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This is the second and final part of a paper [Ko] dedicated
to Helmut Hasse on his 75. birthday. The emphasis will be on local
studies, and the central result is the main theorem 10.12 at the end
of § 10. This is a theorem about semi-local rings with involﬁtion,
which in the special case of trivial involution tells us, that the
signatures of the semi-local ring A correspond uniquely to the con-

jugacy classes of elements of order 2 in the Galois group G(K1A).

In § 9 we present some applications of our results about real
closures to the structure theory of Witt rings, partially announced
already in [Kq]. In particular we try to obtain some information
about the subring N(A) of a Witt ring W(A) generated by the "natural
forms" over A, i.e. the forms TrB/A(xi) with B running through the
finite etale extensions of A. This section is not needed for the
proof of the main theorem and thus may be skipped by readers inter-

ested only in this theorem.

In § 11 we discuss the perhaps easiest global situation of
interest, namely real closures of affine curves over the field of
real numbers. Our results support the hope that here a theorem

completely analogous to Theorem 10.12 holds true, cf. Question 11.11.

The terminology and notations developed in part I of the paper

[Ko] will be used throughout without further explanation.
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§ 6 The involution of a real closure

We need - also for later sections - some more terminology.

Let A be a T-ring with trivial involution.

Definitions 6.1. i) We call A strictly simply connected, if A is

simply connected in the category of rings without involution.

ii) Let A be connected. Then we call a covering @ : A » T of A a

strict universal covering, if T has trivial involution and T is

strictly simply connected.

In § 5 we introduced the notation X for the unique subring of

A containing A which is a strict universal covering of A.

We now consider an arbitrary real closed pair (R,p). We denote
by p, the restriction of p to the fixed ring R, of the involution Jg.
We know from Prop. 3.17 that (Ro,po) is strictly real closed. In § 5
we have seen that [R;:RO] < 2, and in fact [RQ:ROW = 2 if there exists

a rational prime number p which is a unit in R.

The goal of the present small section is to prove

Theorem 6.2. Assume that Ro is not strictly simply connected (e.ge.

p € R* for some prime number p). Then the involution of R is non

degenerate.

This theorem clearly implies

Corollary 6.3. Let (R,p) be an arbitrary real closed pair. Then
(Ro,po) is strictly real closed and (R,p) is the real closure of |
(R,.p,)-

To prove Theorem 6.2 we consider a real closure (S,0) of the

strictly real closed pair (Ro,po). According to § 5 the ring |S| is



simply connected. Thus by our assumption S is a covering of Ro of
degree 2. Clearly the involution Jg is non degenerate and the fixed

ring of Jg is Ro‘ By Th.3.9 there exists a morphism
B : (S5,0) » (R,p)

which is the identity on Ro' We want to show that 8 is an isomorphism,

which will prove our theorem.
The Ro-module R bears the hermitian form
b:RxR » R, blx,y) = xy + Xy,

and S bears an hermitian form b' defined in the same way. Our map B
is isometric with respect to b' and b, since B is m-equivariant. Now
the form b' on S is non singular. iIndeed, the class of (S,b') in
W(Ro) is the element Tr§/30(1) studied already in § 3.} Thus B is
certainly injective. Since now we regard S as a subring of R and 8

as the inclusion map.

We have to show S = R. We pick an arbitrary maximal ideal m of
Ro and denote by A,B,C the localized rings Rom’ Rm’ Sm respectively.
It suffices to prove B = C. We use again the letter b for the her-
mitian form induced on B by the form b above on R. Let W be the set
~of all x in B with b(x,C) = O. Since C is a non singular submodule

of B, we have the orthogonal decomposition
(*) B=C W
Moreover
(%) CWc W,

since C is stable under JB and



b(ﬁa z) = b(xa yz)

for x,y,z in B. Now the A-module C has a free basis 1,w with the
relation w2—w = a for some a in A, such that 1+4a is a unit of A,

cf. [KRW,, 5.13] or [Sm]. The involution of C is given by w = 1 - .
We consider the element u : = 1 - 2w of C, which is a unit of B since
u® = 1+4a. By (**) we have uW ¢ W. But on the other hand u = -u, and
also W = -w for every w in W since b(w,1) = O. Thus uW is contained
in the fixed ring A of the involution of B, and a fortiori uW < B.

From (*) we obtain uW = O and then W = O, since u is a unit. Thus

B = C, and our theorem is proved.

Example 6.4. Let R be the ring Z [V—ﬂ] equipped with the involution

V=1 » - V-1. The ring |R| is simply connected, as can be deduced from
Minkowski's lower estimate for the discriminants of algebraic number
fields as in the previous examples 5.2. The T-ring @ ®Z§R’ i.e. the
quotient field of R with the involution induced by J,, has a unique
signature, and thus by Cor. 4.11 also R has a unique signature p.

The pair (R,p) is real closed, but Jp is degenerate.



§ 7 Real closures of semi-local rings.

We first derive a general result on the extension of

signatures.

Definition 7.1. Let A be an arbitrary commutative ring (without

m-action). A ring extension B @ A is called a guadratic etale

extension of A, if B is etale over A and for every maximal ideal m

of A the Am—module Bm is free of rank 2.

If A is weakly semi-local (cf.§ 5), then every quadratic etale
extension of A is an Artin-Schreier extension.A.[% a] with some a
in A such that 1+4a is a unit,as defined in § 5, cf. [KRWE, 5.13 1]
or [Sm].

In general we have for every quadratic etale extension B/A a
unique automorphism & of B such that A is the fixed ring of o [Sm].
Indeed, by a standard argument it suffices to show this for the lo-
calizations Bm/Am with m running through the maximal ideals of A, i.e.
we may assume that A is local. Then B = A + Aw with an Artin-Schreier
generator w. One immediately checks that there exists precisely one
automorphism a of B over A different from the identity, defined by

a(w) = 1-w, and that indeed a has the fixed ring A.

2

We have o = 1, and we call o the canonical involution of B/A.

We now regard A and B as m-rings with trivial involution, and we

denote by B' the ring B equipped with the involution «a.

Proposition 7.2. Let B be a quadratic etale extension of A. Every

signature o of A can be extended to precisely one of the m-rings B
and B'. If B is an Artin-Schreier extension A [; a) then o extends
to B if and only if o(1+4a) = 1 (cf.[KRW,, 5.157).



Proof. Let o : (A,0) » (K,7r) be a morphism into a strictly real
closed pair (K,v) with K a field. Such a morphism exists by § 4.
Further let B eAK denote the tensor product of B and K over A
constructed by use of a. Then B ®,K is a quadratic etale extension of K
and (B ® K)' = B' ® K. Now by Th. 3.15 the signature ¢ can be ex-
tended to B {resp. B'} if and only if T can be extended to B ® K

{resp. B' ® K}. Thus we see that it suffices to prove both assertions

in the case that A is a field and (4,g) is real closed. Assume a is

an element of A with B = A [; al. Then B = A [VC1 with ¢ = 1+4a.

1. Case: o(c) = 1. Then ¢ is a square in A, and B = A x A, the
inclusion map from A to B corresponding to the diagonal embedding.

o has two extensions to B, but no extension to B', since W(B') = O.

2. Case: o(c) = -1, Then B = K. We have W(&) = W(B') = Z and W(B) =

=2/2%. Thus o has no extension to B and one extension to B'.

g.e.d.

Let now (R,p) be a real closed and weakly semi-local pair, and

let Po denote the restriction of p to Ro. By Prop. 3.17 the pair
(Ro,po) is strictly real closed. We have seen in § 6 that the involu-
tion of R is non degenerate. Thus R is a quadratic etale extension of
Ro. Choosing a natural number h 2 1 with 4h-1 a unit in Ro we have
according to § 5 the following explicit description of R over Rb‘
(Notice that |R| is the stsiet universal covering of [R |, and apply
Cor. 5.4.)

(7.3) R=R +Rw o°-w=-h w=1- o



We want to prove

Theorem 7.4. W(R) = Z . In particular p is the unique signature

of R.

To prove this theorem we need three lemmata.

Lemma 7.5. Assume a is an element of R  with 1+4a € Rg and

q§1+4a) = 1. Then a = b2 - b with some b in Ro, and thﬁs 1+4a =
= (1-2b)°.

Proof. By Prop. 7.2 the signature P, Can be extended to the Artin-
Schreier extension Rb E% a], equipped with the trivial involution.
Since'(Ro,po) is strictly real closed, this implies that Ro E% al

is not connected, and then

R [% al=Re + R (1-e)

with an idempotent e. We thus have elements b,c in RO such that

z : = be + c(1-¢)

2 2

fulfills the equation z° - z = a. This means b - b = ¢~ - ¢ = a.

qg.e.d.

Lemma 7.6. Let B be a ring with trivial involution which is strictly

simply connected and weakly semi-local. Then for every maximal ideal

M of B the field B/M is separably closed.

Proof. Assume ﬂo is a maximal ideal of B such that Bﬂmo is not

separably closed, and let
_ 4D n-1
po(t) = t7 + a,t toeee ¥ oAy

be an irreducible separable polynomial of degree n > 1 over Bﬁmo.



We choose a semi-local subring B' of B such that B is integral over
B' and the subfield B'/R N B' of B/M contains all coefficients a
of po(t). Let mj =M N B!, my, -, m, denote the finitely many
maximal ideals of B'. We choose for every i with 1 € i € t a sepa-

rable polynomial

| n (i) ,n-1 (1)
pi(t) =t + a,""t + ... + @y

of degree n over B'/m;. Indeed, if B'/mi is finite we may choose
p; (t) as an irreducible polynomial, and if B'/m; is infinite we may
choose pi(t) as a product of different linear polynomials. By the

"Chinese remainder theorem" we find a polynomial
' n n-1 |

in B'[t], whose image in (B'/mi)[t] is pi(t) for 0 € i < r. Clearly
the ring C : = B[t)/(p(t)) is a finite etale extension of B. If C
would not be connected then also CﬁmoC would not be connected, which
contradicts the irreducibility of po(t). Thus C is a covering of B
of degree n > 1. This is a contradiction, since B is strictly simply

connected. Thus Bﬁmo must be separably closed.

q. eodo

Returning to our real closed pair (R,p) we obtain from

Lemma 7.6 the following

Corollary 7.7. Let m be a maximal ideal of Ro' If mR is not a

maximal ideal of R, then the field R /m is separably closed. If uR

is maximal, then the field Ro/m is strictly real closed (= real

closed in classical terminology).
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Proof. In the first case
R/wR =R /m X R /m

(with the involution at the right hand side interchanging the
factors), and thus Ro/m is separably closed by the previous lemma.
In the second case R/mR is a separably closed field, again by the
.previous lemma, and this field has degree 2 over Ro/m. Thus by a
well known theorem of Artin and Schreier [AS,) the field R /m is

strictly real closed.

g.e.d.

Lemma 7.8. Let a be a unit of R . Then p(a) = 1 if and only if a

is the norm N(e¢) = €€ of some unit & of R.

Proof. For every ¢ in R* the spaces (1) and (N(e)) over R are
isometric and thus p(N(e)) = 1. Assume now that a is a unit of R,
with p(a) = 1. We choose the number h occuring in the description
(7.3) of B/R  as an odd number such that h # O mod p and 4h # 1 mod D
for all the finitely many odd prime numbers which may occur as the
characteristics of some residue class field Ro/m of Ro’ Then both h

and 4h-1 are units in Ro‘ We have to solve the equation

a = N(x+yw) = x° + Xy + hy2

with x and y in Ro.‘Since by Cor. 7.7 all fields Ro/m have infinitely

many elements there exists a unit c of R0 such that for b : = a02

the three elements
1-bh, 4+b(1-4h), 4h%b+(1-4h)

are units in Ro' Indeed such a unit ¢ can be found in any semi-local
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subring A of Ro containing a, such that Ro is integral over A and

all residue class fields of A contain more then 7 elements.

Having fixed such a unit ¢ we first consider the case that

p(ﬂ-bh) = 1. Since also p(b) = 1, we have p(b-q—h) = 1. Now also
" -1 -1
144(b” '-h) = b~ '{4+b(1-4h)}

is a unit, and according to a general rule about signatures

[KRW,, 2.37 we obtain
o (1+4 (6~ 1-n) = 1.

By Lemma 7.5 there exists some x in R0 with

-1

b -h = X2—X-

"Thus

b’q = x2—x+h

is a norm, and also a = " %2 is a norm.

We now consider the remaining case that p(1-bh) = -1. Then

p(bh2-h) = 1, and hence also the unit
1+4(bh®-h) = 4h%b+(1-4h)

has value +1 under p. Again by Lemma 7.5 there exists some x in Ro

with

bh°-h = x°-x.
Thus bh2 is a norm, which implies that a is norm.

q. e'. d.
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Theorem 7.4 is now an immediate consequence of Lemma 7.8.
The ring W(R) is generated by the elements [(a) ] with a in Rg.
According to Lemma 7.6 we have (a) = (1) if o(a) = 1, and thus
also (a) = (-1) if o(a) = -1. Therefore W(R) = Z [ (1)1. Since R

is real, [(1)7] is not a torsion element, and W(R) = Z .

We state a consequence of Theorem 7.4.

Corollary 7.9. Let (T,T) be a weakly semi-local pair with trivial

involution, and assume that (T,T) is strictly real closed. Then T

is the only signature of T and
with % the nilradical of W(T).

Proof. Let h denote a natural number 2 1 with 1-4h a unit in T.
Then the strict universal covering T of T has according to Cor. 5.4

the form
T=1[3 (-0))

Let R denote the m-ring (T)', i.e. the strict universal covering
of T equipped with the automorphism a % id of T/T as involution.
Let o be an arbitrary signature of T. The m-ring T (with trivial
involution) is non real, since -(4h-1) is a square in T. Thus o
certainly cannot be extended to T. By Prop. 7.2 the signature ¢
extends to a signature p of R. Since |R| is simply connected in
the category of rings without involution, the pair (R,p) must be
real closed. Now Theorem 7.4 tells us that p is the only signature
of R. This implies that ¢ is the only signature of T, and we have

c = T. Clearly

W(T) = Z & Ker(r).
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Since T is the only signature of T,the ideal Ker(Tt) is the only
minimal prime ideal of T, cf. Th. 2.3, and thus Ker(T) = R.

qoeodo

Definitions 7.10. i) Let R be a weakly semi-local m-ring. We call

R real closed if R possesses a signature p such that (R,p) is real

closed, and we call R strictly real closed if R has trivial involution

and possesses a signature p such that (R,p) is strictly real closed.
These definitions are natural, since by Th. 7.4 and its Corollary 7.9
in both cases p is the only signature‘of R. ii) Further let A be a
connected weakly semi-local T-ring, and ¢ be a signature of A. Then

we call a covering @ : A » R a real closure of A with respect to o,

or a real closure of (4,0), if R is real closed and the unique
signature p of R extends o. In the same way we use the notion of a

strict real closure ¥ : A » T of A with respect to o in the case that

A has trivial involution.

If o : A 2R is a real closure of A with respect to ¢, then by
Th. 7.4 the induced map gy : W(4) - W(R) may be identified with o.

In the case that 2 is a unit we can simplify Corollary 7.9.

Proposition 7.11. Let T be a strictly real closed weakly semi-local

ring, and assume that 2 is a unit in T. Then W(T) = Z .

Proof. W(T) is generated by the elements [(a)] with a in T*. Since
- a can be written in the form 1+4b with b in T, we see from Lemma 7.5

that (a) = (1) if o(a) = 1 and then (a) = (-1) if ¢(a) = -1. Thus

W(T) = Z (1) =Z.

q- eodo
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The assumption that 2 is a unit is essential in Prop. 7.11,

as shows the following

Example 7.12. Let A be the localization of the ring Z with respect

to the prime ideal 2Z , and let o be the restriction of the signature
of @ to the subring A, which by Cor. 4.11 is the unique signature

of A. Let T be a stfict real closure of A with respect to ¢g. Finally

L]

let n be a square free natural number with n = 3 mod 4. Then n is

not a square in T. Indeed, otherwise T would contain the ring

B : = A[Vn]. Since both rings are integrally closed we would obtain
from the Galois theory of fields, applied to the quotient fields of T
“and B, that B coincides with the fixed ring of T with respect to the
group H of all automorphisms of T over B. Thus B would be a covering
bf A, which is not true. A fortioré?i; not a square in T, and thus

the element z : = [(1,-n)] of W(T) is not zero. But z has value zero

under the unique signature of T. Thus W(T) is not isomorphic to Z.

The following proposition improves the previous Cor. 7.7.

Propositiogb2513; Let T be a connected weakly semi-local ring with

trivial involution, which is strictly real closed. Let p denote the
prime ideal of T associated with the unique signature v of T (cf.

Th. 4.8 and Appendix B).

i) PFor every maximal ideal m of T with m ¢ p the field T/m is

separably closed.

ii) If p is a maximal ideal, then T/p is strictly real closed (i.e.

a real closed field in classical terminology).
N.B. The ideal p may be maximal or may be not maximal.
Proof. Assume m is a maximal ideal and the field T/m is real. Then T

has a signature which can be extended to T/m. This signature must be

the only signature T, and thus m is contained in p, which implies
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m = v. Now Prop. 7.13 follows from Cor. 7.7.

g.e.d.

Corollary 7.14. Let R be a connected weakly semi-local m-ring

which is real closed. Let % denote the prime ideal of R associated

with the unique signature p of R.

i) For every maximal ideal T of R the field R/I is separably
closed.
ii) The ideal P is stable under the involution of R, and the in-

duced involution on the field R(B) is not trivial.

iii) If M is a maximal ideal of R and M 4 P, then M is not stable

under the involution of R.

Proof. The first assertion follows from Lemma 7.6 and the fact that
|R| is simply connected in the category of rings without involution,

which has been proved in § 5. Clearly P is stable under JR, since JR

is an automorphism of the pair (R,p). Let w denote the Artin-Schreier
generator of R over R  occuring in (7.3). We have w + w = 1. Suppose

the image w' of w in R(P) would be fixed under the involution of

R(B). Then w' = ;, and

Y- |

in R(®). But 1-4h is not zero in R(P). Thus w' is moved by the
involution of R(P), and this involution is certainly not the identity.
Now let T be a maximal ideal of R different from P, and let m denote
the intersection M N Ro. By § 4 the ideal p : = B N R° is the prime
~ideal associated with the unique signature Po ™ p!Ro of the strictly
resal closed ring Ro’ and P is the only prime ideal of R lying over p.

Thus certainly m #% p, and by Prop. 7.13 the field R,/m is separably
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closed. Therefore the quadratic etale extension R/mR of Ro/m is

not connected. This means m # Jp(m).

Q.e.d.

We close this section with an application of our result, that
a strict real closure of a connected semi-local ring with trivial

involution has only one signature (Cor.7.9).

Proposition 7.15._kLet K be an algebraic number field, not necessarily
of finite degree over Q, and let S be a finite set of non archimedian
spots of K. Let K .. denote the maximal subfield of the algebraic
closure XK which is unramified with respect to all spots in S. Further
let Y4 and Yo be two elements of order 2 in the Galois group G(K]K).
Assume that the restrictions Yﬂ'Knr and Y2|Knr are conjugate elements

in G(KnriK). Then y, and y, are conjugate in G(K|K).

Proof. There exists some a in G(K|K) such that Y, and aYZa'q coincide

on K ... Replacing 72 by ayza—q we assume that v, and y, have the same

restrlctlpn to K ..

Let R1, 32 denote the subfields of fixed elements of Yq>
Yo in X. Due to our assumption the intersections R1 n Knr and
R2 n Knr are equal. The fields R1 and R2’ equipped with the trivial
involution, are strictly real closed [ASz]. We denote by p, the
unique signature of Ri‘ By the uniqueness theorem for strict real
closures the conjugacy of Y4 and Yo is equivalent to the assertion
that the restrictions pq‘K and p, K‘are equal. Let A denote the
semi-local subring of K consisting of all elements which are
~integral with respect to all spots in 8. It suffices to prove
that the restrictions 0q ¢ = pq|A and 02': = py|A are equal,

since every mignature of A can be extended in only one way
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to a signature of K [KRW?, Prop. 2.14].

The integral closure X of A in Knr is a strict universal
covering of A. Let B denote the integral closure of A in the
field qun K. r = By N K . equipped with the trivial involution,
and let T, denote the restriction p;|B. Then (B,Ti) is a covering
of (4,0;), and (B,Ti) is strictly real closed since the only non
trivial covering X of B is non real. Since B has only one signature

(Cor. 7.9), we have T4 = T5, hence 0, = o,.

g.e.d.
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§ 8 The multiplicities n(T,A) in the semi-local case.

Let (A,g) de a connected weakly semi-local pair and let
(B,t) be a covering of (A,0), which then again is weakly semi-local.
We shall study the automorphisms of (B,T) over (A,0), and thereafter
we shall compute the multiplicity n(T,A) introduced in § 3 in the case
[B:a] < o,

For any weakly semi-local ring C and signature p of C we denote
by p(p) the prime ideal associated with p, cf. Theorem 4.8, and by
p the signature induced on the quotient field C(p(p)) of C/p(p). We
further denote by Q(p) the set of all finite sums
N(x )a  + oo + N(xf)ar with x; in C, a; in C¥, p(a;) = 1, and

x4C + <. + x,C = C. As explained in Appendix B this set Q(p)
coincides with the set Q(pICo) introduced already in § 4.

We return to our covering (B,7) of (4,0). We denote by o, and
T, the restrictions 0|A° and TIBO respectively, and we use the
following abbreviations: p : = p(o), a : = p(7), p_ : = p(o,),

0, & = b(To). By Th. 4.8 we have p = p N A and q = q N B_.

Before coming to the main subject of this section we prove

Proposition 8.1. 4N A =1p, and 9 N A = P, Further Q(r) N A = Qo).

Proof. Denoting the intersection ¢ N A by p' we have a natural

commutative diagram

AGp") > B(a).
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The signature g of A can be extended to the signature T of B(q),
and thus ¢ can also be extended to a signature of A(p'). This
implies p' < p.

Let now a : (A,0) » (R,p) be a morphism into a real closed
pair (R,p) whose kernel is the prime ideal p. We obtain such a
mbfphism for example by composing the natural map from (4,0) to
(A(p),0) with a real closure of (A(p),0). By Th. 3.9 o can be extended
to a morphism B from (B,T) to (R,p). Let r denote the kernel of B.

|

< E B(r).

Then we have a commutative diagram
A

al

- R

with y the canonical map from B to B(r) and Boc y = B. The signature T

can be extended to R by p, and thus T can also be extended to B(r).
This implies * € q and then p = ¥ N A c p'. Thus we have proved

» = gﬂ i.e. p = q N A. We also have
po'bspnAosanoaqonAo.

It follows from the definition of Q(¢) and Q(T), that Q(o) is
contained in Q(r) N A . Let now z be an element of Q(T) N A . Then z
is neither an element of - Q(0) nor of p, since - Q(o) is contained
in -Q(T) and p is contained in q. Thus z must lie in Q(¢). This

proves Q(o) = Q(r1) n A

g.e.d.
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Proposition 8.2. The group G of automorphisms of (B,1) over (A,0)

contains at most 2 elements. If the involution of B(q) is trivial
or if the involution of A(p) is non trivial, then G = 1. On the other

hand if G 4 1, then the element % id of G induces the (nontrivial)

involution of B(q).

Proof. For every automorphism g of (B,r) over (A,0) we denote by g'
the induced aﬁtomdrphism of (B(qa),T) over (A(p»),o). Now T corresponds
to an ordering ofﬁB(q)o, and g' yields an automorphism of B(q)o
preserving this ordering. Furthermore g' is the identity on the
subfield A(p)o, and B(q)o is algebraic over A(p)o. Thus g' must be
the identity on B(a), . Indeed, g' cannot permute the finitely many
conjugates of'an element x of B(Q)o over A(p)o, since g' preserves
the ordering relations between them, and thus g'(x) = x. Denoting

by J the involution JB(q)' we obtain ==t g' = id or g' = j.

Let C denote the subring B¢ of B. By § 1 we know that B is a

galois covering of C. We consider the commutative diagram

w
o

> B(a)

with o the inclusion map, B the canonical maep from B to B(q), and
a the restriction of B to C. For every g in G we have Bec g = g'oB.
Hence by Cor.1.16 any two elements 81> 8 of G with gﬁ' - 82' must

coincide themselves. Thus G has at most 2 elements, and if G contains

an element g % id, then

g' = J + id.
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Certainly such an element g does not exist if jJ = id or if J is not

the identity on A(p).

qoe.do

Examples 8.3. If B has trivial involution then (B,T) has no

automorphism over:(A,a) except the identity. The same holds trué

if A has a non degenerate involution. A proof of the first statement,
completely different from our proof of Prop. 8.2, is already |
contained in [KRW2,§ 5]. If A has trivial involutién but B has non
trivial involution, then JB is an automorphism of (B,T) over (4,0),
cf. Lemma 3.11. By Prop. 8.2 this is the only automorphism except

the identity. In particular a strict real closure T of a weakly
semi-local ring A wifh trivial involution has no automorphism

except the identity, and a real closure R has only the automorphisms
id.and Jp over A. {Recall from § 7 that both R and T have only one

signature.}

We now come to the definition of the numbers n(rt,A) for infinite
coverings. Let (4,0) be an arbitrary connected pair and let
a : (A4,0) » (S,y) be a morphism into a real closed pair (S,y). For
every finite covering (B,t) of (A,aj we denoted in § 3 by n(r,A) the
number of morphisms from (B,T) to (S,y) extending a. As ﬁe have seen
in § 3 this number n(r,A) is > 1 and does not depend on the choice

of a. Furthermore if C/A is a subcovering of B/A then cleafly
(8.4) n(1,4) = n(r,C) n(r|C,A).

If now (B,r) is an infinite covering of (A,0) then we define n(r,A)

as the supernatural number [cf.S, Chap.I,§ 1]
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n(r,A) = sup n(TiB',A)
, B’

with B' running through all finite subcoverings of B/A. {n(r,A) is
~a formal product Ilpmp with p running through all prime numbers and

<o, € }. It is then easily seen that (8.4) remains true for
arbitrary coverings. Again n(1,A) may be interpreted as the number
of morphisms from (B,1) to (S;y) extending the'morphism a above. In
general n(r,A) may well be infinite,cf. the end of § 11, but if A is
weakly semi-local this does not occur. Indeed let (R,p) denote a
real closure of (B,T). ‘Then n(r,A) divides n(p,4A) and n(p,A) is the
number of automorphisms of (R,p) over (A,o). Thus if A is weakly semi-
local we know from Prop. 8.2 that n(t,A) is 1 or 2. More precisely
the following holds true: o

Theorem 8.5. Let (B,t) be a covering of a weakly semi-local

connected pair (A,0) and let p,q denote the prime ideals of A and B
associated with ¢ and T respectively. If A(p) has trivial involution
but B(q) has non trivial involution, then n(t,A) = 2. In the other

cases n(T,4) = 1.

Before proving this we restate Th. 8.4 in the spécial case
(B,7) = (R,p) in other terms. Recall from Cor. 7.14 that the involution
of the field R(r) with r the prime ideal associated with p is non |

trivial.

Corollary 8.6. Let R be a real closure of (A,n); If A(p) has trivial
involution then R has precisely two automorphisms over A. Otherwise

the identity is the‘only automorphism of R over A.

We now prove Theorem 8.5. As above let (R,p) denote a real

closure of (B,1). If A(p) has non trivial involution, then we know
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already from Prop. 8.2 that R has no automorphism over A except the
identity and thus

n(t,A) = n(p,A) = 1.

We assume since now that A(p) has trivial involution. Consider the

morphism
A : (4,0) » (A(p),T) » (B(a),D) 5 (5,

with the first two arrows the canonical maps occuring already in the
proof of Prop. 8.2, and the morphism K being a real closure of

(B(q),T). Clearly A has the extension
u: (B,1) » (B(a),D 5 (s,v)

to (B,1), with the first arrow again the canonical map. Assume now
that B(q) has non trivial involution. Then also Jgeu is an eitension
of A which is different from y. Thus n(T,A) = 2 in this case. Applying
this to (R,p) instead of (B,T) we have already proved Corollary 8.6
completely. To.finish the proof of Th. 8.5 it remains to consider the

case that B(q) has trivial involution. We have
n(p,4) = n(p,B)n(T,A)

and we know already
n(p,A) = n(p,B) = 2.

Thus n(T,A) = 1, and Th. 8.5 is completely proved.

Remark 8.7. If (A,0) is a weakly semi-local pair but not necessarily

connected, and (B,T) is a finite ttale extension of (A,¢), then the

reader may check that Prop. 8.1 and its proof remain valid. Further-
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more Theorem 8.5 can be extended verbatim to the present situation.
Indeed, one easily retreats to the case that A and B are semi-local.
Then one uses the féct, that A and B are finite cartesian products
of connected m-rings, and that T is induced by a unique signature of

one of the factors of B, cf. [KRW2,§ 2].
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8§ 9 Applications to the theory of Witt rings.

Our results on signatures and real closures obtained up to
now imply some consequences for the structure of Witt rings. Of
course these applications have a modest range, since signatures

‘are insensitive to the torsion part and the nilradical of a Witt ring.

Let A be a real ring with involution, and let X denote the set
of all signatures of A. This set can be identified with the set of
all minimal prime ideals of W(A) and then also with the set
Spec(Q ® W(A)) of all prime ideals of @ QZZW(A)’ associating with
a signature o of A the kernel of the corresponding homomorphism
from @ ® W(A) to @, ¢f. Th. 2.3. Since § ® W(A) has Krull dimension
zero, Spec(Q ® W(A)) is with respect to the Zariski topology a
Boolean Space, i.e. a totally disconnected compact Hausdorff space
[Bq,§ 4 Exercise 16, p.173]. Thus by the above identification also X
is a Boolean spaéé. Without referring to prime ideals this topology

of X can be described as the coarsest topology such that all functions
(9.0) zZ:X>%Z, cp o(z)

with z running through W(A) are continuous, as is immediately checked.
Of course Z here bears the discrete topology. Clearly the sets

{o € ch(z) = a} with fixed z in W(A) and a in Z are clopen (=.closed

and open) in X and form a basis of X. For a more thorough description

of this topology in the case that A is semi-local cf.[KRW,,§ 31.

Let W(A) denote the reduced Witt ring of A, i.e. the quotient
of W(A) by its nilradical ®. The ring W(A) is torsion free and thus
will be regarded as a subring of @ 8y W(A). Indeed, if A is semi-local

then % coincides with the torsion part of W(A), as has been shown in
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[KRW,‘], and thus by Dress theorem 2.4 the torsion part of W(A) will

be contained in % in the general case.

The ring @ ® W(4) is von Neumann regular [B,‘, Exc.17, p.64;
Exc.16, p.173]. Every signature ¢ of A induces maps from V(a) to %
and from @ ® W(4) fo ®, which we again denote by o. Due to the
correspondence of the signatures with the prime ideals of @ ® V()

we have a natural ring isomorphism
(9.1 o, 2 Qe W) — cRX,Q)

from § ® W(A) onto the ring C(X,Q) of all continuous Q-valued functions
on X, assigning to each element z of § ® W(A) the function |
Z2:0m o(z), cf.[A—K,Th.2.5]. {Of course § bears the discrete

topology. }

By this "Gelfand isomorphism" o, the subring W(A) of § ® W(a)
is mapped onto a subring of C(X,Z ). Let ?J'(A) denote the integral
closure of W(A) in @ ® W(4A). The ring C(X,Z ) is integrally closed
and integral over Z , since C(X,Z ) is generated as a module over Z
by the characteriétic functions Xy of the clopen subsets U of X.
iXU = 1 on U and = 0 on X\U}. A fortiori C(X,Z ) is integral over the
ring o.A(W(A)), and thus a, maps W) isomorphically onto C(X,Z%Z ). By
the way we learn that W(A) is integral over 2 and thus W(A) is integral

" over Z . (This remains true if A is non real.)

The Gelfand isomorphism a, depends on A in a functorial way.
Indeed, let (p-: A - B be a homomorphism from A into another real
ring B with involution. ¢ induces a ring homomorphism e, from W(A) to
W(B) and thus also a homomorphism from @ ® W(4) to § ® W(B) which we
again denote by m*; On the other hand we have a continuous map p from

the Boolean space Y of signatures of B to X, assigning to a signature
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T of Y its restriction T|A = T o k. The diagram

Q ® W(a) —':'-—> c(X,Q)

Oy
(9.2) ™ p*
- ¥
Qe WB) —/—— c¢(1,Q
B

with p* denoting the map f » f o p clearly commutes.

The cohtinuous map p just defined is closed since X is compact
and Y is Hausdorff. As a first application of the trace formula

developed in § 3 we obtain

Proposition 9.3. If ¢ is finite etale, then p is also open.

Proof. Let U be a clopen subset of Y and let Xy denote its
.characteristic function. Then we can find some element z in W(B) and
some natural number m = 1 such that the function,? (cf.9.0) coincides
with myy, since ap is an isomorphism ffom Q ® W(B) to C(Y,Q). Using

the trace formula

c(TrfB/A(z)) = ffz n(r,A)7(z)

we see that the function (Tr*B/A(z))~ on X has the support p(U). Thus
p(U) is clopen in X. . |

g.€e.d.

Since now @© : A » B always denotes a finite etale homomorphism.>

We study the function T » n(T,A) on Y associated with .
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Proposition 9.4. The function T » n(T,A) is lower semi-continuous,

i.e. for every natural number m 2 1 the set of all T in Y with

n(T,A) < m is open.

Proof. Let T  be a point in Y. We want to show n(T,A) < n(TO,A)
for all T in some‘neighbourhood of 7 . Let o = p(To) and let
p_q(ﬁo) = iTo,...,Tr} be the fibre of p through T_ {r 2 0}. There
exists some x in W(B) with 7 (x) # O and 7,(x) = O for 1 €i <.
Let z denote the element %°. We have 1(z) 20 for every T in Y and

furthermore

To(z)>> 0, Ti(z) =0 for 1 €i «r.

Let further w denote the element Tr*B/A(z) of W(A). We introduce the

clopen sets

U: = {r €¥1(2) = 7 ()},
V:={oeXolw = o, (wi,
W= Unp (V).

W is a clopen neighbourhood of To» and the trace formula yields for

T in W and ¢ = p(T), that
Q(W) Z n(1,4)7(z) = n(r,8)7 _(2).
On the other hand; again by the trace formﬁla
o(0) = g () = n(r,A)7 ().
Since TO(Z) £ O thisvimplies n(t,A) < n(ToA) for all T in W.

g.e.d.
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Lemma 9.5. i) The function T » n(T,A) on Y is locally constant if

and only if the function
. -1
f : op» Card p~ (o)

on X, assigning to each ¢ in X the number of points in its fibre,

is locally constant. ii) Assume that f is locally constant and let
r denote the maximum of f on X. Then the ring extension

Oy ° ﬁ(A) - Q(B) is finite etale. More precisely we can find r idem-

potents e,,...,e, in{ﬁ(A) such that as an algebra over ﬁ(A)
W(B) = Ay X eoe 3 A
With Ai T = W(A)eio

Probf. i) Let 0, a point of X. If f(oo) = O then f(g) = 0

for all ¢ in some neighbourhood of o, since p(Y) is a closed

subset of X. Assume since now f(oo) =821 and let T ,e00,T denote

the points of p_q(co). We choose mutually disjoint clopen neighbour-

hoods Ui of the T; such that n(r,A) < n(Ti,A) for every r in Ui. This
is possible by the preceding Prop. 9.4. Then we choose a clopen neigh-

bourhood

Vep()n...np(Ul)

of o, such that the function (Tr*B/A(1))~ is constant on V and further-
more | v

p (V) Ul U eeed UL,
which again is possible since the image of Y\(U% Ueea U Ué) in X is
closed and does not contain Oy Let'Ui denote the clopen neighbour-

~ hood p_q(V) n Ui of 7.. Then p maps each U, onto V and

-1
P (V)=U/| L-loo.LJUs.
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For every o in V we have
- o(Tr* (1)) = o (Tr* (1))

and thus by the trace formula
s

? | n(r,A) =2 n('ri,A)

- p(M)=c i=1

On the other hand n(T,A) g,n(TiA),for T in U,. Thus we see that in
each U, there lies precisely one point over o,i.e. f(e) = s, if and
only if n(7,A) = n(r;A) for every i in [1,8] and T in p_q(o) nu,.
Now the first assertion of the lemma is evident.

ii) Assume that f is locally constant. Then we may assume that on
the clopen‘neighboﬁrhood V of 0, constructed above in addition f is
constant, and we see that every Ui’ 1 <1i< s, is mapped bijectively

onto V.

We now coverAp(Y) by finitely many clopen sets V,l,...,Vn such

that

-1

for every j, with clopen sets Uji which are mapped bijectively onto

V.. R i V. Va(V, U ... V. i > ' i
3 eplacing j by j ( 1 U 3—1) for j 1 we assume in

addition that the Vj are mutually disjoint. Clearly f has the constant

value Sj on Vj’ hence

r = Max(s,l,oo.,sn)o

For every i in [1,r] we denote by Zi the union of all sets Uji with
1< J <n and sj 2 i. Then

Y=Z/| UooooL—l Zr’
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and eaéh Z; is a clopen subset of Y which under p is mapped
bijectively and thus homeomorphically onto its image Xi : = p(Zi).
We have

c(¥,z ) = .r" C(Zi,ZZ)

1=

and
c(zi,z ) = C(Xi,Z ) = C(X,ZZ)XX..
. i
Here all isomorphisms are compatible with the action of C(X,Z) on
the corresponding rings. Now the second assertion of our lemma

follows from the diagram (9.2), since C(X,Z ) and C(Y,Z ) correspond
to the rings W(A) and W(B) under the Gelfand isomorphisms a, and age.

g.e.d.

We now state the first main result of this section, essentially

announced already in [Kq]. By 2~® we denote localization with respect

to the powers of 2.

Theorem 9.6. Let A,B be weakly semi-local rings with involution and

let 9 : A » B be a finite etale homomorphism. Assume that the
involution JA is either trivial or non degenerate. Put s : = 1 if

Jp is non degenerate or if JB = id and s : = 2 in the remaining éase
JA = id and'JB non degenerate. Let further t denote the natural number
s~ Max[Bm:Ah] with m running through all maximal ideals of A.»Then~
the homomorphism

P 2 2 W(A) - 277W(B)

is finite etale. More precisely there exist r < t idempotents

€qseeey€e, O 2""W(A) such that as algebra over 27°W(A)

Q_W(B) & A/‘ X eee X AI‘
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with A; @ = 2 mV(A)ei.

Proof. There is nbthing to prove if A or B is non real in view of

Th. 2.3. Assume now that A.ahd B are both real. By Remark 8.7 we

have n(Tt,A) = s fof every signature T of B. Thus we can apply the
preceding Lemma 9.5, and we clearly have r <« t for the natural number
r occuring there. The nilradical of W(A) is the torsion part of W(4)
and this torsion part is 2-primary [Kqu]. Thus we can identify
27"W(a) with the subring 2"“W(A) of @ ® W(A). Furthermore W(A)/W(4)

is again a 2-torsion group fKqu, Prop. 3.1771. Thus 2 W(A) =

= 27°W(a). In the same way we can identify 27"W(B) w1th 2 °°W(B)

and we obtain the theorem from the preceding Lemma 9.5.
g.€.d.

Assume now that ¢ : A » B is a finite etale homomorphism and-
a : Ao A' is an arbitrary homomorphism between rings with involution.
As in previous sections we denote for any ring C with involution by

Sign(C) the set of signatures of C which is a Boolean space. We have

a commutative diagram

B 1® a

> B@A'

=
Q

%

>

from which we obtain a continuous map

& : Sign(B ®,A') — Sign(B) x Sign(A)Sign(A')

between Boolean spaces, mapping a signature T' of B ®AA' to the pair
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(t'|B,7'|A") consisting of the restrictions T'|B = 7'0¢(1 ® a)y and
T'|A' = 7'0(9p ® 1)y. By Th. 3.15 this map & is surjective and thus
identifying. | |

Theorem 9.8. We assume A to be weakly semi-local.

i) Every fibre of & contains at most 2 elements.
ii) Assume in addition that either B has trivial involution or A
has a non degenerate involution. Alternatively assume that A' has
trivial involution and B ®AA' has a non degenerate involution. Then
$ is bijective and thus a homeomorphism.
iii) In addition to one of the assumptions made in ii) we also
assume that A' is weakly semi-local. Then the kernel and the cokernel
of the map v
W(B) ® w(A)W(A') — W(B ®AA')

induced by the diagram (9.7) above are 2-torsion groups.

Proof. We assume that A,B,A' are all real, since otherwise the
assertions are trivial. Let (1,0') be an element of the fibre product
Sign B % Sign A Sign A' and let o denote the common restriction

TIA = c'lA of the signatures T of B and ¢' of A'. We have to count
the signatures 7' of B ® A' with T'|B =t and 7'|A' = ¢'. For this
reason we choose some morphism A from (A',¢') into a real closed
pair (S,y). Then the morphisms u from (B,T) to (S,y) with poo = X°a‘
correspond bijectively to the morphisms y' from (B ® A',7') to (S,y)
with u'e(p ® 1) = A and T' running through the fibre Q—q(T,c'). Thus

we obtain by our description of the multiplicities n(T,A) in Th. 3.4

n(r,A) = E:n(T‘,A)

,r'
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with v' running through Q-q(T,O'). From this relation the

assertions i) and ii) follow immediatelyﬁ We have n(T,A) < 2 by
Remark 8.7, since we assume A to be weakly semi-local. Thus 0—1(7,0')
contains at most 2 points. If JA'is non degenerate or JB is trivial
then by the same theorem n(T,A) = 1 and thus 6-q(7,o') contains only

one point. The same holds true if A' has trivial involution and

Be® AA' has non degenerate involution, since then a priori n(t',A') = 2

for every signature 7' of B ® A' (Prop. 3.12 and 8.4). The third
assertion now follows from an interpretation of 2 "W(B ® A') as the
ring of continuous functions on Sign(B ® A') with values in 27 % and
of 27°W(B) ® w(A)W(A’) as the ring of continuous functions on

. . . . . —0o,
Sign(B) x Sign(A)Slgn(A ) with values in 27 % .

g.€e.d.

We now switch over to another topic, which over fields of
Char 4 2 has been discovered by A.Dress, cf. [Da] and [DB,Prop.2]. If
B is a finite etale extension of A, then we obtain from B the non
singular bilinear space Trﬁ/A(ﬂ), consisting of the projective
A-module B equipped with the form TrB/A(x§3. For shortness this
space will be denoted by {B/A} or simply by {Bl. We call thesé spaces
the natural spaces over A, and we denote by N(A) the subring of W(A)

generated by the natural spaces. From the evident rules

(9.92) tB4} L {B,} = {B, x B,
and
(9.9v) {B,} @ {B,} = {B, ®, B,

we see that every element of N(A) is a difference {B} - {C} of two
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spaces. (If no confusion is to be feared we denote the image of

{B} in W(A) again by {B}.)

We want to obtain some information about the ring N(A) of

natural spaces. For this reason we introduce the Burnside ring

Q(A) of A, which by definition is the Grothendieck ring of finite
etale algebras B over A. Let [B] denote the stable isomorphy class
of such an algebra B {[B] = [B'1if Bx D = B' x D for some finite
etale algebra D.} The elements of Q(A) are differences [B,] - [B,]
of these stable isomorphy classes, and the addition and multiplication

in Q(A) is given by
'[Bq] + [B2] = [Bq x B, 1,
[Bq] . [32] = [13,l ®, B,1.
Clearly Q(A) has the unit element [A].

Let C be a completely arbitrary commutative algebra (with 1)

over A. Then C yields a ring homomorphism
Yo ¢ n(a) » Z

mapping the class [B] of a finite etale A-algebra B to the number of
A-homomorphisms from B to C. We have the following theorem of

Burnside - Dress [D,]:

Theorem'9.10. Assume A is connected.

i) If B, and B, are two finite algebras over A with YC[34] = YC[B2]
for every covering C of A, then B1 S B2.
ii) The isomorphy classes of coverings C of A correspond uniquely to

the homomorphisms A from Q(A) to Z by the relation A = Ye-
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iii) The minimal prime ideals of Q(A) are the kernels of these

homomorphisms A.

Of course in this theorem our ring A with involution can be

replaced by a connected w-ring for an arbitrary finite group w.

Corollary 9.11. Let A be an arbitrary ring with involution (or

w-ring).

i) Every two stable isomorphic finite etale algebras over A are
actually isomorphic.

ii) The minimal prime ideals of Q(4A) are the kernels of the
homomorphisms from Q(A) to Z.

iii) Q(A) has no nilpotent elements 4 O.

Proof. All this is clear from Th. 9.10 if A is connected and then
also for a finite product A = Aq X cee X Ar of connected rings Ai
vwith involution, i.e. for a ring A with involution, which has only
finitely many idempotents. The assertions then can be deduced for
arbitrary A by observing that A is an inductive limit of noetherian

subrings stable under the involution.

According to the formulas (9.9) we have a well defined

homomorphism

Sc : N(A) » W(Aa)

mapping an isomorphy class [B] to the element {B} of W(A). Following

[DZ] we call Sc the Scharlau map over A. Clearly Sc has the image N(A).

Lemma 9.12. Let 0 : W(A) -+ Z be a signature of A, and let

o : (A4,0) » (R,p) be a morphism into a real closed pair (R,p). Then
the function ¢ o Sc on Q(A) coincides with Yg- {Of course R is regarded

as algebra over A by'a.}
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Proof. For an arbitrary finite etale algebra B over A the trace
formula yields
‘g 0Sc[B] = o{B} = EZJ n(T,A)
| Tlo
with T running through the signatures of B extending o¢. According
td the description of the n(tT,A) in Th. 3.4 this sum is the number

Yg[ B] of homomorphisms from B to R over A.

g.e.d.

For any ring A we denote the localization @ ®,4 A briefly by
Q ® A. The ring @ ® Q(4A) is von Neumann regulare (cf. the discussion of
Q ® W(A) above). Thus also the homomorphic image § ® N(A) of
€ ® N(A) is von Neumann regular. In particular @ ® N(A) has no nil-

potent elements, hence we may regard @ ® N(A) as a subring of

Q@ W).

Theorem 9.13. Assume A is connected. The following statements are

equivalent:

(1) Q@ ® N(4A) = Q ® W(4a).

(ii) If c, and 0, are signatures of A with g,0 Sc = 02¢>Sc, then
0’,‘ = 020 |

(iii) If R is a cpvering of A which is real closed with respect to

some signature then the group of automorphisms of R over A acts

transitively on the set Sign R of signatures of R.

Proof. (i) « (ii): -Let Y denote the set of ring homomorphisms from
Q ® N(A) to Q. The kernels of these homomorphisms are the prime ideals
of @ ® N(A). This follows either from Th. 9.10.iii or from the fact |
that @ ® W(A) is integral over @ ® N(A). Thus we‘may identify Y with
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the Boolean space Spec(Q ® N(A)). Let further X denote the Boolean
space of signatures of A which we interpret as the homomorphisms
from § ® W(A) to Q. Thevmap f : X » Y assigning to a signature o
its restriction to § ® N(A) is continuous. We have a commutative

diagram

Q ® N(A) ~——> ¢(Y,Q)

*) i *
Qe W) ———> C(Xx,Q)

with Gelfand isomorphisms as horizontal maps, i the inclusion map,
and f* the map békween the function rings induced by f, cf. the
discussion leading to the diagram (9.2) above. In particular f* is
injective, hence f is surjective. Statement (ii) means that f is
injective and thus bijective. This in turn is equivalent to the state-
ment that f* is bijective. Now the equivalence (i) « (ii) is clear
from the diagram (¥). |

(ii) = (iii): Let « : A » R be the map which makes R a covering of A.
Let p,,p, be two signatures of R, and let C4 = P4°Qx, Op = Poolx
denote their restrictions to A. We know from Th. 5.1, that [A:R] = 2.
Thus R has no real covering of degree >1 and the pairs (R,pq), (R,pz)~

both are real closed. By Lemma 9.12 we have

0,0 Sc = 6,0 Sc = Yg-

Under the assumption (ii) this implies 64 = 05, and then, by the
unigueness theorem 3.5 for real closures, that (R,pq) is isomorphic

to (R,p2) over A.
(iii) = (ii): Assume that 04 and 0, are signatures of A with

0 08¢ = 0,0 8¢, and let (R;,p;) denote a real closure of (A,oi)..

b Bood Secke 38a.
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 Then by Lemma 9.12

= c,‘oSca a2°Sc= YR._-

Y
R 2

1
Thus by Burnside's theorem 9.10 the coverings R1 and R2 over A are
isomorphic. We choose an isomorphism 8 from R1 to R, over A and we
denote by p2' the signature p2<>B* on Rq. By our assumption there
exists an automorphism A of 31 over A with pé = P40 Ay, and then
o\ is an isomorphism from (Rqqu) to (R2’p2> over A. Clearly the

restrictions o, and Co of PqsPo to A must coincide.

q. e.do

Of course we obtain analogous results by working only in the
‘category of rings with trivial involution. Let A be a ring with
trivial involution, and let QO(A) denote the subring of Q(A) gener-
ated by the finite etale algebras with trivial involution. Further
let

8c, : Q,(A) — W(A)

denote the restriction of the Scharlau map to QO(A) and let NO(A)
denote the image of Sco. Finally we denote for an arbitfary A-algedbra
C with trivial involution by 78 the restriction of the Z-valued

function y; to QO(A). Then we have

Lemma 9.12a. Let ¢ be a signature of A and let a : (A,0) » (T,7)

be a morphism into a strictly real closed pair (T,r). Then o‘oSco

coincides with Yg-

In proving the analogous result to Th. 9.13 we have to be
slightly careful, since for a strictly real closed pair (T,T) we do

not know in general, whether T is also strictly real closed with
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respect to all other signatures of T. {We know this if there exists
a prime number which is not a unit in T, cf. proof of Prop. 5.5}. We
obtain

Theorem 9.1%a. Assume A is connected and has trivial involution.

Then the ¢following are equivalent:

(1) @@ N () = ge W).

(ii) If o, and o, are signatures of A with ¢,0 Sco = 0,0 Sco, then

04 = Ope o

(iii) If T is a covering of A with trivial involution which is strictly
‘real closed with respect to some signature, then the automorphism

group of T over A acts transitively on the set of all signatures T

of T such that (T,t) is strictly real closed.

These theorems 9.13 and 9.13a imply the following concrete

results.

Examples 9.14. a) Assume A is a weakly semi-local ring with involu-

lion. Then W(A)/N(A) is a torsion group. Indeed, this holds true if

A is connected by the preceding theorem 9.13 since then according

to § 7 every real closure of A has pnly one signature. By the usual
standard argument we then see that W(A)/N(A) is a torsion group also

| if A is not connected (cf. proof of Cor. 9.11). Question: For which

prime numbers p is the p-component of W(A)/N(A) not zero? If A has

trivial involution then we obtain by the same method the stronger

result that W(A)/NO(A) is a torsion group. Moreover W(A) = NO(A)

if in addition 2 is a unit in A. This has been observed by Dress

in the case that A is a field [Dg], and follows in our more

general situation by the same argument as in [D2]. This argument

also shows W(A) = N(A) if A has arbitrary involution and 2 is a unit.

b) Let A be the ring R[X] of regular algebraic functions on a
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smooth affine curve X over the field R of real numbers equipped
with an involution. Let R be a_coverigg of A which is réal closed
with respect to some signature. We shall prove in § 11 that then
W(R) = Z , and hence R has only one signature. Thus by the pre-
ceding theoreﬁ 9.13 @ ® N(A) = @ ® W(A). Furthermore every nilpotent
element of W(A) is a torsion element, since A is a Dedekind domain
[KRW;]. Thus @ ® W(A) = @ ® W(A), and W(A)/N(A) is again a torsion
group. If A has trivial involution then even.W(A)/NO(A) is a torsion

group.
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§ 10 The main theorem for semi-local rings.

In this section we mostly regard rings which are not equipped
with an involution. Thus we slightly change our notation for the
present section: A ring B equipped with an involution J will be

denoted by (B,J) instead of a single letter.

Let A be a connected weakly semi-local ring, and let G denote
the Galois group of the universal covering X over A. For every signature
o of (4,id) we choose a strict real closure T of A with respect to ¢
(cf. Def. 7.10). We know from § 5 that [A:T] = 2. Thus we have a
unique element y of order 2 in G whose fixed ring in X is T. If we
choose another strict real closure of g, then by the uniqueness theorem
for strict real closures (Cor. 3.10) y changes to uya‘q for some a in
G. Associating with o.the conjugacy class of y we thus obtain a well
defined ﬁap 3 from the set Sign(A) of signatures of (A,id) to the set
of conjugacy classes of elements of order 2 in G. Thissmap $ is in-
jective, since the fixed ring T of y has only one signature from which

we obtain ¢ back by restriction to A. We shall prove

Theorem 10.1. & is bijective. Thus the signatures of A correspond

uniquely to the conjugacy classes of elements of order 2 in G.

A generalization of this theorem to rings with involution

(Th. 10.12) will be the "main theorem" to which the title of this

section alludes.

Notice that we did not exclude the case that A is non real. In

this case Th. 10.1 tells us the still remarkable fact, that G contains

no elements of order 2.
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Theorem 10.1 will follow immediately from

Proposition 10.2. Let A be a connected weakly semi-local ring.
‘Assume [K:A) = 2. Then A is real with réspect to the trivial

involution.

Indeed, to prove Th. 10.1 it only remains to show that &
is surjective. Thus let y be a given element of order 2 in G, and
let T denote the fixed ring of Y. By PropQ 10;2 the ring T has at
least one signature T. Certainly (T,T) is strictly real closed, since
the only non trivial covering Kof T (with}frivial involﬁtion) is non

real. Thus the conjugacy class of y is the image of T|A under %.

Most space of-the present section will be occupied by thé proof
of Prop. 10.2. We first will be cdncerned with the construction of
cyclic coverings of degree 4. Then we shall prove Prop.10.2 by
observing that the ring A there does not possess any cyclic. coverings

of degree 4.

For our study of cyclic‘coverings of degree 4 we do not need
the hypothesis that A is weakly semi-local. Thus A is now an arbitrary

commutative ring with 1. We introduce on A compositions o and * (cf.

[Sm]), defined by
aob =a+ Db+ 4ab = a(1+4b) + b,
a*b=a+b-2b=a(’l-2b)fb.
Notice that

(10.3) 1 - 2(a*b) = (1-28)(1-2v),

1 + 4.(aob) = (’I+4a)('l+4b).
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Both compositions o and * are associative and commutative and have

the neutral element O. Moreover we have the map
P :'A'a A, xp x2—x
which satisfies the identity,
pCaxb) = p(a)op(d).

We denote by T(A) the set of elements x in A with 1-2x a uﬁit and by
A(A) the set of elements y in A with ﬁ+4y a unit. I'(A) is a group
with respect to the composition *, the inverse of an element x of
I'(A) being the element -x(1—2x)—1, and A(A) is a group with respect
to o, the inverse of y in A(A) being the element —y(1+4y)—1. The
restriction of p to T'(A) is a group homomorphism from I'(4) to A(4).
We call two elements y and z of A equivalent, and write y ~ z, if

there exists some x in T'(A) with
¥o = yqo(x2-x).

The relevance of A(4) and of thls equivalence relation stems
from the fact, used. already in § 5 and § 6, that the elements of A(A).
yield quadratic etale extensions (cf. Def. 7.1) of A. For every a in
A we have an extension B = A + Aw of A with free basis 1, w and the
relation wo-w = a. We denote this "Artin-Schreier generator" w by
f'qa. The algebra.B = A[ffqa] is etale over A if and only if a lies
in A(A) (cf.[KRW,,pp 241 ££] and [Sm7). The other Artin-Schreier

generators of this elgebra B= A + Aw are precisely the elements
w' = (1-2)w + A

with A in T'(A), as is immediately checked. This implies that for a
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and b in A the algebras A[ffqa]_and ALf—qb] are isomorphic over A
if and only if a ~ b. |

As stated in § 7 all quadratic etale extensions of A have
Artin-Schreier generators if A is weakly semi-local. Thus in this
case the set of isomorphy classes of quadratic etale extensions of A
can be identified with the cokernel of p: I'(A) » A(A). More general

results can be found in [Sm].

In general, if A is connected then for a in A(A) the ring

B = A[f’qa] is not connected if and only if
B=Aaxa=alp0).

Thus every a in A(A) which is not equivalent zero yields a covering

of degree 2 over A (cf. proof of Lemma 7.5).
We fix some a in A and consider the extension
B = A[Jo—qa] = A + Aw, Wo-w = a

of A. We denote the canonical involution bf_B over A, i.e. the
automorphism mapping ® to 'l-h), by z » z. This involution does not
depend on the choice of the Artin-Schreier generator and has the fixed
ring A. We further denote the norm map z_H\zE' from B to A by N. We

now define maps u and Vv from B to A by
u(x) = x*x , v(x) = xo X.
We then have
(10.4) N(1-2x) = 1 - 2u(x), N(1+4y) = 1 + 4v(y).

Thus u and v yield homomorphisms from I'(B) to I'(A) and A(B) to A(A)

respectively. Clearly
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£AUE) = V()

for every X in B. Thus we have a commutative diagram
() —E— 1)
(10.5) v» £ o '. £
| A(B) —Y—  A(A)

of group homomorphisms.

We shall need the following complicated identities.

Lemma 10.6. Assume a = b° for some b in A with 1 + 2b + 4b2 a unit.

Then
£(-b-2b2) 0 v(-bw(1+2b+42)~ ") = b°.

Furthermore

1+ 4p(-b-2b2) = (14+20+41°)°

is a unit. Thus

v(=bw(1+26+4b)~ 1) ~ b2,

Pfoof. The second identity is immediately verified. To prove the
first one it suffices to consider the case A = Zi[t,(1+2t+4t2)—1],
b=t, with t an indeterminate. Thus we may assume that A is an

integral domain and 2 # O in A. Then by (10.3) and (10.4) it suffices

to prove

2

1+ 4b° = (1+20+4b2) 2 N(1-4bw(1+2b+41D)~ 1)

or more simply

2

1 + 4b° = N(1+4b%42b(1-20)).

This is easily done.
g.e.d.
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Now we are prepared to prbve

Theorem 10.7. Let A be a connected commutative ring and let b an

element of A such that 1 + 4b2 and 1 + 2b + 4b2 are units of A, but

2

b< ‘is not equivalent to zero. Then the commutative algebra

E : = Alw,¢7 over A with the defining relations

2 2 -1

w- - w=Db", C2

- ¢ = ~bw(1+2b+4b°)

is a galois cdvefing'of A whose Galois group G(ElA) is cyclic of

order 4.

Remark 10.8. Assume that also b itself is a unit. Then E is gener-
ated over A by { alone. Assume in addition that 2 is a unit in A.

Then introducing the elements
a : = (2b)'4(1—2w), B :=1-2¢C

we have the defining relations
al = 1 + (2b)—2"
and
B2 = (1+2b+4b2) 14b2 (0%+a) .
Thus E can be written in the form

E=A [d%(1+02+dﬂ+02;5 v

with units ¢ and 4 of A. This is the'typical form of cyclic coverings

of degree 4 in the case that A is a field of Char ¢ 2, cf.[Al,Chap.IX]
and [DD1.

Proof of Th. 10.7. The subring B : = A[w) of E has the defining
2

relation 0w - @ = b2, hence B is a quadratic covering of A since



s

2

b< lies in A(A) and is not equivalent zero. We introduce the element

y : = -bw(1+2b+4b2)"]

of B. By Lemma 10.6 the element V(y) is equivalent to b° and thus
lies in A(A). By (10.4) this implies that y itself lies in A(B). But
v is not equivalent to zero over B, since v(y) is not equivalent to

zero over A {recall (10.5)}. Therefore E = B[ (] is a covering of B
of degree 2 due to the defining relation.

C2

- C =Y,
and E is a covering of A of degree 4.

The three elements c,w,—b—2b2 all lie in the group I'(E), since
their images under the map g : E » E lie in A(E) (cf. Lemma 10.6 for
—b—2b2). Thus there exists a unique element m in I'(E) with

C* n* (-b-26°) = wu.
Applying Jf) to this equation we obtain
:y o/o(n)o/o(-b-zb2) = b2,
On the other hand, denoting by & the con;jugate of v in B,
8:= -b(1-w) (1+2b+4b2)7,
we have by Lemma 10.6
Yo 5 O(J(-—b-E‘bZ) = b°.
Thus we see & = p(n), or more explicitly

" - mab.
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Using our defining relations of E over A we now can write
down explicitly 4 different homomorphisms from E to X over A, namely

except the identity

w » oo, ¢ P 1=
w P 1-w, ¢ P n;

w P 1-w, ¢ » 1-n.

Since [E:A] = 4 this must be all homomorphisms from E to X over A
(ef. Prop. 1.6). They all map E into E. Thus E is galois over A.
Recall that every homomorphism from E to E over A is an automorphism
of E (cf. Lemma 1.1). Thus we have listed above the fﬁll Galois group
of E over A. This group apparently is cyclic of order 4.

g.e.d. .

Assume now that A is cbnnected and weakly semi-local and that
[E:A] = 2. We want to prove the assertion of Prop. 10.2 that A is real.
For eVery maximal ideal M of X the field E/M is separably closed by
Lemma 7.6. Now A/M has degiee < 2 over the subfield A/M N A, If this
degree is precisely 2, then A/M N A is real, since Prop. 10.2 is
known to hold true over fields [AS2], and thus A certainly is also
real. Thus we assume since now that for every maximal ideal m of A
the field A/m is separably closed. (This assumption is not substantial
for the argumsents belpw.) We denote by © the set of all maximal ideals
m of A such that A/m has not characteristic 2. This set may of course

be empty. We need a technical lemma.

Lemma 10.9. Let Bpseeesdy be a finite sequence of elements of A. Then

there exists a semi-local subring B of A and a family {M(m)lm € 6} of

subsets M(m) of the fields A/m with the following four properties:

S -
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(1) Every set M(m) has cardinality lM(m)l 2o0-1,

(ii) If x is an element of A such that x mod m does not lie in M(m)
for every m in &, then the element (a1 + eee + aﬁ)x lies in
A(A) and is equivalent zero.

(iii) A is integral ovér B. Every set M(m) is contained in the sub-
field B/m N B .of A/m.

(iv) If two maximal ideals m,,m> in © have the same intersection
my N B=m N B with B, then M(mq) = M(me) {both sets regarded
as subsets of B/my N B = B/my N B}.

Proof. We proceed by induction on n. n = 1: For every m in © we
define M(m) as the set of all elements in A/m which are zeros of
at least one of the following two separable polynomials over A/m:
| =22 - = 2,2
1+ 43.,| ™, 1 + 2a1T + 4a1 =,

Here E% denotes the image of a, in A/m. All these sets M(m) contain
at most 4 elements. If x is an element of A such that x mod m does
not lie in A/m for every m in &, then clearly 1 + 4a§x2 is a unit,

2.2 2.2

i.e. a x” lies in A(A). Furthermore 1 + 2a,x + 4a,x” is a unit. Since

A has no cyclic coverings of degree 4 we now obtain from Th. 10.7 that
a?lx2 ~ O. Thus the conditions»(i),(ii) of our lemma are fulfilled.

We choose a semi-local subring B' of A containing a, such that A is
integral over B'. Then by the method used in the proof of Lemma 7.6
one easily constructs an overring B of B' in A such that for every

m in © the zeros of the two separable polynomials listed above lie

in the subfield B/m N B of A/m. With this ring B the conditions (iii),
(iv) are also fulfilled.

(n-1) = n: We choose a family {N(m) |m € 6} of subsets N(m) of the

fields A/m and a semi-local subring C of A, for which the properties
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(1) - (iv) hold true with respect to the sequence 8qsee-s8 For

n-1°
every m in © we denote by U(m) the set of all z in A/m which are

zeros of one of the polynomials

- - 2m2
, 1+ 2anT + 4an T

*) 1+ 43y

-over A/m. Let x be an element of A such x mod m does not lie in U(mjr

for every m in 6. As we have seen above an2x2 lies in A(A) and is
equivalent zero. Thus there exists an element b in A such that

2.2 2
an X~ = b= D

and 1-2b is a unit. Introducing the element
-1
y : = x(1-2b)
we have
2 2.2 2 2 2 2
(aq + eee + a7 )X = [(a,l + eee + an_q)y 1o Gﬁlxe),
hence

2 2 2
1 + eee + an_,‘)y .

2
(}a,| + eee + anz)x2 ~ (a
Thus if y mod m does not lie in N(m) for every m in S, then

2 2\.2 .
(a1 * eee + ap )x© ~ 0.

Let us analyse the situation, that y mod m lies in N(m) for some m.

We have an equation

X = (1-2B)ec

in A/m with some element ¢ of N(m). Squaring this equation we obtain

X = (144825 2)c?
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and then
(1 - 457 c®)F° - ¢® = 0.
We now introduce the set V(m) of all z in A/m ﬁhich are zeros of
one of théupolynQMials |
(**) ’ “ - 4'5;12 )12 _ o2
over A/m with c fuﬁning through N(m), and we define

"M(m) : = U(m) u V(m).

By the consideration above this family iM(m)|m € €} fulfills

property (ii). Furthermore
|v(m)| < 2| N(m)| < 2.2387% = 2523

and

|M(m)| < 22272 4 4 < 22277

since n » 2. Now agéin by the method used in the proof of Lemma 7.6 it
is possible to construct an overring B of C in A containing'ad,...,an
~such that for every m in © the separable polynomials listed above
under‘(*) and (**) have all their zeros in the subfield B/m N B of

A/m. Then also the conditions (iii) and (iv) are fulfilled.

q. eo_d.o

Now we are able to prove Proposition 10.2. We suppose that our
ring A with [E:4A] = 2 is non real with respect to the trivial involu-
tion, and we want to deduce from this supposition a contradiction.

Since A is weakly semi-local, we have

= alp e
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with some a in A(A) which is not equivalent zero. The element -1
of A is a sum of squares in A, since A is assumed to be non real

[K,,Cor.2.7]. Thus also
5
1+ 4a = (1428 - 4a°

is a sum of squares,

2

5 v
1+ 4a = 84 + eee + a,

with ay in A. From this eQuation we shall deduce the contradiction

a ~ 0. We take some element b of I'(A) and we study the element
¢ : = ao(b-b)
"of A(A). We have

1 4 4c = (1+42) (1-2b)°.

Introducing the element
a: = c(1-20)"1(1+4a)~"

we obtain
.c2(1+4c)"1 = d2(a§ + oo + ai).

Starting from the'sequence 8qseee,8, WE NOW choose a family
{M(m)| m € &} of subsets of those fields A/m, which have Char + 2, and
a semi-local subring B of A as indicated in the preceding Lemma 10.9.

Suppose we can choose the element b of A above in such a way, that

for every m in 6

1) the element 1 - 2b of A/m is ¢ O,

2) the element d of A/m does not lie in M(w).

Then b lies in TI'(4), c2(1+4¢)~7 1lies in A(A) and is equivalent zero,
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and ' _
a ~ce ~‘[02(1+4c)_1]o c=c%+cn~ o,

which is the desired contradiction.

We want to see that such a choice of b is indeed possible.
- Assume that b fulfills the condition 1) but that d mod m lies in

M(m) for some m. Then we'obtain‘in A/m an equation
52 - P(1-2g) - g+ T =0
with some g in M(m) and
-1
f : = a(1+4a)” .

Let S(m) denote the set of elements of A/m which are zeros of 1 - 2T

or of one of the separable polynomials

2

T - P(1-2g) - g + T

with g running through M(m). Clearly both conditions 1) and 2) are

fulfilled for b, if b does not lie in S(m) forkevery‘m in 6. Now
|S(m)|< 1 + 2|M(m)|=< 1 + 237,

By the method used in the.proof of Lemma 7.6 we can find some semi-
local overring D of B in A such that f6r every‘m in © the sét'S(m)
is contained in the subfield D/m N D of A/m, and moreover all these
finitely many fields D/m N D conﬁain at least 27042 elements;yBy ouf
construction.ofvthe S(m) we have 8(m;) = S(m,) for maximal ideals
my,m, in & with m, N D = me‘n D, both sets'S(mi) regarded as subsets
of D/mqvﬂ D= D/m2 N D. By the "Chinese remainder theorem" we can

find an element b of D such that b mod m N D does not lie in the

proper subset S(m) of D/m N D for every m in ©. This element b has
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the desired properties 1),2) above. Prop. 10.2 and Theorem 10.1

are now proved.

As an immediate consequence of Th. 10.1 we obtain

Corollary 10.10., Let A be a connected weakly semi-local ring. Then

the Galois group G(I]A) contains no element of order 4.

Proof. Suppose a is an element of order 4 in G(X1A). By Th. 10.1

the fixed ring B of a2

is strictly real closed. But a induces a non
trivial automorphism of B over A. This is impossible by the results

of § 8 (¢cf. Ex. 8.3).

g.e.d.

Conjecture 10.11. If A is connected and weakly semi-local, then

G(I1A) does not contain elements of finite order except involutions.

To prove this conjecture it suffices by Cor. 10.10 to show for
every prime number p # 2 that G(K1A) contains no element of order p.
This is certainly true if p is a unit in A or if p = O in A. Indeed,
let B be any connected Weakly semi-local ring. Assume that p is a
unit in‘B and that.B contains roots of unity of order p. Then the
cyclic coverings of B of degree p are up to isomorphy the extensions
B[T}/(Tp—a)_with units a in B which are not p-powers in B. If p = O
in B then the cyclic coverings are the extensions B[T]/(TP—T—a) with
a in B but not a = bP-b for some b_in B. These facts can be proved
along the same lines as in the field case, cf. e.g. [La,p.213 ff1. Now
our assertion follows immediately by the arguments of J.B.Leicht in
his simplification of Artin-Schreier's proof [L]. By the way, if only
pnhO in A for some n > 1, then still G(ILA) contains no elements of

order p, since the group G(I1A) does not alter if A is replaced by
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its reduction modulo the nilradical [G,, Exp.1, Th.8.31.

Thus our conjecture certainly holds true if A contains a

field, and also if 2 lies in the Jacobson radical of A.

The following theorem is a condensation of most of our efforts

for semi-local rings.

Méin theorem 10.12. Assume A is connected and weakly semi-local. Let

J be an arbitrary involution on A. For every signature o of (A,J) we
choose a real closure (X,a) of (4,J) with respect to o. Then the

conjugacy class [a] of a with respect to the group G(X

A) is uniquely
determined by o. The map o = [a] is a bijection from the set of
signatures of (A,J) to the set of conjugacy classes of non degenerate

involutions o on X which extend J.

Notice that in the case J = id this theorem coincides with

Th. 10.1.

Proof. We know from § 5 that indeed every real closure of (A,J) with
respect to some signature ¢ is of the form (X,a) with an involution a,
“and from § 6 that o is non degenerate. Furthermore by § 3 the pair
(X,0) is up to isomorphy uniquely determined by o, which means that
fhe conjugacy class of o is uniquely determined by o¢. Furthermore o |
is the restriction of the unique signature of (X,a) (cf.§ 7) to A,

and thus different signatures yield different conjugacy classes of
involutions. Finally let a be a non degenerate involution of X
extending J. Then the fixed ring T of a is strictly real closed by
Prop. 10.2, and thus bears a unique signature t. By Prop. 7.2 T can be
extended to a signature p of (X,a). Clearly (X,a) is the real closure
of the restriction ¢ of p to (A,J). Thus every conjugacy class of non

degenerate involutions on X extending J originates from a signature
of (A,J).
g.€.d.
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Involutions on semi-local rings occur in abundance in algebraic
. geometry. Whenever J is an involution on a scheme (X,SX) and x is a
fixed point of J in X, then J induces an involution on SX. If x is a
point moved under J then J inducés an involution on the semi-local

ring A of local sections of Gx defined in a neighbourhood of {x,J(x)}.

To the authors opinion Th. 10.12 might serve as a comfort to.
those readers who dislike the complications and dragging passages in

this paper due to our study of rings with involution instead of rings

without involution.
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§ 11 Real curves.

Real affine curves provide an extremely beautiful illustration
of our theory of real closures, and thus will be discussed here
although everything done in this section is only an exercise on Witt's

results about real funcfion fields in [W] and [WqT.

In this section X always denotes a smooth irreducible affine
curve over the field R of real numbers {curve = scheme of dimension 1},
and A denotes the ring R[X] of algebraic functions defined on X. We |
assume that R is‘the precise field of constants of X, i.e. that A

does not contain Y-1. By A' we denote the ring A[V-71.

We equip A with the trivial involution and A' with the involu-
tion V=1 +» -V-1 over A, and we want to describe explicitly the
‘Witt rings W(A) and W(A'). For this we shall first recall the results

of Witt mentioned above.

Let F denote the field of fractions R(X) of A, i.e. the field
of rational functions on X. Let Y denote the - up to isomorphy unique -
smooth projective irreducible curve over R which confains X as an open
subset. The local rings Dp of the ciosed points p of Y are precisely
all discrete valuation rings of ¥ containing R which have F as fiéld
of fractions.
Further notations:

" : = maximal ideal of ﬁp'

tﬁ : = an arbitrarily chosgen generator of mp.

Y(R) : = set of real points of Y, i.e. closed points p with Db/mb = R,

X(R) : = X n Y(R) = set of real points of X.

S: = YR)\X(R), a finite set.
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F' : = F(V-1), equipped with the involution V=1 = -Y-1 over F.
Y' ;o= normalization 6vK in F'.
Q(F) : = group F*/P*2 of square classes (f) = fF*2 of F.

QY (F) : = subgroup of all (f) in Q(F) with f positive definite, i.e.
| f(p) 20 for all p in Y(R) where f is defined.

Q(F') : = group F*/N(F'*) of norm classes <f> = fN(F'*) of F'.

Q(A) : = subgroup of all (f) in Q(F) with f of even order at all

closed points of X.
QT (A) : = QA) n Q).

Q(A') : = subgroup of all <f> in Q(F') with f of even order at all
p in X(R).

We need a more geometric interpretation of the groups Q(F), Q(F'),
Q(4A), Q(A'). We regard Q(F) as a subgroup of the unit group of W(F),
namely as the set of classes of bilinear spaces (f) of rank one over F.
Similary we regard Q(F') as the set of classes of hermitian spaces of
rank one in W(F').’If is known that Q' (F) is the set of all square
classes (f) with f a sum of two squares, i.e. a norm of F'/F, cf.

[W,Gel. Thus

(11.1) QF') = QE)/QT(®).

The Witt rings W(A) and W(A') inject into W(F) and W(F') res-
pectively [KRWB, Lemma 1.17, and we regard since now W(A) as a sub-
ring of W(F) and W(A') as a subring of W(F'). Then Q(A) coincides
with the set of classes of bilinear spaces of rank one over A
[K, 13.3.2], and similarly Q(A') coincides with the set of classes of

hermitian spaces of rank one over A'. The canonical map from Q(F) to

it
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Q(F') induces a map from Q(A) to Q(A') with kernel Q+(A). We now

show that this map is onto, i.e.
(11.2) - QA" = Q(a)/QT(a).

Indeed, let <f> be a norm class in Q(A'). If S is not empty we write

the divisor div(f) of f in Y in the form
div(f) = a + N(v)

with ¢ a divisor Qith support in S and N(b) the norm of a divisor b
of Y' of degree zero. Now the group Pico(Y‘) of divisor classes of
degree zero over Y' ié an abelian variety over € and thus certainly
a 2—diviéible group. Hence we can find some function g in F' and a

divisor ¢ in Y' of degree zero such that
b = 2¢ + div(g).
~ We obtain
div(EN(g)™) = o + 2N(c)

which implies that the square class (fN(g)'q) lies in Q(A). If S is

empty we proceed similarly starting with a decomposition
div(f) = np, + N(»)

with b a divisor of Y' of degree zero and a multiple of a prime

divisor o not contained in X.

- The structure of the group Q(A') has been completely determined
by Witt in [W], cf. also [Ge]. We introduce on X(R) the "strong
topology", i.e. the coarsest topolgy such that the f in A yield

continuous real valued functions on X(R). We have a decomposition
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X(R) = Z,‘ (. Z2 Il ceee Ll Zr

into r > O connected components {r = O if X(R) is empty}, and each

Zi is. homeomorphic either to a circle or to an open interval of R.

The group Q(A') consists of the norm classes <f> of definite functions,
i.e. those f in F*'which have on each Zi a constant sign. In view of

(11.2) Witt's theorem III in [W] can be stated in the following way:

Theorem 11.3. For every choice of signs e;

exists a square class (f) in Q(A) such that f has on each Z; the sign

= + 1 for 1 € i < r there

€;. The group Q(A') is isomorphic to (Z /2)F.
For every p in Y(R) we have an additive map

vp : WEF) ——> WR) = Z

defined on the set Q(F) of generators of W(F) in the following way,
cf. [MH, p.857: If f = ut% With u in 0%, i in %, then §,(f) = 0 if i
is odd, ﬁb(f) = 1 if i even and u(p) > O, tb(f) = -1 if i even and
u(p) < O.

vThe natural map from W(F) to W(F') is surjective, since it maps
Q(F) onto the set Q(F') of generators of W(F'). The kernel of this map
is the ideal generated by the elements 1 - (f) with (f) in Q+(F), cf.
: [KRWQ, Prop.2.57. But the elements f occuring here are the sums of
squares in F*, and hence our ideal coincides with the nilradical of
W(F) [Pf, Satz 221. Thus we may interpret W(F' ) as the reductlon of
“W(F) by the nllradlcal

(11.4) W(E') = W(F),eq:

Since the nilradical of W(F) consists of torsion elements [(P£], every

mep ¥ above factors through an additive map
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bt WED) — 2 (p € YR)).

We also have determinant maps from W(F) to Q(F) and from W(F')
to Q(Ff), cf. [Pf, p.121]. {We use the word "determinant" instead of

"discriminant", since we consider hermitian forms instead of quadratic

. forms.} The determinant of some element z in W(F) or in W(F') will be

denoted by d(z). If z lies in W(A) then 4(z) lies in Q(A), and if z
lies in W(A') then d(z) lies in Q(A'). Now we can state Witt's result

on real function fields in [W,1:

Theorem 11.5. Let z, w be elements of W(F) with same dimension index

v(z) = v(w), same determinant d(z) = d(w), and ﬁp(z) = tb(w) for almost
all p in Y(R). Then 2z = w.

Notice that the condition v(z) = vw(w) is superfluous if Y(R) # #.

If Y(R) = & then by this theorem, or by the description of QH(F)
above, 4W(F) = O and F is non real. Furthermore then W(F') is the
field ¥, of two elements according to (11.4).

If Y(R) # ¢ then a norm class <f> is uniquely determined by the
signs of the values f(p) at the points p in Y(R) where f is defined,
cf. (1.1). Thus for z in W(F') the values t;(z) for almost all p in
Y(R) determine beside v(z) also the determinant d(z), and we obtain

from Th. 11.5 the following

Corollary 11.6. Assume Y(R) # @. Let z,w be elements of W(F') with

wé(z)‘s w;(w) for almost all p in Y(R). Then z = w.

We now are prepared to describe W(A) and W(A') explicitly. We
interpret the closed points p in X as the maximal ideals of A. For

every component Z; of X(R) we have signatures



- 62 -

0, ¢ W(A)— W(A/p) 20 Z

and

ci" : WA') —» W(A'/pA') =5 Z

with v arbitrarily chosen in Z;, cf. Example 4.9. {Notice that

A'/pA' = ¢, equipped with the complex conjugation as involution.}

- We know from Prop. 3.12 that oi' is the unique exténsion of o4 to A'.
According to Th. M3 we choose for every component Zi an element (fi)
of Q(A) with ¢;(f;) = -1 and oj(fi) = +1 for j % i. Recall that we
denoted by I(A), I(A') the ideals of elements with dimension index
zero in W(A) and W(A').

Theorem 11.7. i) Every element z of W(A) is uniquely determined by

the values v(z),d(z),oq(z),....,cr(z). In case r > 1 the value v(z)
can be omitted.

ii) The torsion part I(A)t of I(A) consists of the elements 1-(f) with
f in Q'(4) and is the nilradical of W(4).

iii)‘I(A) has the direct decomposition

- I(A) =€E Z[1- (f RN I(A)t.

i=1
The product of any two different elements 1-(fi), 1-(fj) lies in I(A)t.}
iv) The homomorphism

(O’,‘,...,Or) . W(A)‘;—’ Zr

maps W(A) onto the subring of ZT consisting of all r-tuples
(nq,.,.,nr) with all n; even or all n; odd.

v) O4qy+++,0, are the only signatures of A.

Proof. Clearly I(A)t is the nilradical of W(A) since I(F)t is the



- 63 - - : r

nilradical of W(F). Assertion i) follows immediately from Th. 11.5
and the fact that for z in W(A) and p in Z; we have oi(z) = wb(z).
Let z be an element of I(A)t. Then d(z) is contained in Q(A) and

- also in'Q+(F), since the ideal I(F)t is generated by the elements
1-(f) with £ in Q' (F). Thus da(z) lies in Q*(4), and we obtain from
Th. 11.5 that the elements z and 1-d(z) are equal. This proves (ii).
Let now be z an element of I(A). Every ci(z) is an even number 2n. .
Consider the elemeh£ | '

r |
W:= gz —ifq n,[1-(£) ).

By use of Th. 11.5 we see 2w = O, and thus w lies in I(A)t. Conversely
- if |
T [} ]
» 3 ‘ - ' 3 ' '
with ni in Z and w' in I(A)t, then ci(z) = 2ni, hence n; = n! and
w = w'. Again by use of Th. 11.5 we obtain

[1-EDVI-(E T = 28,5 [1-(£5)].

Thus statement (iii) is proved. From this description of I(A) the
statement (iv) is evident, and by (iv) the o; yield an isomorphism

from Q ®ZSW(A) to the ring Q?. Thus Oqseee 0L must be the only

signatures of A.

g.e.d.

Remark 11.8. By this theorem W(A) is génerated by Q(A). This fact

had been overlooked in [K,§ 141.

Theorem 11.9. The canonical map from W(A) to W(A') is surjective,

and its kernel is the nilradical I(A)t of I(A). Thus
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wa') = w(A)red..

Proof. Since W(F') = W(F),. 4 (cf. 11.4) clearly W(A') has no nil-
potent eleménts ¢ O, and the kernel of our map is indeed I(A)t. If

r = O then Y(R).- ¢'and W(EY) = F,, as stated above. This forces

W(A') = F2; and our map is certainly surjective. Assume now r > O.
Starting from Cor. 11.6 we see as in the proof of Th. 11.7 that I(A')
is generated'bj the elements 1 - <f.> with 1 < i € r. The image of w(a)
~ contains 1 aﬁd I(A') and thus must be the whole ring W(A').

‘g.e.d.

Now we are able to prove the main result of this section.

Theorem 11.10. Let (R,p) be a real closed pair with R an integrally
closed domain containing the field R of real numbers. Assume that

the field of fractions of R has transcendency degree 1 over R. Then
R=Ro [m] and

U(Ré) =WR) =%.

Proof. Let o denote the restriction of p to Ro. According to Cor.6.3
the péir (Ro,po) is strictly real closed and (R,p) is the real closure
of (Ro,po). Moreover R = R [V=7] by Cor. 5;5. Now R is a filtered
union of Dedekind domains A, which are finitely generated over R
and thus are the function rings R[Xa] of smooth irreducible affine
curves Xa over R, having R as precise field of constants. Let
(Sa’pa) denote a strict real closure of Aa with respect to p|Aa‘ There
exists a morphism from <Sa’pa) to (Ro,po) over Aa’ cf.§ 3. The kernel
of this homomorphism from Sa to Ro has intersection zero with Aa and

hence must be zero itself. Thus we may choose from the beginning Sa

as an overring of Au in Ro'and Py @S the restriction p Sa‘ Since Ro

is the filtered union of the S; and R is the filtered union of the
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rings 8; : = S,[V-1] it suffices to prove that
T o ! o
vW(Sa) = W(Sa) = 7 .

From Th. 11.9 we learn that W(S&) is isomorphic to the reduction of
W(Sa) by its nilradical. Thus we only need to show W(Sa) = %Z , and we
fall back upon the following problem: |

Let A be a function ring'R[XW as introduced at the beginning
of our section, equipped with the trivial involution. Let ¢ be a

signature of A and (T,t) be a strict real closure of (A,g). Prove that

W(T) = Z !

We first show that W(T) has no torsion elements # O. Thus let z
be a torsion element of W(T). There exists a finite subcoveriﬁg B of
A in T such that Z'is;the iﬁage of a torsion element w in U(B). By
Th. 11.7 there exists some (£) in Q" (B) with w = 1 - (f). We assume
without loss of generality that W £ O, and we regard the normalization
C of B in the extension K(VF) of the field of fractions K of B,
equipped with the trivial involution. C is a covering of degree 2 of B.
The kernel of the canbnical map from W(K) to W(K(Vf)) is generated
by 1 - (£) in W(K) and hence is nilpotent. Thus also the kernel of the
canonical map from W(B) to W(C) is nilpotent, and the signature TIB
lof B can certainly be extended to C. This implies that C can be em-
bedded into T over B by Cor. 3.10. Since the image of w in W(C) is

zero, also the image z of w in W(T) must be zero. Thus W(T) contains

no nilpotent elements # O.

It now suffices to prove that v is the only signature of T, cf.
proof of Cor. 7.7. Suppose there exists another signature y on T. We

choose a finite subcovering B of A in T such that the signatures
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v, : = 1|Bandy, : = y|B ere still aifferent. By Th. 11.7 there
exists some (f) in Q(B) with Tﬂ(f),s +1 and y,(f) = -1. We again
cohsider the'normalization C éf B in the extension K(VT) of the field
of fractions K of B. Let'xq be the real curve correspdnding to B and
X2 the real curve COrresponding tovC. We immediately see that there

- lies a connected component of X2QR) over the component of XqﬂR)
belonging to 7, (ef. Th. 11.7) but no compohent of-X2(R) lies over
the component of XﬁGR) belonging to y,. Thus Tq.can be extended to
the covering C of B, while Yq can not be extended to C. This is the
desired contradiction: We can imbed C over B into T, since T4 extends
to C, and then y|C will be an extension of y, to C. Thus T must be
the only signature of T.

q.e.d.

Qnestioﬁ 11.11. Let B be a covering with trivial involution of our

ring A = R[X). Assume that [AX:B1 = 2. Is B always real?

If this question has an affirmative answer then we shall have
a theorem completely analogous to our main theorem 10.12 for Dedekind
 domains which contain R and have a field of fractions of transcendency

degrée 1 over R.

On the other hand a strict real closure of A may have a very big
group of automorphisms over A in contrast to the semi-local case. As

an example we choose A as the ring R[x,y) with the defining relation

x2 + y2 = 1,

Then A' is the ring c[z,z'q] of Laurent polynomials in the variable
z : = x + iy (i:=Y=1). The involution of A' extends the complex

conjugation of ¢ and maps z to
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z = X - iy.

{Keep in mind the formula e'?

= cos @ + i sin @.} For every natural
number n # 1 we choose in the algebraic closure L of the field of

fractions F' of A' an n-th root z, of z such that

if n is a multiple md of m. We consider the subrings
A' : = Az ] = ¢[z_,22"]
n ° n n’“n

-1
n

. . . . s .
the complex conjugation of C. Then Aﬁ is a m-subring of An if m di

of L, equipped with the involutions mapping 2z to z, and extending

vides n, and all Aﬁ are coverings of A'. This implies that the fixed

rings A : = (A!)  are coverings of A. We have An'- R(x ] with

generators 1 -1 1 -1
W §(zn+zn )s In ¢+ = 33Czp-2, ),

subject to the relation

g?”’ yss',‘.

We finally regard the infinite coverings

(- ] ©0
R:=U A T: =U A
n=" n°’ n=1 n

of A' and A respectively. According to the theorems 11.7 and 11.9 every
Aﬁ has a unique signature aé and every An has a unique signature One
If m divides n then o£ must extend oﬁ and o) must extend o - Thus R

and T have unique signatures p and T.

We want to prove that (T,T) is a strict real closure of A with
respect to the uniquevsignature c: =0, and that at the same time

T is galois over A.
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We have an automorphism

2mi

- n
' —> Z :
b Cn%n» Cp i =

of the ring Aﬁ over A', which is compatible with the involution of

-1

' 3
Al since fﬁ = ¢

. This automorphism has order n. Since [Aé:A'] = n,

we see that Aé is a galois covering of A' with Galois group generated
by aﬁ. If m divides n then aﬁ clearly‘extends aé, heﬁce the aﬁ yield

an automorphism a' of R over A' and by restriction an automorphism

o of Ro = T over A. Clearly R is galois over A' and

cRlaAY =2 : = 1in w0z

:

is generated by a'. This implies that T is galois over A with

G(T|a) = G(R|A") = 2
generated by a.

Now the Riemann surface
c* = P1(c) {0,e}

corresponding to the curfe Spec(A') over € is homotopy equivalent to

the circle g’ and hence has a topological fundamental group isomorphic
to Z . Thus there exists up to topological and hence analytical
isomorphy only one covering of C* of degree n for every n » 1. Since

the isomorphy classes of finite éoverings of ¢* correspond uniquely

to the'isomorphy classes of finite coverings of |A'|, cf. e.g. [P, p.157,

"We learn that up to isomorphy |A£| is the only covering of

A'| of
degree n. Thus IRI is simply connected and (R,p) is certainly real

closed. This implies that (T,T) is strictly real closed.
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