili-
ty is closely related to this spillout, so that an increased
AN will lead to an increased a,,. Indeed, in a recent in-
vestigation® a self-interaction correction,’’ which cures
some of the deficiencies of the LDA treatment of the
Coulomb exchange in a somewhat ad hoc way, was used
within the Kohn-Sham approach and shown to lead to a
considerable improvement of the static polarizabilities to-
wards the experimental results.

As stated in Sec. III A, the static polarizability a,
can, in principle, be calculated from a variational calcula-
tion with an external constraint, as it has been done both
microscopically**?° and semiclassically.!! Our results in
Fig. 4 are obtained differently, namely over the sum rule
equation (8) using our ‘“‘semiclassical RPA” spectrum.
The fact that they agree exactly with those of Snider and
Sorbello,!! as well as with the microscopic ones to the ex-
tent shown in Fig. 4, gives some confidence in the mo-
ments m; of this spectrum.

We shall finally address ourselves to the collective di-
pole vibration recently observed experimentally in small
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Q
o]
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FIG. 4. Static dipole polarizabilities of spherical Na clusters,
in units of the classical value R}, vs radius R,. Solid line shows
present results obtained over the m _, sum rule (8). Squares are
microscopic results (Refs. 4—6 and 29). Experimental values
from Knight et al. (Ref. 30).
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sodium clusters by photoabsorption.? We only compare

here our results for the spherical Nag cluster. The peak
of the resonance curve seen®®3? in Nag lies at about 2.5
eV. Our result for the centroid E obtained for the dipole
(see Fig. 3) is 3.0 eV, very close to the peak value of
Ekardt.® This shift has the same origin as the deficiency
of the static polarizabilities discussed above and will,
hopefully, be removed in a better treatment of the
Coulomb exchange.

It is also interesting to compare the width extracted
from the sum rules above. Unfortunately, the dipole m,
sum rule is only exhausted to ~55-65 % by the experi-
mental cross section,’? depending somewhat on the as-
sumed form of the resonance curve. Evaluating numeri-
cally the various moments of the experimental cross sec-
tion in the measured frequency region, we find a variance
Oexpt=0.18 €V. (Note that this is the variance and not
the width [full width at half maximum (FWHM)].) The
values found from our semiclassical results above via Egs.
(9) and (35) are 0,,,=0.50 eV and 0=0.47 eV. This
‘RPA variance reflects the fragmentation of the dipole
strength due to the coupling of surface and volume vibra-
tions. Note, however, that it is the variance of the total
dipole strength distribution, taking also into account en-
ergy regions in which no strength has been seen experi-
mentally (as is reflected in the missing strength men-
tioned above), and is thus appreciably larger. Also, our
treatment does not take into account any coupling of the
electronic motion to that of the ions. Indeed, it was re-
cently pointed out?’ that shape vibrations of the ionic
background lead to widths comparable to the measured
one, even if the intrinsic RPA width of the electronic di-
pole resonance is assumed to be an order of magnitude
smaller.

A simple qualitative estimate for the asymptotic size
dependence of the variance of the dipole resonance in
large clusters, based on the upper estimate o,,,, defined
in Eq. (9), is obtained as follows. The static dipole polari-
zabilities are often parametrized as

po=(R;+8) . (38)

It has been shown*!! that for large clusters & is ap-
proaching a constant asymptotic value!® 8, which for
sodium clusters (r,=4a,) equals 1.3a,. Using Egs. (8),
(10), and (18) we get

172

Jlim E(Q,)="%o}ic, (39)

On the other hand, the spillout factor defined by Eq. (21)
goes as :

. AN _ 3¢
lim ——= , 40
VoL N R, “0

where § asymptotically is also a constant. For sodium
clusters we find from our semiclassical results the value
£=0.47a,. With Eq. (22) we now have

|36
RI

172
lim E;(Q,)=%o)i,

N—

(41)
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Combining Egs. (40) and (41) with (9), we thus obtain
172

. 8, —
i = |
~0.23%w,N ~'/® for Na . 42)

This result reflects again the vanishing coupling of sur-
face and volume vibrations for large clusters.

IV. SUMMARY AND CONCLUSIONS

We have presented a semiclassical density-variational
method for the calculation of average properties of metal
clusters within the jellium model. We have obtained a
very detailed reproduction of the averaged results of the
corresponding microscopic Kohn-Sham calculations for
the static properties of spherical alkali clusters. In par-
ticular, our method allows one to calculate very
efficiently the average self-consistent potentials which
later may be used in microscopic calculations as a start-
ing point. Due to the simplicity of our method which
does not involve any wave functions, there are no limita-
tions to the sizes of the clusters.

In a second step we have presented a ‘“‘semiclassical
RPA” method, making use of sum-rule relations, to cal-
culate a spectrum of eigenmodes explicitly taking into ac-
count the coupling between surface and volume plasmons
in finite clusters. We have shown how the classical Mie
frequencies of the surface plasmons emerge from the
RPA sum rules in the classical limit of very large metal
spheres. Similarly, the monopole (L =0) vibration,
which is analogous to the breathing mode of nuclei, was
shown in the classical limit to have the plasma frequency
fiw,. From the moments of our eigenmode spectra we
could estimate the mean positions (centroids) and vari-
ances of collective electronic vibrations, in the dipole case
in good agreement with the results of Ekardt’s much
more time-consuming TDLDA calculations.®2*

It is thus hoped that the method presented here may be
helpful to investigate in an economical way the average
properties of metal clusters, and also those containing
many thousands of atoms where microscopic calculations
become impossible, as well as to provide an almost self-
consistent starting point for more detailed microscopic
investigations wherever those are feasible. Based on the
experience made with similar methods in nuclear phys-
ics,” we expect to be able to incorporate the shell effects
in binding and deformation energies and work functions
accurately and economically either by the Strutinsky
method'® or by adding one or a few Kohn-Sham itera-

tions, both based on the semiclassically obtained self-

consistent average energies and potentials. Investigations
along these lines are in progress.

Note added in proof: We have meanwhile calculated the
kinetic-energy contribution to the stiffness tensor (29)
quantum mechanically also for p,p'L in the dipole case
(L =1), obtaining an expression of similar structure as in
Eq. (13), but with complicated coefficients depending on p
and p’. Using at the same time improved computer rou-
tines for the numerical solution of the secular equations
(30), we find results for both E, o, and a,, that are stable
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within less than 1 part per thousand for 4 <M <12 and
1=p;515. (A four-digit accuracy is typically obtained
for all cluster sizes coupling the M=4 modes with p,=1,
4, 7, and 10.) The resulting Qpg 18 lower than the one
shown in Fig. 4 (solid line) by ~5% for N=2, by ~3%
for N =8, and by less than 1% for N 220 (R; R 11a,).
The method of solving the secular equations (30), evaluat-
ing Egs. (28) and (29) quantum mechanically with the
most general set of (eventually nonlocal) operators Q %, is
completely equivalent to a fully microscopic RPA calcu-
lation and thus leads to the exact RPA spectrum of mul-
tiplarity L.
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APPENDIX: EVALUATION OF EQS. (28) AND (29)

The evaluation of the commutators in Eqgs. (28) and
(29) is greatly simplified due to the scaling properties'® of
the commutator [H,Q ] of a local operator Q which com-
mutes with the potential-energy parts in H, as is the case
for the operators Qf in Eq. (27). Let us define the “scal-
ing operator” 52 by

S =[8,001=[T,0f1=1(V-u})+ui-V, (A
where T is the kinetic-energy operator and u? is the dis-
placement field corresponding to the operator Qf :

ﬁz
u{(r)=—7n—VQ£(r) . (A2)

The mass tensor B, defined in Eq. (28) is easily shown
by partial integration to be equal to

2

41 o —
U ptp' —2
2L +1 fo r

ﬁl

C4,= 2m

+2[p(p+1)—L(L+1)][p'(p'+1)—L(L+1 )]pz——f—“’—

(p+p' —Diplp'(p'+1)—L(L+D]+p'[p(p+1)—L(L+1)]}

Bpp'=5r;:—2fu’i(r)-u‘,f(r)p(r)d% . (A3)

For spherical densities p(r) we find after performing the
angular integrations

_ R pp L AL) e ey
o om 2L +1 (41r)f0 rPTPp(r)dr .

The stiffness tensor C,,. defined in Eq. (29) is more
cumbersome to evaluate. With the definition of the scal-
ing operators in Eq. (A1) we can rewrite it as

Cpp.=%(0|[§1’ [S2,A1]10)

(A4)

1 d2 aS“I"ﬁ ‘a's‘l’_'
— 0
2 |dadad' (Ole ¢ 10

(AS5)

a=a' =0
After some lengthy algebra, the results can be given in
the following way. We write

— (ki Coul 4
Cpp’ - Cp;} + C;;’ + Cpp(')u + Cpp]’ : (A6)

Note that even if $2 and §2 do not commute, C,y in
Eq. (A5) is symmetric as long as |0) is an eigenstate of A.
This is, however, not true for each of the single contribu-
tions in (A6). Furthermore, we are only using an approx-
imate ground-state density p(r). It is therefore reason-
able to symmetrize the single terms in (A6) separately.
The kinetic-energy (for p,p’~L) and the exchange-
correlation contributions have been evaluated in the
local-density approximation, which for the kinetic energy
means using the Thomas-Fermi functional
[ ]:_ﬁ_z__3(3 2 )2/3 (A7)
=, —s3mp)"p .
These two contributions then are obtained using the fol-
lowing formula which holds for any part of the energy
that is just a spatial integral over a function f of the den-
sity p(r). Let E; be given by

Ef=Ef[p]=ff(p(r))d3r .

Then the symmetrized contribution of E, to (AS5) is
found to be

(A8)

d
Fipr—p L) ]

2
AT (A9)

p

and holds for L >0 and p +p’>2. The symmetrized Hartree-Coulomb contribution to C,, is

2
(47e )?
22L+1) Yo

2
CcCoul = ﬁ_
PP m

L(L+1)

+
2L +1

+(L—p )(p'+L+l)r""Lﬂforr"‘“"p(r')dr’ ] ]dr ,

Zp(r) [%[(p +p")L(L +1)+pp'(p +p'—6)]rp+1"—3f0’r' p(r’)dr’

(L—p'Yp+L+1)rP L1 forr'[‘ *tPo(r')dr’

(A10)

valid for L >0 and p +p’ >0. The contribution from the external jellium potential V; finally is
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fzzz
2m

.
(2L +1)

Vi _
pp’

+[(3p+3p'—2)pp'— (p+p")L(L +1)]ri%‘r’— +2r2pp’Ap(r) |dr

for L=0and p+p’'=2.

fow Vi(rr? P2 (p+p'—D[(p+p'+2)pp’—(p+p")L(L +1)]p(r)

) (A11)

In the case p =p’'=L we recover from the above equations the results given in Egs. (12), (14), and (15). [But not the
kinetic contribution in Eq. (13), which was calculated quantum mechanically.]
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