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Preface

Arround 1964 Cassels and Pfister initiated a theory of
quadratic forms over function fields in erbitrary many variables,
cf. the last chapter of Lam's Kingston lectures. The discovery
that interesting theorems can be provec for quadratic forms cver
such complicated fields had & strong appcal to many algebrsistn,
and in the last 12 years the theory of quadratic foriie over
fields has been pushed forward considerably. But dcspite the
renarkable progress and the sometimesfvéry ingenious arguwents
this algebraic theory of quadratic forms over fields is to my
opinion not a fully adequate response to the general hope or
belief that a rich and interesting theory of quadratic forms
over function ficlds is possible. There should exist an "alge-
braic geometry of quadratic forms" to understand quadratic forms
over function fields in much the same way as algebraic geomtry

is known to be needed to understand function fielde themselves.

For this algebraic geometry of quadratic forms the classi~
cal language of algebraic geometry is unsuited. Indeed, the
classical language assumes the presence of an algebraically
closed base field. This would spoil many interesting phenomena
of quadratic forms, since -1 would be a square in every function

ring. Thus we are urged to use Grothendieck's language of schemce.

We then should also admit schemes X with 2 not a unit in
the ring 6(X) of global functions. This means that we have to

develop two theories, one for symmetric bilinear forms and one
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for truly guadratic forms, and that we have to study also the
relations between these theories (e.g. tensor producte of

%
symmetric bilinear forms with quadratic formws, cf. [MH,p.111! )

for X affine).

* %
Around 1967 I started - not always in the right way )

such a theory for symmetric bilinear forms over schemes [K].
Since then good progress has been made in the local part of
this theory (symmetric bilinear forms over local rings). But

on the global side only few concrete results have been obtained.

The reason for this Just seems to be that not too many
mathematicians have spent much effort in this area. For example
up to now nobody seems to have computed the Witt ring of the
spheres Spec R[xo,...,xn]/( g xg - 1) over the field P of real
‘numbers. In recent years many papers have been written on
hermitian and quadratic forms over rings with involution, a
subject which virtually includes the affine part of our theory.
But most often the authors have been led by a totally different

motivation, for example surgery theory.

The aim of these lectures is to stimulate interest in the
global theory of symmetric bilinear forms over schemes. Quadratic
forms are important as well but have not been included for lack

of time. It is reasonable to study instead of symmetric biliresar

*) references at the end of the lectures.

*#*) In [K] the definition of the Witt ring W(X) is nol the right
one if X is not affine.
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forms more generally hermitian forme over schenes with in-
volution (cf. e.g. the introduction in fKB]), but I refreined
from this enlargement of the theory here to keep the couplexity

of our notions as low as possible.

It probably is a long way to push our theory so far that
good applications can be made on a iarge scale to gquadratic
forms over function fields. Up to now zuch applications are
visible only for curves, and here the role of corplete schemes
is impressive. But of course our theory should have - asg the
uéual algebraic geonetry - enough meaning by herself and allow
other applications. The last chapter of the lectures seens to
indicate that the Witt ringe W(X) studied here are significant
to understand the set of real points on aﬁ algebraic variety
defined over the field R of real nuubers. For another applica=-
tiQn see my talk "Real closures of algebraic varieties" at this
conference. After all our lectures may well be regarded a chapter
of algebraic K-theory as first visualized by Grothendieck in hic

work on the Riemann-Roch theoremn.

The written version of the lectures is quite a bit longer
than the oral version, since I had to replace a lot of sketches
and handwaving by solid arguments. I further added two sections
and three appendices, marked by astericks, to the material of
the oral lectures to illustrate and to round off the rcsults
displayed there. These sections and appendices are not necessary
for an understanding of the other sections. But they arc casily

accessible to anybody who is acquainted with the main parts of
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the lectures.

I want to thank the staff at Queen's and in particular
Grace Orzech and Paulo Ribenboim for three very pleasant weeks
at Kingston and my audience in the first two weeks for great

endurance.
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Chapter I Definition of the Grothendieck-Witt ring L(X) and

the Witt ring W(X).

§ 1 Bilinear spaces

Let X be an arbitrary scheme, not necersarily seperatec,
i.e. a "prescheue" in the terininolegy of Grothenciecl's blue
books [EGA]. We dencte by @X or simply by 6 the ctructure cheef
of X. Thue for every open set Z X {he set of cections 6(Z) of
6 over Z is a commutative ring with 1 and for an open Z2' < 24
the restriction map f - f|Z' from 6(Z) to ¢(Z') ie a ring homc-
morphism (mapping 1 to 1). For x a point of X we denote by 6

the stalk of 6 at x,

& = lim 6(2)
—
Z23x

with Z running through the open‘neighbourhoods of x. This is a

local ring whose maximal ideal will be denoted by m .

More generally we regard - as nowadays usual - any sheaf
F of abelian groups over X as a functor Z p F(Z) from the cate-
gory of open sets of -X to the category of abelian groups. The
morphisms of the‘first category are the inclusion rmaps 2' » 72
existing whenever Z' is contained in Z. Thus for every ﬁair of

open sets 2',Z with 2' ¢ Z we have a "restriction homororphism"
P ’ D

from F(Z) to F(Z') which we denote usually by f -» f|Z'. That

thic functor F is a sheaf means by definition that the following






-111-

condition holds true:

Sheaf condition: If Z is an open set in X, and iza§q61 is an

open covering of Z, and if {fo}aFI is s family of scections

P 1 = f y . y 1 s
fcf B(Za) with falza n ZB ”BIZQ n ZB whenever Zc n Zﬁ is non
empty, then there exists a unique section f ¢ F(Z) over Z with

flz = £, for all a.

Notice that this condition implies ¥(¥) = C for the empbty
set ¢, and that fora functorF with ¥(@) = ¢ the condition

1"

"Za n ZP non empty" above can te dropped.

Our sheaf F of sbelian groups is called an 6-module if
every F(Z) is an (unitary) 6(Z)-mcdule and the restriction homo-
norphisms F(Z) » F(Z') are compatible with the ring homomorphisns

6(Z) » 6(2') in the obvious sense. Then every stalk

FX = 11m>F(L)

x€Z

is a module over the local ring GX. A homomorphism m:I' o Fq from

F to another 6-module Fq consists of a system of 6(Z)-rmodule

homomorphisms
| o0y ¢ F(2) » F,(2)

such that for every pair of open sets Z2' < Z the diagran

F(2) _—EE_—_> F,(2)
res Tes
v v

F(Z") —EET——> Fq(Z')
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with the restriction waps as the vertical arrows conmutes.
In this way we obtain the "category of ©-modules". Clearly

homomorphism o:F - Fq is an isomorphism in ouxr category if

and only if all 0y are bijective. It follows eascily frcn the
sheaf condition that ¢ is already an isomorphism 1if the indvced
@X-homomorphisms

(IX : BX -)l*,IX

on the stalks at all points x of X are bijective.
If Z is a fixed open subset of X then we obtain from cvery

6y-module F an & -module F|Z by restricting the functor F to the

category of open subeets of Z, called the restriction of the

GX—module F to Z.

After these preliminaries we come to our firet definition.

Definition 1. A vector bundle E on X is an ®-module E which is

locally free of finite rank, i.e. for every point x of 4 therec

exists an open neighbourhood Z of x such that the Gz-module k| Z
n

is isomorphic to the free @Z-module @ZX for some natural number

n_. We call n, the local rank of E at x and call the locally

constant function x = nX on X the rank rkE of E. If X is connected

then rkE of course is a constant.

Remark. Actually the word fvectof bundle" here is an abuse of
language. Vector bundles in the proper sense are defined in
[EGA,II § 1.7]. The locally free 6-modules of finite rank are
the sheafs of sections of these honest vector bundles and correcs-—

pond with them in a unique way.
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If X is affine, i.e. X = Spec(4) with & the commutative
ring 6(X), then every vector bundle E over X is uniquely deter-
mined by .the A-module P := E(X), since E is certainly "quaci-
coﬁerent" [EGA I § 1.4}. P is a finitely generated projective
A-module. We obtain in this way an equivalence of the category
or veétor bundles over X and the category of finitely generated

projective modules over 4, cf. [Bb,II § 571.

For E a vector bundle over an arbitary ccheme X we denote

by E* the dual vector bundle of E, defined as follows. E¥(Z) is

the eet of homomorphisms from the 6,-module E!Z to the “y-module
6. Any such homomorphism a:E}Z - 0, can be nultiplied with
sections of 0(Z) in an obvious way, and E¥(Z) is an 6(Z) module.
Furthermore for Z2' < Z the homomorphism a yields a howmonorphism

o' from E|Z' to GZ' by looking only at the open subsets of Z'.
This map am o' is the restriction map from E*(Z) to E¥(Z').

Ir EIZ S GE, then also E*]Z = ®%. Thus E* is indeed again a
vector bundle. For affiné open sets Z ova we clearly can identify

E*(Z) with the set of 6(2Z)-linear maps from E(Z) to 6(Z),

E*(Z) = ‘HOIHG(Z) (E(Z) ’@(Z)).

We also have

E;"C = HomG (LX,GX)
X
for any x in X.

For u in E(Z) and o in E*(Z) we denote by <u,c> the element

o.,(u) of ©(Z). {Recall that a yields in particular s map o, fromn
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E(Z) to 5(2)}. Consider now the dual vechor bundle E¥* of E*,
Then we can easily establish a homomorphism ¥:E - EX¥* in a

unique way such that

<a,k(u)> = <u,o>

for u in E(Z), a in E*(Z). For any x in X the induced map

N T %
KX'EX - (E* )X

S

coincides with the well known isomorphism from the free ¢ _-
module Ey onto its bidual. Thus ¥ is an icomorphiru. We usually

identify E and E¥*,
We also introduce for a vector bundle E over X the sheaf
E »y E defined by
(E %y E)(2) := E(Z) x E(2)
with obvious restriction maps. The stalk of E >y E at a point

x is EX * EX which Jjustifies our fibre product notation to socme

extent.

Definition 2. A symmetric bilinear form B on the vector bundle

E is a morphism
B:EXXE—)@

in the category of sheaves over X, such that for every cpen Z

the map
BZ : E(2) % E(Z2) »6(2)

is a symmetric bilinear form on the ©(Z) module E(Z).
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Clearly then B also yields a symmetric bilineer form BX

on the free @X—module EX for every x in X.

B induces for each open Z map

0y * E(Z) » E*(2)

as follows. For u in E(Z) and v in E(Z2'), 2' < Z, the homomor-
phiem mz(u):Elz » 6, maps v onto BZ.(uIZ',V). These maps together
constitute a homomorphism ¢ from the bundle E tc the cual bundle

E*, For Z affine

mZ:E(Z) - Hom@(z>(E(Z),®(Z))

is the usual linesr map from the projective moduvle E(Z) over
©(Z) to its dual module associated with the bilinear form B,.

In general any homomorphism e from E to E* has an adjoint howmo-

*

morphism mt:E —§T> E¥* 2> E*, The symmetric bilinear forms
on E correspond in the way indiéated above uniquely with the
homomorphisms ep:E - E¥ which are selfadjoint, o = mt. We call

B non degenerate if o is an isomorphism.

A pair (E,B) consisting of a vector bundle E and a symme-

tric bilinear form B on E will be called a bilinear bundle. If

B is known to be non degenerate it will be called a bilinear

space. We obtain a category of bilinear bundles by adding the

following definition.

Definition 3. A morphism from a bilinear bundle (Eq,Bq) to a

bilinear bundle (E2,B2) is a homomorphism o from the vector bundle

Eq to E2 such that
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Bz(o(u),a(v)) = Bq(u,v)

for any open set Z and any u,v in E,(Z).

Here we simply wrote a(u),0(v) instezd of cz(u), qz(v)

and B; instead of B.ge. Such notational simplificsations will

be rade quite often, as long as no confusion ig tc be feared.

We now shall give other interpretations of the notion

"bilinear space" in two gpecial cases.

Example 1. Assume X is affine, X = Spec(4). Then a bilinenr
p b iy

bundle (E,B) over X is uniquely deternmined by the pair (¥,#)
consisting of the projective hL-mode P := E(X) and the cyrmotric
bilinear form

<,5=BX:P><P-)A.

We call such a pair (P,%) a bilinear h-module, snd we call

& induces an isomorphism from the A-module P to the dual #A-
module P* = HomA(P,A). The category of bilinear bundles over X
is equivélent to the category of bilinear modules over 4, and
under this equi#alence, described above, the bilinear spaces

over X correspond with the bilinear spaces over A,

In an analogous way we shall always transfer without
further comment notions developed for bilinear bundles and
spaces over X to bilinear modules and spaces over 4 if ﬂ
X = Spec(4).

Example 2. Let Y be an algebraic subset of the affine cpace

CN or the projective space PN(C) which ie defined over , i.e.
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can be described as the set of zeros of a system of polynomials
resp. forms with coefficients in RP. On Y we have an involution
V= y mapping a point y to the point ¥y which has affine Tesp.
projective coordinates complex conjugete to those of y. For

any subset A of Y we denote by & the image of A under the cou-
plex conjugation yw» y. With Y there is attached a scheme X in
the following way. The points of X are the subsets T UT of ¥
with T running through the Zariski-closed dirreducible subsets
of ¥, i.e. the closed subsets of Y which are defined over R

and "R-irreducible". For every Zariski-open subset W over Y we
define a subsetlw of X as follows.lg consists of all points
x=TUTof XwithWn (T UT) non empty {which implies W n T
non emptyf. These sets ﬁ are by definition the open subgets of
X. Then the structure sheaf GX = 6 is defined as follows. @(%)
is the ring of all regular functions f:W - ¢ which are compat-
ible, with complex conjugation: f(¥y) = T(y) for all y in W. In
this way we have obtained all "reduced algebraic schemes over P"

which are affine resp. projective.

We now assume for simplicity that Y is connected and
consider a complex algebraic vector bundle p:¥ - Y which is
"defined over R". By this we mean roughly the following. Y has
a covering lwa} by Zeriski-open subsets Wa, all stable under
complex conjugation, and there exists a family {Xal of bijective
mappings

. o~ n
Xa :p (Wa) > Wa x

such that the diagrams
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commute and the transition maps

Aaoxﬁ : (da n WB) x €7 o (wa n we) x ¢

are of the form

(722) ¥ (yyu,0(3)2)

with functions p_,:W_ n W, -» GL(n,c) all whose coefficients lie
; aB’ o B8
in @(wa n WB).

We can introduce a C-antilinear involution T:}¥ - 1

covering the involution yw ¥y on Y such that over every wa thre
involutiqn Tlp"“(wa) corregponds via Xa to the standard involu-
tion (y,z) e (y,2) on W, ¢™. In this way an algebraic vector
bundle over Y which is defined over X may be consicered as a
pair (¥,v) consisting of a complex algebraic vector bundle F
over Y and a "locally trivial" C-antilinear involution on F

covering the complex conjugation on Y.

We now define an SX-module E as follows. For every open
set W of Y stable under complex conjugation the 6 (W)-module E(ﬁ}
consists of all sections s:W - p'q(W) such that for any W_

meeting W the map

. -1 ~ ' T
Age (s|W N W )z S SUCICRS I A P
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S
has coordinate functions lying in €¢(W N wa). Notice that this

are precisely the regular sections s of the complex vector bundle

F over W which have the property

s(y) = t(s(y))

for every y in W. Using the maps Aa we see that b @; is iso-
morphic to (@w Y2, Thus E is a vector bundle over X. It is only
an exercise toaverify that we obtain in this way an equivalence
from the category of algebraic vector bundles over Y which are
defined over ® to the category of vector bundles over X. It 1is

further easily verified that the symmetric bilinear forms

B:E e0'e E » @X

correspond uniquely with the regular maps

8:F >, F = €

Y

on the classical fibre product F Xy F having the following

properties:

e¢) For every y in Y the restriction of B to p_ﬂ(y) > p-q(y) is
a symmetric bilinear form on the C-vector space p”q(y).

b) For u,v in p-q(y)

B(ru,Tv) = B(u,v).

Moreover B is non degenerate if and only if our bilinear forms

on the vector spaces p-q(y) all are non degenerate.

We return to our general theory. Two bilinear modules

(Eq,Bq) and (E2,B2) over X can be added and multiplied. The
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jal ggg,(E1, 1) 1 (E2’32) is deflned as the vector bundle

E e E2 hav1ng section modules

 _(§47e;E2)(Z> := E,(2) @ E5(2)

x;:qpl gﬁd*ﬁi%hfﬁﬁéaf0110wing bilinear form B = B, 1 B;:

R BZ{U.,] @ u2,v 9 V2) = B (u1,V ) + B (ugyv2)

‘ f“r séetlens uq,v in E (Z) and Un,yV, in E2(Z) Similarly the
‘”1” "_f0dnct (E1,B ) e (E2,B2) is defined as the vector bundle
.: QQ_Eé equlpﬁed w1th the blllnear form B ® 32' Recall that
theifﬁnctor = A :
| ;,z.,r-..'?**chz:> % (z) E2(2)

, ‘aa net neeessarliy fulflll the sheaf condition, and that
E% ®G‘E2 is the shpaf assoclated to this "presheaf" But for Z

'an ﬁ%fl-{ open subset of X we have

B1 8‘32 can be eharacterlzed as the unique bilinear form B on X
whlch fulfllls |
Z(u ® UsyVy @ v2) = B Z(uq,v ) B Z(u2,v2)

 fdr ﬁffine}épen,se%s Z and sections UqyV, in Eq(Z),-and Usy Vo in
Eé(Z);»The stalk of our bilinear bundle (E,,B,) ® (E,,B,) at a
polnt x 1s "Just the 6 y~module qu By E2x equipped with the
- Tx
. blllnear form B1 ® Bax‘

v_jﬁhdthér way to put the definitions of By 1 32 and B, ® B2

ig;fﬁe following.‘The natural map'from the tensor product
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E% #, EY to the bundle (Eq Q’Ez)*‘is an isomorphism since the

E; are locally free. We identify E} ~. EX with (E, =, E,)* in.

this way. Similarly we identify (E,I w~ E2>* with Ef « EX,

regarding the linear forms on Ei'Z as linear forms on (Eq - Eg)!z
which are zero on EJ‘Z {(i,3) = (1,2) or = (2,1)}. Let
e 2B oo Eg be the homomorphism associated with B,. Then B, 1 B2

is the bilinear form corresponding to

A T B e B
( 5 : L1 fox E2 - Eq Pal L2
0, v

(ol
and Bq ® B2 is the bilinear form corresponding to

, . . X e
n, © @2.E1 ” E2 - B # EE.

From this description of Bq 1 B2 and B,l » B2 it ig evident that
these forms are non degenerate 1f both Bq and BQ are non degener-
ate. |

We now discuss a special type of bilinear spacec over X.
Let (aij) be a symmetric n x n-matrix with coefficientes 25 3 in
the ring ®(X).»We take the free bundle @n, and denote by

€qye-+,e, the standard basis of 6™, i.e. the global sections

ei-—- (O,ooo,/‘l,o.o O)
. 1

in Gn(X) =‘®(X)n. We introduce on 6% a symmetric bilinear form

B as follows. Let Z be open in X, and let

u

(Uqpeeeyu ) € 6(Z)

v

(Vq,...,vn) € 6(z)%

be sections in 6™(Z). Ve put
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n
B,(u,v) := ¥ (a..IZ) V.V ..
/AR i,j=1 iJ 14
Clearly B is the unique bilinear form on & with B(ei,ej) = 8 e

We abbreviate this bilinear bundle (E,B) by the wmatrix (aij)’

Clearly <aij) is a space if and only if the ceterminant of this

matrix is a unit in 6(X). In this way we obtain up to isocuorphiss

all free spaces,i.e. all spaces (E,B) with a free vector bundle

E > 08,

Two free spaces (or free bilinear bundles).(aij) and (a{j)

are isomorphic if and only if there existe an n > n-matrix S

with coefficients in 6(X) and determinant a unit of “(X) such

that £
! =

The proof is the same as the usual proof over fields.

"naaz n o eo, Ky 13 , . = o 117
A "diagonal" free bilinear bundle (aij>’ 855 = 83855, will
also be denoted by’<a1,..;,an>.'We have
<a,‘,ooo,an> = <a,]> 1l ecee -L<an>o ﬂ

The tensor product of two diagonal free bilinear bundles

<a1,...,an> and <b4""’bm> is isomorphic to

<a1b4,...,aqu,agbq,...,aebm,... a b >.
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§ 2 Subbundles.

In this section we develop some elementary linear algebre

dealing with "subbundles" cf a bilinear spece.

Let E be a vector bundle over X. Assume for every open
subset Z of X there is given an 6(Z)-submodule V(Z) of E(Z),
and that for open sets Z' < Z the restriction homomorphism from
E(Z) to E(Z') maps V(Z) into V(Z'). If then then functor
V:Z » V(Z) on the category of open subsets of X fulfills the

sheaf condition (cf. § 1) we call V an 6y —submodule of E.

Definition. We call an 6-submodule V of E & subbundle of E,
if V is locally a direct summand of E. This means that every

point x of X has an open neighbourhood Z such that

*) - E|Z = (v‘| Z) oW

Z.

with W a suitéble GZ ~submodule of E

Clearly then V and E/V are vector bundles, since direct
summands of locally free @Z -modules of finite rank are again
locally free. On the other hand, if we only know that E/V is

a vector bundle then we have a splitting (*) over every affine

open subset Z of X. Indeed, the canonical projection from ElZ
onto (E/V)IZ has a section, since (E/V)|Z corresponds to a pro-

jective module over 6(Z).

We now regard a bilinear bundle (E,B) over X with

associated homomorphism e:E - E¥., For every G-submodule V of E



-124~

we define another 6-submodule V* as follows. If Z is an open

subset of X then VL(Z) consists of all sections s in E(Z) such

that s|Z' is orthogonal to V(Z') with respect to B,, for every

Al

open 2' < Z. It suffices for this to know that the gerr s_ of
s at every point x of Z is orthogonal to Vx‘ Thus every s

(VJ‘)X consists of all t in E_ which are orthogonal to V_, i.e.
L L
(T4, = T
The ®-module V* is the kernel of the homomorphism

E-2 5 pe 38 5 yx

with i* the dual of the inclusion homomorphism i from V to E,

*)

as is immediately verified.

Assume now B is non deéenerate and V is a subbundle of E.
b} e ———————

Then o is an isomorphism and i* is an epimorphisw. Thus e induces
an isomorphism
L ~
. > y*
a:E/V > V¥,

and in particular V' is again a subbundle of E.

We identify (E/V)* with the G6-submodule of E* whose sections
over any open Z c X are the linear forms X:EIZ = 6, which vanish

on V| 2. By definition V' is the inverse image of (E/V)* under

. . ~ . . .
the isomorphism w:E —> E*, Thus we obtain from e an isomorphisn

R:VE o (EB/V)*,

*) i* means restriction of the linear forms on E to V.
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The isomorphisms a and B correspond to bilinear maps
D v 5 (E/VY) » 6
(2) Vi, (B/V) » 6

which are perfect dualitites. These bilinear maps are of course
just the maps obtained from B by "restriction" in the obvious

way. Since V! is again a subbundle of E we alco have a perfect

duality
(5) ' ' V'L'L E/V"‘ - 6,
. : X

induced by B. V is an 6-submodule of V**. Comparing (1) and (3)

we see that actually V = Vi, Let us summarize our observations.

Proposition 1. Let V be a subbundle of the bilinear space (E,B),

and let o:E —> E* denote the isomorphism from E to E* associ-

ated with B.

i) V! is a subbundle of E. There exists a unigue isomorphism o

from E/V* to E¥ such that the diagram

E —2_> E*

~S

¥ ;
3 R
B/V+ —2>
with canonical vertical surjections commutes.

ii) There exists a unique isomorphism B from v to (E/V)* such

that the diagram
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LB (/v

~

e fm— <

%
—_— > E*
o

with canonical vertical injections corrutes.
1
iii) vt o= V.,

We assume now that (E,B) is a bilinear bundle and that F
is an G-submolule of E which is again a vector bundle. We further
assume that the bilinear form B|F'is non degenerate. The form B
may be degenerate. Let o:E » E*¥ gnd #:F ——> [* denote the homo-
morphisms associated with B and BIF, and let i:F - E denote the
inclusion homomorphism from F to E. As observed sbove ¥t is the
kernel of the homowmorphism i*ee from E tc F*, hence also the

kernel of the homomorphism p := +~ei*.m from E to F. More con-

cretely, 1f u is a section of E over some affine open set Z then
by definition p(u) is the unique section v of F over Z with

B(u,w) = B(v,w) for all w in F(2).

Since # = i*e®.1 we have pei = idyp. Thus E is the direct
1 . . . . —_ .
sum of F and F~. Moreover i.p is a projection operator on L with

image F, the "orthogonal projection" from L onto F. We sunmarizes

Proposition 2. Assume F is an 6-csubmodule of a bilineer bundle

(E,B), further that F is a vector bundle and B|F is non degenerate.
Then E is the direct sum of F and F'. In particular F is a sub-

bundle of E. We have a canonical orthogonal projection from E
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onto F.

Definition. We call a morphism o from a bilinear bundle

(Eq’Bq> to a bilinear bundle (EE’BQ) an isometiy if « is in-
*)

jective and m(Eq) is a subbundle of Eg.

Proposition 3. If B,I 1s non degenerate then every morphicnm o

from (Eq,Bq) to (E2,B2) is an isometry.

Proof. By Proposition 2 it suffices to show that o is an in-
jective homomorphism from E,l to E2. This will be true if we

know that the maps ax:Eﬂx - E2X on the stalks are injective.

{Apply the sheaf condition!} Now if ax(u) = 0 for some u in B,
then
qu(u,v)

B, (o (u),a (v)) = ©

0.

for every v in qu. Thus u

Assume now (E,B) is a bilinear space.

Definition. A totally isotropic subbundle V of (E,B) is a sub-

bundle V of E such that B is zero on V >y V. In other terms,
4
V DV.

A totally isotropic subbundle V of (E,B) will also be

called a sublagrangian of (E,B). {"Lagrangians" will be intro-

duced in the next section.} For every such sublagrangian the 6-
module V*/V is a subbundle of the vector bundle LE/V, since V*

is locally a direct summand of E. From B we obtain in an evident

- *) This means that aZ:Eq(Z) - E2(Z) is injective for every
open 2 c X,
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way a symmetric bilinear form B on VY/V such that the natural

projection p:Vl » VY/V is a morphism from the bilinear bundle

v+, BlVY) to (V/V,B).

i L : s
Proposition 4. (V7/V,B) is a bilinear space.

Proof. Let ¢:E ——> E* denote again the homomorphism associated
with B and $EVL/V - (Vl/V)* the homomorphism associated with B.

We obtain from the definitions a commutative diagram

0 - V - V¢ P VYV a0
v{= 8]= | ©
L4 v

O » (B/VH* o (B/V)* —> (VY/V)* 5 C

with exact rows and isomorphisms B and y as decscribed in Pro-

position 1 ii. Thus also © is an isomorphism.
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8§ 3 Metabolic spaces

We now introduce a special type of bilinear spaces. Let
(U,B) be a bilinear bundle. Starting with R we define a symmetric
bilinear form B on the vector bundle U & U* as follows. For Z

an open set in X and sections UqyUs in U(2), uﬁ,uz in U*(2)
* ¥* .« — * *
B(u1+u1,u2+u2) 1= 3(U4,u2) + <y, ub> + <ug,uf>.

Thus B coincides with & on U >y U, is zero on U* Xy U*¥, and is

the natural pairing on U xy U* and U* gy U. Let m:U - U*¥ be the

homomorphism associated with Bf. Then the homomorphism
UaU* o (Ue UF)* = U%¥ 2 U

associated with B is given by the matrix

(m id)
id ©
This homomorphism is always an isomorphism and thus B is non

degenerate. We denote the space (U « U*,B) by M(U,R). 4 space

isomorphic to some M(U,B) will be called split metabolic.

{"Metabolic spaces" will be introduced below.}

Example. If (U,B) is a free diagonal bilinear bundle

<a yeeera>, a5 € 6(X), then clearly

M(U,8) 3(:4 ;); 1(:11‘ ;) ‘
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On any vector bundle U we can introduce the bilinear foin
‘R = C, and obtain a space M(U,0) which we denote by H(U). 4

space isomorphic to some H(U) will be called hyperbolic.

Proposition 1. For any symmetric bilinear Form o cn a vector

bundle U the space M(U,20) is isomcrphic to H(U). Ir perticular

all split metabolic spaces are hyperbolic if 2 ig & unit in 6(X).

This follows immediately from the following nrore general

fact. (Put B = 2a, y = -a).

Lemma. Let B:U % U » 6 be a symmetric bilinear form on the
vector bundle U and let y:U %y U » 6 be an arbitrary (not
necessarily symmetric) bilinear form on U. Let yt dencte the

bilinear form defined by
teo |
Yz(u,v> = YZ(V,u)
(u,v € U(Z), Z open in X). Then
1 t
M(U,B) = M(U,R+y+yl). !

Proof. Let o:U » U*¥ denote the homomorphism "u - y(-,u)"

associated with .y. Then the automorphism
U+ u* s u+ u* o+ en(u)

of the vector bundle U @ U* {u e U(Z), u* € U*(Z), Z open in X|
is an isometry from M(U,B+Y+yt) onto M(U,P). Indeed, denoting
the bilinear form of the first space by B' and the bilinear form

of the second space by B, we have for sections u,v in U(Z), u*,v*

in U*(2):
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Blu+u*+o(u) ,v+v*+0(v)) = B(u,v) + <u,m(v)> + <v,m(u)> +

+ <u,v¥*> + <v,u*> = B(u,v) + y(u,v) + yt(u,v) + <u,v¥> + <v,u*>

= B (uru*,vev¥),

If 2 is not a unit in 6(X) then not every split metabolic

g) can not

space 1s hyperbolic. For examplé the free space (1
be hyperbolic, since for any global section e of a hyperbolic
space (E,B) = H(U) we have B(e,e) € 2 6(X). Nevertheless split
metabolic spaces are "stably hyperbolic" by the following pro-

position.

Proposition 2. For any bilinear bundle (U,R)

M(U,R) + M(U,-B) = H(U) 1. M(U,-R). -

Proof. We consider the space E := M(U,B) 1 N(U,-R). Let U, and
U, be two copies of U. We think of M(U,B) as the bundle
U, » U% and of M(U,-B) as the bundle U

o Ut. This
[

2
= . % ' %
E = (Uq fes Uﬂ) 1 (U2 e Ug)‘
Uﬁ and the diagonal A of U1 @ U2 are both sublagrangians of E.

The bilinear form B of E gives a perfect duality belween A and

U%- Thus A @ U% is a bilinear subspace of E and

A e U% = H(A) = H(D).

According to § 2, Prop.2,
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E=HU) + (A= U‘!'])J'.

Cne know has to compute (A & Uﬁ)*. This bilinear space turns
out to be isomorphic to M(U,-R). We leave the details as an

exercise (or cf. [K,p.19 f]).

Definition. We call a bilinear space anisotropic if it has no

totally isotropic subbundle different from zero. Otherwise we

call the space isotropic.

If V is a maximal totally isotropic subbundle of a space

(E,B) then clearly the space (VY/V,B) studied at the end of § 2

is anisotropic.

Proposition 3, If X is affine then every bilinear space E

over X hds a decomposition

E=”EO,LI"I

with EO anisotropic and M split metabolic.

Such a decomposition of E will be called a Witt cCecomposgi-

tion. In general the isomorphism class of the anisotropic part

Eo is not uniquely determined by E. An example over 2 local ring

can be extracted from [K,Satz 9.3.8]. Also the isomorphism class
of the split metaboliC-part M is in general not uniquely deter-
mined by E. Here counter-examples are quickly obtained. For

example over any scheme X

AU G
<1> 4 ( > <1> 3 ( ) s
1 O 1 0O

as 1s easily verified.
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Proposition 3 follows immediately from the following more

general proposition.

Proposition 3 a. #ssume X is affine. Let (E,B) be & space

over X and V a sublagrangian of (E,B). Let U be a subbundle of E

with N
E=V" U,

(Such a subbundle exists, since X is affine.) Then U snd V are

in duality under B, hence
(U e V,BlU & V) = M(U,B|U).

Moreover the space (U m» V)t is isomorphic to (V*/V,B), hence

by § 2, Prop.2

(E,B) = (V¥/V,B) . M(U,B|U).

Proof. The assertion that U and V are in duality is trivial.

With G := (U @» V)?* we have
E=((UeV) i G.
From this we deduce

V=7V 1 G,

Thus clearly (G,B'G) is isomorphic to (V*/V,B).

g.€.d.

Definition. A subbundle V of a space (E,B) is called a

Lagrangian if vt = V. A space which has a Lagrangian is called

metabolic.
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Clearly any split metsbolic space M(U,R, bLas the

Lagrangian U*, hence is metabolic.

From Proposition %a we obtain immediately the following

two statements about metabolic spaces and Lagrangians.

Corollary 1. Every retabolic space over an affine gcheme is

split metabolic.

Corollary 2. Let V be a sublagrangian of a space (E,B) over

any scheme X. Then

i) rk E > 2 rk V.

ii) V is a Lagrangian if and only if rk E = 2 rk V.

Indeed, it suffices to check thesc statemente i),ii) ovor
affine open subsets c¢f X, where they are evicent b: FPropositior

3 ae.

Already over an elliptic curve there exists infinitely
many metabolic spaces which are not split metabolic, cf. [k,

§ 13.1].

We discuss the behaviour of metabolic spaces with respect

to tensor products.

Proposition 4. If V is a Lagrangian of the space (X,B) then

for any other space (E',B') the submodule V & E' of E » E' is a
Lagrangian of (E,B) & (E',B'). For a split metabolic space

M(U,8) more explicitly

M(U,R) = (E',B') =M(({U,R) & (E',B')).
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In particular .
H(U) » (E',B') = H(U ~ E').
Proof. V 2 F injects into E 2 E' since E' is locally fiee.
(E/V) = E' can be identified with E # E'/V # E'. Thus V # B!
is a subbundle of E # E'., Clearly V # E' is totally isotropic.

Since
rx(V & E') = rk Verk E' = ; rk(E » E')

V 2 E must be a Lagrangian.

We now consider the case

(E,B) = M(U,B) = (U s U*,B).

Then the subbundle U*¥ = E' of E = E' is a Lagrangian which under
B2 B' is in duality with U # E', Since £ = E' is the direct cunr

of U= E' and U*¥ @ E' we indeed have

(E,B) » (E',B') = M(U ® E',8 @ B').

As an examplé we consider the space
1 1
n<>) = (1 7).

Let e, ,e, be a basis of M(<1>) with value matrix (1 g) under

the bilinear form of M(<1>). Then €,1€4-€5 has the value matrix

(3 -EI))' Thus

M(K1>) = <1,-1>,

Multiplying this relation with an arbitrary spscc (E,B) wce

obtain by the preceding proposition 4 the following,
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Corollary. (E,B) . (E,-B) = M(E,B).

This can also casily be verified in 2 direct way.




~137-

§ 4 The Grothendieck-Witt ring L(X).

We now often denote a space (E,B) by a single letter E
for short. We look at the set Bil(X) of isomorphism clascec (E)
of bilinear spaces E over X. On Bil(X) we have an addition and
a multiplication given by the orthogonal sum and the tensor
product of spaces. In this way Bil(X) is a commutative semiring.
It has the isomorphism class of the space <1> = (®X,m) ac unit

element with m:Sy Xy GX -+ 85 the multiplication on QX'

We now consider the Grothendieck-ring K Bil(X) of the
semiring Bil(X). This is a well known construction. The elements
of K Bil(X) are formal differences [E] - [F] of classes [E], 7]
of spaces B,F with the rule that two differences (E,] - [F{]

and [Egj - [Fg] are equal if and only if
E,l_LFg,LG?:Eg_LF,l.LG

for some space G over X. Recall that the map (E) » [E] *) from
Bil(X) to K Bil(X) is a universal map from Bil(X) tc a ring, i.e.
for every semiring homomorphism A:Bil(X) -» 4 to @ ring 4 there
exists a unique ring homomorphism p:KvBil(X) -» & such that the

diagram

Bil(X) > K Bil(X)

N

A

*) Of course [E] is identified with [TE] - (01,
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commutes.

Let o denote the additive subgroup of K Bil(X) generated
by the elements [E] -~ [H(V)] with E metabolic and V a Lagrangian
cf E. If E,| and E2 are metabolic spaces with Lagrangians Vq
and V2 then E1 L E2 is metabolic with the Lagrangian V,I m V2.
From this remark we obtain immediately that r is the set of
differences [E] - [F] of metabolic spaces E and F having iso-

morphic Lagrangians.

a is an ideal of K Bil(X). Indeed if E is metabolic with
Lagrangian V and F is an arbitrary space, then according to
§ 3 Prop.4
[(FIC([E]-THE(V)]) = [F @ E] - [H(@F =~ V],

and F » V is a Lagrengian of F = E.

We now define the Grothendieck=Witt ring L(X) of the

scheme X as the ring K Bil(X)/e. The image of a class
[E] € K Bil(X) in L(X) will again be denoted by [El. In L(X)
we have by definition '

(E] = [E(V)]
for E a metabolic space with Lagrangian V.

Proposition 1. If X is affine then o = O, hence L(X) = K Bil(X).

Proof. ZLet (E,B) be a space with Lagrangian V. Then, as ex-
plained in § 3, E = U @ V with some subbundle U which is dual

to V with respect to B. We have
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(E,B) = M(U,B|U) = M(U,p),
and, again by § 3,
M<U,B> L M(U,-B) = H(U> 4 rI(U,—F)-

Thus in K Bil(X)

[E,B] = TM(U,p)] = TH(U)] = [HV*)T = [1(V)71.
This proves o = O.

For hyperbolic spaces we have the following general fact.

Proposition 2. Let V be a vector bundle over az scheme X and W

be a subbundle of V. Then in L(X)

rHE(v) ] = THOW T + [HV/W .
Proof. We work in the bilinear space H(V) = V o V¥, Let W'
denote the submodule W' N V* of V¥, This ie the sheat of linear
forms on V which are zero on W, i.e. the kernal of the restric-

tion homomorphism V¥ o W¥, Cn the other hand we obtain frcm the

exact sequence

O s WaVasV/WosO

of vector bundles a dual exact sequence
0 =~ (V/W)* o5 v* W¢ o 0.
Thus we have canonical isomorphisms
(V/W)* = W', V*/W' = w*,

In particular W' is a subbundle of V*. Clearly

U:=Wa-‘w"
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is a totally isotropic subbundle of H(V). It has the ronb

rk W+ rk W' = vk W + vx(V/W)* = vk V.

Thus U is a Lagrangian of H(V). We have in L(X)

[HOV) ] = [HQU)] = [HW)] + [HMW')] = [HMW)] + [HEQQ/W*)] =

H(W) + H(V/W),
as claimed above.

We now can prove the fecllowing weak snalogue cf the Witt
.decomposition in § 3 for an arbitrary scheme X. (Thé Witt de-
composition in § 3 could only be done over affine X, cf. § 3,

Prop. 3a.)

Theorem 3. Let V be a sublagrangian of a space (E,B) over X.

Then we have in L(X) the equation (cf. § 3 for notations)

[E,B] = [H(V)] + [V*/V,E].

Notice that for V a maximal sublagrangian of (E,B) the

space (V+/V,B) is anisotropic.

Proof. We work in the space
(F,B') := (E,B) . (VY/V,-B).
Let

Vo E e ViV

denote the "diagonal injection" of V* into this space. The sub-

module a(V*) of F is clearly totally isotropic. We want to show
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that a(V?) is a Lagrangien of (F,B'). It cufficesz to check this
over affine open subsets of X, and thus we acsume now that X
itself is affine. 4s explained in § 3 (proof of Trop. Za) we

have  decompositions

E= Vel LG, VE=VeaG
with U dusl to V under B. The second decomposition yields &
canonical isomorphism from G onto VY/V. We have

(V) = Ve A

with A the "diagonal" of the subbundle G @ V!/V of F. Clearly

G o VYV = & & ViV,
Thus V & A is a direct summand of
F=Oel 1(aaV/v,
and we have verified‘thatva(vl) is a subbundle of F. We have

rk (V) = rk(VY) = rk V + vk VY/V.

On the other hand

Tk F=21rkV+rk G+ 1F VY/V = 2(rk V+ vk VH/V).
Thus o(V*) is indeed a Lagrangian of (¥,B').

Since now X is'again an arbitrary scheme. The vector
bundle o(V*) is isomorphic to Vt. Thus we obtain in L(X) the

relation

*) [E,B] + [V&/V,-B] = [E(V)].
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By the preceding Proposition 2
(BT = [E(W] + THEH/V) 1.
On the other hand
(vi/v,-B] + [v*/V,B] = [n(v¥/v,B)] = Tu(vi/v)l.

Thus adding [V*/V,B] on both sides in (¥) we arrive ot the

desired relation

[E,B] = [H(V)] + [V*+/V, E].
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§ 5 Definition of the Wittt ring,W(X).

First we recall Grothendieclk's definition of his ring
K(X) of vector bundles on X in a way adapted to our prcsent
study. Let Vect(X) denote the set of isomorphiem classes (V)
of vector bundles V on X. The direct sum and the tensor pro-
duct of vector bundles give on Vect(X) an addition and a wulti-
plicatioﬁ which turn Vect(X) into a commutstive semiring. This

semiring has the unit element (GX).

Let K Vect(X) denote the Grothendieck ring of‘this semi-
ring Vect(X). We denote the class of a vector bundle V in
K Vect(X) by [V]. We introduce the additive subgroup ¢ of
K Vect(X) generated by the elements

(vl - Tw] - [v/v]
with V running through the vector bundlecs of X and W running
through the subbundles of V. Clearly ¢ is an ideal of K Vect(X).
The ring K(X) is defined as the quotient K Vect(X)/:¢ by this

ideal. We shall denote the class of a vector bundle V in E(X)

again by [V].

Notice that if X is affine we have ¢ = U, hence

K(X) = K Veet(X).

We have a "hyperbolic map"

Ho:Vect(X) - Bil(X)

sending the isomorphism class of a vector bundle V to the iso-
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morphism class of the hyperbolic space H(V). Clearly HO is

additive. Thus HO induces an additive map

Hq:K Vect(X) - K Bil(X).

We now consider the composition

Hy:K Vect(X) > K Bil(X) —=>> L(X)

of Hq with the natural surjection from L Bil(X) to L(X). according
to Proposition 2 of the preceding section H2 venishes on ¢. Thus

we obtain finally an additive map

H:K(X) » L{).

This map H sends an element [Uﬂ] - [U2] of K(X) £o
ra(u)] - [H(Ug)]-

The image H K(X) of H is an ideal of L(X) since for F a
-space and U,l,U2 vector bundles over X
[FIC(EU] - [8U,)]) = [BEF « U,)] - [HE = U,)].
We define the Witt ring W(X) of the scheme X as the quotient of
L(X) by this ideal,
W(X) = L(X)/H K(X).
Recalling the definition of L(X) we may also write
W(X) = K Bil(X)/T
with W the ideal of K Bil(X) additively generated by the clasce:

of all metabolic spaces on X. This ideal is the set of differences

[M1] - [Mg] of metabolic spaces I,,MN,.
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We denote the class of a space (E,B) in W(X) by {E,B}.

We call {E,B} the Witt class of the space (E,B). We often write

{E} instead of {E,Bl for short, Since

(E,B) . (8,-B) = M(E,B),

cf. § 3, we have in W(X)

- {E,B} = {E,-Bl.

This implies that every element of W(X) is the Witt clase of

some space, and not just the difference of twc Witt clascses.

Definition. We call two spaces E1 and E2 over X eguivalent

(or "Witt-equivalent"), and write E, ~E,, if iEq} = {E.}.

<

Clearly W(X) is the quotient of the semiring Bil(X) by

this equivalence relation,

W(X) = Bil(X)/~.
We have the following simple description of Witt equivalence.

Proposition. Two spaces E,‘,E2 over X are equivalent if and

only if there exist metabolic spaces M1’M2 over X such that

Proof. If E; 1 M, = E, 1 M, with metabolic spaces IM,,MM, then
clearly

(B4l = (B 21} = {E, L M) = B,

Assume now that {E1} = {Egi. Then we have in K Bil(X) an equation
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[Eq] - [Eg] = [Ngjv - [Nq]

with metabolic spaces Nq and N2. Thus there exists & space

(G,B) over X such that

Eq L Nq L G = E2 L N2 1 G,

We add on both sides the space (G,-B) and obtain

E, + N, 1 M(G,B) = E; + N, 1 IN(G,B).

Thie finishes the proof of the proposition.‘

In the present lectures we are mainly interested in W(X)
and not in L(X). We could have defined W(X) directly by intro-
ducing on Bil(X) the equivalence relation desccribed in the pro=-

position. But for technical reasons also L(X) and the precise

relationship between L(X) and W(X).will be needed.
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§ 6 Functoriality

We now discuss tlie functorial behaviour of our ringe
L(X) and W(X). Let f: Y > X be a morphism of schemes. For E a
vector bundle on X the inverse image f*(E) (cf. [EGA, Chap. O,
§ 4]) is a vector bundle on Y Indeed, if U ie an open set of
X with EIU o @% then £~ 1(U) is an open set of Y with
@[ = e, .
' £7(U)

A useful description of this vector bundle is ac follows.
Let Uc X and V ¢ Y be affine open subsets of X znd ¥ with
£f(V) ¢ U. Then f yields a ring homomorphism from 6, (U) to &y(V),

and

D (EY(V) = E(U) 2 (qyy 6y (VD,
A

cf. [EGA I, § 1.6].

For any vector bundle E on X there exists & canonical

isomorphism of vector bundles

K:f* (BE¥) > £*(E)*.

This isomorphism can be described as follows. Let again U and V

be affine open subsets of X and Y with f£f(V) < U. Then
f*(E*) (V) = E*(U) @GX(U) @Y(V) =

On the other hand
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1 e

T*(E)*(V) = HomGV(V)(f*(E)(V),GY(V)) =

= HOMSY(V> (E(U) ’Q@X(ID GY(V>’®Y(V>)'

Thus we have an obvious natural isomorphism

ky g @ DX (ER) (V) = e (E)* (V)

k]

since E(U) is a finitely presented Gk(U)~module, cf. [Bb, I
§ 2 no 9]. If (Vq,Uq) is a secord pair of affine open subsets
of Y and X with f(Vq) c U, anc V% cV, U, c U, then the ¢iasgranm

(80 (1) —LU s px (m)* (V)

N\ v

(B (V) > O EN (V)

v,,U,

with the restriction homomorphisms as vertical arrows commutes,

es i1s easily checked. In particular (V = Vq) the homomorphism

Ky y does not depend on U but only on V. Since now we write Ky
b

instead of kv Ue The family of isomorphisms
9 .

Ky £*(E*) (V) === £*(E)*(V)

with V running through the affine cpen subsets of Y is compatible

with the restriction maps by the diagram above. Thus by general

sheaf theory there exists a unique isomorphism
K 2 D*(E*) ——> r*(E)*

of vector bundles which induces KV on the sections over V for

every affine open subset V of Y.
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If B is a symmetric bilinear form on E then we obtain
a symmetric bilinear form f¥*(B) on f*(E) as follows. Let
0w:E » E* denote the homomorphiém assbciated with B, and let

denote the composite map

£ (B) 805 ox(pr) o pr(E)*.

If V and U are affine open subsets on Y and X with £(V) c U,
then
by ¢ THEI(V) - £*(E)* (V)

vyields a bilinear form le,f € £*(E)(V)}

ﬁv(e,f) = <e,wv(f)>

on f*(E)(V). It is easily verified that By is simpiy the

9y(V) -bilinear form on E(U) @QX(U) GY(V) obtained from the
GX(U)-bilinear form BU on E(U) by scalar extension. In particular
By is symmetric. Thus i = wt, and ¥ yields a symmetric bilinear
form B on f*(E) which yields the bilinear forms Ry above

on the affine open subsets V of Y. We denote £ by £*(B).

If y is a point on Y and x = £(y) then the 6y ~bpilineax
L XY
form ff(B)y on

f*(E) =E = 6
y X GX,X Y,y

is clearly the bilinear form obtained from the 6y Y—bilinear
L,_‘

form BX on-EX by scalar extension.

If B is non degenerate then ¢ is an isomorphism. Thus

also % is an isomorphism, i.e. f*(B) is again non degenerate.
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In this way every space E = (E,B) over X yields a space

% (E) = (£%(E), 1% (B))

over Y. Clearly for spaces E and F over X

i

*(E . F)‘ *(E) L £*(F),

14

f¥(E @ F) = t*(E) = £*(F).

Thus we have a homomorphism
£%:Bi1(X) -» Bil(Y)
of semirings.
If V is a subbundle of a space E then f*(V) is a gub-
bundle of f*(E), since

¥ (E)/f* (V) = £*(E/V)

is a vector bundle. More specifically, if V is a Lagrangian of

isotropic and

rk f*(V) = vk V = ; rk E = ; rk f*(E).

Thus our map f* from Bil(X) to Bil(Y) induces ring homo-
morphisms |

L(F):L(X) » L(Y), W(E):WEX) » W(Y).
Clearly L(f) and W(f) both map unit elements to unit elemente.

In this way X & L(X) and X i W(X) are turned into contra-

variant functors L and W from the category of schemes to the
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category of commutative rings. We usually simply write f* for

L(f) and also for W(f).

Exercise. If V is a subbundle of a space E over X and
£f:Y » X a morphism then in the space £*(E) the subbundles

(V) ' and £*(VY) coincide.

In the case of affine schemes X = Spec(4), Y = Spec(C)
a morphism f:Y - X corresponds to a ring homomorphism o:hA » C.

Instead of f*:W(X) » W(Y) we then most often use the notation

ae ¢ W(A) - W(C).

For a space (P,B) over & clearly

ox{P,8} = {P o, C, g =, C]

with B 25 C denoting the scalar extension of the bilinear form B

on the projective A-module P to a C-bilinear form on P &, C.

A

Usually the homomorphism from L(4) to L(C) induced by f
will also be denoted by oax.
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§ 7 The rank homomorphismn.

Assume the scheme X is connected. Then every vector bundie

E on X has a constant rank rk E. In particular we have for spaces

an evident rank homomorphiém

rk:Bil(X) »IN U {C}

of semirings. This yields a homomorphism
rk:K Bil(X) - %
of rings. Clearly for E a metabolic space with Lagrangian V
rk([E]-[H(V 1) = rk(E) - rk H(V) = C.

Thus we obtain a rank homomorphism, again denoted by "rk", from

L(X) to Z,
rk:L(X) » Z.

Unfortunately this homomorphism does not venish on the class

[H(V)] of any hyperbolic space H(V) # C. But rk H(V) is an even

number. Thus we obtain nevertheless a ring homomorphism
viW(X) > Z/2Z

defined by
v({E}) = rk E mod 2.

We usually write v(E) instead of v({El), and we call v(E) the

rank index of E.

If X is not connected then we have to replace Z and Z/2 %
by the rings of locally constant functions on X with values in

Z and Z/2 Z respectively.
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Chapter II Local theory

§ 1 Connection with Witt's theory.

We have to study the Witt rings of the local rings @X.
Slightly more generally we study the Witt ring W(A) of a semi-
local ring A, i.e. a commutative ring A which has only finitely
many maximal ideals Masess Moo This will not cause additional
difficulties, and semilocal rings turn out to be a more appro-
priate category for our purposes than local rings (cf. in this

connection e.g. the theory of "real closures" [K4]).

*
If A is not connected ) then we have an orthogonal systeu

of primitive idempotents €qreesy €y

Introducing the connected ringé Ai':g Aei we may write
t
Al A
Let (E,B) be a space over A. In particular then E is a pfojective
module over A, and Ei i= eiE is a projective module over Ai’
hence a free module. Moreover B induces non degenerate symmetric
bilinear forms

B.:E. <x E. » A.
i* 71 i i

*) This means Spec(4A) is not connected,
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We write symbolically

(E,B) =

3t

(E;,B,).

i=1

Conversely we can prescribe over each ring Ai a space (Ei,Bi)

and fit these spaces together to a space (E,B) over 4 which has
the (Ei,Bi) as components. It is now easily checked that we
obtain in this way natural isomorphisms

1=

t -
12 W(Ai).

t ,
L(A) = T L(4), W) = ,

All this is intuitively obvious since the Spec(4,) are the

finitely many connected components of Spec(4).

Justified by this observation we assume since now always
without loss of generality that A is connected. Thus all pro-
jective modules over A are free. Let H denote the hyperbolic
standard plane (2 8) over A. Every hyperbolic space over A is

~of the shape H(AT) and thus an orthogonal sum r X H of r copies

of H. In particular

W(A) = L(A)/z[H].
The following proposition is now obvious.

Proposition 1. Two spaces E and F over A have the same image

in L(A) if and only if E ~ F and rkE = rkF.

Assume now 2 is a unit in A. Then all metabolic spaces are
hyperbolic (I,8 3) and hence of the form t x H. Moreover the

cancellation law holds true over A, i.e.
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EL.Gae2F . G=>E=~F

for any spaces E,F,G over A. A proof can be found in [R] or
[Kq]. Now recalling the Witt deqomposition of spaces from I,

§ 3 (Prop.3) we meet the following situation.

Proposition 2. (2 € A*) Every space E over 4 has a decomposition

E&‘EoltXH

with EO anisotropic. The isomorphism class of Eo and the number

t > O are uniquely determined by E.

We call Eo a kgrnel space of E. Proposition 2 has the

following consequence.

Corollary. Two spaces E and F over A are equivalent (E ~ F) if

and only if E and F have isomorphic kernel spaces.

In particular we see that for A a field of characteristic

# 2 our notion of Witt ring coincides with Witt's definition in

fwl.

Exercise. A vector x of a space E over our semilocal ring 4 is
called primitive if x is not contained in miE for any maximal
ideal m; of A. Show that E is anisotropic if and only if E
contains no primitive vector x with B(x,x) = G. (2 not necessarily

a unit of A).
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§ 2 The signed determinant.

Recall that A is & connected semilocal ring. Let (&)

o)
denote the group A¥/A¥< of "square classes" of 4.

If E = (aij> and E' = (aij) are isomorphic spaces over 4,

then
t
.' . =
(af 5) s(aij)s

with some S in GL(n,A), cf. I § . Taking determinants we

obtain
2 det(ai.)

a ') =
et(ala) b 3

with b a unit of A. We call the square class det(aij)A*2 the

determinant det(E) of the space E, and we have shown that det(E)

is a well defined invariant of E.

Remark. In the same way we have determinants for free spaces

. : (]
over an arbitrary scheme X with values in 6 (X)*/6(X)*“. For

determinants of other spaces see Chapter IV, § 3.

For two spaces E,F over A we have
det(E L F) = det(E)det(F)f
Thus our invariant yields a determinaﬁt map
det: K Bil(4) = L(4) - Q&)

| defined by
det ([E]-[F]) = det(E)det(F).

Unfortunately det(H) = (-1)A*°, Thus det does not factor through
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W(A). We resort to a trick well known from the theory over
fields. Let (Z/2Z).Q(A) denote the abelian group consisting of

the pairs (v,d) in (@/2 Z) % Q(&) with "twisted™ multiplicaticn

‘ N
’I 2 -
(\’/ld/])<\’2,d-£)) o= (\’,"*'\)2,(—1) 6,1(3.2)).

ngn-ﬂz :

det z))

We consider the map
zt» (n mod 2, (-1)

from L(A) to (&/2Z).G(4), with n denoting the rank of z. This

map is a group homomorphism and vanishes on H. Thus it induces

a map

(v,8): WCA) o (B/2 Z)eQA) 2 » (v(z),a(z)).

We call the second component

a:W(a) - Q(4)

of this map the signed determinant. For E a space of rank n

over A we have by definition

n(n-1)
a({ED) = (-1)

Of course we denote this square class by d(E) for short. For

det(E).

spaces Eﬂ’EZ over A we have

v(E,)v(E,)

2)‘
Q(A) can be regarded as the group of isomorphy classes
<a> of spaces of rank 1 over A with the tensor product as multi-

plication. We have a natural map <a> - {<a>} from (&) to W(&).
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Since
a(ica>l) = <>

this map is injective. Henceforth we regard (i) as a subeet

of W(A), i.e. we identify a square class <a> with the Witt

class {<a>}. Now G(A) is a subgroup of the group of unitse W(a)*
of the ring W(A).
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§ 3 Orthogonal bases.

We denote the radical m, N ... N =~ of 4 by r. Every
space (E,B) over A yields by reduction modulo r a space
(E/rE,B) over A/r. Now according to the Chinese remainder theoren

A/r can be identified with the direct product
i

n=an

A/wm.. Thus
1 i

s

) (E/rE,B) = .n/‘ (E/m E,8.)
1=

with Bi the reduction of B modulo ™ .

Some well known theorems for spaces over fields can be
transfered to spaces over A/r according to this relation asnd

then to spaces over A,

Lemma 1. Let (E,B) be a space over A. Every orthogonal decoupo-

sition

E/I‘E=F-_LC-

of E/vrE into free spaces F,G over 4/r can be lifted to an

orthogonal decomposition
E=F , G.

Proof. Let §A,...,§} be a basis of F over 4/r. We choose pre-

images yqye+e,¥, of the y; in E, and we define
F o= qu + eee + Ayr'

The determinant of the matrix (B(yi,yj)) is a unit in A since it
is modulo r a unit in A/r. Thus y,,...,y. is a free basis of F

over A, and the bilinear form B'F is nondegenerate. We obtain
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E=F , F+,

We have F/tF = F, hence

F'L/I‘F'L = (F)'L = G-.

Definition. A basis x,,...,x, of the space (E,B) over 4 is an

orthogonal basis if E is the orthogonal sum of the subspaces

qu,...,Axn. Notice that then all B(Xi’xi) are units.

Proposition 1. Assume the space (E,B) contains for every maxi-

mal ideal m; a vector z; with B(z;,z;) not in m.. Then (E,B) has

an orthogonal basis.

Proof. It suffices to find an orthogonél basis of E/vE, since
this basis can be lifted to an orthogonal basis of E according
to the preceding lemma. Recalling the decomposition (*) of

E/rE into spaces over the fields A/mi above we see that if suf-

fices to prove the proposition over fields.

Thus we assume now that A is a field. If x is a vector in

E with B(x,x) # O then

E = (Ax) E,|

with Eq = (ax)*t. Repeating this procedure we obtain a decompo-
sition

E = qu“L cee 4 Axr L F
with B(x,x) = O for all x in F. If 4 has characteristic # 2 this
implies F = O, Assume now that A has characteristic 2. For any

vector x # O of F there exists some y in ¥ with B(x,y) = 1. Then
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hx + Ay is the hyperbolic standard plane H = (2 g) , and

we have

F = (Ax + Ay) 1 F,

with some subspace Fq. Repeating the procedure we learn that
F >t x H with some t > O. (These spaces indeed do not represent
elements # O.) We now obtain by induction on the rank of E that

E has an orthogonal basis if we verify that every space

G 1= <a> .L(E') 8)

with some a in A* has an orthogonal basis. Let z,x,y be a basis

corresponding to the given presentation of G. Then
G, := A(z+x) + Ay
. . . a 1
is a subspace with matrix (1 O) , and we have
o~ a 1\
¢ = (3 o) L<bv>

with some unit b. (Comparing the determinants of both spaces we

see <b> = <a>.) Moreover

Gq = A(z+x) 1 (A(z+x))* = <a> 1 <c>
for some unit <c¢>. (Comparing determinants we see <c> = <-a>.)
Thus
G = <a,c,b>,

and G has an orthogonal basis.

Corollary. If 2 is a unit in A then every space over A has an

orthogonal basis.
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This 1s evident from the arguments in the proof Jjust

completed.

Proposition 2. (cf.[W, Satz 7] for fields of Char. ¥ 2.)

Let ® and B8' be two orthogonal bases of a space E over A.

i) There exists a finite sequence

m = AN B!

o ,v/l,.o‘,sat=
of orthogonal bases %i of E connecting ® with %' such that

%i and $i+4 differ at most at four places.

ii) If all residue class fields A/mi contain at least %3 elements

then there exists such a sequence with ®. and ®. , Giffering

+

at most at 2 places.

The proof roughly runs as follows. We first verify the
proposition over fields. Then we can connect the bases ® and
T of E/rE coming from 8,2' by a sequence as above. We 1ift this
sequence to a sequence of orthogonal basis of E starting with ¥
aﬂd arriving at a basis 8" which is congruent to ®' mod r.
Finally we join ®' and ®" by a sequence of orthogonal basis with
alterations at each step at two or less places. For the details

cf. [KRW § 1]. The easier part (ii) is already contained in

(X,§ 5.5].
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§ 4  Generators and relations for W(4).

. D
We denote the group of square classes (&) = A*/i*C by C

and we regard G as a subset of W(&), cf. § 2.

Proposition 1. W(4) is additively generated by C.

Proof. ©Let E be a space over A. The space E 1 <1> certainly has

an orthogonal basis, cf. § 3, Prop.l1. Thus
E 1 <15 = <by” L eee 1 <b 2>
with some units b., and we have in W(A) the equation

{El = <0> + ool + <b > + <-1>.

According to this proposition we have a surjective homo-

morphism from the integral group ring Z[G1 to W(4),
3:Z[G] » W(a)

induced by the inclusion map from G to W(4). If we consider o
square class <a> as an element of ZJG] we denote this square
class by [a]. The homomorphism & maps [a] to <a>. Let & denote

the kernel of %.

Theorem 2. The ideal § is additively generated by the element

[1] + [<1] and all elements

z = Y ra] -
i=1  *

with h = 4 and
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h h
I <ai> = l <-b.i>.
i=1 i=1

If all the finitely many residue class fields A/w, of 4 contain
at least 3 elements, then already the elements z of this type
with h = 2, together with [1] + [-1], suffice to generate &

additively.

Proof. Clearly all these elements lie in #. Let now z be a

given element of f. We have
z = [ag] + oo+ la ] -Tb,) - o = o]

with some units ai’bj of A. Eventually replacing z by -z we

assume r » s. The spaces

E o= <a/\,.oo,ar>, F .= <b’],...,bs>

are Witt-equivalent. In particularvr—s is an even number 2t.

image in L(A) = K Bil(4). Thus there exists a space G with
ELG=2F 1t x<1,-1 1 G,

Adding for safety the space <1> to G we may assume that

with some further units aj. Now introducing notations bi = + 1

for s < i < r and bi = a; for r < 1 € n we can write
E L G = <a/‘,.oo,an>,

F .Lt><<1,""]> J.G=<b,],oo.,bn>,
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and we have

n | n
z = 5([1] + [-1D + ® [a;] - 5 Tv,].
i=1 i=1

For any orthogonal basis 8 = iX1’°°°’Xm} of a space T over A
we introduce the element

(8] :=

i [B(Xi,xi)]

n~E

/]

of Z[G]. Using this notation we have
z = t([1] + [-1])+ [»] - [3']

for suitable orthogonal basis 8 and B' of E L G. As shewn in

§ 3 there exists a sequence

B o= 8, B,...,2 =0

of orthogonal bases of E 1 G such that subcequent bases differ
at most at h places with h = 4 in general and h = 2 if 4 has no

residue class fields containing cnly two eleuments. We have
IMNe

(3] - (9] = 7 (o) - a1

=

and every summand [%i] - [ﬂi}ﬂj is a difference 2] - [9'] with
2,2' orthogonal bases of some space of rank h. This finishes

the proof of the theorem.
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§ 5 The prime ideals of W(4).

We have seen that W(A) is in a natural way icomorphic *o
the quotient Z[Q(4)]/f of the group ring Z{ (L) ] by a more or
lecss explicitely determined ideal f. Thus the prime ideals of
W(L) correspond uniquely with those prime ideals of Z[((4)]
which contain f. We now shall determine all prime ideals of

ZIQ(LA)] and then we shall look which of them contain f.

Let G be an arbitrary group of exponent 2, i.e. with
g = 1 for all g in G. If P is a prime ideal of Z[G] then clearly
g =+ 1 mod P for every g in G. Thus Z[G]/P is isomorphic either
toZ or to a prime field le with p elements. Since the rings Z

and IE‘p do not have automorphisms except the identity we obtain

Lemma 1. For P a prime ideal of Z[G] with P N Z = {0} there
exists a unique ring homomorphism e from Z[G] to Z which has
the kernel P. Similarly for P a prime ideal of Z[G] with
ZNP=pZ, p of course a prime number, there existes a unique

ring homomorphism ¥ from Z[G] to lev which has kernel P.

Thus we need only to describe these homomorphisms o and .
Every ring homomorphism from Z[G] to Z maps G into {+ 1}. Thus
the restriction of ¢ to G is a character ¥ on G. Conversely every
character ¥:G - {_4; 1} extends in a unique way to a ring homomor-
phism 0:Z [G] » Z by the universal property of the group ring.
Since now we idéntif;z v and ¥, i.e. we regard a charscter of G

also as a ring homomorphism from Z[G] to Z.
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Assume now that p is an odd prime. Then the group {:L 1}
embeds into lE‘p and is the subgroup of all elements of IF*I") of
order at most 2. Thus the restriction of a ring homomorphism W
from ZIG] to FP yields again a character y. This meane that
there exists a unigue homomorphism ¥ from Z[G] to Z such that
the diagram

Z[(G] —X—> 7%

m\\\\ ///Z
AT 4

EE‘

b

with Kk the canonical map from Z onto le commutes.

Consider finally p = 2. Every homomorphism from Z[G] to
F, maps every g in G to 1. Thus there exists a unigue homomor-
2 unigue
phism "'o from Z[G] to IE‘2. We obtain this homomorphism by composing

any character ¥:Z [G] -»Z with the canonical map from Z onto ¥

According to these simple observations Lemma 1 implies

Proposition 1. i) For every prime ideal P of Z{G] with

P NZ%Z= {0} there exists a unique character ‘X of G such that P
is the kernel P'X of the ring homomorphism ¥ from Z[G] onto Z.
ii) For every prime ideal M of Z[G)] with M N Z = p Z, p an odd
prime, there exists a unique character y of G such that M coin-

cides with the set

M = p 4 P
xp - P T T Ty

consisting of all z in Z[G] with y(z) = mod p.

iii) There exists a unique prime ideal M of Z{G] with
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Mo N#Z = 22Z., We have

-1
M= x (2Z) = 2% + P

for every character x of G.

Clearly the PY are the minimal prime ideals of Z{G] and

the ideals MX D and I are the maximal ideals of ZlG].
9

We now denote by G the group &(4) of square clarses of our
connected semilocal ring A and consider the prime ideals of
W(A) = Z[G]/®. Recall that we denoted by I(A) the kernel of the
rank index

viW(h) - Fg.

From part (iii) of the just proved Proposition 1 we obtain

Proposition 2a. I(A) is the unique prime ideal of W(A) which

contains 2°1W(A)°

Definition. A signature o of A is a ring homomorphism from

W(A) to Z.

We denote the kernel of a signature « by Pﬁ and we have

W(A)/PCT > %. Part (i) of Proposition 1 implies

Proposition 2b. For every prime ideal P of W(A), which does

not contain p-ﬂw(A) for any prime number p, there exists a

unique signature o such that P = Po'

To analyse the prime ideals M of W(4) which contain p‘ﬂw(”\
4)
for p an odd prime we need the following information about the

ideal ¢ which will be verified later.




-169~-

Lemma 2. For every character ¥ of G either y(f) = O or

w(#) = 2" Z with some n > 1 (actually n < 3).

From this lemma it is clear that if v(8) ¢ p & for our
odd prime p then %x(8®) = O. Thus we obtain from part (ii) of

Proposition 1 the following:

Proposition 2c. Let p be an odd prime. Then for every prime
ideal M of W(A) with p°1w(A) in M there exists a unique signature
s of A such that !M coincides with the set

Mﬂ',p ‘= P 2 + PC"

consisting of all z in W(A) with o(z) = mod p.

Thus the P_, the Mo D’ and I(A) are all the prime ideals
R}

of W(A). We call the ring A real (or formally real) if A has at

least one signature. Otherwise we call A non real. Our descrip-

tion of the prime ideals of W(A) implies the following

Corollary. Assume A is real. Then the Pc are the minimal prime

ideals of W(A). The ideals Mc D and I(A) are the maximal ideals

b
of W(A). Every Mc contains a unique minimal prime ideal, and

' P
this is P . The ideal I(A) contains all minimal prime ideals.

On the other hand we have

Proposition 3. The following are equivalent:

a) A is non real.
b) I(4A) is the unique prime ideal of W(4).

c) 2%W(A) = O for some natural number n.
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Here the equivalence a) ® b) is evident from our analysis
of the prime ideals of W(A) in general. The implication c¢) = a)
is trivial since W(A) certainly does not admit homomorphisms to
Z if W(A) entirely consists of torsion elements. It rewaine to
prove b) = c). By assumption b) and elementary commutative algebre
I(A) is the nilradical of W(4). In particular 2;4W(A) is nil-

potent, hence 2n°1W(A) = 0 for some n. This implies 2Mi(a) = C.

We still have to prove Lemma 2 about the sets y(f). By the
preceding § 4 the ideal ® is additively generated by 1] + [-1]

and by the elements

 [a) - ¥ [v)
Z=Za.—rb.
i=1 T i=1

1

with 4 ' 4
A <ap = _l?_<bi>.

i=1 i=

On [1] + [-1] every y has value O or 2. We claim that y has on
a fixed element z as above a value O, + 4, or + 8. Then the Lemma

will be evident.

Let s denote the number of square classes [ai] with
x([ai]) = -1 and t the number of square classes [bi] with

X([bi]) = -1. Then
y(z) = (-8) + (4=-8) + t - (4-t) = 2(t-s).

Now observe that the spaces <a1,a2,a5,a4> and <b1,b2,b5,b4>

have the same determinant, since they are isomorphic.
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4
(a.] = 1 [v.].
1 + i=1 +
Applying x we obtain (-1)° = (-1)t, hence t-s is even. This
implies |
¥(z) = 0 mod 4.

On the other hand clearly lx(z)! < 8. Thus indeed y(z) = O or

+ 4 or + 8.
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§ 6 Nilpotent and torsion elements..

If A is non real then we know already that all elements

of_W(A) are torsion ahd in fact killed by a fixed power of 2.

Moreover I(A) is the set of all nilpotent elements.

Since now we assume that A is real. Since the P, are

precisely all niminal prime ideals of W(&) we have

Proposition 1. An element z of W(A) is nilpotent if and only

if a(z) = O for every signature o of A.

We now look at the torsion elements of W(A).

Proposition 2. An element z of W(4) is a torsion element if

and only if z is nilpotent.

Proof. Assume nz = O for some n 2 1. Then certainly o(z) = G

- for all signatures o of A, hence z is nilpotent.

Assume now that z is nilpotent. There exists a finite sub-
group H of Q(4) such that z is contained in the subring R of W(4&)
generated by H. Now by Maschke's theorem the group ring &[] over
the field § of rational numbers is semisimple. The tensor product
€ ®y R is a homomorphic image of Q[H] and thus is again semi-
simple. The image 1 ® z of z in § ® R is nilpotent and therefore

must be zero. This implies nz = O for some natural number n.

Proposition 3. For every torsion element z of W(4) there exists

a 2-power oY with 2%z = C.
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Proof. Again z lies in the subring R of W(A) generated by
some finite subgroup H of Q(A). Let p be any odd prime. The
ring R/pR is a homomorphic image of the group ring FP[H]. By
Maschke's theorem R/pR is semisimple. By Proposition 2 the
element z is nilpotent. Thus the image of z in R/pR must be
zero. This means that there exists an element y of R with

z = py. Clearly y is again a torsion element. Thus we have
shown that the finite abelian group Rt consisting of the
torsion elementsin R is divisible by every odd prime p. There-

fore Rt must be 2-primary, and 2%z = O for some r.
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§ 7 A closer look at signatures.

Let o be a signature of A. Then o yields a homomorphisn
A% __;.>> Q(A) ._".J_Qﬂl_> ii 1}

the first arrow denoting the canonical map from A* to A*/A*g.
Cur signature o is completely determined by this homomorphism
from A* to {+ 1}, since W(A) is generated by G(4). We identify
henceforth a signature ¢ and the corresponding maep from A* to
{1_1}, i.e. for any a in A* we simply write o(a) instead of

o(i<a>l).

Proposition 1. If a map o from A% to {i 11 is a signature then

the following three properties hold true:
(1) a(ab)
(i1)  o(-1)

(iii) Ianq,...,ar are units with

c(a)as(b) for a,b in A¥*;

_’];

o(aq) = c(a2> = ... = o(a,) = +1, then for any unit
2 2
b = X/]a,] + see + Kral_‘

with some X; in A again a(®) = +1.

Here the properties (i) and (ii) are evident. To prove
property (iii) we consider the bilinear space <@y yeeeya . This

space contains a vector x with value B(x,x) = b. Thus
<aq,...,an> =<b> L G

with G the orthogonal complement of Ax in the whole space. Tho -




-175~

space G L <1> certainly has an orthogonal bases, cf. Prop. 1
of § 3. Thus

<1,a1,...,ar> e <b,bq,...,br>

with some units bi‘ Computihg the values of o on the classes

of these two spaceé we obtain

r+1 = o(b) + o(bﬂ) + eee + a(br).

Since all summands on the right hand side are + 1 they actually

must be + 1. In particular o(b) = +1.

Proposition 2. Assume A has no residue class fields A/mi with
only two elements. Let o be a map from A* to {i_ﬂl fulfilling
the conditions (i) and (ii) in the preceding Proposition 1 and

the following condition weaker than (iii):

(iii)' If a is a unit of A with o(a)

b= A%+ u2a with A,u in A again o(b)

+1 then for any unit

]

+1. Then ¢ is a signature

Proof. By property (i) we have 0(a?)

+1 for every a in A¥,
Thus o yields a character on G := Q(4) which extends in a unique
way to a homomorphism

o : Z[G] »Z.

We have to show that o vanishes on the ideal € described in § 4.
Clearly o vanishes on 1 + [=1] since g(-1) = =1. It remains to

show o(z) = O for an element
z = [aq] + [ae] -.[bq] -b[b2]

with
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<a,|,32> = <b,],b2 .

Introducing the units a := aqqaz, C := aquq, c' := aqu?, ve
write
z = [8,0([1]+[a)-Tc]-[c' D).
We have
<1,8> =« <c,c'>.
Thus

with some A,u in A. Moreover comparing determinants we see

that [c'] = [allc], hence

2 = [ay]([1 14T a]) ([11-[c D).

If a(a) = -1 then clearly o(z) = O. If o(a) = +1 then again

0(z) = O by condition (iii)'. Thus indeed o(¢) = O.

q. e.(.:l.

We now study signatures in the special case that A is a
.field. Let‘c be a signature of A. Let P denote the set of all
a in A* with o(a) = +1, and let -P denote the set (-1)P of
negatives of these elements. Since a(=1) = =1 the set -P is

just the set of all b in A* with o(b) = -1, and we have
Pn(-P) =g, Pu(-P) = &*,

Moreover exploiting the properties (i) and (iii) of signatures
(cf.Prop.1) we see that P is closed under addition and multi-

plication. Thus P is the set of positive elements of a total
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ordering a of A compatible with addition and multiplication.

Henceforth we refer to these orderings simply as "the orderings"”

of the field A.

Let now an ordering a of A be given and define a map

UQ:A*-)ii/”

as follows. For a in A* the value o(a) is +1 if and only if a

is positive with respeét to o. Observe that A has certainly
more than 2 elemenfs, since no field of positive characteristic
can be ordered. We can apply Proposition 2 and we check imme-
diately that Oy is a signature of A. Thus we have arrived at

the following important theorem, found independently by Harrison

[H] and Leicht-Lorenz [IL]:

Theorem 3. The orderings a of a field A correspond uniquely

with the signatures o of A by the relation (a € A*)

a > O with respect to o @ c(a) = +1.

Notice that for a bilinear space E over A the value
ca(E) = cu(iE}) of the signature Oq corresponding to an ordering
o is just the classical "Sylvester-signature" of E with respect

to a. Indeed, choosing a diagonalization

E = <ajyeeeray”
we have

°a<E> = oa(aq) + oeee + ca(an)‘
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Coming to the end of this chapter on local theory we

prove the following theorem [KRWbﬁ 47].

Theorem 4. Let A be a connected semilocal ring in which 2 ig =a

unit. Let Bqgeeesdy be units of A, Then for any unit b of 4 the

following statements are equivalent:

a) For every signature o of A with c(aq) = eae = ”(ar> = +1
also o(b) = +1.

b) The unit b can be expressed in the form

EE::f i i
b = d' a,l/] LI IR arl

g l ® o @ i‘
ngﬁ 1 YT

with coefficients 4. . which are sums so squares of
l/l,...., r
elements in A.

Here the implication b) = a) is evident from Proposition 1.

To prove the implication a) = b) we consider the "Pfister spaces"

<l,a,> @ ... # <1,a>

F

and
E

<1,-b> ® F

Our assumption a) implies o(E) = O for all signatures o of A,
Thus the class of E in W(4) is nilpotent, hence torsion by §& 6,
and there exists some natural number m - actually a 2-power -

such that m x E ~ O, 1) From this we obtain

nxF ~m>x<b> =2 F,

1)

m X E denotes the orthogonal sum of m copies of the space kL.
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Since the spaces on both sides have the same rank, and since

cancellation holds true if 2 is a unit, we deduce that
mxF=2>2mx<b>F,

cf. § 1. Since F represents the element 1, i.e. B(x,x) = 1
for some x in F, the space mxF represents the element b. This
gives the desired expression for b with sums of m squares as

coefficients.

In the special case r = 1, a, = 1, our thecrem says that
the units of A which have value +1 under all signatures are
precisely the units which are sums of squares. This is a well
known theorem of Artin in the field case T4, Satz 1]. Our more
general theorem has been observed over fields by Pfister [P,

Satz 21].

Proposition 5. TLet A be an érbitrary semilocal ring. Then A

is non real if and only if -1 is a sum of squares.

Indeed, if -1 is a sum of squares then A& has no signatures
as is already clear from the property (iii) of signatures in
Proposition 1. Assume now that A is non real and in addition
that 2 is a unit. Then taking r = 1, aq; =1, b=-11n Theoren 4
we see that -1 is a sum of squares. If 2 is not a unit a proof
that -1 is a sum of squares is contained in fK2,§ 1] by a method

involving quadratic forms.







