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i Preface

The primary occupation of real aloebraic geometry, or better "semialge-
 braic geometry", is to study the set of solutions of a finite system of
.polynomial inequalities in a finite number of variables over the field
R of real numbers. One wants to do this in a conceptual way, not always
mentioning the polynomial data, similarly as in algebraic geometry, say
'over €, where one most often avoids working explicitelywith the

fsystems of polynomial equalities (and non-equalities f #0) involved.

' But a semialgebraic geometry which deserves its name should be able to
(;work - at least - over an arbitrary real closed field R instead of the
- field R. Such fields are useful and even unavoidable in semialgebraic

' geometry for much the same reason as algebraically closed fields of

kL characteristic zero - at least - are unavoidable in algebraic geometry

E over €, as soon as one tries to avoid transcendental technigues or even

. then.

t In order to illustrate this we give a somewhat typical example. Let

A;f : VoW be an algebraic map between irreducible varieties over R . This
_}yields, by restriction, a continuous map fnl:V(nU-+w(IU between the
';sets of real points. We assume that W(R) is Zariski dense in W which
;neans that W(IR) contains non singular points or, equivalently, that the
8 function field R(W) is formally real. The generic fibre X of f, i.e.
f_1(n) with n the generic point of W (regarding V and W as schemes),
;%is an algebraic scheme over the function field IR(W) of W, which con-
’itains a lot of information about f and fEF But it may be too difficult
gto study X, since the field IR(W) is usually very complicated. In alge-
E braic geometry one often replaces X by the algebraic variety X obtained

ffrom X by extension of the base field R(W) to the algebraic closure C

f of R(W) . It is much easier to study the "geometric generic fibre" X
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instead of X, and still one may hope to extract relevant information
about f from X. But in semialgebraic geometry this procedure is not ad-
visable, since most real phenomena in X will be destroyed in X. Instead
of X one should study the varieties Xa, obtained from X by base exten-
sion from IR(W) to the real closures Ra of IR(W) with respect to the
various orderings « of the function field IR(W) , and the sets of ratio-
nal points Xa(Ra)‘ For every such a we have RG(V:T) = C. Thus the R,
are "as near as possible" to C and nevertheless we may hope to detect
some of the real phenomena of X, and ultimately of £, in the sets

xa(Ra)'

The variety X is the projective limit of the schemes f_1(U) = Vx, U with
U running through the Zariski-open subsets of W, since these U are the
Zariski neighbourhoods of the generic point n in W. Similarly X is the

projective limit of the fibre products Vx U, with respect to the etale

W
morphisms ¢ :U »W from arbitrary varieties U over IR to W (U #@, but
U(IR) may be empty), since these morphisms ¢ are the etale neighbour-
hoods of n. How about the Xa? An ordering a of IR(W) corresponds uni-
quely to an ultrafilter F in the Boolean lattice ¥(W(IR) of semialge-
braic subsets of W(IR) such that every A €F has a non empty interior A
in the strohg topology (= classical topology on W(IR)), which means
that A is Zariski dense in W, cf. [B, 8.11]1,[Br, §4]. (A rational func-
tion h €IR(W) is positive with respect tc o if and only if h is defined
and positive on some set A €F). It turns out that Xa is the projective

limit of the fibre products Vx U with respect to those etale morphisms

W
@ :U »W such that ©(U(IR) €F. (N.B. @(U(IR)) is semialgebraic.) This
is due to the fact that R, can be interpreted as the union of the rings

of Nash functions nw(u) on the various smooth open sets U €F, cf. [Ry].

Much more can be said about a geometric interpretation over IR of the

fields R,, the varieties X, and the points in Xa(Ra)‘ But this would
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. take us too far afield. We only mention that the real épectra of commu-
tative rings invented by M. Coste and M.F. Coste-Roy provide exactly
the right language to understand all this, cf. [CR], [Ry], and the
literature cited there and, for an introduction to real spectra , also

(L, §4, §71, [Br, §3, §41, [K], [BCR, Chap. 7].

We have been somewhat vague above. In particular we did not make pre-
cise the various direct systems which yield the projective limits X
and Xa. We only wanted to indicate that in semialgebraic geometry over

IR real closed fields may come up in a natural and geometric way.

The present lecture notes give a contribution to a basic but rather
modest aspect of semialgebraic geometry: the topological phenomena of
semialgebraic sets in V(R) for V a variety over a real closed field R.
There is a difficulty with the word "topological" here. Of course, V(R)
is equipped with the strong topology coming from the topology of the

ordered field R. But, except in the case R =IR, the topological space

V(R) is totally disconnected.

These pathologies can be remedied by considering on V(R) a topology in
the sense of Grothendieck, where only open semialgebraic subsets U of
V(R) are admitted as "open sets", and for such a set U essentially only

coverings by finitely many open semialgebraic subsets of U are admitted

as "open coverings".

It seems that the category of semialgebraic spaces and maps over a real

closed field R, which has been introduced in our paper [DKZ]' provides
the right framework for this "semialgebraic topology". Already in that
paper and later in other ones ([D], [D1], [DK3], [DK4], [DKS]) we found
analogues of many results in classical topology. Sometimes things are

even nicer here. This is not astonishing since, in the case R =IR, the
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semialgebraic sets are rather tame from a topological viewpoint.

In the case R =IR the category of semialgebraic spaces can be compared
with the category of topological spaces, and this affords us a new

perspective concerning the two branches of mathematics involved, semi-
algebraic geometry and algebraic topology, cf. the introduction of [B].
For example, a long journey along this road should give a thorough un-
derstanding of why so many spaces occuring in usual algebraic topology

are semialgebraic sets.

Nevertheless the category of semialgebraic spaces is too restrictive
for some purposes. A good instance where this can be seen is the theory

of semialgebraic coverings. If M is a connected affine semialgebraic

space over R, and X, is some point in M, we can define the fundamental
group n1(M,xo) in the usual way as the set of semialgebraic homotopy
classes of semialgebraic lqops with base point x, (cf. III,§6)*). This
is an honest to goodness group, generated by finitely many elements sa-
tisfying finitely many relations. On the other hand we evidently have
the notion of an (unramified) covering p :N »M of M, p being a locally
trivial semialgebraic map with discrete (= zero-dimensional) fibres.
Of course, one would like to classify the coverings of M by subgroups
of n1(M,x°). But a zero-dimensional semialgebraic space is necessarily
a finite set. Thus every semialgebraic covering has finite degree. It
can be shown that indeed the isomorphism classes of semialgebraic
coverings of M correspond uniquely to the conjugacy classes of sub-
groups of finite index in n1(M,xe) in the usual way. But there should
also exist coverings of a more general nature which correspond to the
other subgroups of n1(M,xo). In particular there should exist a uni-

versal covering of M. These more general coverings can be defined in

*) This means §6 in Chapter III of this book.




1X

the category of "locally semialgebraic" spaces and maps.

After several years of experimenting with locally semialgebraic spaces
we are convinced that these spaces exist "in nature". The coverings of

affine semialgebraic spaces are regular paracompact locally semialge-

. braic spaces, to be defined in I, §4. Regular paracompact spaces seem

. to be the "good" locally semialgebraic spaces, analogous to the affine
spaces in the semialgebraic category. For instance, for these spaces
there exists a satisfactory cohomology theory of sheaves, based on
flabby and soft sheaves, which parallels the classical theory for topo-
logical paracompact spaces. We will not deal with these matters here,
except for some brief remarks in Appendix A, but they are quite impor-

tant for defining homology and cohomology groups of various kinds for

. these spaces, cf. [D], [D1], [D2].

Although regular paracompact spaces are a very satisfying subclass of

locally semialgebraic spaces one has to face the fact that there exist
many locally semialgebraic spaces in nature which are not paracompact.
(It seems that regularity may be assumed in most applications.) For
example, studying open subsets of quite innocently looking real spectra
may lead to regular spaces which are not paracompact, cf. Appendix A.
Thus it is not just for fun or for systematic reasons that we study

in Chapter I more general spaces. In the later chapters we are forced

to restrict to paracompact spaces, since otherwise our deeper techniques

break down.

There is one phenomenon in our theory which may seem somewhat unusual
for a reader of our previous papers. In a semialgebraic space M it is
strictly forbidden to work with subsets of M other than the semialgebraic
subsets [DKZ' §7]1. But in a locally semialgebraic space M there exist

two natural classes of admissible subsets, the class T(M) of locally




semialgebraic subsets of M and the smaller class ¥(M) of semialgebraic
subsets of M. The interplay between ¥(M) and J(M) is a theme which re-

curs througout the whole theory.

The goal of the first volume of our lecture notes is to establish the
category of locally semialgebraic spaces and maps over an arbitrary
real closed field R on firm grounds, and to prove enough results about
these spaces and maps, that the reader will feel well acguainted with
them and will regard them as concrete and accessible objects. The next
topics, to be covered in the second volume, are the theory of locally
semialgebraic fibrations and fibre bundles (Chapter IV) and the theory

of coverings (Chapter V).

As background material we assume our papers [DK,], [DK,], [DKg], some
sections of [DK3], and Robson's paper [R]. Here you find nearly every-
thing which we need about semialgebraic spaces, written up in a syste-
matic way compatible with the spirit of these lecture notes. Of course,
it would have been more comfortable for the reader if we had started
the lecture notes with a review of the results of those papers. But
this is not really necessary and would have made the lecture notes too
long. Of course, the book [BCR] of Bochnak and the Costes - as soon

as it has appeared - will contain most basic facts which are necessary

for an understanding of these lecture notes and much more.

A survey on some basic results about semialgebraic spaces has been
given in [DK]. Another survey on basic results about locally semialce-
braic spaces, which, of course, all will be covered by the two volumes

of these lecture notes, has been given in [DK6] and [DK7].

We hope that these lecture notes, designed in first place for the needs
of semialgebraic geometry, are also of interest for topologists. The
main results are usually non trivial also in the case R = R and not

much easier to be proved in this special case. The category of locally
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semialgebraic spaces over IR lies somewhat "in between" the category
TOP of topological Hausdorff spaces and the category PL of piecewise

linear spaces, being less rigid than PL and, in some respects, less

| pathological than TOP.

The central result of the whole volume seems to be Theorem 4.4 in
Chapter II, §4, which states that every regular paracompact locally
semialgebraic space M can be triangulated, and moreover a given locally
finite family of locally semialgebraic subsets of M can be triangulated
simultaneously. Thus we may regard every regular paracompact space as

a locally finite polyhedron with some open faces missing (cf. the defi-
nition of strictly locally finite simplicial complexes, in I, §2,

which is slightly different from the classical definition). But in con-
trast to PL-theory, we may subdivide simplices not only linearly but
"semialgebraically". Nevertheless, in the special case that R=1R and.
M is partially complete, Shiota and Yokoi have recently proved that any two
PL structures on M which refine the given semialgebraic structure are
isomorphic ([SY, Th. 4.1], they prove this more generally for suitable
locally subanalytic spaces). This remarkable theorem can be extended to

partially complete regular paracompact spaces over any R, as we hope to

explain in the second volume.

If S is a real closed field containing R then, as a consequence of
Tarski's principle, we can associate with every locally semialgebraic
space M over R a locally semialgebraic space M(S) over S by "extension

of the base field R to 8", cf. I.2.10. This yields a very good natured

functor M~ M(S) from the category of regular paracompact spaces over R
to the category of regular paracompact spaces over S, which is of cru-
cial importance for our whole theory. The homotopy groups (cf. III, §6),
the homology groups (cf. III, §7) and also the various K-groups of M
(orthogonal, unitary, symplectic, cf. Chapter IV in the second volume)

are preserved under base field extension from R to S. These are examples
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of the main message of our whole theory, that over a complicated real
closed field the locally semialgebraic spaces are in many respects not
more complicated than over a simple field, as the field R or the field
R° of real algebraic numbers. We believe that this message is by no
means trivial. It may be regarded as a vast generalization of Tarski's
principle for topological statements. As soon as one leaves the cadre

of semialgebraic topology and works, say with algebraic functions then

the analogue of our message seems to hold only under severe restrictions.

For example, it is well known that, in general, semialgebraic functions
on the unit interval [0,1] in R cannot be approximated uniformly by

polynomials, in contrast to the Stone-WeierstraB8 theorem for R=1R.

The book has two appendices. Appendix B (to Chapter I) contains some
easy but fundamental results in the theory of base extension. They
have not been included into Chapter I since some of the techniques
needed to derive them seem to have their natural place in Chapter II.
Appendix A is of different kind. Here we draw the connections between
our theory and "abstract" semialgebraic geometry which, starting from
the notion of the real spectrum, now is in a process of rapid develop-
ment. Appendix A is not needed for our theory in a technical sense,
but there we will find the occasion to explain some more points of our

philosophy about the "raison d'étre" of locally semialgebraic spaces.

We thank the members of the former Regensburger semialgebraic group,

in particular Roland Huber and Robby Robson, for stimulating discussions
and criticism about the contents of these lecture notes. Special thanks
are due to José& Manuel Gamboa and R. Huber for a penetrating (and very

successful) search for mistakes in the final version of the manuscript.

We thank Marina Richter for her patience and excellence in typing the
book and R. Robson for eliminating some of the most annoying grammatical

mistakes. We are well aware that we could have written a better book
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in our native language, but since the book is designed as a "topologie
générale" for semialgebraic geometry which should be useful as a widely

accepted reference, we have written in that language which will be

understood by the most.

Regensburg, July 1985

Hans Delfs, Manfred Knebusch
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Chapter I. - The basic definitions

The goals of this chapter are modest. We present the basic definitions
and some elementary observations needed by anyone who wants to work
with locally semialgebraic spaces. The coverings mentioned in the pre-

face will be a special class of the "partially proper maps" considered

in §6.

§1 - Locally semialgebraic spaces and maps

Our idea is to define locally semialgebraic spaces as suitable rin-
ged spaces in the sense of Grothendieck. Then the more delicate
question how to define locally semialgebraic maps becomes trivial.
These maps will be simply all the morphisms between the locally se-
mialgebraic spaces in the category of ringed spaces. We used the

same procedure already to define semialgebraic spaces in [DK2,§7].

Definition 1. A generalized topological space *) is a set M together

with a set ¥(M) of subsets of M, called the "open subsets" of M, and
a set CovM of families (Ua|a€I) in i(M) **), called the "admissible

coverings" such that the following properties hold:

i) @eFM, METM).

ii) If U, € F(m), U, € ¥(M), then U, NU, € F(M) and U, UU., € T(M).

1 2 1 2
iii) Every family (UGIGEI) in T(M) with I finite is an element

of CovM.

iv) If (Uala€I) is an element of Cov then the union

MI
U := U(UGIGEI) of this family is an element of F(m) .

*) This term should be regarded as ad hoc.

**) In order to guarantee that Cov, is really a set one
should only allow subsets of some fixed large set
as index sets I. We will ignore all set-theoretic
difficulties here.



For any UE€ F(M) we denote the subset of all (UaIO(EI) € CovM
with U(UalaeI) = U by CovM(U) and we call these coverings

the "admissible coverings of U".

v) If (Ua|a€I) is an admissible covering of U€ F(M) and if
VET(M) is a subset of U, then (UaﬂV|a€ I) is an admissible

covering of V.

vi) If an admissible covering (UalaGI) of UETM) is given and
for every a € I an admissible covering (VGBIB €Ja) of Uo is

given, then (Vcl la € I,BEJG) is an admissible covering of U.

B
vii)  If (U la€I) is a family in T(M) with U(U la€I) = UE€ T(M) and
if (VB|B€J) €CovM(U) is a refinement of (Ualcxe'I) {i.e. there

exists a map A : J-»I with Vv CU)\(B) for every B €J}, then

B
(U, |0€T) € Covy, (U).

viii) If U€F(M), (U Ja€I) € Cov), (U) and if V is a subset of U with
vnu, € F(M) for every o €I, then V€ T(M) [and thus, by (v),

(VanIae I) is an admissible covering of VJ.

Comments.
a) We usually just write "M" for the triple (M,ﬁ'(M),CovM). A genera-
lized topological space M is a (rather special) example of a site in

the sense of Grothendieck. Thus we have Grothendieck's theory of

sheaves over such spaces M at our disposal, cf. [A], [SGA4, Exp. II].

Let us recall the notion of an (abelian) sheaf here in our special
situation. A presheaf ¥ on M is an assignment Uw» F(U) of an abelian

group ¥F(U) to every UE F(M) equipped with a restriction homomorphism

rgz F(U) » FV) for every pair of open sets U,V with V< U such that
rg = id and rx"rg = rg for UoVoW. A presheaf ¥ is a sheaf if in

addition for any admissible covering (UalaGI) of any UE€ F(M), the
usual sequence

0-F(U) - TT?(UG) 3 T ?’(UanUB)
a€l (GIB)GIXI




is exact. Thus a sheaf is very much the same notion as for usual to-
pological spaces, except that now only sets in ¥(M) are allowed as
open sets and only admissible coverings are allowed as open coverings.
b) The last two axioms (vii) and (viii) in the definition of a gene-
ralized topological space are less substantial than the others.
Axiom (vii) is just a technical device to make formal arguments
smoother. Notice that if axioms (i) - (vi) are fulfilled, then by
enriching the sets Covy,(U), UE€ F(M), by all families (U, l«€T) in F(mM)
which have the union U and which admit refinements lying in CovM(U),
we obtain a new site (M,?(M),Covﬁ) which fulfills (i) - (vii) and
which has the same sheaves as the original site (M,f(M),CovM).

The rdle of axiom (viii) is more subtle and will be discussed at the

end of this section.

From now on R denotes a fixed real closed field.

Definition 2. A ringed space over R is a pair (M,@M) consisting of

a generalized topological space M and a sheaf @M of commutative R-
algebras. A morphism (w,J):(M,Gh) - (N,ON) between ringed spaces
(M,0,) and (N,0p) over R is defined in the obvious way: © is a con-
tinuous map from M to N, i.e. every open set V in N has an open pre-
image ¢ '(v) and for every (V, |a€I) € Cov (V) the family h51(va)|a€1)
is an admissible covering of w-1(v). The second component < is a ho-
morphism from the sheaf @N to the sheaf w*éh respecting the R-alge-
bra structures. In other words, for any open sets U in M and V in N

witk ©(U) €V we have an R-algebra homomorphism

Jblvzah(v) - @M(U)

witk the usual compatibilities with respect to the restriction maps.



Example. Let M be a semialgebraic space over R as defined in [DKZ'

§71. Choose for ’;(M) the set F(M) of all open semialgebraic subsets
of M, and for U € #M) define the set CovM(U) to be the set of all
families (UiIiEI) in i’(M) such that the union U(UiliEI) = U and such
that finitely many Ui,i€I , already cover U.

The axioms (i) - (viii) are clearly fulfilled. Thus M is a genera-
lized topological space. (N.B. In this way every "restricted topo-
logical space", as defined in [D'KZ' §71, can be regarded as a gene-
ralized topological space). The sheaves on this generalized topolo-
gical space M are the same as the sheaves on the "restricted topolo-
gical space" M considered in [DK2,§7]. In particular on M there is a
sheaf @M of R-algebras defined as follows: If UE€E f(M), then 0M(U) is
the R-algebra of semialgebraic functions f:U -» R. For open semial-
gebraic sets VcU the restriction map rY

\Y

obvious restriction of functions f » f|V. This rinaged space (M,@M)

from (DM(U) to (9M(V) is the

over R is really the same object as the semialgebraic space M and

will be identified with it.

If (M,@M) is a ringed space over R then for any UE€ ¥(M) we obtain
"by restriction" a ringed space (U,@MIU) over R as follows: J(U)
consists of all V€ $M) with VcuU. CovU consists of all families
(ValthI) ECovM with VacU for every a€I, and (9MIU is the restriction
of the sheaf @, to U, i.e. (0,lU)(V) =@ (V) for every V€ F(U) .

These ringed spaces (U,@MIU) are called the open subspaces of (M,OM).

An open subset Uof M is called an open semialgebraic subset if (U, ©M |0

is a semialgebraic space over R, as defined in the example above.

Definition 3. A locally semialgebraic space over R is a ringed space

(M,0,) over R which possesses an admissible covering (Mala€I) € Covy M)

such that all Ma are open semialgebraic subsets of M.




Let us look at these definitions more closely. Assume that (M,OM) is
a locally semialgebraic space and that (MaIaEI) is an admissible co-
vering of M by open semialaebraic subsets Mu' What are the other open
semialgebraic subsets of M? Clearly,if UE M) is semialgebraic, then
(Un MO(IO(EI) is an admissible coverina of the semialgebraic space U,

and thus U is contained in the union of finitely many sets Ma' Con-

versely if U € ¥M) and UcMa1 u...u Mar for finitely many indices

Xqr ey arEI then the set Mo(1 u.

.. UM(,(r = W is open semialgebraic
in M by the very definition of semialaebraic spaces. Moreover U € F(W) .
Thus (U,OM|U) is also a semialgebraic space. The open semialgebraic
subsets of M are precisely those sets U € ¥(M) which are contained in
the union of finitely many sets Ma' We will henceforth denote the

subset of F(M) consisting of all open semialgebraic subsets of M by

¥(M). Notice that $(M) = F(M) if and only if M itself is semialgebraic.

We clearly have the following relations between the sets ¥(M) and
(M) .

a) A subset W of M belongs to (M) if and only if for every
(UXI)\GA) €CovM(U),U € ¥(M), all the intersections wnux are elements
of (M) and WNU is covered by finitely many sets WNU,.
b) A subset U of M belonas to ¥(M) if and only if UNWE ¥(M) for

every WE ¥(M). Also U€ F(M) if and only if U nMa € ¥M) for every a€I.

It is also an easy consequence of our definitions, in particular of
the axioms vi), vii), viii) in Definition 1, that ¥(M) determines
the set Covy in the following way:

c) A family (U)\IXEA) in T(M) belongs to Covy if and only if for
every WE #M) the intersection WN Uof Wwith the union U of the family
is covered by finitely many sets WnUA,XeA. In fact, it suffices

that for every a«€I the intersection Ma NU is covered by finitely

many sets Mcx n UA,AEA.



Definition 4. A family (X, |X€A) of subsets of M is called locally
finite if any WE ¥(M) meets only finitely many XA' in other words,
if Wf\XA # ¢ for only finitely many A € A. Again it is only necessary

to check that,for every « €I, the set M, meets only finitely many XA'

As a special case of our observation (c), we have

Proposition 1.1. Every locally finite family in fKM) is an element of

CovM. In particular, the union of this family is an element of 5XM).

For every x € M, the stalk @M % is a local ring and the natural map
4
from R to the residue class field © /™

M,x" M,x

Indeed, this is known to be true for all the semialgebraic spaces

of © is an isomorphism.
M, x

(Ma’OMIMa) and thus also holds for (M,OM). We identify OM ﬁnM,x

with the field R. If U€ F(M) and f E@M(U) then f yields an R-valued

' X

function f: U-R, which maps every x € U to the natural image of f in

9} The element f €0y (U) is uniquely determined by this func-

M,xﬁnM,x

tion f, since the corresponding fact is known to be true for all the

restrictions rger (f) €0, (UNM ) of f. We identify f with f. Thus
o

we regard @M as a subsheaf of the sheaf of all R-valued functions

on M. In particular the restriction maps rg

the naive restriction maps f»~ £|V for functions. From now on we will

:OM(U)-eGM(V) are now

call the elements of OM(U) the locally semialgebraic functions on U

(with respect to M). Notice that, in the special case where U is a
semialgebraic open subset of M, these functions are just the semi-
algebraic functions on the semialgebraic space (U,@MIU). Thus in this
case the f €DM(U) will also be designated as the "semialgebraic func-

tions on U".

Now let (N,ON) be a second locally semialgebraic space over R.




Definition 5. A locally semialgebraic map from (M,OM) to (N,@N) is

a morphism (f,.ﬁr):(M,@M) - (N,@N) in the category of ringed spaces

over R (cf. Def. 2 above).

The following theorem is known for semialgebraic spaces [DKz,Th.7.2]

and extends immediately to locally semialgebraic spaces.

Theorem 1.2. Let (f,J):(M,@M) - (N,(?N) be a locally semialgebraic
map. For any open sets U and V of M and N with £(U) ¢V and any

h € @N(V) we have

3'U,V(h) (x) = h(f(x))

for all x €U.

Thus (f,o) is determined by its first component f and will hence-
forth be identified with themapf from the set M to the set N. Clearly
a map f:M - N is locally semialgebraic if and only if f is continuous
(cf. Def. 2 above), and if for every U € ¥(N) and every hEON(U) the
function h+f is locally semialgebraic on f_1 (U). Notice that, in
case M and N are semialgebraic spaces, the locally semialgebraic maps
from M to N are just the semialgebraic maps from M to N as defined
in [DK2,§7]. In general the following Proposition 1.3 gives a good
hold on locally semialgebraic maps in terms of semialgebraic maps.
Notice that for every continuous map f:M - N and every admissible
covering (NBIBQJ) of N by open semialgebraic sets there certainly

exists a covering (MaMEI) of M with the properties needed in the

proposition.

Proposition 1.3. Let f:M - N be a (set theoretical) map. Let (Mo‘lchI)
and (NBIBGJ) be admissible coverings of M and N by open semialgebraic
subsets. Assume that there is a map p:I - J such that f(Ma) cNu(a)
for every a€I. Then f is locally semialgebraic if and only if the



restriction fIMa M -

o Nu(a) of £ to M, is a semialgebraic map for

every a €I.

Proof. The "only if" direction is obvious. So assume that fIMa :MOl 4Nu(aﬁ

is semialgebraic for all a€I. Let UE€ ¥(N). Then for every a€I

-1 -1 _ -1
£ (U)nMa—f (N ﬂU)ﬂMa— (fIMa) (N U)

b (o) ) "

is an open semialgebraic subset of Ma' Hence, by axiom (viii) in De-
finition 1, f_1(U)€ F(M). Let now (UXIAEA) be an admissible covering 5
of U € F(N). Then for every a€l

-1 _ -1
(f (Ux)rlMalkeA) = ((fIMG) (U, NN

RNTPTRARALY

is an admissible covering of f~1(U)fqu = (f(Mq)_1(U(1N ), i.e. it

1

u (o)
possesses a finite refinement. We conclude that (£~ (UA)IA€A) is an

admissible covering of f—1(U). Thus f is continuous. For a given
function h € cﬁ(U) all the restrictions hIUiﬁNB,B€J, are semialgebraic
functions. Since the maps flMa:Ma - Nu(a) are semialgebraic we see
that all the functions hvflf-1(U)rlMa,a€I, are semialgebraic. Thus

e
hef €0,(£ ).

g.e.d.

Corollary 1.4. Let (M,OM) be a locally semialgebraic space over R

and U an open subset of M. Then the locally semialgebraic maps from

U to the semialgebraic standard space (R,OR) are just the functions

fe qK(U).

This is evident from Proposition 1.3 and the corresponding fact for
semialgebraic spaces. Similarly, the locally semialgebraic maps from
(M,OM) to the semialgebraic space (Rn,C%n)(n > 1) are the n-tuples

(f1, ey fn) of locally semialgebraic functions f1, ..., £, on M.




Corollary 1.5. Let (M,OM) be a semialgebraic space and (N,Ch) a lo-

cally semialgebraic space over R. Let (NB|B€J) be an admissible co-
vering of N by open semialgebraic subsets. Then a map f:M » N is lo-
cally semialgebraic if and only if there exists a finite subset J'
of J such that f(M) is contained in the union N' of the sets NB with

BeJ' and the map £ from M to the open semialgebraic subspace N' of

N is semialgebraic.

Again this is evident from Proposition 1.3. We will often call the
locally semialgebraic maps from a semialgebraic space (M,Ch) to a

locally semialgebraic space (N,ON) the "semialgebraic maps from

(M,0,) to (N,@)".

We are ready for a discussion of axiom (viii) in the definition of
a generalized topological space (Def. 1). We have seen in the proof
of Proposition 1.3 that this axiom is important to obtain a slick
description of locally semialgebraic maps in terms of semialgebraic
maps and spaces. On the other hand one may verify the following ob-
servation concerning our definition. Assume we had defined locally
semialgebraic spaces using axioms (i) - (vii) omitting (viii), and
that (M,fﬂﬂ,CovM,@M) were a locally semialgebraic space in this new
sense. Then we could obtain a locally semialgebraic space
(M,f'(M),Covﬁ,@M) in the old sense as follows. Let §(M) be the set
of all U € ¥(M) such that every (Ua|a€I) €CovM(U) has a finite refine-
“ment. Define ¥' (M) as the set of all UcM with UNWE ¥M) for every
WE ¥(M), and define Covﬁ as the set of all families (Uala€I) in ﬁ‘(M)
such that the union U of the Ua is an element of f'(M), and such that
for every WE€ ¥M) the set UNW can be covered by finitely many Ua'
Then (M,i'(M),CovM) fulfills all the axioms (i) - (viii). Moreover,
every sheaf ¥ on the site (M,f(M),CovM) extends uniquely to a sheaf

T' on the new site (M,?'(M),Covh). Clearly (M,?‘(M),Covﬁ,cﬁ)lw
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= (M, J’(M),COVM,OM) IW for every WE 5"(M) , and these spaces are semial-
gebraic. In particular (M,i'(M),Cov&,QM) is locally semialgebraic in

the old sense.

Thus, despite its importance, the axiom (viii) should be regarded :zs
an axiom which does not restrict the generality of our concept of lo-

cally semialgebraic spaces.
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§2 - Inductive limits; some examples of locally semialgebraic spaces.

The category of locally semialgebraic spaces over R contains the ca-
tegory of semialgebraic spaces over R as a full subcategory. The new
category may well be regarded as an enlargement of the category of

semialgebraic spaces established to quarantee the existence of suit-

able inductive limits of semialgebraic spaces.

We first remark that inductive 1limits exist in the category of ge-
neralized topological spaces (with continuous maps as morphisms) in
complete generality. Indeed, let ((Mu,?a,Cova)laEI) be a diagram of
generalized topological spaces, i.e. ar»(Ma,S&,Cova) is a functor
from a small category I into the category of generalized topological
spaces. Let M denote the inductive limit lim M_ of the sets Ma' For
every a€l let ¢y denote the canonical mapagrom Ma to M. We define
i(M) as the set of all subsets U of M such that ®a1(U) €i% for every
6€I, and we define CovM as the set of all families(UAlkeA) in (M)
such that (951(UA)IA€A) GCOVG for every a«€I. It is easy to check
that the triple (M,f(M),CovM) fulfills the axioms (i) - (viii) of
Definition 1 in §1 and thus is a generalized topological space. By
construction every map wa:Mq - M is a continuouSInapfronl(Ma,i ,Cova)

9]
to (M,fM,CovM), and it is easy to see that our new space (M,§ Cov

M’ M)
is the direct limit of the given diagram of generalized topological
spaces (Mu,fa,Cova) via the maps Oy Next assume, that every genera-
lized topological space Ma = (Ma,ﬁa.Cova) is equipped with a sheaf
@a of R-valued functions such that ((MQ,OG)IG€I) is a diagram in the
category of locally semialgebraic spaces. We introduce on M a sheaf
OM of R-valued functions as follows. Let U € fu&) be given. Then
OM(U) is the R-algebra of all functions f:U - R such that for every

a€I the function
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oy o T R

f°(tpalcoa o

is an element of (Oa(to;1 (U)). It is easy to check that (M,OM) is the in-

ductive limit of the diagram ((Ma,(oa) la € I) in the category of ringed

spaces over R. The question arises whether or not (M,OM) is a locally
semialgebraic space. If this is the case, then, of course, (M,OM) is
the inductive limit of the diagram in the category of locally semial-
gebraic spaces. We present a special case in which (M,(DM) is locally

semialgebraic. This case will suffice for our purposes in this chapter.

Lemma 2.1. Assume that for the diagram ((Ma’oa) la € I) of locally semi-

algebraic spaces over R the following four conditions hold:

a) The map Py Ma-»M is injective for every a€1I

b) For every UE?"G, with o € I, and for every B € I the set (pB-1wa(U)
is an element of 3"6.

c) For every (U)\IAEA) €Cova,a€ I, and for every B €I the family
(@B-1®aU)\I>\€A) is an element of CovB.

d) For every U€3.‘0,a€ I, and every fEOa(U) the function

focpa—1-(ch|<pB—1(an) is an element of Oﬁ(“’e_1

(po(U) for BEI.
Then tpa(Ma) € ff‘(M) for every a € I and Py is an isomorphism from the
ringed space (Ma’ea) to the open subspace ((pa(Ma)’(oM“pa (Ma)) of M.

Moreover (coa M )la€eI) € CovM(M) . Thus (M,(OM) is locally semialgebraic.

This is completely trivial. Now assume that our small category I is
a partially ordered set (i.e. between any two objects «,B of I there
exists at most one morphism o - B, and we write a<pB if a morphism
exists). Further assume that for any o,B € I there exists some y € I
with o<y and g<y . In other words, ((M_ ,0 )la€1I) is a "directed
system" of locally semialgebraic spaces. Finally assume that in the
(DBCX : MG—’MB is an isomor-
phism of (Mou'@ox) with an open subspace (LpBa(Ma) ’OBWBG(Ma)) of

diagram ((Ma'oa) la € I) the transition map

(MB,OB) for every pair (a,B) with a<p. Then the conditions a), b),
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i c), d) of the preceding lemma are clearly fulfilled. Replacing the M,

by their images wa(Ma) in M we arrive at the following special case of

Lemma 2.1.

Lemma 2.2. Let M be a set and let (MOIGEI) be a directed system of
subsets of M with U(MGIG€I) = M. (Mac:MB if a<B). Assume that every
set Ma is equipped with the structure of a locally semialgebraic space
(MG,GG) over R, and that for B <a the space (MB,OB) is an open sub-
space of (Ma'oa)' Let (M,@M) be the inductive limit of the (Ma’oa)

in the category of ringed spaces over R. Then (Ma|d€I) €CovM(M) and

every space (Ma'oa) is an open subspace of (M,OM). Thus M is a locally

semialgebraic space over R.

Example 2.3. Let (M,OM) be a locally semialgebraic space and let

(MGIGEI) be an admissible covering of M. Adding to the family (Ma|a€I)
all unions of finitely many Ma we obtain a directed system (NBIB€J) of
open subsets of M. The space (M,OM) is the inductive limit of the sub-
spaces (NB,OMINB). In particular, every locally semialgebraic space is

the inductive limit of a directed system of semialgebraic spaces.

Example 2.4 (Existence of direct sums). Let ((Ma,oa)|a€ I) be a family
of locally semialgebraic spaces over R. Then the disjoint union
U(MalaeI) = M of the sets M, may be equipped in a unique fashion with
the structure of a locally semialgebraic space over R such that (Mala€1)
is an element of CovM(M) and every (Ma'oa) is an open subspace of M.
This is the special case of Lemma 2.1 where the category I is discrete,
i.e. has no morphisms except the identities. A subset U of M is open

in M if and only if Uf\Ma is open in Mu for every a €I, and a family
(Ul|A€A) of open subsets of M belongs to Covy if and only if

(U>r1Malx € A) € Cov, for every a€I. Clearly (M,@M) is the direct sum
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of the family ((MG,OG)IGG I) in the category of locally semialgebraic
spaces. Notice that, in the special case in which all (Ma'oa) are semi-

algebraic, the space (M,OM) is semialgebraic if and only if I is finite.}

Example 2.5 (Existence of direct products). Let (M,OM) and (N,ON) be
locally semialgebraic spaces over R. We equip the cartesian product

MxN of the sets M,N with the structure of a locally semialgebraic space
as follows. We first choose admissible coverings (Malael) and (NBIB€J)
of M and N by open semialgebraic subsets. By adding all unions

of finitely many sets M, to the family (MG|G€I) we obtain an admissible
covering (Ma|a€f) of M which is a directed system of open semialgebraic

subsets of M.

Similarly, we pass from (NBIBEJ) to an admissible covering (NB|B€3)
of N which is a directed system of semialgebraic subsets of N. On every

set MGXN with (a,B) € TxJ we consider the direct product (MaxNB,C%B) i

B
of the semialgebraic spaces (Ma'oMIMa) and (NB,ONINB) over R, as de-

fined in [DKZ, Th. 7.3]. We then equip the set MxN with the structure
of the ringed space over R which is the inductive limit of the direc-
ted system of semialgebraic spaces ((MGXNB'QGB)‘(G'B)E:TXS)' According

to Lemma 2.2, this space (MxN,O N) is locally semialgebraic. Moreover,

Mx
(MaxNBI(a'B) € IxJ) is an admissible covering of MxN. Clearly this

ringed space (MxN,O ) over R is the unique one for which

MxN
(MaxNB‘(a’B)e IxJ) is an admissible covering of MxN and (MaXNB'ChB)

is an open subspace of (MxN,OMxN) for every (o,B) € IxJ. The natural
projections p: MxN-sM and g : MxN-» N are locally semialgebraic maps.
We claim that for any two locally semialgebraic maps f : L-M and

g: L-N from a locally semialgebraic space (L,OL) to (M,OM) and (N,@N)
the composite map (f,g) : L>MxN is locally semialgebraic from (L,@L)
-1

to (MXN,OMxN

of L are admissible. Thus by axioms v) and vi) in §1, Definition 1,

). Indeed, the coverings (f_1(Ma)la €I1), (g (NB)IB €J)
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(f‘1(Ma)f1g-1(NB)l(a,B)€ IxJ) is also an admissible covering of L.
Using axiom vi) we may find an admissible covering (LYIYGK) of L by
open semialgebraic sets LY refining this covering. If
LYc:f_1(Ma)f1g-1(NB) then (f,g)ILY is a semialgebraic map from LY to

the semialgebraic space MGXNB since the components flLY : L -aMa and

Y
glLY: LY-*NB of this map are semialgebraic. Thus (f,g) is locally semi-
algebraic. All this means that (MxN,@MxN) is the direct product of the

spaces (M,0y) and (N,ON) in the category of locally semialgebraic spaces
over R via the projection maps p and g. In particular the space struc-

ture (MxN,OMxN) on the set MxN does not depend on the choice of the

coverings (MGIGGI) and (NBIB€J).

Example 2.6. Let (M,OM) be an affine locally complete semialgebraic

space over R. The latter condition means that every point of M has a
*
semialgebraic neighbourhood which is a complete semialgebraic space ).

If (M,OM) is embedded in some R" then M is a locally closed semialge-

braic subset of R" [DKS, §3]. We choose an embedding McR® with M

bounded in R". Let d: M- R denote the function on the closure M of M
giving the distance from oM := MM, i.e. d(x) = min(ll x-ylIl |y € 3M)
with Il |l the euclidean norm on R". (N.B. The minimum exists, since 3M
is complete. d is a semialgebraic function on M.) Let % denote the
directed system of complete semialgebraic subsets K of M. For every
K€k let (K,OK) denote the semialgebraic subspace of (M,OM) correspond-

ing to K, cf. [DKZ’ p. 186]. Then ((K,OK)IK €4&) is a directed system

© loc

of semialgebraic spaces. Let (M M ) denote the inductive limit

loc’

of this system in the category of ringed spaces over R. Notice that

this space has the same underlying set M as the original space (M,OM)

but that the topology of M o, 1°%

is different. We claim that (Mloc’ M

loc

*) Actuglly every locally complete semialagebraic spmace M is affine,
cf. §7.
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is locally semialgebraic. In order to verify this we introduce the open

semialgebraic subset
M(eg) = {x€eMId(x) > ¢}

of M for every € >0 in R. Notice that every set K€ £ is contained in
some set M(e) and that every M(g) is contained in some K €4, namely
in the closure M(e¢) of M(g) in M. (N.B. d(x) >0 for every x € M.) The

directed system ((M(¢),0 )le >0) of open subspaces of M is "equi-

M(¢e)

valent" to the system ((K,0,) IK€L). Thus (M1 toc

oC'OM
). We infer from Lémma 2.2

) is also the

inductive limit of the spaces (M(e),OM(C)

lOC) is indeed locally semialgebraic, and moreover, that

that (Mloc,(oM

(M(e)le >0) is an admissible covering of this space by open semialge-
braic subsets. Up to now we tacitly assumed that M is not complete
since otherwise d is not defined. If M is complete we put

( o loc)

M1 0c79u = M,0

M) -

We observed in §1 that for any locally semialgebraic space (N,04) the
locally semialgebraic maps from (N,@N) to the semialgebraic space

(R,OR) are just the functions fE(DN(N). What are the locally semialge-

loc
Rloc’OR

ing (]J-c,c[lc>0) with ¢ running through the positive elements of R.

)?2 R has the admissible cover-

brai
raic maps from (N,0.) to ( loc

Here as usual ]-c,c|[ denotes the interval {x€ Rl-c<x<c}. Thus it
follows from Proposition 1.3 that a function f: N>R is a locally

semialgebraic map from (N,0) to (R ,@Rloc) if and only if f €O (N)

loc
and, in addition, f is bounded on every open semialgebraic subset of N.

Example 2.7. Let (M,OM) be a semialgebraic space or more generally a
locally semialgebraic space, and let X be a subset of M which is a
union of open semialgebraic subsets of M. {In the terminology to be
developed in §3 this means that X is an open subset of M in the strong
topology}. We choose some family (Xalael) in ¥(M) such that the

following holds:
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(*) Every X  is contained in X and every W€ ¥(M) with

WcX is contained in the union of finitely many X,.

For example we may take as family (Xa|a€I) the family of all WE ¥ (M)
with WcX. As a consequence of (*) the set X is the union of all X,.
Let (YBIBEJ) denote the directed system of all finite unions of sets
ch(Bf-Y if YBCYY) . Let (X,OX) denote the inductive limit of the direc-
ted system of semialgebraic spaces ((YB,DM|YB) |8 €J). By Lemma 2.2
the space (x,@x) is locally semialgebraic. Clearly (YBIBGJ) is an
admissible covering of X and thus also (Xa|0l€I) is an admissible

covering of X with respect to this space structure.

If we replace (XGIGEI) by the larger family of all WE€ ¥(M) with WX,
then it follows easily from the condition (*) that the space struc-
ture on X obtained from the new family is the same as the old one.
Thus the space (X,Ox) does not depend on the choice of the family
(XalchI). We call (X,OX) the locally semialgebraic space induced on
X by the space (M,@M). Of course, if X € ¥(M) then this space is just

the open subspace (X,OMIX) of (M,OM).

Subexample 2.8. Let (M,OM) be a semialgebraic space and let f : M-R

be some semialgebraic function on M. For every r >0 in R we introduce

the open semialgebraic subset

M, = {x€M|-r <f(x) <r}

of M. Let v: R* » I'be some non-trivial valuation of R compatible with
the unique ordering of R (additive notation; cf. [P, §7], [L, §5], or

[KW]). We fix some X € T and consider the subets

X := {x€MIv(f(x)) > A} and

Y := {x€M|v(£(x)) > A}

of M. Then X is the union of the family (M lr>0,v(r) >}) and Y is
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the union of the family (Mr|r> O,v(r) >A). It is not difficult to
verify that both these families fulfill the condition (*) in 2.7.
(Notice that for every WE #(M) the set f(W) is semialgebraic in R. If
Wec X (resp. WcY), then f(W) is necessarily bounded in R, since

v(x) >X (resp. v(x) >1A) for every x€ £(W) and v is non-trivial.)

Example 2.9. The examples 2.6 and 2.7 can be regarded as special cases
of a more general construction. Let (M,OM) be a locally semialgebraic
space and let (XGIGEI) be an arbitrary family in ¥(M). Then the unions
of finitely many Xa constitute a directed system of open subspaces of
M, which fulfill the conditions of Lemma 2.2. Thus the inductive limit
of this system is a locally semialgebraic space (X,04) . The space
(X,04) has the following description: The set X is the union of the
sets Xa’ ¥ (X) is the set of all UE€ ¥ (M) which can be covered by finite-
ly many Xa' and ¥(X) is the set of all subsets U of X such that
Ur1Xa€ ¥(M) for every a € I. A family (UAIX€A) in ¥T(X) with union U be-
longs to Con if and only if UrﬁXa is covered by finitely many sets
kaﬁxa for every o€ I. In particular (XGIGEI) is an admissible cover-

i f X. i =
ng of X. Finally OX|Xq OM[XG for every a€1I.

Example 2.7 is the special case that
¥(X) = {Ue ¥(M) [UcX}.

In general the set }(X) may be smaller than the set on the right hand
side. For instance, let M be a locally complete - but not complete -
semialgebraic space and (Xa|a€I) be the family of all open semialgebraic
subsets U of M with T complete, indexed in some way. Then X = M, but
¥(x) is only the set of all these subsets U. We obtain the space

(X,04) = (M ,OMloc) considered in 2.6. The spaces in 2.6 and 2.7 are

loc
particularly nice since they are determined by the set X and the space

structure on M.




19

Example 2.10 (Base field extension). Let R be a real closed field
extension of R. Then from any locally semialgebraic space (M,OM) over
R we obtain a locally semialgebraic space (M(ﬁ),@ﬁ) over R in the fol-
lowing way. We start by choosing an admissible covering (MGIGEI) of M
by open semialgebraic subsets which is a directed system (M <My if
a< B, cf. Example 2.3). Then we have the directed system ((Ma,Oa)ldel)
of semialgebraic spaces over R with Da = OMIMa' By base extension from
R to R ([D, §91, [DK3, §4)), we obtain a directed system
((Ma(ﬁ),ﬁa)|a€1) of semialgebraic spaces which fulfills the conditions
of Lemma 2.1. We then define (M(ﬁ),@M) as the inductive limit of this
system. Having constructed this space we easily see that (M(ﬁ),5M) is
the inductive limit of the directed system of base extensions of all
open semialgebraic subspaces of M. In particular (M(ﬁ),GM) does not
depend on the choice of the covering (MGIGEI). We call this space "the
space over R obtained from (M,OM) by base extension". For every WE fﬂﬂ
we identify the set W(R) with its image in M(R), which is an open sub-
set of M(R). Clearly every family (UA|A€A) in Covy yields a family
(Uk(ﬁ)lAE A) in Covy (Ry + but in general Covy (%) also contains families
which are not "defined over R". Every M, can be regarded as a subset
of Ma(ﬁ) in the natural way (loc.cit.). Thus also M can - and will -

be regarded as a subset of M(ﬁ). For every WE %(M) we have W(R) NM = W.

Starting with our analysis of locally semialgebraic maps in terms of

semialgebraic maps (Proposition 1.3) and using the theory of base ex-

tension of semialgebraic maps [loc.cit.], it is evident how to ob-

tain a locally semialgebraic map

f~: (M(R),0

% () < (N0

N (%)’

over R from any locally semialgebraic map f: (M,OM) - (N,ON) over R in
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a canonical way. Thus we have a functor "base field extension" from
the category of locally semialgebraic spaces over R to the category
of locally semialgebraic spaces over R. This functor preserves direct

sums and finite direct products.
All this sounds very simple. Nevertheless some caution is indicated.

Example 2.11. Let M be a locally complete semialgebraic space over R.
Then M(R) is a locally complete semialgebraic space over R. The base

extension M c(ﬁ') of the space M defined in Example 2.6 is usually

lo loc

different from M(R) loc: Indeed, M C(ﬁ) is the inductive limit of the

lo
spaces M(e) (R) = M(R) (¢) with ¢ running through the positive elements
of R (notation from 2.6). On the other hand M(’fi)loc is the inductive
limit of the spaces M(R) (¢) with & running through the positive ele-

ments of R. The space M, _(R) can be obtained from M('ﬁ)loc by the

loc

process described in Example 2.9.

In order to explicate our last example we need some definitions of a
combinatorial nature, cf. [DK3, §2]. Recall that an open simplex in

some vector space V over R is a set
n

n

c={32 tie lt;€Rt;>0, T t, =1}

i=0 i=0

with affinely independent points eqr 1€y of V, which are called
the vertices of o. The closure 0 of o is defined as the convex
hull of €qree 1€y in V. This notion of closure is purely combina-
torial (since we do not equip V with a topology). But the vector
space V(o) spanned by o is finite dimensional and thus is an affine

semialgebraic space in a canonical way. o is the closure of the semi-

algebraic set ¢ in V(a).
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Definition 1. A (geometric) simplicial complex over R is a pair

(X,z (X)) consisting of a subset X of some vector space V over R and

a family Z(X) of open simplices ¢ in V such that the following two

properties hold:

i) X is the disjoint union of all o € T (X).
ii) The intersection o n T of the closures of any two simplices

0,7 € L(X) is either empty or a face of both ¢ and T.

The closure of the complex (X,I(X)) is the pair (X,IZ(X)), with Z(X)
the set of all open faces of all g€ X(X) and X the union of all
1€z (X). This is another simplicial complex. Of course, we call the

complex (X,Z(X)) closed if X = X, or equivalently if I (X) = I(X).

Remarks.

1) Our notion of a simplicial complex differs slightly from the
classical one. (Classical simplicial complexes are what we call
closed simplicial complexes.) The reason for this is that combinato-
rial semialgebraic topology should emphasize at least as much open
simplices as closed simplices. In classical combinatorial topology
an open simplex ¢ is usually regarded as a simplicial complex consi-
sting of infinitely many closed simplices, but in our theory this
would confuse the semialgebraic space o with the locally semialue-
braic space 9 0c introduced in Example 2.6.

2) The complete simplicial complexes, as defined in [DK3, §2], are

the closed and finite (cf. Def. 3 below) simplicial complexes in our

present terminology.

We will often denote a simplicial complex (X,Z(X)) simply by the
letter X.
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Definition 2. A simplicial complex Y is called a subcomplex of X if
Y<X and I(Y) c I(X). For any two subcomplexes Y, ¥, of X the inter-

section Y1 ny2 is the complex (Y1

of X is called closed in X, if Y is the intersection of the subcom-

nYz,Z(Y1)I1Z(Y2)). A subcomplex Y

plexes Y and X of X. This means that for every o € L(Y) every open
face 1 of o which is an element of $(X) is also an element of Z(Y).
A subcomplex Y of X is called open in X if the complex X~\Y is closed
in X. Here X~Y is defined as the subcomplex Z with I(Z) = I(X)~I(Y),

hence 7z = X\Y as a set.

For any subset A of X the smallest open subcomplex of X containing A
is called the star StX(A) of A in X. It consists of all o € I(X) with

ONA % @.

Definition 3. A simplicial complex X is called finite if I(X) is a

finite set. X is called locally finite, if every o € I(X) is contai-

ned in a finite open subcomplex of X, i.e. if Sty (o) is finite for

every o € L (X).

Clearly X is finite if and only if X is finite. But it may happen
that X is locally finite and X is not. When considering triangula-
tions of locally semialgebraic spaces one usually has to avoid this
slightly pathological situation. Thus we insert here yet another de-

finition for later purpose.

Definition 4. X is called strictly locally finite if the complex X

is locally finite. This means that every vertex of X is a vertex of

only finitely many o € Z(X).

Here is an example of a simplicial complex X which is locally finite

but not strictly locally finite:
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p

X is an infinite collection of adjacent closed triangles with one

common vertex p, and X = X ~{p}.

We now consider "simplexwise affine" maps between simplicial com-

plexes. There seem to be two natural definitions.

Definition 5. Let (X, I(X)) and (Y,I(Y)) be simplicial complexes in

vector spaces V and W respectively. A weakly simplicial map f from

(X,Z(X)) to (Y,Z(Y)) is a map f from the set X to the set Y with the

following two properties:

i) For every o € £(X) the image f(o) is an element T of I(Y)

and flo:0 » T is the restriction of an affine map f& from

0 to T, which of course is uniquely determined by f.

ii) If T €I(X) is an open face of ¢ € £(X) then f&IT = flt.

The first property can also be expressed as follows: If ¢ has the

vertices €yr +--s @ then

o =]

n n
f( Z t.e,) = I t,e! (£, > 0,Zt;, = 1)
j=0 + 1 j=0 T 1 1 i=01
with ei running through all the vertices of some T €X(X), possibly

with repetitions.
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Definition 6. A simplicial map f from the complex (X,Z(X)) to (Y,I(Y))

is a map f from the set X to the set Y which extends to a weakly simpli-
cial map f :X »Y from (X,Z(X)) to (Y¥,Z(Y)). Of course, f is uniquely

determined by f. We call f the closure of the simplicial map f.

If X is closed then the weakly simplicial maps and the simplicial maps
from X to Y coincide. The image of such a map f is a subcomplex Z of Y
which is closed, and f : X -2 is a simplicial map in the traditional

sense. But in general not every weakly simplicial map is simplicial.

Here is a picture of a weakly simplicial map which is not simplicial.
X consists of two open triangles o, and o, which have a common face
(not belonging to X). Y consists of two open triangles T4 and T,
without a common face. f maps 04 affinely onto T and gy affinely

onto T,.
Remark. For most considerations concerning triangulations of locally
semialgebraic spaces the useful maps are the simplicial maps and not

the weakly simplicial maps.

We now are ready to present our last example of a locally semialge-

braic space.
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Example 2.12. Let X be a locally finite simplicial complex in some

vector space V over R. The set of all finite open subcomplexes of X

can be regarded as a directed system (xxlxeA) of subsets of X with X

the union of all XA (<X if Xu<:XA). Every set Xx spans a finite

dimensional vector space VA in V. Every VA is an affine semialgebraic
space in a canonical way, and, as a semialgebraic subset of Vx, XA
also becomes an affine semialgebraic space in a canonical way. If
u < i then Vu is a (closed) semialgebraic subspace of vy (in the sense

of [DK,, §7]1). Thus Xu is a semialgebraic subspace of VA and hence

also a semialgebraic subspace of XA' since XuC:XA' Now xu is an open

subcomplex of XA' Thus the set xu is open in Xx in the strong topology,

which implies that X“ is an open semialgebraic subspace of XA [DK,,
pProp. 7.5]. We equip X with the structure of the inductive limit of

the directed system of semialgebraic spaces (X,|)€A). By Lemma 2.2 X

is locally semialgebraic.

We also consider the directed system (XKIKGK) of all finite subcom-=
plexes (K> A) in X. Again, every XK is an affine semialgebraic space

and X _ is a subspace of Xp if k <p. Since the directed system (X, |X€A)

is cofinal in the new directed system (X 1k€K), we see that our

space X is also the inductive limit of the system of spaces (XKIKGK)-

Clearly (Stx(0)106 (X)) is an admissible covering of X by open semi-
algebraic subsets. Using this fact we see that X is a semialgebraic

space if and only if the complex X is finite.

If £: X->Y is a weakly simplicial map from X to a locally finite sim-
plicial complex Y then it is easy to check that f is a locally semi-
algebraic map between the spaces X and Y. More precisely the weakly
simplicial maps from X to Y are those locally semialgebraic maps

from X to Y which map open simplices affinely onto open simplices.
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Finite timplicial complexes are extremely important in the theory of
semialgebraic spaces, since the following result holds which has been
proved :n [DK3, §2] and will also appear in [BCR, Chap. 9] (cf. [Hil,

[Lo]l, [¢i] for the case R=R).

Theorem 2.13. For any affine semialgebraic space (M,QN) and finitely

many senialgebraic subsets A ,...,Ar of M there exists a finite sim-

1
plicial complex X together with subcomplexes Y1,...,Yr and a semial-

gebraic isomorphism ¢ : (X,0,) - (M,0,) with @(Y,) = A, for i =1,...,r.
X M i i

We call such an isomorphism ¢ a simultaneous triangulation of M,

A1""'Ar' In the next chapter we will generalize this theorem to a
triangulation theorem for a prominent class of locally semialgebraic

spaces ising strictly locally finite simplicial complexes.
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§3 - Locally semialgebraic subsets

From now on a locally semialgebraic space (M,0,) will often be denoted

by just the letter M.

Let M be a locally semialgebraic space over R and let (Mu|a€I) be a

fixed admissible covering of M by open semialgebraic subsets.

Definition 1. A subset X of M is called locally semialgebraic if, for

every WE £(M), the set XNW is semialgebraic in the semialgebraic
space W. This already holds if XnM, is semialgebraic in M, for every

o€ I. The set of all locally semialgebraic subsets of M is denoted
by T(M).

It is evident that T(M) has the following three properties:
N T e T,

2) XET(M) =» MNXET(M)

3)

The union and the intersection of any locally finite family

(X, IX€A) in T(M) (cf. Definition 4 in §1) is an element of T(M).

Proposition 3.1. Let f: M>N be a locally semialgebraic map between

locally semialgebraic spaces. Then the preimage f_1 (Y) of any locally

semialgebraic subset Y of N is a locally semialgebraic subset of M.

Proof. Let W€ ¥(M) be given. There exists some V€ #(N) with f(W) V.

The map g : W-V obtained from f by restriction is semialgebraic. Since
Wwn f“1 (Y) = 9_1 (VNY) and VvNY is semialgebraic we conclude that

W f“1 (YY) is semialgebraic. g.e.d.

Caution. In contrast to the semialgebraic theory the image of a lo-
cally semialgebraic set under a locally semialgebraic map is not

necessarily locally semialgebraic, cf. 6.3.a below.
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We now endow a given set X € MM) with the structure of a locally se-
mialgebraic space. We enlarge our admissible covering (MGIOEI) of M
to the directed system of open semialgebraic subsets (NB|B€J) consi-
sting of all finite unions of sets M- Notice that (NBIBGJ) is again
an admissible covering of M. For every B €J the intersection NB nx
will be regarded as a semialgebraic subspace of the semialgebraic
space NB [DK2,§7]. Let (X,OX) be the inductive limit of the directed
system of semialgebraic spaces (NBINXIB €J). By Lemma 2.2 (X,04) is
locally semialgebraic. We call these spaces (X,OX) the (locally semi-
algebraic) subspaces of (M,@M). In the special case that X € ¥(M) the
space (X,OX) is just the open subspace (X,Chlx) of (M,&,) as consi-

dered in §1.

Clearly the inclusion map j:X » M is a locally semialgebraic map from
(X,04) to (M,0,) . Using our analysis of locally semialgebraic maps
in terms of semialgebraic maps (Proposition 1.3) it is a trivial

matter to prove

Proposition 3.2. Let f:L » M be a locally semialgebraic map from a

locally semialgebraic space L to M. Assume that f(L) <X. Then the
map g:L -» X obtained from f by restriction of the image space is a

locally semialgebraic map from L to the subspace X of M.

In particular, our space (X,OX) does not depend on the choice of the

admissible covering (MQIGEI) of M.

Example 3.3. If Y is a subcomplex of a locally finite simplicial com-
plex X, then Y is a subspace of X, where both X and Y have their ca-

nonical structure as locally semialgebraic spaces (Example 2.12).

In every one of the following four propositions the first statement

is an immediate consequence of the analogous statement for semialge-
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braic spaces, and the second statement then follows from Proposition

3.2 in a purely formal way.

Proposition 3.4. Let X be a locally semialgebraic subset of M and let

Y be a subset of X. Then Y€ J(X) if and only if Y€ T(M). In this case

the subspace structure on Y with respect to X is the same as the sub-

space structure with respect to M.

Proposition 3.5 (Existence of fibre products). Let ¢ : M-S, y : N+ S be

locally semialgebraic maps over R. The subset MxSN of MxN consisting

of all pairs (x,y) in MxN with @(x) = y(y) is a locally semialgebraic

diagram

subset of MxN and hence a locally semialgebraic space over R. The
Mx N e

where p and q are respectively the restrictions of the projections

—_——

)

from MxN to M and N, is a pull back in the category of locally semi-

algebraic spaces.

Proposition 3.6. With notation as in Proposition 3.5, let X and Y be

respectively locally semialgebraic subsets of M and N. Then the sub-

set

XxSY = {(x,y) €XxYlo(x) = y(y)}

of MxSN is locally semialgebraic in the space MxSN. The subspace

structure on this set with respect to Mx N coincides with the struc-

ture as the fibre product of X and Y with respect to the locally semi-

algebraic maps @I|X and y|Y.
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Proposiion 3.7. Let f: M- N be a locally semialgebraic map. Then the
graph Tf) is a locally semialgebraic subset of MxN. The map xm (x,f(x))

from M o T(f) is an isomorphism from the locally semialgebraic space

M to th subspace T (f) of MxN.
We now ook for locally semialgebraic subsets which are "small".

Definiton 2. Let M be a locally semialgebraic space over R. A subset
X of M s called semialgebraic, if X is locally semialgebraic and if
the sukpace (X,04) of M is a semialgebraic space. The set of all

semialgbraic subsets of M is denoted by ¥(M).
Clearlyour previous set ¥(M) is contained in ¥(M).

Proposijon 3.8. A locally semialgebraic subset X of M is semialgebraic

if and nly if X is contained in some W€ ¥(M).

Proof. f X is contained in a set We ¥(M), then by Proposition 3.4 the
space (.OX) is a subspace of the semialgebraic space (W,Ow) and thus
(X,04) tself is semialgebraic. Assume now that X € ¥(M). Let (M |a€I)
be an amissible covering of M by open semialgebraic subsets. Then

(M, NXler) is an admissible covering of the subspace X of M. Since
this spce is semialgebraic it is already covered by finitely many
sets M ) X. The union W of the corresponding sets M, is an element of

¥(M) an contains X. q.e.d.

Using tis proposition one easily verifies

Corollay 3.9. ¥(M) is the smallest set of subsets of M with the

followig three properties:




31

i) Y et
ii) X, Y €= XUY €Y

iii) X, Y €¥ = XY €%

From the theory of semialgebraic spaces and from Corollary 1.5 W€ infer

Proposition 3.10. Let f:M -» N be a locally semialgebraic map and X

be a semialgebraic subset of M. Then f(X) is a semialgebraic subset

of N.

From the theory of semialgebraic spaces (cf. [DK

,+ 7-8)) also <he fol-

lowing is evident.

Proposition 3.11. Let X be a subspace of a locally semialgebraiC

space M. Then for every U € f(X) there exists some V € H(M) wizh

vnX = U.

We now introduce the strong topology on a given locally semialgebraic

space M over R. This is the topology,in the classical sense,on the
set M which has ¥(M) as a basis of open sets. Thus the open sets in

the strong topology are the unions of arbitrary families in f(1) (or
in F)).

Notice that the strong topology on the direct product MxN of two lo-
cally semialgebraic spaces M,N is just the usual direct product of
the strong topologies on M and N. Also the strong topology oa A sub-

space X of M is the usual subspace topology of the strong topology

on M, as follows from Proposition 3.11.

proposition 3.12. A set X € ¥(M) is an element of ¥(M) if and only if

X is open in the strong topoloqgy.
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Proof. € course, if X € ﬂM) then X is open in the strong topology.
Assume >w that X € ¥(M) is open in the strong topology. Let (M lo€I)
be an anissible covering of M by sets M € #(M) . Then XnNM € ¥(M)
and X nx is open in M with respect to the stronag topology of M,

for evey « €1I. Thus by the semialgebraic theory [DX,, Prop. 7-.5]
XNM €M) for every a €I. This implies that X€ $M) by axiom viii)

in §1, 2finition 1. g.e.d.

Hencefoth we use the following terminology. The words open, closed,
dense, tc. all refer to the strong topology on M. The sets U € F(M)

are refred to as the "open locally semialgebraic" subsets of M in

accordace with Proposition 3.12. The sets UE€ #(M) are called the
"open smialgebraic" subsets of M. A map f:M - N between lo-
cally smialgebraic spaces will be called "continuous", if £ is con-

tinuousyith respect to the strong topologies, and "strictly conti-

nuous",if f is a continuous map from the generalized topological
space (ZT(M),CovM) to (N,f(N),CovN). By definition every locally
semialgbraic map f:M - N is strictly continuous. Every strictly con-

tinuousmap is of course continuous.

From Cosllary 1.5, Proposition 3.10, and the semialgebraic theory

[DK,, 7.1 we infer

Proposiion 3.13. A map f:M » N from a semialgebraic space M to a
locallysemialgebraic space N over R is semialgebraic (= locally se-
mialgebaic, cf. §1) if and only if f is continuous and T (f) is a

semialgoraic subset of MxN.

Cautiorn A continuous map f:M - N between locally semialgebraic
spaces 'ith a locally semialgebraic graph T (f) «cMxN is not necessa-

rily loally semialgebraic. Consider for example the identity magp
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g:Rloc - R, x » x, (Example 2.6), which is locally semialgebra C-

The map f = q-1 is continuous, since the strong topology on Ry is

the same as the strong topology on R. The graph T (f) is locall’

semial.gebraic in RleOC since T (g) is locally semialgebraic in

Rloch’ But f is not locally semialgebraic. This example also #hows

that Proposition 3.13 is false if we only demand that T (f) be locally

semial gebraic.

Proposiition 3.14.

a) For every locally semialgebraic subset X of a locally semia.ge-~
braic space M the interior X and the closure X of X (in M, wity res-
pect to the strong topology) are locally semialgebraic subsets of M.

b) If U is an open locally semialgebraic subset of the subspace X of

M then there exists some V€ ¥(M) with VvnX = U.

Proof. Statement (a) is evident from the semialgebraic theory :DKz,

7.7]1. In order to prove (b) consider the closure A of X~U in M. Then

A€ Y(M). Thus V := MNAE€ ¥(M). Since V is open in M, we have V € F(M) .

Clearlly ANX = XNU. Thus VNX = U. g.e.d.

If X is semialgebraic, then, of course, also X is semialgebrai>. But

it may happen that X is not semialgebraic, as the following example

shows .

Example 3.15. We start with the semialgebraic space

M := J0,1[ x]0,1[ over R and consider the family (X, le€lo,10) of open

semialgebraic subsets of M defined as follows:

X

¢ = le 1l xJ0, 11 if ¢ >0,
X, i= {(x,y) €10,1] x]o,1[|x2 +(y —%)2 <1Z}'

The union of these sets is M. We apply the procedure of Exampl2 2.9 tO
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this fanily and obtain on the set M a new structure of a locally semi-
algebraic space. We call this new space M'. Notice that the strong to-
pologies of M and M' coincide. The set xO is open semialgebraic in M'
by construction. But its closure io in M' is not contained in thé
union of finitely many sets X . Thus X  is not a semialgebraic subset

of M'.

Xe

We now state a fact which is very useful for constructing locally
semialgebraic maps. It stresses the importance of closed locally i

semialgebraic sets.

Proposition 3.16 (Gluing principle for locally semialgebraic maps).
Let (X, I\€A) be a family of closed locally semialgebraic subsets of
M such that every W€ §(M) iscontained in the union of finitely many
Xy- Let f:M > N be a map from M to a second locally semialgebraic

space N. assume that f X, is a locally semialgebraic map from X, to

N for every A € A. Then f is locally semialgebraic.

Proof. Let (Malael) be an admissible covering of M by open semialge-
braic subsets. It suffices to prove that flMa is locally semialge-
braic for every a € I. There exists a finite subset J of I such that
M, is contained in u(xxler).f(Marwxx) is a semialgebraic subset of N

for every ) €J. Thus N, = £(M)) is a semialgebraic subset of N. It
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suffices to know that the map ga:Ma - Na obtained from flMa by re-

striction of the range space is semialgebraic. But this is evidant

from the semialgebraic theory, since gaIMatﬁxk is semialgebraic for

every h €J. g.e.d.

Example 3.17. A map f from a locally finite simplicial complex X to

a locally semialgebraic space N is locally semialgebraic if and Only

if for every o € I(X) the restriction f/|GNX is a semialgebraic map

from G NX to N.

Definition 3. A path in a locally semialgebraic space M is a semial-

gebraic map from the unit intervall [0,1] in R to M. The path cOmpo-
nent of a point X €M in M is the set of all y €M such that there exists

a path vy in M with Y(0) = x and Yv(1) = y.

Proposition 3.18. Every path component M' of M is a closed and oOpen

locally semialgebraic subset of M. The family (MXIAEA) of all path
components of M is locally finite. In particular it is an admissible

covering of M. Thus M is the direct sum (cf. Example 2.4) of the sub-

spaces M, .

Proof. For any WE ﬁbd) the intersection M' NW is a union of path
components of the semialgebraic space W. Thus M' NW is an open and
closed semialgebraic subset of W, cf. [DK2,§11 and §12]. This im-
plies that M' is an open and closed locally semialgebraic subset of

M. Since for any WE }UU and every X € A the intersection WM, con=

sists of full path components of W, there can be only finitely many

AthWﬂMA$¢. q.e.d.

As in the semialgebraic theory, it is now clear that every path com-

ponent M' of M is connected, i.e. there does not exist a partition
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of M' iitc two non empty disjoint open locally semialgebraic subsets.

Thus we cgll the path components of M also the connected components

of M. We¢ éenote the set of connected components of M by nO(M).

Eﬁé&EﬁE};lg; We call a locally semialgebraic space M discrete, if

{x} E?(m for every x €M (hence {x} € ¥(M)), and if ({x}Ix €M) is an ad-
missible covering of M. This means that M is the direct sum of the one
point sjaces {x}, x €M. Clearly a locally semialgebraic space M is dis-
crete i‘ and only if all its connected components are one point sets.
Every se¢t can be equipped with the structure of a discrete locally semi-

algebra.c space over R.

Paths cin be useful for testing properties of spaces and maps. We give
an example. Other examples will come up later (Th. 6.7, Th. 6.9, 11,89,

cee)

Proposiiion 3.20 (Path criterion for céntinuity). Let £ :M -N be a map
between locally semialgebraic spaces and let x be a point of M. Let U

be a senialgebraic open neighbourhood of x in M. Assume that £lU : U »N
has a semialgebraic graph. Assume further that, for every path

Y : [0,1, 4y with Y(O) = %, Yv(t) #x for t >0, the map feY : [0,1] »N is

continuous at t = 0. Then f is continuous at x.

Proof. Ve may assume U = M since continuity is a local property. Suppose
that f s not continuous at x. Then there exists a semialgebraic neigh-
bourhooq W of £(x) such that every neighbourhood V of x contains a

point 2z with f(z) €W. The set A := £~V (N <W) is semialgebraic since f
has a semjalgebraic graph. The point x lies in A ~A. By the semialge-
braic curve selection lemma ([DKz, §12], [DK4, §2]) there exists a path
vy : [0,1, oM with v(0) = x and y(t) €A for t >0. We have £:Y(0) = £(x)

but fey't) €N ~W for t >0. Thus fey is not continuous
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at £t =0, contrary to our hypothesis. This proves that f is continuous

at x. qg.e.d:

This proposition should be regarded as an analogue of the criterion
that a map £ : M->N between metric spaces is continuous at a point x €M
if and only if for every sequence of points (xn|n€]N) in M~ {x} which
converges to x the image sequence (f(x )In€N) converges to f (%) . No-
tice that it may happen that our base field R does not contain &
sequence of positive elements converging to zero. Over such a field it

is, of course, impossible to test continuity by sequences.

Definition 4. The dimension dimM of a non empty locally semialgebraic

space M is defined as the supremum (an integer > O or «) of dimensions
of all open semialgebraic subsets of M. For the empty space ¢ we define
dim @ = -1. For X € T(M) we understand by dimX the dimension of the

subspace X of M. For every X €M the local dimension dime is defined

as the infimum of the dimensions of all W€ ¥(M) with x € W. The space M

is called pure of dimension n, if dim /M = n for every x €M. (Then neces-—

sarily dimM = n<wo, see statement 3.21.f below).
From the semialgebraic theory one easily derives the following facts
about dimensions, cf. [DK2, §8] for statements b) - f) and [CKI:R, §11]

for statement g). Statement a) is easily seen by considering paths in M.

Proposition 3.21. Let M be a non empty locally semialgebraic space.

a) dimM = O if and only if M is discrete.

b) If (X,1)€A) is a family in (M) with union M and the property that

every WE i’(M) is already contained in the union of finitely many

XX then

dimM = sup(dimXAI)\el\) .

c) Assume that X € 7¥(M) has dimension dimX = dimM <« . Then the in-
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terior ¥ of X is not empty and dimX = dimM.
d) dim (X~X) < dimX for every X € T(M) with dimX <« and X not empty.
e) If threre exists an injective locally semialgebraic map from M to
a secord lccally semialgebraic space N, then dimM < dim N .
f) dimM is the supremum of all the local dimensions dim M,x € M.

g) For every integer n>O0 the set
I (M) := {x€Mldim M>n}
n x =
is a closed locally semialgebraic subset of M. If the set
o -
M o= M)~z M) E T(M)

is not empty then this subspace of M is pure of dimension n. The

family (z2(M)In>0) is locally finite.

Caution. If there exists a surjective locally semialgebraic map from
M to N then it is not always true that dimM > dimN, in contrast to

the semialgebraic case.

We finally discuss the behavior of subspaces of a locally semialge-
braic space under extension of the base field R (cf. Example 2.10 for

definitiong).

Propositicn 3.22. Let M and N be locally semialgebraic spaces over R
and let f:M-N be a locally semialgebraic map. Let R be a real closed
overfield of R.

a) If XE€¥(M), then the map ig: X(R) »M(R), obtained from the inclu-
sion map i : XM by base field extension is an isomorphism of the
space X(X) onto some subspace of M(R). We identify henceforth X (R)
with this subspace, thus X(R) € T(M(R)). We have X(R) nM = X.

b) If X¢ (M), then X(R) € ¥(M(R)).

c) If X€ T(M), then X(R) is the same as the interior X(R)® of X(R) in

M(R), and X(R) is the same as the closure X(¥) of X(R) in M(R).
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d) Let

M——— S

©®

be a pull back in the category of locally semialgebraic spi:cesS over

R. Then
(MxgN) (R) = N(K)
Py Vg
M(R) S (R)
PR

is a pull back in the category of locally semialgebraic sp:ces OvVer

K. Henceforth we identify (MxgN) (R) with M(R)x N(R).

<

s(R

e) The subsets T (f) (K) and T (fg) of M(R)xN(K) = MxN) (R) are equal.

f) Let X be a semialgebraic subset of M. Then f(X) (R) = fﬁ(xd))-

g) Let Y be a locally semialgebraic subset of N. Then f—1(Y)(f) =
£ (Y(H)).

h) The map fg is injective iff the map f is injective.

i) If (MalaGI) is the family of connected components of M, then
(Ma(ﬁ)lae I) is the family of connected components of M(R)

j) dimM = dimM(K) .

k) Zn(M(ﬁ)) =z (M) (R) for every n>o0.

Caution. If the map f is surjective, then the map fﬁ is not necessari-

ly surjective. Consider e.g. the map f:iRloc - R, xm»x. Then for every

real closed field extension R of R the image of fﬁ is the va.uation
ring O of all elements of R whose absolute values are not inf:nitely
large with respect to R . This example also shows that statement £) is

false in general for locally semialgebraic subsets.
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Proof. ¥ M and N are affine semialgebraic the statements a) - h) are

easily roved by use of Tarski's principle (cf. [DKj, §91, [DK, §41,

[BCR, Chp. 5]). The other statements i) - k) can be guickly deduced

by use ¢ Tarski's principle and some triangulation of M (Thheorem 2.13).
For statment i) it is convenient to use the combinatorial dlescription
of connetedness in simplicial complexes, cf. Chap. II, §7 below. {In
[D] and bK3] we obtained i) by use of homology, a tool not really

necessav for this simple statement.}

Startinc from the semialgebraic case we obtain the general sitatement
in a sthnightforward way. We indicate the proof of the first two
statemer.s leaving the rest to the reader. First assume that X is semi-
algebrai:, We choose some U€ ¥(M) with XcU. Assertion a) is true for
the inclsion map X< U, since X and U are semialgebraic. By definition
of the sace M(R), this assertion is also true for the inclusion Ue M.
Thus the agsertion holds for X M. Since U(R) € ¥(M(R)) the assertion b)
is now ¢ident. To prove assertion a) for any X € T(M) we choose an ad- }
missible covering (U, la€I) of M by open semialgebraic sets. Adding

all unias of finitely many U, to this family we assume that (UGIGEI)

is in adition a directed system of open semialgebraic subsets of M.
Again by definition of the space M(R), we know that (Ua(ﬁ) |la€I) is an
admissihe covering of M(R) by open semialgebraics. Now assertion a)
holds f« a]11 the inclusion maps U, NXoM. Also (UanXIuel) € Covy.

Thus X(§ is the direct limit of the spaces (U N X (R). As a set, X(R)
is the wion of the directed system of (U, N X) (R). The map ig: X (R) »M(R)
is injeaive on every subset (Uanx) (R). Thus iﬁ is injective on the
whole se x(R). We regard X(R) as a subset of M(R). For any G €I we

have U, &) nX(R) = (U N X) (R) . Indeed, given any x € Ua(ﬁ) n X (R), we choose
some B>0with x€(XnUB) (X) and conclude from the semialgebraic case that

X 1s comained in (XnU,NU,) (R) = (XNU,) (). Thus X(R)eTM(R)), and it is

B
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also clear that the given space structure on X(R) coincides with the

subspawce structure in M(R). In the same way we see that x(®) nv * X.
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§4 - Rejular and paracompact spaces

A locally semialgebraic space M is called separated, if M is Hausdorff

in the strong topology, in other words, if the diagonal A of MxM is
closed in MxM. (N.B. A is locally semialgebraic by Prop. 3.7). Hence-
forth ve tacitly assume that all our locally semialgebraic spaces are

separa‘ed, and we will call them "spaces".

Nevertleless, the following stronger separation property appears to be

the trily useful one.

Defini:ion 1. A space M is called regular, if for every closed locally
semial¢ebraic subset A of M and every point x in M~A there exist sets
U,V € M) with x €U, AcV and UNV = ¢. In other terms, every x €M

has a *undamental system of closed semialgebraic neighbourhoods.

Robsor's embedding theorem [R] states that a semialgebraic space X is
affine if and only if X is regular. Since every subspace of a regular

locally semialgebraic space is also regular this implies

Propos.tion 4.1. If M is regular then every semialgebraic subspace of

M is a*fine.

We do a0t know wether the converse of this statement is true in gene-

ral. We will prove the converse in a special case below (Prop. 4.7).

Examples 4.2. a) The spaces Mloc introduced in Example 2.6 are regular.
More generally, the space X considered in Example 2.9 is regular if
the ambient space M is regular. Indeed, every x €X is contained in
some set Xa of the family (Xa|a€I) considered there. Every closed

semialyebraic neichbourhood of x in M, which is contained in X, is
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a closed semialgesbraic neighbourhood of x in X since the strong

topology of X is the subspace topology of the strong topology of M.
Thus x has a fundlamental system of closed semialgebraic neighbour~
hoods in X.

b) As already obsierved above, any locally semialgebraic subspace of a
bregular space is regular.

. c) The direct product of finitely many regular spaces is

regular. The fibre product MqxyM; of two reaular spaces M and

i M2 with respect to arbitrary locally semialgebraic maps f1 2 M, N

and f2 :M2‘»N is also regular, since it is a (closed) subspace o?

M‘I xMz.

Question 4.3. Is,for M a regular space over R, the extension M(R'

with respect to any real closed overfield R (cf. Example 2.10)

again regular?

At first glance regular spaces might look only slightly more diffi-
cult to work with than affine semialgebraic spaces. But the ease with
. which we transfered results from semialgebraic to locally semialge-

: braic spaces is deceptive and disappears as soon as we study deeper
topological - in particular cohomological - properties of such
spaces. It seems to us that, at least at present, regular locally
semialgebraic spaces are in general totally inaccessible objects-

The best we can do is to study regular spaces which are also "para-
compact".Fortunately, these spaces seem to suffice for many problems

arising from the theory of affine semialgebraic spaces.

Definition 2. A locally semialgebraic space M is called EaracomEéEEI
if there exists a locally finite (cf. Def. 4 in §1) covering (Ma|051)

of M by open semialgebraic subsets. (Any such covering is admissible,

cf. Proo. 1.1).
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Example. 4.4, a) Assume that in our base field R there exists a count-
able fudamental system of neighbourhoods of zero. This means there

exists . gequence e >E 7€y > of positive elements in R with

lim ¢ n 0. Then for every locally complete semialgebraic space M over
n-+o

R the sace M, introduced in Example 2.6 is paracompact. Indeed,
the set:

M, o= {x €Mld(x) >e,)

Moo= {x eMle . >d (x) >8n+1} (n>1)

are ope:. gemialgebraic in My oce They form a locally finite covering

of M. Mitice that nearly all real closed fields which occur in prac-

tice hae a countable fundamental system of neighbourhoods of zero.

For exaple every real closure Rof a finitely generated field is even

"microbal", i.e. R contains an element J >O with linJ " =0 [Dul.
n-e

Every rial closed field R is the union of a directed system of micro-

bial re.l closed subfields.

b) Let { be a semialgebraic space and (X la€I) a family of open semi-
algebrac subsets with union X such that every W€ #(M) with WcX meets
only fiiitely many sets xa. Then the locally semialgebraic space in-
troduce{ on this set X in Example 2.7 is paracompact. As an example,
the sma lest valuation ring o of R which is compatible with the orde-
ring of R namely,

o = {x €R| x| < n for some n € IN}

is a paacompact - and also regular - locally semialgebraic space.

c) More generally the space X considered in Example 2.9 is paracompact
as soonas the given family (X la€I) in ¥(M) has the following property:

FOr any a €I the set of all B €I with X, NX, +@ is finite.
d) Every subspace of a paracompact space is paracompact.

e) Direct products of finitely many paracompact spaces ars paracompact.

More gelerally, a fibre product M, xMy is paracompact if both M, and

M, are jaracompact.
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f) Any extensicon M(R) of a paracompact space M over R with respest to

a real closed overfield R oR is paracompact.

We begin a basic study of paracompact spaces. So let M be a paaompact

space and let (MalaEI) be a locally finite covering of M by oren semi-

algebraic subsets.

Proposition 4.5. If (U,|)A€A) is an admissible covering of some U €3I,
then there exissts a locally finite family (VKIKEK) of open senialge-

braic subsets V_ of U which covers U and refines the covering (U I2€A).

Proof. For every o €I we choose a finite subset Aa of A such that
(U, 1A€A ) covers M, NU. Then (M NU,la €I,k €A ) is a locally finite

covering of U by open semialgebraic sets which refines the covering

(U)\IA€A) .

Proposition 4.6. For every semialgebraic subset X of M the clcsure X

in M is again semialgebraic.

According to this proposition the regular space considered in Example

3.15 is certainly not paracompact.

Proof of Proposition

4.6. It suffices to verify that the sets ﬁo are

semialgebraic since this implies that the closure of the unicns of

finitely many Ma are semialgebraic, and every X is contained in such

a set. Let some o €I be given. We denote by I(a) the set of all B €I

with Mu nMB +@. This set is finite. Clearly ﬁa does not meet eny MY

with vy €I(a). Thus ﬁa is contained in the open semialgebraic set

U(Mﬁlﬁel(a)), which implies that ﬁa itself is semialgebraic. q.e.d.

We now discuss regular paracompact spaces. These are the "gooc¢" spaces

in our theory.
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Propostion 4.7. Again, let M be a paracompact space and (M |a€I) a

locall finite covering of M by open semialgebraic sets. The following

are egivalent:

a) M i regular
b) Evey open semialgebraic subset of M is affine.

c) Evey finite union of sets M, is affine.

Proof.a) = b) is contained in Proposition 4.1. b) = ¢) is trivial.

Assumenow that c) holds true. We want to prove that M is regular. Let
X be apoint of M and V some open semialgebraic neighbourhood of x. As
explaied in the proof of Proposition 4.6, there exist finite subsets

J<cK 0 I such that

V2 y M < U M c U MB'
T aeg ¢ BeEK

The spce U(MBIBGK) = N is affine, hence regular. Thus there exists
some smialgebraic neighbourhood W of x in N with WNNcV. But W is con-|

tainedin U(EGIGEJ), hence in N, and we conclude that WcV. g.e.d.

Exampl 4.8, Every locally finite simplicial complex X (cf. Example i
2.12) s a regular paracompact space. Indeed, the covering (Stx(o)l
0 €I()) by all open stars is locally finite and fulfills property c)

of theproposition.

If (M 3€I) is a locally finite covering of M fulfilling property c)
of Proosition 4.7, then for any real closed field RoR the family
(Ma(§)3€1) is a locally finite covering of M(R) with the same proper-

ty. Ths we obtain a partial answer to Question 4.3.

Corollry 4.9. For any real closed field RoR the base extension M(R)

of a rgular paracompact space M over R is also regular paracompact.




47

Proposition 4.10

(Partition of 1, crude version). Let M be regilar
paracompact and let (U, IX€A) be a locally finite covering of M by open
semialgebraic suibsets. Then there exists a family (wx|AEA) of lecally

semialgebraic f£unctions @y :M - [0,1] with @X'1(]o,1]) = Uy and

T mx(x) =1
AEA

for every x €M.

Proof. According to Proposition 4.6 every closure UA is semial-

gebraic, hence affine semialgebraic. We choose for every X a senialge-
braic function XX:UA - [0,1] with XA—1(O) _ UX\U
U

)+ (For example embed
) into some R” as a bounded semialgebraic subset and let x, be the

euclidean distance from U,~U, multiplied by some constant). By 3 mild

application of Proposition 3.16 (gluing of locally semialgebrail maps)

we know that the function wA:M - [0,1] defined by w)'UA = Xy anl

by IMNU, = O is locally semialgebraic. Since the covering (U, ATA) is

locally finite, the function ¢ = g wk onM is well defined and ldocally
AEA -1
semialgebraic. This function has no zeros. The functions ©y by

X

fulfill the requirements of the proposition. q.e.d.

Theorem 4.11 (Shrinking of coverings). Assume that M is regular and

that (UAIA€A) is a locally finite covering of M by open semialg2braic
sets. (In particular M is paracompact). Then there exists a covaring

(VAIXEA) of M by open semialgebraic sets with V\<:UX.
Proof. For every M€A we introduce the finite set

A(X) = {uEAIUUﬂU)\ + @}
and the open semialgebraic set

Wy = U(UUIUEA(X))-

Then UA‘:WA‘ We further introduce the finite set
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Ix)

{p€A|UpﬂW)\ + @} =

U(A(p) IWEA(N)) .

and th pen semialgebraic set

M := U(Uplp€1(>\)).

We hav: ' oy . (Remark: (M, €h) is still a locally finite covering
Of M). (1 uET(N)) with Wy, = v, is a finite covering of the affine
U
semialjeraic space M, . By the shrinking lemma for affine semialge-
braic spces (DK, Lemma 1.4] there exists a covering (Vku|“€I(x)) of
M)\ by >pn semialgebraic subsets V)\u of W>‘p with v)\uﬂM)\cw)\Lx' We choose
such acwering for every A€A. For every JEN we define the open semi-
algebryi. get
vV := .
1= UV, EA(H))
(Notics hat A€A(uy) if and only if HEA (X)), and that in this case u€I(})).
For evar- )eA(u) we have
¢
J(WXCW)‘CM)\

hence

vo- =
WMy = Ty ety
and th:r.fore

V = =
w= Y MM, cWy, = U,

Thus VJ(UU' We claim that M is covered by the sets V. Indeed, let

X €M b jiven. Then x€U>‘ for some A € A. Now

U =
A EM)\ = U(V)\U JUEI (X)) .

Thus x€r < i e know that U, NU is n
Ay for some uE€I(X). Since v)‘ucUu, w A p ot

empty, ie., X\ €A(u). Thus x €V, . g.e.d.

The resd.r should draw a schematic picture in order to understand the

proof.
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For every liocally semialgebraic function £:M - R the set {x €M X +0}
is open amdl locally semialgebraic in M. As usual we call the .odre
of this set the support supp(f) of f. It is a closed locally mal-

gebraic set:. As a consequence of the last two results Prop. 4.1 ad

Theorem 4 .71 we have

Theorem 4.712 (Partition of 1, fine version). Let M be regula pifacom-

pact and let (U, |A€A) be a locally finite covering of M by op! remi-
algebraic: sets. Then there exists a family («9AI>\€A) of locall s@ial-
gebraic fumctions ©y:M > [0,1] with SUPP("O)\) <:U>\ for every ) @ .nd

z ®y (x) =1
AEA

for every x €M.

As usual we call such a family (cpx IA€A) a (locally semialgebric P2L-

tition of unity subordinateg the covering (UA IX€EN) .

Theorem 4.13 ("Tietze's extension theorem"). Let M be paracora’t and

regular. Let f:A > K be a locally semialgebraic function on a:l’sed

locally semialgebraic subset A of M with values in some generliied

interval of R (i.e. some convex semialgebraic subset K of R).rCh:n there

exists a locally semialgebraic function g:M - K with glA = £.

Proof. We choose a locally finite covering (Ma |o€I) of M by o2n semi-
algebraic subsets and then a partition of unity ((pOt la€I) subolirate
to this covering. Since "Tietze's extension theorem" holds fo a fine
semialgebraic spaces [DK;, Th.4.5], there exists for every o€ a Semi-

algebraic function ga:Ma - K which extends f |a nM, . Consequenly

g := I
a€I
which extends f and has values in K.

0.9, is a well defined locally semialgebraic function>n M

Univ.-Rittiothek
fierenshurg
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Example 4.14. If A and B are two disjoint closed locally semialgebraic
subspaczs of a regular paracompact space M then there exists a locally
semialgbraic function £:M - [0,1) which has constant vialues O and 1

on A,B -espectively. In particular A and B can be separ-ated by two dis-

joint ©en locally semialgebraic sets.
In fact a stronger statement is true.

Theorer 4,15, If A and B are disjoint closed locally semialgebraic sub-
sets of a regular paracompact space M then there exists a locally semi-

- -1
algebraic function £:M - [0,1] with £ (0) = a2 anda £ (1) = B.

This i€ known to be true for M affine semialgebraic [DKS’ Th. 1.6],
and thws follows for M regular paracompact by use of a partition of

unity & in the proof of Theorem 4.13.

In clasical topology it is often necessary to assume some axiom of
"countaility". In our context it turns out that such a countability

conditirn is automatically satisfied by connected paracompact spaces.

Definition 3. A locally semialgebraic space M is called LindelSf if M
posesses an admissible open covering (M | € N) by countably many sets

M€ Fm .

Here th: word "Lindeldf" alludes to the Lindeldf-property for classical
topological spaces [Ke, p. 50}. This is justified by the following pro-

positioc.

Proposition 4.16. A space M is Lindeldf if and only if for every admis-

sible oen covering (UA‘AeA) of M there exists a countable refinement
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(VL In€EN) € Covy (M) . In this case the V,, may always be chosen to be in
Fm) .

We leave the easy proof to the reader.

Theorem 4.17. Every connected paracompact space M is Lindeldf.

Proof. We choose a locally finite covering (Ma!QEI) of M by open semi-

algebraic sets Ma We want to prove that I is countable. For every

index vy € I we define finite subsets
Jg¥) =3, (r) e, (r) e ..
of I inductively as follows: Jo () == {r},

J (y) := {aGIIManM

N+ B + @ for some g EJn(Y)}.

Let J(y) denote the union of the J (y) for all n > O, and let N(y) de-
note the union of the sets Ma with o € J(y). Since the family (MdiaeJ(Y))
is locally finite, N(y) is an open locally semialgebraic subset of M.
Moreover, for any o€I either Mu<:N(Y) or MarwN(Y) is empty. In the

first case clearly N(a) = N(y), while in the second case N(a) NN(Y) = @.

This means that either J(a) = J(y) or J(a) NJ(y) = @. We choose a sub-
set K of I such that I is the disjoint union of the sets J(y) with YE€K.
Then (N(y) Iy €K) is an admissible covering of M by pairwise disjoint

open locally semialgebraic subsets. Since M is assumed to be connected,

we conclude that K is a one point set. Thus I = J(y) for any y € I, and

I is countable. g.e.d.

From this theorem it is clear that a paracompact space M is Lindeldf

if and only if M has at most countably many connected components. One
might ask whether every Lindel&f space is already paracompact. The space
M' considered in Example 3.15 is a counterexample. We have already ob-

served that this space is not paracompact since the closure X, of the
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semialgpraic subset Xq of M' (cf. 3.15) is not semialgebraii«c. On the
other hng, if R contains a sequence (&(n) In € N) of positive elements
convergng to zero, then M' has an admissible covering by t:he sets X

and Xs(),nelN. Thus in this case M' is Lindeldf.

This eXmple is typical, since the following holds.

Proposiion 4.18. Let M be a Lindeldf space. Assume that, flor every

UE€ xr‘(M)the closure U of U is semialgebraic. Then M is paracompact.

Proof. et (U In €N) be an admissible covering of M by open semialge-
braic sts. Replacing every U by the set U, U---UU,, we may assume |
that U_-
n'Un+‘l for every n € IN.
By assUptjion, every U is contained in some U with m > n. Choosing

a suitaje gequence
k() < kx(2) < k(3) < =+

in N, e optain an admissible covering (V_In €N)of M, V, 3= Uy ).

such tht vy € #(M) and V_cV for every n € N. Define open semial-
n n

n+1

gebraic getg W ,n€N, as follows:

W,=v

1= W, =V W o=V SV, for n > 3.

12 2' 'n
Then (W”n € IN) is a locally finite covering of M. Indeed, W, NV = 2

if n > 142, g.e.d.

In the ,;o0f we constructed a particularly nice open covering of M.
For lat,, use we state a consequence of this prcof, Theorem 4.17 and

Proposi.jon 4.6.

Corolla.y 4.19. Let M be a connected paracompact space. Then M has a
locally finite covering (Mn In € N) by open semialgebraic subsets M

such thyt M NM =@ for In-m| > 2.
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. Theorem 4..17 also tells us that without the assumption about R B

Example 4..4 we cannot force the space M, . considered to be parcom-

pact.

1 Remark 4.20. Let M be an affine locally complete semialgebraic Pac€

over R whiicch is not complete. Assume that M, . is paracompact. hen R

contains a sequence € >85> ... of positive elements with lim , = 0.
N

Indeed, we may assume that M is connected. Then Mo is also cohected.

By Theorem 4.17, Mloc is Lindeldf. We choose an admissible coveind

(UpIn €WN) of M, . by open semialgebraic subsets with U <U or
every n € IN. We further choose an embedding of M into some R® a @
pounded semialgebraic subset, and we consider the distance funcion d
on M from the boundary M ~M, cf. Example 2.6. Let &(n) denote t€ mini-

mum of d on the complete semialgebraic subset fJ'n of M. The sequl¢®

(e(n) In € IN) must converge to zero, since d attains arbitrarilySmall

positive values on M.
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§5 - Senialgebraic maps and proper maps

The interplay between semialgebraic and locally semialgebraiic sets in
our thecry becomes more transparent if we also introduce "ssemialgebraic
maps" as a counterpart to locally semialgebraic maps. In pairticular this
will help us to understand "proper maps" between paracompac:t spaces.

(These naps will be defined in the obvious way - see Def. 2! below).

Definition 1. A map f£: M-N between locally semialgebraic s;paces is

called temialgebraic (resp. affine semialgebraic) if f is locally

semialgebraic and if the preimage £71(Xx) of any semialgebraic (resp.
affine semialgebraic) subset X of N is semialgebraic (resp. affine

semialgebraic) in M.

We shall see that semialgebraic maps are pleasant and easy to be
handled from a formal viewpoint. Affine semialgebraic maps are much

more difficult, if no extra hypotheses are imposed on the spaces.

Examples 5.1,
a) Let Y and Y be locally finite simplicial complexes and let f: XY

be a weikly simplicial map. Then f is semialgebraic if and only if,

1

for every open simplex t of Y, the preimage £ ' (1) is a finite subcom-

plex of X. In this case f is, in fact, affine semialgebraic.
b) Let N be a locally complete semialgebraic space, which is not com-

plete. Then the natural map Mo »M, x»x, is not semialgebraic.

[e]

c) If Mis a semialgebraic space (resp. affine semialgebraic space),
then every locally semialgebraic map with domain M is semialgebraic
(resp. zffine semialgebraic). Thus our usage of the word "semialge-
braic" for these maps in the preceding sections is in harmony with

Definition 1.
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We begin our short study of semialgebraic maps with some obvious

remarks.

Remarks 5.2.

a) For every X € T(M) the inclusion map i: X->M is affine semialgebraic.

b) Let (Nalaél) be an admissible covering of N by open semialge~

braic sets N . Then a map f: M- N is semialgebraic if and only if the

following two conditions are fulfilled:

i) (f_1(NaD la € I) is an admissible covering of M by open semialge-
braic sets.
ii) The restriction map

£1£7]

-1
(ch) : £ (Na) ->N(x

is a semialgebraic map between the semialgebraic spaces f-1(Na)
and N, for every a€1I.
c) If £f: M-»N is semialgebraic then, for every locally semialgebraic
map g: N' » N, the map f': MxNN‘-*N' obtained from f by base extension
with respect to g is again semialgebraic.
d) If £f: M> N is semialgebraic and N is paracompact, then M is also
paracompact. Indeed, every locally finite covering (NGIGGI) of N by
sets Nq€ ?(N) yields a locally finite covering (f-1(Na)Ia€ 1) of M by

sets in ?(M).

e) If f: M- N is affine semialgebraic and N is regular paracompact then

M is regular paracompact (Use Proposition 4.7).

Proposition 5.3. Let f: M->N be a semialgebraic map. Then the image

f(X) of any locally semialgebraic subset X of M is again locally semi-

algebraic.

Proof. Let UE€ ?(N) be given and let g: f_1(U)-aU be the restriction of

-1 - . .
f to £ (U). Then £ 1(U) is a semialgebraic space and g is a semialge-
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. - -1
braic mp xnf 1(U) is a semialgebraic subset of f (U), annd thus

gxne ) = £(X)NU

is a semilgebraic subset of U. This means that £(X) € T(N) . g.e.d.

In the :aie that M is Lindeldf (e.g. M connected and paracompact, cf.

Th. 4.17) we can prove a strong converse of this proposition.

Proposi-iyy 5.4. Let f: M-N be locally semialgebraic. Assume, that

every o monent of M is Lindel&f. Assume, furthermore, that

a) all Zijres of f are semialgebraic,

b) ever, closed) zero dimensional locally semialgebraic subset A of M
has 1 ocally semialgebraic image f(A).

Then f is semialgebraic. If in addition M is regular, then f is affine

semialgzb-aic.

Proof. Ve easily reduce to the case where N is affine semialgebraic
and mMus: -hen show that M is semialgebraic. If, in addition M is regu-
lar, thenM is affine semialgebraic by Robson's embedding theorem [R].
Let (M{]i:I) be the family of connected components of M. Then we choose
admissisls coverings (Mi,nlnelN) of all components M; by open semialge-
braic sibsets. Replacing some of the sets Mi,n by the empty set we may

assume : i i i i . ve. UM, :
hit either Mi o 1is not contained in M1,1 U Y i,n-1 or Ml,n

’

is empt;. we claim that all but finitely many sets Mi'n(i€1,n€]N) are

empty. Thsn clearly M is semialgebraic and Proposition 5.4 is proved.

Assume :hit A := {(i,n) € IxN M, n#Q)} is infinite. For every (i,n) € A
4
we choos .. . . Conside
s5e an element xi,neMi,n\ (Mi,1 U UMl,n_1) n r the set
A= {x; l1(,mn)e A}

Clearly Ahas a finite intersection with every M; . Thus A is a
’
(closed) ocally semialgebraic subset of dimension zero in M. Of course,

the same s true for every non-empty subset A' of A. By hypothesis b)
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the image B = f(A) is a locally semialgebraic, hence semialgelraiC,

subset of N, and the same goes for every non-empty subset B' £ B. If

dimB > O, thesn B would contain a closed semialgebraic subspac¢ iSOmMOI=
| phic to [O,1]]. But not every subset of [0,1] is semialgebraic Thus
 dimB = 0, i..e. B is finite. This implies that A contains an nfinite
subset C which is mapped by f to one point y. Now C is a clos«d 2€Io-
dimensional llocally semialgebraic subset of the fibre g1 (y) . since

f_1(y) is assumed to be semialgebraic C must be finite. This cortradic-

tion proves ithat indeed M is semialgebraic. g.ed
Notation. Leit M be a locally semialgebraic space. For conveni:nce We
denote the set of all closed semialgebraic subsets of M by ¥ (1) and the

set of all closed locally semialgebraic subsets of M by T(M).

Definition 2. A locally semialgebraic map £f: M- N is called p:Oper: if

for every locally semialgebraic map g: N' >N the following ho.ds: The

locally semialgebraic map f' :MxNN' -»N' obtained from f by base exten-=

sion with respect to g maps every X € ?(MXNN‘) onto a set f'(X eT(NY).

A locally semialgebraic space M is called complete if the map f7Om M

to the one point space is proper.

Here, as elsewhere ([EGA II, §5.4], [DK,, §91), it is easy to verify

that the class of proper maps has the following formal proper‘-iés'

(Recall that all our spaces are separated).

Remarks 5.5.

i)

Every closed embedding M- N (i.e. locally semialgebraic .somor=

phism from M onto a closed subspace of N) is proper.
ii) The composition of proper maps is proper.
iii) Any map f' : Mx N'->N' obtained from a proper map f : M- N by base
extension is proper.
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v)

vi)
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If f: M>N,g:M'->N' are proper maps "over" a space: S (in the usual
sense) then fx.g: stM' - Nst' is proper.

Let £f: M-N and g: N-»L be locally semialgebraic maips.

If gof is proper then f is proper. In particular (L, = point) every
locally semialgebraic map whose domain is a complet:e space is
proper.

If gof is proper and f is surjective then g is proper. In particu-

lar the image of a complete space M under any locallly semialgebraic

map f: M>N is a complete subspace f(M) of N. (N.B.. £(M) € T(N)).

Proposition 5.6. Let f be a locally semialgebraic map firom a semialge-

braic space M to a space N. Then f is proper if and onlly if the semial-

gebraic set f(M) is closed in N and if the map "f" : M- f£(M) obtained

from f by restriction of the image space is proper in the category of

semialgebraic spaces, as defined in [DK,, §91.

Proposition 5.7. Let f: M>N be a locally semialgebraic map and let

(Uyl®€I) be an admissible open covering of N. Then f is proper if and

only if all the maps £ ' (U ) »U,, « €I, obtained from £ by restriction

are proper.

We omit the easy proofs of these two propositions.

Lemma 5.8. A complete locally semialgebraic space M has only finitely

many connected components.

Proof. The family (M, la€I) of connected components of M is an admissible

covering of M. In every set Ma we choose some point Xx,. The set

A := {XG|0€I}

meets every Mo in one point. Thus A is closed and locally semialgebraic.

The subspace A of M is complete and discrete. The same goes for every

subset of A. Assume that I is infinite. We choose a sequence (o(n) In€N)
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of pairwise diffcerent indices in I and consider the complete and dis-

crete subspace

B := an(njlne N}

of M. The function f: B> R defined by f(xa(n)) = n is locally semialge-

braic and proper:. But its image N is not semialgebraic in R. This con-

tradiction prove:s that I is finite. g.e.d.

We now come to t:he main result of this section.

Theorem 5.9. Let: M be a space all whose connected components are Linde-
16f (e.g. M paraicompact, cf. Th. 4.17). Then every proper map f : M2 N

from M to an arbvitrary space N is affine semialgebraic.

We first prove the theorem in the special case that N is a point. Then

the theorem meams the following.

Corollary 5.10. Let M be a complete space all whose connected components

are Lindeldf (e.g. a complete paracompact space). Then M is affine semi-

algebraic.

In order to prowe that M is semialgebraic we choose an admissible cover-
ing (MnlnEN) of M by open semialgebraic subsets Mn which is possible

by Lemma 5.8. Suppose M is not semialgebraic. Then M cannot be covered
by finitely many Mn‘ As in the proof of Propositicn 5.4 we assume that
M ~is not contained in M, U...UMn__1 for every n> 1, and consider a set

A := »{xnlnen}

with x €M ~ (Mg U ... UM _4). Again A is closed and locally semialge-
braic in M, and dimA = O. Thus A is a discrete complete space. This

contradicts Lemma 5.8, and we see that M is indeed semialgebraic.
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It remain: to prove that M is affine*) . By Robson's embeddding theorem
[R] it sufices to verify that M is regular. Let a point xx &M and an
affine op:n semialgebraic neighbourhood U of x be given. wWe claim that
there exiits a complete neighbourhood K of x with KcU. Iff we have
proved ths we are done, since K will be closed in M. We cchoose an iso-
morphism ¢ : U, 2 from U to a bounded semialgebraic subsett Z of some

R". We ap)ly the following general lemma, which will be pproved below.

Lemma 5.1 . Let X and Y be locally semialgebraic subsets cof some spaces
M and N, :nd let ¢ : X-Y be an isomorphism.Assume that M ids complete and

that X isopen in its closure X. Then Y is open in its clcosure Y.

By this lmma 2 is open in its closure Z in R". Let p := vo(x) and
r := d(p, 2), the euclidean distance of p from 32 = Z~Z.. We have r>O0.
The set

L := {z€Zld(z,32) >3}

-1 .
is a comp.ete neighbourhood of p in Z. Thus K := @ (L) ids a complete

neighbouricod of x in U.

It remain: to prove Lemma 5.11. Replacing M and N by the <closures X and
Y of X ani Y we assume that X is dense in M and Y is densse in N. Let
ZcXxY dmote the graph of ¢ and Z its closure in MxN. Léet further p
and g demte the projections of Z onto M and N. g is a prcoper surjec-

tive map. We have a commutative triangle

ze—3 g v
q}\ ﬁqu (¥)
Y

-1
with ql2 n isomorphism and j the inclusion map from Z to> g

(Y). Now

j is propsrr, since qlZ is proper (cf. 5.5.v. We did not uase yet that q

*) We thaik R. Robson for communicating this proof to us. The first
proof, to our knowledge, has been given by N. Schwartz ![Sch, Th. 157].
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. L -1
is proper.) Simce j is a dense embedding, we conclude that 2 = q (Y).

. -1 - . .
Replacing ¢ by ® = we see that z = p 1(X). Assume now that X is open 1n

-1 . L= -
M. Then 2 = p (X) is open in Z. Since Z = q 1(Y) we have

NNY = q(Z~12),

and this set i:s closed, since q is proper. This finishes the proof of

Lemma 5.11 and. of Corollary 5.10.

We now come to the proof of Theorem 5.9 in general. From Corollary 5.10
we know that ewery fibre of f is (affine) semialgebraic. By Proposition
5.4 this implies that f is semialgebraic. Thus, for every affine semi-
algebraic subsiet X of N the preimage £ | (X) is semialgebraic. The re-
striction £ (X) - X of f is proper. We want to see that f_1(X) is

affine. Thus we have to prove the following general fact.

Theorem 5.12. Let M be a semialgebraic space. Assume that there exists

a proper map firom M to an affine semialgebraic space N. Then M is

affine.

A proof of this fact has been given by N. Schwartz using his theory of

"real closed spaces" [Sch, Cor. 162]. (These are the "abstract locally

semialgebraic spaces" in our terminology in Appendix A below.) A proof

by our "geometric methods" (cf. App. A) would be desirable but seems

to be difficult. A major point in Schwartz's proof is that he first

verifies Corollary 5.10 for M semialgebraic and then applies this to

the fibres of the abstraction T:M-¥N of f (cf. App. A), which can be

interpreted as semialgebraic spaces over suitable real closed fields

containing R.

Theorem 5.9 says in particular that, if M is not too wild, say paracom-
pact, then a locally semialgebraic map f: M> N is proper if and only
if, for a given admissible covering (Na]ael) of N by open semialgebraic

: =1 -
sets,the preimages £ ' (N ) are semialgebraic and the maps f 1(Na)'*Na
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obtained from f by restriction are proper maps in the ciéategory of semi-
algebraic spaces. This may be regarded as a negative ressult: Essential-
ly nothing new happens if we study proper locally semia.lgebraic maps

between paracompact spaces instead of proper semialgebriaic maps between

semialgebraic spaces. On the other hand properness is commonly regarded
as a condition which is often necessary to obtain good rresults on "fami-
lies of spaces". Should we admit that locally semialgeb:raic spaces are

only a moderately useful generalization of semialgebraiwc spaces?

Fortunately there is a way out of this dilemma. In contirast to the
classical space categories it is here possible to define "partially
proper maps" which are more general than proper maps but behave nearly
as well as proper maps. These maps will be discussed in the next

section.
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§6 - Partially proper maps

Recall that, for  any space M, we denote the set of all closed semialge-

braic subsets off M by ¥ (M) and the set of all closed locally semialge-
braic subsets off M by T (M).

Definition 1.

i) A locally ssemialgebraic map £ :M -»N is called partially proper if,
for every M € ¥ (M), the restriction f£IA :A -»N is proper.*) Accord-
ing to Proposition 5.6 this means that we have £ (A) e¥(N) for
every A €¥ (M), and the map A -»f (A) obtained from f by restriction
is proper semialgebraic.

ii)

A locally semialgebraic space M is called partially complete if
the map from M to the one point space is partially proper. This

means that every closed semialgebraic subset of M is a complete

semialgebraic space.

Of course every proper map is partially proper and every complete

space is partially complete.

Examples 6.1. Here are examples of partially complete spaces:

i) Every discrete space (Ex. 3.19) is partially complete.

ii) The space M,  considered in Example 2.6 is partially complete

for every locally complete semialgebraic space M.
iii) Every closed locally finite simplicial complex (Ex. 2.12) is a

partially complete space.

Relevant examples of partially proper maps will emerge naturally in

the course of this section.

*) The term "proper in parts" would reflect this situation better,
but is clumsier.
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Some formal properties of partially proper maps follow easi.ly from the
correspcnding properties of proper maps and/or directly from the defini-§

tions.

Remarks 6.2.

i) The composition of two partially proper maps is partia.lly proper.
Let f :M »N and g : N »L be locally semialgebraic maps.

ii) If g°f is partially proper, then f is partially proper. In parti-
cular every locally semialgebraic map with domain a partially com-
plete space is partially proper.

iii) If g<f is partially proper and f is surjective and semialgebraic,

then g is partially proper.
iv) If f :M N is partially proper then for every X €T(N) the restric-
ticn £71(X) »X of f is partially proper. In particular, all fibres

of a partially proper map are partially complete.
Partially proper maps warrant more cautious treatment than proper maps.

Counterexamples 6.3.

a) One can construct a partially proper "spiral map" h from IR, .

into IR?

. (Infinite spiral with center O). h(IRloc) is not even a
semialgebraic subset of the semialgebraic space IR2.

b) Let M be a locally complete semialgebraic space which is not complete.
As stated above, the space Mioc constructed in Ex. 2.6 is partially
complete. Let f be the locally semialgebraic map x »x from Mo to
M, and let g be the map from M to the one point space. Then g<f is
partially proper and f is surjective. But g is not partially
proper. Thus we see that in statement 6.2.iii we need some extra
condition on f in addition to surjectivity. This also shows that the

image of a partially complete space under a locally semialgebraic

map is not necessarily partially complete - even if it is a locally
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semialgebrraic set.

The question as to whether pull backs of partially proper maps remain
partially prcoper is delicate. We want to prove that this is indeed the

case, but th:is will only be feasible after some preparation.

Theorem 6.4. A locally semialgebraic map f :M -»N is partially proper if
and only if ‘the following conditions hold:

i) £(A) €¥(N) for every A €7 (M).

L. . -1
ii) All filores £ (y), y €N, are partially complete spaces.

Proof. Clear:ly conditions i) and ii) hold if f is partially proper. We

now assume i) and ii) and want to prove that for a given A €V (M), the

restriction flA :A >N is proper. By assumption f(A) €¥(N). It remains

to be shown that the semialgebraic map g :A -f(A) obtained from f by re-

striction iss proper. The image of every closed semialgebraic subset of

A is closed in f(A). For every y €f(A) the fibre g_1(y) = £ 1 (y) NA is

complete. Thws we know from [DK,, Th. 12.5] that g is indeed proper.
g.e.d.

Ccorollary 6.5. Let £ :M »N be a locally semialgebraic map. Assume that

every point y of N has a locally semialgebraic neighbourhood L such

that the restriction f—1(L) -L of £ is partially proper. Then £ is

partially proper.

Proof. All fibres of f are partially complete. Thus it suffices to verify
that, for a given A €¥ (M), the image f(A) is closed in N. Let y be a
given point in the closure f(A). We choose a neighbourhood L € J(M) of

y such that £ (1) oL is partially proper. Then f(A) nL = f(A ne (L))

is closed in L. Thus y €f(A) NL and a fortiori y €£(Aa). q.e.d.

In order to prove that pull backs of partially proper maps remain par-
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i J‘ u i 1 the
tially proper, we have to cope with the difficulty that in genera
c i ic X 3.15).
losure of a semialgebraic set may not be semialgebrai (Example
But ther is is true and that will suffice
e is a special case where this is

for our proof.

i i ia braic ma
Definition 2. An incomplete path in a space M 1s a semialge P

a: [0,1[ M from the half-open interval [0,1[ to M.

Lemma 6 6 th then th o closure A of
.6, If a: [O, 1 I -M is an incomple te pa «©
A:=aq (o] || w]‘th some oint € M. Thus A
([ 7 ) in M is either A or AU {p} P P

is semialgebraic.

Proof. Assume that there exists some point pei\ A. Let U be a semial- '
gebraic neighbourhood of p. Then the semialgebraic subset a—1 (U) of [0,1[
contains some interval Jla,1[ with O<a<1. Indeed, otherwise
UNa(l0,1[) ca([0,a]) for some a€ 10,1[. But a([0,al) is a closed sub-
set of M which does not contain p, while p is in the closure of
UNa([0,1[). Now if q were a point in A~A different from p, then we
could choose open semialgebraic neighbourhoods U and V of p,q respec- :
tively with UNV=¢. But a ' (U) > Ja,1[ and o« V(v)>1b,1[ with a,b€ ]0,1[. 1
Since Ja,1[ n lb,1[ is not empty, this is absurd. Thus A ~A contains at

g.e.d.
most one point p.

"1i i " oir hs.
We shall also need the following fact about 1lifting" incomplete pat

Lemma 6.7. Let £ : M>N be a semialgebraic map between arbitrary spaces
and let a: [0,1[ =N be an incomplete path with oa([0,1[) €£(M). Then

. . ith
there exists some c € [0,1[ and a semialgebraic map B : [c,1[ > M wit

feB = allc,1[.

Proof. We look at the cartesian square
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L := [;o,1[xNM*q,M

pl lf

[0,1[ R S \\

(64

with p,q denotiimg the natural projections. The lemma means that there
exists some c € [[0,1[ such that the restriction p-1 (lc,10) » [c,1[ of P
admits a semialgjebraic section. The map p is surjective. It is also
semialgebraic, hence the space L is semialgebraic. Let L1,...,Lr be
finitely many (open) affine semialgebraic subsets of L which cover L.
Then [0,1[ is ‘thie union of the semialgebraic sets p(L,) ,.--,P(Lr)’

There exists some a € [0,1[ such that one of these sets, say p(L1), con-—
tains the interwal [a,1[. We now apply Hardt's theorem ([DK3, Th. 6.4],
(H] for R=R, cf. II, Th. 6.3 below) to the restriction n: L1np_1([a,1[)
- [a,1[, which is a surjective semialgebraic map between affine spaces.
By this theorem, [a,1[ contains a dense open semialgebraic subset U

such that n is trivial over U, i.e. n—1 (U) is isomorphic to a product
UxF over U. Clearly m has a semialgebraic section over U, and U contains

an interval [c,1I[. g.e.d.

We now are ready to prove our main result about partially proper maps.

Theorem 6.8 (Relative path completion criterion). For a locally semi-
algebraic map f : M- N the following are equivalent.

i) f is partially proper.

ii) For any path & : [0,1] >N and any incomplete path p: [0,1[»M with

fe8 = a1[0,1[ there exists a (unique) path B: [0,1] >M such that B

extends B (hence f<B = q).

Proof. i) = ii): Let a: [0,1] >N be a path and g: [0,1[ »M an incomplete
path with f¢p = al[0,1[. We want to extend B to a path in M. Let B de-
note the closure of B([0,1[) in M. By Lemma 6.6 this set is semialge-

braic. Thus £(B) € ¥ (N) and the map f|B: B-» f(B) is proper semialgebraic.
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We can read & as a path in £(B) and B as an incomplete paith in B. We

now know from the semialgebraic theory [DK4, Cor. 2.3] thhat B extends to
a path B: [0,1] >B.

ii) = i): Given some L € ¥ (M) we have to prove that the rrestriction

fIL of f is proper. Condition ii) holds for flL since it holds for f.
Thus, replacing M by L, we may assume from the beginning that the space
M is semialgebraic. Now the map f : M-N is semialgebraic.. In order to

prove that f is proper we have to consider a cartesian sguare
] L\
MxNN —3d .

P g

M——— N

£

and some A€ T(Mx,N'), and we have to verify that q(A) €TF(N'). Since g is

N
semialgebraic (5.2.c) we know already that q(A) € T(N'). Let y be a point

in the closure of g(A). By the curve selection lemma ([DK,, Th. 12.1],

]

[DK,, §2)) there exists a path o inN' with a([0,10) =g(a) and o(1) = y.
By Lemma 6.7 there exists some c€ [0,1[ and a semialgebraic map '
B : [c,1[ > A such that g+p = ollc,1[. Applying conditiom ii) to the
map pe8: [c,1[ »M and the map (geda)llc,1]: [c,1] >N we see that p.§
extends semialgebraically (i.e. continuously) to [c,1]. Since also g-p
extends semialgebraically to [c,1], the map B extends semialgebraically
to a map B : [c, 1] >MxN'. Then q°B = allc,1]. In particular, q(B(1) =

a(1) = y. Since A is closed in Mx N' we have B(1) €A, hence y€q(a),

and we see that g(A) is closed in N'. q.e.d.

In the special case that N is the one-point space the theorem means

the following.

Corollary 6.9 (Absolute path completion criterion). A space M is par-
tially complete if and only if every incomplete path & :[0,1[ M ex-

tends to a path a: [0,1] > M.
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For later use vwe state a consequence of (the easier part of) this

corollary.

Corollary 6.10.. If M is a partially complete subspace of some space N,

then the set M is closed in N.

Proof. Let x bee a point in the closure M of M. We choose a path

a: [0,1]»N wiith a([0,1[) M and a(1) = x

. By Corollary 6.9 the map

al[0,1[ from [[0,1[ to M can be completed to a path in M. This means,

that x = a(1) € M. qg.e.d.

As another con:sequence of Theorem 6.8 we obtain a characterization of
partially propter maps by a preimage condition. This characterization is
remarkable since no conditions on the image space (e.g. "locally com-

*
plete") is neewded ), in contrast to the topological case, where one

needs local compactness [Bo, Chap. I, §10, No. 3].

Corollary 6.11. For a locally semialgebraic map f : M> N the following

are equivalent.
a) f is partially proper.

b) The preimage f_1(L) of every partially complete locally semialge-

braic subset L of N is partially complete.

c) The preimage of every complete semialgebraic subset L of N with

dimL < 1 is partially complete.

Proof. a) = b): The map f—1(L) - L is partially proper by Corollary

1

6.10 and 6.2.iv. The space L is partially complete. Thus £ (L) is

partially complete.

The implication b) = c) is trivial. The implication c) = a) is evident

by the path completion criteria 6.8 and 6.9.

*) This fact has escaped out attention in [DKg, §3].
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Using the relative path completion criterion we are also able to verify

that pull backs of partially proper maps are again partiailly proper.

Theorem 6.12. Let Mx N' —— e N

: s

M —F > N

f

be a cartesian square of locally semialgebraic maps. Assume that f is

partially proper. Then g is also partially proper.

Proof. We verify condition (ii) of Theorem 6.8. Thus we aire given semi-
algebraic maps «: [0,1]->N' and B: [O,1[—vaNN', with geB = ol[0,1[ and
we want to extend B to [0,1]. We introduce the maps Y := g-a from [0,1]
to N and & := peB from [0,1[ to M. Clearly fed = yi{o,1[. since £ is
partially proper, & extends to a path 5: (0,11 »M with £28 = Y. Now

B(t) = (5(t),a(t)), o<tx<1,

is a path in MxN' with Bl[0,1[ = 8 and g8 = @. g.e.d.

Proposition 6.13. Every partially proper semialgebraic map is proper. !

Proof. Let f: M- N be partially proper and semialgebraic. Choose an
admissible covering (N |a€I) of N by open semialgebraic ssubsets. The
sets f_1(Na) are open semialgebraic in M. By Theorem 6.12 the maps
-1

£ (N,) »N, are partially proper, which in this case means they are

proper. Thus f is proper. q.e.d.

If M is paracompact then it is now clear from Theorem 5.9 that a parti-
ally proper locally semialgebraic map f: M~N is proper if and only if

f is semialgebraic.

We verify that an important class of locally semialgebraic maps con-

sists of partially proper maps.
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Definition 3. /A locally semialgebraic map £f: M- N is called weakly lo-

| cally trivial iif every point y of N has a semialgebraic neighbourhood

L such that theere exists a commutative triangle

£ (IL) ELXf

AT

with ¢ a locally semialgebraic isomorphism and pr, the natural projec-

tion.

Remark. This nwotion is too weak for many - but not all - purposes. We

call f: M-N locally trivial if N has an open admissible covering

(NG|G€I) such that every f-1(Na) is isomorphic to a product N, xF, over

Na'

Example 6.14. Every weakly locally trivial map £ : M>N with partially

complete fibre:s is partially proper.

Indeed, in the: triangle (*) above the map pr, is partially proper by

Theorem 6.12. Thus flf—1(L) is partially proper for some neighbourhood

L of any ye€N. By Corollary 6.5 the map f is partially proper.

The "locally siemialgebraic covering" which we mentioned in the preface
will be defined as the locally trivial maps with discrete (Ex. 3.19)
fibres. These maps are certainly partially proper, a fact which is of

good use to the theory of coverings, cf. Chapter V.

We turn to another example. Let f: X-Y be a simplicial map between
strictly locally finite simplicial complexes (cf. definitions at the

end of §2). Under which combinatorial conditions is £ partially proper?

Let £ :X-Y denote the closure of f. This map is always partially pro-
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i b . s ==1
per since X is partially complete. Thus the simplicial maip g: £ (YY) ~Y
obtained from f by restriction is also partially proper (‘Th. 6.12).

Looking at the commutative triangle
X .___J___..
Y

with j the inclusion map we see that f is partially prope:xr if and only

()

if j is partially proper (Remarks 6.2.i, ii). Now if j is partially

proper then, for every open simplex o of X, the semialgebiraic set o N X
1

must be closed in ¥ ' (Y). This means o NX = 0O nf”1 (Y), and we see that

f is partially proper if and only if X = £ '(¥). Since X is paracompact
the map f is proper 1f and only if in addition f is semia.lgebraic. This
means that the preimage of every finite subcomplex of Y uinder f is a

finite subcomplex of X. Thus we arrive at the following

Example 6.15. Let f: X~ Y be a simplicial map between striictly locally
finite complexes. Then f is partially proper if and only if the follow-
ing holds for every open simplex c € X(X): if T is an open face of ©
with (1) € £(Y), then T€X(X). £ is proper if and only if, in addition,
there exists only finitely many simplices 0 € I(X) with £(0) = p for

every p€ I (Y).

A great amount of our work in these Lecture Notes will be spent on a
rather special class of partially proper maps, the partia 1lly finite

maps.

Definitjon 4. A locally semialgebraic map f:M-N is called finite, if
f is proper and has discrete - hence finite (cf. Lemma 5.8) - fibres.

f is called partially finite, if f is partially proper and has discrete

fibres. As is easily seen f is partially finite if and only if the re-

striction f|A:A->N of £ to every closed semialgebraic subset of M is
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finite. (Hint: 1Use the fact that a space which does not admit any non

 constant path i:s discrete.)

Caution. A part:ially proper map with finite fibres is not necessarily
finite. For exammple, assume that R contains a sequence of positive ele-
ments convergintg to zero, and that M is an affine locally complete - but

not complete — semialgebraic space. The space M is partially complete.

loc
Thus the natura:l map p: Mloc-+M is partially proper. But p is not proper,
hence not finit:e. Indeed, M, oc 1s paracompact (Ex. 4.4.a). If p would

be proper then, by Theorem 5.9, Mloc would be semialgebraic, which is

not true.

Looking for exammples of partially finite maps we state

Proposition 6.16. Let f: X->Y be a simplicial map between strictly lo-

cally finite simplicial complexes. The following are equivalent:

i

i) is injective on the set E(0) of vertices of every o € Z(X).
ii) f has discrete fibres.

iii) £:X-Y is partially finite.

Proof. i) = iiii): f maps the closure G of every o € r(X) isomorphically

. onto the closed simplex £(o), hence also the closure 5 of every o € I (X)
isomorphically onto the closed simplex f(g). Thus every fibre of f meets
every closed simplex in at most one point. A fortiori it meets every
open simplex im at most one point. Since X is the union of its finite
open subcomplexes, all fibres of f are discrete. The implication iii) =
ii) is trivial. 1i) = i): Suppose there exists an open simplex o in X
such that f is not injective on E(¢). Then all fibres of the affine map
flo from o to £(0) contain line segments and thus have at least dimen-

sion one. This contradicts the assumption that f has discrete fibres.

g.e.d.
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Example 6.17. Let again f: X-Y be a simplicial map bettween strictly
locally finite simplicial complexes. Then we see from Example 6.15 and
the preceding Proposition 6.16 that f is partially finiite iff f is in-
jective on the set of vertices E(¢) of every o€ £(X) amd in addition
TE€I(X) for every open face T of every o € Z(X) with F(w) € Z(Y). The map
f is finite, iff, in addition, for every p € (Y), theres exist only fini

tely many o € £(X) with f(o) = p. Then f is also affine semialgebraic.

Remark 6.18. The statement in Examples 6.15 and 6.17 remain true if the
complexes X and Y are only locally finite instead of stirictly locally
finite. This can be seen for the first statement in 6.15 by use of the
path completion criterion for partial properness (Th. .8). Then the

other statements can he dedurced ir much the same way as before.

We mention yet another class of examples of finite affiine semialgebraic
maps. Every finite morphism ¢ : V- W between algebraic warieties V and W
over R (in the sense of algebraic geometry) yields a fiinite affine semi-
algebraic map f==wR: V(R) »W(R). As we shall explicate in the next sec-
tion, the semialgebraic spaces V(R) and W(R) are locally complete (7.1.cé
and f may be also regarded as a locally semialgebraic map floc from the
partially complete space V(R)loc to W(R)loc. The semiallgebraic map f is
proper. This implies, by the definition of V(R)lOC and W(R)loc that

the locally semialgebraic map fio is affine semialgebraic. As a par-

[e]

tially proper semialgebraic map £ is even proper. Thus floe is a

loc

finite affine semialgebraic map.

There remains the question, how our central notions "proper", "partially
proper", "finite", "partially finite" behave under extension of the Lase
field R to some real closed overfield R. This seems to be more difficult
than the considerations about extension of the base field, say, at the

end of §3. We shall deal with this question in Appendix B.
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§7 - Locally compylete spaces

As before the worcd "space", if used without further specification,

means "locally semmialgebraic space" (of course separated) over our

fixed real closed! base field R.

Definition 1. A sipace M is called locally complete, if every x €M has

a semialgebraic meighbourhood which is a complete semialgebraic space.

By Corollary 5.10) every such neighbourhood K is an affine semialgebraic
space. It is them clear from the regularity of K that x has a fundamen-
tal system of complete semialgebraic neighbourhoods in K, hence in M.

In particular, ewery locally complete space M is regular. If M is also

semialgebraic, thien M is affine.

Locally complete semialgebraic spaces have been considered before in
- this chapter (Exaimples 2.6, 4.4; Remark 4.20). There the point was that
% such a space M lesads naturally to a partially complete regular space
; My oc which, under favourable circumstances, is also paracompact. We
. shall generalize the construction of M, . below to an arbitrary locally

, complete space M.

Examples 7.1. a) Every partially complete regular space M is locally
complete.

b) Every closed or open subspace of a locally complete space M is lo-
. cally complete. Thus every locally closed subspace X of M (X € T(M), X

E open in X) is locally complete.

A c) For any algebraic variety V over R the semialgebraic space V(R) is

% locally complete.

1 Indeed, if V is affine, V can be embedded as a closed subvariety into

E an affine standard variety Aé‘. Then V(R) is a closed semialgebraic
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subspace of R™. Since R" is locally complete, V(R) is alsso locally com- %

plete. In general, we cover V by finitely many Zariski-oipen subvarietie

Viyreeov so V(R) is covered by the finitely many open ssemialgebraic

.y
subsets V; (R) which are locally complete. Thus V(R) is lcocally complete;:
V(R) is also semialgebraic, hence affine semialgebraic. We shall explain)
in the second volume that for any variety W over R(V=T) = C the set of
geometric points W(C) is also a semialgebraic space over R in a natural way
(cf. [K1, §1]1). It then will be clear that W(C) is locallly complete.
Additionally, the infinite coverings of V(R) (resp. W(C)) - to be studied]
in Chapter V - are locally complete, since they are "locally isomorphic"?
to V(R) (resp. W(C)). These spaces are no longer semialgeebraic.

d) Direct products of finitely many locally complete spaces are locally
complete. The fibre product M1xNM2 of two locally complette spaces Mi
with respect to any locally semialgebraic maps M; N (i =1,2) is lo-
cally complete since it is a closed subspace of M, xM,.

e) Going back to Example 2.9, assume that the space M there is locally
complete. Then the space X constructed there is also locally complete. |
f) We shall see in Appendix B that, for any locally compllete space M
over R and any real closed overfield R of R, the space M«(E) is locally

complete.

Proposition 7.2. Let M be a dense locally semialgebraic subset of a
space N and x €M. Then every complete locally semialgebraic neighbour-
hood K of x in M is also a neighbourhood of x in N. In particular, if
M is a locally complete subspace of a space L, then M is cpen in M,

the closure of M in L, i.e., M isg locally closed in L.

Proof. Since K is complete, K is also closed in N. Hence N is the union
of K and the closure M ~K of M ~K. Now x ¢M <K and thus K is also a

neighbourhood of x in N. g.e.d.
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Let X be a locallly finite simplicial complex over R (cf. §2). We look
for a "combinatcorial™ criterion that X - regarded as a space - is lo-
cally complete. A small difficulty arises from the fact that X needs

'not be locally :finite and therefore needs not have an interpretation

as a space.

bProposition 7.3 . The following are equivalent:
a) The space X 1is locally complete.

b) For every op:en simplex 1t of X the stars StX(T) and Sti(r) are equal.

c) The complex X ~X is closed.

Proof. The equivalence b) & c) is fairly obvious. X is the union of
the subcomplexe:s Sty (t), v €x(X), and these are open in X. If X <X is
closed, i.e. X is an open subcomplex of X, then all stars StX(T) are
open subcomplexies of X. But Sti(r) is the smallest opensubcomplex of X
containing 1. Thus StX(T)

= Sty (1) for every t €x(X). Conversely, if

; this is true, then the complexes StX(T) are open in X. Thus also X is

- open in X.

- a = b): Fix some T €X(X) and let Y denote the finite open subcomplex
EStX(T) of X. Since X is locally complete, the open subspace Y of X is
‘also locally complete. By proposition 7.2, Y is open in Y. Now let ©
{‘be an open simplex of Sty (1), i.e. ¢€ I(X) and 1 <o0. Choose some

E o € £(X) with 0<p. Then pc¥ and ccY. Since Y is open in Y and T <0

E we conclude that ocY. Thus Y = Sti(T)’

b = a): The family (StX(T),T €X(X)) is an (admissible) covering of the

' space X by open semialgebraic subets. It suffices to verify that, for

- any fixed T €X(X), the space Y := Sty (1) is locally complete. By assump-
tion, ¥ = Sti(r). Thus Y is an open subcomplex of X. A fortiori, Y is
. an open subcomplex of the finite closed complex Y. We conclude that Y,

»ias a space, is open semialgebraic in the complete space Y, and there-

% fore Y is locally complete. g.e.d.
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We shall see in Chapter II, §2 that every regular paraicompact space is

isomorphic tc a subspace of some partially complete re:gular paracompact
space. Once we know this, it is clear from Propositiom: 7.2 that the lo-§
cally complete regular paracompact spaces are, up to iisomorphism, just

the open subspaces of the partially complete regular praracompact spaces

In the case of a semialgebraic locally complete space M we can do bet-
ter. We define a generalized topological space (cf. §1, Def. 1) l
(M+,)"’(M+) ,CovM+) as follows. The set mM* is the disjoimt union of M and |
one further point «. A subset U of M" is an element of’ 4?“(M+) if either
U€FM) or U = (M~K) Ufw} with K a complete semialgebyraic subset of

M. A family (UO(lO(GI) in ?‘(M+) is an element of CovM+ i.f the union U of
the U, is an element of #(M7) and U is actually the umion of finitely :
many U . It is easily checked that the triple ot 5t ,COVM+) is in-
deed a generalized topological space. For every U €F(M*) we define a
ring 0M+(U) of R-valued functions on U as follows. If U € §(M) then

i

©  (U) := OM(U). If U= (M~K) U{e}, then a function £ :U -R is an ele-{

M+
ment of (QM+(U) if the restriction £IM ~\K is an element of (OM(M ~K) and
if f is also continuous at « in the strong topology off U, i.e. for
every ¢ >0 in R there exists some complete semialgebraic set L oK in
M with |f(x) - f(w)| <e¢ for all x €M ~L. Clearly the assignment
UH@M+(U) is a sheaf OM"’ of rings of functions on (M+,,?'(M+),CovM+).
Henceforth we simply denote the ringed space (M+,f(‘(M+) ,CovM+,(DM+) by

MT.

-~ - + . . ;
Theorem 7.4. M is a complete semialgebraic space over R.

We call M* the one-point completion of M. If M is already complete,

+ . i
then M’ is the direct sum of M and the one point space {«}. The theo-

rem is trivial in this case.
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In order to prove: the theorem we start by considering the special

case M = R". Let :S" denote the unit sphere in Rn+1, let e denote the
north pole (0,0,. ..,1) of s", and let p :s™ ~{e} 5R" denote the stereo-
graphic projectiom, p(x1,...,xn+1) = (y1,...,yn) with

-1 .
Yy, = xi(1_xnﬁ4) ;1 <1 <n.

This is a semialgfebraic isomorphism with the inverse map (y1,...,Yn)
"H(x1l"'lxn+1)l
2 2 -1 ;2 -1
Xipq = (x"=1) (x+1) 7, x; = 2y, (x%+1)

for 1 < i < n, where r? = Y12 +o.. +yn2. We extend p to a bijection p

+ — — .
from s to (RM)” by ple) = . It is easily checked that p is an 180-
+
morphism of the siemialgebraic space S with the ringed space ®RH 7.

Henceforth we ide:mntify (Rn)+ with s® using this map p.

Lemma 7.5. Any locally complete semialgebraic space M can be embedded

in some R" as a c:losed subspace.

{Proof. Embed M somehow in a space R™. Then M is open in its closure M.
T — -1 .
Now embed M into R"xR as the graph of the function x »d(x,M M) with

{d(—,ﬂ‘\M) the euclidean distance function from M <M. (This very classi-

cal proof, also contained in [DKS, §31, is repeated here for the con-

- venlence of the reader).

i Using this lemma, the proof of Theorem 7.4 is easy. We may assume that
k M is a closed subspace of R" for some n >1. We regard M as a subset

4 . . : . . . . . + :

kK of (Rn)+ identifying the point « in mt with the point « in (R") 7. This

i subset is closed and semialgebraic in (R™)'. It is now easily checked

that the subspace structure on M+ in (Rn)+ coincides with

(F1%) | Covy,Oy4) -

: Proposition 7.6. Let N be a partially complete space and let V be an




80

open locally semialgebraic subset of N. Let f:V » M be a locally

semialgebraic map from V to a locally complete semialgeraic space M.
Extend f to a map g : N-M' by g(NNV) = {w}. Then the maip g is locally !
semialgebraic (i.e. a morphism of ringed spaces) if and only if f is

partially proper.

Proof. We have g_1(M) = V. If g is a morphism, then g is; partially
proper, since N is partially complete. This implies that: the restric-
tion £ : 9—1(M)-»M of g is also partially proper. On the other hand,
assume that f is partially proper. Once we know that g iis continuous,
then it is evident that g is locally semialgebraic. Indeed, for any
semialgebraic subset W of N, the graph of giW is the union of the graph{
of fIWNV and g|W~V, and thus is cemialgebraic. To verify continuity |
we have to check that for any U€ ¥ ") the preimage g-1«U) is open in
N. This is obvious if UcM. Otherwise, M+\\U is a complete semialgebraig
subset K of M. Then g_1(K) = f-1(K) is a partially complete locally

semialgebraic subset of N. In particular, g-1(K) is closed in N, and

9-1(U) is open in N.

Example 7.7. Any proper semialgebraic map f : N»M between locally com-
plete semialgebraic spaces extends to a (proper) semialgebraic map

£t Nt oMt with £7(w) = .

It is also clear from Proposition 7.6 that, if a locally complete semi-
algebraic space M is embedded in a complete semialgebraic space M with
M~M a one point set, then M may be regarded as the one point comple-
tion MY of M. Indeed, this is trivial if M is complete. Otherwise, just
apply the propcsition to N = M, Vv = M, £ the identity map M- M, and

recall that a bijective proper map is an isomorphism.

Given a locally complete space M we now define a partially complete

space Mloc’ generalizing the construction in Example 2.6. This can be
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done in a straiightforward way. Let rc(M) denote the set of all complete
semialgebraic ssubsets of M, and let ?’C(M) denote the set of all open
senialgebraics U € ¥(M) with U € ¥.(M). There is a tiny point here - if

M is not paracocmpact, we do not know whether U is semialgebraic for

every U € (M) (cf. Example 3.15). This subtlety will not disturb us.

Both sets 5“C(M)1 and X‘c (M), ordered by inclusion, are directed systems

).

*
of subspaces off M

We define Mloc as the inductive limit of the system ?‘C(M) in the cate-

gory of ringed spaces over R with underlying set M. As observed in

greater generallity in Examples 2.9 and 4.2.a, Mo is a regular locally

semialgebraic space and :’;:(M) is an admissible covering of Mloc by
open semialgebraics. Furthermore, for each U € g'c(M) the subspace struc-

tures on U with respect to M and Mloc are the same. From this we con-

A & - ¥ i lete.
clude that in fact c(M) x‘(Mloc), and that Mloc is locally comp
Every U € B"'C(M) is contained in the set U € ¥ (M) . Also, every K € YC(M)
is contained im some V € ff‘c (M). Indeed, K is contained in some W € M),
and the open subspace W of M is locally complete and semialgebraic.

We have seen im Example 2.6 that K has a complete semialgebraic neigh-

bourhood A in W. Thus A Gf"c(M) and A oK. Hence the directed systems of

spaces i-c (M) amd X'c (M) are equivalent, and we conlcude that

(7.8) M) = lim Y'C(M).

Moreover, we see that every K er'c(M) is - in its given space structure -

a complete subspace of M, ., and that oMy ) = ).
The inclusion maps Ko M with K running through X’c (M) yield - by the

very nature of the inductive limit (7.8) - a canonical locally semi-

*) Every set of subsets of M will be regarded as a family of subsets
of M, each member of the set being indexed by itself.
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algebraic map

Py :Mloc’*M'

We want to characterize the map Py by a universal property. For this

we need a new definition.

Definition 2. A space M is called taut, if the closure X of any semi-

algebraic subset X of M is again semialgebraic.

Examples 7.9. a) As observed in Proposition 4.6, every paracompact
space is taut. The property "taut" should be considered as a weakening
of the property "paracompact", needed for technical reasons.

b) If N is a taut space and £ :M -»N is a semialgebraic map, then M is
taut. Indeed, given some X € ¥(M), the set Y := f(X) is semialgebraic
in N. Thus Y €¥(N). Since f is semialgebraic, we conclude that

f_1(Y) €¥(M), and then that X €¥(M).

c) Every subspace of a taut space is taut.

d) The direct product M,xM, of taut spaces M, and M, is taut. More
generally, the fibre product M1xNM2 with respect to arbitrary locally
semialgebraic maps M, N and M, -N is taut, since M1xNM2 is a subspace
of M,] xM2 .

e) If M is a taut space over R, then for any real closed field R oR
the space M(R) is taut. Indeed, for any semialgebraic subset X of M(R)
there exists some open semialgebraic subset U of M with X cU(R). The
closure U of U is semialgebraic. Its extension U(R) is semialgebraic
and contains X. Hence X € ¥(M(R)) . Conversely, if M(R) is taut, then

certainly M is taut (cf. Prop. 3.22.b) and ¢) and Th. B.1.i in App. B).

Remark 7.10. Every taut and partially complete space N is locally com-
plete. Indeed, given some point x in N, we choose an open semialgebraic
neighbourhood U of x. Then the closure U of U is a complete semialge-

braic neighbourhood of x. In particular, N is regular.
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We come back to the natural map Py M c -»M for M an arbitrary locally

1o
complete space over R.

Theorem 7.11. The space Mloc is taut and partially complete. Py has
the following universal property. Given any locally semialgebraic map
f :N »M with N a taut and partially complete space over R, there exists

a unique locally semialgebraic map g : N -M such that f = Py*9-

loc

Mloc

N————F————M

Proof. Let U be an open semialgebraic subset of Mloc' Then U €§E(M).

The closure U of U in M is also the closure of U in Mloc’ since the

strong topologies of M and M are the same. We have U GYé(M) =

loc

B’C(Mlo ). In particular, U is semialgebraic in M , and we see that

c loc

Mloc is taut.

Let A be a closed semialgebraic subset of Mloc' Then A is closed in M,

again since the strong topologies of M and M are the same. More-

loc
over, A €¥(U) for some U Efé(M). Thus A €¥(K) for K := U €x_ (M) . We
conclude that A €rc(M) = KC(Mloc). This proves that Mloc is partially

complete.

Now consider a locally semialgebraic map f :N -»M with N taut and par-

tially complete. We are looking for a map g :N *Mloc with £ = Py°9

and are, of course, forced to define g :N -M to be the same as f

loc
as a map between sets. We have to verify that this map g is locally

semialgebraic. It suffices to check that, for any given U € F(N), the

map glU : U *Mloc is semialgebraic. Since N is taut and partially com-

plete, the closure L := U of U in N is semialgebraic and complete. If
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we know that gl|L is semialgebraic, then, of course, glU must also be
semialgebraic. But this is trivial. K := f(L) is an element of fé(M),
and glL is the composite of the semialgebraic map h :L -K, obtained
from f by restriction, and the inclusion map K<—>Mloc which is also

semialgebraic. q.e.d.

It follows from Theorem 7.11 that any locally semialgebraic map £ :M =N
between locally complete spaces over R yields a unique locally semial-

gebraic map floc :Mloc »Nloc with pN‘floc = f-pM. Moreover, the uni-

versal property described in the theorem is quite useful for analyzing

the behavior of the functor M »M from the category of locally com-

loc
plete spaces over R to the full subcategory of taut partially complete

spaces over R. We state two facts about this functor.

Let f; :M; =N (i =1,2) be locally semialgebraic maps between locally
complete spaces over R and let M.IXNM2 = M be the fibre product of M,

and M, with respect to the fi' Also let P := M1,locxN be the

M
loc 2,1loc

fibre product of M1,loc and M. with respect to the maps (f;);,.-

2,1oc
By Example 7.1.d the space M is locally complete and by Example 7.9.d

and §6 the space P is taut and partially complete.

Proposition 7.12. The natural map p : P »M induced by the maps

- . + 1t Y
pMi '(Mi)loc »Mi and Py .Nloc -»N has the universal property for M

described in Theorem 7.11. In short,

= A
MM 10c = M, 107N M2, 100

This is easily verified.

Proposition 7.13. Let £ :M -»N be a partially proper map between spaces

over R. Assume that N is locally complete. Also assume that either M

is taut or that f is semialgebraic. Then M is locally complete, and
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. the diagram

Mloc £ Nloc

loc

Py Py

M 3 N

is a pullback in the category of spaces over R. In short

M =M

loc *NN1oc*

Proof. Let x €M be given. We choose a complete semialgebraic neigh-
bourhood A of f(x) in N. Then f-1(A) is a closed neighbourhood of x

in M, and the restriction f-1(A) -+A of f is partially proper. If f is
semialgebraic, then f_1(A) is semialgebraic and complete. If M is taut,
then x certainly has a closed semialgebraic neighbourhood D. Also,

B :=1D nf_1(A) is a closed semialgebraic neighbourhood of x and the

restriction B »A of f is proper. We conclude that B is complete. Thus,

in both cases, M is locally complete. We consider the pullback diagram

P g N1oc

q Py

M

3 N

for the maps f and Py- The map g is partially proper. Thus P is parti-
ally complete. If f is semialgebraic, then g is semialgebraic, and we
conclude from the tautness of Nloc that P is taut (Example 7.9.b). If
M is taut, then P is also taut, since it is the fibre product of two
taut spaces (Example 7.9.d). Now it is easily checked that g has the

universal property described in Theorem 7.11 since Py has this property.

Thus g can be identified with Py- g.e.d.

The constructions in this section enable us to strengthen one of the

counterexamples in 6.3 for partially proper maps.
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Counterexample 7.14. If £f: N-»M and g: M-+ S are locally semialgebraic

maps with f surjective and g-f partially finite then it may happen
that g is not partially finite. Choose for example some semialgebraic
locally complete space M which is not complete. Let f be the natural
map py :Mloc‘*M and g be the inclusion map MoM'. Then f is surjec-
tive and g-f is partially proper, since Mloc is partially complete.

The fibres of g+f are finite (empty or one-point sets). Thus g<f is

partially finite. But g is not partially finite.

We have seen that the notion of tautness is - besides partial complete-
ness - the key to understand the spaces Mloc from a categorial view
point (Th. 7.11). We shall later restrict our attention to paracompact
spaces instead of taut spaces. The following proposition makes clear

that this means to add a hypothesis of coutability.

Proposition 7.15. For a space M the following are equivalent:

i) M is paracompact and has countably many connected components.

ii) M is taut and Lindeldf (cf. §4, Def. 3).

Proof. The implication i) = ii) is contained in Proposition 4.6 and
Theorem 4.17. In order to prove ii = i) we choose an admissible covering
(annEIU of M by open semialgebraic subsets X, We then choose a

family (U |n€N) in ¥ (M) such that U,>X; and U X UT__, for n>2.

1 1

n n
We finally define open semialgebraic sets \& v=U1, Vy :=1U,, Vn =

Un\\ﬁn—Z (n>3). The V, cover the set M and every V, meets at most
three of the sets Xy - Thus the covering (anneln of M is locally
finite, which proves that M is paracompact. Of course, M has only
countably many connected components, since every Xn meets only finitely

many connected components. g.e.d.




Chapter II. - Completions and triangulations

§1 - Gluing paracompact spaces

Whereas in the first chapter we were mostly concerned with the analysis
and explication of the fundamental notions, we now emphasize construc-
tions. In this section we deal with the problem of gluing locally semi-
algebraic spaces along closed subspaces. Our central result, Theorem
1.3 below, will be useful for constructing "completions" of paracom-

pact spaces, cf. §2 below. It is also interesting in its own right.

For technical reasons, we now do not assume that locally semialgebraic
spaces are always understood to be separated. But if a space is called

"paracompact" then we mean "separated and paracompact", as in Chapter I.

Ultimately we are only interested in separated spaces, or better, in
regular spaces. We have to make sure that gluing separated (resp.
regular) spaces always results in separated (resp. regular) spaces.

This is guaranteed by

Lemma 1.1. Let M be a locally semialgebraic space over R, and let

(Mala€I) be a locally finite family in ¥(M) with M = u(Malqu). Assume
that the subspaces Ma of M are all separated (resp. regular). Then M

is also separated (resp. regular).

Proof. Assume first that all Ma are regular. Let x be a point in M
and B be a closed locally semialgebraic subset of M with x ¢ B. The
family (MGIaGI) is locally finite. Hence I(x) := {a€ IH<EM0} is a
finite set and Ax r= U(Ma|a€I~\I(x)) is a closed locally semialge-
braic subset of M. We want to separate x and B by open locally semi-

algebraic sets. Replacing B by B UA, if necessary, we may assume
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that Ax cB. For every a € I(x) there exists an UaE i’(Ma) with x € ch and
ﬁanB = @. We choose sets V_¢€ ¥(M~B) with VoMM, =0, (@€I(x)), cf.
I, Prop. 3.11. Then V := n(VGIO&EI(x)) is an open semialgebraic neigh-
bourhood of x. The closed semialgebraic set Z := U(ﬁalael (x)) contains
V and is disjoint from B. Thus x and B are separated by the open lo-
cally semialgebraic sets V and M~ Z. This proves that M is regular.

Running through similar arguments, we see that M is separated if all

sets M, are separated spaces. g.e.d.

Lemma 1.2. Let M be a locally semialgebraic space over R and let

(M, l0€I) be a locally finite family in T (M) with U(M,la€I) = M. Then

the structure of M as a locally ringed space is completely determined

by the subspaces Ma in the following way:

a) A subset U of M belongs to F(M) if and only if UnMae '5'(Ma) for
every a€ I.

b) A family (U)\IAEA) in T (M) belongs to Covy if and only if
(U}\ nMGIA €A) € CovMa for every a€1I.

c) A function f£f: U-R on some UE€ T(M) belongs to (OM(U) if and only if
flUf1Ma€<9M

Furthermore, if all subspaces Ma are paracompact, then M is also para-

(UNM_ ) for every a€1I.
o o
compact.

Proof. The statement (c) has already been proved in I, §3 (gluing of
locally semialgebraic maps, cf. Prop. 3.16). Notice that also the

"only if" parts in the statements (a) and (b) are trivial. To prove
(a) consider a subset U of M with U nM, € ’f’(Ma) for every a € I. Then
(M~ U) nMa€7’(Ma) for every a € I. We conclude that MNUE T (M) since

it is the union of the locally finite family ((M~TU) nMa|a €I) of

closed locally semialgebraic subsets. Thus U is indeed an element of

(M) .
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Now let (UXIA€A) be a family in §TM) with (UArIMGIAG A) € Covy for
every o« € I. Then, by (a), U := U(UAIAGA) is an element of f(M)?
Consider an open semialgebraic subset M' of M. Only finitely many
sets M, meet M'. Every Ur1Mar1M' is covered by finitely manv sets

U, . Thus UNM' is also covered by finitely many sets U,. Hence

(UAIA€A) is an admissible covering of U. Statement (b) is proven.

Assume, finally, that all spaces M  are paracompact. We want to show
that M is also paracompact. M is separated by Lemma 1.1. Let
(MaBIBEIa) be a locally finite covering of Ma by open semialgebraic
subsets. Every closure MGB is contained in the union of the finitely
many sets MaY with MGYr1M03=¢¢. Thus HGB is semialgebraic and
(ﬁaBIGE I,B€I,) is a locally finite family in ¥ (M) with union M. Re-
placing (Malael) by (ﬁaB|a€ I,BE€ Ia) we may even assume that all spa-

ces Ma are semialgebraic. For any «a € I we introduce the finite sets

of indices

I(a) := {BGIIMBﬂMa¢¢}

and the open locally semialgebraic neighbourhood

Wo &= M\U(MB|B€I\I(0!))

of M,. Since Wa is covered by the finitely many semialgebraic sets MB
with B€ I(a), we see that W, is actually open semialgebraic. The
family (WGIGE I) is locally finite and covers M. Thus M is indeed

paracompact, and Lemma 1.2 is proven.
We are ready for the main result of this section.
Theorem 1.3 (Gluing principle for regular paracompact spaces). Let M

be a set and let (Malael) be a family of subsets of M with

M = U(MGIGGI). Assume that for every a € I the set Ma is provided with
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a structure (?G,Cova,oa) of a regular paracompact locally semialgebraic
space over R. Assume further that for any two indices «a,B € I the inter-

section MaﬁMB is a closed locally semialgebraic subset of M and MB’
T h
€ B(MB),and that

i.e. in obvious notation, M NM GZTB(Ma) and M N M

B
the subspace structures on MafiM

B

B with respect to (Ta,Covq,Ch) and

(¥, ,Cov OB) are equal. Assume finally that for every a € I the family

Bl
(M, NMgIB€TI) in T,M,) is locally finite with respect to the structure
(ia,Cova,©h). Then there exists a unique structure (f(M),CovM,OM) of a

locally semialgebraic space over R on M such that:

i) MGET(M) for every o€ I.
ii) The family (MGIGEI) is locally finite.
iii) The subspace structure of Ma in M with respect to (?(M),COVM,bM)

coincides with (fG,Cova,Oa) for every a€ I.

Moreover, the space M is regular and paracompact.

Proof. 1) We already know from Lemma 1.2 that there exists at most
one structure (f(M),CovM,OM) of a locally semialgebraic space on M
(separated or not) which fulfills (i) - (iii) ?nd how this structure
may be described explicitly. We also know that this structure - if
it exists - is regular and paracompact.

2) We prove existence first in the case that I is finite and every
Ma with its given structure is affine semialgebraic. Using induction
on the cardinality of I we retreat to the case that I is a two ele-
ment set {1,2}. Let A := M, NM,. The idea is to find a space struc-
ture on M fulfilling (i) - (iii) by injecting M suitably into some
R™. We choose semialgebraic embeddings I Ma o R% (o = 1,2) of M,
with respect to the given structure (%u,Cova,Ch). We extend walA to
a semialgebraic map x, : MB-an ((a,8) = (1,2) or = (2,1)). This is
possible by "Tietze's extension theorem" (I, Th. 4.13 or [DKS’ §11).
and Xg yield a map wa: M- R, wWe finally choose semialgebraic

1 _ -1
(0) = h,

Py

functions hy : M; »[-1,0] and h, : M, - [0,1] with h; (0) = A
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(cf. I, 4.15). These functions are then glued to form a function

h:Mo[-1,1]. We have h™ ' (0) = A, h~ ' ([-1,0]) = M,, and

17
h-1([0,1]) = M,. The map

£ = (4;,¥,,h) : MR xR" xR

is injective, and its restrictions to M1 and M2 are semialgebraic,
In particular, N, :=f(M1) and N, := f(Mz) are semialgebraic subsets

of Rm, m = 2n+1. Thus N := N1 UN, is also semialgebraic. We equip N
with the subspace structure of the semialgebraic standard space RT. By
construction, N, (resp. Nz) is the set of all points (x1,...,xm) in

N with xm_fo (resp. xmz_o). Thus N1 and N, are closed semialgebraic
subsets of N. The restriction flM1 = (@1,X1,h1) of £ is a semialge-
braic isomorphism of M1 onto N1, since @, is an embedding. (The in-

verse map is the composite of the natural projection from N, onto

1
w1(M1) and w{q : w1(M1) - M1). fIM2 is an isomorphism of M, onto N2.
Pulling back the space structure of N to M by the map f we obtain a
space structure on M with the desired properties (i) - (iii).

3) We consider the case that I is infinite but every Ma is still
affine semialgebraic with its given space structure. Our assumption
that the families (Maf1MBIB€ I) are locally finite in M  means in

this case that every set M meets only finitely many sets M We

B
introduce the finite sets of indices

I(a) := {BEI[MaﬂMB$¢}
and the subsets of M

Wy = M\U(MYIY€ I~NI(a))

of M. Every W is the union of the finite family (Wcr\M IBEI(x)). We

B
equip every WaﬂMB with its subspace structure in MB' Applying what
has been proved in step 2) to wa and this family, we see that every

wa has a unique structure of a semialgebraic space such that the sets

Waf1MB,B€ I(a), with their given space structures, are closed semi-
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algebraic subspaces of wa and that in this structure Wa is affine.

More generally, we obtain for every finite subset K of I a unigue

semialgebraic space structure on the set Wy == U(WalaeiK) such that
for every B€ U(I(a)la€K) the set wKnMB with its subspace structure
in MB is a closed semialgebraic subspace of Wyr and Wy is affine. By

use of Lemma 1.2 it is easily seen that for any two finite subsets

KcL of I the space W, is an open semialgebraic subspace of W We

K

equip M = U W, with the space structure as the inductive limit of the
K

L
K

directed system of these spaces W cf. I, Lemma 2.2. Then every W, -

K’ K

in its given structure - is an open semialgebraic subspace of M and

(WGIGEI) is a locally finite covering of M by open semialgebraic sub-

sets. Every M, meets only finitely many W, and MGIWW (Z?(WB) by con-

B B
struction. Thus every My is a closed semialgebraic subset of M. More-

over, M, is - in its given structure - a closed semialgebraic sub-

space of M. Every W, meets only finitely many Ma’ Hence the family

B
(MGIGEI) is locally finite in M. The theorem is therefore proved in

the given special case.
4) We finally come to the general case. We choose for every a €I a

locally finite family (Na I €J(a)) of affine closed semialgebraic

B

subsets Na of Ma which covers Ma' This is possible since Ma is regu-

B
lar and paracompact (cf. the last step in the proof of Lemma 1.2 or

I, Th. 4.11). Using the assumptions of the theorem we see the follow-

ing: Every Na meets a set MY for only finitely many indices vy € I.

B

For any such index the intersection NaBnMY is closed and semialge-

braic in MY' Thus Na meets only finitely many sets of the family

B

(NyéIYe I,6§€J(y)). We equip every Na with its subspace structure

B
in Ma and apply what has been proved in step 3 to the family

(Naﬂla €I,B€J(a)). We obtain a space structure on M which is easily
checked to have all the desired properties by use of Lemma 1.2. This

finishes the proof of the theorem.
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Theorem 1.3 is somewhat more special than one would expect in view of
Lemma 1.2. If we only assume that the spaces M, are paracompact (in-
stead of regular and paracompact), then we cannot guarantee that a
locally semialgebraic space structure on M with the properties (i) -

(iii) exists. But Theorem 1.3 suffices for all applications we have

in mind.

Example 1.4. In I, §2 we equipped every locally finite simplicial
complex ¥ over R with the structure of a locally semialgebraic space
such that for every open simplex o€ £(X) the set 0N X in its "simplex
structure" is a closed semialgebraic subspace of X. Theorem 1.3 yields
a new justification that this space structure exists on X, is unique

and is regular and paracompact. This was stated in I, §4 (Example 4.8).
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§2 - Existence of completions

In this whole section we assume that M is a regular paracompact space

over R. Our goal is to prove the following

Theorem 2.1. There exists an embedding i : M- N of M into a partially
complete regular paracompact space N (i.e. an isomorphism of M onto

a locally semialgebraic subspace of N).

Replacing N by the closure of i(M) in N we then obtain an embedding i
for which i(M) is also dense in N. Such an embedding will be called a
(regular paracompact) completion of M. Notice that it does not make
sense to look for an embedding of M into a complete space N, except
in the trivial case that M is semialgebraic, since by I, §5 any com-
plete paracompact space N is semialgebraic. "Partially complete" is

the best we can hope for.

Our proof of Theorem 2.1 is based on §1 and the following easy lemma.
We denote by Sn, more precisely by Sn(R) if necessary, the standard

n-sphere over R, i.e.

+...+x2 = 1}.
n

1] 2
st = (g reeerxy) € rR" |xo

We further denote the north pole (0,...,0,1) of SU by .

Lemma 2.2. For any open semialgebraic subset U of M there exists, for
some n€ N, a locally semialgebraic map ¢ : M- s™ such that ©lU is an

enbedding and @ | () = M~ U.

Proof. The closure U of U is again semialgebraic (I, Prop. 4.6). We
choose an open semialgebraic neighbourhood M' of U. It suffices to

prove the assertion for M' and U instead of M and U. Thus we assume
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without loss of generality that the space M is affine semialgebraic.

We choose an embedding ¥y : Mo R" of M into an affine standard space R".
We further choose a semialgebraic function f: M- R with f—1 (0) = M~NU
(e.g. the euclidean distance function from MNU). Let q: Rm"l :-'->Sn+1\{°°}
be the inverse of the stereographic projection with center « (cf. I, §7).
Then

qux), £ xeu
Q(x) :=

© XEMNU

1

. . . + . - .
is a semialgebraic map from M into sh with ¢ 1(cn:) = MNU. The restric-

+
tion ¢lU: U - s™*!

~ {«} of ¢ is an embedding. q.e.d.

We now start proving the theorem. We choose a locally finite covering
(Mg la€I) of M by open semialgebraic subsets and a locally semialgebraic
map ©, : M-S (a) of M into a standard sphere S(a) = Sn(or) for each a€1I
such that the north pole o of S(a) has the preimage M~M, and ('oclea

is an embedding. For every a € I we introduce the finite sets of indices

J () ={B€I‘ManMB*¢}’ I(a) = U(J(B)IBET(a))
I(a)' := I(a)~{a}.
U, := U(MBIBEJ(G)) is an open semialgebraic neighbourhood of M-a' For

each a € I we choose a locally semialgebraic function £ M- [0,1] with

-1 o= -1 _
fa (1) = Mcx and fcx (0) = M\Ua' cf. I, Th. 4.15. In the set

Z := TT (S(B)x[0,1])
BET

we consider the family of subsets
N(a) :=TT N(a) (0 €EI).
8 B

Here N(or)a = S(a)x{1}, N(ox)B = {(ooB,O)} - a one point set - for
BEINI(a), and N(o()B = S(B)x[0,1] for BE€ I(a)'. We regard every N(a)

as a complete affine semialgebraic space isomorphic to the product

(s(a)x{1}) x TT , (S(B)x[0,1])
BEI (a)
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in the obvious way. We want to endow the subset
N := U(N(a) la € I)

of Z with the structure of a partially complete locally semialgebraic
space over R. Clearly N(a) NN(B) +@ if and only if B€ I(a), and in

this case

N(a) NN(B) = TTN(a,B)
YEI

Y

with N(cx,B)Y = S(y)x{1} for vy = a or vy = B, N(cx,B)Y = S(y)x[0,1] if
YEI(ax)' NI(B)', and N(O(,B)Y = {(mY,O)} else. We see that a given N(a)
meets N(B) only for finitely many indices B, and that in this case
N(a) N N(B) is closed semialgebraic in N(a) and in N(B). Also, the sub-
space structures on N(a) NN(B) with respect to N(a) and N(B) are iden-
tical. From Theorem 1.3 we know the following: There exists on N a
unique locally semialgebraic space structure such that, for every a €I,
the space N(a) - with its given structure - is a closed semialgebraic
subspace of N, and the family (N(oa)la € I) is locally finite in N. We
equip N with this structure. Then N is regular, paracompact, and par-

tially complete. (The space structure on N can be described explicit-

ly, cf. Lemma 1.2.)

We define for every point x €M a point i(x) := (@Y(X),fY(X))Yel €2Z.

If xeﬁa, then (gpa(x),fa(x)) € S(a)x{1} and ((pB(x),fB(x)) = (ooB,O) for
every B€ I~I(a). (Notice that e I(a) iff o€ I(B)). Thus i(x) € N(a) cN.
We claim that the map i : M->N, xw» i(x), is a locally semialgebraic em-
bedding. We prove this in five steps:

a) i is injective. Indeed, let x and y be two different points of M.

If x and y both lie in some Ma’ then wa(x) $ gpa(y) , Since cpaIMa is an
embedding. If xeMa, but yEMa, then Lpa(x) *ooa and (pa(y) =°°a' Thus in

both cases i(x) # i(y).

b) We prove that the map i is locally semialgebraic. For every finite
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subset K of I we introduce the semialgebraic sets

MK = U(Ma|a€K)E ¥(M),

N = U(N(a)|a€K) €Y (N).

We have i(MK)<:NK. We may regard NK as a semialgebraic subset of the

finite product TT (S(a)x[0,1]), with L := U(I(a)la€K).
Q€L

the subspace structure of N(«)

For every a €K
in N coincides with the subspace struc-
ture of N(a) in this finite product. We conclude from Lemma 1.2 that
the subspace structure of Ny in N coincides with the subspace struc-

ture in this finite product. We have

ilM, = (v

K £g)

BB BEL”

Thus ilMK is a semialgebraic map from My to NK’ hence a semialgebraic
map from My to N. But M is the inductive limit of the directed system
of spaces (MKIKc:I, K finite), cf. I, Ex. 2.3. Thus i: M=>N is locally

semialgebraic.

c) For every a €I we have i(M) N N(a) = i(ﬁa). Thus the map i is semial-
gebraic (cf. I.5.2.b). Indeed, we know already that i(ﬁa)C:N(a). On

the other hand, if x is a point of M with i(x) € N(a), then f (x) =1,
hence x EMG.

d) We conclude from c) that L := i(M) is a locally semialgebraic sub-

set of N. We want to prove that, for any a € I, the semialgebraic map

i = ilM_:M_-N(a)
o [o] [

is an isomorphism from ﬁa to the subspace LN N(a) of N. For this it

suffices to know that the image ia(A) = i(A) of any closed semialge-

braic subset A of Ma is closed in N(a) N L. Identifying N(a) with the
space

(S(a)x{1})x TT , (S(B)x[0,1])
BET (a)

(as above), we have

i = ((D rf )
@ BB ger (o)
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Let x€ﬁa be given with i(x) € i(A). We have to verify that x € A. Given

any € >0 in R, there exists some y € A with
1l (oB(x) - wB(y) N <e, IfB(x) - fB(y)|<e

for every B€E€ I(a). (Il [l is the euclidean standard norm on the ambient
space Rn(B)+1 of S(B).) We choose an index Y €J (a) with XEMY. Then
cpY(x) # o, For ¢ small enough we also have coy(y)ﬂoT i.e. y€MY. We con-
clude that wY(x) lies in the closure(awa(Ar1MY) in wY(MY). But wYIMT
is a semialgebraic isomorphism from MT onto (DY(MY) , and AI’IMY is closed
in MY' Thus indeed x EAnMYcA.

e) Pulling back the subspace structure of L in N to M by the bijective
map i: M->L, we obtain a space structure on M, which has the following
properties according to d): Every ﬁa is a closed semialgebraic subset
of M and the subspace structure on ﬁa coincides with the subspace
structure of Ea with respect to M in the old structure. The family
(N(a) la€I) is locally finite in N. Thus (N(a)NLla€I) is locally finite
in L, and (EGIGEI) is locally finite in M with respect to the new
space structure. We conclude from Lemma 1.2 that the new space struc-

ture on M coincides with the old one. This means that i is indeed an

embedding of M into N. The proof of Theorem 2.1 is finished.

Our next goal in this chapter is to prove that every regular paracom-
pact space M can be triangulated, more precisely, that there exists a
strictly locally finite simplicial complex X and a locally semialgebraic
isomorphism § : X =>M. Notice that such a triangulation automatically
gives a completion of M - namely the embedding of M into X by the map
w-1. Thus triangulations are a special sort of completions. Theorem 2.1

should be regarded as a first step towards the triangulation theorem.
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§3 - Abstract simplicial complexes

Before we start our proof that regular paracompact spaces can be tri-
angulated it seems wise to develop a combinatorial pattern for des-
cribing the simplicial complexes over R introduced in I, §2. From now
on these complexes are called geometric simplicial complexes whereas
the combinatorial objects which correspond to them will be called ab-
stract simplicial complexes. Abstract simplicial complexes are widely
used in classical topology. Notice, however, that our notion of a geo-
metric simplicial complex is more general than the classical one (even
for R = R), and therefore our notion of an abstract simplicial complex
also has to be more general than the classical one. In our theory the
simplices of an abstract simplicial complex (see below) represent the
open simplices of the corresponding geometric simplicial complex,
while in the classical theory they represent the closed simplices.
This deviation from the classical concepts seems to be inavoidable in

semialgebraic geometry, cf. the first remark following Definition 1

in I, §2.

Definition 1. a) An abstract simplicial complex K is a pair (E(K),S(K))

consisting of a set E(K) and a set S(K) of non empty finite subsets
of E(K) such that E(K) is the union of all s ES(K)*). We call the ele-
ments of E(K) the vertices of K and the elements of S(K) the simpli-
ces of K. We do admit the empty complex @ = (&,9).

b) The closure of an abstract simplicial complex K is the pair K =
(E(X),S(K)) with E(K) = E(K) and S(K) the set of all non empty subsets
t of all s € S(K). The complex K is called closed if K = K.

c) A simplicial map o« : K- L between abstract simplicial complexes K,L

is a map a: E(K) > E(L) such that the image a(s) of every simplex s of

*) Thus the datum E(K) is determined by S(K), but it seems convenient
to maintain this redundancy.
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K is a simplex of L.

d) A subcomplex of an abstract simplicial complex K is an abstract
simplicial complex L with E(L) <« E(K) and S(L) € S(K). Note that the
closure L of L is a subcomplex of K. For any two subcomplexes L1 and
L, of K we can form the intersection L, NL, and the union L; UL,. The
subcomplex L,NL, is determined by S(L1f1L2) = S(L1) nS(Lz) and the
subcomplex L, UL2 is determined by S(L1 ULZ) = S(L1) US(LZ). We have
E(L, UL,) = E(L;) UE(L,) but could have E(L; NL,) g E(L;) NE(L,).
Clearly L;NL, is a subcomplex of L; and L, and "contains" (i.e. has
as subcomplex) every subcomplex of K contained in L, and L,. Similar-
ly L, UL, is the smallest subcomplex of K which contains L, and L,.
More generally, we may form the intersection and union of arbitrary
families of subcomplexes of K.

e) The closure of a subcomplex L of K in K is the intersection LNK
of the subcomplexes L and K of K. In particular, L is called closed
in K if L = Tnk.

f) A subcomplex L of K is called full in K, if
S(L) = {s€S(K)Is<E(L)}

(In general S(L) may be smaller than the right hand set.) Of course
every full subcomplex of K is closed in K.

g) The _complement KNL of a subcomplex L in K is the subcomplex N
of K with S(N) = S(K) ~S(L). The subcomplex L is called open in K,

if KNL is closed in K.

For the sake of brevity we will use the word "complex" instead of
"simplicial complex" in the remainder of this section as well as in
the whole entirety of the next section. Notice that for every simplex
s of an abstract complex K the pair (s,{s}) is a subcomplex of K with
a single simplex s. We usually identify s with this subcomplex of K.

The faces of s are the simplices of the closure s of the complex s.
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These are all the non-empty subsets t of the set s. We often write
t<s instead of tcs if t is a face of s, and we write t<s if tcs
but t+s ("proper faces" of s). The simplices of the complex s nK

are called the "faces of s in K".

Clearly a subcomplex L of K is closed in K if for every simplex s of
L all faces of s in K are simplices of L. Thus a subcomplex L of K is
open in K if every simplex s of K vosessing at least one face which is

a simplex of L is itself a simplex of L.

A simplicial map o : K- L between abstract complexes K, L can also be
regarded as a simplicial map from K to L. This will be denoted by a
and called the closure of the simplicial map a. If a:K->L is a sim-

plicial map and K, is a subcomplex of K, we have the image complex

a(K1) =L, defined by
S(L;) = {a(s)Ises(Ky)}.
Note that E(L1) = a(E(K1» . Furthermore, we have for every subcomplex

L' of L the preimage complex a—1(L') = K' defined by

S(K') = {s€S(K)la(s) €S(L")}.

The set E(K') may be smaller than a ' (E(L')). We have a(X)) = o (Ky)

but only a ' (L') ca | (T7).

Now let X = (X,Z (X)) be a geometric complex over our fixed real closed
field R (cf. I, §2). X yields an abstract complex K(X) = (E(X),S(X))
as follows: E(X) is the set of all points in X which are vertices of
open simplices ¢ of X (i.e. 0 € £(X)). In particular E(X) = E(X). A
subset s of E(X) is an element of S(X) if and only if s is the set of
vertices of some 0 € Z(X). We call K(X) the abstraction of the geome-

tric complex X. Clearly the closure K(X) of K(X) is the abstraction

of the closure X of X. Also, the subcomplexes Y of X correspond uniquely
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to the subcomplexes L of K by abstraction. Our definition above of the
words "closed in K", "union", "intersection", "complement", "open in
K", for subcomplexes of K are compatible with the definitions of these
words for subcomplexes of geometric complexes in I, §2. For example,

a subcomplex Y of X is open in X if and only if K(Y) is open in K(X).

We complete this pattern of definitions as follows.

Definitions 2. a) A subcomplex Y of a geometric complex X is called

full in X, if K(Y) is full in K(X). This means that every open simplex
o of X whose vertices are all contained in Y is an open simplex of Y.
b) An abstract complex K is called finite if E(K) is finite or, equi-

valently, if S(K) is finite. K is called locally finite if every sim-

plex s of K is a simplex of an open finite subcomplex of K. This means
that every simplex of K is a face of only finitely many simplices of

K (or of K). Finally K is called strictly locally finite if K is lo-

cally finite. This means that every vertex p of K is an element of

only finitely many simplices of K (or of K).

c) The dimension dims of an abstract simplex s is by definition the
cardinality of s minus one, and the dimension dimK of an abstract com-
plex K is the supremum of the dimensions of its simplices (a non nega-
tive integer or «). Similarly, the dimension dimX of a geometric com-
plex X is defined as the supremum of the affine dimensions of its open
simplices. The empty complex has dimension -1. Notice that for X lo-
cally finite this dimension coincides with the dimension of X as a

locally semialgebraic space.

Any simplicial map f: XY between geometric complexes (cf. Definition
6 in I, §2) obviously yields a simplicial map K(f) : K(X) » K(Y) between
the abstractions of X and Y by restriction to the set of vertices. We

call K(f) the abstraction of the simplicial map f. The closure F:X~Y

of f has as abstraction the closure of K(f), i.e. K(f) = K(f).
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We have established "the abstraction functor" K from the category of
geometric complexes and geometric simplicial maps to the category of
abstract complexes and abstract simplicial maps. The following propo-

sition is easily verified.

Proposition 3.1. The abstraction functor K is fully faithful, i.e. for

any two geometric complexes X and Y, the natural map f~» K(f) from the

set of morphisms Hom(X,Y) to Hom(K(X),K(Y)) is bijective.

Definition 3. A realization over R of an abstract complex is a geome-

tric complex X over R together with a simplicial isomorphism a« : L -5 K(X).

Proposition 3.2. Every abstract complex L admits a realization over R.

Indeed, we obtain a "canonical realization" of L in the same way as in
the classical theory [Go, p. 39f]. Let V = R(E(L» be the free R-module
with basis E(L), and let X denote the éet of all open simplices in V,
which are spanned by the finite sets s<E(L), s€S(L). Then X is a
geometric complex over R and the identity map from E(L) to E(X) = E(L)

is an abstract simplicial isomorphism « : L = K (X).

Notice that if X is a realization of L with the isomorphism « : L S K(X)

then X is a realization of L with the isomorphism o from L to K(X) =
K(X). In the case R = R the geometric complex X may be regarded as a

realization of L in the classical sense.

If X1 and X, are two realizations of L with isomorphisms oyt L SQK(X1)

and o : L :;K(Xz), then by Proposition 3.1 there exists a unique sim-
plicial isomorphism f : X, :3X2 such that o =K(f)oa1. In this sense
any two realizations of L are canonically isomorphic. We usually choose

for a given abstract complex L a fixed realization X over R and denote
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this geometric complex by lLlR (or simply IL|, if the field R is kept
fixed). Usually we also identify E(L) with the set E(X) by the reali-
zation isomorphism «: L — K(X). We call ILIR with this identification
"the" realization of L over R. Of course, if L1 is a subcomplex of L
then we usually choose the subcomplex Y of X with S(Y) = S(L1) for

the realization of L, over R. The isomorphism oy Ly S5 K(Y) is obtained

from o by restriction. In this sense we have formulas like

1Ly NLylp = 1L 10 1Lyl
LTy = ITlg
ILNLylp = ILIg~ 1L g -

In particular, for every s € S(L) we denote by Is|R the open simplex o

of iLIR whose set of vertices is s.

Definition 4. The realization of an abstract simplicial map Yy :L,~L,

over R is the unique geometric simplicial map g: |L1IR-->|L2|R with

K(g) = y. We denote this map g by IYIR.

Proposition 3.1 and 3.2 together mean that the functor K is an equi-
valence of the category of geometric complexes with the category of
abstract complexes. We have just constructed a "quasi-inverse" func-

tor to K, the realization functor || guite in the usual way.

RI

The "canonical realization" of an abstract complex L, which we descri-
bed in the proof of Proposition 3.2, is usually a geometric complex

in a very large vector space. One can often do better.

Proposition 3.3. If L is a countable strictly locally finite complex

with dimL < n, then L has a realization as a geometric complex X in

the vector space R2n+1 such that X is a closed locally semialgebraic

subset of the locally semialgebraic space (R2n+1)loc.
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Proof. It suffices to realize L in R2n+1. This can be done by the clas-

sical construction as described, for example, in [Sp, Chap. III, §2].
Then X becomes even a closed locally semialgebraic subset of M10 for

c
M a closed half-space in R2n+1, e.g. M = {an:O}.

We finally discuss extension of the base field. Let R be a real closed
overfield of R. Let X be a realization of an abstract complex L over R
with the isomorphism a: L =>K(X). Then the geometric complex X(R) over
§, obtained from X by base extension in the obvious way, has the same

abstraction as X, i.e. K(X(R)) = K(X), and thus will be regarded as

realization of L over R. In short,
(3.4) ILIR(R) = lLIﬁ.

Also, for every abstract simplicial map v : L1 :;Lz we obtain the rea-

lization IYIﬁ from |Y|R in an obvious way by base extension,
(3.5) IYlﬁ = (|Y|R)§-

If L is locally finite, then (3.4) can also be read as a canonical
isomorphism between the base extension of the locally semialgebraic
space ILlp to R and the locally semialgebraic space ILIﬁ. Similarly,
if L1 and L2 are locally finite, then (3.5) can be read as an equality

between locally semialgebraic maps.
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§4 - Triangulation of reqgular paracompact spaces

Definition 1. a) Let M be a locally semialgebraic space over R. A tri-
angulation of M is a locally semialgebraic isomorphism ¢ : X =M from a
strictly locally finite geometric (simplicial) complex X onto M. (Recall
from I, §2 that X has a natural structure as a locally semialgebraic space.)

b) Let (A)\IAGA) be a family of locally semialgebraic subsets of M. A

simultaneous triangulation of M and the family (A)\IAEA) is a triangula-
tion ¢ : X 55 M such that t.p—1 (A)‘) is a subcomplex Yy of X for every A€A.
Then, of course, the restriction cplY)\ PYy :»A)‘ is a triangulation of

A}\ for every A €A,

c) If p: X 5M and Y:Y M are triangulations of M, we say that ¢ re-
fines ¢, and write o<y, if y is a simultaneous triangulation of M and
the family (¢ (o) |c€XZ (X)) consisting of the images of all open simplices of X.
d) We say that two triangulations ¢ : X Mand Y: Y M are equivalent
if \p-1°cp is a simplicial isomorphism from X to Y. (N.B. This is a
stronger condition than @<y, ¥ <¢.)

e) If two triangulations @: X - M1_ and y : ¥ - M, of locally semialge-
braic subsets M1, M2 of M are given, and if A is a locally semialgebraic |
subset of M, an, then we say that ¢ refines Yy on A (resp. ¢ is equiva-
lent to ¢ on A), if (0_1 (a) and w—1 (A) are subcomplexes of X and Y and

the restriction w_1 (A) = A of ¢ refines (resp. is equivalent to) the

restriction ¢~ (A) <>A of y.

Of course, if M has a triangulation, then M must be regular and para-

compact. Our goal in this section is to prove the converse: Any regu-

lar and paracompact space M and any locally finite family (AXMGA) of
locally semialgebraic subsets of M has a simultaneous triangulation.
This is well-known to be true if M is affine semialgebraic (cf. I,

Th. 2.13). The general case needs some preparation. Notice that it suffis
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ces to prove the theorem in the case that the regular paracompact

space is partially complete, since by Theorem 2.1 any other regular

paracompact space may be considered as a locally semialgebraic subset

of such a space.

Lemma 4.1. (Gluing of triangulations for partially complete spaces).
Let M be a partially complete space over R, and let (Ma|a€I) be a lo-
cally finite family in T (M) with M = U(Malqel). Assume that f?r every
a € I a triangulation U :Xa-:;Ma is given. (Thus, by Lemmas 1.1 and

1.2, M is regular and paracompact.) Assume further that for any two

indices «,B € I with ManMB + @ the triangulations @ and ¢, are equi-

8

valent on MufwM Then there exists, up to equivalence, a unique tri-

8"
angulation ¢ : X =M such that ¢ is equivalent to 0, on M for every

o€ I.

Proof. We prove the existence of ¢, leaving the easy verification of
uniqueness to the reader. For everz o € I the complex Xo is closed

since the space M, is partially complete. Let Ry = (E ,Sa) denote the

]
abstraction of Xa‘ We want to construct a closed abstract complex

K = (E,S) which is in some sense the "union" of the K,- We define the
set E of vertices as the quotient of the disjoint union U(EaIaEI) by
the following equivalence relation: Let pEIEa, q€ EB' Then p~q iff
wa(p) = wB(q). (N.B. This makes sense since every complex Xy is
closed. Transitivity of the relation is easily checked.) For every

o €I we have a natural injection ia: E,2E. We define S as the union

of the sets {ia(s)ls ESG} for all a € I. Clearly K := (E,S) is a closed
abstract complex. We claim that K is locally finite. Let p € E be given.
We have to verify that p is a vertex of only finitely many s €S.

Choose an index a € I such that p = ia(pq) for some pae E / uniquely
determined by p. Let s €S be given with p€s. We have s = iB(sB) for

some index B € I and some sBE SB' Clearly wa(pa) €M Since the family

B
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(MYIYEI) is locally finite, only finitely many indices B can occur in
this manner. Also, wa(pa) = wB(pB) with pB€ EB uniquely determined by

Py We have pB€ Sg for every simplex sB as above. Thus, for B fixed,

only finitely many simplices s, can occur. We see that K is indeed lo-

8
cally finite.

We choose a realization X = [K| of K. For every a € I the injection

iaz Ea~*E may be regarded as an abstract simplicial map from Ka to K.
is an isomorphism from XOl onto a

The realization |1al: X 2 X of ig

closed subcomplex Ya of X. Also, the family (YGIGEI) of subcomplexes
of X is locally finite and has X as its union. For every a € I we have
a locally semialgebraic isomorphism

_ .o =1 ~
Vo = @4 llal .Ycl —M.
we have

Since the triangulations Py and ¢, are eguivalent on MafiM

B'
Thus the wagluetogether1x)alocally

B

wa(x) = wB(x) for every xe‘Yar1YB.
semialgebraic isomorphism y : X — M. Of course y is equivalent to @, on

M, for every a€TI. g.e.d.

As the proof shows, Lemma 4.1 is a trivial statement. We did not do
any serious work. Nevertheless the lemma leads to a sometimes very

useful way to work with triangulations.

Definition 2. For any non negative integer n we denote by A, (or more

precisely by An(R) if necessary) the closed standard n-simplex over R,

. _ . . n+1
i.e. An(R) = [eo,e1,...,en] with €grerer€y the standard basis of R .

A simplicial atlas of a locally semialgebraic space M is a family of

semialgebraic maps (ma: A (a)-»Mla€I) with the following five proper-

n

ties:

a) Every ¢_ is injective and hence an isomorphism from A onto a
o p n(

o)
closed semialgebraic subset Ma of M.
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b) The family (MGIGEI) is locally finite and covers M.
c) For any two indices «,B €I with MaﬂMB + @ the sets ma-1(Mar1MB)

-1 .
and ©q (Muf\MB) are (closed) faces of An( and An respectively

o) (8)

and

-1 -1
®q O (MaﬂMB) -

a o B

1
(MGI1MB)
is an affine isomorphism.
d) Ma = MB = o = B.

e) For every a € I and every closed face 71 of An we have wa(T) =M

(o) Y

for some v€1I.

Notice that in this definition the last two conditions d), e) can al-
ways be met if a) - c¢) are fulfilled by simply omitting or adding suit-
able maps O, ¢ An(a) -+ M. Notice also that, according to §1, the space
structure on the set M is uniquely determined by a given atlas, and

that M is necessarily regular paracompact and partially complete.

Definition 3. Two simplicial atlases (mGIGEI) and (lexeA) of M are
called equivalent if there exists a bijection k : I = A such that, for

every a € I, wa(An(aﬂ =

K(a)(An(

K(0())), in particular n(a) = n(x(a)),

-1 . . .
and wm(a) c¢, is an affine automorphism of An(a)'
This means that the index sets I and A may be identified in such a way
that every wa is gotten from the corresponding @y by composition with
an affine automorphism of An(a)'
If a triangulation ¢: X > M is given with X a closed locally finite
geometric complex, we then obtain a simplicial atlas (wO:An(G)aMIOGZ(X»

by choosing for every ¢ € £(X) an affine isomorphism wc:

fn(o) T
n(o) := dimo , and setting 9, = m°wo. This simplicial atlas is deter-

E mined by the triangulation ¢ up to equivalence, and is called an atlas
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of the triangulation o.

Conversely, if a simplicial atlas (®a|a€I) of M is given then, apply-
ing Lemma 4.1 to M and the triangulations ©yt An(u) :;wa(An(a))’ we

obtain

Corollary 4.2. Every simplicial atlas (wGIGEI) of a locally semialge-
braic space M is equivalent to an atlas of some triangulation ¢: X->M

and ¢ is uniquely determined, up to equivalence, by the given atlas.

Thus, for partially complete spaces, simplicial atlases and triangula-
tions are really the same thing. We shall switch back and forth between

these concepts at will.

We now state a technical lemma which will help us to triangulate regular

paracompact spaces.

Lemma 4.3 (Extension of a refinement of a triangulation). Let o : X S5M

be a triangulation of a partially complete space M. Further, let MO be

=1

a closed locally semialgebraic subset of M with XO =@ (Mo) a (neces-

sarily closed) subcomplex of X, and let O XO :;Mo denote the trian-

~

gulation of Mg obtained from ¢ by restriction. Finally let bt Yy —aMO
be a triangulation of MO which refines @ Then there exists a triangu-

lation y : ¥ =5 M which refines ¢ and is equivalent to by on Mg.

Proof. We assume without loss of generality that X =M, ¢ = idM. Thus
M is a closed locally finite simplicial complex and MO is a closed sub-

k the relative k-skeleton of

complex of M. For any k> O we denote by M
(M,Mo) i.e. the union of Mo and all open (or closed) simplices of M of
dimension <k. Let (Xa|°€Jo) be a simplicial atlas of the triangulation

Vo :YovSQMO of M . We want to extend this atlas successively tc simpli-
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k 1

cial atlases (xalaeJk) for all skeleta M" (k >0, JocJocJ c...) such

that the resulting triangulation of Mk refines the tautological tri-
k k

angulation id: M*™ 5 M" for every k>0. Then (xaIGEU(JklkzO)) becomes

a simplicial atlas of M, which refines the tautological triangulation

id: M 5 M.

The atlas (XGIGGJO) of M° is easily found. M® is the union of M and
all vertices of M. Simply add the one point map x_ : AO-:»{e} to the

family (XalaeJo) for every ec¢€ E(M)\~E(Mo).

Suppose the family (XGIGEJk) has already been constructed for some

k>0. Let Zk+1 denote the set of all open simplices in M‘\Mo of dimen-

sion k+ 1. For every 0612k+1 the boundary %0 = 6~o0 is contained in Mk.

Let Jk(o) denote the set of all indices a € Jk with

M := x_ (A

a [+ n(a)) < 39,

~

and let 0 denote the barycenter of ¢. For every pair (o,a) with

CEIy g v aeiJk(o), we introduce the injective semialgebraic map

Xg,0 bn(a)+1 ° M

defined by

xola((l—t)u4-ten(a)+1) = (1—t)xa(u)-+t6.

In other words, we regard A as the cone over A

na) = (8o en(q)

M in the
o

]

n(a)+1

with vertex e and extend the isomorphism y =
n(a)+1 3

obvious way to an isomorphism from A

n ()
onto the cone over M_ with
n(a)+1 a

vertex 8. As a simplicial atlas of Mk+1 we choose the union of the

sq s k ~ k
three families (x la€3™), (A  — {8}lo€x ), (Xo,aloezk+1'°‘€J ().
It is easily checked that this union is indeed a simplicial atlas of

Mk+1. g.e.d.

. Now we are ready to prove our main theorem.
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Theorem 4.4 (Triangulation theorem). Let M be a regular paracompact
space over R and (A)\I)\EA) a locally finite family of locally semial-
gebraic subsets of M. Then there exists a simultaneous triangulation

(cf. Def. 1) w:X->M of M and this family.

Proof. Choosing a completion of M (Th. 2.1) we may assume in addition
that M is partially complete. We may also assume that M is connected.
We already know that the theorem is true if M is semialgebraic (I, Th.
2.13). In the general case we can cover M by a locally finite family
(UnlnE N) of open semialgebraic subsets with UnnUm =@ if In-m|l > 2,
cf. I, Cor. 4.19. We shrink this covering tc a covering (annE N) with
v € rom, V cU , cf. I, Th. 4.11. We shall work with the locally
finite covering (Mnlne N) of M by the closed semialgebraic subsets

Mn = Vn. Notice Mnan =@ if In-m| > 2. Also, for every n€ N, the

index set A(n) consisting of all X € A with Ay nMn¢¢ is finite.

Using the triangulation theorem for affine semialgebraic spaces we
successively choose for n = 1,2,3,... simultaneous triangulations

@y Xn AMn of Mn and the finitely many subsets Mn-1 nMn’ Mnn Mn+1 ,

M nA, (A€A(n)) with the additional property that o refines ¢

n+1

on M NM (Read MO = @). Then using Lemma 4.3 we refine ©, to a

n+1°

triangulation ll)n : Yn:'Mn such that u)n is equivalent to ®, on M nMn

n-1

and equivalent to (an on MnnM 1

(Notice that Mn nMn and Mnn Mn

-1

are disjoint closed semialgebraic subsets of Mn.) Now Lpn_H is equi-

n+1°

valent to wn on M nMn. By Lemma 4.1 the wn can be glued to a tri-

n+1

angulation y : Y 55 M. By construction w_1 (AA) is a subcomplex of Y for

every A€ A. g.e.d.
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§5 - Triangulation of weakly simplicial maps, maximal complexes

Definition 1. Let £f: M- N be a locally semialgebraic map.

a) A triangulation of f is a commutative square

~

M

X
©
9[ £ (1
M ~

—____’N

("
with X and Y strictly locally finite geometric (simplicial) complexes,
¢ and ¥ locally semialgebraic isomorphisms, and g a simplicial map.

b) A completion of f is a commutative square
i

Me—

£

=

(2)

*____
+hl

Ne————

3

zZ

with i and j completions of the spaces M,N respectively (i.e. dense
embeddings into partially complete spaces M,N, cf. §2), and T a lo-

cally semialgebraic map.

Notice that the map f is partially proper. Notice also that every tri-

angulation (1) of f yields a completion of £, namely

M
f'
N

with i and j denoting the embeddings via @ | and ¥~ | into the closures

g___j;___.i
g

« J .5

X,Y of the complexes X, Y and g the closure of the simplicial map g.

We have the following general fact about completions of maps.

Proposition 5.1. Every locally semialgebraic map f : M- N between regu-
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lar and paracompact spaces M,N can be completed. More precisely, given

a completion j: NeQ, we can find a completion (2) of f which involves

j.

Proof. We choose some completion k: Mo T. Let I'(f) cMx N be the graph

of f. We consider the natural factorization

M

r(£)

o]

N

of f via the graph. Let P be the closure of the image of T(f) in T=xQ
under the embedding k xj: MxN->TxQ, and let i1: I'(f) P denote the
completion of T(f) obtained from k x j by restriction. Let finally

g: P->Q be the restriction of the natural projection pr, :TxQ-Q to

P. We have a commutative diagram

M 5 I'(f)e< I P TxQ
p g
f Nc—————g————>Q pr,
The completion i := 11-0 of M and the map g fulfill the requirements
of the proposition. g.e.d.

The question whether a given map can be triangulated - and how - is
much more delicate. In the present section we deal with an easy case,
namely a weakly simplicial map f: X Y between strictly locally finite
complexes X and Y (cf. I, §2, Def. 5). The problem here is, of course,
that f does not extend continuously - hence simplicially - to a map
from X to Y. Our idea is to triangulate f by "modifying" the complexes
X and Y in a somewhat canonical way, such that X and Y remain the same
as locally semialgebraic spaces and f extends simplicially to the clo-

sures of the modified complexes.
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Our procedure will be purely combinatorial. All constructions may be
carried out in the category of strictly locally finite complexes with
simplicial maps as morphisms. Actually we shall work in the larger
category of all geometric simplicial complexes over R with the simpli-
cial maps as morphisms. (So, in general, weakly simplicial maps are
not regarded as morphisms.) This generalization will not cause any
additional difficulties. On the other hand, a geometric simplicial
complex X which is not locally finite can still be interpreted geome-
trically as a subspace of a "weak polytope", cf. end of III, §6. Thus

our combinatorial considerations should be of additional interest later

on.

When it seems to be convenient we switch over from the category of
geometric simplicial complexes over R to the category of abstract
simplicial complexes, with abstract simplicial maps as morphisms. These
categories are equivalent via the abstraction and the realization func-
tor, cf. §3. Thus it does not matter, in which category we work. In
particular, the base field R is of no importance. As before, we speak
simply of "complexes" instead of simplicial complexes.

In view of the examples 6.15, 6.17 and proposition 6.16 in Chapter I

it is natural to introduce the following terminology.

Definition 2. Let f: X-»Y be a simplicial map between geometric com-

plexes X and Y.

a) f is called partially proper if, for every open simplex o € I (X),

the following holds: If t is an open face of ¢ with f(t) € T(Y), then
T€Z(X). The map f is called proper if, in addition, for every p € (Y)
there exist only finitely many ¢ € X(X) with £(0) = p. In other words
the preimage f-1(p) of any p€ £(Y) is a finite subcomplex of X.

b) f is called partially finite if f is partially proper and f is in-

jective on the set E(0) of vertices of every o€ £(X). The map f is
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called finite if, in addition, the preimage f-1(p) of every P € Z(Y) is

a finite complex.

Clearly the closure f: X-Y of any simplicial map f: X-»Y is partially
proper. Also, a partially proper map f: X-Y is finite if and only if

all fibres of f are finite sets. If f is partially finite then also £

is partially finite. But it may happen that f is finite and f is not
finite. For example, let X be the disjoint union of countably many
closed 1-simplices En (n€ N) , and let Y be the union of countably
many closed 1-simplices ?n(n€ N) , all meeting in one common vertex p.
We choose a vertex q, in each En. Let T be the simplicial map from X
onto ¥ which maps every o onto ?n with E(q ) = p. Let X denote the
subcomplex §\~{qn|n€IN } of X and Y denote the subcomplex Y~ {p} of Y.
The restriction f: X-Y of f is finite (in fact "dominant", see below).

But f is not finite.

Definition 2a. A simplicial map a: K- L between abstract complexes is

called partially proper (resp. proper, resp. ...) if the realization

lal IKlR - ILIR is partially proper (resp. proper, resp. ...).

R:

Notice that these properties of a do not depend on the choice of the
base field R.

We now come to the main definition of this section.

Definition 3. A simplicial map f: X-»Y between geometric complexes is
called dominant, if f is partially proper and f is a bijection from the
underlying set of X to the underlying set of Y. Then, of course, f is

finite.

Notice that, in the case that X and Y are locally finite, this just
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means that £ is an isomorphism between the locally semialgebraic spa-
ces X and Y. Notice also that, for general complexes X and Y, the set
theoretic inverse f_1 : Y->X of a dominant map £ : X-Y is a weakly sim-
plicial map. In some sense every weakly simplicial map can be built up

from such maps f-1, as we shall see later.

If X is closed, then every dominant simplicial map f: X-Y is a simpli-

cial isomorphism and, in particular, Y is closed.

Definition 3a. A simplicial map a: K- L between abstract complexes is

called dominant if its realization IalR is dominant.

We state some formal properties of the noticns introduced in the last

two definitions, leaving the trivial proofs to the reader.

Remark 5.2. a) If X is a subcomplex of a geometric complex Y then the

inclusion map i: XoY is partially proper if and only if X is closed

in Y. In this case i is finite.

b) Let f: X->Y and g: Y->2 be simplicial maps between geometric com-

plexes. Let P be any one of the properties "partially proper", "par-
tially finite", "finite".
i) If £ and g both have property P then g f has property P.

ii) If ge f has P then f has P.

iii) If g o f has P and f is surjective (as map from the set X to the
set Y), then g has P.

If P is the property "dominant", then the statements i) and iii) are

also true. Statement ii) is only true if f is assumed to be surjective.

The reader should not be troubled by the fact that in the category of
paracompact regular spaces statement iii) becomes false for P = "par-

tially proper" (I, 6.3) or P = "partially finite" (I, 7.14). Such
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maps cannot always be triangulated.

In the category of abstract complexes, hence also in the category of
geometric complexes, there exist arbitrary fibre products. Indeed, let

oy K1-aK and oyt Kz-»K be abstract simplicial maps. We look at the

set

F:=E(K x E(K,) = {(e1,e2) € E(K,) xE(K,) la, (e;) = ay(ey) ),

E(K)
with the natural projections Py : F-»E(K1), P, * F-»E(Kz). We define a

»

complex L = (E(L),S(L)) as follows. S(L) is the set of all subsets s

of F with p1(s) € S(K and pz(s) €S(K2), and E(L) is the union of all

1)
the subsets s € S(L) of F. The restriction L E(L)-—E(Ki) of p; is a
simplicial map L L--»Ki (i = 1,2) and the diagram

T2

..—.—_.K

2

™, oy (*)

commutes. It is now easily checked that this diagram is a pull back in

the category of abstract complexes. Thus L is the fibre product K1xKK2.

The following statements are easily verified.

Lemma 5.3. Let P be any one of the properties "partially proper”,
"proper", "partially finite", "finite", "dominant". If in the pull

back diagram (*) the map oy has property P then w, also has property P.

Examples 5.4. a) If both complexes K, and K, are cleosed then it is

easily seen that E(K1xKK2) = E(K1)x E(Kz).

E (K)
b) (The case that K is the one point complex.) For any two abstract

complexes K1 and Kz the direct product K sz exists and may be des-

1
cribed as follows: E(K1xK2) = E(K1) xE(Kz). A subset s of E(K1)xE(K2)
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is a simplex of K,;xK, if and only if the projections p1(s) and pz(s)
are simplices of Ky and K2 respectively. The reader is warned that the
locally semialgebraic space IK.‘XKZIR usually is different from the
product |K1|RxIK2|R of the locally semialgebraic spaces |K1IR and
IKZIR; In fact, this already occurs in the case where both K1 and K2
are closed and finite cf. [ES, p. 66ff]. The space IK1|RXIK2|R is

then a strong deformation retract of |K1xK

2'r

Definition 4. An abstract complex L is called maximal, if every domi-
nant simplicial map a: L' - L is a simplicial isomorphism. A maximal
hull of an abstract complex K is a dominant map «: LK with L a ma-

ximal complex. Same terminology for geometric complexes.

Proposition 5.5. Let a: L-»K and B: P->K be simplicial maps. Assume

that L is maximal and 8 is dominant. Then there exists a unique simpli-
cial map n: L-»P with Be n = a. If o is dominant, i.e. a is a maximal
hull of K, then n is also dominant. In particular, any two maximal

hulls of K are isomorphic.

Proof. We consider the pull-back diagram

Y B

te—0O
N ———— g

—_—_—
6

B ——
[

of the maps a and f in the category of abstract complexes. Since B is
dominant, Y is dominant (Lemma 5.3). Since L is maximal, Y is an iso-
morphism. Thus n := 6°Y-1 is a simplicial map with a =Ben. Uniqueness
of n is evident, say, from the pull-back property of the diagram. If
o is dominant then & is also dominant by Lemma 5.3. Thus n is dominant

too. g.e.d.
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We now start out to prove the existence of the maximal hull for a given
abstract complex K. We construct a new complex K as follows. Let H (K)
denote the set of all pairs (p,s) € E(K) x S(K) with p€s. We introduce
on H(K) the coarsest equivalence relation ~ such that (p,t) ~ (p,s)
whenever p€ t <s. Thus (p1,s1) ~ (pz,sz) if and only if Py = P, and
there exists a finite sequence.

s1 = to,t Sy

1,...,tzm

with p1€ ti for i = 1,...,2m and

B, >t <t > t

o = Bty 208y 2 b3ty 2 B
We denote the equivalence class of a pair (p,s) € H(K) by [p,s], and we
take as set of vertices E(K) the set H(K) /~ of all these equivalence

classes. We further introduce for every s € S(K) the finite subset
[s] := {[p,slip€s}

of E(K) and take as set of simplices of K
S(K) := {[slIs€S(K)}.

The pair (E(ﬁ),S(ﬁ)) is indeed an abstract complex ﬁ, and the natural

map w = mw, : E(ﬁ) -+ E(K), n(lp,s]) = p, is a simplicial map from ﬁ to

K
K. More precisely, m maps every simplex [s] of R bijectively onto the
corresponding simplex s of K. If u is a face of some [s] € S(K) with

n(u) = t€S(K), then u = [t] ES(ﬁ). Thus n is dominant. We shall see

later that gt i-*K is indeed a maximal hull of K.

For any geometric complex X we denote by X the realization of K(X)"

and by Py : X>X the realization of = : K(X)” >K(X). From now on a

K(X)
weakly simplicial map from X to a geometric complex Y will be denoted
by a dotted arrow X :-«-->Y to keep in mind that it is not an arrow in

the category of complexes.

Theorem 5.6. For any weakly simplicial map f: X <« Y there exists a
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unique simplicial map £:X->Y such that the diagram

~

g—Ff %
S
X et Ly

commutes.
Notice that, in the case that X and Y are strictly locally finite, X
and Y are again strictly locally finite, and thus Theorem 5.6 yields

a triangulation of the locally semialgebraic map f.

Proof of Theorem 5.6. Let K := K(X), L := K(Y). Thus X = |K|, Y = |LI.

As s runs through S(K), |s| runs through the set Z(X) of open simpli-
ces of X. We have a map a: S(K) - S(L), defined by f(Isl) = la(s)].
Notice that, in general, this map a is not induced by a map from E(K)
to E(L). But if t € S(K) is a face of s then a(t) is a face of af(s).
Moreover, f yields by restriction an affine map f i Isl » la(s) 1,
which extends continuously to an affine map fsz TsT » To(s) 1, and fs

coincides with ft on |t (cf. I, §2, Def. 5).

We now define a map B from E(R) to E(L) by

B(lp,s]) = [ (p),a(s)] (s€S(K),pEE(K),pEs).

It is easily checked that B is well defined. Indeed, if p€ t<s, then
?t(p) = fs(p). Clearly B([s]) = [a(s)]. Thus B is a simplicial map
from R to £. Let £: X-Y denote the realization of B. For every s € S(K)
the diagram

£

s l— £ [a(s) ]

n ~ " "
by & = Py

Isl WEn - |a(s) |
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commutes. Thus indeed f . Px = Py «f. The uniqueness statement in the
theorem is evident, since py is a bijection from the set ¥ to the set
Y. g.e.d.

Corollary 5.7. For any geometric complex X the map g 1=py s X-X is a

simplicial isomorphism.

Proof. Apply the theorem to the weakly simplicial map g = péﬂ from X
A ~ A

to X. We obtain a simplicial map § from X to X with g« § =g * py = idg.

Since g and § are both bijective, as maps between sets, also §.q =

idﬁ. g.e.d.

Corollary 5.8. For any geometrical complex X the complex % is maximal,

and thus Py * X->X is a maximal hull of X.

Proof. Let f: Y->X be a dominant map. Applying Theorem 5.6 to the

weakly simplicial maps f and g := f_1 we obtain a commutative diagram

£ g .

e d

5>

< ‘___"O >
Q

< e
o]

—_—

3 oee =

with p := Py, 4 := Py From the uniqueness statement in the same theo-

rem we deduce that § - f = idg and fe g =

idg. Thus £

cial isomorphisms. By the preceding corollary also g

isomorphism. Thus h := p .77 aq—1 is aright inverse

and § are simpli-
is a simplicial

of £f. Since f is

a bijection of sets, the simplicial map h is also a left inverse of

f. Thus f is a simplicial isomorphism.

g.e.d.

Corollary 5.9. Every weakly simplicial map f: X -~-~->Y from a maximal

complex X to an arbitrary complex Y is simplicial.
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Proof. Consider the commutative diagram
S

Py Py

H— O
< e————— <D

Py is an isomorphism. Thus f = Py ° fo Py

X

is indeed simplicial.

g.e.d.
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§6 - Triangulation of amenable partially finite maps

We will only consider regular and paracompact locally semialgebraic
spaces until the end of this section. Thus from now on - unless some-
thing else is said - a "space" will always be a regular paracompact

locally semialgebraic space.

We gather together some observations on partially finite simplicial

maps which mostly appeared in §5. A few are already contained in I, §6.

Proposition 6.1. Let f: Y- X be a partially finite simplicial map

between strictly locally finite geometric complexes. Then f and f:Y-X

- regarded as maps between spaces - have the following properties:

Hn o ® T =y

ii) ¥ is partially finite.

iii) Every open simplex t of Y is mapped under f isomorphically onto
an open simplex g of X. Also, the closure TNY of 1 in Y is
mapped isomorphically onto gnX, and t is mapped under f isomor-
phically onto g.

iv) For every open simplex g of X the connected components of the
locally semialgebraic subset f_1(0) of Y are precisely all open
simplices 1 of X with f(tr) = ¢. In particular, f is trivial over
g, i.e. f_1(o) is isomorphic over ¢ to a product ¢ x F, with F

a discrete space in our case.

In this proposition only the last statement (iv) needs further explana-
tion. Notice that the simplices 1 € £(Y) with f(1) = ¢ are open connected
subcomplexes of the complex f_1(c) and thus are open semialgebraic sub-

1

sets of f ' (o). Moreover they are pairwise disjoint.

We draw the following consequence from the statements (iii) and (iv)
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in this proposition.

Corollary 6.2. Let X,Y,Z be strictly locally finite complexes and let

be a commutative diagram of locally semialgebraic maps with f and g
partially finite. Hence h is also partially finite (cf. I.6.2.ii).
Assume that f and g are simplicial. Then h is weakly simplicial. Thus,

if in addition the complex Z is maximal (cf. §5), the map h is simplicial.

We want to triangulate partially finite maps. According to Proposition
6.1.iv a necessary condition for this is that the maps be "amenable"

in the following sense.

Definition 1. A locally semialgebraic map £ : M->N is called amenable
if there exists a locally finite family (NXIAGA) in ¥(N) such that N

is the union of all NA and f is trivial over every NA’ i.e. f—1(N

)
is isomorphic over NA to a product NA XFA with some space Fk‘

Then, by the triangulation theorem 4.4, there exists a triangulation
©: X5N such that f is trivial over the image ¢(o) of each open sim-

plex ¢ € Z(X).

We quote from [DK3, Th. 6.4] (cf. also [BCR, Chap. 9]) the following
important fact, which in the case R = R is due to R. Hardt [H], and

therefore will often be cited as "Hardt's theorem".

Theorem 6.3. Every affine semialgebraic map £ : M-> N is amenable.
Given a locally finite family (MiliGI) of locally semialgebraic sub-

sets of M there even exists a locally finite partition (N)\ |X€EA) of N into
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semialgebraic sets such that f and all the restrictions flMi: Mi-oN (i€1)

are trivial over each NA'

Actually this has been proved in [DK3]on1y in the category of semialge-
braic spaces, but the generalization to the locally semialgebraic set-
ting is immediate. Again, the sets N, can be chosen as the images of

the open simplices of a suitable triangulation Y —>N.

Another important class of amenable maps are the coverings, to be
studied later (Chap. V). There exist partially finite maps which are
not amenakle. For example, take R = R and construct an infinitely
high Eiffel tower’I‘c[O,1]x[O,‘l]><]Rloc over [0,11x[0,1]) whose diameter
tends to zero as the height increases. The projection

p: T-*[0,1]X[0,1]‘\{(%,%)} is partially finite but not amenable. Even
simpler, for any locally complete but not complete semialgebraic
space M the identity map from Mloc to M is partially finite but not

amenable.

To triangulate a given amenable partially finite map f : M- N we may
assume that N is already triangulated in such a way that f is trivial
over the image of every open simplex under the triangulation map ¢: X = N.
We may as well assume that N=X and ¢ is the identity. We thus meet

the following

Problem 6.4. Let £f: M->X be a partially finite map from a space M to
a strictly locally finite complex X which is trivial over every open
simplex of X. Under what further conditions on f can M be triangulated
in such a way that f becomes simplicial? More precisely, when does

there exist a commutative diagram
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with Y a strictly locally finite complex, g a simplicial map, and ¥ a

locally semialgebraic isomorphism?

If such a diagram exists then we may replace Y by its maximal hull ¥
(cf. §5) and assume as well that Y is maximal. According to Corollary
6.2 any other diagram of the same sort - with f fixed - is isomorphic

to the given one in an obvious sense.

We stay with a map f: M->X as described in Problem 6.4. We denote by
Z (M) the set of all connected components of all sets f-1(0) with ¢ run-
ning through the set Z(X) of open simplices of X. The family I (M) is
clearly locally finite and is a partition of M into semialgebraic sets.

For a given open simplex ¢ of X every connected component T of f-1

(o)
is mapped isomorphically onto ¢ by f. We quote a general lemma, which
will also be useful in later sections. Applying this lemma to the re-

striction T»oNX of £, with T the closure of T in M, we see that f

maps T isomorphically onto ¢ N X.

Lemma 6.5. Let w: L->N be a proper map between spaces. Assume that S is
a locally semialgebraic subset of N such that the fibres n~1(s) of all
points s € S are connected and not empty. Assume further that S is dense
in N and n—1(s) is dense in L. Assume finally that every point x in N\ S
has a fundamental system of open semialgebraic neighbourhoods U with
UNS connected. Then all fibres of wn are connected and not empty. In

particular if w is also finite, w is an isomorphism.

We postpone the proof of this lemma for a moment and continue the dis-

cussion of the partition (M) of M. If 04 € Z(X) is an open face of
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0€X(X), and T is a connected component of f-1(o), then T, := Trﬁf-1

(04)
is a connected component of f-1(01), since f maps T, isomorphically onto
04 In particular, the closure T of any T€ (M) is a union of sets

T'€ Z(M). Thus we may regard I(M) as a "semialgebraic stratification”

of M, and we call the T€ Z(M) the "strata" of M.
We now start out to prove Lemma 6.5. We need the following general fact.

Sublemma 6.6. Let f be a proper surjective map from a space N to a
space M. Assume that M as well as all fibres of f are connected. Then

N is connected.

Proof. Suppose there exists a partition N = A, U A2 of N into two dis-
joint open - hence also closed - non empty locally semialgebraic sub-
sets. Since the fibres of f are connected, both A, and A, are unions
of fibres. Since f is surjective M is the disjoint union of the sets
B, := f(A1) and B, := f(AZ)' Since f is proper the sets B; are closed

and locally semialgebraic in M. But this contradicts our assumption

that M is connected. Thus N is connected. g.e.d.

Proof of Lemma 6.5. n(L) is closed and contains S. Thus n(L) = N. Let

a point x € NN S be given. Suppose n-1(x) is not connected. We choose

a partition n-1(x) =AU A2 of n—1(x) into two disjoint locally semi-
algebraic subsets, which are both closed in n-1(x) and non empty. By

a standard argument for proper maps we find an open set UcN in our
given fundamental system of neighbourhoods of x such that n-1(U) =

vy U V2 with Vi an open locally semialgebraic neighbourhood of Ai (i=1,2)

and Vv, NV, = @. We have
nhwns) = vyt (8)] U v, nnT ()],

Both sets Vin n-1(s) are non empty, locally semialgebraic, and open in

n_1(Ulﬁs). But, by the sublemma, n-1(Ur1S) is connected. This contra-
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diction proves that n_1(x) must be connected. g.e.d.

We continue studying the stratification (M) of M. Let K(X) = (E(X),S (X))
be the abstraction of the geometric complex X. We want to construct an
abstract complex K(X,f) = (E(X,£),S(X,f)) which hopefully will serve

to triangulate M in such a way that the strata become the images of

the open simplices of [K(X,f)!.

Let H(X,f) denote the set of pairs (p,T) € E(X)xZ (M) with p€ £(T).
{f(T) means the closure of the open simplex f(T) in the closed complex
X.} We introduce the coarsest equivalence relation ~ in H(X,f) such
that (p,T;) ~ (p,Tz) whenever T:\:T;. Two pairs (p,,T4) and (p,,T,)
are equivalent if and only if Py = P, =2 P and there exists a sequence
Uy = T9s0qs---,Uy = T, in T(M) with p€£(U;) for 0<i<2m and

27 UpsUgre - Upp 1 2 U

5T
We denote the equivalence class of a pair (p,T) €H(X,f) by [p,T], and
we take the set of all these equivalence classes as set of vertices

E(X,f) of our complex K(X,f), E(X,f) := H(X,f)/~. For every TE Z(M)

we define the finite subset
[T] := {[p,Tllp€ E(T) N E(X)}

of E(X,f), and we define the set of these subsets [T], with T running
through (M), to be the set of simplices S(X,f) of K(X,f). Then
K(X,f) = (E(X,f),S(X,f)) is indeed an abstract simplicial complex.

We have a well defined map

m= oMy g E(X,f) - E(X), [p,T] » p,

which is a simplicial map from K(X,f) to K(X).

Lemma 6.7. n is partially finite (in the sense of Definitions 2 and

2a in §5).
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Proof. Let [T] be a simplex of K(X,f). Clearly m is injective on [T].
In order to prove that n is partially finite we consider a proper face
€S(X,f). Now n([T])

t, of [T] with n(t1) € S(X). We have to show that t

1 1
is the abstraction s of the open simplex o := £(T) of X, and In(t1)l

is a face 94 of o with o, € £(X). There exists a unique stratum T, cT

1
of M with f(T1) = 0, (see above). We have [T1] <[T], n(t1) = n([T1]),

hence ty = [T1] €S(X,f). Thus n is indeed partially finite.

We need the following general assumption on our stratification Z(M).

(*) If T, and T, are two different strata of M, then [T1] + [TZ]‘
Let us look for cases where (*) is fulfilled.

Lemma 6.8. Assume that T1 and T2 are two different strata of M with
f(’I‘1) = f(Tz) =: ¢ and that o has at least one vertex p with p € X and
T,nf ' (p) #T,n£ ' (p). Then [T ]+ [T,].
Proof. We claim that [p,T1] + [p,TZ]. Otherwise there would exist a

= T, with

sequence of strata Uo = 'I‘1 PR 'UZm 2

UpcUy2UpcU32 .- Uy 2Uon

and p€ f(Uii for O0<i<2m. Let Xy be the point of f]'j lying over p. We

see successively that x_ = x, = ... = x

= -1
° 1 But {x } =T, nf "(p),

2m*
{xyn} = T,n £ (p) . This contradicts the hypothesis of the lemma. Thus
[p,T.|] * [p,Tz]. Since n maps both [T1] and [T2] bijectively onto the same

simplex s € S(X) the vertex [p,T1] cannot be contained in [TZ]‘ g.e.d.
From this lemma we see immediately

Corollary 6.9. Condition (*) is certainly fulfilled in the following

cases. |
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i) The complex X is closed and f is trivial over each closed simplex

o of X.
ii) £ is a partially finite map from the space M to a strictly locally
finite complex Xy, and f is trivial over each open simplex of Xy

The complex X is the barycentric subdivision of X

Here the barycentric subdivision Y' of a geometric complex Y is defined

in the obvious way: subdivide Y in the classical way, and collect all

open simplices of Y' which are contained in the set Y.

A third case in which condition (*) is clearly fulfilled is the follow-
ing: M = X, £ = idX. Then the complex K(X,f) is nothing other than the
abstraction K(X) of the maximal hull ¥ of X defined in §5. This case

leads back to the considerations in §5.

From now on we always assume that condition (*) is fulfilled.

Lemma 6.10. Let T be a stratum of M. Then the simplices u€ S(X,f) hav-
ing [T] as a face are in one-to-one correspondence with the strata

U€E (M) with TcU via u = [U). The complex K(X,f) is locally finite.

Proof. Let t := [T]€S(X,f) and o := In(t)] = £(T) € 2(X). Let u€ S(X,f)
be a simplex which has t as a proper face and p := |n(u)| € Z(X). Then

p>0. We have u= [U] with a stratum U€ (M), uniquely determined by u

according to assumption (*). Since f(U) = p, there exists a unique
stratum T1c:ﬁ with £(T;) = 0. Now t, := [T;] is a face of u with
|n(t1)l = ¢ = [n(t)]|. Thus t; = t. By assumption (*) we have T, = T.

The first assertion of the lemma is now clear. The second follows
from the fact that the partition ¥ (M) of M is locally finite. Indeed,
for a given T€ (M) and a given semialgebraic neighbourhood W of T,

there exist only finitely many strata U with Unw +@. A fortiori there
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exist only finitely many strata U with UNT#+@, i.e. T<U. Thus for
a given t € S(X,f) there exist only finitely many u€sS(X,f) with u>t.

gqg.e.d.

It may happen that K(X,f) is not strictly locally finite.

Example 6.11. We consider the "infinite fan" M, described in I, §2
after Definition 4. This is a locally finite geometric complex which
is not strictly locally finite. Let p be the point of M miss{ng in M,
and let (Ti!iEN) be the family of all open 2-simplices of M, labelled
in such a way that ?ilw?j1\M=t¢ iff ]i-jl < 2. We introduce the obvious
"folding map" T from M to the closed standard triangle A = [eo,e1,e2],
obtained by gluing together the affine maps f; :?;-:vA with ?i(p) =

i(Ti_,l nTl) = [eole1]

ey for all i, fi(ri_1fﬁri) = [eo,ezl for i even, £
for i odd. Let £f: M » X := A\»{eo} be the restriction of f to M. This
map f is partially finite and is trivial over each open simplex of X.
The complex K(X,f) is naturally isomorphic to the abstraction of the

geometric complex M. Notice that condition (*) is fulfilled for f : M- X.

We denote the realization |K(X,f)| of the abstract complex K(X,f) by

X(f), and the realization of w : K(X,f) » K(X) by Py £ OF briefly by p.
’

X, £

Theorem 6.12. (As before, we assume that condition (*) is fulfilled).

There exists a unique locally semialgebraic map ¢ : X(f) = M, such that

/

commutes, mapping every open simplex |[[T]| of X(f) into (hence onto)

the diagram

X(£f) M

U]
Py, f
X

the corresponding stratum T of M. This map ¢y is a locally semialgebraic

isomorphism.
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Proof. For any stratum T € Z(M), the map p:=pX,f yields an affine iso-
morphism from the closure TN X(f) of the corresponding open simplex

T := [[T]| of X(f) onto £(T). On the other hand f yields also a semi-
algebraic isomorphism from T onto f£(T). Thus we have a unique semial-

gebraic isomorphism

Al

Ut TNX(E) =7

with (fIT)°wT plTNX(f). These maps bqp glue to a locally semialge-
braic map ¢y from X(f) to M, since for any stratum UcT and correspon-
ding open simplex vy := [[U]l of X(f) we have y< 1 and wTIY = wUlY, and
since these simplices Yy are all the open faces of 1 (Lemma 6.10). We
have f<y = p, and clearly ¢y is the only locally semialgebraic map
from X(f) to M with fey = p mapping every open simplex T of X(f) into
the corresponding stratum T of M. In the same way we obtain a locally
semialgebraic map x : M»>X(f) with pex = f mapping every stratum T of
M isomorphically onto the corresponding open simplex T of X(f). The
map X is inverse to Y. Thus ¢y is a locally semialgebraic isomorphism.
g.e.d.
If the map £ is finite then it is pretty obvious that the complex X(f)
is strictly locally finite. Thus we obtain from Theorem 6.3, 6.12 and

Corollary 6.9 the following final result for finite maps.

Theorem 6.13. Every finite map between spaces f : M- N can be triangu-
lated. More precisely, if ¢ : X >N is a triangulation of N, such that
f is trivial over ¢(g) for every open simplex ¢ of X, then there exists
a triangulation y: Y -5M and a simplicial map g from Y to the barycen-

tric subdivision X' of X such that the diagram
y— =~ .M
v
q[ lf
X'— =~ . N

commutes. If N is partially complete and f is trivial over the image
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¢w(0) of each closed simplex 0 of X the same is true for X instead of X'.

In the case R=1R R. Hardt obtained a similar result. By use of subana-
lytic stratifications he proved that finite (= proper light) subanaly-
tic maps may be triangulated [H1]. Qur approach is more elementary and

more explicit.

Corollary 6.14. Every finite map f : M- N between spaces can be completed

to a finite map T : M- N between partially complete spaces (cf. Defini-

tion 1 in §5).

It is also obvious that the complex X(f) is strictly locally finite if

the complex X is closed. Thus we have

Theorem 6.15. Every amenable partially finite map f : M~>N between par-
tially complete spaces can be triangulated. More precisely, the state-

ments in Theorem 6.13 remain true in this case.

In general, an amenable partially finite map f : M- N can not be comple-
ted to a partially finite map f : M- N between partially complete spaces.
We will not attempt to give a formal proof of this negative fact here.
Just look at the "folding of the fan" £ :M-+A~\{eo} in Example 6.11.

To obtain a completion in the category of spaces from the completion
T:M->A in the category of geometric complexes, one has to

"blow up" the point p of M. Then one gets a locally semialgebraic map
g: M- A between partially complete spaces which extends f. But the

1

fibre g~ (eo) is not discrete. It is intuitively clear that one cannot

get around a blowing up process to complete f in the category of spaces.

Thus, for amenable partially finite maps, we have to be content with

"weak triangulations" in general.
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Definition 2. A weak triangulation of a space N is an isomorphism

©: XN from a locally finite (but not necessarily strictly locally
finite) geometric complex X to N. A weak triangulation of a locally

semialgebraic map f : M- N between spaces is a commutative diagram

Y m M
d |
X . N

with weak triangulations ¢ and y of N and M respectively and a simpli-

cial map g.
Now observe that in our whole study in this section we do not need
that X is strictly locally finite, as long as we don't demand that the

complex X(f) becomes strictly locally finite. Thus we obtain

Theorem 6.15a. Every amenable partially finite map £ : M-> N between

spaces can be weakly triangulated. More precisely, if ¢ : XN is a
weak triangulation of N, such that f is trivial over ¢ (o) for every
open simplex ¢ of X, then there exists a weak triangulation V¥ 1Y M
and a simplicial map g from Y to the barycentric subdivision X' of X

such that the diagram

Y__.__':__-M

5| E

X! N

2

commutes.

The following final proposition shows that condition (*) is indispen-
sable for obtaining (even weak) triangulations of partially finite

maps, and that our whole procedure is somewhat canonical.

Proposition 6.16. Again let f : M-X be a partially finite map of a
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space M into a locally finite complex X. Suppose there exists a commu-

tative triangle

X
N / ()

with Y a locally finite complex, g a simplicial map, and x a locally
semialgebraic isomorphism. Then the stratification fulfills condition
(*). Thus we also have the commutative diagram described in Theorem

6.12. There exists a simplicial dominant map h: X(f) »Y¥ with x¢h = ¢

and g°h = In other words (cf. Cor. 6.2), the complex X(f) is

Px,£-

maximal.

N.B. If we have a diagram (**) with g only weakly simplicial then, re-
placing Y by its maximal hull ¥, we may go ahead and assume that g is

simplicial.

Proof. The open simplices T of Y correspond bijectively with the strata
T of Mvia T = X(1), cf. Prop. 6.1, iii and iv. (As said before, this
remains true under the condition that X and Y are locally finite in-

stead of strictly locally finite.) We want to map the abstract complex

K(X,f) simplicially onto K(Y) by a map n which sends a point [p,T]J€E(X,f)

to the unique point g€ E(Y) with g a vertex of x—1(T) = 1 and g(q) = p.
To see that this map n: E(X,f) - E(Y) is well-defined we have to consi-
der a sequence To'T1"°"T2m in £(M) with Ti_1<:Ti for i odd and
T, 1 o>T, for i even, and a point p€E(X) with p€F(T;) for 0<i<2m.
Each simplex Ty = x_1(Ti) has a unique vertex o with E(qi) = p. We

have to verify that 9y = 99 = --+ = dyp- But this is obvious, since
ToSTy2TpS e STy 42Ty

and g is simplicial. For any T € £ (M) the map n yields a bijection of

the abstract simplex [T] of K(X,f) to the abstraction of the simplex
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x—1(T) of Y. Thus n is a simplicial map from K(X,f) to K(Y). Also if

[T,] = [T,] for two strata T,,T, of £(M), then x ' (T,) = x_'(T,), thus

1772

T, =T So, condition (*) is fulfilled. Denoting the realization of n

1 2
by h, we clearly have x°h = Y. Multiplying by f on the left we obtain
geh = Py ¢- The map h is a bijection from the set X(f) to Y. Thus h is

4

dominant. g.e.d.
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§7 - Stars and shells

In this section we study the "stars" and "shells" of a geometric (sim-
plicial) complex X, and their behaviour under partially finite simpli-
cial maps. Here we cannot rely on the classical literature where stars
have been widely used since the early days of combinatorial topology

since our complexes are more general than the classical ones. Our con-
siderations in this section are usually purely combinatorial. Thus we

work - as in §5 - in the category of all geometric complexes.

Let X be a geometric complex over R. We already defined the star Sty(A)
of any subset A of X in I, §2. We now generalize this definition to

subsets A of X.

Definition 1. For any x € X we define the star Stx(x) of x in X as the
union of all open simplices o of X with x € 0. More generally we define
for any subset A of X the star StX(A) of A in X to be the union of all
0 € XI(X) with Ano #@. Of course, StX(A) is the union of the stars

Stx(x) of all x €A.

Sty (A) is an open subcomplex of X and X\StX(A) is the largest subcom-

plex Y of X with YnA = ¢@. Also Sty (A) is the union of the stars Sty (1)

X
with T running through the open simplices of ¥ which meet A. In parti-
cular, for any open simplex 1 of X, we have StX(T) = Stx(x) for every

X € 1. The complex StX(T) is just the union of all o€ Z(X) with t<o0.
For any x€X and z € Stx(x) the half-open line segment ]Jx,z] is contained in
Stx(x) . Thus StX(x) is indeed a "star-shaped set" with center x, the

center perhaps missing.

Suppose points x € X and z € Sty (x) are given. Let o denote the open sim-
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plex of X which contains z. Assume that z # x. There is a unique point
W€ 30 := 0~0 with z € ]x,w[. Let p denote the open simplex of X which
contains w. Then p <o. On the other hand, x € p, since otherwise z

would be contained in p, which is not true. Thus westx(x).

Definition 2. The bordered star Sty (x) of a point x € X with respect to

X is defined to be the set of all points y€ X with (1-t)x+ tye€ Sty (x)
for every te€ ]O,1[. The shell ShX(x) of x is defined as the difference

set ﬁx(x) ~ Sty (x). This is the set of all points w arising as above.

StX(x) ~ {x} is the set of all points 2z = (1-t)x+ tw with w€ ShX(x)
and O< t< 1. The point w and the parameter t are uniquely determined
by z. Notice that x¢€ StX(x) if and only if x € X. Notice also that

th(x) is empty if and only if Stx(x) = {x}.

We give a simple example. Let X be the union of an open 2-simplex 94

and a closed 2-simplex 52 such that '51 and 52 have precisely one ver-
tex e in common.

€2
€4

e e3

Then Stx(e) = X~ [e3,e4], and th(e) = ]e1,e2[ U [e3,e4].

Lemma 7.1. shx(x) and §'Ex(x) are subcomplexes of X. More precisely
Shy (x) is the union of all open simplices p of X with x € p, and
0T € £(X), where 1 denotes the open simplex of X containing x, and
pt denotes the open join of p and T, i.e. the set of all points
(1-t)u+ tv with u€p, ve€t and O<t<1. (cf. also Def. 5 below.

Notice that pNt = @. In case p< T we have pt=1.)
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The proof is very easy. As a consequence of this lemma we see that
the shells th(x1) and th(xz) are equal for any two points Xq1%, in
the same open simplex 1T of X; thus we also see that §€x(x1) = §Ex(x2).
We are therefore justified in also denoting these subcomplexes of X

by th(T) and EEX(T) respectively and calling them the shell and the

bordered star of T with respect to X.

Lemma 7.2. The closure of the complex Stx(x) - and also of the complex

EEX(X) - is EEi(x). The closure of the complex Shy(x) is Shyp(x).

The proof is again easy. A star StX(x) is a finite complex if and only
if th(x) is a finite complex. By Lemma 7.2 we also know, that Stx(x)
is finite if and only if Sti(x) is finite. Notice that this is true
for every x€X if and only if the complex X is locally finite, and

for every x €X if and only if X is strictly locally finite.

Definition 3. a) A geometric complex Y is called connected if Y is not
the disjoint union of two subcomplexes Yq,Y, which are both open
(hence also closed) and non empty in Y.

b) If X is a geometric complex and x a point of X, then the connected
component C(x,X) of x in X is the intersection of all subcomplexes Y

of X which are open and closed in X and contain x.

Notice that C(x,X) is itself an open and closed subcomplex of X, and
that this complex is connected. Thus C(x,X) is the smallest open and

closed subcomplex of X which contains x. If two points x, and x, of X

1

lie in the same open simplex 1 € Z(X) then C(x1,X) = C(xz,X). Thus we

also write C(1,X) for this set and call C(t,X) the connected component

of 1t in X. The complex X is the disjoint union of all its subcomplexes

c(t,X).
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Definition 4. Two open simplices 94 and o, of X are called connectable

in X if there exists a finite sequence

Po = OqrPqreerPop T 9y
in £(X) with

PoSP120p% -+ 2Pono12Pop"

"Connectable in X" is an equivalence relation on the set I(X). For any
T € Z(X) the union of all simplices to which T is connectable in X is
an open, closed, and connected subcomplex of X. Thus this union is the

connected component C(t1,X) of .

In the case that the complex X is locally finite, it is evident that
the connected components of X as a complex are the same sets as the

connected components of X as a locally semialgebraic space.

The equivalence relation needed in §5 to define the vertices of the
maximal hull X of X is closely related to the relation "connectable in
Stx(x)" for open simplices of Stx(x), with ¥ running through the ver-

tices of X. Thus we arrive at the following statement.

Proposition 7.3. A geometric complex X is maximal if and only if the

star Stx(x) of every vertex x of X is connected.

For a maximal complex X it may still happen that the star of some point

in X~ X which is not a vertex is not connected.

Example 7.4. Let X be the boundary 3A of the standard three-dimensio-
nal closed simplex A = [eo,e1,e2,e3]. Let X be the complex §\~]eo,e1[.
Then the stars Stx(ei), 0<1i<3, are all connected. Thus X is maximal.

But for any x € ]eo,e1[ the star StX(x) has two connected components.
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We denote the set of connected components of the complex X by T (X) .
A simplicial map f: X-Y induces a map no(f) : nO(X) —»no(Y) which sends
any connected component X' of X to the connected component of Y which
contains the (obviously) connected complex f(X'). We often write f,

instead of no(f) .

Proposition 7.5. Let X be any geometric complex and let x be a point

in X~ X. Then the inclusion maps i : Sty (x) © _S_tx(x) and j : Shy (x) <

§Ex(x) yield bijections no(i) and m_(j). For any connected component

o
A of Shy(x) the connected component B := j,(A) of §Ex(x) is the set
of points (1-t)x+ tz with z€A and O<t <1, and the connected compo-
nent D = antx(x) of StX(x) with i, (D) = B is the set of points

(1-t)x +tz with z2€A and O<t<1.

Proof. This is intuitively obvious, since Ex(x) is the cone with
base ShX(x) and vertex x, deprived of its vertex, and since Stx(x) =
ﬁx(x) \ShX(x) . In the case that X is strictly locally finite, we can
regard §Ex(x) as a semialgebraic space. Then the above argument is al-
ready a proof of the proposition. In general, let (XaIO(EI) be the di-
rected system of all finite subcomplexes of X. We choose some index B
with XES(-B. The complexes Stx(x), S_Ex(x) , th(x) are respectively the
unions of the directed systems of complexes (Sty (x)la€I,a>8),

o
(x)!a€I,a>8) respectively. We know that

(St, (x)la€I,a>RB) and (Sh
o - Xa

the proposition is true for x and every Xy @ >B . From this the pro-

X

position follows easily for x and X.

If £f:X->Y is a simplicial map between geometric complexes, then, for

any X € X, we have
£(Sty(x)) esty, (F(x)), £(Sty(x) eS8t (E(x)),

as is easily verified. The following facts will be very useful for us
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in the next section, although it is easy to prove them.

Proposition 7.6. Assume that the simplicial map f£f: X-»Y is partially
finite (cf. §5, Def. 2). Let y be a point of Y.

a) f-1 (StY(y)) is the union of the stars Stx(x), with x running
through f_1 (y). These stars are pairwise disjoint, open and closed
in f-‘I (StY(y)) . In the cases where y€Y, or X is maximal and y is a
vertex of Y, they are the connected components of the complex

£ (Sty(y)).

b) Restricting f to Ex(x) , for any x€F ) (y), we obtain a partially
finite map from §_€X(x) to §EY(y) . The preimages of Sty (y) and Shy(y)

under this map are Stx(x) and Shy (x) respectively.

Proof. a) Let o be any open simplex in f.1 (StY(y)). Then y € £(0) =
f(0), and hence o contains some point x et (y). This means that

o= Sty (x), and we see that £ (sty(y)) is the union of the stars

Sty (x) with xeE (y). Suppose that for two points x and z in ?—1(y)
the stars StX(x) and StX(z) are not disjoint. Let ¢ be an open simplex
contained in both stars. Then x €0, z€g, and F(x) = £(z) = y. But f
is injective on o (cf. §5). Thus x = z. All the complexes Stx(x),

x € f 1(y), are open in f_1 (StY(y)), hence they are also closed in
f—1(StY(y)). If y€Y, then £ ' (y) €X, since X = £ ' (Y) by the partial
properness of f. Thus all stars Stx(x) with xef_1 (y) are connected.

If v is a vertex of ¥, y €Y, then all x€F (y) are vertices of X not
contained in X. If in addition X is maximal, then we know from Prop.
7.3 that every star Sty (x) with xeF ! (y) is connected.

b) We fix some xef_1 (y) and consider the simplicial map g from Stx(x)
to StY(y) obtained from f by restriction. This map is partially finite
since Sty(x) is closed in £ (StY(y)). The closure g of g is a partial-
ly finite map from ﬁg(x) to §E—Y-(y) . Since g is partially proper, we

know that Stx(x) is the preimage of StY(y) under g. We shall verify
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that ﬁx(x) is the preimage of ﬁY(y) under g. Then assertion b) of the
propositionwill be evident. For z Eﬁx(x) we have lz,xI CStX(x), hence
1£(z), vl c sty (y), which means that f(z) E'é—t_Y(y) . Conversely, if some
zeﬁi(x) with f(z) €§'EY(y) is given, then ]z,x[ cStz(x) and the image
of lz,x[ under g is contained in StY(y). Thus Jz,x[ CStx(x), which

means that zeﬁx(x). g.e.d.

Corollary 7.7. Let f : X-Y be a dominant simplicial map (cf. §5, Def.

3). Let y€Y.

i) By restriction, f yields, for every xef"1 (y), dominant maps from
the complexes Stx(x) (_S-7C-X(x),th(x)) onto closed subcomplexes of
Sty (y) (s Y(y) ,ShY(y))-

ii) For different points x,,X, et (y) the complexes f(_s—tx(x1)) and
f(ﬁx(xz)) are disjoint. Thus, for any x€f-1 (y) the complexes
f(ﬁ'x(x)) (£(Sty(x)), E(th(x))) are also open in _S_tY(y) (sty (y),
Shy (¥)) .

iii) In the case that y€Y and x is the unique point in f_1 (y) the
complexes Stx(x) (S_Ex(x), th(x)) are mapped by f dominantly
onto StY(y) ’ (§T:'Y (y), ShY (y)).

iv) If X is maximal and y is a vertex of Y, then the complexes
£(Sty(x)) (E(SE4(x)), £(Shy(x))) with x running through 1y

are the connected components of the complexes Sty (y), (gy(y) ’

ShY(y)) .

Proof. Assertion i) is evident from the preceding proposition as soon

as we know that f is injective on S_tx(x) . Let z, and z, be points in

1
_S—tx(x) with f(z1) = f(zz) = w. For any t € ]0,1{ the two points

(1—t)zi+tx (i = 1,2) have the same image (1-t)w+ tx. Since f is injec-
tive on the set X, these two points are equal. We conclude that z,=2,.

Assertion ii) can be proved in the same way, since we already know that

Stx(x1) and Stx(xz) are disjoint, hence that f(stx(x1)) and f(Stx(xz))




145

are disjoint. To prove assertion iii) observe that EEY(y) is connected,
hence (St (x)) = St (y) for the unique point x in £ ' (y). Similarly
we obtain assertion iv) from the fact that the complexes Stx(x),

§€X(x), th(x) are connected by Propositions 7.3 and 7.5. g.e.d.

A final remark. The shell th(r) of an open simplex T € X (X) (= shx(x) for
any x € 1) is a somewhat unusual concept from the view point of classical
combinatorial topology, even if the complex X is closed. Topologists
prefer to work with the link ka(r) of 1 instead of the shell (and, of
course, they assume X to be closed). The right generalization of the
classical notion of link for an arbitrary simplicial complex X and an

arbitrary open simplex of X seems to be provided by the following defi-

nition.

Definition 5. a) Two open simplices T = ]uo,...,ur[ and

p = ]Vo”"'vs[ in a vector space over R are joinable if the vertices

UgreserUpr Vose..,vg are affinely independent. In this case the open

join tp of v and p is defined as the simplex ]uo,...,ur, Vo""’vs[’
b) For any 1€ I(X) the link Lky(t) of 1 in X is the subcomplex of X

whose open simplices are the p € % (X) such that t and p are joinable and

Tp € T(X).

As is evident from Lemma 7.1,

LkX(T)*aT if Tt <X,
ShX(T) = _
[LkX(T)*BT]\BT if teXNX,

with ka(T)*BT denoting the join of LkX(r) and 91, i.e. the subcom-
plex of X which is the union of Lky (1), 37, and all open joins pw with
p running through Z(LkX(T)) and w running through Z(31). Thus ShX(T)

is determined by LkX(T) and t in both cases.
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§8 - Pure hulls of dense pairs

As before a "space" is a regular paracompact locally semialgebraic

space and a "complex" is a geometric simplicial complex.

Definition 1. a) A dense pair over R is a pair (P,M) consisting of a

space P and a dense subspace M. A morphism f: (P,M) - (Q,N) between
dense pairs is a locally semialgebraic map f : P-Q with f(M)<:ﬁ. Notice
that such a morphism f is uniquely determined by its restriction

fIM: M>N.

b) A completed space is a dense pair (P,M) with P partially complete.

In order to gain a better understandig of the various possibilities
for completing a given space, we will be chiefly interested in the full
subcategory of the category of dense pairs consistinag of completed
spaces. But in the following it is often more natural to work with

arbitrary dense pairs instead of completed spaces.

Every strictly locally finite complex X may be considered as a comple-
ted space (X,X), and every simplicial map f : X »Y between such complexes

may be considered as a morphism f : (X,X) - (Y,Y).

In the category of dense pairs over R there exist fibre products.
Namely, if fi: (Pi’Mi) -» (Q,N) are morphisms (i = 1,2), then define

M := M1xNM2, the fibre product with respect to the maps filMi’ and
define P as the closure of M in P1XQP2, the fibre product with respect
to the maps fi' We have natural projection maps p; : PPy (i=1,2),

which can be regarded as morphisms p; ¢ (P,M) - (Pi,Mi). The diagram
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(P, M) —f1——>(Q,N)

is a pull-back in the category of dense pairs. If P, and P2 are

partially complete, then P is also partially complete.

Definition 2. A morphism f: (P,M) - (Q,N) of dense pairs is semialge-
braic, if the map f: P-»Q is semialgebraic (hence fi{M: M- N is also

semialgebraic).
The following lemma will prove to be very useful.

Lemma 8.71. Let f£: (P,M) » (Q,N) be a morphism of dense pairs such

that fIM: M>N is semialgebraic. Then f is semialgebraic.

Proof. Let U€ £(Q) be given. The set (flM)_1(UlﬁN)==f-1(Ur\N)nM is
semialgebraic. Consider a non-empty open subset V of f—1(U). Then

vAMcf ' (UNN)NM and VAM is not empty. We see that £ ' (UNN) NM

is dense in f_1(U). Therefore f-1(U) is also semialgebraic (cf. I,

Prop. 4.6).

Definition 3. Let f: (P,M) » (Q,N) be a morovhism between dense pairs.

f is called partially proper (resp. proper), if the locally semial-

gebraic maps £f: P->Q and M- N both are vartially proper (resp. proper).

Notice that this forces M==f_1(N). If P is partially complete then

f:P->Q is always partially proper. Thus, in this case, the morphism

f is partially oroper if and only if f-1(N) = M.

Definition 4. Let f: (P,M) » (Q,N) be a morphism between dense pairs.

a) f is called partially finite (resp. finite) if the maps f: P-Q and
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fIM: M- N both are partiallv finite (resp. finite).
b) f is called dominant if the map f: P-Q is partially proper and the

map fIM: M- N is an isomorphism.

Remarks 8.2. a) If f is dominant, then we know from Lemma 8.1 that the
map f: P->Q is semialgebraic. Thus the map f : P->Q is proper (cf. I,
6.13), and we conclude that the morphism f is proper. For the same rea-
son we know that, if the map f: P-Q is partiallv finite and the map
fIM: M>N is finite, then the morphism f is already finite.

b) All the properties of morphisms described in Definitions 2-4 are
stable under composition and pull-backs. Also, if f£: (P,M) -» (Q,N) and
g: (Q,N) » (S,L) are morphisms of dense pairs and if ge°f has one of
these properties then f has the same property (cf. I, 5.5 for "proper"
and I.6.2 for "partially proper"). Notice also that, if f is proper,
then £(P) = Q if and only if £(M) = N. If f£(P) = Q and g.f is proper
(resp. finite, resp. dominant) then g is proper (resp. finite, resp.
dominant), cf. I.5.5. If Q is partially complete, and f(P) = Q, and

gef is partially proper (resp. partially finite), then g is partially
proper (resp. partially finite), since we easily check that g-1(L) = N.
c) Any simplicial map f: XY between strictly locally finite complexes
yields a morphism f : (X,X) » (Y¥,¥Y) of completed spaces. The simplicial
map f is partially proper (resp. partially finite, proper, finite, do-
minant) in the sense of §5 if and only if the morphism f of completed
spaces is partially proper (resp. partially finite, proper, finite, do-
minant). In particular, if the morphism f is dominant, then it is also

finite.

Definitions 5. a) A triangulation of a dense pair (P,M) is an isomor-

phism ¢ : (2,X) = (P,M) of dense pairs with Z a strictly locally finite
complex and X a subcomplex of Z. In other words, a triangulation of

(P,M) is a simultaneous trianqulation of P and M (cf. §4, Def. 1).
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Notice that, if P is partially complete, we must have Z=X (cf. I, 6.10C).

b) A triangulation of a morphism f: (P,M) » (Q,N) of dense pairs is a

commutative square

(Z,X) o (P,M)
g 1 :
(T,Y) ————(Q,N)

%
with ¢ and Yy triangulations of (P,M) and (Q,N) and g: 2-T a simplicial

map. (Of course; g(X) cY.)

By §4 every dense pair (P,M) can be triangulated. By 56 every finite
morphism £ : (P,M) - (Q,N) can be triangulated (Th. 6.13). A dominant
morphism can be triangulated if and only if it is finite (cf. Remark

8.2.c).

We want to study finite dominant morphisms along lines similar to those
we used when studying simplicial dominant maps between complexes in §5.
In fact the results of §5, as well as those of §6 and §7, will be quite

useful for this.

Definition 6. A dense pair (Q,N) is called pure if every finite dominant
morphism (S,L) - (Q,N) is an isomorphism. A pure hull of a dense pair

(P,M) is a finite dominant morphism (Q,N) -» (P,M) with (Q,N) pure.

The following analogue of Proposition 5.5 on maximal complexes can be

proved by the same formal argument.

Proposition 8.3. Let f: (Q,N) » (P,M) and g: (S,L) » (P,M) be morphisms

between dense pairs. Assume that (Q,N) is pure and g is finite and do-
minant. Then there exists a unique morphism h: (Q,N) - (S,L) with

geh = £. If £ is finite and dominant, i.e. f is a pure hull of (P,M),
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then h is also finite and dominant. In particular, any two pure hulls

of (P,M) are isomorphic.

Our goal in this section is to prove the existence of oure hulls. This

needs some preparation.

Definition 7. Let (P,M) be a dense pair and x a point of P. Then the
set no(M)x is defined as the projective limit of the sets no(UlﬁM) of
connected components of UNM, with U running through the directed sy-
stem of open semialgebraic neighbourhoods of x in P. Of course,
nO(M)X is a one point set for x € M.

Proposition 8.4. Let (P,M) be a dense pair with lno(M)xl =1

every x€P. If f: (Q,N) » (P,M) is a dominant morphism then all fibres
of the proper map f: Q- P are connected. In particular, the pair

(P,M) is pure.

This follows from Lemma 6.5 and the next evident Lemma 8.5 by use of

a triangulation of (P,M).

Lemma 8.5. If X is a strictly locally finite complex, then the natu-

ral map nO(X) nO(StX(x» is bijective for every x € X. More precisely,

x-é
the sets Uy := {(1-M)x+ rzlz€ Stx(x)}, with A running through 10,1[,
are a fundamental system of open semialgebraic neighbourhoods of x in
X, and, for every A€ 10,1[, the map zw (1-A)x+ Az is an isomorphism
from Stx(x) onto U, N X.

Theorem 8.6. Let X, be a strictly locally finite complex. Let X==X{
be the (first) barycentric subdivision of Xy and let f: Y- X be the
maximal hull of the complex X (cf. §5). Then Ino(Y)yI = 1 for every

y €Y. Thus the completed space (Y,Y) is pure (cf. Prop. 8.4).

*) For any set E we denote by |E|l the cardinality of E.
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Proof. We fix some x€ X ~X. We want to prove that StY(y) is connected
for every ye€ ?:"_1 (x) . Then we are done by Lemma 8.5 above. Let T denote
the open simplex of 21 which contains x, and let T denote the open sim-
plex of X which contains x. The barycenter u of T is a vertex of T,

hence Tc Stx(u) - Let vq, ... Ve be the finitely many elements of f_1

(u).
Since the complex Y is maximal, the stars StY(Vi)’ 1<i<r, are connec-
ted (Prop. 7.3). The sets Vi = f(StY(vi)), 1<i<r, are the connected
components of Stx(u), and f maps every star StY(Vi) isomorphically onto

Vi (Cor. 7.7). The inclusions StX(x) - StX1 (x) and Stx(u) - St, (u) in-

Xq
duce bijections between the sets of connected components of these stars
(cf. Lemma 8.5). Now Stx(x) [= Stx(u) and StX1 (x) = St:X1 (u) and we con-
clude that the inclusion Stx(x) - Stx(u) induces a bijection between
the sets of connected components. This means that the sets Viﬂ Stx(x) P
1<i<r, are the connected components of StX(x). In particular, we see
that x lies in the closure Vin Sti(u) of \ in Sti(u) . The preimage

! (Stz(u)) of Sty(u) has as connected components Stg(vy), 1<i<r,

and f is a finite map from this preimage to Stz(u) . It maps every com-
ponent StY(Vi) isomorphically onto the closure Vi n Sti(u) of Vy =

5 f(StY(vi)) in Sti(u) . Thus x has precisely r preimages Yqreeer¥y under

f which can be numbered such that yie St?(vi) . The map f sends
_ 1
StY(yi) = f (Stx(x)) n StY(Vi)
isomorphically onto its image, which is
Sty (x) NV, N Sty(u) = Sty (x) NV, NSty (u) = Sty (x) NV,

a connected set. Thus every star StY(yi) , 1<i<r,is indeed connected.

g.e.d.

Theorem 8.7. Every dense pair (P,M) has a pure hull.

Proof.We first consider the case that P is partially complete. We

choose a triangulation ¢: (§1,X1) = (P,M) of (P,M) (cf. §4). Let x=x1'

be the barycentric subdivision of X, and f.: Yo X its maximal hull. By
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Theorem 8.6 the morphism f: (Y,Y) -» (X,X) is a pure hull of (X,X). Thus
@ef: (Y,Y) » (P,M) is a pure hull of (P,M). Also, by Theorem 8.6,
an(Y)yl = 1 for every y €Y. Since any two pure hulls of (P,M) are iso-

morphic, we know the analogous fact for any other pure hull of (P,M).

In the general case we embed P as a dense subspace into some partially
complete space P (cf. §2). The pair (P ,M) has a pure hull g: (T,N) -
(P,M) and an(N)Zl = 1 for every z€ T. Let Q be the preimage of P under
g, and let f£: (Q,N) -» (P,M) be the morphism obtained from g by restric-
tion. Clearly f is finite and dominant. Consider a point x € Q. Then
UNQ runs through a fundamental system of neighbourhoods of x in Q as U
runs through a fundamental system of neighbourhoods of x in T. Thus
TON) = ni(N), where m3(N), (resp. mi(N),) is the set m,(N), defined
with respect to Q (resp. T). We know that lng(N)xl = 1 and conclude

from Proposition 8.4 that f is a pure hull of (P,M). g.e.d.

In the course of the proof we have constructed a pure hull
f: (Q,N) » (P,M) with InO(N)XI = 1 for every x € Q. Thus, recalling

Proposition 8.4, we obtain the following corollary to Theorem 8.7.

Corollary 8.8. A dense pair (P,M) is pure if and only if lno(M)xl =1

for every x€P.

Theorem 8.7 and its corollary 8.8 have an analogue in the classical
theory of cuts in topology (cf. [M], [MV]). This will be apparent

after a slight change of terminology.

Definition 8. a) A locally semialgebraic subset A of a space M is call-
ed thin in M if its interior is empty. If A is such a subset, then we
say that A does not cut the space M at a point x €A if Ino(M-A)x| =1,

i.e., if x has a fundamental system of neighbourhoods U in M with U~NA
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connected.

b) Let A be a thin subset of M. A cut of M along A is a finite morphism

f : N»M such that f maps N\~f_1(A) isomorphically onto M~NA and

B := £ 1(A) is a thin subset of N which does not cut N at any point

y € B.

Our main results can be expressed in the following terms (cf. 8.3, 8.7,

8.8).

Theorem 8.9. Let A be a thin locally semialgebraic subset of a space M.
Then there exists a cut £f: N-»M of M along A. If g: L->M is a locally
semialgebraic map and B is a thin subset of L such that g-l(A)czB and B
nowhere cuts L, then there exists a unique locally semialgebraic map
h: L-N with f+h = g. In particular, if g is also a cut of M along A,

then h is an isomorphism.
In the topological theory of cuts the "Stein factorisation" [MV]
(= "monotone-light factorisation" in [M]) of a proper continuous map

plays an important role. We shall meet the semialgebraic analogue of

this in §12.
For later use we state a converse to Proposition 8.4.

Proposition 8.10. Let £: (Q,N) -» (P,M) be a proper morphism between

dense pairs. Assume that (Q,N) is pure. Assume further that the map

f:Q-P is surjective and has connected fibres. Then (P,M) is pure.

Proof. Let mn: (¥,M) - (P,M) be a pure hull of (P,M). By Proposition
8.3 we have a unique morphism ¥ from (Q,N) to (B,M) with n.¥ = £. Now ¥
is proper, hence maps Q onto P. Since f has connected fibres it follows

that n has connected fibres. This means that w is an isomorphism, i.e.
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(P,M) is pure.

Example 8.11. Even if the morphism f : (Q,N) - (P,M) is dominant and

has connected fibres, purity of (P,M) does not necessarily imply purity
of (Q,N). For example, let Q be the closed unit disk in R2 and let A

be the closed thin subset [-%,%]x{o} of Q. As we shall see in §10

(Prop. 10.4), there exists a proper semialgebraic map f: Q- P which
collapses A into one point p and is an isomorphism from N := Q~A onto

M := P~ {p}. The morphism f : (Q,N) -» (P,M) is dominant and has connected

fibres. (P,M) is pure, but (Q,N) is not pure.

We close this section with a very natural example of a dominant

morphism between dense pairs.

Example 8.12 (Semialgebraic blowing up). Let (P,M) be a dense pair with
A:=P~Mclosed in P. We choose r>2 locally semialgebraic functions f1 PR 'fr
on P such that A is the set of common zeros of these functions. {Actual-
ly A can be written as the zero set of a single locally semialgebraic function

[I, Th. 4.15], but for r = 1 the considerations to follow are trivial.}

As usual, let P” (R) denote the complete space of real points of the

n-dimensional projective space PE over R. Let 2 be the closed locally
semialgebraic subset of Px]Pr“1 (R) consisting of all points (x,y1:...:yr)
with

fi(x)yj - fj(x)yi =0

for 1<i<j<r. The projection p from Px]Pr—1 (R) to the first factor

is a proper semialgebraic map. By restriction p yields an isomorphism

from N:=p—1

(M)NN to M, since for every x€EM at least one of the func-
tions fi does not vanish. Let Q denote the closure of N in Z. Then the
restriction w: Q- P is also a proper semialgebraic map, and wn can be

regarded as a dominant proper morphism from the dense pair (Q,N) to

(P,M).
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We know almost nothing about semialgebraic blowing up. The dimension

of the fibre n_1(x) of a point x € A is a measure how much the functions

f1""'fr are "independent" near x. Thus semialgebraic blowing up seems

to be an interesting geometric device to study finite systems of

locally semialgebraic functions.

Question. If (P,M) is pure, under which conditions on (f1""'fr) is

(Q,N) again pure?
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§9 - Ends of spaces, the LC-stratification

In this section we develop a theory of "ends" for regular paracompact
spaces. It might be advisable for the reader to pursue the literature
on the classical theory of ends in topology, e.g. Freudenthal's origi-
nal papers [Fr], [Fr,] or §1 of Hopf's paper [Hol]. This will give him

a good feeling for the different "flavour" of the semialgebraic theory
as opposed to the classical topological theory. In some sense our theo-
ry is much easier than the classical one, since from the view point of
general topology our spaces and maps are rather special. So a lot of
pathologies cannot occur. However, in other respects our theory is more
complicated than the classical one. We shall meet new phenomena, in
particular the "complexity" of a space (cf. Definitions 7 and 8 below),
which are unfamiliar to topologists. The reason is that we do not re-
strict our attention to locally complete spaces. Thus the ends of a
space M in some completion of M (cf. Def. 3 below) are not necessarily

complete.

If M is semialgebraic and locally complete, then the ends of M can be
regarded as points which are added to M to make M a complete space (cf.
Th. 9.2 below). In this special case our theory of ends is more or less
an adaption of Freudenthal's theory to the semialgebraic setting. But
already if M is locally complete and not semialgebraic, our theory of
ends is definitely distinct from the topological theory. For example,
if N is a locally complete semialgebraic space, then the space Nloc has
no ends at all in our theory, since Nyoc is partially complete. But the
strong topologies on N1oc and N are the same. So, in the case R = R,

N and N have the same ends in the topological sense, and there may

loc
be many of these. To give yet another example, let X be a finite closed
connected geometric simplicial complex over R, and let p: X X be the

universal covering of X, cf. Chapter V. Then X is partially complete,
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and thus has no ends in our theory. On the other hand, the number of
topological ends of X is a very interesting invariant e(G) of the fun-

damental group G of X (e(G) = 0,1,2 or «, cf. [Hol], [sw, §51).

Our theory of ends needs some preparation: As before a "space" is a re-
gular paracompact locally semialgebraic space over a fixed real closed

field R, and a "complex" is a geometric simplicial complex over R. We

repeat a definition from §1.

Definition 1. A completion of a space M is a dense embedding ¢ : M < P

of M in a partially complete space, i.e. an isomorphism from M onto a

dense subspace @(M) € Y(P) of P.

In this section it is sometimes more convenient to work with completions
instead of completed spaces, as we did in the last section. Of course,
these are equivalent notions. If ¢ : M « P is a completion then (P, (M)
is a completed space, and if (M,M) is a completed space then the inclu-

sion M = M is a completion.

We are mainly interested in the completions of a fixed space M. In this
context a morphism from a completion ¢ : M « P to a completion ¢y : M < Q
is a locally semialgebraic map f: P-»Q with fep = Y. We denote such a
morphism by f : P~ﬁ»Q. The locally semialgebraic map f is automatically

proper, cf. Remark 8.2a, hence alsc surjective. The preimage of Q~ ¢ (M)

is PNo(M).
There exists at most one morphism from ¢ to Y. Thus the set D(M) of iso-
morphism classes [9w] of completions ¢ of M has a natural partial order-

ing: [¢] < [y] if and only if there exists a morphism from y to o.

If ©;: M P, and ¥, : M P, are two completions of M, then there exists
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a smallest element [@] in 2(M) with [e] > [0,], leo] > [mzl. The comple-
tion ¢ : M » P is obtained as follows. Take the embedding (w1,w2): Mo

P,xP,. Let P be the closure of the image of M in P1xP2. Then ¢ is the

1772
restriction M « P of (w1,w2).

If M is already partially complete, then 2(M) contains only one element,
cf. I, Cor. 6.10. If M is semialgebraic and locally complete - but not
complete - then d(M) has a smallest element, namely the one point

completion M » M*¥, cf. I, Prop. 7.6.

In general, the set J(M) has neither a maximal nor a minimal element.
This is a major difficulty in understanding the various completions of
M. It seems to be wise to focus attention to the "pure completions" of

M.

Definition 2. A morphism f : Q-E+P from a completion y : M » Q to a com-
pletion ¢ : M - P of M is called finite, if the fibres of the map £f:Q-»P
are discrete, hence finite, i.e. if f is a finite semialgebraic map. A
completion ¢ : M < P is called pure if every finite morphism from a com-
pletion of M to ¢ is an isomorphism. A pure hull of a completion

@: Mo P is a finite morphism QETP from a pure completion ¥y : M < Q to ¢.

These definitions are adaptions of some notions from §8 to the present
needs. For example, a completion ¢ : M « P is pure if and only if the
completed space (P,9p(M)) is pure. We know from §8 that every completion
®: Mo P admits a pure hull (Th. 8.7). Any two pure hulls are isomor-
phic (Prop. 8.3). So, we often talk of "the" pure hull of 9. More gene-
rally we have the following proposition, which is a restatement of Pro-

position 8.3 in a special case.

Proposition 9.1. Let f: Q4 P be a morphism from a pure completion
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y: Mo Q to a completion ¢ : M @ P. Further, let g: TAFYP be a finite
morphism from a completion ¥ :M < T to ¢. Then there exists a unique

morphism h : Q4w T from y to x with geh = f.

Definition 3. If ¢ : M > P is a completion of the space M, then a connec-
ted component of the space P~ ¢(M) is called an end of M in P (with res-

pect to ®). The set nO(P\\w(M)) of ends of M in P will usually be deno-

ted by ¢ (M,9).

If M is semialgebraic, then P is semialgebraic, and ¢ (M,0) is a finite
set. In general, ¢(M,9) may be infinite, but is countable as long as M

has only countably many connected components, cf. I, Th. 4.17.

If M is semialgebraic and locally complete then M has a pure completion

such that the ends in this completion are points. More precisely,

- up to isomorphism - a unique pure completion ¢ : M < P such that the
ends of M in P are one point sets. For any pure completion y : M < Q

there exists a (unique) morphism f ’Q'F?P from ¥ to .

Proof. If M is already complete, there is nothing to prove. Assume now
that M is not complete. Let Vg i Mo M* be the one point completion of
M (I, §7). Let p: Mo P, p: P W?M+’ be a pure hull of @0q- The ends of

M in P are finitely many points, namely the points of the fibre p.1

() «
If y: Mo Q is any completion of M then, by I, Prop. 7.6, we have a
unique morphism fo: Q-ﬁ+M+ from y to @05+ If ¢y is pure then, by Prop.
9.1, we have a unique morphism f : QwP from ¥y to ¢ with pe°f = fo. By
Proposition 8.4 the fibres of f are connected. If the ends of M in Q

are also one point sets, then f must be bijective, hence an isomorphism

(since f is proper). g.e.d.
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We return to an arbitrary regular paracompact space M. Every morphism
£ :Q'FTP from a completion ¢ : M « Q to a completion ¢ : M =+ P induces a
surjection from the set ¢ (M,V¥) = nO(Q\\W(M)) to the set ¢ (M,9) =

nO(P\~w(M)). We denote this surjection by x(¢,9). If B is an end of M

in Q, then «x(y,¢) (B) is the end A of M in P with A> £ (B).

Proposition 9.3. Assume that the completion © is pure. Then x(¢¥,¢) is

bijective. If B is an end of M in Q, and A is the end «(y,®) (B) of M in

P, then B = £ '(A) and A = f£(B).

Proof. f gives by restriction a proper surjective map from Q~y (M) to
PN~ @(M). By Proposition 8.4 the fibres of this map are connected. Thus
the connected components of Q~ ¢y (M) are the preimacges of the connected

components of P~ ¢@(M), cf. Sublemma 6.6.

If @, t Mo P1 and 0, : Mo P2 are two completions and if @, is pure,
then we obtain a surjection

K(9,0,) = e(M,0q) = e(M,0,)
as follows. We choose a completion ¢ : M » Q which admits morphisms
fi: Q'E?Pi (i =1,2) to both CH and ©,- Then K(w,w1) is a bijectione
We define

K(<D1,(92) = K(\Ur(pz)K(q}r(D1)_1 .

The following facts are now easily verified. (To prove the first
statement, compare y with the "smallest" completion ¢ of M which ad-

mits morphisms to ¥, and ®ys as explained above.)

Proposition 9.4. The surjection K(¢1,w2) does not depend on the choice

of . If ®, is also pure, then K(w1,m2) is bijective, the inverse map
being K(wz,w1). If 93 is a third completion, and both CH and 9, are

pure, then
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K(@g,03) = k(0y,03) x(0g,0,).

For a description of the map K(w1,w2) which does not use an auxiliary

completion y, see Cor. 9.12 below.

We now develop an "absolute" notion of ends which does not refer to any
completion. Let TC(M) be the set of all partially complete locally semi-
algebraic subsets A of M. Every K€ TE(M) is a closed subset of M (cf. I,
Cor. 6.10). For any two elements K, and K, of JE(M) the union K1UK2 is
again an element of TC(M). In particular, the set TE(M), ordered by in-

clusion, is a directed system of subsets of M.

Definition 4 ("absolute" ends). An end A of a space M is an assignment
Kra(M‘\K)A of a connected component (M‘\K)A of MNK to every KE‘TC(M)
such that, whenever KcL, (M\~K)A contains (M\~L)A. In other words, an

end is an element of the set

e(M) :=_1lim
KETC(M)

no(M\~K).

Remark. It is not difficult to verify that the set of ends of a locally
compact and locally connected topological space M in the sense of Freu-
denthal [Fr] is the projective limit of the sets "O(M\‘K) with K runn-

ing through the compact subsets of M.

We want to establish for every pure completion ¢ : M « P a natural bi-

jection «(¢) from g¢(M) to the set ¢(M,p) of ends of M in P.

Lemma 9.5. Let ¢ : M & P be a completion of M. For every K€ 7_(M) the
map ¢, from "o(M\~K) to no(P~\@(K)), induced by ¢, is surjective. If
¢ is pure the map ¢, is bijective. Moreover, in this case, the connec-

ted component ¢, (A) of P~ @(K) is the closure of ¢(A) in P~¢(K) of any

A€HOM\KL
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Proof. We assume without loss of agenerality that M is a subspace of P
and ¢ is the inclusion map. ¢, is clearly surjective, since M~ K is

dense in P N~ K. More precisely, every connected component C of P~K is
the union of the closures Xi :=Xi N (P~NK) in P~K of a family of compo-

nents (AiIiEI) of M~NK. (N.B. The family (Ai(iGI) is locally finite.)

Now assume that ¢ is pure. We have to verify that the closures 31, 52
in P~K of any two different components A, and A, of M~K are disjoint.
Suppose to the contrary that there exists some point x(ZK1f\X2. Since
(P,M) is pure there exists an open neighbourhood U of x in P~ K such
that UNM is connected (cf. Cor. 8.8). UNM meets both A, and A,. Thus
UﬂMCA1 and UnMCAz, a contradiction. g.e.d.

Lemma 9.6. Let (M,M) be a completed space. For any K€ TTC (M) there exists
some L € ’J”C(M) with L oK such that the natural map from no(ﬁ\M) to

no(ﬁ\L) is a bijection.

Proof. Choosing a simultaneous triangulation of M, M, and K, we assume
without loss of generality that M is a strictly locally finite complex

with closure M and that K is a closed subcomplex of M contained in M.

In the following we argue in a purely combinatorial way. The assumption
that M is locally finite will not be needed. Let (Aalcx€I) be the family
of components of the complex MNM and let U, be the star St_)f(Aa) of A,
in the barycentric subdivision X = M' of M. The sets U, are pairwise

disjoint by the following general lemma, to be proved later.

Lemma 9.7. Let Y be a complex and let o and c, be subcomplexes of Y

with 61 nc, = ¢ and C, nEz = @. Then the stars St, (C1) and Sty, (C,) of

the Cy in the (first) barycentric subdivision Y' of Y are disjoint.
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We continue proving Lemma 9.6. Every complex Ua is open in X and is
connected, since A& is connected. U_ is contained in X~K', since Uy,
is the smallest open subcomplex of X containing A&. Let L be the com-
plement in X of the open subcomplex U(UGIGEI). This is a closed sub-
complex of X with K'cLcX := M'. Now X~L is the disjoint union of
the Ug- Thus (UGIGEI) is the family of components of the complex X~L,
while (A&IGEI) is the family of components of X~X. The map no(§\~x) -

no(i\\L) is bijective. q.evd.

We still have to prove Lemma 9.7. For that we may assume that the com-
plex Y is closed. Let oy be an open simplex of Y contained in Ci (i=1,2).
We verify that the stars Sty.(01) and Sty.(oz) are disjoint. Assume on
the contrary that there exists a simplex T of Y' which is contained in

both stars StY.(01) and Sty,(oz). We have a chain Tog< Ty <eee STy of

open simplices T of Y with T = ]?O,?1,...,?r[, where ?i denotes the

barycenter of T Then TorTqree-sT, are precisely all open simplices of

Y which have non-empty intersection with T. Thus 04 =7y and 0y = Tj
for suitable indices i,j € {0,...,r}. But, since E1r1c2 and C11162 are

both empty, neither is o, a face of 0, nor is 0, a face of ¢ This con-

1+
tradiction proves that indeed StY'(01) and Sty.(cz) are disjoint.

The lemmas 9.5 and 9.6 imply the following theorem.

Theorem 9.8. For any completion ¢ : M < P there exists a natural surjec-

tion
k() : e (M) » e(M,0),
to be described below explicitly, from the set &(M) of ends of M to the

set ¢ (M,p) of ends of M in P. If ¢ is pure, then «k(y) is bijective. If

there exists a morphism from ¢ to another completion ¢y of M, then the

triangle
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e(M,¢e)
///////1:63;/7
e (M) k(e ,¥)
k()
e(M,y)

commutes. If ¢ is a pure completion of M and ¥ an arbitrary comple-

tion of M, then this triangle still commutes.

Proof. We obtain the map k(¢) as follows. We have a natural map

@yt €(M) = lim nO(M\\K) - lim no(P\\w(Kn
K K

with K running through JE(M). By Lemma 9.5 this is a bijection if ¢

is pure. By Lemma 9.6 we have a natural bijection

Wi e(M,e) = w (P~ o(M) 5 1lim no (PN 0(K) .
X

1. The commutativity of

k() is defined as the composite of ¢, with u~
the triangle above is obvious in both cases from the definitions of
k(@), k(yP), and k(o,¥). If ¥ is an arbitrary completion of M, then

there exists a morphism from a pure completion ¢ of M to ¥y, and we

learn from the commutative triangle above that k(¥) is surjective.

The map « (¢) can be described neatly in terms of paths, as we shall

now explain.

Definition 5. An incomplete path o : [0,1[ » M (cf. I, §6, Def. 2) is

called proper if o is a proper semialgebraic map.

Remark 9.9, For any incomplete path a in M, the following properties
are equivalent,

a) a is proper.

b) «([0,1[) is not contained in any set KEiTc(M).

c) «([0,1[) is closed in M, but not complete.
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Proof. c) = b): If a([0,1[) were contained in some K€ TE(M), then
a([0,1[) would be a closed semialgebraic subset of K, hence would be
complete.

b) = a): It suffices to verify that, for a given complete semialgebraic
subset L of M, the preimage a_1(L) is also complete (I, Cor. 6.11). The
set 0-1(L) is closed and semialgebraic in [0,1[. Thus it is a disjoint
union of finitely many one point sets, closed intervals, and perhaps

an interval [c,1[ with c€ [0,1[. Suppose we had a([c,1[) cL for some
c€[0,1[. Then a([0,1[) would be contained in the complete set

o([0,c)) UL, in contradiction to the assumption b). Thus a—1(L) is a
union of finitely many points and closed intervals. In particular,

o ' (L) is complete.

a) = c): Since a is proper, L := a([0,1[) is a closed semialgebraic
subset of M. But L is not complete, because its preimage a—1(L) =

[0,1] is not complete.

Definition 6. Let o be a proper incomplete path in M. We define an end
A €¢e(M) as follows. We assign to every KE’TC(M) the connected component
(M~\K)A of M~ K which contains a([c,1[) for some c€ ]0,1[. We call A

the end of M determined by a, and denote this end by ¢ (a).

Proposition 9.10. If ¢: M < P is a completion of M and « is a proper
incomplete path in M, then the map «(¢) : ¢ (M) » ¢(M,p) sends ¢(a) to
the connected component ¢ (a,9) of P~ (M) which contains the end point
@-a(1) of the completion @ea : [0,1] > P of the incomplete path @ea in P

(cf. I, Cor. 6.9).

This is pretty evident from the definition of «k(y). The proposition

gives a vivid description of the map «(¢) as soon as we know that the

following theorem holds.
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Theorem 9.11. For every end X of M there exists some proper incomplete

path a in M with ¢(a) = X.

Proof. We choose a pure completion ¢ : M & P and assume without loss of

generality that M is a subspace of P and ¢ is the inclusion map. Let

A be an end of M and let A€ nO(P\~M) be the corresponding end « (¢) (A)

of M in P. We choose a point x € A and then a path g: [0,1] - P with

B([0,1[) =M and B(1) = x. Let a be the proper incomplete path B|[O0,1[

in M. Then «(y) (e(a)) = A by Proposition 9.10. But we also have

k(p) (A\) = A. Since k() is bijective (cf. Th. 9.8), we have X = ¢(a).
g.e.d.

From our description of the map k(¢) in terms of paths we immediately

obtain a description of the maps k(y,¥), defined earlier, in terms of

paths as follows.

Corollary 9.12. Let M¢$ P and M‘m Q be completions of M. Assume that

either there exists a morphism from ¢ to ¢ or that ¢ is pure. Let

A€ e(M,p) = no(P\~w(M)) be given. Then the component B := x(p,y) (A) of
O~y (M) can be described as follows. Let a: [0,1] > P be a path with
a([0,1[) =M and o(1) €EA. Let B: [0,1] »Q be the unigue path in Q with

B(t) = W’w-1°a(t) for O<t<1. (N.B. B exists by the path completion
criterion I, Cor. 6.9). Then B is the component of Q~ y (M) containing

B(1).

Remark. It is possible to verify this corollary directly, starting from
the definition of «(w,y), via an auxiliary pure completion x with
[x]>T[el,[x]>I[v], and not using the notion of an "absolute" end. We

leave this as exercise to the reader.

We briefly discuss the functorial behavior of the set of ends under par-

tially proper maps. Given a partially proper map f : M- N between spaces
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we obtain a map f, : €¢(M) » ¢(N) as follows. Let X € ¢ (M) be given. Then
f,(X) is the unique end u of N such that, for every LE€ ?E(N), (N\L)u

is the component of NNL which contains the connected set f((M~\f_1(L))A).
Notice that this makes sense, since £ ' (L) €7 (M). In this way we ob-
tain a functor ¢ from the category of spaces and partially proper maps
over R to the category of sets. For example, if a: [0,1[ >M is a proper
incomplete path, then the end ¢(a) defined above is none other than the

image of the unique end of [0,1[ under a,.

Similarly we have an "end functor" ¢ from the category of completed
spaces to the category of sets. {Now it seems more convenient to work
with completed spaces (M,M) than with completions ¢ : M < P.} For any
completed spaces (M,M) the ends of (M,M) are, of course, the ends of

M in M with respect to the inclusion map @ : M = M, i.e. the connected
components of M~ M. We denote the set of ends of (M,M) by &¢(M,M). If

f: (M,M) » (N,N) is a partially proper morphism between completed spaces
(cf. §8, Def. 3), then e = M, and the restriction g: M~M » NNN
of £ induces a map no(g) from ¢(M,M) = no(ﬁ‘\M) to ¢(N,N) = no(ﬁ‘\N).

We denote this map simply by f,. We further denote the natural map «(®)

from ¢ (M) to € (M,M) bquﬁ M) Recall that, in the case that (M,M) is
14

pure, K

(M, M) is bijective. We have a natural commutative diagram
14

€ (M)

€ (M,M)
(M, M)

(%) £, £

C(N)———K—-_—’C (N,N)
(N,N)
The following proposition is an extension of our observations above
on the map k(p,y) from & (M,p) to &¢(M,y¥) induced by a morphism P-M*Q

between two completions ¢ : M < P and ¢y : M & Q.

Proposition 9.13. a) If £f: M->N is a proper surjective map, then
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fy: €(M) »e(N) is surjective. If, in addition, the fibres of f are
connected, then f, is bijective.

b) If f£: (M,M) » (N,N) is a proper morphism from a completed space
(M,M) to a pure completed space (N,N), such that f(M) =N and the fibres
of the restricted map fIM: M- N are connected, then £(M) = N and the
fibres of f: M- N are connected. In this case f, : ¢(M,M) » ¢ (N,N) is

bijective.

Proof. If L runs through 3;(N), then f-1(L) runs through a cofinal sub-
set of the directed set 3;(M), since f is proper. (N.B. Partial proper-
ness does not suffice for this.) f clearly yields a surjection

fy :nO(M\~f-1(LD > (N~L) for every L€ JE(N). If the fibres of f are
connected, then all these maps f, are bijective, cf. Sublemma 6.6.
(N.B. Again partial properness does not suffice for this conclusion).
Thus f, : ¢(M) -» ¢(N) is bijective. In order to prove the surjectivity
of this map in the general case we extend f to a morphism (M,M) - (N,N)
between completed pairs with (N,N) pure (cf. Prop. 5.1 and Th. 8.7;
(M,M) could be chosen pure as well). We denote this morphism again by
f. We are in the situation described above before Proposition 9.13.

But now f: M- N is partially proper and semialgebraic (cf. Lemma 8.1),
hence proper. This implies that the restriction g: M<M - N\N of f is
surjective. Thus, in the diagram (*) above the right vertical arrow

is surjective. This im-

is surjective. is bijective and «

“(N,N) (M, M)
plies that f, : ¢(M) » ¢(N) is surjective. If the fibres of £f: M->N
are connected then also the fibres of g are connected (Lemma 6.5). In

this case the right vertical arrow in (*) is bijective.

We turn to a different type of question. Given two pure completions
M- P and M-pQof M, let A€ ¢(M,p) and B€ ¢(M,y) be ends of M in P
and Q with «(9,¥) (A) = B. Are there any geometric properties which the

spaces A and B have in common?
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We shall give a positive answer for two very crude properties. The
first one is semialgebraicity. It is easily seen that A is semialgebraic
if and only if B is semialgebraic. Also, if X € ¢ (M) is the absolute end
of M with x(9) (A) = A, then A is semialgebraic if and only if (M~ K)>\

is semialgebraic for some K € 3’;:(M) . We call such an end ) semialgebraic.

The second property is "complexity". The complexity c(M) of a space M
is a non negative integer or «, which we can associate to every space
M, cf. Definitions 7 and 8 below, and which measures "how much" the
space fails to be partially complete. It will turn out that A and B al-

ways have the same complexity (cf. Th. 9.25 below).

Definition 7. Let (P,M) be a completed space.

a) The derived sequence ((Pk,Mk) |k >0) of (P,M) is the following induc-

tively defined sequence of completed spaces. (PO,MO) := (P,M). is

My
the subspace Pk\Mk of Pk and Pk+1 is the closure of Mk+1 in Pk’

b) If M is not empty then the complexity c(P,M) of (P,M) is defined
as the supremum of all numbers k>0 with Mk* @, i.e. c(P,M) is the high-

est index m with Mm* @, if it exists, and c(P,M) = o otherwise. The comple-

xity of the empty pair (@,8) is defined as -1.

Let us take a rough look at the complexity c(P,M). Clearly
PO ? P1 ;: P2 = T

If Ue F(P) is an open locally semialgebraic subset of P, then obvious-

ly M, nU is dense in P, NU. Hence we obtain

dJ.mPk nu = dlka ﬂU>dlka+1 nu = dlmPk+1 nu,

provided dika NU is finite and Man¢¢ (cf. I, Prop. 3.21). Thus

Py is thin in Py (cf. §8, Def. 8), and

dim_P, < dim_P-k
Xk — X

for every x € P . We see that c(P,M) < dimM . Also
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C(Pr,Mr) = 1-+C(Pr+1,M )

r+1

provided Mr is not empty.

What does it mean that (P,M) has complexity zero or one? We have
c(P,M) = O if and only if M = P. Then M is partially complete. Conver-
sely, if M is partially complete then M is closed in P (I, Cor. 6.10).
hence M = P. Thus c(P,M) = O means that M is partially complete and

not empty.

Assume now that M is not partially complete, i.e. c(P,M) > 1. We know
from I, §7 (cf. Prop. 7.2) that M is locally complete if and only if

M, = P~\M is closed in P, i.e. M, = P,. We conclude that c(P,M) = 1

1 1 1
if and only if M is locally complete but not partially complete.

In particular the properties "c(P,M) = O" and "c(P,M) = 1" do not de-
pend on the given completion M < P of M but only on the space M itself.

This observation can be generalized, cf. Theorem 9.17 below.

We now take a closer look at the derived sequence ((Pk,Mk)IkgiO) of a

given completed space (P,M). The set P~P, is contained in M, and

M= (P~P) U (Py~M;) = (PNPy) 0M2 *)

In particular M, cM, while M, is disjoint from M. Also M~M, = MNP,
is open in M, and hence M, is closed in M. Applying all this to (Pk,Mk)

instead of (P,M) we inductively see the following:

Remark 9.14. MO 2 M2 2 M4 2 - and M1 2 M3 2 M5 2 .- - Every set
M2k is closed in M = MO’ and every set M2k+1 is closed in M1. The sets
Mo and M1 are disjoint. We have, for every k>0,

*) U means "disjoint union" in the set theoretical sense.
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My = My U(PESPrigye-

We introduce the subsets

Sy (B/M) 3= Pop SPoker (k20

of M. Every S, (P,M) is open in P, , and hence is a locally complete
k 2k

space. We denote the closure of Sk(P,M) in M by §k(P,M).

: R,
Lemma 9.15. a) Every set Pr\Pr+1 is dense in P

b) Sk(P,M) = M2k'

c) M2k is the disjoint union of all Sl(P,M) with 1 > k.

Proof. We observed already that Pr+1 is thin in Pr‘ This means that

Pr\Pr+1 is dense in Pr’ The closure of Sk(P,M) = P2k\P2k+1 in M is
MIWPZk = Mr\MZk = M2k' since M2k is closed in M. The last assertion
c) is evident from Remark 9.14, as soon as we know that the intersec-
tion of all the sets Mo is empty. But this is evident since

dlmeZk < dlme—Zk for every x€1M2k, as we saw before. g.e.d.
According to this lemma the partition (Sk(P,M)Ik > 0) of M may be

regarded as a stratification of M - in a weak sense. We have

Sk(Py/My) = Poy g SPoryne

The closure Sk(P,MS of Sk(P,M) in P is the set P2k which is the union

of all strata Sl(P,M) of Mwith 1 > k and all strata Sl(P1,M1) of M1

with 1 > k. Similarly Sk1P1,M1S is the union of the strata Sl(P,M) of

M with 1 > k+1 and the strata S (P1,M1) of M1 with 1 > k. Thus the

1
stratifications (Sk(P,M)Ik > 0) and (Sk(P1,M1)Ik > 0) of M and M,

fit together to a stratification of P = MUM,.

Proposition 9.16. Let (Q,N) be a second completed space with derived
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sequence ((Qk,Nk) lk>0). Let £: (P,M) - (Q,N) be a proper morphism

with £(M) = N. Then c(P,M) = c(Q,N), and f(Mk) =N f(Pk) = Qk for

kr

every k >0.

Proof. f(P) is a closed set which contains N, so £(P) = Q. We have

f—1 (N) = M, and hence f_1 (N1) = M,. We conclude that f(M1) =N which

1
implies that f(P1) = Q1. Thus f yields, by restriction, a proper mor-

17’

phism £ (P1,M1) - (Q1,N1) with f1(M1) =N Proceeding by induction

1

for every k>0. In particu-

1 H
on k, we obtain f(Mk) = Nk and f(Pk) = Qk

lar, Nk*Q) if and only if Mk*Q. Thus ¢c(Q,N) = c(P,M). g.e.d.

Theorem 9.17. If ¢ : Mo P and ¢y : M - () are two completions of a space
M, then c(P,0(M)) = c(Q,¢(M)) and

1

- _ -1
©® Sk(P,tD(M)) =9 'S, (Q,v())

for every k>0.

Proof. We have a third completion x:M < T which admits morphisms

f: (T,xM)) > (P,@(M)) and g: (T,x(M)) -» (Q,p(M)) such that fex = o
and gex = Y. It suffices to prove the theorem for ¢ and x instead of
¢ and Y. The morphism f is proper and maps X (M) isomorphically onto

®(M) . We conclude from the preceding proposition that indeed

c(P,@(M)) = c(T,x(M)) and £(5, (T,x(M)) =S (P,(M)) for any k>O.

Since f: x(M) » (M) is bijective, this implies f(Sk(T,x(M)) = Sk(P,(p(M)),
and then Sk(T,x(M)) = f_1sk(P,(p(M)). Taking preimages under x, we ob-
tain x—1Sk(T,x(M)) = tp-1sk(P,<p(M)) as desired. g.e.d.

Definition 8. The complexity c(M) of a space M is the number

c(P,9(M)) for any completion ¢ : M & P, The LC-stratification of M is

the partition (Sk(M) Ik >0) of M into locally complete subsets

1

S, (M) =@ 'S, (P,oM)).
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(LC = "locally complete".) We call Sk(M) the k-th LC-stratum of M.

Its closure in M will be denoted by §, (M).

The point is that, by the preceding theorem, the complexity and the
LC-stratification of M do not depend on the choice of the completion

¢ of M.

Using the "absolute" notions of Definition 8 we re-formulate some of

our observations on the derived sequence of a completed space.

Resumée 9.18. a) The subsets Sk(M) of M are pairwise disjoint, and
dimxsk(M) < dimXM—2k for every x € Sk(M) .
b) S, (M) is the union of the strata §; (M) with 1>k.
C) Sy M) = 85,(8, (M) = S,(S, (M) ~8, (M)) for every k>O.
d) Sk(Sl(M)) = Sk-t-l(M) for every k>0, 1>0.
e) c(M) < dimM .
f) If there exists a highest index r with S, (M) # @, then

2r if §r (M) is partially complete

c(M) =

2r+1 else.
If M is empty then c(M) = -1. If all Sr(M) #0 (hence in particular
dimM = ), then c(M) = o,
g) If (P,M) is a non empty completed space, then c(M) = 1+c(P~M).
The closure of S, (M) in P is the union of all strata Sl(M) with 1>k

and all strata Sl(P\M) with 1> k. The closure of Sk(P\-M) in P is the

union of all strata S, (M) with 1>k+1 and all strata S, (P~M) with 1>k.
We also formulate Proposition 9.16 in absolute terms.

Theorem 9.19. Let £ : M- N be a proper surjective map from a space M

to a space N. Then c(M) = c(N), and f(§k(M)) = §k(N) for every k>O.
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Indeed, by Proposition 5.1 our map f can be extended to a morphism (P,M)-
(Q,N) for suitable completed spaces (P,M) and (N,Q). This morphism is proper

(cf. I.5.9,I.6.13, 8.1). Thus Proposition 9.16 gives the desired result.

We ask for an intrinsic description of the LC-strata Sk(M) which does

not involve any completion of M.

Proposition 9.20. SO(M) is the set of all x € M which have a complete

neighbourhood in M.

Proof. We choose a completion ¢ : M » P of M. We assume without loss of
generality that M is a subspace of P and ¢ is the inclusion map. SO(M)
is, by definition, the interior M of the set M in P. If x€M has a
complete neighbourhood in M, then X EM by I, Proposition 7.2. On the
other hand, M is a locally complete space. Thus every x €M has a com-
plete neighbourhood in M, which is, of course, a complete neighbourhood
in M. qg.e.d.

By this proposition the LC-stratum S. (M) is the largest open locally

6}
complete subspace of M. Using 9.18.c we obtain an intrinsic - though
complicated - description of every stratum Sk(M)’ As another conse-

quence of Proposition 9.20 we obtain

Proposition 9.21 (Local nature of the LC-stratification). Let U be an

open subspace of M. Then 5, (U) = Sk(M)r1U for every k> 0.

Proof. This is evident for k = O from Proposition 9.20. We then have

1(U) = UNS,(U) = (MNSy(M)NU = §1 (M) nU.

Thus §1(U) is oven in S, (M). We conclude, with 9.18.c, that

1
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S1(U) = so(s1 (U)) so(s1 (M)) n S, (U) =

=5, M n§1 (M) NU = s, (M nuU.

Repeating this argument we obtain Sk(U) = Sk(M)rlU for every k. g.e.d.
From this proposition and 9.18.f we obtain immediately

Corollary 9.22. a) For every UE€ ¥(M) we have c(U) < c(M) +1 if c(M) is

even, and c(U) < c(M) if c(M) is odd.
b) If (Ua|0€I) is any admissible covering of M by open locally semi-

algebraic subsets then, for every k > O,

SEM) = U(S, (U )laeT),

and
c(M) = sup(c(Uq)IaEI) -8

with g = O if c{M) is odd, and 6§ = 0 or 1 if c(M) is even.

Remark 9.23. Starting from 9.22.b we can establish an LC-stratification
(Sk(M)|k2:O) on any locally semialgebraic space M (not necessarily re-
gular and paracompact) as follows. Sk(M) is the union of all Sk(Ua) for
any admissible covering (UGIaEI) by open affine semialgebraic subsets. We
further can define a complexity c(M) as indicated in 9.18.f. It is now
possible to generalize those facts on the LC-stratification and comple-
xity which do not refer to a completion of M to arbitrary locally semi-

algebraic spaces. We leave the details to the reader.

Notation 9.24. If ¢: Mo P is a completion of a space M, then for any

absolute end ) € ¢ (M) we denote the corresponding end « (@) (1) of M in
P by P(X). Thus (P(X)|X € ¢(M)) is the family of all ends of M in P and

P~ (M) is the direct sum of the spaces P()\).

If M is not empty then clearly c(M) = 1+ sup(c(P(A))IX€e(M)). It
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turns out that, for ¢ pure, not only the supremum of the complexities
c(P(X)) but each number c(P(X)) itself is independent of the choice

of the completion ¢ of M.

Theorem 9.25. Let ¢ : M % P and y : M Q be pure completions of M. Then,
for any A € ¢(M), the ends C of the space P()X) in its closure P(A) in

P correspond bijectively to the ends D of Q(A) in its closure Q(X) in

Q via the relation w_1(C) = w_1(D). (N.B. We have Cc (M) and Dc y (M).)
In particular, c(P(X)) = c(Q(X)) and [e(P(X))I| = le(Q(X))I.
Proof. Let A := P(A) and B := Q{)\). We may assume that there exists a

morphism £ : Q-M»P from ¢y to ¢ (cf. proof of Th. 9.17). Thus f yields

by restriction a proper surjective map h: B -» A and also a proper sur-
jective map g: B -» A. This already implies that c(B) = c(A), cf. Theo-
rem 9.19. We have g-1(A) = B, and thus obtain a proper surjective map

f, from BNB to ANA by restriction of f. But BNBcy(M) and f maps

1
Y (M) isomorphically onto ¢(M). Thus f, is an isomorphism from B~B to

AN A. The theorem is now obvious. g.e.d.

With the situation as in the proof, we know (cf. e.g. Proposition 8.4)
that the fibres of the proper map h: B-»A are connected. The fibres
of the extended map g : B-A are, of course, also connected, since all
fibres g-1(y) with y € AN A are one-point sets. Thus the morphism

g: (B,B) -» (A,A) is "shrinking" in the sense of the following defini-

tion

Definition 9. A morphism g: (B,B) - (A,A) between completed spaces is
called shrinking if g is proper, g(B) = A, hence also g(B) = X'all
fibres of g: B-A are connected, and all fibres g_1(y) with y€ANA
are one-points sets. (N.B. Then g gives an isomorphism from B~ B onto

ANA by restriction).
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We can add to Theorem 9.25 the following

Corollary 9.26. Let ¢ : Mo P and y : M & Q be completions of M which ad-

mit a morphism f : Q 3 P. Assume that ¢ is pure. Then for every A € ¢ (M)
f yields by restriction a shrinking morphism g * (QTX) ,Q(x)) - (P(X),P(A)

between the completed ends in Q and P corresponding to A. The isomor-

phism from Q(X) ~Q(A) to P(A) ~P(A) induced by g, is the restriction

=1

of @oy to the set Q(X) ~Q(X).
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§10 - Some proper quotients

We would like to understand how the ends of a completed space can be
"shrunk" or "expanded". Before we can attack this problem we have to
know that suitable quotients (in particular mapping cylinders) exist

in our category of spaces. These quotients deserve independent inte-
rest. Thus we try to prove their existence under the weakest possible
assumptions. They will be slightly weaker than necessary for the appli-

cations in §11 and §12.

We work for a short time in the category of all (separated) locally
semialgebraic spaces instead of regular paracompact spaces. So "space"

now means "separated locally semialgebraic space".

Definition 1. A proper quotient of a space M by an equivalence rela-

)

*
tion R on the set M is a proper surjective semialgebraic map p: M- N
whose fibres are the equivalence classes of R. We then write N = M/R

and call p the quotient projection from M to M/R.

The definition is justified since, in this situation, N is indeed a
quotient of M in the categorial sense, as stated by the following

proposition.

Proposition 10.1. Let p: M= N be a proper surjective semialgebraic map.

Let £f : M>L be a locally semialgebraic map which sends every fibre of
p to a point in L. Then the unique map f: N> L with fep = £ is local-

ly semialgebraic.

*) Recall that, for M paracompact, every proper locally semialgebraic
map p: M-N is semialgebraic (I, 5.9). Thus our condition "semi-
algebraic" here is not a serious restriction.
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Proof. We choose an admissible covering (UalaEI) of N by open semialae-
braic subsets. Then (p-1(Ua)|a€ I) is an admissible covering of M

by open semialgebraic subsets. We have to verify that fan: Ua-oL is
semialgebraic for every a € I. Replacing N by Ua and M by p_1(Ua) for
some fixed o, we may assume that M and N are semialgebraic spaces. Re-

placing L by its semialgebraic subspace f (M) we also assume that L is

semialgebraic.

A subset B of N is closed and semialgebraic in N if and only if p-1(B)

is closed and semialgebraic in M. From this fact one deduces immediate-
ly that f is continuous. The graph T (f) c NxL is the image of the graph
T (f) €« MxL under the (proper) semialgebraic map pxid : MxL - NxL. Thus

I (f) is a semialgebraic subset of NxL. This finishes the proof that T

is semialgebraic. g.e.d.

Proposition 10.2. Let p: M> N be a proper surjective map. Assume that

M is regular and paracompact. Then N is also regular and paracompact.

Proof. a) We first prove regularity. We have to separate a given closed
locally semialgebraic set A in N from a given point x in NNA. Since M
is regular and paracompact there exist open locally semialgebraic sets
Uy, U, in M with p~'(x) €U,, p_ (A) €U, and U, NU, = @ (I, 4.14). Since
p is proper there exist open locally semialgebraic neighbourhoods V1,V2

of x and A respectively with Ui:Dp_1

(Vy}, namely vy s= N~p(M~U;).
Since p is surjective vinv, = @. This proves that N is regular.

b) We choose a locally finite covering (AG|G€I) of M by closed semial-
gebraic subsets (cf. I, Th. 4.11). Then (p(Aa)las I) is a covering of

N by closed semialgebraic subsets. We claim that this family is locally
finite. The map p is semialgebraic (I, 5.9)., For any UE€ ?(N) the set

(U) is semialgebraic and hence meets A, for only finitely many a € I.

We conclude that U meets p(Aa) only for finitely many a € I.
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We now know by Lemma 1.2 that N is indeed paracompact. q.e.d.

From now on a "space" will again mean a regular paracompact locally
semialgebraic space. By Proposition 10.2 we know that a proper gquotient

of a space is again a space.

In order to prove the existence of proper quotients the following

lemma will be useful.

Lemma 10.3. Let (Ma|a€I) be a locally finite family of locally semial-
gebraic subsets of a space M which covers M. Assume that either all Mcl
are closed or all M, are open in M. Let R be an equivalence relation
on the set M such that every Mo is a union of equivalence classes. Let
Ru denote the restriction of the equivalence relation to Ma‘ Assume
that, for every a €I, the proper quotient Ma/Ra exists. Then the proper

quotient M/R exists.

N.B. It is clear that, if the proper quotient M/R exists, all the sets
Ma/Ra are closed, resp. open, locally semialgebraic subsets of M/R, and
that on Ma/Ra the subspace structure in M/R is the same as the quotient
structure coming from Ma' Also, (Ma/Ra!ae I) is a locally finite cover-

ing of M/R.

Proof.WedenotethequotientMa/Raby Na and the proper projection map from

Mor to ch by Py~ The subset N(x 2=Py (MotnMB> of N, is locally semial-

B
) = MGITM of p

gebraic and p;1(Na o

8 B° The restriction paB :MatWMB-eNa

is again proper. This map shows the subspace Na

B

B of Na tc be the pro-

by the equivalence relation Ra obtained from

B

consists of full equivalence

per quotient of ManMB

R by restriction. (Notice that M011MB
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classes of R.) Since the same holds for NBa we have a canonical commu-

tative triangle

M nMB

paB Ba

N — =~ . N
op Xap Ba

with an isomorphism Xop*

We regard the spaces Na = Ma/Rc as subsets of the set N := M/R. Then
Naﬁ = NBG as sets, and Xap becomes the identity map. Thus the subspace

structures on N =N, with respect toN_andN
of Ba a B

closed in M then every NaB is closed in Na and NB' Then we know from

Theorem 1.3 that there existson N a unique space structure such that

are equal, If every Ma is

(Nalael) is a locally finite family of closed locally semialgebraic
subsets of N and the subspace structures on Na are the given quotient
structures of the spaces Mq. We equip N with this space structure.

Clearly the natural projection p: M- N is a proper semialgebraic map,

and we are done.

1

Assume now that every M, is copen in M. Then p ' (N __) = M M is open

af B

in Mu and in MB. It follows that N0 is open in Na and in NB' since

B
p. and pB are proper and surjective. On the set N we have a unique

o

structure of a ringed space over R such that (NalaeI) is an admissible
open covering and every Na’ in its given structure, is an open sub-
space of N. This space N is locally semialgebraic, but not yet known

to be separated. Once we have verified this we are done: By Proposition

I.5.7 and Theorem I.5.9 the map p is proper and semialgebraic.

Let x and y be different points of N. We have to separate them by open

neighbourhoods. We choose indices a,B € I with xeNa and y €N The

8
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fibres p-1 (x) and p_1 (y) are complete, hence closed in M. Since M is
regular and paracompact we find open semialgebraic neighbourhoods
UM, and U2CMB of p_1 (x) and p’_‘I (y) with U, no, = ¢#. Since the maps
Py and Pg are proper we find open semialgebraic neighbourhoods V, eN,

and V,cN, of x and y with p_1 (Vi) <U;. Clearly v, nv, = @. g.e.d.

B

We now prove the existence of proper quotients in a very special case.

Proposition 10.4. Let A be a complete - hence semialgebraic - subset

of a space M. There exists the proper quotient M/A of M by the equiva-
lence relation which has as equivalence classes the set A and the one

point sets {x} with x € MNA.

Proof. We have to find a proper surjective map p: M- N whose fibres

are A and the sets {x} with x E M~ A. We choose an embedding M < P of M
into a partially complete space P. It suffices to find a proper surjec-
tion g: P> L whose fibres are A and the sets {x} with x € P~A. Then the
restriction p: M->g(M) of g will be a proper quotient of M by the ori-
ginal equivalence relation. (N.B. g(M) is a subspace of L since g is
semialgebraic). Thus we assume without loss of generality that the

space M is partially complete.

We chosse an open semialgebraic neighbourhoocd U of A in M. The closure
B := U of U in M is complete. It suffices to prove that the proper quo-
tient B/A exists. Then, applying Lemma 10.3 to the covéring of M by
the two closed locally semialgebraic sets MNU and B, we see that the
proper quotient M/A exists. Now we have reduced the proof to the case

that the space M is complete and (hence) semialgebraic.

Let N denote the one point completion (M\A)+ of the locally complete

semialgebraic space MNA (cf. I, §7). The identity map MNA-M\A ex-
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tends to a proper map p: M- N with p_1(w) = A (I, Prop. 7.6), and we

are done. g.e.d.

Given a locally semialgebraic map f : XY between spaces X and Y, we

ask whether the mapping cylinder Z(f) exists in the category of spaces.

In analogy to the topological case we mean by Z(f) the quotient of the

direct sum
M := (Xx[O0,1])UY

by the coarsest equivalence relation R with (x,1) ~£f(x) for every x € X.

Suppose that even the proper quotient p: M- Z(f) exists. Since Y is
closed and locally semialgebraic in M, the set p(Y) is closed and lo-
cally semialgebraic in Z(f), and p maps Y isomorphically onto p(Y).
Identifying Y with p(Y) we regard Y as a closed subspace of M and also
of Z(f). Now p maps Xx{1} to Y and the restriction Xx{1} ->Y of p is
again proper. But this map is just a copy of f: X-Y. Thus f must be
proper. So, in the present framework, where we only look for proper

quotients, we have to assume from the beginning that f is proper.

Theorem 10.5. Let f : XY be a proper map between spaces. Then the map-

ping cylinder Z(f) exists as a proper quotient of M := (Xx[0,1]) LlY.

Proof. Let (Ud|a€J) be a locally finite covering of Y by open semial-
gebraic sets Ua‘ Suppose that for every a € J the mapping cylinder of
the restriction f—1(Ua)_’Ua of f exists as a proper quotient. Then it
follows from Lemma 10.3 that Z(f) exists as a proper quotient. Thus
we may henceforth assume that X and Y are(affine) semialgebraic spaces.
Let f: XY be a completion of f (cf. Prop. 5.1). Then X = ()

since f is proper. Suppose that the proper quotient
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p: Xx[0,11UY » z(%)
exists. L := p(Xx[0,1]1lY) is a semialgebraic subset of Z () with pre-
image Xx[0,1]1UY. Thus the restriction

p: Xx[0,11lY - L
of p is a proper map, and this map shows L to be the mapping cylinder

Z(f) of f. These considerations allow us to retreat to the case that

both X and Y are complete (affine) semialgebraic spaces.

In order to construct Z(f) in this case we start with the proper pro-

jection map

©: XxI » C(X) := XxI/Xx{1}
of the "cone" C(X) of X, which exists by the preceding proposition 10.4.
Consider the proper surjective map

b Xx¥xI = XxIxY GTIE’C(X)XY/
with o denoting the switch (x,y,t) » (x,t,y). Notice that two different
points (x1,y1,t1) and (XZ'YZ't2) have the same image under y if and

only if ty = ty, = 1 and Y1 = Yy We choose a point xOEZX. Let Z be the

image under Yy of the closed semialgebraic subset
N := (T(£f)xI) U ({x }xyx{1})

of Xx¥xI. {As usual, T'(f) denotes the graph of f£.} Then Z is a complete
space and the restriction y : N-Z of y is proper and surjective. We

have another proper surjective map
we (XxI) LY » N,

defined by m(x,t) = (x,£(x),t), n(y) = (x_ ,y,1). The composite p := xem
is a proper surjective map from (XxI) |JY to Z which shows that Z is the

mapping cylinder of f. g.e.d.

From Proposition 10.4 and Theorem 10.5 we obtain
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Corollary 10.6. Let f: XY be a semialgebraic map from a complete

space X to a space Y (hence f is proper). Then the mapping cone
C(f) := 2z(f)/xXx{0}

exists as a proper quotient of (XxI)UY.

We now come to the main result of this section. Let A be a closed lo-
cally semialgebraic subset of a space X and let f: A-Y be a proper
map to another space Y. We want to glue X to Y "along A", i.e. we ask
for the quotient X U fY of XY by the coarsest equivalence relation
with a~ f(a) for every a €A.

Theorem 10.7. The proper quotient XU _Y of XLlY exists.

£
Notice that this theorem contains our preceding results 10.4, 10.5 and
10.6 as special cases. Notice also that properness of f is certainly

necessary for the existence of XU fY as a proper quotient.

The proof of Theorem 10.7 is easy if A = X. In this case the proper
map W: XLy - Y, w(x) = £(x) (X€X), n(y) =y (y€Y) shows that

Y = XU_Y.

f

We now proof Theorem 10.7 in the case that X is partially complete.
Choosing a simultaneous triangulation of X and A we assume that X is

a closed locally finite simplicial complex and A is a closed subcom-

plex of X.

We first consider the case that X~ A contains only finitely many open

simplices. We choose a filtration
A = XOCX1CX2C...CXr =X

of X by closed subcomplexes X; such that X, = X;_qUo; with a single
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open simplex o5 whose boundary Boi is contained in Xi_1.

Using induction on i, we prove that the proper quotient Xi u fY exists
for i = 0,1,...,r. We know this from above for i = O. Assume that

O0<i<r-1 and that the proper quotient map

p:XiLlY -'XiUfY =: Y,

exists. We identify Xi with the mapping cone C(9) of the inclusion

+1

map ¢ : 90 o Xi in the obvious way such that, say, the barycenter of

i+1

g is the vertex of the cone. We also introduce the mapping cone

i+l
C(gep) of the composite of ¢ with the restriction q: Xi-+Yi of p. Let
Ao (E)oi+1 xI) l_iXi - C(¢) and u: (Boi+1x1) L_IYi - C(gew) be the proper

quotient projections of these mapping cones. Then we have a unique map

vy from the set C(g) UY to the seﬁ C(gee) such that the diagram

idUp
(96i+1xI) Ux;uy w(aoi_*_,lxI)L]Yi
ryid u
Cle) UY ~ C(g-p)

commutes. Since the other three maps are proper semialgebraic surjec-
tions we conclude that y is also a proper semialgebraic surjection.
Via this map vy, C(geyp) is the quotient Xi_” U Y of C(p)UY = Xi+1I_IY,
as is easily checked. Thus our theorem is proved in the case that

X~ A contains only finitely many open simplices.

Assume now that X~ A contains infinitely many open simplices. Let
(X)\l}\EA) be the family of all closed subcomplexes of X which contain
A and contain only finitely many simplices outside of A. We order A in
such a way that A<y iff x)\cxu. Then (X>‘|>\€A) is a directed system of

partially complete spaces. For every X € A we have a proper quotient map

pA:X)‘L]Y-»X)\UfY =3 M)\'
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If A<u then M, embeds into Mu in a canonical way as a closed subspace.
Thus (MAIAEA) is again a directed system of partially complete spaces
with closed embeddings as transition maps. It is now easily seen that
the ringed space M := E%E,MA is a partially complete regular and para-
compact locally semialgebraic space. For example, regard M as the union
of the sets M, with MA<:Mu for A <u, and apply Theorem 1.3 to the fami-
ly consisting of the space Y and the spaces pA(E) with X €A, o€ Z£(X),
ocXy, od:Xu for w<i, o¢A. The maps Py fit together to a proper sur-
jective map p: XUUY - M (cf. I, Prop. 3.16), and by this map M is the
desired quotient XlJfY of XUY. This finishes the proof in the case

that X is partially complete.

In order to prove the theorem in general we quote the following fact

from [DK5].

Proposition 10.8 [DKS, Prop. 2.2]. Let X be a locally finite simplicial

complex and A a closed subcomplex of X. Let V denote the open star
StX,(A) of A in the first barycentric subdivision X' of X. Then there
exists a semialgebraic retraction map r: V- A such that, for every

x EVNA, the open line segment lx,r(x)[ is contained in the same open

simplex ScV of X' as x.

This has been proved in [DK5] in the case that the complex X is finite,
by use of an explicit formula for r in terms of barycentric coordinates.

The same formula and proof work if X is locally finite.

We return to the situation of Theorem 10.7. Choosing a simultaneous tri-
angulation of X and A we learn from Proposition 10.8 that there exists
an open locally semialgebraic neighbourhood U of A in X which admits a
semialgebraic retraction r to A. (For this it suffices to know that

Prop. 10.8 is true for strictly locally finite complexes). If we know
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that the proper quotient UlJfY exists, then we see by an application
of Lemma 10.3 to the open subsets X~A and UlJY of XLJY that the pro-
per quotient XlJfY exists. Thus we may replace X by U and henceforth

assume that X admits a semialgebraic retraction R to A.

The function g = fer : X-»Y is semialgebraic (perhaps not proper) and
extends f : A»Y. We choose a completion g: X-Y of g, cf. Proposition
5.1. We denote the closure of A in X by A and the restriction of g to
A by f: A->Y. Now we forget the function g. The sole purpose of this
function was to yield a completion f: A-Y of f with A the closure of

A in some completion X of X.

Since f is proper, we have ?_1(Y) = A. As shown above the proper quo-

tient map

p:fUY*iUf

exists. The locally semialgebraic subset L := p(XllY) of ?ll?? has the

preimage XUY under p. Thus the restriction
plxUdy: Xy - L

is also proper and shows L to be the quotient XU _Y. This finishes the

£
proof of Theorem 10.7.
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§11 - Modification of pure ends

Definition 1. A shrinking (resp. an expansion) of a completed space

(A,A) is a shrinking morphism (cf. Def. 9 at the end of §9) g: (A,A) -

(B,B) (resp. a shrinking morphism h: (C,C) - (&,a)).

If p: Mo P and ¢y : Mo Q are pure completions of a space M then there
exists a third pure completion y : M - T which admits morphisms to ¢
and . We know from Corollary 9.26 that, for any end X € ¢ (M), we can
go from the completed end (P(A),P(A)) in P to the completed end
(T(X),T(X)) in T by an expension and then from (T(X),T(})) to (Q(X),Q(A)) by
a shrinking. The guestion arises: Which shrinkings and expansions of
completed ends can be realized by morphisms between pure completions?

For the shrinking problem we have a fully satisfactory answer.

Theorem 11.1. Let ¢ : Mo P be a pure completion of M. Given a family
of shrinkings (gAlAEs(M)), 95 * (PN ,P(X)) - (§}‘,B)\), of the completed
ends of M in P, there exists a morphism f: P _DTQ from the completion
@: Mo P to another pure completion y : M » Q such that the shrinking
morphisms h, : (P(X),P(X)) - (Q(X),0(1)) obtained from f are isomorphic
to the =N under (P(x),P(A)) {i.e. there exist isomorphisms

u, = (@A), 000)) pai (ﬁ)\,BA) with u,*h, = g,}.

ATA

Proof. We regard M as a subspace of P and ¢ as the inclusion map. Let
A :=P~M= J(P)IXxeEeM)).

Then

A= U(P(A)Ix€eeM))

and the family (P(X)|X € ¢(M)) is locally finite, since the family
(P(X) X €e(M)) is locally finite. Let R(A) denote the equivalence

relation on P()X) whose equivalence classes are the fibres of
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gy : P(X) - By. The set P(A)~P()) is a union of one-point equivalence
classes. We conclude that, for ) sy, the set P(A) n P(u) is a union of
one-point equivalence classes with respect to both relations R(XA) and
R(u). Thus the equivalence relations R(A) fit together to an equiva-
lence relation R on A to which Lemma 10.3 is applicable. By this lemma
the proper quotient projection h: A - A/R =: L exists. For every

A € ¢ (M) we have a commutative triangle

~

A uA

with h, := h|P(A), C, := h(P(}\)), and u, an isomorphism. Since h is

A
proper, the set C, := h(P()X)) is locally semialgebraic, and the set
EA is indeed the closure of CA in the partially complete space L. Al-
so, by construction, uA(CA) = B,. Thus the proper projection h

yields, for every ), a morphism of completed spaces

which is isomorphic to 95 under (P(XA),P(A)). In particular, every hA

is a shrinking morphism.

By the main result in the last section, Theorem 10.7, we have a pro-

per projection map
p:PL_lL-»PUhL =: Q

gluing the closed subspace A of P to L by the map h. {Here we use
Theorem 10.7 only in the easy case where the space X in question.is
partially complete.} The restriction of p to P is still a proper sur-
jection £ : P>Q. The set N := f(M) is locally semialgebraic and dense
in Q. Its vreimage under f is M. Since all fibres f-1(y),y'€N, are one-

point sets, the restriction fIM: M - N is an isomorphism. Thus
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f yields a completion $ : M » Q by restriction to M. Clearly f is a
morphism from the completion M &« P to y. By Proposition 8.10, ¢ is
pure. The shrinking maps of the morphism f : P-ﬁ»Q are the morphisms
hx: (P(A),P(N)) ~ (EX'CA) from above, which are isomorphic to the
given morphisms g, : (P(A),P(A)) - (E;,BX) under (P(X),P(A)). Theorem

11.1 is proved.

By Theorem 11.1 we may shrink the ends P(X) of M in a pure completion
P in any way we want. In this way we can make them "simpler". For
example, let A = P()) be a semialgebraic end of M. We triangulate (&,A).
Let K denote the maximal closed subcomplex of A contained in A with
respect to the first barycentric subdivision of this triangulation.
Then K is a strong deformation retract of A in the obvious semialge-
braic sense, cf. Chapter III, §1 or [DK3, p. 136]. In particular K is
connected. Applying Theorem 11.1 to the projection (A,A) - (A/K,A/K)
and the identity morphisms for the other ends of M, we shrink the end
A to a contractible end A/K. If the end A was complete (i.e. A = RA),
then the new end is actually a point, but otherwise there is no means
for shrinking A to a point, since the complexity c(A) has to be pre-

served (cf. Th. 9.25).

Example 11.2. Assume that dimM = 2 and that the end P(X) of M in P is
semialgebraic and not complete. Then P()A) is locally complete, since

a priori dimP(X) = 1 and hence c(P(A)) < 1. By the procedure just

described, we can shrink P(X) in such a way that (P(X),P())) becomes

isomorphic to the pair (Kn,ﬁn) with K, the closed "star"
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with n>1 arms {po,p1],...,[po,pn] and ﬁn the open subcomplex where
the points PysrPyr .- sP, are removed. The number n is an invariant of

A, namely the number of ends of P(A) (cf. Th. 5.25).

We call an end P()) of M in some completion P pure if the dense pair
(P,P~P(\)) is pure. Clearly the completion is pure if and only if

all ends are pure.

One may ask whether all stars (Kn,ﬁn) occur as pure ends of 2-dimen-
sional semialgebraic spaces. This is trivially true by the following

general observation.

Example 11.3. Let (A,A) be a completed space with A connected. Consi-

der the completed space
(P,M) := (Ax[0,1], (Ax[0,1])~ (Ax{0})).

The pair (P,M) is pure and M has the unique end Ax{0O} in P. The comple-

ted end is isomorphic to (A,A).

We now look for expansions of the ends of M in a pure completion

@:Mo P.

Problem 11.4 (Expansion problem for ends). Given a family of expan-

sions (gklk €e(M)),
g,: (EA,CA) - (F(O),P(N),

of the completed ends in P, does there exist a morphism f : Q-ﬁoP fromw

a pure completion y : M » Q to ¢ such that every shrinking morphism

hA: (Q(X),Q(x)) » (P(X),P()X)), obtained from f by restriction, is iso-
morphic to g, over (P(X),P())) {i.e., such that there exists an iso-

morphism v, : (C,,C,) = (@(X),Q(1)) with hyev, = g,}?
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We call a morphism f : QV’P as described here a solution of the expan-

sion problem for 9 : M - P and the family (gAIAEe(M)) .

In order to study the expansion problem it suffices to consider spaces

with only one end. This is a consequence of the following proposition.

Proposition 11.5. Let ¢w : M®P be a pure completion of the space M and

let (g)\lk€c(M)) be a family of expansions of the completed ends of M in
P, gy (E}‘,CA) - (P(X),P(1)). We regard M as a subspace of P and ¢ as the
inclusion map. The expansion problem is solvable for M= P and the family
(g)\IAEc(M)) if and only if, for every A€e (M), the expansion problem is
solvable for P~P(A) <P and the expansion 95 of the unigue completed end

of P~NP(X) in P.

Proof. Let f: Q4P be a solution of the expansion problem for M« P and
the family (gx [A€e(M)) . Fix an absolute end X€e¢(M). According to Theorem
11.1 we may shrink all ends Q(u), u=* A, back to P(u) leaving Q(A) un-
changed, using the identity as shrinking map for (Q(X),0Q(A) and the

restrictions of £ as shrinking maps for (Q(u),Q(u)), u#* A. We then ob-

tain a completion of P~\P(A) which expands the unigue end P(A) in P in
the prescribed way. Assume conversely that, for every X€e(M), a proper
surjective map Py : Q(A) - P is given which yields an isomorphism from
Q“‘)\p;1 (P(X)) to P~P()) and whose restriction p;1 (P(A)~»P(X) is isomor-
phic over P(A) to the given map g, : '5)\ -»P(X). Assume also that Q“‘)\

) is a pure completion. For every finite set Sc ¢ (M) we

py (B(A) - Q
introduce the fibre product Q(S) of the spaces Q(M , €S, over P which
respect to the maps P, - The natural map Pg : Q(S) -»P is again a proper
surjection. Moreover, Pg yields an isomorphism from ps_1 (P \U(P)‘I)\ES))
onto P~U(P, |X€S). The inclusion map from ps-"I (P ~U(P, 12€S)) to Q(S) is a
pure completion, as is easily seen. Over each T?-)‘, rES, Pg is isomorphic

to Py hence to gy For finite subsets ScTof ¢(M) we have a unique

proper surjection Pp g: Q(T) -»Q(S) with Pg*Pp g = Pp- We consider
14 ’
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the set (!)
0 := lim Q(S)’
S

with S running through the finite subsets of ¢(M). We want to equip Q
with the structure of a partially complete space such that the natural

(8)

surjections qdg: Q2 ~ Q are all proper.

This can be done easily. Let g = Ag be the natural surjection from Q

to P. We choose a simultaneous triangulation of P and M. Then every

P(X) is a closed subcomplex of P. For every closed simplex o in P,

the preimage q_1(3) in Q is mapped bijectively to pg1(3)hqrqs for S large
enough. We transfer the space structure of the complete semialgebraic
space p;1(5) to the set q-1(3) by use of q;1. For different simplices

o the complete spaces q-1(5) fit together well. Applying Theorem 1.3,
we obtain the structure of a partially complete space on Q such that
every space q_1(5), with its given space structure, is a subspace of

Q, and the family of all q_1(3) is locally finite. With this structure,
the map g: Q- P is proper semialgebraic. It yields an isomorphism from
q_1(M) tc M and solves the expansion problem for the given family

(gylrece(m)). g.e.d.

The expansion problem seems to be much more difficult than the shrink-
ing problem. With our present methods we can do almost nothing. Never-
theless, the discussion up to now makes it clear that, for all questions
about modifications of ends, we can deal with each end of M separately.

Thus, for the rest of this section, we usually assume that M has a single

absolute end, and we speak of "the" end of M in a given completion.

The end A of M in P can be simplified by shrinking, but usually the
way in which A is embedded in P, i.e. the relation of A to M, will be-

come more complicated. Thus, for many purposes, it seems to be impor-
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tant to look for an expansion of A which makes the embedding as simple
as possible. We focus attention on the case where the end A is locally
complete, which means that M has complexity <2. Then 3A = ANA is closed

in P. Let P := P~ 3A.

Definition 2. The end A of M in P is called collared if there exists an
open locally semialgebraic neighbourhood U of A in P together with an
isomorphism « : Ax[0,115UN?P such that «(Ax[0,1[) = U and «(a,0) = a

for every a€A.

Of course, a collared end is pure and locally complete, hence has com-

plexity <1.

Theorem 11.6. Assume that M has complexity c(M) < 2. Then, for any
completion M < P, there exists a completion M - Q and a proper morphism

f: Q'FTP such that the end of M in Q is collared.

To prove this we need the following general fact which has been proved
for locally complete semialgebraic spaces in [DKS, §3). The proof goes
through for arbitrary locally complete (regular, paracompact) spaces

without any serious modification.

Theorem 11.7 [DKS' Th. 2]. Let N be a locally complete space and B a
closed locally semialgebraic subset of N. Then there exists an open
locally semialgebraic neighbourhood U of B in N, a proper semialgebraic
map g from 3U := UNU to B, and an isomorphism a: Z(g) — U from the
mapping cylinder of g to U with a(u,0) = u for u€ 3U and o(b) = b for

b€B. (We regard 3Ux[0,1[ and B as subspaces of 2(g), as usual.)

The proof of Theorem 11.7 in [DKS] gives an explicit description of U,

g, and a. Choosing a simultaneous triangulation of N and B one takes
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for U the star of B in N with respect to the second barycentric subdi-
vision of the triangulation. For g one takes the restriction to 93U of
the retraction r constructed in the proof of Proposition 10.8, cf.

[DKS' §2). For o one takes the map described by the formulas

a(p(u,t)) = (1-t)u + tr(u) (u€au,telo,1]).

a(b) =b (b €B)

with p: 3Ux[0,1] -2 (g) the canonical projection.

We shall use Theorem 11.7 only in the case where N is partially comple-
te. We first prove Theorem 11.6 in the special case that the end A :=P\M
of M in P is partially complete. Applying Theorem 11.7 to the space

N := P and the subset B := A, we obtain a new completion Q of M by glu-
ing PNU to (3U)x[0,1] along 23U with the obvious isomorphism 3U — 3Ux{0}
(cf. Theorem 1.3 or Theorem 10.7). Then gluing the identity of P~ U

with the map oep: 3Ux[0,1] - U, where p is the projection from 3Ux[0,1]
to Z2(g), we obtain a proper map £: Q-+P (cf. I, Prop. 3.16). £ is an
morphism from the completion Q of M to the completion P of M, and the

end of M in Q is collared.

Assume now that the end A = P~M of M in P is only locally complete.
The set 3A = ANA is closed in P and contained in M. We consider the
open subspace L := M~ 9A of M. The space P is a completion of L, and L
has the end A in P. We know that the completion L & P of L is dominated
by a completion L = Q' such that the end of L in Q' is collared. Let
£f:Q' TP be the morphism from the second completion of L to the first
one. Let C denote the preimage of 9A in Q' and let h: C-»3A denote the

restriction of £ to C. Then

Q :=Q'UodA
h

is a completion of M which dominates the completion P of M. The end of

M in Q is collared, as is easily seen, and Theorem 11.6 is proved.
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We shall prove in the next chapter (III, §8) that a collared end A of
M is, up to homotopy equivalence, independent of the chosen completion
P of M. Also, if M is an (open) locally semialgebraic manifold, then
every collared end A of M is again a (closed) locally semialgebraic
manifold. Thus Mhas a completion which is a locally semialgebraic mani-
fold with boundary., We hope to explain this in the second volume of the

lecture notes (cf. [SY, Th. 6.2] for R=1R and M semialgebraic).
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§12 - The Stein factorization of a semialgebraic map

We start with a proper (hence semialgebraic) map f : M- N between spa-
ces. Let R(f) denote the equivalence relation whose equivalence clas-
ses are the connected components of the non empty fibres of f. We ask
whether the proper quotient M/R(f) exists. Assume this is the case and
@ : M>M/R(f) is the quotient projection. Since f maps every equivalence

class of R(f) to a point we have a factorization
M

‘|

N

\\K‘M/R(f) (%)
/

of £ into proper maps which we call a Stein factorization of f (in

analogy to the complex analytic Stein factorization). We shall often
speak of "the" Stein factorization of f, but actually the quotient

space M/R(f) is only determined up to isomorphism.

The second factor n in the Stein factorization (*) of f has finite
fibres and is proper. Thus n is a finite map. The fibres of the

first factor ¢ are connected, and ¢ is surjective. Assume that

—_ -
5

M

£

N

is any factorization of f with p finite, y surjective, and the fibres
of y connected. Then the fibres of y are the connected components of
the fibres of f, and y is proper. Thus the map y shows L to be the
quotient of M by R(f) and, up to isomorphism, the factorizations (%)

and (**) are the same.

Theorem 12.1. Every proper map f£f: M- N between spaces has a Stein

factorization.
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Proof. The set £(M) is closed and locally semialgebraic in N. Suppose
we have found a Stein factorization g = pe®w of the map g: M- f(M) ob-
tained from f by restriction of the range space. Then f = wey, with =
the composite of p and the inclusion f£(M) »N, is a Stein factorization
of f. Thus, in order to prove the theorem, we may assume that f is sur-

jective. Let
p: (Mx[0,1]) LN > Z(f)

be the quotient projection onto the mapping cylinder of f. As usual,
we identify the subspaces Mx[0,1[ and N of (Mx[0,1]) UN with their
images under p, thus regarding them also as subspaces of Z(f). Since
f is surjective, the restriction g: Mx[0,1]1->2(f) of p is also sur-
jective. Moreover g is proper. We now consider the dense pairs
(Mx[0,1],Mx[0,1[) and (2(f),Mx[0,1[). We may regard g as a morphism
from the first pair to the second. Consequently we have a unique

factorization of g

Mx[0,1] -
&\N
(*%%) gl 7 (£)
_
Z(f) h

with h the pure hull of the dense pair (2 (£f),Mx[0,1[) (Prop. 8.3) The map

~

h is finite and the map g has connected fibres (Prop. 8.4). Moreover
g is surjective and proper. Let N := n~1(N). We have g_1(N) = 5_1(5) =
Mx{1}. Identifying Mx{1} with M in the obvious way and restricting the
diagram (***) to Mx{1} and its images N and N we cbtain a Stein facto-

rization of f. qg.e.d.

As a consequence of this proof we have a side remark on mapping cylin-

ders.

Corollary 12.2., Let f: M- N be a proper surjective map between spaces.
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The dense pair (Z(f),Mx[0,1[) is pure if and only if the fibres of f

are connected.

The Stein factorization can also be characterized as a "maximal" facto-

rization with the second factor a finite map.

Proposition 12.3. Assume f : M- N is a proper map and

\\\\E\\‘
N ‘/p
are two factorizations of f into locally semialgebraic maps with n and
p finite. Assume also that ¢ is surjective and has connected fibres.
{i.e. the first factorization is Stein. Notice that ¢ and y are auto-
matically proper.} Then there exists a unique locally semialgebraic

maph : ST, such that pech=wandheo=1y. {N.B. h is proper, hence semialgebraigq

Proof. It is evident that the fibres of y are unions of connected com-
ponents of the fibres of f. Thus there exists a unique locally semialgebraic |

map h: S-> T with hep = y. Composing with p we obtain
pohow = pow = Me(.

Since ¢ is surjective this implies peh = nu. g.e.d.

We seek a generalization of the Stein factorization of proper maps for
an arbitrary semialgebraic map f: M- N, in the sense that Proposition
12.3 remains true. It will turn out that such a factorization f = meq
does exist, and that the first factor ¢ is a "pure" semialgebraic map.
We first explain what we mean by a pure map and state some easy obser-

vations about these maps.

Definition 1. A semialgebraic map f: M> N is called pure at a point
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y€N, if y has a fundamental system of open semialgebraic neighbour-
hoods U such that every preimage f_1(U) is non-empty and connected.

The map f is called pure if f is pure at every point of N.

A pure map has a dense image.
Example 12.4. Let £ : M- N be an embedding, i.e. an isomorphism from M
onto a subspace of N. Then f is pure if and only if f(M) is dense in N

and the dense pair (N,f(M)) is pure in the sense of §8.

Proposition 12.5. For every semialgebraic map f : M> N the following

are equivalent.

i) f is pure.

ii) For every non-empty connected open semialgebraic subset U of N
the preimage f-](U) is non-empty and connected.

iii) For every non-empty connected open locally semialgebraic subset

U of N the preimage f—1(U) is non-empty and connected.

Proof. The implications iii) = ii) = i) are trivial. (Recall that every
point of a locally semialgebraic space has a fundamental system of open
connected semialgebraic neighbourhoods.) In order to prove i) = iii),
let a non-empty connected set UE€ F(N) be given. Certainly f—1un + 0,

since f has dense image. Suppose f-1

(U) is the disjoint union of two
open non-empty locally semialgebraic subsets ATALY Then f(f-1(U)) =
Unf(M) is the union of the two subsets f(V1),f(V2). They are locally

semialgebraic since f is semialgebraic. Since UN f(M) is dense in U,

we have
U = (Unf(v1)) V] (Unf(VZ)) .

Since U is connected, the sets U(\f(V1) and Ur\f(Vz) must meet in some

point y. Let W be any open semialgebraic neighbourhood of y with WcU.
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Then
Wnf(M) = [wnf(v1)] U [wn f(Vz)]

and neither set wr1f(v1) nor Wf\f(Vz) is empty. Taking preimages under
f we obtain

1 1

£y = 5T nvl v e e nvyl.

The two sets on the right-hand side are oven, semialgebraic, non-empty
and disjoint. Thus f_1(w) is not connected, and we see that f is not
pure at y. This contradiction proves that f_1(U) is connected.

g.e.d.

1

Proposition 12.6. A proper map f: M-N is pure if and only if £~ ' (y)

is connected and non-empty for every y € N.

Proof. If f is pure, then f has a dense image, hence f is surjective.
Assume that a fibre f_1(y) is the union of two non-empty disjoint
open semialgebraic subsets V1,V2. We may choose disjoint open semi-

algebraic subsets Uy/0, of M with Uirlf—1(y) = V.

i (i = 1,2). Since

f is proper, there is an open connected semialgebraic neighbourhood
U of y in N such that £ (U) is contained in U, UU,. Thus e ) is

not connected, in contradiction to Prop. 12.5.ii.

Conversely assume that f_1(y) is connected and non-empty for every
y € N. Then the preimage f_l(U) of any connected open locally semi-

algebraic subset U of N is connected by Sublemma 6.6.

Lemma 12.7. Let f: M-S, g: S-»N be semialgebraic maps.

i) If f and g are pure then g°f is oure.
ii) TIf gef is pure and f has a dense image then g is pure.

iii) If gof is pure and g is an embeddinag, then f is pure.
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Proof. i) The first statement is evident.

ii) Let U be a connected open semialgebraic set in N. The set
f_1(g-1(U)) is connected, hence its image g_1(U)n f(M) under f is
connected. Since f(M) is dense, the closure of this set contains
g ' (u). Thus g-1(U) is also connected.

f iii) We regard g as an inclusion map. Let U be an open connected semi-

| algebraic set in S. We choose an open semialgebraic set W in N

with WNS = U (cf. I, Prop. 3.14). Let V be the connected compo-

nent of W containing U. Then also VNS = U. We have
-1 _ -1
£ (U) = (geof) (V).

Since gof is pure this set is connected. g.e.d.

Definition 2. A pure completion of a locally semialgebraic map

f:M~->N is a commutative diagram
— % _.p

M
fj h (*)
N

7

———— )

B8

with o and B pure completions of M and N.

. Remark 12.8. Every locally semialgebraic map f has a pure completion
(*) with prescribed pure completion B of N. If f is semialgebraic,

- then h is proper.

Indeed, given a pure completion B of N, we obtain a diagram (*) with
i o a completion of M by applying Proposition 5.1. Then we replace o by

a pure hull & : M» P of o and h by the composite hep with p the finite
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projection map from P to P. The second sentence in the remark is evi-

dent from Lemma 8.1.
Lemma 12.7 has the following immediate consequence which gives us an
understanding of purity of a semialgebraic map £ in terms of a pure

completion of f.

Proposition 12.9. Let

be a commutative diagram of semialgebraic maps with « and B dense em-
beddings.

i) If f and B are pure then h is pure.

ii) If h and a are pure then f is pure.

iii) In particular, if (*) is a pure completion of f, then f is pure

if and only if h has connected fibres.

In the following we do not work with completions but with "proper ex-

tensions" of semialgebraic maps.

Definition 3. A proper extension of a semialgebraic map f: M-»N is a

commutative triangle

N A

with o a dense embedding and g a proper map.

Remark 12.10. Every semialgebraic map £ : M>N has a proper extension

(**) with o pure. We obtain every such proper extension from a pure
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completion (*) of f by restricting h to the preimage of N under h (re-

garding o and B as inclusion maps).

Definition 4. A Stein factorization of a semialgebraic map f£f: M- N is

a commutative triangle

M

f (k%% )

\

z

with ¢ pure and n finite.

Theorem 12.11. i) Every semialgebraic map f : M- N has a Stein factori-

zation.

ii) If (***) is a Stein factorization and

| T

is any factorization of f with L& finite, then there exists a unique

semialgebraic map h: S--»S1 with hey = ®4 and n1~h = 7.

Proof. i) We choose a proper extension (**) of f with pure embedding
o and a Stein factorization g = mwey of g.

M—-% _ .p

£ lg\\w\~ S
N /

Then ¢ := Yea 1is a pure map and £ = nsp is a Stein factorization of f.

ii) We choose a proper extension of the map (w'®1) M- SxS5,.

M%p

(‘01(91;\ /(u)r‘l)])

st1
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We then have a commutative diagram of maps

P
i
Y x ‘b1
S S
1
oy 0
n f my
N

with y pure (cf. Lemma 12.7.ii) and n and w, finite. Since a has dense
image, wey = LERAPR By Proposition 12.3 there exists a unique semialge-

braic map h: §- 58, with n1-h = n and hey = b,. Hence hep = @ - g.e.d.
According to the second part of this theorem any two Stein factoriza-
tions of a semialgebraic map f are isomorphic. Thus we are allowed to

talk about "the" Stein factorization of f.

Corollary 12.12 (Comparison of Stein factorizations). Let

& P

1 E

—’Q

B

be a commutative square with «,B locally semialgebraic maps and f,g

semialgebraic maps. Let

fMXS
N/

be the Stein factorizations of f and g. Then there exists a unique lo-

cally semialgebraic map y: S->T with yey=8enm and pea = ye.

This can be easily seen by applying the last theorem to the Stein fac-
torization of f and the finite map NxQT-»N obtained by pulling back

Xx: T->Q along B.
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We give an application of Corollary 12.12.

Theorem 12.13. Let

be a commutative square (solid arrows) with f a pure semialgebraic map,
g a partially finite map, and o,B locally semialgebraic maps. Then there

exists a unique locally semialgebraic map vy : N-» P with vyef = a and g.Y=8B.

Proof. If M is semialgebraic then, replacing P by the semialgebraic sub-
space o(M), we may assume that g is finite. In this case our claim is
contained in Corollary 12.12. In the general case we choose an admis-

sible covering (NiliGI) of N by open semialgebraic subsets. For every

1

i €I the set f (Ni) is semialgebraic and the restriction £, : f-1(Ni)-»Ni

of £ is again pure. Thus we have a unique semialgebraic map Y;:N; 2P

1

with geyY; = BINi and Yi-fi = alf (Ni). By the uniqueness statement in

Corollary 12.12 we have YilNirle = YjINilej.

to a locally semialgebraic map Y: N-P with the desired properties.

Thus the Yy, fit together
i

g.e.d.

In the special case where f is the inclusion map Lx[0,1[ < Lx[0,1] for
some space L this theorem means a relative path completion theorem with
parameters for partially finite maps (cf. I, Th. 6.8 for relative path
completion without parameters). It would be interesting to know some-

thing about relative path completion with parameters more generally for

partially proper maps.

Using the Stein factorization f = meyp of a given semialgebraic map
f:M->N we get a hold on the set of all points y € N with f pure at y

(cf. Definition 1).
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Theorem 12.14. For any y €N, the map f is pure at y if and only if

n’1(y) consists of one point. The set of these points y is locally

semialgebraic.

Proof. Since ¢ is pure, f is pure at y if and only if n is pure at y.
Thus we may replace f by n in the whole consideration and assume hence-

forth that f is finite. If f |

(y) is empty then there exists a neigh-
bourhood of y which is disjoint from the closed set £(M). Thus f is

not pure at y. If f-1(y) contains several points Ryree Xy then, by
standard arguments, there exists an open semialgebraic neighbourhood

U of y such that f-1(U) is the disjoint union of open semialgebraic
neighbourhoods V1""’Vr of XqpeoorX, respectively. The preimage f-1(U')

of every semialgebraic neighbourhood U' cU of y is disconnected. Thus

f is not pure at y.

Assume now that f-1(y) = {x}. There exists a triangulation of f such
that y is a vertex of N, hence x is a vertex of M (Th. 6.13; we iden-
tify M and N with the corresponding simplicial complexes). Now f is a
simplicial finite map, hence maps every open simplex of M isomorphical-
ly onto an open simplex of N. For purely combinatorial reasons the
preimage of the open star U of y in N is the open star V of x in M. It
then follows that for every X € ]0,1[ the preimage of the set (1-X)U+i{y}
is (1-2)V+i{x}, and we see that f is pure at y. The last sentence in

this theorem is now evident from Hardt's theorem (Th. 6.3). qg.e.d.

We now want to describe the fibres of the pure factor ¢ of the Stein
factorization £ = ne.p of a given semialgebraic map £ : M- N. Let Con(f)
denote the set of all connected components of the preimages f-1(U) of

all open semialgebraic subsets U of N with UN f(M) #+@.

Lemma 12.15. Let
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be a commutative diagram of semialgebraic maps with x pure. Then

Con(£) = {x ' (W) IWECon(g)}.

Proof. For a given UE€ ¥(N), the preimage f-1 (U) = x-1g-1 (U) is not empty
if and only if g_1 (U) is not empty. Assume that we are in this case and
let Woreoo W be the connected components of g—1 (U). Then f_1 (U) is the
disjoint union of the non empty open sets )(-1 (w1), .. .,)(_1 (wr) , and these
are connected (Prop. 12.5). Thus the )(—1 (Wi) are the connected compo-

1

nents of f ' (U). This gives us the claim in the lemma.

As before, let £ : M>N be a semialgebraic map. For any x € M we denote

by C(f,x) the connected component of x in the fibre f-1f(x) through x.

- We further denote by D(f,x) the intersection of all sets V€ Con(f)

which contain x. We have

1

C(f,x) < D(f,x) © £ f(x).

Lemma 12.15 has the following immediate consequence.

- Lemma 12.16. In the situation of Lemma 12.15,

D(£,x) = x ' (Dla,y(x)))

for every x € M.

. If f is proper then it is pretty obvious that C(f,x) = D(f,x) for every
f x € M. In particular, if f is finite then D(f,x) = {x} for every x € M.
Applying this remark to the finite factor n of a Stein factorization

i f = nep of an arbitrary semialgebraic map f we obtain the desired

i description of the fibres of ¢ from Lemma 12.16.
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Theorem 12.17. For every x €M the fibre w_1w(x) through x of the pure

factor ¢ of a Stein factorization of f coincides with the set D(f,x).
N.B. In particular, the sets D(f,x) are unions of components of f-1f(x).
Another application of Lemma 12.16 gives us

Proposition 12.18. Let

be a proper extension of f with a pure. We regard a as an inclusion map.}

Then, for every x €M

D(f,x) = C(g,x) N M.

It may well happen that D(f,x) #C(f,x), if f is not proper. For example|
let g: P»N be a proper map with connected fibres and let £ : M- N be

the restriction of g to a pure dense locally semialgebraic subset M of
P. Then, by Proposition 12.18, the sets D(f,x) are just the fibres of

f. But some fibres may be not connected.

Most of the results of this section have well known analogues in topo-

logy, cf. [M], [MV].
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§13 - Semialgebraic spreads

We now make a more detailed study of the case where the pure factor
of the Stein factorization of a given semialgebraic map f is an em-

bedding (i.e. an isomorphism onto its image).

Definition 1. A locally semialgebraic map £ : M- N is called a spread
if the following holds for every x€ M: If U runs through the open semi-
algebraic neighbourhoods of y := f(x) then the connected component of

1

X in f—1(U), which we denote by £ (U)x, runs through a fundamental

system of neighbourhoods of x. Of course, a spread has discrete fibres.

We refer the reader to ([F], [M], [M1] for the theory of spreads in

topology.

Examples 13.1. i) Every finite map is a spread.

ii) Every embedding is a spread.

iii) The composite gef of two spreads f: M->N and g: N> L is a spread.
This is obvious, since for any point x € M and any open semialgebraic
neighbourhood U of g+f(x) we have, with y := f(x),

-1 =1, -1
(*) CRINNES S I

iv) A map f : M- N between spaces is called a local isomorphism if every

X € M has an open semialgebraic neighbourhood V such that £(V) is open
and semialgebraic in N and f yields an isomorphism from V onto f (V).
{Notice that here we use the word "local" in aweak sense, but cf. Theo-
rem 13.8 below.} Clearly every local isomorphism is a spread. In parti=-
cular, coverings, to be discussed in Chapter V , are spreads. Also, for

every locally complete space M, the identity map from to M (cf. I,

Mloc
§7) is a local isomorphism and hence a spread.

v) More generally let f: Mo N be a map between spaces. Assume that

every x € M has a neighbourhood U in M, such that the restriction
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flU: U » N is a spread. Then f is a spread.

To prove this fact, let x €M and U be a neighbourhood of x in M such
that flU is a spread. Since M is regular, the setw := {VE€ F(M) IXEV,
V<cU} is a fundamental system of neighbourhoods of x in M. For every
VEM we find an open semialgebraic neighbourhood W of f(x) such that
(fIU)-1(W)Xc:V. Since Vc U, the set (fIU)—1(w)X is not only open and
closed in Ul\f—1(w), but also in f_1(w). Hence f-1(W)x = (flU)-1(w)X.
We see that f is indeed a spread.

vi) A partially finite map between spaces is a spread. This follows
immediately from i) and v).

vii) If M is locally complete, then every map f: M- N with discrete
fibres is a spread. Indeed, every x€ M has a complete semialgebraic
neighbourhood K. The map f[K: K- N is proper and has finite fibres,

hence is finite. Thus f|K is a spread. By v) f is also a spread.

Let £ : X->Y be a simplicial map between locally finite complexes X,Y.
Then f is a spread if and only if flo is injective for every open sim-
plex o of X. Indeed, this condition is certainly necessary since a
spread has discrete fibres. Assume now that flo is injective for every
0 € £(X). As always, we denote the completion of f to a simplicial map
from X to Y by f. Clearly flo is injective for every o € £ (X).Let x € X
be given and y := f(x). It is pretty obvious that f-1(StY(y)) is the
disjoint union of the stars Stx(z) with z running through f‘1(y) (cf.
beginning of the proof of Prop. 7.6). Thus StX(x) is the connected com-
ponent of f-1(StY(y)) containing x. This implies that, for every

A €1]0,1[ the "shrunken star" (1-A)x + Astx(x) is a connected component

1

of £~ ((1-k)y4-AStY(y)). We see that f is a spread.

In the following we focus attention on semialgebraic spreads, i.e.

spreads which are semialgebraic maps. But notice that f: M-N is a
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spread if and only if the restriction f|X of f to every semialgebraic
subset X of M is a spread (cf. 13.1.ii, iii, v). Thus our results will,

to some extent, yield an understandina of arbitrary spreads.

Theorem 13.2. Let £ : M2 N be a semialgebraic map. f is a spread if and

only if the pure factor ¢ in the Stein factorization of f is an embeddino.

Proof. Let M 4 s

N

be a Stein factorization of f. If ¢ is an embedding then both w and ¢

are spreads, hence f is also a spread.

Assume now that f is a spread. Then, for every x€M, the set D(f,x)
introduced in §12 is the one point set {x}. Thus, by Theorem 12.17,
the map ¢ is injective. In order to prove that ¢ is an embedding it
suffices to verify that the bijective map ¢y : M- @(M), obtained from
@ by restriction of the range, is ooen. Let Xx€M, y := @(x). Since ¢
is pure, w_1(n—1(U)y) is connected for every open semialgebraic
neighbourhood U of f(x). Thus by formula (*) in 13.1.iii, we have

-1 1

o'y = £

%"
Applying ¥ to this equality we obtain

-1 _ -1
y(£f (U)x)—n (U)yn(p(M).

Since f is a spread, f—1(U)x runs through a fundamental system of
neighbourhoods of x if U runs through the oven semialgebraic neigh-

bourhoods of f(x). Thus ¢ is indeed open. g.e.d.
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We look for a criterion saying that a given semialgebraic map f: M- N

has a finite extension (in the sense of §12, Def. 3), i.e. a factori-

zation
(**) M % .p
g\\\\ ’///1:
N

with o an embedding and n finite. If such a factorization (**) exists
then, replacing the embedding a by its pure hull a:M->P and n by mwep,
with p the finite projection from P onto P, we obtain a factorization
(**) with a a pure embedding and w finite. This is a Stein factoriza-
tion of f£. Thus a necessary (and obviously sufficient) condition for
the existence of a finite extension of £ is that the pure factor ¢ in
the Stein factorization is an embedding. In view of Theorem 13.2 we may

express this result in the following way.

Theorem 13.3. A semialgebraic map f : M>N admits a finite extension if
and only if f is a spread. In this case we have, up to isomorphism, a
unique finite extension (**) where the embedding « is pure, namely the

Stein factorization of £.
In §6 we have seen that every finite map has a completion which is again
finite (Cor. 6.14). Theorem 13.3 provides us with a new proof of this

result.

Corollary 13.4. Let £: M- N be a finite map and let ¢ : N & Q be a com-

pletion of the space N. Then there exists a unique completion

M%‘p___.}?

/ E

b

Ne— 2+ 5 Q

of £ with T finite and ¢ pure.
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Indeed, Yef is a spread and f,p are the factors of the Stein factoriza-

tion of yY-f.
Semialgebraic spreads can be triangulated. Even the following holds.

Theorem 13.5. Let f: M- N be a semialgebraic spread. Let (Mi|i€I) and

(lejeJ) be locally finite families of locally semialgebraic subsets

—%

~

of M and N respectively. Then there exists a triangulation
X
|
Y——‘P—,

of £ such that every ¢~

M
E ()
N

1(Nj) is a subcomplex of Y and every ®—1(Mi)

is a subcomplex of X.

Proof. We choose a finite extension of f,

and regard M as a subspace of P. If we prove the claim for the finite
map " and the families (M,(MiIiEI» and (NjIjGJ) of subsets of P and N,
then the claim is also proved in the original setting. Thus we may
assume without loss of generality that f is finite. Applying Hardt's
theorem (= Th. 6.3) we choose a simultaneous triangulation ¢ : YN of
N and the sets Nj such that the map f and also every restriction

£IMy M, >N is trivial over y (o) for every open simplex ¢ of Y. Re-
placing y by its first barycentric subdivision we know in addition

that there exists a (unique) triangulation (T) of f which involves the
given triangulation ¢ of Y. (cf. Th. 6.13). We want to verify that, for
every 1€ I, the set X, := ¢-1(Mi) is a subcomplex of X. But this is
obvious: The semialgebraic map glxi: Xi"Y is trivial over every o€X(Y).

Since g has discrete fibres this means that g maps every connected
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component of g_1(0)11Xi isomorphically onto o. Now g-1(0) has as con-
nected components the open simplices 1 of X with g(t) = 0, and g maps
every T isomorphicaily onto o. (This is a general fact for finite sim-
plicial maps, cf. §6). Thus the connected components of g—1(0)ﬂxi

must be some of these simplices t. Running through all o € Z(Y) we see

that xi is a union of open simplices of X. g.e.d.

This theorem implies a comparison statement for open coverings of M

and N if a semialgebraic spread f : M- N is given.

Corollary 13.6. Again, let f: M- N be a semialgebraic spread. Let

(MiIiEI) and (lejEJ) be locally finite coverings of M and N by open
semialgebraic sets. Then there exists a locally finite covering (UkaEK)
of N by open semialgebraic sets and for every k €K, a family (Vk)\ I A€M (k)

consistingofconnectedcomponentsoff-1(Uk)suchthatthefollowingholds:

a) Every Uy is contained in some Nj and every Nj is the union of fini-
tely many sets Uk‘
b) Every Vi, 1is contained in some M, and every Mi is the union of

finitely many sets VkA’

In the special case that f is finite the locally finite covering
(UklkeK) by open semialgebraic sets can be chosen in such a way that
a) and b) hold with (VkXIAEA(k)) the family of all connected components

-1
of f (Uk).

Proof. We choose a triangulation of f as indicated in Theorem 13.5. Re-
placing the triangulations of M and N by their barycentric subdivisions
we may assume the following: M = X, N = Y with strictly locally finite
complexes X and Y. The map f is simplicial and its closure f is finite.
Every Mi is an open subcomplex Xi of X, and every Nj is an open subcom-
plex Yj of Y. Furthermore, every open simplex ¢ <X (resp. oc:Xi) has at

least one vertex lying in X (resp. in Xi)' and every open simplex tcY
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(resp. Tt:Yj) has at least one vertex lying in Y (resp. Yj). In this
situation it is easily verified that the covering (Uklkﬁx) with Uk
running through the open stars StY (w) with w€ E(Y) N Y and the families
(VkA|X€A(k)) with ka running through the open stars Stx(v) with

v E f_1(w), where Uk==StY(w) have the desired properties. g.e.d.

We defined a spread by a local condition in the weak sense (cf. Def. 1
above). As a consequence of Theorem 13.5, or its Corollary 13.6, we now

see that semialgebraic spreads can be characterized by a local condition

in the strong sense.

Definition 2. A base of a space N is a subset £ of ¥(N) such that every

UE ¥(N) is the union of a finite family in £ .

Proposition 13.7. Let £ : M2 N be a semialgebraic map and let £ be a base

of N. Let Con(f,£) denote the set of all connected components of all
sets f—1(B) with B running through £. The map f is a spread if and only

if Con(f,£) is a base of M.

Proof. Lf Con(f,£f) is a base of M then it is evident directly from De-
finition 1 that f is a spread. Assume now that f is a spread, and let
X€ ¥(M) be given. We have to verify that X is the union of finitely
many open sets in Con(f,f). Choosing an open semialgebraic set Uo f(X)
in N we may replace N by U, M by f—1(U), f by its restriction from
f-1(U) to U and L by {WEL|WcU}. Thus we may asssume without loss of
generality that M and N are semialgebraic. Applyina Corollary 13.6

to the covering {N} of N and the coverinag {M,X} of M, we obtain a
finite family {U1,...,Ur} in ¥(N) and for every U, a (finite) family
(Vij|j€|J(i» of connected components of f-1(Ui) such that X is the
union of all Vij with i€ {1,...,r}, j€JI(i). Choosing for every Uy

a finite family (BiXIAEA(i» in £ with union Uy it is evident that
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X is the union of some of the components of the preimages f_1(BiX)’ and

these are finitely many elements of Con(f,£). g.e.d.

Using the method in the proof of Theorem 13.5 and Corollary 13.6 we can

also verify that a local isomorphism, as defined in 13.1.iv, i.e. "in

the weak sense", is actually a local isomorphism "in the strong sense".

Theorem 13.8. Let £: M>N be a local isomorphism between spaces. Then
there exists a locally finite covering (UXIAGA) of M by open semialge-
braic sets such that, for every A€ A, f yields an isomorphism of Uy
onto an open semialgebraic set f(UA) in N. If f is semialgebraic we

can find such a covering (UA|A€A) with (f(UA)IAEA) also locally finite.

Proof. We may assume that M and N are semialgebraic. Now run through
the proof of Corollary 13.6 again with (M;li€I) = {M}, (lej€J) = {N}.
We choose as the sets Uy the open stars Stx(v) with v € E(X) nX. Since
f maps a small neighbourhood of v isomorphically onto a small neigh-
bourhood of w := f(v) it is evident that f maps Stx(v) isomorphically

onto StY(w). Thus the covering (Stx(v)IV'EEHX)r1X) of X has the desired

properties. g.e.d.

Theorem 13.8 has first been proved in full generality by Roland Huber
at Regensburg. He actually proved a more general theorem by an elemen-
tary direct method, which is independently interesting. We shall pre-
sent a jazzed-up version of his theorem and proof in the next section

(Huber worked only in the semialgebraic setting).
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§14 - Huber's theorem on open mappings

A locally semialgebraic map f: M- N is called open if the image of any
open semialgebraic set is open. This means that f is open in the topo-

logical sense with respect to the strong topologies on M and N.

Theorem 14.1 (Huber). Let £ : M->N be an amenable map (cf. §6) between
spaces. Assume further that f is open and every point x€ M has an open
semialgebraic neighbourhood‘V such that £|V: V-N has connected fibres.
Then there exists an admissible covering (Mi|i€I) of M by open locally
semialgebraic sets such that, for every i€ I, the fibres of flMi: Mi-»N
are connected components of fibres of f. If the components of all fibres
of f are semialgebraic then (Mili€I) can be chosen as a locally finite

covering with semialgebraic sets M.

Examples 14.2. The assumptions of the theorem are fulfilled in the

following cases.

a) £ is a semialgebraic local isomorphism. In this case the theorem
gives our previous result Theorem 13.8 anew.

b) M is an open locally semialgebraic subset of the product LxN of

two spaces and f is the restriction to M of the canonical projec-

tion LxN - N.

In order to prove Theorem 14.1 we choose a suitable triangulation of N
and then assume that N is a locally finite simplicial complex Y and £

is trivial over each open simplex o of Y.

Let L (M) denote the set of all connected components of all inverse
images f_1(o) of all open simplices o€ £Z(Y). Clearly Z(M) is a locally
finite partition of M into locally semialgebraic sets. We use the

notation I (M) since - as we shall see - I(M) is a "stratification"
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of M (in a mild sense) similar to the stratification Z(Y) of Y into
open simplices. The proof will be similar in spirit to the considera-
tions in §6 about triangulations of partially finite amenable maps,

where such a "stratification" was also studied.

We already start to call the sets S € (M) the strata of M. Since f is
trivial over each o€ I(Y), f maps every stratum S onto a whole open
simplex ¢ of Y and, for every y € ¢, the intersection SN f"1 (y) is a

1

connected component of f '(y). We divide the proof of Theorem 14.2

into several steps.

First (and most important) step. If N and S, are different strata

with £(S,) = £(S,) = o, then 's—1n_2 = @.

Proof. Suppose there exists a point X € S1 n§'2". Then y := f(x) is a
point in 3c¢. We choose an open locally semialgebraic neighbourhood V
of x such that f|V has connected fibres. Then we choose some U € ¥ (M)
with x€ UcV. Finally we choose some open semialgebraic neighbourhood
W of £(x) in N with We £(U) and Wn o connected. This is possible since
f is open. Let I (M,c) denote the set of all strata S€ r (M) with

£(S) = o, and let A denote the subset of all S€ £(M,c) with

Unf-1(W) NS+@. The set A is finite since £ (M) is locally finite.
Clearly both S1 and 52 are elements of A. For every S € A the set

f(un f'_1 (W) N S) is open semialgebraic in Wn o and

(%) Wno = U £(UNE (W) nsS).
sen

This is clear since f is trivial over ¢, £ (M,g) is the set of connected
-1 .
components of £ (g), and £ is open. For every y€ Wn ¢ we have

-1

el yynves T y)ynves

with a unique S € A. Thus the right hand side of (*) is a disjoint

union of non empty open semialgebraic subsets of WN o, and there are
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at least two such sets. This contradicts the fact that WN o is connected.

We conclude that S, nS_2 = @.

2nd Step. For every o € I(Y) we have f—1(o) = f_1(3).

1

Indeed, £ (o) c£ ' (3). Given a point x € £71(3) and an open neighbour-

hood V of x we have £(V) No+ @ since £(V) is open. Thus VN f-1(0) + 0,

and we see that x € f-1(0).

3rd Step. Let ¢ and T be open simplices of Y with Tco. Then, for every

stratum S<:f_1 (6), the intersection Sn f"1 (1) is a union of strata
Tt (7). Every stratum Tc £ (1) lies in the closure § of a unique

stratum S < f._1 (o).

proof. £ | (1) cf—1(3) = f_1(o), and f-1(o) is the disjoint union (cf.

step 1) of the closures S of the connected components S of f-1(0). Thus

f_1 (t) is the disjoint union of the closed semialgebraic sets Sn f—‘l

(1)
with S running through the strata Scf—1 (0). This gives both results.

g.e.d.

Remark. SN f:'_1 (t) may consist of several strata as the following

picture shows.

./
Q
 3s

N

<

Here M is an open subset in IR2, f is the projection onto the first

coordinate axis, and Y is an open interval subdivided by one point.
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For every T€ L (M) we define the star StM(T) as the union of all S €I (M)
with S>T. Since the star StY(T) of 1 :=£f(T) consists of finitely many
cpen simplices, it is evident from the third step that StM(T) consists

of finitely many strata. In particular, StM(T) is locally semialgebraic.
4th Step. StM(T) is open for every TE€ L (M).

Proof. If S is a stratum of M with S$ T then S is disjoint from StM(T).
Thus the complement of StM(T) in M is the union of the family
(SIs€xr(M), S$T). The family (SIS€ I(M)) is locally finite since I (M)

is locally finite. Thus this union is closed. g.e.d.

5th Step. For every T€ I (M) the fibres of fIStM(T) are connected

components of the fibres of f.

Proof. Let T :=£(T). The image f(StM(T» is a subcomplex of StY(T) which

contains 1. Let y€ f(StM(T» and let ¢ denote the unique open simplex of

1

StY(T) containing y. By Step 3 there exists a unique stratum Scf (o)

1

with S>T. Thus f-1(y)rWStM(T) = f (y)Nns, and this is a connected com-

ponent of f—1(y).

6th Step. The covering (StM(T)lTE Z(M)) of M is admissible. Indeed,
every U€ ¥(M) can be covered by finitely many strata. A fortiori, U can

be covered by finitely many stars.

If the connected components of the fibres of £ are semialgebraic, then
the strata of M are semialgebraic, hence also their stars are semialge-
braic. Now the closure S of a stratum S is the union of finitely many
strata, and these are precisely all T€ (M) such that SiWStM(T)¢ D.

Thus the family (StM(T)lTE L (M)) is locally finite.
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Altogether we see that the theorem holds with the covering

(Mi|iEI) := (StM(T)ITG (M) .

We ask for the relations between our stratification of M and analogous
stratifications of suitable subspaces of M. This leads to a refinement

of Theorem 14.1.

Theorem 14.3. Let f: M->N be a locally semialgebraic map between spaces.
Assume that (X(X)IX€X) is a family of locally semialgebraic subsets of
M such that, for every A€ A, the restriction fIX(}) : X(A) » N fulfills
the assumptions made about f in Theorem 14.1. Assume further that the
family of sets (£(X(X)) IX€A) is locally finite in N. (N.B. Every set
f(X(})) is locally semialgebraic since f|X(X) is amenable.) Then there
exists, for every XefA, a locally finite covering (X(XA,1i)|i€I (X)) of
X(X) by open locally semialgebraic subsets of X(i), and, for any two
indices A,u€N with X(X) eX(u), a map wuk : I(A) »I(u) such that the
following holds.
a) The fibres of £|X(A,i) are connected components of fibres of fIX(}).
b) If X(A) cX(u) then every set X(X,i) is contained in X(“’mpk(i» and
every set X(u,3j) N X(X) is the union of all X(X,i) with X(u'wuk(i» c
< X(u,3).

c) If X(X) «X(u) €X(v) then PuutPun = 9y

Example 14.4. Let f: M- N be an open locally semialgebraic map between

spaces. Assume that every x € M has a fundamental system of open semial-

gebraic neighbourhoods V such that f|V has connected fibres. Let
(ZK|K€K) be any family of open semialgebraic subsets of M such that the
family (f(ZK)IKEK) is locally finite in N. Then the assumptions of the
theorem hold for f and the family (X(X)IX€A) of all intersections of

finitely many sets ZK. Indeed, the family (£(X(A)IXEA) is again locally
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finite. Every X()) is open and semialgebraic in M. By Hardt's theorem

(Th. 6.3) every restriction flX(X) is amenable.

Proof of Theorem 14.3. For every A€l we choose a locally finite parti-

tion (AAKIKEK(A» of f£(X())) into semialgebraic sets such that flX(})

is trivial over each L The family (AAK|X€A,K€K(X» is locally finite
in N. We choose a simultaneous triangulation of N and this family. Then
we may assume that N is a locally finite simplicial complex Y such that,
for every Xe€A and every c€Z(Y), the map fIX(A) is trivial over o. Thus
we have, for every X€A, the stratification I(X(A) of X(A) constructed

T(o).

above, whose strata are the connected components of the sets X(X) N f
We define I(X) := Z(X(X)) and, for every T€I(A), we define X(A,T) :=
Stx(x)(T). If X(A) <cX(u), then every stratum T€ I()) is contained in a
unique stratum T' € I(u) and we define qu(T) = T'. In this setting the

claims a), b), c) in the theorem are evident. g.e.d.

We now state a consequence of Theorem 14.1 for the theory of Stein

factorizations.

Theorem 14.5. We consider the Stein factorization

of a proper map f. The following are equivalent.
i) ¢ is open and nm is a local isomorphism.
ii) f is open and every point x € M has an open semialgebraic neighbour-

hood V such that the fibres of f|V are connected.

Proof. i) = ii): This is the trivial direction. Of course, f = we@ is

open. Given a point x €M we choose an open semialgebraic neighbourhood
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W of ©(x) which is mapped isomorphically onto an open semialgebraic
neighbourhood U of f(x) under n. Then V := w_1(W) is an open semialge-
braic neighbourhood of x, and the fibres of f|V are connected components
of fibres of f.

ii) = 1i): By Theorem 14.1 we have a locally finite covering (MiIiGI) of
M by open semialgebraic subsets Mi such that, for every i€ I, the fibres
of fIMi are connected components of fibres of f. Since f is proper this
implies that every M, consists of full fibres of ¢. The image Si =
w(Mi) is a semialgebraic subset of S, and Mi = w-1(Si). Again using that
¢ is proper, we conclude that S\Si = m(M\~Mi) is closed in S, hence Si
is open in S. The family (SiliEI) is a locally finite covering of S.
Every Si is mapped under n onto the open semialgebraic subset N, :=
f(Mi) of N. We consider the restrictions @0, My > Siv ®; ¢ S; =~ N., and
fi = n,eQ, : Mi -» Ni of ¢, n, f respectively. The fibres of ®0; coincide

1 1

with the fibres of fi' Thus m is bijective. Since fi is open, n is

also open. We see that n is an isomorphism from Si onto Ni and that

@0, = my ofi is open. Thus n is a local isomorphism and ¢ is open.

g.e.d.
The finite maps which are local isomorphisms are just the finite
coverings to be studied in Chapter V. Theorem 14.5 indicates a source

of examples of finite coverings.




Chapter III - Homotopies

§1 - Some strong deformation retracts

In this whole chapter a space means a regular paracompact locally semi-
algebraic space over some fixed real closed field R. In particular, a
semialgebraic space is always assumed to be affine. A map between

/
spaces M and N is implicitly assumed to be locally semialgebraic. If

we do not mean this we call the map "set theoretic" or "map between

the sets M and N".

In this section we recall some theorems about the existence of strong
deformation retractions which were proved for semialgebraic spaces in
the papers [DK3] and [DK5]. The proofs there generalize word for word
to the locally semialgebraic setting. We start with some obvious de-

finitions.

Definitions 1. a) Let f and g be two maps from a space M to a space N.

A homotopy from f to g is a map H: Mx[0,1] >N such that Hy = f and

Hy = g. Here H denotes the map xw»H(x,t) from M to N (t€ [0,1]). As

t
before the unit interval [0,1] in R will often be denoted by I.

b) A subspace A of M (= locally semialgebraic subset of M) is called

a retract of M if there exists a map r: M->A with r|A = idA. Notice
that then A must be closed in M. Any such map r is called a retraction

from M to A.

c) A subspace A of M is called a strong deformation retract of M if

there exists a homotopy H: MxI »M such that H is the identity of M,
H1 is a retraction from M to A and H(a,t) = a for every a€A, t€I.

We then call H a strong deformation retraction from M to A.

Theorem 1.1 (cf. Theorem 2.1 and 2.7 in [DK5]). Let A be a closed sub-
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space of a space M. Then there exists a locally semialgebraic open
neighbourhood U of A in M and a semialgebraic strong deformation re-
traction H: Ux[0,1]1 U from the closure U of U in M to A such that

restricting H to Ux[0,1] yields a strong deformation retraction from

U to A.

Remark. The map H is obtained from the retraction r used in II, Prop.
10.8 in an easy way: Choose a simultaneous triangulation of M and A.
Then take for U the open star of A in M with respect to the second

barycentric subdivision and put
H(x,t) = (1-t)x+ tr(x),

cf. [DKg, §21.

Proposition 1.2 (Extension of maps to a neighbourhood, [DK5, Prop. 4.1]).
Again let A be a closed subspace of a space M and let U be a neighbour-
hood of A with the properties claimed in Theorem 1.1. Any map £: A->2Z
into some space Z extends to a map g: U-2. If 94 and g, are two exten-
sions of f to U, then there exists a homotopy G : UxI -2 with Gy = 99+

G1 =g, and thA = f for every t € I. (The same is true with U replaced
by U.)

This is an easy consequence of Theorem 1.1. Indeed, let H: UxI-»TU be a
strong deformation retraction from U to A. Define g := foH1 and define

G:UxI»Z as follows:

g1'H(x,2t),
G(x,t) = {

g2°H(x,2(1—t)),

Theorem 1.3 (cf. Th. 5.1 in [DK5]). If A is a closed subspace of a space

M then (AxI) U (Mx{0}) is a strong deformation retract of MxI.

The fact that (AxI) U (Mx{0O}) is a retract of MxI means that the pair
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(M,A) has the "homotopy extension property".

Corollary 1.4 (Homotopy extension theorem). Let A be a closed subspace
of a space M. Given a map g : M- Z into some space Z and a homotopy
F:AxI-»2Z with Fy = glA there exists a homotopy G : MxI -2 with Gy, =g

and G|AxI = F.

MxI
J - N G

~
~
~

-
_—_—
(AxI) U (Mx{0}) FUg vA
Indeed, we obtain G by composing FUg with a retraction from MxI to

(AxI) U (Mx{0}).

As before, a complex means a geometric simplicial complex. In the
following we shall often work with weak triangulations (cf. II, §6)

of spaces instead of triangulations, i.e. we shall use locally finite
instead of strictly locally finite complexes. This is a minor point in
the theory since we usually have enough triangulations at our disposal,
but we feel that the methods become clearer if we use weak triangula-
tions. By the way, in the proof of Theorem 1.1 it was already sufficient

to take a weak simultaneous triangulation of M and A.

Definitions 2. a) A subcomplex Y of a complex X is called tame in X if,

for every open simplex ¢ of X, the following two conditions are ful-
filled.

i) If ocY then at least one vertex of ¢ is a point of Y.

ii) If every vertex of ¢ lies in Y then occY (thus also ocnXcV).

b) A simultaneous weak triangulation ¢ : X 5 M of a space M and a sub-
space A of M (i.e. ¢ is a weak triangulation of M and o () is a

subcomplex of X) is called good on A if the complex w-1(A) is tame

in X.
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It is an easy combinatorial exercise to verify

Remark 1.5. For every subcomplex Y of a complex X the barycentric sub-
division Y' is tame in X'. Thus, if ©: X M is a simultaneous trian-
gulation of a space M and a subspace A, then the barycentric subdivi-
sion @' : X' =M of ¢ (which as a map between spaces is the same as ©)

is good on A and on M.

Definitions 3. a) The core of a complex X is the subcomplex Z of X

consisting of all open simplices 0 € £(X) with ccX. In other words, Z
is the unique maximal subcomplex of X which is closed. We denote the

core of X by coX.

b) The core of a space M with respect to a weak triangulation ¢ : X M

is the partially complete subspace @(coX) of M. We denote this subset
of M by co(M,9). If A is a subset of M such that gp_1 (A) is a subcomplex
Y of X, i.e. ¢ is a simultaneous triangulation of X and A, then by the
core of A with respect to ¢ we mean the set co(A,plY). We will write

co(A,y) instead of co(A,@lY).

Proposition 1.6 (cf. Prop. 2.5 in {DK3] and its proof). Let ¢: X 5M

be a simultaneous triangulation of M and A which is good on A. Let U
denote the image under ¢ of the open star StX(co Y) of the core of
Y := cp-1(A). Notice that UosA. There exists a semialgebraic strong

deformation retraction H: UxI -»U from U to co(A,y) whose restriction

to AxI is a strong deformation retraction from A to co(Aa,q).

The map H is given by an explicit formula [DK3, p. 26] which is so

simple that we have space here to write it down. We identify X with M
assuming ¢ = idx. Then H(x,t) = (1-t)x+tr(x) (x€U, t€I) with a re-
traction r: U-coY defined as follows. If o is an open simplex in U,

g = ]eo,...,en[ with ei€Y for 0<i<m and eiQY for m<i<n , then
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n m m
-1 \
(*) r ( T t.e.\ - z t.\ I t.e.
(all ti >0, to + ... +tn = 1). We call r the canonical retraction from

U to coY. Incidentally, the retraction used in II, Prop. 10.8 and in

Theorem 1.1 is defined by a generalization of the formula (*), cf.

[DKS, §27.

Corollary 1.7. Let M be any space and K be a partially complete sub-

space of M. Then there exists a partially complete subspace L>K in M

such that L is a strong deformation retract of M.

Indeed, choose a simultaneous triangulation ¢ : X 5M of M and K. Then
the core L = co(M,9') of M with respect to the barycentric subdivision
@' of ¢ has the desired properties (apply Remark 1.5 and Prop. 1.6

with A = M).

For any complex X which is tame in X we denote the canonical retraction
from X to coX by Iy- (Caution: Ty is almost never a simplicial map!)

We state two observations on canonical retractions for later use.

Proposition 1.8. Let X be a complex which is tame in X and let Y be a

subcomplex of X with YNcoX <Y (for example, Y closed in X). Then Y
is tame in Y and coY = YN coX . The canonical retraction ry: Y->coY
is the restriction of Tyt X->coX toyY.

We leave the easy proof to the reader.

Proposition 1.9. Again let X be a complex which is tame in X and let

Y be a subcomplex of X. Assume that every o € £(Y) has at least one ver-
tex contained in Y, and further that YNcoX is open in coX (for

example, Y open in X). Then Y is tame in X and the restriction of ry to
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Y is a retraction from Y to YN co X, which is linearly homotopic to idY.

Proof. Let 0 = ]eo,...,en[ be an open simplex of X all whose vertices
e, are points in Y. Since X is tame in X we know that cccoX . Since
e, €YNcoX and YNcoX is open in coX we conclude that cc¥ncoX

and a fortiori occY. Thus Y is tame in X.

Now let o = ]eo,...,en[ be an open simplex in Y. We may assume that
eOGY, eiGX for 0<i<m, and ei¢X for m<i<n, for some mé€ {0,...,n}.
Then rx(o) = ]eo,...,em[. This is an open simplex of coX contained in
Stcox (eo) and e, is a vertex of YN coX. Since YNcoXis open in co X

we conclude that rX(o) <YNcoX . The remaining assertions of the pro-

position are now obvious. g.e.d.
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§2 - Simplicial approximations

We consider (r+1)-tupels (M,M1,...,Mr) consisting of a space M and sub-

spaces M1""’Mr of M (r>0). Such a tupel is called a system of spaces.

If M is a locally finite simplicial complex X and M, is a subcomplex Xy

of X (1<i<r), then it is called a system of complexes.

A map
f: (M,M1,...,Mr) - (N,N1,...,Nr)

between such systems of spaces is, of course, a (locally semialgebraic)
map f: M- N with f(Mi)c:Ni. Such a map f is called an isomorphism if
f: MsoN is an isomorphism of spaces and f(Mi) =Ny for i = i,...,r.

Then f induces isomorphisms MilsﬁNi.

A homotopy between two maps f,g from (M,M1,...,Mr) to (N,N1,...,Nr) is

a map

H: (MxI, M xI,...,erI) - (N,N ”"'Nr)

1 1
with Ho = f and Hy =g. If such a homotopy exists we call f and g homo-
topic and write f~g. Similarly we transfer all the usual terminology

from topological homotopy theory to the category of spaces over R.

We denote the homotopy class of a map £ from (M,M1,...,Mr) to
(N,N1,...,Nr) by [f] and the set of all these homotopy classes by

.,N_)]. The goal of the next three sections

CM,My, e M), (NN, . r

will be to obtain some insight into the general nature of these homo-
topy sets. (We shall prove two "main theorems"). A major tool for this
purpose are simplicial approximations, to be explained now. We have to
be a little more careful than in the topological theory since our sim-

plicial complexes are not necessarily closed.
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By a weak triangulation (resp. triangulation) of the system

(M,M1, ""Mr) we mean a simultaneous weak triangulation (resp. trian-

gulation) of M, My "”Mr' This is nothing more than an isomorphism

©: (X, Xq, 000, X)) = oM,M CM)

qree
with X a locally finite (resp. strictly locally finite) complex and

Xire-- ,Xr subcomplexes of X.

Definitions 1. a) A system of complexes (X,X1,...,Xr) is called tame

if X is tame in X (cf. §1) and every X.l is tame in ii‘ In particular

(xr 0) we call a complex X tame if X is tame in X.
b) A weak triangulation ¢: (X,X1,...,Xr) = (M,M1,...,Mr) of a system

of spaces is called good, if (X,X1,...,Xr) is tame.

Notice that a weak triangulation ¢ : (X,X1 PR ,Xr) = (M,M1 yeoe 'Mr) is
good if and only if all the triangulations @ : X —M, q)IXi : Xi —:»Mi

(1 <i<r) are good.

By Remark 1.5 the first barycentric subdivision ¢' : (X' ,X1 Y e ,Xr') =

Ié (M,M1,...,Mr) of any weak triangulation ¢ : (X’X1""’xr ) = (M, M, ,...,Mr)

is good. Also, if the subspaces Mi are closed in M, then a weak trian-
gulation ¢: (X,X1, ...,Xr) = (M,M1, ...,Mr) is good if and only if the

weak triangulation ¢: X —M is good (cf. Prop. 1.8).

Definition 2. The core of a system of complexes (X,X1,...,Xr) is the
system (co X ,X1 NcoX,... ,Xr NcoX). It will be denoted by
co(X,X1 PN ,Xr) . The inclusion map from co(X,X1 PR ’Xr) to

(X,Xq,...,X.) will be denoted by j, {or more precisely by j(X,X1,...,Xr)}'

Usually only the cores of tame systems of complexes will be considered,
since otherwise co(X,X1, . ..,Xr) may have little in common with

(X,X1,...,Xr). We often will need an even stronger condition than tame-
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ness which guarantees that jX is a homotopy equivalence, so that we can

replace (X,X1,...,Xr) by its core in homotopy considerations.

Definition 3. A system (X,X1,...,Xr) of complexes is called well cored
if the system is tame and if the canonical retraction Iy: X-coX (cf.
§1) maps every Xi into itself, hence onto Xirlco)(. We also denote the

induced map from (X,X1,...,Xr) to co(X,X1,...,Xr) by Iy (or more precise-

ly by r

(X, X X )) and call it the canonical retraction of the system |
I1I'°'Ir

(X,X1,...,Xr).

If (X,X1,...,Xr) is well cored then the canonical retraction
Tyt (X,X1,...,xr) - co(X,X1,...,Xr) is a homotopy inverse of the in-

clusion map jX. More precisely, r is the identity of co(X,X1,...,Xr)

x°Ix
and jX°rx is linearly homotopic to the identity of (X,X1,...,Xr).

By Propositions 1.8 and 1.9 a tame system (X,X1,...,Xr) is well cored

i
if, for every i€ {1,...,r}, either Yi{1cox cX, or XifICoX is open in
coX.

Proposition 2.1. Let (X,X1,...,Xr) be a tame system of complexes. Assume

that every subcomplex Xi is locally closed in X (i.e. Xi is open in
?iIWX or, what means the same, Xi is closed in StX(Xi)). Then

(X,X1,...,Xr) is well-cored.

Indeed, we know that rX(Z)c:Z for every subcomplex Z of X which is

closed or open in X. The same holds for an intersection Z = 2,012, of
subcomplexes with Z, open and Z, closed in X.
Definition 4. a) Let f : (M,M1,...,Mr) - (N,N1,...,Nr) be a map between

systems of spaces. A simplicial approximation to f is a triple (¢,V¥,9)

consisting of good weak triangulations ¢ : (X'X1""'Xr) SQ(M,M1,...,Mr),
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/" (Y'Y‘I""’Yr) - (N,N1,...,Nr), and a simplicial map
g: co(X,X1,...,Xr) - co(Y,Y1,...,Yr)

such that, for every vertex e of co(X),
-1
% °f‘tD(StX(e)) c StY(g(e)).

b) If £ : (X,X1,...,Xr) - (Y,Y1,...,Yr) is a map between tame systems

of locally finite complexes, then by a simplicial approximation to f
we usually mean just a simplicial map g from co(X,X1, ,xr) to
co(Y,Y1, ...,Yr) such that the triple (¢,¥,q), with ¢ and ¢y the identity
maps of (X,X1 PR ,xr) and (5{,3{1 Pees ’Yr) , is a simplicial approximation

to £ in the sense above.

Notice that a simplicial map g: co(X,X,I P ,Xr) - co(Y,¥q,... ,Yr) is a
simplicial approximation to f : (X,X1 PR 'Xr) - (Y,Y1 PR ,Yr) if and
only if g:coX - coY is a simplicial approximation to f: X-Y. In
this case g maps co Xi into co Yi and the restriction glco Xi T co Xi -

coy, is a simplicial approximation to fIXi : X, » Y, (1<i<r). Also,

i i
if k: co(Y,Y1,...,Yr) - co(Z,Z1,...,Zr) is a simplicial approximation
to a second map h: (Y,Y1,...,Yr) - (Z,Z1,...,Zr) between tame systems

of locally finite complexes, then keg is a simplicial approximation to hef.

Lemma 2.2. Let f: X->Y be a map between tame locally finite complexes,
and let g: coX - coY be a simplicial map. Then g is a simplicial
approximation to £ if and only if, for every x € X, the following con-

dition holds:
(%) £(x) € p€x(Y) = gery(x) €p.

(Recall that ry is the canonical retraction from X to coX) .

Proof. Let x € X be given. Let ¢ := ]eo,...,en[ be the open simplex of

X containing x, and let p be the open simplex of Y containing f(x). We

assume that eiex for O<i<m and eiQX for m<i<n (m>0, recall that
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X is tame). Then rx(o) is the simplex ]eo,...,em[ in coX, and g-rx(c)
is the open simplex T spanned by the vertices g(eo),.. .,g(em) . On the
other hand, f(x) is contained in the intersection of the sets

f(sty(e;)) with 0<i<m.

Assume that g is a simplicial approximation to f. Then f(x) is contained

in the intersection of the sets St,(g(e;)) with O0<i<m, which is the

star StY(T) of 1 in Y. Thus we also have DCStY(T), i.e. Tcp. Since

g-rx(x) € 1, the condition (*) is verified.

Assume now that condition (*) holds for every x € X and assume that
our point x lies in Stx(e) for some e€ XNE(X). Then e is one of the

vertices € reere . We conclude from (*) that T is a face of p, which

m
implies that g(e) is a vertex of p, i.e. pcstY(g(e)). Thus

f(sty(e)) < Sty(g(e)). q.e.d.

Proposition 2.3. Let f: (X,X1,‘..,Xr) - (Y,Y1,...,Yr) be a map from a

well cored system to a tame system of locally finite complexes. Let
g: co(X,X1 PR ,Xr) - co(!(,Y1 PR ’Yr) be a simplicial approximation to
f. Then the maps f and ong~rx from (X,X1,...,xr) to (Y'Y1""’Yr)

are linearly homotopic.

Proof. We put Xy = X, Y, := Y. Let a point x € X be given for some
k€ {0,...,r}. Let p be the open simplex of Yy containing f(x). By
condition (*) in Lemma 2.2, the half open line segment [f(x),gcrx(x)[

is contained in p, hence in Yk‘ Since r,, maps Xk to X, NcoX, the

X k

point g-rx(x) lies in Ykn coY =Y. Thus the closed line segment
[f(x),gerx(x)] is contained in Y, , more precisely, in YknE. This

implies the proposition. g.e.d.

This proposition gives the reason why simplicial approximations are
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interesting to us in homotopy theory. Under favourable conditions it

tells us that, up to homotopy, we may replace a map between triangula-
ted systems of spaces by the composition of a canonical retraction, a
simplicial approximation and an inclusion. This map is a much simpler

map than the original one.

But we still have to show that simplicial approximations exist under
fairly general assumptions. We first state another obvious consequence

of Lemma 2.2 which gives us a hint as to how to construct simplicial

approximations.
Remark 2.4. Let g: co(x,X],...,Xr) - co(Y,Y1,...,Yr) be a simplicial
approximation to a map f : (X,X1,...,Xr) - (Y’Yl"“'Yr) between tame

systems of complexes. For every vertex e € E(X) N X the point g(e) is
a vertex of the open simplex p of Y which contains f{e). In particular,
if the restriction flxi: X

; ~ Y, is simplicial for some i€ {1,...,r},

then the maps flco Xi and glco X, from co Xi to co Yi are equal.

Theorem 2.5 (Existence of simplicial approximations). Let

f: (M,M1,...,Mr) - (N,N1,...,Nr) be a map between systems of spaces.
ror every index i€ {1,...,r} assume that either M, is closed in M or

N, is locally closed in N. Let ¢: (X Xqreee X)) SQ(M,M1,...,Mr) and

m :(Y,Y1,...,Yr)-:;(N,N1,...,Nr) be weak triangulations of (M,M;,...,M)
and (N,N1,...,Nr). Assume that (X,X1,...,Xr) is tame and that the
system (Y,Y1,...,Yr) is the first barycentric subdivision of another
system of complexes. Assume finally that ¢~1nf.w maps every open sim-

plex of X into an open simplex of Y. Then there exists a simplicial

map
g: co(X,X1,...,Xr) - co(Y,Y1,...,Yr)

such that (¢,y,g9) is a simplicial approximation to f.
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Proof. We assume without loss of generality that (M,M1,...,Mr) =
(X,X1,...,Xr), (N,N1,...,Nr) = (Y,Y1,...,Yr) and that ¢,y are the
identity maps. We put XO = X, Yo := Y. Fcr any 1€ Z(Y) we denote

the intersection of all Yi’ O0<i<r, with Tch by Y(t). Since
(Y,Y1,...,Yr) is the barycentric subdivision of another system of com-

plexes the complex Y(1) is tame in Y(r7).

Recall that, for any complex Z, we denote the set of vertices of Z by
E(Z) and the abstraction of Z by K(2) = (E(2),S(Z)) (II, §3). We set
out to define an abstract simplicial map u: K(coX) = K(coY). For
any o € £(X) the support supp f(c) of f(o) is defined as the unique
simplex T € Z(Y) which contains f (o) (by the last assumption in the
theorem). For every vertex e of coX, i.e. e€ XN E(X), we choose a
vertex py(e) of p := supp f(e) which lies in Y(p). This is possible

since Y(p) is tame in Y(p). In this way we obtain a map

us: E(coX) - E(coy) .

We claim that y is a simplicial map from the abstract complex K(co X)
to K(coY). Let {eo,...,en} be the set of vertices of some open sim-
plex cccoX . We want to verify that u (eo) s oo ol (en) are the vertices
(possibly with repetitions) of some T € £(Y). Then Tcco(Y) and we are

done.

Let o denote the support of f(¢). We have f(e;) € f(0) cp for every
i=0,...,n. Thus the support 0; of f(ei) is a face of p and u (ei)

is a vertex of p in Y. The points u (eo),...,u (en) span a simplex T of
Y. Since Y is tame in Y this simplex 1 lies in Y and our claim is
proved.

If e is a vertex of co(Xk) for some k€ {1,...,r} then f(e) €Y, and

k
hence u(e) € E(Yk) ny, = E(co Yk) by definition of u. This implies that
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1 maps the subcomplex K(co Xk) of K(coX) into K{(co Yk) .

The realization g = lul of u is a simplicial map from coX to coY
which maps coX, into coY, for 1<k <r. We claim that g: coX »co¥Y

is a simplicial approximation to f: X->Y. We have to verify that, for
a given vertex e € XNE(X), the set f(Stx(e)) is contained in StY(g(e)) .
Let ¢ be an open simplex in StX(e), and let p denote the support of
f(o). Since e is a vertex of o we have f(e) € £(0) « p. Thus supp f(e)

is a face of p and g(e) = u(e) is a vertex of p. This means pcStY(g(e))

and implies that f(0) €Sty (g(e)).

We finally have to verify, for a given index k€ {1,...,r}, that g maps

ancoX into YkncoY . If Xk is closed in X then ancoX = coXk

(cf. Prop. 1.8), and we already know that g(co Xk) is contained in
co Yk cYkn coY. If Xk is not closed in X then, by assumption, Ykn coY

is locally closed in coY. This means that YkncoY = Z, NU_ with

k k

Zy =Yy NcoY and U, =8t (Yk ncoy) =StcoY(co Yk) . Since g is sim-

coyY
plicial and maps co Xk into co Y, we have g(anco X) cq(StCox (co Xk))c
StcoY (co Yk) = U, . It remains to verify that g(anco X) CZk' Since

f is continuous, f(ikn co X) c:Zk. In particular, for every open simplex
o = ]eo,...,en[ in X, NcoX, the point f(e.l) lie in Zy. Thus suppf(ei) c
Zk' which implies that g(ei) = p(ei) € Zk' Since Zk is tame in coY the

simplex ]g(eo),...,g(en)[ = g(o) is contained in Zk. Thus indeed

g(xknco X) YkncoY , and Theorem 2.5 is proved.

Notice that, in view of Remark 2.4, our procedure for constructing the
simplicial approximation g was the most general one. It seems difficult
to imagine a natural hypothesis more general than the last one in the
theorem under which this construction works. We did not use the assump-
tion that (X,X1, ...,Xr) is tame in the proof. But since good triangula-

tions exist in abundance and tameness of the system (X,X1,...,Xr) is



240

essential for a simplicial approximation to be homotopic to the original}

map (Prop. 2.3), it seems to be reasonable to demand tameness in the

definition of simplicial approximations, as we did.

We now ask to what extent a simplicial approximation of a given map

between systems of locally finite complexes is determined by f.

*
Definition 5 (cf. [Spa, p. 130]) ). Let 99195 2 (X i Xgreee,X0) 3

(Y ,¥.,...,Y ) be two simplicial maps between systems of complexes.
o’ r p Y

We say that 94 and g, are strictly contiguous if, for every o€ Z(Xi),
the vertices of g,(0) and g, (o) span an open simplex of Y, (0<i<r).

We say that 94 and g, are contiguous if there exists a finite sequence

ho = g1,h1,h2,...,ht =9,
of simplicial maps from (Xo""’xr) to (YO,...,Yr) with hi strictly
contiguous to h for i = 0,...,t-1. (Contiguity is the equivalence

i+1
relation generated by strict contiguity. In this section only strict

contiguity will play a role.)

Notice that strictly contiguous maps are linearly homotopic. Thus con-

tiguous maps are homotopic.

Proposition 2.6. Any two simplicial approximations

91/95 ¢ co(XO,...,Xr) 3 co(Yo,...,Yr)

of a given map f: (Xo""'xr) - (Yo""’Yr) between tame locally finite
complexes are strictly contiguous, provided one of the following two

conditions holds:

i) For every index k€ {1,...,r} either X, is closed in)&)or Y, is

locally closed in Yo'

*) Spanier uses "contiquous" for our "strictly contiguous® and has no
word for our "contiguous".
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ii) (Yo, 'Yr) is the barycentric subdivision of another system of
complexes.
Proof. We put X := Xyr ¥ =Y . Let o be an open simplex in X NcoX for

some k € {0,1,...,k}. We choose a point x in ¢ and denote the open sim-
: plex of Y, containing f(x) by p. By Lemma 2.2 the points g1(x) and
» g, (x) are both contained in p. This implies that g,(0) U g, (o) cpn Y, n
coY. Let t denote the open simplex of Y spanned by the vertices of
g1(0) and gz(o). Of course, Tcco¥Y and gi(o)grﬁp for i = 1,2. We
will verify that, under either of the assumptions i), ii), TCYk, and
then will be done. If Y, is locally closed in Yo' then TeY, since
91 (o) oY, and pc¥,. If Xy is closed in X, then X, NcoX = coXp (cf.

Prop. 1.8, but this is trivial). Since occco X, and the g; are simpli-

k
cial we have g4(0) Ug,(c) =co Yy and then TccoY, =Y. Finally if
(YO,...,Yr) = (Zo‘,...,zr') for a system of complexes (Zo,...,Zr)

then we have open simplices So< cee < St of Zo whose barycenters §i
run through the set El(g1 (0)) UE(g, (o)) of vertices of g, (0) and g, (o).
Assume, without loss of generality that ét is a vertex of g, (o). Then
94 (o) cSt and 94 (o) cYk, hence StCYk' This implies that

T = ]SO,...,St[cYk. Thus TCYkﬂCOY in both cases. qg.e.d.

We now have established a rather satisfactory theory of simplicial
approximations from the view point of homotopy theory. Let

f: (M,M1,...,Mr) - (N,N1,...,Nr) be a map between systems of spaces
and assume that, for every index i€ {1,...,r}, either M.l is closed in
M or N; is locally closed in N. Then Theorem 2.5 provides us with many
simplicial approximations to f. Indeed, choose some triangulation

T (?,?1,...,Yr) - (N,N;,...,N ), which is possible by the triangula-
tion theorem (II, Th. 4.4). Let y: (Y,Y1,...,Yr) - (N,N1,...,Nr) be

the first barycentric subdivision of {/. The family (f’1d}(T) it€ex(Y))

is locally finite in M. Thus, again by the triangulation theorem, there
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exists a simultaneous triangulation ©: (X,X1,...,xr)i*(M,M1,...,Mr)

of M,M ,...,Mr and this family. Replacing ¢ bv its barycentric sub-

1
division, if necessary, we may assume that (X,X1,...,Xr) is tame.

According to Theorem 2.5 there exists a simplicial map
g: co(X,X1,...,xr) - co(Y,Y1,...,Yr)

such’that (0,¥,g) is a simplicial approximation to f and, as the proof
of the theorem shows, g can be found by a canonical procedure. By Pro-
position 2.6 any other simplicial map 51 of this kind is strictly
contiguous to g. Finally, if every My is locally closed in M, then,

by Propositions 2.1 and 2.3, the map werogorqu)_1 is homotopic to f.
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§3 - The first main theorem on homotopy sets; mapping spaces.

We consider two systems of spaces (M,A1,...,Ar), (N,B1,...,Br) over R
and a real closed field S>R. Every map (= locally semialgebraic map,
cf. §1) f: (M,A1,...,Ar) - (N,B1,...,Br) over R yields by base exten-

l sion (cf. I, 2.10 and I, 4.9) a map
fS : (M(S),A1(S),...,Ar(S)) - (N(S),B1(S),...,Br(S))

" between systems of spaces over S. If g is a second map from
(M,Ay,...,A ) to (N,By,...,B ) and H: (MxI,A xI,...,A xI) » (N,B,,...,By)

is a homotopy from f to g then
Hg : (M(S)xI(S),-~-.Ar(S)XI(S» d (N(S),B1(S),---,Br(S))

is a homotopy from fS to gg- (Notice that I(S) is just the unit inter-
val in S.) Thus we have a canonical map « : [f] » [fS] from the homo-
topy set (cf. beginning of §2) [(M,A1,...,Ar),(N,B1,...,Br)] to the
homotopy set [(M(S),A1(S),...,Ar(S)),(N(S),B1(S),...,Br(S))]. The

latter setwill be briefly denoted by [(M,A1 Pee 'Ar) , (N,B1 PR ’Br) 1(s).
The purpose of this section is to prove the following theorem.

Theorem 3.1 (First main theorem). Assume that the space M is semialge-

braic.
. a) The canonical map «: [(M,A1,...,Ar),(N,B1,...,Br)] -
[(M,A1,...,Ar),(N,B1,...,Br)](s) is always injective.
b) Assume that every Ay is locally closed in M. Assume further that,
for every i€ {1,...,r}, either Ai is closed in M or Bi is locally

closed in N. Then k is also surjective.

In order to simplify the notation we assumé from now on that r = 1.
f The reader will see easily that all arguments remain valid for any

r > 0. We write A,B instead of A1,B1.
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In both parts a) and b) of the theorem we may assume without loss of
generality that the space N is also semialgebraic. Indeed, to prove
surjectivity, we have to consider a map f : (M(S),A(S)) = (N(S),B(S))
and have to find a map g: (M,A) -+ (N,B) such that f =~ Ig- The image
f(M(S)) is a semialgebraic subset of N(S). Now, every semialgebraic
subset of N(S) is contained in the base extension D(S) of some (closed)
semialgebraic subset D of N. Choosing such a set D with £(M(S)) < D(S)
we may consider f as a map from (M(S),A(S)) to (D(S),(BND)S)) . It suffid
ces to prove the claim for this new map. In order to prove injectivity |
we have to consider two maps f,g from (M,A) to (N,B) and a homotopy

H from fS to ggr and we have to find a homotopy H from f to g. Now 3¢
takes values in D(S) for some semialgebraic subset D of N and again

we may replace (N,B) by (D,BNnD).

We choose fixed embeddings of M and N into standard spaces Rn,Rm. Now
M is a semialgebraic subset of Rn, N is a semialgebraic subset of Rm,
and M(S), N(S) are semialgebraic subsets of Sn,Sm, defined by the same
polynomial inequalities (read over S) as M and N. The proof will be

based on the following study of "semialgebraic mapping spaces".

We fix natural numbers 4,r,s. Let Gi and Fij’ 1 <1i<r,1<3J<sbe
copies of the vector space P(n,m,d) of polynomials over R of total de-
gree <d in the variables X1,...,Xn, Y1,...,Ym. We introduce the R-

vector space

r s
F := F(n,m,d,r,s) := jj' (Gi x._ Fij)
i=1 j=1

and the following semialgebraic subset L of MxNxF.

L := L(M,N,d,r,s) := {(x,y,(gi,(ftﬂ» € MxNxF| there exists some

i€{1,...,r} with gi(x,y) = 0 and fij(x,y):>0 for 1<j<s}l.

Let w:L-F be the restriction to L of the canonical projection MxNxF-F.Foxq
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every element £ € F we have a semialgebraic subset n (§) of MXN (iden-
tifying MxNx{f&} with MxN, as usual). Notice that we obtain all semial-

gebraic subsets of MxN in this way, if we vary d4d,r,s.

. We are interested in the subset Map(M,N,d,r,s) of F which consists of

all £ € F such that n-1(£) is the graph I'(f) of a semialgebraic map

- f: M>N. An element § = (gi’(fij)) of F lies in Map(M,N,d,r,s) if

’ and only if the following two conditions are satisfied:

i) For every x € M there exists a unique y € N with (x,y,£) €L.

ii) For every (xo,yo) € MxN with (xo,yo,g) €L and every ¢ >0 in R there
exists a §>0 in R such that, for every x €M with i x-xoll <6
there exists a point y € N with l|y~yo|l <¢ and (x,y,&) €L.

Thus, by Tarski's theorem on the elimination of quantifiers,

Map(M,N,d,r,s) is a semialgebraic subset of F.

| Definition 1. We denote, for any point ¢ € Map(M,N,d,r,s), the semial-
gebraicmap f : M- N with graph T(f) = n-1 (¢) by <&>, or more precisely
by <g>R, and we call ¢ a parameter of f. The value <&>(x) of <&> at a
‘_ point x € M will usually simply be written §(x). We call these maps

<¢> the semialgebraic maps from M to N of type (d,r,s), and we call

Map(M,N,d,r,s) the parameter space of maps from M to N of type (4,r,s).

. The base extension Map (M,N,d,r,s)(S) of the space Map(M,N,d,r,s) is

the parameter space of maps from M(S) to N(S) of type (d,r,s). If £ is
a point of Map(M,N,d,r,s) then & is also a point of Map(M(S),N(S),d,r,s),

and the map <£>S : M(S) - N(S) is the base extension of the map <&>: M-N.

We now adapt things to the situation in the theorem. We first prove
the injectivity of x. We are given two maps f and g from (M,A) to (N,B)
. with fS ~ Jgr and we have to show that f =~ g. For any triple (4,r,s) of

natural numbers we look at the parameter space H(f,g,d,r,s) of "homo-
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topies of type (d,r,s)” from f to g, i.e. the set

H(f,q,d,r,s) := {£ € Map(MxI,N,d,r,s)|<E>(AxI) B,

£(x,0) = £(x), &(x,1) = g(x) for every x € M},

This set is semialgebraic in Map(MxI, N ,d,r,s) as follows again from f

Tarski's theorem. Clearly
H(flgldlrls) (8) = H(fslgsldlrls)-

By our assumption on f and g there exists a triple (d,r,s) such that
H(f,g,d,r,s) (S) is not empty. But then H(f,g,d,r,s) is also not empty.
(N.B. Our theory of base extension, which has this consequence, is
also an application of Tarski's theorem). This means that there exists
a homotopy (of type (d,r,s)) from f to g, and the injectivity of «k is

proved.

The proof of the surjectivity of « will be harder. It uses the theory
of simplicial approximations from §2. We need a lemma. For later use
in §4 we state a more general version of the lemma than needed now. The
application in the present section uses only the case where the set C

below is empty, i.e. the map h can be omitted.

Lemma 3.2. Let (M,A1,...,Ar) and (N,B1,...,Br) be systems of semialge-
braic spaces over R and let h: C-» N be a map on a subspace C of M.

Assume there exists an isomorphism f : M(S) - N(S) such that f[C(S) = hs,
£(a;(8)) = B,;(8) for 1<i<k with some k€ {0,...,r}, and £(A;(S) =B, (S)

for k<i<r. Then there exists an isomorphism g: M-—=N such that

glc = h, g(a;) = B, for 1<i<k, and q(Ai)cBi for k<ix<r.

Proof. Again we choose fixed embeddings McRn, NcR". For any triple
(d,r,s) of natural numbers we consider the subset Q(d,r,s) of
Map(M,N,d,r,s) consisting of all points £ € Map(M,N,d,r,s) such that

<¢> extends h and is an isomorphism from M onto N which maps Ai onto
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B, for 1<i<k and into Bi for k<i<r. All these conditions can be
expressed by an elementary polynomial formula in the parameter £ over

R by use of Tarski's tneorem on elimination of quantiriers. ‘Inus
Q(d,r,s) is semialgebraic in Map(M,N,d,r,s). By the assumption of the
lemma there exists a triple (d4,r,s) such that Q(d,r,s)(S) is not empty.
We conclude that Q(d,r,s) is not empty, which means that we have an iso-

bmorphism over R (of type d,r,s) with the desired properties. g.e.d.

We assume that either A is closed in M or both A and B are locally
closed in M and N respectively. We are given a map f: (M(S),A(S) =~
(N(S),B(S)) and we have to find a map g : (M,A) » (N,B) such that 9g is

homotopic to f.

Choosing triangulations of (M,A) and (N,B) and passing over to the first
barycentric subdivisions for safety, we assume without loss of generali-
ty that both (M,A) and (N,B) are pairs of finite complexes over R which
; are barycentric subdivisions of other pairs of complexes. We then choose
' a simultaneous triangulation @ : (§,§1)£#(M(S),A(S» of (M(S),A(S)) and

. the finitely many subsets p(S), with p€ Z(M), and f_1(T(S» , with

TE€X(N), of M(S).

. According to §2 there exists a simplicial approximation U : co(f,§1) >

- co(N(S),B(S)) to f*p (cf. Th. 2.5), and the maps £-3 and jN(s)°G°r%

1) to (N(S),B(S)) are (linearly) homotopic (Prop. 2.1 and 2.3).

oy

from (X,¥%
b Now (Y,Y1) is the realization (IKlg, K lg) over S of a pair (K,K;) of
: finite abstract complexes (II, §3). Thus (?,?1) is the base extension
(X(S),X1(S)) of the pair of finite complexes (X,X1) = (IKIR,IK1| ).

E Also U is the base extension ug of a simplicial map u: co(X,X;) »co(N,B)

and, of course, ry = (rX)S, Ingsy = (]N)S. Thus fe@ ~ Vg with

L Vv 1= Jyrucrg.

t Applying Lemma 3.2 to the isomorphism @ : (X(8),X,(8)) = (M(S),A(S)) we
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see that there exists a semialgebraic isomorphism ¥ : (X,X1) =% (M,A)
which maps every open simplex o of X into that open simplex p of M

whose base extension p(S) contains @{(o(S)). The maps ¢ and Xg Mmap every
open simplex 0(S) of X(S) into the same open simplex p{S) of M(S). Thus
the maps ¢ and Xg from (X(S),X,(S) to (M(S),A(S)) are (linearly) homoto-

pic, and we have

Multiplying by x54 on the right we obtain

f e (v-x—1)s.

This finishes the proof of Theorem 3.1.

It would be desirable to prove a version of Theorem 3.1 where our
assumption that the space M is semialgebraic is eliminated. We may
assume that M is connected. Then we have an exhaustion of M by a family

of closed semialgebraic subsets (MnIHEIU with, say, Mnc:M and the

n+1
covering (Mn+2\~MnIn3:O) of M locally finite (Mo==¢). It is tempting

to try to prove such a version by applying Theorem 3.1 to the systems
(Mn’A

r]Mn,...,ArIWMn) and (N,B "Br) and somehow using the homotopy

1 10

extension theorem Corollary 1.4.

An application of Corollary 1.4 would be difficult if some of the A,
are not closed in M. But, also in the case that every Ai is closed in
M, our Corollary 1.4 seems to be too weak to admit such a proof. One
needs a stronager version of Corollary 1.4 where only homotopies are
considered which do not move points on C or C(S) for a given closed
semialgebraic subset C of M. This leads to a study of "relative" homo-
topy sets, cf. the next section §4. We shall prove an extension of
Theorem 3.1 to relative homotopy sets in §4, provided the A, are closed
in M. We use essentially the same ideas as in the proof of Theorem 3.1
but apply them with more technical effort. We will then be able to

generalize the theorem to the case where M is no longer semialgebraic.
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i §4 - Relative homotopy sets

. Again weo ~cnsider tvo srstems ~f snoons (M(A], . 'Ar)‘ (N.F

1o - Pf,
over R. We fix a map h: C—>N on a closed subspace C of M with
h(cn Ai) ©B; (1<i<r), and we only consider maps from (M,A1 peo ’Ar)

L to (N,B1,...,Br) which extend h. We call any two such maps f,g homo-

 topic relative C, and write f ~ grel.C, if there exists a homotopy

H: (MXI,A1XI,...,Aer) - (N,B1,...,Br) with H, = £, H1 = g, and

H(x,t) = h(x) for every x€C, t€1I. Such a homotopy H is called con-
stant on C. The set of all g: (M,A1,...,Ar)-»(N,B1,...,Br) which are
homotopic to f relative C will be denoted by [(£1€ and the set of all
these "relative homotopy classes" will be denoted by [(M,A1,...,Ar),

h
(N,B1,...,Br)] .

Again let S be a real closed overfield of R. Then h yields a map

hg : C(S) ~ N(S) which maps every set A;(S) NC(S) into B,(S) (1<i<r).
. We denote the relative homotopy set HM(S),A1(S),...,Ar(S»,
(N(S),B1(S),...,Br(S»]hS briefly by [(M,A1,...,Ar),(N,B1,...,Br)]h(S).
As in §3 we have a canonical map «: [f]c - [fS]C(S) from

[(M,A1,...,Ar), (N,B1,...,Br)]h into this set.

. Proposition 4.1. If M is semialgebraic, then

h h
K s [(M,A1,...,Ar),(N,B1,...,Br)] - {(M,A1,...,Ar),(N,B1,...,Br)] (s)

is injective.

- This is clear by an obvious variation of the proof of the corresponding
. fact in §3. Instead of the spaces H(f,g,d,r,s) used there, one uses the
i parameter spaces H(f,g,C,d,r,s) of homotopies relative C between two

given maps f,g: (M,A) 3 (N,B) which extend h.

Our goal in this section is to prove

; Theorem 4.2 (First main theorem, second version). Assume that every Ai
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is closed in M. Then the canonical map k from [(M,A1,...,Ar),

h o
(N,B1,...,Br)]h to [(M,A;,...,A ), (N,B,,...,B)]7(S) is bijective.

As in §3 we assume henceforth,for simplicity,that r=1 and write A.I =A,

B, =B. Suppose we have already proved the surjectivity of x. Then we
see that « is injective by applying the surjectivity result to the
systems (MxI,AxI), (N,B) and the closed subset € := (CxI) U (Mx3I) of
MxI instead of (M,A), (N,B), C. Indeed, let f,g: (M,A) 3 (N,B) be two
maps with fIC = gIC = h and let F: (MxI,AxI)(S) - (N,B)(S) be a homo-
topy with F(-,0) = fgr F(-,1) = 9gr F(x,t) = hs(x) for x€C(S), t€I(S).

{We write (M,A)(S) instead of (M(S),A(S) etc.} We have a map
H:C := (CxI) U (MxO) U (Mx1) - N,

defined by H(x,t) = h(x) for (x,t) €CxI, H(x,0) = f£(x), H(x,1) = g(x),

such that F extends HS. By the surjectivity result there exists a map

G: (MxI,AxI) - (N,B)

with G. homotopic to F relative C(S). Clearly G(-,0) = £, G(-,1) = g, ;

S
and G(x,t) = h(x) for (x,t) € CxI.

Thus it suffices to prove the surjectivity of x. Suppose this is al-
ready done in the case r =0. Then the surjectivity is also clear for
r=1 (and more generally for every r >0) by the following argument.

Let a map f: (M,A)(S) » (N,B) (S) be given with f|C(S) = h By the sur-

s
jectivity for r=0 there exists a homotopy G: (AxI)(S) »B(S) with
G(-,0) = £lA(S), G(x,t) =hS(x) for x€ (CNA)(S),t€I(S), and G(-,1) =
kS for some map k: A-»>B. We have k|[ANC=h|ANC. Let C.I :=CUA, and

let h1 : C1 -»N be the map with restrictions h and k to C and A respec-
tively. Gluing G with the constant homotopy (x,t) »-»hs(x) on (CxI) (S)
we obtain a homotopy H : (C1XI) (S) »N(S). We have H(-,0) = fIC1 (S) and
H(x,1)=(h1)s(x).Now C, is closed in M. By the homotopy extension

theorem Cor. 1.4 there exists a homotopy F : (MxI)(S) »N(S)
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with F(-,0) = f and FI(C1XI)(S) = H. F is constant on C(S), maps

(AxI) (S) into B(S), and ends up with a map f1: (M,n) (S) -» (N,B)(S) such
that 11.C1\3) = (h1)s. applyiny dagain tue sarjeccivity vt k 100 £ = 0
we obtain a homotopy F,: (MxI) (S) - N(S) which is constant on C1(S),
starts with f1 and ends with Ig for some g : M- N. The composite homo-

. topy F := F*F1 is constant on C(S), starts with f and ends with 9g-

| This proves the surjectivity of k for r = 1 provided we know the sur-
jectivity for r = O. Notice that we used in an essential way that A is

closed in M.

Henceforth we assume that r = O. We now explain how the surjectivity of
Kk can be proved in general once we know that it holds for M semialge-
braic. We may assume that M is connected. We choose a locally finite
covering (xnlnGIU of M by closed semialgebraic subsets. (We can even
choose a covering with an1xm =@ if In-ml >1, cf. I.4.19andI.4.11.)We

define Mn = X1 U...UXn and Cn 1= MnLJC.

' Let a map f: M(S) - N(S) be given with £lC(S) = hg. We have to find a
. map g : M- N with f =« gsrel. C(S). Since we assume that the theorem
holds in the semialgebraic case, there exists a homotopy
Hy ¢ (MyxI)(8) - N(S) with H (-,0) = fIM,(S), H' constant on (CNM,)(8S),

= and H{ (-,1) the base extension to S of some map from M, to N. By the

4 homotopy extension theorem 1.4 we then obtain a homotopy

Hy (MxI) (S) - N(S)

] with H1(—,O)= £, H1(x,t) = hS(x) for all x€C(S), t€1I(S), and a final
| map £, :=H, (-,1) from M(S) to N(S) such that f1|C1 = (h1)s for some

f map h, :C, -» N which extends h. (Recall that C; := CUM,.) Now we re-
' peat the same construction with f,h,M1 replaced by f1,h1,M2 and ob-

¢ tain a homotopy

Hy : (MxI) (S) - N(S)
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with H2(-,O) = f1, Hz(-,1) =: f2' H, constant on C1(S) and f2IC2= (h2)S

for some h, :C,~»N extending h1. By iteration we obtain a sequence of

2

maps (hnlnel\l) » by s C, N, with hnlcn—1 =

fn : M(S) -» N(S), with ntCn(S) = (hn)s, and a sequence of homotopies

hn—1 , a sequence of maps (fnlnel\l) ,

(Hn|n€]N) » H_ s (MxI) (S) - N(S), with H constant on Ch-1 (s),

Hn(-,O) = f (let C, =C, fo = f) and Hn(—,1) = f_. The maps hn fit

n-1 n

together to a map g: M- N. We choose in ]O,1[ R a sequence (snInEI\l)

with Sh <S4 for all n (say S, = 1-2"™). Then we define a set theore-
tic map G: (MxI)(S) - N(S) by the following formulas: G(x,t) =dg (x)

if x € M(S) and t:>sn for every n€ N, and

G(x,t) = Hn(x,(sn—sn_1)-1(t-s ))

n-1
if x€M(S), s _y<t<s,, with s  := O. We claim that G is locally semi-
algebraic. By the gluing principle for maps (I, 3.16) it suffices to
check for every m€ N that the restriction Gl (MmXI) (S) is semialge-

braic. Now, for x€Mm(S), t€I(S), and n>m we have Hn(x,t) = f (x)

n-1
(hm)s(x) = gs(x). Thus G is semialgebraic on (MmX[ Sh ,11)(S). But
clearly G is also semialgebraic on (me[o, Sh 1) (S). Thus G is semi-
algebraic on (M x[0,1])(S). By construction G(-,0) = £, G(-,1) = gg
and G(x,t) =hS (x) for x€C(S), t€1I(S), as desired.

It remains to prove the surjectivity of « in the case where M is semi-
algebraic. We then may also assume that N is semialgebraic, cf. the
corresponding argument in §3. Let a map f from M(S) to N(S) be given
with f|C(S) = hS. We have to find a map g from M to N with fezgsrel.C(S)
Since things are more complicated here than in the proof of surjectivi-
ty of « in §3 we are less audacious than in §3 and first reduce to the
case where M is complete. So assume that the theorem holds in the case
that M is complete. We may then prove the theorem for M semialgebraic

as follows.
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Choosing a simultaneous triangulation of (M,C) and passing to its first
barycentric subdivision, we assume without loss of generality that (M,C)
is a systemor tinite complexes wnich 1s tne barycentric subdivision or
another system of complexes. Let (MO,CO) = co(M,C) be the core of this
system and let r denote the canonical retraction from (M,C) to (Mo’co)’
Since we assume that the theorem holds in the complete case we have a
homotopy F : (MoxI)(S) - N(S) and a map u: Mo-»N such that F(-,0) =

£IM (8), F(-,1) = ug, F(x,t) = hg(x) for all (x,t) € (C_xI)(S). We now
introduce the maps F' :==Fe(rxidI)S : (MxI) (S) - N(S), and uer : M>N. We
have F'(-,0) = f-rs, F'(-,1) = Uge gy and F'(x,t) = hs-rs(x) for all
(x,t) € (CxI) (S). We have obvious homotopies G: (MxI) (S) - N(S) from f

to f-rs, and Ko: (CxI) - N from her to h, defined by G(x,t) :=
f((1-t)x-l-trS (x)), Ko(x,t) := h(tx+ (1-t) r(x)) . We extend K, to a homo-
topy K: (MxI) - N with K(-,0) = uer. We define g := K(-,1). Now we com-

pose the three homotopies G,Fst, say at t = % and t = %, to form a

single homotopy
H: (MxI)(S) - N(S).

We draw a schematic picture of this homotopy.

c(s) const
M(s) G F' Kg
£ forg (u-r)S 9g
Then H| (CxI) (S) = (Ho)s with a homotopy Hj:CxI » N which may be de-
picted as follows:
cC Go const Ko
h her her h

Here GO is the inverse homotopy to Ko. Our homotopy H goes from f to

dg but is not yet constant on C(S).This can now be easily remedied. We

have an obvious homotopy

P: CxIxI - N
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with ®(-,0) = H, ®(x,t,1) = h(x) for all (x,t) €CxI, and ® constant
on (Cx0) U (Cx1). By the homotopy extension theorem ®S can be extended

to a homotopy

¥ : (MxIxI)(S) - N(S)

with ¥(-,0) = H and Y constant on [(MxO) U (Mx1)}(S). Consider the map
 := ¥(-,1) from (MxI)(S) to N(S). We have H(-,0) = £, f(-,1) = gg and |
Hix,t) = hs(x) for all (x,t) € (CxI)(S). Thus H solves our problem.

From now on we assume that M is complete. We choose a closed semialge-
braic neighbourhood D of C in M such that C is a strong deformation
retract of D (cf. Th. 1.1). Then we choose a map h1: D~ N which extends

h and a homotopy G: (DxI)(S) - N(S) from fID(S) to (h which is constant

s
on C(S) (cf. Prop. 1.2). We extend G to a homotopy F : (MxI) (S) » N(S) with
F(-,0) = £f. Then F(-,1) is a map f1 from M(S) to N(S) with f1lD(S) =
(h1)s. We now replace f by f1. Changing notation we assume again that
f is a map from M(S) to N(S), but that the map h is defined on the

closed neighbourhood D of C, h: D- N, and that fID(S)==hS. As before
we want to deform f relative C(S) into a map which is the base exten-
sion dg of a map g: M- N. Loosely speaking, we have built a barrier
D~ C around C, which will help us to protect f from being disturbed

within C. We choose a closed semialgebraic neichbourhood E of C in M

which is contained in the interior D of D (cf. I.4.14).

Using suitable triangulations of (M,C,D,E) and N we assume that (M,C,D,E)
is a system of finite complexes, that N is a finite complex which is the
barycentric subdivision of another complex, and that h: D-»N maps every
open simplex of D into an open simplex of N. Let L denote the closed
subcomplex M~D of M. We choose a simultaneous triangulation of L(S)

and the finitely many subsets p(S), with p € £(L), and L(S)fo-1(T(S)),

with 1€ Z(N). Applying II, Lemma 4.3 (choosing E(S)U L(S) as the sub-
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space MO there) we then obtain a simultaneous triangulation @ : X - M(S)
of M(S), and the subsets p(S), f_1(T(S» of M(S) with p running through
(M) ana T running througn £(N), such tnat @ is equivalenc on £(3) to

. the tautological triangulation idE(S)' At this point our assumption

that M is complete bears fruits.

| Let §1 := 5_1(C(S)) and §2 := 6_1(E(S)). Then $I§2 is a simplicial iso-
morphism § from iz to E(S) which maps the subcomplex X, of X, onto
C(S). According to §2 (i.e. essentially by classical theory [Spa,

Chap. 3] since M is complete) there exists a simplicial approximation
U: X, > N(S) to fop, and U is linearly homotopic to fe@. As in §3 we
write (?,21,Y2) = (X,X;,X,) (S) with a system of complexes (X,Xq,X,)

over R. We have § = Vg with a simplicial isomorphism y : (X2,X1) = (E,C),
and U = ug with a simplicial map u: X->N. By Lemma 3.2 there exists

a semialgebraic isomorphism y : X = M which extends ¢ : X2-Z»E and maps
every open simplex ¢ of X into the open simplex p of M whose base
extension p(S) contains $(g(S)). The maps Xg and ¢ from X(S) to M(S)

are (linearly) homotopic relative XZ(S)' Thus f‘Xs is homotopic to

fo-p relative X,(8), and a fortiori
f’Xs ~ feq rel X1(S)

On the other hand, we have a linear homotopy from f-§ to u But this

s
homotopy moves points in X1(S). To remedy this, we choose a semialge-
braic function A:X-1[0,1) with 471 (0) = X, and A7 (1) = X~%, (cf.

I. Th. 4.15). Then we define a homotopy
H: (XxI)(S) - N(S)
by the formula (x € X(S),t€ I(S))
H(x,t) = (1-thg(x)) (f « &) (x) + £hrg(x) ug(x) .

This homotopy is constant on X1(S) and starts with H(-,0) = f.§. We

have H(-,1) = Vg with the following semialgebraic map v : X - N:
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u(x), X € XX

’
vi(x) = { 2
(1-2(x)) (h = ¥) (x) + A (x) u(x), xX€ X,
Thus f+¢ ~ vgrel. X, (S). Altogether we have
foxS = vg rel X1(S)

Multiplying by the isomorphism xéq from M(S) to X(S) we obtain

£ oo (vey )

S rel C(S)

as desired. This completes the proof of Theorem 4.2.

Discussion 4.3. For a given base field R we denote by LSA(R) the cate-

gory of (locally semialgebraic regular paracompact) spaces and (local-
ly semialgebraic) maps over R. We denote by HLSA(R) the "homotopy
category" of spaces over R. This category has the same objects as LSA(R)
but its morphisms are the homotopy classes of maps over R. If S is a
real closed overfield of R then we have the base extension functor
LSA(R) - LSA(S). Every object M of LSA(S) is isomorphic to the image
M(S) of an object M of LSA(R). Indeed, every triangulation [K|. =M

S

yields such an object, namely M = IKIR. Our functor induces a functor

kK : HLSA(R) - HLSA(S). The main message of Theorem 4.2 is that « is_an

equivalence of categories. More generally, Theorems 3.1 and 4.2 imply

similar statements about suitable homotopy categories of systems of

spaces.

Final remark 4.4. Theorem 4.2 remains true for locally finite systems

(AGIG€I), (Ba{ael) of subspaces of M and N instead of the systems
(A1,...,Ar), (B1,...,BrL with every Aa closed in M, of course. The

proof runs the same way with more notational effort.
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§5 - The second main theorem; contiguity classes

We assume now that our pbase tield R is the fieid IR oI real numbers.

Let two systems of spaces (M,A1,...,Ar), (N,B1,...,Br) over R be given.
Beside locally semialgebraic maps and homotopies from the first system
to the second we also consider continuous homotopy classes of conti-
nuous maps from (M,A1,...,Ar) to (N,B1,...,Br) in the usual topologi-
cal sense. We denote the set of these classes by [(M,A1,...,Ar),

(N,B1,...,Br)] We have an obvious map

top”
Xoe [(M,A1,...,Ar),(N,B1,...,Br)] -

[(M,A1,...,Ar),(N,B1,...,Br)]top,

which sends the locally semialgebraic homotopy class [f] of a locally

semialgebraic map f to the topological homotopy class [f]top of f.
More generally, given a locally semialgebraic map
h: (C,Cf\Aj,...,CfﬁAr) - (N,B1,...,Br)
on a closed subspace C of A we have a map X from the set [(M,A1,...,Ar),

(N,B1,...,Br)]h of locally semialgebraic homotopy classes relative C
of locally semialgebraic maps extending h to the analogous set of topo-
logical relative homotopy classes [(M,A1,.--,Ar),(N,B1,---,Br)]h

top”
We want to prove

Theorem 5.1 (Second main theorem). Assume that every Ay is closed in M.

h
Then the map X : [(M,A1,...,Ar),(N,B1,...,Br)] - [(M,A1,...,Ar),
h . .. )
(N’B1""’Br)]top is bijective.

To a great extent the proof will follow the same pattern as the proof
of the first main theorem 4.2 in the preceding section. By four reduc-
tion steps which are fully analogous to the corresponding reduction

steps in §4 we first see that it suffices to prove the surjectivity
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of A and then that we may assume r = O and that M is semialgebraic and
complete. The role of maps over R in §4 is played here by the locally
semialgebraic maps over R and the role of maps over S in §4 is played
by the continuous maps. Instead of the homotopy extension theorem 1.4
one uses the analogous topological fact, which is true as well. (Recall

the proof of Corollary 1.4). We leave the details to the reader.

Now let £ : M- N be a continuous map extending h. Since we assume that
M is complete, M is a compact topological space. Thus f (M) is compact
as well. Choosing a covering of N by open semialgebraic subsets we can
cover f(M) by finitely many of them. Thus f(M) is contained in a semi-
algebraic subspace of N. Replacing N by this subspace we assume hence-

forth that N is also semialgebraic.

As in §4 we construct a "barrier" around C, i.e. a closed subspace D
of M with D>C such that f is homotopic relative C to a map f,:M-N
whose restriction to D is semialgebraic. We replace f by f1 and we
denote the restriction fID - instead of fIC - by h. Thus h is now a
semialgebraic map from D to N. As in §4 we choose a closed semialge-

braic neighbourhood E of C in M with EcD.

Using triangulations we assume that (M,C,D,E) is a system of finite
complexes and that N is a finite complex which is the first barycen-
tric subdivision of another complex. Now we meet the big difference

to §4. We cannot refine the tautological triangulation of (M,C,D,E)

in such a way that f maps every open simplex of M into an open simplex
of N, since now the preimages of the open simplices of N under f have
no reason to be semialgebraic. Thus our existence theorem 2.5 for
simplicial approximations is of no use here. But since the field R is
archimedian and the topological space M is compact there exists a natu-

ral number n such that every open star of the n-th barycentric subdi-
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vision M(n) of M is contained in the preimage fq(StN(p» of an open star
StN(p) for some vertex p€ NN E(N), cf. [Spa, Chap. 3, §3, Th. 14].

v The family of these stars is a (finite) open covering of N since N is
tame . We replace (M,C,D,E) by its n-th barycentric subdivision. Then
we choose for every vertex e€ E(M) a vertex u(e) ENNE(N) with

f(StM(e» c:StN(u(e» . The map u: E(M) » NN E(N) is an abstract simpli-
cial map from K(M) to K(coN) , cf. [Spa, Chap. 3, §4]. Evidently the
realization u = |Jul : M » co(N) is a simplicial approximation to f : M->N.
We have a linear homotopy H from f to u. This homotopy moves points in
C. But since we have built a barrier D~ C around C we can modify H to

a homotopy which starts with £, is constant on C, and ends up with a

semialgebraic map v by the same device as in §4. This completes the

proof of the theorem.

Remark 5.2. Theorem 5.1 remains true for locally finite systems of

subspaces instead of finite systems, as does the first main theorem 4.2.

Discussion 5.3. Let TOP denote the category of topological (Hausdorff)

spaces and let HTOP denote the homotopy category of these spaces. We
have forgetful functors LSA(R) - TOP and X : HLSA(R) - HTOP. The main
message of Theorem 5.1 is that X is an equivalence of HLSA(R) with a
full subcategory of HTOP. As objects of this subcategory we may take
those topological spaces which are homeomorphic to locally finite sim-

plicial complexes or those spaces which are homotopy equivalent to

such spaces.

In §3 we gave a version of the first main theorem which only applies to
semialgebraic spaces and "absolute" homotopy classes but there is much
stronger than the second version Theorem 4.2, since the subspaces of M
and N are allowed to be more general, for example open. We do not know

whether an analogous version of the second main theorem holds. We pose
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a subquestion of this problem.

Question 5.4. Given - say - complete semialgebraic spaces M,N over R,
open subspaces U,V of M,N, and a continuous map f: (M,U) -» (N,V), does
there always exist a semialgebraic map g: (M,U) - (N,V) which is (con-

tinuously) homotopic to £?

The first main theorem, in version 4.2, and the second main theorem 5.1
together form a powerful tool to transfer results from topological

(= classical) homotopy theory to locally semialgebraic spaces over any
real closed base field. As a first example we give a combinatorial
description of the homotopy set [X,Y] for X a finite complex and Y

a locally finite complex. Other examples will come up later (cf. in

particular §6).

From now on the base field R may again be an arbitrary real closed

field. Let K and L be abstract locally finite complexes.

Definition (cf. [Spa, p. 130]). Let ¢,y : K 3 L be two simplicial maps.

a) ¢ and y are strictly contiquous if for every simplex s € S(K) the

union ¢(s) U y(s) is a simplex of L.
b) ¢ and ¢ are contiguous if there exists a sequence w==wo,w1,...,wr==w

of simplicial maps from K to L such that 05 and w, are strictly

1
contiguous for i=1,...,r. The contiguity class of ¢ is denoted by
[o]. The set of contiguity classes of simplicial maps from K to L
is denoted by [X,L].

Notice that wand ¢y are strictly contiguous (resp. contiguous) precisely if

the realizations |w|R,|¢|R are strictly contiguous (resp. contiguous)

maps from |K|R to lLlR in the sense of Definition 5 in §2.

By sdK we denote the first barycentric subdivision of K. This is a
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purely combinatorial notion: The vertices of sdK are the simplices of
K and the simplices of sdK are the sets {30'51""'31-} with si€S(K)

- and SgS8yc ... C5s . As reatization lsd:(lR we can ana wiil choose tane
' barycentric subdivision IKll'2 of IKIR in the geometric sense, a vertex
1 s of sdK being realized by the barycenter of the simplex IsIR.
| From now on we assume that the complex K is closed. We will use the
classical theory of simplicial approximations,as developed in [Spa,3.4],
transfered to an arbitrary real closed base field R in the obvious

way. The more complicated theory of simplicial approximations

from §2 may be ignored here since K is closed. We will consider simpli-
cial maps from iterated barycentric subdivisions sd*K of K to L. Any
such map has its image in the core of L. Thus we may always replace L

by coL . We assume henceforth that L is also closed.

' Let h: sdK »K be the abstraction of a simplicial approximation to the
7 identity map of the space IKIR = IdeIR . We obtain every such map h
by mapping every vertex s of sdK to an arbitrarily chosen vertex of
s. Notice that, for any other real closed field R, the map Ihi'ﬁ is

also a simplicial approximation to the identity of IKI'ﬁ.

" h induces a map n: [K,L) - [sdK,L], [@] » [weh]. This map n does not

depend on the choice of h. Indeed, if h1 is the abstraction of another

simplicial approximation to iclIKI then h and h
. Also n(lel)=[y] with y : sdK »L the abstraction of any simplicial

, are strictly contiguous.

approximation |[sdK| - |L| of |el| : |K| -» |LJ.

Similarly, given two iterated barycentric subdivisions sd*K and sd®k

with r <s, we obtain a canonical map

g [sd"K,L] - [sd®K,L]
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from the abstraction hrs : sa°k - sd"K of any simplicial approximation

°n = n_,. Thus

s r
|sd”K| -» |sd K| to the map x» x. If r<s<t then Mgt Npg rt

we have a direct system of sets ([sdrK,L],rzo) .

If o,y : sdrK 3 L are two strictly contiguous maps then their realiza-
tions l@l, IVl : IK|l 3 ILlI are linearly homotopic. Thus, if ¢ and ¥ are
contiguous then |¢l| and |yl are homotopic. For that reason we have a

well defined map
p, : [sa"K,L] » [IKI,ILI], [0l » [lol].

If r <s then Ps*Nps = Py since the map Ihrsl : |[Kl -» |K| is homotopic

to the identity. Thus the maps prr re€ NO, yield a map

oz lim  [sd"K,L] - [IKlg, ILIg]-
r
Theorem 5.5. If the complexes K and L are closed and K is finite then

p is bijective.

Proof. We denote the map p more precisely by pR. First assume that
R=1R . The composite of p]R with the canonical bijection ) from

. . r
[IKIR,ILI]R] to [IKI . lLllR]top (cf. Th. 5.1) is themap from lim [sd"K,L]
to [IKIJR,ILIJR]top discussed in [Spa 3.5]. By Theorem 8 in [Spa 3.5] this
map is a bijection. Thus p]R is a bijection.

Now we assume that R is the field R, of real algebraic numbers. The
triangle
[IKI]R ,ILIIR ]

e
lim [sd™k,L]

\\\\\EZ\\\*

o [IKI, ,ILl, ]

Rg Ro

with « the canonical bijection (Th. 3.1 or 4.2) commutes. Since p]R is

R
a bijection p © is also a bijection. If R is an arbitrary real closed
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R
field then R, = R. We compare p © with pR in the same way and conclude

that pR is bijective. g.e.d.

Remark 5.6. More generally we obtain in the same way a description by
contiguity classes of the homotopy set [(IKI,IK|1,...,lKrI),
(|LI,IL1|,...,|Lr|)] for K a finite and closed complex and subcomplexes
Ki'Li which are closed in K and L respectively. Spanier [loc.cit.]
states and proves the corresponding topological theorem for r = 1. If
K is not finite then the theorem becomes wrong for r = 0, cf.

[Spa 3.5.7].

Theorem 5.5 gives a purely combinatorial - albeit complicated - des-
cription of the semialgebraic homotopy set [|K|,|L|]. Notice that this
implies a description of [M,N] for a semialgebraic space M and an
arbitrary space N over R, as soon as good triangulations «: X =M and
B:Y =N are given. Simply take for K and L the abstractions of coX
and coY and notice that we have a bijection [f] » [rY~f°jX] from
[X,Y] to [coX,coY], with j.X the inclusion coX -« X and r, the cano-

Y
nical retraction Y-coY, cf. §1.

Despite its easy proof Theorem 5.5 is quite astonishing if the base
field R is non archimedian. The surjectivity of p means that for every
semialgebraic map f: |K| - |L| we can find a natural number n and a
simplicial map ¢ : sdnK-+L such that lwl is homotopic to f. In fact, using
compactness arguments and the Lebesgue Lemma one proves for R = R an
even stronger version [Spa, p. 128]: ¢ can be chosen in such a way

that || is a simplicial approximation to f, hence is linearly homoto-
pic to f. But this last statement becomes false if the base field is

non archimedian as is shown by the following simple example.

Counterexample 5.7. Assume that R is non archimedian. We choose a po-
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sitive element ¢ in R which is smaller than every positive rational

number. Let X be the boundary of a 2-simplex [PO,P1,P2] in RZ. For

any X € [0,1] we denote by Pij(A) the point (1-A)Pi+-APj. We consider

the map f: X=X with £(Py) = Py, f(Py,(2¢)) = Py, £(py) = P.,(1/2),

Ol

f(P2) = P, and f linear (= affine) on each interval [PO,PO1(25)],

2
[Po1(25),P1],[P1,P2],[P2,PO].Assume that there exists a natural num-

(n)

ber n and a simplicial map g: X - X from the n-th barycentric sub-

division X(n) of X to X with g linearly homotopic to f. Let Q :=

-n . . . (n)
PO1(2 ). The points P01(e) and P01(3s) in the simplex ]PO,Q[ of X
are mapped by f into ]PO'P1[ and ]P1,P2[ respectively, while g maps
the whole simplex ]PO,Q[ into (in fact onto) one open simplex ¢ of X.
Since the images under f of both points P01(s), P01(35) are "linearly
connectable" in X to their images under g, ¢ must be the O-simplex
{P1}. This forces g(Py) = g(Q) = P,. A point T on ]PZ,PO[ near P,
is mapped to a point near P, by g, hence to a point in ]PO,P1[ U[P1,P2[.
But then £(T) = T is not linearly connectable to g(T). This contradic-

tion proves that such a simplicial map g does not exist.
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§6 - Homotopy groups

For every pointed space \M,xo) over R we define houmoutopy gioJags

"n(M'xo)' n>1, in the classical way [Hu, IV, §2]:

m (M, x ) i= (™, st™, (M, x ) 1.

(We write (M,xo) instead of (M,{xo}) for simplicity.) The multiplica-

f tion is given by

[£1-[g] [fxg],

-

™3

the product f*g of two maps f,g: (", 81

{

of a class [f] is the class [h] with

(M,xo) being defined by

£(2t,,t ty)

IA
A

R
g(2t1-1rt2/-.

(£xg) (tq,...0tp)

N= O
|A
_ N

'Itn)l

1A

The inverse [f]_1

h(t1,...,tn) 1= f('l--t1 ..t

ity n).

For n

O we still define a pointed set nn(M,xo) as above (I° one

point space, 31° = 3). no(M,xo) turns out to be the set of connected

components of the space M, the base point being the component of L

But, in general, there is no reasonable multiplication on nO(M,xo).

Using a standard isomorphism from the pointed space (1“/31“,31“/31“)

n+1

Pl

(cf. S

II, §10) to the space (Sn,m), with the unit sphere in R and

« the north pole of Sn, we may interpret nn(M,xo) as the set of homo-

topy classes [(Sn,m),(M,xo)]-

L with the subspace In-1X{O} of 1", and

1

For every n> 1 we identify I

we denote the closure of 31"~ 1"~

in 31" by J,-1+ Then we define for

any n>1 and any triple (M,A,xo), with M a space, A a subspace (= lo-

cally semialgebraic subset) of M, X, a point of A, a pointed set
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n
no(M,A,x ) i= [ (1™, 91", 3 ,(M,R,x )],

n-1)
the base point being the class of the constant map with value X For
n>2 this set turns out to be a group with multiplication and inverse

given by the same formulas as above, cf. [Hu, IV, §3]. On the other

hand, n1(M,A,xO) is the set [(I,{O,1},1),(M,A,xo)] of homotopy classes
of semialgebraic paths in M which start in A and end at Xg- In general
we apparently have no reasonable multiplication on this set. Notice that,

foreveryn>1, n (M, {x_ },x ) =n_(Mx ). Wedefine mo M, {x },x de=n (M, x).

n-1

Using a standard isomorphism (In/J 31™/g J /Jn—1) A'—»(Dn,s , )

n-1' n-1'"n-1

with D" the closed unit ball in R", we may identify nn(M,A,xO) with

n-1

the set [(D",s ,w),(M,A,xO)]. Choosing some point zg in Jn-1 we may

also identify nn(M,A,xo) with the set [(In,aln,zo),(M,A,xo)] since the

n n

inclusion map from (In,BI ,zo) to (1",91",3 ) is a homotopy equiva-

n-1
lence of triples, c¢f. [DKP, p. 201].

Every map @: (M,A,xo) - (N,B,yo) between pointed pairs of spaces over

R induces a map between pointed sets
nn(w): nn(M,A,xO) - nn(N,B,yO)

in the obvious way, [f] » [@-f], for every n>1, and, in case A=={xo},
B::{yo}, also for n = O. The map nn(w) is a group homomorphism if n> 2,
and also if n=1, A=={xo}, B=={yo}. As usual, we often write y, instead

of nn(w).

Having defined the absolute and the relative homotopy groups completely
along classical lines, we can transfer several basic results about them
from classical homotopy theory to the present locally semialgebraic
setting just by copying classical proofs. But we have to avoid those
proofs which use path spaces, since such spaces do not exist in our

setting. For example, we see that the group nn(M,xo) is abelian for
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n>2 by looking at the picture on p. 18 of Whitehead's book [w1] (or

p. 125 in [W]), rather than using the general argument there which
involves the loop space of (M,xo). The same picture can be used to

| prove that nn(M,A,xo) is abelian for n> 3. By this picture it is also
evident that we obtain the same multiplication on "n(M’A’xo) as before
if we compose homotopies by using a coordinate tis with 1<i<n instead
of t1. The coordinate t, may also be used in the case A = {xo}.

For any pointed pair of spaces (M,A,xo) and n> 1 we define a boundary

map

9z nn(M,A,xo) - "n—1(A’Xo)

in the usual way, 9[f] := [flIn_1]. Clearly 3 maps the neutral element
of nn(M,A,xo) to the neutral element of “n-1(A’Xo)‘ If n>2 then 9 is

a group homomorphism. 3 depends functorially on the triple (M,A,xo).

The maps 3 and the inclusions i: (A,x ) = (M,x)), J: (M,x ,x.) < (MA,x])
yield a long sequence
Lo axg) Han 4,x ) B a,x) D (ax)
(6.1) .
sy 0,8, x ) Do (A, x ) w (M%)

Looking at the arguments in [Hu, IV, §7], which are entirely semialge-

braic, we see that this sequence is exact.

We now discuss - among other thinags - the dependence of the absolute
and the relative homotopy groupvs on the base point. Given a space M
and two points X and X, we denote the set [(I,O,1),(M,xo,x1)] of homo-
topy classes of paths in M from X to X, by ur (M,xo,x1) . If X5 is a third

peint in M we have a multiplication
n1(M,xo,x1) xn1(M,x1,x2) - n1(M,xo,x2),

[ullv] := [u*v], by composing paths in the usual way,



(uxv) (t) = {

We see, as in the topological theory, that the disjoint union TT (M) of

the sets n1(M,xo,x1), with (xo,x1) running through MxM, is a groupoid,

called the (semialgebraic) fundamental groupoid of M.

Let (E,D,C) be a triple of spaces with D> C and both D and C closed in

n

E (for example, E =1I", D = aI“, cC =43 ). Let (M,A) be a pair of

n-1
spaces and let X%y be two points in A. Then every path u in A running

from X, to x, yields a bijection

U# H [(EIDIC)I(MIAIX1)] - [(ErDIC)/(MrArXO)]

of pointed sets as follows: Given a map f: (E,D,C) - (M,A,x1) we extend
the homotopy CxI-»A, (x,t) » u(t), to a homotopy F: (ExI,DxI,CxI) -
(M,A,A) with F(-,1) = £, and we define u#[f] := [fo] with fo := F(-,0).
Applying the homotopy extension theorem 1.4 several times, we see, as
in the topological theory [W, II, §1], that the map u# is indeed well-
defined and bijective, and that u* depends only on the class

ful €n1(M,xo,x1).

If v is a path in A from X, to a third point X, then clearly (u*v)* =
u#°v#. Thus the family ([(E,D,C), (M,A,x)]IX €A) is a local system of
pointed sets on the space A. In cther words, if we regard TT(A) as a
category, whose objects are the points of A and whose morphisms are
the homotopy classes of paths, then we have a functor

x » [(E,D,C),(M,A,x)], [u]»»uw, from TT(A) to the category of pointed

sets. In particular, the group n1(A,x) operates on the set [(E,D,C),

(M,A,x)] from the left.

As in topology one easily verifies the following useful fact (cf. [W,

p. 1011).
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Proposition 6.2. If C is contractible and A is connected then the for-

getful map [(E,D,C), (M,A,x)] - [(E,D), (M,A)] induces a bijection from
the set of orbits of L (A,x) in [(E,D,C), (M,A,x)] to the set

[(E,D), (M,R)].

Notice that, if C is complete, we can replace the triple (E,D,C) every-
where above by (E/C,D/C,C/C), as is usually done in topology. But if C
is only closed in E, then the spaces E/C, D/C do not necessarily exist

in our setting. Nevertheless the considerations above go through in

this generality.

If (E,D,C) = (InlalnrJn—‘l) and n>2 then the maps u# above are group
homomorphisms. The same holds if (E,D,C) = (In,In,aIn), n>1, M=A.
Thus we have local systems of groups (nn(M,A,x) Ix€a) for n>2 and

(nn(M,x) Ix €M) for n>1.

Given a map f: (M,A) - (N,B) the induced homomorphisms f, : TT(A) »TT(B)
and f, : nn(M,A,x) - nn(N,B,f(x)) together yield a morphism from the
local system (nn(M,A,x) |x € A) to the local system (nn(N,B,y) |y € B) for

every n> 1. In other words, for every path u in A from a point Xq to a

point x; the diagram
u
“n(MlArx1) -———*—————-—T‘n(M,A,XO)

£y £,

nn(N,B,f(x1)) (f—ou)#.“n(N’B'f(xo))

commutes. Similarly a map £ : M»N yields a morphism from the local

system (nn(M,x)leM) to (nn(N,y)!yEN) for every n>o0.

Finally, for every pair (M,A) of spaces the long exact homotopy

sequences (6.1) of the triples (M,A,x) with x running through A fit
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together to a "local system of exact sequences" on A, in the obvious

sense.

Up to now we transfered results from topological homotopy theory to
the locally semialgebraic theory simply by copying suitable classical
proofs. This method alone has a rather limited range. A much more
efficient method is based on the following two theorems, which, up to
trivial considerations, are special cases of the first main theorem

(in one of its versions 3.1 or 4.2) and the second main theorem 5.1.

Theorem 6.3 (First main theorem for homotopy groups). Let R be a real

closed field containing the base field R.

i) For every pointed pair of spaces (M,A,xo) over R and for n> 2 the
natural map

k:om (M,A,x)) - nn(M(ﬁ) /A (R) 1X)

defined by k(f] := [f'ﬁ], is an isomorphism of groups. If A= {xo},
this holds for n=1. In the remaining cases n=1, A% {xo}, and
n=0, A= {xo}, x is an isomorphism of pointed sets.

ii) Let M be a space over R. The natural map [u] » [uﬁ] from TT(M) to
TT4M(R)) is an injective groupoid homomorphism. The image is the

union of all sets n1(M(§'),x ,x1) with X5 r Xy € M. Given a path u in

o
M from a point X, to a point Xy the diagram

~

nn(M,x1) " nn(M,xO)
#
K [ Kl
n (M(R) ,x,) (uﬁ)* n (M(R),x)

commutes for every n> 0.
iii) Similarly, given a pair of spaces (M,A) over R and a path u in A

from a point x_ to a point X4 the diagram

o
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L (M,A,x1)

[«

nn(M'A'XO)

+
K |2 K|S
“n(M(R),A(R),X1) __TT%Q::____’“n(M(R)’A(R)'Xo)

commutes for every n>1.

Theorem 6.4 (Second main theorem for homotopy groups). Assume that the

base field R is the field R of real numbers.

i) Given a pair of pointed spaces (M,A,xo) then, for every n>2, the
obvious map

Xz nn(M,A,xo) - Tfn(M,A,xo)top

from the n-th semialgebraic homotopy group to the n-th topological

(= classical) homotopy group is an isomorphism of groups. This is

also true if n = 1 and A = {xo}. In the remaining cases n = 1,

A% {xo}, and n = 0, A = {xo}, A is an isomorphism of pointed sets.
ii) For every space M over R the obvious map X : TT(M) - ']'T(M)top from

the semialgebraic to the topological fundamental groupoid is an iso-

morphism of groupoids. This map, together with the maps

b nn(M,x) :,"n(M’X)to

P for x €M form an isomorphism from the semi-

algebraic local system (nn(M,x) {x € M) to the topological local system

(nn(M,x) Ix€M) on M (n>0).

top
iii) Similarly, given a pair of spaces (M,A) over R, we have a natural
isomorphism from the semialgebraic local system (nn(M,A,x) [x € A) to

the topological local system (nn(M,A,x)toplx €3a) on A (n>1).

Theorem 6.4 tells us that the absolute semialgebraic homotopy groups
of a space M over R and the relative semialgebraic homotopy groups

of a pair of spaces (M,A) over R are really the same objects as the
corresponding topological homotopy groups. The message of Theorem 6.3
is bound to be more complicated since, in general, M(R) and A(R) con-

tain many more points than M and A. Anyway, every group nn(M(ﬁ') ,X)
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is isomorphic to a group nn(M,y) since there exists a path in M(i) from
X to some point y € M. Similarly every group nn(M(ﬁ),A(ﬁ),x) is isomor-

phic to a group nn(M,A,y) with y € A.

By the main theorems 6.3 and 6.4 the homotopy groups of any triple
(M,A,xo) which is the base extension to R of some triple (MO,AO,XO)
over the field Ry of real algebraic numbers are identical with the
topological homotopy groups of (M (RR) ,AO(BU ,xo). Indeed,
"n(Mo(R),AO(R),XO) = “n(Mo’Ao'Xo) = ﬂn(MO(BU, AO(BU ,xo) =

nn(Mo(Hﬂ ,AO(HU /X ) (We write "=" since the isomorphisms are en-

o’ top’
tirely canonical.) In particular, if V is an algebraic variety over

Ro and Xy is a point in V(RO), then

nn(V(R),xo) = nn(V(IU ,xo)top.

If x is a point in V(R) then nn(V(R),x) is isomorphic to nn(V(R),xO)
for any point xOGZV(RO) which lies in the connected component of x in
V(R). Thus we know the semialgebraic homotopy groups of spheres,
Grassmannians, Stiefel varieties, etc. over any real closed field to
the same extent as we know the topological groups of these varieties

over IR.

Now observe that, up to isomorphism, every triple (M,A,xo) over R is

the base extension of a triple over R,. Indeed, choosing a triangula-
tion of (M,A,xo), we have a pair of abstract locally finite simplicial
complexes (K,L) and a vertex e of L together with an isomorphism from

(IKIR,lLlR,e) to (M,A,xo). Then

Ty (M,8,%0) = m (IKlg, ILig,e) = m (IKlp, ILlg e .

For example, if M is semialgebraic, then it is evident that the funda-
mental group n1(M,xo) with respect to any base point is finitely pre-
sentable, since this is known for finite closed simplicial complexes

in the topological theory ([Spa, 3.7]). (Choose a good triangulation
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(X,a) = (M,xo) and replace X by its core!)

More generally every system of spaces (M,A1,...,Ar) over R is isomor-
phic to the base extension to R of a system over Ro’ since (M,A1,...,Ar)
can be triangulated. Using this observation and our main theorems -
either in the general versions in §3 - §5 or the special versions in
this section - we are able to transfer a large part of the results of
classical homotopy theory to the locally semialgebraic setting. We

illustrate this here with two examples. Later we will leave such matters

to the reader.

Our first example is the homotopy excision theorem of Blakers and

Massey. We choose a version which (in the topological setting) can be

found in [DKP, §15].

Theorem 6.5. Let A1 and A, be open locally semialgebraic subsets of a
space M over R with M = A1 UAZ' Let Ao = A1 n Az. Assume that p and g
are natural numbers with p+q> 3 and nr(A.l,Ao,x) =0 for 1<r<p,

“r(AZ'Ao’X) =0 for 1<r<q, for every point XEA . Then the homomorphism
Ty ¢ nn(AZ,AO,x) - nn(M,A1,x)

induced by the inclusion j: (AZ'AO) A (M,A1) is an isomorphism in di-
mensions 1 <n<p+g-2 and an epimorphism in dimension n=p+q- 2 for

every X € AO.

Proof. Choosing a triangulation of (M,A1,A2) we may assume that

(M,AT,AZ) = (X(R),Y1(R),Y2(R))

for some triple (X,Y1,Y2) over Ro with Y1 and Y2 open in X. Let
Yo := Y, NnY, and let i denote the inclusion map from (Yz,Yo) to
(X,Y,). We have X = Y, vy, and j = 1

that, for every xeYo, the groups nr(Y1,Yo,x) and nr(Yz,Yo,x) vanish

R We conclude from Theorem 6.3
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for 1 <r<p and 1<r<q respectively. The sets Yy (R), Yz(]R) are open
in X(R) and cover X(R) . Again by Theorem 6.3, the groups

nr(Y1(]R) ,YO(IR) ,X) and nr(Yz(]R) ,YO(JR) ,x) vanish for 1<r<p and
1<r <q respectively and every xeYo(]R) (not just xeYo). Since the
topological analogue of Theorem 6.5 is true [DKP, §15] we conclude

from Theorem 6.4, that, for every x €Yo(]R) ,

(i]R)* 2 (Y, (R) ,YO(IR) (X)) - nn(X(]R) ,Y1(]R) , %)

is an isomorphism in dimensions 1 <n<p+g-2 and an epimorphism in
dimension n = p+q- 2. Now apply Theorem 6.3 twice. We first see that
the analogous statement is true over Ro and then that it is true over
R, which is what we want. In the last arcument special cases of the
following obvious general fact have been used: If f: (M,A,xo) - (N,B,yo)

is a map between pairs of pointed spaces over R, then for every n>1

and every real closed overfield R of R the diagram

£
TTn(M,A,XO) * T‘n(N,B,YO)
K| K|S
m, (M(R) ,A(R), %) _G.%‘T* m, (N(R),B(R),y,)
commutes. q.e.d.

We are not aware of any proof cf Blakers-Massey's excision theorem in
topology which could be transfered to the general locally semialgebraic
setting. The proof in [DKP] makes heavy use of the fact that R is

archimedian.

Our second example of knowledge transfer from topological to semialge-
braic homotopy theory is the following fundamental theorem which, in
the setting of CW-complexes, is due to J.H.C. Whitehead, cf. e.g.

[spa, p. 405].
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Theorem 6.6. Let £ : M>N be a map between connected spaces over R. Let

x_ be a point of M and Yo = f(xo).

i) Assume that, for every r >0, the map nr(f) from nr(M,xO) to "r(N’yo)
is an isomorphism. Then f is a homotopy equivalence.

ii) Given some natural number n, assume that nr(f): nr(M,xo)-»nr(N,yo)
is an isomorphism for 1 <r <n and an epimorphism for r = n. Then, for
every space Pover Rwith dimP <n, themap f, : [P,M] » [P,N] induced by £

isbijective, while for every n-dimensional space P this map is surjective.

We give the proof of part i) in detail leaving part ii) to the reader.
Choosing good triangulations of (M,xo) and (N,yo) we assume that there
are given tame complexes X and Y over R, with M=X(R), N=Y(R) and X51¥g
vertices of X and Y lying in X and Y respectively. Now X and Y are homo-
topy equivalent to their cores, cf. §1. Replacing X and Y by their cores
we assume that the complexes X and Y are closed. Then X(R) and Y(IR) are
certainly CW-complexes. By Theorem 4.2 (= second version of the first
main theorem) there exists a map g: (X,xo) - (Y,yo) such that 9Rr is
homotopic to f : (M,xo) - (N,yo) . We may replace f by IR and assume hence-
forth that f =gg. Applying Theorem 6.3 (i.e. again the main theorem) twice
we see first that the map nr(g) is an isomorphism and then that nr(gIR)
is an isomorphism for every r > 0. Now we know by the second main theorem
6.4 and by the topological Whitehead theorem [Spa, p. 403] that

IR * X(IR) »Y(IR) is a topological homotopy equivalence. By the second
main theorem, in its general version 5.1, we know that IR is a locally
semialgebraic homotopy equivalence. Then, applying the first main theo-

rem twice, we see that £ =9gr is a homotopy equivalence.

Example 6.7. Let M be a locally complete space. Then the canonical
map x~ x from Mloc to M (cf. I, §7) is a homotopy equivalence. Indeed
the hypothesis of part i) of the theorem is satisfied for trivial

reasons.
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How about a proof of Theorem 6.6 by semialgebraic methods? Let us again
confine attention to part i). This suffices to understand the difficul-

ties. As indicated in the proof above we may assume that M and N are

partially complete. If the space M is semialgebraic then we can argue
in a very classical way. We form the mapping cylinder Z(f) of £:M-N
(cf. II, §10; f is now proper). The map f is the composite p-j of the
inclusion map j : M « Z(£f) and the natural projection p: Z(f) ->N. Now p
is a homotopy equivalence. Thus we may replace f by the map j. Hence-
forth we assume that M is a closed subspace of the partially complete
space N and f is the inclusion map. The assumption in (i) means that

the relative homotopy groups nr(N,M,xO) all vanish.

Since M is connected this means that every map (Dr,sr-1) - (N,M) is
homotopic to a constant map, cf. Prop. 6.2. From this one concludes
in the usual way (e.g. [DKP, p. 212]) that every map ¢: DY >N with

1 46 a map ¥ with ¢ (DY) cM (¢ can

0T Hem is homotopic relative S
be "compressed" to M). Choosing a triangulation of (N,M) it is now
easy to construct a strong deformation retraction from N to M working

"simplex by simplex".

This is an entirely classical proof of part (i) of Whitehead's theorem
for M semialgebraic. Unfortunately the proof does not work if M is only
locally semialgebraic, since then we do not have a mapping cylinder Z(f)

at our disposal.

Here a serious handicap of our homotopy theory comes into sight. Some
of the most basic constructions in topology are impossible in the cate-
gory of - say - partially complete spaces. Even the cone CX = XxI/Xx{1}
over a partially complete space X (= mapping cylinder of the map from
X to the one point space) does not exist. Indeed, choosing a triangu-

lation, we may assume that X is a closed locally finite complex. Then
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CX exists in the category of simplicial complexes. But CX is not local-

ly finite if the complex X is not finite.

All the more we cannot construct the suspension of a partially complete
space which is not semialgebraic. Thus stable homotopy theory is out of
bounds. We also do not have the analogues of many important infinite
dimensional CW-complexes, as for example the Eilenberg-MacLane spaces

K(w,n), at our disposal.

This makes it desirable to admit suitable inductive limits of complete
semialgebraic spaces over R which are more general than partially com-
plete locally semialgebraic spaces. The authors developed a full

fledged theory of such limits which we call "weak polytopes".

In the category of weak polytopes mapping cylinders, suspensions,
Eilenberg-Maclance spaces, and all that exist. This leads, in particu-
lar, to a satisfactory stable homotopy theory over any real closed
field R, opening a door to general cohomology theories over R. And,

of course, with weak polytopes a direct proof of Theorem 6.6 can be

given.

In developing the theory of weak polytopes one has to be careful
that the limits of complete spaces do not become too "wild" and the
geometry is destroyed. This needs more space and time than is avail-
able now. We have to delay the publication of this theory to a later

occasion.
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§7 - Homology, the Huréwicz theorems

Having developed homotopy theory this far, it is natural to ask whether

there exists an analogue of singular homology for locally semialgebraic

spaces and a Huréwicz homomorphism from the homotopy groups to the ho-
mology groups. We certainly can define singular chains using semialge-
braic (instead of just continuous) maps from the standard simplices

n

A", n>0, to the given space but the authors do not know whether the

homology groups defined in this way have reasonable properties.

Nevertheless a satisfactory homology theory of semialgebraic spaces
has been developed avoiding the singular approach, in [D], [DK3], [D1].
The proofs there readily generalize to locally semialgebraic spaces.
Thus we give here only a short résumé of the basics of this homology
theory, condensed into two theorems. We refer the reader to the papers
above for the details. [DK3] gives mainly an overview on homology and
cohomology. The missing proofs can be found in [D] and [D1], the main
difference between these two articles being the way the homotopy in-
variance of cohomology is proved. (Cohomology is established first,
homology later, in contrast to the singular theory.) For a first read-

ing we recommend [DK3, §3 - §51].

All we need to know here from the theory developed in these papers is
the following Theorem 7.1. Let HLSA(2,R) denote the category whose ob-
jects are the pairs of spaces (M,A) over a given real closed field R
and whose morphisms are the homotopy classes of (locally semialgebraic)
maps between such pairs. Let E denote the endomorphism (M,A) - (A,d)

of this category. Let G be an abelian group.

Theorem 7.1. There exists a family (hnlnEZ') of covariant functors from

HLSA(2,R) to the category of abelian groups and a family (3n|n€Z) of natural
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transformations Bn : hn - hn_1°E with the following properties.

1) For every pair of spaces (M,A) the long sequence
. —»hn(A,¢) Whn(M,Qﬁ) Whn(M’A) —Whn_1 (a,8) - ...
is exact. Here i and j denote the inclusion maps (A,®) - (M,8) and
M,8) » (M,n) .

2) If (M,A) is a pair of spaces and U is an open locally semialgebraic
subset of M with UcA then the inclusion map j: (MNU,ANU) - (M,A)
induces, for every n€ 2, an isomorphism hn(j).

3) For the one-point space * we have hn(*,¢) = 0 for n+0 and h_(*,0) =G.

4) For every family of spaces (MGIGEI) and every n€ 2 the natural map

from the direct sum of the groups hn(Ma'¢) to the group

hn(J.L(MO(IO(EI),Q) is an isomorphism.

Let us call a family (hn,anlne Z) with the properties indicated in the
theorem, together with a fixed isomorphism ¢ : Giho(*,m , a homology

theory over R with coefficients in G. Theorem 7.1 states that such a

homology theory exists for every G and R. Then it is pretty evident
that, up to isomorphism, this homology theory ((h.n,an[nez),c) is unique.
Namely, if (X,A) is a tame pair of complexes over R, then one deduces

from the functorial long exact sequences (cf. property 1) of the pairs

(X,7) and (co X, coA) together with the fact that coX and coA are
strong deformation retracts of X and A, that the inclusion map from

(coX, coA) to (X,A) induces an isomorphism
hn(cox, co A) %hn(X,A)

for every n € 2. Then it can be shown as in topology (cf. [ES], [Mi])
that hn(co X, coA) is isomorphic to the simplicial homology Hn(K,L;G)
of the abstract simplicial complex (K,L) = (K(coX),K(coA)). In parti-

cular hn(X,A) = 0 if n<0 and if n > dimX.

Henceforth we denote the group hn(M,A) by Hn(M,A;G) and call it the
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n-th homology daroup of the pair (M,A) with coefficients in G. We write

H (M,G) instead of Hn(M,¢;G). Given a map f : (M,A) » (N,B) we often de-

note all the homomorphisms hn(f) by f,.

From our discussion of uniqueness of homology it is evident that the
groups Hn(M,A;G) obey a universal coefficient theorem as common in the

simplicial and singular homology theories, cf. [Spa, p. 222].

Theorem 7.2 (First and second main theorem for homology).
a) Let R be a real closed field containing R. Then we have, for every
pair of spaces (M,A) and every n€ 7Z, an isomorphism
Kt Ho(M,8:6) = H MR, 2R ;0),
functorial with respect to (M,A), such that the diagram

3, (M,A)
H_(M,A;G) H _,(A,G)

H (M(R),A(R);G) H 4 (aR),6)

3, (M(R) ,A(R))

commutes.
b) For every pair of spaces (M,A) over R and every né€ 2 we have a

functorial isomorphism

bR Hn(M,A;G)-—*Hn(M,A;G)top

such that the diagram

Bn(M,A)
H (M,A;G) H _,(A,6)
A A
Hn(M’A7G)top Bn(M,A)top Hn-1(A’G)top

commmutes. Here Hn(M,A;G)top denotes the n-th singular homology

group of the pair of tonological spaces (M,A) with coefficients in
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G and an denotes the boundary map in singular homology.

, top
It is now evident that we can transfer a great number of results from
singular homology theory to spaces over any real closed field R, cf.
the discussion for homotopy groups in §6. For a concrete example,
namely Alexander-Poincaré duality, see [DK3, §5]. A more subtle method
for transfering results from singular to semialoebraic homolocy

is also discussed in [DK3] (c£. §7 - §8 of that paper).

It is clear that, for any space M over R, the group HO(M,Z) is the free
abelian group over the set nO(M) of connected components of M, and

HO(M,G) is the tensor product of HO(M,Z) with G over 2.

For any n€ 2 we denote by Hn(M,G) the kernel of the homomorphism from
Hn(M,G) to Hn(*,G) induced by the map from M to the one point space

("reduced homology groups"). If n+ O then ﬁn(M,G) = H, (M,G), while we

have a split exact sequence

0 - 'HO(M,G) - H (M,G) ~ G » 0.

If x, is any point in M then the natural map from ﬁo(M,G) to

HO(M,XO;G) is an isomdrphism.

Henceforth we denote the homology groups Hn(M,A;Z), Hn(M,Z), ﬁn(M,Z)
simply by Hn(M,A), Hn(M), ﬁn(M). We want to compare these groups with

the homotopy groups (or sets) nn(M,A,xO), nn(M,xo).

For any n>0 and any real closed base field R the group Hh(In,aIn) is
isomorphic to Z. We choose a coherent system of generators Znelg“In,QInL
as indicated in [Spa, p. 388]. {Zn maps to the fundamental class of the
complete semialgebraic manifold oI" with its standard orientation under

the isomorphism 3 from Hn(In,BIn) to ﬁn_1(91n) provided n> 1.}
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Given a pair (M,A,xo) of pointed spaces we define a Huréwicz-map

(n>1, or n=0 and A = {xo})

@:m (MA,x) = H (MA)

= £,(2_), for every map f: (In,aIn,J )

by olf] n n-1

.

- (M,A,xo). This map
is well defined since f*(Zn) depends only on the homotopy class of £,
in fact only on the free homotopy class of f : (In,BIn) - (M,A7).
Clearly the map ¢ depends on the triole (M,A,xo) in a functorial

way. Copying arguments in [Spa, VII, §4] we obtain

Theorem 7.3. a) If n>2, or if n=1 and A = {xo}, the Huréwicz map
is a group homomorphism.

b) If n>1, the square

n (M,A,x) no—q (Rrxy)

(] ®

3

H (M,A) ————H__, (A)

commutes.

Since the image ¢@[f] of an element [f] € T (M,A,xo) only depends on the
free homotopy class of £, it is evident that for any path u in A from

a point X, to a point x, the triangle

1
U

n(MAx) (MAx

N /

H(MA

commutes (n>1). Similarly, for any path v in M from a point x, to a

point X4 the triangle

Ve
n(Mx Mx)
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commutes (n>0). Here we have identified both Hn(M,xo) and Hn(M,x1)

with ﬁn(M) in the canonical way.

If n>2 then we denote by n;—(M,A,xo) the quotient of nn(M,A,xo) by

the normal subgroup generated by all elements u#(x)x—1

with x running
through nn(M,A,xo) and [u] running through n1(A,xo). The first triangle

above tells us, in the case Xy = X that ¢ induces a group homomorphism

+ +
w my (M,A,XO) - Hn(M,A) (n>2).

Similarly, if n> 1, then we denote by n;(M,xo) the quotient of nn(M,xo)
by the normal subgroup generated by all elements v#(x)x-1 with

. " c
X € nn(M,xo), [v] € n1(M,xo). Notice that n1(M,xo) is just the factor
commutator group of "1(M’Xo)‘ The second triancle above shows for

Xy = Xy that the Huréwicz map ¢ induces a group homomorphism

@* : n"ﬁ(M,xo) - Hn(M) (n>1).

Theorem 7.4 (Absolute and relative Huréwicz theorem).

a) Let n> 1. Assume that "r(M’Xo) = 0 for O<r<n-1. Then the map ¢*
from X (M,xo) to Hn(M) is an isomorphism.

b) Let n>2. Assume that M and A are connected and that nr(M,A,xo) =0
for 1<r<n-1. Then the map ©" from n;-(M,A,xO) to Hn(M,A) is an

isomorphism.

N.B. Part a) tells us in the case n=1 that, for every connected space
M, the factor commutator group of "1(M’xo) is canonically isomorphic

to H1(M). If n>2 then, under the assumptions there, n; (M,xo)==nn(M,xO).

We obtain Theorem 7.4 by starting from the well-known Huréwicz theorems
in topology ([Spa, p. 397f], [wW, p. 178]) and using our main theorems

in homotopy (Th. 6.3, Th. 6.4) and homology (Th. 7.2) together with the

following obvious facts:
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1) Let R be a real closed field containing R and (M,A,xo) a pair of
pointed spaces over R. Then the square

)

nn(M,A,xo) Hn(M,A)
K[ = K|=
~ ~ (p ~ ~
n (M(R),A(R) ,x)) —F——H_ (M(R),A(R)
commutes.

2) Assume that R=IR . Identifying the semialgebraic homotopy and homo-
logy groups with the corresponding homotopy and homology groups of

topological spaces, the semialgebraic Huréwicz homomorphism
® nn(M,A,xo) - Hn(M,A)

is the same map as the topological Huréwicz homomorphism.

Sirilarly, one can transfer other results about the Huréwicz homomor-
phisms to spaces over any real closed field. In particular, one can
transfer the following theorem due to Hopf and Fox (cf. [W, p.248]):
If n>2 and nr(M,xo) = 0 for O<r<n-1, then the Huréwicz map from

"n+1(M’xo) to H (M) is surjective.

n+1
Semialgebraic homology groups are quite useful in our homotopy theory.
This is already evident by the following complement to Theorem 6.6.

It can be obtained by transfer from a well-known theocrem of J.H.C.

Whitehead ([Spa, p. 3991, [w, p. 1811]).

Theorem 7.5. Let f: M- N be a map between connected spaces over R. Let
X be a point of M and Yo T f(xo). Given a natural number n we consi-

der the induced homomorphisms

“q(f) : “q(M’XO) -)Hq(N;Yo), Hq(f) H Hq(M) "Hq(N),

for 1 <g<n.
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a) If nq(f) is bijective for 1<g<n and surjective for g=n, then
Hq(f) is bijective for 1<g<n and surjective for g=n.

b) Assume that n1(M,xo) = 0 and n1(N,yo) = 0. Then, conversely, if
Hq(f) is bijective for 1<g<n and surjective for g=n, the homo-

morphism nq(f) is bijective for 1<g<n and surjective for g=n.

If the space M is semialgebraic then mapping cylinders are at our dis-
posal, and Theorem 7.5 is an easy conseqguence of the relative Huréwicz

theorem. But the theorem holds in general.
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§8 - Homotopy groups of ends

This section refers to the theory of ends of a space M developed in

IT, §9 and §11. Given an absolute end X of M we want to define the

g-th homotopy group of X as the projective limit of the homotopy groups
nq((M\~K)A,x) with K running through the set 7&(M) of partially complete
(locally semialgebraic) subsets of M and suitable base points x € (M\‘K)A'
{Recall that (M\~K)A is the connected component of M~ K determined by

X, cf. II, §9, Def. 4}. We cannot choose a common base point in all the
sets (M\\K)A since they have an empty intersection. The most natural
idea seems to be to choose the base points x on some proper incomplete
path o with e¢(a) = X (cf. II, §9, Def. 6). This leads to the following

definition.

Let a: [0,1[ »M be a proper incomplete path and let A = ¢(a) be the end
determined by a. We consider the set A(a) consisting of all pairs (K,t)
with K€ TC(M), te[0o,1[, a(lt,1[) €cMNK. We define a partial ordering

on A(a) by
(K,t) < (L,u) ® KcL, t<u.

If (X,t) < (L,u) then o yields, for every g>1, a natural homomorphism

(L,u)

Pk t) nq(M\L,cx(u)) - nq(M\K,a(t)) '

namely the map induced by the inclusion (MNL,a(u)) - (MNK,a(u)) and the path

s ((1-s)t + su) from a(t) to a(u). With these transition maps OEIIZ’E; we

have, for every q > 1, an inverse system (t q(M\K,cx(t)) | (K,t) € A(a)) of groups.

Definition 1. The g-th homology group n_(X,a) of the end X based at «

q
is the projective limit of this system (g>1). In short,

nq(k,a) = lim mn (MNK,a(t)).

K, 00€r(ay 9

These groups behave functorially with resvect to partially proper maps.
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Indeed, if f: M- N is a partially proper map, then B := fe.a is a proper
incomplete path in N which determines the end f,(X), cf. II, §9. Every
index (L,s) € A(B) yields an index (f-1(L),s)€ A(a), and f induces, for

every q>1, a homomorphism
£yt (MNE (L), a(s)) > m (NNL,B(s))
These homomorphisms are compatible with the transition maps. Thus we

obtain a unigque homomorphism

£ormgOLQ) = m(£,(0),8)

such that, for every (L,s) € A(B), the square

£y

nq(A,a) “q(f*(l),B)

Mg (MNET (L) 0 (8) ——= (WL, B (s)

with the canonical projections as vertical arrows, commutes.

How does the group nq(l,a) depend on the choice of the incomplete
path o "in" the end A? Assume that & and B are two proper incomplete

paths in M and that H: [0,1[xI M is a proper homotopy from & to B,

i.e. H is a proper map with H(-,0) = « and H(-,1) = B. For any KGiTé(M)
the preimage H—1(K) is a complete semialgebraic subset of [0,1[xI. Thus
H—1(K) is contained in [0,c]xI for some c€ 10,1[. For every t€ lc,1{
the path s»H(t,s) runs in M~ K from the point a(t) to the point B(t).
We see that o and B determine the same end X of M. Moreover, for every

t€]c,1l and g>1, we have a homomorphism

H(t,-) :N€M\K$(U)*“&M\KJ(H)-

L3

If u>t is a second parameter in Jc,1[ then the square

Q H(u,-)y -
nq(M K, B (u)) ﬂqﬂ4 K, a(u))
(K,u) (K,u)
O(K,t) Ok, t)
nq(M\K,B(t» H(E, )y nq(M\K,a(tD
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commutes, since the vertical arrows are just the maps Yo 6# induced

by the paths
Y(s) = H((1-s)t+su,1), &(s) = H((1-s)t + su,0)

and since H maps the whole rectangle [t,u]xI into MNK. It is now evi-
dent that the homomorphisms H(t,-)# for the various K€ ’J'C(M) and admit-

ted t € ]0,1[ all fit together and yield a well defined homomorphism

: A, - A,a).
H# nq( B) nq( o)

If ®: [0,1[xIxI » M is a proper homotopy relative [0,1[x{0,1} from H to
a second proper homotopy H' : [0,1[xI - M from o to B then I—I#=H4f‘t as is

easily verified.

If G: [0,1[xI - M is a proper homotopy from B to a third proper incom-
plete path vy in M, then the composite homotopy H*G is again proper and
the homomorphisms H#*'G# and (H*G)# from nq(k,*{) tc nq(k,a) are equal.
Now we see by the usual argument that the inverse homotopy H-1 : (t,s) »
H(t,1-s) from B to «, which is again proper, yields a homomorphism

(!

)# from nq()\,a) to nq(k,B) which is inverse to H#. In particular

H# is an isomorphism.

Definition 2. The fundamental groupoid TT()A) of the end A of M is the cate-

gory whose objects are the proper incomplete paths a : [0,1[ - Mwith ¢ (a) =2
and whose morphisms from an object a to an object B are the prover homotopy
classes <H> relative [0,1[x{0, 1} of proper homotopies H from « to B.

Notice that every morphism in the category TT()) is an isomorphism, the

inverse of <H> being the class < Ts. Thus TT(X) is indeed a groupoid.

We summarize our observations on the maps H, as follows.

Proposition 8.1. For every end X of M and every g€ N the assignment

a - nq()\,a), <H>w H, is a functor from the fundamental groupoid TT(X)
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to the category of groups.

The following theorem states in particular that the fundamental groupoid
TT(X) is connected, i.e. for any two objects a,B in TT(A) there exists
a morphism from o to B. This implies that, for given g>1, the groups
n_(A,a), with o running through the proper incomplete paths "in" A, are

q
all isomorphic.

Theorem 8.2. Let a,B: [0,1[ 3M be proper incomplete paths in M determin-
ing the same end A. Let McP be a pure completion (cf. II, §9, Def. 2)
of M, and let o,B: [0,1] 3P denote the unigue extensions of «,B8 to

paths in P. Then there exists a homotopy
H: (I,00,10,{1})xI » (P,M,P M)

with H(-,0) = «,H(-,1) = B. The restriction of H to [0,1[xI is a proper

homotopy from o to B.

Proof. Once we have constructed the homotopy H the last sentence of the

theorem will be obvious since ﬁ_1 M) = [0,1[xI. Let A := P()\) be the
connected component of P~M determined by A (II, 9.24). Then x := o (1)
and y := B(1) are points in A. We choose a path vy: [0,1] » A with y(0) =x
and Y(1) =y. Then we choose a simultaneous triangulation of P and the
sets M, v([0,1]), a(l0,11), B([0,1]), and we regard P as a closed lo-

cally finite complex with these sets as subcomplexes.

The points x and y are vertices of P. There exists a finite sequence
of vertices (x;10<i<n) in v([0,1]) such that x_ =x, x =y and
[xi_1,xi] is a closed 1-simplex of P contained in v ([0,1]) for 1<i<n.
For every i€ {1,...,n} we choose an open simplex gy in M which has

]xi_1,xi[ as a face. This is possible since M is dense in P.

Henceforth we denote the set of paths
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5: ([o,11,00,10,{1}) > (P,M,P~M)

by T(P,M). For any two such paths 61, 62 we write 61 o 62 if there
exists a homotopy from 61 to 62 regarded as maps between triples of

spaces. In this notation our claim is o =~ B.

If z is a point of M and w is a point of P~M such that the open line
segment lz,w[ is contained in some open simplex of M, then the linear
path from z to w is anelement of I'(P,M). We denote this path by zw. We
make the following simple but crucial observation: If 24,2, are points

in the open star StM(xi) for some i€ {0,...,n} (cf. II, §7), then

Z4%; ™ ZZXi' Indeed, since the dense pair of spaces (P,M) is assumed
to be pure the complex M is certainly maximal (cf. II, §5, Def. 4).
Thus any two open simplices in StM(xi) are connectable in StM(xi) by

a chain of open simplices in the sense of II, §7, Def. 4 (cf. II, Prop.
7.3). It is then easy to write down a piecewise linear homotopy from

z1xi to zzxi.

. ~ ~
In particular, 0.x., =~ oj

1%5 x; for every i€ {1,...,n-1} since the bary-

+1

centers 81 and 8i of 0, and 0, , are both lying in St,(x;). Obviously

+1 +1

i
we also have 6ixi—1 o Gixi for i€ {1,...,n}.
There exists a unique vertex p in the one dimensional subcomplex
a(lo,1[) of P such that Jp,x[ is an edge of P. Let a denote the mid-
point of lp,x[. This is a point in StM(x). It is easily verified that
o =~ ax. Similarly B =~ by for a suitable point b€ StM(y). By the obser-
vation above we have ax =~ 61xo and by =« ann. Thus altogether we have

~ B. g.e.d.

Q

We return to the discussion of the functoriality of the groups nq(l,a).
Let £,9: M 3 N be two partially proper maps and let F: MxI - N be a

partially proper homotopy from f to g. For every proper incomplete path
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a in M the map
H := Fe(axid) : [0,1[xI » N

is a proper homotopy from fea to g-a. Thus, if a determines the end A
of M, then fea and ge-a determine the same end p = f,(}) = g, ()) of N.

Moreover, we have the following proposition.

Proposition 8.3. The triangle

(u,foa
nqu )
/
nq(k,a) H#
Ix

nq(u,goa)

commutes.

The proof may safely be left to the reader. This proposition implies

the invariance of the groups nq(A,a) under partially proper homotopy

equivalences.

We want to compare the homotopy group nq(k,a) with the homotopy group
nq(P(A),GTE(1)) for a given pure completion @: M » P. {Again P(}) de-
notes the end of M in P determined by },and we.a denotes the extension
of pea to a path in P.} We are forced to assume that P()) has complexity
<1, i.e. is locally complete. Notice that this condition only depends

on A but not on the chosen pure completion ¢, cf. II.9.25.

We regard ¢ as an inclusion. The set P()A) is open in its closure P(})
in P. Thus the set 3P(A) = P(A) ~P(}A) is a member of T (M). If some
K€ TE(M) contains 3P (X) then P(A) is closed in P~ K. By

II, Theorem 11.7, there exists a set L€ TC(M) with L oK such that the

closure U = UNOP()) in PN 3P()A) of the connected component U of PNL
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containing P(A) is a "mapping cylinder neighbourhood" of P(A). This
means, there exists a proper map h: 3u - P(A), U := 3U~NIP(X), such
that the triple (U,3U,P(})) is isomorphic to (Z(h), (3U)x0,P(})) with
Z(h) the mapping cylinder of h. Let t€ [0,1[ be a parameter with
a([t,1[) eM~NL. Since (U,P())) is isomorphic to (2(h) ~ (3U)x0,P (1))

the natural map (q>1)
ﬂq(P(A),a(U) - ﬂq(U,E(H) = nq(P\L,E(U)

is an isomorphism. Composing the inverse of this map with
Ty MNTya(t)) = mo (PNTat)) z»nq(P\L,'&m),

where the last arrow is (ol [t,1]):‘:1 , we obtain, for every gq>1, a

natural homomorphism

oLty nq(M\L,cx(t)) - nq(P(A),EH)).

Let A'(a) denote the set of all pairs (L,t) € A(a) with L having the
above properties. A'(a) is cofinal in A(a). Thus, for every g>1, the
group nq(A,a) is the projective limit of the groups nq(M\L,a(t)) with
(L,t) €A'(a). Now it is easily seen that the transition maps between

these groups are compatible with the homomorphisms ¢ Thus the

(L,t) "
o] yield a natural homomorphism
(L, t) ®

o (A, a) = nq(P(X),E(T)).

H |
q
We abandon the interpretation of ¢ as an inclusion map and denote this

homomorphism by

Oy rrq(k,ot) - nq(P(X),w'G(U)-

If y: M > Q is asecond pure completionof Mand £:Q WP is a morphism from
Y to ¢ then f restricts to a proper surjective map g : Q(Xx) -» P(}X). It

is easily checked that, for every q>1, the triangle
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ﬂq(Q(X),¢°0(1))

(8.4) “q()\,a) Ix

commutes.

We recall that every completion of M is dominated by a completion M<P
such that the end P(A) in P is collared (II, Th. 11.6). Assume that our
given completion @ : M = P is of this special type. Then there exists,

as is easily seen, a cofinal subset A" (a) of A'(a) such that, for every
(L,t) € A" (a), the connected component U of P(A) in P~ (L) is an "open

collar" of P(A). This implies that 9L, t) is an isomorvhism. We con-
4

clude

Proposition 8.5. If the end P(A) of M in P is collared, then

Oyt nq(x,u) - nq(P(A),w-a(T))

is an isomorphism for every g>1.

Now we are well prepared to give an application of our theory of homo-

topy groups of ends.

Theorem 8.6 (Homotopy invariance of collared ends). Let ¢ : M = P and
Y : M o Q be completions of M such that both ends P()X) and Q(}X) deter-
mined by a given absolute end X of M in P and Q are collared. Then the

spaces P(A) and Q(A) are homotopy equivalent.

Proof. There exists a completion x : M =+ S dominating ¢ and y such that
S(A) is collared. Thus it suffices to consider the case that there

exists a morphism f : QP from y to ¢. We choose a proper incomplete
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path o in M with e(a) = XA. In the commutative diagram (8.4) both maps

o, and Ow are isomorphisms by Proposition 8.5. Thus g, is an isomor-

v
phism for every g> 1. By Whitehead's theorem 6.6 the map g : Q(A) - P(})

is a homotopy equivalence. g.e.d.

In the course of this study it turned out that it sometimes is natural
to consider partially proper homotopy classes of partially proper maps.
It would be desirable to have analogues of our two main theorems on |
homotopy classes for partially proper homotopy classes. Up to now we

do not know how to prove such theorems.




Appendix A (to Chapter I): Abstract locally semialgebraic spaces.

This appendix is meant only for those readers who are familiar with

the notion of the real spectrum Sper A of a commutative ring A, cf.
[CR] and the literature cited there, and for an introduction to real
spectra also [BCR, Chap. 7] and parts of the articles [L], [Br], [K].
We regard here Sper A as a topological space, nealecting its usual
structure sheaf of "abstract Nash functions". In fact we will introduce
below a new - much bigger - structure sheaf on Sper A, the sheaf of

"abstract semialgebraic functions".

The appendix is not necessary for an understanding of the other parts
of this book in any technical sense. Our goal is to explain how the
category of locally semialgebraic spaces over a real closed field R
fits into the framework of "abstract" semialgebraic geometry, a now
rapidly developing area. In particular we will see that our locally
semialgebraic spaces are objects equivalent to suitable locally ringed
spaces over genuine - albeit not Hausdorff - topological spaces. This
view point leads to a better understanding of various examples of
locally semialgebraic spaces given in Chapter I. We will see that,
although some of these spaces look pathological at first glance, they
nevertheless are equivalent to subspaces of very honest real spectra

and thus may be regarded as "occuring in nature".

Let V be an affine algebraic variety over a real closed field R. As
usual we denote by R[V] the ring of algebraic functions (= "polynomial
functions") on V and by V(R) the set of R-rational points of V. The
set V(R) is a subset of the real spectrum Sper R[V] , and the subspace
topology of V(R) in Sper R[V] coincides with the usual strong topology
of V(R). There is a canonical 1-1-correspondence between the semialge-

braic subsets of V(R) and the constructible subsets of Sper R[V] .



296

Namely, if McV(R) is semialgebraic, and if we describe M by equalities
and inequalities between functions in R[V], then these equalities and
inequalities also define a constructible subset M of Sper R[V] . The

set M is the unique constructible subset of Sper R[V] with MnV(R) =M,

cf. [CR, §5]. If M is a one point set {x}, then M = M.

Now we consider a fixed semialgebraic subset M of V(R). A semialgebraic
subset X of M is open (resp. closed) in M if and only if X is open
(resp. closed) in M [CR, §5]. Moreover the open constructible subsets
of M are precisely those open subsets which are quasicompact. Thus the
family ¥(M) of open semialgebraic subsets and then also the family ¥(M)
of all semialgebraic subsets of M is completely determined by the topo-

logy of M.

The points of M can be interpreted as the ultrafilters of the Boolean

lattice (M) in a canonical way, cf. [Br, p. 260], [CaC, §1]. Then the
constructible subset X of M corresponding to a semialgebraic subset X

of M is just the set of all ultrafilters F with X € F. In particular

(X = {x}) a point x of M is identified with the principal ultrafilter

FX generated by x.

The open quasicompact subsets of M are a basis of the topology of M
[CR, §5] and, since the space M itself is guasicompact, every covering
of M by open subsets has a finite subcovering. Thus it is evident that
there is a 1-1-correspondence F & F between the sheaves F on the semi-
algebraic space M and the sheaves F on the topological space M, given
by the formula F(U) = F(U) with U running through &(M). In particular
the sheaf OM of semialgebraic functions on M corresponds to a sheaf of

rings DM

topological sense. It is an example of an abstract semialgebraic space,

on M. The pair (ﬁ,@ﬁ) is a locally ringed space in the usual

to be defined now.
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Let A be an arbitrary commutative ring (with 1) and K be a construct-
ible subset of Sper A . Recently there has been introduced a sheaf OK
of "abstract semialgebraic functions" on K, cf. [B;, §31, (sch], [Dy,
§1]. The sections of this sheaf may be considered as "functions" which
are continuous and whose graphs are closed and constructible, cf. [D1,
§1]. In the case A=R[V], K=M from above, the sheaf @K coincides with

GM‘ So these functions are the abstract analogues of the semialgebraic

functions on semialgebraic spaces over real closed fields [D1, 1.91.

We call a locally ringed space (K,Ck) as above a semialgebraic subspace
of Sper A . If one desires to establish an "abstract" semialgebraic geo-
metry, as people now do, then it is quite natural to study locally
ringed spaces which locally look like semialgebraic subspaces of real

spectra.

Definitions 1 [DZ' I, §1]. a) An abstract affine semialgebraic space is

a locally ringed space which is isomorphic to a semialgebraic subspace

of a real spectrum.

b) An abstract locally semialgebraic space is a locally ringed space

(X,@X) which has an open covering (XalaeI) such that, for every a €I,
the space (XG,OXIXO) is an abstract affine semialgebraic space and the
intersection XaﬂXB is quasicompact for any two indices a,B € I. {We
are only interested in "quasiseparated" spaces.} If,in addition, the
topological space X is quasicompact then (X,@x) is called an abstract
semialgebraic space. Since the Xy above are quasicompact, this just
means that the index set I can be chosen finite.

c) A locally semialgebraic map between abstract locally semialgebraic

spaces (X,OX) and (Y,OY) is a morphism (f,J) in the category of locally
ringed spaces, i.e. f£:X-Y is a continuous map and J: f*oY"OX is a
homomorphism of sheaves of rings such that, for every x € X, the homo-

. .0 ; o
morphism J;. Y,f(x)'*ox,x is local. If the spaces (X,94) and (Y,9)
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are semialgebraic then, of course,we call such a morphism (£f,J) more

briefly a semialgebraic map.

The locally semialgebraic spaces and maps over a real closed field,
as defined in I, §1 will henceforth often be called geometric locally
semialgebraic spaces and maps in order to distinguish them from the
abstract spaces and maps defined now. The reader will perceive the

close analogy between the definitions here and in I, §1.

Abstract locally semialgebraic spaces have first been defined by

N. Schwartz [Sch]. He called these spaces "real closed spaces".
We give two examples of abstract locally semialgebraic maps.

Examples Al. i) Let ¢: A-B be a ring homomorphism. ¢ induces a con-

tinuous map f=Sper ¢ : Sper B » Sper A, cf. [CR]. Let (QSperA and

OSperB denote the sheaves of abstract semialgebraic functions on

Sper A and Sper B. "Composition with f" yields a homomorphism
©SperA - f*LOSperB of sheaves of rings, cf. [D1, 1.8], hence a homo-

morphism J: f£*O This homomorphism J is local on the

Sper A > @SperB :
stalks. Thus (f,J) is a semialgebraic map between the semialgebraic

spaces (Sper A ,(95 ) and (SperB ,0 ). We denote this morphism

per A Sper B

by Spero¢ .

ii) Let (£,7) : (M,OM) - (N,(DN) be a semialgebraic map (in the sense
of I, §1) between semialgebraic subspaces (M,(OM) and (N,ON) of affine
varieties V and W over some real closed field R. We consider the semi-
algebraic subspaces (ﬁ,('EM), ('ﬁ,ﬁN) of sper R[V] and Sper R{W] corres-
ponding to (M,L‘JM) and (N,ON). f yields a map f from M to N as follows:
If F is a point of M, i.e. an ultrafilter in ¥(M), then FT(F) is the
filter in ¥(N) generated by the sets f(X) with X running through F. It

turns out that T(F) is again an ultrafilter [Br, p. 261]. It is easily
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~ o~

checked that this map f: M-N is continuous. For any X € ¥(N) we have
~=1

£ X) = f_1(X)~. For any sheaf ¥ on the semialgebraic space N we have

~,

£X(7)" = BX(F). The homomorphism 7 : f*(wN)-awM corresponds to a homo-
morphism F: ?*(GM)"*GM of sheaves of rings over M which turns out to

. be local on the stalks. Thus our semialgebraic map (£f,J) : (M,@M)-+(N,0 )
. yields an abstract semialgebraic map (f,7) : (ﬁ,gM) - (ﬁ,@N).

It is easily seen that thenwrphisms(?,?) in this last example A.1.ii
are precisely all abstract semialgebraic maps from (ﬁ,@ﬂ) to (ﬁ,Oﬁ).

This implies that we have an isomorphism (M,OM) - (EAD (£,9) » (?,7)

%)
from the category of affine semialgebraic spaces over R to a full sub-
category of the category of abstract affine semialgebraic spaces. It
is an easy matter to prove that this equivalence extends in a unique
way to an isomorphism (M,@M) - (ﬁ,oﬁ), (£,3) » (?,7) from the category
of all locally semialgebraic spaces over R to a full subcategory of the
category of abstract locally semialgebraic spaces. We call (ﬁ,@ﬁ) the

abstraction of the locally semialgebraic space (M,OM) and (%,5) the

abstraction of the locally semialgebraic map (f,J).

Many of the facts about (M,Oﬁ) for M affine semialgebraic, mostly men-
tioned above, generalize readily (in a suitable way) to the case that

M is locally semialgebraic. The points of M can be interpreted as

those ultrafilters of the Boolean lattice JF(M) of locally semialgebraic
subsets of M which contain semialgebraic sets. The points of M are iden-
tified with the principal ultrafilters, and thus M is a subset of M in

a natural way. GM is a sheaf of R-algebras since OM is a sheaf of R-
algebras. The points of M are precisely those x € M where the residue
class field k(x) of 6M,x coincides with R. For the other points x € M

the fields k(x) are real closed fields containing R. The points of M

are closed in M, but usually M contains also other closed points.
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The subspace topology of M in M is just the strong topology (cf. I, §3)
on M. For every open semialgebraic subset U of M there exists a unique
guasicompact open subset U of M with UnM = U. More generally, for
every open locally semialgebraic subset U of M there exists a unique
retrocompact open subset U of M with UNM = U. (A subset Z of a topolo-
gical space X is called retrocompact in X if 2NV is quasicompact for
every quasicompact open subset V of X [EGA I*.0.2.3]). In this way we
obtain a bijection U » U from the set F(M) to the set of all retrocom-
pact open subsets of M, which maps ¥(M) onto the set of all quasicompact
open subsets of M. The bijection U » U preserves finite intersections
and unions (in fact "locally finite" intersections and unions). The

points of U are precisely the ultrafilters FEM with UEF.

As for any abstract locally semialgebraic space the quasicompact open
subsets of M are a basis of the topology of M. Thus it is again clear
that we have an isomorphism F » F from the category of sheaves F on the
generalized topological space M (cf. I, §1, Def. 1) to the category of
sheaves on the topological space M. Of course, 3M==@ﬁ.

A sheaf ¢ on M is - more or less - determined by its family of stalks
(%xlxﬁﬁ). But there are sheaves of abelian groups F on M which are not
zero while all stalks ?x' X €M, are zero, cf. [Dz, Example I.1.7]. Thus
if you want to argue stalk by stalk, as it is often convenient in sheaf
theory, then usually you have to work on M instead of M (cf. [D1],

[D2] for some striking examples).
If (MG|GEI) is the family of connected components of M (I, §3) then, as
is easily seen, (ﬁalaeI) is the family of connected components of the

topological space M.

Let M'2¥ denote the topological subspace of M consisting of the closed
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points of M. There is a close connection between some of the properties
of (M,0y) studied in I, §4-§7 and certain standard properties of the
topological space #MU3*  (which may hold or not hold). We give examples

of this connection. The statements are all proven in [Dj, Chap. I, §4,
§5]. As is usual in topology the properties "compact", "locally compact”,

"paracompact" are understood to include "Hausdorff".

Examples A.2. i) If (M,OM) is regular then M3* is Hausdorff. The con-

verse is true if (M,@M) is assumed to be taut [D2, I.4.1].

ii) (M,OM) is regular and taut if and only if Hax g locally compact
[D2, I.4.5].

iii)(M,@M) is affine semialgebraic if and only if MUaX g compact. This
is an easy consegquence of (ii).

iv) (M,OM) is regular and paracompact if and only if MU s paracom—
pact (in the topological sense).

V) (M,@M) is connected if and only if MM3X js connected. In general,
if (MGIGEI) is the family of connected components of M, then

ﬁa[]ﬁmax = Mgmx since ﬁa is closed in M. Thus (ﬁ:ax |a€I) is the

family of connected components of gmax,

These examples show that #M3% i5 a well behaved Hausdorff space under
mild conditions on (M,OM). (N.B. These are only conditions on the fami-
lies of subsets f(M), f(M) of the set M). The examples also give new
evidence that not "separated" but "regular" is the reasonable separa-

tion property for geometric locally semialgebraic spaces.

How close is the connection between M and its subspace M3¥> This sub-
space contains the set M. For every non empty open semialgebraic sub-

set U of M, the open subset U of M contains points of ﬁmax, namely the

~max

points of U. Thus M X

is dense in M. By the same argument M °X is

even "very dense" in M in the following sense: The abstraction X of any
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non empty semialgebraic subset X of M meets the set Mmax,

Assume that (M,OM)

is affine. This implies that the specializations of a point x €M form

is regular. Then every semialgebraic subset U of M

a chain, since - as is well known [CR, p. 32] - the specializations

of a point in a real spectrum form a chain. (A point y specializes x

if y€{x7} [EGA I*,0.2.1]). In particular, there is a unique closed
point r(x)EZﬁmax which specializes x. It turns out that the map
r: Mo M g continuous if and only if (M,OM) is also taut [D2, I.4.3].

Thus for (M,OM) taut and regular the space M"3X is a retract of M.

Since M"®* is often such an honest topological space and is very dense

in M, why not replace the abstraction (HADM) of (M,OM) by the locally

max

ringed space (M max

/i*0g), with i: M < M the inclusion? Doing this

we may run into sheaf theoretic difficulties since the intersection

of an open quasicompact subset of M with M™% g usually not quasicom-

) . ~max
pact. Thus we have to consider in M ax n

more" open coverincs than in M.
But there is an even more serious obstruction: If (?,7) is the abstrac-

tion of a locally semialgebraic map (f,J) : (M,0,) - (N,0.), then

M

M™% jnto N™@*. Thus the topological space

usually T will not map M
fnax . . . .
does not depend in a naive functorial way on (M,OM). This makes

FM2X less useful than M.

Henceforth we usually omit the structure sheaf OX in the notation (X,OX)
of an abstract locally semialgebraic space and the second component §
in the notation (f,J) of a locally semialgebraic map, as we did with
gecmetric spaces and maps in most parts of this book. In particular,

for any commutative ring A, the notation Sper A now means the real
spectrum of A equipped with the sheaf of abstract semialgebraic func-
tions (instead of the sheaf of abstract Nash functions, although Nash

functions are very important as soon as we quit the purely semialgebraic
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setting). We also say more briefly "space" and "map" instead of "local-

ly semialgebraic space" and "locally semialgebraic map".

Schwartz has proved in [Sch], among many other things that, for any

two abstract maps £,:0X,2Y and f2 X, oY, the fibre product X, XYXZ

exists in the category of abstract spaces. We give a description of

the fibre product in three special cases.

Examples A.3. i) Let ¢ : C>A and y : C-»B be ring homomorphisms. Then
the fibre product of the spaces Sper A and SperB over Sper C with
respect to the semialgebraic maps Sper ¢ and Spery (cf. Example A.1.1i)

is the space Sper Aoch, the fibre product projections from Sper A® CB

to Sper A and Sper B being the maps induced by the canonical ring homo-

morphism A - A® B and B - A® .B.

C C
ii) Let
P1

M ————— M,

P £,

M

1 £4 N

be a cartesian square in the category of geometric spaces over a real
closed field R (cf. I, Prop. 3.5). Then

P

is a cartesian square in the category of abstract locally semialgebraic

spaces. In short,

(MlxN'MZ) = M, x gMs.

iii) Let M be a geometric space over R and let S be a real closed field
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containing R. Then the fibre product of M ana Sper S with respect to
the obvious maps M - Sper R and Sper S - SperR is the abstraction
_~~

M(S) of the space M(S) over S obtained from M by base field extension

(I, 2.10). In short,

~~
Sper S = M(S).

M Sper R
~~ ~~
The image of an ultrafilter F € M(S) under the projection from M(S) to

M is the ultrafilter G€ M consisting of all X € (M) with X(S) €F.

As these examples show it is sometimes more satisfying from a formal
point of view to work in the category of abstract locally semialge-
braic spaces instead of the bunch of categories of geometric spaces
over the various real closed fields. We have also indicated above that
sheaf theory can be better done over abstract spaces instead of geome-
tric spaces. At this point the reader may suspect that the present
authors have written the wrong book! Why not abandon geometric spaces

altogether and work only in the abstract category?

The abstraction M of a geometric space M contains - if dimM >0 - many
more points than M. While this fact makes M more amenable than M for
formal considerations and for sheaf theory, it makes M usually more
difficult than M as soon as concrete geometric problems have to be

solved.

For example, a homotopy between two geometric maps f,ag: M3 N over R is
a locally semialgebraic map F: MxI »N. It lives on the cartesian pro-
duct of the set M and the unit interval I in R and fulfills the reguire-
ments F(x,0) = f£(x) and F(x,1) = g{x) for x€M (cf. III, §1). The ab~

straction F of F lives on the fibre product Mx T (cf. Example

Sper R
A.3.ii). Although Sper R has only one point this fibre product contains

many more points than the cartesian product of the topological spaces Mand T .
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Even (ﬁxSperE{T)max is bigger than the cartesian product of M™% and
TM@X | Thus the geometric homotopy relation corresponds to a relation

between abstract maps which is more complicated than topological homo-
topy. It seems that this relation bears much more meaning for the ab-
stract maps than topological homotopy, since the results in Chapter
IITI, in particular the two main theorems in its various versions
(Irr.3.1, 4.2, 5.1, 6.3, 6.4), give overwhelming evidence that we

have defined homotopy between geometric maps in the right way.

We feel that most proofs in this book cannot be simplified by passing
from the geometric spaces to their abstractions. It is usually hope-
less to use the standard theorems of general and algebraic topology

in order to prove our results, and this not only for the reason that

the abstract spaces are almost never Hausdorff.

Quite on the contrary, we believe that our geometric theory will serve
as a sound and necessary base to explore abstract spaces. Certainly
abstract spaces will become extremely important in semialgebraic geo-
metry, as schemes have become important in algebraic geometry. But,

to the best of our knowledge, the main method available up to now to

obtain deeper results about abstract spaces is to reduce the problems

to the geometric case.

Notice, for example, that the real spectrum of a finitely generated
commutative ring is the abstraction of a geometric space over the field
Ro of real algebraic numbers. If A is an arbitrary commutative ring
then a problem in Sper A which involves only finitely many elements

of A can sometimes be reduced to SperAO for Ao a suitable finitely
generated subring of A and thus reduced to a geometric problem. A good
exercise in this direction is to prove Tietze's extension theorem for

semialgebraic functions on an abstract affine semialgebraic space
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starting from the known extension theorem [DKS, §4] (cf. I.4.15) in

the geometric case.

We close this appendix with an "explanation" of Example I.2.9 and its

subexamples 2.6, 2.8 in terms of abstract spaces.

Example A.4. Let M be a geometric space and let D be an arbitrary open
subset of (the underlying topological space of) M. Then D, equipped
with the structure sheaf 5MID, is an abstract locally semialgebraic
space. We want to describe D in geometric terms. We choose a covering
(Da|G€I) of D by quasicompact open sets. Let Xa := DarWM. Then

Xae #(M) and Da = ia' We now are in the situation of Example I.2.9.

Let X be the inductive limit, considered there, of the open semialge-

braic subspaces X. := U(XalaGJ) with J running through the finite

J
subsets of I. We have

xJ = DJ := U(DalaEJ).

Obviously (D,SMID) is the inductive limit of the spaces (DJ,5M|D ).

It is now pretty evident that the abstraction X of the geometric space
X is just the open subspace D of M. Of course it does not matter with
which covering (Dala€I) of D by quasicompact open subsets we have
started. If U is any quasicompact open subset of D then U<:DJ for some

finite subset J of I, hence UNMcX.. Thus adding UNM to the family

J

(Xala€I) leads to the same geometric space X.

Conversely, if (XalaGI) is any family of open semialgebraic subsets of
M and X is the inductive limit of the oven subspaces Xy of M, as con-
sidered in Example I.2.9, then the abstraction X of X is the open sub-
space D := U(§a|a€I) of M. Thus the abstractions of the spaces con-

structed in Example I.2.9 are precisely all open subspaces of M.
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Subexample A.5. i) Assume that M is locally complete. Let xe(M) denote
the set of all complete semialgebraic subsets of M. We choose as family
(XGIG€I) the family of all open semialgebraic subsets U of M with

Ue ¥_(M). This leads to the space X=M; _ considered in I, §7, and,

for M affine, in Example I.2.6. The points of X are precisely all ultra-
filters F in T(M) with Ff)rC(M)t @. Intuitively, the "points at infinity"
of M are those ultrafilters F € M which contain every set MNK with

K€ rC(M) (cf. our theory of ends in Chapter II and notice that an ultra-
filter F € ¥ which contains a partially complete subset of M also con-
tains a complete subset of M, since F contains semialgebraic subsets).
The set of points at infinity is closed in M, and ﬁloc is obtained

from M by omitting this set.

ii) For clarity we denote geometric and abstract spaces in the old way
as pairs involving the structure sheaf. As before, let (M,OM) be a geo-
metric space. Let X be any open subset of M in the strong topology.

Let (DalaEI) be the family of all quasicompact open subsets of M with
D,NMeX and let D := U(DGIGEI). This set D is the largest open subset
of M with DNM=X. Let X_:=D_NM, hence D, =X . The open subspace
(D,OﬁID) of (M’Oﬁ) is the abstraction of a geometric space (X,OX) with
underlying set X which is the inductive limit of the spaces (Xa,OMIXGL
This is just the space "induced on X" by the space (M,OM), as consi-
dered in Example I.2.7, since the X, are precisely all semialgebraic

open subsets of M which are contained in X.

In order to understand the message of all these examples the reader
should choose for M an old friend, say M=R". Then ﬁ==Sper'R[T1,...,Tn]‘
The open subsets D of SperR[T1,...,Tn], considered as subspaces are
abstractions of geometric spaces X which are regular by I.4.2 but
nevertheless may be quite complicated. In particular paracompactness

can fail for such a space X. For example, X=M is not paracompact

loc
if R does not contain a sequence of vositive elements converging



308

to zero, even for n = 1 (I.4.20). The example I.3.15 shows that
Sper R[T1 ’TZ] contains an open subset D such that X is not taut and

a fortiori not paracompact, even for R=R.




Appendix B (to Chapter I): Conservation of some properties of spaces

and maps under extension of the base field.

In the following S is a real closed field containing our base field R.
Contrary to the usage in Chapter III and a large part of Chapter II a
"space" over R now means an arbitrary locally semialgebraic separated
space over R. Later we shall return to the convention that every space

is assumed to be regular and paracompact.

Theorem B.1. Let M be a space over R.

i) M(S) is semialgebraic if and only if M is semialgebraic.

ii) M(S) is affine semialgebraic if and only if M is affine semialge-
braic.

iii) M(S) is paracompact if and only if M is paracompact.

iv) M(S) is regular and paracompact if and only if M is regular and

paracompact.

Proof. i) Let (Malael) be an admissible covering of M by affine open
semialgebraic subsets. Then (MG(S)IGGI) is an admissible covering of
M(S) by open affine semialgebraics. If M is semialgebraic then there
exists a finite subset J of I with M = U(MalaeJ). Then M(S) =
U(M_(S)1a€J), hence also M(S) is semialgebraic. Conversely, if M(S) is
semialgebraic, then there exists a finite subset J of I with M(S) =
U(MG(S)IGEJ). Intersecting with M we see that M = U(MalaEJ), and we
conclude that M is semialgebraic.

ii) We may already assume that M is semialgebraic. If M is affine
then, of course, M(S) is affine. Assume now that M(S) is affine. We
want to prove that M is affine. We choose a covering (Mil1§in§r) of
M by finitely many open affine semialgebraics and induct on r. The
case r=1 is trivial. Once we have settled the case r =2, then we are

done: We know by induction that U:=M, U...UM 4 is affine and then
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that M = Ul)Mr is affine. Thus we assume henceforth that r=2.

We choose isomorphisms @, Ni-—N-oMi from semialcebraic subsets N, of

nj . _ -1 L
standard spaces R to M, (i=1,2). Let N, =0, (M1r1M2) and Ny, =
®£4 (M1r1M2). These are open semialgebraic subsets of N1 and N2 respec-
tively. Let f denote the isomorphism x*+w£4°m1(x) from N,, onto N,,.
Since M(S) is affine there exist isomorphisms gi from Ni(S) onto semi-

n

algebraic subsets ii of S (i=1,2) for some n€ N, such that

(951N, 1 (8) = 5 =G IN 5 (S)
(namely, this means an isomorphism from M(S) onto §1lJ§2 which maps
Mi(S) onto ii). Using Tarski's principle we know that there exist iso-
morphisms 95 from Ni onto suitable semialgebraic subsets Xi of R" with
(gZIN21)°f==g1IN12. We then have an isomorphism from M onto X, UX, and
we see that M is affine. For the arcgument using Tarski's principle the
reader may consult §3 of Chapter III. As in that section one constructs
a "parameter space" L whose points represent the polynomial data of a
description of pairs (q1,g2) of isomorphisms g; ¢ Ny :;Xitan with
(g2IN21)°f==g1lN12 of a fixed "type". If the type is chosen right then
L(S) contains a point which describes (51,52). Thus L(S) is not empty.

By Tarski's principle L is not empty, and we are done.

iii) and iv). If M is paracompact (regular and paracompact) then we
know from I, §4 that M(S) is paracompact (resp. regular and paracompact)
(cf. I.4.4, 4.9). Assume now that M(S) is paracompact and, without loss
of generality, that M is connected. Then M(S) is connected. By I.4.17,
M(S) is Lindeldf. We choose an admissible covering (Unln€lﬂ of M(S) by
open semialgebraic sets. For every n € N we chcose an open semialgebraic
set V in M with Un<:Vn(S). This is possible by the very definition of
the space M(S) (I. Ex. 2.710). If W is any open semialcebraic subset of
M then W(S) is covered by finitely many sets U, hence also by finitely

many sets Vn(S). This implies that W is covered by finitely many sets




311

Vs and we conclude that (annEN) is an admissible covering of M

(cf. I, §1). Thus M is Lindeldf.

We claim that for every UE ¥(M) the closure U is again semialgebraic.

By I, Prop. 4.18, this will imply that M is paracompact. By I, Prop.
3.22.c we know that U(S) = U(S). This is a semialgebraic set, since

M(S) is paracompact (I, Prop. 4.6). We conclude, by (i), that U is semi-

algebraic. Thus M is indeed paracompact.

Assume that, in addition, M(S) is regular. Let U be an open semialge-
braic subset of M. Then U(S) is open semialgebraic in M(S). Since
M(S) is regular this implies that U(S) is affine hence, by (ii), that
U is affine. We conclude that M is regular (cf. I, Prop. 4.7). This

finishes the proof of the theorem.

As before we are only interested in regular paracompact spaces. Asser-
tion (iv) in Theorem B.1 gives us the justification to admit only such spaces.
Thus, from nomon, a "space" again means a regular paracompact locally semial-

gebraic space. A "map"” between spaces means a locally semialgebraic map.

Proposition B.2. Let M be a space over R.

i) M is partially complete if and only if M(S) is partially complete.

ii) M is complete if and only if M(S) is complete.

Proof. We choose an isomorphism o : IKIR-S#M, with K a strictly locally
finite abstract simplicial complex (II, Th. 4.4). Then g is an isomor-
phism from IKIS onto M(S). Now M is partially complete (complete) if
and only if K is closed (closed and finite) and this also means that

M(S) is partially complete (complete). qg.e.d.

We digress for a short time into the contents of Chapter II, §9. We

choose a completion j : MoP of M. By the just proved proposition the



312

space P(S) is partially complete, and since j(M) is dense in P also
j (M) (S) =jS(M(S)) is dense in P(S) (cf. I, Prop. 3.22). Thus jS : M(S) >
P(S) is a completion of M(S). We regard M as a subspace of P via j,
hence also M(S) as a subspace of P(S). Let (Py /M ) Ik >0) denote the
derived sequence of (P,M) (II, §9, Def. 7). It is now evident that
((Pk(S),Mk(S)) Ik >0) is the derived sequence of (P(S),M(S)). This implies

the following result.

Corollary B.3. M and M(S) have the same complexity. If (Sk(M) Ik >0)

is the LC-stratification of M (cf. II, §9, Def. 8) then (Sk(M)(S)lkzo)
is the LC-stratification of M(S). In particular, M(S) is locally com-

plete (i.e. has complexity <1) if and only if M is locally complete.

Remark. Locally complete spaces are regular, and a space M is locally complete
if andonly if every open (affine) semialgebraic subset Uof M is locally com-
plete. This shows that the last statement in Corollary B.3 remains true with-
out the assumption that M is regular and paracompact. (This remark will be

needed in [D2].)
Now we are ready to discuss some properties of maps.

Theorem B.4. Let f: M- N be a map between spaces over R.

i) f. is semialgebraic if and only if f is semialgebraic.

S
ii) fs is partially proper if and only if f is partially proper.
iii) fS is proper if and only if f is proper.
iv) fS is partially finite if and only if f is partially finite.
v) fS is finite if and only if f is finite.

Proof. i) We choose an admissible covering (NalaEI) of N by open semi-
algebraics. Then (NG(S) la€I) is an admissible covering of N(S) by open
semialgebraics. The map fs (resp. f) is semialgebraic iff, for every

1

a€I, the space fs'1 (N (S) = £ (N)) (S) (xesp. f_1(Na)) is semialgebraic.

The assertion now follows from Theorem B.1.i. (Here we did not need
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the assumption that M and N are regular and paracompact.)
ii) We choose a completion

|s
N L___ﬂr_—*'Q

of £ (cf. II, Prop. 5.1). Then 9g and ws are completions of M(S) and

f

N(S) as shown above. Thus

o
M(S) S . p(s)

Y g

N(S) «——— Q(S)

vs
is a completion of fs. Without loss of cenerality we regard ¢ and ¢,
hence also @g and ws, as inclusion maps. f is partially proper if and
only if g_1(N)==M and fS is partially proper if and only if gé4 (N(S) =
1

M(S). These conditions are equivalent, since géq (N(S) = g (N)(S).

Assertion (iii) is now evident since a map is proper if and only if

it is partially proper and semialgebraic.

Next we prove (v). A map is finite if and only if it is proper and has
finite fibres. Taking into account (iii) we may already assume that £
and (hence) fs is proper. Of course, if fs has finite fibres then a
fortiori f has finite fibres. Assume now that f is finite. By Hardt's
theorem (II, 6.3) there exists a locally finite partition (NalaeI) of
N into semialgebraic sets such that, for every «€I, the restriction
f_1(Na)-»N0 of f is a trivial map with a finite fibre Fa' Then
(NG(S)IaEI) is a partition of N(S) into semialgebraic sets, and fS is
over each NG(S) a trivial map with the fibre FQ(S)==FG. Thus fs has

finite fibres.

It remains to prove (iv). We choose a locally finite covering (AGIGGI)

of M by closed semialgebraics. Then (AG(S)|0€I) is a locally finite
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covering of M(S) by closed semialgebraics. The map fS is partially
finite if and only if, for every index a« € I, the restriction fSIAa(S) =
(fIAa)(S) is a finite map. This means, as proved before, that, for

every «, the map flAa is finite, hence that f is partially finite.
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