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P r e f a c e 

Arround 1964 Cassels and P f i s t e r i n i t i a t e d a t h e o r y of 
q u a d r a t i c forms over f u n c t i o n f i e l d s i n a r b i t r a r y many v a r i a b l e s 
c f . the l a s t chapter of Lam's K i n g s t o n l e c t u r e s . The d i s c o v e r y 
t h a t i n t e r e s t i n g theorems can be proved f o r q u a d r a t i c forms over-
such complicated f i e l d s had a strong appeal t o many a l g e b r a i s t s , 
and i n the l a s t 12 years the t h e o r y of q u a d r a t i c forms over 
f i e l d s has been pushed forward c o n s i d e r a b l y . But d e s p i t e the 
remarkable progress and the sometimes'very ingenious arguments 
t h i s a l g e b r a i c theory of q u a d r a t i c forms over f i e l d s i s t o my 
o p i n i o n not a f u l l y adequate response to the general hope or 
b e l i e f t h a t a r i c h and i n t e r e s t i n g theory of q u a d r a t i c forms 
over f u n c t i o n f i e l d s i s p o s s i b l e . There should e x i s t an " a l g e ­
b r a i c geometry of q u a d r a t i c forms" to understand q u a d r a t i c forms 
over f u n c t i o n f i e l d s i n much the same way as a l g e b r a i c geomtry 
i s known to be needed to understand f u n c t i o n f i e l d s themselves. 

For t h i s a l g e b r a i c geometry of q u a d r a t i c forms the c l a s s i ­
c a l language of a l g e b r a i c geometry i s u n s u i t e d . Indeed, the 
c l a s s i c a l language assumes the presence of an a l g e b r a i c a l l y 
c l o s e d base f i e l d . This would s p o i l many i n t e r e s t i n g phenomena 
of q u a d r a t i c forms, s i n c e -1 would be a square i n every f u n c t i o n 
r i n g . Thus we are urged to use G r o t h e n d i e c k 1 s language of scheme 

We then should a l s o admit schemes X w i t h 2 not a u n i t i n 
the r i n g $(X) of g l o b a l f u n c t i o n s . This means that we have t o 
develop two t h e o r i e s , one f o r symmetric b i l i n e a r forms and one 



f o r t r u l y q u a d r a t i c forms, and t h a t we have to study a l s o the 
r e l a t i o n s between these t h e o r i e s (e.g. tensor products of 
symmetric b i l i n e a r forms w i t h q u a d r a t i c forms, c f . ! MI,p.111 j 
f o r X a f f i n e ) . 

Around 196? I s t a r t e d - not always i n the r i g h t way J -
such a th e o r y f o r symmetric b i l i n e a r forms over schemes [ K ] . 
Since then good progress has been made i n the l o c a l p a r t of 
t h i s t h e o r y (symmetric b i l i n e a r forms over l o c a l r i n g s ) . But 
on the g l o b a l s i d e only few concrete r e s u l t s have been obtained. 

The reason f o r t h i s just seems to be t h a t not too many 
mathematicians have spent much e f f o r t i n t h i s area. For example 
up to now nobody seems to have computed the Witt r i n g of the 

n p 
spheres Spec R[x .. • • ,x ^ ] / ( 53 x- - 1) over the f i e l d P of r e a l 

o n 0 
numbers. I n recent years many papers have been w r i t t e n on 
h e r m i t i a n and qu a d r a t i c forms over r i n g s w i t h i n v o l u t i o n , a 
subject which v i r t u a l l y i n c l u d e s the a f f i n e p a r t of our theory. 
But most o f t e n the authors have been l e d by a t o t a l l v d i f f e r e n t 
m o t i v a t i o n , f o r example surgery theory. 

The aim of these l e c t u r e s i s to s t i m u l a t e i n t e r e s t i n the 
g l o b a l theory of symmetric b i l i n e a r forms over schemes. Quadratic 
forms are important as w e l l but have not been i n c l u d e d f o r l a c k 
of time. I t i s reasonable to study i n s t e a d of symmetric b i l i n e a r 

*) r e f e r e n c e s at the end of the l e c t u r e s . 
**) I n [K] the d e f i n i t i o n of the Witt r i n g W(X) i s not the r i g h t 

one i f X i s not a f f i n e . 



forrns more g e n e r a l l y h e r m i t i a n form? over schemes w i t h i n ­
v o l u t i o n ( c f . e.g. the i n t r o d u c t i o n i n TK^]), but I r e f r a i n e c ' 
from t h i s enlargement of the theory here to keep the complexity 
of our n o t i o n s as low as p o s s i b l e . 

I t probably i s a long way to push our t h e o r y so f a r t h a t 
good a p p l i c a t i o n s can be made on a l a r g e s c a l e to q u a d r a t i c 
forms over f u n c t i o n f i e l d s . Up to now such a p p l i c a t i o n s are 
v i s i b l e o n l y f o r curves, and here the r o l e of complete schemes 
i s i m p r e s s i v e . But of course our theory should have - as the 
usual a l g e b r a i c geometry - enough meaning by h e r s e l f and allow 
other a p p l i c a t i o n s . The l a s t chapter of the l e c t u r e s seems to 
i n d i c a t e t h a t the Witt r i n g s W(X) s t u d i e d here are s i g n i f i c a n t 
to understand the set of r e a l p o i n t s on an a l g e b r a i c v a r i e t y 
d e f i n e d over the f i e l d P of r e a l numbers. For another a p p l i c a ­
t i o n see my t a l k "Real c l o s u r e s of a l g e b r a i c v a r i e t i e s " at t h i s 
conference. A f t e r a l l our l e c t u r e s may w e l l be regarded a chapter 
of a l g e b r a i c K-theory as f i r s t v i s u a l i z e d by Grothendieck i n h i s 
work on the Riemairn-Roch theorem. 

The w r i t t e n v e r s i o n of the l e c t u r e s i s q u i t e a b i t longer 
than the o r a l v e r s i o n , s i n c e I had to r e p l a c e a l o t of sketches 
and handwaving by s o l i d arguments. I f u r t h e r added two s e c t i o n s 
and three appendices, marked by a s t e r i s k s , to the m a t e r i a l of 
the o r a l l e c t u r e s to i l l u s t r a t e and to round o f f the r e s u l t s 
d i s p l a y e d t h e r e . These s e c t i o n s and appendices are not necessary 
f o r an understanding of the other s e c t i o n s . But they are e a s i l y 
a c c e s s i b l e to anybody who i s acquainted w i t h the main p a r t s of 



the l e c t u r e s . 

I want t o thank the s t a f f at Queen's and i n p a r t i c u l a r 
Grace Orzech and Paulo Ribenboim f o r three v e r y pleasant weeks 
at K i n g s t o n and my audience i n the f i r s t two weeks f o r great-
endurance. 
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Ghapter I D e f i n i t i o n of the Grothendieck-Witt rinp; L(X) and 
the W i t t ring; W(X). 

5 1 B i l i n e a r spaces 

Let X be an a r b i t r a r y scheme, not n e c e s s a r i l y separated, 
i . e . a "prescheme" i n the terminology of Grothendieck 1 s blue 
books fEGA]. We denote by or simply by © the s t r u c t u r e sheaf 
of X. Thus f o r every open set Z c X the set of s e c t i o n s <&(Z) of 
6 over Z i s a commutative r i n g w i t h 1 and f o r an open Z' c Z 
the r e s t r i c t i o n map f -» f J Z f from .6(Z) t o ^ ( Z 1 ) i s a r i n g horac-
morphism (mapping 1 to 1). For x a p o i n t of X we denote by S 
the s t a l k of S at x, 

6 = l i m S(Z) 
Z3x 

w i t h Z running through the open neighbourhoods of x. This i s a 
l o c a l r i n g whose maximal ideal w i l l be denoted bv rr> . 

More g e n e r a l l y we regard - as nowadays usual - any sheaf 
F of a b e l i a n groups over X as a f u n c t o r Z H F(Z) from the cate­
gory of open sets of-X t o the category of a b e l i a n groups. The 
morphisms of the f i r s t category are the i n c l u s i o n maps Zf -* Z 
e x i s t i n g whenever Z f i s contained i n Z. Thus f o r every p a i r of 
open s e t s Z',Z w i t h Z f c Z we have a " r e s t r i c t i o n homomorphism" 
from F(Z) to F ( Z f ) which we denote u s u a l l y by f -> f | z f . That 
t h i s f u n c t o r F i s a sheaf means by d e f i n i t i o n t h a t the f o l l o w i n g 





- I l l -

c o n d i t i o n holds t r u e : 

Sheaf c o n d i t i o n : I f Z i s an open set i n X, and |Z | T i s an 
open c o v e r i n g of Z, and i f { f a ! a p j i g 3 f a m i l y 0 f s e c t i o n s 
f f F(Z ) w i t h f | z n Z Q e f Q | z n Z D whenever Z n Z Q i s non a ct ot.1 ct p p' a n a p 
empty, then t h e r e e x i s t s a unique s e c t i o n f f F(Z) over Z wi t h 
f I Z = f f o r a l l cu 1 a a 

N o t i c e t h a t t h i s c o n d i t i o n i m p l i e s F(0) = C f o r the empty 
set 0, and t h a t f o r a f u n c t o r F w i t h F(0) = 0 the c o n d i t i o n 
"Z^ n Zp non empty" above can be dropped. 

Our sheaf F of a b e l i a n groups i s called, an ©-module i f 
every F(Z) i s an ( u n i t a r y ) ©(Z)-module and the r e s t r i c t i o n homo-
morphisms F(Z) -» F(Z') are compatible w i t h the r i n g homomorphism 
©(Z) -» ©(Z 1) i n the obvious sense. Then every s t a l k 

F = l i m F(Z) 
x€Z 

i s a module over the l o c a l r i n g © . A homomorphism n:F P from 
x i 

F to another ©-module F^ c o n s i s t s of a system of ©(Z)-module 
homomorphisms 

a z : F(Z) -> F ^ Z ) 

such t h a t f o r every p a i r of open set s Z f c Z the diagram 

F(Z) — > P 1 ( Z ) 
r e s 

F(Z') — > F (Z') 



w i t h the r e s t r i c t i o n maps as the v e r t i c a l arrows commutes. 
I n t h i s way we o b t a i n the "category of ©-modules". C l e a r l y a 
homomorphism a:F -» F^ i s an isomorphism i n our category i f 
and o n l y i f a l l -are b i j e c t i v e . I t f o l l o w s e a s i l y from the 
sheaf c o n d i t i o n t h a t a i s alre a d y an isomorphism i f the induced 
©^.-homomorphi sms 

x x 1x 

on the s t a l k s at a l l p o i n t s x of X are b i j e c t i v e . 

I f Z i s a f i x e d open subset of X then we o b t a i n from every 
©^-module F an S^-module P| Z by r e s t r i c t i n g the f u n c t o r F to the 
category of open subsets of Z, c a l l e d the r e s t r i c t i o n of the 
©x-module F t o Z. 

A f t e r these p r e l i m i n a r i e s we come to our f i r s t d e f i n i t i o n . 

D e f i n i t i o n 1. A v e c t o r bundle E on X i s an ©-module E which i s 
l o c a l l y f r e e of f i n i t e rank, i . e . f o r every p o i n t x of X there 
e x i s t s an open neighbourhood Z of x such t h a t the ©z-module E|Z 

n 
i s isomorphic t o the f r e e ©^-module f o r some n a t u r a l number 
n . We c a l l n the l o c a l rank of E at x and c a l l the l o c a l l y 
constant f u n c t i o n x -» n on X the rank rkE of E. I f X i s connecte 
then r k E of course i s a constant. 
Remark. A c t u a l l y the word "vector bundle" here i s an abuse of 
language. Vector bundles i n the proper sense are d e f i n e d i n 
[EGA,II § 1.7]. The l o c a l l y f r e e ©-modules of f i n i t e rank are 
the sheafs of s e c t i o n s of these honest v e c t o r bundles and c o r r e s ­
pond with them i n a unique way. 



I f X i s a f f i n e , i . e . X ^ Spec (A) w i t h A the commutative 
r i n g © ( X ) , then every v e c t o r "bundle E over X i s uniquely d e t e r ­
mined by the A-module P := E ( X ) , s i n c e E i s c e r t a i n l y " q u a s i -
coherent 1 1 [EGA I § 1.4]. P i s a f i n i t e l y generated p r o j e c t i v e 
A-module. We o b t a i n i n t h i s way an equivalence of the category 
of v e c t o r bundles over X and the category of f i n i t e l y generated 
p r o j e c t i v e modules over A, c f . [Bb,II § 

For E a v e c t o r bundle over an a r b i t a r y scheme X we denote 
by E* the dual v e c t o r bundle of E, def i n e d as f o l l o w s . E * ( Z ) i s 
the set of homomorphisins from the ©^-module E| Z to the ~>^-module 
© z. ^ n y such homomorphism a:E| Z -* © z can be m u l t i p l i e d , w i t h 
s e c t i o n s of © ( Z ) i n an obvious way, and E * ( Z ) i s an © ( Z ) module. 
Furthermore f o r Z 1 c Z the homomorphism a y i e l d s a homomorphism 
a' from E| Z' to © z» "by l o o k i n g only at the open subsets of Z 1. 
This map art a* i s the r e s t r i c t i o n map from E * ( Z ) to E * ( Z ' ) . 
If E| Z s- then a l s o E*| Z a- ©§. Thus E* i s indeed again a 
v e c t o r bundle. For a f f i n e open set s Z of X we c l e a r l y can i d e n t i f y 
E*(Z) w i t h the set of © ( Z ) - l i n e a r maps from E ( Z ) to © ( Z ) , 

E*(Z) = H o m S ( Z ) ( E ( Z ) , © ( Z ) ) . 

We a l s o have 

E* = Horn. ( E ,© ) x © x x* x y 

X 

f o r any x i n X. 

For u i n E ( Z ) and a i n E * ( Z ) we denote by <u,a> the element 
a < z(u) of © ( Z ) . { R e c a l l t h a t a y i e l d s i n p a r t i c u l a r a map a.r? from 



E(Z) to (&(Z)|. Consider now the dual v e c t o r bundle E** of E*. 
Then we can e a s i l y e s t a b l i s h a homomorphism K:E -» E** i n a 
unique way such t h a t 

<a,K(u)> « <u,cv> 

f o r u i n E ( Z ) , a i n E*(Z). For any x i n X the induced map 

K :E -» (E**) 
X X v y x 

c o i n c i d e s w i t h the w e l l known isomorphism from the f r e e -
module E . onto i t s b i d u a l . Thus k: i s an isomorphism. We u s u a l l y 
i d e n t i f y E and E**. 

We a l s o i n t r o d u c e f o r a v e c t o r bundle E over X the sheaf 
E E defined, by 

(E x x E)(Z) := E(Z) x E(Z) 

w i t h obvious r e s t r i c t i o n maps. The s t a l k of E E at a p o i n t 
x i s E x E which j u s t i f i e s our f i b r e product n o t a t i o n to some 

J\. x 
extent. 

D e f i n i t i o n 2. A symmetric b i l i n e a r form B on the v e c t o r bundle 
E i s a morphism 

B:E E -» S 

i n the category of sheaves over X, such t h a t f o r every open Z 
the map 

B z : E(Z) x E(Z) -* G(Z) 

i s a symmetric b i l i n e a r form on the &(Z) module E ( Z ) . 



C l e a r l y then B a l s o y i e l d s a symmetric b i l i n e a r form B 
on the f r e e S -module E f o r every x In X. x x u 

B induces f o r each open Z map 

coz : E(Z) -* E*(Z) 

as f o l l o w s . For u i n E(Z) and v i n E ( Z ' ) , Z f c Z, the homomor­
phism m z(u):EJZ -> maps v onto B z , ( u j z f , v ) . These maps together 
c o n s t i t u t e a homomorphism cp from the bundle E to the dual bundle 
E*. For Z a f f i n e 

co z:E(Z) -> Hom 6 ( z )(E(Z),©(Z)) 

i s the usual l i n e a r map from the p r o j e c t i v e module E(Z) over 
S(Z) to i t s dual module a s s o c i a t e d w i t h the b i l i n e a r form B^. 
In general any homomorphism ro from E to E* has an a d j o i n t homo­
morphism cp*:E E** —22 > E*. The symmetric b i l i n e a r forms 
on E correspond i n the way i n d i c a t e d above u n i q u e l y w i t h the 
homomorphisms cp:E -» E* which are s e l f ad j o i n t , co = cn • We c a l l 
B non degenerate i f co i s an isomorphism. 

A p a i r (E,B) c o n s i s t i n g of a v e c t o r bundle E and a symme­
t r i c b i l i n e a r form B on E w i l l be c a l l e d a b i l i n e a r bundle. I f 
B i s known t o be non degenerate i t w i l l be c a l l e d a b i l i n e a r 
space. We o b t a i n a category of b i l i n e a r bundles by adding the 
f o l l o w i n g d e f i n i t i o n . 

D e f i n i t i o n 5« A morphism from a b i l i n e a r bundle ( E ^ B ^ ) to a 
b i l i n e a r bundle (E^B^ i s a homomorphism a from the v e c t o r bundle 
E„ to E 0 such t h a t 



B ? ( a ( u ) , a ( v ) ) = B^C^v) 

f o r any open set Z and any u,v i n E^(Z). 

Here we simply wrote a(u),a(v) i n s t e a d of o.r/(iO> a^Cv) 
and B- i n s t e a d of B. Such n o t a t i o n a l s i m p l i f i c a t i o n s w i l l 
be made q u i t e o f t e n , as long as no confusion i s to be f e a r e d . 

We now s h a l l give other i n t e r p r e t a t i o n s of the n o t i o n 
" b i l i n e a r space" i n two s p e c i a l cases. 

Example 1. Assume X i s a f f i n e , X = Spec(A). Then a b i l i n e a r 
bundle (E,B) over X i s u n i q u e l y determined by the p a i r ( P , f ) 
c o n s i s t i n g of the p r o j e c t i v e A-mbde P := E(X) and the symmetric 
b i l i n e a r form 

$ = B v : P x P -* A. 

We c a l l such a p a i r (P,&) a b i l i n e a r A-module, and we c a l l 
( P , 0 a b i l i n e a r space over A i f ft i s non de?:enei\ate, i . e . i f 
$ induces an isomorphism from the A-module P to the dual A-
module P* = Hom^(P,A). The category of b i l i n e a r bundles over X 
i s e q u i v a l e n t t o the category of b i l i n e a r modules over A, and 
under t h i s equivalence, d e s c r i b e d above, the b i l i n e a r spaces 
over X correspond w i t h the b i l i n e a r spaces over A. 

I n an analogous way we s h a l l always t r a n s f e r without 
f u r t h e r comment n o t i o n s developed f o r b i l i n e a r bundles and 
spaces over X t o b i l i n e a r modules and spaces over A i f 
X = Spec(A). 

Example 2. Let Y be an a l g e b r a i c subset of the a f f i n e space 
C N or the p r o j e c t i v e space P N ( c ) which i s defined over "", i . e . 



can be d e s c r i b e d as the set of zeros of a system of polynomials 
r e s p . forms w i t h c o e f f i c i e n t s i n P. On Y we have an i n v o l u t i o n 
yh* y mapping a p o i n t y to the p o i n t y which has a f f i n e r e s p . 
p r o j e c t i v e c o o r d i n a t e s complex conjugate to those of y. For 
any subset A of Y we denote by X the image of A under the com­
p l e x c o n j u g a t i o n y n y. With Y there i s attached a scheme X i n 
the f o l l o w i n g way. The p o i n t s of X are the subsets T u T of Y 
w i t h T running through the Z a r i s k i - c l o s e d i r r e d u c i b l e subsets 
of Y, i . e . the c l o s e d subsets of Y which are de f i n e d over IF-
and " R - i r r e d u c i b l e " . For every Z a r i s k i - o p e n subset W over Y we 
d e f i n e a subset W of X as f o l l o w s . W c o n s i s t s of a l l p o i n t s 
x = T U T of X w i t h W n (T U T) non empty {which i m p l i e s W n T 
non empty}. These set s W are by d e f i n i t i o n the open subsets of 
X. Then the s t r u c t u r e sheaf © x = © i s defined as f o l l o w s . <9(W) 
i s the r i n g of a l l r e g u l a r f u n c t i o n s f :W -> C which are compat­
i b l e , w i t h complex conjugation: f ( y ) = fTyT f o r a l l y i n W. I n 
t h i s way we have obtained a l l "reduced a l g e b r a i c schemes over P 1 1 

which are a f f i n e r e s p . p r o j e c t i v e . 

We now assume f o r s i m p l i c i t y t h a t Y i s connected and 
consider a complex a l g e b r a i c v e c t o r bundle p:F -> Y which i s 
"defined over IR". By t h i s we mean roughly the f o l l o w i n g . Y has 
a c o v e r i n g iW^I by Z a r i s k i - o p e n subsets W , a l l s t a b l e under 
complex c o n j u g a t i o n , and there e x i s t s a f a m i l y { \ a i of b i j e c t i v e 
mappings 

& Ct CI 

such t h a t the diagrams 



commute and the t r a n s i t i o n reaps 

are of the form 

( y , z ) ( y f u a p ( y ) z ) 

w i t h f u n c t i o n s U a p ; ^ a
 n'^g GL(n,c) a l l whose c o e f f i c i e n t s l i e 

i n K \ n Wp). 

We can int r o d u c e a C - a n t i l i n e a r i n v o l u t i o n T:F 
co v e r i n g the i n v o l u t i o n y on Y such that over every W the 

I * p~ (W ) corresponds v i a X to the standard i r i v o l u -
t i o n (y,z)*-* (y*z") on Ŵ  x C n. I n t h i s way an a l g e b r a i c v e c t o r 
bundle over Y which i s defined over !K may be considered as a 
p a i r (F,T) c o n s i s t i n g of a complex a l g e b r a i c v e c t o r bundle P 
over Y and a " l o c a l l y t r i v i a l " C - a n t i l i n e a r i n v o l u t i o n on F 
co v e r i n g the complex conjugation on Y. 

We now d e f i n e an S-^-module E as f o l l o w s * For every open 
set W of Y s t a b l e under complex conjugation, the ft(W)-module E(W) 
c o n s i s t s of a l l s e c t i o n s s:W -» p~ (W) such t h a t f o r any W 
meeting W the map 

X o (s|w n w ):W n w -> p~ 1(w n w ) -^->( w n w )>< r T l 

a 1 or a 1 a a' 



has c o o r d i n a t e f u n c t i o n s l y i n g i n fc(W n W ). N o t i c e that t h i s 
are p r e c i s e l y the r e g u l a r s e c t i o n s s of the complex v e c t o r bundle 
F over W which have the p r o p e r t y 

s(y) = T(s(y)> 

f o r every y i n W. Using the maps \^ we see that E| Ŵ  i s i s o ­
morphic to (©y ) n . Thus E i s a v e c t o r bundle over X. I t i s o n l y 

a 
an e x e r c i s e to v e r i f y t h a t we o b t a i n i n t h i s way an equivalence 
from the category of a l g e b r a i c v e c t o r bundles over I which are 
d e f i n e d over ^ t o the category of v e c t o r bundles over X. I t i s 
f u r t h e r e a s i l y v e r i f i e d t h a t the symmetric b i l i n e a r forms 

B:E x x E -» & x 

correspond u n i q u e l y w i t h the r e g u l a r maps 

p:F x y F ~» C 

on the c l a s s i c a l f i b r e product F Xj F having the f o l l o w i n g 
p r o p e r t i e s : 
a) For every y i n X the r e s t r i c t i o n of p to p~ (y) x p~ (y) i s 

—1 
a symmetric b i l i n e a r form on the C-vector space p"~ ( y ) . 

b) For u,v i n p~ (y) 

P(TU,TV) = p(u,v). 

Moreover B i s non degenerate i f and o n l y i f our b i l i n e a r forms 
on the v e c t o r spaces p~ (y) a l l are non degenerate. 

We r e t u r n to our general theory. Two b i l i n e a r modules 
(E.jB.) and ( E p , B p ) over X can be added and m u l t i p l i e d . The 



<§rtl&igonal sum (E^B^) a (E 2,B 2) i s defined as the vector bundle 
E^ © Eg having section modules 

® E 2)(Z) :- E 1(Z) $ E 2(Z) 

equipped with tike following bilinear form B « ± B^i 

B z ( u i ® u 2,v 1 ® v 2) » B / J(u 1,v 1) + B 2(u 2,v 2) 

for sections ui» vi i n E^CZ) and u 2,v 2 i n E 2(Z). Similarly the 
tensor product (E^B^) ® (E 2,B 2) i s defined as the vector bundle 
E^ .&£ E 2 equipped with the bilinear form .B̂  ® B 2. Recall that 
the ftanctor 

ZtU E 4(Z) % ( 2 ) E 2 ( Z ) 

toes not neeessarily f u l f i l l the sheaf condition, and that 

*1 ®$ E2 i s t n e s l 3 ^ a f associated to this "presheaf 1 1. But for Z 
an affine open subset of X we have 

(E 1 ®q Eg) (Z) - E^C Z) ®e> ( z ) E 2 ( Z) . 

B^ ® B 2 can be characterized as the unique bilinear form B on X 
which f u l f i l l s 

• Bz(n^ ® u^v^, ® v 2) = B 1 z(u 1,v / )) B 22;(u 2,v 2) 

for affine open sets Z and sections u^v^ i n E^(Z), and u 2,v 2 i n 
E 2(Z). The stalk of our bilinear blondle (E^B^) ® (E 2,B 2) at a 
point x i s just the G>x-module E ^ ®^ E ^ equipped with the 
bilinear form B^ x ® B^. 

Another way to put the definitions of B^ x B 2 and B^ ® B 2 

i s the following. The natural map from the tensor product 



E * E * to the bundle (E^ ^ E p ) * is an isomorphism since the 
E ^ are l o c a l l y f r e e . We i d e n t i f y E* *y E * w i t h (E^ ^ E 0 ) * i n . 
t h i s way. S i m i l a r l y we i d e n t i f y (E^ rr E p ) * w i t h E * ^ E * , 

r e g a r d i n g the lineaa? forms on E . J Z as l i n e a r forms on (E^. & E 2 ' i Z 

which are zero on E . l z | ( i , j ) = (1,2) or * (2,1)1. Let 
J 

rn. : E ^ ^ K be the homomorphism a s s o c i a t e d w i t h . Then B^ i Bp 

i s the b i l i n e a r form corresponding t o 
p O N 
\ 0 r 0 p / 

E 1 * E p -* E * ^ E * 

and B^ Bp i s the b i l i n e a r form corresponding to 

cp̂  cpp:E^ Ep -» E * * E * . 

From t h i s d e s c r i p t i o n of B^ x Bp and B^ ^ Bp i t i s evident t h a t 
these forms are non degenerate i f both B^ and Bp are non degener­
ate. 

We now d i s c u s s a s p e c i a l type of b i l i n e a r spaces over X. 
Let (a- -) be a symmetric n x n-matrix w i t h c o e f f i c i e n t s a- - i n 
the r i n g ©(X). We take the f r e e bundle S n, and denote by 
e^,...,e n the standard b a s i s of &n, i . e . the g l o b a l s e c t i o n s 

e_̂  = (O^...^^!^... 0 ) 
i 

i n <9n(X) = ' S ( X ) n . We i n t r o d u c e on © n a symmetric b i l i n e a r form 
B as f o l l o w s . Let Z be open i n X , and l e t 

u = ( u v . . . , u n ) c e ( Z ) n 

v = ( v v . . . , v n ) € ®(Z) n 

be s e c t i o n s i n © n(Z). We put 



n 

B 7(u,v) := 7 (a- . Z) u-v,. 

C l e a r l y B i s the unique b i l i n e a r form on $ n w i t h B(e„. ,e_.) = a.: .. 
We abbreviate t h i s b i l i n e a r bundle (E,B) by the ma t r i x (a- . ) . 
C l e a r l y (a. •) i s a space i f and o n l y i f the determinant of t h i s r o 
m a t r i x i s a u n i t i n ©(X). I n t h i s way we o b t a i n up to isomorphi 
a l l f r e e s p a c e s , i , e . a l l spaces (E,B) w i t h a f r e e v e c t o r bundle 
E s- r<)n. 

Two f r e e spaces (or f r e e b i l i n e a r bundles) ( a^~) and (s-[-j 
are isomorphic i f and on l y i f there e x i s t s an n x n-matrix S 
w i t h c o e f f i c i e n t s i n ©(X) and determinant a u n i t of - (X) such 
t h a t . 

(a! .) = S\H.)S. 

The proof i s the same as the usual proof over f i e l d s . 

A " d i a g o n a l " f r e e b i l i n e a r bundle (a- 0, a- - = a..; ft..., \ri.l'. 
a l s o be denoted by <a^ ,.. •, a n>. We have 

<a 1,,..,a n> = <av)> x ... i <&n>: 

The tensor product of two diagonal f r e e b i l i n e a r bundles 
<a,p...,an> and •.•,!>> i s isomorphic to 



§ 2 Subbundies. 

In. t h i s s e c t i o n we develop some elementary l i n e a r a l g e b r a 
d e a l i n g w i t h "subbundies" of a b i l i n e a r space. 

Let E be a v e c t o r bundle over X. Assume f o r every open 
subset Z of X t h e r e i s given an 6(Z)-submodule V(Z) of E ( Z ) , 
and t h a t f o r open set s Z' c Z the r e s t r i c t i o n homomorphism from 
E(Z) t o E ( Z f ) maps V(Z) i n t o V ( Z f ) . I f then then f u n c t o r 
V:Z V(Z) on the category of open subsets of X f u l f i l l s the 
sheaf c o n d i t i o n ( c f . § 1) we c a l l V an &j -submodule of E. 

D e f i n i t i o n . We c a l l an &-submodule V of E a subbundle of E, 
i f V i s l o c a l l y a d i r e c t summand of E. This means that every 
p o i n t x of X has an open neighbourhood Z such t h a t 

(*) E| Z as (V| Z) W 

w i t h W a s u i t a b l e ©£ -submodule of E| Z. 

C l e a r l y then V and E/V are v e c t o r bundles, s i n c e d i r e c t 
summands of l o c a l l y f r e e -modules of f i n i t e rank are again 
l o c a l l y f r e e . On the other hand, i f we only know tha t E/V i s 
a v e c t o r bundle then we have a s p l i t t i n g (*) over every a f f i n e 
open subset Z of X # Indeed, the c a n o n i c a l p r o j e c t i o n from E| Z 
onto ( E / V ) | z has a s e c t i o n , s i n c e ( E / V ) | z corresponds to a pr o ­
j e c t i v e module over ®(Z). 

We now r e g a r d a b i l i n e a r bundle (E,B) over X w i t h 
a s s o c i a t e d homomorphism eo:E -» E*. For every ( c~submodule V of E 



we d e f i n e another &-submodule V as f o l l o w s . I f Z i s an open 
subset of X then V X ( Z ) c o n s i s t s of a l l s e c t i o n s s i n E(Z) such 
that s j Z ' i s orthogonal to V ( Z f ) w i t h respect to B^, f o r every 
open Z 1 c Z. I t s u f f i c e s f o r t h i s t o know t h a t the germ s of c . x 
s at every p o i n t x of Z i s orthogonal to V . Thus every s t a l k 
(V x) c o n s i s t s of a l l t i n E which are orthogonal to V , i . e . 

X X X 

( v x ) x = ( v x ) A . 

The &-module V 1 i s the k e r n e l of the homomorphism 

E -2 > E* — i l - > V* 

w i t h i * the dual of the i n c l u s i o n homomorphism i from V to E, 
*) 

as i s immediately v e r i f i e d . J 

Assume now B i s non degenerate % and V i s a subbundle of E. 
Then CD i s an isomorphism and i * i s an epimorphism. Thus r induces 
an isomorphism 

a:E/V X -ZL-> V*, 

and i n p a r t i c u l a r V x i s again a subbundle of E. 

We i d e n t i f y (E/V)* w i t h the &-submodule of E* whose s e c t i o n s 
over any open Z c X are the l i n e a r forms X:E| Z -> which van i s h 
on v| Z. By d e f i n i t i o n V 1 i s the i n v e r s e image of (E/V)* under 
the isomorphism cp:E — E * . Thus we o b t a i n from an isomorphism 

p:V x — > (E/V)*. 

*) i * means r e s t r i c t i o n of the l i n e a r forms on E to V. 



Th e isomorphisms a and (3 correspond to b i l i n e a r maps 

(1) V (E/V 1) -> & 

(2) V 1 x x (E/V) -> © 

which are p e r f e c t d u a l i t i t e s . These b i l i n e a r maps are of course 
j u s t the maps obtained from B by " r e s t r i c t i o n " i n the obvious 
way. Since V 1 i s again a subbundle of E we a l s o have a p e r f e c t 
d u a l i t y 

(3) V 1 1 x x E/V 1 -> 

induced by B. V i s an ©-submodule of V 1 1 . Comparing (1) and (3) 
we see t h a t a c t u a l l y V = V 1 1 . Let us summarize our ob s e r v a t i o n s . 

P r o p o s i t i o n 1. Let V be a subbundle of the b i l i n e a r space (E,B), 
and l e t ep:E —^> E* denote the isomorphism from E to E* a s s o c i ­
ated w i t h B. 

i ) V 1 i s a subbundle of E. There e x i s t s a unique isomorphism a 
from E/V 1 t o E* such t h a t the diagram 

E E* 

E/V 1 — — > V* a 

w i t h c a n o n i c a l v e r t i c a l s u r j e c t i o n s commutes. 

i i ) There e x i s t s a unique isomorphism p from V"1 to (E/V)* such 
t h a t the diagram 



V 1 — > (E/V)* 

E 
co 

-> E* 

w i t h c a n o n i c a l v e r t i c a l i n j e c t i o n s commutes, 

i i i ) V x l = V. 

We assume now t h a t (E,B) i s a b i l i n e a r bundle and t h a t F 
i s .an &-submolule of E which i s again a v e c t o r bundle. We f u r t h e r 
assume t h a t the b i l i n e a r form B|F i s non degenerate* The form B 
may be degenerate. Let co:E -* E* and *:F ~«̂ -> F* denote the homo-
morphisms a s s o c i a t e d w i t h B and B F, and l e t i : F -» E denote the 
i n c l u s i o n homomorphism from F to E. As observed above P 1 i s the 
k e r n e l of the homomorphism i*pco from E to F*, hence al s o the 
k e r n e l of the homomorphism p := * o i * 0 rp from E to P. More con­
c r e t e l y , i f u i s a s e c t i o n of E over some a f f i n e open set Z then 
by d e f i n i t i o n p(u) i s the unique s e c t i o n v of F over Z w i t h 
B(u,w) = B(v,w) f o r a l l w. i n F ( Z ) . 

Since • = i * o c p 0 i we have p o i = id-p. Thus E i s the d i r e c t 
sum of F and F 1 . Moreover i o p i s a p r o j e c t i o n operator on E w i t h 
image F, the "orthogonal p r o j e c t i o n " from E onto F. We summarize: 

P r o p o s i t i o n 2. Assume F i s an S-submodule of a b i l i n e a r bundle 
( E , B ) , f u r t h e r t h a t F i s a v e c t o r bundle and B|F i s non degenerate, 
Then E i s the d i r e c t sum of F and F 1 . I n p a r t i c u l a r F i s a sub-
bundle of E. We have a c a n o n i c a l orthogonal p r o j e c t i o n from E 



onto F. 

D e f i n i t i o n . We c a l l a morphism a from a b i l i n e a r bundle 
(E„ ,B„) to a b i l i n e a r bundle ( E 0 , B 0 ) an isometry i f a i s i n -
j e c t i v e J and co(E^) i s a subbundle of Ep. 

P r o p o s i t i o n 5+ I f B^ i s non degenerate then every morphism a 
from (E^,B^) to ( E ^ B ^ ) i s an isometry. 

P r o o f . By P r o p o s i t i o n 2 i t s u f f i c e s to show that a i s an i n ­
f e c t i v e homomorphism from E^ to Ep. This w i l l be t r u e i f we 
know t h a t the maps a rE. -» E 0 on the s t a l k s are i n f e c t i v e . 
|Apply the sheaf condition!} Now i f a. (u) « 0 f o r some u i n E. 

X I X 
then 

B 1 x ( u , v ) = B 2 x ( a x ( u ) , a x ( v ) ) = 0 

f o r every v i n E. . Thus u = 0. 

I -/V 
Assume now (E,B) i s a b i l i n e a r space. 

D e f i n i t i o n . A t o t a l l y i s o t r o p i c subbundle V of (E,B) i s a sub-
bundle V of E such t h a t B i s zero on V x̂ - V. In other terms | 

V X => V. 
A t o t a l l y i s o t r o p i c subbundle V of (E,B) w i l l a l s o be 

c a l l e d a sublaRrangian of (E,B). i"Lagrangians" w i l l be i n t r o ­
duced i n the next section.} For every such sublagrangian the G-
module V x/V i s a subbundle of the v e c t o r bundle E/V, s i n c e V 1 

i s l o c a l l y a d i r e c t summand of E. From B we o b t a i n i n an evident 

*) This means t h a t a^E^CZ) -» Ep(Z) i s i n f e c t i v e f o r every 
open. Z c X. 



way a symmetric b i l i n e a r form IT on V X / V such that the n a t u r a l 
p r o j e c t i o n p : V X -> V X / V i s a morphism from the b i l i n e a r bundle 
(v\ B|V X) to ( v x A,E). 

P r o p o s i t i o n 4. (V X/V,B") i s a b i l i n e a r space. 

P r o o f . Let cp:E > E* denote again the homomorphism a s s o c i a t e d 
w i t h B and cp:VX/V ( V X / V ) * the homomorphism a s s o c i a t e d w i t h IT. 
Ve o b t a i n from the d e f i n i t i o n s a commutative diagram 

0 -> v- o 

0 -> ( E / V 1 ) * -> ( E A ) * —> (v x/v)* -» 0 

w i t h exact rows and isomorphisms p and y as d e s c r i b e d i n Pro­
p o s i t i o n 1 i i . Thus a l s o co i s an isomorphism. 



§ 3 M e t a b o l i c spaces 

We now i n t r o d u c e a s p e c i a l type of b i l i n e a r spaces. Let 
(U,p) be a b i l i n e a r b u n d l e . ' S t a r t i n g w i t h £ we d e f i n e a symmetric 
b i l i n e a r form B on the v e c t o r bundle U & U* as f o l l o w s . For Z 
an open set i n X and s e c t i o n s u^,Up i n U(Z), û j,u£ i n U*(Z) 

B(u^+u* ̂ Up+u"^) := pCu^pUp) + <u^u^> + <Up,u*>. 

Thus B c o i n c i d e s w i t h 6 on U x̂ - U, i s zero on U* x.. U*, and i s 
the n a t u r a l p a i r i n g on U x^ U* and U* x-̂  U. Let *o:U -» U* be the 
homomorphism a s s o c i a t e d w i t h p.- Then the homomorphism 

U (P U* -* (U *> U*)* •* U* U 

a s s o c i a t e d w i t h B i s given by the ma t r i x 

(cp i d \ 
i d 0 / . 

This homomorphism i s always an isomorphism and thus B i s non 
degenerate. We denote the space (U U*,B) by M(U,p). A space 
isomorphic to some M(U,p) w i l l be c a l l e d s p l i t m etabolic. 
{"Metabolic spaces" w i l l be int r o d u c e d below.} 

Example. I f (U,p) i s a f r e e d i a g o n a l b i l i n e a r bundle 
<a>|,..., a p> > a^ € &(X), then c l e a r l y 



On any v e c t o r bundle U we can i n t r o d u c e the b i l i n e a r fori;; 
B = C, and o b t a i n a space M(U,0) which we denote by H(U). A 
space isomorphic to some H(U) w i l l be c a l l e d h y p e r b o l i c . 

P r o p o s i t i o n 1. Por any symmetric b i l i n e a r form a on a v e c t o r 
bundle U the space M(U,2a) i s isomorphic to H(U). In p a r t i c u l a r 
a l l s p l i t metabolic spaces are h y p e r b o l i c i f 2 i s a u n i t i n &(X). 

This folloxtfs immediately from the f o l l o w i n g more general 

f a c t . (Put 6 = 2a, Y = -a). 

Lemma. Let p:U x^ U -* & be a symmetric b i l i n e a r form on the 
v e c t o r bundle U and l e t y:U U -* © be an a r b i t r a r y (not 
n e c e s s a r i l y symmetric) b i l i n e a r form on U. Let denote the 
b i l i n e a r form d e f i n e d by 

Y|(U,V) - Y z(v,u) 

(u,v € U(Z), Z open i n X ) . Then 

M(U,p) - MCU^p+v+Y*). 

Pr o o f . Let cp:U -» U* denote the homomorphism "u -» y ( - , u ) " 

a s s o c i a t e d w i t h Y- Then the automorphism 

u + u* u + u* + co(u) 

of the v e c t o r bundle U & U* |u f U(Z), u* f U*(Z), Z open i n X} 
i s an isometry from M(U,P+Y+Y ) onto M(U,p). Indeed, denoting 
the b i l i n e a r form of the f i r s t space by B f and the b i l i n e a r form 
of the second space by B, we have f o r s e c t i o n s u,v i n U(Z), u*,v* 
i n U*(Z): 



B(u+u*+co(u) ,v+v*+co(v)) = 6(u,v) + <u,ro(v)> + <v,n(u)> + 

+ <U,V*> + <V,U*> a P(U,V) + y ( u * v ) + Y^Cu^v) 4- <U,V*> + <V,U*> 

= B*(u+u*,v+v*)• 
q. e. d. 

I f 2 i s not a u n i t i n &(X) then not every s p l i t metabolic 

^ Q ] can not 

be h y p e r b o l i c , s i n c e f o r any g l o b a l s e c t i o n e of a h y p e r b o l i c 
space ( E $ B ) * H(U) we have B(e,e) £ 2 6 ( X ) . Nevertheless s p l i t 
m e t abolic spaces are " s t a b l y h y p e r b o l i c " by the f o l l o w i n g p r o ­
p o s i t i o n . 

P r o p o s i t i o n 2. Por any b i l i n e a r bundle (U,p) 

M(U ,p ) j. M(U.,-p) - H(U) i M(U , - p ) . 

P r o o f . We consi d e r the space E :« M(U,R) i ri(U,-p). Let U^ and 
Up be two copies of U. We t h i n k of M(U,p) as the bundle 
^ U* and of M(U,-p) as the bundle Up <r U*. Th"s 

E = (U^ ̂  U*) x (Up p UJ). 

U* and the d i a g o n a l A of U^ & Up are both sublagrangians of E . 

The b i l i n e a r f ornr B of E gives a p e r f e c t d u a l i t y between A and 
U*. Thus A U|!j i s a b i l i n e a r subspace of E and 

A * U* « H(A) a H(U). 

According t o § 2, Prop.2, 



E - H(U) x (A ^ U * ) 1 . 

One know has to compute (A ^ U * ) x . This b i l i n e a r space t u r n s 

out to be isomorphic t o M(U,-p). We leave the d e t a i l s as an 

e x e r c i s e (or c f . [K,p.19 f ] ) . 

D e f i n i t i o n . We c a l l a b i l i n e a r space a n i s o t r o p i c i f i t has no 
t o t a l l y i s o t r o p i c subbundle d i f f e r e n t from zero. Otherwise we 
c a l l the space i s o t r o p i c . 

I f V i s a maximal t o t a l l y i s o t r o p i c subbundle of a space 
(E,B) then c l e a r l y the space (V X/V,E) s t u d i e d at the end of § 2 
i s a n i s o t r o p i c . 

P r o p o s i t i o n ^. I f X i s a f f i n e then every b i l i n e a r space E 
over X hSs a decomposition 

Such a decomposition of E w i l l be c a l l e d a Witt decomposi­
t i o n . I n general the isomorphism c l a s s of the a n i s o t r o p i c p a r t 
E q i s not u n i q u e l y determined by E. An example over a l o c a l r i n g 
can be e x t r a c t e d from [K,Satz 9«3*8]. A l s o the isomorphism c l a s s 
of the s p l i t metabolic p a r t M i s i n general not uniquely d e t e r ­
mined by E. Here counter-examples are q u i c k l y obtained. For 
example over any scheme X 

E = E x M 
o 

w i t h E q a n i s o t r o p i c and M s p l i t m e t a b o l i c . 

as i s e a s i l y v e r i f i e d . 



P r o p o s i t i o n 3 f o l l o w s immediately from the f o l l o w i n g more 
general p r o p o s i t i o n . 

Pro-position 3 a> Assume X i s a f f i n e . Let (E,B) be a space 
over X and V a sublagrangian of ( E , B ) # Let U be a subbundle of E 
w i t h 

E & V S U. 

(Such a subbundle e x i s t s , s i n c e X i s a f f i n e . ) Then U and V are 
i n d u a l i t y under B, hence 

(U ^ v,B| U e V) % M(U,B| U). 

Moreover the space (U ^ V ) x i s isomorphic to (vV"V,E), hence 
by § 2, Prop.2 

(E,B) - (Vx/V,5) x K ( U , B | U ) . 

P r o o f . The a s s e r t i o n t h a t U and V are i n d u a l i t y i s t r i v i a l . 
With G (U (P V) 1 we have 

E » ( U P V) x G. 

From t h i s we deduce 

V 1 ^ V x G. 

Thus c l e a r l y (G,BJ G) i s isomorphic to ( V X / V , B ) . 

q. e. d. 

D e f i n i t i o n . A subbundle V of a space (E,B) i s c a l l e d a 
Lagrangian i f V X = V. A space which has a Lagrangian i s c a l l e d 
metabolic. 



C l e a r l y any s p l i t metabolic space K(L,R) Las the 
Lagrangian U*, hence i s metabolic. 

Prom P r o p o s i t i o n 3a we o b t a i n immediately the f o l l o w i n g 
two statements about metabolic spaces and Lagrangians. 

C o r o l l a r y 1. Every metabolic space over an a f f i n e scheme i s 
s p l i t m e t a bolic. 

C o r o l l a r y 2. Let V be a sublagrangian of a space (E,B) over 
any scheme X. Then 

i ) r k E 2 r k V. 
i i ) V i s a Lagrangian i f and o n l y i f r k E = 2 r k V. 

Indeed, i t s u f f i c e s to check these statements i ) , i i ) over 
a f f i n e open subsets of X, where they are evident by P r o p o s i t i o n 
3 a. 

A l r e a d y over an e l l i p t i c curve there e x i s t s i n f i n i t e l y 
many metabolic spaces which are not s p l i t m e tabolic, c f . fK, 
§ 13.1]. 

We d i s c u s s the behaviour of metabolic spaces x^ith r e s p e c t 
to tensor products. 

P r o p o s i t i o n 4. I f V i s a Lagrangian of the space (E,B) then 
f o r any other space (E',B') the submodule V ft E 1 of E * E f i s a 
Lagrangian of (E,B) *> ( E f ,B 1) • For a s p l i t metabolic space 
M(U,e) more e x p l i c i t l y 

M(U,0) •* (E f ,B 1) *M(<tJ,0) ® (E»,B')). 



I n p a r t i c u l a r 

H(U) r ( E f , B f ) - H(U E 1 ) • 

P r o o f . V & P i n j e c t s i n t o E 5> E f s i n c e E f i s l o c a l l y f r e e . 
(E/V) ? E f can "be i d e n t i f i e d w i t h E * Ef/'V ^ E f . Thus V * E ! 

i s a subbundle of E E 1 . C l e a r l y V ^ E f i s t o t a l l y i s o t r o p i c . 
Since 

r k ( V * E f) = r k V*rk E' = ^ r k ( E E') 

V # E must be a Lagrangian. 

We now co n s i d e r the case 
(E,B) = M(U,B) « ( U U*,B). 

Then the subbundle U* ^ E' of E E' i s a Lagrangian which under 
B # B 1 i s i n d u a l i t y w i t h U E ! . Since E E f i s the d i r e c t sum 
of U •<* E 1 and U* ^ E 1 we indeed have 

(E,B) * ( E \ B ! ) a- M(U * E',p «> B f ) . 

As an example we consider the space 

Let e^^ep be a b a s i s of K(<1>) w i t h value m a t r i x under 
the b i l i n e a r form of M(<1>). Then e^e^-eg has the value m a t r i x 

( 0 -1 ) • T h u s 

M(<1>) ~ <1,-1>. 

M u l t i p l y i n g t h i s r e l a t i o n w i t h an a r b i t r a r y spyco (E,B) wc 
ob t a i n by the preceding p r o p o s i t i o n 4 the f o l l o w i n g 



C o r o l l a r y . (E,B) j. (E,-B) a M(E,B). 

This can a l s o e a s i l y he v e r i f i e d i n a d i r e c t way. 



§ 4 The Grothendieck-Witt rinp; L ( X ) . 

Ve now o f t e n denote a space (E,B) by a s i n g l e l e t t e r E 
f o r s h o r t . We look at the set B i l ( X ) of isomorphism c l a s s e s ( E ) 
of b i l i n e a r spaces E over X. On B i l ( X ) we have an. a d d i t i o n and 
a m u l t i p l i c a t i o n given by the orthogonal sum and the tensor 
product of spaces. I n t h i s way B i l ( X ) i s a commutative s e m i r i n g . 
I t has the isomorphism c l a s s of the space <1> « (&^,m) as u n i t 
element with x-̂  Ĝ - -» fc-^ the m u l t i p l i c a t i o n on 

We now cons i d e r the Grothendieck-ring K B i l ( X ) of the 
semiri n g B i l ( X ) . This i s a w e l l known c o n s t r u c t i o n . The elements 
of K B i l ( X ) are formal d i f f e r e n c e s [E] - fP] of c l a s s e s [ E ] , T F ] 
of spaces E,F w i t h the r u l e t h a t two d i f f e r e n c e s [E^] - [ F ^ J 
and [Ep] - [Fp] a r e e Q u a l ^ a n ( i o n l y i f 

E,, i P g i G ft E 2 x F 1 x G 

f o r some space G over X. R e c a l l t h a t the map ( E ) -» [ E ] ' from 
B i l ( X ) to K B i l ( X ) i s a u n i v e r s a l map from B i l ( X ) to a r i n g , i . e . 
f o r every sem i r i n g homomorphism X : B i l ( X ) -* A to a r i n g A t h e r e 
e x i s t s a unique r i n g homomorphism B i l ( X ) -» A such t h a t the 
diagram 

B i l ( X ) > K B i l ( X ) 

A 

*) Of course [ E l i s i d e n t i f i e d w i t h [E] - [ o l . 



commutes. 

Let o denote the a d d i t i v e subgroup of K B i l ( X ) generated 
by the elements [E] - [H(V)] w i t h E metabolic and V a Lagrangian 
of E. I f E^ and E^ are metabolic spaces w i t h Lagrangians 
and then E^ i i s metabolic w i t h the Lagrangian ^ V^. 
From t h i s remark we o b t a i n immediately t h a t o i s the set of 
d i f f e r e n c e s [E] - [F] of metabolic spaces E and F having i s o ­
morphic Lagrangians, 

n i s an i d e a l of K B i l ( X ) . Indeed i f E i s metabolic w i t h 
Lagrangian V and F i s an a r b i t r a r y space, then according to 
§ 3 Prop.4 

[ F ] ( [ E ] - r H ( V ) ] ) = [F ® E l - [H(F - V ) ] , 

and F ^ V i s a Lagrangian of F E. 

We now d e f i n e the Grothendieck-Witt rinp: L(X) of the 
scheme X as the r i n g K B i l ( X ) / a . The image of a c l a s s 
[E] € K B i l ( X ) i n L(X) w i l l again be denoted by [ E j . I n L(X) 
we have by d e f i n i t i o n 

[ E ] = [ H ( V ) ] 

f o r E a metabolic space w i t h Lagrangian V. 

P r o p o s i t i o n 1. I f X i s a f f i n e then o = 0, hence L(X) = K B i l ( X ) . 

P r o o f . Let (E,B) be a space w i t h Lagrangian V. Then, as ex­
p l a i n e d i n § 3, E = U P V w i t h some subbundle U which i s dual 
to V w i t h respect to B. We have 



(E,B) - M(U,B|U) = H(U,p), 

and, again by § 5, 

M(U,p) x M(U,-p) s- H(U) x K(U,-p). 

Thus i n K B i l ( X ) 

[E,B] = [M(U,p)l = THCU)] = [ H ( V * ) 1 = [H(V)1. 

This proves ft - 0. 

For h y p e r b o l i c spaces we have the f o l l o w i n g general f a c t . 

P r o p o s i t i o n 2. Let V be a v e c t o r bundle over a scheme X and V 

be a subbundle of V, Then i n L(X) 

[H(V')] = [H(V)] + [H(V/W)]. 

P r o o f . We work i n the b i l i n e a r space H(V) = V r V*. Let W1 

denote the submodule W1 n V* of V*. This i s the sheaf of l i n e a r 
forms on V which are zero on W, i . e . the k e r n a l of the r e s t r i c ­
t i o n homomorphism V* -» V*. On the other hand we o b t a i n from the 
exact sequence 

0 -» W -» V -* V/W -* 0 

of v e c t o r bundles a dual exact sequence 

0 -> (V/W)"* -> V* -* W* -* 0. 

Thus we have c a n o n i c a l isomorphisms 

(V/W)* W, v*/w W*. 

I n p a r t i c u l a r Wf i s a subbundle of V*. C l e a r l y 

U ;= W W' 
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i s a t o t a l l y i s o t r o p i c subbundle of H(V). I t has the rank 

r k W + r k Wf = rk V + rk(V/W)* = rk V. 

Thus U i s a Lagrangian of H(V). We have i n L(X) 

[H(V)] = [H(U)] = [H(W)] + [H(W')] - [HOO] + [H((V/W)*)j « 

= H(W) + H(V/W), 

as claimed above. 

We now can prove the f o l l o w i n g weak analogue of the Witt 
•decomposition i n § 3 f o r an a r b i t r a r y scheme X. (The Witt de­
composition i n § 3 could only be done over a f f i n e X, c f . L 3, 
Prop. 3a.) 

Theorem 3* Let V be a sublagrangian of a space (E,B) over X. 
Then we have i n L(X) the equation ( c f . S 3 f o r n o t a t i o n s ) 

[E,B] * [H(V)] + [ W v , f f ] . 

N o t i c e that f o r V a maximal sublagrangian of (E,B) the 
space (V X/V,E) ±B a n i s o t r o p i c . 

P r o o f . We work i n the space 

(F,B') := (E,B) x (V x/V,-E). 

Let 

a:V x -> E <* V x/V 

denote the "diagonal i n j e c t i o n " of V 1 i n t o t h i s space. The sub-
module <x(Vx) of P i s c l e a r l y t o t a l l y i s o t r o p i c . We want to show 



t h a t a ( V x ) i s a Lagrangian of ( P , B f ) . I t s u f f i c e s to check t h i 
over a f f i n e open subsets of X, and thus we assume now t h a t X 
i t s e l f i s a f f i n e . As e x p l a i n e d i n § 3 (proof of Prop. 3a) we 
have' decompositions 

E = (V U) i G, V 1 a V «r G 

w i t h U d u a l t o V under B. The second decomposition y i e l d s a 
c a n o n i c a l isomorphism from G onto V x/V. We have 

a ( V x ) = V p A 

w i t h A the " d i a g o n a l " of the subbundle G * V x/V of P. C l e a r l y 

G ^ V x/V « A * V x/V. 

Thus V ^ A i s a d i r e c t summand of 

P = (V P U) x (A P V x / V ) , 

and we have v e r i f i e d t h a t a ( V x ) i s a subbundle of P. We have 

r k a ( V x ) = r k ( V x ) = r k V + r k V x/V. 

On the other hand 

r k P « 2 r k V + r k G +. r k V x/V = 2(rk V + r k V x/V). 

Thus a ( V x ) i s indeed a Lagrangian of ( F , B ! ) . 

Since now X i s again an a r b i t r a r y scheme. The vector-
bundle a ( V x ) i s isomorphic to V 1. Thus we o b t a i n i n L(X) the 
r e l a t i o n 

(*) [ E , B ] + [V A/V,-B] = [ H ( V X ) ] . 



By the preceding P r o p o s i t i o n 2 

[ H ( V X ) ] = [H(V)] + [ H ( V X / V ) ] . 

On the other hand 

[vx/v,-E] + [vVv,E] = [K ( v V v,5 ) l = r i i (vVv)] . 

Thus adding [vVv,IT] on both s i d e s i n (*) we a r r i v e at the 
d e s i r e d r e l a t i o n 

[ E , B ] . [ H ( V ) ] + [ V V V . S ] . 



§ 5 D e f i n i t i o n of the W i t t r i n g W(X). 

F i r s t we r e c a l l G r o t h e n d i e c k 1 s d e f i n i t i o n of h i s r i n g 
K(X) of v e c t o r bundles on X i n a way adapted to our present 
study. Let Vect(X) denote the set of isomorphism c l a s s e s (V) 

of v e c t o r bundles V on X. The d i r e c t sum and the tensor p r o ­
duct of v e c t o r bundles give on Vect(X) an a d d i t i o n and a m u l t i ­
p l i c a t i o n which t u r n Vect(X) i n t o a commutative semiring. This 
s e m i r i n g has the u n i t element 

Let K Vect(X) denote the Grothendieck r i n g of t h i s semi­
r i n g V e c t ( X ) . We denote the c l a s s of a v e c t o r bundle V i n 
K Vect(X) by [ V ] # We introduce the a d d i t i v e subgroup c of 
K Vect(X) generated by the elements 

[V] - [w] - [v/w] 

w i t h V running through t h e . v e c t o r bundles of X and W running 
through the subbundles of V. C l e a r l y c i s an i d e a l of K V e c t ( X ) . 
The r i n g K(X) i s d e f i n e d as the quotient K V e c t ( X ) A by t h i s 
i d e a l . We s h a l l denote the c l a s s of a v e c t o r bundle V i n K(X) 
again by [ V ] . 

N o t i c e t h a t i f X i s a f f i n e we have c = 0, hence 
K(X) = K V e c t ( X ) . 

We have a " h y p e r b o l i c map11 

H Q:Vect(X) -> B i l ( X ) 

sending the isomorphism c l a s s of a v e c t o r bundle V to the i s o -
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morphism c l a s s of the h y p e r b o l i c space H(V). C l e a r l y H q i s 
a d d i t i v e . Thus H induces an a d d i t i v e map 

o 
H^K Vect(X) -» K B i l ( X ) . 

We now consider the composition 

H2:K Vect(X) > K B i l ( X ) » L(X) 

of w i t h the n a t u r a l surejection from h B i l ( X ) t o L(X) . According: 
to P r o p o s i t i o n 2 of the preceding s e c t i o n H 2 vanishes on c # Thus 
we o b t a i n f i n a l l y an a d d i t i v e map 

H:K(X) -» L ( X ) . 

This map H sends an element [U^] - [Ug] of K(X) to 
fHCU^)] - [ H ( U 2 ) ] . 

The image H K(X) of H i s an i d e a l of L(X) s i n c e f o r P a 
space and U^pUg v e c t o r bundles over X 

[PJCtHCU^)] - [ H ( U 2 ) ] ) = [H(P * U ^ l - [H(F * U 2 ) ] . 

We d e f i n e the W i t t rinp; V(X) of the scheme X as the q u o t i e n t of 
L(X) by t h i s i d e a l , 

w(X) = L(X)/H K(X). 

R e c a l l i n g the d e f i n i t i o n of L(X) we may a l s o w r i t e 

V(X) = K B i l ( X ) A ; 

w i t h TO the i d e a l of K B i l ( X ) a d d i t i v e l y generated by the c l a s s e c 
of a l l metabolic spaces on X. This i d e a l i s the set of d i f f e r e n c e s 

- [M 2] of metabolic spaces M^Mg. 



We denote the c l a s s of a space (E,B) i n V(X) by |E,BJ. 
We c a l l iE,B} the W i t t c l a s s of the space (E,B). We o f t e n w r i t e 
{E} i n s t e a d of [E,BJ f o r s h o r t * Since 

(E,B) x (E,-B) - M(E,B), 

c f . S 3, we have i n W(X) 

- |E,B} « {E,-B}. 

This i m p l i e s t h a t every element of W(X) i s the Witt c l a s s of 
some space, and not oust the d i f f e r e n c e of two Witt c l a s s e s . 

D e f i n i t i o n . We c a l l two spaces E^ and Ep over X equivalent 
(or " W i t t - e q u i v a l e n t " ) , and w r i t e E^ ~ E ? , i f JE^} = J E ^ . 

C l e a r l y W(X) i s the quotient of the semir i n g B i l ( X ) by 
t h i s equivalence r e l a t i o n , 

W(X) - B i l ( X ) / ~ . 

We have the f o l l o w i n g simple d e s c r i p t i o n of Witt equivalence. 

Pro-position. Two spaces E ^ p E 2 o v e r x a r e e q u i v a l e n t i f and 

only i f there e x i s t metabolic spaces M^,^ o v e r x such t h a t 

P r o o f . I f E^ i M/| a E 2 i M 2 w i t h metabolic spaces M^Mg then 
c l e a r l y 

{E^l = {E^ I M 1i = { E 2 i M2} = { E 2 I . 

Assume now t h a t i E J = { E p j . Then we have i n E B i l ( X ) an equation 



[E^] - [ E 2 ] = [ N 2 ] - [ N ^ 

w i t h metabolic spaces and N 2 # Thus there e x i s t s a space 
(G,B) over X such t h a t 

E 1 x 1^ i G E 2 i N 2 x G. 

We add on both s i d e s the space ( G , - B ) and o b t a i n 

E 1 x N 1 x M(G ,B) - E 2 x N ? x K ( G , B ) . 

This f i n i s h e s the proof of the p r o p o s i t i o n . 

I n the present l e c t u r e s we are mainly i n t e r e s t e d i n V(X) 
and not i n L ( X ) . Ve could have defined'W(X) d i r e c t l y by i n t r o 
ducing on B i l ( X ) the equivalence r e l a t i o n described i n the pr 
p o s i t i o n . But f o r t e c h n i c a l reasons a l s o L(X) and. the p r e c i s e 
r e l a t i o n s h i p between L(X) and W(X) w i l l be needed. 



§ 6 F u n c t o r i a l i t y 

We now d i s c u s s the f u n c t o r i a l "behaviour of our r i n g s 
L(X) and W(X). Let f : Y 4 X be a morphism of schemes. For E a 
v e c t o r bundle on X the i n v e r s e image f*(E) ( c f . [EGA, Chap. 0, 
§ 4]) i s a v e c t o r bundle on X Indeed, i f U i s an open set of 
X w i t h E|u a- fcg then f ~ 1 (U) i s an open set of Y w i t h 

f * ( E ) | f ~ 1 ( U ) - & n
 A . 
f " 1 ( u ) 

A u s e f u l d e s c r i p t i o n of t h i s v e c t o r bundle i s as f o l l o w s . 
Let U c X and V c Y be a f f i n e open subsets of X and. Y w i t h 
f ( V ) c U. Then f y i e l d s a r i n g homomorphism from & X(U) to Gy(V) , 
and 

f * ( E ) ( V ) = E(U) ^ ( u ) ^ y ( V ) , 
X 

c f . [EGA I , § 1 . 6 ] . 

For any v e c t o r bundle E on X there e x i s t s a c a n o n i c a l 
isomorphism of v e c t o r bundles 

K:f*(E*) — > f * ( E ) * . 

This isomorphism can be d e s c r i b e d as f o l l o w s . Let again U and V 
be a f f i n e open subsets of X and Y w i t h f(V) c U. Then 

f * ( E * ) 0 0 = E*(U) e& ( u ) fty(V) = 
X 

• H o m < M u ) ( E ( u ) ' & x ( u : ) > V ( u ) & i ( v ) -
X X 

On the other hand 



f * ( E ) * ( V ) = H o m & v ( v ) ( f * ( E ) ( V ) , & Y ( V ) ) = 

X A 

Thus we have an obvious n a t u r a l isomorphism 

KV,U : **OE*)00 — > f * ( E ) * ( V ) 

si n c e E(U) i s a f i n i t e l y presented S^-(U)-module, c f . [Bb-, I 
§ 2 no 9]« I f (Vyj^U^) i s a second, p a i r of a f f i n e open subsets 
of Y and X w i t h f ( V ^ c and Vj, c V, c U, then the diagram 

f * ( E * ) ( V ) V ^ U > f * ( E ) * ( V ) 

V K 
_> f * (E)* (V^) 

V U 1 

with the r e s t r i c t i o n homomorphisms as v e r t i c a l arrows commutes, 
as i s e a s i l y checked. I n p a r t i c u l a r (V = V^) the homomorphism 
Ky y does not depend on U but o n l y on V. Since now we w r i t e Ky 
i n s t e a d of Ky ^. The f a m i l y of isomorphisms 

Ky ; f * ( E * ) ( V ) — > f * ( E ) * ( V ) 

w i t h V running through the a f f i n e open subsets of Y i s compatibl 
w i t h the r e s t r i c t i o n maps by the diagram above. Thus by general 
sheaf theory there e x i s t s a unique isomorphism 

K : f*(E*) — > f * ( E ) * 

of v e c t o r bundles which induces Ky on the s e c t i o n s over V f o r 
every a f f i n e open subset V of Y. 



I f B i s a symmetric b i l i n e a r form on E then we o b t a i n 
a symmetric b i l i n e a r form f*(B) on f*(E) as f o l l o w s . Let 
co:E E* denote the homomorphism a s s o c i a t e d w ith B , and l e t t 
denote the composite map 

f* ( E ) f*W > f * ( E * ) f * ( E ) * . 

I f V and U are a f f i n e open subsets on Y and X w i t h f (V) c U, 
then 

* v : f»(E)(vi * f*(E)*(V) 

y i e l d s a b i l i n e a r f o r m { e , f ? f * ( E ) ( V ) i 

6 v ( e , f ) = <e,* y(f)> 

on f * ( E ) ( V ) . I t i s e a s i l y v e r i f i e d t h a t py i s simply the 
Oy(V) - b i l i n e a r form on E(U) ^ ^ $y(V) obtained from the 

X 
&-^(U)-bilinear form By on E(U) by s c a l a r extension. I n p a r t i c u l a r 
py i s symmetric. Thus i = ft*, and * y i e l d s a symmetric b i l i n e a r 
form p on f*(E) which y i e l d s the b i l i n e a r forms Py above 
on the a f f i n e open subsets V of Y. We denote B by f* ( B ) . 

I f y i s a p o i n t on Y and x = f (y) then the & Y - " b i l i n e a r 
form f*(B) on Y 

f* ( E ) = E © v 
y x 6 x , x

 Y>y 

i s c l e a r l y the b i l i n e a r form obtained from the &v - b i l i n e a r 
A , X 

form B„ on E by s c a l a r extension. 

I f B i s non degenerate then co i s an isomorphism. Thus 
al s o * i s an isomorphism, i . e . f*(B) i s again non degenerate. 



I n t h i s way every space E = (E,B) over X y i e l d s a space 

f*(E) = ( f * ( E ) , f * ( B ) ) 

over Y. C l e a r l y f o r spaces E and F over X 

f * ( E x F) - f * ( E ) j. f * ( F ) , 

f * ( E ® F) - f * ( E ) # f * ( F ) . 

Thus we have a homomorphism 

f * : B i l ( X ) -> B i l ( Y ) 

of semirings. 

I f V i s a subbundle of a space E then f*(V) i s a sub-
bundle of f * ( E ) , s i n c e 

f * ( E ) / f * ( V ) - f*(E/V) 

i s a v e c t o r bundle* More s p e c i f i c a l l y , i f V i s a Lagrangian of 
E then f * ( V ) i s a Lagrangian of f * ( E ) . Indeed, f*(V) i s t o t a l l y 
i s o t r o p i c and 

r k f*(V) = r k V = ^ r k E = J r k f * ( E ) . 

Thus our map f * from B i l ( X ) to B i l ( Y ) induces r i n g homo­
morphism s 

L ( f ) : L ( X ) L ( Y ) , W(f):W(X) ->W(Y). 

C l e a r l y L ( f ) and W(f) both map u n i t elements to u n i t elements. 

I n t h i s way X «-» L(X) and X H W(X) are turned i n t o c o n t r a -
v a r i a n t f u n c t o r s L and V from the category of schemes to the 



category of connnutative r i n g s . We u s u a l l y simply w r i t e f* f o r 
L ( f ) and a l s o f o r W(f). 

E x e r c i s e . I f V i s a subbundle of a space E over X and 
f:Y -* X a morphism then i n the space f * ( E ) the subbundles 
f * ( V ) x and f * ( V x ) c o i n c i d e . 

I n the case of a f f i n e schemes X = Spec(A), Y = Spec(C) 
a morphism f:Y -+ X corresponds to a r i n g homomorphism a:A -> C. 
Ins t e a d of f*:W(X) -» W(Y) we then most o f t e n use the n o t a t i o n 

a* : W(A) -* W(C). 

For a space (P,p) over A c l e a r l y 

0*{P,p}. - (P * A C, p * A CJ 

w i t h 8 <$A C denoting the s c a l a r extension of the b i l i n e a r form 
on the p r o j e c t i v e A-module P to a C - b i l i n e a r form on P <£A C. 

-si. 

U s u a l l y the homomorphism from L(A) to L(C) induced by f 
w i l l a l s o be denoted by a*. 



§ 7 The rank homomorphism. 

Assume the scheme X i s connected. Then every v e c t o r bundle 
E on X has a constant rank r k E. I n p a r t i c u l a r we have f or sp aces 
an evident rank homomorphism 

r k : B i l ( X ) ->]N U |o} 

of semirings. This y i e l d s a homomorphism 

rk:K B i l ( X ) -> 7L 

of r i n g s . C l e a r l y f o r E a metabolic space w i t h Lagrangian V 

r k ( [ E ] - [ H ( V ) ] ) = r k ( E ) . - r k H(V) = 0. 

Thus we o b t a i n a rank homomorphism, again denoted by "rk", from 
L(X) to Z, 

rk:L(X) -> 7L. 

U n f o r t u n a t e l y t h i s homomoip>hism does not v a n i s h on the c l a s s 
[H(V)J of any h y p e r b o l i c space H(V) / 0. But r k H(V) i s an even 
number. Thus we o b t a i n n e v e r t h e l e s s a r i n g homomorphism 

v:W(X) -> 71/2 7L 

d e f i n e d by 
v(|EJ) = r k E mod 2. 

We u s u a l l y w r i t e v(E) i n s t e a d of V ( | E } ) , and we c a l l v ( E ) the 
rank index of E. 

I f X i s not connected then we have to r e p l a c e Z and 7L/2 7L 
by the r i n g s of l o c a l l y constant f u n c t i o n s on X wi t h v a l u e s i n 
7L and 71/2 7L r e s p e c t i v e l y . 



Chapter I I L o c a l t h e o r y 

§ 1 Connection w i t h W itt fs theory. 

Ve have to study the Wi t t r i n g s of the l o c a l r i n g s & . 
S l i g h t l y more g e n e r a l l y we study the Witt r i n g W(A) of a semi-
l o c a l rinp: A, i . e . a commutative r i n g A which has only f i n i t e l y 
many maximal i d e a l s ,•••,m • This w i l l not cause a d d i t i o n a l 
d i f f i c u l t i e s , and s e m i l o c a l r i n g s t u r n out to be a more appro­
p r i a t e category f o r our purposes than l o c a l r i n g s ( c f . i n t h i s 
c onnection e.g. the theo r y of " r e a l c l o s u r e s " [ K ^ ] ) . 

*) 

I f A i s not connected y then we have an orthogonal system 
of p r i m i t i v e idempotents e,p...,e^, 

t 
e i - 1> e i e d - e i * i r 

I n t r o d u c i n g the connected r i n g s A^ :« Ae^ we may w r i t e 
t 

A « n A .. 

Let (E,B) be a space over A. I n p a r t i c u l a r then E i s a p r o j e c t i v e 
module over A, and E^ := e-E i s a p r o j e c t i v e module over A^, 
hence a f r e e module. Moreover B induces non degenerate symmetric 
b i l i n e a r forms 

B.:E. x E. -> A. 
1 1 I I 

*) This means Spec(A) i s not connected 



Ve w r i t e s y m b o l i c a l l y 
t 

(E,B) = H (E B.). 
i=1 1 1 

Conversely we can p r e s c r i b e over each r i n g A^ a space (E^,B^) 
and f i t these spaces together t o a space (E,B) over A which has 
the (E_pB^) as components. I t i s now e a s i l y checked t h a t we 
o b t a i n i n t h i s way n a t u r a l isomorphisms 

t t 
L(A) - n L ( A . ) , W(A) - H W(A.). 

i=1 1 i«1 1 

A l l t h i s i s i n t u i t i v e l y obvious s i n c e the Spec(A^) are the 
f i n i t e l y many connected components of Spec(A). 

J u s t i f i e d by t h i s o b s e r v a t i o n we assume s i n c e now always 
without l o s s of g e n e r a l i t y t h a t A is; connected. Thus a l l p r o ­
j e c t i v e modules over A are f r e e . Let H denote the h y p e r b o l i c 
standard plane ^ over A. Every h y p e r b o l i c space over A i s 
of the shape H(A r) and thus an orthogonal sum r x H of r copies 
of H. I n p a r t i c u l a r 4 

W(A) = L(A)/&[H]. 

The f o l l o w i n g p r o p o s i t i o n i s now obvious. 

P r o p o s i t i o n 1. Two spaces E and P over A have the same image-
i n L(A) i f and o n l y i f E ~ F and r k E rkE. 

Assume now 2 i s a u n i t i n A. Then a l l metabolic spaces are 
h y p e r b o l i c ( I , § 3) and hence of the form t x H. Moreover the 
c a n c e l l a t i o n law holds t r u e over A, i . e . 



E ± G a * F ± G = * E * < F 

f o r any spaces E,F,G over A. A proof can be found i n TR] or 
[ K ^ l . Now r e c a l l i n g the Witt decomposition of spaces from I , 
§ 3 (Prop.3) we meet the f o l l o w i n g s i t u a t i o n . 

P r o p o s i t i o n 2. (2 € A*) Every space E over A has a decomposition 

E ~ E i t x H 
o 

w i t h E q a n i s o t r o p i c . The isomorphism c l a s s of E q and the number 
t > 0 are u n i q u e l y determined by E. 

We c a l l E Q a k e r n e l space of E. P r o p o s i t i o n 2 has the 
f o l l o w i n g consequence. 

C o r o l l a r y . Two spaces E and F over A are equi v a l e n t (E ~ F) i f 
and onl y i f E and F have isomorphic k e r n e l spaces. 

I n p a r t i c u l a r we see t h a t f o r A a f i e l d of c h a r a c t e r i s t i c 
^ 2 our n o t i o n of W i t t r i n g c o i n c i d e s w i t h W i t t ' s d e f i n i t i o n i n 
rw]. 

E x e r c i s e . A v e c t o r x of a space E over our s e m i l o c a l r i n g A i s 
c a l l e d p r i m i t i v e i f x i s not contained i n ̂ E f o r any maximal 
i d e a l of A. Show t h a t E i s a n i s o t r o p i c i f and only i f E 
contains no p r i m i t i v e v e c t o r x w i t h B(x,x) = 0. (2 not n e c e s s a r i l y 
a u n i t of A). 



8 2 The signed determinant. 

R e c a l l t h a t A i s a connected s e m i l o c a l r i n g . Let ̂ (A) 
o 

denote the group A*/A**~ of "square c l a s s e s " of A. 

I f E a (a.,) and E f SJ (a- 1^) are isomorphic spaces over A, 
then 

w i t h some S i n GL(n,A), c f . I § . Taking determinants -we 
o b t a i n 

det(a^) = b 2 d e t ( a i d ) 

w i t h b a u n i t of A. We c a l l the square c l a s s det(a- -)A* the 
determinant det(E) of the space E, and we have shown t h a t det(E) 
i s a w e l l d e f i n e d i n v a r i a n t of E. 

Remark. I n the same way we have determinants f o r f r e e spaces 
over an a r b i t r a r y scheme X w i t h v a l u e s i n © (X)*/S(X)*" 1. For 
determinants of other spaces see Chapter IV, § 3. 

For two spaces E,F over A we have 

det(E i F) = d e t ( E ) d e t ( F ) . 

Thus our i n v a r i a n t y i e l d s a determinant jnap 

det: K B i l ( A ) = L(A) -> Q(A) 

de f i n e d by 

det([E]-[F]) = d e t ( E ) d e t ( F ) . 

U n f o r t u n a t e l y det(H) = (~1)A* 2. Thus det does'not f a c t o r through 



W(A). We resort to a tr i c k well known from the theory over 
f i e l d s . Let (ZS/2 ffi)oQ(A) denote the abelian group consisting of 
the pairs (v,d) i n (Z/2 2L) x Q(A) with "twisted" multiplication 

v 1 v2 
(v^d^)(vp,d ?) := (V 1+V 2,(-1) d ^ ) ) . 

We consider the map 
n(n-l) 

z H* (n mod 2, (-1) ^ det z ) ) 

from L(A) to (Z/2 S).Q(A), with n denoting the rank of z. This 
map i s a group homomorphism and vanishes on H. Thus i t induces 
a map 

(v,d): W(A) -» (Z/2Z).Q(A) z -* (v(z),d(z)). 

We c a l l the second component 

d:W(A) -» Q(A) 

of this map the signed determinant. For E a space of rank n 
over A we have by definition 

n(n-l) 
d({E|) = (-1) 2 det(E). 

Of course we denote this square class by d(E) for short. For 

spaces E/pE 2
 o v e r w e n a v e 

v(E.)v(E p) 
d(E 1 x E 2) = (-1) 1 * d(E 1)d(E 2). 

Q(A) can be regarded as the group of isomorphy classes 
<a> of spaces of rank 1 over A with the tensor product as multi­
plication. We have a natural map <a> -» {<a>} from Q(A) to W(A). 



Since 
d(|<a>!) = <a> 

t h i s map i s i n f e c t i v e . Henceforth we regard Q(A) as a subset 
of W(A), i . e . we i d e n t i f y a square c l a s s <a> w i t h the 'Witt 
c l a s s i<a>}. Now Q(A) i s a subgroup of the group of u n i t s U(A)* 
of the r i n g W(A). 



§ 3 Orthogonal "bases. 

We denote the r a d i c a l iru n ... n ^ of A by r. Every 
———————— I s 

space (E,B) over A y i e l d s by r e d u c t i o n modulo r a space 
(E/rE , E ) over A / r . Now according to the Chinese remainder theorem 

s 
A / r can be i d e n t i f i e d w i t h the d i r e c t product II A/r*.. Thus 

i=1 1 

(*) (E/rE,E) = n (E/m E , B . ) 
i=1 1 1 

w i t h 3^ the r e d u c t i o n of B modulo r*^. 

Some w e l l known theorems f o r spaces over f i e l d s can be 
t r a n s f e r e d to spaces over A /r according to t h i s r e l a t i o n and 
then to spaces over A. 

Lemma 1. Let (E,B) be a space over A. Every orthogonal decompo­
s i t i o n 

E/rE = F i TT 

of E/rE i n t o f r e e spaces F,£T over A/r can be l i f t e d t o an 

orthogonal decomposition 

E = F x G. 

P r o o f . Let y^,•••,yT be a b a s i s of ¥ over A / r . We choose p r e -
images y^<> • • • <>yr of the y^ i n E, and we d e f i n e 

F := A y i + ... + Ay r. 

The determinant of the m a t r i x ( B ( y . , y . ) ) i s a u n i t i n A s i n c e i t 
i s modulo r a u n i t i n A / r . Thus yyp...,y r i s a f r e e b a s i s of F 
over A, and the b i l i n e a r form B|F i s nondegenerate. We o b t a i n 



E = F x F 1 . 

We have F/rF = F, hence 

F x / r F x = (Y)1 = £T. 

D e f i n i t i o n . A b a s i s x^,...,x n of the space (E,B) over A i s an 
orthogonal b a s i s i f E i s the orthogonal sum of the subspaces 
Ax^,...,Ax n. N o t i c e t h a t then a l l BCx.pX^) are u n i t s . 

P r o p o s i t i o n 1. Assume the space (E,B) contains f o r every maxi­
mal i d e a l a v e c t o r z^ w i t h B(z^,z^) not i n Then (E,B) has 
an orthogonal b a s i s . 

P r o o f . I t s u f f i c e s to f i n d an orthogonal b a s i s of E/rE, s i n c e 
t h i s b a s i s can be l i f t e d to an orthogonal b a s i s of E acc o r d i n g 
to the preceding lemma. R e c a l l i n g the decomposition (*) of 
E/rE i n t o spaces over the f i e l d s A/m^ above we see that i f suf ­
f i c e s t o prove the p r o p o s i t i o n over f i e l d s . 

Thus we assume now t h a t A i s a f i e l d . I f x i s a v e c t o r i n 
E w i t h B(x,x) f- 0 then 

E = (Ax) x E 1 

w i t h E^ = ( A x ) x . Repeating t h i s procedure we o b t a i n a decompo­
s i t i o n 

E = A X / ] x ... x A x p x F 

w i t h B(x,x) = 0 f o r a l l x i n F. I f A has c h a r a c t e r i s t i c / 2 t h i s 
i m p l i e s F = 0. Assume now t h a t A has c h a r a c t e r i s t i c 2. For any 
Vector x / 0 of F there e x i s t s some y i n F w i t h B(x,y) = 1. Then 



Ax + Ay i s the h y p e r b o l i c standard plane H = ̂  ^ , and 
we have 

F =. (Ax + Ay) x F 1 

w i t h some subspace F ^. Repeating the procedure we l e a r n t h a t 
F 55 t x H w i t h some t > 0. (These spaces indeed do not repr e s e n t 
elements / 0.) We now o b t a i n by i n d u c t i o n on the rank of E th a t 
E has an orthogonal b a s i s i f we v e r i f y t h a t every space 

G :.<a> x ( ° I) 
w i t h some a i n A* has an orthogonal b a s i s . Let z,x,y be a b a s i s 
corresponding t o the given p r e s e n t a t i o n of G. Then 

G 1 := A(z+x) + Ay 

i s a subspace w i t h m a t r i x Q ) , and we have 

G - (* I) x<b> 

w i t h some u n i t b. (Comparing the determinants of both spaces we 
see <b> = <a>.) Moreover 

Gy] = A(z+x) x (A(z+x)) x a? <a> x <c> 

f o r some u n i t <c>. (Comparing determinants we see <c> = <-a>.) 
Thus 

G ~ <a,c,b>, 

and G has an orthogonal b a s i s . 

C o r o l l a r y . If 2 i s a u n i t i n A then every space over A has an 
orthogonal b a s i s . 



This i s evident from the arguments i n the proof Just 
completed. 

P r o p o s i t i o n 2. (cf.[W, Satz ?] f o r f i e l d s of Char. ^ 2.) 
Let w and S31 he two orthogonal bases of a space E over A. 

i ) There e x i s t s a f i n i t e sequence 

of orthogonal bases S&^of E connecting * w i t h S 1 such t h a t 
8^ and d i f f e r at most at f o u r p l a c e s . 

i i ) I f a l l r e s i d u e c l a s s f i e l d s A/r*_̂  c o n t a i n at l e a s t 3 element 
then t h e r e e x i s t s such a sequence w i t h and d i f f e r i n 
at most at 2 p l a c e s . 

The proof roughly runs as f o l l o w s . We f i r s t v e r i f y the 
p r o p o s i t i o n over f i e l d s . Then we can connect the bases ~ and 
W1" of E/rE coming from 89,in1 by a sequence as above. We l i f t t h i 
sequence to a sequence of orthogonal b a s i s of E s t a r t i n g w i t h £ 
and a r r i v i n g at a b a s i s 8" which i s congruent to mod r. 
F i n a l l y we J o i n 1 and 9*11 by a sequence of orthogonal b a s i s w i t l 
a l t e r a t i o n s at each step at two or l e s s p l a c e s . For the d e t a i l s 
c f . [KEW § 1 ] . The e a s i e r p a r t ( i i ) i s a l r e a d y contained i n 
[K,§ 5.5]. 



§ 4 Generators and relations for W(A). 

o 
We denote the group of square c l a s s e s Q,(A) = A*/A*d" by C 

and we regard G as a subset of W(A), c f . § 2, 
P r o p o s i t i o n 1. W(A) i s a d d i t i v e l y generated by G . 

P r o o f . Let E be a space over A. The space E x <1> c e r t a i n l y has 
an orthogonal b a s i s , c f . § 3> Prop.1. Thus 

E x <1> ^ < b ^ x ... x <bn> 

w i t h some u n i t s b^, and we have i n W(A) the equation 

{E| = <b^> +.-..+ <b > + <-1>. 

According t o t h i s p r o p o s i t i o n we have a s u b j e c t i v e homo­
morphism from the i n t e g r a l group r i n g 2Z[Gl to W(A), 

$:Z [G] -> W(A) 

induced by the i n c l u s i o n map from G to W(A). I f we consider a 
square c l a s s <a> as an element of 5ZfG'] we denote t h i s square 
c l a s s by [ a ] . The homomorphism $ maps [a] to <a>. Let P denote 
the k e r n e l of $. 

Theorem 2. The i d e a l K i s a d d i t i v e l y generated by the element 
[ l ] + [-1] and a l l elements 

h h 
z = 7. Ta. ] - T [b. ] 

i=1 1 i=1 1 _ 

w i t h h = 4 and 



h h 

I f a l l the f i n i t e l y many r e s i d u e c l a s s f i e l d s A/m. of A c o n t a i n 
at l e a s t 3 elements, then a l r e a d y the elements z of t h i s type 
w i t h h = 2, together w i t h [ l ] + [-1], s u f f i c e to generate p 
a d d i t i v e l y . 

Proof. C l e a r l y a l l these elements l i e i n P. Let now z he a 
given element of P. Ve have 

z = [ a 1 ] + ... + [ a p ] - Th 1] - ... - [ h s ] 

wi t h some u n i t s a-,b- of A. E v e n t u a l l y r e p l a c i n g z by -z we 
x j 

assume r ̂  s. The spaces 

E := <a 1,...,a p>, F : = <byp... vb g> 

are W i t t - e q u i v a l e n t . In p a r t i c u l a r r - s i s an even number 2 t . 
According to § 1 the spaces E and F i t x <1,-1> have the same 
image i n L(A) = K B i l ( A ) . Thus there e x i s t s a space G w i t h 

E x G - F x t x <1,-1> x G. 

Adding f o r s a f e t y the space <1> to G we may assume that 

<* a < a r + 1 ' - « * ' a n > 

with some further units a^. Now introducing notations = +_ 1 
for s < i < r and = a.̂  for r < i < n we can write 

E i G = <a1,...,an>, 

F i t x <1,-1> x G = <h.,...,h >, 



and we have 

z = t ( M ] + [-1]) + E f a - ] - T Th-]. 
i=1 1 i«1 1 

For any orthogonal b a s i s 35 = {x^,.•.^x^} of a space T over A 
we i n t r o d u c e the element 

m 
[ » ] F [ B ( x . , x , ) ] 

i=1 " 1 

of ZS[Gl. Using t h i s n o t a t i o n we have 

f o r s u i t a b l e orthogonal b a s i s S and ©• of E x G. As shown i n 
§ 3 t h e r e e x i s t s a sequence 

^o - ^'•••'-Lm - 4 3 

of orthogonal bases of E x G such t h a t subsequent bases d i f f e r 
at most at h p l a c e s w i t h h = 4 i n general and h = 2 i f A has no 
r e s i d u e c l a s s f i e l d s c o n t a i n i n g o n l y two elements* Ve have 

[a] - [»'] = ^ ([».] -
i=o 1 1 + 1 

and every summand [$^] - ^ i + i ^ ̂ s a d i f f e r e n c e [P] - [ P 1 ] w i t h 
C,? 1 orthogonal bases of some space of rank h. This f i n i s h e s 
the proof of the theorem. 



§ 5 The prime i d e a l s of W(A). 

Ve have seen t h a t V(A) i s i n a n a t u r a l way isomorphic t o 
the quotient. 2i[Q(A) ]/P of the group r i n g Z5[ (^(A) ] by a more or 
l e s s e x p l i c i t e l y determined i d e a l P. Thus the prime i d e a l s of 
V(A) correspond un i q u e l y w i t h those prime i d e a l s of 2£[Q,(A)] 
which c o n t a i n P. Ve now s h a l l determine a l l prime i d e a l s of 
2ZTQ(A)] and then we s h a l l look which of them c o n t a i n £. 

Let G be an a r b i t r a r y group of exponent 2, i . e . w i t h 
g = 1 f o r a l l g i n G. I f P i s a prime i d e a l of 22 [ G] then c l e a r 1 
g 5 + 1 mod P f o r every g i n G. Thus2Z[G]/P i s isomorphic e i t h e r 
to ffi or t o a prime f i e l d B? w i t h p elements. Since the r i n g s Z 
and IF do not have automorphisms except the i d e n t i t y we o b t a i n 

Lemma 1. Por P a prime i d e a l of ZfG] w i t h P n 7L = {oj there 
e x i s t s a unique r i n g homomorphism co from Z£[G] to 7L which has 
the k e r n e l P. S i m i l a r l y f o r P a prime i d e a l of 2L\G] w i t h 
TL n P = pZS , p of course a prime number, there e x i s t s a unique 
r i n g homomorphism % from Z[G] to IF which has k e r n e l P. 

Jr 

Thus we need o n l y to d e s c r i b e these homomorphisms en and 
Every r i n g homomorphism from Z[G], to Z5 maps G i n t o {+_ i K Thus 
the r e s t r i c t i o n of cp to G i s a ch a r a c t e r x o n G* Conversely ever-
character x ;G -» {+. 1} extends i n a unique way to a r i n g homomor­
phism <D:2Z[G] -» TL by the u n i v e r s a l p r o p e r t y of the group r i n g . 
Since now we i d e n t i f y cp and x? i»e. we regard a cha r a c t e r of G 
also as a r i n g homomorphism from ZS[G] t o TL. 



Assume now t h a t p i s an odd prime. Then the group {+_ l| 
embeds i n t o IP and i s the subgroup of a l l elements of IF* of p P 
order at most 2. Thus the r e s t r i c t i o n of a r i n g homomorphism * 
from TL\G] to P y i e l d s again a c h a r a c t e r x* This means th a t 
t h e r e e x i s t s a unique homomorphism x from 2S[G] t o TL such t h a t 
the diagram 

Z[G] —> TL 

w i t h K the c a n o n i c a l map from TL onto D? commutes. 

Consider f i n a l l y p - 2. Every -homomorphism from SpG] t o 
IFg maps every g i n G to 1. Thus th e r e e x i s t s a unique homomor­
phism # from 2Z[G] to IP^* We o b t a i n t h i s homomorphism by composing 
any c h a r a c t e r xi7L[G] -*7L w i t h the c a n o n i c a l map from TL onto tF^. 

According t o these simple observations Lemma 1 i m p l i e s 

P r o p o s i t i o n 1» i ) For every prime i d e a l P of Zu[G] w i t h 
P n TL = {o! t h e r e e x i s t s a unique charac t e r x of G such t h a t P 
i s the k e r n e l P of the r i n g homomorphism x from Z[G] onto TL. 
i i ) For every prime ideal M of Z[G] with M 0 TL = p Z, p an odd 
prime, there exists a unique character y of G such that H coin­
cides with the set 

M := p TL + P . 

consisting of a l l z i n Z[G] with y(z) s mod p. 
i i i ) There exists a unique prime ideal M q of Z[G] with 



M n TL = 2 Z. Ve have o 

M = v ~ 1 ( 2 Z5) = 2 ZZ + P 

f o r every c h a r a c t e r x of G« 

C l e a r l y the P are the minimal prime i d e a l s of ZTG] and 
the i d e a l s M and M are the maximal i d e a l s of 5Z[G]. X?P ° 

We now denote by G the group Q(A) of square c l a s s e s of ou 
connected s e m i l o c a l r i n g A and consider the prime i d e a l s of 
W(A) Z[G]/ft. R e c a l l that we denoted by 1(A) the k e r n e l of the 
rank index 

v:W(A) -» P 2 . 

From p a r t ( i i i ) of the oust proved P r o p o s i t i o n 1 we o b t a i n 

P r o p o s i t i o n 2a. 1(A) i s the unique prime i d e a l of V(A) which 
c o n t a i n s 2*1y^^* 

D e f i n i t i o n . A s i g n a t u r e a of A i s a r i n g homomorphism from 
W(A) to TL. 

Ve denote the k e r n e l of a s i g n a t u r e rr by P^ and we have 
V(A)/P as TL. P a r t ( i ) of P r o p o s i t i o n 1 i m p l i e s 

P r o p o s i t i o n 2b. For every prime i d e a l P of W(A), which does 
not c o n t a i n P*1y(^) f o r any prime number p, there e x i s t s a 
unique s i g n a t u r e a such t h a t P = P . 

CT 

To analyse the prime i d e a l s M of V(A) which c o n t a i n P # 1 y ( 
f o r p an odd prime we need the f o l l o w i n g i n f o r m a t i o n about the 
i d e a l P which w i l l be v e r i f i e d l a t e r . 



Lemma 2. For every c h a r a c t e r x of G e i t h e r x ( p ) 0 o r 

= 2 n f f i w i t h some n > 1 ( a c t u a l l y n < 3 ) . 

From t h i s lemma i t i s c l e a r t h a t i f y(S) c p Z f o r our 
odd prime p then x(^) = 0. Thus we o b t a i n from p a r t ( i i ) of 
P r o p o s i t i o n 1 the f o l l o w i n g : 

P r o p o s i t i o n 2c. Let p be an odd prime. Then f o r every prime 
i d e a l M of W(A) w i t h P ' l y ^ ) i * 1 M there e x i s t s a unique s i g n a t u r e 
rr of A such t h a t M c o i n c i d e s w i t h the set 

M := p TL + P 

c o n s i s t i n g of a l l z i n W(A) w i t h a(z) s mod p. 

Thus the P , the M , and 1(A) are a l l the prime i d e a l s cr c,p 7 

of V(A). We c a l l the r i n g A r e a l (or f o r m a l l y r e a l ) i f A has at 
l e a s t one s i g n a t u r e . Otherwise we c a l l A non r e a l . Our d e s c r i p ­
t i o n of the prime i d e a l s of W(A) i m p l i e s the f o l l o w i n g 

C o r o l l a r y . Assume A i s r e a l . Then the P^ are the minimal prime 
i d e a l s of W(A) # The i d e a l s M and 1(A) are the maximal i d e a l s 
of W(A). Every co n t a i n s a unique minimal prime i d e a l , and 
t h i s i s P . The i d e a l 1(A) co n t a i n s a l l minimal prime i d e a l s . o 

On the other hand we have 

P r o p o s i t i o n 5« The f o l l o w i n g are e q u i v a l e n t : 

a) A i s non r e a l . 
b) 1(A) i s the unique prime i d e a l of W(A). 
c) 2 nW(A) s 0 f o r some n a t u r a l number n. 



Here the equivalence a) » h) i s evident from our a n a l y s i s 
of the prime i d e a l s of W(A) i n gen e r a l . The i m p l i c a t i o n c) a) 
i s t r i v i a l s i n c e W(A) c e r t a i n l y does not admit homomorphisms to 
Z i f V(A) e n t i r e l y c o n s i s t s of t o r s i o n elements. I t remains t o 
prove b) => c ) . By assumption b) and elementary commutative algeb 
1(A) i s the n i l r a d i c a l of W(A). I n p a r t i c u l a r 2 #1y^ A^ i s n i l -
p otent, hence 2 n - 1 y ^ = 0 f o r some n. This i m p l i e s 2 nV(A) = 0. 

Ve s t i l l have to prove Lemma 2 about the se t s y(£)- By the 
preceding § 4 the i d e a l P i s a d d i t i v e l y generated by H ] + [-1] 
and by the elements 

On [ l ] + [-1] every y has value 0 or 2. Ve c l a i m t h a t y has on 
a f i x e d element z as above a val u e 0, +.4, or + 8. Then the Lemma 
w i l l be evident. 

Let s denote the number of square c l a s s e s [a-] w i t h 

- -1* Then 

y(z ) = (-s) + (4-s) + t - (4-t) = 2 ( t - s ) . 

Now observe t h a t the spaces <a^ , a 2 , a^, a^> and <b^ ̂ 2*^3 
have the same determinant, s i n c e they are isomorphic. 

4 4 
z = E [a.] - 7 [b. ] 

i=1 i=1 

w i t h 

y ( [ a ^ ] ) « -1 and t the number of square c l a s s e s [b^] w i t h 



4 4 
n [a.] = IT [b-1. 

i»1 x i - 1 x 

A p p l y i n g x w e o b t a i n (-1) S « bence t - s i s even. This 
i m p l i e s 

x(z) * 0 mod 4. 

On the other hand c l e a r l y |y(z)J < 8. Thus indeed x ( z ) = 0 or 
+ 4 or + 8. 



S 6 N i l p o t e n t and t o r s i o n elements.. 

I f A i s non r e a l then we know already t h a t a l l elements 
of V(A) are t o r s i o n and i n f a c t k i l l e d by a f i x e d power of 2. 
Moreover 1(A) i s the set of a l l n i l p o t e n t elements. 

Since now we assume t h a t A is_ r e a l * Since the are 
p r e c i s e l y a l l n i m i n a l prime i d e a l s of V(A) we have 

P r o p o s i t i o n 1. An element z of W(A) i s n i l p o t e n t i f and only 
i f CT(Z) = 0 f o r every s i g n a t u r e a of A. 

Ve now look at the t o r s i o n elements of V(A). 

P r o p o s i t i o n 2. An element z of V(A) i s a t o r s i o n element i f 
and only i f z i s n i l p o t e n t . 

Proof. Assume nz = 0 f o r some n > 1. Then c e r t a i n l y a(z) = 0 
f o r a l l s i g n a t u r e s a of A, hence z i s n i l p o t e n t . 

Assume now t h a t z i s n i l p o t e n t . There e x i s t s a f i n i t e sub­
group H of Q(A) such t h a t z i s contained i n the subring R of W(A) 
generated by H. Now by Maschke's theorem the group r i n g ty[H] over 
the f i e l d Q of r a t i o n a l numbers i s semisimple. The tensor product 
^ z E i s a homomorphic image of ft[H] and thus i s again semi-
simple* The image 1 & z of z i n § ® R i s n i l p o t e n t and t h e r e f o r e 
must be zero. This i m p l i e s nz = 0 f o r some n a t u r a l number n. 

P r o p o s i t i o n 5. For every t o r s i o n element z of V(A) there e x i s t s 
a 2-power 2 r w i t h 2 rz = 0. 



P r o o f . Again z l i e s i n the su b r i n g R of W(A) generated by 
some f i n i t e subgroup H of Q(A). Let p be any odd prime. The 
r i n g R/pR i s a homomorphic image of the group r i n g F [H]. By 
Maschke's theorem R/pR i s semisimple. By Pr o p o s i t i o n . 2 the 
element z i s n i l p o t e n t . Thus the image of z i n R/pR must be 
zero. This means t h a t t h e r e e x i s t s an element y of R w i t h 
z = py. C l e a r l y y i s again a t o r s i o n element. Thus we have 
shown t h a t the f i n i t e a b e l i a n group R^ c o n s i s t i n g of the 
t o r s i o n elements i n R i s d i v i s i b l e by every odd prime p. There 
f o r e R, must be 2-primary, and 2 rz m 0 for some r . 



§ 7 A c l o s e r look at s i g n a t u r e s . 

Let a be a sig n a t u r e of A. Then a y i e l d s a hoinouiorphisF. 

A* -» Q(A) "I > { + 1} • 

the f i r s t arrow denoting the c a n o n i c a l map from A* to A*/A* . 
Our si g n a t u r e a i s completely determined by t h i s homomorphism 
from A* to i+_ 1} , s i n c e V(A) i s generated by Q(A). Ve i d e n t i f y 
henceforth a si g n a t u r e a and the corresponding map from A* to 
{+_ 1}, i . e . f o r any a i n A* we simply w r i t e a (a) i n s t e a d of 
a(l<a>}). 

P r o p o s i t i o n 1. I f a map a from A* to 1} i s a si g n a t u r e then 
the f o l l o w i n g three p r o p e r t i e s h o l d t r u e : 

( i ) rr(ab) = cr(a)a(b) f o r a,b i n A*; 

( i i ) a ( - D = -1; 
( i i i ) I f a x ),...,a r are u n i t s w i t h 

a(a^) = aCag) = ... = cr(a p) = +1, then f o r any u n i t 

2 2 b = X^a^ + + * r a
r 

w i t h some X^ i n A again cr(b) = +1. 

Here the p r o p e r t i e s ( i ) and ( i i ) are evident. To prove 
p r o p e r t y ( i i i ) we consider the b i l i n e a r space <a^,...,ar>. This 
space conta i n s a v e c t o r x w i t h value B(x,x) = b. Thus 

<a 1 >...,a n> 2- <b> i G 

with G the orthogonal complement of Ax i n the whole space. Th^ 



space G i <1> c e r t a i n l y has an orthogonal "bases, c f . Prop. 1 
of § 3. Thus 

<1,a/,....,ar> a? <b ,b 1,. •. ,br> 

w i t h some u n i t s b^. Computing the v a l u e s of rr on the c l a s s e s 
of these two spaces we o b t a i n 

r+1 = a(b) + aCb^,) + .. • + a ( b p ) . 

Since a l l summands on the r i g h t hand s i d e are £ 1 they a c t u a l l y 
must be + 1. I n p a r t i c u l a r a(b) « +1. 

P r o p o s i t i o n 2» Assume A has no r e s i d u e c l a s s f i e l d s A/m^ w i t h 
o n l y two elements* Let a be a map from A* to {+,1} f u l f i l l i n g 
the c o n d i t i o n s ( i ) and ( i i ) i n the preceding P r o p o s i t i o n 1 and 
the f o l l o w i n g c o n d i t i o n weaker than ( i i i ) : 
( i i i ) ' I f a i s a u n i t of A w i t h a(a) « +1 then f o r any u n i t 
b = X + u a w i t h X,u i n A again cr(b) - +1. Then c? i s a s i g n a t u r e 
of A. 

P r o o f . By p r o p e r t y ( i ) we have a(a ) = +1 f o r every a i n A*. 
Thus a y i e l d s a c h a r a c t e r on G :« Q(A) which extends i n a unique 
way t o a homomorphism 

a : Z[G] -* Z . 

We have to show t h a t a vanishes on the i d e a l d e s c r i b e d i n § 4. 
C l e a r l y a vanishes on 1 + [-1] s i n c e CT(-1) - -1. I t remains to 
show cr(z) * 0 f o r an element 

z » [ a 1 ] + [ a 2 ] - [ b 1 ] - [ b 2 ] 

w i t h 



<a/,,a2> - <b^,b2>. 

In t r o d u c i n g the u n i t s a a^ a 2 , c := a^ b^, c 1 := a^ bp, we 
w r i t e 

z = •[a 1]([l]+[a]-rc!-rc ,;|). 

We have 
<1,a> <c,c f>. 

Thus 
2 2 c = X + au 

wi t h some X,u i n A. Moreover comparing determinants we see 
that [ c 1 ] = [ a ] [ c ] , hence 

z - [a 1]([l]+[a])([lHc]). 

I f rr(a) = -1 then c l e a r l y CT(Z) = 0. I f cr(a> = +1 then again 
CT(Z) « 0 by c o n d i t i o n ( i i i ) 1 . Thus indeed a( c) = 0. 

q. e. o . 

We now study si g n a t u r e s i n the s p e c i a l case t h a t A i s a 
f i e l d . Let a be a si g n a t u r e of A. Let P denote the set of a l l 
a i n A* w i t h a(a) = +1, and l e t -P denote the set (-1)P of 
negatives of these elements. Since aC-l) - -1 the set -P i s 
j u s t the set of a l l b i n A* w i t h a(b) « -1, and we have 

P n (-P) = 0, P u (-F) = A*. 

Moreover e x p l o i t i n g the p r o p e r t i e s ( i ) and ( i i i ) of s i g n a t u r e s 
(cf.Prop.1) we see th a t P i s c l o s e d under a d d i t i o n and m u l t i ­
p l i c a t i o n . Thus P i s the set of p o s i t i v e elements of a t o t a l 



o r d e r i n g a of A compatible w i t h a d d i t i o n and m u l t i p l i c a t i o n . 
Henceforth we r e f e r t o these o r d e r i n g s simply as "the o r d e r i n g s " 
of the f i e l d A. 

Let now an o r d e r i n g a of A be given and d e f i n e a map 

n : A* -» 1+ 1} 

as f o l l o w s . For a i n A* the value a(a) i s +1 i f and only i f a 
i s p o s i t i v e w i t h r e s p e c t t o a* Observe t h a t A has c e r t a i n l y 
more than 2 elements, s i n c e no f i e l d of p o s i t i v e c h a r a c t e r i s t i c 
can be ordered. We can apply P r o p o s i t i o n 2 and we check imme­
d i a t e l y t h a t a i s a sign a t u r e of A. Thus we have a r r i v e d at 
the f o l l o w i n g important theorem, found independently by Harrison. 
[H] and Le i c h t - L o r e n z [LL]s 

Theorem 5» The orde r i n g s a of a f i e l d A correspond uniquely 
w i t h the s i g n a t u r e s a of A by the r e l a t i o n (a € A*) 

a > 0 w i t h r e s p e c t t o a c(a) « +1. ' 

No t i c e t h a t f o r a b i l i n e a r space E over A the value 
a (E) = a r t({E}) of the sig n a t u r e cr corresponding to an o r d e r i n g 
a i s j u s t the c l a s s i c a l " S y l v e s t e r - s i g n a t u r e " of E wi t h respect 
to a. Indeed, choosing a d i a g o n a l i z a t i o n 

E - < & 1,...,a n> 

we have 

a„(E) = a (a.) + + cr (a ). 



Coming t o the end of t h i s chapter on l o c a l theory we 
prove the f o l l o w i n g theorem [KRW^§ 4 ] . 

Theorem 4« Let A be a connected s e m i l o c a l r i n g i n which 2 i s a 
u n i t . Let a^,...,a p be u n i t s of A. Then f o r any u n i t b of A the 
f o l l o w i n g statements are e q u i v a l e n t : 

a) For every s i g n a t u r e a of A w i t h aCa^) = ... = n ^ a
r ^ = + '1 

a l s o a(b) = +1. 
b) The u n i t b can be expressed i n the form 

^ * i 1 i r 
b = j d. . a^ ... a ' 

w i t h c o e f f i c i e n t s d. • which are sums so squares of 
X^, • • • • , 

elements i n A. 

Here the i m p l i c a t i o n b) =* a) i s evident from P r o p o s i t i o n 
To prove the i m p l i c a t i o n a) b) we consider the " P f i s t e r space 

i 1 := <1,a1> ... <1,ap> 

and 
E := <1,-b> ® F 

Our assumption a) i m p l i e s a(E) = 0 f o r a l l s i g n a t u r e s n of A # 

Thus the c l a s s of E i n W(A) i s n i l p o t e n t , hence t o r s i o n by § 6, 
and there e x i s t s some n a t u r a l number m. - a c t u a l l y a 2-power 
such t h a t m x E ~ 0. J Prom t h i s we o b t a i n 

m x P m x <b> P. 

1) m x E denotes the orthogonal sum of m copies of the space E. 



Since the spaces on both s i d e s have the same rank, and s i n c e 
c a n c e l l a t i o n holds t r u e i f 2 i s a u n i t , we deduce th a t 

m x F ~ m x <h> F, 

c f . § 1. Since F r e p r e s e n t s the element 1, i . e . B(x,x) = 1 
f o r some x i n F, the space m x F r e p r e s e n t s the element b. This 
g i v e s the d e s i r e d e xpression f o r h w i t h sums of m squares as 
c o e f f i c i e n t s . 

I n the s p e c i a l case r = 1, a^ = 1, our theorem says t h a t 
the u n i t s of A which have v a l u e +1 under a l l s i g n a t u r e s are 
p r e c i s e l y the u n i t s which are sums of squares. This i s a w e l l 
known theorem of A r t i n i n the f i e l d case [A, Satz 1 ] . Our more 
general theorem has been observed over f i e l d s by P f i s t e r [P, 
Satz 21]. 

P r o p o s i t i o n 5. Let A be an a r b i t r a r y s e m i l o c a l r i n g . Then A 
i s non r e a l i f and only i f -1 i s a sum of squares. 

Indeed, i f -1 i s a sum of squares then A has no s i g n a t u r e s 
as i s a l r e a d y c l e a r from the p r o p e r t y ( i i i ) of s i g n a t u r e s i n 
P r o p o s i t i o n 1. Assume now t h a t A i s non r e a l and i n a d d i t i o n 
t h at 2 i s a u n i t . Then t a k i n g r = 1, a^ = 1, b = -1 i n Theorem 4 
we see t h a t -1 i s a sum of squares. I f 2 i s not a u n i t a proof 
t h a t -1 i s a sum of squares i s contained i n f K ^ S 1] by a method 
i n v o l v i n g q u a d r a t i c forms. 



Guide to the l i t e r a t u r e : L o c a l theory. 

To § 1: I f 2 i s not a u n i t i n the s e m i l o c a l r i n g A then the 
c a n c e l l a t i o n theorem s t a t e d i n § 1 remains t r u e f o r q u a d r a t i c 
spaces, i . e . f o r f r e e modules of f i n i t e rank equipped w i t h a non 
degenerate q u a d r a t i c form [K^].. For b i l i n e a r spaces o n l y a 
r e s t r i c t e d - but ne v e r t h e l e s s u s e f u l - c a n c e l l a t i o n theorem 
holds t r u e , c f . [K,§ 6]. A s u r p r i s i n g l y general theorem about-
extensions of i s o m e t r i e s i n qua d r a t i c modules over l o c a l r i n g s , 
c o n t a i n i n g the f i r s t mentioned theorem (over l o c a l r i n g s ) as a 
v e r y s p e c i a l case, has been proved by M.Kneser, c f . Nachr.Akad. 
Wiss. Gottingen Math. Phys. K l I I 1972, 195-203. 

To § 3•- § 6; The m a t e r i a l has been taken from the paper [ERw]. 
There a much more thorough study of W(A) and r e l a t e d r i n g s has 

*) 
been made than i n our l e c t u r e y , and a l s o W i t t r i n g s of hermi-
t i a n forms are i n c l u d e d . For a study of the reduced Witt r i n g 
W(A)/Nil W(A) see § 4 of the paper [KRW^ ]. 

To § 7: For f u r t h e r d e t a i l s and f o r "signatures of s e m i l o c a l 
r i n g s w i t h i n v o l u t i o n s " c f . [KRW^] and [Kp]. I n Chapter V, & 1 
of these l e c t u r e s we s h a l l add an important theorem to our l o c a l 
t h e o r y of s i g n a t u r e s . 

There e x i s t s an extension t h e o r y f o r s i g n a t u r e s t o c e r t a i n 
types of o v e r r i n g s of a s e m i l o c a l r i n g . For t h i s c f . § 3, § 4, 

# 
) c f . Appendix 3 


