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I n this paper we give a detailed exposition of some of the results 
announced i n [18] . The p r imary motivat ion for this work is Wi t t ' s observa­
t ion [31, Satz 7] that i f F is a field of characteristic =¿=2, his r i n g W(F) 
of classes of anisotropic quadratic forms may be wr i t ten as Z[G]/K where 
G is an abelian group of exponent two (actually G = F*/F*2), Z[G] is the 
integral group r i n g of G, and K is an ideal of Z[6r ] generated by elements 
of the form gx + g2 — g$ — gé and 1 + #5 w i t h gt i n G. Of course these 
elements can be described more expl ic i t ly , but for our purposes the only 
informat ion we need about K is that any homomorphism of Z[6 r ] —>Z sends 
K to 0 or to an ideal of the fo rm 2 W Z. I n this in t roduct ion we shal l ca l l 
any ideal of Z [6 r ] w i t h this property " admissible 

I n [26] , Pfister proved certain structure theorems for W(F) us ing his 
theory of mul t ip l ica t ive forms. H i s proofs were simplified i n [11, 22, 23, 29, 
30 ] . H a r r i s o n [11] and Le ich t and Lorenz [22] gave important complements 
to Pfister's results concerning the ideal theory of W(F). The m a i n goal of 
our paper is to understand and generalize these structure theorems us ing 
standard techniques of commutative algebra. 

I n [28] and [3 ] , Scharlau and B e l s k i i have introduced and studied W i t t 
and Wit t -Grothendieck rings for profinite groups. The i r definitions generalize 
the usual notions of W i t t r ings, W(F), and Wit t -Grothendieck rings, K(F), 
of quadratic forms over fields of characteristic j^2. These rings also have 
the form Z[G^/K w i th G an abelian group of exponent two and K an 
admissible ideal of Z[G]. 

Here we are main ly interested i n another generalization of W(F) and 
K(F), namely the W i t t r ings, W(C,J), and the Wit t -Grothendieck r ings, 
K(C,J) of classes of hermi t ian forms over a connected commutative semi-
local r i n g G w i th involut ion J. Since J may be the identi ty these include 
the W i t t and Wit t -Grothendieck rings of classes of symmetric bi l inear forms 
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defined i n [16] and [17] . I n 1. we show that W(C, J) and K(C,J) are again 
of the form Z[G]/K w i th G an abelian group of exponent two and K an 
admissible ideal of Z [ ( ? ] . 

A l l the rings described so far are integral over Z . Consequently, i n 2. 
we study the ideal theory of such integral extensions. I n 3. we consider the 
fo l lowing s i tua t ion: L e t q be a ra t ional pr ime, G an abelian g-group, and 
SI the r i n g of integers of the algebraic number field generated by the values 
of a l l the characters of G. I f G has exponent two, 21 = Z . Our a im is to 
characterize the r ings Z[G~]/K for which the m a i n structure results of [26, 
11, 22] remain va l id . We show that this happens i f and only i f for a l l 
homomorphisms i¡/ of Z[G] to %, the ideals i//(K) O Z are 0 or qnZ. We cal l 
such commutative rings Witt rings for G. I n 3. some further properties of 
these rings are given. I n part icular , we show that i f R is a W i t t r i n g for an 
abelian g-group the exact sequence 0 —> E a d i ? ^ R -» R/~RadR-> 0 splits as 
an exact sequence of abelian groups. Furthermore, we study the group of 
units of finite order of R. I f G has exponent q, this group is generated by 
{ ± 1 } , the image of G i n R, and 1 + N i l E . 

We also study residue class r ings of Z [ G ] where G is an arbitrary abelian 
torsion group (Theorem 2.14, Proposi t ion 3.4, Theorem 3 . 8 ) . 

Our methods thus y ie ld unified proofs of the structure theorems of [11, 
22, 26] for W(F), W(C,J), K(C,J) and the rings defined i n [3] and [28] . 
F o r the latter case they answer questions posed on [28, p. 262] . I n [19] 
we shal l draw some conclusions for semi-local rings f rom our results and 
i n [20] we shall give s imi lar structure theorems for W(C,J) and K(C,J) 
i n case O is a Dedekind domain. F o r this last reason we develop the theory 
of hermi t ian forms i n 1. s l ight ly more generally than needed for this present 
paper. 

I f C is a field, the proofs i n [11, 22, 23, 29, 30] of the structure theorems 
for W(C,J), w i th J the identi ty, are brief and elegant. However, i n the 
semi-local case our methods provide a much easier approach (cf. [17, § 2 ] , 
where some structure theorems have been proved by t radi t ional methods for 
C semi-local and J the iden t i ty ) . 

O n the other hand, these t radi t ional methods y ie ld informat ion about 
hermi t ian forms and not only about elements of W i t t r ings. Such informat ion 
seems not always to be attainable by means of our r i n g purely theoretical 
approach. 

The only result of Section 1 that is used i n Sections 2 and 3 of this 
paper is Corol lary 1.21. Indeed, i t is used i n the last two sections only i n 
certain remarks and examples to provide motivat ion for the ideas developed 



there. Thus , Sections 2 and 3 can be read independently of Section 1. I n any 
case Corol lary 1. 21 is wel l known to hold for W(F) when F is a field of charac­
teristic not two. The methods of Section 1 are quite different f rom those i n 
the last two. T h i s section was included, however, because the structure theory 
of W ( ( 7 , J ) , for Ö a connected commutative semi-local r i ng , provides, at 
present, one of the best applications of the ring-theoretic methods of the last 
two sections. 

We wish to thank D . K . H a r r i s o n for some discussion concerning this 

paper. 

1. Hermitian forms over semi-local rings. Several authors have dealt 
w i t h symmetric bi l inear or hermi t ian forms over r ings. F o r example, we 
cite [1 ] , [5 ] , [10] , and [16] . I n this section, which we have t r ied to make 
reasonably self contained, we develop the theory of hermi t ian forms as far as 
we need i t . We have preferred g iv ing proofs for some of the elementary 
i n i t i a l results rather than just c i t ing the li terature since the latter is not 
always easily accessible. 

Throughout this section a l l modules are assumed to be finitely generated. 
L e t O be a r i n g (wi th ident i ty) and J an involu t ion of C, i . e. J is an anti-
automorphism of Ö of period 2. I f C is commutative we allow the possibil i ty 
that J is the identi ty. F o r c i n O we shall often wri te c for J(c). 

We define a space over (C, J) to be a pai r ( i ¥ , 3>) where M is a pro­
jective left (7-module and $\My^M-^C is a hermi t ian f o r m ; i .e . <i> is 
biadditive, &(cx,y) = c${x,y), and ®(y,x) = <£(#,y). Thus our spaces 
are special cases of the sesquilinear forms defined i n [5 ] . Moreover, i f C is 
comutative and J is the ident i ty we get the spaces of [16] , 

I f (M,cf>) is a space over ((7, J) we let I f* be the set H o m 0 ( M , G) 
made into a left O-module v ia (cf) (x) =f(x)c for c i n (7, x i n I f , / i n I f* . 
The form $ induces a C-l inear map d$: M->M* v i a d®: x>->&( ,x). We 
say <E> (or the space (If , $ ) ) is non degenerate if d$ is bijective. 

A space (M,&) is called a free space i f M is a free (7-module. I f 
B={x1, - - • ,xn} is a basis for M then (ilf, $>) is non degenerate i f and 
only i f the ma t r ix (<3> (xiy Xj)) of $ w i t h regard to B is invertible [5, P r o p . 3, 
p. 4 4 ] . 

B y a subspace of a space (M,<&) we mean a direct summand of 
M endowed wi th the restr ict ion of <£. I f N is a subspace of M we set 
N± = {x(= M I &(x,N) = 0 } . We write M = N1±N2 to mean that M is 
the direct sum of the subspaces N1? N2 w i t h $(# , y) = 0 for all x i n Nu 

y in N2* In this case we say M is the orthogonal sum of Nt and N2. A basis 



B = {x1}- - • ,xn} of a free space (M, <í>) is called an orthogonal basis i f 
M = Cx11 • • • 1 Cxn. Note that i f xly • • • , ffn fo rm an orthogonal basis for 
a non degenrate space M then a l l the $(XÍ,XÍ) are uni ts i n C. 

B y modi fy ing the proofs of [ 1 , Lemmas 1. 2 and 1. 3 , pp. 1 3 6 - 1 3 7 ] or 
[ 1 6 , Satz 1 . 3 . 1 , p. 1 0 2 ] one can prove the fo l lowing 

L E M M A 1 . 1 . Let (M, <í>) be a non degenerate space and N a subspace 
of M. Then N-L is a subspace of M and N = iV-L-k If N is non degenerate 
then 2V-L is non degenerate and M = N 1.N-1-. 

I f (Z7,fc) is a space over (C,J) we set M(U) = (U © U*,V) where 

is the hermi t ian form defined by <S?(u-\-f, v-\-g) =<&(u,v) -\-g(u) -\-f(v) 

for u,v€ U and f,g& U*. A space isometric to some M(U) w i l l be called 

metabolic (cf. [ 1 6 ] , § 3 ) . I t is easy to see that metabolic spaces are non 

degenerate. 

L E M M A 1 . 2 . (cf. [ 1 6 , Satz 3 . 2 . 1 , p. 1 0 6 ] ) . A non degenerate space 

(M, 3>) is metabolic if and only if M has a subspace V such that F - L = V. 

Proof. I f (M,&)=M(U) take V=U*. Conversely, i f M =U © 7 
is non degenerate and F = T - L then one readily checks that v\-^> d$(v) \ u 
defines an isomorphism F - > Í7* and that (U © V, 3>) - > M ( U ) v ia 
u + v\-> u + d$(v) IZ7 is an isometry. 

I f $ is the zero fo rm on U we write H(U) instead of M(U) and we ca l l 
a space hyperbolic i f i t is isometric to some H(U). F o r a space (My$) 
we often write M, and we write — M to mean ( M , — i>). 

L E M M A 1 . 3 . Ze¿ (U,®) be a space over (G,J). Then 

( i ) M(U) ±M(—U) ^H(U) ±M(—U) (cf. [ 1 6 , Satz 3 . 4 . 1 , p . 
1 0 7 ] ) . 

( i i ) If Ü is non degenerate then Ü1 ( — U) ~ M(Ü) (cf. [ 1 6 , 3 . 1 . 4 , 
p. 1 0 6 ] ) . 

( i i i ) If the module U is the direct sum of two subspaces Uly U2 then 

M(U) ^M(UX) ±M(U2). (cf. [ 1 6 , Satz 3 . 1 . 1 , p. 1 0 5 ] . ) 

Proof, ( i ) L e t W = {u± (u + f)\u£ U,fe Ü*} CM(U)±M(— U). 
Then H(U) —>W v i a u-\-f->uL(u-{-f) is an isometry. Moreover, a 
straightforward calculation shows that W-L = {(u -f- / ) 1 (—/—d$(u)) \ u € U, 
f£U*} and W±W± = M(U) ±M(—U). F i n a l l y , M(U) —>W-L v i a 
u + fi-> (u + f) 1 ( — / — i s a n isometry so we get M(U) lM(—U) 



= W±W±s^II(U) 1M(U). T o finish the proof of ( i ) notice that 

H(ü)szH(— U) and set V U. 

( i i ) . Since U is non degenerate, d^: U U * is an isomorphism, so every 
element x of M(U) can be wr i t ten uniquely as x = u + d$(v). Then 
M(77) ->U± (— U) v ia i¿ + ¿ ^ ( v ) \-> (u + v) ±v gives the desired isometry. 

( i i i ) I f U=U1® U2 then M(ü) — ( ^ © Í7 2 © E ^ * © D V , * ) where 

+ u2 + f1 + f2, v1 + v2 + g1 + g2) 

= ^(u1 + u2?v1 + v2) +g1(u1) + g2(u2) + / i ( % ) 4 - / 2 ( ^ 2 ) . 

Define cj>: U2~-> i 7 i * by <j>(u2) (u±) = ®(u1?u2). T h e n one easily checks that 

the mapping M(d) ±M(U2) -*M(U) v i a 

(Ui + fi) 1 (W2 + / 2 ) i ^ ^ i + ^ 2 + (fi — <t>(u2)) +/2 

is an isometry. 

Unde r the operation of _L the isometry classes of non degenerate spaces 
form a semi-group which we denote by 8 (G, J). We denote the subsemi-group 
of isometry classes of metabolic spaces by M(G,J). We shall denote the 
associated Grothendieck groups of these semi-groups by K(C,J) and KM(C,J), 
respectively [1, p. 9 ] . We recall that the elements of K(C,J) can be wri t ten 
as [ I f ] — where [ I f ] denotes the image of the isometry class of the 
space (If , <i>) and that [ I f ] = [N] i f and only i f there exists a non degenerate 
space I f ' w i th I f 1M' ^ N1W [1, P rop . 1.1, p. 10] . 

N o w , i f [M(U)] — [M(V)]=0 i n K(C,J) then there is a space W 
wi th M(U) 1W E - I f ( V ) 1 ? . Hence by L e m m a 1. 3 ( i i ) 

M(U)±M(W) £*M(U)±W± — Ws*M(V)±W± — W^M(V) ±M(W) 

so [M(U)] — [M(V)]=0 i n KM(C,J) also. Thus the natura l map 
KM(C,J) -*K(C,J) is infective and we shall henceforth identify KM(C,J) 
w i t h its image i n K(C, J). Moreover, for any space TJ, [M(U)] = [H(U)] 
by L e m m a 1. 3 ( i ) so KM (C.J) is generated by the hyperbolic spaces. We 
shall ca l l the quotient group K(C,J)/KM(C,J) the Witt group of (C,J) 
and denote i t by W(C,J). 

We cal l two non degenerate spaces E, F over (C,J) equivalent, and write 
E — F, i f there exist metabolic spaces If , N such that EIM s=zF±N. The 
quotient 8(0, J)/— by this equivalence relation is a group, since by L e m m a 
1. 3 ( i i ) we have E l (—E) ~ 0 for any non degenerate space E. Ev iden t ly 
the na tura l map 8(C, J) —» W(C,J) factors through our equivalence relation. 



L E M M A 1.4. The natural homomorphism from 8(C,J)/— to W(C,J) 

is an isomorphism. 

Proof. I t is surjective, since elements — [ E ] and [—E] of K(G,J) 
have the same image i n W(C, J ) . B y its universal property, K(G,J) admits 
a canonical homomorphism K(G,J) —> 8.(0, J)/— which necessarily vanishes 
on KM(C,J). We thus get a map W(0,J)-* S(C,J)/~ which is a left 
inverse to 8(0, J)/——>W(C, J), and hence the maps are inverse isomorphisms. 

From now on, we shall assume that C is a commutative ring. I f (Ely <f>i) 
and (E2,<&2) are two spaces over (0,J) we define their tensor product to 
be the space (E1®CE2,®) where ^(x±® x2,yx® y2) ==^1(x1,y1)^2(x2,y2) 
[5, p. 29 ] . Ident i fy ing E1*®E* w i t h (E1®E2)* [4, P rop . 4, p. 113] 
we have d$x® d$2= d$ [5, p. 29 ] . Hence E1®E2 is non degenerate i f both 
E± and E2 are. Thus the tensor product makes K(0,J) into a commutative 
r i n g wi th identi ty element given by the class of the space (1) = (0,&) where 

L E M M A 1.5. (cf. [16, Satz 3 . 1 . 3 , p. 106] ) . Let (E,$E) and (U,®u) 
be spaces over (0,J) with E non degenerate. Then E®M(U) s=iM(E®U). 

Proof. The subspace V = E®U* of E® M(Ü) = E® ü © E® Ü* 
fulf i l ls the condit ion 7=17-1- of L e m m a 1.2 so E®M(U) is metabolic. B y 
the proof of L e m m a 1.2 we have E ® M(U) = M(E ® Ü). 

C O R O L L A R Y 1.6. KM(0,J) is an ideal in K(0,J) and hence W(0,J) 
is a commutative ring. 

Example 1. 7. L e t A be a commutative r i ng , C = A X A. w i t h coordinate-
wise operations, and J the involu t ion (at, a2) ^ (a2, a a ) on C. L e t (M,$) 
be any non degenerate space over (C,J). Then M = e±M © e2M where 
e1 = ( 1 , 0 ) , e2 = ( 0 , 1 ) . (So e¿If is a projective . á -modu le , i = 1,2.) More­
over, ^(e±M, e±M) = ®(e2M, e2M) = 0. Define 

d: e2M -> (e xM) * — H o n u (e±M, A) 

by d(e2y) (e±x) =$(e-Lx, e2y) = ex^(x, y). T h e n the non degeneracy of & 
implies that d is an isomorphism and hence induces an isomorphism of 0-
modules T: M-> (e^M) X (e±M)* v i a e±x-\-e2y\-> (e1x,d(e2y)) where 
C = Ay^ A acts on #i l f X (e-Jd)* coordinatewise. N o w there is a na tura l 
hermi t ian fo rm on e±M X (e±M)*, namely *((x,f), (y,g)) — (g(x),f(y))> 
and T is an isometry w i t h respect to the forms <i>, Hence up to isometry 
every non degenerate space over (G, J) has the form ( Í 7 X TJ*,^) where U 



is a projective J.-module, U* = H o i r u ( U , A ) , C = i X i acts coordinate-
wise, and <$r((u,f), (v,g)) = (g(u),f(v)). I n part icular , i f (M,®) is any 
non degenerate space over (G, J) then M is isometric to H(e-LM) so W(C,J) 
= 0. A l so , f rom the above we get an isomorphism f rom the semi-r ing P(A) 
of isomorphism classes of projective A -modules onto 8(0, J) which i n t u r n 
induces an isomorphism KP (A) szK(C,J), where KP (A) is the Grothen-
dieck r i n g of P (A). 

A morphism <j>: (C,J)—>(C',J') of pairs is a r i n g homomorphism 
<£: O-^O' w i t h J ' o = <¿> o J . F o r any such <j> and any space (E,$) over 
(O, J) we get a space (0' ®GE, over (C',J') where the tensor product is 
taken v ia and 3 > ' ( c ' ® # , d'®y) = c'<t>($(x,y)) J'(d') for x, y i n E and 
c', i n (J [5, P r o p . 2, p . 15 ] . Since there is a canonical isomorphism 
C'®cE*= (C'®CE)* [4, P rop . 4, p. 113] , i t is readily verified that 
(C'®E,&) is non degenerate (metabolic) i f (E, 3>) is. Hence the assign­
ment (E, <í>) \-> (C ®CE,&) induces canonical r i n g homomorphisms K(<¡>): 
K(C,J)-*K(C',J') and W(<¡>) : W(C, J) -> W(C, J'). 

Given a pair (G, J) the r i n g of / - i n v a r i a n t elements w i l l be denoted by 
A. Then for a l l c i n C, c2—(c + c)c -f- cc = 0 w i t h c + c, cc i n i so C 
is an integral r i n g extension of A. We cal l cc the norm of c and write 
N(c)=cc. I f (If , <i>) is a space over (C,J) and # is an element of I f 
we w i l l often wri te n(x) = &(x,x). Note that for a l l x m M, n(x) is an 
element of A. 

We say (C,J) is connected i f (7 has no factorization O = X ^ 2 such 
that J = JiX J2 w i t h an involu t ion of C¿, i == 1, 2. 

L E M M A 1.8. If (G,J) is connected then the fixed ring A has no non 
trivial idempotent and either C has no non trivial idempotent or ( 0 , J ) 

= ( I X A, J ' ) where Jf: (a1} a2) >-> (a2, a±). 

Proof. I t is clear that A can have no non t r i v i a l idempotent. I f e y¿= 0, 
1 is an idempotent then eJ(e)=^l is an idempotent of A and therefore 
eJ(e) = 0. Thus e + J(e) =?¿= 0 is an idempotent of A and hence e + J(e) = 1. 
Therefore C = Ce@ CJ(e). Define a r i n g homomorphism f i X ^ " ^ ^ 
by <f>(an}a2) = a±e + a2J(e). Then i t is easily checked that 4> is an iso­
morphism and that i f J' is the involu t ion on A X -4 defined by J ' : (%, a 2 ) 
!-> (a 2 , %) then J o = <¿> o J ' . 

F o r the remainder of this section, unless otherwise specified, we assume 
that C is a semi-local r ing , i . e. that O has only finitely many max ima l ideals. 

L E M M A 1.9. (O, J) admits a factorization 



(C,J) = {C1,J1) x - • -X{ChJt) 

where ( C i , J¿) is connected. The factorization induces an isomorphism of 

semi-rings 

S{C,J)s*nS{Ci,Ji) 

which in turn gives isomorphisms 

E(C,J)=UK(GhJi) 

and 

w(o , j )=n^(c i , j ¡ ) . 

Proof. Since C has only a finite number, s, of max ima l ideals any 

factorization 

(*) (C,J) = (C1,J1)X - • -X(Ct,Jt) 

must have length t^s. Hence there certainly exists a factorization (*) which 

cannot be further refined and a l l the (ChJi) i n such a factorization must be 

connected and semi-local. L e t be the identi ty of (7¿. T h e n i f (M,&) is a 

space over (C,J) we can wri te 

M = íleiM. 
i=i 

L e t $i = &\6IM. Then since <£(e¿£, e$) = S^-e^ íc , £ SÍJCÍ, i t follows that 

(eiM, $>i) is a space over (ChJi). Moreover, (M,®) is non degenerate 

(metabolic) i f and only i f a l l the (M&i, are. Thus 

^(c , j ) -n^( f t , j , ) 
i = i 

and 

KM(C,J) s i i l ^ J , ) . 

These isomorphisms together w i t h the universal property of Grothendieck 

groups give isomorphisms 

i f ( C , J ) s n Z ( ( 7 4 , « 7 4 ) 

and 

i=l 



L E M M A 1.10. If (C,J) is connected then every non degenerate space 

over (C,J) is free. 

Proof. I f C has no non t r i v i a l idempotent then every projective C-

module is free [6, P rop . 5, p. 143]. Hence by L e m m a 1.8 we may assume 

that C = A X A w i t h involu t ion (a1} a2) >-> (a 2, B y Example 1.7, i f 

(M,&) is a non degenerate space over (C,J) then M = U X 27* where U is 

a projective ^.-module and U* = H o n u (U, A). Since A has no non t r i v i a l 

idempotent, U is free over A [6, P rop . 5, p. 143] and rank U = rank U*. 

Therefore M=UXU* is a free A X A-module . 

L E M M A 1.11. Let C be an arbitrary commutative ring with involution 

J and let {E,<&) be a non degenerate space over {0,J) and let B a d O be 

the Jacobson radical of 0. Denote both the natural maps E->2?/(BadC)E 

and (7->(7/Bad(7 by TT. Then ir(E) carries a form 3> defined by 

&(ir(x),ir(y)) = 7T{${x,y)). 

If (>7r(E),®) has an orthogonal basis yt,- • • 9yn then there exists an 

orthogonal basis x1}- • -,xn of (E,®) with 7r(xi)=y{, i = l,- • -,n. 

Proof. Since (TT(#),<Í>) is the space deduced from (E,®) by the 

morphism (C,J)~^(TT(0),J) of pairs i t is also non degenerate. L e t xx 

be any element of E w i t h w(x1) = y±. T h e n n(x1) = $(x1,x1) is mapped 

onto the un i t ^(y1?y1) by TT and therefore is itself a uni t . Hence each x i n 

E can be wri t ten 

n(x1) n^Xi) 

so that E = Cx±l (Cx^-L. A p p l y i n g ?r to this decomposition we find 

7r^E)=7r{C)y1LiT{{Cx1)^) so that TT((Cfci)-L) — i r ( 0 ) y , l - L*(C)yn, 

Since (fei)-L is non degenerate by L e m m a 1.1, inductions finishes the proof. 

A non degenerate space (E,®) over (C,J) is called proper i f the ideal 

of A generated by the elements n{x), x i n E, is a l l of A. 

L E M M A 1.12. (cf. [16, L e m m a 5.4.1, p. 111]). Every proper free 

space over ( C , J) has an orthogonal basis. 

Proof. I n view of L e m m a 1.11 i t is enough to prove this i n the case 
t 

when B a d # = 0. Then by L e m m a 1.9, (C,J)=J\(Ci,Ji) where for 
i=l 

i = l , ' • •, m, d is a field w i t h involu t ion J i and for i = m + 1,- • • , t, 



Ci = AiXAi w i t h Ai Si field and Ji(a,b) = (b,a). L e t (E,$) be a proper 

free space over (C,F). Then , as i n the proof of L e m m a 1.9, 

m 

i=i 

where (17;, <í>¿) is a non degenerate space over ((7¿, J^ ) . Moreover, since (E,&) 

is proper each (Eh$i) must be proper. I n part icular , for i=l,- • • , ra, 

®i is not al ternating on E.t. Hence (2£¿, <&¿) has an orthogonal basis for 

i=l,- • -, m [5, T h . 1, p. 90] . N o w for any i w i t h m - { - l ^ i ^ t , Example 

1. 7 states that (Eh$i) has the fo rm (U X U*,&) w i t h U a vector space over 

Ai and ^ ((u,f), (v, g)) = (g(u), f(v)). L e t uly- • -,un be any basis for 

U and M i * , * • the dual basis for Z7*. T h e n for y ^ f c , 

*((<^,%*), (uk,uk*)) = (Wfc*(t¿i),%*(W]fe)) = 0 

so that { ( ^ % * ) } is an orthogonal basis for (JE^, 3>¿). Combin ing a l l these 

bases then gives an orthogonal basis for (E, <$>). 

Our next step is to generalize [31, Satz 7 ] to the case of hermi t ian forms 

over semi-local r ings. L e t B, B' be two orthogonal bases of a free space E. 
We say that B and B' are n-connectable i f there exists a finite sequence 

Bu - • •, Bk of orthogonal bases of E w i t h B = B±, B' = Bk, and Bi differing 

f rom Bi+1 i n at most n places. 

L E M M A 1.13. Let C be an arbitrary commutative ring with involution 

J and let (E,®) be a free space over (C,J) with orthogonal bases 
B = {yir ' ' y Vm) and B' = {?//, • • - ,ym'}. If 7r(y 4) = ir(yi), i = 1,- • ' ,m, 

where TT: Ei?/(BadC)E is the natural map, then B is 2-connectable to B'. 

Proof. U s i n g induct ion on m, i t is sufficient to show that 5 is 2-

connectable to an orthogonal basis {y±,z2,- ' ',%m} w i t h T T ( ^ ) = TT(ZÍ), 
i = 2,- • - , m , since then {z2,- • ',zm) and {y2',m * • ,ynt} are both orthogonal 

bases of 

t 
B y renumbering, i f necessary, we have y¿ = (1 + r1)yl - f 2 wi th 

i=2 

n i n E a d C and r ¿ 0 for 2 ^ i ^ t . We now proceed by induct ion on t. 
I f 2//= (1 then since 1 + rx is a un i t i n C, {yi',y2,m ' ' ,ym) is an 

orthogonal basis of E which is 1-connectable to B, so that the l emma is 

proved i n this case. 

I f t ^ 2, let y/' = (1 + ^1)2/1 + rtVt- Then n(y") is congruent to 
modulo B a d C and hence is a un i t of 0. Therefore Oy± 1 Oyt = Cy" 1 Cyt" 



where yt" = yt — ^ ty' ^ y". X o w the orthogonal basis 
nKVi ) 

B " = {y%", y 2, • • • , yt-i, y", • • • ,ym} 

is clearly 2-connectable to B, also ir(B) = ir{B"), and, i n terms ofB", we 

have y/ = yx" -\- 2 f%y{^ Thus the proof is complete by induct ion on / . 
i=2 

L E M M A 1 . 1 4 . Assume (C,J) is connected and B a d (7 = 0 . Let 

de a non degenerate space with orthogonal basis B={x±,- • m,xm} and let 
t 

y = 2 < % , with all Ci7¿=0, be an element of E that can be augmented to an 
i=i . 

orthogonal basis of E. 

• ( i ) If the pair (C,A) is not (F4,F3)3 or ( F 2 , F 2 ) there there is 

an orthogonal basis {y,z2,' ' ' ,Zm} which is 2-connectable to B. 

( i i ) If C = Fé and A=F2 then there is an orthogonal basis 

{y> z2,' ' ', %m} which is d-connectable to B. 

( i i i ) If C = F2 there is an orthogonal basis {y,z2>' ' ',Zm} which is 

4:-connectable to B. 

Proof. Since B a d (7 = 0 , L e m m a 1. 8 shows that G is either a field or 

C = i X i w i t h A a field and J(a±,a2) = {a2,ar). I n either case, A is a 

field so the assertion that an element of A is a u n i t is equivalent to the 

assertion that i t is not zero. 

The proof proceeds by induct ion on t. The case t = 1 is handled exactly 

as i n L e m m a 1 . 1 3 . N o w suppose t > 1 and that there exist integers i, j 

1 ^ i < j ^ t w i t h n(CiXi + CjXj) 0 . T h e n by the last part of L e m m a 1 . 1 

we can augment x( = c^Xi -f- CjXj by an element x/ of E to y i e ld an orthogonal 

basis of GXÍ 1 Cx¡. Then the orthogonal basis B± = {xly • • • , x/, • • • , xf, • • •, xm} 

is 2-connectable to B and since y is a l inear combination of t — 1 elements 

of B1} the induct ion hypothesis finishes the proof i n this case. 

We therefore assume that n(CiXi -f- CJX¡) = 0 for a l l i, j w i t h l ^ i <. j = t. 

Set <x = n(y) and ft = N(ci)n(xi), i = l,- • • ,t. Then , i n the field A we 
t 

have ft + ßj = 0 for ij¿=j and 2 ft = « 0 . Hence t is odd and a = ft for 

1 ^ i ^ ¿. Thus , for ij^jy 2<x = ft + ft = 0 so -4 has characteristic two. 

Moreover, since N(ci)n(xi) = ¡ f t ^ O for a l l i , each must be a un i t i n 0 . 

Hence mak ing the series of changes 

3 By Fq we denote a field with q elements. 
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{xi? ' y xm] ^ {^1^1? x2> ' i xm} ^ {Cixi> C2X2, ' ? Xm} 

^ ' " " ^ {^i^i, C 2 #2? * * Í ^ Í ^ Í Í ' ; xm} 

we see that we may suppose y = 2 w i t h ¿ §^ 3 odd, n (£¿) == n (?/) == a 0 

for a l l i , and A is a field of characteristic two. The remainder of the proof 

proceeds i n a number of steps. 

1) J is not the identi ty and there exists c i n C w i t h N(c) ==¿=1 and 

I n this case set x±'= x±-\-cx2. Then = = a ( l + ^ r ( c ) ) =7^0 and i t 
is easily verified that and = cx1 - j - #2 fo rm an orthogonal basis for 
Ctei _L fe2. Thus B± = x 2 , xZ7- • •, xm} is 2-connected to B and i n 

terms of Bu y = Y ^ N ^ j X l ' + 1+N(l) % ' + X s + ' ' ' + ^ 6 x t ' l e t 

/». " (1 4 ~ _[_ A routine calculation then shows that 
1+N(c) 

«(c + c) 

since c + c ^ O . Hence there is an element £ 3

r / of E so that ff3"} is an 
orthogonal basis of Cx1

/±Cx3. Then B2 = {x1

/f, x2', x", x±, • • •, xm} is 2-
connectable to B, and since i n terms of B2, y is a l inear combination of t — 1 
elements, the proof is finished i n this case. 

I f C = AXA w i t h J(a,b) = (b,a) we set c = ( l , 0 ) to fu l f i l l the 
hypotheses of case 1 ) . Henceforth, therefore, we assume that C is a field. 

2) C is a field and J is not the identi ty on C. 

I f c is not i n A then c + c ^ 0 . Therefore i f there is a cfA w i th 
N(c) y^l we are done by case 1 ) . Hence assume N(c)=l for a l l cf.A. 
Then i f a ^ 0 is i n A and c ^ A we have 

= . V ( C ) - f ( c - | _ c ) a + a 2 = = l + (c + c ) a + a 2 . 

Th i s yields c-\-c = a for every < x ^ 0 i n A. Thus we are reduced to the 
subcase 

2) (a) A=F2 and C = F4. 

Here (7 ===== A (0) w i t h 0 2 -f- # -f-1 = 0. Since i ^ 3 w e may define elements 
%i = #i + #2 + # 2 ' = #i + ##2 + x* = x i J r Vx2 + 0^3. Then a routine 
calculation shows that x2y x/} is an orthogonal basis for Cx\ 1 Cx2J_ Cx3. 
N o w B is 3-connectable to f?x = #2', # 3 ' , ^ ' • * ,%m}, and i n terms of Bly 

y is & sum of t — 2 terms so again induct ion completes the proof. 



3) C is a field and J is the identi ty on C. 

We first prove that ¿ < r a = rank2í/ . Since y can be augmented to an 
orthogonal basis of E, there is an element z i n E w i t h n(z)=^=0 and 

m t 
®{y,z) ===0. L e t 2 = 2 ^ 4 - Then <!>(?/, z) = ( 2 ^ ) a. Since the charac-

4=1 4=1 

t t 
teristic of O is two, 0 = ( $ ( Í / , 2 ) ) 2 = . ( S Í Í Í

2 O ! ) « SO that 2 ^ i 2 a = 0. N o w , 
4=1 4=1 

t 
if t = m then 0 ^ < i > ( 2 , 2 ) = 2 d i 2 «, a contradiction, (cf. [16, p. 113].) 

4=1 

3) (a) C j^F2 and J is the identi ty. 

L e t <xm = n(xm) ^ 0 . I f a - f c 2 a w = 0 for a l l c^=0 i n O then C . — 0 
has only one element and hence (7 = F 2 . Thus there is an element c i n C 
wi th a - f c2am 0. N o w set 

, a , ca t , c2<xm , ca 
•̂ 1 — 1 „2 ^ 1 1 i 2 ana #m — ¡ - Xi-\- 1 2 

T h e n i t is easy to check that {x^x^} is an orthogonal basis for Cx-^lCxz, 
C2GCGC 

x1 = Xi - f xm\ and n (xm

f) = ™ ^ a. The basis Bx = x 2 , • • •, xm'} 
(X -f- c <xm 

is 2-connectable to B and i n terms of Bl7 y = x±' -\- x2 + • • * + xt + #m ' which 
is a longer expression but has n(xm') j¿=<z. Hence n(x2 + xm') 0 and 
therefore i f x" = x2 - f xm'\ there is an element xm" such that {x2",xm"} is an 
orthogonal basis for Cx2±Cxm'. Our basis I?! is 2-connectable to the basis 
B2 = x2",xs, - - ',xm-lyxm"} and we have y = x¿ -f- x2" + • * + xt. 
N o w n ( z 2 " + x3) = n(x2 -\- xm' -\- x3) = n (xm

f) ^ 0. F o r x"' = x" - f x3, 
there is an alement x"' such that ^ 3 ' " } is an orthogonal basis of 

Cx2" 1 C# 3 . N o w # 2 is 2-connectable to B3 = {xx'7 x2"\ x3", x4,- • •, xm..1} xm"} 
and y is a l inear combination of t — 1 elements of B3, which completes the 
proof i n this case. 

3) (b) (7 = F 2 . 

I n this case we shall show that B is 4-connectable to an orthogonal basis 
of E containing y; so we suppose m > 4. Note that we s t i l l have t < ra. 
L e t E' = Cx± 1 Cx21 Cx31 Cxm and let xf = x1 - j - x2 -f- # 3 . Since, i n this case, 
a = l , we have ^(a / ) = 1 and so by L e m m a 1.1, E' = Cx?L (Cx')-L. Since 
xm is i n {Cx')±. and is a un i t of 0 , the space (Cx')-L is proper, 
and so, by L e m m a 1.12, has an orthogonal basis {x2,x3',xm'}. T h e n the 
orthogonal basis B± = {x', x 2 , x 3 , x4, • • • , £m_i, xm'} is 4-connectable to B and 
y = x' + ^ 4 + * * * + xt (or i f ¿ = 3) so that induct ion completes the proof. 



T H E O R E M 1.15. (cf. [16. L e m m a 5 .5 .3 , p. 113] , [31, Satz 7 ] ) . Let 

C be a semi-local ring with involution J, (E,&) a proper free space over 

(G,J), and B = {x±,- • -,xm}, B'={y±,- • • ,ym) two orthogonal bases of E. 

( i ) B and Br are 4z-connectable. 

( i i ) If G has no maximal ideal m with J(in) == m and C/m = F2, 

then B and B' are 3-connectable. 

( i i i ) If, in addition, C has no maximal ideal m with J (m) = m and 

0 / m = F 4 , A/A n ttt = F2, then B and Bf are 2-connectable. 

t 
Proof. B y renumbering the #'s we may suppose y± = 2 cixi w i t h C\ ^ 0. 

*=i 
I f B a d (7 = 0 and (C,J) is connected, L e m m a 1.14 shows that B is n-

connected to an orthogonal basis {y±,z2,- • * ,zm}. Here w = 4 i f C = F2, 

n == 3 i f A=F2 and (7 = F 4 , and n = 2 otherwise. Since {y2, • • • , t/w} and 

* ' ^ m } are orthogonal bases of the proper free space (Cy^-L induct ion 

on m finishes the proof i n this case. 

Nex t , assume only B a d O = 0. Then by L e m m a 1.9, 

( 0 , J ) = ( C 1 , J 1 ) X - • -X(Ck,Jk) 

where ( C ^ J * ) is connected and Bad(7¿ = 0. Hence E = E1X' ' 'X^k 

w i t h Ei a proper free space over (Ci,Ji). L e t denote the indent i ty element 

of Gi. Then {eiXu- • ',eiXM} and {e^y^- • * ,e^ m } are orthogonal bases of 

B y L e m m a 1.14 these bases are n-connectable w i t h n = 2 or 3 or 4. B y 

adding the connecting chains of bases, the theorem is then proved for the 

case B a d (7 = 0. 

F i n a l l y , let TT: I 7 - » i 7 / ( B a d G)E be the na tura l map. Then the ortho­

gonal bases TT(B), TT(B/) of ir(E) are n-connectable for n = 2 or 3 or 4. 

L e t S¿ and Bi+1 be two adjacent bases for ir(E) occurr ing i n the chain 

between TT(B) and T T ( 5 / ) , and let E0 be the (7/Kad(7-submodule of TT(E) 

generated by elements of Bi not i n Bi+1. Thus E0 has an orthogonal basis 

üh, h = 1, 2, or A = 1, 2, 3, or A = 1, 2, 3 ,4. Moreover, TT (2?) = É 0 1 where 

J©! has the orthogonal basis 5 { n ^ + 1 = { w y } . B y L e m m a 1.11, E has an 

orthogonal basis Bi= {uh,Wj} w i t h 7r(uh) = u n and T T ( ^ ) =WJ. N O W , the 

elements of Bi+1 not i n 5¿ must span (É±)±- = ÉQ. Thus , let ^ A = 1,2; 

or A = 1, 2 , 3 ; or A = 1, 2, 3,4, be the basis of É0 belonging to Bi+1. A g a i n we 

can find an othogonal basis Bi+1 = {vn, Wj) w i t h ir(vn) = vn and ir(w¡) = wjm I t 

thus follows that B is n-connectable, n = 2 or 3 or 4, to an orthogonal basis 

5 " = { y i " , y 2 ' V ' -,ym"} w i t h 7 r ( ^ ) = 7 r ( ^ ) . B y L e m m a 1.13, 5 " is 2-

connectable to 5 ' so that B is w-connectable to Bf, n = 2 or 3 or 4. 



I t is clear f rom L e m m a 1.14 that B and J5' are 2-connectable unless 
( 0 / K a d ( 7 , J) contains a direct summand F 2 or a direct summand F 4 w i t h J 
not induc ing the ident i ty on i t . I n the latter case there is a max ima l ideal 
m of C w i t h J(m)=m and C/m = F4. I f J induced the ident i ty on 
C/m = F 4 then i t is clear that c2 lies i n i / m f l 4 for every element c i n C/m. 
Since A/mH A is finite this wou ld force A/m Pi A = C/m. Thus the hypo­
thesis i n ( i i i ) implies that J does not induce the identi ty on C/m = F4 and 
Theorem 1.15 is completely proved. 

L e t A* denote the group of uni ts i n i n A and let G = A*/NG* be the 
group of no rm classes i n A*. F o r a i n A* we denote the image of a i n G by 
{a}. Since N(a) =a2 i t is clear that G is an abelian group of exponent two. 
F o r ß i n i * we let (a) be the proper rank one free space Cx w i t h fo rm 
®(c1x,c2x) = c±c2a. Note that (a) ®(b) = (ab) and (a) = (b) i f and only 
i f {a} = {b} i n G. Hence the assignment { a } [ ( a ) ] defines a r i n g homo-
morphism 4>: Z [(7] -> Z ((7, J ) . 

T H E O R E M 1.16 (cf. [9, p. 1 3 6 6 ] ; [16, Satz 5 . 5 . 1 , p . 112] ) . Let C be 
a semi-local ring with involution J. If the pair (C,J) is connected4 then 

( i ) 0 is surjective, 
4 4 

( i i ) K e r 0 is additively generated by the elements 2 {ai} — 2 
i=i i=i 

4 4 

with 1 (di) = 1 (bi), 
i=i 4=1 

( i i i ) If C has no maximal ideal m with J(m) = m such that either 
C/m = F2 or C/m = F 4 and A/m n i = F 2 then K e r <f> is additively generated 
by the elements {a±} - f {a2} — { o j — {b2} with (at) 1 (a2) === l(b2). 

( iv) 7/ a /jeZá K e r $ generated by the elements described 
in ( i i i ) . 

Proof. A s before we let [ I f ] denote the image of the isometry class 
of a non degenerate space M i n K(C,J). Then for any a i n A * , 
\M~\ = [M l(a)~\ — [ ( « ) ] . Since both Ml (a) and (a) - are proper this shows 
that K(C,J) is generated by the images of proper spaces. Lemmas 1.10 

n 

and 1.12 apply to show that every proper space is isometric to 1 (o¿) for a< 

i n A * , so that $ is surjective. 

S t 
L e t 2 = 2 — 2 {o*} l i e i n K e r <f). Then there exists a non degenerate 

4=1 y=i 

* K . J . Hertz and J . Cunningham have pointed out to us that this condition was 
omitted in [16] in the last statement of Lemma 5.4.1 and in some parts of § 5. 5. 



s t 
space N. such that 1 (a¿) ±N ^ 1 (bj) ±N. B y adding (a), a i n A * , to 

4=1 j=i 
r 

both sides we may even assume that N is proper. Hence N = JL (ck) and so 
s r t r 
1 {(h) 1 1 (cjc) === 1 1 JL (cfc). I n par t icular s^=t, and we can suppose 
4=1 fc=l i = l £=1 

2 = 2 { í̂} — 2 {&;} wi th 1 (a*) === _L Hence there exists a free space 
4=1 4=1 4=1 4=1 

(E, <i>) w i th orthogonal bases B = {xl7 • • •, xs}, B' = {yly • • •, ys} such that 
= &i, n(yi) =bim B y Theorem 1.15, B is 4 (3, 2)-connectable to B'. 

L e t i ? ! = B, B2, • - • ,Bn = B' be a sequence of orthogonal bases effecting 
the connection, where Bi={w1^i\' • - , w s

( i ) } and n(wfl)) = dfl\ I f we 

denote the element ¿ {<*/*>} of Z [ G ] by {# ¿} then 

^ = ( { B 1 } - { B 2 } ) + ( { B 2 } - { 5 s } ) + - • •+({Bn.1}-{Bn}) 

which proves ( i i ) and ( i i i ) . 

Theorem 1.15 shows that the conclusion of ( iv) holds w i th the possible 
exception of A=F2. I n this case ff = F 2 * = l so that Z[G]=Z. Since 
4> is surjective and K(F2, Id ) = Z we have K e r ^ = = 0 and Theorem 1.16 is 
proved. 

C O R O L L A R Y 1.17. Let (C,J) be as in Theorem 1.16. 

( i ) If C has no nontrivial idempotents the canonical surjection 
0 

if/: Z[G~] >K(C,J) - > W ( 0 , J) has 'kernel generated by {1} - j - {—1} and 
the elements indicated in ( i i ) or ( i i i ) of Theorem 1.16. 

( i i ) If C has a nontrivial idempotent then K(C, J) = Z and W(O, J) = Q. 

Proof. L e t H denote the hyperbolic space bui l t on the module C. I f 
C has no non t r i v i a l idempotents a l l projective (7-modules are free so by 
L e m m a 1.3 ( i i i ) , H(U) =H±H±- • l H for a l l projective (7-modules U. 
N o w i t is easily verified that M((l)) === (1) 1 ( — 1 ) . Moreover, by L e m m a 
1.3 ( i ) , [ I f ( ( 1 ) ) ] = [H] mK(C,J). Hence i n K(C,J), [H(U] = n\H~\ 
= n\_ (1) ] - f n l ( — 1 ) L f ° r some natural number n. I n part icular , 
{ l } + {—1} i s m K e r ^ . N o w suppose that \p(z) = 0. Then <f>(z) is i n 
KM(C,J) and thus by L e m m a 1.3 ( i ) , 

- [H(U)]~ \H(V)] = m ( [ ( l ) ] + [ ( - 1 ) ] ) 

for some integer m. Hence K e r \p = K e r <\> -\- Z({1} -f- {—1}) which proves 

( i ) . 



I n the second case L e m m a 1.8 shows that (C,J) = (A \A,J') where 

A is a connected semi-local r i n g and J'(a,b) = (b,a). Example 1. 7 together 

w i t h the fact that projective A -modules are free finishes the proof. 

Remark 1.18. I n case (C,J) is not necessarily connected i t can be 

shown that I m <¡> is the Grothendieck r i n g KF(G, J) of the semi-r ing SF(C, J) 

of isometry classes of free non degenerate spaces over (C,J). I f WF(C,J) 

is defined as KF(C,J)/Z[H] and \j/ is s t i l l the na tura l composite, i t can be 

seen that Ker<£ and Keri/> have the same descriptions as before. 

I n the cases ( i i i ) and ( iv) of Theorem 1.16 we can give a more expl ic i t 

description of Ker<£. 

L E M M A 1.19. Suppose K e r 4> is additively generated by -\- {a2} 

— {bi} — {b2} with (a±) 1 (a2) s=z (b±) 1 (b2). Then as an ideal of Z[G\ 

K e r cf> is generated by the elements 

q(a, cu c2) = (1 + {a}) (1 - {N(Cl) + N(c2)a}) 

where (a, cu c2) runs through the triples in A* X O w i t h N(c±) -\-N(c2)a 
in A*, (cf. [16, 5 .5 .2 , p. 112].) 

Proof. B y hypothesis, K e r </> is generated as an ideal by elements 

z={l} + {a} — {b} — {b'} w i t h (l)l(a) = (b)l(b'). Then there exist 

cly c2 i n C such that b ==N(c1) -\-N(c2)a. Moreover, by [5, P rop . 1, p. 4 2 ] , 

{a} = {bV} and hence {ab} = {V}. Thus 

z=({l} + {a})({l}-{b})=q(a,c1,c2). 

O n the other hand, let (a, cl7 c2) i n A* X C X C be such that b = N(c1) 

-\-N(c2)a is i n A*. Then one easily verifies that (1) 1(a) = (b) 1 (ab) and 

hence q(a, cl7 c2) lies i n K e r <f>. 

L e t x be a character of G, i . e. a homomorphism from G into € * . Since 

G has exponent two we must have ^(g) = ± l for a l l g i n G. Thus x 

extends to a unique r i n g homomorpism ipx: Z[G] Z. The fo l lowing l emma 

w i l l be of importance i n 3. 

L E M M A 1. 20. Let z be an element of Z[G] of one of the following types: 

r r r r 
(a) 2 = 2 { a ¿ } — 2 { k i } with 1 (at) £==• 1 (&,) and r ^ 5 . 

i=i i=i i=i i=i 
(b) 2 = { l } + { - l } . 

Then, for any character x of G, we have $x(z) = 0 or ± 2 n for some 
integer nT^.1. 



Proof. The conclusion is clear for case (b ) . Hence suppose z is as i n 
r r 

( a ) . B y [5, P rop . 1, p. 42 ] , H {a*} = 1 1 { M i n G. N o w fix x a n ( l suppose 
j=i i=i 

r 
s of the x({ai}) a r e — 1 while r — s of the x ( { a ¿ } ) a r e !• Then 2 x ( { ^ } ) 

r 
= r — 25. N o w I I x ( { a - ¿ } ) = 1 i f and only i f s is even, which is equivalent 

4=1 
r r 

to 2 x ( W ) — ^*(mod4). Furthermore, Tlx({ai}) = — 1 i f a n ( ^ o n l y i f s 

4=1 4=1 
r 

is odd, which is equivalent to 2 x ( { a * } ) = r — 2 ( m o d 4 ) . Thus i t follows 
4=1 

r r 
that i n either case 2 X ( ) = 2 x ( { M ) ( m o d 4 ) . Hence if/x(z) = 0 (mod4) . 

4=1 4=1 

B u t r ^ 5 implies that ^x(^) is an integer of absolute value ^ 1 0 . Hence 
^x(z) = 0 or ± 4 or ± 8. 

C O R O L L A R Y 1.21. Let (C,J) be a connected semi-local ring and let 
R = K(C,J) or W(C,J). Then R ~ Z[G]/K ivhere G is an abelian group 
of exponent two and K is an ideal of Z\&\ such that for all characters x 
of G we have ipx(K) = 0 or 2nZ. 

2. Integral extensions of Z with nil torsion group. The results of 1. 
show that for a connected semi-local r i n g C w i t h involut ion the commutative 
Tings K(C,J) and W(C,J) are residue class rings of Z [Cr] where G is an 
abelian 2-group. Th i s is the motivat ion for s tudying residue class r ings of 
.Z[6r] for G an abelian torsion group. 

N o w , Z[6r] is an integral extension of Z since gn^) = i f 0 r a l l g i n G, 
•so that every element of Z[6r] is a sum of integral elements [7, Cor. 2, p. 14] . 
Hence a l l residue class rings of Z[6r] are also integral extensions of the image 
•of Z they contain. 

We shall use the fo l lowing notations consistently throughout the remainder 
of the paper: 

R is a commutative r i n g . 

E a d R denotes the radical of R; E a d R = Pi M where M runs through 

the m a x i m a l ideals of R. 

N i l R denotes the set of ni lpotent elements of R; N i l R = Pi P where P 
xuns through either the m i n i m a l prime ideals of R or a l l pr ime ideals of R 
[6 , P rop . 13, p. 95] . 

Rt denotes the torsion subgroup of the additive group of R; Rt is an 

ideal of R. 



Rred = R/miR. 

d i m 2?== the K n i l l dimension of R [15, p. 28]. 

Spec R = the set of pr ime ideals of R topoligized by the Zar i sk i topology 
[6, p. 125]. 

M a x i ? and M i n i ? denotes the subspaces of S p e c P consisting of the 

max ima l ideals and m i n i m a l pr ime ideals respectively. 

The unadorned ® sign w i l l always mean ® over Z . 
We begin by s tudying commutative rings for which Rt C N i l P since, 

as we shal l see i n 3., this is the case for certain K(C,J) and W(C, J). 

P R O P O S I T I O N 2.1. Let R be a commutative ring anal p a rational prime. 
The R contains a minimal prime ideal P with P'IR in P if and only if R 
has non nilpotent p-torsion elements. 

Proof. L e t x be a non nilpotent ^-torsion element. Since x is not i n 
N i l P , there exists a m i n i m a l pr ime ideal P of R and an integer k w i t h p*x = 0 
and x not i n P. Since pkx lies i n P , the element p • 1^ lies i n P. Conversely, 
let P be a m i n i m a l prime ideal of R w i th p • 1R i n P. Then for the local r i n g 
RP we have d i m RP = 0 so that PRp is a n i l ideal. Since p • 1 is i n PRP 

this means that there exists an integer k w i t h ^ - 1 = 0 i n RP so that there 
is an x i n P , but not i n P , w i th pkx = 0. The element x is therefore not 
nilpotent. 

C O R O L L A R Y 2.2. Rt C N i l P if and only if Z->R is infective and 
P n Z = 0 for all minimal prime ideals P or R. 

Proof. I f Rt C N i l P then n • 1B = 0 would i m p l y that 1^ is nilpotent, 
hence Z—>P is infective. I f P n Z ^ O then P contains a ra t ional prime 
which by Proposi t ion 2.1 violates Rt C N i l P . Conversely, let x be i n Rt. 
Then nx = 0 for some B u t since P f l Z = 0, the integer n does not l ie 
i n any m i n i m a l pr ime ideal of P , thus x is i n N i l P . 

Remark 2.3. A c t u a l l y 2.2 can be strengthened as fo l lows: L e t A C T 
be commutative r ings and let Tt be the -a-torsion subgroup of T. Then 
Tt C N i l T i f and only i f P n i = 0 for a l l m i n i m a l pr ime ideals P of T . 
T h i s follows f rom [15, E x c . 37 ( i ) , ( i v ) , p . 44] by setting the ideal P used 
there = 0 . 

Definition 2.4. A commutative r i n g P is called von Neumann regular 



i f any one of the fo l lowing equivalent conditions hold [6, E x c . 17, p. 64 ; 

E x c . 16, p. 173] . 

( i ) F o r a l l x i n R there is a y i n R w i t h xyx = x. 

( i i ) A n y i£-module is flat. 

( i i i ) d i m £ = = 0 and M 1 £ = 0. 

( iv) Specie is Hausdorff and M l R = 0. 

We also recall the definition of a Jacobson (or H i l b e r t ) r i n g : A commutative 
r i n g is called Jacobson i f each of its pr ime ideals is an intersection of 
max ima l ideals. 

L E M M A 2. 5. Let R be integral over Z. Then 

( i ) d i m i ^ ^ l and R is Jacobson. In particular, M l i 2 == K a d E . 

( i i ) A prime ideal of R is maximal if and only if there is a rational 

prime p with P'IR in P. 

( i i i ) / / Rt C N i l i ? then Z—>R is infective, a prime ideal P of R is 
minimal if and only if P n Z = 0, maximal otherwise, and every maximal 
ideal of R properly contains a minimal prime ideal. 

( iv) If RtCmiR then áim(Q®R) = 0, Q®SUB = M l « ? ® f i ) , 
Q®Rred = (Q®R)red, and Q®Rred is von Neumann regular. 

(v) For any rational prime p, d im (R/pR) = 0 and hence R/pR is 
von Neumann regular if and only if M l (R/pR) = 0 . 

Proof. Statement ( i ) follows from [15, T h . 48, p. 32] and [7, P rop . 5 
and Cor., p. 67] , while ( i i ) is a consequence of [7, P rop . 1, p. 36] . 

( i i i ) Assume Rt C M l i 2 . B y Corol lary 2 .2 , Z->R is infective and 
P n Z = 0 for a l l m i n i m a l pr ime ideals P of R. Conversely, i f P 0 Z == 0 
then by ( i i ) P cannot be max ima l , whence by ( i ) i t is a m i n i m a l prime 
ideal. Statement ( i i ) shows immediately that P is m a x i m a l i f and only i f 
P i l Z ^ O . F i n a l l y , i f a max ima l ideal d id not properly contain a m i n i m a l 
prime ideal then i t would be a m i n i m a l pr ime ideal itself. B u t then by ( i i ) 
and Proposi t ion 2 .1 , R would have non nilpotent torsion contradict ing 
5* C N i l 5 . 

( iv) Q®R = S^R where 8 is the multpl icat ive semigroup of nonzero 
integers. Hence the only pr ime ideals of Q®R are $ _ 1 P w i t h P a prime 
ideal of R such that P n 8= 0 [6, p. 91] . Then by ( i i i ) , d i m « ? ® R) = 0 . 
Since Q is a flat Z-module and the elements of Q®R have the form l/n®x, 
i t is clear that Q® N i l Ä C m\{Q®R). Conversely, i f (l/n®x)k = 0 



then x* is i n Rt C M l P . Thus Q® N i l P == N i l « ? ® P ) . Tensor ing the 
exact sequence 0-> N i l R~> R —> Rred —> 0 w i t h () then shows @ ® P r e ( z 
== ( Q ® i ? ) r e ( Z . The final part follows f rom Def in i t ion 2 .4 ( i i i ) . 

(v) B y ( i i ) , d im (R/pR) = 0 so that the result follows f rom Defini t ion 
2 .4 ( i i i ) . 

Example 2 . 6 ( i ) . I f G is an abelian torsion group, we saw that 
P = Z[ (7] is an integral extension of Z and since R is a free Z-module, 
Rt = 0. Thus L e m m a 2. 5 applies to R. N o w i t is wel l known that i f F 
is any field of characteristic not d iv id ing any of the orders of elements of G, 
then F®R = F[G] is von Neumann regular [14, T h . 26, p. 117] . Hence 
( ) ® N i l P = 0 and so N i l P = 0 since Rt = 0. S i m i l a r l y , i f p is a ra t ional 
pr ime not d iv id ing the order of any element of G, the r i n g R/pR is von 
N e u m a n n regular. 

( i i ) L e t P — > P ' be a surjection of r ings. B y the r igh t exactness of 
the tensor product, F®R->F®R' is s t i l l a surjection for any commutative 
r i n g F. N o w Def in i t ion 2 . 4 ( i ) is clearly preserved under surjection so that 
F®Rf is von N e u m a n n regular i f F®R is. I n part icular , therefore i f 
Q ® R or R/pR is von Neumann regular the same is true for Q® R' or RfJpR'. 
I f (C,J) is a connected semi-local r i n g w i t h involut ion, Theorem 1.16 shows 
that K(C,J) and W(C, J) are surjective images of Z[G~¡ w i t h G an abelian 
2-group. Thus the rings Q®K(C,J) and Q®W(G,J) as wel l as the rings 
K(C,J)/pK(C,J) and W(C,J)/pW(C,J) for any odd rat ional pr ime p, 
are von N e u m a n n regular. 

L e m m a 2.8 below w i l l be used both here and i n [20] . We first prove 

L E M M A 2 .7 . If S C T are commutative rings ivith T integral over S 
and a an ideal of #, then K e r (S/a—> T/aT) is nil. 

Proof. Since N i l ( $ / c t ) is the intersection of a l l its prime ideals, we 
show that any pr ime ideal P of 8 containing a also contains aT n S. B y 
[7, Cor . 2, p. 38] there is a pr ime ideal P' of T w i t h Pff)8 = P and 

P ' D aT. Hence P D a T n 8. 

L E M M A 2. 8. Let 8 C T be commutative rings with T integral over 8 
and p a rational prime. 

( i ) If N i l ( P / p P ) = 0 and the abelian group T/8 has zero p-torsion, 
then mi(S/pS) = 0 . 

( i i ) If T has zero p-torsion and N i l ( 8 / p S ) = 0 , then T/8 has zero, 
p-torsion. 



Proof. F o r any abelian group X, we let X[p~\ denote the subgroup of 

elements of order p. T h e n tensoring the exact sequence 0 —» S T ^ T/S-+0 
over Z wi th Z/pZ and not ing Z/pZ ® X = X/pX and T o r x

z ( Z / p Z , X) — Z[p] 

[8, p. 129] , we get an exact sequence 

T[p] (T/8) [p] -> S/pS->T/pT. 

T h i s yields ( i ) . N o w L e m m a 2.7 shows that Kex(S/pS - » T/pT) is n i l so 
that w i t h the hypothesis of ( i i ) the sequence 0 -> (T/8) [p] - » 0 is exact, 
which proves ( i i ) . 

F o r any commutative r i n g R we denote the image 1 ® P of R i n Q®R 

by Rs^R/Rt and the integral closure of P i n Q®R by P . 

P R O P O S I T I O N 2. 9. P e í P &e integral over Z and p a rational prime such 
that N i l (R/pR) = 0 . Then R/R has zero p-torsion. 

Proof. B y L e m m a 2. 5 ( v ) , P / p P is von Neumann regular. B y Example 
2. 6 ( i i ) i t then follows that N i l (R/pR) = 0. Then L e m m a 2. 8 ( i i ) completes 
the proof since É is torsion free. 

Remark. One can also prove the fo l lowing analogous proposi t ion: L e t 
P be a commutative r i n g w i t h Rt C N i l P and N i l ( P / p P ) = 0 for some 
rat ional pr ime p. Then R/R has zero p-torsion. 

Example. I f P is the group r i n g of a finite abelian group of order n 
then n(R/R)=0 [2, Cor . 1.2, p. 560] . 

C O R O L L A R Y 2 .10. Let R be integral over Z and p a rational prime such 
that N i l (R/pR) = 0 . If e is an idempotent of Q®R then there exists an 
integer n with (n,p) = 1 and an element x in R with e = \/n®x. 

Proof. Clear ly e is i n P . Since R/R is torsion, Proposi t ion 2. 9 shows 
that the order, n , of the class of e i n É/R is pr ime to p. Thus ne lies i n 
P = 1 ® P . 

Remark 2 .11 . Proposi t ion 2. 8 can also be used to give a proof of the 
fo l lowing theorem of Eosenberg-Ware [27] : L e t E D F be a galois extension 
of fields of odd degree m w i t h galois group (§. I f J is the identi ty we write 
W(C) for W(C,J). Then W(E)®=W(F), where the operation of @ on 
W(E) arises f rom the functor ial properties of W( ). F o r the proof we 
note first that i f T r = 2 a then T r ( W ( P ) ) C W(F) [21] . Thus for an 

<rin© 

element Í of W(E)® we have that ra£ lies i n W(F). Hence W(E)®/W(F) 
is an m-torsion group and so i f i t is not zero i t has non zero p-torsion for some 



odd pr ime p. N o w i t is known [26, Satz 10], and we shal l show i n 3., that 
W(E) has only 2-torsion. Moreover, by Example 2. 6 ( i i ) , N i l (W(F) /pW(F) ) 
= 0. Thus L e m m a 2 .8 ( i i ) shows that W(E)®/W(F) has zero p-torsion. 
The contradiction forces W\E)® = W(F). 

The fo l lowing theorem i n conjunction w i t h Corol lary 2.10 represent the 
m a i n result of 2. 

T H E O R E M 2.12. Let R be an integral extension of Z such that Rt C N i l R 
and M a maximal ideal of R such that M Pi Z = pZ. If every idempotent e of 
Q®R can we written as l/n®x with (p,n) == 1 and x in R, then M 
properly contains a unique minimal prime ideal. 

Proof. B y L e m m a 2. 5 ( i i i ) M properly contains at least one m i n i m a l 
pr ime ideal . The rest of the proof is a series of reductions. 

F i r s t we note that i t suffices to treat the case Rt = N i l R = 0. F o r i f 
N i l P n Z ^ = 0 then 1 is i n Rt C N i l P , which is absurd. Thus Z embeds 
into Rrea- I t is easily checked that i f M =M/miR then M nZ = MnZ 
= pZ. B y L e m m a 2 . 5 ( i v ) , Q®RTed = (Q®R)reä and so by [6, Cor . 1, 
p. 132] the idempotents of Q®R rea are images of idempotents of Q ® R. 
Thus the hypotheses of Theorem 2.12 are inheri ted by Rred and M. F i n a l l y , 
since N i l P is i n every prime ideal of P , i f M contains a unique m i n i m a l 
prime ideal, M does also. 

Assuming now N i l R = Rt = 0 we reduce to the case where [Q ® R : Q] 
is finite. Thus R^Q®R is an injection and we identify R w i t h 1 ® P . 
Suppose M contains two dist inct m i n i m a l prime ideals P\ and P2. 
L e t x € JPJ , X ^ P 2 . Since x is in tegral over Z , the subalgebra A = Q[x~] of 
Q®R generated by x has finite dimension over Q. B y L e m m a 2. 5 ( i v ) , 
N i l ( ^ ® P ) = 0 , so that A is a direct product of fields. L e t el9- • •, e;fc 

be the pr imi t ive idempotents of A. We can write e¿ = m^yi w i t h (mi7p) =1 
and y i i n R. Then yt = me.i is i n A. L e t R0 = Z[x, yly- • •, yk~}. Ev iden t ly 
Q®R0 = QR0 = A so that [Q®R0: Q] is finite. Since the only idem­
potents of A are sums of the eiy i t is easily verified that a l l the idempotents 
of A=Q®R0 can be wri t ten as m^y w i th (m,p) =1 and y i n R0. N o w 
by [7, Cor . 1, p. 36] i l l Pi i ? 0 = M0 is max ima l i n i ? 0 and (M n R0) H Z 
= M nZ = pZ. Clear ly P ± n P 0 . ^ P 2 f l Ä 0 . 

Hence we are finally reduced to the case where [Q ® R: Q~\ is finite, 
N i l R = Rt = 0 and the max ima l ideal contains two dist inct m i n i m a l pr ime 
ideals P i , P 2 . L e t T be the mul t ip l ica t ive semigroup of integers generated by a l l 
ra t ional primes distinct f rom p. Clear ly M fl T= 0 , so that i n T^R C Q®R, 



the ideal is max ima l and contains the dist inct m i n i m a l pr ime ideals 
T-1P1 and T^P2. B u t T~*R contains a l l the idempotents of Q®R which 
is a direct product of fields. Hence T~XR is a direct product of integral 
domains: T~XR = D 1 X ^ 2 X * * ' X Lk. Since R is integral over Z , i t 
follows that each Dt is integral over T~XZ [7, P rop . 16, p. 22] . Hence 
G Í m P ¿ = = l [15, T h . 48, p. 32] . N o w prime ideals of T - 1 ^ must contain 
a l l but one of the identi ty elements of the A . Since the non zero pr ime 
ideals i n Di are max imal , the only non m a x i m a l pr ime ideals of P _ 1 P are 
X A . Thus T^P^ T~XP2 cannot both be i n T'lM. Hence M contains 

precisely one m i n i m a l pr ime ideal. 
I n the case of group r ings we can prove a converse of Theorem 2.12. 

We first need 

L E M M A 2 .13. Let G be an abelian q-group, where q is a rational prime. 
Then M0, the kernel of the augmentation map Z[G~\-^Z followed by reduction 
modulo q is the unique maximal ideal of Z\Gr\ containing q. 

Proof. I t is clear that M0 is a max ima l ideal containing q. Conversely, 
let M be a m a x i m a l ideal of Z[G~] containing q. Then Z[G]/M is a field of 
charactersitic q and so, since every element g of G satisfies an equation of 
the form gQn = l} G is mapped to the identi ty of Z [ 6 r ] / l f . Hence the kernel 
of the augmentation map is contained i n M and thus M = M0. 

T H E O R E M 2.14. Let G be an abelian torsion group, M a maximal ideal 
of Z[G] and p the rational prime with M Pi Z = pZ. Then the following 
are equivalent: 

( i ) M contains a unique minimal prime ideal. 

( i i ) p does not divide the order of any element of G. 

Proof. The impl ica t ion ( i i ) >̂ ( i ) follows f rom Theorem 2.12, Example 
2 .6 , and Corol lary 2 .10. 

Conversely, suppose ( i ) holds. L e t g be an element of order p i n G 
and H the subgroup of G generated by g. Set M' = Z[H] n M. B y L e m m a 
2 .13, W is the unique m a x i m a l ideal of Z[H] containing p. Hence by 
[7, Cor. 2, p. 38 ] , M' contains a l l the m i n i m a l pr ime ideals of Z [ H ] . B u t 
the integral group algebra of any non t r i v i a l abelian torsion group contains 
more than one m i n i m a l pr ime ideal since i t is not a domain and the inter­
section of the m i n i m a l pr ime ideals is zero by Example 2 .6 . Thus M' 
contains at least two distinct m i n i m a l pr ime ideals of Z [ i T ] . N o w Z [ G ] 
is a free, whence flat Z [ i7 ] -modu le . Hence by [24, T h . 4, p. 33] for any 



prime ideal P 7 i n W there is a pr ime ideal P i n M w i t h P n Z[H~\ =Pf 

( i . e. the Groing D o w n Theorem holds) . Hence there must exist two distinct 
pr ime ideals i n M. Th i s contradiction shows that G has no elements of 
order p, p roving ( i i ) . 

3. Residue class rings of Z[G] for G an abelian torsion group. 
Throughout this section G denotes an abelian torsion group, K a proper ideal 
of the integral group r i n g Z [ 6 r ] , and P the residue class r i n g Z[G]/K. The 
letters p and q w i l l always denote ra t ional pr ime numbers. L e t x D e a 

character of G, i . e. a homomorphism of G into the field of complex numbers. 
F o r each g i n G, the element x(#) is a root of uni ty . F o r a given group G, 
let S be the field generated over Q by a l l the x(#) and let 9t be the integral 
closure of Z i n S. Every character x gives rise i n an obvious way to a r i n g 
homomorphism \px of Z[G~\ into 91 and, conversely, by restr ic t ing a r i n g homo­
morphism \p, of Z[6 r ] into 9Í, to G, we obtain a character x of G w i t h \j/ = \px. 
The ideal K gives rise to ideals ^x(K) i n i ^ x ( Z [ 6 r ] ) . The ma in a im of this 
section is to characterize s t ructural properties of P i n terms of the \px(K). 

L E M M A 3 .1 . The minimal prime ideals of Z[£7] are the kernels Px of 
the \j/x: Z[G~\ -> 31. The maximal ideals of Z[G] are of the form MX)lp = úx'1^) 
where $ is a non zero prime ideal (i. e. maximal ideal) of 91. 

Proof. B y L e m m a 2. 5 ( i i i ) and Example 2 .6 , a pr ime ideal P of Z[6f ] 
is a m i n i m a l pr ime ideal i f and only i f P Pi Z = 0. Since \¡/x is a mono-
morphism on Z i t is clear that the P x are m i n i m a l pr ime ideals. Conversely, 
for any pr ime ideal P of Z[G~\ such that P n Z = = 0 the quotient field fir of 
2 [ C r ] / P is a field of algebraic numbers, which we can assume embedded i n C . 
Thus the map g g -f- P is a character x and so 2 ' C S. I t is clear that 
P = K e r ^ x . 

B y [7, P r o p . 1, p. 36] , p r\Z=^0 for any non zero pr ime ideal p of 9Í. 
B u t clearly Mx,^ D p nZ=^=0 and so again by L e m m a 2. 5 ( i i i ) and Example 
2. 6, the Jfx,jj are m a x i m a l ideals for a l l x and p. Conversel. let M be a 
max ima l ideal of Z [ G ] . B y L e m m a 2. 5 ( i i i ) , M properly contains a m i n i m a l 
pr ime ideal P x . T h e n \j/x yields an isomorphism of Z [ 6 7 ] / P x onto a subr ing 
9TX of 9Í. L e t i/sx(M) =tf, a m a x i m a l ideal of 9 i x . B y [7, T h . 1, p . 38, 
P r o p . 1, p . 36] there is a m a x i m a l ideal p of A w i t h = 9t x H £>. Clear ly , 

Remark 3. 2. The preceding takes on a par t icu lar ly simple fo rm i f G 
is a group of exponent 2. F o r then g2 = l, forces x(#) = ± 1 for a l l x 



and g so that Q = Q and 21 = Z . Thus for a l l m i n i m a l pr ime ideals P of 
Z [6 r ] , we have Z[G~]/P = Z . Since the only r i n g automorphism of Z is the 
identi ty, a homomorphism of Z[(7] onto Z is completely determined by its 
kernel. Thus, i n this case, there is a bijective correspondence between the 
characters x of G and the m i n i m a l pr ime ideals of Z[G]. Fur thermore, a l l 
m a x i m a l ideals of Z being of the fo rm pZ, we have Mx,$ = Px + pZ. 

L E M M A 3 .3 . Let R = Z[G]/K. Then R is Jacobson, N i l P = K a d P 
and Rt D M l R. 

Proof. The first two statements follow f rom L e m m a 2 . 5 ( i ) . B y 
Example 2. 6, Q® R is von N e u m a n n regular. Thus N i l « ? ® R) = 0, which 
shows Q ® N i l R = 0, i . e. N i l (R) C P*. 

P R O P O S I T I O N 3.4. P¿ = M 1 P if and only if no maximal ideal of R 
is a minimal prime ideal and Rt = R if and only if all maximal ideals are 
minimal prime ideals. 

Proof. I f P i = N i l P , L e m m a 2 . 5 ( i i i ) shows that no m a x i m a l pr ime 
ideal is a m i n i m a l pr ime ideal. The condit ion Rt = R is equivalent to Z —» R 
not being infective. I n that case R contains Z/nZ for some n and since 
d i m ( Z / w Z ) = 0 , [15, T h . 48, p. 32] shows that then a l l m a x i m a l ideals 
of R are m i n i m a l pr ime ideals. F o r the converses, we first note that i f no 
max ima l ideal of R is a m i n i m a l pr ime ideal, Z—>P is injective and thus by 
L e m m a 2 . 5 ( i i ) , P n Z = 0 for a l l m i n i m a l prime ideals of P . Then 
Corol lary 2 .2 shows that Rt C N i l P , which together w i th L e m m a 3.3 proves 
Rt = N i l P . I f a l l max ima l ideals of P are m i n i m a l pr ime ideals and 
Z - > P is an injection then again [15, T h . 48, p . 32] yields a cont radic t ion; 
thus Z —> P has a non zero kernel and Rt = P . 

U s i n g L e m m a 3.1 we easily obtain the fo l lowing more expl ici t formu­
la t ion of the case Rt = R i n Proposi t ion 3 . 4 : 

C O R O L L A R Y 3. 5. The following conditions are equivalent 

( i ) Rt = R 

( i i ) z n z ^ o 

( i i i ) d i m P = 0 

( iv) For all characters x of G, we have *l>x(K) ̂  0. 

The first ma in result of this section deals w i th the existence of p-torsion 
i n P . We need 



L E M M A 3. 6. For any character x we have \¡/x(K) Pi Z = (K + Px) fl Z . 

Proof. Since ^ x is the ident i ty on Z , i t is clear that the r igh t hand 
side is contained i n the left hand side. I f n lies i n \f/x(K)nZ, then 
n = \f/x(x) or n = x-\-y where x lies i n K and y i n P x . Thus the left hand 
side is i n the r igh t hand side. 

C O R O L L A R Y 3. 7. ( Z + P x ) n Z ^ 0 if and only if KCpPx. 

Proof. Since 0 is a pr ime ideal of 21, i f ^x(-ST) n Z = 0, then x//x(K) = 0 
[7, Cor . 1, p . 36 ] . Thus i f K^Px, then fx(K) n Z = ( Z + P x ) n Z ^ O . 
The reverse impl ica t ion is clear. 

T H E O R E M 3. 8. Let p be a rational prime not dividing the order of any 
element of G. Then the following are equivalent: 

( i ) There exists a character x °f G with Oy^\¡/x(K) HZ C pZ. 

( i i ) P contains a minimal prime ideal M with R/M a field of charac­
teristic p. 

( i i i ) P has non nilpotent p-torsion. 

( iv) P has non zero p-torsion. 

Proof. Acco rd ing to L e m m a 3.1 and Corol lary 3.7, ( i ) is equivalent 
to ( f ) : There exists a m i n i m a l pr ime ideal P of Z[6r] w i t h 

0^(P + K) nZCpZ. 

( i ' ) =̂> ( i i ) . B y [7, Cor. 2, p . 38] there exists a m a x i m a l ideal M of 
Z [ f f ] w i t h M D P -\- K and M f)Z = pZ. B y Theorem 2.14, P is the unique 
m i n i m a l pr ime ideal of Z [ G ] i n M. B y Corol lary 3. 7, K Cf P , thus JB" = M / Z 
is a m i n i m a l pr ime ideal of P which contains p and is also max ima l i n P . 

( i i ) =f> ( i ' ) . Th i s impl ica t ion is va l id without any hypothesis on p. L e t 
M be the inverse image of M i n Z [ 6 r ] . F o r a l l m i n i m a l pr ime ideals P of 
Z [ f f ] i n M we must have Z C f P . Thus by Corol lary 3.7, 

o^(p- + p) nzcMnZ = pZ. 

( i i ) ( i i i ) . B y Proposi t ion 2 . 1 , ( i i i ) is equivalent to the existence 
of a m i n i m a l pr ime ideal of P which contains p. B y L e m m a 2. 5 ( i i ) this 
ideal is max ima l . 

( i i i ) ( i v ) . The impl ica t ion ( i i i ) ẑ> ( iv) is t r i v i a l . T o prove 
( iv) => ( i i i ) we shall assume that a l l p-torsion elements are ni lpotent and 
show that this implies that the p-forsion is 0. L e t x i n N i l P be such that 

10 



prx = Qm T h e n there exists a finitely generated, whence finite, subgroup H 
of G w i t h x i n R± = Z[H]/Z[IT] CiK. B y hypothesis p is pr ime to the 
order of H. B y Example 2 .6 , 'Nil(Bx/pR1) = 0. Thus the image of x i n 
Ri/pRi is 0, i . e. there is an element y i n R± w i t h py = x. Clear ly , y is 
p-torsion and so by hypothesis lies i n N i l P i . Hence the p-torsion element x 
is inf ini tely divisible by p i n the finitely generated abelian group Rx. There­
fore x = 0 as desired. 

Assume now that G is a g-group for q a ra t ional pr ime. B y L e m m a 2.13, 

Z [£7] contains a unique m a x i m a l ideal M0 w i t h M0 n Z = qZ. A n y m a x i m a l 

ideal of Z[6r] dist inct f rom M0 contains a unique m i n i m a l pr ime ideal by 

Theorem 2.14. B y [7, Cor . 2, p. 38] and L e m m a 2. 5 ( i i i ) , M0 contains a l l 

m i n i m a l pr ime ideals of Z [ G ] . 

Before stating the next theorem we introduce some notation for an 

arbi t rary commutative r i n g R. L e t Y C Spec R, the set of pr ime ideals of 

R. L e t I(Y) = H P- F o r any ideal a we let Vet denote the radica l of a. 
P e 7 _ 

I t is we l l known that V a is the intersection of a l l pr ime ideals ( a l l pr ime 
ideals m i n i m a l over a) containing a [6, Cor. 1, p. 95 ] . 

T H E O R E M 3. 9. Let G be an abelian q-group. For any ideal K of Z[G~\ 
the following are equivalent: 

( i ) Let My¿= M0 be a maximal ideal of Z[ff] and Px a minimal prime 
ideal of Z[G] in M. If K C If, then K C Px. 

( i i ) \//x(K) n Z = 0 or qn

xZ for all characters x °f 

( i i i ) R = Z[G~\/K has only q-torsion. 

( iv ) K C M0 and all the zero divisors of R lie in M0 = M0/K. 

(v) \/K = I(Y) with Y C M i n ( Z [ G i ] ) , the set of minimal prime 
ideals of Z[G~\, with the convention that 1(0) —M0. 

Proof. Statement ( i i ) is false i f and only i f there exists a characted x 
of G w i t h 0~£if/x(K) HZ C pZ w i t h p ^ q since a non zero ideal of Z is 
not i n pZ /o r a l l p^=q i f and oniy i f i t is the fo rm qrZ. W i t h this remark 
the equivalence of ( i ) and ( i i ) follows f rom the equivalence of ( i ) and ( i i ) 
i n Theorem 3. 8 and the equivalence of ( i i ) and ( i i i ) follows f rom the equiv­
alence of ( i ) and ( i i i ) of Theorem 3. 8. 

( i ) z> ( i v ) . L e t Q be a pr ime ideal of Z[G] containing K. I f Q is a 
m a x i m a l and dist inct f rom M0, then by ( i ) , K is i n a m i n i m a l pr ime ideal 
of Z[G] which , as we noted above, a l l l ie i n M0. I n any case K C M0. N o w 



the set of zero divisors i n P is a un ion of pr ime ideals [15, 2., p. 3 ] . B y ( i i i ) , 
none of these pr ime ideals can contain p q thus their inverse images i n 
Z[6r] either are m i n i m a l pr ime ideals or M0. I n either case, they l ie i n M0 

which proves ( i v ) . 

( iv) => ( v ) . To prove (v) i t is enough to show that i f P=^M0 is a 

pr ime ideal m i n i m a l over K then P is a m i n i m a l pr ime ideal of Z [ 6 r ] . L e t 

P = P/K. Then P is a m i n m a l pr ime ideal of R and hence consists entirely 

of zero divisors [15, T h . 84, p. 51] . B y ( iv) this means P C M0 whence 

P C M0 and so P is a m i n i m a l pr ime ideal of Z [6 r ] . 

(v) ( i ) . Clear ly both ( i ) and (v) ho ld for K i f and only i f they 

are va l id for V J T . Hence we may assume that K=\/K. N o w Z [ ( ? ] / I ( F ) 

is embedded i n YL^[G]/P, which, since by L e m m a 2. 5 ( i i i ) P n Z = 0, is 
Pe Y 

a product of torsion free domains. The impl ica t ion (v) ( i ) now follows 
f rom the impl ica t ion ( i i i ) ( i ) which has already been proved. 

C O R O L L A R Y 3.10. Let X satisfy the conditions of Theorem 3. 9, then 
R is connected (i. e. has not idempotents except 0 and 1 ) , and Rty¿=0 if and 
only if M0 consists entirely of zero divisors. 

Proof. L e t e j¿= 0 or 1 be an idempotent of R. Then both e and (1 — e) 
are zero divisors and so by Theorem 3 . 9 ( i v ) l ie i n M0. Th i s is impossible, 
and so either e = 0 or e = 1. I f Rt ^ 0 then by Theorem 3. 9 ( i i i ) q • 1B is a 
zero divisor i n R. N o w the set of zero divisors is a un ion of pr ime ideals i n 
M0 by Theorem 3 . 9 ( i v ) . None of the non-maximal pr ime ideals of R 
contain q so that MQ itself must consist entirely of zero divisors. Conversely, 
i f M0 consists entirely of zero divisors, q • 1R is one which means P ¿ ^ 0 . 

Example 3 .11 . L e t R = K(C,J) or W(C,J) w i t h O a semi-local r i n g 
w i t h involu t ion and containing no non t r i v i a l idempotent. B y Corol lary 1. 21 
we see that Theorem 3.9 and Corol lary 3.10 apply to R w i t h q = 2. A s 
pointed out i n the Introduct ion, Theorem 3. 9 and Corol lary 3.10 also apply 
when R is the W i t t or the Wit t -Grothendieck of a profinite group as defined 
i n [3] and [28] . I n par t icular R is a connected Jacobson r i n g w i t h K a d P 
= N i l P C Rt which is a 2-group ( L e m m a 3.3 , Corol lary 3.10 and Theorem 
3. 9 ( i i i ) ) . The ideal M0 consists of classes of forms of even rank since this 
set is a max ima l ideal containing 2. Thus no hermi t ian fo rm of odd rank 
is a zero divisor i n K(C, J) or W(C, J). (Theorem 3. 9 ( i v ) ) . F o r O a field, 
J the identi ty and P = W(C, J) these results can also be found i n [23, 26, 30 ] . 
Fur thermore P / P ^ Z for a l l non max ima l pr ime ideals P of P (Eemark 3. 2 ) . 



A n y max ima l ideal M of R dist inct f rom M0 contains exactly one m i n i m a l 
pr ime ideal P (Theorems 2. 4 and 3. 9(i)) and thus M = P + Z w i t h p an odd 
ra t ional pr ime. O n the other hand, M0 = P -\-2Z for a l l m i n i m a l pr ime ideals 
P of R (cf. [11, 22] i n case 0 is a field, J the identi ty and R = W(C, J)). 

Example 3.11 leads us to the fo l lowing 

Definition 3 .12. L e t R be a commutative r i n g w i t h R £zZ[ff]/K where 
G is an abelian g-group and K is an ideal of Z[ (7] satisfying condit ion ( i i ) 
of Theorem 3.9 . T h e n R is called a Witt ring for G. 

Remarles 3 .13. ( i ) L e t R be a W i t t r i n g for G and PL a subgroup of G. 
The subring RH^Z[H]/Z[H] n l then is a W i t t r i n g for H since by 
Theorem 3.9 ( i i i ) its only possible torsion is g-torsion and so K n Z [ i l ] 
satisfies condit ion ( i i i ) of Theorem 3. 9. 

( i i ) Since y y K = y K, an ideal ÜT i n Z[6r ] satisfies the conditions 

of Theorem 3. 9 i f and only i f y K does. Hence R is a W i t t r i n g for G i f 

and only i f Rred is. 

( i i i ) I f R is a W i t t r i n g for G and iü ^Z\Gf1/Kf for some other abelian 

g-group (7 then since the only possible torsion i n R is g-torsion, Theorem 

3. 9 shows that R is also a W i t t r i n g for G\ Hence a commutative r i n g is a 

W i t t r i n g for some abelian g-group i f and only i f Rt is g-torsion and R is 

addit ively generated by a g-group of uni ts of R. 

P R O P O S I T I O N 3.14. Let R=Z[G]/K be a Witt ring for G. Then 
miR = 0 if and only if K = I(Y) with Y C M i n ( Z [ G ] ) ( I ( 0 ) = M0). There 
is a bisection between the closed subsets Y or M i n ( Z [ G ] J and the reduced Witt 
rings for G given by Y<r>Z[G]/I(Y). 

Proof. Th i s is immediate keeping i n m i n d N i l R = \/K/K, Theorem 
3 . 9 ( v ) , and the fact that i f Y is the closure of Y i n M i n ( Z [(?]) ' then 
I(Y) = I ( F ) [6, P r o p . 11 ( i i i ) , p . 126] . 

N e x t we show that i f R is a W i t t r i n g for G, we either have Rt = N i l R 
or Rt = R. 

P R O P O S I T I O N 3.15. Let R = Z[G~]/K where G is an abelian q-group. 
Then Rt = N i l R if and only if K n Z = 0 and R is a Witt ring for G. 
In this case R contains non maximal prime ideals. 

Proof. I f P i = N i l P , then by L e m m a 2. 5 ( i i i ) , I f l Z = 0 and every 
m a x i m a l ideal of R properly contains a m i n i m a l pr ime ideal so ( i ) of 



Theorem 3. 9 holds. Conversely, i f K Pi Z = 0 and the conditions of Theorem 
3. 9 hold , then by Corol lary 3. 5, R has non max ima l pr ime ideals (which are 
necessarily m i n i m a l ) and by Theorem 3. 9 (v ) a l l m i n i m a l pr ime ideals are 
properly contained i n M0 = M0/K. Hence, i f P is any m i n m a l p r ime ideal 
of R, then P cannot be m a x i m a l so by P rop i s i t i on 3.4, Rt = ~NilR. 

P R O P O S I T I O N 3.16. Let R = Z[G~]/K where G is an abelian q-group. 
Then the following are equivalent: 

( i ) R=Rt is a q-group and hence R is a Witt ring for G. 

( i i ) ^x ( iT ) C\Z = qn

xZ for all characters x °f G. 

( i i i ) R is local with unique prime ideal M0== M0/K. 

( iv) I n Z - f Z , 

Proof. The equivalence of ( i ) and ( iv) is immediate. 

( i ) ẑ> ( i i ) . T h i s follows f rom Theorem 3.9 and Corol lary 3 .5 . 

( i i ) => ( i i i ) , B y Corol lary 3. 5, d i m R = 0 and hence by Theorem 3. 9 ( i ) , 

R can contain no max ima l ideal dist inct f rom M0. 

( i i i ) ^> ( i ) . B y the hypothesis M0 = M l R whence (q-lB)n = q«-lB = 0 
for some natura l number n. Hence R = Rt is a g-group. 

I n case G is a field of characteristic ^ 2 , J is the identi ty, and 
R = W(C, J) i t is shown i n [26, Satz 22, Satz 17] that the conditions of 
Propos i t ion 3.15 are equivalent to C being formal ly real and those of Propos i ­
t ion 3.16 to G not being formal ly real . We shal l re turn to these matters 
i n [19] . 

P R O P O S I T I O N 3.17. Let R be a Witt ring for some abelian q-group 
with Ry^Rt. If R denotes the subring l®R = Rred of Q®R and R the 
integral closure of R in Q®R, then R/R is a q-group. 

Proof. B y Example 2 . 6 ( i i ) , mi{R/pR) =0 for alZ p¥=q. The result 
then follows f rom Proposi t ion 2. 9. 

A detailed topological study of R i n case G has exponent two appears 
i n [19] . 

The fo l lowing proposit ion may be of some interest because of our results 
on the relationship between M l i ? and-A*. We shall make no use of i t i n the 
sequel. 

P R O P O S I T I O N . Lei G be an abelian q-group and R = Z[G~\/K be an 



arbitrary quotient of Z[G]. If K Cf i f 0 then any q-torsion element of R is nil-
potent. If K C M0, any q-torsion element of R in M0 is nilpotent. 

Proof. L e t x be a g-torsion element i n R. I f x is any inverse image of 
x i n Z [ 6 r ] , there is an integer n such that qnx lies i n K. I f Q is any pr ime 
ideal of Z[G] wh ich contains K we have qnx is i n Q. I t follows f rom L e m m a 
2 . 1 3 that i f Q=¿=M0 then x is i n Q. Hence, i n the first case x is i n a l l the 
pr ime ideals of R and so is nilpotent. I n the second case, assume x is i n M0, 
then again x is i n a l l pr ime ideals of R and so is nilpotent. 

We end this section by considering the abelian group structure of P / M l R 
and the units of finite order i n R where R is a W i t t r i n g for G. F i r s t we 

note 

L E M M A 3 . 1 8 . Let g be a not necessarily finite algebraic extension field 
of Q and 2Í the integral closure of Z in g . Then % is a free Z-module. 

00 

Proof. We can write g = | J g¿ where the g* are finite dimensional 
1 

algebraic extension fields of Q w i t h Q = C g 2 * * • C ffo C gi+i C • • •. 
00 

L e t 31* be the integral closure of Z i n g*. Then i t is clear that 2Í = U 9ti-
1 

Moreover, i t is easily checked that Sti+i/SIi is torsion free. Therefore the 
Z-module Slf+i/SIi is finitely generated and torsion free and so is free. Thus 
the map 2í¿+i Sli+i/SI* splits and we have SI i + 1 = Ot 0 51*. L e t £* be a basis 

00 

of Gi over Z . Clear ly , 1 U (J P* is a basis of 21 over Z . 
1 

P R O P O S I T I O N 3 . 1 9 . Let R be a Witt ring for G with Rty^ R. Then 

Rred is a free abelian group and thus the exact sequence of abelian groups 

0 -> M l R -> R -> Rred - > 0 

Proof. L e t P be a m i n m a l pr ime ideal of R = Z[G~\/K and P its 
inverse image i n Z [ ( ? ] . B y L e m m a 3 . 1 , there is a character x of G and a 
homomorphism i / ^ x : Z [ ( ? ] - ^ 2 i w i t h P = P X . Thus the na tura l homomor-
ph ism P - ^ P / P is induced by ^ x . L e t X = M i n P . F o r each r i n P we 
define a funct ion / : X—>2i by f(P) =*px(rQ) where r0 is an inverse image 
of r i n Z [ 6 r ] . Since r 0 == 2 fl^i and there is some m w i t h ^ M = 1 i t is clear 
that r i - > / yields an embedding of P / f l P = Rrea into P ( X , 21) the r i n g of 
finite valued functions f rom X to 21. B y L e m m a 3 . 1 8 , 2Í is a free abelian 
group. B y composing a nite valued funct ion f rom X to 21 w i t h the coordinate 



projections of SI to the elements of some basis, i t is easily verified that 

P ( X , SI) is isomorphic as abelian group to a direct sum of copies of P ( X , Z ) . 

B y [25] , F(X,Z) is a free abelian group and so F(X} 31) and Rred are also. 

Remarle 3. 20. I f ff is a group of exponent two and R a W i t t r i n g for 
G, i t follows that 31 = Z and thus Rred C Z z for X the set of a l l homo-
morphisms f rom P to Z . Hence i n this case we obtain a spl i t exact sequence 
of abelian groups 

0 - * N i l P - » P - * Z * . 

I n case R = W (G,J) w i t h C a formal ly real field and J the ident i ty there 
is a bijection between the orderings of G and the m i n i m a l pr ime ideals, 
P = P / J T , of P [11] , [22] and the map R^R/P^Z is given by at taching 
to each quadratic fo rm over G i ts signature w i t h regard to the ordering of G 
corresponding to P [11 ,22 ] . The above exact sequence then reduces to 
[26, Satz 22 ] , [22, Satz 2 ] , [29, T h . 2 . 1 ] . 

I f P is a W i t t r i n g for G, the homomorphism of P to 31 are induced by 
the of Z[67] to Sí which vanish on K. L e t </> denote such a homomorphism 
f rom P to SI then K e r <j> = Px/K for some x and i t is clear that H K e r <f> 
= M 1 P . 

L E M M A 3. 21. Let R he a Witt ring for an abelian q-group G. 

( i ) All elements of the form 1 + 2/ wiíA y in N i l P are units of 
q-power order. 

( i i ) Let R^=Rt. Then x in R is a unit of finite order if and only if 
for every homomorphism <£: P—> 31, the element cj>(x) is a root of unity. 
If x is a unit of finite order then its order is of the form qm or 2qm. 

( i i i ) If P = P f , all units have finite order nqm with n\ q — 1. 

Proof, ( i ) I f y lies i n N i l P , there exist integers h and I w i t h yk = qly 
= 0 by L e m m a 3. 3 and Theorem 3.9 . Since q is pr ime, the b inomia l coeffi-

cients ( .) are divisible by q for 0 < i < q and thus (1 + y)qr = 1 + qxry + y<ir. 
i 

Hence i f qr > le we find (1 + y)^ = 1 + qxry. N o w , an induct ion on I shows 
that for any w i n P , (1 + qw)®1 = 1 + ql+1w'w for w' i n P . Therefore, i f 
g r > le we have (1 + y)^1'1 = 1. 

( i i ) I f # is a u n i t of finite order i t is clear that a l l its images <¡>(x) 
i n SI are roots of un i ty . Since SI is the r i n g of integers of a (possible infinite) 

number field generated by g-power roots of uni ty , the roots of un i ty i n 31 



have orders 2qm or qm [12, p . 536] . N o w assume that for a l l 0 : P - » 2 l 

the element <j>(x) is a root of un i ty . Since x is the image of an element 

21 (kgi i n 2[G] and 4>(x) = 2&¿x(#í) f ° r some character x> i t is clear that 

there are only finitely many values that $(x) can assume for a fixed x i n P . 

Thus , t ak ing the lowest common mult iples of a l l the orders of the 

there is an integer t of the fo rm qm or 2qm w i t h (<¡> (x))t = 1 for a l l <f>: P -> 31. 

Hence z # — 1 lies i n n K e r <j> = N i l P , Thus x* = l-{-y i n N i l P and so 

by ( i ) is a un i t of g-power order. 

( i i i ) I n case P ¿ = P , Proposi t ion 3.15 shows that N i l P = i í ? o . I f x 

is a un i t i n P , the coset x + I f 0 is a u n i t i n R/M0 — Fq and so a^ - 1 = 1 + 7/ 

i n .ff 0 = N i l P . The proof is then completed by ( i ) . 

Remarle 3 .22. I f g = 2 a l l the uni ts of finite order of R have 2-power 

order. Fur thermore, i f G has exponent two, 3i = Z as was already noted i n 

E e m a r k 3 .2 . I f Rt=^R and a; is a un i t i n P , then <f>(x) = ± 1 for a l l 

<£: P—>3i and thus by L e m m a 3.21 ( i i ) all units of R have finite order. 

K e e p i n g i n m i n d Eemark 3.20 for the case R = W(C,J) w i th C a formal ly 

real field and J the identi ty, L e m m a 3. 21 ( i i ) reduces to [26, Satz 24 ] . 

T H E O R E M 3 .23. Let Ry¿=Rt be a Witt ring for an abelian group of 

exponent g. Let g denote the image of an element g of G in R. Then x in 

R is a unit of finite order if and only if x = ± g(l-\-y) with y in N i l P , 

Proof. I f x = ± g(l + y), then x2® == (1 + y)2* = 1 + y' w i t h y' i n 

N i l P , and so by L e m m a 3. 21 ( i ) , x is a u n i t of finite order. 

To prove the converse i t suffices to treat the case when N i l P = 0. F o r , 

le x be a un i t of finite order i n P . I f x -f- N i l R = ± g, where g denotes 

thei mage of g i n Rred, then x = ± g + % w i t h z i n N i l P . Thus x 
— ±L #(1 + g~xz). Hence we assume for the remainder of the proof that 

N i l P = 0. 

Since G has exponent q, the field £ generated over Q by a l l x(g) is the 

field of the g-th-roots of un i ty . N o w the roots of un i ty of ¡3 have order 

d iv id ing 2q i f q is odd and order d iv id ing 2 i f q = 2 [12, p. 536] . I t follows 

that for x a un i t of finite order of P == P r e ( z , we always have x2® = 1 i f q is 

odd and x2 = 1 i f q = 2, since P C ü <j> ( P ) where <j> runs through a l l 

homomorphisms of P into St C S . Thus for q odd, # has order 1, 2, g or 2q, 
and for q = 2, the element # has order 1 or 2. I n the former case a un i t 

of order 2q is a product of a u n i t of order 2 and a un i t of order g and since 

the set {± g} is mul t ip l ica t ive ly closed, i t clearly suffices to treat three cases: 

x a u n i t of order q w i t h q odd, x & u n i t of order 2 w i t h q = 2, and # a un i t 

of order 2 w i t h q odd. 



Assume first that x has order g , an odd pr ime. L e t x = w i t h 

i n Z . We show that i f g = Jlgiai then g = x. To prove this i t suffices to 

show 4>(g) =</>(#) f ° r a l l <£: # - » 8 1 since f l Ker<£ ===== N i l E == 0. L e t <¡> be 

such a homomorphism and let £ be a p r imi t ive g- th root of un i ty i n 2. L e t 

(x) = im and <¡>(gi) = £m w i t h 0 ̂  ra, q — 1. T h e n = 2'atÍw<. N o w 

1, * # , £ ^ " 2 are l inear ly independent over Q and 0==2f;. F r o m this i t 
0 

9-1 
easily follows that 2 = 0 w i t h kj i n Q implies k0 = k1 = - - • = kq-± = k. 0 
Thus , i f kj denotes the sum of the a^ for which rii == there exists an integer 

k w i t h kj = k i f jy^m and lcm—l==k. Hence 

2 ^ — 4 (0 + 1 + 2 + - • - + g — 1) +m — hq(q~1^ + m . 

Since q is odd this is congruent to m modulo g . Thus 

4>(g) = <MII<7iai) = p™* = g» = 4>(x). 

Next , let g == 2. We put #===&! + • • + 6W w i t h 6 4 = ± <7-¿. Since for 

a l l <j>: i ? ->Sl==Z, the bi and ^ have value ± 1 we must have n = 2Z + l . -

F o r a fixed <£, we then renumber the 6¿ so that </>(&¿) = 1 , t===l, 2, • • 

and ^>(&i) == — 1, i==Z + l , Z + 2, • • - ,2Z. Hence <¡>(b2i+1) — wh ich i n 

turns yields <¡>(x) = < £ ( ( — 1 ) l l 1 b 2 • • • 6 2 l + 1 ) for a l l < £ : i ü - > 2 í . Hence 

#=== ( — l ) i 5 i & 2 * • '621+1, an element of the fo rm ± g. 

F i n a l l y , let g be odd and suppose x has order 2. Since N i l P = Pi===0 

we have R^R®1 embedded i n Q®R. The element °^^-==z of Q®R 
2 

is readi ly verified to be idempotent and, therefore, lies i n R, the integral 

closure of R i n Q®R. B u t 2z lies i n R and by Propos i t ion 3.17, R/R is a 

g-group. Thus 0 lies i n R. Since P is a W i t t r i n g for a g-group, Corol lary 

3.10 shows that z = 0 or 1. T h i s forces x = ± 1 which completes the proof 

of the theorem. 

Remark 3 .24. I f P = = Z [ C r ] , for (? an abelian group of exponent g, 

Theorem 3.23 is a special case of [13, p. 237] which asserts that i f 7 is a 

r i n g of algebraic integers and G an abelian torsion group, the units of the 

group r i n g V[G] of finite order a l l have the form eg w i t h c a u n i t of V. 
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120, l i n e -5: Interchange " r i n g " and "purely" 
127r l i n e 4 of Lemma 1.11: t i l d e i s omitted from a 

c a p i t a l p h i . Also the t i l d e s are too s m a l l . 
131* l i n e 12: There should be no apostrophe on X p i n 

the braces. 
132, l i n e -10: A t i l d e i s omitted on 
133/ l i n e 2: The i t a l i c "0" should be Roman. 
l40: I t i s hard t o t e l l the d i f f e r e n c e between the R's 

w i t h a t i l d e on top and a bar on top. 
146, l i n e 3 of Proof of Theorem 3-9: "Oniy" should be "Only 1 

146/ l i n e -3: "a" at the end of the l i n e should be deleted 
l47> l i n e 7* The bar beside the P at the beginning of 

the l i n e should be over the P. 
150, l i n e -1: " N i t e " should be " f i n i t e " 
151* l i n e 15: "homomorphism" should be p l u r a l 
151, l i n e -7: I t should read " q r " not "q" i n " 0 < i < q T 

152, l i n e -15: 11 l e " should be " l e t " 
152,, l i n e -14: " t h e i mge" should be "the image" 




