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Introduction

' This is the second in a chain of (hopefully) three volumes devoted to

~an explication of the fundamentals of semialgebraic topology over an
arbitrary real closed field R. We refer the uninitiated reader to the

‘preface of the first volume [LSA]1 and some other papers cited there
to get an idea of the program we have in mind with the term "semialge-

braic topology" as a basis of real algebraic geometry.

Let us roughly recall what has been achieved in the first volume and
where we stand now.
As we explained in [LSA], the "good" locally semialgebraic spaces,

- which fortunately seem to suffice for most applications, are the regu-
lar paracompact ones. These are precisely those locally semialgebraic
spaces which can be triangulated (I.4.8 and II.4.4)2. Moreover, any
locally finite family of locally semialgebraic sets in such a space

t can be triangulated simultaneously (II.4.4). This fact seems to be the

‘

? key result for many proofs in [LSAJ.

. We accomplished less work on the triangulation of locally semialgebraic

maps. Here our main result has been the triangulability of finite maps
(IT.6.13). Much more can probably be done, as is to be expected by

the book [V] of Verona, but we do not pursue this line of investigation

" in the present volume. {Verona works over IR and uses transcendental

1 techniques.}

! cf. the references
2 This refers to Example 4.8 in Chapter I and Theorem 4.4 in Chapter II
of [LSA]. The main body of this volume starts with Chapter IV. The
signs I, II, III refer to the chapters of [LSA].
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On the other hand we obtained in Chapter II of [LSA] a fairly detail-
ed picture of the various possibilities how to "complete" a regular
paracompact space M, i.e. to embed M densely into a partially complete
regular paracompact space. Partial completeness is a typical notion
of semialgebraic topology which has no counterpart in classical topo-

logy, cf. I, §6.

In Chapters I and II of [LSA] we also obtained basic results on the
structure of locally semialgebraic maps. But the theory of fibrations
and covering maps (= Uberlagerungen) had to be delayed since a certain
amount of homotopy theory is needed here, not yet available in the

first two chapters.

Some of that homotopy theory has been presented in the last Chapter III
of [LSA]. Our central result there are the two "main theorems" in
various versions (I1I.3.1, 4.2, 5.1, 6.3, 6.4). As a consequence of
these theorems all the homotopy groups and various homotopy sets in
the category of regular paracompact spaces over R are "equal" to homo-
topy groups (resp. sets) in the classical topological sense of such
spaces over IR. This opens the possibility to transfer a considerable
amount of classical homotopy theory to the locally semialgebraic sett-

ing, as has been illustrated in Chapter III by several examples.

The homotopy theory in [LSA] seems to be sufficient for studying
(ramified) coverings of reqular paracompact spaces. To some extent it
also gives access to the theory of fibrations and fiber bundles for
such spaces (although here something remains to be desired, see below).
Nevertheless this homotopy theory has serious deficiencies compared
with classical (= topological) homotopy theory, and this brings us to

the contents of the present volume.




The main deficiencies are the following.

‘1) In the category LSA(R) of regular paracompact locally semialgebraic
spaces over R we do not have infinite CW-complexes at our disposal.
' 2) In LSA(R) we do not have mapping spaces Map(X,Y) and prominent sub-

E spaces of them, as for example loop spaces QX , at our disposal.

One main goal in the present volume is to explain how the first defi-

ciency can be overcome. We will construct "semialgebraic" CW-complexes

over the field R. A CW-complex over R is a ringed space over R [LSA,
p.- 3] which is a suitable inductive limit of "polytopes" over R, to-

- gether with a cell structure. Such inductive limits will generally be

? called "weak polytopes". (We briefly alluded to these spacec at the

; end of III, §6 and in [DK6].) By a polytope over R we simply mean a

i complete affine semialgebraic space over R. This terminology is justi-
: fied since these spaces are precisely all ringed spaces over R which

' are isomorphic to the underlying semialgebraic space of some closed

- finite simplicial complex over R, hence isomorphic to the union of

finitely many closed simplices in some R".

We have to be careful which inductive systems of polytopes we admit in
'building weak polytopes. This is a delicate problem. If we are too
restrictive then our weak polytopes will not be useful. On the other
hand, if we are too permissive then we are in danger that our inductive
- 1imits become too wild spaces. (Recall that every real closed field

different from IR is totally disconnected in the topological sense.)

. Working in the category of ringed spaces over R gives us control which
continuous functions we admit on a given space, and this gives us con-

trol on connectedness and other geometric properties implicitly.

. Once we have defined weak polytopes in the right way and have estab-

:lished the basic properties of these spaces it will be an easy matter



v

to define cell structures on some of them, which will be our CW-com-
plexes. Then the door is open to transfer a really big amount of
classical homotopy theory to the semialgebraic setting. In particular
we can define spectra, in the sense of algebraic topology, and general-
ized homology and cohomology theories over R, and we can work with

them nearly as easily as in classical homotopy theory (cf. Chapter VI).

Although the category of weak polytopes suffices to deal with infinite
CW-complexes it is technically advisable to work in a slightly broader

category, the category WSA(R) of "weakly semialgebraic spaces" over R.

These spaces are inductive limits of affine semialgebraic spaces in-
stead of just polytopes. For example, an open subspace (in the sense
of locally ringed spaces) of a weak polytope is a weakly semialgebraic
space, but usually is not a weak polytope. It would be cumbersome to
exclude open subspaces of weak polytopes from our considerations.

WSA (R) contains the category LSA(R) of regular paracompact locally

semialgebraic spaces over R as a full subcategory.

The morphisms between weakly semialgebraic spaces will be called weakly

semialgebraic maps. In Chapter IV we give the definition and basic

properties of weakly semialgebraic spaces and maps. The key result for
later use seems to be that in the category WSA(R) a space M can be

glued to another space N along any closed subspace A of M by a "partial-
ly proper" weakly semialgebraic map £ : A » N (Theorem IV.8.6). An
analogous result had been proved in II, §10 within the category LSA(R)
for proper maps. But the class of partially proper maps is much bigger
than the class of proper maps and more useful (cf. I, §5-§6 and IV, §5
below). Most important, if the space M above is a weak polytope then
also A is a weak polytope and every weakly semialgebraic map f : A » N

is partially proper.
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In general a weakly semialgebraic space M cannot be triangulated. But
'M still is isomorphic to a "patch complex". This is a very weak sub-
stitute of a simplicial complex which nevertheless is sufficient for

some homotopy considerations.

Roughly one obtains a patch complex if one work with arbitrary affine
semialgebraic spaces instead of simplices. The theory of patch complexes
and their use in homotopy theory is displayed in Chapter V. Also some
applications to open coverings (= Uberdeckungen) of weakly semialge-

braic spaces are given in V, §3.

Chapter V reveals that weakly semialgebraic spaces are beautiful from
a homotopy viewpoint. For example, the two main theorems on homotopy
sets from Chapter III in [LSA] extend to these spaces (V, §5) and
- there holds a strong "Whitehead theorem”, stating that every weak
i homotopy equivalence is a genuine homotopy equivalehce (Th. v.6.10).
| It is this chapter where the reader, having mastered the foundational
. labours of Chapter IV, will find out that weakly semialgebraic spaces
are easy to handle and in some sense better natured, since "tamer",

' than topological spaces.

' On the other hand, from a more geometric viewpoint, weakly semialge-
. braic spaces can be ugly. We shall demonstrate this in 1V, §4 and

- Appendix C by rather simple examples. Various nice geometric proper-
:ties we are accustomed to from locally semialgebraic spaces, as for
;instance the curve selection lemma, fail for these spaces. We do not
' know whether a weakly semialgebraic space M can be completed, i.e.
densely embedded into a weak polytope. We do not know either whether
lM contains a weak polytope which is a strong deformation retract of
M. In contrast to locally semialgebraic spaces there does not always

- exist a space N over the field Ro of real algebraic numbers such that
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M is isomorphic to the base extension (cf. IV, §2) N(R) of N (cf. end
of IV, §4). But still we can prove (V, §7) that M is homotopy equiva-
lent to such a space N(R), even with N a CW-complex over Ro' Much la-
ter, in Chapter VII, §7, we shall see that M is homotopy equivalent to

a closed simplicial complex.

Under the mild restriction that the base field R is sequential, i.e.

R contains a sequence of positive elements converging to zero, things
are even better. Then there exists, for every weakly semialgebraic
space M over R, a canonical homotopy equivalence py : P(M) - M with
P(M) a weak polytope. The space P(M) will be defined in Chapter IV, §9.
It has the same underlying set as M but a "finer" space structure than

M. On the set theoretic level, is just the identity of M.

Py
The space P(M) is the inductive limit of the system of all polytopes

contained in M. It seems to be a very natural "simplification" of the
space M (simplification for some purposes). If M is locally semialge-
braic and locally complete then P (M) coincides with the space Mloc
defined in T, §7. But already if M is a semialgebraic subset of some

R™ which is not locally closed in R™ then P(M) is not locally semialge-

braic.

More generally, given a weakly semialgebraic map £ : M - N, we shall
define in IV, §10 a weakly semialgebraic space Pf(M) together with a
weakly semialgebraic map Pe ¢ Pf(M) -» M (if R is sequential) which has
the following universal property. The map f o P is partially proper,
and every weakly semialgebraic map q : L » M with fe. g partially
proper factors uniquely through Pg- If N is the one-point space then

Pf(M) = P(M).

These spaces Pf(M), and in particular the spaces P(M), will do
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' good service in homotopy theory at various places. They are typical for
the somewhat different flavour of semialgebraic homotopy theory compar-

ed with classical homotopy theory.

A particularly good instance to see how the spaces Pf(M) and similar
ones can be used and how the various techniques we have developed in

Chapters IV and V fit together is the proof of Theorem V.6.8 on d-

equivalences (instead of just weak homotopy equivalences) which pre-
cedes and implies the Whitehead theorem mentioned above. The reader
cannot do better than trying to obtain an impression of the main lines

of this proof at an early stage in order to get a good feeling for the

subject.

. Of course, we try to proceed in semialgebraic homotopy theory as much
' as possible in a way parallel to the classical topological homotopy
;theory, as long as this is advisable. Here there comes up a dichotomy

of goals and methods everyone working in this area will face.

On the other hand, one would like to obtain results in the semialge-
 braic theory by transfer from the topological theory, as already exer-
cised in Chapter III. One wants to have available the enormous body
' of results of topological homotopy theory in the semialgebraic setting

without much further labour.

On the other hand, there is a more radical viewpoint, to the best of
. my knowledge first expressed by Brumfiel in his book [B]: One should
. do algebraic topology from scratch over an arbitrary real closed field

. in such a way that the field IR does not play any special role.

This is an ambitious program. While writing this volume I somewhat

' oscillated between the two viewpoints. Whenever the semialgebraic




geometry was easy I avoided transfer principles. When not I gave pre-
ference to the first view point, but often I also tried to indicate

how things can be done in the spirit of the second one.

Long passages in Chapter V may nourish the conviction that a homotopy
theory in the sense of Brumfiel is already at hands. But there are still
problems to be settled. As a testing ground I have chosen here - as
already in [LsA], Chapter III - the homotopy excision theorem of
Blakers and Massey. In topology there exists an elementary proof of

this theorem going back to Boardman, cf. [DKP, p. 211£ff]. This proof

(as well as the proof of Blakers and Massey) strongly uses the axiom

of Archimedes in the field of real numbers. We are able to prove the
analogue of the theorem for weakly semialgebraic spaces (V, §7), but

for that we need the Blakers-Massey theorem for topological CW-com-

plexes and transfer techniques.

The homotopy theory developed in Chapter V suffices for studying
generalized homology and cohomology groups of pairs of weakly semial-
gebraic spaces. {The word "generalized" means that we do not insist on
the Eilenberg-Steenrod dimension axiom.} In Chapter VI we define gener-
alized homology and cohomology theories on the category ¥(2,R) of

weak polytopes over R in full analogy to the definition of such theo-
ries on the category M(2) of pairs of topological CW-complexes [wz]

(or [W], [Sw], etc.). We then explicate how every topological homology
theory h, or cohomology theory h* on #)(2) leads in a natural way to a
homology theory respectively cohomology theory on ®(2,R) which we denote
again by h, resp. h*. We thus obtain a bijection, up to natural equi-
~valence, between the homology and cohomology theories on #(2) and on
P(2,R) forR fixed (VI, §2-4). We extend these theories inVT,§5 from ®2,R)
to the category WSA (2,R) of pairs of weakly semialgebraic spaces over R, and

we prove in VI, §6 a fairly general excision theorem for the groups hn (M,A)
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- and hn(M,A). We also describe the theories hx and h* by spectra as one

does in topology (VI, §8).

In this whole business it is important that we have weakly semialge-
braic spaces at our disposal instead of just locally semialgebraic

. spaces. We mentioned already the need for infinite CW-complexes. But
even suspensions pose a problem. They play an essential role in gener-
alized homology theory, of course. Unfortunately we do not have suspen-

sions for arbitrary weakly semialgebraic spaces but only for weak poly-

3

topes. This turns out to be sufficient. But if M is a locally semi-

algebraic (pointed) weak polytope then usually the suspension SM will

; not be locally semialgebraic.

E.If h, is one of the prominent homology or cohomology theories in topo-
! logy, as singular homology, singular cohomology, orthogonal, unitary,
] or symplectic K-theory, one of various cobordism theories, then there
remains the important task to attach a geometric meaning to the ele-
. ments of hn(M,N) or hn(M,A) for (M,A) a pair of weakly semialgebraic
:spaces. {In topology usually such a meaning is inherent in the defini-

. tion of these groups.}

In the next volume [SFC] we shall solve this problem for the K-theories
mentioned above. In the present one we solve it for ordinary homology
H, (-,G) and ordinary cohomology H*(-,G) with coefficients in some abe-
lian group G. These are those homology and cohomology theories which
 fulfill the Eilenberg-Steenrod dimension axiom. They arise from topo-

logical singular homology and cohomology theory with coefficients in G.

We prove in VI, §3 that if (M,A) is a pair of CW-complexes then the
groups Hn(M,A;G) and Hn(M,A;G) have a description by cellular chains
and cochains as in topology. It is then easy to conclude that for

| (M,A) a pair of locally semialgebraic spaces, these groups coincide
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with the groups H_(M,A;G) and Hn(M,A;G) defined essentially by Delfs
n

[D], [D1], [DK3]. {We described the groups Hn(M,A;G) in IIT, §7.}

Here our theory reaches a remarkable point. To understand, why, let

us recall the approach of Delfs to the homology groups, say, of a
single polytope M. {We take A = ¢.} The polytope M can be triangulated.
Choosing an isomorphism ¢ : IKIR
complex we "know" a priori what Hn(M,G) should be: It should coincide
with the abstract homology Hn(K,G) of the simplicial complex K. The
problem is, to prove that the groups Hn(K,G) do not depend on the
choice of the triangulation. Delfs solves this problem in an ingenious
way. He looks at the simplicial cohomology groups H"(K,G) for the tri-
angulations of M. He proves that they all are naturally isomorphic to
the cohomology groups Hn(M,GM) of the constant sheaf GM with stalk G.

Knowing that the Hn(K,G) are independent of the triangulation he con-

cludes that the Hn(K,G) also are independent of the triangulation.

In the course of this approach Delfs has to cope with some tedious
geometric problems. {The main task is to prove the homotopy invariance
of the groups Hn(M,GM). In [D1] Delfs solves this problem brilliantly
by using sheaf theory on abstract locally semialgebraic spaces.} The
remarkable fact now is that we obtain the independence of the groups
Hn(K,G) from the choice of the triangulation in a much easier way.
Once we have the homotopy theory of Chapter V at hands, which is a
straightforward matter, we define the ordinary homology groups Hn(M,G)
almost by general categorial nonsense, and prove Hn(M,G) = Hn(K,G) in
the standard way (cf. VI, §3). Thus one may say that it is possible

to circumvent the labours of Delfs by enlarging the category of affine
semialgebraic spaces over R to a category of spaces which is more com-
fortable for homotopy considerations, namely WSA(R). {But notice that

our approach does not give a connection of ordinary cohomology with

—M with K a finite abstract simplicial
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sheaf cohomology.}

. How about an interpretation of the elements of Hn(M,A;G) by chains of
singular simplices, as in topology? Of course, a singular simplex here
means a semialgebraic map (= morphism) from the closed standard simplex
5V(n) in Rn+1 to M. For any pair (M,A) of weakly semialgebraic spaces

. over R we can define the singular chain complex C.(M,A;G) as in topo-

- logy. The problem is to prove that the groups Hn(C.(M,A;G)) fit together
to an ordinary homology theory and that HO(C.(*,¢;G)) = G, with % de-

: noting the one point space. This would imply a natural isomorphism

from this homology theory to H,(-,G).

; Delfs and I have tried for years in vain to find such a proof in a

L direct geometric way. The difficulty was always to prove an excision
theorem for the groups Hn(C.(M,A;G)) in the case that the field R is
not archimedean. We could not prove excision even for a triad of poly-
. topes. As in classical theory one would like to make a given singular
chain "small" with respect to a given finite open covering (with two

- open semialgebraic sets) by applying some iterated subdivision to the
singular simplices in the chain. But the trouble is that, as long as
: one tries barycentric subdivision or some other sort of finite linear
subdivision, the simplices have no reason to become small if R is not

. archimedean.

The last Chapter VII of the present book contains a solution of the
. problem - along very different lines. This solution is perhaps the most
- convincing single issue, up to now, to demonstrate that weakly semi-

algebraic spaces are really useful.

: We proceed roughly as follows. Every simplicial set K (= semisimplicial

. set = semisimplicial complex, in other terminologies) can be "realized"
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as a weak polytope IKIR over R in much the same way as this is known
in topology [Mi1]. The space |Kl; carries a natural structure of a CW-
complex. If (K,L) is a pair of simplicial sets (of course, with L a
simplicial subset of K), then it follows from the cellular description
of ordinary homology mentioned above that the ordinary homology groups

Hn(IKIR,ILIR;G) can be identified with the well known (cf. [La] or

[May]) "abstract" homology groups Hn(K,L;G).

If M is a weakly semialgebraic space over R we can form the singular
simplicial set Sin M consisting of the singular simplices of M. The
realization ISi.nMIR comes with a canonical weakly semialgebraic map
jM : |Sin M| — M. We prove that jM is a homotopy equivalence (VI, §7)
following the book [LW] of Lundell and Weingram. {In topology Jjy is
only a weak homotopy equivalence. In most texts on simplicial methods
- but non in [LW] - this is proved by already using the fact that the

topological singular homology groups form an ordinary homology theory.}

More generally, if A is a subspace of M, then jM gives a homotopy equi-

valence from the pair (|Sin MIR, |Sin AIR) to (M,A). Thus

Hq(M,A;G) Hq(lSin MIR, |Sin AIR; G) Hq(Sin M, Sin A; G),

and this group is Hq(C.(M,A;G)) by definition.

Since we know that the canonical maps jM are homotopy equivalences the
door is now wide open for the use of simplicial sets in semialgebraic
geometry. Thus, finally, we can abolish our previous verdict "no

simplicial sets, only simplicial complexes" [DK3, p. 124].

Simplicial sets have proved to be enormously useful in many
branches of topology, in particular in the theory of fibrations. Much

of this material can now be used in semialgebraic geometry. Some
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applications to the theory of semialgebraic fibrations will be given

in the next volume [SFC].

But one needs more. One needs simplicial spaces instead of just simpli-

cial sets. By a simplicial space X over R we mean a simplicial object
in WSA(R), i.e. a sequence (Xn|n€No) of weakly semialgebraic spaces

. over R with various weakly semialgebraic face and degeneracy maps
between them (VII, §1). Simplicial sets may be regarded as discrete

. simplicial spaces over R.

- Roughly half of our last Chapter VII is devoted to an explication of
%the fundamentals of simplicial spaces and their realizations. Difficul-

' ties for future application will arise from the fact that we are only

| able to construct the realization IXlg of a partially proper simplicial
- space X. By this we mean a simplicial space all whose face maps are par-
tially proper. Fortunately discrete simplicial spaces are partially

proper.

A reader having worked through the fundamentals of weakly semialgebraic
spaces and maps in Chapter IV may feel bored to meet in Chapter VII
similar stuff about simplicial spaces. To give such a reader some com-

' fort we indicate now by an example that this stuff is really useful.

Let G be a complete semialgebraic group over R. {For instance think of
some orthogonal group O(n,R).} If M is an affine semialgebraic space,
‘then it is clear from the beginnings of semialgebraic geometry what is
meant by a principal G-fibre bundle ¢ : E » M over M. The definition is
' exactly as in topology, of course with a finite trivializing covering

‘of M by open semialgebraic subsets.

. We now pose the following problem. Let S be a real closed overfield of
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R and let ¢ : F » M(S) be a principal G(S)-bundle over M(S). Does there
exist a principal G-bundle ¢ : E - M over M such that the base extension’

0g E(S) -» M(S) is isomorphic to ¥ over M(S)?

It seems hard to solve this problem in a direct geometric way. We shall
solve it in [SFC] in the affirmative as follows. Let /G denote the nerve
of the group G. This is a simplicial space built as in topology, cf.
Example VII.1.2.v below. #G is partially proper since G is complete
(partially complete would suffice). Let BG denote the realization

WGl. One finds as in topology that the isomorphism classes of G-princi-
pal bundles over M are in natural one-to-one correspondence with the
elements of the homotopy set [M,BG]. By the first main theorem on homo-
topy sets the base extension map from [M,BG] to [M(S),(BG) (S)] is bi- %
jective (V.5.2.i; essentially this is already clear from III.3.1). By
the canonical nature of the definition of #G it is evident that (BG) (S) =|
B(G(S)). Thus we have a natural bijection from [M,BG] to [M(S)B(G(S))].
We conclude that the isomorphism classes of principal G-bundles over M
correspond uniquely with the isomorphism classes of principal G(S)-bundle!

over M(S) by base extension. The answer to the question above is "Yes".

At first glance the present book might convey the impression that in
semialgebraic geometry one now has a homotopy theory at hands which is
as good and easy as the topological one. But this impression is deceptive.
In order to destroy it I come back to the two deficiencies of the homo-
topy theory in [LSA] listed above. While the first one disappears in
the category WSA(R), the second one (existence of mapping spaces) re-

mains serious.

One would like to have good substitutes (or "models") of the presumably
not existing mapping spaces and their prominent subspaces. In VI, §7 we

define "pseudo-mapping spaces" and "pseudo-loop spaces" which do some
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of the service one expects from such substitutes. Our construction is
based on an analogue of Brown's representation theorem [Bn]. This con-
struction is canonical only up to homotopy. Using Chapter VII we are
better off. If M and N are any weakly semialgebraic spaces then we can
form a simplicial mapping set [May, p. 17] Map(Sin M, Sin N) and choose
the realization |Map(Sin M, Sin N)IR as a candnical substitute of the
presumably not existing space Map(M,N). But this substitute and similar
constructions are not sufficient for all purposes, as will become amply
clear in the theory of fibrations. There one has to work with the notion
of fibre homotopy equivalence instead of homotopy equivalence. The
question for a substitute of the topological "p&th mapping space"

(Iw, 7.2]1, [DKP, 5.3]) which turns a given map £ : M » N into a fibra-

tion, is a case in point.

Another strategy is to establish a space structure on a sufficiently
big subset of the set Map(M,N) of weakly semialgebraic maps from M to
N (sufficiently big for some purposes). In the last section of Chapter
VII we do something like this for M = N = [0,1], the unit interval of

R, in the case that the field R is sequential.

I deviated from the original plan, announced in the preface of [LSA],
to deal with fibrations in Chapter IV and with coverings (= #berlagerun-
gen) in Chapter V. We shall do this only in the next volume [SFC].
Originally I intended to introduce weakly semialgebraic spaces at a
much later stage. In the meantime I realized that this would cause a
duplication of arguments, since many proofs in the theory of fibrations
and coverings can be done in the same way for the categories LSA(R) and
WSA(R). I also realized how well it pays in many other ways to intro-

duce weakly semialgebraic spaces as early as possible.
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Chapter IV - Basic theory of weakly semialgebraic spaces

§1 - Definition and construction of weakly semialgebraic spaces

R is a fixed real closed field. As in I, §1 we consider a generalized
topological space M = (M,§%M),CovM). Here ?(M) means the set of (ad-
missible) open subsets of M and Covy the set of (admissible) open
coverings, cf. I, §1, Def. 1. Starting with such a space M we give a
chain of definitions and examples leading to the definition of a weak-

ly semialgebraic space and a weak polytope (Definitions 6,7 below).
" Definition 1. We call a subset K of M small in M if, for every UE fun
and every (UAIXEA) €CovM(U), the set UNK is already the union of the

sets UX NK with A running through a suitable finite subset of A.

Example 1.1. If M is a locally semialgebraic space over R then every

semialgebraic subset of M is small in M.

Definition 2. a) A function ringed space M over R is a generalized

topological space M equipped with a sheaf DM of rings of R-valued
functions.

b) A morphism between function ringed spaces M,N over R is a continuous
map £ : M » N (in the sense of generalized topological spaces), such
that for every V € ¥(N) and h EON(V) the composite function

-1

hef : £ (V) » R is an element of O, (£ ' (V)).

c) We denote the category of function ringed spaces over R by Space(R).

} Example 1.2. Every locally semialgebraic space over R is a function
ringed space over R. The morphisms between such spaces are the locally

semialgebraic maps.




Henceforth let M be a function ringed space (always over R). If K is
a small subset of M then M induces on K the structure of a function
ringed space over R as follows. ?(K) is the set of all intersections
UNK with Ue¥(M). If (V,IA€A) is a family in T(K) then

(VAIAEA) €CovK if and only if there exists a finite subset A' of A
such that the set V := U(VAIXGA) is already the union of all Vi with
A €A'. {As usual, we then write (VAIAEA) ECovK(V). The axioms i-viii
in I, §1 are clearly fulfilled.} DK is the sheaf associated to the
presheaf Oﬁ defined as follows. A function h : V - R on some V € F(K)
is an element of Dz(V) iff there exists some U Ei(M) and some g EOM(U)
with UNK o> V and h = glV. {We then can make U a little smaller such
that UNK = V.}Thus a function h : V » R, with V €§%K), is an element
of OK(V) iff there exist finitely many sets U1""’Ur 651M) and func-
tions g; €0,(U;) such that K n@,u... UUr) = V and giIK no; = hiKNU,

1

for 1 < i <r.

Definition 3. We call such a space (K,0 a small subspace of (M,0,).

)

Notice that we have K equipped with the "coarsest structure" of a

function ringed space such that the inclusion map K— M is a morphism.

Definition 4. Of course, also every U GSXM) has a natural induced

structure as a function ringed space over R. These are the open sub-

spaces of M.

Example 1.3. If M is a locally semialgebraic space and K is a closed
semialgebraic subset of M then K, with its usual structure as a semi-
algebraic subspace of M (I, §3), is a small subspace of M. This follows
from Tietze's extension theorem for affine semialgebraic spaces [DKS'
Th. 4.5]. If in addition, M is regular (I, §3), then O; = OK since now

K has an open affine semialgebraic neighbourhood in M. Indeed, every

semialgebraic subset of M is affine [R].




Important convention. From now on, in the whole book, a semialgebraic

space always means an affine semialgebraic space, and a locally semi-

algebraic space means a regular locally semialgebraic space.

Definition 5. A subset K of M is called closed semialgebraic in M if

K is closed in M, i.e. M~K €§%M), if K is small in M, and if the small
subspace (K,@K) of M is a semialgebraic space. K is called a polytope
in M if, in addition, the semialgebraic space (K,OK) is a polytope,
i.e. complete [DKZ' §9]1. The set of all closed semialgebraic subsets
of M is denoted by ¥ (M) and the set of all polytopes in M is denoted

by ¥, M).

Example 1.4. If M is locally semialgebraic then ¥ (M) and YE(M) have

the same meaning as in [LSA].

Now we are ready for the main definition of the whole book. By an

ordered family of subsets (XXIX€A) of a set X we mean a family of sub-

sets with a partially ordered index set.

Definition 6. A weakly semialgebraic space over R is a function ringed

space M over R which contains an ordered family (MGIGEI) of closed
semialgebraic subsets (Def. 5) such that the following properties hold.
E1) M = U(MGIO(EI).
E2) If a < p then M/ CMB'
E3) For every a €I there exist only finitely many B €I with B <a.
E4) For any two indices o,B €I there exists an index Y €I with
Y <o, Y <B, and Ma nM‘3 = MY.
E5) I is directed, i.e. for any two indices «,B €I there exists an
index y €I with a <y, B <¥Y.

. E6) The function ringed space M is the inductive limit of the family

of semialgebraic spaces (Mdlael) in the category Space(R). This



means the following:

a) A subset U of M is an element of F(M) iff U nm, efxma) for

every a € I. {N.B. Using the notation of [LSA], f(Ma) = ?(Ma)
the set of all open semialgebraic subsets of Ma'}

b) A family (U,I1X€A) in §(M) is an element of Cov, iff
(UX nMGIAEA) is an element of Covy for every a € I. This means
that, for every a €I, there existsaa finite subset A(a) of A

such that

u(u nMGIXEA) = U(UA ﬂMalk€A(a)).

A

¢) If h : U > R is an R-valued function on some U € T(M), then

h EOM(U) iff hlU nM EOMG(U nMa) for every a €1I.

Any such family (MGIGEI) of subsets of M is called an exhaustion of M.

{The letter "E" in the labels above refers to "exhaustion".}

Definition 7. A function ringed space M over R is called a weak poly-
tope over R if M has an exhaustion (MaIGGI) such that every Mu is a

polytope in M (cf. Def. 5).

For the applications which we have in mind we are mainly interested
in weak polytopes, but for technical reasons it is necessary to work

in the more general class of weakly semialgebraic spaces.

Example 1.5. Every paracompact locally semialgebraic space M over R
is a weakly semialgebraic space over R. Indeed, choose a weak tri-
angulation ¢ : X =M, i.e. a locally semialgebraic isomorphism of a
locally finite simplicial complex (I, §2) to M. {There exists even a
triangulation, i.e. an isomorphism with X strictly locally finite,
cf. II, §4.} Let I denote the set of all finite subcomplexes Y of X
which are closed in X, ordered by inclusion. Then (@(Y)|Y €I) is an

exhaustion of M. If M is partially complete then the ¢(Y) are poly-




'topes, hence M is a weak polytope.

We now describe a method for constructing weakly semialgebraic spaces.
This method is based on the results in II, §1 on gluing locally semi-
| algebraic spaces, which will be exploited here only for semialgebraic

- spaces.

' We start with the following situation. M is a set, and (Mdlael) is an
‘ordered family of subsets of M such that conditions E1, E2, E3 (cf.
j‘Def. 6) hold and, instead of E4, the following weaker condition holds.
E4*) For any two indices o,B € I there exist indices Yl""’Yr in I

g = MY1 U... UMYr .

' We do not assume anything like E5. We assume that every M, is equipped

with Yy 297 2 B (1 <i<r) and Ma nM

with the structure of a semialgebraic space over R and that for o < B
Tthe space Ma is a closed semialgebraic subspace of MB'
We equip M with that structure of a function ringed space over R which
makes M the inductive limit of the family of spaces (MalaEI). This
structure has the same description as given in Definition 6 (although
perhaps I is not directed). For any subset J of I we denote by My the
‘union of all Ma with o« €J. By T we denote the set of all finite sub-
 sets J of I which enjoy the following property: If o €J and B €1,

'B < a, then B €J. The set I is partially ordered by the inclusion
relation. It is a lattice, since for any two elements J,K of I also
JNK and J UK are elements of I. Moreover I has a smallest element,

. the set 4.

Theorem 1.6. Every set Ma is closed semialgebraic in the function
ringed space M, and M induces on Ma the given space structure. The
- family (MJIJEE) is an exhaustion of M. Thus M is a weakly semialgebraic

. space. If the family (MG|G€I) fulfills E4 and ES5 then already this



family is an exhaustion of M.

Before proving the theorem we give simple examples which already show
that weakly semialgebraic spaces form a more general class of spaces
than paracompact locally semialgebraic spaces. For these examples the

full strength of the theorem is not needed.

Example 1.7 (Simplicial complexes). Let X be a simplicial complex*)
over R. As in [LSA] we denote by z(X) the set of open simplices of X,
ordered by the face relation. Let M be the underlying set of X and
let (MaIGEI) be the family (o NMlo €3 (X)) of closures in M of all open
simplices. Every set o NM carries a natural structure of a semialge-
braic space. By our theorem we obtain a natural structure of a weakly
semialgebraic space on X, an exhaustion being given by the finite
subcomplexes of X which are closed in X. We denote this weakly semi-
algebraic space again by the letter X. If the complex X is closed,
i.e. Z(X) contains every open face of every o € Z(X), then the space X

is a weak polytope.

Example 1.8 (Wedge of semialgebraic spaces). Let (MAIAEA) be a family
of disjoint semialgebraic spaces. We choose in every MA a base point
Xy and we identify all these base points into one point Xq" Let M be
the set U(MAIAGA) after this identification. We add to the set A a
symbol "O" and we order the set I := A U{0} as follows. O <X for

0 = {xo}.
Applying the theorem to the family (MGIGEI) of semialgebraic spaces

every A €A. No two elements of A are comparable. We put M

we obtain on the set M a natural structure of a weakly semialgebraic

space, such that every M, - in its given structure - is a small sub-

*
) In this chapter - and the next one - a simplicial complex always

means a geometric simplicial complex, as defined in I, §2.




ispace of M. We call this space M, with base point X the wedge of

ithe pointed spaces (Mx,xx) and write M = V(MAIA€A), or more precisely

(M, %) = V(M ,x,) X€N)

ArEN

The sets U(MAIAEK),with K running through the finite subsets of A,
form an exhaustion of M. If the M, are polytopes then M is a weak

 polytope.

3
3

Example 1.9. We consider the family (IP_(R) In€IN_) of sets of real

'points of the standard projective spaces IPn over R. Each IPn(R)

'R
fis a polytope. We embed IPn(R) into IPn+1(R) in the usual way as the
- hyperplane X1 < O. Let IP_(R) be the union of all EE(R). By the
theorem, IP_(R) is a weak polytope in a natural way, with exhaustion
(P (R) | n€EW)

EExamgle 1.10 (Direct sums). For every family (MXIXEA) of function

' ringed spaces over R there exists the direct sum LKMxlkeA) = M in the
.category of function ringed spaces over R. The set M is the disjoint
union of the SetSMA. The elements of fXM) are the unions U(lekeA) of
families (UA|A€A) with Uy €fTMA), and also Covy, @M are defined in
the obvious way. Assume now that every MA is weakly semialgebraic. We
choose an exhaustion (MX,GIGEIA) of MA‘ Let I := U(IAIAEA) be the
rdirect sum of the ordered sets IX' For every o €I we define Ma =
‘MA,a if « €1,. The ordered family (Ma|a€I) of semialgebraic spaces
fulfills the conditions of Theorem 1.6. Clearly the function ringed
space M is the inductive limit of this family. Thus, by Theorem 1.6,

M is a weakly semialgebraic space.

i We start out to prove Theorem 1.6. The ordered family (MJIJEE) of
- subsets of M filfills E1 -E5, as is easily checked. We equip every

;MJ with the function ringed space structure as the inductive limit of




the family of semialgebraic spaces (MalaeJ). For every J €1 we claim

that the space M. is semialgebraic and that, whenever K < J and K € i,

J

then MK is, in its given space structure, a closed semialgebraic sub-

space of MJ.

For any a €I we denote by m(a) the number of elements B €I with B <a.

For any J €I we denote by m(J) the maximum of all m(a) with a €J.

We prove the claim by induction on m(J). If m(J) = O, then it follows

from E4* that the sets Ma with o € J are pairwise disjoint. MJ is the

direct sum of the finitely many semialgebraic spaces Ma (I, 2.4), and

the claim is obvious.

Let now m(J) = n > 1. If a and B are two different indices in J then,

by E4*, Ma nM_ = ML with some L €1 such that v < a, Y < B for every

)
Yy €L. Of course, m(L) < n. Suppose there exists some y €L with m(y) =n.

This would force y = a and y = B. But a #B8. Thus m(L) <n. By induction

hypothesis, the space M. is semialgebraic, and every MY' Y €L, is,

L

in its given structure, a closed semialgebraic subspace of M On the

L*
other hand, since these MY are closed semialgebraic subsets of Ma'
the set ML is closed semialgebraic in Ma' It now follows, say from
the uniqueness statement in Th. II.71.3, that the subspace structure
of ML in Ma coincides with the given structure. The same holds for

M. and M . Thus we learn, that Mu nM

1, 6 is closed semialgebraic in Ma

B

and in MB and that the subspace structures on Ma NM, with respect to

B
Ma and MB are the same. Theorem II.1.3 tells us, that our space MJ is
semialgebraic, and that the given space structure on MJ is in fact

the unique one such that every Ma’ a €J, is a closed semialgebraic
subspace of My in its given structure. By the same uniqueness argument
as above we see that, for any K €I with K cJ, the space MK in its

given structure, is a closed semialgebraic subspace in M and our

JI




claim is proved.

Of course, the inductive limit space structure on M with respect to
the new family (MJIJGE) is the same as with respect to the old family

(Malcx€1).

:
!
r
?
n

For any two subsets J and K of I, with J €I but X perhaps infinite,

we have MJ\MK € )"(MJ) » since My nMJ = ML with some L €I, L<J. Thus

MMy € §M) for every K = I. It is also evident from the definitions

- that, for every finite J cI, the set MJ is small in M.

‘Certainly the proof of Theorem 1.6 will be finished if we verify

; induced by ©  on
J M

M coincides with the sheaf of semialgebraic functions on My. We

that, for every J €i, the presheaf of functions 0O
prove a proposition which contains this fact and something more.

: Proposition 1.11. Let K be any subset of I, and let K denote the set

‘{of all a € I with a < B for some B €K. We equip the set A :=MK=MK
:with the inductive limit space structure of the ordered family
(MJIJEi,JcR) of semialgebraic spaces. Then the following holds.

a) A is closed in M, i.e. M~A € T(M).

b) For every V € #(A) there exists some U € T(M) with UnA = V.

¢) Given such sets V,U and a function h € (DA(V) there exists some

g €9y (U) with glV = h .

vProof. a) has been verified above.

b) Let U := (MNA) UV = MN (ANV). For every a €I the set (ANV) nMa
is closed semialgebraic in M , since the properties E3 and E4* hold.
Thus U € ¥(M). Clearly UNA = V.

c) We consider the set of all pairs (J,f) with KeJcI, f€0O, (UNM,)

My

and flA = g. We order this set in the obvious way: (J,f) < (J',£f')

J
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iff J < J' and f£'IU nMJ = f. If ((JA,fX)IX€A) is a chain in this

ordered set, then the fx automatically glue to a function f Ech (UnMJ
J
with J = U(J,lA€M), and we have (J,,f,) < (J,f) for every A €A. Thus,

)

by Zorn's lemma, our set contains a maximal element (L,g). We prove
that L = I and then will be done. Suppose L #I. We choose some a€I L.
The set MLIWMG NU is closed and semialgebraic in Ma NU. By Tietze's
extension theorem [DKS’ Th. 4.5] there exists a semialgebraic func-
tion u on Ma NU which extends gIML nMa NU. The functions u and g glue
to a function v EOMS(U NMg) with s = L U{a}. Then (L,g) < (S,v) in

contradiction to the maximality of (L,g). Thus L = I. g.e.d.

Remark 1.12. Assertion ¢) in Proposition 1.11 can be improved. If h
takes values in a generalized interval L < R (= convex semialgebraic

subset of R) then g can be chosen such that g takes values in L.

This is proved in the same way as above using Tietze's extension
theorem for semialgebraic spaces and functions with values in L, ;

cf. [DK5, Thm. 4.5].

Remark 1.13. In the situation of Theorem 1.6 assume that in addition

the following holds.

(F) For every o €I there exist only finitely many B €I such that

ManMB¢¢.

Then the weakly semialgebraic space M is a paracompact locally semi-

algebraic space.

This follows from Lemma 1.2 and Theorem 1.3 in Chapter II about
gluing of locally semialgebraic spaces. There one has to assume
that, for every o« €I, the family (Ma nMBIBEI) islocally finite in

the semialgebraic space Ma' This means just (F).
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We close this section with some easy observations on exhaustions of a
given weakly semialgebraic space M. An exhaustion (MGIGEI) of M may

have some redundancy which can be eliminated.

Definition 8. An exhaustion (MQIGEI) of M is called faith-

| *
ful if, instead of E2, the following stronger property E2' holds.)

E2') For any two indices o,B €I, o < B aMatzMB.

‘Proposition 1.14. If (MGIGEI) is an exhaustion of a weakly semialgebraic

space M then there exists a subset I' of I such that the family

(MGIGEI') is a faithful exhaustion.
Proof. Throw out every index o €I such that there exists some Y €1
with vy <a and MY = Mu’ and check properties E1, E2', E3-E6 for the new

family! In this check the properties E3 and E4 for the old family play

a crucial role.

We can find exhaustions with even better formal properties.

 Definition 9. A lattice exhaustion of M is an exhaustion (MGIGEI) of M

with the following additional properties.
' E7) For any two indices a,p €I there exists some y €1 with Ma UM =MT

B
E8) For the smallest index ¢ € I we have MO = @

Notice that then the set {MGIGEI} is a sublattice of the lattice ¥(M)

| 0of closed semialgebraic subsets of M, hence the name.

 Proposition 1.15. Every faithful exhaustion (Ma|a€I) of a weakly semi-

algebraic space M can be enlarged to a faithful lattice exhaustion

*) Such a family may be regarded as a set of subsets of M, each set
being indexed by itself.
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(Ma|a€i), with I an ordered set containing I and inducing the given

ordering on I.

Proof. We regard the given exhaustion as a set H of subsets of M,
ordered by inclusion. The set H consisting of all unions of finitely
many elements of H, ordered by inclusion, fulfills E1, E2', E3-E6, and

also E7, E8.

It is often comfortable to work with faithful lattice exhaustions. (We
shall use them in a crucial way in §7 and §8.) On the other hand, we
should not always insist to use faithful or lattice exhaustions, since
this would lead to unnecessary notational complications. For example,
if (Ma|a€I) and (NBIBEJ) are two exhaustions of M then

(Ma nNBI(a,B) € IxJ) is again an exhaustion of M, as will become clear
in §2, the ordering on IxJ being the product of the orderings on I and
J {(a,B) < (v,8) iff a« < v and B < 6}. But, even if (M |a€I) and

(N,IBEJ) are faithful, perhaps (M_NN_| (a,B) € IxJ) is not faithful.
B o B

In later sections a faithful exhaustion of a space M will most often
be regarded as a set of subsets of M, as has already been done above.
We then denote such an exhaustion by something like H, H, H', or H
with a subscript, if several faithful exhaustions are considered at

the same time.

We now describe a partition of M into "patches" starting from a given

exhaustion (Mala€I).

Lemma 1.16. For any subset F of M, which is contained in some set Ma'
there exists, in the ordered set I, the infimum Yy of all indices

a €I with FcMa, and FCMY'
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This follows easily from E3 and E4.

Definition 10. The index n(x) of a point x €M, with respect to the

given exhaustion (MGIGEI), is the infimum of all indices a €I with

X EMa‘

i Notice that the index function n : M - I fully describes the exhaustion,

. namely for every a €1,

M, = {x €MIn(x) < al.

- Definition 11. For every a € I we define

Mg := {x EMIn(x) = a}.

" An index & €I is called primitive, if Mg is not empty, which means
' that o« €n(M). The set n(M) of primitive indices is denoted by 1°. The
sets Mg, with o running through IO, are called the patches of M with

. respect to the given exhaustion.

(MglaEIo) is a partition of the set M into non empty disjoint subsets.

Clearly, for every a €1,

o _

(1.17) Ma—Ma\U(MﬁleeLB <a)
and

(1.18) M =

o U(M$IY < oY €1°)

- This partition of M will be very useful in the following.

» Example 1.79. Let X be a simplicial complex, regarded as a weakly semi-
. algebraic space (Ex. 1.7). We consider the exhaustion of X by the

finite subcomplexes Y which are closed in X, every Y being indexed by
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itself. Here the patches are just the open simplices of X. The index

n(x) of a point x in a given open simplex ¢ of X is the complex o NX.




§2 - Morphisms

In the following M is a weakly semialgebraic space and (Malael) is a
fixed exhaustion of M. We seek an understanding of the morphisms from
another weakly semialgebraic space L to M in the category of function

ringed spaces over R (cf. §1, Def. 2). The crucial fact is

Theorem 2.1. Assume that the space L is semialgebraic. Let f : L » M

be a map from the set L to the set M. The following are equivalent.

a) f is a morphism.

b) There exists some o € I such that £f(L) < Ma and the map fa : L - Ma’
obtained from f by restriction of the range, is semialgebraic (i.e.
a morphism between the semialgebraic spaces L and M,).

If f is a morphism then the map fa is semialgebraic for every o €1

with £(L) < M.

Proof. Every map f with property b) is a morphism since the inclusion
map Ma & M is a morphism from the small subspace Ma of M to M. Assume
now that £ : L - M is a morphism. If we have found some o €I with

f(L) < Ma then we are done, since it is evident from the space struc-

ture of Mu as a small subspace of M that fa is again a morphism.

Let n : M > I be the index function of our exhaustion (cf. §1, Def. 10).
Suppose that n(f (L)) is an infinite subset J of the set of primitive
indices 1°. For every o €J we choose a point Xy € L such that the
point Yo = f(x,) has index a, i.e. Y, €Mg. Let 8 := {yalueJ}. For
every vy €I the set S nMY is finite, since MY is the union of finitely
many patches Mg. Thus (M ~S) nMY €§%MY), and we conclude that

M~S € F(M). Since f is a morphism this implies that f_1(M‘\S) =

L'\f-1(s)€ }HJ. Thus A := f_1(s) is a closed semialgebraic subset of

L. For the same reason the preimage f_1(s') of any subset S' of S is
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a closed semialgebraic subset of L, hence of A. If S' #¢@ then also

f—1(S') #@ since f_1(S') contains the points Xy with y, €s'.

The semialgebraic space A has a finite number r of connected components.

We choose a partition

S =5 L182 ... L]Sr+1

1

of S into r+1 disjoint non empty sets. This is possible since S is in-

finite. Then

1

a=f"(s) LE (s U... UE (s,,)

r+1

is a partition of A into r+1 disjoint non empty closed semialgebraic
subsets. But such a partition is impossible since A has only r connected
components. This contradiction proves that J is finite. It follows,

by properties E2 and E5 of the exhaustion of M, that f (L) cMa for some

a €I, g.e.d.

Definition 1. In view of condition b) in the theorem we call a morphism
from a semialgebraic space L to a weakly semialgebraic space M a semi-

algebraic map from L to M (over R).

Here is an application of Theorem 2.1.

Proposition 2.2. Let A€¥ (M) (cf. §1, Def. 5). Then there exists some

a €I with A«:Ma. For every such index a we have A €?(Ma), and the
structure on A as a closed semialgebraic subspace of Ma coincides with

the structure as a small subspace of M.

Proof. The inclusion map A< M is a morphism from A, with its structure
as a small subspace of M, to M. Applying Theorem 2.1 to this morphism

we obtain the result. (Recall Ex. 1.3 for the last statement).
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‘'Theorem 2.3. Let N be a second weakly semialgebraic space and let
,(NBIBEJ) be an exhaustion of N. Let £ : M » N be a map from the set M
to the set N. The following are equivalent.

a) £ is a morphism

b) For every a €I there exists some B €J such that f(Ma) < N and

BI

that the map fch : Ma - NB obtained from f by restriction is semi-

algebraic.
'If £ is a morphism, and if a €I, B €J are indices with f(Ma) c NB’
. then the restriction £ : M - N, is always semialgebraic.

apf a B
'All this is evident from Theorem 2.1. Indeed, since M carries the
inductive limit space structure of the function ringed spaces Ma’
amap £f : M » N is a morphism iff all restrictions flMa : Ma - N are

- semialgebraic.

Definition 2. In view of condition b) in the theorem we call a morphism

 between weakly semialgebraic spaces a weakly semialgebraic map (over R).

‘Examgle 2.4. Let £ : X » Y be a weakly simplicial map (cf. [LSA, p.23])
between simplicial complexes X and Y. We regard X and Y as weakly semi-
- algebraic spaces, cf. Ex. 1.7. Then f is a weakly semialgebraic map.

' If f is even simplicial (cf. [LSA, p. 24]), then the closure f :X » ¥

of £ (loc.cit.) is again a weakly semialgebraic map.

'Examgle 2.5. Amap £ : M > N from M to a semialgebraic space N is weak-
ly semialgebraic iff, for every o €I, the restriction fIMa : Ma - N is

semialgebraic.

In particular, the weakly semialgebraic maps from M to the real line
. R are precisely the elements of BM(M). This special case of Theorem

2.3 is already evident from the definition of an exhaustion.




semialgebraic functions on M. More generally we call, for every U Ef%M)

18 |
Definition 3. From now on we call the elements of @M(M) the weakly

the elements of OM(U) the weakly semialgebraic functions on U. This is
justified since U, as an open subspace of M, is again weakly semialge-

braic with exhaustion (U ﬂMa|a€I).

Remark 2.6. In the situation of Theorem 2.3, let f : M - N be a weakly

semialgebraic map. f induces a map k¥ : I - J as follows (cf. Lemma 1.16)
K(a) := inf(BEJIf(Ma) CNB) .

This map k is monotonic, i.e. a < B implies «(a) < x(B). Moreover, for |

.

every o €1, f(Ma) c NK(a)

Applying this remark to the case N =M, £ = id we see that any two

Ml

exhaustions of a given space are "comparable". More precisely,

Proposition 2.7. If (NBIB€J) is a second exhaustion of M, then there |

exist monotonicmaps « ¢ I » J and gy : J » I with Ma c NK(G) for every

a€I, and N, <« M
u (

B for every B €J.

B)

Of course, Ma is closed semialgebraic in NK(a)' and NB is closed semi-

algebraic in MU(B)'

Corollary 2.8. If M is a weak polytope and (NBIBEJ) is any exhaustion

of M, then every NB is a polytope.

Let now N be a locally semialgebraic space over R. We want to analyse
the morphisms from M to N and from N to M in the category of function
ringed spaces over R. We choose an admissible covering (lekeA) of N
by open semialgebraic subsets. For every finite subset J of A we denote

by UJ the union of all Uy with A €J. Notice that N is the inductive
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limit of the family of semialgebraic spaces (UJIJ'CA,J finite).

Proposition 2.9. A map £ : M » N is a morphism iff, for every a €1I,

the restriction flMu : My > N isa morphism, i.e. a semialgebraic map

(cf. [LSA, p. 91).

This is evident since M is the inductive limit of the spaces Ma' (We

3
1

observed it in a special case already in Ex. 2.5.)

?Definition 4. We call the morphisms from M to a locally (instead of

éweakly) semialgebraic space N again the weakly semialgebraic maps

from M to N. This is justified by Proposition 2.9. (N.B. There is no
‘conflict with Definition 2 if N is at the same time weakly and locally

Wsemialgebraic.)

 Example 2.10. The weakly semialgebraic maps from M to Rloc (cf. [LsA,
tp. 15, p. 81]) are precisely those weakly semialgebraic functions on

M which are bounded on every Ma'

. Proposition 2.11. Amap £ : N » M is a morphism iff, for every X €A,

the restriction flUx : UA - M is a semialgebraic map.

Proof. The condition is necessary since the inclusions U, < N are

Y
morphisms. Assume now that flUX is semialgebraic, i.e. a morphism, for
every A €A. Then also for every finite subset J of A the restriction
fIUJ is a morphism from UJ to M. Since N is the inductive limit of

' the spaces UJ we conclude that £ is a morphism. g.e.d.

. Definition 5. We call the morphisms from a locally semialgebraic

space N to M the locally semialgebraic maps from N to M.
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If M is weakly semialgebraic and locally semialgebraic then the weakly
semialgebraic maps from M to N are the same as the locally semialgebraig
maps from M to N, as considered in [LSA], since both kinds of maps are
just the morphisms from M to N in the category of function ringed
spaces over R. Applying this remark to the case M = N and the identity

map idM we obtain from Propositions 2.9 and 2.11 the following fact.

Proposition 2.12. Assume that M is also locally semialgebraic and let

(UA|AEA) be an admissible covering of M by open semialgebraic subsets
(in the terminology of [LSA]). For every a €I there exists some finite

subset J of A with M, < U . Then M, €7(UJ). For every finite subset J

J°

of A there exists some B €I with U

g < Mg. Then UJ EXWMB).

Definition 6. We denote by WSA(R) the category whose objects are the
weakly semialgebraic spaces over R and whose morphisms are the weakly
semialgebraic maps over R. It is a full subcategory of the category

of function ringed spaces over R, and it contains, as a full subcate-
gory, the category LSA(R) of paracompact locally semialgebraic spaces

over R.

Let S be a real closed overfield of R. There exists a natural and very
useful functor "base extension" from LSA(R) to LSA(S), cf. [LSA, p. 19f
and p. 309] and, for semialgebraic spaces, [DK3, §4]. We want to extend

this functor to a functor from WSA(R) to WSA(S).

Given, as before, a weakly semialgebraic space M over R and an ex-
haustion (MGIGEI) of M we obtain by base extension an ordered family
(MG(S)Iael) of semialgebraic spaces over S. For any two indices B < «

the inclusion map M, - Ma gives, by base extension, an embedding

B
MB(S) - Ma(S) of MB(S) into Ma(s) as a closed semialgebraic subspace

[DK3, p. 142]. Let N denote the inductive limit of the family of sets
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(MQ(S)IGEI), with these transition maps. Every Ma(S) injects into N.

e regard the M, (s) as subsets of N. The family of subsets (MG(S)IGEI)
I‘:f N fulfills E1-E5. We equip N with the inductive limit space struc-
ture of the semialgebraic spaces Ma(s). By Theorem 1.6 this function
‘ringed space N over S is weakly semialgebraic, and every Ma(S) is, in
its given space structure, a closed semialgebraic subspace of N, and

‘(MG(S)IGEI) is an exhaustion of N.

‘Definition 7. We denote the weakly semialgebraic space N by M(S). We

fcall M(S) the space obtained from M by base field extension from R to

S. We always regard M as a subset of M(S).

It is evident from Proposition 2.7 that the space M(S) does not depend
- on the choice of the exhaustion (MalaEI). If M is also a locally semi-
1algebraic space then M(S) is the same space as defined in [LSA]. This
%follows easily from Proposition 2.12. In particular, then M(S) is

. again locally semialgebraic.

- Let N be a second weakly semialgebraic space over R and (NB|B€J) an
exhaustion of N. Let £ : M » N be a weakly semialgebraic map over R.

. We obtain a weakly semialgebraic map fs : M(S) » N(S) over S as follows.
- We choose a monotonic map « : I - J such that, for every a €I,

f(Ma) c N (cf. Remark 2.6). The restrictions fa : M - N

a K (a)
'yield, by base field extension from R to S, semialgebraic maps

K (a)

ﬁ(fa)s : Ma(S) - NK(u)(S)‘ All these maps fit together to a weakly
. semialgebraic map fg : M(S) - N(S). This map fg neither depends on the

»choice of the exhaustions of M and N nor on the choice of k.

- Definition 8. We call fS the map obtained from f by base field exten-

sion from R to S.
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If N is a locally semialgebraic space over R we obtain, in a similar
way, from any morphism £ : M -+ N (resp. g : N » M) over R a morphism

fo ¢ M(S) » N(S) (resp. N(S) - M(S)) over S. This is the same map as

S
in [LSA] if both M and N are locally semialgebraic.




§3 - Subspaces and products

As before, M is a weakly semialgebraic space over R and (MGIGEI) is a

fixed exhaustion of M.

Definition 1. A subset X of M is called weakly semialgebraic in M if,

 for every a €I, the set X nM, is semialgebraic in the semialgebraic
space M, i.e., in the notation of [LSA], X nMa Ex%Ma). The set of

weakly semialgebraic subsets of M is denoted by T(M).

: This set YT(M) does not depend on the choice of the exhaustion (Mq|a€I),
as is evident from Proposition 2.7. Clearly i(M) c T(M). Also §(M) <« T(M).

In particular, Ma € (M) for every a €1I.

If X and Y are weakly semialgebraic subsets of M then XUY, XNY, and
X NY are again weakly semialgebraic in M. It is also easily verified
Y

that the preimage £ (X) of any X € Y(M) under a weakly semialgebraic

map £ : N » M is weakly semialgebraic in N.

Weakly semialgebraic sets can be obtained by "collecting" semialgebraic
sets as follows. Recall that (MglaEIo) denotes the family of patches
of the exhaustion (MGIGEI). Every Mg is an (open) semialgebraic subset

of M, (cf. 1.17), hence a semialgebraic space.

- Remarks 3.1. i) Assume that, for every o € I, there is given a semi-
algebraic subset Xa of Ma such that, whenever B <a, the set Xa nMB
is contained in XB' Let X denote the union of all Xa' Using E4 we see

that, for every o €1,
XM = U(Xglpga).

By E3 this is a semialgebraic subset of M- Thus X € T'(M) .
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ii) Assume that, for every primitive index « €1°, there is given a
semialgebraic subset Za of Mg. Let X denote the union of all Za‘ Clear-

ly X an = Za for every « € 1°. Thus we have, for every a €I,

XNM_ = U(Z,lB<0,BETC) .

B

This is a semialgebraic subset of M. We conclude that X € ¥(M).

If X is a weakly semialgebraic subset of M then we regard, for every
a €I, the set X ﬂMa as a semialgebraic space, namely a semialgebraic
subspace of M- Applying Theorem 1.6 to the set X and the family of
spaces (X nMaIGEI) we obtain a structure of a weakly semialgebraic
space on X which is the inductive limit of the spaces X ﬂMu. Every
space X nMa is a closed semialgebraic subspace of X and (X nMaIaEI)
is an exhaustion of X. It is evident from Proposition 2.7 that the
space structure on X does not depend on the choice of the exhaustion

(MalaEI).

Definition 2. We call such a space X a (weakly semialgebraic) subspace

of M.
This terminology is justified by the following fact, which follows
immediately from Theorem 2.3 and the subspace theory for semialgebraic

spaces [DK2, p. 1861].

Proposition 3.2. Let X € T(M). The inclusion map j : X< M is weakly

semialgebraic. If g : N » X is a map from a weakly semialgebraic
space N to X then g is weakly semialgebraic iff j.g is weakly semi-

algebraic.

Also the following fact is rather obvious from the theory of semi-

algebraic spaces.
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 Proposition 3.3. Let X € ¥(M) and let Y be a subset of X. Then Y € ¥(X)

iff Y € T(M). In this case the subspace structures on Y with respect to

X and to M are equal.

Definition 3. A subset X of M is called semialgebraic in M if X € T(M)
and the subspace X of M is a semialgebraic space. We denote the set of

all semialgebraic subsets of M by ¥ (M).

. Notice that ¥ (M) < ¥(M). In particular, M, €¥(M) for every a €1I.

- Proposition 3.4. A weakly semialgebraic subset X of M is semialgebraic

. iff there exists some a €I with XcM,.

:Proof. If X € Y(M) and X«:Ma for some o €I then X = X nMa is a semi-

| algebraic subset of Ma’ and the subspace structures on X with respect
;to M and Ma are equal. Thus X is semialgebraic in M. Conversely,

- assume that X €¥(M). Then {X} is an exhaustion of X. But also

i(X nMaIaEI) is an exhaustion of X. By Proposition 2.7 there exists

some & €T with X ﬂMa =X, i.e. X<:Ma. q.e.d.

- By this proposition it is obvious that for any two semialgebraic sets
jX,Y in M the sets XUY, XNY, XNY are again semialgebraic in M.

. Using Theorem 2.3 and the semialgebraic theory we also see that the
image f (X) of any X € ¥(M) under a weakly semialgebraic map £ : M = N

. 1is semialgebraic in N.

. We introduce on M the strong topology, defined as follows.

Definition 4. a) A subset U of M is open in the strong topology if,
for every a €1, the set U nMu is open in M, in the strong topology of

My, as defined in [DK2,§7]. In other words, U NM, is a - perhaps in-
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finite - union of open semialgebraic subsets of Ma'

b) We denote the set M together with the strong topology by M

top”
This is a topological space in the classical sense. Mtop is the in-
ductive limit of the family ((Ma)toplael) in the category of topo-

logical spaces, in fact even in the category of generalized topolo-

gical spaces. M does not depend on our choice of the exhaustion

top

(MaIaEI). We shall see soon (Cor. 3.12) that Mtop is Hausdorff.

Caution. Every U €T(M) is open in M , but in general f(M) is not a

top

basis of open sets in Mto , cf. Appendix C.

P

Proposition 3.5. 1) ?(M) is the set of all X € ¥(M) which are open in

the strong topology. For every X €51M) the subspace structure in M,

as defined now, coincides with the structure as an open subspace of

the function ringed space M (cf. §t, Def. 4).

ii) ¥(M) is the set of all X € ¥(M) which are closed in M in the strong
topology. For every X € ¥(M) the subspace structure in M, as defined |
now, coincides with the structure as a small subspace of the function

ringed space M (cf. §1, Def. 3).
Proof. Both assertions hold if M is semialgebraic. (Recall 1.3 and
1.4 for ii.) Starting from that it is easy to extend them to the

general case. (Recall2.2 for ii.)

A new terminology. From now on, topological notions like "open",

"closed", "dense", "continuous", "closure" and "interior" of a set,
usually refer to the strong topology. The sets U €§XM) are now called
"open weakly semialgebraic sets" instead of "open sets". Our previous
terminology "closed semialgebraic" for the sets in ¥ (M) can be main-

tained.
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Proposition 3.6. The closure X of a semialgebraic subset of M is

again semialgebraic in M, hence X €¥ (M).

Proof. This is evident since X::Ma for some a €I and since X is

also the closure of X in Ma’ which is well known to be semialgebraic

[DKZ, Th. 7.7].

* Definition 5. A subset X of M is called closed weakly semialgebraic

'in M, if X is closed in M (in the strong topology) and X € T(M). The

set of all these sets is denoted by T (M).

By Prop. 3.5.i, T(M) is the set of complements M~U of all U € F(M).

Notice also that T(M) n¥(M) = ¥ (M) and

TM) = {XeTM)IX nM, €¥(M,) for every a €I}.

Definition 6. TC(M) denotes the set of all X € J(M) such that the

subspace X of M is a weak polytope.

. Proposition 3.7. A subset X of M is an element of 3E(M) iff

XNM, €¥_ (My) for every a €I. Then X €T (M).

Proof. Let X €3;(M) be given. Since (X nMaIGEI) is an exhaustion

. of the space X, every space X nMa is a polytope in M . In particular,

X NM €¥(M ). Thus X €T(M). Conversely, if X is a subset of M with

X nMa exe(mq) for every a €I, then X € (M) and the space X is a weak

polytope.

Remark 3.8. Assume that our weakly semialgebraic space M is also

locally semialgebraic. Then the strong topology in M defined here

coincides with the strong topology defined in I, §3. The set T(M)
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of weakly semialgebraic subsets coincides with the set of locally
semialgebraic subsets defined in I, §3. For every X € ¥(M) the sub-
space structures on X defined here and there are equal. All this
follows immediately from Proposition 2.12. Our symbols T (M), f(M),
T (M), }(M), T M), ¥, (M), J_(M) have the same meaning as in [LSA].

Now 5(M) and 3%M) are both bases of open sets for the strong topology.

Remark 3.9. Let X € F(M). In general, X is not a topological sub-

top

space of M cf. 4.8.e below. But this holds obviously if X € J(M).

top’
It also holds if X € ¥(M). Indeed, let V be a subset of X which is

open in X . Then U := (M~X) UV is open in M , since (M \U) nMa =

top top

(X ~\V) nMa is closed in (Mo)top for every a €I. Clearly UNnX = V.

If V€ T(X) then UE FM).

Proposition 3.10 ("Tietze's extension theorem"). Let A €T (M). Every

weakly semialgebraic function £ : A - L with values in a generalized
interval L < R can be extended to a weakly semialgebraic function

g : M- L.

This follows from Proposition 1.11.c and Remark 1.12 if we have

proved

Lemma 3.11. Given a closed weakly semialgebraic subset A of M there
exists an exhaustion (AAIAEA) of M and a subset J of A such that

A = U(AA|X€J).

Proof. We start with the given exhaustion (Malael). We consider the
direct product A := I x{0,1} of the ordered sets I and {0,1}, the

(a,t) =M,
| (a,t) €A) is an

second set being ordered by O <1. For any (a,t) €A we define A

if £ = 1 and A(a,t) =A nMa if t = 0. Then (A

exhaustion with the desired property.

(a,t)
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Corollary 3.12 ("Urysohn's Lemma"). Given two disjoint closed weakly

semialgebraic subsets A and B of M there exists a weakly semialgebraic

1 )

- - *
function g : M » [0,1] with g 1(O) > A and g (1) o B.

In particular, A and B can be separated by the open weakly semialge-

1

braic sets g_1([0,l[) and g~ (]%,1]). Choosing A and B as one point

sets we see that the strong topology on M is Hausdorff.

Remark 3.13. It is even possible to find a weakly semialgebraic func-

) = aand g1 (1) = B.

tion g : M » [0,1] with g
Starting from the semialgebraic case [DK1, Th. 1.6] this can be proved
by an inductive procedure similar to the proof of Prop. 1.11.c, using
the following observation. If X1,X2 are closed semialgebraic subsets
of M and 91:9, + Xy UX2 3 [0,1] are semialgebraic functions with

-1

..‘] _
9y (0) NX; = ANX;, g

-1
i

_.1 _
i (0) ﬂXj = Al\Xj, 9, (1) OXi = BNX,,

g; (1) NXy > BNXy, for (i,j) = (1,2) and = (2,1), then g :=%(g1+92)

is a semialgebraic function on X, UX, with values in [0,1] and

g—](O) = AN (X, UX,), 9—1(1) =B N (X, UX,).

Definition 7. A family (XX|A€A) in T(M) is called an admissible
covering of M if every B € ¥(M) is contained in the union of finitely

many X, . Of course, it suffices to check this property with B running

through the sets Ma'

Notice that, for any U €51M), the elements of Cov, (U) are just the

M
admissible coverings (XXIAEA) of U, in the sense of this definition,

with X, € Fw) for every A €A,

* .
) As always, [0,1] denotes the closed unit interval in R.




30

Admissible coverings behave well under taking preimages.

Proposition 3.14. If f : N - M is a weakly semialgebraic map and if

(XAIAEA) is an admissible covering of M then (f_1(XX)IA€A) is an

admissible covering of N.

Proof. Let B € ¥(N). Then f(B) € &(M). There exists a finite subset J of

A with £(B) c U(XAIAGJ). This implies that B < U(f_1(XA)|X€J). qg.e.d.

Admissible coverings of M by closed semialgebraic sets, or even by
closed weakly semialgebraic sets, can be useful. They are less special
than exhaustions, and nevertheless they sometimes do the sames service.
This is indicated by the following theorem, which can be verified in

a straightforward manner.

Theorem 3.15. Let (AAIA€A) be an admissible covering of M by closed

weakly semialgebraic subsets.

a) A subset X of M is an element of T(M) (resp. TM), resp. T(M)) iff,
for every X €A, the intersection Xr1Ax is an element of §TAA)
(resp. ?(AA)’ resp. T(A,)).

b) If U€ F(M) and (X,18€J) is a family of subsets of U, then
(XBIBEJ) ECOVM(U) iff, for every X €A, (XB nAAIB€J) ECOVAA(U nAx).

c) If U EﬁYM), then a function f : U - R is weakly semialgebraic iff
for every X € A, the function fI|U NA, on AA is weakly semialgebraic.

d) (Gluing principle for weakly semialgebraic maps). Amap £ : M » N
into a function ringed space N over R is a morphism iff, for every

A €A, the restriction fle : AA - N is a morphism.

Corollary 3.16. Let (AAIAEA) be an ordered family in ¥ (M) with the

properties E2-E5. Assume that every B € ¥(M) is contained in some AA'

Then (AA|A€A) is an exhaustion of M. (Again it suffices to let B run
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through the sets Mu')

Indeed, Theorem 3.15.d) {as well as Th. 3.15.a)-c)} tells us that the

space M is the inductive limit of the family of spaces (AXIAEA).

Definition 8. A path in M is a semialgebraic map from the unit inter-

val [0,1] in R to M. For any point x of M the path component C(x,M)

of x in M is the set of all y €M such that there exists a path

Yy : [0,1)] » M with v(0) = x and v (1) = y.

Proposition 3.17. Every path component C(x,M) is closed and also

open weakly semialgebraic in M. The space M is the direct sum (cf.
1.10) of the different path components of M, considered, of course,

as subspaces of M.

Proof. Clearly, for every « €I, the intersection C(x,M) N Ma is a
union of path components of the semialgebraic space Ma’ Thus

C(x,M) NM, € }’(Ma) n?(Ma). The claim follows.

It is easily seen that a path component X is not the union of two

disjoint non empty open weakly semialgebraic subsets.

Definition 9. We call such a space X connected. Justified by Proposi-

tion 3.17 we call the path components of M also the connected compo-

nents of M.

Let N be a second weakly semialgebraic space over R and (NBIBEJ) an

exhaustion of N. We want to construct the direct product of the

spaces M and N. We equip the cartesian product MxN of the sets M,N
with the inductive limit space structure of the ordered family of

semialgebraic spaces (Ma xNBI(a,B) € IxJ), where IxJ is the direct
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product of the ordered sets I and J. This family fulfills the assump-
tions in Theorem 1.6 and in addition E4 and E5. Thus, by Theorem 1.6,
the space MxN is weakly semialgebraic with exhaustion

(Ma XNBI(a,B) € IxJ) and the subspace structure of Ma xNB in MxN coin-
cides with the given structure as the direct product of the semialge-
braic spaces Ma and NB. Using Theorem 2.3 it is easily checked that
the natural projections pry : MxN - M, pr, : M«N - N are weakly semi-
algebraic maps, and that MxN, with these projections, is the direct
product of M and N in the category WSA(R) of weakly semialgebraic

spaces over R.

Caution. The strong topology on MxN may have more open sets than the

direct product of the strong topologies on M and N.

Proposition 3.18. Let X € (M) and Y € T(N). Then the set XxY is weakly

semialgebraic in the space MxN, and the subspace structure on XxY

in MxN coincides with the structure as the direct product of the sub-
spaces X and Y of M and N. If X and Y are semialgebraic then XxY is
semialgebraic. If X and Y are closed (resp. open) in M and N then

XxY is closed (resp. open)in MxN.

All this is obvious from the definitions. Using Theorem 2.3 also the

following proposition is easily verified.

Proposition 3.19. Let £ : M - N be a weakly semialgebraic map. The

graph T (f) of f is a closed weakly semialgebraic subset of MxN. The
natural projection pr1IF(f) from I'(f) to M is an isomorphism of the

subspace T (f) of MxN to M.

We finally construct fibre products in the category WSA(R). Let

f :M->L1Land g : N » L be weakly semialgebraic maps over R. Then
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fxg : MxN -» LxL is again a weakly semialgebraic map and

Mx N := {(x,y) €EMxNIf(x) = g(y)}

is a closed weakly semialgebraic subset of MxN, since M xLN is the

preimage of the diagonal AL = F(idL) of LxL under fxg. We equip M xLN

with the subspace structure in MxN. The following can now be verified

in a straightforward manner.

Theorem 3.20. The commutative diagram

MxLN—J—»N

P 9

M —— L

with p and g the natural projections, i.e. the restrictions of pr,

and pr, to M xLN, is a cartesian square in WSA(R).

;

Caution. We do not claim that this diagram is cartesian in the cate-

gory of function ringed spaces over R.

. Remark 3.21. If M and N are also locally semialgebraic spaces, then

M xLN is againlocally semialgebraic. If all three spaces M,N,L are

locally semialgebraic then our space M xLN is the same as the fibre

iproduct M x N in [Lsa].
“This is rather evident from the definitions and Proposition 2.12.

- All objects defined in this section behave well under base field ex-

- tension (cf. Def. 7and Def. 8 in §2) to some real closed field S > R.
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Remarks 3.22. a) Let X € T(M). For every & €I, the semialgebraic sub-
set X nMa of M, yields by base field extension a semialgebraic subset
(X nMG)(S) of M (8S) [DK3, p. 142]. Let X(S) denote the union of these
sets in M(S). We have X(S) nMa(S) = (X nMa)(S), hence X(S) € F(M(S)).
The subspace structure on X(S) in the space M(S) is the same as the
base field extension of the subspace structure on X in M. Thus the
notion X(S) has no ambiguity. If X is closed (resp. open) in M, then
X(S) is closed (resp. open) in M(S). If X € ¥(M) then X (S) € ¥(M(S)).
We have X(S) NM = X.

b) If (XAIAEA) is an admissible covering of M by weakly semialgebraic
subsets, then (XA(S)IAEA) is an admissible covering of M(S).

c) If (CAIXEA) is the family of connected components of M, then
(CA(S)|A€A) is the family of connected components of M(S).

d) The space (MxN) (S) is the same as M(S)xN(S). If £ : M > N is a
weakly semialgebraic map, then the subsets F(fs) and T (£f) (S) of

M(S) x N(S) are equal.

e) If two weakly semialgebraic maps £ : M » L, g : N » L are given

then the two subsets M(S) x N(S) (coming from the maps fs,gs) and

L(S)
(M xLN)(S) of (MxN)(S) are egual. We conclude that the base field exten-

sion functor WSA(R) - WSA(S) preserves cartesian squares.

The easy proofs of a), b), d), e) and of similar statements may safely
be left to the reader. c) is also easy once we know that the spaces

CA(S) are connected. This means the following claim:
If M is connected then M(S) is connected.

The claim can be proved as follows: We fix a point p €M. Let x € M(S)
be given. Then x EMG(S) for some o € I. There exists a path y in Ma(S)
from x to some point gq EMa' (This is evident since, say, Ma is iso-
morphic to a simplicial complex over R.) There exists a path

6 : [0,1] » M with 6(0) = g and 6§(1) = p. Then 6g is a path in M(S)
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from g to p. The composite path Y*GS connects x to p.




§4 - Spaces of countable type

In this small and, up to some examples, almost trivial section we
introduce a class of weakly serialgebraic spaces, the "spaces of count-
able type", which admit particularly simple exhaustions. This class of
spaces behaves well under most constructions in this paper. Unfortunate-

ly it does not suffice for all purposes in semialgebraic topoloay.

In the following a "space" always means a weakly semialgebraic space
over R. Also, if we write down an ordered family of sets (annenn
then we always mean that the set IN of natural numbers is ecuipped

with its natural total ordering.

Definition 1. A space M is of countable tvpe if M has an admissible

covering (XAIAEA) by semialgebraic sets (cf. §3, Def. 7) with count-

able index set A.

Remarks 4.1. i) Of course, every semialgebraic space is of countable

type.

ii) If M is of countable type, then also every subspace of M is of
countable type.

iii) The direct product MxN of two spaces M,N of countable type is
again of countable type. Indeed, if (XAIAGA) and (YKlKEK) are
admissible coverings of M and N by semialgebraic sets, with A and
K countable, then (XA XYKI(X,K) € AxK) is an admissible covering
of MxN by semialgebraic sets with countable index set A xK.

iv) The direct sum u(MklkéA) of a family (MAIXGA) of non empty
spaces of countable type is of countable type iff A is countable.

v) If S is a real closed overfield of R and M is a space over R of

countable type then M(S) is again of countable type (cf. 3.22.b).
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Proposition 4.2. Assume that M is of countable type. Let (MGIGEI) be
an exhaustion of M. Then there exists a sequence (a(n)|n€WN) in I,

with a(n) < a(n+1) for every n € IN, such that ( In€IN) is an

Ma(n)
exhaustion of M.

Proof. M has an admissible covering (xnlnenn by semialgebraic sets.

We successively find indices a(n) in I for n = 1,2,... such that

My (n) contains X  and a(n+1) > o(n). The ordered family (M [n€IN)

a(n)
" of subsets of M fulfills trivially E2-E5, and it is an admissible

fcovering of M. Thus, by Cor. 3.16, it is an exhaustion of M. g.e.d.

- Corollary 4.3. A space M is of countable type iff M has an exhaustion

with index set IN. This means just a family (Mnln€nﬂ of closed semi-

algebraic subsets of M, with M < Mn for every n € IN, such that

+1
every A €¥ (M) is contained in some M.

‘ Proposition 4.4. Assume that M is of countable type and (MGIGGI) is

a faithful exhaustion of M. Then I is countable.

Proof. By Prop. 4.2 there exists an isotonic sequence (a(n)|n€WN) in

I such that (Ma(n)lnenn is an exhaustion of M. For every B €I there

exists some n € IN with MB c Ma(n)' Since the exhaustion (MGIGEI) is
faithful this implies B <a(n). The sets J(n) := {a€Ila <a(n)} are
finite and their union is I. Thus I is countable. g.e.d.

- Corollary 4.5. Let (MalaeI) be an exhaustion of M. Then M is of count-

l able type iff the set 1° of primitive indices (cf. end of §1) is

. countable.

. Proof. The family of patches (MilaEIo) is an admissible covering of

M by semialgebraic sets. Thus, if 1° is countable then M is certainl
Y
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of countable type. Assume now that M is of countable type. Let J be
the set of all indices o €I such that there does not exist an index

B <a with M, = Ma' Then (MalaeJ) is a faithful exhaustion of M (cf.

B

proof of 1.14) and J° = 1°.

By Proposition 4.4, the set J is countable,

and this implies that 1° is countable. g.e.d.

Proposition 4.6. Assume that the space M is locally semialgebraic.

Then M is paracompact (as defined in I, §4), and every connected

component of M is of countable type.

Proof. We assume without loss of generality that M is connected. We
choose an exhaustion (MalaEI) of M and an admissible covering
(UAIAEA) of M by open semialgebraic subsets. For any finite subset K
of A let UK denote the union of all UA with A € K. We inductively
choose a sequence (K(n)|nEIWN) of finite subsets of A and a sequence

(a(n) InN€EIN) in I such that

UK(n) < Mcx(n) < UK(n+1)
for every n€ N. {We may start with K(1) = @¢.} This is possible
since every set Ma is contained in some UK and every set UK is con-
tained in some MB (as already observed in 2.12). Let

X := U(UK(n)|n€nJ) = U(Ma(n)lnEEJ).

If a €I is given then we conclude from the exhaustion axioms E3 and

E4 (cf. §1, Def. 6) that XNM = M, for some B < a. Thus X € T(M).

B
But X is also open. Since M is connected we have X = M. This proves
that M is of countable type and Lindeldf (cf. I, §4, Def. 3). We con-
clude by Proposition 3.6 (which states that, in the terminology of

[LSA], M is taut) and I.7.15 that M is paracompact. g.e.d.
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Example 4.7 (The countable comb). a) Let M be the subset of R2 which

is the union of M, := [0,1]x{0} and the countably many sets Uy :=

{%} x ]J0,1] ("the teeth of the comb", k € IN) . We regard, for every

n € IN, the set M, := Mo UU1 U... U0, as a polytope in R2. Using

Theorem 1.6 we equip the set M with the unique structure of a space
such that every Mn, in its given structure, is a closed subspace of

M and (Mnlnenﬂ is an exhaustion of M. Then M is a weak polytope of

. countable type.

' b) This space M is useful to exhibit some pathologies which commonly

are met with weak polytopes. The union U of all teeth Un is an element

of f(M), since U = M‘\MO. But the closure U of U is not weakly semi-

algebraic. Indeed, U nMO consists of the infinitely many points X, =
(%,O), with n € IN, and perhaps the point Xy 3= (0,0), and this is not

a semialgebraic subset of Mo' The interior of the semialgebraic set

Mo in M is the complement of U NM, in Mo, and this set is again not

semialgebraic.

c) The space M cannot be triangulated, i.e. is not isomorphic to a

simplicial complex (regarded as a space). Indeed, assume a triangula-
tion of M is given. Then all simplices have dimension <1. Every point

' X, has a fundamental system % of connected semialgebraic neighbour-

hoods such that, for every N €, the set N‘\{xn} has three connected

components. Thus X must be a vertex of the triangulation. But the

semialgebraic subset MO of M cannot contain infinitely many vertices.

d) The space U is the direct sum (cf. 1.10) of the semialgebraic

spaces U, (n € IN) . Assume that R is archimedean. Then the point x

()
lies in the closure U of the set U in M but there does not exist

top’
a path o : [0,1] » M with a([0,1[) = U and a(1) = x . Thus the curve
selection lemma fails in M for weakly semialgebraic spaces.

e) The subspace X := U U{xo} of M is the direct sum of the spaces U,

and {xo}. The set {xo} is open in X If R is archimedean then

top”
{xo} is not open in the subspace topology of X with respect to Mtop'
Thus, in this case, Xtop is not a topological subspace of Mtop'
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Example 4.8 (Uncountable combs). Let, more generally, A be any infinite
subset of ]0O,1], and let M denote the subset ([0,1] x{0}) U (Ax]0O,1])

of R2. Further let, for any finite subset J of A,

My := (fo,1] x{0}) ug xJjo,1},

equipped with the subspace structure in the semialgebraic standard
space R2. Using Theorem 1.6 we equip the set M with the unique

structure of a weak polytope such that every M in its given struc-

JI
ture, is a closed subspace of M and (MJIJW:A, J finite) is an ex-
haustion of M. If A is uncountable, then M is not of countable type

by Proposition 4.4.

Choosing A as a set which contains O in its closure, e.g. A = ]0,1],
we can observe the phenomena described in 4.7.d4 and 4.7.e above also

for R not archimedean.

Remark 4.9. If the set A in Example 4.8 is uncountable then there

does not exist a space N over R, such that M is isomorphic to N(R).

Proof. Assume there is given an isomorphism ¢ : M <> N(R) with N a
space over R,. We choose some A € ¥(N), with ¢([0,1] x {0}) cA(R). Let
A' := A~{1}. We shall prove that ¢(A' x {0}) «cA. This will be the

desired contradiction since the set A is countable.

Let A €A' be given, and let & := ¢(X,0). We have to verify that £ €A.
We choose a closed semialgebraic subset X of N such that the image

w(M{A}) of the set

M } = (10,115 x {0}) U ({A} x [0,1])

{x

is contained in X(R). Now X is a polytope of dimension 1. We call

a point y of a one-dimensional polytope Y a branching point of Y,

if y has some semialgebraic neighbourhood V0 in Y such that for
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~every semialgebraic neighbourhood V c Vo the space V~{y} has at

least three components. Clearly ¢ is a branching point of w(M{)\}) .

Choosing a simultaneous triangulation of X(R) and @(M{)‘}) we see that

£ is a branching point of X(R). Then choosing a triangulation of X

we see that & € X. We conclude that £ €X N A(R) < A. q.e.d.

Example 4.70. Assume that the field R is not archimedean but still con-
tains astrictly decreasing seguence (en|n€]N) of positive elements converg-
ing tozero (cf.§9, Def.3 below). We consider the space M in Example 4.8

with A := {en|n€ IN}. Then M is of countable type. We claim that there

does not exist a space N over Ry such that M is isomorphic to N(R).

Proof. Suppose there exists an isomorphism ¢ : M 5 N(R) with N a space
over R, . As in the preceding proof we choose some A € ¥(N) with

np(Mo) cA(R), and we see that ¢@(A x {0}) cA. We identify MO = [0,1]R x {0}
with the unit interval [0,1],. We think of A as a semialgebraic subset
in some Rg. Let || | denote the euclidean norm in Rd. By the Lojasiewicz
inequality [BCR, p. 39], applied to the functions (x,y) » Ix-y| and
(x,y) » llo(x) —@(y)l on the unit square [O,1]Rx [O,1]R, there exist

some constants C>0 in R and N in IN such that
N
le(x) —o(y)i™ < Clx-yl

for all x and y in [O,]]R. Let & := cp(en). The £ are pairwise diffe-
rent points in Rg with Ilin-E;mIIN < Cen if m>n. But this is impossible,
since for n large Csn is smaller than every positive element of Ro'

Thus an isomorphism ¢ as above does not exist. g.e.d.



§5 - Proper maps and partially proper maps

In this section a "space" means a weakly semialgebraic space over R,
and a "map" means a weakly semialgebraic map between spaces, if nothing

else is said.

In the following M and N are spaces and (Ma|a€1), (NB|B€J) are fixed
exhaustions of M and N respectively. (MSIaGIo) is the family of patches

of M with respect to the given exhaustion (cf. end of §1).

Definition 1. A map £ : M » N is called semialgebraic if the preimage

f_1(Y) of every semialgebraic subset Y of N is semialgebraic in M.

Remarks 5.1. i) It suffices to check this property with Y running

through the sets N If £ is semialgebraic then, by Prop. 3.14 and

B°
Cor. 3.16, the ordered family (f—l(NB)|B€J) is an exhaustion of M.
ii) If £ : M » N is semialgebraic then the image f(X) of every

X € Y(M) is a weakly semialgebraic subset of N.
iii) For every subspace X of M the inclusion map X< M is semialgebraic.
iv) The pull back f' : M XNN' - N' of a semialgebraic map £ : M » N

by an arbitrary (weakly semialgebraic) map g :N' - N is semialge-

braic.

We call a set A € ¥(M) discrete (in M) if the subspace A of M is dis-
crete, i.e. is the direct sum (cf. 1.10) of one-point spaces. This
means that the connected components (cf. §3, Def. 9) of A are one
point sets. Analogously to Prop. I.5.4 we have the following criterion

for a map to be semialgebraic.

Proposition 5.2. Let £ : M » N be a map. Assume that

a) all fibres of f are semialgebraic,
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b) every closed discrete weakly semialgebraic subset A of M has a
weakly semialgebraic image f (A).

Then f is semialgebraic.

N.B. Conversely, if f is semialgebraic then a) and b) hold (cf.

Remark 5.1.1ii for b).

The proof of Proposition 5.2 is fully analogous to the proof of the
corresponding fact for locally semialgebraic spaces [LSA, p. 56f.]
but easier. We may assume that N is semialgebraic. Then we have to
prove that M is semialgebraic. For every a € 1° we choose a point

X EMg . The set A := {xYIY€I°} has a finite intersection with every
Ma' Thus A €T (M). The same goes for any subset A' of A. Thus A is
discrete in M. By assumption b), f(A) € ¥(N). Moreover, f(A') € ¥(N)
for every subset A' of A. Thus every subset of the semialgebraic
space B := £(a) is semialgebraic, and we conclude that B is a finite
set (cf. [LSA, p. 57]). For every y €B, the set £ ' (y) NA is a semi-
algebraic subset of the discrete space A, hence a finite set. We
conclude that A is a finite set, i.e. IO is finite. This means that

M is semialgebraic.

Definition 2. A map £ : M - N is called proper, if, for every map

g : N' » N, the pull back f' : M xNN' -+ N' by g enjoys the following

| property: The image f'(X) of every X €T(M xNN') is closed weakly semi-
| algebraic in N'. The space M is called complete, if the map from M to

the one point space is proper.
| The following facts are easily verified.

. Remarks 5.3. i) Proper maps between weakly semialgebraic spaces enjoy

| the usual formal properties, cf. I.5.5.
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ii) If M is semialgebraic, then a map f : M - N is proper iff f(M)
is closed in N and the map "f" : M - f (M) between semialgebraic
spaces is proper in the category of semialgebraic spaces, cf.
(DK,, §91.

iii) Let (BAIX€A) be an admissible covering of N by closed weakly
semialgebraic subsets (e.g. an exhaustion of N). Then a map
f : M- N is proper iff, for every A €A, the restriction

f—1(BA) - B, of f is proper.

iv) If M and N are weakly semialgebraic and also locally semialge-

braic then a map £ : M » N is proper in the present sense iff £

is proper in the category of locally semialgebraic spaces (I, §5).
Theorem 5.4. Every proper map £ : M - N is semialgebraic.

Proof. a) We first consider the special case that N is the one point
space. Now M is a complete space, and we want to prove that M is semi-
algebraic. For every « € 1° we choose a point Xy EMg. The set

A := {xalaelo} is closed and weakly semialgebraic in M, and the same
holds for every subset of A. Thus A is a complete discpete space. We
conclude by an easy argument, cf.[LSA, p. 59], that A is a finite set.
This means that I° is finite, and M is indeed semialgebraic.

b) In the general case we now know that all fibres of f are semialge-

braic. We conclude by Prop. 5.2 that M is semialgebraic. g.e.d.

Definition 3. Amap £ : M » N is called partially proper if, for every

A €¥ (M), the restriction flA : A » N is proper. The space M is called

partially complete if the map from M to the one point space is partial-

ly proper. This means that every A € ¥ (M) is complete.

’

Of course, it suffices to check these properties for A running through

the sets Mo of our exhaustion of M. Notice that the partially complete
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spaces (resp. complete spaces) are the same objects as the weak poly-

topes (resp. polytopes) defined in §1.

Partially proper maps will be in the center of our interest. Thus we
describe their formal properties rather explicitly. {The theory here

is easier than in I, §5 since we can use Prop. 3.6.}

Remarks 5.5. Let £ : M > N and g : N > L be maps.

i) If f and g are partially proper then g-f is partially proper.

ii) 1If gef is partially proper then f is partially proper.

iii) If g«f is partially proper and f is surjective and semialgebraic
then g is partially proper. {It suffices to assume that f is
"strongly surjective" (cf. Def. 3 in §8) instead of surjective

and semialgebraic.}

All this follows immediately from the definitions and formal proper-

ties of proper maps.

Remark 5.6. Amap £ : M - N is proper iff f is partially proper and

semialgebraic.

This is evident from the definitions, Remark 5.3.iii and Theorem 5.4.

Definition 4. An incomplete path in M is a semialgebraic map

Yy : [0,1[ » M from the half open unit interval in R to M.

We are interested whether a given incomplete path y in M can be

completed, i.e. extended to a path Y : [0,1] » M. Notice that there

can be at most one completion ? .
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Theorem 5.7 (Relative path completion criterion). For a map £ : M » N
the following are equivalent.

a) f is partially proper.

b) If vy is an incomplete path in M, such that & := fey can be complet-

ed in N, then Yy can be completed in M.

[o, 1l ——— M

Proof. a) = b): The closure A of Y([O,1[) in M is semialgebraic in M
(Prop. 3.6). Thus f(A) €¥(N) and the map h : A » f£(A) obtained from
A by restriction is proper. The path § runs in f(A). The claim b) now
follows from the semialgebraic relative path completion criterion
(I.6.8, [DK4, 2.31).

b) = a): The semialgebraic relative path completion criterion implies
that flA is proper for every A €¥(M). This means that f is partially

proper.

Corollary 5.8 (Absolute path completion criterion). The space M is a

weak polytope iff every incomplete path in M can be completed.

Proposition 5.9. The pull back f' : M xNN' -» N' of a partially proper

map £f : M - N by an arbitrary map g : N' - N is partially proper.

This can be proved as in I, 85 by using the relative path completion
criterion. In contrast to [LSA] also a proof directly from the defi-

nitions is possible.

We indicate this second proof. Let M' := M xNN' and let g' : M' - M
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denote the pull back of g by f. Let some A E€EF (M') be given. We denote

the closure of g'(A) in M by B and the closure of f'(A) in N' by C.

By Proposition 3.6 we have B €¥ (M) and CE€¥(N'). Then D := f(B) € ¥(N)
and B xDC €¥(M'). We have a cartesian square of semialgebraic maps
£
Bx,C —— C
9 94

with f1,g1,f%,g% obtained from f,g,f',g' by restriction. f1 is proper,

hence fa is proper. Since A is closed semialgebraic in B x_C, also

D
f;IA is proper. Since C €¥(N) this implies that f'lA is oproper. g.e.d.

Proposition 5.10. For a map £ : M » N the following are equivalent.

a) f is partially proper.

b) If P is a weak polytope in N then f_1(P) is a weak polytope in M.
c) If Q is a polytope in N with dimQ < 1 then f-1(Q) is a weak poly-

tope in M.

Proof. The implications a) = b) = c) are trivial. c) = a) follows
from Theorem 5.7 and its Corollary 5.8 (relative and absolute path
completion criterion), since, for every path & in N, the set §([0,1])

is a polytope in N of dimension <1.

Remark 5.11. Assume that the spaces M,N are paracompact locally semi-
algebraic. A map £ : M » N is partially proper (resp. proper) in the
sense defined here iff f is partially proper (resp. proper) in the

sense of [LsA].

Indeed, partially proper maps from M to N are characterized here and

in [LSA] by the same relative path completion criterion (Th. 5.7,
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Th. I.6.8). Evidently also the property "semialgebraic" for f means
the same here and there. Thus this also holds for "proper", since
"proper" means "partially proper and semialgebraic" in both theories

(Remark 5.6, [Lsa, p. 70]).
We finally spell out in combinatorial terms what the main definitions
of this section mean in the case of simplicial maps between simplicial

complexes. The proofs are similar to those in [LSA, p. 71f].

Examples 5.12. Let £ : X » Y be a simplicial map between simplicial

complexes. We regard f as a map between spaces (cf. 2.4).

a) f is semialgebraic iff, for every open simplex p € £(Y) the complex
£ () is finite.

b) f is partially proper iff for every ¢ € x(X) the following holds:
If 1 is an open face of o with f(1) €x(Y), then 1 €5 (X).

c) Thus f is proper iff f fulfills the combinatorial properties stated

in a) and b).




§6 - Polytopic spaces; the one-point completion

In this section, as in the preceding one, a "space" means a weakly
semialgebraic space over R, and a "map" between spaces means a weakly

semialgebraic map.

Let M be a space and (Mulael) an exhaustion of M.

Definition 1. M is called polytopic if, for every a €I, the semialge-
braic space M, is locally complete. This means (I, §7) that every
point x €M, has a neighbourhood in M, which is a polytope. Clearly

this property does not depend on the choice of the exhaustion of M.

Remarks 6.1. i) Every weak polytope is a polytopic space.

ii) Every closed and every open subspace of a polytopic space is again
polytopic.

iii) The direct product M1 XM2 of two polytopic spaces M1,M2 is again

polytopic.

Examples 6.2. a) Let R” denote the set of all infinite sequences
(x1,x2,x3,...) = x of elements of R with only finitely many coordi-
nates x; #0. We identify, for any n € N, the standard space R” with
the subset {x ERwlxi = 0 for i>n} of R*. Theorem 1.6 gives us a
structure of a space on R” such that (R"In€IN) is an exhaustion of
R” and each Rn, with its standard space structure, is a closed sub-
space of R”. This spade R” is polytopic.

b) For every i € N, the coordinate function T, on R”, which on a

point (x1,x2,...) has the value Xy is weakly semialgebraic. Thus
also all polynomials F ER[T1,T2,...] are weakly semialgebraic func-
tions on R”. If ForeeosFy G1"“'Gs are finitely many such poly-

nomials then we conclude from Remark 6.1.ii that the subspace

Univ.-Biblicthek
Regensburg
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{x €R7IF, (x) >0,...,F_(x) 20, G;(x) >0,...,G5(x) >0}

of R” is polytopic. More generally, if (FAIAGA) and (GKIKEK) are two
families in R[T1,T2,...] such that, for every n € IN, the variable
T, occurs in Fy for only finitely many A € A and in G, for only finite-

ly many k € K then the set

X := {x ERwIFA(x) > 0 for every X €4,

G (x) > O for every « € K}

is a polytopic subspace of R”. (More precisely, X is weakly semialge-

braic in R~ and, regarded as a subspace of R”, is polytopic.)

Example 6.3. Assume that the space M is locally semialgebraic (and,
as before, weakly semialgebraic). Then M is polytopic iff M is locally

complete (as defined in I, §7).

Indeed, the interior Ua of every set Ma is an element of EWM), and
(UGIGEI) is an admissible covering of M (cf. 2.12). If M is polytopic,
then every Ma is locally complete. Thus also every Ua is locally com-
plete, and we conclude that M is locally complete. Conversely if M

is locally complete then every M, is locally complete which means

that M is polytopic.

Definition 2. A completion of the space M is a dense embedding ¢ : M -P

into a weak polytope P, i.e. an isomorphism of M onto a dense subspace

M' of P, followed by the inclusion map M' <~ P.

Open Question A. Does every space have a completion?

In II, §1 we have constructed a completion for any paracompact locally

semialgebraic space (even in the category LSA(R)). Also, in I, §7, we
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<+
have constructed the one-point completion N of any locally complete
semialgebraic space N. Starting from this special case we now con-
struct a completion M< Mt of our space M under the assumption that

M is polytopic.

Let M' denote the set which is the disjoint union of the set M and one
further point «. For every o € I we equip the subset M; := M U{e} of
M with the structure of the one-point completion of the space Moo

as described in I,§7. If B <a then ME is a closed subspace of the
polytope M;. By Theorem 1.6 we have a unique space structure on the
set M+ such that every M; is a closed subspace of M+ and (M;IGEI) is
an exhaustion of M. The space M" is a weak polytope, which contains

M as an open subspace. If M is not yet a weak polytope, then M is

. +
dense in M .

Definition 3. We call the space mt or, more precisely, the inclusion

j o+ Mo M* the one-point completion of M.

Remark 6.4. If M is already a weak polytope then the space MY is the
direct sum (cf. 1.10) of M and the one-point space {w}. Thus, in this

case, the definition is an abuse of language.

+
In I, §7 we gave an explicit description of the space structure of M
in the case that M is semialgebraic and locally complete. This implies

a similar description of u* if M is polytopic.

Proposition 6.5. a) A subset U of MU {x} is an element of §1M+) iff

either Ue F(M) or U = (M~K) U{=} with some K € T (M).

b) A family (UX|A€A) in FM") is an element of COVM+ iff (UX‘\{w}IX€A)
is an element of Covy-

c) If Ue¥(M), then Oy = OM+(U) . If Ue¥M") and w €U then a func-
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tion £ : U > R is an element of O, (U) iff £1U~{} €0, (U~ {=})
and f (o) is the limit of the values f(x) for x = «, x €U {=»}
{i.e., for every € >0 in R there exists some K €3E(M) such that

M~NKcU and |f(x) -f(»)| <¢ for every x €M NK}.

Proposition 6.6. Assume that M is polytopic. Let Q be a weak polytope

and let £ : V » M be a partially proper map from an open subspace V of
Q to M. Then f extends to a (weakly semialgebraic) map g : Q = Mt

with g(x) = = for every x €Q~V

Proof. We choose an exhaustion (QBIB€J) of Q. There exists a monotonic

map K : J » I such that f(V OQB) c MK for every B €J (cf. 2.6). The

(B)
restrictions fB : VﬂQB - MK(B) are proper maps between locally com-—
plete semialgebraic spaces. Thus they extend to maps 9g QB - MQ?B)
with gB(x) = « for x EQB'\(V ﬂQB), cf. I.7.6. These maps fit together

to the desired map g : Q - M+.

Corollary 6.7. Every partially proper map £ : N » M between polytopic

spaces extends to a map f+ : N+ - M"Y with f+(w)

w-

Conversely, if g : Nt > M" is a map with g—1(w) = {=} then the restric-
tion f : N - M of g is partially proper since g—1(M) = N and g is par-

tially proper. We have £ = g.

From the existence of a completion we can draw an important conse-

quence on the structure of a polytopic space.

Theorem 6.8. Assume that M is polytopic. Let U € f(M) be a neighbour-
hood of a given point x € M. Then there exists a neighbourhood K of x

in U which is a weak polytope.
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Proof. Since U € §U(+) there exists a weakly semialgebraic function
£ : M - [0,1] with £(x) = 0 and £(M' ~U) = {1}. The set

K := f—1([0,l]) has the required properties.




§7 - A theorem on inductive limits of spaces

In this section (and a part of the next one) we abandon our convention
that spaces and maps are always assumed to be weakly semialgebraic if

nothing else is said.

The following technical result on inductive limits of weakly semialge-
braic spaces will be very useful later on. It is a generalization of

Theorem 1.6. Its proof seems to be the "hard point"” in the elementary
theory of weakly semialgebraic spaces, and will occupy nearlythe whole

section. (It is not so very hard, as we shall see.)

Theorem 7.1. Let M be a set, and let (MGIGEI) be an ordered family of
subsets of M fulfilling the conditions E1-E3 and E4* (cf. §1). We
assume that every Ma carries the structure of a weakly semialgebraic
space over R and that, whenever B <a, the set MB is closed weakly
semialgebraic in Ma and carries the subspace structure (cf. §3) with
respect to the space Mc‘ We equip M with the inductive limit struc-
ture of the spaces M in the category of function ringed spaces over
R, as described in §1, Def. 6. Then the space M is weakly semialge-
braic. Every Mo is, with its given space structure, a closed subspace
of M, and (Ma|a€I) is an admissible covering of M (cf. §3, Def. 7).
Moreover there exists a faithful lattice exhaustion H(M) of M (cf.

§1, Def. 8, Def. 9) such that,for every Ma’ the following holds.

P1. {X €H(M)IX<:MG} is a lattice exhaustion of M.

P2. If X€H(M) then X ﬂMa €EH(M).

The proof will consist of two steps. In the first step we construct

faithful lattice exhaustions H, of the spaces M, such that the follow-

ing properties hold for every a €1I.
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Q1. If B <a, then HB cHa.

Q2. If B<a and X €Ha, then X ﬂMB EHB.

For every a € I we denote by m(a) the number of elements B €I with

B <a. In order to construct the exhaustions H, we proceed by induction
on m(a). For the unigue index ¢ of with m(0)=0 we choose an arbitrary
lattice exhaustion Hj of M. This is all right, since the conditions

Q1 and Q2 are empty.

Let now m(a) = n >0. We choose a lattice exhaustion L of the subspace
My i= Mo S U(MylB<a) of M. (Of course, if My = ¢ then L = {g}.) Then

we define H, as the set of all sets X = s U U(SBIB<a) with S €L,

S, €H

8 B and

sn [U(MB|B<0()]C U(SBIB«J).

This last condition means that the semialgebraic subset X of Ma is

closed in M_. {S denotes the closure of S in M.}

If X,Y EHa then clearly X UY EHQ. Using the induction hypothesis and
property E4* for the sets MB it is easily checked that also XnNY EHa'
Thus H, is a sublattice of ?(Ma). It contains the empty set. The

property Q1 is evident, and Q2 is easily checked, again by use of the

induction hypothesis and E4x. It remains to verify the properties

E1, E3, E6 for the family H (each set in Hy being indexed by itself).

We start with E3. Let X = Sy U(SB|B<a) be an element of Ha’ as des-
cribed above, and let Y = Ty U(TB|5<a) be a second element of Ha with
T and the TB also fulfilling the above conditions. Assume that Y <X.
Intersecting with Mg we obtain T «S. Thus we have only finitely many

possibilities for T = Y nMZ. Intersecting with M, for some B <a we

B

obtain Y nMB < X nMB. By Q2 both X 1M, and Y ﬂMB are elements of HB'

B
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Thus we have only finitely many possibilities for Y nMB. We conclude

that we have only finitely many possibilities for Y, which proves E3.

We finally verify that Hy is an admissible covering of M- The family
(X nMZIX EHa) is the same as L up to iteration of elements. Thus this
family is an admissible covering of MZ. For every B <a the family

(X NM, X EHa) is the same as E, up to iterations. Thus this family is

B
an admissible covering of M

B
B* This proves that indeed H, is an admiss-
ible covering of Ma' Now E1 and, by Th. 3.15, also E6 are evident for

the family Hy-. This finishes the first step of our proof.

We define H as the set of all subsets X = U(Sa|a€I) of M with Sq €H,
for every o €I and Sa +@ for only finitely many a« € I. We have @ €H.
If X€H and Y €H then obviously X UY € H. Using property E4x* for the
family (MG|G€I) and property Q2 for the families H  one checks easily
that also X NY €H. Thus H is a lattice of subsets of M. It contains

all the lattices Ha (in fact is generated by them).

Using Q1 and Q2 for the families Ha and E4x for the family (Malael)

one verifies that, for every a €I,
{x nM I €H} < Hy-
Since H, ¢ H it follows that

(*) Ha = {X ﬁMGIX €H} = {X EHIX(:MG} .

This implies the statements P1 and P2 in the theorem.

Our lattice H trivially fulfills E1, E2, E4, E5 (E2 is tautological).
It also fulfills E3. Indeed, if X €H then X c U(Mala€J) for some
finite subset J of I. Assume that Y €H and Y cX. We have, for every

a€J, Y nMa c X nMa' and both Y nMa, X nMa are elements of Ha’
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Thus there are only finitely many possibilities for Y nMa‘ Since this
holds for every a €J we conclude that there are only finitely many

possibilities for Y, which proves E3.

We look for a space structure on a given set X €H. We choose a finite

set J < I with the following properties.

i) a€J, B<a = BEJ

ii) X < U(MaIGEJ).

For every « €J the set X MM, is closed semialgebraic in My since

X nMa EHQ. We equip X nMa with the structure as a closed subspace of
M- Then X ﬂMa is a semialgebraic space. If B <a then XnMB is a
closed subspace of X ﬂMa. We now equip X with the inductive limit
function ringed space structure of the family (X ﬂMaIGEJ) of semi-
algebraic spaces. This family fulfills E1-E3 and E4*. Thus, by Theorem
1.6, X is a weakly semialgebraic space, and every X ﬂMa, in its given
structure, is a closed subspace of X. Since J is finite, the space X

is semialgebraic.

If K is another finite subset of I with the properties i) and ii)
above, then we find a third finite subset L of I with i), ii) such
that L  J and L © K. It is clear that the three families (X ﬂMaIaeJ),
(X ﬂMala€L), (X ﬂMaIGEK) all yield the same inductive limit space
structure on the space X. Thus the space structure on X is independent

of the choice of J.

It is now clear, say from II, Lemma 1.2, that if Y €H, Y <X, then the
space Y is a closed subspace of X. We equip M with the inductive limit
function ringed space structure of the family H of semialgebraic

spaces. By Theorem 1.6 this makes M a weakly semialgebraic space with

exhaustion H, and every X €H is a closed subspace of H in its given
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space structure.

It follows from the relation (*) above that Mcx €T (M) for every a €1
and that Ma’ in its given space structure, is a closed subspace of M.
The family (Ma|a€I) is an admissible covering of M since H is so.
Thus, by Theorem 3.15, our space structure on M coincides with the
inductive limit of the family of spaces (Ma|0€I). This finishes the

proof of the theorem.

We state two rather weak, but nevertheless interesting consequences

of Theorem 7.1 and its proof.

Corollary 7.2. Let M be a weakly semialgebraic space and A a closed

subspace of M. Let Hy be a faithful lattice exhaustion of A. Then

there exista a faithful lattice exhaustion H of M with

{X €HIX <A} = {y nAaly €H} = Ho .

This is evident by our procedure to construct H in the proof of

Theorem 7.1. There the first lattice exhaustion HO could be chosen

arbitrarily. One takes for I the set {0,1} with the ordering O <1 and

puts Mo = A, M, := M.

1

Corollary 7.3. Let M be a set and let M1""'Mr be finitely manv sub-

sets of M with M, U ... UM, = M. Assume that every M, carries the

1
structure of a (weakly semialgebraic) space (over R). Assume also
that MinMj is a closed weakly semialgebraic subset of M, and Mj and
that the subspace structures on Mi nMj in My and Mj are equal
(1<i<j<r). Then there exists on M a unique structure of a space

such that every M;, with its given space structure, is a closed sub-

space of M.
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Proof. Let A denote the set of all non empty subsets of {1,...,r},
partially ordered by the opposite of the inclusion relation (J <K
iff J oK). For any J € A we put Mg = n(MiIiGJ). We equip MJ with its
closed subspace structure in Mi for some i €J. This structure does
not depend on the choice of i by the assumption on the intersections

My nMj above. Theorem 7.1 applies to the ordered family (MJIJEA) of

weakly semialgebraic spaces and yields the result.

In the next section we will use Theorem 7.1 only in the easier case

that the system (Ma|a€I) fulfills E1-E5 instead of E1-E3 and E4x*.



§8 - Strong quotients; gluing of spaces

We start with some generalities on guotients in the categories

Space (R) and WSA(R) (cf. §1, Def. 2 and §2, Def. 6).

Definition 1. A morphism f : M -» N between function ringed spaces over

R is called identifying if the following four properties hold.

iD1. f is surjective

ID2. If U is a subset of N with £ | (U) € ¥(M) then U € T(N).

ID3. If (UAIAGA) is a family in f(N) with (f-1(UX)IA€A) €CovM then
(UAIA€A) ECOVN.

ID4. If h : U-> R is a function on a set U €51N) with

he (£1£7' (U))€ O, (£ (U)) then h €O (V).

If these properties hold then we say also that N is a strong quotient

of M (via f).
This terminology is justified by the following proposition which
implies that a strong quotient is a categorial quotient (= strict

epimorphism, cf. [Gr, Def 2.2]) in the category Space(R).

Proposition 8.1. Let £ : M » N and g : M » L be morphisms in Space(R).

Assume that f is identifying and that g, as a map between sets, is
constant on every fibre of f. Then there exists a unique morphism

h : N > L with hef = g.
Proof. Since f is surjective the map h exists and is unique on the
set theoretic level. One now checks directly that h is a morphism

(cf. §1, Def. 2b) using properties ID2-ID4.

Definition 2. If M is a function ringed space over R and £ : M » N
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is a surjection from the set M to a set N, then there exists on N a
unique structure of a function ringed space over R, such that f is
identifying. {The properties ID2-ID4 tell us how to define the struc-

ture.} We call N, with this structure, the strong quotient of M by f.

In the following (as already in §5 and §6) a "space" means a weakly
semialgebraic space over R and a "map" means a weakly semialgebraic

map between spaces over R, unless something else is said.

Every proper surjective map £ : M » N is identifying. This can be
proved similarly as in the theory of locally semialgebraic spaces (cf.
[LsA, p. 179] for property ID4). We want to extend this observation

to a suitable class of partially proper maps.

Definition 3. Amap f : M » N is called strongly surjective if, for

every Y € ¥(N), there exists some X € ¥(M) with f(X) o Y.

Remarks 8.2. i) Let (MGIGEI) and (NB|B€J) be exhaustions of M and N.
The map £ is strongly surjective iff, for every B €J, there exists
some « €I with f(Mq) ) NB' This means that (f(Ma)Ia€I) is an admiss-
ible covering (cf. §3, Def. 7) of N.

ii) If f is strongly surjective and (XA!XEA) is an admissible cover-
ing of M by semialgebraic sets, then (f(XA)IAEA) is an admissible
covering of N by semialgebraic sets. In particular, if M is of count-
able type then also N is of countable type.

iii) If f is semialgebraic and surjective then f is strongly surjective.

Theorem 8.3. Every strongly surjective partially proper map £ : M = N

is identifying.

Proof. Let (M0|G€I) be an exhaustion of M. Then (f(Mu)IQEI) is an
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admissible covering of N by closed semialgebraic sets. The restrictions
fa P M, > f(Ma) of f are proper maps between semialgebraic spaces,
hence they are identifyino. One now concludes in a straightforward

way, by use of Theorem 3.15, that f is identifyina.

Definition 4. If amap £ : M - N is surjective and proper then we say

that N is a proper quotient of M (via f). If f is strongly surjective

and partially proper, then we say that N is a partially proper quotient

of M. Notice that in both cases N is a strong quotient of M.

Given spaces M,N, a closed weakly semialgebraic subset A of M and a

map f : A » N we want to "glue M to N along A by the map f". This

means to construct a cocartesian square (= "push out")
A —f~——> N

(8.4) i{ 3
M ————a——ﬁ MUfN

in the category WSA(R) of weakly semialgebraic spaces over R, with i

the inclusion map from A to M.

It has been proved in II, §10 that the analogous push out exists in
the category LS2(R) of paracompact locally semialgebraic spaces over
R if f is proper. Our main goal in this section is to construct a

push out (8.4) in our broader category for f partially proper. This

greater flexibility of weakly semialgebraic spaces compared with para-
compact locally semialgebraic spaces is perhaps the most important
reason why weakly semialgebraic spaces seem to be useful in semialge-

braic topology.

Our gluing problem can be regarded as a guestion about the existence
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of suitable quotients. Let L := M U N denote the set obtained from
the disjoint union MUN of M and N by identifying every a €A with

f(a) EN. Let p : MUN - L denote the natural projection and g : M » L,
j : N> L its restrictions to M and N. Notice that gIM~A and j are
injective and that L is the union of the images g(M ~A) and j(N). We
equip L with the strong guotient structure of the direct sum MU N of
the spaces M and N by the map p (cf. Def. 2 above). Then (8.4) is a

push out in the category Space(R).

The preimage of p(M~2) = g(M~A) under p is the set M~A ESTMLJN).
Thus p(M \A) €§1L) and pIM ~NA is an isomorphism from the open subspace

M~A of M to the open subspace p(M~A) of L.

We will prove that L is weakly semialgebraic under a condition on £
which is even slightly weaker than partial properness. We start with
an easy consequence of Theorem II.10.7 (needed here only for semialge-

braic spaces).

Proposition 8.5. Assume that M is semialgebraic and £ : A - N is

proper. Then the function ringed space L is weakly semialgebraic and
is, via p, a proper quotient of MU N. The map j = pIN is an isomor-

phism of N onto a closed subspace of L.

Proof. We choose an exhaustion (NaIGEI) of N. Let J :={a€IlNa:3f(A)}.
Then (NalaEJ) is again an exhaustion of N. We regard L := M UfN as a
set. By Theorem II.10.7 the subset La = M UfNu of L is, for every

a €J, equipped with the structure of a semialgebraic space such that
pIMU Na is a proper map from MU Na onto La' If B €J is an index with
B <a, then Lg is a closed subspace of L,. The system (LGIGGJ) of sub-

sets of L fulfills the conditions E1-E5. Thus, by Theorem 1.6, the

inductive limit structure on L of the family of spaces (LalaeJ) makes
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L a weakly semialgebraic space such that every space L, is a closed
subspace of L and(LGIGEJ) is an exhaustion of L. The map p : MUN - L
is proper for this space structure on L since all the restrictions
p—1(La) - La are proper. Thus L is the strong quotient of MUN by p.
This means that our space structure on L is the same as the one chosen

above.

We have p-1p(N) = AUNET(MUN). Thus p(N) € T(L). The restriction
AUN - p(N) of p is a proper map from AU N to the closed subspace
p(N) of L. Restricting p further to N we obtain a bijective proper

map from N to p(N). This is an isomorphism. g.e.d.

Definition 5. Let X be a weakly semialgebraic subset of M. We call

the map f : A » N partially proper near X if, for every Y € ¥(X), the

restriction of f to the intersection ANY of A with the closure of Y
in M is a proper map from ANY to N. {N.B. This certainly holds if f

is partially proper.}

Theorem 8.6. Assume that f is partially proper near M NA. Then the
strong quotient L of MUN by p is weakly semialgebraic. Thus the
diagram (8.4) is cocartesian in the category WSA(R). The map p is
strongly surjective. The restriction j = pIN of p is an isomorphism
of N onto a closed subspace of L. If f is partially proper then also
p is partially proper, hence L is a partially proper quotient of MUN

in this case.

Proof. As in the proof of the preceding proposition we do not equip
the set L with the strong quotient structure by p. We will construct a
space structure on L in a different way and will verify a posteriori

that this space structure is the strong quotient of MUN by p.
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If E is a weakly semialgebraic subset of M then p(EUN) is the set

E UgN with g : ANE » N obtained from f by restriction. For simpli-
city we denote this subset of L by E UfN.

We choose an exhaustion (XGIGGI) of MNA. For every a €1 let La denote
the subset Xu UfN = p(xa) Up(N) of L. By the preceding proposition and
our assumption on f we have on L, the structure of a weakly semialge-
braic space such that La is a proper quotient of KGIJN under

Py = pliau N. If B€I and B <a then

-1 _ s < .
Py (LB) = [XBU(A nxa)]UN

This is a closed weakly semialgebraic subset of iau N. Thus LB €T(Lu).
The map < gives by restriction a proper map from p;1(LB) to the space
LB' Thus LB is, in its given structure, a closed subspace of La‘ The
family (La|a€I) fulfills E1-E5. We equip the set L with the inductive
limit space structure of this family of spaces. Then, by Theorem 7.1,
L is weakly semialgebraic, every Ly is a closed subspace of L, and
(Lala€I) is an admissible covering of L. The family (§a|a€l) together
with A and N is an admissible covering of MU N. The restrictions

Py = pliau N of p are weakly semialgebraic maps. Thus also pl!N and

plA = (pIN)eof are weakly semialgebraic. We conclude that p is weakly

semialgebraic (cf. 3.15).

We have to verify the axioms ID2-ID4 for p. Then we know that p is
identifying, which means that our space structure on L really is the
strong quotient structure by p. Let U be a subset of L with

p 1 (U) €3MUN). We have p;1 (nL) =p '(U) n (R UN) € FE UN). Thus
U nLa 651La) for every o €I, and we conclude that U €5%L). This proves

ID2. The proofsof ID3 and ID4 are similar.

We choose an index a € I. Then we know from Proposition 8.5 that
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p(N) = pa(N) is a closed weakly semialgebraic subset of La’ hence of

L. We also know from 8.5 that pIN = palN = j is an isomorphism from

N onto p(N). Moreover, it is easily seen, that pIM~A is an isomorphism
from M~A onto the open subspace p(M~A) of L. Since L is the (dis-
joint) union of p(M~A) and p(N) it is now evident that p is strongly
surjective. For every a € I the restriction plia is proper. Also plIN

is proper. If f is partially proper then clearly plA is partially
proper. Since the Xa together with A and N form an admissible cover-
ing of MUN by closed weakly semialgebraic sets we conclude that p

is partially proper in this case. q.e.d.

In the following we always assume that f : A - N is partially proper

near M~A. We call MU_N the space obtained by gluing M to N along A

£
by f. We usually regard M~A as an open subspace and N is a closed

subspace of MU_N identifying M~A with p(M~3) and N with p(N).

£
Remarks 8.7. i) If Y is a subspace of N with f(A) < Y then the map

g : A > Y obtained from f by restriction of the range space is partial-
ly proper near M~A and M UgY is a subspace of M UfN. If Z is a closed
subspace of M then the restriction h : ZNA - N of f is partially

proper near Z ~ (Z NA) and 2 UhN is a closed subspace of MU_N. Thus if

£
Z€T(M), Y€T(N) are given with f(ZNA) <« Y then the map h : ZNA > Y

obtained from f by restriction is partially proper near 2 ™~ (Z NA) and

Z UhY is a subspace of M UfN.

ii) If T is any space then fxidT : AxT - NxT is partially proper near

(M~A) xT, and the natural map from (MxT) Uees (NxT) to (M UfN) x T

el
is an isomorphism. In short

(MxT) foid(NxT) = (M UfN) x T.

iii) If M and N are of countable type then M UfN is again of countable

type.
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iv) If M and N are weak polytopes then M UfN is again a weak polytope.
Notice that, in this case, f is automatically partially proper.
v) Assume that M and N are polytopic and that f is partially proper.

Then M UfN is again polytopic and

+ + +

(MULN) " =M U+N .
Definition 6. Let M be a space and let X and A be two weakly semialge-
braic subsets of M with A closed in M. We say that A is partially com-
plete near X if the map from A to the one point space {*} is partially

proper near X. This means that ANY is a polytope for every Y € ¥ (X).

Example 8.8. Let M be a space and A a closed weakly semialgebraic sub-
set of M which is partially complete near M ~NA. According to Theorem
8.6 we can glue M along A to the one point space {*}. We denote the
resulting weakly semialgebraic space by M/A. If A is empty then M/A

is the direct sum of M and {*}. Otherwise M/A is the strong quotient
of the space M by the natural projection m : M - M/A. {n is the map g
in the diagram (8.4) in the present special case.} The map n identi-
fies the set A into one point £ and maps M NA isomorphically onto
(M/n) ~{g}. 1f (Mu|u€I) is an exhaustion of M then (n(Ma)IQGI) is an
exhaustion of M/A, and the restriction nw_ : Ma - n(Ma) of n exhibits

o]

m(M,) as the strong quotient MG/A M, of Mo whenever A ﬂMa Q.
Notice that, in order to construct M/A as a weakly semialgebraic

space, it suffices to apply Theorem 1.6. The more difficult Theorem

7.1 is not needed here.

Subexample 8.9. Let M be polytopic and let M p be a completion of

M (§6, Def. 2), with M regarded as a subspace of P. Assume that M is

open in P. {Such completions exist in abundance if M is paracompact
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locally semialgebraic, cf. Chap. II.} The natural map £ : P - Mt with
f(x) = x for x€M and f£(x) = o for x ¢ M (cf. Prop. 6.6) yields an iso-

morphism P/P ~M = Mt

We return to the general situation (8.4) assumincg that f is partially
proper near M~NA. We want to say a little more about the relation

between the spaces MU_N, M and N.

£

Definition 7. Let ¢ : X » Y be a map between spaces and let C be a

weakly semialgebraic subset of X. We say that ¢ is partially proper

relative C if, for every Z € ¥(X~C), the map %|/Z from Z to Y is proper.

Proposition 8.10. If f : A » N is partially proper near M >~A then the

map g : M > M UfN (cf. 8.4) is partially proper relative A.

Proof. Let again (xalaEI) be an exhaustion of M~A. By Prop. 8.5 the

map gl?a : Xa - Xa U;N is proper for every & €I. Thus glY is proper

for every Y € ¥ (M NA). g.e.d.

Definition 8. a) A closed pair of spaces is a pair (X,C) of spaces

with C a closed subspace of X.

b) A relative weak polytope is a closed pair of spaces (X,C) such

that the map from X to the one point space {*} is partially proper

relative C. We then also say that X is partially complete relative C.

This terminology may look over-sophisticated at present. It will

turn out to be very convenient in the next chapter.

Proposition 8.11. If (M,A) is a relative weak polytope then any map

f : A > N into a space N is partially proper near MNA, and (M UfN,N)

is again a relative weak polytope. In particular (N={*}), A is
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partially complete near M~A and M/A is a weak polytope. The map
g : M/A - M UgN/N induced by g : M » M U.N is an isomorphism.

The proof may be safely left to the reader.

We mention that - similar to partial properness - also partial
properness relative to a weakly semialgebraic set can be characteriz-

ed by a path completion criterion.

Proposition 8.12. Let £ : M » N be a map between spaces and let CE€T(M).
Then f is partially proper relative C iff the following holds. If
a : [0,1] » M is an incomplete path such that a([0,1[) € M~C and

fea can be completed then a can be completed.

Proof of the nontrivial direction. We assume that f fulfills the path

lifting condition just stated, and we have to prove, for a given

Z €¥(M~C) that the restriction f|B with B := Z is proper. We choose

a closed semialgebraic subset D of N which contains £(B). Let h :B -» D
be the map obtained from f by restriction. The set Z is semialgebraic
and dense in B. We choose a proper extension of h, i.e. a commutative

triangle of semialgebraic maps

with h proper and i a dense embedding of B, which we regard as an
inclusion (cf. II.12.10). We want to prove that B = B. Suppose not.

We choose a point x € B~B. Since Z is dense in B there exists a path

o : [0,1] » B with a(1) = x and a([0,1() © 2. Now consider the re-
striction & : [0,1[ » 2 of &. The incomplete path h.a in D can be

completed by hoe a. By our assumption o can be completed to a path




70
g : [0,1] » B. We must have a(1) = B(1) = x. But x € B. This contra-

diction proves that f|B is indeed proper.

Example 8.13. A closed pair of spaces (M,A) is a relative weak poly-

tope iff every incomplete path in M ~A can be completed in M.




§9 - The weak polytope P (M)

We continue working in the category Space(R) of function ringed

spaces over R instead of just WSA(R).

In the following M is a weakly semialgebraic space over R and (Ma|a€I)
is an exhaustion of M. We want to construct a weak polytope P over R
together with a weakly semialgebraic map p : P » M which has the
following universal property. For every morphism (= weakly semialge-
braic map) £ : Q - M from a weak polytope Q (over R, as always) to N

there exists a unique morphism g : Q » P with peg = f.

(9.0) g.-~ p

|
Definition 1. We call such a weak polytope P, or more precisely the

map p : P - M, a partially complete core of M.

Notice that it suffices to demand the universal property (9.0) for
morphisms £ with Q a polytope, since every weak polytope is an induc-
tive limit of polytopes in the category Space(R). It is also clear,
that any two partially complete hulls of M are isomorphic over M.

Thus we may speak of "the" partially complete hull of M, if it exists.

How should P look like? Exploiting the universal property (9.0) for

Q the one-point space we see that p must be bijective. Thus, if the
partially complete hull p : P » M exists, we may assume that the
spaces P and M have the same underlying set and p is the identity map
of this set. In other words, P is the set M equipped with a finer space
structure than the space M. {This means FM) e fﬁP), and CovM(U) <

Covy, (U), Oy (U) c©Oy(P) for every U € T(M).} since idy is a morphism




from P to M, we

If K €¥(P) then
K as a subspace
phism. In other

M and P are the
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also have ¥(P) < ¥ (M).

K is a polytope. Thus plK is a proper morphism from
of P to K as a subspace of M. This must be an isomor-
words, K €YC(M) and the subspace structures of K in

same.

Conversely, if K €XC(M) then we can apply the universal property (9.0)

to the inclusion morphism K< M of the subspace K of M, and we learn

that K €¥(P). Thus & (P) = E.(M) .

Since the space
structure of P:

limit structure

P is weakly semialgebraic we now can describe the
The space P is the set M equipped with the inductive

of the directed family of polytopes XE(M) in the cate-

gory Space(R). {Every element of YC(M) is indexed by itself; the

transition morphisms are the inclusions.}

More explicitly this means the following: A subset U of M is an ele-

ment of F(P) iff XK NU€E¥(K) for every K €¥ (M). A family (U;Ir€A) in

T(P) is an element of Cov

(K nUAIA€A) is an element of Cov

of K with U :=

A function f

p if, for every K €EE(M), the family

K* {This means that the intersection

U(Uy IX€EA) is the union of finitely many sets K OUX.]

U - R on some U € i(P) is an element of OP(U) iff

fIKNUE OK(K NnU) for every K €X'C(M).

All this has been said under the assumption that a partially complete

hull exists. We

now make the following general definition.

Definition 2. P (M) denotes the inductive limit of the directed family

of weak polytopes X;(M) in the category Space(R), with underlying set M,
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and Py © P(M) - M is the morphism induced by the family of inclusion

morphisms K & M,with K running through XE(M).

Notice that, on the set theoretical level, py is the identity map of
the set M. By our discussion above the first half of the following

proposition is already clear.

Proposition 9.171. i) If M admits a partially complete core then P (M)
is a weak polytope and Py ¢ P(M) » M is a partially complete core of
M. Also YE(M) = ¥(P(M)) and, for every K € K&(M), the space structures
on M as a subspace of M and P(M) are the same.

ii) If the function ringed space P(M) is a weak polytope then

Py * P(M) » M is a partially complete core of M.

Proof. It remains to prove the second claim ii). If K is a complete
semialgebraic subset of the space M then it is easily verified that
K is closed semialgebraic in P(M) and that the subspace structure on
the set K in M and P(M) are the same (cf. §1, Def. 5; for this we do

N

not need that P(M) is weakly semialgebraic).

Let now a morphism £ : Q - M be given with Q a polytope. Then K :=f(Q)
is an element of XC(M). We equip the set K with its subspace struc-
ture in M. We have a unique factorization f = ieg with g a morphism
from Q to K and i the inclusion morphism K & M. As just has been
proved, the space K is also a subspace of P(M). Denoting the inclusion
morphism from K to P(M) by j we have the factorization i = pM=j of i,
hence the factorization f = Py° 9 of £ with g := jef. Since Py is bi-
jective this is the only factorization of £ through Py’ and we have

verified the required universal property (9.0) of Py- g.e.d.

Definition 3. We call the real closed field R sequential, if there
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exists in R a sequence (eklkEnw of positive elements converging to
zero. Replacing in such a sequence every ¢, by the minimum of

€1rEyreee €y We may then assume that € 2 and omitting some

Extrr

€ even that €y > €y for every k € IN.

+1
Very many real closed fields are secuential. For example, every real
closure of a field, which is finitely generated over @ or IR, is

sequential, cf. [Dul, [LSA, p. 44). (These fields are even microbial,

i.e. contain an element J >0, such that (¢ In€m) is a null sequence.)
Our main goal in this section is to prove

Theorem 9.2. Assume that R is sequential. Then M admits a partially

complete core.

The proof of the theorem will be based on three easy lemmas, two of
them stated in a slightly more general form than actually needed for

that.

Lemma 9.3. Assume that M admits a partially complete core g : Q -» M.
Let A€T(M). Then the restriction qp ¢ q-1(A) - A of q is a partially
complete core of A. Thus P(A) is a closed subspace of the weak poly-

tope P(M).

Indeed, it is evident from our subspace theory (Prop. 3.2) that dp
fulfills the universal property characterizing a partially complete

hull of A.

Lemma 9.4. Assume that, for every a €I, the space P(Ma) is a weak

polytope. Then P (M) is a weak polytope.
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Proof. If B <a then P(MB) is a closed subspace of P(Ma) by Lemma 9.3.
Theorem 7.1 applies to the set M and the family of spaces (P(MG)IGEI).
Thus there exists a structure of a weaklv semialgebraic space Q on the
set M such that, for every a € I, the space P(Ma) is a closed subspace
of Q, and (P(MG)IaEI) is an admissible covering of P(M). This space Q
is a weak polytope. The identity map of M is a weakly semialgebraic
map from Q to M which fulfills the universal property characterizing

a partially complete ccre of M. We conclude from Proposition 9.1.1

that Q = P(M). g.e.d.

Lemma 9.5. Assume that there exists a countable family (PkaEDﬂ in
TC(M), with Py < Pk+1 for every k € IN, such that every K EKE(M) is
contained in some Py . Then P(M) is a weak polytope. {Thus, by 9.1.ii,

py is a partially complete core of M.}

Proof. Every space Py is the inductive limit of the family of spaces
&c(Pk) in the category Space(R). Thus the hypothesis of the lemma
implies that the space P (M) is the ihductive limit in Space(R) of the
directed family of spaces (PklkEnﬂ . Theorem 7.1 now implies that
P (M) is a weak polytope (and that (Pklkenw is an admissible covering

of P(M)).

Remark. In the proof of Th. 9.2 this lemma will be only needed for M
semialgebraic. In that case Th. 1.6 instead of Th. 7.1 suffices for

the proof. But Th. 7.1 is needed in full strength to prove Lemma 9.4.

We now prove Theorem 9.2. By Lemma 9.4 it suffices to consider the

case that M is semialgebraic.

Claim. There exists a family (PkaEDﬂ in &E(M), with P cP for

k+1

every k € IN, such that every K EJE(M) is contained in some Py -
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Once we have proved this claim we are done by Lemma 9.5.

Choosing a triangulation of M we assume, without loss of generality,
that M is a finite simplicial complex over R. It suffices to find,
for every open simplex o €I (M), a family (P, (o) lk€IN) in & (c NnM)
which fulfills the claim for the closure ¢ NM of o in M. Then the

family of sets
Py := U(Py (0) o€ (M)

will fulfill the claim for M. Thus we retreat to the case that M is,
for some n € ]NO , a subcomplex of the closed standard n-simplex 7 (n)
containing the open standard n-simplex v(n). We proceed by induction
on the number t of open simplices in V(n) ~M. If t = O then M = V(n)
is complete and we are done. Let t > O. We choose some open simplex
0 in V(n) ~M. Let N := MUo . By induction hypothesis there exists

a countable family (lek € IN) in X’C(N) such that Q and

< Qi1

every L € X’C(N) is contained in some Qk’ We choose a numbering

€gr€qreeesCy of the vertices of V(n) such that o = ]eo,e1,...,er[.
Let Ao(x) ,...,)\n(x) denote the barycentric coordinates of a point
xev(n){xi(x) zo,)\o(x) + ... +>\n(x) =1, Ao(x)eo+... +>\n(x)el,l = x}.

We choose some null sequence () |1k € N) of positive elements in R with

)

*
€y 2 €1 e for every k € N, and we define, for every k € N the set

X

r k
K Aj(x) > ey (TI' ?\i(x)) }

n
1= {XEV(BA )
j i=0

j=r+1
X, is closed semialgebraic in V(n), hence complete. We have X, No = ¢
and Xy ch+1. The set Py =X an is complete semialgebraic and con-
tained in M, and Pk c Pk+1' Let K€ x’c (M) be given. For every x € K the

following holds, since o NM = ¢ :

*
) I am indebted to Hans Delfs for this clever definition.
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n r
) A.(xX) =0 = Ai(x) =0
j=r+1 i=0

By the inequality of Lojasiewicz (ageneralized to an arbitrary real

closed field, cf. [D, p. 43], [BCR, Chap. 2, §6]) there exists some

k €IN with
g r k
As(x) > ¢ ( TT X.(x))
j=r+1 I k\jop 4

for every x € K. Moreover, there exists some s >k with K<:Qs. Thus

K(:Ps, and our claim is proved. This finishes the proof of Theorem 9.2.

Corollary 9.6. If R is sequential and M is of countable type then

also P(M) is of countable type.

Proof. We start with an exhaustion (MnInEDU of M. Then (P(Mn)lnenﬂ
L is an admissible covering of P(M), as is evident from the proof of
Lemma 9.4. As we have just seen in the proof of Theorem 9.2, there
exists an admissible covering (Pn’klkenn of P(M,) by polytopes, for
every n € IN. Now (Pn,kl (n,k) € Nx IN) is an admissible covering of
P (M) by polytopes with countable index set INxIN. This proves that

P (M) is of countable type.

Proposition 9.7. Assume that M is locally semialgebraic (and, as

always, weakly semialgebraic). Assume also that M is polytopic, i.e.
locally complete (cf. 6.3). Then the function ringed space P(M) is

the same as the locally semialgebraic space M constructed in I, §7.

loc

This is evident from I.7.8.

We now assume about our space M that P(M) is a weak polytope. We do
not assume that the field R is sequential. On the contrary, we will

prove this below except in the trivial case that M is a weak polytope.
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We want to describe the semialgebraic subsets and the exhaustions of
the space M. Since the identity of M is a morphism from P(M) to M we
have ¥(P(M)) < ¥(M) (as already observed above) and T(P(M)) > JT(M).

By Proposition 9.1.i we have F(P(M)) = KE(M), and for every K E#E(M)
the subspace structures on K in M and P(M) are the same. The follow-

ing proposition is now evident by Corollary 3.16.

Proposition 9.8. An ordered family (KAIXEA) in X;(M) is an exhaustion

of P(M) iff the family fulfills E2-ES5 and every K EXE(M) is contained

in some KA'

By the universal property of Py it is evident that a path in M is the
same thing as a path in P(M). We conclude from Prop. 3.6 and the semi-
algebraic curve selection lemma ([BCR], [DKZ' §121, [DK4, §21) that,
for every X € ¥(M), the closures of X in M and in P (M) are equal. We

denote this set unambiguously by X.

Proposition 9.9. ¥(P(M)) is the set of all X € ¥(M) with ?(SX&(M). For

every such set X the subspace structures on X in the spaces M and

P (M) are equal.

Proof. If X € ¥(M) and X € ¥.(M) then X € Y(P(M)) and X €¥(P(M)) . This
implies that X € ¥(P(M)) . Conversely, if X € ¥(P(M)) then, by Prop. 3.6,
XE¥(P (M) = KE(M). The subspace structures on X with respect to M
and P (M) both coincide with the subspace structure in the polytope X.

g.e.d.

We now state a converse to Theorem 9.2.

Theorem 9.10. Assume that M is not a weak polytope but P(M) is a weak

polytope. Then R is sequential.
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Proof. Since M is not a weak polytope there exists an incomplete path
Yy : [0,1] » M which cannot be completed (Cor. 5.8). There exists some
c € 10,1[ such that yi[c,1[ is an embedding (cf. the argument in
(DK, p. 305f]). The set A := y([c,1[) is closed semialgebraic in M,
since y is proper (cf. II.9.9). The subspace A of M is isomorphic to

]JO,1]. By Lemma 9.3, P(A) is a weak polytope. Thus P(]0O,1]) is a weak
polytope.

Let (KGIGEI) be a faithful exhaustion of P(]O,1]). Every K, is a
complete semialgebraic subset of ]O,1]. Omitting from the family
(KalaGI) all sets which do not contain 1, we may assume that 1 EKa
for every o € I. The connected component Ly of 1 in Ka is a closed
interval [Ca’1]' with some €y €]0,1]. For any c € ]0,1[ there exists

some o €I with €4 <C- Indeed, by Prop. 9.8, there exists some a €I

with [c,1] < K, and this implies lc,1] = L.

For any a €I let m(a) denote, as before, the number of elements B €1
with B <a. We claim that, for every non neaative integer n, the

set {BGIG€I,m(0)_§n} contains at most n+1 elements. We prove this
claim by induction on n. For n = O there is nothing to prove since
there exists only one index a with m(a) = O. Let n >0. Assume that «a

and B are two different indices with m(a) = m(B) = n. We have Ka ﬂKB =

KY with some vy €I such that y <a, vy <8, m(y) < n-1. From Ka :KY and

) hence ¢ < ¢_ and ¢, < ¢_.
Lys a = 7y B = 7Y

. Then [83,1] is con-

KB DKY we conclude that La DLY and LB

Suppose that ¢ <cY, £, <¢ and, say, €y < ¢

o B Y’ B

tained in LY’ contradicting the definition of sY. Thus €y = CY or

€ = Ey- We see that the set {salm(a) <n} contains at most one more
element than {ealm(u) < n-1}, and we conclude from the induction hypo-
thesis that {salm(a) <n}contains at most n+1 elements. Our claim

is proved.
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Since the set {ealm(a) < n} is finite it makes sense to define, for

every n € ]NO ’

€ i min {5alm(a) < n} .

We have ¢ >0 and ¢, > ¢ . For every c €]0,1[ there exists some

n n+1

« €I with £, <C, as shown above. Then €n <C for m := m(a). This
proves that the sequence (snlnEINO) converges to zero. R is sequen-

tial. q.e.d.

In the following we assume the field R to be sequential. We want to
compare the strong topologies of the spaces M and P(M). We denote by

i i t logies of the
Mtop and P(M)top the set M equipped with the strong topologi

spaces M and P (M) respectively (cf. §3, Def. 4). These are topological

spaces in the classical sense. Py is a continuous map from P(M)top to

Mtop’ which means that the topology P(M)top is finer than Mtop‘

Theorem 9.11. The following are equivalent.

a) P(M)top = Mtop .

b) Every compact subset C of Mtop is contained in some K EXE(M).

c) Every converging sequence (xnlnenn in Mtop is contained in some
KES’C(M).

d) M is polytopic.

d) = a): Let W be an open subset of P (M) We have to verify that

top”

W is also open in Mto

, which means that WIWMG is open in (Ma) for

P top
every a €I. Let some a €I and a point x €W nMm, be given. There exists

a set T E&%Ma) with x €T and T complete. Here T is the closure of T

in (M)

a’ top” The strong topology of T coincides with the subspace

topology in Mtop (Prop. 3.5.ii). Since T €KC(M), it also coincides

with the subspace topology in P (M) Thus WNT is open in (T)

top’
Intersecting with T we see that WNT is open in T

top

top’ hence open in
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.

(M) . Since x €EWNT this proves that W is open in M

o’ top top

a) = b): Let (KklxeA) be an exhaustion of P(M). Suppose that C is a

compactum in M = P (M) which is not contained in any K €XE(M).

top top

Then C ¢ KA for every A €A. Let (K?!AEAO) denote the set of patches

of the exhaustion (KX|XEA), cf. end of §1. The set J of primitive
indices A € A with C nKs # @ is infinite. For every X € J we choose an
element x, € C nK?. The set A := {xX|A€J} has finite intersection with
Ku for every pu €A. Thus A€T(P(M)). Since P(M)top = Mtop’ the set A

is closed in Mtop' The same goes for every subset of A. Thus A is

also discrete in M . Since A ¢ C, the set A is compact in M

top top’

hence finite. This absurdity proves the claim b).
b) = c) is trivial.

c) = d): Suppose M is not polytopic. Then there exists some a €I such
that the subspace Ma of M isnotlocallycomplete.Ma is isomorphic to
a semialgebraic subset N of some RP. Let (Knlnenﬂ be an exhaustion of
P(N) (cf. 9.6). It follows from the assumption c) and 9.8 that every
sequence in N which converges in N is contained in some K . But now
we construct "explicitly" a converging sequence for which this does

not hold. This will be the desired contradiction.

We choose a point x € N which has no complete neighbourhood in N.
(Recall that N is not locally complete.) We further choose a sequence
(enlnenﬂ of positive elements in R converging to zero. Let §(x,sn)
denote the closed euclidean ball in Rp with center x and radius €
For every n € IN the intersection §(x,5n) NN is not contained in Ko/
since otherwise E(x,en) NN would be complete. We choose a point

X €§(x,an) NN with X, GKn. The sequence (xnlnenﬂ converges to x

but is not contained in Ko for any m€ IN. g.e.d.
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Here is a somewhat typical example which illustrates the contents

of Theorem 9.11.

Example 9.12. Let R = IR, and M = IR2 ~ (J0,1] x {0}). We consider the
_t-1

map Y : J10O,1) - M, yv(t) = (t,e ). With respect to Mtop' this map
is continuous and lim y(t) = (0,0). The set A := Y (]O,1]) is not
closed in Mtop’ But ?or every polytope K in M the set KNA is closed
in K since the arc A ultimately "leaves" the polytope K. (A formal

top

proof of this is possible by the ineguality of Lojasiewicz.) Since

P(M)top is the inductive limit of the spaces Ktop with K €8E(M) we
see that A is closed in P(M)top. The set C := AU{(0,0)} is compact
in Mtop but not contained in any K E&E(M).

We now discuss the functorial behaviour of partially complete cores.

As before, we assume that R is sequential. A map f : M - N between

spaces over R induces a unique map P(f) : P(M) - P(N) such that the
diagram
P (M) BAE) P (N)
Py Py
M 3 N

commutes. This follows from the universal property of Py- Thus we
have a functor P from the category WSA(R) to the full subcategory

P(R) of WSA(R) whose objects are the weak polytopes over R. The uni-
versal prcoperty of the maps py means that P is a reflector [Mt, p. 129]

of P(R) in WSA(R).
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Remarks 9.13. i) Let M E»S and N L s be maps between spaces. Let
M‘XSN denote the fibre product with respect to f and g, and let
P (M) xP(S)P(N) denote the fibre product with respect to P(f) and P(g).
The natural map from P{(M x

N) to P(M) xP(S)P(N) is an isomorphism.

S
In short,

This is a formal consequence of the fact that the functor P is a re-

flector. In particular (S = one-point space), we have
P(MxN) = P(M) x P (N)

ii) Let (MXIXGA) be a family of spaces. Then the natural map from the
direct sum of the family (P(MA)|A€A) to the partially complete hull

of LJ(MXIAEA) is an isomorphism. In short,

P(LJ(MXIXEA)) =lJ(P(MX)|A€A)

Proposition 9.14. If (M,A) is a closed pair of spaces and f : A » N

is a map which is partially proper near M ~A then the natural map
from P (M) UP(f)P(N) to P(M UfN) {which on the set theoretical level

is the identity of M UfN} is an isomorphism. In short,

P(MU_N) = P(M) U

£ P(N).

Proof. As in §8 let p denote the natural projection from the space

MU N to the space M UfN. Then P(p) is a partially proper map from
P(M)U P(N) to P(M UfN). We will prove that P(p) is strongly surjective.
Then we are done, since this implies that P(M U_N) is the strong

£
guotient of P(M) U P(N) by P(p), which is just P(M) U
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Given a set K €XE(MlJfN) we have to find sets C EKE(M) and D EUE(N)
with p(C UD) o K. We choose D := KNN, and we choose for C the closure
of KN (M~A) in M. Then f yields a proper map g : CNA - D by restric-
tion. We have p(CUD) = K. By 8.7.i we may identify C UqD with the

f
obtained from p by restriction. Now m is proper (II, §10) and K is

subspace K of M U_N, the natural projection m : CUD » C u,D being
complete. Thus CU D is complete. g.e.d.

Example 9.15 (N = *). If A is a closed subspace of M which is partial-

ly complete near M ~NA then

P(M/A) = P(M)/P(A).

Final remark 9.16. In the case that M is locally semialgebraic (and

paracompact, as always) we defined "cores" of M already in [LSA].
Namely, if ¢ : X M is a weak trianculation of M [LSA, p. 135], we
defined the core of M with respect to ¢ as the image ¢(co X) of the
core co X of the simplicial complex X [LSA, p. 229]. The set of these
cores @(co X) with ¢ running through all triangulations (or all weak
triangulations) is cofinal in the set of all partially complete sub-
spaces of M, as follows from the triangulation theorem II.4.4. Thus
the partially complete core P(M), as defined now, is the inductive
limit of the family of all the cores in M defined in [LSA], partially
ordered by inclusion. One can take as well the inductive limit with
respect to suitable eguivalence classes of triangulations or weak

triangulations of M, partially ordered by a refinement relation.

In order to obtain P(M) as an inductive limit it suffices to use the
cores with respect to good triangulations of M [LSA, p. 228f.]. These
are strong deformation retracts of M [loc.cit.]. Thus we may expect

that Py :P(M) » M is a homotopy eocuivalence. We shall confirm this in
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the next chapter for all weakly semialgebraic spaces by other

methods, cf. Th. V.4.13.




§10 - The spaces PA(M) and P_. (M)
f—2

In the last section we have seen how to turn a space into a polytope
in a canonical way if R is sequential. In this section we give two
canonical constructions which turn a closed pair (M,A) of spaces into
a relative weak polytope without changing the subspace A and turn a
map £ : M » N between spaces into a partially proper map without
changing the space N, again, if R is sequential. These constructions

may be regarded as two generalizations of the construction Mw— P (M).

For a short time we still work over an arbitrary real closed base

field R.

Definition 1. A closed pair of spaces (M,A) is called a relative poly-

tope if the closure M~A of M~NA in M is a polytope.

Clearly the relative polytopes are precisely those relative weak
polytopes (M,A) for which M ~NA is semialgebraic. Alternatively we can
say that a closed pair (M,A) is a relative polytope iff there exists

some polytope L in M, i.e. L EXE(M), with M = L UA.

Henceforth let (M,A) be a fixed closed pair of spaces.

Definition 2. We denote the set of all subspaces K of M with K > A
and (K,A) a relative polytope by XE(M,A). This is the set of all

unions L UA with L running through XE(M).

Notice that the union and the intersection of any two sets in 8&(M,A)
is again an element of rc(M,A). In particular, JE(M,A) is a directed

family of spaces, the transition maps given by inclusions.
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Remark 10.1. If (Xalael) is an exhaustion of M~A then (ia UAJa€EI) is
an ordered family of subspaces of M fulfilling E2-E5. It is also an
admissible covering of M. Thus, by Theorem 3.15, M is the inductive
limit of this family of spaces in the category Space(R). If now (M,A)
is a relative weak polytope then (?a UAla€I) is a cofinal family in
tc(M,A). Thus, in this case, M is the inductive limit of the family

of spaces KC(M,A) in Space(R).
We now assume that the base field R is sequential.

Definitions 3. PA(M) denotes the space obtained by gluing P(M) to A

along P(A) by the map Pp ¢ P(A) » A, and pﬁ : PA(M) - M denotes the
map induced by py : P(M) - M and the identity of A. Finally P (M,n)

’
denotes the map (pﬁ,idA) from (PA(M),A) to (M,A).

Notice that (PA(M),A) is a relative weak polytope. The map p(M A) is
!

universal in the following strong sense.

Theorem 10.2. Let f : (Q;R) - (M,A) bea map from a relative weak poly-
tope (Q,B) to (M,A). Then there exists a unique map ¢ : (Q,B) - (PA(M),A)

such that the triangle

® ), a)

P(M,n)

(Q,B) ——— (M,3)

commutes.

Proof. The pair (Q,B) is the inductive limit of the family of spaces
((K,B) IK EBE(K,B)) by the remark above. Thus, it suffices to prove

the claim for the restrictions of f to all the pairs (Q,B). This
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means that we may assume from the beginning that (Q,B) is a relative

polytope.

We choose some I.GKE(Q) with Q = LUB, say L := Q~NB. Let g : Q » M
and h : B » A be the restrictions of £ to Q and B. By the universal
property of Py (cf. §9) there exists a unique map ¢ : L - P(M) such

that pM°@ = glL. The maps y and h fit together to amap v : Q - PA(M).

We have p3°w = g. Clearly ¢ := (y,h) is the unique map from (Q,B) to
A
P (M) ,A ith ° = f. .e.d.
(P (M) ,A) wi Pm,a)°® g.e.d
A A , - )
The map p := Py from P (M) to M is bijective. Let K EKC(M,A). Apply-

ing the theorem to the inclusion map from (K,A) to (M,A) we see that
p maps p-1(K) isomorphically onto K. Conversely, if (L,A) EKC(PA(M),A)
then trivially (p(L),A) EKE(M,A). Identifying the underlying set of
PA(M) with the underlying set of M by the bijection p we may say that
the directed families of spaces XE(M,A) and XE(PA(M),A) are equal.

We now obtain from Remark 10.1 above

B

Corollary 10.3. The space structure P (M) on the set M is the induc-

tive limit of the family of spaces FE(M,A).

Theorem 10.2 also implies a new criterion for a closed pair (M,A) to

be a relative weak polytope.

Corollary 10.4. (M,A) is a relative weak polytope iff the diagram

P[(‘A) T Z[i;
P(M) —m8M8 —— M,
M

with the inclusion mappings as vertical arrows, is cocartesian

(= push out).
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Indeed, that the diagram is cocartesian means that the map pﬁ from
P (M) UP(A)A to M is an isomorphism. This happens to be iff the identity

map of (M,A) also fulfills the universal property stated in Theorem 10.2.

We now come to our second construction. For a short time the base field
R may again be any real closed field. We also abandon the convention
that a "space" means automatically a weakly semialgebraic space over

R. Instead we work in the larger category Space(R) of function ringed

spaces over R.

Let £ : M » N be a morphism (= weakly semialgebraic map) between weakly

semialgebraic spaces. We want to turn f into a partially proper map

in a universal way.

Definition 4. A partially proper core of f is a morphism n : P - M

from a weakly semialgebraic space P to M with the following proper-
ties:

a) The map fen is partially proper

b) If o : Q » M is a morphism from a weakly semialgebraic space Q to
M such that fea is partially proper, then there exists a unique mor-

phism B : Q - P such that mwef = a.

o
e
fea form f

N

Notice that then the maps n, a, 8 are automatically partially proper.

Of course, any two partially proper cores of f are isomorphic over M.
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In the case that N is the one-point space and the field R is sequential

we have found a partially proper core of f in §9, namely Py :P(M) » M.
Looking for partially proper cores in general it is natural to study

a set Bé(f) of subsets of M defined as follows.

Definition 5. We call a semialgebraic subset K of M proper over N, if
the restriction fIK : K - N is a proper map. We denote the set of all

K € ¥(M) which are proper over N by Kc(f).

Remarks 10.5. i) Xc(f)<:?(M). Indeed, let K€ ¥_(f) and let i denote
the inclusion from K to M. Then fei is proper, hence i is proper.
This implies that K = i(K) is closed in M.

ii) If K Erc(f) and L is a closed semialgebraic subset of K then
L€ té(f).

iii) The subset rc(f) of ¥(M) is closed under finite unions. Thus
Xc(f) is a directed family of closed semialgebraic subspaces of M
(the transition maps being inclusions).

iv) The union of all sets in KE(f) is the whole set M.

v) f is partially proper iff ¥_(f) = FM).

Definitions 6. a) Pf(M) denotes the function ringed space over R

with underlying set M which is the direct limit of the family Xé(f)
in the category Space(R).

b) The identity map of the set M is a morphism from Pg(M) to M. We
denote this morphism by Pg-

c) We denote the morphism fep. from P.(M) to N by f.
£ f

By arguments very similar (and including) those which gave us Propo-

sition 9.1 one obtains
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Proposition 10.6. i) If f admits a partially proper core then Pf(M)

is weakly semialgebraic and Pe is a partially proper core of f. Also
rc(f) = ?(Pf(M)) and, for every K E&E(f), the space structures on K
as a subspace of M and of Pf(M) are the same.

ii) If Pf(M) is weakly semialgebraic and f is partially proper then

Pe is a partially proper core of f.
We now start out to prove

Theorem 10.7. If R is sequential then every weakly semialgebraic

map £ : M » N admits a partially proper core.

To prove this we first write down a chain of three lemmas which

generalize the lemmas 9.3, 9.4, 9.5 and can be proved in the same way.

Lemma 10.8. Assume that f admits a partially proper core g : Q - M.
Let A €Y(M). Then the restriction dp ¢ q-1(A) - A of g is a partially
proper core of the map flA from A to N. Thus PflA(A) is a closed sub-

space of the weakly semialgebraic space Pf(M).

Lemma 10.9. Let (Maluel) be an exhaustion of M. Assume that, for
every o €I, the map fa = fIMa from M, to N has a partially proper

core. Then f has a partially proper ccore.

Lemma 10.10. Assume that there exists a countable family (Pklkenﬂ

in T(M) with P, < Pk+1 for every k € N, such that, for every k € IN,
the restriction Py - N of f is partially proper, and every K Eaé(f)
is contained in some P, . Then Pf(M) is weakly semialgebraic and

i P.(M) » N is partially proper. {Thus, by Prop. 10.6.ii, pe is a

partially proper core of f.}
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By Lemma 10.9 it suffices to prove Theorem 10.7 in the case that the
space M is semialgebraic. Of course, then replacing N by f (M) we may
also assume that N is semialgebraic. By Lemma 10.10 it now suffices
to find an increasing countable family (P, Ik€IN) in ¥, (f), such that

every K EUE(f) is contained in some Py .

In order to find such a family we choose a commuting triangle

with i an embedding of M into a semialgebraic space S and g a proper
map (cf. II.12.10; things are particularly easy here since M and N

are semialgebraic). We regard M as a subspace of S with i the inclusion
mapping. We further choose an embedding S< T of S into a complete
(semialgebraic) space T which again we regard as an inclusion. Let

A := S~M. For X a subset of M we denote the closure of X in T by ?T.
Lemma 10.11. Let X €¥(M). Then X € ¥_(f) iff ANX =g .

Proof. X is an element of Xé(f) iff the map f£1X = g|X is proper.
Since g is proper this means that X is closed in S. We can express

- 5T
this by the equation S nxT = X and also by AnX" = @. g.e.d.

From this lemma we conclude that ¥_(f) = {MnPlP €8E(T‘\A)}. Now we
know from §9 (e.g. Cor. 9.6, to give a formal reference) that there
exists a countable increasing family (Pklkénﬂ in TC(T‘\A) such that
every P Erc(T*\A) is contained in some set Py This implies that
(MNP Ik€IN) is a countable increasing family in ¥_(f) such that
every X EFE(f) is contained in some set MNP, . This completes the

proof of Theorem 10.7.
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Proposition 10.12 (This generalizes Prop. 9.7). Let £ : M » N be a

morphism between weakly semialgebraic spaces. Assume that M.is locally
semialgebraic and polytopic. Then the function ringes space Pf(M) is

locally semialgebraic. (Here R is not necessarily sequential.)

Proof. Given some K € &C(f) we shall prove that there exists some
Ue€ %’(M) with K<U and U € rcif) . Then we shall be done. We choose some

V € ¥(M) with K<V and a commuting triangle

with i a dense embedding into a semialgebraic space S and g a proper
map. We regard V as a subspace of S. Then V is open in S since V is
locally complete,and K is closed in S since f|K is proper. We finally
choose U as an open semialgebraic neighborhood of K in V whose closure

in S is contained in V. g.e.d.

We will write down some formal properties of the construction
fw— Pf(M), always assuming that R is sequential. Now again a "space"
means a weakly semialgebraic space over R and a "map" between spaces

means a weakly semialgebraic map.

Notations 10.13. We sometimes think of amap £ : M » N as a "space M

over N", and then write PN(M) instead of Pf(M), regarding PN(M) as a
space over N via f. This is a particularly useful notation if somehow
the map from M to N is given in a natural way starting from fixed
data. If f is partially oroper then we also say that M is "partially

proper over N" (cf. Def. 5 above).

Remark 10.14. If £ : M » N is any weakly semialgebraic map and

h : N~ s is a partially proper map then ¥, (h°f) = Xé(f), hence
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Phof(M) = Pf(M), Po.f = Pgr (hef) = hoef.

Proposition 10.15 (Functoriality of f.»— Pf(M)).

i) Let
M' ———— M

(*) g £

be a commuting square of weakly semialgebraic maps and assume that «

is partially proper. Then there exists a unique map Yy from Pg(M') to
Pf(M) such that Peey = B°pg
ii) Assume in addition that the square (*) is cartesian. Then also

the square

' Y
Pg(M ) —mm Pf(M)

p Pg

9

M — ' M

B

is cartesian. In short, if N' is partially proper over N, then

PN.(N' XNM) = N' x_P_(M).
Proof. i) The map f-Bopg = qeg from Pg(M') to N is partially proper.
Thus there exists a unique map y from Pg(M') to Pc (M) with Peey = Bcpg.

ii) We look at the following diagram consisting of two cartesian

squares (solid arrows).
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_n__
-~ - ' 5 NG -
________ 5
Q\ : - M xMPf(M) Pf(M)
\\\
\\\ "
5\\\ Pg
\\\ .
M
B
g £
N' — N
o

We have to verify that n is a partially proper core of g. The map w
is bijective since < is bijective. The maps B and 6 are partially
proper since a is assumed to be partially proper. We conclude that

aegenm is partially proper, and then, that gem is partially proper.

It remains to prove that for a given map ¢ : Q » M' with gee¢ partially

proper there exists a map ¢ from Q to M' «x (M) with mweg = ¢. The

Yt
proof is indicated by the dotted arrows in the commutative diagram

above. n exists since feBee is partially proper. g.e.d.

From the second part of the proposition and Remark 10.14 we obtain

; Corollary 10.16. If M is any space over N and N' is partially proper

over N then

v = N
PN(N XNM) N XNPN(M).

Examples 10.17. i) If L is a weak polytope and M is a space over N

then

PN(L xM) = LxPN(M),

L xM being regarded as a space over N by the obvious map L xM » M - N.
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ii) If M » N is a weakly semialgebraic map and A is a partially com-

plete (hence closed) subspace of N, then
z=1 -1
£ (a) = P(f (A)),

as follows from Remark 10.14 and Proposition 10.15.ii. In particular,

for every y €N,

Ty = pe g

Proposition 10.18 ("Schachtelungssatz" for partially proper cores).

Let £ : M > Nand g : L - M be weakly semialgebraic maps and

n o= Pey n' = pg. We form the cartesian square for n and gen'.

PN(M) XMPM(L) T PM(L)

PN (M) M
Then n'op2 is a partially proper core of f-g. In short,

Py (M) xy P (L) = Po(L).

Proof. n‘ep2 is bijective and fogen'opz is partially proper. It re-
mains to prove that, given a map o« : Q » L with fegea partially

proper, there exists a map & from Q to P_ (M) xMPM(L) such that

N
n'°p2°6 = a. The proof is indicated by the following commuting dia-
gram. Here B exists since gea is partially proper and y exists since

fe(gea) is partially proper.
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Proposition 10.19 (Compatibility with fibre products). Assume that S

is a space over T and M,N are spaces over S, hence also over T. Then

we have the following equalities of spaces over T:

PT(MxSN) = PT(M) x P (N) = PT(M) x

sPrp PT(N)

PT(S)
Here the second equality is obvious since the map PT(S) -+ S is bi-
jective. (Injectivity would suffice.) We leave the proof of the first
equality to the reader. One verifies in a straightforward manner that
the natural map from PT(M) xSPT(N) to M x_N has the universal property

S

characterizing the partially proper core of M xSN over T.

This proposition generalizes Corollary 10.16 above.

Proposition 10.20 (Idempotency). Given weakly semialgebraic maps

f: M>Nand g : N> S, let L := Pf(M) and m := p : L » M. Then

ngn(L) = ng(M) and mePggn = pgf. In short,

PS(PN(M)) = PS(M).
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Proof. One verifies in a straightforward way that nopgf“ : PS(L)<*L-+M
has the universal property required for Pog Since, on the set theore-

tical level, nopgf“ is the identity of M the assertion follows.




)

*
§11 - The guotient by a partially proper equivalence relation

Al
Definition 1. a) An equivalence relation T on a space M is a weakly

semialgebraic subset T of M xM which is an equivalence relation on M
in the set theoretic sense. This means the following.

i) T contains the diagonal DiagM of M «x M.

ii) The switch automorphism (x,y) » (y,x) of M xM maps T into (and
hence onto) T.

iii) The natural projection pr MxMxM > MxMof MxMxM to the

13
first and the third factor M maps (T xM) n (M xT) into (and hence
onto) T.

b) If T is an equivalence relation on M then we denote the automor-
phism (x,y) = (y,x) of the space T by T and the natural projections
(x,y) » x and (x,y) » y of T to M by =P and Py- Notice that py, =

Py° Tpe Notice also that B is stronaly surjectivesincep1 has the
section x - (x,x).

c) The equivalence relation T is called closed if the set T is closed

in M x M.
Example 11.1. If £ : M > N is a map between spaces then

E(f) := {(x,y) € MxMIf(x) = £(y)}

' is a closed egquivalence relation on M. We have the cartesian sguare

E(f) ——— M

| P1

Definition 2. We call an equivalence relation T partially proper

(semialgebraic, proper) if the map Py T » M - and hence also Py -

*
) This section may be skipped at first reading since it will not be
used before Chapter VII and will have its main applications in the

third volume [SFC].
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is partially proper (semialgebraic, promer respectively). It is easily

seen that a partially proper ecuivalence relation is closed.

Remark 11.2. If a map f : M » N between spaces is partially proper
(semialgebraic, proper), then the equivalence relation E(f) is par-
tially proper (semialgebraic, proper). This follows from the cartesian

sguare in 11.1.

We ask for the existence of a "strong quotient" or even a "partially
proper guotient" of a space M by a given ecuivalence relation T. By

this we mean the following.

Definition 3. A map £ : M - N is a strong guotient of M by T if T =E(f)

and f is identifying (cf. §8). f is called a partially nroper (resp.

proper) quotient of M by T if T=E(f) and f is strongly surjective and
partially proper (resp. proper). Notice that in these cases f is cer-

tainly identifying (Th. 8.3).

Remarks 11.3. i) Let M/T denote the set of equivalence classes of the
set M by the equivalence relation T, and let pp denote the natural
projection from M to M/T. We equip M/T with the function ringed space
structure over R which is the strong gquotient of M by i (88, Def. 2) .
If there exists a strong quotient £ : M - N of M by T in the sense of
the definition above then f gives us a set theoretic bijection

f : M/T » N with T o pp = £. It is clear from §8 that £ is an isomor-
phism of function ringed spaces over R. Thus M/T is a weakly semialge-
braic space in this case and Prp is a strong cuotient of M by T. If
there exists a partially proper (resp. proper) quotient of M by T

then we conclude that op is partially proper (resp. proper) .

ii) If £ : M » N is a strong guotient of M by T and g : M » L is a

map to a space L with E(g) » T then there exists a unigque map h:N -» L

such that he f

g. In Grothendieck's terminology [Gr, §2] the map f
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is a strict epimorphism in the category WSA(R), in fact even in
Space (R) .
iii) If there exists a partially proper quotient of M by T then we

know from 11.1 and 11.2 that T must be closed and partially proper.

Brumfiel has proved the important theorem [B2] that if M is (affine)
semialgebraic and T is a proper equivalence relation on M then indeed
the proper quotient of M by T exists. This theorem extends readily

to the following statement which we shall also call "Brumfiel's

theorem" later on.

Theorem 11.4. If T is a partially proper eguivalence relation on a
space M then the function ringed space M/T (cf. 11.3) is weakly semi-
algebraic, and Bp : M~ M/T is partially proper. If T happens to be

proper then pq is proper.

Proof. We choose an exhaustion (Mala €I) of M. For every o €I the
eguivalence relation Ty 3= T n(mu XMG) on Ma is proper. By Brumfiel's
result the set Ma/Ta carries the structure of a semialgebraic snace
such that the natural projections Py ¢ Mq - Ma/Ta is proper. We
regard the sets Ma/Ta as subsets of the set M/T. By Theorem 1.6

there exists on M/T the structure of a (weakly semialgebraic) space
such that, for every «, Ma/Ta - in its given structure - is a closed
subspace of M/T and (Ma/Tala €I) is an exhaustion of M/T. Since the
restrictions Py of Pp are proper maps we conclude that pgp is a strong-
ly surjective and partially proper (weakly semialgebraic) map. We now
know that the present space structure on M/T coincides with the one

defined above.

Assume that p; ¢ T » M is proper. We want to prove that Pp i M - M/T

is again proper. It suffices to prove that Pq is semialgebraic (cf. 5.6).
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Let X € ¥(M/T) be given. Since Bp is strongly surjective there exists
some Y € 7 (M) with pp(Y) = X. Then p_'(X) = pz(pr). This is indeed

a semialgebraic set, since p, is semialgebraic. g.e.d.

Remark 11.5. The previous Theorem 8.6 on gluing of spaces is a special
case of the present theorem 11.4, provided the gluing map f there is
partially proper. We decided to do this special case earlier without
using Brumfiel's result since the full strength of Theorem 11.4 will
not be needed in the present volume in an essential way. Theorem 17.4

will turn out to be important in the third volume [SFC].

Remark 11.6. Brumfiel's theorem is a best possible result. Indeed,

C. Scheiderer recently has proved the following "converse" tc it
[Schd]: Let M be a locally complete semialgebraic space, and let T be
a closed equivalence relation on M such that the strong quotient of M
by T exists. Then M contains a closed semialgebraic subset K such that
the restriction of py ¢ T ->M¢to (MxK) N T is a proper map onto M.
Scheiderer makes essential use of abstract semialgebraic spaces (cf.

[LsA, App. Al).

We now explicate what Theorem 11.4 gives us in the important case of

group actions. We start with obvious definitions.

Definition 4. A weakly semialgebraic (locally semialgebraic, semialge-

braic) group over R is a group object G in the category WSA(R) (resp.
LSA(R), SA(R)). This means that G is a space(locally semialgebraic

space, semialgebraic space respectively) over R and also an abstract
group such that the multiplication mapm : GxG - G, (x,y) = xy, and

themap i : G » G, X > x_1, both are weakly semialgebraic maps.
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Examples 11.7. i) If G is an algebraic group scheme over R (or over

C = R(V=1)) then G(R) (resp. G(C)) is a semialgebraic group over R.
ii) The orthogonal groups O(n,R) over R as well as the unitary groups
U(n,R) and symplectic groups Sp(n,R) over R (cf. [Ch, Chap. I] with IR
there replaced by R) are semialgebraic groups over R. {We are just to
use the letter R in our notation of unitary and symplectic groups al-
though R(V-1) and the quaternions over R are used in the definition of
these groups.}

iii) We embed O(n,R) into O(n+1,R) as usual by A + (A ?). Then

\o

O(»,R) := lim O(n,R) = U O(n,R)
n-e n

is a weakly semialgebraic group which has the exhaustion (O(n,R) In€IN)
by semialgebraic groups. Similarly we have weakly semialgebraic groups
U(w,R), Sp(«,R). All these groups are partially complete.

iv) Assume that R is sequential. If G is a weakly semialgebraic group
over R then the space P(G) with the same underlying abstract group G
is a partially complete group over R. In particular, if Q is any alge-
braic group scheme over R (or over C) then fy(R)loc (resp. ?(C)loc) is

a partially complete locally semialgebraic group over R.

We shall meet other examples of genuinely weakly semialgebraic groups

in VII, §4 and VII, §9.

Definition 5. Let G be a weakly semialgebraic group (over R). A left
operation of G on a space M is a left operation of the abstract group
G on the set M such that the map GxM - M, (g,xXx) » gx is weakly semi-

algebraic. We then call M a (left) G-space over R.

If M is a G-space and the group G is semialgebraic then the action of

G gives us an eguivalence relation

T(G) := {(gx,x)Ix €M,g€G}



104

on M. Indeed, T(G) is the image of the semialgebraic map GxM - MxM,
(g,x) » (gx,x), and hence a weakly semialgebraic subset of M x M. This
equivalence relation is semialgebraic (cf. Def. 2). The strong quotient
M/T(G) - if it exists - will be denoted more briefly by G\M. Its

underlying set is the set of orbits of G on M.
Assume now that G is complete. Then P, T(G) » M is proper. Thus Brum-
fiel's theorem gives us the following somewhat special result on orbit

spaces.

Corollary 11.8. If G is a complete semialgebraic group then the

proper quotient G\M exists for every G-space M.

Up to now we did not care for the question under which conditions
the quotient of a locally semialgebraic (and, as always, weakly semi-
algebraic) space by an equivalence relation is again locally semial-
gebraic. Here is a rather special (and trivial) statement in this

direction.

Remark 11.9. In the situation of Corollary 11.8, if M is locally

semialgebraic, then also G\M is locally semialgebraic.

Proof. Let (Uala € I) be an admissible covering of M by open semialge-
braic subsets. Then (GUala €TI) is again such a covering. Let p denote
the projection from M to G\M. We have p—1(pUG) = GU,. Thus pUa is

open semialgebraic in G\M for every a, and (pUala €1I) is an admissible

covering of G\M. g.e.d.

Remark 11.10. Recently C. Scheiderer has proved a much better theorem
[Schd]l: Let M be a locally semialgebraic partially complete space and

T a closed semialgebraic equivalence relation on M with the following
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property.
(%) If UE ?(M) then pzp;1U is open in M (hence pzp;1U € 31M)).

Then the strong quotient M/T exists and is again locally semialgebraic.
{Scheiderer only deals with the case that M is semialgebraic, but the
statement above follows trivially from this case. Scheiderer also
proves that (*) just means that the map P, is open.} If G is a semi-
algebraic group acting (from the left) on a locally semialgebraic
space M and if T(G) is closed then (*) is clearly fulfilled, hence the

quotient G\M exists and is locally semialgebraic.



Chapter V - Patch complexes, and homotopies again

In this chapter a "space" means a weakly semialgebraic space over a
fixed real closed field R and a "map" between spaces means a weakly
semialgebraic map, if nothing else is said. All the homotopy theoretic
notions and notations used in Chapter III retain their sense for these
spaces and maps and will be used, starting from §2, without further
explanation. The homotopy category of spaces over R is denoted by
HWSA(R). Its objects are the spaces over R and its morphisms are the

homotopy classes [f] of maps £ : M - N between spaces.

§1 - Patch decompositions

In the following M is a fixed space.

Definition 1. A semialgebraic partition of M is a subset £ of ¥(M)

with the following properties.

PD1. If 0 and T are different elements of ¥ then ont = ¢@.

PD2. Every X € ¥(M) is contained in the union of finitely many elements
of .

{The letters "PD" refer to "patch decomposition", see below.}

For example, if (Ma|0€I) is an exhaustion of M, then the set of
patches {Mgla€I°} is a semialgebraic partition of M. Notice that PD2

just means that I is an admissible covering of M (IV, §3, Def. 7).

Definition 2. Let I be a semialgebraic partition of M, and let o €X.
i) The boundary of ¢ is the set 30 := 0 ~oO.

ii) An element T of I is an immediate face of ¢ if T N30 #*@.

We then write 1<0.
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Every 0 €X has only finitely many immediate faces since the semialge-

braic set 30 is covered by finitely many elements of Z.

Definition 3. a) A patch decomposition of the space M is a semialge-

braic partition ¥ of M fulfilling the following condition.

PD3.

vl KT =
r r-1° “Ts o

For every 0 €I there exists a number n EINO such that every chain

in ¥ has length r < n.

The maximum of these lengths is then called the height h(0) of o.

b) A patch complex (over R) is a pair (X,Z(X)) consisting of a space

X and a patch decomposition I (X) of
letter X for the patch complex. The

patches of X.

Example 1.1. Let M be semialgebraic

wise disjoint semialgebraic subsets

X. We often write the single

elements of X (X) are called the

and let £ be a finite set of pair-

of M which cover M. Assume that

there does not exist a cyclic chain

0 =1 _<T €ieo KT_ =0
r r-1 o

in £. Then (M,X) is a patch complex. We call these pairs (M,Z) the

finite patch complexes.

Example 1.2. Let M be any space and let ¥ be a semialgebraic partition
of M. Assume that for any two elements 0,7 of £ with 1 <o the dimen-
sion of 1 is strictly smaller than the dimension of o. Then PD3 ob-
Thus (M,ZI)

is a patch complex. We call these (M,I)

g viously holds. the

é dimensional patch complexes.

Example 1.3. Again let M be any space and I a semialgebraic partition
of M. Assume that the boundary 3¢ of every ¢ €% is. a union of elements

- of £. This means that every immediate face T of 0 is contained in 930.
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Then dim T <dim 0, and we see that (M,X) is a dimensional patch complex. ]

We call these (M,X) normal patch complexes, in analogy to normal cell

complexes in topology, cf. [LW, p.9]. Every simplicial complex is a

normal patch complex (cf. IV.1.7 and IV.1.19).

Of course, a patch decomposition £ of our space M is called finite
(resp. dimensional, resp. normal) if the patch complex (M,X) is finite

(dimensional, normal).
We are interested in patch complexes as a very weak substitute of sim-
plicial complexes. Our spaces often cannot be triangulated (cf. IV.4.8),

but they admit patch decompositions.

Proposition 1.4. Let (MGIGEI) be an exhaustion of our space M. Then

the set of patches {Milo&lo}, in the sense of IV, §1, is a patch de-

composition of M.

Proof. If Mg is an immediate face of Mg then Mg nMa +@, hence B <a by

IV.1.18. Certainly B #a, hence B <a, and the axiom PD3 is evident.

Example 1.5. Consider the exhaustion (" (R) |n€1No) of the infinite
dimensional projective space P (R) (IV, Ex. 1.9). The corresponding
patch decomposition consists of the patches o, := " (R) N (R) = R"
(n >0, read IP—1 (R) = @). We have Op <0q iff k <1. This patch decompo-

sition is normal.

Example 1.6. We consider again the countable comb from IV.4.8 with

the exhaustion (MnlnelNo) indicated there. This time the patches are
o, = {%} x]0,1] with n€IN, and o, := [0,1] x{O}. The only immediate
face relations are o°< Ohn with n € N. This patch decomposition is not

dimensional.
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Definition 4. Assume that I is a patch decomposition of M. A patch
T €% is called a face of a patch o €% if there exists a chain
T = T,<T,._q4<...<T = 0. We then write T <o. If r>1 then we call 1

a proper face of o and write T <o0.

It is evident from the axiom PD3 that the face relation is a partial

ordering of X and that T <0 just means T <0, T #0.

Remark 1.7. If £ is a patch decomposition then every patch o €I has

only finitely many faces.

This follows by induction on the heigt h(c) from the fact that ¢ has

only finitely many immediate faces.

Remark 1.8. If {MilaEIo} is the patch decomposition of M coming from
an exhaustion (MalaEI) then it is evident from the proof of Proposition
1.4 that the face relation Mg < M: implies B <a.

We need an obvious extension of Definition 4 in I, §1.

Definition 5. A family (XXIX€A) of subsets of M is called partially

finite (in M) if, for every semialgebraic subset Y of M, the set of

all X €A with XA Ny £+ ¢ is finite.

Of course, it suffices to check this property for Y running through
the members of any admissible covering (IV, §3) of M, e.g. the patches

of some patch decomposition of M.

. Any semialgebraic partition I of M (cf. Def. 1), and in particular

any patch decomposition of M, is a partially finite family of subsets

of i1 (each set being indexed by itself).
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Remark 1.9. Let (AAIXEA) be a partially finite family in M such that
every A, is weakly semialgebraic in M. Then, for every subset J of A,
the set B := U(AAIAGJ) is again weakly semialgebraic in M since, for
every C € ¥(M), the intersection BNC is clearly semialgebraic. The

family (AAIXGJ) is partially finite in the space B.

Definition 6. A subset Y of the space X is called a subcomplex of the

patch complex X if Y is the union of some patches of X. Then, by 1.9,
Y is weakly semialgebraic in X, and the subspace Y of X together with

the subset
$(Y) := {o€Z(X) locY}

of ¥(Y) is a patch complex, which we also denote by Y.

Definition 7. A subcomplex Y of X is closed (resp. open) in X if the

subset Y of the space X is closed (resp. open) in X.

Theorem 1.10. i) A subcomplex Y of X is closed in X iff for every

0 €Z(Y) all (immediate) faces of ¢ are contained in Y.

ii) The set H(X) of all finite closed subcomplexes of X is a faithful
lattice exhaustion of the space X, and Z(X) is the set of patches of

H(X).

Proof. a) Let Y be a closed subcomplex of X and o € x(Y). Then 3¢ cY.
If t is an immediate face of ¢, then 1 nY + @, hence 1 cY. Of course,
this implies that all faces of ¢ are contained in Y.

b) Let now Y be a finite subcomplex of X. Then Y = U(clo€s(Y)). If all
immediate faces of all o €5(Y) are contained in Y, then o cY for every
0 €X(Y), and we conclude that Y = Y, i.e. Y is closed in X.

c) It is now trivially checked that the set H(X) of finite closed sub-

complexes of X fulfills the conditions E2', E3-E5, E7, E8 in IV, §1.
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{Of course, we equip H(X) with the ordering by inclusion, and regard
H(X) as a family of sets in ¥ (X), each element of H(X) being indexed
by itself.} For every 0€Z(X) the union X(o) of all faces of 0 is an
element of H(X) by step b) of the proof. We have o0 cX (o). Since I (X)

is an admissible covering of the space X, also H(X) is an admissible
covering of X. We conclude from IV, Cor. 3.16 that H(X) is an exhaustion
of the space X.

d) We look at the index function n : X - H(X) of this exhaustion (cf.
end of IV, §1). Let x €X be given and let o denote the unique patch
which contains x. If Y is an element of H(X) with x €Y, then o cY and
hence X(0) « Y by step a) of the proof. Thus n(x) = X(0). Thus the X(0)
with o running through I (X) are the primitive elements of H(X). The

patch corresponding to a given X(o) is the set

X(0)° = X(0) NU(X(T)I1X(T) g X(0)) = X(0) ~U(X(T)|Tt<0)

F

and this is just the set o. Thus Z(X) is the set of patches of H(X).

e) Let now Y be any subcomplex of X which has the property that Y con-
tains all faces of all o €X(Y). Then, for every Z €H(X), the subcomplex
Y NZ has the same property, and thus Y NZ €H(X) by step b). In parti-
cular, YNZ €¥(Z). Since H(X) is an exhaustion, we conclude that

Y €ET(X). This concludes the proof of the theorem.

Notice that Proposition 1.4 and Theorem 1.10.ii together give us a new
procedure how to enlarge a given faithful exhaustion (MGIGEI) of a
space M to a faithful lattice exhaustion H (Prop. IV.1.15). Namely we
take for H the family of all closed finite subcomplexes of M with re-
spect to the patch decomposition (MiluEIo). This procedure is more con-

structive than the one indicated in the proof of Prop. IV.1.15.

As a consequence of Theorem 1.10.i we obtain
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Corollary 1.11. A subcomplex Y of a patch complex X is open in X iff

for any T €Z(Y) and 0 € £(X) with 1 <0 also o €Z(Y). In particular, for
every o € Z(X) the union of all p €X(X) with ¢ < p is the smallest open

subcomplex of X which contains o.

Definition 8. This open subcomplex of X is called the star of ¢ in X

(or open star of ¢ in X) and denoted by Sty (o).

We now look for patch decompositions of a given space M with special

properties. We need some more definitions.

Definition 9. A patch decomposition ¥ of M is called special if, for
every ¢ €%, the pair (0,0) of semialgebraic spaces is isomorphic to a
pair (N,é(n» with N the union of the standard open n-simplex e(n) in
n+1

R and some open faces of 5un.In this case (M,Z) is called a special

patch complex.

Notice that, if M is a weak polytope then, in this definition, N is

forced to be the whole closed simplex V(n).

Definition 10. Let (AxlxeA) be a family in T(M). A simultaneous patch

decomposition of M and the family (AAIX€A) is a patch decomposition
of M such that every AX is a subcomplex of (M,X). Such a vatch decom-

position is called a simultaneous special patch decomposition of M

and the family (AAIAEA) if, in addition, M and every Ay becomes a

special patch complex by this decomposition.

Theorem 1.12. Let M be a space and (AXIAEA) a partially finite family
in ¥(M). Further let (Ma|0€I) be an exhaustion of M. Then there exists
a simultaneous special patch decomposition of M and both families

(AAIAGA) and (Malael).
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Proof. This is a straightforward consequence of the semialgebraic tri-
angulation theorem I.2.13. Indeed, for any o €I let A(a) denote the
finite set of all X € A with M, nAa, + @. For every primitive index

a EIO (c£. 1V, §1, Def. 11) we choose a triangulation Xg ¢ Xa = Ma of
Ma which simultaneously triangulates the finite families (Ma nAXIAGA(an
and (MBIB€IO,B<a). Let % denote the finite set of images xa(s) of all
open simplices S of Xa with Xa(s) [ Mg. It is evident that the union

T of all sets =% with a running through 1° is a semialgebraic partition
of M. If two elements o = xa(s), T = XB(T) of Z are given then T <o
implies that either B <a or B = o and T is a face of S. Thus it is
clear that ¥ also fulfills PD3, hence is a patch decomposition of M.

If again 0 = xa(s) is an element of % then the pair (o0,0) is isomor-
phic, via Xqr O the pair (§I7XG,S). {As usual, S denotes the union of
S and all its faces, hence S NX, denotes the union of S and all faces
contained in Xa-} Thus £ is a special patch decomposition of M. Every

Ma and every AA is a union of patches. g.e.d.



§2 - Some deformation retractions, and related homotopy equivalences

We want to extend some of the results of JII, §1 to weakly semialge-

braic spaces. This needs various preparations.

Definitions 1. a) A relative patch decomposition of a closed pair (M,A)

of spaces (cf. IV, §8, Def. 8) is a patch decomposition I of the space

M~A. We then call the triple (M,A,X) a relative patch complex.

b) If o is a patch of a relative patch complex (M,A,f), i.e. 0 €%,
then o denotes the closure of ¢ in M and 30 denotes the set 0 N0,
which is called the boundary of the patch (in M). Notions like "face
of 0" and "height of ¢" refer to the "absolute" patch complex (M NA,I).
The same holds for notions derived from this like "dimensional" or
"normal". We call the relative patch complex (M,A,X) finite if I is
finite.

c) A subcomplex of the relative patch complex (M,A,X) is a subspace L
of M with AcL and L ~A a union of patches. Then, of course, the triple
(L,A,Z') with Z' the set of all 0 €X contained in L NA is again a
relative patch complex. Sometimes also this triple will be called a

subcomplex of (M,A,X). The subspace L is closed in M iff
c€EX', T<Ko=>TEI" .

In this case we call L a closed subcomplex of (M,A).

d) The direct product (M,A,X) x (N,B,Z') of two relative patch complexes

(M,A,Z) and (N,B,I') is defined as the closed pair of spaces

(MxN, (MxB) U (AxN)) equipped with the relative patch decomposition
which has as patches the sets ox1 with ¢ €2 and 1 €£'. Notice that

01 XTq 2 0y xT, iff 04 < 0, and 14 < 71,

e) A relative patch decomposition ¥ of a closed pair (M,A) and the
corresponding patch complex (M,A,z) are called special iff, for every

0 €X, the pair (0,0) is isomorphic to a pair (N,V(n)) with N the union
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of the open standard simplex V(n) and some faces of e(n).(Of course,
n = dimo.) Notice that if (M,A) is a relative weak polytope (IV, §8,

Def. 8) this forces N = V (n).

Remark 2.1. We know from §1 that every closed pair (M,A) admits a
simultaneous special patch decomposition (Th. 1.12). Then the patches
in M ~A give a special relative patch decomposition of (M,A). Converse-
ly, if £' is a patch decomposition of A and I is a relative patch de-
composition of (M,A) then Z UX' is a patch decomposition of M. If

both £' and I are special then also X UZXI' is special.

We could avoid below the use of the "relative" notions explicated in
Definition 1, always working instead with simultaneous patch decompo-
sitions of pairs of spaces. But, whenever the patches in A do not play

a significant role, it is conceptually simpler to use these relative

notions.

In the following (M,A) is a closed pair of spaces. We equip (M,A) with
a fixed relative patch decomposition £. We abusively denote the relative
patch complex (M,A,I) again by (M,A). Sometimes we write I (M,A) instead

of Z. (This will be common practice also later on.)

Notations 2.2. For any n €INO we denote the set of patches 0 €X with

height h(o)

n by Z(n). We denote the union of A and all patches
with h(o) < n by Mn' Every Mn is a closed subcomplex of (M,A). We put
M_1 = A for convenience. We denote the direct sum (IV, 1.10) of the
spaces 0 with ¢ running through I (n) by M(n). Here ¢ carries, of
course, the subspace structure in M. We further denote by 3dM(n) the
direct sum of the spaces 90 with ¢ running through Z(n). This is a
closed subspace of M(n). We denote by wn : M(n) - M the map whose re-

striction to any summand 0 of M(n) (o €x(n)) is the inclusion 0 & M.
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We finally denote by @, ¢ dM(n) -~ Moy

the map obtained from wn by
restrictions to dM(n).
Both maps v and ¢, are partially proper. We have a commuting square

M(n) — M
n

n-1
(*) i ]

M(n) ———— M

¥n
with inclusion maps i and j. The map p, ¢ M(n) U Mn-1 - Mn which ex-
tends Y and j is strongly surjective and partially proper. Thus, by

the diagram (*),

M_ = M(n) U(p M

n '
n

n-1

i.e. we obtain My by gluing M(n) to Mn along 9M(n) by the map @,

-1
(cf. IV, §8).

Definitions 2. We call Mn the n-chunk and M(n) the n-belt of the

relative patch complex (M,A). We further call 3M(n) the boundary of
the n-belt, and ¢ : IM(n) - Mo the attaching map of the n-belt.

Finally we call Py the canonical projection from M(n)U Mn_ to Mn.

1

Definition 3. An admissible filtration of a space X is an admissible

covering (ann€nﬂ of X by closed weakly semialgebraic subsets with

Xn c Xn+1 for every n € N. Instead of IN we also allow shifted index

sets like IN_ or IN_ U {-1}.
o o

In the present situation the family of chunks (MnInEINO) is an admiss-
ible filtration of M and thus M is the inductive limit of this family

of spaces.
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M can be "built up" starting from A by attaching one belt after the
other using the maps ¢,. The whole space structure of M is given by
the space A, the belts M(n), and the maps @, - Notice that the belts
are spaces of rather simple type, namely direct sums of semialgebraic
spaces. This way to analyze a space M will be very useful below and

also later on. (We then often take A = @.)

Remark. If M ~A would be of countable type (IV, §4), then we could

find an admissible filtration (N In > -1) of M such that N_, = A and

1
N is obtained from Nn-1 by gluing a semialgebraic space to Nn_1.
Our procedure in the general case is only slightly more complicated.
Instead of semialgebraic spaces we use direct sums of semialgebraic

spaces.

In the following we denote the unit interval [0,1] of R by I, as in

previous chapters (but not Chapter IV where I has been an index set).

We study the following problem.

Problem 2.3. We are given a set U€ T(2) and a set D€ F(M) with D > U.
Find a set V€ %(D) such that VNA = U and U is a strong deformation

retract of V!

Lemma 2.4. There exists a set X €5KD ﬂMo) such that XNA = U and U is

a strong deformation retract of X. {N.B. Mo is the O-chunk of M.}

Proof. Let F := A~NU. We have U < D~NF and (D~F) NA = U. Also,
(MNF) NA = U and (M~NF) NU = M~NA. Thus (M>NF,U) is again a relative
patch complex. Replacing M,A,D by MNF, U, DNF respectively we assume

without loss of generality that U = A.
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For every 0 €x(0)there exists a neighbourhood W, € ¥(c) of 30 in DNo
together with a strong deformation retraction Gy 3 WyxI > Wy from W,
to 00 (cf. III, 1.1 or already [DKS, §21). The G0 combine to a strong
deformation retraction G : WxI - W from the direct sum W of all W, to
dM(o). We have W < KIJ: (D nMO). Let p : M(o)U A - Mo be the canonical
projection from M(o) U A to Mo (i.e. p = po). Let X := p(WU A). We have
AcXcbD nMO. Moreover p-1 (X) = WU A. Since p is identifying (IV.8.3)
this implies that X € ?(MO). The restriction m : WUA - X of p is
strongly surjective and partially proper since p is so. Let pr, :AxI A |
denote the projection of AxI to the first factor. There exists a unique |
set theoretic map H : XxI - X such that the diagram

Gu j 2
(WxI) U (AxI) wu A

mx idI n

XxI

H

commutes. The reason is that G(x,t) = x for every (x,t) €93M(o)xI. The
map nXidI is again partially proper and strongly surjective, hence
identifying. Thus the map H is weakly semialgebraic. H is a strong

deformation retraction from X to A. g.e.d.

Theorem 2.5. Problem 2.3 can always be solved. More precisely, there
exists a set VE¥(D) with VNA = U and a strong deformation retraction
F : VxI >V from V to U such that F maps (V nMn)xI to VM, for every

n€IN_ .
o

Proof. We apply Lemma 2.4 to the relative patch complexes (M,Mn) for

all n > -1 and obtain successively for n = -1,0,1,2,... sets

J . _ -
V, €7D NNM ), with V_, =Uand v, M _4 = Vi, for n > O, together
with strong deformation retractions Hn : anI - Vn from Vn to

Vo—q (n>0). Let V denote the union of all V . Then V nM = v, for
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every n>-1. Thus V € 5’(1\4) , VcD, and VNA = U. We choose an infinite

sequence

S 7 1 >8, >8>S, > ...

2-n-1

of positive elements in R (say, Sp < ). Let Ph ¢ V.-V de-

n n-1
note the retraction Hn(—,1) from V, to V _;- If n>m, let

This is a retraction from Vn to Vm' We put rn,n = ldvn. We define a

map F : V xI - V_as follows. Let x €V . If t E[O,sn] then Fn(x,t) =X.

If t €lsy,s._4] and 1 < k < n, then

F_(x,t) := Hk(r k(x)’(sk-i_sk)_](t—sk)) .

Fn is a strong deformation retraction from V to U. For every

(x,t) EanI we have F (x,t) = Fn(x,t) since the homotopy H does

n+1

not move the points in V- Thus the Fo fit together to a set theoretic

n+1

map F : VxI -» V, This map is weakly semialgebraic since (ann€nﬂ is
an admissible covering of V by closed subspaces (IV.3.15.c). F is a

strong deformation retraction from V to A. g.e.d.

Theorem 2.5 covers in particular (U = A) the following generalization

of a part of Theorem III.1.1.

Corollary 2.6. If (M,A) is a closed pair of spaces then there exists

an open weakly semialgebraic neighbourhood V of A in M such that A is

a strong deformation retract of V.

We now can state a generalization of Proposition III.1.2. The proof is

exactly the same as for locally semialgebraic spaces.
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Proposition 2.7 (Extension of maps to a neighbourhood). Let M,A,V be

as in Corollary 2.6. Any map £ : A » Z into some space Z extends to a
map g : V =» Z. If g and h are two extensions of f to V then there
exists a homotopy G : VxI - Z with GO = g, G1 = h and GtIA = f for
every t €1I.

Also Theorem III.1.3 extends to weakly semialgebraic spaces, but this

needs a new proof.

Theorem 2.8. If (M,A) is a closed pair of spaces then (MxO) U (AxI) is

a strong deformation retract of MxI.

Proof. We choose a relative patch decomposition of (M,A). We regard
the pair (I,{0}) as a relative patch complex with a unique patch
]JO,1]. We form the direct product of these two relative patch complexes

(Def. 1.d). This is the closed pair
(N,B) := (MxI, (MxO) U (AxI))
together with the patch decomposition
£(N,B) := {ox]0O,1]l0€x(M,An)]}
of N~B. For any two patches 0,71 of (M,A) we have 1x]0,11< 0x]0,1]
iff 1 <0.Thus the patch 0x]O,1] of (N,B) has the same height as o.
We use the notations (2.2) for both relative patch complexes (M,A)
and (N,B). We have N(n) = M(n)xI,

9N (n) (M(n)x0) U (3M(n)xI),

N

n (Mx0O) U (Man)

By Theorem III.1.3 (or already [DKS, Th. 5.1]) there exists, for

every n > 0, a strong deformation retraction G, : N(n)xI - N(n) from
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N(n) to 9N(n). From these Gn we obtain, in exactly the same way as in
the proof of Lemma 2.4, strong deformation retractions Ho ¢ N xI = N,

from N to Nn—1' "Composing" all the H,, as in the proof of Theorem
2.5, we obtain a strong deformation retraction F : NxI - N from

N to B. g.e.d.

Using only the fact that (MxO) U (AxI) is a retract of MxI we obtain
immediately, as in III, §1, the following extension of Cor. III.1.4

to weakly semialgebraic spaces.

Corollary 2.9 (Homotopy extension theorem). Let A be a closed subspace
of a space M. Given a map g : M » Z into some space Z and a homotopy
F : AxI » Z with FO = glA there exists a homotopy G : MxI - Z with
Gy, =49 and GI|AxI = F.

It seems more difficult to generalize the second half of III,§1 some-

how to weakly semialgebraic spaces. We will say something about this

in §4.

We conclude this section by writing down several somewhat formal con-
sequences of the homotopy extension theorem 2.9. With two exceptions
we do not give the proofs, albeit some of them are tricky, since they

run exactly as in the topological setting.

Proposition 2.10 (cf. [DKP, 2.9]). Let

be a triangle of maps which commutes up to homotopy (fi ~h). Assume

that i is a closed embedding, i.e. an isomorphism of A onto a closed
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subspace of M. Then there exists a map g : M - M' such that g =f and

gei = h.

The proof is almost trivial. We choose a homotopy H : AxI -» M' from
fei to h. By Cor. 2.9 there exists a homotopy F : MxI - M' such that
F(-,0) = £ and F«(ixidI) = H. The map g := F(-,1) has the required

properties.

Definition 4 (also for later use). a) Let C be a space over R. A

space under C is a map « : C » M into a space M over R. Amap f : o = 8
from o to a space B : C » N under C is a map f : M » N such that fea =B. ;
We also call f a map from M to N under C, if there is no doubt which
"structural maps" o,B are under consideration, and we write £ : M i;*N.
The category of spaces and maps under C is denoted by WSA(R)C.

b) A homotopy H from a map f :a - B to a map g : a » B8 is a homotopy

H : MxI » N in the usual sense with H(a(z),t) = g(z) for all z€C,t €1I.

We then also say that H is a homotopy under C and we write H : MxI JE»N.

If there exists a homotopy H under C from f to g then we write £ =Cg.

c) The homotopy class under C of a map £ : M 1;+N is denoted by [f]c.
The category whose objects are the spaces under C and whose morphisms
are the homotopy classes under C is denoted by HWSA(R)C. A map f under

C is called a komotopy equivalence under C if (£1€ is an isomorphism

in HWSA(R)C.

Theorem 2.11 (Dold [Do , 3.6], [DKP, 2.18]). Assume that f : M SN
is a map under C and that the structural maps o : C - M, B : C - N are
closed embeddings. Assume further that f is a homotopy equivalence

(forgetting C). Then f is a homotopy equivalence under C.

Proposition 2.10 and Theorem 2.11 imply the following nice results

about retractions, cf. [Do., 3.5, 3.71, [DKP, 2.27].

!
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Corollary 2.12. Let (M,A) be a closed pair of spaces and let i : A - M

denote the inclusion mapping.
i) Assume there exists a map r : M » Awithre-i =idA. Then there exists
a retraction p : M » A which is homotopic to r.

ii) If i is a homotopy equivalence then A is a strong deformation re-

tract of M.

Definition 5. As in [LSA] we mean by a system of spaces a finite family

of spaces (MO,M1,...,Mr) such that every My is a subspace of M. We

call the system decreasing if M < My, and hence M, is a subspace

i+1
of M;, for 1 < i < r-1. We call the system closed if every M, is

i+1

closed in M. A map from (Mo'M1""’Mr) to a second system (NO’N1""'Nr)
is a family (fo""’fr) of maps fi P My - Ni such that every fi is a

restriction of fO : Mo - No.

Theorem 2.13. Let (fo,f1,...,f

r) s (MO’M1""’Mr) - (NO'N1""’Nr) be

a map between closed decreasing systems of spaces. Assume that every
component fi : Mi - Ni of this map is a homotopy eguivalence. Then
(fo’f1""’fr) is a homotopy equivalence.

For r = 1 a proof can be read off from [DKP, p. 64]. The arguments

there and a straightforward induction on r give the proof in general.

From the case r = 1 of 2.13 one easily deduces the following interesting

corollary, cf. [BD, 5.13].

Corollary 2.14 [BD, 5.13]. Let £ : M » N be a map between spaces. Let

M., M, be closed subspaces of M and N1,N2 closed subspaces of N such
that M = M1 UM2, N = N1 UN2, f(M1) c N1, f(Mz) c NZ' Assume that the
restrictions M1 - N1, M2 - N2, M1 ﬂM2 - N1 ﬂN2 of f are homotopy

equivalences. Then f is a homotopy equivalence.
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Proposition 2.15 (cf. e.g. [DKP, 2.36]). Assume that A is a contrac:-

ible closed subspace of the space M and that A is partially complete
near M ~A. Then the natural projection p : M » M/A is a homotopy
equivalence. Thus, by 2.13, also the map between pairs p : (M,A) -

(M/A,A/A) is a homotopy equivalence.

For the proof one needs that pxid : MxI -» (M/A)xI is identifying, cf.

Remark IV.8.7.1ii.
The following modest generalization and easy consequence of Corollary
2.12 will be needed only much later (VII, §8) and thus may now be

skipped by the reader.

Proposition 2.16. Let (MO,...,Mr) be a closed decreasing svstem of

spaces and let C be a closed subspace of M,. Assure that, for every

k€{0,...,r}, the inclusion map from cny to My is a homotopy ecui-
valence. Then the system (C,C nDH,...,CIWMr) is a strono deformation
retract of (Mo,...,Mr).

Proof. The case r = O is the Corollary 2.12 above. We study the case

r = 1. By 2.12 there exist strong deformation retractions Dy :kaI~+Mk
from Mk to CﬂMk for k = O and k = 1. By the homotony extension theorem
(Cor. 2.9) there exists a homotopy E :MxI oM relative C which starts
with the identity of Mo and extends D,. Now the map G :MOxI-aMO, defined
by G(x,t) := E(x,2t) if O<t<3, and G(x,t) := D_(E(x,1),2t-1) if

<t <1, is a strong deformation retraction from MO to C. It maps

M1 x I to M1 and gives by restriction a strong deformation retraction

of M1 to C nNM,. For r > 2 the proof runs by the same argument and induc-

tion on r. qg.e.d.




§3 - Partially finite open coverings

We will prove the existence of partially finite open coverings of a
space M which have special properties, some of them analogous to common
properties of open coverings of paracompact topological spaces. These
properties are important for sheaf cohomology on M. They will also

turn out to be useful later in the theory of fibre bundles and cover-

ing maps but will play no role in the rest of the present chapter.

If (UAIAEA) is a partially finite open covering of M, i.e. a partially
finite family in #(M) with union M, then certainly (lekeA) ECOVM(M).
We have to live with the fact that, in general, the UX cannot be semi-

algebraic sets, since, in general, M is not locally semialgebraic.

We choose a patch decomposition I of our space M. Abusively we denote

the patch complex (M,Z) also by M.

Proposition 3.1. The family of stars (StM(G)IGEZ) is a partially finite

open covering of the space M.

Proof. Let p be a given patch of M. Then for any ¢ €%, the intersection
StM(o) Np is not empty iff o cStM(c), and this means that ¢ is a face

of p. But p has only finitely many faces (1.7). g.e.d.

If M is a simplicial complex then the stars StM(o) are contractible.

In general we cannot expect this. Nevertheless we will construct,
starting from the patch decomposition, a partially finite covering

of M by contractible open weakly semialgebraic subsets {but, in con-
trast to the case of a simplicial complex, the intersections of finite-
ly many sets of the covering will, in general, not be contractible}.

In our construction Theorem 2.5 from the preceding section will play
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a crucial role.

Theorem 3.2. Let (DAIX€A) be an admissible open covering of the space
M. Then there exists a partially finite covering (UG(GEJ) of M by

contractible open weakly semialgebraic sets which refines (DXIAEA).

Proof. For every ¢ € (M) we choose a finite subset A(c) of A such
that ¢ is contained in the union of the DA with A €A(0). Then we

choose a finite covering (UO alaEKo) of the space ¢ by open contract-
14

ible semialgebraic sets Uy which refines the covering (o nDXIAEA(on

s

of 0. This can be done by triangulating ¢ and the sets ¢ N D, with

open stars of this

A €A(0) simultaneously and taking as sets Us o
’

triangulation.

We choose, for every o €K0, some index A (0,q) €A with Uo,a [=o} nDA(o,a)'

Let J denote the set of all pairs (0,a) with ¢ €Z(M) and « €Ko‘ By
Theorem 2.5, applied to the closed pairs (StM(c),c), there exists,

for every (o,a) €J, a set Vo 0(E 50” such that

’

U Vv c StM(o)

G,x o, nDA(O,a)

and U0 o is a strong deformation retract of VO o

Since U is con-
7 g,

’
tractible also Vo,a is contractible. Since the family (StM(o)IOEX(M))
is partially finite (Prop. 3.1) and the sets K, are finite we conclude
that the family (Volal(o,a) €J) is partially finite. This family
covers M since every o € (M) is covered by the subfamily

f{

\VOIGIQEKO). g.e.d.

As a by-product we obtain a second proof of a part of

Proposition IV.4.16.

Corollary 3.3. Every locally semialgebraic space M which is also

weakly semialgebraic is paracompact.
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proof. There exists, by the very definition of locally semialgebraic
spaces, an admissible covering (DAIXEA) of M by open semialgebraic
sets. By the theorem this covering has a partially finite refinement
(UGIGEJ) with Ua € f'(M). Since M is locally semialgebraic the family
(UGIO(EJ) is locally finite in the sense of [LSA, p. 6]. Every Uy is
contained in some D,, hence Ua € #(M). Thus we have found a locally
finite covering of M by open semialgebraics, which proves M to be

paracompact (I, §4, Def. 2). g.e.d.

Proposition 3.4 ("Shrinking lemma"). Let (DA|A€A) €CovM(M) be partially
finite. Then there exist families (V,[1€A) in F(M) and (A,I1)X€A) in

T (M) such that M is the union of all V>\ and V>\ CAA CD)\" {In particular,
(V>\|>\EA) is again a partially finite, hence admissible, open covering

of M.}

This can be proved by use of Zorn's lemma, as in the topological sett-

ing (e.g. [Q, p. 79f]), once we have verified the following

Claim. Let T be a subset of A and o« an index in ANT. Let T'' := T U{a}.
Assume we are given families (V>\I>\€/\) in 5’(M) and (A>\|>\E/\) in T(M)

such that V>\ cA, <D, for every X €T, and
(*) U(vxlxer) UU(DulueA\l‘) =M.

Then there exist two sets Vo( € 3.’(M) and Aot €T (M) such that Va cAa cDO(

and

U(V>\I>\€T') U U(Dulu€/\\l“’) =M.

In order to verify the claim we look at the set

Xy i= M\[U(VAIXEI‘) U U(DuluEA\I")]
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This set Xa is closed and weakly semialgebraic in M since the families
(VAIAEF) and (DulueA\F') are partially finite. It follows from (*)

that Xa<:Da. By "Urysohn's lemma" (IV.3.12) there exists a weakly semi-
algebraic function ¢ : M » I with w_1(0) > M*\Da and w—1(1) o Xa’ We

define

_ =141 JUEC B |
Va =0 (]511])1 Aa =0 ([211])-

These sets fulfill the claim.

Definition 1. i) A partition of unity of a space M is a family

(pyla€J) of weakly semialgebraic functions Gy 2 M- [0,1] such that
the family (w;1(]0,1])la€J) is partially finite in M and, for every
X €M the sum of the values wa(x), with « running through J, is 1.
ii) Let (DXIXEA) be a partially finite covering of M by weakly semi-
algebraic sets. A partition of unity subordinate to this covering

(resp. strictly subordinate to this covering) is a partition of unity

(wxlxeA) such that, for every X €4, ¢;1(]O,1]) < Dy (resp.

m;1(]0,1]) < A, < D, with some set A, ETM)).

N.B. We have been a little cautious in writing down the last condition

since the closure of m;1(]o,1]) is not necessarily weakly semialgebraic.

Theorem 3.5. Given a partially finite covering (DAIA€A) of a space M
by open weakly semialgebraic sets there exists a partition of unity

(®XIA€A) whichis strictly subordinate to (DAIA€A).

Proof. By the last proposition there exist families (VAIAEA) in ?(M)
and (A,|X€r), (B, |A€A) in Y (M) respectively with U(B, 1X€N) = M and

By €V, € A <D, for every A € A. We choose weakly semialgebraic

functions , : M » [0,w[ with B, c w;1(]o,w[) c V. (cf. 1V.3.12).

A

Then ¢ := I wk is a well defined weakly semialgebraic function on M
AEA
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which is positive everywhere. The functionswk = wk/w and the sets AA

have the properties required in Definition 1.ii above. g.e.d.

In Corollary 3.3 we have obtained, as a by-product, a result on locally
semialgebraic spaces. One may ask for a "combinatorial" criterion that
a given space M is locally semialgebraic, starting from a patch decom-
position of M. In general this seems to be difficult since the face
relation may be very loose from a geometric view point. We can provide

a good answer if the patch complex M is normal (cf. 1.3).

Proposition 3.6. Let M be a normal patch complex. The space M is local-

ly semialgebraic iff, for every patch o of M, the complex StM(c) is
finite. Of course, it suffices to check this for the patches of height

Z2ero.

Proof. If all the stars are finite complexes then (StM(o)IOEZ(M)) is
a covering of M by open semialgebraic sets. This covering is locally

finite (Prop. 3.1), hence admissible. Thus M is locally semialgebraic.

Assume now that M is locally semialgebraic. Let ¢ be a patch of M.

There exists some U € §(M) which contains 0. Let p be a patch in StM(O),

i.e. with 0 < p. If o #p then ¢ <p, since the patch complex M is normal.

This implies 3¢ NU #@ and then p NU #¢@. But U meets only finitely many

patches since U is semialgebraic. Thus the complex StM(o) is finite.
g.e.d.

Sometimes it may be advisable to work with open coverings which are

"locally finite", as to be defined now, instead of just partially

finite. It also may be useful, or at least comfortable, to have an

open covering with countable index set at disposal. We now will con-

struct such coverings out of a given partially finite open covering.
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Definition 2. A family (XAIAEA) of subsets of M is called locally
finite (in M) if there exists an admissible open covering (UG|G€I) of
M such that, for every a €I, the set of all X €A with Xy ﬂUOl + @ is

finite.

Notice that every such family (XAIXEA) is partially finite, since any
semialgebraic subset of M is contained in the union of finitely many
Ua‘ If the space M is locally semialgebraic then the terms "partially
finite", "locally finite", as defined now, and "locally finite", as

defined in [LSA, p. 6], all mean the same.

Lemma 3.7. Given a partially finite covering (UnlnEDU of M by open
weakly semialgebraic sets with countable index set there exists a
locally finite covering (wn|n€nn of M by open weakly semialgebraic

sets such that W, < Un for every n € IN.

Proof. We choose a partition of unity (unInEBM subordinate to (UnInEIN).ﬂ

For every n € IN we define a new weakly semialgebraic function W :tM -

fo,11,

wn(x) = max(O,un(x) - _Z ui(x)).
i<n
_.=1 . .
Let W := W (1]0,1]1). We have wn c Un' We claim that (wnInEIN) is a

locally finite covering of M.

Given a point x in M let m be the smallest index with um(x) ¥ 0.
Then wm(x) = um(x) >0, which means that x ewm. Thus the union of the

sets W, is the whole space M.

We define an increasing family (NklkGDJ) in 51M) by

_ 1
N, := {xeMl % uy (x) >7} .

k i<k
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Given a semialgebraic subset X of M there exists a largest index 1 in
IN such that uy does not vanish everywhere on X. For every x €X we
have I ui(x) = 1, Thus X < Nj- This proves that (NklkEDU is an ad-
missig§i open covering of M. If n >k then Wn nNk = @¢. Thus (Wnln€DU

is indeed a locally finite open covering of M. g.e.d.

Theorem 3.8. Given an admissible open covering (UGIGEI) of a space M
there exists a locally finite open covering (WnlnEDU of M such that
every connected component of every set W is contained in Uy for some

a €I,

Proof (cf. [tD, p. 397]1). By Theorem 3.2 we may already assume that
the covering (UalaEI) is partially finite. We choose a partition of
unity (uala€I) subordinate to this covering (Th. 3.5). We may assume
that I is infinite. Let A denote the set of finite non empty subsets
of I. For every E €A we define a weakly semialgebraic function

qg ¢ M - R by

d.(x) := min u_(x) - max u,(x)

E o€E BEI~E P
Let VE = {x eMlqE(x) >0}. If E and F are different finite subsets of
I with the same cardinality |E{ = |F| #0 then Ve nVF = @. Indeed,

assume there exists some point x in VE nVF. Choosing indices k €F NE
and 1 €E~NF we have uk(x) <ul(x) since x EVg, and ul(x) <uk(x) since

X EVF, a contradiction.

1

Every set VE is contained in n(u; (10,171)la€E) . In particular, V

E CUa

for any a € E. Thus (VEIEeA) is certainly a partially finite family

in 5%M). This implies that, for every n € IN, the set

Vn s= U(VEIEEA,IEI = n)

is (open and) weakly semialgebraic, and that the family (annenq) is
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again partially finite. Also (VEIEGA,IEI = n) is an admissible open
covering of V- Since the sets in this family are pairwise disjoint
the space Vi is the direct sum of this family of spaces. Thus certainly

every connected component of Vi is contained in some set Ua'

Given a point x €M the set E consisting of all a € I with ua(x) +0 is
finite and non empty. We have x €V, hence x EVn with |El = n. Thus
the union of the sets Vn is the whole space M, and we conclude that

(ann€]N) is a partially finite open covering of M.

By the preceding lemma there exists a locally finite open covering
(Wnln€]N) of M with W, < Vn for every n. This covering fulfills the

requirements of the theorem. g.e.d.




§4 - Approximation of spaces by weak polytopes

As before we consider spaces over a fixed real closed field R. If a
space M is locally semialgebraic, then there exists a weak polytope

P in M which is a strong deformation retract of M. Indeed, the core P
of M with respect to the first barycentric subdivision of any triangu-
lation of M will do (III, §1). Thus the inclusion map P< M is a

homotopy equivalence.

This result and its refinements in III, §1 have proved to be very

useful in the development of homotopy theory of locally semialgebraic
spaces (Chapter III) and also of homology theory [D], [DK;], [D,]. For
the spaces studied now triangulations are not available. We neverthe-

less look for some generalization of the result above.

Definition 1. A WP-approximation of a space M is a homotopy equivalence

¢ : P > Mwith P a weak polytope.

The goal of this section is to prove

Theorem 4.1. Every space M has a WP-approximation.

This will be done by a string of four lemmas which we label by capital
letters A,B,C,D. We will use mapping cylinders and related more compli-

cated constructions ("telescopes").

Definition 2. Let £ : M » N be a partially proper map. The mapping

cylinder Z(f) of f is the space (cf. IV, §8)

Z(f) := (MxI) UMx1,fN'

Here we have identified Mx1 with M in the obvious way in order to
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glue Mx1 to N by f.

Mapping cylinders had been constructed in II, §12 for proper maps
within the category LSA(R). Although we now are much better off having
mapping cylinders for partially proper maps it will cause us sometimes
trouble (in later sections) that we do not have them for all maps, as

one has in topology.

If £ is partially proper then we have a canonical factorization of f

by a closed embedding i and a homotopy equivalence p.

M — 2 )

(4.2) p

N

Here i and p are defined by i(x) = (x,0) and p(x,t) = f(x), ply) =y,
for x €M, t €[0,1), y €EN. As usual, we regard Mx[0,1[ and N as sub-

spaces of Z(f), cf. IV, §8. We identify M with the subspace MxO of Z(f).

Lemma A. Let £ : A - M be any map between spaces which have WP-approxi-
mations. Given a WP-approximation § : Q - A of A there exists a commut-

ing square

o

v ©

P e O

e+
_—
T M

with ¢ a WP-approximation of M and i a closed embedding (i.e. isomor-

phism of Q onto a closed subspace of P).

Proof. We start with any WP-approximation ©q ¢ P1 - M of M. Then we

have a square
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which commutes up to homotopy. Using the factorization

g:Q R Z(qg) - P,

of g via its mapping cylinder (which exists since Q is a weak polytope)

we obtain a square

¥ 0,

A—F— M
with P := Z(g) and 9y 1= @©q4°p, which is again a WP-approximation of M.
Moreover we have a homotopy F : QOxI -» M with F(-,0) = w2oi and F(-,1) =

foy. We extend F to a homotopy G : PxI » M with G(-,0) = ®, (cf. 2.9).

Then ¢ := G(-,1) is a WP-approximation of M with @ei = fey. q.e.d.

Lemma 4.3. Let A be a closed subspace of a space M and let £ : A - N

be a partially proper map. The natural map

q: M UAZ(f) - M U_N,

f

which is induced by the identity idM : M > M and the natural projection
p : Z(f) » N, is a homotopy equivalence.

Proof. We consider the space L := MxI U It is evident that

Axt, £N
M UfN = Mx1 UAX] fN is a strong deformation retract of L, the retrac-
tion map r : L » M U.N being given by r(x,t] =[x,1], r(y) =y {x €M,

t €I,y €EN}. We now prove that also the subspace M UAZ(f) = MxO UAxOZ(f)
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of L is a strong deformation retract of L. Then we will be done since

g = rej with j : M UAZ(f) - L the inclusion map.

We have a strong deformation retraction F : MxIxI - MxI of MxI to
(Mx0) U (AxI), cf. Theorem 2.8. Since F is constant on AxI, this homo-

topy extends to a strong deformation retraction

G : LxI = (MxIxI) UAX1XI,fxid NxI - L

from L to M UAZ(f) . g.e.d.

Lemma B. Let A be a closed subspace of M and £ : A - N be a partially
proper map. Assume that M,A, and N have WP-approximations. Then also

M U_.N has a WP-approximation.

f

Proof. Let i denote the inclusion A< M. By the preceding lemma it
suffices toc find a WP-approximation of the space M UAZ(f). We choose a

WP-approximation ¢ : A - A of A. By Lemma A there exist commuting

squares
¢ lw © X

<« —_—
A T M A 3 N

with WP-approximations y,x and closed embeddings E,E. (We will only
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need that 1 is a closed embedding.) ¢ and x together induce a map
® : Z(f) » 2(f). The diagram

72 (f)—B

2

Z(f) —E2— N

with natural projections p and p commutes.

Since p,p,x are homotopy equivalences also ® is a homotopy egquivalence.

The maps ¢ and ® combine to a map

Uor MURZ(£) > MU, Z(£)

We conclude from Cor. 2.14 that y is again a homotopy equivalence.
This is the desired WP-approximation of M QAZ(f). g.e.d.
In the following we choose a patch decomposition of a given space M
and use the notations 2.2. In particular (Mnlnenw is the family of

chunks of M.
Lemma C. Every space Mn has a WpP-approximation.

We prove this by induction on n. Mo is a direct sum of semialgebraic
spaces and thus has a WP-approximation. Let n >0O. Then Mn is obtained
by gluing M(n) to Mn_1 along the subspace 3M(n) by a partially proper
map @ : IM(n) - Mn-] (cf£. §2). The spaces M(n) and 3M(n) are direct
sums of semialgebraic spaces and thus have WP-approximations. By in-
duction hypothesis also Mn_1 has a WP-approximation. We conclude from

Lemma B that M, has a WP-approximation.

The proof of Theorem 4.1 will be completed if we verify the following
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Lemma D. Let (MnInE]N) be an admissible filtration of a space M. If

every M_ has a WP-approximation then M has a WP-approximation.
n p

This lemma will follow from Lemma A and some elementary facts about

"telescopes".

Definition 3. Let @ be an infinite sequence

o, A A1 —ETﬂ A2 —a;» A3 -

The telescope Tel (®) is the inductive limit

(Teln(a) In€IN) which is defined inductively

Tel](OL) = Z((X.])

Tel (00 := Tel _, (&) UAnZ(an) (n>1)

Here we regard Teln(a) as a closed subspace

the obvious way.

Sketch of Tel3 () .

of partially proper maps

of a family of spaces

as follows.

of Telm(a) for n<m in

This inductive limit exists by IV, §7. Every Tel (&) is a closed sub-

space of Tel(®) and (Teln (@) InEIN) is an admissible filtration of the

space Tel (O¢) .

The telescope Tel (X) comes close to an inductive limit of the sequence

Xin the category HWSA(R). Indeed, we have obvious inclusion maps
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jn : An - Tel (). Clearly jn = jn+1oan. Given a family of maps

@ : A_ - N into a fixed space N with 0, =0

n n a_ for every n € IN it

n+1"%n
is easy to find a map ¢ : Tel(®) - N such that oojn N for every n.
But the homotopy class [¢] is not uniquely determined by the classes

[wn] since the construction of ¢ depends on the choice of homotopies

from ®n to o %y for every n. Thus Tel(®) is not a genuine inductive

n+1°
limit of the sequence Ol in HWSA(R).

Lenma 4.4. Let

[0 o
1 2
A1 A2 A3 — e
@4 @y P4
B B B, —/m .....
1 B1 2 BZ 3

be a commuting ladder of maps between spaces. We regard this as a mor-
phism from the upper horizontal sequence X to the lower horizontal
sequence.ﬁ. Assume that every ©n is a homotopy equivalence and that
the oy and Bj are partially proper. Then the induced map © : Tel (X) -

Tel @) is again a homotopy equivalence.

This can be proved as in the topological setting, cf. [BD, p. 59ff] or

[Pu, p. 314, Hfs. 7].

N.B. The presentation in [BD] is very lucid. We have to replace the
function e(t) = exp(-t) there on p. 59 by a semialgebraic isomorphism
e : [0,o[—]0;1]. This does not destroy the argument. A statement
similar to 4.4 holds for a ladder which only commutes up to homotopy

(loc.cit.). We do not need this more general fact at present.

For our purpose in this section it suffices to consider a special kind

of telescopes.
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Definition 4. The telescope Tel (M) of an admissible filtration M =
(MnInEDU of a space M is defined as the telescope of the sequence

M, &<&— M
1 1

M, .....
2

2 1 3

with the inclusion maps i,.
Let I_ denote the inductive limit of the intervals [0O,n]. This is a
locally semialgebraic weak polytope which has as underlying set the
non negative elements in the smallest real valuation ring ©°of R (cf.

[kw], (P, §71, [L, §51).

It is convenient to visualize Tel ) as a closed subspace of MxI_ .

This may be done as follows. We regard Teln@n) as the closed subspace

(M1x[0,1]) UMyx[1,2]) V... UM x[n=1,n]) UM ,x{n})

+

of MxI_ and Tel (@) as the union of these subspaces. (The upper lines

in the picture of Tel, above can now be drawn horizontally.)

3
The projection of MxI_ to the first factor restricts to a natural
projection P ¢ Tel (m) - M.

Lemma 4.5. is a homotopy eaquivalence.

Pon
This follows from the fact that Tel @) is a strong deformation retract

of MxI_, which can be proved by a rather obvious inductive

procedure using Theorem 2.8, cf. [BD, p. 63f].

We now start out to prove Lemma D. By the lemma just proved it suffices
to find a WP-approximation of the telescope Tel M) of the given admiss-
ible filtration. Using Lemma A repeatedly we obtain an infinite commu-

tative ladder
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Goe e 2o
M.] M2 M3 .....
(01 ‘Dz }LD?’
v
< <
M.] i1 M2 i M3L——> .....

with WP-approximations @, and closed embeddings En. Let M denote the
upper sequence. It may be regarded as an admissible filtration of a
weak polytope M. By Lemma 4.4 the map & : Tel @) - Tel @) induced by
the ©n is a homotopy equivalence. Clearly Tel @) is a weak polytope.
Thus we have found a WP-approximation of Tel @) as desired. (Using
again Lemma 4.5 it is clear that the inductive limit ¢ : M - M of the

maps ¢_ 1s also a homotopy egquivalence, hence a WP-approximation of M.)
P n

This finishes the proof of Lemma D and of Theorem 4.1.

Looking again at Lemma A we draw from Theorem 4.1 the following con-

sequence

Corollary 4.6. Given a map £ : M » N between spaces and a WP-approxima-

tion ¢ : P » M there exists a commuting square

0
|
N

with ¢y a WP-approximation and i a closed embedding.

(]

R -

C___j:__..__...
_—
£

Theorem 4.7. Assume that the field R is sequential. Then, for every
space M over R, the partially complete core Py P(M) » M (cf. IV, §9)

is a homotopy equivalence.

Thus, in this case, every space has a canonical WP-approximation.
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In order to prove this we start with a very general observation. If
f,g : X 2 Y are maps between spaces over R, and F : XxI » Y is a homo-
topy from f to g, then we have P(XxI) = P(X)xI (cf. (IV.9.13.i), and
P(F) is a homotopy from P(f) to P(g). We conclude that, if h :X -» Y

is a homotopy equivalence, then P(h) : P(X) - P(Y) is again a homotopy

equivalence.

Let now M be any space over the sequential field R. By Theorem 4.1
there exists a homotopy equivalence ¢ : Q - M with Q a weak polytope.
Then P(¢) is a homotopy equivalence from Q to P(M) and pM°P(w) = .
Since both maps ¢ and P(y) are homotopy equivalences also Py is a

homotopy equivalence.

The method in the proof of Lemma B yields also a very general homotopy
result on gluing of spaces which will turn out to be useful later on

(cf. §7 and proof of 4.11).

Theorem 4.8. Let (o¢,y) : (M,A) » (M',A') be a homotopy equivalence
between closed pairs of spaces. (N.B. By 2.13 it suffices to know for

this that ¢ : M > M' and ¢ : A - A' are homotopy equivalences.) Let

be a commuting square with f and f' partially proper and (¢ and) x a

homotopy equivalence. Then the map

. 1 1
® :MUN » M' U, N

induced by ¢,¥,x 1is again a homotopy equivalence.
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In order to prove this one replaces M UfN and M' Uf.N' by M UAZ(f)
and M' UA,Z(f') respectively. This is justified by Lemma 4.3. One

then applies Corollary 2.14.

Corollary 4.9. Let (M,A) be a closed pair of spaces with A a weak

polytope.

i) If £,9 : A 3 N are homotopic maps into a space N, then M UfN is
homotopy equivalent to M UgN under N (cf. §2, Def. 4).

ii) If £ : A > N is any map and h : N - L is a homotopy equivalence
then the map u : M UfN - M UhofL induced by h and the identity map of

M is again a homotopy equivalence.

Proof. The second claim is just a special case of Theorem 4.8. In the
situation of i) let F : AxI -» N be a homotopy from f to g. Since A is

is a weak polytope, all three maps f,g,F are partially proper. Consider

the commuting diagram

M = A N
i Jj ldN
MxI «— AxI ———F———* N
with i : M MxI the injection x » (x,0) and j := ilA. The three verti-

cal arrows are homotopy equivalences. Thus, by Theorem 4.8 and 2.11,
the space (MxI) UFN is homotopy equivalent to M UfN under N. For the
same reason (MxI) UFN is homotopy eguivalent to M U_N under N. This

proves the first claim g.e.d.

We now discuss WP-approximations of decreasing systems of spaces (§2,

Def. 5). These will turn out to be important in the next chapter.
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Definition 5. i) A system of weak polytopes, or WP-system for short, is

a finite family (Po’P1""'Pr) of weak polytopes with P, a subspace of
Po for 1 <i<r. WP-systems form a special class of closed systems of

spaces. In the cases r = 1, r = 2,... we speak of pairs, triples, ...

of weak polytopes, or WP-pairs, WP-triples, ..., for short.
ii) A WP-approximation of a decreasing system of spaces (MO’M1""’Mr)
is a map
Q (Po’P1""’Pr) - (MO'M1""’Mr)
with (Po""'Pr) a decreasing WP-system and every component 05 :Pi - Mi

of » a homotopy equivalence.

If the system (Mo"“'Mr) is closed then it follows from Theorem 2.13

that any WP-approximation of (Mo"°"Mr) is a homotopy equivalence of

systems.
Theorem 4.10. i) Every decreasing system (Mo"“’Mr) of spaces has a
WP-approximation ¢ : (Po,...,Pr) - (MO,...,Mr). if Mr is contractible

then P, can be chosen as a one-point space.

ii) If ¢ : (Q ”"’Qr) - (Mo,...,Mr) is a second WP-approximation then

(¢}
there exists a map f : (Po,...,Pr) - (Qo,...,Qr), unique up to homo-

topy, such that yef =~ ¢. This map f is a homotopy equivalence.

The first part of the theorem follows from Theorem 4.1 and Cor. 4.6,
applied several times. The second part can be proved easily by use of

the homotopy extension theorem 2.9 and Theorem 2.13.

We will have to say more about WP-approximations of decreasing systems
at the end of §6. Already in the next section we will need "relative

WP-approximations". These are defined as follows.
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Definition 6. Let (M,A) be a closed pair of spaces. A relative WP-
approximation of (M,A) consists of a closed embedding j : A< P with

(P,3j(A)) a relative weak polytope and a commuting triangle

A
/\i
p — M
©

with i the inclusion from A to M and ¢ a homotopy equivalence. Notice

that then, by Dold's theorem 2.11, ¢ is a homotopy eguivalence under A.

Identifying A with j(A) we alternatively may regard a relative WP-
approximation of (M,A) as a homotopy equivalence ¢ : (P,A) - (M,A)
between pairs such that (P,A) is a relative weak polytope and ¢ is the

identity on A.

Theorem 4.11. Let

0
ae)

X (4

L e
k
—
ha

)

M

be a commuting square with k a closed embedding and X,y WP-approximations

i

of M and A respectively. {N.B. Such a square exists for every closed

pair (M,A), cf. 4.6.} Then the map

¢ : (PU _A,A) » (MU

X ad/A) = (M,A)

induced by the commuting diagram

P " > Q A

v X id,
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is a relative WP-approximation of (M,A).

Proof. It is obvious that (P UXA,A) is a relative weak polytope, and
it follows from Theorem 4.8 that ¢ : P UXA -+ M is a homotopy equi-

valence.

Example 4.12. Assume that the field R is sequential. For every closed

pair (M,A) of spaces over R the map

A A
p(M,A) (pM,ld) : (P (M),A) » (M,RD)

(cf. IV, §10) is a relative WP-approximation of (M,A), as is clear by
the preceding theorem and Theorem 4.7. This relative WP-approximation
is especially nice since it is canonical and (PA(M),A) has the same

dimension as (M,A).

Also the other construction fw—— Pf(M) in IV, §10 gives us a homotopy

equivalence which will be useful later.

Theorem 4.13. Assume again that the field R is sequential. Let f :M - N
be any weakly semialgebraic map over R. The partially proper core

pPs Pf(M) - M of £ is a homotopy equivalence.

Proof. Let L := Pf(M). By IV.10.20 we have P(L) = P(M) and pfan =PM-

We know from Theorem 4.7 that Py and p;, are homotopy equivalences,

and conclude that Pe is a homotopy equivalence. g.e.d.




§5 - The two main theorems on homotopy sets

If M is a space, X is a point of M, and A is a weakly semialgebraic
subset of M containing x, then we define the absolute homotopy groups
nn(M,x) (n >1) and the relative homotopy groups nn(M,A,x) (n >2) and
also the pointed sets no(M,x) and n1(M,A,x) in the same way as has
been done in III, §6 for locally semialgebraic spaces. The more formal
properties of these groups and sets stated there on pp. 265-270
(before Theorem III.6.3) remain in force in the present setting, to-

gether with their proofs.

If (MGIGEI) is an exhaustion of M such that every M, contains the

point x then clearly

nn(M,x) = lim "n(Ma’X)
nn(M,A,x) = lim nn(Ma,A ﬂMa,x).

From this fact it is evident that also the first and second main theo-

rem for homotopy groups (III.6.3, 6.4) remaln true for weakly semi-

algebraic spaces.

More generally, the main theorems on homotopy sets III.4.2 and III.5.1
can be generalized to weakly semialgebraic spaces. In order to prove
this, and also for later use, we make explicit an easy lemma on the
"composition" of infinitely many homotopies. (This lemma has already

been used in the proof of III.4.2.)

Lemma 5.1. Let (Cnlnénw be an admissible filtration (cf. §2, Def. 3)
of a space M. Assume that (Gn : MxI - NIn€lN) is a family of homotopies

such that G (-,1) = Gn+1(—,o) and G, is constant on C_ . Let
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be an infinite strictly increasing sequence in [0,1[. Then there exists |

a homotopy F : MxI - N such that

Flx,t) = Gy (X, (S,,,-5)  (t=sy))

if (x,t) €CnX[sk,sk+1], 0 <k <n-2, and
F(x,t) = Gn(x,O)

if (x,t) €CnX[sn 17.

-1
Proof. Using these formulas we obtain a well defined homotopy

Fn : CHXI - N from G1(—,O)ICn to Gn(-,o)lcn. We have FnIC

n-TXI = Fn-1

since Gn is constant on Cn Thus the Fo fit together to the desired

-1
homotopy F.

_‘l‘

Definition 1. We call F the composite of the family of homotopies

(Gnln€]1\1) , along the sequence (snln€]No)

Let (M,A ...,Ar) and (N,B1,...,B ) be two systems of spaces over R

1! r
with every Ai closed in M. We fix a map h : C - N on a closed sub-
space C of M with h(CNA;) <B; for 1 <i<r. We use the notations

about relative homotopy sets established in III, §4 and III, §5.

Theorem 5.2. i) (First main theorem). Let S be a real closed field

containing R. Then the natural map

h h
K o3 [(M,A1,...,Ar),(N,B1,...,Br)] - [(M’Al""’Ar)’(N’B1""’Br)] (s)

is bijective.
ii) (Second main theorem). Assume that R = IR. Then the natural map

h h

Ao [(M,A.I,...,Ar),(N,B1,...,Br)] top

- [(MIA1I"'IAr)I(NIB-]I”'IBI)]
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is bijective.

The two claims can be proved in exactly the same way starting from

Theorem III.4.2 and III.5.1 respectively. We give the proof of i).

As in III, 84 we see that it suffices to prove the surjectivity of x,
and as there we retreat to the case r =0 using the homotopy extension
theorem 2.9. We are given a map f£f : M(S) - N(S) extending hs : C(S) - N(S),

and we look for a map g : M -» N extending h with gg ~f rel. C(S).

We choose a relative patch decomposition of (M,C) and we use the stan-
dard notations 2.2 from §2 (the letter A there being replaced by C, of
course). We want to construct maps hn : Mn - N, fn : M(S) » N(S) for

every n >-1, and a homotopy H o3 M(S)xI(S) = N(S) relative Mn—1(s) for

n >0, such that the following holds: h = h, hnlM = h £ = f,

-1 n=1" -1
fnan(s) = (hn)s, Hn(—,o) = fn—1' Hn(-,1) = f . Once we have accomplish-

n-1

ed this we are done. We have a map g : M » N with gIMn = hn for every
n. Composing the family (Hnln >0) of homotopies along some strictly in-
creasing sequence (snln,3-1) in [0,1[R with s_;, = 0 (cf. Lemma 5.1,

the indices are shifted by -1) we obtain a homotopy G : M(S)xI(S) - N(S)

relative C(S) from f to gs, as desired.

In order to construct hn’fn’Hn we proceed by induction on n. We start

with h_, = h and f_qy = £, of course. Assume that the h;,f,,H; are given

1

for i <n. We use the pushout diagram over R (cf. 2.2)
“n

oM(n) ————— M

n-1
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By base field extension, we obtain from (*) a pushout diagram (*)S over

S. We introduce the maps

k_ :=h

n: n—1°wn dM(n) -» N ,

uoi= (£ IM (S))e (W) g 2 M(n) (S) = N(S)

Notice that u, extends (kn)s. The space M(n) is a direct sum of semi-
algebraic spaces. By Theorem III.4.2 there exists a map Vgl M(n) - N

extending kn together with a homotopy
F :M(n)(S) x I(S) — N(S)

relative oM(n) (S) from u, to (vn)s. By the pushout property of the
diagram (*) the maps Vo and hn_1 combine to a map hn : M - N with

° - = " . 3 " as * .
hn wn v and hnan_1 hn-1‘ Multiplying" the diagram ( )S with the

unit interval I(S) we obtain again a pushout diagram (cf. IV.8.7.ii).

By this diagram the map Fo and the map (x,t) » (h ) (x) from

S
Mn_1(S)XI(S) to N(S) combine to a homotopy ﬁn : Mn(S)XI(S) - N(S)

n-1

relative M__,(S) with H (-,0) = fn_1an(S) and H (=,1) = (h )g. We
extend H to a homotopy H ¢ M(S)xI(S) - N(S) with Hn(—,o) = fn_1 .
We put fn = Hn(-,1). This finishes the induction step and the whole

proof of Theorem 5.2.i.

We are interested in Theorem 5.2 mainly in the "absolute case" C = @.
But for the proof (as already in III, §4-§5) it is necessary to work

with relative homotopies.

Remark 5.3. Theorem 5.2 remains true for locally finite systems
(M:(AAIAEA)):(N,(BAIAEA)) of spaces instead of finite ones, with all
A  closed in M, of course. This can be proved in a similar way as

A
above with more notational effort.
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It will be more difficult here than in Chapter III to apply the trans-
fer principles given by the main theorems on homotopy sets, since we
do not know whether a given system of spaces (M,A1,...,Ar) over R is
isomorphic to (N(R),B1(R),...,Br(R)) for some system of spaces
(N,B1,...,Br) over the field R, of real algebraic numbers.*) This

will make the homotopy theory in WSA(R) more laborious than in LSA(R).

*
) Recall that RO embeds in a unigue way into any other real closed

field and thus is the "prime field" in real algebraic geometry.



§6 - Compressions and n-equivalences

In this section we present some theorems which can be proved essential-
ly by well known classical "compression arguments" mostly due to J.H.C.
Whitehead. For some steps, which are important to attain the right level
of generality (steps b)-d) in the proof of Theorem 6.8 below), we will
need the spaces PA(M) and Pf(M), introduced in IV, §10, and the first

main theorem on homotopy sets 5.2.1i.

Definition 1. Let £ : (M,A) » (N,B) be a map between pairs of spaces.
Let further L be a weakly semialgebraic subset of N containing B. We
say that f can be compressed to L, if f is homotopic relative A to a
map g ¢ (M,A) -» (N,B) with g(M) < L. We then call a homotopy

F : (MxI,AxI) - (N,B) from f to g a compression of f to L. We say that

f is compressible if f can be compressed to B.

Definition 2. Let n EINo Ueo, i.e. either n = O or n is a natural number

or n = ©», We call a pair of spaces (M,A) n-connected if every map

f (Ek,sk_1) > (M,A) with k €N, and k <n is compressible. Here, as
k 1

usual, Ek denotes the closed unit ball in R and Sk— its boundary.

Proposition 6.1. Let (M,A) be a special relative patch complex (cf.

§2, Def. 1). Assume that the pair of spaces (M,A) is a relative weak
polytope and that, for a fixed m € IN, every patch 0 €Z(M,A) has dimen-

sion at least m. Then (M,A) is (m—-1)- connected.

This can be proved by a very basic "cell by cell" argument, which here
is even simpler than in the topological setting, say, for simplicial

complexes. We are given a map f : (Ek,Sk_1) - (M,A) with k <m. We have
to compress f to A. There exists a finite closed subcomplex (M',A) of

(M,A) with f(Ek) < M'., Replacing M by M' we may assume that the relative
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complex (M,A) is finite. If 0 is a patch of dimension d, then
(G, 90) E(Ed,sd—1), since M is partially complete relative A. We choose
a maximal patch in M~NA, i.e. a patch o which is not a face of another
patch. Then (M ~o0,A) is a closed subcomplex of (M,A). Since

dim f(Ek)< dim ¢ there exists a point p € o which is not contained in
the image of f. The set 50 is a strong deformation retract of o ~{p}.

Thus M~0 is a strong deformation retract of M~{p}, and f can be com-

pressed to M~oc. The proposition now follows by induction on the number

of patches in M NA.

Quite generally, n-connectedness can be expressed in terms of relative

homotopy groups nk(M,A,x) (resp. sets if k = 1).

Proposition 6.2. A pair of spaces (M,A) is n-connected iff the follow-

ing two properties hold.
a) The natural map no(A) - nO(M) is surjective.

b) nk(M,A,x) = 0 for every x €A and every natural number k <n.

Of course, it suffices to demand (b) for one point x in each connected
component of A since the fundamental groupoid TT(A) operates on the

system (nk(M,A,x)lxeA).

Proposition 6.2 is an immediate consequence of the following more gene-

ral lemma.

Lemma 6.3 (Compression lemma, cf. [W, p. 70f]). Let £ : (M,A) - (N,B)
be a map from a closed pair of spaces (M,A) to a pair of spaces (N,B).
Assume that f is homotopic to a map g : (M,A) - (N,B) with g(M) c L

for some L € ¥(N) containing B. Then f can be compressed to L.

This can be proved, as in the topological theory, by applying the
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homotopy extension theorem 2.9 to the pairs (M,A) and (MxI, (AxI) U (Mx3I))

cf. [w, p. 711.

Having finished the preliminaries on compressibility and n-connectedness
we head for our main result on compression of maps, which will be ex-

ploited afterwards.

Definition 3. The dimension dim X of a space X is the supremum of the

dimensions diHlXa of the semialgebraic spaces Xq for some exhaustion
(XG|G€J) of X. We have dim X €1No Ueo. Of course, dim X is independent
of the chosen exhaustion of X. If (M,A) is a pair of spaces then we set

dim(M,A) := dim(M~NA).

Notice that, if (YAIAEA) is any admissible covering of X by weakly

semialgebraic sets (cf. IV, §3, Def. 7), then dim X = sup(dinlelkeA).

Theorem 6.4 (Compression theorem). Let d €INO U, Assume that (M,A) is
a relative weak polytope of dimension 4, and that (N,B) is a d-connected

pair of spaces. Then every map f : (M,A) - (N,B) is compressible.

Example 6.5 (f = id(M A)). If (M,A) is a d-dimensional relative weak
’
polytope which is also d-connected, then A is a strong deformation

retract of M.

We start out to prove Theorem 6.4. We choose a special relative patch
Aecamposition of the pair (M,A), and we use the standard notations 2.2.
We want to construct inductively a family of homotopies (Hn : MxI - N
| n€INO) with the following properties: i) Hn(—,o) = Hn—1(—'1)'

ii) Hn(x,t) = Hn_1(x,1) for x EMn—1’ t€eI.

iii) Hn(Mnx1) < B.

Here (for n = O0) H : MxI -» N means the constant homotopy H_1(x,t) =

-1




155

f(x). Once this is done we can apply Lemma 5.1 with Ch = M G =H

n-1’ "n n-1'
and thus can compose the H to a homotopy F : MxI - N relative A which

obviously compresses f to B. The secuence (snInEINo) can be chosen here

in any way.

Suppose that for some n >0 the homotopy Hn_1 is already given (H_1 as
above if n = 0). We want to construct H . Ve consider the map

u_ e (Mn,M

n ) » (N,B) defined by u (x) = H

n-1 n-1(x,1). Composing u,  with

the standard map byt (M(n),3M(n)) - (Mn’Mn-1) we obtain a map

9y ¢ (M(n),9M(n)) - (N,B). Now (M(n),9M(n)) is just a direct sum of
pairs which are isomorphic to pairs (Ek,sk—1) with - perhaps varying -
natural numbers k <d. Since (N,B) is d-connected there exists a

compression

G, : (M(n)*xI,3M(n)xI) - (N,B)

of 95 to B. The diagram

v _xid
3M(n) xI n 1 M__ xI
ixidI jxidI
M(n)xI - M _xI
wndeI n

obtained from the cocartesian square (*) in (2.2) by multiplying with
I is again cocartesian (cf. IV.8.7.ii). Thus there exists a unique
homotopy U, : M xI » N with Unv(wnxid) = G, and Un(x,t) = un(x) for
(x,t) EMn_1xI. Using the homotopy extension theorem we extend Un to a
homotopy Ho : MxI > N with Hn(-,O) = Hn_1(—,1). Clearly Hn(Mnx1) =

Un(Mnx1) c B. This finishes the proof of Theorem 6.4.

Definition 5. Let d €INo Uwo. Amap £ : M » N between spaces is called

a d-equivalence if, for every x €M, the induced homomorphism
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£, : nq(M,x) - nq(N,f(x)) is bijective for 0 <g<d and, in case d #«,
surjective for g = d. If 4 = » then we also say that f is a weak homo-

topy equivalence if this holds.

Example 6.6. If (M,A) is a pair of spaces then the inclusion map A& M
is a d-equivalence iff (M,A) is d-connected. This follows from the long

exact homotopy sequence III.6.1.

Remark 6.7. A partially proper map £ : M - N is a d-equivalence iff
the closed pair (2(f),M), with Z(f) the mapping cylinder of f (cf. §4)
is d-connected. This follows from the factorization (4.2) of f via

Z(f) since the projection p : Z(f) » N is a homotopy eguivalence.

Starting from this remark we are able to transform the compression
theorem 6.4 into a very general theorem about lifting of maps up to

homotopy.

Theorem 6.8 (cf. e.g. [Spa, p. 404]). Let £ : M - N be a d-equivalence
for some 4 GINO Ueo. Let (L,C) be a closed pair of spaces of dimension

at most d and let h be a map from C to M. Then the map
£, : (LB o (L,mfP
between relative homotopy sets (cf. notations in III, §4) induced by

f is surjective.

Remark. More explicitly this means the following. Let (L,C) be a closed
pair of spaces of dimension at most d. Assume there is a given commut-

ing square of maps (solid arrows)
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with £ a d-equivalence and the left vertical arrow the inclusion of C
into L. Then there exists a map v : L » M (dotted arrow) such that

vIC = h and fov is homotopic to w relative C.

Proof. a) We first deal with the case that (L,C) is a relative weak
polytope and f is partially proper. In this case Z(f) exists and the
classical argument [Spa, p. 404f] remains valid. We reproduce this

argument for the convenience of the reader.

Consider the square (solid arrows)

He—0

s <
N

\

c N

AY

N

b

with j : NS Z(f) the inclusion of N into Z(f). This square does not
commute, but there exists a homotopy H : LxI - Z(f) from jew to a map
u : L » 2(f) which extends the obvious homotopy from jewlC to ish. The
square commutes after replacing jew by u. According to Remark 6.7 and
Theorem 6.4 we can compress u : (L,C) = (Z2(f),M) to M. Thus we have a
map v : L » M extending h with i.v ~u rel.C. Composing with the cano-
nical projection p : Z(f) - N we obtain fev ¥peu rel.C. By the special
nature of the homotopy HICxI we have w = pejow =peu rel. C. Thus

fov ~wrel. C.

b) We now prove the theorem under the additional assumptions that the
field R is sequential and L is a weak polytope, which implies that

also C is a weak polytope. But we do not assume that £ is partially
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proper. We will use the partially proper core pe : Pf(M) - M introduced
in IV, §10. Starting from the given commuting square (*) of solid arrows

we obtain a commuting diagram of solid arrows with pfoﬁ = h,

P
c—P Lpm) —F  m
~ ///' E
i y- £
L - N

since the map w°i from C to N is certainly partially proper. (Of course,v
i denotes the inclusion from C to L). The map £ is partially proper and
Pe is a homotopy equivalence (Th. 4.13). Thus £ is again a d—equivalence;
By step a) of the proof there exists a map Vv from L to Pf(M) (dotted
arrow) with ¥ei = h and fo¥ =w rel.C. The map v := pf°§ from L to M
has the required properties.

c) We now prove the theorem under the weaker assumption that R is se-
sequential and (L,C) is a relative weak polytope. Starting again from

the square (*) of solid arrows we look at the commuting diagram of

solid arrows

P (C) c h M
Pc v
- 2 £
{/},/"‘ ///
P (L) P L w N '

with P and Pc the partially complete cores of L and C (cf. IV, §9).
Since (L,C) is a relative weak polytope the left hand square is cocar-
tesian (Cor. IV.10.4). The pairs (P(L),P(C)) and (L,C) have the same
relative dimension <d. By step b) of the proof there exists a map ¥
from P(L) to M (dotted arrow above) extending h-pC such that f.¥ =Wepy
relative P(C). We obtain from ¥ a map v : L - M extending h such that
fevepL = fov. We know that f°V°pL =Wepy rel. P(C) and conclude from this

that fev 2w rel.C, since also the square
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P(C)xI ————s—— CxI

pCXid

P{(L)xI ——————— LxI

pLXid
is cocartesian (IV.8.7.ii).
d) We still assume that R is segquential, but now (L,C) may be any closed
pair of dimension at most 'd. We now use the relative WP-approximation
pg : PC(L) -+ L described in 4.12. We denote this map by @ : P » L. Thus
(p,C) is a relative weak polytope of dimension at most 4 and ¢ is a

homotopy equivalence under C. Let §y : L - P denote a homotopy inverse

of ¢ under C. We look at the commuting diagram (solid arrows)

c—h Ly

[
P4

By the preceding step c¢) of the proof there exists amap V : P » M
under C such that fov =C ues@. Then v := Vo : L » M is again a map

under C and

feov :C ueWey :cu ,

as desired.

e) We finally prove the theorem in the case that R is not sequential.
Then we choose a real closed overfield S of R which is sequential. For
example we can take for S the real closure of the rational function
field R(t) over R (one indeterminate t) with respect to the ordering

of R(t) in which t is positive and infinitely small over R. Alternative-
ly we can take for S the real closure of R((t)) with respect to the

unique ordering in which t is positive. In both cases " nemw) is a

null seqguence in S. We have a commuting square
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(L,m)B £x (L, &b

K |= =k

i

tLmiPis) —— L,

(F5)s

where the vertical arrows are the natural maps "base extension from R
to S". They are bijective by Theorem 5.2.i. The lower horizontal map

(fs)* is bijective by step 4) of the proof. Thus f, is bijective. g.e.d.

Applying Theorem 6.8 to the product (L,C) x (I,3I) = (LxI,(Lx3I) U (CxI))

instead of (L,C) we obtain, in the usual way,

Corollary 6.9. In the situation of Theorem 6.8 assume that even

dim(L,C) < d-1. Then the map f, above is bijective.
The most interesting case here is that C = @ and d = ». Then £ : M > N
yields a bijection £, : [L,M] - [L,N] for every svace L over R. This

means that f is a homotopy equivalence. Thus we have proved

Theorem 6.10 ("Whitehead's theorem"). Every weak homotopv equivalence

is a homotopy egquivalence.

Corollary 6.11. Let (MnInEDU and (NnInEDU be admissible filtrations

of spaces M and N. Let £ : M » N be a map with f(Mn) c N_ for every

n

n €IN. Assume that the restrictions fn : Mn - Nn of £ all are

homotopy equivalences. Then f is a homotopy ecuivalence.

Indeed, f clearly is a weak homotopy eqguivalence, hence by the theorem

a genuine homotopy ecuivalence. {The result 6.11 could also have been
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gained by the telescopic methods of §4.}

We now look for a generalization of Theorem 6.8 to decreasing systems

of spaces (cf. §2, Def. 5).

Definition 7. Let 4 €W, Uw. We call a map £ :(MO,...,Mr) » (Ngs... N

)

r

between decreasing systems of spaces a d-equivalence (or weak homotopy

equivalence if d = =) if all the components fi : Mi - Ni of f are

d-equivalences.

Remarks 6.12. i) If r = 2 and M_,N_ are one point spaces {x}, {y} this

implies that the induced homomorphism f, : nq(Mo,M1,x) - nq

is bijective if 1 <g<d and surjective if A € IN and q = d.

(NO,N1,y)

ii) By Theorems 6.10 and 2.13 every weak homotopy equivalence between
closed decreasing systems of spaces is a homotopy ecuivalence.

iii) In the present terminology a WP-approximation of a decreasing

system of spaces (MO,...,Mr) (cf. §4, Def. 5) is just a weak homotopy
equivalence ¢ : (Po""’Pr) - (Mo,. .,Mr) with (Po""’Pr) a decreas-
ing system of weak polytopes. If the system (Mo,...,Mr) is closed then

® is a homotopy equivalence. We conclude from Theorem 4.10.i that every

closed decreasing system of spaces is homotopy equivalent to a decreas-

ing WP-system.

Theorem 6.13. Let f : (M M) > (N

or My ,N_) be a d-eguivalence

of " r

between decreasing systems of spaces (d €I, Ue). Let further (P .,P)

o’** r

be a closed decreasing svstem. Let finally C be a closed subspace of Ps

and h be a map from (C,C 0P1,...,C npr) to (M ..,Mr).

o’
i) If dim P < d then the induced map

£o 8 L(P_,eee,PL), (Mg, en e M)

r [¢] r
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between relative homotopy sets is surjective.

ii) If dim PO < d-1 then f, is bijective.

Proof. Once we have proved the first claim i) we obtain the second
claim ii) by applying i) to (PoxI,...,Per) and (CxI)U(POxBI) instead
or+--+Py) and C.

We prove the first claim by inductions on r.

The case r = O is covered by Theorem 6.8. Let r > 1, and let

u : (Po""’Pr) - (NO,...,Nr) be a map extending feh. In order to

prove the first claim we have to find a map v : (PO,...,P ) » (M

r O""’Mr)

extending h such that fev *u rel.C. We denote the components of u,v,f,h
by ui,vi,fi,hi respectively (0 <i <r). We first consider the commuting

square of solid arrows

hl
(C ﬂP1,...,C ﬂPr) —_— (M1,...,Mr)
_ -7
R 3
(P1’°"'Pr) TN (N1,...,Nr)
with h' = (h1,...,hr), f' = (f1""'fr)' u' =~(u1,...,ur), and the

left vertical arrow an inclusion map. By induction hypothesis there

exists a map (dotted arrow)

v' = (v1,...,v ) ¢ (P1""’Pr) - (Ml""'Mr)

r

extending h' and a homotopy

F' = (F1,...,F ) = (P

r TxI,...,Per) - (N1,...,N )

r

with F'(-,0) =u' , F'(-,1) = f'e.v', and F1(c,t) = foh1(c) for every
(c,t) € (CNPy)xI. We extend F, to a homotopy F, : P xI - Ng with
FO(—,O) = ug and Fo(c,t) = foho(c) for every (c,t) €CxI (cf. 2.9).

This means we have a homotopy
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LF) (POXI,...,PrXI) - (N ,...,N ) with F(-,0) = u and F

o’ r fe) r
constant on C. Let w := (wo,...,wr) := F(-,1) and w' := (w1,...,wr).

Then w' = f'sv'. Now consider the commuting square of solid arrows

€o

C UP1 — M

V4 o

with es obtained by gluing ho and Ve By Theorem 6.8 (or by induction

hypothesis) there exists a map v_ : P, - M, (dotted arrow) such that
- R ~ .= 1y .
volc UP1 = e, and fo Vo ¥V, rel.C UP1. Let v : (vo,v ) .(Po,...,Pr) -
(MO,...,Mr). Then fev = ywrel. C UP1. On the other hand
w = uvrel. C. Thus f°ev =~ u rel. C, as desired.
g.e.d.

Remark. As the proof shows it suffices for the first claim i) to assume

that dim(P,,CNP.) <d and dim(P;, (CNP;) UP, ) <d for 0<i<r-1.

The special case d = », C empty, of the theorem implies a characteriza-

tion of WP-approximations by a universal property.

Corollary 6.14. Let ¢ : (Po""’Pr) - (Mo""’Mr) be a WP-approximation
of a decreasing system of spaces (MO,...,Mr). Let f be any map- from
a decreasing WP-system (QO,...,Qr) to (Mo""'Mr)' Then there exists
a map g from (Qo,...,Qr) to (Po,...,Pr), unique up to homotopy, such
that ¢eg =~ f.
(Po" "Pr)
-
9.7 ®
—_—
Qg+ rQ) : (M seee ML)



164

This universal property implies functoriality of WP-approximations.

Corollary 6.15. Let ¢ : (Po""'Pr) > (Mo""'Mr) and

Yoz (Qo,...,Qr) - (No""'Nr) be WP-approximations of decreasing systemsf
of spaces. For every map f from (MO,...,Mr) to (NO,...,Nr) there exists
a map g from (Po,...,Pr) to (QO""’Qr)' unigue up to homotopy, such

that Yog = fe0.

w %4
(P0r~--1Pr) — (MO,...,I‘jr)
g . £
(QO"“'QI‘) _'w—’ (No,-..,Nr)

If £ is a weak homotopy equivalence then g is a homotopy egquivalence.

The last statement here is already clear by Theorem 4.10.ii.




§7 - CW-complexes

Definition 1. a) A relative CW-complex (M,A) of R is a relative patch

complex (M,A) with the following two additional properties.

CW1. The patch decomposition of M~A is dimensional (i.e. if T <0 then
dim Tt <dimo, cf. §1).

CW2. For every patch o €z (M,A) there exists a map Xg 3 E" - G from the
closed n-ball (n = dim o) onto ¢ which maps E" isomorphically onto
o and s™” ! onto d0.

b) If (M,A) is a relative CW-complex and A is empty then we call M a

CW-complex (or absolute CW-complex) over R.

Notice that, as a consequence of CW2, the underlying pair of spaces of

a relative CW-complex is a relative weak polytope.

If we are working over R = IR we will call, if necessary, the (absolute
or relative) CW-complexes defined here more precisely semialgebraic
CW-complexes, in contrast to the classical CW-complexes which we will

call topological CW-complexes.

Examples 7.1. i) If (M,A) is a dimensional special relative patch com-
plex (§2, Def. 1) and if (M,A) is also a relative weak polytope then
(M,A) is a relative CW-complex. These are precisely those relative
CW-complexes where the maps Xg in CW2 can be chosen as isomorphisms.

(They should be called regular CW-complexes, as in the topological

theory [LW, p. 78].)

ii) Every closed simplicial complex (cf. IV.1.7) is a CW-complex.
iii) If L is a closed subcomplex of a relative CW-complex (M,A) (cf.
§2, Def. 1.c) then (L,A) is again a relative CW-complex.

iv) The direct product (§2, Def. 1.d) of two relative CW-complexes 1is

again a relative CW-complex. In particular, if (M,A) is a relative
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CW-complex, then also
(M,A)x(I,9I) = (MxI, (AxI) U (Mx31I))

is a relative CW-complex. The patches of (M,A)x(I,dI) are the sets
ox]0,1[ with ¢ running through I (M,A).

v) If (M,A) is a relative CW-complex, then any map £ : A - N to a space
N is partially proper near M~A, and the pair (M UfN,N) is again a
relative CW-complex with the same patches as (M,A). {As usual we iden-
tify M~A with the open subspace (M UfN)‘\N of M UfN.} In particular

(N = one point space), M/A is an absolute CW-complex. The cells of M/A

are those of (M,A) and one further zero-dimensional cell A/A.

We extend the terminology which is common for topological CW-ccmplexes
to the semialgebraic setting in the obvious way. Thus, if (M,A) is a
relative CW-complex over R, we call the ¢ €Z(M,A) the (open) cells of

(M,A). For a given cell 0 we call a map X, as above a characteristic

map for 0. Some authors incorporate a fixed choice of the characteristic
maps into the structure of a CW-complex. We do not follow this conven-

tion. Our CW-complexes are just patch complexes of a special type.

The n-skeleton M" of (M,A) is defined as the union of A and all cells

of dimension <n. We put M—1 = A. We should denote the n-skeleton of

(M,A) more precisely by (M,A)n, but most often this is not necessary.
Notice that MP is a subcomplex of (M,A) and that (Mnlnz1) is an admiss-

ible filtration (§2, Def. 3) of the space M.

For CW-complexes it is more natural to work with the skeletons than

with the chunks. Thus we need a modification of the notations 2.2.

Notations 7.2. Let (M,A) be a relative CW-complex. Zn(M,A), or more

briefly Y denotes the set of cells of dimension n of (M,A). We choose
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for every o €Zn a characteristic map Xg ¢ E® - T. The composite of Xg

with the inclusion 0 < %" is denoted by v,. Abusively we also call
wo : ED - M" a characteristic map for o. Its restriction O Sn_1 -
Mn_1 is called an attaching map of ¢. We have a commuting square of

partially proper maps

ansn—1 ____fg___ﬁ Mn—1

~

(%) i J
f xE" ——— M
n
defined as follows. The set ¥ is regarded as a discrete space. Thus
anEn is the direct sum of copies of E” indexed by the set I and
ansn_1 is the closed subspace of ZnXEn consisting of the boundaries

of these copies of E". The map wn, called the big characteristic map

in dimension n, is defined by ¢n(0,x) = wc(x). The mrap wn, called the

big attaching map in dimension n, is obtained from wn by restriction.

i and j are inclusions. The maps wn and j combine into a partially

proper strongly surjective map

Pn : (T %ET) TRV

Thus the sguare (*) is cocartesian, which means

MY = (= xgMy v M1,
n wn

We spell out the standard facts about "cellular approximation" of maps.
There is no difference to the topological theoryhere. In the following

(M,A) and (N,B) are relative CW-complexes over R.

Proposition 7.3. Assume that, for a fixed m € IN, every cell of (M,A)

has dimension at least m. Then (M,A) is (m-1)-connected.
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The proof is very similar to the proof of Proposition 6.1.

Definition 2. a) A map f from the pair of spaces (M,A) to the pair
(N,B) is called cellular, if f(Mn) c N" for every n >0.

b) Consequently, a homotopy H : (MxI,AxI) - (N,B) is called cellular
if H maps the n-skeleton (Mnxal) U(Mn—1XI) of (MxI,AxI) into N for
every n >0. This forces the maps H(-,0) and H(-,1) from (M,A) to (N,B)

to be cellular.
Applying Proposition 7.3 and the compression theorem 6.4 successively
to all the relative CW-complexes (Mn,Mn_1) and (N,Nn), and using finally

Lemma 5.1, we obtain, as in the topological theory,

Proposition 7.4. Every map £ : (M,A) -» (N,B) is homotopic relative A

to a cellular map g : (M,A) -» (N,B).

We call such a map g a cellular approximation of f. Cellular approxima-

tions are a very rough substitute of the simplicial approximations

which we have used in Chapter III but which now are out of bounds.

Applying Proposition 7.4 to the direct product (MxI, (AxI) U (Mx9I))

of the relative CW-complexes (M,A) and (I,9I) we obtain

Corollary 7.5. If two cellular maps f,g : (M,A) 3 (N,B) are homotopic

then there exists a cellular homotopy from f to g.

Cellularity of the attaching map is a necessary assumption if one wants
to glue a CW-complex to another CW-complex along a closed subcomplex
without destroying the cell structure. It is also sufficient, as is

stated by the following rather obvious proposition.
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Proposition 7.6. Let L be a closed subcomplex of (M,A) and let

f : (L,A) » (N,B) be a cellular map. Then the pair (M U_N,B) together

£
with the patch decomposition

(M U_N,B) = £(M,L) UZ(N,B)

f

is a relative CW-complex. {Notice that f is partially proper near ML
since (M,L) is a relative weak polytope.} N is a closed subcomplex of

(M U_.N,B). The natural map from (M,A) to (M UfN,B) extending f is again

f

cellular.

We now start out to prove that every weak polytope over R is homotopy
equivalent to a CW-complex which can be defined over the field Ry of
real algebraic numbers, and also, that every topological CW-complex is
topologically equivalent to a semialgebraic CW-complex over IR. Actual-
ly we will prove much more refined theorems (7.8, 7.10, 7.11). In

these theorems we will establish homotopy equivalences between relative
patch complexes or CW-complexes which induce homotopy equivalences

between many subcomplexes. We need a definition to make this precise.

Definition 3. Let (M,A) and (N,B) be relative patch complexes over R.

A patch watching homotopy egquivalence from (M,A) to (N,B) is a pair

(f,a) consisting of a map £ : (M,A) - (N,B) between pairs of spaces
and a bijection a : ¥ (M,A) - Z(N,B) such that the following three
axioms PW1-PW3 hold. For any ¢ € Z(M,A) we write %5 instead of a(o).

For any subcomplex L of (M,A) let

%L :=BU U(%loes(L,n)).

This is a subcomplex of (N,B).

[]

PW1. If ¢ and 1t are patches of (M,A) and "1 is a face of % then T is

a

a face of 0. Thus, if L is a closed subcomplex of (M,A) then 'L
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is a closed subcomplex of (N,B).

Pw2. f(L) < %L for every closed subcomplex L of (M,A). (Of course,
it suffices to check this for L the union of A and the faces of
a patch o of (M,A).)

PW3. For every closed subcomplex L of (M,A) the map from (L,A) to
(GL,B) obtained by restricting f to L is a homotopy equivalence.

In particular, f itself is a homotopy equivalence.

For some time we will still work over a fixed real closed field R. The
following lemma is obvious by Corollary 6.11 and Theorem 2.13. It indi-
cates that patch watching homotopy equivalences can be constructed by

an inductive procedure.

Lemma 7.7. Let (M,A) and (N,B) be relative patch complexes and let
(Mnlnenu ’ (annenn be (automatically admissible) filtrations of M
and N by closed subcomplexes M and N, of (M,A) and (N,B) respectively.
Assume that for every n € IN there is given a patch watching homotopy
equivalence (f ,a. ) from (M, ,A) to (N, ,B) such that f extends f-1

and o« extends « Let £ : (M,A) -» (N,B) be the map between pairs

n-1°
of spaces extending all the maps fn, and let a : £¥(M,A) -» Z(N,B) be
the map between sets extending all the maps & Then (f,a) is a patch

watching homotopy equivalence from (M,A) to (N,B).

Theorem 7.8. Let (M,C) be a relative patch complex and A a closed sub-
complex of (M,C) such that the relative patch complex (M,A) is special.
{Notice that such a relative patch decomposition can be chosen on any
decreasing closed triple of spaces (M,A,C), cf. 2.1.} Assume that

(M,A) is a relative weak polytope. Let (g,3) be a patch watching homo-
topy equivalence from (A,C) to a relative CW-complex (B,D). Then there
exists a relative CW-complex (N,D) containing B as a closed subcomplex

(with the pregiven cell decomposition of (B,D)) and a patch watching
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homotopy equivalence (f,a) from (M,C) to (N,D) such that f extends g
and o extend B. In particular (A = @, B = @), every weak polytope is

homotopy equivalent to a CW-complex.

Proof. Let M, denote the n-chunk of the special relative patch complex
(M,A). We will construct inductively a relative CW-complex (Nn,D) and

a patch watching homotopy equivalence (f ,a ) from (M_,C) to (N_,D)
n’’n n n

for every n >-1, starting with N_1 = B, f_1 = g, a_1 = B, such that
N._4 is a closed subcomplex of (Nn,B), f, extends fn_1, and a  extends
o1 Then we will be done: We equip the union N of all the sets N

with the inductive limit space structure of the family of spaces

(annz-1). This space N is weakly semialgebraic. Every N, is a closed

subspace of N, and (Nn|n1—1) is an admissible filtration of N (IV,
Th. 7.1). Clearly the union I of all the sets of cells X(Nn,D) is a
relative patch decomposition of (N,D) which makes (N,D) a relative CW-
complex containing the Nn as closed subcomplexes. By Lemma 7.7 the
pairs (fn,an) fit together to a patch watching homotopy equivalence

(f,a) from (M,A) to (N,B), as desired.

Assume that, for some n >0, the patch watching homotopy equivalence

(f 1) from (M ,C) to a relative CW-complex (Nn_1,D) is already

n-1'%n- n-1

given. Then we construct (Nn,D) and (fn,an) as follows. We have

with M(n) the n-belt of (M,A) and e, f oM (n) - Mn—1 the attaching map
of the n-belt (cf. 2.2). Let u : 9M(n) - N, _, denote the composite

f ®_. By Corollary 4.9.ii the homotopy egquivalence fn : M =N

n-1""n -1 " n-1 " "n-1

extends to a homotopy egquivalence

h : M - M(n) UuNn

n -1

in a canonical way.
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Now (M(n),dM(n)) is the direct sum of the pairs of spaces (0,30) with
¢ running through the set Z(n) = Z(Mn,Mn_1) of patches of height n of
(M,A). We fix some 0 €x(n). Let v, : 30 - M _, denote the restriction
of ©, to d0. This is just the inclusion mapping from d0 to Mn-1' Let
L(o) denote the smallest closed subcomplex of (Mn_j,C) containing Jdo.

We write A := « Since (fn_1,A) is patch watching the space 50 is

n-1°
mapped by Uy =fn_1°w0 into the subcomplex AL(O) of (Nn—I’D)’ The pair

(0,30) is isomorphic to (Ed,sd—1) with d := dim o . By Proposition 7.3
the restriction ug 90 = AL(O) of u is homotopic to a map Vg d 90 -
A a-1

L(0) with image in the (d-1)-skeleton XL(O) NN of (AL(O),D).

All the v with 0 €1(n) together form a map v : dM(n) - N__, which is

homotopic to u. We define

(anD) := (M(n) U Nn_‘llD)

v

and equip this pair with the relative patch decomposition given by
Z(Nn_1,D) and the obvious relative patch decomposition of (M(n),3M(n))
(cf. 2.1). This makes (Nn,D) a relative CW-complex containing Nn-1 as
a closed subcomplex.

).

We have a tautological bijection y from £ (M ,M ) = £(n) to (N, ,N

n-1

D) we

n-1
1 n-1'

obtain a bijection o from Z(Mn,C) to Z(Nn,D). By construction an

Combining y with the bijection g = A from X(Mn_1,C) to (N

obeys the axiom PW1 and extends e In the following we will write

U= oy in order to get rid of indices.

We fix again some 0 €X(n). Let Q(0) denote the smallest closed sub-
complex of (M,C) containing o. We have Q(0) = 0 UL(0). The homotopy

equivalence h from above restricts to a homotopy egquivalence

- A
h_ : Q(s) » o U, La)
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which extends the homotopy eauivalence fn_1lL(c) from L(og) to XL(U).
By Corollary 4.9.i there exists a homotopy equivalence
ky, 20U, AL (o) Ty ‘(o) = Ma(o)
o o
under >‘L(cs). The composite fO := ko°ho is a homotopy egquivalence from
Q(o) to uQ(O) which extends the homotopy equivalence fn_1lL(0) from

L(o) to >‘L(c:).

All the maps £y fit together to a map fn : Mn - Ny which extends fn-1'
By construction the pair (fn,u) obeys the axiom PW2. If L is a finite
closed subcomplex of (Mn,C) we obtain from Corollary 2.14 by induction
on the number of patches in L ~ (L ﬂMn_1) that the restriction fnlL is

a homotopy equivalence from L to Yr. By Theorem 6.10 this also holds
for L infinite. The map fn!L extends the homotopy equivalence g between
the closed subspaces C and D of L and ML respectively. Thus (Th. 2.13)

ntL is a homotopy equivalence from the pair (L,C) to (”L,D). We have

verified that (fn,u) obeys PW3 which finishes the proof.

We discuss the behaviour of relative CW-complexes under base field ex-

tension. Let K denote a real closed overfield of R. {The letter "s"

is now needed for spheres.} Let (M,A) be a relative CW-complex over R.

We choose characteristic maps wo : E(R) » M™ and corresponding attach-

ing maps 95 ¢ Sn—1(R) - Mn_1 for all the cells ¢ of (M,A). {We write

=1

more precisely E(R),s" ' (R) instead of E®,s" 1.} Then (M(K),A(K)) is

a relative CW-complex over K with the sets of cells
Z(M(K),A(K)) = {o(K)Ic€xZ(M,A)]}.

The n-skeleton M(K)n of (M(K),A(K)) coincides with the subspace Mn(K)
of M(K). The cell o(K) has the characteristic map (\bc)K and the
attaching map (¢ )y. We have O(K) = 0(K) and 3(0(K)) = (30) (K). Thus,

if T and 0 are cells of (M,A), then T <0 iff T(K)< o(K). It is now
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evident that the closed subcomplexes of (M(K),A(K)) are just the base

extensions L(K) of the closed subcomplexes L of (M,A).

We now prove two "main theorems" on CW-complexes which keep the same
spirit as the two main theorems 5.2 on homotopy sets. In fact they are

conseguences of the latter.

Notations 7.9. Let (M,A) be a relative patch complex over K and (N,B)

a relative patch complex over R. If (f,a) is a patch watching homotopy
equivalence from (M,A) to (N(XK),B(K)) then usually we regard o as a
bijection from £ (M,A) to Z(N,B) rather than to Z(N(K),B(K)). If a is
any bijection from X(M,A) to £(N,B) and L is a subcomplex of £ (M,A)
then %L denotes the union of B and all cells %o with o running through

Z(L,A). It is a subcomplex of (N,B).

Theorem 7.10 (First main theorem on CW-complexes). Let (B,D) be a rela-
tive CW-complex over R. Let (M,C) be a relative CW-complex over K, and
A a closed subcomplex of (M,C). Let (g,B) be a cell watching homotopy
equivalence from (A,C) to (B(K),D(K)). Then there exists a relative
CW-complex (N,D) over R such that B is a closed subcomplex of (N,D)
(with the pregiven cell structure on (B,D)) and a cell watching homotopy
equivalence (f,a) from (M,C) to (N(K),D(K)) such that f extends g and

a extends B. In particular (A =@, B=¢g, R = RO), every CW-complex M
over K is homotopy egquivalent to N(K) for some CW-complex N over the

field Ro of real algebraic numbers.

Proof. We denote the n-skeleton of (M,A) by Mn(n3-1). We will build up
N and (f,a) "skeleton by skeleton" proceeding in a similar way as in
the proof of Theorem 7.8 above {but there the Nn were not the skeletons
of (N,B)}. For every ¢ €z (M,A) we choose a characteristic map

d

wo : Ed(K) - M (d = dim ¢) and denote the corresponding attaching
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map by ¢, : S (RK) - M

We will construct a family of relative CW-complexes ((Nn,D)In3-1) and
a family ((fn,an)|n3-1) of patch watching homotopy equivalences (fn,an)

from (Mn,C) to (Nn(K),D(K)) inductively, starting with N_1 = B,

n=1

f_, =9, a_; = B, such that N is the (n-1)-skeleton of (N",B) and

(fn,un) extends (fn_1,an_1). Then we will be done by use of Lemma 7.7.

Assume that (Nn-1,D) and (fn_1,an_1) are already constructed for some

n >0. We have

MP = (2 xER(K)) U M
n @n

n-1

using the notations 7.2. {In particular Zn := X (M,A), considered

n!

here as a discrete space over K.} Let A := LI Let u := fn_1°(®n)K,

"=V (k). For any o €I let Q(0) and L(0)

a map from ansn-1(K) to N
denote the smallest closed subcomplexes of (M,C) containing ¢ and 90

respectively (as in the proof of Th. 7.8). Let ug ¢ Sn-1(K) - >‘L(o)
denote the map obtained by restricting u to {o}xsn-](K). By the first
main theorem 5.2.i on homotopy sets (or already III.3.1) there exists

a map v : Sn—1(R) - AL(O) such that u, is homotopic to (VO)K. We

combine the Vo into a map v from ansn-1(R) to Nn-1. Then u is homo-

topic to vk* {Abusively we regard I, also as a discrete space over R.}

We define

n o, _ n
N := (ZnXE (R)) UV N

n-1

. . n-1 .
This space contains N as a closed subspace, and we have an obvious

patch decomposition Z(Nn,Nn-1) of (Nn,Nn_T) together with a tautologi-

cal bijection vy from & = s, M) to (v, 8"""). This patch decompo-

sition and the patch decomposition of (Nn-1,D) together equip (Nn,D)
with the structure of a CW-complex such that Nn—1 is the (n-1)-skeleton

of (Nn,D). Moreover * and Y combine into a bijection oy from Z(Mn,C)
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to Z(Nn,D) which obeys the axiom PW1 (modified in the obvious way,

since now the image of o consists of cells over R instead of K).

Using Corollary 4.9 we obtain a homotopy equivalence

£, 1 0(0) = EN(K) Uy L(0) (" (R) qu*L(o)]m)

for every c EZn which extends the homotopy equivalence fn_1lL(0) from

L(o) to AL(O)(K). These maps f0 and fn- fit together into a map

1

n By construction the pair (fn,an)

f : M

- Nn(K) which extends f
n n

_1’
fulfills PW2. It is now easily verified by use of Corollary 2.14 and
Theorems 6.10, 2.13 that (fn,an) also fulfills PW3, hence is a homo-

topy equivalence from (Mn,C) to (Nn(K),D(K)). g.e.d.

Theorem 7.11 (Second main theorem on CW-complexes). Let (B,D) be a
relative semialgebraic CW-complex over IR. Let (M,C) be a relative
topological CW-complex and A a closed subcomplex of (M,C). Let (g,B)
be a cell watching topological homotopy equivalence from (A,C) to

(B ). Then there exists a relative semialgebraic CW-complex

top’Dtop
(N,D) over IR such that B is a closed subcomplex of (N,D) (with the
pregiven cell structure on (B,D)) and a cell watching topological

homotopy equivalence (f,a) from (M,C) to (N ) such that f ex-

top’Dtop
tends g and o extends B. In particular (A = @, B = @), every topologi-
cal CW-complex M is homotopy equivalent to the underlying topological

space N of a semialgebraic CW-complex N over IR.

top
The proof follows the same pattern as the preceding one. Instead of

the first main theorem on homotopy sets one uses the second one. Further
one uses some well known facts from the theory of topological CW-com-—
plexes (in particular the topological relative Whitehead theorem [W,

p. 222]).
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L Theorem 7.10 is a useful tool to transfer results from the homotopy
l theory of topological CW-complexes to semialgebraic CW-complexes. Tak-
[ ing also into account Theorem 7.8, we sometimes can transfer the re-
i sults further to arbitrary weak polytopes. In very favourable cases we
f can even go on to arbitrary spaces using partially complete cores (cf.
i

IV, §9). We give an example.

Theorem 7.12 (Homotopy excision theorem). Let A and B be closed sub-
spaces of a space M with AUB = M. Let x be a point in A NB. Assume
that (A,A NB) is n-connected and (B,A NB) is m-connected for some num-

bers n>1 and m >0. Then the homomorphism

Jx ¢ (A,ANB,x) - nq(M,B,x)

g
induced by the inclusion j : (A,ANB) - (M,B) is bijective for

1 <gq <n+m and surjective for g = n+m.

Proof. a) We first consider the case that M is a CW-complex and A,B
are subcomplexes of M. The claim holds for R = IR by the homotopy

excision theorem for topological CW-complexes, cf. e.g. [Sw, 6.21].
By base extension from R, to IR we see that is also holds for R = R _.

e}
For an arbitrary real closed base field R we now obtain the claim by

use of Theorem 7.10. Indeed, by that theorem there exists a CW-complex
M' over Ro' closed subcomplexes A' and B' of M', and a homotopy equi-
valence f : M » M'(R) such that f(A) <« A'(R), £(B) < B'(R) and f yields
homotopy equivalences fromA to A'(R), Bto B'(R), and ANB to (A' NB') (R)
by restriction. The claim holds for (M,A,B,x) with x running through
ANB since it holds for (M',A',B',y) with y running through A' NnB'.

b) Assume now that M is a weak polytope. Then we can verify the claim
in a similar way by using Theorem 7.8 instead of 7.10.

c) Assume now that M is an arbitrary space but R is sequential. Then

we obtain the claim for (M,A,B,x) from the claim for (P(M),P(A),P(B),x).
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{Notice that P(A) NP(B) = P(ANB).}

d) Assume finally that R is not seguential. Then we choose a sequential
real closed field extension K of R. The claim holds for (M(K),A(K),B(K),x
We conclude by the first main theorem for homotopy sets 5.2.i (or al-

ready III.6.3) that the claim holds for (M,A,B,x). g.e.d.

Corollary 7.13. Let (M,A) be a closed pair of spaces with A m-connected

and (M,A) n-connected for some numbers m >0 and n>1. Assume that A is

partially complete near M~A (cf. IV, §8). Then the homomorphism
Px ¢ nr(M,A,x) > nr(M/A,*)

induced by the natural projection p : (M,A) - (M/A,x) is, for any base

point x in A, bijective if 2 <r <m+n and surjective if r= m+n +1.

Proof. If A is a weak polytope then the cone CA = IxA/1xA exists. In
this case we obtain the claim by applying Theorem 7.12 to the triple

of spaces (M UCA,M,CA) and then using Proposition 2.15, cf. [Sw, p. 84].
In the general case that A is only partially complete near M ~A we now
obtain the claim by two steps similar to the steps ¢) and d) in the

proof above. g.e.d.
We finally write down some consequences of our central results 7.8,
7.10, 7.11 which will be widely used in the next chapter. Here the

full power of the theorems is not needed.

Definition 4. i) A system of CW-complexes over R, or CW-system for

short, is a finite family (PO,P .,Pr) with P, a CW-complex over R

1000

and every Pi a closed subcomplex of PO. In the cases r =1, r = 2, ...
we call it a Cw-pair, a CwWw-triple, etc. Notice that every component

Py of a Cw-system (Po,...,Pr) is a CW-complex. We call the CW-system

(P ...,Pr) decreasing if it is a decreasing system of spaces, i.e.

OI
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P is a subcomplex of P, for 1 <i<r-1.

i+1

ii) A CW-approximation of a decreasing system of spaces (Mo’M1""'Mr)

over R is a map

P (PO’P1""'Pr) i (MO,M1,...,Mr)

with (PO,...,Pr) a CW-system over R and every component @y Pi - Mi
of ¢ a homotopy equivalence. Notice that every CW-approximation is a

WP-approximation (§4, Def. 5).

Remark. In topology CW-approximations of systems of topological spaces
are widely used, but there one only demands that the components of the
map are weak homotopy equivalences, cf. [W,Chap. 5, §3], which, for topolo-
gical spaces, means less than homotopy equivalence. We call them here

topological CW-approximations.

Theorem 7.14. Every decreasing system of spaces (Mo""’Mr) has a

CW-approximation

® (Po,...,Pr) - (Mo,...,Mr) .

If Mr is contractible then Pr can be chosen as a one-point space. If

; M, is complete, then Pi can be chosen as a finite CW-complex.

Proof. We know already that every decreasing system of spaces has a
WP-approximation (Th. 4.10.i). Thus it suffices to consider the case
that (Mo'M1""’Mr) is already a decreasing WP-system. Applying

Theorem 7.8 we obtain a map
vor (Mg My, e M) 5 (P,Pyye..,PL)

with (PO,...,Pr) a decreasing CW-system, at will with the additional
properties stated above, and all components wi of ¥ homotopy equivalences.

Since both systems of spaces are closed we know by 2.13 that ¥ is a
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homotopy equivalence. A homotopy inverse ¢ of § is a CW-approximation

of (Mo""'Mr)' gq.e.d.

Theorem 7.15. i) Let K be a real closed overfield or R. Let

(Mo'M1"‘°'Mr) be a decreasing WP-system over K. Then there exist a
decreasing CW-system (Po’P1""’Pr) over R together with a homotopy
equivalence

(N (Po(K)’P1(K)""'Pr(K)) d (Mo'MI""’Mr) .

If Mr is contractible then P can be chosen as a one-point space. If
My is semialgebraic then P, can be chosen as a finite CW-complex.
ii) 1If (QO,...,Qr) is a decreasing WP-system over R and f a map from
(Qg(K)y...yQ (K)) to (Mj,...,M ) then there exists a map

gt (Quieee,Q) > (P

o ""'Pr)’ unique up to homotopy, such that

o
@9y ~f., If £ is a homotopy equivalence then also g is a homotopy

equivalence.

Proof. In order to prove part i) we may assume, by the preceding theorem, that

(Mo,...,Mr) is already a CW-system. Using Theorem 7.10 we obtain a map
Vo (Mo""’Mr) - (PO(K),---,Pr(K))
such that (Po""’Pr) is a decreasing CW-system over R, at will hav-

ing the additional properties claimed above, and every component
wi : Mi - Pi(K) of ¥ is a homotopy equivalence. This map of systems
is a homotopy equivalence by 2.13. A homotopy inverse ¢ of ¥ is a map

as desired. The last claims in the theorem now follow from Theorem §.14

and the first main theorem on homotopy sets 5.2.1i. g.e.d.

Using instead of the first main theorems 7.10 and 5.2.i the correspond-

ing second main theorems 7.11 and 5.2.ii we obtain




]
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Theorem 7.16. i) Let (Mo,...,Mr) be a topological CW-system. Then

there exists a semialgebraic CW-system (PO""'Pr) over IR together

with a topological homotopy equivalence
[ (Po""’Pr) - (Mo""’Mr)

If M is contractible then P, can be chosen as a one-point space.
If Mi is a finite CW-complex then also P, can be chosen as a finite
CW-complex.

ii) If (QO,...,Qr) is a WP-system over IR and f is a continuous map

from (Qo""'Qr) to (MO,...,Mr) then there exists a weakly semi-

top
algebraic map g from (Qo""’Qr) to (Po,...,Pr), unique up to homotopy,
such that ¢+g =f in the topological sense. If f is a topological weak

homotopy equivalence then g is a homotopy equivalence.



Chapter VI - Homology and cohomology

We now have enough homotopy theory at our disposal to build up genera-
lized homology and cohomology for (weakly semialgebraic) spaces over
an arbitrary real closed field. This will be done in the present

chapter.

In §7 we shall present the semialgebraic analogues of two variants of
Brown's representation theorem for contravariant homotopy functors
([Bn], [Sw, Chap. 9]). This section may be regarded as an addendum to
Chapter V. It is independent of the preceding sections in the present
chapter, up to some easy results in §1 and some notations, and thus

can be read right now. (We will give the necessary cross references.)

Brown's representation theorem leads to a description of homology

and cohomology theories by spectra (§8). In the present chapter we
could bring spectra into play at a much earlier stage. This would
give alternative and sometimes easier proofs of some results in co-
homology, but not so in homology. Already in classical algebraic topo-
logy it is a rather long way from Brown's representation theorem to a
description of reduced homology theories by spectra [Sw, Chap. 14].

We can transfer this description to the semialgebraic setting, but,

to the authors opinion and taste, this approach to generalized homo-
logy of weakly semialgebraic spaces would be too much a mixture of

topological and semialgebraic arguments and would use too much machinery.




§1 - The basic categories, suspensions and cofibers

In this section we set the stage for a discussion of generalized
homology and cohomology. We first compile the basic categorial nota-
tions. (Some of them have been used before.) Let R be any real closed

field.

*
Notations 1.1. a) P(R) denotes the category of weak polytopes over R )

’

and P(2,R) denotes the category of pairs of weak polytopes over R.
Further P*(R) denotes the category of pointed weak polytopes over R.
This is a full subcategory of P(2,R) since we may regard a pointed
space (M,x) as the pair of spaces (M,{x}). Alternatively we may view

P *(R) as the category of weak polytopes under the one point space *
(cf. V, §2, Def. 4). We identify every weak polytope M over R with

the pair (M,®). In this way also P(R) becomes a full subcategory of

P (2,R).

b) Similarly we regard the category WSA(R) of spaces over R and the
category WSA*(R) of pointed spaces over R as full subcategories of

the category WSA(2,R) of pairs of spaces over R.

c) InWSA(R) we further have the full subcategories of paracompact locally
semialgebraic spaces LSA(R) and of semialgebraic spaces SA(R), finally
the category LSA_(R) = LSA(R) NP(R) and the category SA_(R) = SA(R) N P(R)
of polytopes over R. These categories lead to categories of pointed
spaces LSA*(R), SA*(R),... and of pairs of spaces LSA(2,R), SA(2,R),
... All categories mentioned so far are full subcategories of WSA(2,R).
d) For any of these categories Ot we denote by HOX the corresponding
homotopy category. HX has the same objects as & but the morphisms of

HOU are the homotopy classes of maps between objects in &. All these

*)

This is a substitute of the more systematic but clumsier notation
WSAC(R).
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categories HO are full subcategories of HWSA(2,R).

e) We denote by #) the category of topological CW-complexes. More pre-
cisely this means the full subcategory of the category TOP of Hausdorff
topological spaces which has as objects the spaces which admit a (topo-
logical) CwW-decomposition. We denote by #J(2) the category of closed
pairs (M,A) of topological spaces such that M admits a CW-decomposition
which makes A a subcomplex of M. Similarly we denote by #* the cate-
gory of pointed CW-complexes. These are the pairs (M,A) € #)(2) with A
a one point space. #/ and #/* are full subcategories of #7(2). We de-
note the category of finite topological CwW-complexes by %0P and the
corresponding full subcategories of #7* and #7(2) by ﬁvg and ﬁ%%(Z).
If @ is one of these categories then again HX means the corresponding

(topological) homotopy category.

All categories mentioned so far admit finite direct products and
finite direct sums. Some of them, in fact the most important ones,

admit arbitrary direct sums. We spell this out in a special case.

Remark 1.2. i) Let (MAIAEA) be a family of pointed spaces over R. The
pointed space M := V(MAIA€A) (cf. IV, 1.8) together with the natural
: M

inclusions i < M is the direct sum of the family (MA|A€A) in the

A A
category WSA*(R). If we replace the ix by their (pointed) homotopy
classes [iA] we obtain the direct sum of this family in HWSA* (R).

ii) Let (MAIA€A) be a finite family of pointed spaces over R with base
points Xy . We equip M := TT(MA|A€A) with the base point x := (xxlA€A).
Then M, together with the natural projections Py M - MA' is the
direct product of the family (MX|A€A) in WSA* (R). Replacing the Py by

their homotopy classes [px] we obtain the direct product of this

family in HWSA* (R).
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If A is finite then the pointed space V(MAIAEA) can and will be identi-
fied with the closed subspace of TT(MXIAEA) consisting of the points

(yAIAEA) with y, = Xy for all indices X except at most one.

As a consecuence of some central results in Chapters III and V we can
write down various natural equivalences between the homotopy categories

listed above.

Remarks 1.3. i) The inclusions HP(R) < HWSA(R), HP*(R)— HWSA*(R),
HP(2,R) < HWSA(2,R) are equivalences of categories (Th. V.4.10). The
same holds for the inclusions HSA,(R) < HSA(R), HSAE(R)‘* HSA* (R),
HSAC(Z,R)C» HSA(2,R), and the analogous inclusions with "SA" replaced
by "LSA" (III.§1, V.2.13).

ii) If K is a real closed field extension of R then the functor "base
extension" (M,A) » (M(K),A(K)) from P(2,R) to P(2,K) yields an equi-

valence of categories
K : HP(R,2) — HP(K,2).

The restrictions of k to HP(R) and HP*(R) are equivalences from HP(R)
to HP(K) and from HP* (R) to HP*(K) respectively. This follows from
Theorems V.5.2.i and V.7.15. If & is one of the "meta-categories"
LSA,, SA_, LSA;, SAé, LSAC(Z,-), SAC(Z,—) then it is already clear
from Chapter III that « yields by restriction an equivalence from
O(R) to OK).

iii) The functor from P(2,IR) to TOP(2) which sends every pair of

weak polytopes (M,A) over IR to the pair (M

top'Atop) of underlying

topological spaces yields a full embedding
A : HP(2,IR) < HTOP(2),

i.e. an isomorphism of HP(2,IR) onto a full subcategory €(2) of HTOP(2).

Moreover every object in €(2) is isomorphic to an object in MI(2), and
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every object in the image categories ¥, 8*,‘€F, f;, €F(2) of HP(IR) ,
HP* (IR) , HSAC(ER), HSA;(HU ’ HSAC(Z,IR) is isomorphic to an object in
Wy, ) *, %OF, ﬁ9§, %%JZ) respectively. All this follows from Theorems

V.5.2.ii and V.7.16. As a consequence we can modify A to an equivalence

of categories
X' ¢ HP(2,IR) —> #(2)

which restricts to equivalences from HP(IR) , HP*(IR) , HSA_(IR) , HSA%(IR),

HSA_(2,IR) to W), #M)*, W), #) %, MF(Z) respectively.

Notice that in remarks ii) and iii) we may replace the letter "P" by
"WSA", and similarly SA., LsA,, by SA, LSA, as a consequence of 1i).

But in the following partially complete spaces will play a dominant role. |

We now focus attention to the category ?*(R) of pointed weak polytopes
over a fixed real closed field R. Since we have ecuivalences

HP*(R) —— HP*(R), HP*(R,) —— HP*(IR), HP*(IR) —— HM*, the reader
may believe that the homotopy theory of pointed weak polytopes over R
is somewhat identical to the homotopy theory of topological CW—complexes,:
and that this in particular holds for reduced homology and cohomology
theories, which in topology are known to be a part of stable homotopy
theory (cf. e.g. the book [Sw]). We shall verify this to a large extent

in the present chapter.

Unfortunately the remarks 1.3 do not yet imply a meta theorem like
this, since the equivalence between two categories is not such a strong
statement as one might wish. We shall resort to the more explicit form

of our main theorems in V,§7 and other homotopy results.

In the following we most often denote a pointed space (M,xo) briefly

by M and the set of homotopy classes of maps from M to a pointed space
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N by [M,N] (instead of [M,N]* which would fit better with Def. 4 in

v, §2).

Definition 1. a) The smash product M AN of two pointed weak polytopes
M,N over R is the space MxN/MvN with base point MvN/MvN. Notice that
if M and N carry the structure of pointed CW-complexes then also MAN
is a pointed CW-complex in a natural way, since MvN is a subcomplex of
the product complex MxN. Notice also that, in contrast to topology, we
cannot define smash products of arbitrary pointed spaces.

b) We regard every sphere st = Sn(R) as pointed by its north pole <.
The suspension SM of a pointed weak polytope M is the smash product

1 1

S'AM. Using a fixed identification ' = 1/{0,1} we may write

SM = IxM/(Ixx,) U (OxM) U (1xM).

c) Any two maps £f : M » M', g : N » N' between pointed weak polytopes
induce a map fAg : MAN -» M'AN'. In particular, f induces a map Sf from
SM to SM'.

d) For every k €INo we denote the smash product SkAM more briefly by
SkM. We have SOM = M and Sk(slM) = Sk+lM. In particular, if k >0, then
SkM is the k-fold iteration of the suspension functor applied to M.

Every sphere sk, k >1, is equipped with a base point preserving map

Hy Sk - Skvsk, unigue up to homotopy, such that (Sk,[uk]) is a cogroup
object in H?* (R), which for every X €P*(R) (and then also every
X €WSA* (R)), gives the group structure on my (X) = [Sk,X]. This cogroup

object is abelian for k >2. Now it is evident from the distributivity

of the smash product with respect to direct sums (= wedges) that also

: k k k
le/\ldM : M > SMVS™

turns SkM into a cogroup in H?*(R) for every pointed weak polytope M,
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which is abelian for k >2. Thus, for every pointed space X and every
k >1, the set [SkM,X] is a group in a natural way, and this group is

abelian if k > 2.

The comultiplication u, can be defined as follows

([2t],[0)) o<t<a
byiten = | 1
Here [t] denotes the image of t in s! = 1/{0,1}. If k >2 then we can
take as comultiplication uy the map u1/\idsk_1 from Sk = ST/\Sk_1 to
s¥vs® = (s'vs?) as¥!, cf. the formula in III, p. 265 for the multi-

plication in m (X). By a purely formal argument (e.g. [sw, 2.24]) one

k 1 1

could equally well employ any other of the k factors in S* = S A... AS

Thus we have the following fact.
Lemma 1.4. s(uk) *Upgq for every k> 1.

Definition 2. If M and N are pointed weak polytopes then the suspension

homomorphism

SM,N : [M,N] - [sM,SN]

is defined by SM,N[f] := [Sf].
In general this is just a map from the pointed set [M,N] tc the group
[SM,SN]. But if M is already a suspension SL of a weak polytope L then

it follows from the preceding lemma that S is a group homomorphism.

M,N
More generally it can be shown in a purely formal way that SM,N is a
group homomorphism if M is a cogroup object or N is a group object in
HP* (R). {Again it does not matter whether we use the factor S1 in

sM = sTaM or the cogroup M, resp. the group N to define multiplication

on [SM,SN].}
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We will often denote the suspension homomorphism S briefly by S, as

M,N
long as no confusion is possible. (In much of the literature the letter
¥ is used for the suspension homomorphism, but we need "I" to denote

sets of patches.)

Theorem 1.5 (Freudenthal's suspension theorem). Let N be a pointed weak
polytope which is n-connected for some n >0. Then the suspension homo-

morphism

S : ﬂq(N) - (SN)

m
Sq,N g+1

is bijective for 1 <qg<2n and surjective for g = 2n+1.

This can be deduced from Cor. V.7.13 as in topology, cf. [Sw, p. 851].
Of course we can obtain the theorem also by direct transfer from the
topological Freudenthal suspension theorem. In §7 we will generalize
the theorem to the suspension homomorphisms S .
S*M,N

Definition 3. a) Let £ : M - N be a map from a weak polytope M to a
space N. The cofiber C(f) of f is the quotient Z'(f)/OxM of the "switch-

ed”" mapping cylinder Z'(f) = (IxM) U N by the partially complete

1xM, £
subspace OxM. {It will turn out to be slightly more convenient for

us to use Z'(f) instead of Z(f).} We regard C(f) as a pointed space
with natural base point OxM/OxM. The space N will be regarded as a
(closed) subspace of C(f) by the embedding N< C(f) which is the compo-
site of the natural embedding N< Z'(f) and the projection Z'(f) » C(f).
b) Let £ : M » N be a map from a pointed weak polytope M to a pointed

space N. The reduced cofiber C(f) is the quotient C(f)/IxxO with Xq

the base point of M. This pointed space has the virtue, not shared by
C(f), that the natural embedding j : N< C(f) preserves base points.
We regard N as a pointed closed subspace of C(f) via j. Notice that

the natural projection C(f) - C(f) is a homotopy equivalence of pointed
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spaces (cf. V.2.15).

If N is a weak polytope then also C(f) resp. C(f) is a weak polytope.
In contrast to topology we cannot define cofibers of maps between

arbitrary spaces over R.

Examples 1.6. i) The cofiber of the identity map idM of a weak poly-
tope M is the cone CM = IxM/OxM with its vertex as base point. If M
has a base point X, then the reduced cofiber of this map is the

reduced cone
CM := IxM/(0xM) U (x *I)

This is the smash product IAM, the unit interval I being equipped with
the base point 0. (We will always adopt this convention about I as a
pointed space.)

ii) If A is a partially complete - hence closed - subspace of a space
M then the cofiber C(i) of the inclusion i : A< M is the space M UCA
obtained by gluing the space CA to M along A by the map i. The nota-
tion MUCA is justified since both M and CA are closed subspaces of

C(i) and their union is C(i). The natural projection
p : MUCA - MUCA/CA = M/A

is a homotopy equivalence between pointed spaces since CA is contract-
ible.

iii) If A is a pointed partially complete subspace of a pointed space
M then the reduced cofiber C(i) of the inclusion A< M is the space

M UCA/Ix{xO), which we justly denote by M UCA. Again the natural

projection
mn: MUCA - MUCA/CA = M/A

is a homotopy equivalence between pointed spaces.
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iv) Let £ : M - N be a map from a pointed weak polytope M with base
point Xq to a pointed space N. We may regard IxxO as a closed subspace
of the switched mapping cylinder Z'(f). We call the quotient Z(f) :=

z'(f)/Ixxo the reduced switched mapping cylinder of f. We have a

natural closed embedding i : M< Z(£), x » [(0,x)], preserving base
points, which we regard as an inclusion. We have a commuting diagram

of pointed spaces

with canonical projections &« and
B : C(i) = Z(f) UCM -» Z(f)/M = C(f).

Both a and B are homotopy equivalences of pointed spaces. Thus up to
a canonical homotopy equivalence, every reduced cofiber may be regard-
ed as the reduced cofiber of an inclusion. {A similar remark holds for

unreduced cofibers.}

Lemma 1.7. Let (M,A) be a closed pair of pointed spaces with A a weak

polytope. For every pointed space X the natural sequence of pointed
sets

*

[Muca,x] -» [M,X] N [A,X]

is exact.

This is obvious from the definitions (cf. [Pu, p. 305]). We could re-

place the first term in the exact sequence by [M/A,X].

Let now £ : M - N be a map between pointed weak polytopes. Clearly
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C(f)/N = SM. We denote the canonical projection C(f) - SM by q.

Lemma 1.8. We have an infinite commutative diagram

M __E_» N — & (£) 3 € (3) S RN JER) S RN (3" —
I I I | } '
M —— N -5 C(£) g SM —== SN 53 sCf

Here j,j',j",... are the natural injections of the target spaces of
the preceding maps into their cofibers. The vertical maps are the
obvious natural projections. They all are homotopy equivalences of
pointed weak polytopes. The lower long secuence moves three steps to

the right if we apply the suspension functor.

All this can be checked as in topology (cf. [Pu, p. 308ffl).

Definition 4. We call the upper long sequence in the diagram the long

cofiber sequence of f and the lower long sequence the Puppe segquence

of f.

As a consequence of our discussion of cofibers above and the lemmas

1.7, 1.8 we obtain the following theorem of basic importance.

Theorem 1.9 (Barratt[Bal], Puppe [Pul). Let £ : M - N be a map between
pointed weak polytopes and let X be a further pointed weak polytope.
Applying the functor [-,X] to the Puppe sequence of f we obtain a long
exact sequence of pointed sets and, starting from the fourth term,

groups

[M,X] -~ [N,X] « [C(f),X]) - [sM,x] = [sN,x] - [sC(f),x] - [szm,x] ..

Starting from the seventh term the groups are abelian.

.
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In the special case of an inclusion map we obtain

Corollary 1.10. If (M,A) is a pair of pointed weak polytopes and X is

another pointed weak polytope then we have a natural long exact

sequence

[A,X] « [M,X] ~ [M/A,X] «~ [SA,X] < [SM,X] ~ [S(M/A),X] ~ [S%A,X]=<...

Definition 5. We call the sequence of maps
A > M- M/A -~ SA » SM - S(M/A) -

used in this corollary the suspension seguence of the closed pair (M,3).

If £ : M > N is any map between pointed weak polytopes then the Puppe
sequence of f can be identified in a natural way with the suspension

sequence of the pair (Z(£),M), cf. 1.6.iv.




§2 - Reduced cohomology of weak polytopes

The category P*(R) of pointed weak polytopes over R and its homotopy
category HP?*(R) both are equipped with a distinguished endomorphism,
the suspension functor S. Using S we can give natural and well work-
ing definitions of reduced homology and cohomology theories on the
category P*(R), as is done in topology on the category #* of pointed

CW-complexes [Sw, Chap. 7].

We do cohomology first. Let Ab denote the category of abelian groups.
In the following we will consider many contravariant functors

F : HP*(R) » Ab. If £ : M » N is any map between pointed weak polytopes
we will often abusively denote all the group homomorphisms F([f]) by

f* as long as no confusion is to be feared.

Definition 1. A reduced (semialgebraic) cohomology theory k* over R is

a family (k™In€2) of contravariant functors k™ : HP* (R)~ Ab together

with a family (6™ In€z) of natural equivalences (= isomorphisms between

n+1

functors) o : k «s = k" such that the following two axioms hold.

Exactness axiom. For every pair (M,A) of pointed weak polytopes over R

and every n € Z the sequence
* i %
k" (M/a) —B— k") 22— k" (a)

is exact. Here i denotes the inclusion A< M and p denotes the projec-
tion M -» M/A.
Wedge axiom. For every family (MklkeA) of pointed weak polytopes and

every n € Z the map
(13) = KNV 1A€n)) - TT (kP (M) 1x€n)

is an isomorphism. Here iA denotes the natural embedding of MA into M.
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Actually it suffices to demand each of these axioms for n >ng with
some bound ng € Z. Then they follow for the other n by use of the natu-

ral equivalences o" since S(M/A) = SM/SA and
S(V(XKIA€A)) = V(SXAIXEA).

Moreover, if the functors k™ and the equivalences o are defined only
for n >ng such that the axioms above hold for these n, then we can ex-
tend the family of these functors k" to a reduced cohomology theory

by defining
xPoTF (x) := kMO (s¥x)

for r >0.

Notice also that the wedge axiom for A finite is a consequence of the
exactness axiom. Indeed, if M1 and M2 are two pointed weak polytopes,

then M1VM2/M2 = M1 and ijMz/M1 = M2. By the exactness axiom the

diagram

1
M—J—'M v M
1 P4 1 2 i,

M,

of natural injections and projections becomes a direct sum diagram of
abelian groups under x".

n+1,

We call the equivalences otk s =k the suspension isomorphisms

of the cohomology theory. We usually denote them all by the same letter
o omitting the index n. In the following we also say more briefly
"cohomology theory" instead of "reduced cohomology theory". (Starting
from §4 we will need to be more careful since then also unreduced

theories will be studied.)

We draw some conseqguences from the axioms of a given cohomology theory

k*.
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If (M,A) is any pair of pointed weak polytopes then we define, for

every n €2, a homomorphism
n n n+1
5§ =68 (M,A) : k (A) » k (M/R)

by composing o ! : k®(a) =k™"1(sa) with q* : k™' (sa) - k* T (M uca)

L kn+1(M uca) - kn+1(M/A). Here g denotes the natural pro-

and (m*)~
jection from MUCTA to MUCA/M = SA, as in Lemma 1.8, and n denotes
the natural projection from M UCA to M/A which is a homotopy equiva-

lence (Ex. 1.6.iii). As a consequence of Lemma 1.8 we deduce from the

exactness axiom

Proposition 2.1. For every pointed WP-pair (M,A) the long sequence of

abelian groups (going to infinity at both sides)

& mya) BN k) 25 k) S k™ /a) -

is exact.

Corollary 2.2. For every map £ : M -» N between pointed weak polytopes

we have a natural exact sequence of abelian groups (going to infinity

at both sides)

f*

— K@) 25 P S ko - kP

(C(£)) -

This follows from 2.1 since, up to canonical homotopy equivalences,
the Puppe sequence of f and the suspension sequence of (Z(£f),M) are

the same (cf. end of §1).

Let (M,A,B) be triple of pointed weak polytopes with M = A UB. For

every n € 2 we define a homomorphism

a =a"w,a,8) : K @anB) - kKMo,




4
i
!
:
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as the composite

k" (ANnB) — "1 (a/anB) —= k1 (/) - K™ (1)

with & = 6n(A,A NB), Y the inverse of the group isomorphism induced
by the natural space isomorphism A/ANB —M/B, and p : M » M/B the

natural projection.

Proposition 2.3. For every WP-triple (M,A,B) with M = A UB the infinite

"Mayer-Vietoris sequence"

4, ™ (y) — k" (@) ox" (B) - K (anp) 2 K]

M) -
is exact. Here a and B are defined by
CX(Z) = (J’{ZIJEZ)I B(urv) = l#u - 1§v

with inclusion maps j1 : A- M, j2 : B M, i ANB < A, 12 : ANB<B.

This follows from Proposition 2.1 in a well known way, cf. [ES, p. 39ff],
[Sw, p. 105]. Notice that

An(M,B,A) = -An(M!AIB) ’

cf. [ES, p. 38], [Sw, p. 106].

Proposition 2.4. Let (Mnlnenﬂ be an admissible filtration (cf. Vv, §2,

Def. 3) of a pointed weak polytope M. Then there exists, for every

g € 2, a natural exact sequence

0 » 1im' k371 ) % xTon L 1im k9 - 0
n n

Here the homomorphism B is induced, of course, by the inclusions

Mn<~ M. The homomorphism o is explained in [Mi], [Sw, p. 128].

This follows by applying the preceding proposition to the reduced
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telescope Tél (M) := Tel(m)/xoxl°° of the family M : (MnlnGDU and

Tel @) (cf. [Mi],

suitable closed subspaces A,B of Tél () with A UB

[sw, p. 128], see also step b) in the proof of Thm. 6.6 below).

NB. Tel () had been defined in V, §4 and had been identified with a
closed subspace of MxI_. Of course, Xg denotes the base point of M.

It is contained in every M-

Our main goal in the following is to prove that, in vague terms, the
cohomology theories over any real closed field R correspond uniquely
with the topological cohomology theories (cf. [Sw, Chap. 7]) on the

category M * of pointed topological CW-complexes. In order to express

this in precise terms we need more terminology.

Definition 2. Let k* and 1* be two cohomology theories over R with
families of suspension isomorphisms (6™ In€z) and (Tn|n€7).

a) A natural transformation T : k* - 1* from k* to 1* is a family of

natural transformations between functors (Tn : kK% 1n|nez) such that,

for every X € P*(R) and n €2, the square

n+1
kn+1(sx) T (SX) ln+1(SX)
o™ (x) |2 =™ (x)
k™ (x) — 1M (%)
T (X)

commutes.

b) We call T a natural equivalence, or an isomorphism, from k* to 1*

if, in addition Tn(X) is an isomorphism for every X € P*(R) and every

n€aza.

Proposition 2.5. Let T,U : k* = 1* be two natural transformations

between cohomology theories over R.
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(o]

a) Assume that Tn(s ) = Un(so) for every n€2. Then T = U.

b) Assume that Tn(so) is bijective for every n € 2. Then T is a natural

eguivalence.

The proof runs similar to the proof in [Sw, p. 123f] using the wedge

axiom and Propositions 2.1, 2.4.

Proposition 2.5 tells us that a reduced cohomology theory k* is unique-
ly determined, in a restricted sense made precise there, by the sequence
of abelian groups (kn(so)lnEZ). These groups are called the coefficient
groups of cohomology theory k*.

We want to compare cohomology theories over different base fields and

later cohomology theories over IR with topological cohomology theories.

Let K be a real closed overfield of R. Every cohomology theory k* over
K "restricts" to a cohomology theory (k*)R over R in the following

obvious way. We define, for n€ Z and X € P* (R),

2.6 &R = kP x(K)

E @™Rx) = o™ (x(x)

E {Notice that (SX) (K) = S(X(K)).} We further define, for any map
é f: XY

E

; WHRED = KD (Lg))

Every natural transformation T : k* - 1* from k* to another cohomology
theory 1* over K restricts to a natural transformation TR from (k*)R

to (1*)®, defined by
MR x) = T (x(K))

Let Hom(k*,1*) denote the set of natural transformations from k* to 1*.
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Proposition 2.7. The restriction map T ~ TR from Hom(k*,1*) to

Hom((k*)R,(l*)R) is bijective. A natural transformation T over K is

a natural equivalence iff TR is a natural equivalence.

The proof is an easy exercise in category theory. One uses the fact
that the base extension functor H?P* (R) - HP*(K) is an equivalence

of categories which commutes with suspensions.

Let Coho(R) denote the category whose objects are the cohomology
theories over R and whose morphisms are the natural transformations
between them. {The tilda in this notation is a reminder that we are
dealing with reduced cohomology theories.} For every real closed
field extension K of R (more precisely, every embedding R<» K into a

real closed field K) we have a restriction functor
resg : Coho(K) - Coho (R)

which maps an object k* of Coho(K) to (k*)R and a morphism T of Coho (K)

to TR. We call (k*)R and TR the restrictions of k* and T to R.

Theorem 2.8 (First main theorem for cohomology theories). resg is an
equivalence from the category tho(K) to tho(R). In particular, up

to isomorphism the cohomology theories over K correspond uniquely to
the cohomology theories over R.

Proof. Proposition 2.7 means that resK is fully faithful. It remains

R
to construct, for a given cohomology theory 1* over R a cohcmology

theory k* over K together with a natural equivalence T : 1% l»(k*)R.

Let M € P*(K) be given. We denote by I(M,R) the set of all pairs (X, [®])
consisting of a pointed weak polytope X over R and the homotopy class

[p] of a homotopy equivalence ¢ : X(K) - M. Such pairs exist by
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*
Theorem V.7.15. )

If (X,le]) and (Y,[¥]) are two elements of I(M,R)
then, again by V.7.15, there exists, up to homotopy, a unique map

X : X = Y such that woxK =@, and X is a homotopy equivalence.

We have a generalized inverse system of abelian groups

A" (x) 1 (X,l9l) €I(M,R)) with transition maps

x* 2 1%y 1% ),

X as above, for any two pairs (X,[e¢]), (Y,[y]) in I(M,R). (Since the
transition maps are isomorphisms this system could also be regarded

as a generalized direct system.) We define
M) := 1im (1% (X) | (X, [0]) €I(M,R))
Roughly speaking, we put k™M) = 1™ (X) for any (X,[¢]) €I1(M,R) without

making a definite choice about the "approximating pair" (X,[®]).

For any (X,[¢]) €I (M,R) we denote the natural projection from kn(M) to

1n(X) by ¢*, abusively neither specifying the space X nor the number n.

If £f : M > N is a map from M to another pointed weak polytope N over

K and if (X,[e¢]) €I (M,R), (Y,[y]) €I(N,R) are given, then there exists,

up to homotopy, a unique map g : X - Y over R such that the diagram

| ©

X(K) ————— M

9k £

!
b

Y(K) ———— N

. commutes up to homotopy. We define kK ([£]) : k™(N) > k(M) as the

dotted arrow which makes the square

' *) We ignore the problem whether I(M,R) is a set. It can be settled by

a suitable interpretation of "all".
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KMy —25 1% (x)

( 2
k£ 1"(g]

k™ () — 1% (v)
commutative. The homomorphism k" [f] does not depend on the choice of
(X,[0]) and (Y,[¥]). In this way we obtain a family (k' In€2) of contra-

variant functors from HP* (K) to Ab.
We now look for a suspension isomorphism

P+ kP (smy) kP

We choose some (X,[w]l) €I(M,R). Then (SX,[S¢]) €I(SM,R). We define

on(M) as the dotted arrow such that the sguare

K ey —(S@* | nHT gy

) ! o™ (%)
; n

k™ (M) > 17 (x)

(\0*
commutes. Clearly on(M) is an isomorphism of abelian groups which is

independent of the choice of (X,[¢]). It is natural in M.

We check the wedge axiom for the functors k™. Let (MxlkeA) be a family
in P*(K). For every X € A we choose a pair (XA’[WA]) €I(MA,R). Let
M= V(MXIAGA), X := V(XX|X€A) and ¢ = V@x : X(K) -» M. Then (X,[v])

is an element of I(M,R). Let jk : Xk‘ﬁ X and iA : MX<~ M denote the

natural embeddings. We have a commuting square

KB M) —@F 1% (x)
(i;“) 37
Tk (M) —— TT1%(x,)
AEA TT*

A
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By the wedge axiom for 1" the right vertical arrow is bijective. Thus

also the left vertical arrow is bijective.

We now check the exactness axiom for k. Let (M,A) be a pair of point-
ed weak polytopes over K. We choose a pair (X,B) of pointed weak poly-
topes over R together with a homotopy equivalence (¢,y) : (X(K),B(K)) »
(M,A). This is possible by Theorem V.7.15. {(X,B) can even be chosen
as a pointed CW-pair.} ¢ induces a homotopy equivalence Yy :X(K)/B(K) =
M/A. Moreover X(K)/B(K) = (X/B) (K). Using the pairs (X,[¢]) €I(M,R),
(B,(y]) €1(A,R) and (X/B,x) €I(M/A,R) it is now easy to deduce the

exactness of the sequence

k" (a) » k(M) - k" (M/A)
from the exactness of

1"(8) » 1™(x) » 1" (x/B) .

Thus (knlnEZ) is indeed a cohomology theory over K.

For any X €P* (R) the pair (X’[idx(K)]) is an element of I(X(K),R).

We denote the natural projection kn(x(K)) leln(x) associated to this
pair by Tn(X). It depends functorially on X in HP* (R). Thus we obtain
a natural equivalence ™ (kn)R - 1" of functors. The T" fit together

to a natural equivalence T : (k*)R - 1* of cohomology theories. Theorem

2.8 is proved.

We call the cohomology theory k* over K constructed here the base ex-
tension of 1* to K, and write k* = lﬁ . We have established a canonical
isomorphism T : (13)% » 1* and thus feel justified to say that (1) =1%.

More explicitely, for every X €P*(R) and every n €12,

n

_ .n
K(X(K)) =1 (X)

(2.9) 1
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Conversely let k* be a cohomology theory over K. Let M E€P*(K), n € 2.

Then
(B 00 = tim (MR 1, (0]) €104,R))
= lim &K1 (X, [0]) €I(M,R))
(2.6)
We have a canonical group isomorphism M) - kn(M) ;*((kn)R) (M) whose

K

component at any (X,[®]) is k™([¢]). This gives us a canonical natural

equivalence
U kE S (k0D
By use of U we identify
R
(2.10) ((k*) )K = k* .
We now look for a theorem similar to Theorem 2.8 which relates the

semialgebraic cohomology theories over IR to the topological cohomology

theories. A topological (reduced) cohomology theory k* is a sequence

(k™In€z) of contravariant functors k™ : H#* > Ab on the homotopy cate-

gory of pointed topological CW-complexes (cf. notations 1.1) together

D1, g = k™ which fulfills the exact-

with suspension isomorphisms o ¢k
ness axiom and the wedge axiom (cf. [Sw, Chap. 7], here S means of

course the topological suspension functor).

Let £ dencte the category of topological cohomology theories. {The
morphisms are the natural transformations, defined as above.! We want
to define a restriction functor ¢ : £ - Coho(IR) . This will be slightly

more complicated than the definition of the functors resK above, since

R

the underlying topological space M of a weak polytope over IR is not

toP
necessarily a topological CW-complex. We will indicate the steps of

the definition of p leaving the easy details to the reader.
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Let k* be a topological cohomology theory. For any M €P*(IR) let J(M)
denote the set of all pairs (X,[¢]) with X a pointed CW-complex and
@ : M > X a homotopy equivalence of pointed spaces. Such pairs exist
by Theorem V.7.8. For any n€ Z the family (kn(Xtop)l (X,[9]) € JT(M)

can be regarded as a direct system of abelian groups with an obvious

and canonical transition isomorphism between any two members of the

family. We define

n, sa _oqs n
(k)7 M) := lim (k (xtop)l(x,[np]) €ETM)).

—_

One extends this definition to a definition of a contravariant functor
(kn)sa:H?*(IR) — Ab in the obvious way. One then defines suspension

isomorphisms

on . (kn+1)sa.S =, (kn)sa

in anatural straightforwardway, and verifies for the functors x™) S8 the

exactness axiom and the wedge axiom. For exactness one needs CW-approxima-
tions of pairs of pointed weak polytopes, i.e. CW-tripoles with a one point

space as last component. They exist by TheoremV.7.14 (or already V.7.8).

In this way a cohomology theory (k*‘)sa over IR is established which

[ we call the semialgebraic restriction of k*. If M is a pointed semi-

algebraic CW-complex then we may identify

n, sa _ N
(2.11) (k™) (M) = k (Mtop)

via the injection at (M,[idM]) € J (M)

Every natural transformation T : k* - 1* between topological cohomology
theories leads to a natural transformation T 2 . (k"‘)sa - (:L*)sa in a
straightforward way such that, for every M €?P*(IR) , (X,[y])) €I (M), and

n € 2, the square
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*
K (kg p) ———— M %%
™ (X o) (1) 5% ()
1“(xtop) — (1™ 53 (m)

commutes. Here the horizontal arrows denote the natural irjections at

the "coordinate" (X,[@]).

We now have established the desired restriction functor p : k* » (k*)sa,

Tw7°2, from £ to Coho (IR)

Theorem 2.12 (Second main theorem for cohomology theories). The re-
striction functor p : £ - Coho(IR) is a natural equivalence. In par:ti-
cular, the topological cohomology theories correspond with the semi-

algebraic cohomology theories over IR uniquely up to isomorphism.

The proof runs similar to the proof of the first main theorem 2.8. At
crucial points Theorem V.7.16 is needed. We leave the details to the
reader but mention that, given a semialgebraic cohomology theory 1*
over IR, we can construct a topological cohomology theory 1€op together

« ysa

* .
top to 1* in a canonical way

with a natural equivalence T from (1
(namely such that we obtain a functor 1* » lEop right adjoint to

k* & (k*)sa, and T is one of the adjunction morphisms).

This is done as follows. For any M€ #)* let I(M) denote the set of
pairs (X,[¢]) with X a pointed semialgebraic CW-complex (over IR) and
“[p] the homotopy class of a topological homotopy equivalence © : X M.
Such pairs exist by V.7.16.i. We define the group l:op(M) as the pro-
jective limit of the inverse system of abelian groups

(ln(X)I(X,[w]) €I(M)) with transition isomorphisms between any two

members of the system emanating from Theorem V.7.16.1ii.
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If X is a pointed semialgebraic CW-complex then I( ) contains the

Xtop
. . 3 03 n n " 3 "
pair (X,[ldX]). The projection ltop(xtop) - 1 (X) at the "coordinate

(X,[idx]) is an isomorphism which is natural in X. Thus we may identify

n -_—
(2.13) ltop(xtop) = 17 (X)
If M €EP*(IR) then
n sa e n
(1top) (M) = lim (ltop(Xtop)l(X,[w]) €J(M))

lim (17(X) 1 (X, [@]) €TM))

n

. n
We define T (M) : (1top

)53 (M) 1™ (M) as the isomorphism whose component

at the coordinate (X,{®]) is the isomorphism 1" o],

We call l;o the topological extension of the semialgebraic cohomology

P
theory 1*. Since we have a canonical natural equivalence T from

(1;op)sa to 1* we feel justified to identify, using T,
* sa _ qx
(2.14) (1fop) 1* .

Given a topological cohomology theory k* we have, for any M €#* and

ne€z,
n, sa _ , n, sa
((k™) )top(M) = lim (k)X I (X, [{9]) €1(M))
= 1lim (k“(xtop)l(x,[w]) €1(M))

Thus we have a natural isomorphism

n

ot M) kn ~ n)sa

M) — ((k )top(M)

whose component at the coordinate (X,[¢]) is k™[¢]. These isomorphisms
fit together to a natural transformation U from k* to ((k*)sa)top.
Again we identify, using U,

(2.15) ((k%)52) = k*

top
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As a consequence of the main theorems 2.8 and 2.13 and the subsequent
discussions we learn that every topological cohomology theory k* in-
duces, for every real closed field R, a semialgebraic cohomology

theory Rk* over R as follows:

(2.16) gk* = (( (k*)53)Fo)

R !
with RO the field of real algebraic numbers. Moreover, in this way the

topological cohomology theories correspond with the cohomology theories

over R in a unique way. We have

k* = (k¥)5% , = k* ,

*
IR Hlk )top

and if R< K is an embedding of a real closed field into a real closed

K then, with respect to this embedding,

(KR = pk*, (k%) = gk

R R K K

By these wonderful correspondences and equalities we feel justified to

use the following simplified notations.

Notations 2.17. If k* is any topological cohomology theory and if M is

a pointed weak polytope over any real closed field R then we denote
the cohomology group (Rkn)(M) simply by k™ (M) . Similarly for any map
f : M » N between pointed weak polytopes over R we denote the group

homomorphism (Rkn)[f] simply by x"[£f] or, more briefly, by f*.

In particular we now can evaluate all the well known reduced topologi-
cal cohomology theories (singular cohomology; orthogonal, unitary,
and symplectic K-theory, cobordism theories ...) on pointed weak poly-

topes and maps between them over any real closed field.




§3 - Cellular homology

Having settled (to the same extent as in classical algebraic topology)
the question which reduced cohomology theories exist over a given real
closed field R we now may be brief about reduced homology theories. We

use an obvious "dual" notation to the one in §2, Definition 1.

Definition 1. A reduced (semialgebraic) homology theory k, over R is a

family (knlnEZ) of covariant functors k : HP*(R) - Ab together with a

family (cnInEZ) of natural equivalences Op ¢ kn :akn S such that the

+1

following two axioms hold.

Exactness axiom. For every pair (M,A) of pointed weak polytopes over R

and every n € 2 the seguence

kn(A) —J:—’ kn(M) ? kn(M/A)

is exact.

Wedge axiom. For every family (MAIAEA) of pointed weak polytopes and

every n €2 the map

(i,,) + @ k_ (M) >k (V M)
A * AEA D A n', A

[

is an isomorphism.

Dually to Definition 2 in §2 we define natural transformations between

(reduced) homology theories over R and establish the category Ho(R) of
homology theories over R. Analogously we define the category 5 of topo-
logical homology theories which live on H#* instead of HP*(R), cf.

[Sw. Chap. 7].

With the only exception of Proposition 2.4 all the properties, theorems,

and the corollary in §2 have obvious "duals" which can be proved in an
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analogous way. The homology counterpart of Proposition 2.4 is simpler
then that proposition and reads as follows (cf. [Mi], [sw, p. 121f]

for a proof).

Proposition 3.1. Let (MnlnEDU be an admissible filtration of a pointed

weak polytope M over R. Then, for any reduced homology theory k, over
R and every g € Z, the natural map
lri)m kq(Mn) - kq(M)

is an isomorphism.

The topological reduced homology theories correspond with the reduced
homology theories over any real closed field R uniquely up to isomor-
phism, and we are justified to use a notation analogous to 2.17. Thus
we can evaluate any reduced topological homology theory on pointed

weak polytopes and maps between them over any real closed field R.

Definition 2. A reduced homology theory k, over R - and similarly a
reduced topological homology theory - is called ordinary, if kc(So) =0

for g #0.

Remark 3.2. It will become obvious from Theorem 3.3 below (and is well
known in the topological theory, cf. [Sw, Chap. 10]) that, for a given
abelian group G, there exists, up to isomorphism, a uniqgue ordinary

reduced homology theory k over R with kO(So) = G. This is the theory

coming from reduced singular homology H, (-,G) on the category #o*.

Let k, be a reduced ordinary homology theory over R and G := k_(S
Going to more concrete terms we want to explicate an almost combina-
torial "cellular" description of the groups kn(M) of a given CW-complex

M over R, which is completely analogous to the well known topological
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case, cf. [Sw, Chap. 10].
Recall that the degree deg(f) of a map f : S” - s” is the integer m
with [£] = m[idsn] in nn(Sn), provided n >0. {N.B. This makes sense

also if f does not preserve base points, since n1(sn) acts trivially

on nn(Sn).} If n = O we put deg(f) = +1 if £ = idso, deg(f) = -1 if £
interchanges the two points of s®, and deg(f) = O in the remaining
cases.

For every cell o of M we fix a characteristic map wo : E® - M? with

n := dimo (cf. V, §7). Let P, ¢ Sn—1 - An-1

denote the associated
attaching map obtained from wo by restriction. For every cell T of

dimension n-1 we have a well defined base-point preserving map

T, oh-1 n-1

o S - S such that the following diagram commutes.
n-1 ®s n-1 n-1, n-1
S —_— M —_— M /M ~T
T ~ -
0, = v
Sn-1 En-l/sn-Z

Here the unadorned arrows are canonical projections, and Er is an iso-

morphism induced by V.. We put
[o:1] = deg(wé).

Notice that [o:1] = O if T is not an immediate face of o©.

We define the cellular chain complex C. (M) as follows. If n <O then

Cn(M) = 0. If n>0 then Cn(M) is the free abelian group generated by
the set Zn(M) of cells of dimension n. Here the base point xoof M is
not admitted as an element of £, (M), since M has to be regarded as a

relative CW-complex (M,{xo}). The boundary map 3 : C (M) = C__, (M) is

1
given by the formula (n >0)
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3(c) := 2% [o:1lT
T

with T running through Zn_1(M). Every cellular map £f : M » N to a
second pointed CW-complex N induces a chain map C.(f) : C. (M) - C.(N)
in the obvious way. It will soon become obvious that indeed 99 = O.
Theorem 3.3. Let k, be an ordinary homology theory and G := ko(so).

There exist canonical isomorphisms

Ay Hn(C.UM ®ZG) - kn(M)

such that, for every cellular map f : M » N, the sauare

H_ (C. (M) ®G) —(;—-» k(M)

M
Hn(c.(f) ®G) i
Hn(C. (N) ®G) —a;————» kn(N)

commutes.

This can be derived directly from the axioms as in the topological

theory, cf. [Sw, Chap. 10] where also the explicit description of Oy

21 55 the

is given. The starting point is the observation that Mn/M
wedge of copies of the sphere s™, one copy for each o EZn(M). This

. . n ,n-1 n ,n-1

implies kq(M /M ) = 0 for g #n and kn(M /M ) = Cn(M) @zG. The case

G = 7 also gives an easy proof that for the boundary maps in C. (M)

indeed 33 = O [loc.cit.].

In the special case that M is a geometric simplicial complex, hence
M= IKIR with K the abstraction of M (III, §4), we can order [ES, p. 67f¥
the abstract simplicial complex K in one of many ways and then have
canonical characteristic maps at our disposal. Now C. (M) coincides

with the chain complex C. (K) of the abstract pointed and ordered

*
) cf. also p. 314 below.
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simplicial complex K, and we obtain the following truly combinatorial

description of kn(M).

Corollary 3.4. For every n € 2 and every abstract pointed ordered simpli-

cial complex K there exists a canonical isomorphism

og ¢ H (K,G) l*kn(lKlR)

such that, for any simplicial map £ : K - L, the following square

ccmmutes:
Hp (K,6) ———5— k (IKIp)
K
Hn(f) (IflR)*
Hn(L,G) ———TﬁT——e kn(|L|R)

If the reduced homology theory k, is not ordinary then again a cellular
description of the groups k, (M) for M a pointed CW-complex is possible,
although this can be enormously complicated. As in the topological

theory [Sw, Chap. 15] one proves

Theorem 3.5 (Atiyah-Hirzebruch, G.W. Whitehead). There exists a natural
. . 2 (o)
homological spectral sequence (ET a¥) with E = H_(C.(M) ®k_(S
9 E q ( p,q’ ) p.q p( (M) q( ))
converging to k, (M).

In cohomology duals of these theorems 3.3 and 3.5 can be proved in an

analogous way.



34 - Homology of pairs of weak polytopes

We need some formalities about the relations between spaces with and

without base points.

Notations 4.1. a) If M is a weak polytope over R then M* denotes the

direct sum MU {+} with a one point space {+}, regarded as a pointed
weak polytope with base point +. {We hesitate to use this notation for
arbitrary spaces since this would conflict with Def. 3 in IV, §6.}

b) If N is a pointed space over R then N° denotes the space N forgetting

the base point.

We have a natural bijection
(4.2) (M,8°] = [M*,N]

where, of course, the left hand side denotes the set of (free) homotopy
classes of maps from M to N° while the right hand side denotes the set
of base point preserving homotopy classes of maps from M" to N. If X is

a second weak polytope then

(4.3) Mtaxt = M)t

If (MXIAGA) is a family of weak polytopes then

(4.4) v oMy = (U MpT
AEN AEN

Our objective in this section and the next one is to extend an arbi-
trary reduced homology or cohomology theory over R in the correct way
from the category HP*(R) to the homotopy category HWSA(2,R) of all
pairs of spaces over R and to understand the formal properties of the

extended theory.
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In this section we will focus attention at WP-pairs (= pairs of weak
polytopes). The category P(2,R) of these pairs and the homotopy category
HP(2,R) both have a natural endomorphism E which maps a pair (M,A) to

the pair (A,9).

If F is a covariant or contravariant functor from HP(2,R) to Ab then

usually we write F(M) instead of F(M,®). {Recall that we regard HP(R)
as a full subcategory of HP(2,R), cf. 1.1.} If £ : (M,A) - (N,B) is a
map between WP-pairs then most often we denote the homomorphism F[f]

by f, in the covariant case and by f* in the contravariant case.

Analogous conventions will be obeyed for other space categories.
In the last sections we have been most of the time more explicit on
cohomology than on homology. For justice we now give preference to

homology.

Definition 1. A homologv theory (more precisely, an unreduced semialge-

braic homology theory) h, over R is a family (hnlnez) of covariant
functors hn : HP(2,R) - Ab together with a family (anln€2) of natural

transformations 3 : h, - hn_1-E which satisfy the following axioms.

Exactness. For every WP-pair (M,A) the long sequence

— h (3) N h (M) T h (M,3) ‘3;7ﬁ737~ h @A) —...

is exact. Here i and j denote the inclusions from (A,®) to (M,#) and

from (M,®) to (M,A). The sequence is called the homology sequence of

the WP-pair (M,A).

Excision. If A and B are closed subspaces of a weak polytope M with

M = A UB then the inclusion i : (A,ANB) -» (M,B) induces an isomorphism

iy : h (A,ANB) —h_ (M,B)
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for every n € 2.

Additivity. If M is the direct sum (IV,1.10) of a family (MAIAEA) of

weak polytopes then the inclusions ik : MX -+ M induce an isomorphism
(i,4) = & h_(M,) =h_(M)
A yep B A n

for every n € 1Z.

These axioms are the precise analogues of the axioms of a (strongly

additive) homology theory on the category #)(2) of pairs of topological

CW-complexes [Sw, Chap. 7]. We call such a homology here a topological 5

homology theory, more precisely an unreduced topological homology theory.

We draw some consequences from the axioms by arguments very well known
from topology and mostly not repeated here, cf. [ES, Chap. 1], [sw,

Chap. 7]. Let h, be a homology theory over R.

For any point x of a weak polytope M over R there is a unique retrac-
tion from M to {x}. Thus the homology exact sequence of the pair

(M,{x}) splits and we have a canonical isomorphism
(4.5) hn(M) ;hn(*) @hn(M,{x})

If M is contractible then {x} <& M is a homotopy equivalence and we
conclude that hn(M,{x}) = 0. (More generally, whenever (M,A) is a
pair with A a strong deformation retract of M then hn(M,A) = 0 for

all n.)

Proposition 4.6 (Homology sequence of a triple). Let (M,A,C) be a

decreasing WP-triple, and let i : (A,C) » (M,C), j : (M,C) - (M,A)
denote the associated inclusion maps of WP-pairs. Let i1 denote the

inclusion (A,@¥) - (A,C). Finally, for any n €%, we introduce the
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the composite homomorphism

3n(M,A,C) : hn(M,A) W hn_.] (A) W hn j(A'C)
The long seguence

W h (a, C)_*’ h (M,C)—T*’ h (M, A)W h a-1 (A,C) -
is exact.

Proposition 4.7 (Mayer-Vietoris sequence). Let A,B,C be closed sub-

spaces of a weak polytope M with AUB = M and ANB > C. Let An =

An(M,A,B,C) denote the composite

———— h (A,ANB) —m—m ——
hn(M'c)___E;:: hn(M,B) j1* hn(A,AﬁB) 3n(A,AﬂB,C) hn_1(AﬂB,C)

with inclusion maps j1, I,. The following long sequence is exact.

At B Ap
_— h (ANB,C) — h (A,C) ®hn(B,C)——# hn(M,C)——* hn_1(AﬂB,C) -
where a(x) = (11*(x),i2*(x)) and B(u,v) = 13*(u) -i4*(v) with inclusion

maps i1, 12, i3, i4. Moreover,
A, (M,B,A,C) = -4 (M,A,B,C)
We now study the restrictions Bn of the functors hn to the full subcate-

gory HP*(R) of HP(2,R). If M is a pointed weak polytope with base point

x then, by definition,
h_ (M) = h (M, {x})

For every WP-pair (M,A) with A not empty we regard M/A as a pointed

space with base point A/A. If A = ¢ then we put M/A = M+.

Proposition 4.8. For every WP-pair (M,A) and every n € Z the natural

projection p : (M,A) - (M/A,A/A) induces an isomorphism
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Proof. This is evident if A=@. Assume now that A is not empty. Let M U CA

Px ® hn(M,A) —i-»hn(M/A) .

denote the cofiber of the inclusionA -»M (cf. 1.6.1ii). We have a commuting

triangle of WP-pairs

(M,n) &——X — (MUCA,CA)

(M/A,A/R)

with m a homotopy equivalence. {Illegally here M UCA, CA, M/A, A/A nmean
spaces without base point. We omitted the upper index °.) By the excision

axiom hn[i] is an isomorphism. Thus also hn[p] is an isomorphism. g.e.d. :

Given a pointed weak polytope M = (N,x) we obtain an isomorphism on(M)
from fln (M) to Bn+1 (SM) for every n €Z as follows. Recall that SM = (CN/N,X
with CN the reduced cone of N and X its natural base point, which is the |
image of the point x €N c CN under the natural projection p :CN - éN/N. |
{Again illegally, we regard CN and EN/N as spaces without base point
omitting the index ©.} since CN is contractible hn(EN,{x}) = 0. The
homology sequence of the triple (CN,N, {x}) (cf. Prop. 4.6) shows that
the boundary maps an = 8n(C~3N,N,{x}) are isomorphisms. We define % (M)

as the composite

hn(N,{X}) —a':l——' hn+1 (CN,N) —p:" hn+1 (CN/N, {x})
n+l1

The second arrow is an isomorphism by Proposition 4.8 above. Thus On (M)

is an isomorphism. It is natural in M.

Proposition 4.9. (BnlnEZ) together with the family (cnInEZ) of natural

equivalences oh ¢ Bn - Hn+1°s is a reduced homology theory over R.
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Proof. We obtain the exactness axiom (§3, Def. 1) for a given pointed
wP-pair (M,A) from 4.8 and the homology sequence 4.6 of the triple
(M°,2%, {x}), with x the base point of M and A. It remains to verify

the wedge axiom for a given family (MxlkeA) of pointed weak polytopes.

We consider the direct sum N := % M§ and its closed subspace B := &J{xx}.
with x, the base point of M,. We have N/B = X M, . We denote this point-
ed weak polytope by M. Since B is a retract of N the homology sequence
of the pair (N,B) (cf. Def. 1) splits into short exact sequences. Using

(4.8) and the additivity axiom for h, we obtain short exact sequences
o ~
o - f hn({xx}) - ? hn(Mx) -h M) -0

The cokernel of the first map in the sequence is ? hn(Mx) (cf. 4.5).
Thus we cobtain an isomorphism from & ﬁn(M%) to Bn(M). It is easily
A
checked that this isomorphism is induced by the inclusions ik : MA<+ M.
g.e.d.

We now start with a reduced homology theory k, over R and want to "ex-
tend" it to an unreduced homology theory ﬁ*. For any pair (M,A) of
weak polytopes over R we define

k

L M,B) =k (M/B)

and thus indeed obtain extensions ﬁn : HP(2,R) =» Ab of the functors

kn : HP*(R) - Ab. Notice that for any weak polytope M,

~ _ ~ _ +
kM) =k (M,@) = k (M)

Let (M,A) be a pair of weak polytopes over R. Then (M+,A+) is a pair
of pointed weak polytopes. We identify M+/A+ = M/A. Let p denote the
natural projection from Mt to M/A. The homomorphism kn[p] from kn(M+)
to k_ (M/A) coincides with the homomorphism ﬁn[j] induced by the in-
clusion map j : (M,®) - (M,A). Applying the dual of Proposition 2.1 to

. + .
the pair (M+,A ) we obtain a long exact sequence
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T B T a0 e Ry M) ey () ,_;

with homomorphisms Bn = 8n(M,A) which naturally depend on the pair

(M+,A+) and hence on (M,A).

Proposition 4.10. (k In€2) together with this family (3_In€2) of natu-

A~

ral transformations Bn : ﬁn - kn_1°E is a homology theory over R.
Proof. The exactness axiom has just been established. Excision is evi-

dent by the definition of ﬁn. Additivity follows from (4.4). g.e.d. b

As for reduced homology theories there is an obvious notion of a natu-
ral transformation T : h, - g, between homology theories (cf. [Sw,
Chap. 7]), and we can introduce the category Ho(R) of homology theories

over R with these natural transformations as morphisms.

The assignment h, = h, extends naturally to a functor Red :Ho(R) - HO(R).
Similarly the assignment k, ~ ﬁ* extends naturally to a functor

Unred : Ho(R) - Ho(R).

Theorem 4.11. These functors are quasi-inverse natural equivalences
between Ho(R) and Ho(R), i.e. there exist natural equivalences

ldHo(R) — Unred » Red and ldHB(R) — RedeUnred. In particular, up to iso-
morphism, the homology theories over R correspond uniquely with the

reduced homology theories over R.

Since we have been very explicit on similar matters in §2 we now can
safely leave the proof of this theorem to the reader.
Analogous natural equivalences h, » ﬁ*, ke P ﬁ* exist between the cate-

gories 6 and 5 of unreduced and reduced topological homology theories,




221

as is well known and proved in the same way.

Henceforth we usually will identify ﬁ* = Ky h, = h,, both in the

semialgebraic and the topological setting.

If KDR is a real closed base field extension then it is clear from §2

that for every homology theory h, over K we have a homology theory hf

over R, called the restriction of h, to R, such that (h%)~ = (b %,

Conversely, every homology theory g, over R yields a homology theory
(g*& over K, called the extension of g, to K, such that ((g*)K)~ = (§*)K.
In this way the homology theories over R correspond with the homology

theories over K uniguely up to natural equivalence.

For any WP-pair (M,A) over R we have formulas, in analogy to (2.6) and

(2.9),

R _
(4.11) hn(M,A) = hn(M(K),A(K))

(9,) g M(K),A(K)) = g (M,A)

and similar formulas for the boundary maps an

Every topological homology theory h  "restricts" to a semialgebraic

. homology theory hfa over IR such that (hfa)~ = (B*)sa. Conversely,

every semialgebraic homology theory g, over IR "extends" to a topolo-

such that ((gy) on) = (94)op-

way the semialgebraic homology theories over IR correspond uniquely

gical homology theory In this

(94) top

with the topological ones, up to natural equivalence. For every pair

. (M,A) of semialgebraic CW-complexes over IR,

sa _
(4.12) hn (M,A) = hn(M

(

top’Atop)

) = g, M,8) .

(gn)top Mtop’Atop
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Consequently, given a topological homology theory h,, there exists

over each real closed field R a homology theory

R
h, = ((h3%) 9)

R * R

which corresponds canonically to h,.

The pendant RH*(—,G) over R of singular homology H, (-,G) with coeff:-
cients in some abelian group G can be evaluated on a CW-pair (M,A) over
R by a cellular procedure analogous to Theorem 3.3. For an extraord:inary
topological homology theory h we can describe Rhn(M,A) in a cellular

way analogous to Theorem 3.5.

We now define unreduced cohomology theories.

Definition 2. A (semialgebraic unreduced) cohomology theory h* over R

is a family (h®1n€z2) of contravariant functors n" HP(2,R) -» Ab to-

gether with a family (énInGZ) of natural transformations & : h"-E - hn+1

such that the following three axioms hold (notations as in Def. 1).

Exactness. For every pair (M,A) of weak polytopes the long sequence

> b 0,R) - BN e BT R) s 1, a) -

HE3
. 87 (M,n)

is exact.

Excision. If A and B are closed subspaces of a weak polytope M with

A UB = M then for every n €2, the natural map
i* : n"(M,B) - h™(a,AanB)
is an isomorphism.

Additivity. If M is the direct sum of a family (MAIXGA) of weak poly-

topes then, for every n € 2, the natural map
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(1¥) : n@) - T T n"m

)
xEA A

is an isomorphism

All our considerations on homology theories can be repeated word by
word for cohomology theories. They lead to notations and results
analogous to the ones above, which we will use without further expla-

nation.
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§5 - Homology of pairs of spaces

We want to extend a given homology theory h, over R from the category
HP(2,R) to the homotopy category HWSA(2,R) of all pairs of spaces over
R. This will be done by use of WP-approximations (cf. V, §4) in a way

similar to the procedure in §2.

We first deal with the simpler problem how to extend a single covariant
functor F : HP(2,R) - Ab to HWSA(2,R) in a canonical way. Given a pair

of spaces (M,A) over R let I(M,A) denote the set of triples (X,B,[¢])

with (X,B) a WP-pair over R and [¢] the homotopy class of a WP-approxi- ;
mation ¢ : (X,B) -» (M,A). {It turns out to be convenient to write a ;
triple (X,B,[¢]) instead of the class [9], although this is redundant
notation. As elsewhere we ignore set theoreticdifficulties.} Given any

two triples (X,B,[e¢]), (Y,C,[y]) in I(M,A) there exists, up to homotopy,

a unique map x : (X,B) - (Y,C) with yex ¢, and x is a homotopy equi-
valence (Th. V.4.10.ii). We thus have a canonical isomorphism

X« ¢ F(X,B) =F(Y,C).

We define an abelian group F(M,A) as the direct limit of the family of
abelian groups (F(X,B)! (X,B,[¢]) €I(M,A)) with these isomorphisms X,
as transition maps between any two members of the family. For every !

(X,B,[0]) €1(M,n) let
9, : F(X,B) » F(M,A)
denote the canonical map emanating from the definition of lim . It is

an isomorphism.

Let now [f] be a homotopy class of maps from (M,A) to a second pair
of spaces (M',A'). Then we obtain a natural homomorphism F[f] from

F(M,A) to F(M',A') as follows. We choose WP-approximations
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¢ : (X,B) » (M,A) and o' : (X',B') » (M',2'). By Cor. V.6.15 there
exists up to homotopy a unigque map g : (X,B) -» (X',B') such that

@'ec = fop. We define F[f] as the dotted arrow which makes the square

F (X,B) —_Flal | F(X',B")
Wy | = = oy
F(M,A) A %2 F(M',A")

commutative. It is easily seen that F[£] does not depend on the choice

of v and ¢'. In this way we obtain a covariant functor
F : HWSA(2,R) - Ab.

It is clear from the last sentence in V.6.15 that F turns every weak

homotopy equivalence f : (M,A) - (M',A') into an isomorphism F[f].

Given a WP-pair (M,A) over R there exists a distinguished element

(M,A,[id(M A)]) in I(M,A). Thus we have a canonical isomorphism
, canonica.

(1d 2% * F(M,B) SFM,2)

These isomorphisms fit together to a natural equivalence from the
functor F to the restriction FIHP(2,R) of F. We feel justified to

identify
FIHP(2,R) = F,

and thus we write F(M,A) = F(M,A) and FIf] =F[f] for any WP-pair (M,A)

over R and any map f between such pairs.

If ¢ : (X,B) - (M,A) is a WP-approximation of a pair of spaces over R
then the homomorphism ¢, from above coincides with Flw]. We now feel
free to abbreviate F[f) by f, for any map between pairs of spaces over

R.
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We call F the extension of the functor F to HWSA(2,R) by WP-approxima-

tion. It is easily seen that every natural transformation T : F - G
from F to a second functor G : HP(2,R) - Ab extends in a unique way
to a natural transformation T : F - &, called the extension of T by

WP-approximation.

By an analogous procedure, using classical CW-approximation [W, p. 224]
we can extend any covariant functor F : H#(2) - Ab on the homotopy
category of pairs of topological CW-complexes canonically to a functor
F : HTOP(2) - Ab which turns topological weak homotopy equivalences

into isomorphisms.

More generally all this works for functors on HP(2,R) or H#0(2) with
values in the category Gr of groups or the category Set of sets instead
of Ab and, of course, also for contravariant functors. The whole point
is that for diagrams in Ab or Gr or Set there is a distinguished way

to produce direct and inverse limits.

If h, is a homology theory over R then we obtain for every hn a functor
ﬁn on HWSA(2,R). We want to understand the properties of the family
(ﬁnlnez) of these functors. Here the difficult question is what sort

of excision theorem holds for the ﬁn’ It turns out to be convenient

to ignore this question for some time first dealing with easier

matters.

Definition 1. Let Ol be a space category. {We are a bit vague here.
Important cases are 00 = P(R), WSA(R), #), TOP with the usual notion

of subspace.} Let HO{(2) denote the homotopy category of pairs of
spaces in O, and let E denote the endomorphism (M,A) » (A,@) of HO(2).
{We use the letter E uniformly for all &.}

a) A prehomology theory h, on & is a sequence (hnlnez) of covariant
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functors hn : HOu(2) - Ab together with a sequence (anlnez) of natural
transformations 9, : hn - hn_1°E such that, for every pair (M,A) €0,

the "long homology sequence"

(a) -

——F7———h (A) —— h_ (M) —=— h_(M,A) —————— h
9 41 (M/A) n i, n Jx n’ 3, M,n) n-1

is exact. Here i and j denote the inclusions from (A,%) to (M,@) and
from (M,®) to (M,A).

b) A natural transformation T : h, - h, between prehomology theories on
Ot is a sequence (T, In€2) of natural transformations Tp : hrl » h/ such

that for every (M,A) € &(2) the following square commutes.

T_(M,3)
h_ (M,2) h' (M,A)
5, (M,A) 21 (M,)
bR T, &,9) hi-q(B)

{As in previous sections we write hq(A) instead of hq(A,¢).} We call T

a natural equivalence (or isomorphism) from h, to hy if every T is a

natural equivalence (i.e. every Tn(M,A) is an isomorphism).

Let h, be a prehomology theory on P(R). Every natural transformation

o, + b~ hn_1oE extends to a natural transformationd, : h - (hn_1~EL
and it is pretty obvious that (hn_1°EY = ﬁn_j-n.

Proposition 5.1. The sequence of functors (BnlnEZ) together with the

sequence of natural transformations (5nln€z) is a prehomology theory

h, on WSA(R).

Proof. Given a pair (M,A) of spaces over R we choose a WP-approximation
¢ : (X,B) - (M,A). We then can compare the h,-homology sequence of
(X,B) with the ﬁ*~homology sequence of (M,A) using the isomorphisms

Qyr Vyr X4 induced by ¢ and its restrictions v : (X,0) - (M,9),
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X : (B,®) - (A,®) which are again WP-approximations. Since the h,-hcmo-
logy seguence of (X,B) is exact the same holds for the ﬁ*-homology

sequence of (M,A). g.e.d.

Proposition 5.2. For every natural transformation T : h, - g, between

prehomology theories on P(R) the sequence (fnlnez) is a natural trars-
formation T : ﬁ* - é* between prehomology theories on WSA(R). If T is

v . .
an isomorphism then T is an isomorphism.

We leave the easy proof to the reader. We call ﬁ* (resp. %*) the ex-

tension of h, (resp. T,) to HWSA(R) by WP-approximations.

Similarly, by classical CW-approximation every prehomology theory h,
on %) extends to a prehomology theory ﬁ* on TOP and every natural
transformation (resp. isomorphism) T : hy - g, between such theories

extends to a natural transformation (resp. isomorphism) T o: h, » g,.

Given any homology theory g, over R we want to understand the formal
properties of the prehomology theory é*. For all questions we have in
mind it does not matter whether we look at §, or at a prehomology
theory isomorphic to g,. We know from §4 that there exists a topologi-
cal homotopy theory h,, unique up to isomorphism, such that g, is iso-
morphic to Rh*' By Proposition 5.2 the prehomology theory §, is isomor-
phic to (Rh*Y . Thus it suffices to study the theory (Rh*)'. This allows

us to simplify notations drastically.

Notations 5.3. For the rest of this section, and in §6 as well, h, is

a fixed topological homology theory (living on H#m2(2)).
i) If (M,A) is a pair of topological spaces then we write hn(M,A) and
3, (M,A) instead of H_(M,A) and 3 (M,A).

ii) If (M,A) is a pair of spaces over R then we write hn(M,A) and
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an(M,A) instead of (ph ) (M,A) and (g3 )" (M,A), and rather often in-
stead of 8n(M,A) more briefly, but abusively, Bn or even J.
iii) If M = (N,x) is a pointed space over R or a pointed topological

space we define
h, (M) := h_(N,{x}) .

iv) If M is a pointed weak polytope over R then we denote the suspension
isomorphism Bn(M) - Bn+1(SM) of the reduced homology theory Rﬁ* by
on(M). Similarly, if M is a pointed topological space, we denote its
topological suspension [Sw, Chap. 2] by SM and the natural isomorphism

hn(M) :eﬁn(SM) (cf. [sw, Chap. 7)) again by cn(M). In both cases we

often write more briefly o,s Or even o, instead of on(M).

Theorem 5.4 (First and second main theorem for homology). i) Let K be
a real closed field extension of a real closed field R. For every pair
of spaces (M,A) over R and every n € 2 there exists a natural isomor-

phism k_(M,A) : hn(M,A) :+hn(M(K),A(K)) such that all the squares

3. (M,A)
h (M, A) ho_q (B)
K, (M,B) | = = Knq (B/9)
h (M(K) ,A(K)) 5 M (KT, B (KT h _ 4 (A(K)
?

commute.

ii) For every pair of weakly semialgebraic spaces (M,A) over IR there

exists a natural isomorphism

Calada st Lottt R AL Lty

A, (M,A) : h_ (M,A) ;’hn(M )

top’Atop

such that all the squares
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Sn(M,A)
h (M,2) h _,(A)
|
>~ :l
A, (M,R) | = ol -1 (B2
hn(Mtop'Atop) an(Mtop’Atop) n-1(Atop)

commute.

Indication of proof. In §4 we have already established such isomorphisms :

Kn(M,A), Xn(M,A) for pairs of weak polytopes (M,A), and then have iden-
tified hn(M,A) with hn(M(K),A(K)) and hn(Mtop’Atop) respectively by
these isomorphisms. We now define these isomorphisms for an arbitrary

pair of spaces (M,A) over R (resp. IR) leaving the verification of the

various commutativities tc the reader.

i) Let (M,A) be a pair of spaces over R. If ¢ : (X,B) - (M,A) is a
WP-approximation of (M,A) then ox is a WP-approximation of (M(K),A(K)).
Thus the direct system (hn(X,B)I(X,B,[wl) €I(M,A)) from above can be
regarded as a subsystem of (hn(Y,C)I(Y,C,[w]) €I(M(KX),A(K)) in a cano-
nical way. We define Kn(M,A) as the natural map from the direct limit
of the first system to the direct limit of the second one. It is an
isomorphism.

ii) Let (M,A) be a pair of weakly semialgebraic spaces over IR. Let
I'(M,A) denote the subset of I(M,A) consisting of all triples

(X,B,[0]) with ¢» : (X,B) » (M,A) a semialgebraic CW-approximation.

Further let J(M ) denote the set of triples (Y,C,[v]) with

top'Atop

Y : (Y,C) - (M ) a topological CW-approximation,We have an evi-

top’Atop
dent map an(M,A) : lim (hn(X,B)I(X,B,[w]) €1'(M,A)) - h (M,A). The

system (hn(x,B)l(X,B,[w])) €I'(M,A) can be regarded canonically as a

subsystem of (hn(Y,C)I(Y,C,[w]) €J(M )). We define Bn(M,A) as

top'Atop
the induced map from the direct limit of the first system to the direct

limit of the second system, which is h (M ). Both a, (M,A) and

top'Atop

3n(M,A) are isomorphisms. We define
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_ -1
A, (M,B) = B (M,A)ea (M,B) .

(End of our explanations concerning Th. 5.4).

We now are justified to identify hn(M,A) with hn(M(K),A(K)) (resp.

hn(Mtop’Atop)) by the isomorphism Kn(M,A) (resp. xn(M,A)). This means

that most often we write

hn(M,A) = hn(M(K),A(K)), resp. hn(M,A) = hn(M )

top’Atop

and, of course, also

i

Bn(M,A) = (M(K),A(K)), resp. an(M,A) (M ) .

an o top’Atop
Example 5.5. Let h, be singular homology H, (-,G) with coefficients in
some abelian group G. For (M,A) a pair of locally semialgebraic spaces
over R the groups Hq(M,A,G) defined now coincide, up to natural iso-

morphisms, with the groups Hq(M,A,G) inventend by Delfs ([D], [D1],

[DK3]) and described in III, §7.

This is evident for M and A partially complete from the simplicial
description 3.4 of these groups. It is then also clear in general
since there exist "enough" pairs (K,L) of partially complete subspaces
KcMand L €« A (with L < K, of course) which are strong deformation

retracts of M and A respectively (cf. formula 3.6 in [DKB])'

In the following we shall not make use of this fact. On the contrary,
the considerations of the present chapter will give the results, say,
in III, §7 anew and in a somewhat easier way than Delfs' theory does.
But one should keep in mind that Delfs' theory has a deeper content
than the present one by its inherent connection with sheaf cohomology
which is absent here. For example, by his theory it is clear the the

groups Hq(M,G) of a locally semialgebraic space M {defined as (thY (M)
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for h* = H*(-,G) = singular cohomology with coefficients in G} coin-
cide with the cohomology groups Hq(M,GM) of the constant sheaf GM or.

M with stalks G.

Open Question B. In which generality is it true for a space M over FE

that Hq(M,G) = Hq(M,GM)? How about a sheaf theoretic interpretation

of the relative cohomology groups Hq(M,A,G)?
We return to an arbitrary topological homology theory h,.

Proposition 5.6. The long homology sequence of any triple (M,A,C) of

spaces with A > C, defined as in 4.6, is exact. ﬁ

This is a formal consequence of the exactness of the long homology

sequence of a pair of spaces, cf. [ES, p. 25ff.].

Proposition 5.7. Let ((MA,AA)IXEA) be a family of spaces over R. Let
M and A denote the direct sums of the MA and the AA respectively. The
inclusion maps ix : (Mx,AX)G» (M,A) induce an isomorphism
(i,,) = @& h_(M,,A,) Sh_(M,A)
A* rep D AT n

for every n € 2.

Proof. It suffices to prove this in the special case that all A, are
empty. Then we obtain the result in general by use of the long homology
sequences of (M,A) and the (MA’AA) and the five-lemma. For any X € A we
choose a WP-approximation @, s XA - MA‘ Let X := U(XAIXEA). The map

[0} :=LJ¢A from X to M is a WP-approximation of M. We know that the

claim holds for the family (xx|xex). Using the isomorphisms hn[wx] and

hn[w] we see that the claim holds for (MAIAGA). g.e.d.




§6 - Excision and limits

The conventions from the preceding section remain in force. In parti-
cular, h, is an arbitrary topological homology theory which will be

evaluated on pairs of spaces over R (cf. 5.3).

Definition 1. A triple of spaces (M,A,B) is called a triad if M = A UB.
We call a triad (M,A,B) excisive (for the homology theory h,) if the

inclusion map i : (A,AnB) - (M,B) induces an isomorphism
iy ¢ h (A,ANB) =h_ (M,B)

for every n€2.

Proposition 6.1. If (M,A,B) is an excisive triad and C is a subspace

of ANB then the Mayer-Vietoris of the quadruple (M,A,B,C), defined

as in 4.7, is exact.

This is again a formal consequence of the exactness of the long homo-

logy sequences of pairs, cf. [Sw, p. 105f], [ES, p. 37ff].
We come to the crucial question: Which triads are excisive? The follow-
ing proposition witnesses the "tameness" of weakly semialgebraic

spaces in contrast to arbitrary topological spaces.

Proposition 6.2. Every triad (M,A,B) of spaces over R with A and B

closed in M is excisive.

Proof. We know from §4 that triads of weak polytopes are excisive.

If the field R is sequential then, for every space X over R, the par-
tially complete core Py P(X) -» X exists and is a WP-approximation
of X (cf. V.4.7). Now (P(M),P(A),P(B)) is a triad of weak polytopes

and P(A) NP(B) = P(ANB). We have a commuting square
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P(i)

(P(A) ,P(A)NP(B)) (P(M),P(B))
(PA:PAnB) (PMIPB)
(A,ANB) T (M, B)

and P(i) is just the inclusion map between the pairs above. The verti-
cals are WP-approximations. Since (P(M),P(A),P(B)) is excisive we con-

clude that (M,A,B) is excisive.

Now consider the case that R is not sequential. Then we choose a real
closed overfield K of R which is sequential. (M(K),A(K),B(K)) is again
a triad with A(X) and B(K) closed in M(K). Thus (M(K),A(K),B(K)) is
excisive. Since A(K) NB(K) = (A NB) (K) we conclude by the first main

theorem for homology 5.4.i that (M,A,B) is excisive. g.e.d.

Remark 6.3. If (M,A,B) is an excisive triad then also (M,B,A) is

excisive.

This can be seen in much the same way as in topology by applying Pro-
position 6.2 to the triads (M',A',B') and (M',B',6A'),where M' is the
subspace (Ax0O) U (CxI) U (Bx1) of MxI, with C := ANB, and A',B' are the

closed subspaces (AxO) U(CX[O,%]),(CX[%,1]) U (Bx1) of M', cf. [Sw, p. 103f

Theorem 6.4. Let (M,A) be a closed pair of spaces over R and £f : A - N
be a map over R which is partially proper near M ~A. Then the "push out

map" g : (M,A) » (MU_N,N) (cf. IV.8.4) induces an isomorphism

f

gx : h(M,A) —h (MUCN,N)

£

for every n € 2.

Proof. i) We first consider the case that M and N are weak polytopes.

Now we have a commuting diagram
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(M,R) ———T—— (M U_N,N)

P q
(M/A,*) —— (M UfN/N,*)
g
with g an isomorphism and canonical projections p and g. We know from
§4 that hn[p] and h [ql are isomorphisms. Of course also hn[E] is an
isomorphism. Thus hn[g] is an isomorphism.
ii) We now prove the theorem in the case that the field R is sequential.

Then we have a commuting sguare

(e ), p(a)) —E s (pu U W) P (W))
P d
(M,Rn) g (M UgN,N)
with WP-approximations p,g. Moreover P (M UfN) = P (M) UP(f)P(N) (Iv.9.14),

and P(g) is the pushout map between the pairs above. We know from step
(i) that hn[P(g)] is bijective and conclude that hn[g] is bijective.
iii) If finally R is not sequential then we choose a sequential real
closed field K ® R. We know from step (ii) that hn[gK] is bijective and

conclude by the main theorem 5.4.i that hn[g] is bijective. g.e.qd.

In the special case that N is the one-point space the theorem reads

as follows.

Corollary 6.5. For every closed pair of spaces (M,A) with A partially

complete near M~NA and every n € 2 we have a natural isomorphism

h_ (M,R) L»Bn(M/A)

We now start out to prove a very general theorem about the homology

of direct limits of spaces.
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Theorem 6.6. Let (M,A) be a pair of spaces and (XAIA€A) a directed
system of subspaces of M which is an admissible covering of M (cf.
Def. 7 in IV, §3). For every g €Z the natural map

ié* hq(XA'A nxA) - hq(M,A)

is an isomorphism.

Proof. a) It suffices to prove this in the case that A2 is empty. Then
the claim follows in general by using long homology sequences and the
five-lemma. Thus henceforth we consider a single space M instead of a

pair (M,A).

b) We first prove the claim for an admissible filtration (XnInEnﬂ of
M (cf. V, §2, Def. 3). Then the theorem can be verified by use of

Milnor's trick [Mi]. We consider the telescope T cMxI_ of the family
(annEEU , cf. V, §4. The natural projection p : T » M is a homotopy

ecuivalence (V.4.5). In T we have the closed subspaces

A LI ¢ x [n-1,n]! n even)
LI (

.
-
H

B x [n=1,n]l n odd)

X
n
X
n
with AUB = T. By Proposition 6.2 the triple (T,A,B) is excisive. A

close inspection of the Mayer-Vietoris sequence of the gquadruple

(T,A,B,ANB) gives the claim, cf. [Mi].

c) We now prove the theorem in the case that the directed system
(XAIX€A) is an exhaustion of M. Omitting superfluous indices we may
assume that the exhaustion is faithful (Prop. IV.1.14). We enlarge,
without loss of generality, our directed family to a faithful lattice
exhaustion (Prop. IV.1.15). The space M carries a patch decomposition
such that (XAIAGA) is cofinal in the family of all finite closed sub-

complexes with respect to this decomposition, cf. Vv, §1.
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Henceforth we assume that M is a patch complex and (XxlkeA) is the
family of finite closed subcomplexes of M. We look at the chunks Mn

and belts M(n) of M and also at the chunks X and belts Xx(n) of

A,n
the subcomplex Xy Since Xy is closed in M, we have Xk,n = Mn nx,.
Moreover Xx(n) is just the direct sum of all closed patches o of M of

height n with 0 < Xy. In particular, Xk(n) is empty for n large,

keeping A fixed. We have axx(n) = Xx(n) N3M(n).

By Theorem 6.4 the pushout map g : (M(n),3M(n)) - (M_,M

n n—1) yields

isomorphisms

Ix ¢ hq(M(n),BM(n)) :*hq(Mn,Mn ) .

-1

For every X € A the map g restricts to the pushout map g5 from

(Xy (n),9X, (n)) to (X, ) which yields isomorphisms

,n’XA,n-1

9wt By Xy (0),3X, (n) Sho (X, Xy )

We obtain a commuting square with bijective vertical arrows

lim hq(XA(n),BXX(n))—————————* hq(M(n),BM(nH

. o
lim hq(XAnMn’Xngn ) — hq(Mn’M )

-1 n-1

(M(n) ,3M(n)) is the direct sum of the pairs (0,30) with o running
through all patches of height n and every (Xx(n),axx(n)) is the direct
sum of some of these pairs (0,30). Moreover, every 0 is contained in
some space Xx(n). Thus, by the additivity of hq’ the upper horizontal
arrow is an isomorphism. This implies that & is an isomorphism. Using
long homology sequences and the five-lemma we see by induction on n
that the natural map

lim hq(Xx ﬂMn) - hq(Mn)
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is an isomorphism for every n. The directed system (X, nMnI(X,n) €A xIN)g

3
of subspaces of M gives us a natural commuting square of homomorphisms

(J;ir) hq(xA M) ——— 1 ‘i‘m hq(Mn)

lim hq(XA) hq(M)

The upper horizontal arrow is bijective by what has just been proved.
The vertical arrows are bijective by step b) of the proof. Thus the

lower horizontal arrow is bijective, as claimed.

d) We obtain the theorem in general by somewhat repeating the last
argument. We choose an exhaustion (Mala€I) of M. For every A €A the
family (XA ﬂMQIGGI) is an exhaustion of Xy - The directed system

(X, nMal(A,a) € AxI) of subspaces of M gives us a natural commuting
square

lim h_ (X, AM )—— 1lim h_(M ) |
673? g A o = g o '

lim hq(XA) _— hq(M)

The vertical arrows are bijective by step c) of the proof. The upper
horizontal arrow is trivially bijective since every Ma is contained in

some XA’ Thus the lower horizontal arrow is bijective, as claimed. g.e.d

We now can prove that the elements in our homology groups "live" in
polytopes in the given space. For any pair of spaces (M,A) let XE(M,A)
denote the set of pairs (K,L) with K and L complete semialgebraic sub-
sets of M and A respectively and, of course, L < K. This set XE(M,A) is
a directed system of pairs of polytopes under the partial ordering

given by inclusion.




1
:
1
;

239
Theorem 6.7. For every q €2 the natural map
lim (hq(K,L)I(K,L) €8E(M,A)) - hq(M,A)

is an isomorphism.

Proof. i) We choose an exhaustion (MGIG€I) of M. We first prove the
surjectivity of the map. Let £ th(M,A) be given. If X and Y are sub-
spaces of M and A with X o Y then we call an element n of hq(X,Y) a
preimage of £ if n maps onto § under i, : hq(X,Y) - hq(M,A) with 1

the inclusion (X,Y) < (M,A).

By the preceding Theorem 6.6 there exists some « € I and some

n th(Ma'Aan) which is a preimage of £. We choose a good triangulation
of (Mq,AnMa), cf. III, §2. Let K and L denote the cores of M, and A(\Mu
in this triangulation. Then (X,L) € XC(M,A). Moreover K and L are strong
deformation retracts of M and A respectively. Using long homology
sequences and the five-lemma we conclude that the inclusion map from
(K,L) to (Ma'AnMa) gives an isomorphism in homology. Thus n has a pre-
image in hq(K,L) and this is also a preimage of £.

ii) We now prove injectivity. We are given elements £1th(K1,L1) and
gzehq(Kz,Lz) for some pairs (K1,L1) and (K2,L2) in YC(M,A), such that
1 and 22 have the same image in h1(M,A). We have to find a pair

(K,L) GXEQLA)with K1 UK2 < K and L1 UL2 < L such that E1 and 62 have

the same image in h_(X,L).

q
By Theorem 6.6 there exists some a €I with K, UK, < M  such that &,
and &, have the same image in hq(Mg’Aan)' We choose a good triangula-
tion of the system of spaces (Ma,AﬂMa,K1,K2,L1,L2). Let K and L denote
the cores of M, and ANM, . Then K1 UK2 < K and L, UL2 < L. The inclu-

sion map from (K,L) to (Ma'AnMa) gives an isomorphism in homology.

Thus 51 and 52 have the same image in hq(K,L). g.e.d.
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We return to excision problems.

Lemma 6.8. Let (XAIAEA) be a directed system of subspaces of a space M

which is an admissible covering of M. Let (M,A,B) be a triad such that,

I

for every X €A, the triad (XX'A nXA’B nXA) is excisive. Then (M,A,B)

is excisive. i

This is an easy consequence of Theorem 6.6. We are now next door to a
rather general excision result. In order to state it we need two defi-

nitions.

Definition 2. A subset X of M is called basic if, for every L €¥ (M)
{i.e. L closed and semialgebraic in M}, the set X NL is locally closed
in the semialgebraic space L. This means that X NL is open in its

closure X NL or, in other terms, XNL = UNA with U€ ¥(L) and A €¥(L).

N.B. It suffices to check this property with L running through the
sets of a given exhaustion of M. By the way, then X NL is locally

closed in L for every L € ¥(M).

If the space M is locally semialgebraic then every basic subset X of
o —_—
M is an intersection UNA with U € T(M) and A €T (M), and we can choose

A = X. We also can write, in this case,
X = {x €MIf(x) > O, g(x) > O}

with two locally semialgebraic functions f and g on M (cf. I.4.15).
The word "basic" alludes to the possibility in general to give such a

"basic description" at least for the sets X NL in L.

Definition 3. A triad (M,X,Y) is called basic if X and Y are basic in

M and, for every L €¥ (M), there exist closed semialgebraic subsets A
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and B of L with A<XNL, BcYNL, and AUB = L. Again it suffices to
check this last property with L running through the sets of a given

exhaustion of M.

Examples 6.9. i) Every triad (M,A,B) with A and B closed in M ("closed
triad") is basic.

ii) Every triad (M,U,V) with U and V open in M ("open triad") is basic.
Indeed, in this case there even exist sets A €T (M), B €T (M) with A cU,
BcV and AUB = M by the shrinking lemma V.3.4.

iii) More generally, let X and Y be basic subsets of M such that M =X U?,
with X and Y denoting the interiors of X and Y in the strong topology

of M. Then (M,X,Y) is a basic triad. Indeed, let L €¥(M). Then the inte-
riors U and V of LNX and LNY in L contain LNX and L NY respectively.
Thus UUV = L. By the shrinking lemma (in its semialgebraic version
[DKS, 1.4]) there exist closed semialgebraic subsets A and B of L with

AcU, BcV and AUB = L.
Theorem 6.10. Every basic triad (M,X,Y) is excisive.

Proof. Applying the preceding Lemma 6.8 to an exhaustion of M we see

that it suffices to consider the case that M is semialgebraic. Now

there exist closed semialgebraic subsets A and B of M with AcX, Bcy,
and AUB = M. We choose a good triangulation of the system (M,X,Y,XNY,A,B)
and then assume without loss of generality that this system is a tame
system of (finite) simplicial complexes (cf. III, §2). We now may re-
place our system (M,X,Y,XNY,A,B) by its core (co M, XNco M, YNco M, ...)
since this core is a strong deformation retract of the given system

(Prop. III.2.1). Thus we assume henceforth, without loss of generality,
that the finite simplicial complex M is closed. Then the subcomplexes

A and B are also closed.
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Let C and D denote the cores of X and Y. Then CND is the core of XNyY. %
We know from III,§1 that C,D,CND are strong deformation retracts of
X,Y,XNY respectively. Moreover, AcC, BcD, hence CUD = M. We look at

the commuting square

hG(C,CﬂD) —— h_(M,D)

hq(X,XﬂY) —_— hq(M,Y)

with all arrows induced by inclusions. The upper horizontal map is an
isomorphism by Prop. 6.2. Using long exact sequences and the five-lemma
we see that the vertical maps are isomorphisms. Thus the lower horizon-
tal map is an isomorphism, which means that, indeed, (M,X,Y) is
excisive.

{N.B. The whole argument works more generally if M is locally semi-

algebraic.} g.e.d.

Let now h* be a topological cohomology theory. We define excisiveness :
of triads with respect to h* as in Definition 1. The analogues of our |
results 6.2 - 6.5 remain true but the theory of limits is more diffi-
cult since the higher derivatives i}g(n) of the inverse limit functor
may come into play. Without any extra effort we can state the following

theorem, which is evident by Milnor's telescope trick [Mi].

Theorem 6.11. Let (M,A) be a pair of spaces over R and (Xn|n€nw an
admissible filtration of M. For every q € Z there exists a natural

exact sequence of abelian groups

0 » 1lim PR3 (x,anx ) » hqa,a) - limh9(x_,20X ) -0 .

If M is a space of countable type (IV, §4) then M has an exhaustion

(Mnln€DU . In this case we obtain the following excision result by the
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above methods.

Theorem 6.12. If M is of countable type then every basic triad (M,X,Y)

is excisive for h*.

This also holds for M locally semialgebraic since then every connected
component of M is of countable type. One can give a direct proof in
this special case without using a limit argument (cf. Proof of Theorem

6.10) .




§7 - Representation theorems, pseudo-mapping spaces

Some notations. We study contravariant functors F from HP*(R) to the

category Set* of pointed sets. If f : M » N is a map between pointed
weak polytopes then, as before, we shall often denote the induced map
F([f]) by f£*. If A is a pointed closed subspace of a pointed weak

polytope M and x is an element of F(M) then we shall often denote the
element i*(x), with i : A< M the inclusion, by xI|A. We call x|A the

restriction of x to A.

An isomorphism in HP*(R), i.e. a homotopy equivalence, will be denoted
by our usual sign " =" for isomorphisms. If there exists a homotopy
equivalence M -5 N, which we do not care to make explicit, then we write

M =N.

If F is the functor [-,L] on HP*(R) for some pointed space L over R
then it follows from Remark 1.2.i and an easy homotopy extension argu-

ment (cf. [Sw, p. 153]) that F fulfills the following two axioms.

(W) Wedge axiom. If (MAIA€A) is any family in ? *(R) then the natural
map
F(V(M, [XEN)) - TT(F(M,) I X€N),
x = ((xIMy) IX€R),

is bijective.

(MV) Mayer-Vietoris axiom. If X is a pointed weak polytope and A1,A2

are pointed closed subspaces of X with X = A, ua, and if elements
X4 €F(A1), Xy €F(A2) are given with x1!A1 nA2 = leA1 nAZ' then

there exists some y €F(X) with ylAq = X4 and yIA2 = X%,

We are about to state a strong converse of this fact, a refined

version of Brown's representation theorem [Bn].
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Definition 1. Let F : HP*(R) - Set* be a contravariant functor. Let L

be a pointed weak polytope and let ¢ denote the map from the one point
space * to L. Let u be an element of F(L) such that ¢*(u) is the

distinguished element of F(x). Then u yields a natural transformation

T, ¢ [-,L] - F

sending an element [f] € [X,L] to f*(u) €F(X). In this way, as follows
from Yoneda's lemma [Mt, p. 97], the natural transformations from [-,L]
to F correspond uniquely to these elements of F(L). The functor F is
called representable, if there exists a space L and an element u € F(L)
such that T, is an isomorphism (= natural equivalence) of functors.

In this case L is called a classifying space and u is called a univer-

sal element for F.

Theorem 7.1. Every contravariant functor F : HP* (R) - Set* which ful-
fills the axioms (W) and (MV) is representable. More precisely the
following holds. Given a weak polytope C and an element v € F(C) there
exists a relative CW-complex (L,C) and an element u € F(L) with ul|C = v
such that L is a classifying space and u is a universal element for F.
If C is already a pointed CW-complex L can be chosen as a pointed CW-

complex containing C as a subcomplex.

We refer the reader to [Sw, p. 155ff] where a detailed proof of the
analogous topological theorem is given. This - very beautiful - proof

can be adapted word by word to the semialgebraic setting.

Remark 7.2. The proof of Theorem 7.1 gives us for free the following

refinements of that theorem.

i) Assume that, for some n EJNO, the map TV(X) : [X,C] » F(X) is bi-

jective for X = s with 0 <qg <n and surjective for X = s™. Then the

relative CW-complex (L,C) can be chosen without cells of dimension <n.
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ii) If T,(X) is bijective for every sphere X = s then C is already

a classifying space of F with universal element v.

Remark 7.3. If F is a contravariant functor from H®* (R) to the category
of groups then it follows from Theorem 7.1 in a purely formal way that
there exists a (base point preserving) map u : LxL - L, unique up to
homotopy, such that (L,[u]) is a group in HP*(R) and Tu(X) is an iso-
morphism of groups for every X €?*(R). If the values of F are abelian

groups then (L,[u]) is an abelian group in HP* (R).

Theorem 7.1 applies to the functors k" of a reduced cohomology theory
over R. Indeed the axiom (W) there holds by definition and (MV) holds

by Prop. 2.3. We will exploit this application in §8.

Here we present some other applications of the representation theorem
7.1. First we consider again the functor F = [-,N] on HP*(R) with N
any pointed space over R. By Theorem 7.1 there exists a pointed CW-
complex L over R together with a map u : L - N which represents F.
Taking into account that N has a WP-approximation (V.4.1) this means
that u is a CW-approximation of N, as defined in V, §7. Thus we have
proved anew the existence of CW-approximations for pointed spaces.
More generally we obtain a CW-approximation of a pair (N,B) of pointed
spaces by first choosing a CW-approximation C - B and then applying
Theorem 7.1 and a homotopy extension argument to the functor F = [-,N]
and the homotopy class [v] €F(C) of the map v : C - B < N. Starting
from this one obtains a second proof cf Theorem V.7.14 on CW-approxi-

mations of arbitrary decreasing systems of spaces.

Let now N be a pointed space and M a pointed weak polytope over R. The
functor X » [XAM,N] on HP*(R) clearly fulfills the wedge and the Mayer-

Vietoris-axiom. By Theorem 7.1 there exists a pointed weak polytope,
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which we denote by Map(M,N), and a map

CM,N : Map(M,N) AM » N

such that, for every X €P*(R), the map

[X,Map(M,N)) - [X aM,NJ],

(f] » [aM,N"(f /\idM)]

is bijective. We call Map(M,N) a pseudo-mapping space and Ey oy an
4

evaluation map. Composing EMoN with the switching isomorphism from
I

M AMap(M,N) to Map(M,N) AM we obtain a map

] - J
CM,N : M AMap(M,N) - N

such that, for every X €?*(R), the map

[X,Map(M,N)] » [MaAX,N],

[f] » [°1~'4,N . (idM/\f)]

is bijective.

The pseudo-mapping space is determined by M and N only up to homotopy
equivalence. To obtain straight notations let us agree that we choose,
once and for all, for every pair M,N as above a pseudo-mapping space
and an evaluation map and denote these by Map(M,N) and ¢ Then we

M,N°
obtain a bifunctor

Map(-,-) : HP*(R)xHWSA*(R) - HP*(R)

which is contravariant in the first and covariant in the second argu-
ment. Without spelling out all the details, we remark that there exist

natural homotopy equivalences
(7.4) Map(M,N1xN2) ;»Map(M,N1) XMap(M,Nz)

(7.5) Map(M1AM2,N) J»Map(M1,Map(M2,N))
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for M,M1,M2 EP*(R), N1,N2,N € WSA* (R) . These are consequences of the

natural bijections

[x /\M,N1 xNz] = [% AM,N1

[x A(M1 AMZ),N] = [(X AM1) AMZ,N].

] x [X AM,NZJ,

The string of equations
ng (Map(M,N)) = [s°,Map(M,N)] = [MAs®,N] = [M,N]

tells us that the connected components of Map(M,N) can be interpreted
as the homotopy classes of maps from M to N. Of course, it would be
much better to have a space whose points correspond uniquely with the
maps from M to N in a natural way, as one has in topology. But, as we
will see, already a pseudo-mapping space instead of a true mapping

space can be useful.

“We turn to a special type of pseudo-mapping spaces, the pseudo-loop

spaces.

Definitions 2. i) For any pointed space N we denote the pseudo-mapping

space Map(S1,N) by QN and call it a pseudo-loop space of N. We denote

the switched evaluation map Cél,N by Ny- Thus Ny is a map from SQON to
N which induces, for every X €P*(R), a bijection [f] w» [nN*(Sf)] from
[X,0N] to [SX,N].

ii) Since S‘J is a cogroup in HP*(R) (cf. §1) we have, by Remark 7.3,
a multiplication u : QNxQN - QN, unique up to homotopy, such that
(QN,[u]) is a group in HP*(R) and the above bijections [X,ON] = [SX,N]
are group isomorphisms. Once and for all we choose, for every

N € WSA* (R), such a multiplication u and denote it by Uye Both maps

ny and Hy are regarded as ingredients of the pseudo-loop space QN.
iii) For every map f : N » N' between pointed spaces we choose, once

and for all, a map g : QN -» OQN' such that, for every X €P*(R), the
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diagram

[sx,N] — s [s%,N']

e
(k3

[ X' 1
[x,an] e [X,oN"]

commutes. The vertical arrows here mean, of course, the canonical bi-
jections. We denote this map g by Qf. Since the maps f, are group homo-

morphisms we have a diagram

M
ONxON —— N, oN

QFExQf Qf
ON' xON' ———»uN' QN

which commutes up to homotopy. All this means that we have obtained a
functor N » QN, [£f] » [Qf] from HWSA* (R) to the category of group
objects in HP*(R).
iv) The pseudo-loop functor £ : HWSA*(R) - H *(R) is right adjoint
(= adjoint in [Mt]) to the composite j«S of the suspension functor
S : HP*(R) - HP*(R) with the inclusion j : HP*(R) - HWSA* (R). The maps
Ny ¢ SQN - N are the associated left adjunction maps [Mt, p. 118]. We
also have, for every M €P*(R), a right adjunction map Tty : M > asy,
choosen once and for all in the homotopy class in [M,QSM] which is
mapped to [idSM] under the natural bijection [M,QSM] =»[SM,SM]. Thus,
by definition,

fdgy = ngy “(SCy)

which characterizes gy up to homotopy.

v) For any r € IN we denote the r-fold iteration of the pseudo-loop

functor by QT By (7.5) we have, for every N € WSA* (R), a homotopy

equivalence
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Q"N =Map(st,N).

From the definitions it is obvious that, for every g >0 and r >0,

(7.6) nq(QrN) =n_,_(N)

q+r

We illustrate the usefulness of the pseudo-loop functor by an

example.

Theorem 7.7 (General suspension theorem). Let M and N be pointed weak
polytopes. Assume that N is n-connected for some n GBNO. The suspen-

sion homomorphism (§1, Def. 2)

leN : [M,N] > [sM,SN]

is bijective if dim M < 2n and surjective if dimM = 2n+1.

Proof. Freudenthal's suspension theorem 1.5 means that the adjunction
map gy : N - QSN is a (2n+1)-equivalence (cf. V, §6, Def. 5 and Def. 7).:

The claim now follows from Theorem V.6.13. g.e.d.

We digress for short from our general theme in order to indicate how
"free" pseudo-mapping spaces can be obtained for spaces without bass

points.

Theorem 7.8. Let M be a weak polytope and L a space over R. The contra-
variant functor X » [XxM,L] from HP(R) to the category of sets is ra==

presentable. Thus there exists a weak polytope Map(M,L) and a map

€ : Map(M,L)xM > L

M,L

such that, for every X €P(R), the map

[X,Map(M,L)] - [XxM,L]

[£] v L6y . = (£xidy)]
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is bijective.

Proof. We use the notations 4.1. We choose some y €L and denote the
pointed space (L,y) by N. Then N° = L. Let T := Map(M+,N)O. Then for

any X € P(R), in slightly sloppy notation,
(xxM,1] = [0, N = (xTam®,N) = 1x% Mapn®, 00 1 = (x,7]

(cf. 4.2, 4.3) g.e.d.

Corollary 7.9. If ME€P(R) and N € WSA*(R) then

Map (M,N°) =Map Mt,N)©

We return to pointed spaces and state another representation theorem.
It is an analogue of a famous representation theorem due to Brown and
Adams, cf. [Ad1], [sw, Th. 9.21)]. It can be proved here word by word

in the same way as there. In particular, no transfer principle is need-

ed for the proof.

Theorem 7.10. Let F be a contravariant functor from the homotopy cate-
gory HSAE(R) of pointed polytopes over R to the category of groups.
Assume that F fulfills the Mayer-Vietoris axiom (MV) and the wedge
axiom (w) for finite families (MAIAEA) {cf. the beginning of the
section. Of course now all the spaces involved have to be polytopes.}.
Then there exists a group object L in HP*(R) such that the functor

[-,L] on HSAé(R) is naturally eguivalent (= isomorphic) to F.

Again we call L a classifying space of the functor F. Theorem 7.710 will

not be needed in the sequel, but it gives us a hold that we are on the
right track. It indicates that weak polytopes (with a homotopy group
law) are natural and very useful objects even if one is only interested

in complete semialgebraic spaces.



§8 - Q-Spectra

We now have the prerequisites for drawing the connection between reduced
cohomology theories and spectra. We will not delve deeply into the
theory of spectra but will be content with the view point that suitable
spectra serve to represent cohomology theories on the level of weak
polytopes. This will allow us to work with a naive notion of maps -
here called "homotopy maps" - between spectra, which in the topological
setting already appears in G. Whitehead's fundamental paper [w2] (there

called "maps").

Definitions 1. a) A (semialgebraic) spectrum E over R is a family of

pointed weak polytopes (EnlnGZ) together with a family (eglnez) of

. . E
(base point preserving, as always) maps L SEn - En+1.

b) A spectrum E over R is called an Q-spectrum if the maps ng $E ~QE L,

which are adjoint to the ei above,are homotopy equivalences (cf. §7
for the definition of the pseudo-loop functor Q). In this case every

E, is an abelian group object in HP*(R) via the homotopy equivalence

2

Q(nn+1)°nn from E, to Q°E (cf. §7).

n+2
c) A homotopy map £ : E » F from a spectrum E to a spectrum F is a
family (fnlnEZ) of maps fn : E, - F between spaces such that the

diagrams

eE eF
n n
. ——————————

E‘1'1-0-1 f Fn+1

commute up to homotopy. {For a more useful notion of maps between
spectra see [Ad] or [Sw, Chap.8].}

d) A homotopy equivalence between spectra E,F is a homotopy map

f : E » F such that every map £, f B, - Fn is a homotopy equivalence.
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e) Analogously we define topological spectra, using the category #0*

instead of P*(R), and topological Q-spectra, using the genuine
(topological) loop functor £, further homotopy maps and homotopy egui-

valences between topological spectra.

N.B. The maps eg and nﬁ here have nothing to do with the ¢'s and n's

in §7.

Definition 2. Let f,g : E 3 E'be two homotopy maps between semialgebraic

or topological spectra. A homotopy F from £ to g is a family (FnlnEZ)

of (base point preserving) homotopies P, Ean - E; with Fn(—,o) = fn

and Fn(-1) = g,- For every t €I this family F gives a map F(-,t) :E =» ES
and we have F(-,0) = £, F(-,1) = g. This notion of homotopy fits well

with the definition of homotopy ecuivalence above.

Given a spectrum E over R we define an abelian group Hn(X,E)forevery

pointed weak polytope X and n € Z as follows.

(8.1) B(X,E) := lim [SkX,En+k].
%

Here the limit is taken with respect to the transition maps

E
) x
n+k k+1
n+k] ——— [s X'En+k+1]

(€
k S k+1
[s X,En+k] — [s X,SE

We know from §1 that these limits are indeed abelian groups in a natural

way. For every X € P*(R) we have

47 (sx,E) = 1im [s57'x,E = 1lim [s¥%,E
> >

_ n
k n+1+k] ] - H (X,E)

n+k

Remark 8.2. The family of contravariant functors (ﬁn(—,E)InEZ) from

HP*(R) to Ab together with the identity maps H°7 (=,E)eS - H%(=,E) is
a "weak" reduced cohomology theory H*(-,E) over R, i.e. it fulfills
Definition 1 in §2 with the exception of the wedge axiom (which is

only granted for finite families).
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This is obvious (recall 1.2.i and 1.7). In the following we briefly

write E"(X) instead of ﬁn(X,E) and E* instead of ﬁ*(—,E).

Definition 3. We have an obvious notion of natural transformations
between weak reduced cohomology theories over R, cf. §2, Def. 2. Every
homotopy map £ : E » F between spectra over R induces a natural trans-
formation from E* to F* in the evident way. We denote this natural

transformation by Ug-

Proposition 8.3. If E is an Q-spectrum then, for every X €P*(R) and

n € 2, the evident map
[(x,E ] ~» E"(X)

is an isomorphism of abelian groups. E* is a reduced cohomology theory.

Proof. We have commutative diagrams

k+1 ]

[s X,SE .y E
wk*

X

e
e

[SkX,QE ]

n+k+1

which tell wus that the transition maps for the inductive limit (8.1)
are isomorphisms. (The unadorned arrow is the adjunction isomorphism
made explicit in §7). Thus the functor E? is isomorphic to [—,En], and

this implies that o obeys the full wedge axiom (cf. 1.2.i). g.e.d.

Remark 8.4. Moreover it is clear that the homotopy classes [f] of homo-
topy maps £ : E » F between (Q-spectra correspond uniquely to the natural
transformations T : E* - F* via T = Uf, and T is a natural equivalence

iff £ is a homotopy equivalence.
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Theorem 8.5. For every reduced cohomology theory k* over R there exists

an fi-spectrum E over R together with a natural equivalence T : E*¥ 5k*.

Proof. We know from the wedge axiom (§2, Def. 1) andﬁProposition 2.3
that, for every n €7, the functor k" . HP* (R) - Ab fulfills the axioms
(W) and (MV) required in the representation theorem 7.1. Thus there
exists a pointed weak polytope E, over R together with a natural equi-

valence T : [—,En] k. For every X €P*(R) we have a bijection

a(X) [X,En] = [X,0E ]

n+1

such that the diagram

~ n
[x,E] ————— x"(x)

T (X)

o (X)

~ 1
] Kot
Tn+1(SX)

[x,QEn+1] — [SX,E (SX)

n+1

commutes. The a(X) together form a natural equivalence o from [-,En]
to [—,QEn+1]. By the Yoneda lemma there exists a homotopy equivalence

n. ¢t E_ - QE

n n e’ unique up to homotopy, such that a = (nn)*. The

families (Enln€Z) and (nnlnez) together define an Q-spectrum, and the

family (T"In€Z) is a natural equivalence from E* to k*. g.e.d.

Remarks 8.6. If F is a second {-spectrum and V : F* S5k* is again a
natural equivalence then it is evident from 8.4 that there exists a
homotopy map £ : E -» F, unique up to homotopy, such that V-Uf = T, and
f is a homotopy equivalence. In short, the Q-spectrum E in the theorem

is determined by k* uniquely up to homotopy equivalence.

We now consider spectra over different real closed fields and also

topological spectra.
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Proposition 8.7. Every spectrum over R is homotopy equivalent to a

spectrum E over R with all spaces E, being pointed CW-complexes and

all maps sg being cellular.
This follows from V.7.14 and V.7.4.

Definitions 4. a) Let K be a real closed field extension of R, and let

E be a spectrum over R. Replacing every space E by En(K) and every
map cg by (sg)K we obtain a spectrum E(K) over K which we call the

spectrum obtained from E by base field extension from R to K. Every

homotopy map £ : E » F between spectra over R yields a homotopy map

fK : E(K) » F(K) in the obvious way.

b) Let E be a spectrum over IR with all spaces En pointed CW-complexes.
(This is no essential restriction of generality by the proposition

above). Replacing the En by their underlying topological spaces (En)top

we obtain a topological spectrum E , called the topological spectrum

top

underlying E. Every homotopy map f : E - F between spectra over IR can
be read as a homotopy map between topological spectra ftop :Etop'ﬁFtop'
Theorem 8.8 (First main theorem for spectra). Let K be a real closed
overfield of R.

i) If E and F are spectra over R then the homotopy classes of homotopy
maps £ : E » F correspond uniquely to the homotopy classes of homotopy

maps g : E(K) -» F(K) by the relation [g] = [f A homotopy map

K]'
f : E > F is a homotopy egquivalence iff fK is a homotopy equivalence.
ii) If F is a spectrum over K then there exists a spectrum E over R

together with a homotopy equivalence ¢ : E(K) - F.

iii) A spectrum E over R is an Q-spectrum iff E(K) is an Q-spectrum.

All this follows from the first main theorem V.5.2.i and Theorem V.7.15.1,

Analogously, using the theorems V.5.2.ii and V.7.16.i, we obtain
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Theorem 8.9 (Second main theorem for spectra). i) If E and F are semi-
algebraic spectra over IR then the (semialgebraic) homotopy classes of
homotopy maps £ : E -» F correspond uniquely with the (topological)
homotopy classes of homotopy maps g : Etop - Ftop by the relation

[ftop] = [g]. A homotopy map £ : E » F is a (semialgebraic) homotopy
equivalence iff ftop is a (topological) homotopy equivalence.

ii) Given a topological spectrum F there exists a semialgebraic spectrum
E over IR, with every space En a semialgebraic CW-complex, and a (topo-
logical) homotopy equivalence ¢ : Etop - F.

iii) A semialgebraic spectrum E over IR is an Q-spectrum iff Etop is

a topological Q-spectrum.

For k* a reduced cohomology theory over R and K a real closed field
extension of R we have constructed in §2 a reduced cohomology theory
k; over K. Similarly for 1* a reduced semialgebraic cohomology theory
over IR we have constructed a reduced topological cohomology theory
l;op' As an immediate consequence of the definitions (cf. §2) one ob-

tains

Proposition 8.10. i) For every Q-spectrum E over R there exists an

evident and canonical isomorphism

E(K)* = (E¥)

of reduced cohomology theories over K.
ii) If E is a semialgebraic Q-spectrum over IR with every E, a semi-

algebraic CW-comples then there exists an evident and canonical isomor-
phism
* *
(Etop) — (E )top

of topological reduced cohomology theories.
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By the results 8.5 - 8.10 the contents of the second half of §2 on

the relations between semialgebraic cohomology theories over different
real closed base fields and topological cohomology theories becomes
rather obvious. Notice that these results have been obtained out of
Chapter V and the representation theorem 7.1 without serious labour.

Thus we have gained a rather comfortable new access to §2. ]

A particularly pleasant feature of the relation between cohomology
theories and Q-spectra is that, if K is a real closed field extension
of R, then the restriction process for reduced cohomology theories
1* w— 1*R is more natural than the extension process 1* w—> lﬁ while
for spectra the process Ewm— E(K) is the natural one.An analogous

remark pertains to "sa" and "top".

We will be rather brief about the connection between spectra and homo-
logy theories. Let E be a spectrum over R (not necessarily an Q-spec-
trum). For any weak polytope X and any n € Z we have a direct system

of abelian groups (nn+k(EkAX)lk » 0) with obvious transition maps

(B %) = (SE, AX) ———— m (B, A%)
(ekAidX)*

Th+k n+k+1 n+k+1

We define

(EkAX)

n+k

ﬁn(X,E) i = lim n

In this way we obtain covariant functors ﬁn(-,E) on HP*(R) with values
in abelian groups. We define suspension isomorphisms in the (perhaps
up to a sign) obvious way: on(X) is induced by the family of homomor-

phisms

(EkAX) —§~ n (SEkAX) (EkASX) ,

Tn+k n+k+1 0y "n+i+k

with ¢ the switching isomorphism from S1 AE AX to Ep as! AX .
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Theorem 8.11. i) The families (ﬁn(-,E)InGZ) and (onInEZ) together
form a reduced homology theory ﬁ*(-,E) over R.
ii) Given a reduced homology theory k, over R there exists a spectrum

E over R together with a natural equivalence ﬁ*(-,E) =k,

Proof. The theorem is well known to be true in the topological setting
[WZ]’ [Sw, Chap. 8 and Chap. 14]. By our main theorems on homotopy
sets (or groups), homology theories and spectra we know without further

labour that the theorem holds in the semialgebraic setting.

Of course, it would be more satisfactory to prove the theorem directly
in the semialgebraic setting. This is rather easy for the first state-
ment (cf. [wz, p. 249f.]; in contrast to cohomology the wedge axiom
does not cause any troubles). In order to prove the second statement
directly it seems advisable to use the modern sophisticated language
of CW-spectra and maps between them as designed by Boardman and Adams
(cf. [Ad, Part III] and some chapters in [Sw]), which anyway is indis-
pensable for understanding the deeper aspects of stable homotopy
theory. It is perfectly possible to transfer this language and

theory to the semialgebraic setting, and the reader is invited

to do so. He will have the choice to work only with CW-complexes

or also with weak polytopes, the latter perhaps being more

natural.



Chapter VII -~ Simplicial spaces

As already said in the introduction this chapter is written with an
eye to applications in the theory of fibrations in the third volume
[SFC]. From the viewpoint of the preceding chapters it would be
sufficient to deal with simplicial sets instead of simplicial spaces,
i.e. we could assume that the occuring simplicial spaces are discrete
(cf. 1.2.ix and 2.5 below). This would trivialize the major part

of §1-§5.

§1. The basic definitions

We have to recall some of the standard terminology on simplicial ob-

jects, cf. [Lal, [Mayl, [Cu].

For every non negative integer nEINO we denote by [n] the set
{0,1,2,...,n} equipped with its natural total ordering. Let Ord denote
the category whose objects are the sets [n] and whose morphisms are
the monotonic maps between these totally ordered sets. {a : [n] - [m]

is called monotonic if i <j implies o(i) ia(j).}

N.B. There exists a unique natural equivalence from the category Ord
of all finite nonempty totally ordered sets to the small category Ord.
In all our study below we could replace Ord by Ord, but more often than

not it seems to be more comfortable to work with Ord than with Ord.

Definition 1. Let C be any category.

a) A simplicial object in C is a contravariant functor from Ord to C,

i.e. a functor X : 0rd® - C. The value X([n]) will usually be denoted

by X . If a : [n] - [m] is a monotonic map then the morphism
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X(a) Xm - Xn will usually be denoted briefly by a*. Notice that,
if 8 : [ml » [p] is a second monotonic map, (Ba)* =a*p*, We call these

morphisms a* the transition morphisms of X.

b) Let X and Y be simplicial objects in C. A simplicial morphism

f : X > Y in C is a natural transformation from the functor X to the

functor Y.

c) The category of simplicial objects and simplicial morphisms in C is

denoted by sC.

d) If X is a simplicial object in C then we define the face morphisms

_ LM .
d; =dy ¢+ X, > X 4 (0O<ic<n)

and the degeneracy morphisms

_ .h

s; = 8§ X~ n+1 (0<i<n)
by

i i

4, = (¢ V¥, 8, = (o7)*,
with 6% : [n-1] - [n] the monotonic injection which omits the value i
and 6% : [n+1] » [n) the monotonic surjection which takes the value i
twice.
Notice that every monotonic map « : [g] - [n] has a unique decomposi-
tion

i is 3 3

a =6 ! .8 %0 ! ve. © t

with nzi.1 > .. > iszo and O_<_j1 < v.. < jt<q and, of course,

g+s = n+t [La, p. 2f.]}. In particular a has a unique factorization
o = YR with B a monotonic surjection and y a monotonic injection.

This implies

o¥ = s, ... s, d, ... d, = B¥y*
It J1 s I
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It is now evident that we may think of a simplicial object X in C as a
sequence (XnInEINO) of objects in C together with morphisms

d, : X - X s, : X_ - Xn

i n n-1' 54 n (0<i<n) which fulfill the appropriate

+1

identities. These are [La, p. 5]:

a) didj = dj—1di , i<i.

b) sisj = sj+1si ’ i<j

c) disj = sj-1di' i<j. (1.1)
d) disi = di+1si-—id.

e) disj = sjdi_1 R i>3+1.

Further we may think of a simplicial morphism £ : X - Y as a sequence
(fn|n€]No) of morphisms fn : Xn - Y, in C which commute with the face

and the degeneracy morphisms,

Definition 2. A simplicial space over R is a simplicial object X in

the category WSA(R) of weakly semialgebraic spaces over R. A simplicial
map £ : X » Y between simplicial spaces over R is a simplicial morplism
in WSA(R). If no confusion is possible about the base field R under
consideration we call these X and f more briefly "simplicial spaces'

and "simplicial maps"”-

This terminology prolongates our use of the words "space" and "map"
gy P g

in previous chapters.

Let us also agree upon the following: If P is one of the properties
which we have previously defined for spaces (say "semialgebraic",

"complete", "partially complete", "discrete" ...) then we say that
a simplicial space X has property P iff every X, has property P. If

Q is a property which we have defined for maps between spaces then
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we say that a simplicial map f : X » Y between simplicial spaces has

property Q iff every map fn : Xn - Yn has property Q.

We shall use all the vocabulary which naturally emanates from this
agreement without much further explanation. For example, a simplicial
weak polytope X means, of course, a simplicial space X over R such

that every X, is a weak polytope.

Examples 1.2. i) Let X be a simplicial algebraic variety over R, i.e.

a simplicial object in the category C of algebraic schemes over R.

Such objects play an important role for example in the Hodge theory of
singular algebraic varieties [De] and in etale homotopy theory ([AM],
[Frd]l). The composite of X : ord® - C and the functor Z » Z(R) from C
to WSA(R) is a semialgebraic simplicial space over R which we denote by
X(R). In more concrete terms, X(R) is the sequence (Xn(R)In€ZNO)
together with the boundary maps (di)R : Xn(R) - Xn_1(R) and the dege-
neracy maps (si)R : Xn(R) - Xn+1(R).

ii) Similarly a simplicial algebraic variety X over C := R(V=1) gives
us a semialgebraic simplicial space X(C) over R.

iii) Every space M over R gives us a constant simplicial space over R,

namely the constant functor from ord® to WSA (R), which maps all ob-
jects [n] to M and all monotonic maps & to identity. We denote this
simplicial space by M .

iv) Let £ : M » S be a map between spaces over R. Starting from f we

obtain a simplicial space X over R as follows. Xn is the fibre product
1+ . .
(M/S)p 1o M Xg oo xgM of n+1 copies of M over S. If a : [n] - [m] is
. . . .
monotonic then a* : Xm - X is the map (xo,...,x ) » (Xa(o)”"’xa(n))'

We have an obvious simplicial map from X to §, which sends (x

O,...,xm)

to f(xo) = ... = f(xm).

v) Let G be a weakly semialgebraic monoid, i.e. a weakly semialgebraic

space with a monoid structure (associative, with unit element e) such
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that the multiplication map GxG - G, (x,y) - xy, is weakly semialge-
braic. Then we can define a simplicial space NG as follows: (NG)n is
the n-fold product G" = Gx...xG. If a : [m] - [n] is monotonic then

a*(g1,...,gn) = (h1""’hm) with h, the ordered product of all Ik with

i

a(i=1) <k <a(i) {empty product = e}. Thus we have

dj(9qreevrgy) = (gqreeergy 499595497 --+19,)
if 1<i<n-1,

d0(91r---,9n) = (gzr~~-lgn)l

dn(g1l"‘lgn) = (91""Ign_])'
and, for every i€ [n],

Si(91,---,gn_1) = (91:«--,gi:ergi+1;---rgn_]) .

We call NG the nerve of the monoid G. It will play a role only in the
next volume [SFC] (cf. introduction of this book).

vi) If X and Y are simplicial spaces over R then we obtain a simplicial
space X xY over R by combining the functors X and Y into a functor
[n}] » X, xY, from 0ord® to WSA(R). Clearly X x Y together with the

obvious simplicial projection maps pry : XxY > X, pr, :XxY - Y is

the direct product of X and Y in the category sWSA(R).

vii) For any family (XA|X€A) of simplicial spaces we may form the di-
rect sum X := U(XAIA€A) in the obvious way, Xn := u(XAnIA€A) (cf.
Iv.1.10).

viii) If R is a real closed field extension of R then every simplicial
space X over R yields a simplicial space X(R) over R by composing the
functor X : 0rd® - WSA(R) with the base field extension functor

WSA(R) - WSA(R). Every simplicial map f : X » Y over R yields a sim-
plicial map fj : X(R) » Y(R).

ix) Every simplicial set K, i.e. simplicial object in the category Set

of sets, gives us a simplicial space Kp by regarding every set Kn as
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a discrete space over R. These simplicial spaces Kp will be of primary
importance for us, cf. §6-§8.

x) Conversely if X is a simplicial space, then we obtain a simplicial
space X6 by regarding the underlying simplicial set of X as a discrete
simplicial space. The identity map X6 -+ X is a simplicial map from the

space X6 to X. We call X6 the discretization of X.

In the following X is a simplicial space over R.

Definition 3. The points of Xrl are called the n-simplices of X. An n-
simplex x is called degenerate, if there exists a monotonic surjection
o : [n]—=[gl] with n>qg and some y EXq such that x = a*(y). Otherwise
x is called nondegenerate. The set of degenerate n-simplices of X is
denoted by DXn and the set of nondegenerate n-simplices by NXn {D =

"degenerate", N = "new"}.

Proposition 1.3. i) If a : [n] » [g] is a monotonic surjection then

a* ¢ Xq - Xn is an injection which has a weakly semialgebraic cosection.

Thus o* is a closed embedding and o* (X_ ) is a retract of X

q

© ii) If o : [n] - [g] is a monotonic injection then o* : Xq = X, is a

surjection which has a weakly semialgebraic section. In particular a*

is strongly surjective.

! All this is evident since a has a right inverse in the first case and

 a left inverse in the second case.

The first part of the proposition implies that NXn = xn\DXn is an

 open subspace of Xn-

Remark 1.4. Keep n fixed. For every monotonic surjection a : [n] » [q]

- let Xn o denote the open subspace a*(NXq) of a*(xq). This is a locally
’
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closed subspace of X . It is well known [La, p. 7£ 1 that every
x €X_ has a unique description x = a*y with a : [n] » [gq] a monotonic
surjection and y nondegenerate. Thus X, is the disjoint union of the

subsets X Combining the isomorphisms o* : NX :;Xn we obtain a

n,a’ q , O

semialgebraic bijection

n
U UNX_ - X ,
g=0 « d n

with a running through the monotonic surjections from [n] to [g]. We

may think of the family of all Xn o 28 2 stratification of the space Xn'

Definition 4. A subspace Y of X is a sequence (Ynlnenﬁ)) of subspaces
Y, of X, such that a*(Yq)<:Yp for every monotonic map a : [p] - I[q]l,
P,9q9 €]No . The subspace Y is called closed (open, locally closed) in X

if every Yo is closed (resp. open, resp. locally closed) in X,.

This notion of subspace Y meets the usual expectations. Y is a simpli-
cial space over R in the evident way, and the inclusion i : Yo X is

a simplicial map. If £ : Z2 - X is a simplicial map from a simplicial
space Z to X, and if fn(Zn) <Y, for every ne:mo,then we have a

unique factorization f = i-.g with g a simplicial map from Z to Y.

Let nGZNo be given. We define, for every kéjmo, a subspace Yy of Xk

as follows. If k<n then Y, =X, . If k>n then Y, is the union of the

k k
closed subspaces a*(Xn) with a running through the finitely many mono-

tonic surjections from [k] to [n].

Proposition and Definition 1.5. If B8 : [p] -» [g] is monotonic then

B*(Yq) c Yp. Thus (Yklkenﬁﬂ is a closed subspace of X. We call this
subspace the n-skeleton of X and write Y = x". 1f superscripts n will
be needed for other reasons then we shall write more elaborately

Y = sk (x).
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Proof. It suffices to study the cases that B is surjective or injective.
The assertion is evident if p <n. Thus assume p>n. If B is surjective
and q >n then the assertion is again evident. If B is surjetive and

g <n then we have some factorization B = é°y of B with two monotonic

surjections vy : [p]l » [n], 6 : [n] » [g], and the assertion is again
clear.
Assume now that B is injective. Let x EYq be given. Write x = a*z

with some z €X ~and a monotonic surjection o: [q] » [n]. We have a

commuting square of monotonic maps

[q]
B ~g&
(p] < > [n]
6 (r17Y
with v injective and 6§ surjective. This implies R*x = &*y*z, and
Y*z EXr = Yr. Since 6 is surjective 6*y*z €Y

o’ as shown above.

N.B. If k<n then N(Xn)k = ka, but if k>n then N(Xn)k is empty. If

n <m then x" is a closed subspace of x™.

It is easily seen that X is the inductive limit of the family

(anngio) of its skeletons in the category sWSA(R), with the inclu-

sions as transition maps.



§2. Realization of some simplicial spaces

Starting with the given simplicial space X we want to build a space
|X| over R by replacing each x €X, by a true geometric n-simplex and

gluing these simplices together.

Definition 1. a) We define a covariant functor V from Ord to WSA(R)
(i.e. a "cosimplicial space" over R) as follows. V([n]) is the closed

n+1

standard n-simplex in R (in the classical sense, with the vertices

eo,e1,...,en). The points of V([n]) are the tuples (to,...,tn) €Rn+1
with every t; >0 and t +t, +...+t = 1. If o : [n] > [m] is monotonic
then V(a) is the affine (= linear) map from V([n]) to V([m]) which

sends e, to e Usually we write V(n) instead of V([n]) and ox in-

i a(i)”
stead of V(a).1)
b) ¥ denotes the direct sum l_I(Xn xV(n)InelNo) of the spaces Xn x V(n)
over R.

c) We introduce on the set X the coarsest equivalence relation ~

such that
(a*x,t) ~ (X,04t)
for any x GXm, t €V(n) and monotonic map a : [n] - [m]. Notice that
this equivalence relation is also the coarsest one such that
i
(six,t) ~ (%, (07)4t)
for x€Xn, O0<i<n,t€V(n+1), n>0, and

(d%,8) ~ (x, (65),8)

for x€Xn, 0<i<n,t€V(n-1), n>1.

d) |X| denotes the set of equivalence classes of this equivalence re-
lation, and ny * & » |X| denotes the natural projection from the set

X to IXl. In later sections (starting from 3.6) we shall usually de-

note a value ny(x,t) more briefly by Ix,t!(x €Xn,t €V(n)).

M If different base fields are under consideration we write V(n)R in-

stead of V(n).
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e) X denotes the open subspace LI(NXn x%(n)lneimo) of X and
Ty * X - |X| denotes the restriction of Ny to X. Here, as usual, é(n)

means the interior of the geometric simplex V(n).

In the following the space X will only play an auxiliary role in some
proofs. We want to equip the set [X| with the structure of a weakly
semialgebraic space over R such that the map Ny is identifying (IV, §8).
We shall succeed in doing this under an additional hypothesis on X and

then shall call the space |X| the realization of the simplicial space X.
We shall need two well known combinatorial facts.

Lemma 2.1 [La, p. 36]. The map Ty is bijective. In other words, every
equivalence class in X contains a unique point (x,t) with x € NX, .,

°

t €V (n), some nelNo.
Lemma 2.2. If Z is a subspace of X then ZnnNXn = NZn for every nEZNo.

I shall give the proof of the second lemma, since I did not find an
appropriate reference. If an n-simplex z €Zn is nondegenerate in X then
certainly z is nondegenerate in 2. Thus ZnﬂNXn < NZn. Let now z E€NZ

g be given. Write z = a*x with a : [n] » [p] a monotonic surjection and

i x ENXp. There exists a monotonic injection B : [p]l —« [n] with a-p =id[p].
- We obtain x = B*a*x = B*z. Thus x €Zp. Since z is nondegenerate in 2

 we conclude that p = n, a = id[n], hence z €NX .

Let again Z be a subspace of X. Then %Z is a subspace of X. By Lemma

- 2.2 also % is a subspace of X. It is now clear from Lemma 2.1 that any
{ two points in Z which are equivalent in X are already equivalent in Z.

: Thus we may and shall regard |1Z| as a subset of |X| {although only

rarely Z will consist of full equivalence classes of X}.
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In particular we regard X" as a subset of IX| for every n EINO. No-

tice that !X| is the union of these subsets.

For convenience we put X—1 = @, the empty simplicial space, hence

1x" ' = .
We shall need two more easy combinatorial lemmas.
: _ _ n
Lemma 2.3. ny(X xV(n)) = ny(X x9(n))= [X'| for every n € IN_.
Proof. Of course, Ny maps Xn xV(n) into IX"I. Let £ € IX"| be given. We

write £ = nx(x,t) with x €N(Xn)k, t E%(k), both uniquely determinec

by & (Lemma 2.1). We have k <n. (Moreover x €NXk by Lemma 2.2, but we

shall not need this.) Choose some monotonic surjection a : [n] - [k].
There exists some s E%(n) with o, (s) = t. We have
£ = ny(x,a,s) = ny(a*x,s). g.e.d.

Let A  denote the complement of NX_ v(n) in X xV(n), i.e.

A := (DX _xV(n)) U (X x3V(n)),

with 9V (n) denoting the boundary of the simplex V(n), as usual. Notice
that An is a closed subspace of xn x V(n).

n-1

Lemma 2.4. Ny maps A  onto | X I.

Proof. We have DX = (x"7') . Thus certainly ny(DX_xv(n)) < IX"7'1.

If x€X and t€93V(n), i.e. t = (867),(s) with some i € [n], s €V(n-1),
_ . . n-1 n-1

then nx(x,t) = nx(dix,s) lies in IX | . Thus nx(An) < X |. Now

choose some monotonic surjection o : [n] » [n-1]. Then a*(G(n)) =

5(n—1). Using Lemma 2.3 we obtain
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IXn—1

Definition 2. The simplicial space X is called partially proper (resp.

proper) if all the face maps di : Xn - Xn—] are partially proper
(resp. proper). This implies that, for every monotonic map

o : [p)] » {g]l, the map a* : Xq - Xp is partially proper (proper).

Important example 2.5. Every discrete simplicial space X (i.e. X = K

R
for some simplicial set K, cf. Ex. 1.2.ix) is partially proper. But X

is proper only if all the face maps di : X - Xn

n -1 have finite fibres.

Theorem 2.6. Assume that the simplicial space X is partially proper.
Then the set |X| carries a unique structure of a weakly semialgebraic
space over R such that Ny * & - IX| is a strongly surjective partially
proper map. In this structure the sets 1Xx™| are closed subspaces of

i Xl (n EINO), and the family of these subspaces is an admissible fil-
tration (cf. Vv, §2, bef. 3) of iXl. Ny restricts to a strongly sur-
jective partially proper map from X, x7(n) onto X"l and to an iso-
morphism from NXn x%(n) onto IXn|\\an_1l. (N.B. These are open sub-

spaces of Xn xV(n) and X" respectively.) The restriction tx ¢ X - IX!

of Ny is bijective and semialgebraic.

The uniqueness of the space structure on |X| is evident, since |[X|
will be the strong quotient of X via Ny (cf. IV, §9), but we shall

need some work to prove existence.

In the following we denote the map Ny briefly by n and the map Nyn
by n,. We further denote the surjections obtained from n by restric-

tion to Xn x V(n) and Al according to the Lemmas 2.3 and 2.4 above,
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by

n
wn : Xn xV(n) » IX'|, e, An-* | X

Lemma 2.7. i) Every set X" carries a unique structure of a weakly

semialgebraic space over R such that by is a strongly surjective and

n-1

partially proper morphism. The space |X | is a closed subspace of

IX®!, and (thus) the map 0, is again partially proper. Also the map
Ny is partially proper.

ii) The diagram

A X
n

J (%)
'n
X xV(n) ————» X7 '
n wn
with inclusions i and j, is cocartesian in the category WSA(R), in

short,
n-1|

n, _
1 X7 = (Xn x V(n)) an 1 X

Proof. a) It is evident from Lemma 2.1, applied to X and xn"1, that

n maps NX_ x¥(n) = (X x¥(n)) ~A_ bijectively onto IX"|~ 1x*" 1. This
means that the diagram (*) is cocartesian on the set theoretic level.

In particular (n=0), wo is a bijection from Xo x V(0) to 1x°1.

b) We now prove the lemma by induction on n. Let n=0. We may identify
X, = Xo x V(0). We transfer the space structure from X, to 1x°1 by the
bijection wo’ which thus becomes an isomorphism. It remains to prove

o

that Ng xH"N 5 X is partially proper, i.e. that nol(xo)n x V(n)

is partially proper for every n> 1.

We have (Xo)n = a*X_ with o the unique surjection from [n] to [O].
Moreover a* : X, " (XO)n is an isomorphism. If x€X_, t €V(n), then
o, (t) is the unique point e, of V(0), hence n(a*x,t) = n(x,eo) =

wo(x). This means that the following square commutes




273

pr4
XOXV(n) Xo
* o
o xldV(n) l‘bo
(Xo) x V(n) ——T—]T——'—’ |Xo|
o]

Here the vertical arrows are isomorphisms and the natural projection

pr, is proper. We conclude thatnol(xo)n x V(n) is proper (!).

c) We study h for n>1. By induction hypothesis we already have a space

structure on the subset IX" || of IX®| such that L s xPHA L xR
is partially proper and wn—1 is strongly surjective.

Wwe first verify that o : A - (x21) is partially proper. Since

px_ = (x" )

n n it is already clear that wnIDXn x V(n) is partially pro-

per. Thus it suffices to prove that wnlxn x(él)*V(n-1) is partially

proper for any given i € [n]. We have the formula
i =
@ (x, (87, t) =y, (d, (x),t)

for x.GXn, t €V(n-1). This means that the following square commutes:

} d;xid
X, xV(n=1) X 1 xVin=-1)
1dx (8%, j Yoot
i n-1
X % (87) 4V (n=1) e X7

The left vertical arrow is an isomorphism. The upper horizontal arrow
is partially proper since by assumption di is partially proper. The
right vertical arrow is partially proper by induction hypothesis. We
conclude that the restriction of e, to Xn x(6i)*V(n-1) is partially

proper. Thus indeed ©, is partially proper.

We look at the diagram (*) in the lemma. We equip IXx™| with the

structure of a weakly semialgebraic space which makes this diagram



274

cocartesian in WSA(R). In more concrete terms, we glue Xn x V(n) to

n-1|

| X along the closed subspace Al by the partially proper map @, and

take IX"| as the underlying set of this space via b This is possible
by IV, §8. We also know from IV, §8 that, for this spac=2 structure on
Ian, tha space IXn_1| is a closed subspace of IX®| and wn is partially
proper.

We now prove that nnl(Xn) x V(g) is partially proper for every g €]No.

q
This is already clear from above for g <n. Let g>n. (Xn)q is the union
of the closed subspaces a*(Xn) of Xq with o« running through the mono-
tonic surjections from [g] to [n]. If a is such a surjection then,

for x €X , t €V(q),

n_(a*x,t) = wn(x,a*t)

n
From this formula we conclude, in much the same way as above, that
the restriction of "h to a*(xn) x V(q) is partially proper. Thus
nnl(Xn)q x V(g) is partially proper for every qEINO, which means that
the whole map "h is partially proper.

1

and hence @ is strongly surjective by induction hypothesis.

n~1’'
b, restricts to an isomorphism from (X, xv(n))\An (= NX x V(n)) to
anl‘\IXn—1l, cf. IV, §8. Thus U is again strongly surjective. This

completes the proof of the lemma.

It is now easy to finish the proof of Theorem 2.6. Applying Theorem
IV.7.1 to the set |X| and the ordered family of spaces (|x“||ne:mo)

we obtain a structure of a weakly semialgebraic space over R on the set
|X] such that every (X" is a closed subspace of |X| and the family

of these spaces is an admissible filtration of |X|. The family

((Xn)A|nE]NO) is clearly an admissible filtration of the space ﬁ.
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All the restrictions n, ¢ x™”* 5 1X" of n are partially proper.
Thus n itself is partially proper. By the proof of the lemma we know
that n restricts to an isomorphism from (NXn) xV(n) to Ian\~|Xn—1l.
This implies that the restriction tx of n is certainly semialgebraic
(and bijective, as we know already). In particular, tx is strongly

surjective. A fortiori n is strongly surjective. Theorem 2.6 proved.

Remarks 2.8. 1) We have seen in the course of the proof that the re-
striction nXIXO x V(0) is an isomorphism from XO = XO x V(0) to IXol.
ii) If the simplicial space X is proper then our arguments show that
Voo Xy x7(n) » 1X7 is proper for every neEmW, .

iii) If X is a simplicial weak polytope then % is a weak polytope.
Since ny is strongly surjective we conclude that [X| is a weak poly-
tope in this case (cf. IV.5.5.iii).

iv) If X is a semialgebraic simplicial space then all the spaces X7
are semialgebraic since Xn xV(n) is semialgebraic. If X is a simpli-
cial polytope then every IXx®| is a polytope but, usually, X! will not
be a polytope. It will be a polytope iff there exists some n with
NX. empty for m>n.

v) In particular, if X is a discrete simplicial space (i.e. a simpli-

cial set), then [X| is a weak polytope.

Example 2.9. If X is a constant simplicial space M (cf. Ex. 1.2.ii1)
then Ny restricts to an isomorphism M = XO :4|X|, as follows from
our first remark above. We identify IM| = M by this map. Then the
restriction of Ny to Xn x V{(n) turns out to be just the natural pro-

jection MxV(n) - M
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Example 2.10. Given some neimo let A(n) denote the obvious contra-

variant functor Hom(-,[n)) from Ord to the category of sets. The ele-

ments of A(n)q are the monotonic maps o : [g] » [n]. They may be writ-

ten as sequences a = <ao,...,aq> of integers with O <ao <a,<...<a_<n.!
—_— —_— —_ _q-—

A(n)n contains a distinguished element in = id[n],and every element

of A(n)q has the form o*(i ) with a unique monotonic map a : [q] - [n].
The simplicial set 4(n) gives us a discrete simplicial space A(n)R

(cf. Ex. 1.2.ix) which now - abusively - will again be denoted by

7
A(n). The map n = from A(n) to |A(n)| restricts to a bijection

A (n)
from {in} xV(n) to IA(n)|, as is easily seen and well known [La,
p- 37). This bijection is a proper map and thus an isomorphism. We

usually shall identify V(n) and [A(n)| by this isomorphism and the

evident isomorphism V(n) :;{in} x V(n). Then we have the formula
na*i ,t) = a,(t)

for a : [k] » [n] monotonic and t € V (k)

Every simplicial map £ : X - Y between simplicial spaces gives us

maps

£ xnxV(n) ->YnxV(n)

n * 1y (n)

These maps combine into a map f : X » ¥ which is compatible with the
equivalence relations on X and Y. Thus we obtain a set theoretic map

| £1 |XI - 1Yl such that the diagram

.

~

f

R

n

n
x| s (2.11)

Xl ———e——— 1Yl

| £1

commutes. If both X and Y are partially proper then [f| is a weakly
semialgebraic map between the spaces |X| and |Y|, since ny is identi-
fying. We then call |f| the realization of the simplicial map £f.

Notice that |f| maps 1X®| into I1Y™].
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Example 2.12. Every monotonic map a : {pl] - [n] gives us a simplicial

map A(x) : A(p) - A(n). It maps a g-simplex <ao,...,aq> of A(p) to the
g-simplex <a(ao),...,a(aq)> of A(n). It is easily checked that, with
the identifications [A(p)| = v(p) and |A(n)| = v(n) described in (2.10),

the realization |A(a)| is the same as our previous map a, : V(p) - V(n).

Given a real closed base field R we now have established a functor
"realization" from the category of partially proper simplicial spaces

1)

over R (with all simplicial maps between them) to WSA(R). These

functors behave well with respect to extension of the base field.

Proposition 2.13. Let R be a real closed over field of R. If X is a

partially proper simplicial space over R then X(R) (cf. Ex. 1.2.viii)
is a partially proper simplicial space over R and [X(R)] = [XI(R).

Also XP(R) = X(R)®

for every n€jmo, hence IX"I(R) = IX(R)™I. If
f : X »Y is a simplicial map into a second partially proper simpli-

cial space Y over R then Ifﬁl = lflﬁ .
All this is obvious.

The spaces |X| are amenable to homology considerations. If h, is a
homology theory over R (VI, §4, Def. 1) and X is a simplicial space

over R then, for every q € Z, we can form a chain complex

of abelian groups by defining

i

n
3_:= ) (=1)" h_(d,)
n i=o a 1

1)

‘ Perhaps it would be more reasonable to regard realization as a
? functor to the category of admissibly filtered weakly semi-
algebraic spaces (cf. VvV, §2, Def. 3).
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with di running through the face maps from X, to X We denote this

n-1°
chain complex by hq(X) and - as usual - its p-th homology group by

Hp(hq(X))

Theorem 2.14. [Se] Assume that X is a simplicial weak polytope. There

exists a homological spectral sequence, natural in X, which has the

Ez-term
E2 = H (h_(X))
P.q P 4a
d e to h X
and converges to p+q(I 1)

Indeed, every admissible filtration (MnInEE%Q of a space M over R

gives us a homological spectral sequence with E1-term

]
E = h M_,M
pP.q p+q( p' p-1

)
as in the classical theory (e.g. [Sw, Chap. 15], [W, Chap. 13]). This
sequence converges to h, (M) since hn(M,Mk) is the inductive limit of

the groups hn (Mp,Mk) (k € ]NO ,p »») by Theorem VI.6.6.

In the present case we choose the filtration (IXnI lnEJNo) of 1X1.
Since the IX"| are weak polytopes we can form the quotients Ian/IXn-1|,

and we have

=h X1, 1xP7 1y = n xP1/1xP7 ).
A S = h,  (XP1/ B

Now recall from above (cf. 2.7) that IXP| can be obtained by gluing
Xp xV(p) to IXP-1I along the subspace (Xp x 3V (p)) U (DXp x V(p)). Thus

we have a natural isomorphism
sP A (x,/DK_) = 1xP/1xP71,

hence




279

1 -
= X_/D = h_(X_,DX .
Ep,q hp( P/ Xp) p( p’ p)

The theorem now follows by a careful study of the differentials d; q’
’

cf. [se, p. 109f.].

If h* is a cohomology theory over R then we obtain in the same way a

cohomological spectral sequence with

Egrq - Hp(hq(X))

but in general, as a consequence of VI, 6.11, this will converge to
a quotient of hp+q(le), namely
RPY9(1x1) := nPY(x1) /2im ) RPYITT (%P
p

(cf. [wW, Chap. 13, §3], Segal seems to ignore this fact in [Se, §5]).

If h* is ordinary cohomology H*(-,G) with coefficients in some abelian

group G (i.e. h°(s®) =G, h9(s®°) = 0 for q+0, cf. VI, §3, Def. 2) then

it turns out that the lim(1)—subgroup of hp+q(|xl) is zero (cf. the

argument in [W, p. 631]). Thus for any G, we have a converging spectral
sequence
HP(Hq(x,G))=p>HP+q(|xl,c;) ) (2.15)

Example 2.16. Assume that X is discrete, i.e. X = KR with K a simpli-
cial set (cf. 1.2.ix). If h, is ordinary homology H4 (-,G) then hq(X) =0
for g #0. Thus the homology spectral sequence collapses. It gives us

an isomorphism from the classical "abstract" homology group Hp(K,G)

of the simplicial set K (cf. §7 below) to HP(IKRI,G). The cohomology
spectral sequence for H* (-,G) also collapses and gives us, for every

p, an isomorphism from HF(K,G) to Hp(IKRl,G) .



§3. Subspaces

In the whole section X is a partially proper simplicial space over R.
If 2 is a subspace of X (cf. §1, Def. 4), then we regard |Z| as a

subset of |X|, as explained in §2 (after Lemma 2.2).

More generally we will look at simplicial subsets 2 of X, for techni-

cal reasons.

Definition 1. A simplicial subset Z of X is a sequence (annelNo) of

subsets z, of X, such that a*(Zq) [~ Zp for every monotonic map

o : [p] - [q].

Identifying simplicial sets with discrete simplicial spaces over R
we may say more formally that the simplicial subsets of X are just
the subspaces of the discretization X6 of X (Ex. 1.2.x).

6| = |X|. Thus every simplicial

On the set theoretic level we have [X
subset Z of X gives us a subset 12| of |X|. We define subsets Z and

% of X and X respectively as follows.

~

Z := LI(Zn x V(n) |n€]NO) ’

Z := l_l(NZrl x V(n) |n€INO) .
We have Z = 20X (cf. Lemma 2.2), and ny(2) = ty(2) = Izl.
Definition 2. A simplicial subset Z of X is called closed (open, local-

ly closed, semialgebraic, ...) in X if every Zn is closed (open, ...)

in X_.
n

In particular, a weakly semialgebraic simplicial subset Z of X is

nothing else than a subspace of X.
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Proposition 3.1. Let Z be a subspace of X.

i) I2! is a weakly semialgebraic subset of I1XI.

ii)  12™1 = 121 n 1X™ for every n€INO. {Recall that X" means the
n-skeleton of X, cf. 1.5.}

iii) If 2 is closed in X then. |Z| is closed in |X|, and the set [2Z]|
with its subspace structure in |X| is the realization of the

partially proper simplicial space 2.

Proof. i) The subset % of X is weakly semialgebraic in X. Since the
map Gy i X - X! between spaces 1is semialgebraic (Th. 2.6), we con-
clude that 2| = cx(i) is weakly semialgebraic in [X| (cf. IV.5.71.1ii).

ii) We have

n (B o
X7 = ¢ L] NX xV(k)> '
X \k=o k
n n °
1Z%) = Cx('—' NkaV(k)> ,
k=0

and Nz, = ZkﬂNXk (Lemma 2.2). The assertion now follows by the bi-
jectivity of ty.
iii) We look at the commuting square of set theoretic maps

~ i ~
7 —— 0 —

n n
Z‘ i/x

Z | e——————— | X
121 3 I1X|

with i and j inclusion maps. We equip the set |Z| with its subspace
structure in {X|. Then all the maps in the square are morphisms between
spaces. Now assume that Z is closed in X. Then Z is closed in X. Thus
jenz = ﬂx°i is partially proper. This implies that Ny is partially
proper. The set theoretic bijection Tg ¢ 72 - 121 is a semialgebraic

map since it can be obtained by restricting the semialgebraic map ox

to subspaces. Thus Ng is strongly surjective. We conclude that our

space |Zl 1is the realization of 2.



282

Since j°n, is partially proper and Ny is strongly surjective the map

Z

j is partially proper. But a priori j is semialgebraic (since it is a

subspace inclusion). Thus j is proper, hence a closed embedding. g.e.d.

Caution. If a subspace Z is open in X then it may happen that nil(lzl)

is not open in X, hence that |Z| is not open in I|XI|.

Remark 3.2. If Z is merely a simplicial subset of X, then we can
still speak of the n-skeleton 2™ of 2. (Regard Z as a discrete simpli-

cial space!) 2" is again a simplicial subset of X and the formula
o= 1zl onoix™

| Z still holds. Formally this is contained in part ii)

of the proposition, since Z is a subspace of Xé.

Let Z and W be two simplicial subsets of X.

Definition 3. We call Z a simplicial subset of W, and write Zc<Ww, if

Zn < W, for every n € ]No .

Proposition 3.3. If 1zl < IWwl then 2 < W.

Proof. We have Z = 5;1(IZI) , W= C;1(IWI), hence 72 < W. This means
that NZ < NW for every n. We conclude by Remark 1.4 that 2, W,

for every n. g.e.d.
The propositions 3.1 and 3.3 imply that the subspaces Z of X corres—‘
pond uniquely to suitable subspaces A of |X| by the relation A = |Z].

We take a closer look at this correspondence Z o [2Z].

Definition 4. Let (ZAIAEA) be a family of simplicial subsets of X.

The union of this family is the simplicial subset

V := (U(zmlxef\) In € ]NO)
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of X, and the intersection of this family is the simplicial subset
W o:= (ﬂ(zxnlxeA)|n€:mo)

of X. We write V = [(Z,1)€A) and W = n(Z)|k€A).

We clearly have
Vo= 0@, men, W= Nz nen
By use of Lemma 2.2 we obtain from this
Vo= (Z, 1Aen), W = N(Z 1aen)
Then applying the bijection Ty to these equations we obtain

IU(ZAIAEA)I

U(IZAI I A€N) ,
(3.4)

In(leAEA)l ﬂ(IZAI [ XEN)

Of course, the union and the intersection of a finite family
(21,...,Zn) will also be denoted by Z,VU...0Z and Z;N...N3% respec-
tively. If the z; are subspaces of X then Z; V... UZn and Z.N...N2Z,

1
are again subspaces of X. More generally we have the following fact.

Proposition 3.5. Assume that (ZXIAEA) is a partially finite family of

subspaces of X. By this we mean the family (ZAHIAEA) is partially

finite in X for every nEImo (cf. v, §1, Def. 5). Then the family
(IZAI IA€N) is partially finite in [X|. Its union is the subspace

IU (2, 1A€A) | of IXI|, and its intersection is the subspace

lﬂ(ZAIAEA)IofIXI.

Proof. Here everything is obvious from the above except the first
assertion. It suffices to verify for every n EINO that the family of
intersections (|an*\|Xn-1I) n|le, with A running through A, is par-

tially finite in IXnI‘\lxn-1|. Now ny restricts to an isomorphism from
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an x%(n) onto Ian‘\IXn—1I (cf. Th. 2.6). Thus we have to verify that

(szﬁ(n) IN€N) is partially finite in NX_ xV(n). This is evident

since (NZAn!X€A) is partially finite in NX . g.e.d.

Caution. If 2 is a simplicial subset of X then, in general, (Xn*\znl

n E]NO) will not be a simplicial subset of X.

We turn attention to subspaces Z of X with special properties, in

particular to semialgebraic subspaces.

We start to use the shorter notation Ix,tl instead of nx(x,t)(x €Xn,t€V(n

Also rather often we shall denote the map Ny more briefly by n.

Lemma 3.6. Let t €6(n) be given, and let wt denote the map from X4 to

IX| which sends x to Ix,tl. If Z is a simplicial subset of X then

velaz =z . |

Proof. Let x €X be given with Ix,tl €12]. Write x = a*y with

a : [n] » [m] a monotonic surjection and y €NX , both uniquely deter-

mined by x. Our assumption Ix,tl € |Z] means that y ENZm. We conclude

that x = a*y €Zn. Thus wzl(lzl) < Z,. The reverse inclusion is trivial.
g.e.d.

Exploiting merely the fact that wt is a morphism between

spaces, hence in particular continuous, we obtain from this lemma the

following

Proposition 3.7. Let Z be a simplicial subset of X.

i) If 1Z] is a subspace of |X| then Z is a subspace of X.

ii) If 1Z| is closed (open) in |X| then Z is closed (resp. open) in X.

We head for an answer to the following problem: For which subspaces 2
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of X is the set 2| semialgebraic in [|X|?

Lemma 3.8. For every t E%(n) the map by s Xrl - |X| (cf. 3.6) is a

closed embedding.

Proof. We first verify that wt is injective. Let x and y be points in

X, with Ix,tl = ly,tl. We write x = a*u, y = f*v with monotonic sur-
jections a : [n] » [p]l, B : [n] » [g)] and non degenerate simplices
u exp, v EXq. We have lu,a,tl = lv,B,tl. Since a,t and B4t are points

of e(p) and 6(q) we conclude (Lemma 2.7) that p = g, u = v, a,t = B,t.

The last equality implies o = f. Thus x = y.

The map wt is partially proper since Ng is partially proper and
X x {t} is a closed subspace of X. We now prove that by is semialge-
braic. Then we will be done: wt must be proper, hence a closed embedding.
Since the map Ty ¢ X - |X| is a semialgebraic bijection it is evident
that every semialgebraic subset of |X| is contained in the union of
finitely many sets n(L x%(k)) with L €6%ka), some k. Thus it suffices
to prove that w;1n(L xe(k)) is semialgebraic in Xn for such a set L.
Let x be an element of this preimage. We have Ix,tl = {y,sl with some
y€L, s Eé(k). We write x = o*u with a : [n]l-»[m] a monotonic surjec-
tion and u €NX . We have lu,axt! = ly,s! and conclude m = k, u =y,
oyt = s. Thus w;1n(L x%(k)) is the union of the finitely many semi-
algebraic sets o*L with & running through the monotonic surjections
from [n] to [k]. (In particular, w;1n(L xV(k)) is empty if k >n.)
g.e.d.
Lemma 3.9. If Z is a simplicial subset of X then 2" = zax?
for every n.

n

Proof. By 3.2 we have [Z| = 2] niIx®l = 1z nx"l. We conclude by 3.3



286

that 2™ = z nx". (Of course, one could prove the assertion in a more

combinatorial way.)

Proposition 3.10. Let Z be a subspace of X. Then the set |Z| is semi-

algebraic in |X| iff Z is semialgebraic and z <X for some n.

Proof. Assume first that 2 is semialgebraic and z <X for some n.
Then z = 2" by Lemma 3.9, and 12| = n(Zn xV(n)) by Lemma 2.3. Since

Z, is assumed to be semialgebraic this implies |Z| to be semialgebraic.

Assume now that 1Z| is semialgebraic. Since (1x™ InEINO) is an ad-
missible filtration of IX| we have |zl c IX™| for some n, hence 7z < xP
(cf. 3.3). Now look at the map wt : Xm - |X| for some m and t.€5(m).

This map is semialgebraic (even proper) by Lemma 3.8, and w;1(|z|) =2,

by Lemma 3.6. Thus Zm is semialgebraic.

Given a nonnegative integer n we describe a procedure how to obtain a
host of semialgebraic subspaces of x". Let A be a subset of X, . For

every k E]NO we define a subset Ai of Xy by
:= ) a*A ,
o

with a running through the monotonic maps from [k] to [n]. The sequence
(Ailk E]NO) is a simplicial subset of x". We denote it by A*. We have
NA; c A c AR. Clearly A* is contained in every simplicial subset Z of

X with A < Zn' We call A* the simplicial subset of X generated by A.

Assume now that A is semialgebraic in Xn’ Then Aﬁ is semialgebraic in
Xy for every k and thus A* is a semialgebraic subspace of x™. we do

right to call A* the subspace of X generated by A.

If A.G?Wxn) then A* is a closed subspace of X since the maps o* are
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assumed to be partially proper. If even A>€Kc(xn) then A* is a simpli-

cial polytope.

Lemma 3.11. If Z is any simplicial subset of X then A (Zn)* for

every n.

Proof. This is a purely combinatorial statement. We may assume that
X is discrete and then without loss of generality that 2z = X. If
k >n then ((Xn)*)k = (Xn)k by 1.5. Let k <n. We choose a monotonic
injection a : [k] - [n]. Then a* : Xn - Xy is surjective. Thus
n

" - . .
((Xn) )k (X )k also in this case. g.e.d.
All these easy observations together, starting with Proposition 3.7.ii,

give us the following result.

Proposition 3.12. The simplicial subsets Z of X with [Z| semialgebraic

(resp. closed semialgebraic, resp. complete) in |X|, are precisely the

subspaces A* with A€8"(Xn) (resp. A€?(Xn) , resp. A€ Xc(Xn)) , some n.

Remark 3.13. Let A be a subset of xm for some m and let a : [n] » [m]

be a monotonic surjection. Then

A* = (a* (A))*.
Proof. We choose a monotonic injection B : [m] - [n] with a°B = id[m]'
Then B*a* (A) = A. Thus, for any simplicial subset Z of X, we have
A c Zm iff oa*A < Zn‘ This gives the result.
Remark 3.14. If A is a subset of Xn for some n then |A*| = n(AxV(n)).

Proof. Clearly |A*| contains n(AxV(n)). Let £ € |A*| be given. Then
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€ = lo*x,t| with some monotonic map « : [k] - [n], some x €A and some
t €V(k). We have & = [x,a,tl €n(A xV(n)). g.e.d.
Definition 5. If 2 is a simplicial subset of X then 7 := (Enln€imo)

is again a simplicial subset of X, as follows from the continuity of
the transition maps o* :Xq - Xp’ {0f course, in means the closure of
Zn in Xn.} We call Z the closure of the simplicial subset Z in X.

It is evident from the continuity of Ny that |Z| is contained in the

closure 2| of 12| in IXl.

Proposition 3.15. i) If Z is a semialgebraic subspace of X then Z is

again a semialgebraic subspace of X and |zl = TZT.

ii) If A is-a semialgebraic subset of X  for some n then (A)* = A¥ .

Proof. i) The sets En are again semialgebraic. Thus 2 is a closed
semialgebraic subspace of X. The set |Z| is closed in |X| by Proposi-
tion 3.1. We have 12l ¢ 12|, hence Tzl ¢ |1Z|. The reverse inclusion is
trivial and has been observed above.

ii) For any subset A of X we have

Acm, = @),

hence (A)* cA¥. Assume now that A € $(X_ ). Then A€ %(X,). As observed
at the beginning of our study of subspaces A*, this implies that (A)*
is a closed subspace of X. We have A* ¢ (A)*, hence A¥ c (A)*. Thus

indeed A¥ = (A)*. g.e.d.

Having travelled that far it is of interest to look for admissible

coverings by families of sets of type |A*]|.

Proposition 3.16. Let (AxlkeA) be an admissible covering of Xn for
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some n by semialgebraic sets. Then (IAiI |X€A) is an admissible cover-

ing of 1x™|.

Proof. As already observed above (Proof of 3.8), every semialgebraic

subset of |X"| is contained in the union of finitely many sets

n (L xé(k)) with k <n and I;EB%NXk). Thus it suffices to prove that

o
a set n(L xV(k)) is contained in the union of finitely many sets

lAil. We choose a monotonic surjection a : Inl - |kl. Then a*ﬁ(n) =

v (k), hence

n(L xV(k)) = n(a*L x¥(n))

The set a*L is again semialgebraic. Thus there exists a finite subset

A' of A with

oa*L < U(AXIAGA')
Now n(Ax x%(n)) is contained in IAKI, hence

N(a*L x¥(n)) < YUALI 1A€A ,
and we are done. g.e.d.
Let Y be a second partially proper simplicial space and f : X » Y a
simplicial map.
Definition 6. i) If Z is a simplicial subset of X then

£(2) = (£,(Z2 ) In€W)

is a simplicial subset of Y, called the image of Z by f.

ii) If W is a simplicial subset of Y then
_ -1
(W) := (fn (wn)lnEJNO)

is a simplicial subset of X, called the preimage of W by f.
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It is obvious from the definitions that

£(z") = £(2)" (3.17)
for every n€imo, that, for any subset A of b

£(a*) = £ (A)¥, (3.18)

and that the subsets 1£(2)| and I£1(12]) of |Y| are equal,

1£(z)1 = 1£1 (1zt) . (3.19). f

If Z is a semialgebraic subspace of X then f(Z) is a semialgebraic
subspace of Y. If Z is any subspace of X and if f is semialgebraic
(i.e. every fn is semialgebraic, cf. §1), then f(Z) is a subspace

of Y.

If W is a subspace of Y then always f_](w) is a subspace of X. In some
other respects preimages are more difficult to handle than images. For

1

example, in general we shall only have X" e f_1(Yn) and f; (B) * Cf_1(B*)

for B a subset of Yn’

Proposition 3.20. If W is a simplicial subset of Y then

£ w1 = e awn
Proof. It is evident that If_1(W)I is contained in |f|—1(lW|). Let
£€l£17(1Wl) be given. Write £ = Ix,t| with x €NX_ and t €V (n). Then
[£1(8) = 1£,(x),tl. Write £ (x) = o*y with a : [n] » [p] a monotonic
surjection and y €NYP. Then [£1(&) = ly,a,(t)] and o, (t) €6(p). Our

assumption that |£f](§) lies in |Wl means that y ENWP. We conclude that

fn(x) €Wn, hence x €f-1(w)n, and Ix,tl €If-1(w)l. qg.e.d.

Proposition 3.21. If the simplicial map f is injective then, for every

nEImO, fn maps NX into NY ., and | £l is again injective. Moreover, in

this case, for any simplicial subset W of Y,
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and, for any subset B of Yn'

£ @) = (] (B )*

n
These are purely combinatorial facts. To prove them we may replace X
and Y by their discretizations. Then f is an isomorphism from X to

the subspace f(X) of Y, and all assertions are clear from our subspace

theory above.

Proposition 3.22. If f is injective and semialgebraic, then |£f| is again

semialgebraic (and, of course, injective).

.

Proof. The map £ : X » ¥ restricts to amap £ : X » ¥, since £(NX,) cNY_

v

for every n. This map f is semialgebraic. We have a commuting square

P <
[ ||‘h(
<

with semialgebraic bijections Cyxrly- We conclude that |f| is semialge-

braic, as desired.



§4. Fibre products

We want to study the realizations of fibre products of partially proper

simplicial spaces. We first deal with the special case of direct

products.

Let X and Y be partially proper simplicial spaces (over R). Then the
direct product X xY (cf. Ex. 1.2.vi) is again a partially proper simpli-
cial space. Let pr, and pr, denote the natural projection maps from
X xY to X and Y respectively. The maps |pr,| and |pr,| combine into

a (weakly semialgebraic) map

hy vy = (Ipryl,Ipryl) = IX x¥Yl > [X] x|Y].

It is a well known - somewhat intriguing - combinatorial fact that

hy , is bijective [La, p. 43ff.].
r

Theorem 4.1. hx ¥ is an isomorphism.
’

The proof needs some preparations. We first consider the case that X

is a constant simplicial space M (cf. 1.2.iii).

Notations 4.2. If M is a space over R and Y is a simplicial space over

R then we write MxY := M xY. Notice that (MxY)n =M xYn and, for

x€EM, vy GYn, o : [m] » [n] monotonic,

oa* (x,y) = (x,a*y)
We identify |X] = M, as explained in 2.9. Then, for X €M, YEY,,
t€V(n),

lpryl (1 (x,y), 1) = Ix,t] = x .

Ipryl (L (x,y),tl) = ly,tl.

We have (MxY)”® = M x Y. The map
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1dy x ny MxY » Mx Y]

is strongly surjective and partially proper, and its fibres are the

equivalence classes of (M «x ¥)". Thus we may and shall identify

IMxY|l = Mx |YI, Mxy = idenY

For x €M, y €Y , t €V (n) this means
I (x,y),tl = (x,1ly,tl) . (4.3)

After these identifications our map h is just the identity of M x |YI,

X,Y

as the formulas for Ipr1|, Iprzl above show. Thus hX is certainly

Y
an isomorphism if X is a constant simplicial space.

In the following we shall keep these notations and identifications for
X = M and any Y and, of course, also the analogous ones for X any sim-

plicial space and Y a constant simplicial space N.

We now look at the special case that X = A(p), Y = A(q) (cf. 2.10)
with some p,qejNo . We identify IX| = V(p), 1Yl = V(g) (loc.cit.). The
discrete simplicial space X xY has only finitely many nondegenerate
simplices. Indeed (loc.cit.), a simplex xEXn can be written as a

sequence <a > with 0 < < <eeo < <Pp. i
q ordqr ray O<ajg=<a; < <a, <p. A simplex

can be written as a sequence <(ao,bo), (a1,b1),...,(an,b )>

(x,y) EXn x Y n

n
with 0<a <a;<...<a <p and O<b <b,<...<b <qg. This simplex is

n
nondegenerate iff a, <a, or bi <bi

i i+ for every i€ [n]. (Of course,

+1
all this is very well known.) Thus [X xY| is a polytope (cf. 2.8.v).

This forces the bijective map hX v to be an isomorphism.
L4

Lemma 4.4. Let X,Y,2,W be four partially proper simplicial spaces.

Assume that h h h

X,y Pz,w Px,z’ hY,w’ and h are isomorphisms.

XxZ,YxW

Then hXxY,wa is an isomorphism.
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This follows from the evident commuting diagram

h
| XxZ XY W Lol | XxYxZxW] XxY, 2xW IXxY 1% | Zxw]
| &
Dyxz, vxw l h v Pz,
|Xx2 | x| YxW| s X121 % Y| x W] —————— X% 1Y Ix1Z] W
X,2 Y,W

with switch isomorphisms ¢ and T.

Lemma 4.5. If X = MxA(p) and Y = N xA(qg) with spaces M,N and some

P4 €INO then hx is an isomorphism.

Y

Proof. We know from above that h and

a(p),a(@ " P,y Pu,a(p) P,acq)

thN,A(p)XA(q)are isomorphisms. We conclude by the preceding lemma

that hX v is an isomorphism. g.e.d.
7

In order to prove Theorem 4.1 in general we need two further results

which will be of some use also later on.

Proposition 4.6. Assume that X and Y are partially proper simplicial

spaces and f : X » Y is a simplicial map. If f is partially proper
(i.e. every fn is partially proper, cf. §1) then (£l : [X| - |YI| is
partially proper. If f is strongly surjective then |f| is strongly

surjective.

Proof. Assume that f is partially proper, then also f£ : & -» ¢ is par-
tially proper and nYo% = lflonx (cf. 2.11). Since Ny is strongly sur-
jective this implies that |f| is partially proper. The same sort of

argument works for "strongly surjective". gqg.e.d.

Definition 1. The deployment De X of a simplicial space X is the direct

sum of the simplicial spaces X xA(n) = X xA(n) (cf. 4.2),
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DeX := || X xa(n) .
n>0
" Notice that |De X| = X

Proposition 4.7. i) There exists a unique simplicial map

X =Xyg * DeX - X

with x(x,in) = x for every nEINO, b4 EXn. {As always, in denotes the
distinguished element of A(n)n, cf. 2.10.} x is strongly surjective.
ii) If X is partially proper then x is partially proper.

iii) Ixl = Ny- {This part of the proposition will not be needed in

the proof of Theorem 4.1.}

Proof. i) We are forced to define Xq : (De X)q - Xq by

xq(x,a*<in)) = a*(x)

with n running through mo, o running through the monotonic maps from
[g] to [n] and x Exn (cf. 4.2). This gives us indeed a simplicial map,
as is easily checked. The restriction of x_ to X_x{i } is an isomor-

9 q q

phism from the closed subspace Xq x{iq} of X xA(q)q to X4. Thus every

g
Xq is certainly strongly surjective, i.e. ¥ is strongly surjective.

ii) Assume that X is partially proper. The formula above shows that

Xq is partially proper. {Recall that A(n)q is discrete, in fact finite!}
Thus yx is partially proper.

iii) We have the identifications

; |(x10*in)ltl = (Xrla*in,tl) = (X,a*t)

. for x and o as above and t €v(q) (cf. 2.10, 4.3). On the other hand
3

: . .

PX1 O (xpaxip) b)) = qu(x,a*ln),tl = la*x,tl = Ix,0,tl.

Thus indeed Ix| = ny. q.e.d.
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Proof of Theorem 4.1. Suppose that X is a direct sum LHXGIGEI) of

simplicial spaces Xa‘ Then

IXxyl = U IXa xYl,
o€
IXtxiyl= Ll |Xa| x |yl
a€I
and
h = U h .
X,Y Q€T XG,Y
Thus if we know that hx v is an isomorphism for every a € I then we
al
know that hX v is an isomorphism. An analogous remark holds if Y is a
’

direct sum of simplicial spaces.

Let X and Y be arbitrary partially proper simplicial spaces. The de-
ployments De X and De Y are direct sums of the simplicial spaces
X, x A(n) and Y, x A(n) respectively. Thus we know from Lemma 4.5 that

h is an isomorphism. Since the map h depends functorially

De X,De Y
on X and Y we have a commuting diagram

X, Y

|De X xDeY| ——— X x Y|

IxxxxYl
hDex,ney | hx,y
v v
|De X| x |De Y| ——————— [|X| x |Y] .
IxxlxleI

By Proposition 4.7 the simplicial maps Xx and Xy are strongly surjec-
tive and partially proper, hence the same holds for Xx * Xy - By Propo-

sition 4.6 the realizations IXXI, IxYI, are again strongly sur-

|>(XxYI

jective and partially proper. Thus in the diagram above the horizontal

a . . . . si
rrows are strongly surjective and partially proper. Since hDe X,De Y

is an isomorphism we conclude that h is strongly surjective and par-

X, Y

tially proper. Since hX is also bijective it must be an isomorphism.
14

Y
g.e.d.
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"The isomorphism hX v behaves well with respect to taking graphs of
: ’

maps.

Definition 2. If £ : X » Y is a simplicial map between simplicial

spaces, then the sequence
T(£) := (T(f,)) In€N_)

of graphs of the maps fn : Xn - Y, is clearly a closed subspace of

XxY. We call T (f) the graph of f.

Proposition 4.8. i) The simplicial map

i:= (idX,f) : X = XxY

yields an isomorphism from X to the closed subspace T (f) of X xY.
ii) The projection pry : X xY » X restricts to an isomorphism from

r'(f) onto X.

iii) The bijection hx v IXxYl » IX| x |Yl maps IT (f)| onto the graph
14
T'(l£l) of Ifl. Thus, if X and Y are partially proper, hx v restricts
’
to an isomorphism between the spaces IT(f)] and T (I£fl).
- Proof. We have i(X) = T'(f) and pr1°i = idx. Thus i 1is a closed em-

i bedding and induces an isomorphism from X onto T (f) with inverse map

; pr1IF(f). The triangle

il

[X| —————————— X x Y]
(idlelfl) hy ¢
IX1 = 1yl
commutes, since hX v = (Ipr1l,lpr2|). This implies that the bijection
4
hX y maps il (IX1) = IT(£)! onto T'(Ifl) (cf. 3.19). g.e.d.

Example 4.9. (f = idx). Let Diag X denote the diagonal of X, i.e. the

closed subspace of X xX with (Diagx)n = Diag(xn), the diagonal of Xn
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for every n. The bijection h maps |Diag X| onto Diag IX| . If X is

X,X
partially proper then this is an isomorphism of the space [DiagXl| to

the space Diag IX]| .

We are ready to study cartesian squares in the category sWSA(R) and

their behaviour under realization.

Let £ : X » S and g : Y » S be simplicial maps between simplicial

spaces, and let F denote the map f xg from X xY to S xS.

Definition 3. The fibre product of X and Y with respect to f and g is

the closed subspace

Xxg ¥ := ' (Diag 8)

of X xY.

In more concrete terms, X xSY is the subspace (X

Yn denotes the usual fibre product of the spaces XL and Yo

n xsnYnln € N_) of Xxv,
where xn xsn
with respect to fn : Xn - Sn and 9p ¢ Yn > Sn‘ Notice that, if X and Y

are partially proper (resp. proper, semialgebraic, complete, partially

complete) then X x_.Y has the same property.

S

We have a commuting square

g (4.10)

[ S

of simplicial spaces with p and g the restrictions to X XSY of the

canonical projections pry : XxY - X, pr, : X xY - Y. One checks in a

straightforward way that this diagram is cartesian in sWSA(R).
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Assume now that X,Y and S are partially proper.

X,Y X x¥Y| -» [X] x |Y| maps |X xSYI onto

the fibre product [X| x Yl of I1X] and |Y| with respect to |fl and

ISl
lgl.

Proof. The isomorphism h behaves functorially with respect to X

X, Y

and Y. Thus we have a commuting square

X xyl \F IS x sl
hX,Yi hS,S
—_—
1X1 % 1Y R ISl x IS

The preimage of Diag IS| under |fl x |gl is |Xl| XISIIYI, while the

preimage of |Diag S| under |Fl| is

IF"" (Diag §) | = iX xg¥I,
(cf. 3.20). Finally, by 4.9, hS g maps IDiag S| onto Diag |S| . Thus
’
hX,Y maps X xSYI onto [XI| xlsllxl. g.e.d.

Theorem 4.12. Assume again that X,Y and S are partially proper. Then

the diagram (cf. 4.10 above)

IX xg Y1 —lal v

Ipl lgl

[XI

Ed ISl

is cartesian in the category of spaces WSA(R).

Proof. We compare this diagram with the canonical cartesian square
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2
IXlx|Sl|YI — Yl
| ‘
m l Igl
1X1 T ISl

{0f course, m,,m, are the natural projections.} Since the diagram in

the theorem commutes it gives us a unique map

h =h 21X stI - X x Iy,

f,g ISi

2
It is easily checked that the diagram

with n1ﬁh = |pl, m,eh = |gl. We have to verify that h is an isomorphism.

h
IX xg Y1 ———— IX| x o IYI
i j,j
IX x Y| ———— Xl xI¥Yl ,

X, Y
with i and j inclusion mappings, commutes. {Recall that hX vy =
14
(|pr1|,|pr2I).} We learn from Lemma 4.11 above that h is indeed an

isomorphism. g.e.d.

In the course of this proof we have seen

Corollary 4.13. The natural isomorphism hg g from IX XSYI to IXl| X|S|IYI_
14

is a restriction of the isomorphism hx v
4

We now are amply justified to identify IX stI with [X| x|S||YI and
shall also do so in later sections. Under this identification we shall

have the equation
I (x,y),tl = (Ix,tl,ly,tl) (4.14)

for any t €V(n), x €X,, YEY, with f(x) = g(y). If £ : X - X' and
g : Y » Y' are simplicial maps between partially proper simplicial

spaces over a common partially proper space S then |f xsgl = | £l x'sllg|q
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We present an application of Theorem 4.1.

Definition 4. A weakly semialgebraic simplicial group G over R is a

group object G in the category sWSA(R). This means that G is a simpli-
cial space with every G, a weakly semialgebraic group (cf. IV, §11)

and all maps a* : G, - Gp group homomorphisms (a : [p] - [n] monotonic).

In the following we use the shorter term "simplicial group" instead of

"weakly semialgebraic simplicial group over R".

Let G be a simplicial group and let m : GxG -» G denote the (simpliciall)
multiplication map. {mn(x,y) = xy for x.EGn, y EGn.} Let e denote

the unit element of Gn‘ Assume that the simplicial space G is partially
proper. We define amap u : IG|l x |Gl » |G| by u := Imlchéjc . {This is
possible by Theorem 4.1.} It is easily checked that p is an associative
composition on |Gl. The element e := |eo,1l turns out to be a left and

a right unit for u. Also, for any x EGn, t € V(n) we have

1

pllx, e, 1x 1 el) = le,tl =le ,11.

{Notice that a*e, = e, for the map « : [n] - [0].} Thus we have proved

Proposition 4.15. Let G be a simplicial group with multiplication map

m. Assume that the simplicial space G is partially proper. We identify

IGxGl = |Gl x |G| as above. Then the space |G| together with the compo-

sition Iml is a weakly semialgebraic group.

Examplex 4.16. Every group object T' in the category of simplicial sets

gives us a discrete simplicial group 'r and hence a weakly semialgebraic
group |T'pl over R. Such group objects abound in the literature on sim-
plicial sets. For example, every simplicial set K gives us an abelian

group object 2K in sSet with (ZK)n = Z[Kn], the free abelian group over



302

Kn' To give still another example, the famous Eilenberg-McLane simpli-
cial sets K(m,n) [EM, p. 86ff.] are abelian group objects in sSet. The
realizations IK(n,n)RI for all n give us a spectrum for ordinary semi-

algebraic cohomology H* (-,w) over R.

Definition 5. A (left) simplicial G-space X is a simplicial space X

together with a simplicial map h : GxX - X such that hn 2 Gy xX, - X

is a (left) operation of Gn on Xn for every n.

By a similar straightforward discussion as above one obtains.

Proposition 4.17. Let X be a simplicial G-space. Assume that the sim-

plicial spaces G and X are partially proper. We identify |G xX| =
IGl x |X|. Then |h| defines a (left) action of the weakly semialgebraic

group |Gl on the space [X]|.




:
5

§5. Quotients

We want to analyze the realization of the quotient of a simplicial
space by a simplicial equivalence relation under favorable conditions.
We first discuss a very special case: the gluing of a simplicial space
to another one along a closed simplicial subspace. In this case we do

not yet need Brumfiel's theorem IV.11.4.

Assume that A is a closed subspace of a simplicial space X and
f : A > Y is a partially proper simplicial map from A to a second

simplicial space. In this situation we define a simplicial space

as follows. Zn is the space Xn Uﬁan obtained by gluing X, to Y, along
Al by the partially proper map fn (cf. IV.§8). If a : [k] - [1] is

monotonic then we have commuting squares

Al‘—fl—"Yl Al—_-li_'xl
ok a* a*{ o*
H '
Be 70— % B 1 %
The transition maps o* : Xl — Xk and a* : Yy — Yy combine into the
transition map o* : Zl - Zk

We call Z = X UfY the simplicial space obtained by gluing X to Y along
A by f. The simplicial space Y may and will be regarded as a closed
subspace of Zz in the obvious way. We have a commuting square

£

A — Y

i J (5.1)

X ————

g

with i and j inclusion maps and g the obvious simplicial map

from X to Z extending f. We know from IV, §8 that every component
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9, Xn - Zn of g is partially proper and that (gn,jn) :an__lYn — Zn
is strongly surjective. This means, according to our terminology (cf.
§1), that g is partially proper and (g,j) : X|]JY » Z is stronglysur-
jective (and partially proper). One checks in a straightforward ray

that the diagram (5.1) is cocartesian in the category sWSA(R) ofsim-

plicial spaces.

Theorem 5.2. If X and Y are partially proper then the simplicial space
Z := X UfY is again partially proper and the diagram (cf. 5.1)

| £l

1Al ——————— Y|
1il I3l (*)

Xl ———— | 2|

Igl

is cocartesian in WSA(R). Recalling from Proposition 4.6 that |f is

partially proper, we may and shall identify

X Ule = |X]| UlfllYI.
Proof. Let o : [k] »[1] be monotonic. We have a commuting square
o | o*
X Uy, > X LYy
P1 Py
v
Zl o* Zk

with strongly surjective partially proper maps Py and Py - By ourassump-
tion about X and Y the upper horizontal arrow o*||o* is partiall proper.
This implies that the lower horizontal arrow oa* is partially proer (cf.

the reasoning in the proof of 4.6). Thus Z is partially proper.

The map (g,j) : X|JY » 2 is strongly surjective and partially prper.

We conclude by Proposition 4.6 that

(g, 130) = IXUYl = 1XTUIYl - |2]
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is again strongly surjective and partially proper, hence identifying.
We are done if we know that the diagram (*) in the theorem is cocarte-
sian on the set theoretic level. We know already that (lgl,ljl) is sur-
jective and |Jjl| is injective. Thus we only need to verify that |ql

maps |X| ~1Al injectively into 12| ~1Yl.

Let £ € IX| ~IA| be given. Write £ = Ix,t| with x €NX_, t €V (n). Then
lgl (§) = lgn(x),tl.
Write gn(x) = o*(z) with a : [n] » [g] a monotonic surjection and
€ NZ _. Th
z q en
Igl(§) = lz,a,tl,

and o, (t) €6(q). Suppose that Igl(£) € |Yl. By our subspace theory this

means that z ENYq, and implies that

gn(x) = a*(z2) EYn

We conclude that xfiAn. This contradicts our assumption that & ¢ A. Thus

gl maps indeed |X! ~{Al into 1Z! ~1Yl.

We return to the point Igl (£). We have z = gq(x1) with X4 EXq‘\Aq. We
conclude from above that gn(x) = qn(a*x1), and then x = a*x1. Since x

is nondegenerate this implies a = id[n], i.e. gn(x) ENZn.

Assume that £' is a second point in IX| ~|A| with Igl(£') = gl (&).

Write £' = |x',t'| with x' ENX , t' €v(m). Then 9, 'x) €NZ_, g (x") €ENZ_,

and Ign(x),tl lg,(x"),t'|. We conclude by Lemma 2.1 that m = n,

1

t =t', gn(X) gn(x'). Since g, is injective on X NAL, we obtain

X x', hence £ = ¢', as desired. g.e.d.

In the case that Y is the one-point simplicial space {*} the theorem

means the following.
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Example 5.3. Let X be a partially proper simplicial space and A a par-
tially complete (closed) subspace of X. Then the simplicial space X/A
{with (X/A)n = Xn/An for every n} is partially proper and the realiza-
tion Ipl : IXl - |X/Al of the natural simplicial projection map

P : X » X/A induces an isomorphism from [X|//Aal to [X/Al, in short,

IX/Al = IXI/Ial ,

We now extend the definitions and results of IV, §11 on equivalence
relations to simplicial spaces. This can be done in a somewhat automatic

way. Let X be a simplicial space.

Definition 1. An equivalence relation T on X is a simplicial subspace

T of X xX such that T, is an equivalence relation on the space Xn for
every n. We call the equivalence relation T closed (partially proper,
proper, ...) if the equivalence relation Tn on Xn is closed (partially

proper, proper, ...) for every n.

Example 5.4. If £ : X > Y is a simplicial map then the fibre product

E(f) := X XYX

with respect to f in both the first and the second factor is a closed

equivalence relation on X. We have E(f) = E(f ) for every n.
n n

In the following T is an equivalence relation on X. We denote by P4

and P, the two natural projections from T to X and by TT the switch
automorphism of T (as in IV, §11). These are now simplicial maps. We
denote by X/T the simplicial set defined as follows: (X/T)n is the set
of equivalence classes Xn/Tn' If « : [p] » [n] is monotonic, then

a¥ Xn/Tn - Xp/Tp is the set theoretic map induced by o* : X, - Xp.

We denote by Pp the natural projection from the simplicial set X to the

simplicial set X/T.
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Definition 2. A simplicial map £ : X - Y is called a strong quotient

(a partially proper quotient, a proper quotient) of X by T, if E(f) =T

and every map fn : Xn - Y, is identifying (is strongly surjective and

partially proper, is proper).

It is clear from IV, §8 that every partially proper quotient is a strong
quotient. It is also evident (as in IV, §11) that, if there exists a
strong quotient of X by T, then there is a unique structure of a sim-
plicial space on the simplicial set X/T such that Pp is a strong quo-
tient of X by T. In this case, of course, we mean by X/T this simpli-

cial space, instead of the previous simplicial set.
Brumfiel's Theorem IV.11.4 extends immediately as follows.

Theorem 5.5. Assume that the equivalence relation T on X is closed

and partially proper (resp. proper). Then the partially proper gquotient

(the proper quotient) of X by T exists.

EWe want to know how an equivalence relation behaves under realization.
§We assume that X is a partially proper simplicial space and that T is

a closed eguivalence relation on X. Then the simplicial space T is

. again partially proper, and IT| is a closed subspace of [X xX| = |XI| x |X].

' We verify that IT| is an equivalence relation on |X|. Indeed, from
}.Diag X T we conclude that Diag IX| <IT!|, cf. 4.9. The realization of

. the switch automorphism of X x X is the switch automorphism of [X| x {X]|.
:We conclude that |T| is mapped into itself by this automorphism, cf.

- 3.19. Finally, in the space |XxXxX| = |X| x [X| x [X| we have
| (TxX) N (XxT)| = |TxX| N IXxTI = (ITIxIX1) n (IXIxITI),

- cf. 3.4, and then, again by 3.19,
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Ipr13KT*X) N (XxT)l = Ipr13l[(|TlxlXI) NnxixiT) ],

with pPr,; the natural projection from X x X x X to the first and third
factor. |pr13l is the natural projection from I|X| x |X| x |X| to the
first and the third factor. It maps (ITIxIXI) N (IXIxITl) into IT| since §

pr,3 maps (TxX) N (XxT) into T.

Proposition 5.6. If f : X » Y is a simplicial map from X to another

partially proper space Y then E(I£fl) = |E(f)]I.

Proof. This follows from §4 (Th. 4.12 and Cor. 4.13), since E(f) =X xYX

and E(Ifl) = I1XI| x IXl1, the fibre products using the maps f and |f]|

Yl

respectively.

Example 5.7. Assume that X is partially proper. Then the deployment
De X (cf. §4, Def. 1) is again a partially proper simplicial space

and Xg ¢ De X = X is strongly surjective and partially proper (Prop.
4.7). Let Rel X denote the equivalence relation E(xx). We call Rel X

the relation space of X. The map Xx is a partially proper quotient of

De X by Rel X. The realization of Xx is our previous map Ny * X » 1 X1
(cf. 4.7). It is again partially proper and strongly surjective by Pro-
position 4.6. We conclude that Ny is a partially proper quotient of

X by |Rel X| . Thus |Rel X| is just the equivalence relation on X used
to define the realization [XI|. {Of course, this also could be verified !
by a direct computation, and we know already from 2.6 that Ny is par- |

tially proper and strongly surjective.}
We are ready to state the main result of this section.
Theorem 5.8. Assume that T is a partially proper closed equivalence

relation on the partially proper simplicial space X. Then |T| is a par-

tially proper closed equivalence relation on |X|. The simplicial space
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X/T (cf. Th. 5.5) is again partially proper and the realization IpT|

of the simplicial map Pp ¢ X - X/T is a partially proper quotient of

IXI by ITI. In short, [X/T|I = IXI|/ITI.
Proof. If a : [g] »[n] is monotonic then we have a commuting square
(p := pq)
a*
Xn —_— X
o, | by
| y
_—_—
X /T, = xq/Tq

The vertical maps are partially proper and strongly surjective. The

upper horizontal map a* is partially proper. We conclude that the lower

 horizontal map a* is partially proper. Thus the simplicial space X/T

| is partially proper. The other assertions in the theorem now follow

from the Propositions 5.6 and 4.6.

' We explicate the outcome of our theory in the case of group actions.

i Let G be a simplicial group and X a left simplicial G-space. We assume
. that we are in one of the following two cases. Case 1: G is complete,

. i.e. every Gn is a complete (hence semialgebraic) space, and X is

partially proper. Case 2: The space X is discrete. In both these cases

. the image T(G) of the simplicial map GxX - XxX, (g,x) - (gx,x), is a

closed simplicial subspace of XxX, hence a closed equivalence relation

of X. This equivalence relation is proper in the first case and par-

tially proper in the second case. We denote the quotient X/T(G) more
. briefly by G\X. Of course, (G\X)n = G \X, for every n. Let p:X - G\X
- denote the natural projection. It is proper in the first case and par-

' tially proper in the second case. We learn from Theorem 5.8 that

lpl : 11Xl =» |G\X| is a proper quotient of [X| by IT(G)!| in the first

. case and a partially proper quotient in the second one. The action of

; G on X gives us an action of IG| on |X| (cf. 4.17) with T(IG]) = IT(G) |
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(cf. 3.19). Thus the partially proper quotient (in the first case even
proper quotient) [GI\IXI exists, and [GI\IXI = |G\X|. Notice that
usually |G| will not be a semialgebraic group. Thus this result lies

well beyond IV.11.8.




§6. Semialgebraic realization of simplicial sets

Let K be a simplicial set. We denote the realization of the associated
discrete simplicial space Kp (cf. 1.2.ix and 2.5) by IKIR or more
briefly by |K!. The notation IKIR instead of IKRI stresses the analogy

with the realization of abstract simplicial complexes (cf. II, §3).

Similarly, if £ is a simplicial map from K to a simplicial set L then

| we denote the realization of fj : Kp = Lg by IflR or by |fl. We call

lKlR and IflR the semialgebraic realization over R of K and f respect-

ively. Notice that [Kip is a weak polytope (2.8.V).

If R is a real closed field extension of R then clearly IK|§ =

(IKIR)(R) and [fly = (‘flR)R , cf. 2.13.

The topclogical realizations [Mi1] of K and £ will be denoted by

lKItop and lfltop respectively. We have IKltop = (IK|

Ifltop = (lf‘IR)top.

) d

R "top an

' There exists an extensive literature on simplicial sets. We mention
[Ca] for a pleasant introduction, the articles [Cu] and [Gu] for a
~ concise survey, and the books [La] and [May] for thorough treatments

 of basic parts of the theory.

In principle we have every known theorem at our disposal which can be
formulated entirely within the category of simplicial sets, but we
have to check whether or not suitable results involving topological
realizations remain true for our semialgebraic realizations, let alone
results which involve other topological spaces.

We return to our simplicial set K. We start out to establish on K

the structure of a normal (cf. V.1.3) CW-complex. For every x €Kn we

define a characteristic map Ny ¢ v(n) - |K| by nx(t) = |x,tl. We
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denote the image of n_ by |x| and the subset n (¥(n)) of IxI by 1%1°.
X X

Notice that [x1° is a semialgebraic subset of [K| and (x| is a poly-

tope.

If o : [p)] » [n] is a monotonic map then clearly the triangle

Vi(p) .
](p w
o kI (6.1)
) /
vy ~ x
commutes.

From the diagram (6.1) we conclude that, if o is surjective, then
ta*(x) ] = Ix| and lo*(x)1° = leo, since in this case a, maps V(p) onto

V(n) and G(p) onto V(n).

If x is nondegenerate then n, maps v (n) bijectively onto Ix1° (cf. 2.1).
Moreover, V(n) is the preimage of Ix1° under N+ Thus Ny is an isomor-
phism from e(n) to Ix1°. It is also clear from 2.1 that
{I1x1° 1x €NK , n E]No} is a semialgebraic partition of |K|. Using again
diagram (6.1), this time with a injective, we see that, for every

o

X ENKn, the set Ixl~Ixl° is a union of finitely many "cells" |yl~,

y ENKp, for some p <n.

As usual we denote the n-skeleton of the simplicial set K by K. Then
(Kn)R is the n-skeleton of the simplicial space Kp:, and IKl is the in-
ductive limit of the family of closed subspaces (IKnI |ne:mo). In §2

1I and 1X"| for any partially

we have studied the relation between IXn-
proper simplicial space X. Let us spell out what this means in the

special case X = Kp-




313

We shall identify any subset Z of Kn with the discrete space Z The

R
~ discrete space Kn is the direct sum of NKn and DKn' Thus we obtain the

following cocartesian square from the diagram in Lemma 2.7

(o]

NK_ x 89 (n) — 1 k"

| .

ll J

NK *xV(n) ———p— 1K™
n

for every n>0. Here mn and wn are restrictions of the natural maps °n
and wn there, and i and j are inclusion mappings. {In the case n = O
the diagram gives us an isomorphism wo from Ko xV(0) = K, to 1K°I.}

Notice that wn(x,t) = n_(t) for any x €NKn, t €V(n). The following is

X

now evident.

Theorem 6.2. The partition {IxI° Ix €NK_, n EINO} of IKl is a patch
decomposition of |K| which gives |K| the structure of a normal CW-
complex. IX"] is the n-skeleton of this CW-complex and, for every

X ENKn, the map Ny ¢ V(n) - |K| is a characteristic map for the cell
1x1°.

In the following we shall always regard |K| as a CW-complex - not

' merely a weak polytope - in this way.

Proposition 6.3. Let B be a closed subcomplex of the CW-complex |K|.

Then there exists a (unique) simplicial subset A of K such that B = |Al.

This is easily verified. We define An as the set of all n-simplices x
of K such that |x] ¢B. If a : [p] » [n] is monotonic, then it follows
from the diagram (6.1) that |a*x| < [x|. This implies that the family

A = (Anumzo) is a simplicial subset of K. Clearly |Al| = B.
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If f is a simplicial map from K to a simplicial set L then, for every

X ENKn,

If|~nx = nf(x) (6.4)

hence £l (Ixl) = I£(x)!, and I£1(Ix1®) = 1£(x)I°. {We briefly write
f(x) instead of fn(x).} Thus |f| maps every cell of [Kl onto a cell

of |L|. This implies, of course, that |fl is a cellular map.

As is well known - and somewhat at the roots of the theory of simpli-

cial sets - there is a close relation between closed abstract simplicia
complexes (cf. II, §3) and suitable simplicial sets which we recall now

(c£. [ca, §1]1).

Convention. In this chapter a simplicial complex P means a closed (=

classical) abstract simplicial complex. As in II, §3 we denote the set

of vertices of P by E(P) and the set of simplices by S(P).

Definition 1. a) An ordered simplicial complex P is a simplicial complex

P together with a total ordering of each simplex s of P such that, if
t is a face of s (i.e. a non empty subset of s) the ordering of t is
the restriction of the ordering of s to t. {This definition differs
marginally from the one given in most textbooks.}

b) A simplicial map f from P to another ordered simplicial complex Q

is a map f : E(P) - E(Q) which maps every simplex s of P onto a simplex

f(s) of E(Q) in a monotonic (= weakly order preserving) way.

Example 6.5. We regard a totally ordered set L as an ordered simplicial
complex in the following way: The vertices of the complex L are the
elements of the set L. The simplices of the complex L are the finite
non empty subsets of L equipped with the restrictions of the ordering

of the set L. In particular we obtain an ordered simplicial complex
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[n] for every nelNo.

Definition 2. a) Given an ordered simplicial complex P we define a
simplicial set P as follows. The n-simplices of P are the simplicial
maps from [n] to P. If o« : [p] - [n] is monotonic and x €§n then o* (x)
is the composite x ~a. {Notice that o is a simplicial map from the
ordered simplicial complex [p] to [n].}

b) Given a simplicial map f from P to another ordered simplicial complex
Q we define a simplicial map f:P - é by %n(x) := fox. By categorial
abstract nonsense we obtain in this way a bijection f » f from the set
of simplicial maps from P to Q to the set of simplicial maps from P

to Q.

We shall often denote an n-simplex x,Eﬁn by <v

.., V_> with vy i= x(1i).

o’* n
Notice that then {vo,...,vn} is an m-simplex of P with m<n and
VoSV See. 2V
Example 6.6. [n]” = A(n) (cf. 2.10).

Let us have a closer look at the simplicial set P for a given ordered
simplicial complex P! An n-simplex x = <vo,...,vn> of P is nondegene-
rate iff the v; are all different. Then every face of x is again non-

degenerate. Every n-simplex s of P gives us a nondegenerate n-simplex

S of P, namely S := <v reee V> with v

° AN the vertices (= elements)

o’"
of s and Vo <Vy<...<vy. In this way we obtain a bijection s » § from

Sn(P) to NPn.

If Q is a (closed!) simplicial subcomplex of P, of course equipped with
the "restriction" of the ordering of P, then Q is a simplicial subset
of P. Conversely if A is a simplicial subset of P then there exists a
(unique) simplicial subcomplex Q of P with Q = A. Identifying Sp(P) =

NPn we have Sn(Q) = NAn.
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Definition 3. We call a simplicial set K polyhedral if K is isomorphic

to P for some ordered simplicial complex P.

In this case we can choose P and an isomorphism ¢ : P 5K in a canoni-
cal way as follows. We put E(P) := K,. For any i€ [n] let vy ot Ky oo Ko
denote the i-th vertex map, i.e. the transition map induced by the map
from [0] to [n] which sends O to i. The n-simplices of P are the sets
{vo(x),vj(x),...,vn(x)} with x running through NK_, each such set be-
ing ordered by vo(x)_§v1(x)§J.. ﬁVn(X)' {Notice that, since K is poly-:f

hedral, every x EKn is uniquely determined by the sequence

vo(x),vi(x),...,vn(x), and that x is nondegenerate iff the vi(x) are
all different.} ¢ is the simplicial map from P to K which sends an
n-simplex <uo,u1,...,pn> of P to the unique x €Kn with vo(x) = Hgr
v1(x) = Hgreees vp(x) = Uy -
Given an ordered simplicial complex P we now compare the realization
IP| over R (cf. 1I, §3, one forgets the ordering of P) with the reali-
zation IP| of its associated simplicial set. Let s be an n-simplex of
P, and let €,r€qreerey be the vertices of s with e,<ey<...<e . Let
|s| denote the corresponding closed simplex of |P|. Recall from II, §3

that we have identified the vertices of P with the vertices of the

geometric simplicial complex |P|. Then |s| is the convex hull of

{eo,e1,...,en}. We define a semialgebraic map oy from |s| to |P| by the
formula

as(toeo+ +tnen) = |s, (to,...,tn)l
for any (to,...,tn) €V (n). This is an isomorphism from |s| onto |[SI.

If t is a face of s then oy is the restriction of ag to It|. Thus the
ag fit together to a weakly semialgebraic map a : |P| » |P|. The map

o is clearly bijective, partially proper and strongly surjective, hence

an isomorphism of spaces. a maps the cells of the CW-complex |P| onto
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the cells of |P|l, hence is an isomorphism of CW-complexes.

In the following we shall always identify |P| = |P| by this isomorphism

a . If £ : P> Q is a simplicial map to a second ordered simplicial

complex Q then we have |f| = L£1.

Example 6.7. If we take P = [n], hence P = A(n), then our present iso-
morphism from V(n) = I[n]l to lA(n)| is the same as the isomorphism

described in 2.10.

We may identify the category & of ordered simplicial complexes with the
full subcategory & of sSet with objects the polyhedral simplicial sets,
and thus regard sSet as an enlargement of the category £. This enlarge-
ment turns out to be very useful. On the one hand, the realization
functor & » WSA(R) extends to sSet in an agreeable way. On the other
hand we can perform more constructions in sSet then in &, notably quo-
tients by arbitrary equivalence relations (cf. §5), and even more gener-
ally direct limits of arbitrary diagrams. These direct limits commute
with the realization functor, cf. 7.2 below and, in the case of equi-
valence relations, §5. Thus we have gained a very useful combinatorial
pattern beyond II, §3 (in the case of closed complexes) to create weak
polytopes and to ensure the existence of direct limits of suitable dia-

grams of weak polytopes.

Notice also that every simplicial set K can be written canonically as a
finite direct limit (= quotient) of polyhedral simplicial sets, namely
as the coequalizer of the two projections P,/P, Rel K 3 DeK from

the relation set of K to the deployment of K (cf. 5.7). Here De K and
Rel K are even direct sums of finite polyhedral simplicial sets. This

is helpful to define various "subdivisions" of simplicial sets, start-

ing from subdivisions of the standard simplices A(n). We shall use
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such subdivisions in an essential way but shall not be explicit about
this, referring the reader to an extensive literature. {A thorough

general treatment of subdivisions has been given by Fritsch [Frt1].}

The realization of any simplicial set can be triangulated. More precise-§

ly we have the following important theorem.

Theorem 6.8. There exists an endomorphism D of the category sSet of
simplicial sets, a natural transformation X : D - idsSet from D to the
identity functor and, for every simplicial set K, a weakly semialgebraicy

map t |DK| - |K| with the following properties.

K
T1) DK is polyhedral for every simplicial set K.

T2) t, is an isomorphism from the space |DK| to |K|, which maps every

K
cell of |DK| into a cell of |K|. {In other words, tx is a simultaneous
triangulation of |K| and all its cells.}

T3) |A(K)| is homotopic to tx by a homotopy F such that for each closed
simplex |x| of |DK| the image F(lx| x [0,1])) is contained in the small- i

est closed cell |yl of [K| which contains tK(lxl)

This theorem has been stated in the topological setting by Weingram
following pioneering work of Barratt ([We], cf. also [LW]). Weingram's
proof contained some gaps and errors. They have been bridged and correc-
ted by Fritsch [Frt]. The proof of Weingram-Fritsch is completely of
semialgebraic nature and thus also gives Theorem 6.8 over any real

closed field R.
For later use we add the following obvious

Remark 6.9. Let A be a simplicial subset of a simplicial set K. In the

situation of Theorem 6.8 the preimage t;1(IA|) is a closed subcomplex

of |DK|, hence t;1(|A|) = |B| with some (polyhedral) simplicial subset
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B of DK. We conclude from T3) that 1A (K)! maps IB| into |Al, hence
A (K) maps B into A. We may read ty as an isomorphism from the pair
of spaces (IDKI|,IBl) to the pair of spaces (IKl|,|Al) and XA (K) as a

simplicial map from (DX,B) to (K,A). Moreover we may read the homotopy

F in T3) as a homotopy from the map of pairs tg to the map of pairs

IA(R) |




§7. The space |Sin M| and singular homology

For any space M over R we define a simplicial set SinM as follows. An
n-simplex of SinM is a (semialgebraic) map x from the geometric stan-
dard n-simplex V(n) to M. If o : [p] - [n] is monotonic then a*(x) is
defined as the composite x»a, of x and a, : V(p) » V(n). We call SinM

the singular simplicial set of M and the elements of (Sin M)n the sin-

gular n-simplices of M. If x is a point of M then we denote the corres-

ponding singular O-simplex, which maps V(0) to x, by X.

Every map from M to a second space N gives us a simplicial map
Sinf : SinM - Sin N defined by (Sin f)n (x) = foex for x a singular
n-simplex of M. Thus we have a functor Sin from the category WSA(R)

to sSet.

There is a close relation between this functor Sin and the realization
functor. For every simplicial set K we have a natural simplicial map
iK : K » Sinl|K| defined by iK(x) =Ny for any xEKn. {Recall from §6
that Ny is the characteristic map t » Ix,tl from V(n) to IK|.} On the

other hand, we have, for every space M, a natural (weakly semialgebraic)

map jM : 1Sin M| - M defined by

jM(Ix,tI) = x(t), (xe(SinM)n,t€V(n)) .
In order to establish this map first define a map EM : (8inM)" > M
by 3M(x,t) = x(t) for (x,t) € (Sin M)n x V(n) and then observe that

EM(a*y,t) = yed, (t) = EM(y,a*(t)) for y a singular p-simplex of M,

a : [n] - [p] monotonic, and t € V(n).

One now verifies the following theorem precisely as in the topological

setting [La, Chap. II, §6].

Theorem 7.1. For every simplicial set K we have
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Ik Mgl = Ay o (7.1a)

and for every space M we have
(Sin JM)OJ‘SinM = ldSinM . (7.1b)

Thus the functor Sin : WSA(R) - sSet is right adjoint to the realiza-
tion functor | | : sSet - WSA(R) via the adjunctionnwpst and ig.
More explicitly, given a space M and a simplicial set K, there is a
one-to-one correspondence between the: maps f : |K! » M and the simpli-

cial maps g : K » Sin M, which can be characterized by either one of

the two equations

f = jMoIgI, g = (Sin f)”iK .
Here is a first application of Theorem 7.1 to the theory of realizations.
Let (KXIAEA) be any diagram of simplicial sets, i.e. a functor A =~ Ky
from a small category A to sSet. This gives us a diagram of spaces

(lKAI IA€A) by realization. In the category sSet there exists the direct

limit (= colimit [Mt, II, §2]) K := Lim K, of the first diagram.
A
{pefine K o= lim, (Ky)  for every n € IN. } For any X €A, let

@0y, : Ky > K denote the canonical simplicial map from Ky to K.

Corollary 7.2. (K| is the direct limit of the diagram of spaces

(lK)I IA€EA) by the maps IwAI : IKAI - |Kl.

This is an immediate consequence of the existence of a right adjoint

- of the realization functor. Indeed, for any space, in short hand

. notation,

Hom(|K|,M) = Hom(K,Sin M) = lim Hom (K, ,Sin M) = lim Hom(IK, | ,M).

i
A A

. Let us recall, for later use, the notion of simplicial homotopy.
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Definition 1.

a) For any simplicial set K and i€ {0,1} we denote by ei(K), or e, for
short, the simplicial map from K to K x A (1) which sends an n-simplex x
of K to the n-simplex x x<i,...,i> of KxA(1). Notice that this is the

composite of the evident simplicial isomorphism from K to K x A(O) and

the simplicial map idy xA(éi) with 6% : [0] = [1] sending O to i. The
realization Ieil is the map x » (x,1i) from |K|l to IKxA(1)|l = IKl x[0,1] ]
b) Let C be a simplicial subset of K and let 95199 * K 3 L be two sim- |
plicial maps from K to another simplicial set L with gOIC = g1IC. A

simplicial homotopy from g, to 9 relative C is a simplicial map

G : KxA(1) » L such G~eo = 9qr G-€1 = 9 and GIC xA(1) is a constant
simplicial homotopy, i.e. the composite of the natural projection
pry : CxA(1) » C with gOIC. Notice that then |Gl : [K|l x I — |L| is a

homotopy relative ICI from lg,l to Igql.

The one-to-one correspondence between simplicial maps and weakly semi-
i

algebraic maps stated in Theorem 7.1 behaves well with respect to homo-

topy.

Proposition 7.3. Let K be a simplicial set, C a simplicial subset of K,

and M a space. Let f, and f, be maps from K| to M which restrict to the
same map from ICl| to M. Let F be a map from IK| x [0,1] to M. Let

9o79¢ * K 3 SinM and G : KxA(1) » SinM be the left adjoints of fo,f1,
F respectively, as explained in Theorem 7.1. Then gOIC = g]IC, and G

is a homotopy from 9o to g4 relative C iff F is a homotopy from fo to
£,-
This is a straightforward consequence of the uniqueness statement in

Theorem 7.1 (cf. [La, p. 47f]).

Definition and Remark 7.4. A (finite) system of simplicial sets is a
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tuple (K,A1,...,Ar), consisting of a simplicial set K and simplicial
subsets A1""’Ar of K. A simplicial map f from (K,A1,...,Ar) to an-
other system (L,B1,...,Br) means, of course, a simplicial map f :K » L

with f(Ai) < By. Analogously to Definition 1 we have the notion of

a simplicial homotopy between two simplicial maps from (K,A1,...,Ar)
to (L,B1,...,Br) relative to a simplicial subset C of K. Theorem 7.1
and Proposition 7.3 generalize immediately to systems of simplicial

sets and systems of spaces.
We now come to the main result of this section.

Theorem 7.5. For any space M the map jM : ISin M| - M is a homotopy

equivalence.

In order to prove this it suffices, by "Whitehead's theorem" V.6.10,

to verify for every x €M and every n €]NO that the map

(jM)* : nn(lsm1M|,§)» nn(M,x)

is bijective. Here we have identified the vertex X of SinM (see above)

with the point 1%X,1] of |Sin M| . {Notice that every connected component

of |Sin M| contains a point X.}

We shall essentially reproduce the arguments in the book of Lundell and
Weingram [LW, p. 102ff.] (which in the topological setting only prove
that jM is a weak homotopy equivalence). For the convenience of the

reader we shall give all details.

We identify the pointed n-sphere (s™,»), where « denotes the north pole,
with the realization (IL|,») of a suitable pointed polyhedral simpli-
cial set (L,») arising from some triangulation of (Sn,w). {O0f course,

« has to be a vertex, i.e. a O-simplex}.
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In the following we shall omit thease points from our notation. All
spaces and simplicial sets will bejointed, anddl all maps and homotopies
will have to preserve the base poirs. We regarrcd nn(M) as the set of
homotopy classes of base point preerving maps from s" = |L| to M.

n

It is easily seen that )4« is sunective. Indddeed, let f : S - M be

a given base point preserving map. 3y Theorem 777.1 there exists a point-
ed simplicial map g : L » SinM sua that f = jngoIgl. The map (jM)*

sends the homotopy class [igl] to [].

In order to prove the injectivity & (jM)* we nnaeed a lemma which will

be proved afterwards.

Lemma 7.6. Let K be a pointed simpicial set annand f : s™ - IKI a pointed
map. Then there exists a pointed pdyhedral simmmplicial set T and an iso-
morphism ¢ : |T| = s (i.e. a triagulation offf (Sn,m)) such that f-o

is homotopic (base point preservine to the reesaalization |gl of a simpli- §

cial map g : T » K .

Using this lemma the injectivity oi(jM)* can kboe seen as follows. We
are given a base point preserving np f : s™ 5. |sin M| such that jMﬂf
is null homotopic. We have to provethat f itsee21lf is null homotopic.
We choose T,9,g as in the lemma, wth K := SinilMM. The map jMolgl is
again null homotopic. Let t denote:he base poiiint of T, t ETO. Let k
denote the constant simplicial mapirom T to Siiin M, i.e. the unique
simplicial map which sends T to thcsimplicial subset {x}* of Sin M
generated by {X}. Then jyelkl is tk constant rmnap from the pointed
space IT| to M. The map jye°lgl is haotopic relaaative {t} to iyelkl. we
conclude from Proposition 7.3 thatj is simplicc:cially homotopic to k

relative {t}*. This implies of couse, that Iglli is homotopic to the

constant map |kl relative {t}, inoter words, |ligl is null homotopic.
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. The map |f|l is homotopic ttco lg{ow_1, hence is null homotopic as well.

It remains to prove the leermma. We appl: the triangulation theorem 6.8.

K
's™ to IDKI. This map is baasse point preserving (cf. 6.9). £ = tKoh is

We use the notations of thhaat theorem. let h denote the map t 1°f from

. homotopic to [A(K)leh resppeecting base joints (cf. again 6.9). Now
there exists a triangulatiicon ¢ : |TI = s" of the pointed sphere s”
| such that he¢ : |IT| -» IDKI||' is homotopit respecting base points to the
realization lul of a simplliicial map u : T - DK. This follows from our
‘results on contiguity classsses in Chapt:r III (cf. Theorem III.5.5
and Remark III.5.6) which . .are essentiaily an adaption of the classical
theory of simplicial apprcooximations [S»a, p. 126ff.] to the semialge-
braic setting. {T is an ittcerated baryc:ntric subdivision of L.} Theorem

7.5 is proved.

Let now # := (Mo,...,Mr) Iboe a decreasing system of spaces. Every singu-
lar simplicial set SiJle is a simplicial subset of Sian_1 (k=1,...,r).
; Let Jj denote the map froomm the decreasing system of CW-complexes

(1Sin Moi reee,18in M | ) tcco M whose components are the adjunction maps

i ij. We immediately obtaiinn the following generalization of Theorem 7.5

(cf. V.2.13 for the seconadd statement).

Theorem 7.7. jm‘is a CW-amrpproximation (cf. VvV, §7, Def. 4) of #L If the

Mk are closed in Mg then jj"is a homotopy equivalence between systems

of spaces.

. Remark 7.8. This CW-approoxximation is ratural in #. Indeed, if f : M » N

is a map between spaces, tthen it is e:sily checked that the square

Isin M| —SInEL o N
ijM In
M - N
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commutes. This implies the commutativity of the analogous square for

a map between decreasing systems of spaces.

Corollary 7.9. Every closed decreasing system of spaces is homotopy

equivalent to a decreasing system of closed geometric simplicial

complexes.

This follows from our Theorem 7.7 and the triangulation Theorem 6.8

(cf. also Remark 6.9).

The case r = 1 of Theorem 7.7 gives us a description of ordinary homo-
logy (VI, §3, Def. 2) and cohomology by "singular chains" and "singular

cochains" respectively, as we shall explain now.

We first recall some well known notions from simplicial algebra. Every
simplicial set K gives us a simplicial abelian group Z[K] such that
Z[K]n is the free abelian group Z[Kn]generated by the set Kn for every
n. One simply composes the functor K : Ord -» Set with the functor "free
abelian group" from Set to the category Ab of Abelian groups. Let C. (K)
denote the chain complex associated with the simplicial group Z[K]. It
is defined by Cn(K) = Z[Kn] for n>0 and Cn(K) = 0 for n <0, the bound-
ary map from Cn(K) to Cn—1(K) being the alternating sum of the face maps

from z[K]  to Z[K]n_] , if n>0

For G any abelian group we define the chain complex
C.(K,G) := C.(K) &ZG

and the cochain complex
C’ (K,G) := Hom, (C. (K) ,G)

The homology groups Hn(C.(K,G)) and the cohomology groups Hn(C'(K,G))

are, by definition, the homology groups Hn(K,G) and cohomology groups
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Hn(K,G) of the simplicial set K with coefficients in G. We have mention-

ed these groups already in 2.16 and have observed there that they are
naturally isomorphic to the ordinary homology and cohomology groups
an(IKI,G) and H" (1K|,G) of the space |K|, which we had defined in Chap-

ter VI (cf. [LW, p. 192ff ] for a perhaps more elementary proof than

‘We define the reduced complexes C.(XK,G) and C°(K,G) as the kernel and

fcokernel respectively of the homomorphisms C. (X,G) - C.(A(0),G),
c’(a(0),G) » C'(K,G) induced by the simplicial map from K to A(O).
Their homology and cohomology groups respectively are called the

reduced homology groups ﬁn(K,G) and reduced cohomology groups ﬁn(K,G).

‘These differ from the unreduced groups Hn(K,G) and Hn(K,G) only if
'n = 0, and, of course, they are naturally isomorphic to the reduced

~ordinary homology and cohomology groups Hp (1K1,G), ﬁnﬂKl,G) defined

in Chapter VI.

‘Finally, if L is a simplicial subset of K then we define the chain
fcomplex C.(K,L;G) and the cochain complex C® (K,L;G) as the cokernel
"and the kernel of the homomorphisms C.(L,G) - C.(X,G) and

C"(K,G) » C°(L,G) induced by the inclusion L - K. {The first homomor-
phism may again be regarded as an inclusion.} If L is not empty then

we may identify

C.(X,L;G) = C.(K/L,G), C' (K,L;G) = C"(K/L,G) ,

while for L = @, the empty simplicial set, we have C.(X,@;G) = C.(K,G)
- and C'(K,@:G) = C"(K,G). The n-th homology group of C.(K,L;G) is de-
Znoted by Hn(K,L;G), and the n-th cohomology group of C' (K,L;G) is de-
noted by H"(K,L;G).

. Definition 2. Let (M,A) be a pair of spaces over R. Then (Sin M ,Sin A)

is a pair of simplicial sets. We call the group Hn(Sinrﬂ,sin A ;G) the
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n-th singular horology group of the pair (M,Alh)), and we call

Hn(sinM ,Sin A ;G) the n-th singular cohomologyys/ group of the pair (M,A).

Further we call the elements of Cn(SinM ,Sin AA.;G) the singular n-chains 3

of (M,A) and the elements of Cn(sinM ,Sin A ;G)i): the singular n-cochains

of (M,A) with coefficients in G.

This terminology is justified sirce it complett:ely parallels the
standard terminology in the topological settirnmig. One simply uses semi-
algebraic maps from V(n) to M instead of contiiinuous maps. We could have
defined singular homology and colomology grouppss of any pair (M,A) of
spaces already irn Chapter 1V, §3, but that wovu:ld not have been of any
use for us. Indeed, if the base field R is nott. archimedean, then - in
contrast to thetcpological theory - it seems ttco be very difficult, if
not impossible (cf. the introduction to this bbiook), to prove in a direct
elementary way that the singular homology grouups, say, fit, into a
homology theory in the technical sense (Chap. VI, §4), even if we re-

strict them to pairs of polytopes.

Now we are better off. First observe that the ‘singular homology and
cohomology groups ar2 functors on the categoryy of pairs of spaces,
WSA(2,R). Indeed, @ map f : (M,A) - (N,B) betwweeen pairs of spaces
gives us a simplic:al map Sinf from(SinM,Sinn A) to (SinN,SinB) and
then homomorphisms

£, : H_(Sin#,Sin A;G) » H, (inN,SinBiGS) ,

£* . g(sinu ,SinB;G) - H  (3inM,Sin A ;G3)) .

Th_eM For every pair of spaces (M,A), «every abelian group G

and every n € ]NO -tere exist natural isomorphidssms
H (SinM,Sina;¢) — Hp(M,AG)

and
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2 (Sin M ,Sin A;G) — - H"(M,A;G) .

Proof. We prove this for hioomology. Tle arguments for cohomology will be
analogous. We first considiee:r the case that A is empty. Then Theorem 7.5

and 2.16 together give us ii.somorphisns

H (SinM,G) — H_(IS3$inM|,G) 5o H_ (M,G) .
We now assume that A is nott empty. Then Hn(SinM +Sin A ;3) is naturally
isomorphic to ﬁn(sin M/sSin.2A\,G), as stated essentially above, and
Hy(IsinM1,I8inA1,G) is jjuwst the sane as H (ISinM|/|5in al;G), cf.
VI, §4. But iSinMI|/ISin Al | may be iceatified with (SiiM/sinA |, cf.
5.3. Thus we obtain from 22. 16 a natura. isomorphism fyonp
H (8inM,SinA;G) to H (IS3inM|,[18ina ;G). {Notice that in 2.16, by
applying the naturality off ! the iscmorphism from Hn(x,g) to Hn(lKl ,G)
to the simplicial map fromma K to A(O) we obtain a natural isomorphism
from I:In(K,G) to I:In(IKI ,G) .1} On the otler hand, Theorem 7.7 together
with 7.8 gives us anaturaill isomorphism (jM)* from Hn(|3in M|, 1Sin A;G)
to H,(M,A;G). g.e.d.
Remark 7.11. It follows fircom Theorem 7.10 that the sinyular homology
and cohomology groups can 1ke read as finctors on the homotopy category

 HWSA (2,R) instead of WSA(22,R).

. Theorem 7.10, as it standss3, leaves something to be desired. If L is a

simplicial subset of a simmplicial se: X then the obvipis short exact

:sequence
0 » C.(L,G) - C.(K,G)) = C.(K,L;3) » O

gives us a long exact sequuaence in honology with connec:ing homomorphisms

an(K,L) : H (K,L;G) —> Ho_ (L,G)

1
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Similarly we have a canonical exact sequence in cohomology with connec

ing homomorphisms

s™(x,L) : BYL,G) - BV (x,1:0).

The question arises whether in the case (K,L) = (SinM,SinA) these
connecting homomorphisms correspond, perhaps up to sign, to the homo-
morphism an(M,A), 6n(M,A) of ordinary homology and cohomology under

the isomorphisms constructed above.

Starting from 2.16 it may be laborious to check whether this is true.
We shall present in §8 a second proof of Theorem 7.10 (with perhaps

other natural isomorphisms) where this problem disappears.




§8. simplicial homotopy, and singular homology again

One obtains by the same easy argument as in topology (e.g. [La, p. 13f.])

Proposition 8.1. The singular simplicial set SinM of any space M is a

Kan set, i.e. fulfills Kan's extension condition.

We want to exploit this fact, first on the level of homotopy and then
on the level of homology. We start with general results on simplicial

homotopy some of which deserve independent interest.

Recall (cf. [Lal, [May], [Cu]) that if K and L are arbitrary simplicial
sets then the relation "homotopic" on the set Map(X,L) of simplicial
maps from K to L may not be transitive, but if L is a Kan set then it
is transitive, hence an equivalence relation. In this case we denote

the set of homotopy classes of simplicial maps from K to L by [K,L].

More generally we fix the following setting. & := (Ko""’Kr) is a de-

icreasing system of simplicial sets. By this we mean, of course, that

e RS R T e s SR e e e e A

adjunction maps i

the K, are simplicial subsets of KO with K, = K1 > ... D Kr' Moreover

£L = (Lo""'Lr) is a decreasing system of Kan sets. We use obvious
notations concerning the functors Sin and ||. Thus |£| means the closed
decreasing system of spaces (IKOI,...,lKrI). Sinl|&| means, of course,
fthe decreasing system of Kan sets (Siano|,...,Sin|Kr|), and ip means
the simplicial map (iKo,...,iKr) from & to Sinl&!| consisting of the

Ky from X, to SinlKyl, O<k <r. We always regard & as

a subsystem of Sinl&| via i@, which thus becomes the inclusion map from

' & to Sinld ).
If A = (My,...,M.) is a system of spaces then Ju ¢ ISinml > A
:denotes the tuple (jM ,...,jM ) consisting of the adjunction maps
o) r

.

ij : IShuMkl-# M, . Recall from §7 that all these maps are homotopy
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equivalences.

We return to the systems & and £ above. In the following C is a simpli,
cial subset of Ky and h : C -~ LO is a given simplicial map with
h(CnKk) < Lx for 1 <k <r. Since every Ly is Kan, the relation "homo-
topic relative C" on the set Map(&,£) of simplicial maps from £ to /
is an equivalence relation. Let [& ,.ﬂ}h denote the set of homotopy

classes relative C of those simplicial maps from & to £ which coincide {'

withh on C.

Proposition 8.2. Assume that £ = SinM for some decreasing system of

spaces M = (Mo’”"Mr)‘ Then the map [f] - [jdolfl] from [&,Sin./(,]h

lhl

to [l&l, M is a bijection, the inverse of this map being given by

[g] » [(Sing)e igl.

Proof. This follows from the adjunction identities 7.1 and Proposition

7.3.

Theorem 8.3 (Simplicial approximation theorem).
Let f be a map from || to |£| which extends |h|. Then there exists a
simplicial map g from £ to &£ extending h such that f is homotopic to

gl relative IC]|.

Proof. We invoke the topological analogue of the theorem in the case

r =0. This can be found in standard texts on simplicial homotopy theory]
e.g. [La, p. 48). We obtain the claim for r =0 from the topological
result in the customary way by use of the main theorems on homotopy

(Th. V.5.2; first consider the case R=1IR, then R=RO, then R arbitrary

Let now r=1 and f = (fo,f1) with maps fi :Ki—vLi. By the case r =0 ther

&

exists a simplicial map : K, »L, extending hiC NK, together with a
917 %1 7 1

homotopy H : |K1I XI->|L1I relative ICNnKyl from f1 to Ig1|. By use of
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|

%‘

the homotopy extension theorem V.2.9 we obtain a homotopy H :IKOIXI-*ILOI
irelative IC UK, which starts with fo and extends H. Let Eo :=H(-,1).
EThis map from [K, | to lLol extends |h| and lgql- Again by the case r =0

there exists a simplicial map 9o : Ky = Ly extending h and 94 together

o
with a homotopy G :lKolxI aILOI relative |C UK1I from Eo to Igol. We
have found a simplicial map g :=(go,g1) from & to £. We may read the
comnosed homotopy H*G as a homotopy relative IC| from f to lgl. Thus we

have proved the claim for r =1. In general one proves the claim by the

same argument and induction on r. g.e.d.

Corollary 8.4. The evident map [f]l »[|£f]] from [&,ﬂ]h to [i&J,lfl]‘hl

is a bijection.

Proof. Theorem 8.3 tells us that this map is surjective. Injectivity now

follows in the usual way by applying the surjectivity result to & and

(Lg *x8(1) e LxA (1)), g.e.d.

; Remark. As I learned from letters of Ronnie Brown and Rainer Vogt it is
vpossible to deduce a result analogous to 8.4 for much more general
:diagrams of simplicial sets than our decreasing systems by applying more
:advanced techniques using simplicial function sets. For the purposes

¢ I have in mind up to now Corollary 8.4 will be sufficient.

. Corollary 8.5. Assume that Ky (and, as before, Lk) is a Kan set for every
ke{0,...,n}. Let f be a simplicial map from & to £ all whose components

fy R = L), are homotopy equivalences. Then f itself is a homotopy

equivalence.

. Proof. This follows from Corollary 8.4 since we know that the analogous
fact for closed decreasing systems of spaces is true. {V, 2.13; here we
 work over an arbitrarily chosen real closed field R, say R = R_. We

o
. could use equally well topological realizations.}
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Corollary 8.6. Assume again that the K, are Kan sets. Assume further

that KO is a simplicial subset of Lo’ that Kk = KolﬁLk, for 1 <k<r,
and that the components of the inclusion map i : & = £ are homotopy

equivalences. Then & is a strong deformation retract of £.

Proof. The components of |il are again homotopy egquivalences, and
IKkI = |KOI N 1Ly 1. Thus we know from Proposition V.2.16 that |&l is a
strong deformation retract of |£|. In other terms, we have a retractio:?
map r from | to |&| such that |iler =~ Iidzlrel.lKol. By our Theorem
8.3 there exists a simplicial map p : £ - & extending idé (i.e. a

retraction from £ to &) such that |pl ~r rel.IKOL Then

[iepl = |iler =~ lid,l rel.IKOI .

We conclude by Corollary 8.4 that iep =~ iqf rel. Ko' and we are done.
qg.e.d.

We now are well prepared to prove two rather satisfying results about

systems of singular simplicial sets, Proposition 8.8 and Theorem 8.10

below.

Lemma 8.7. Let B be a simplicial set and A a simplicial subset of B.
Then

BNSinlA|l = A .

{Recall that we consider B as a simplicial subset of Sin|B| via iB.}

Proof. Let x €B, be an n-simplex of B. We have identified x with the
singular n-simplex ny of Sin|B|. Now assume that x €(Sin|Al)n. This
means that n, maps V(n) into |A|. Write x = o*(u) with a : [n] » [p]
a monotonic epimorphism and ue:NBp. Then nx(s(n)) = nu(e(p)) < |A].
This implies that u eAp (cf. 1.4 and 2.2). We conclude that x.€An, as

desired.
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Proposition 8.8. £ is a strong deformation retract of Sinl#|. {Recall

that every L, is assumed to be Kan.}

k

Proof. We have a commuting triangle

(&,£] M L1&l,121]

/
¢ . / B
[&,5inlLl]

Here a is induced by the inclusion i, from £ to Sinl|fl, B is the adjunc-
tion isomorphism in Proposition 8.2 (with # = |£l, C = @), and u the
bijection in 8.4 (with C = @). We conclude that a is bijective for any
&. This means that iy is a homotopy equivalence, and gives us the claim

by 8.6 and 8.7. qg.e.d.

Let M = (Mo,...,Mr) be a decreasing system of spaces over R. If S is a

real closed field extension of R then Sin# is a subsystem of Sin A4 (S).

If R = IR then SinA is a subsystem of Sin 'Ato All these systems con-

P
sist of Kan sets. {Of course, #(S) means (Mo(S)""’Mr(S))’ andﬁ.to

(M) ).}

P
means ((M.)

o’'top’ """ r’ top
Lemma 8.9. For every k€ {1,...,r} we have SinMo nSian(S) = Sin M .
If R = IR then we also have Sin My NSin (Mk)top = Sin M

Proof. Let ¢ : V(n) - Mo be an n-simplex of Sin Mo . Assume that ®g
maps V(n)s into Mk(S). Then, of course, ¢ maps V(n) into Mk. This

proves the first claim. The proof of the second one is even more trivial.

Theorem 8.10. i) Sin#M is a strong deformation retract of Sin A(S).

ii) If R =IR then SinM is a strong deformation retract of Sin "‘ttop

Proof. By the preceding lemma and 8.6 it suffices to prove that, for
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any space M, the inclusion a : SinM > Sin M(S) is a homotopy equisa-

lence and, in case R = IR, also the inclusion f : SinM SinMtop is

a homotopy equivalence.

Let us look at the first inclusion a : SinM - SinM(S) . It is easily
checked that the following triangle commutes.

IalS

ISlanS —_— ISJ.nM(S)IS

-

(jM)S \_, / jM(S)
M(S)

We know (from Theorem 7.5) that jM and jM(S) are homotopy equivaleices.

We conclude that |0(|s is a homotopy equivalence and then, by Corollary

8.4, that o is a homotopy equivalence. {N.B. We constantly exploit

the fact 8.1.}

Let us now look at the second inclusion B. It is again easily checked
that the following triangle commutes.

1Bl
. top .
|SlnM|top ’SulMtopltop

(jM)tN /thop

Mtop

It is known from topology that jM is a weak homotopy equivalenca
top

([Mi1]; this can be proved as our Theorem 7.5 [LW]). We conclude taat
I8

is a weak homotopy equivalence and then that is a weac

181

homotopy equivalence, hence a homotopy equivalence (V.6.10). By Corol-

top

lary 8.4 this implies that B is a homotopy equivalence. g.e.d.

Remark 8.11. Alternatively we can conclude directly that, for every
space M over IR the continuous map th is a (topological) homotopy
op

equivalence instead of just a weak homotopy equivalence. Indeed, tais
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follows from the topological Whitehead theorem since, by 7.5, M is

homotopy equivalent to a CW-complex.

Theorem 8.10 gives us a new approach to singular homology and cohomo-

logy. We fix some abelian group G.

Definition 1. We call two simplicial maps f and g from & to £ pseudo-

x ~ I

is homotopic to gy - Similarly we call two maps f,g : M 3 ¥ between

homotopic, if, for every k in {0,...,r}, the component fk : K

decreasing systems of spaces pseudohomotopic, if the components of £

are homotopic to the corresponding components of g.

Lemma 8.12. Let r = 1. Assume that f,g : & 3 £ are pseudohomotopic sim-

plicial maps. Then the induced homomorphisms
fargu ¢ He(K /K 3G) = Hy (L ,L,iG)

in simplicial homology are equal.

Proof. It is well known that the induced maps C.(fo) and C.(go) from
C.(KO) to C.(Lo) are chain homotopic and also the induced maps C.(f1)
and C.(g1) from C.(K1) to C.(L1) are chain homotopic. The claims follow

by use of the five-lemma. g.e.d.

Lemma 8.13. Any two pseudohomotopic maps f and g from a pair of spaces
(M,A) to a pair of spaces (N,B) induce, for every n, the same homomor-

phism

fo =9, Hn(SinM,SinA;G) - Hn(SinN,SinB;G)

Proof. From the commutativity of the square
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(ISin Ml ,1Sin Al ) |Sin £1 (1Sin NI , 1Sin BI )
I, | 13, m)
(M,A) f (N,B)

and of the analogous square for g we see, by use of Theorem 7.7, that
the maps 1Sin f| and |Singl from (ISinM| ,ISinA|) to (ISinN| ,!Sin Bl ) |
are pseudohomotopic. Then we conclude from Corollary 8.4 (with r =0 ]
and C = @) that the simplicial maps Sin f and Sing from (Sin M,Sin A)

to (Sin N ,Sin B) are pseudohomotopic. This gives the desired result.
g.e.d.

Definition 2. Clearly the functors (M,A) = Hn(sinb4,Sin A ;G) from
HWSA(2,R) to Ab, together with the connecting homomorphisms Bn(M,A)
described at the end of §7 constitute a prehomology theory on the space

category WSA(R), as defined in VI, §5. We call this theory singular

homology over R with coefficients in G.

Theorem 8.14. Singular homology over R with coefficients in G is an 1
ordinary homology theory (cf. Chapter VI, starting from VI, §3, Def. 2)

with coefficient group G.

N.B. Recall that, up to isomorphism, there exists only one ordinary
homology theory on WSA(R) with coefficient group G. Thus Theorem 8.4
gives us an interpretation by singular chains of the ordinary homology

theory constructed in Chapter VI.

Proof. The analogous result in algebraic topology is very well known
to be true. If R = IR then we obtain from Theorem 8.10.ii canonical iso-

morphisms

Hn(SlnM,SlnA;G) — Hn(SinM ,Sin Atop;G)

top

which are compatible with the connecting homomorphisms. Thus the
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theorem holds for R = IR. We now obtain from Theorem 8.10.i (with

or S = IR) in the same way that the theorem holds for R = Ro'

Let finally R be an arbitrary real closed field. We denote the singular
homology theory over RO with coefficients in G by h,. We extend this
homology theory to a homology theory h§ over R as we have learned in
Chapter VI. Since h, is an ordinary homology theory we know that hf
again is an ordinary homology theory with the same coefficient group G.

If (M,A) is any pair of spaces over R then now - in contrast to Chapter

VI - we have the canonical CW-approximation j : (IKlI4,ILig) » (M,A)
(M,A) R R
with K := SinM and L := Sin A at our disposal. Thus we may write
R . .
h (M,A) = h_(IKl, ,ILl, ) = H _ (Sin |K|{ ;, Sin IL] ;G)
n ! n R, Ro n R, Rg

By Proposition 8.8, applied to the ground field Ry» this group is
canonically isomorphic to Hn(K,L;G) = Hn(Sinhd,Sin‘A;G). For different
values of n all these canonical isomorphisms come from the same homo-
topy equivalence of pairs of simplicial sets. Thus they are compatible
with the connecting homomorphisms. We have found an isomorphism from

hs to singular homology over R with coefficients in G and thus know that
the latter theory is again an ordinary homology theory with coefficient

group G. q.e.d.

In just the same way one verifies that singular cohomology is an ordinary

cohomology theory.

Final Remarks. Inorder to prove Theorem 8.14 it would have been

sufficient to work in the category #(2,R) of pairs of weak polytopes
instead of WSA(2,R), once we know that (M,A) » H,(Sin M ,Sin A; G) is a
prehomology theory on the whole of WSA(R). Notice also that it was -
or would have been - sufficient to use Theorem 8.10 in the case r = O.

The notion of pseudohomotopy enables us to avoid a serious use of
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homotopy theory for pairs of spaces or Kan sets. But our results

about systems up to 8.10 deserve interest on their own for r >O.




§9. A group of automorphisms of [0,1]

In this section, apart from the appendix the last one of the present
volume, we deviate from the main lines of thought in this chapter. We
want to construct a sufficiently large weakly semialgebraic group of
automorphisms of the unit interval [0,1] over R, which acts in a natural
way on the realization |X| of every partially proper simplicial space

X over R. This will give us a new occasion to apply the principles for

constructing weakly semialgebraic spaces gained in Chapter IV.

Definition 1. A monotonic PL-automorphism of [0,1] is a bijective mono-

tonic map g : [0,1] - [0,1] such that there exists a sequence t_1 =
O0<ty<...<t =1 in R with g linear on each closed subinterval
(t;_4,t;) of [0,1] {0<i<n; put [t, ,,t;1 = {t;} if ¢,

1 =ty

In this situation, the points s; = g(ti) form again a sequence S_q =

0O<sy<...<s, =1, withs, ,<s; iff t, ,<t;, and, for t¢€ (e, _q.t51s
-1 .
s, .+ (t-t,_Nt.-t. ) " (s.-s._.) if t,_ . <t. ,
g(t) = { i-1 i-1" 1 i i Ti-1 i-1 %71 (9.1)
S5 if tiog =ty
Remark. At present it looks stupid that we allow ti_q =ty We could

avoid this by throwing out some ty- The reason why we do not do this

will become apparent soon.

Every such map g is an automorphism of the semialgebraic space [0,1].

The inverse g-1 is again a monotonic PL-automorphism of [0,1], and all
these maps together form a subgroup of the group of all automorphisms

of the semialgebraic space [0,1]. We denote this subgroup by

PL Aut+([o,1]), in the present section also more briefly by G. {The

s + . . .
sign reflects that our maps preserve orientation.} Our goal is to
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equip the abstract group G with the structure of a weak polytope such
that it becomes a weakly semialgebraic group. {We shall succeed only

if the field R is sequential.}

Definition 2. Let g € PL Aut+([0,1]) = G. We call an element c>1 of R a

two sided Lipschitz constant for g if, for any two points t <u in [O,1],

we have

¢ Tu-t) < g(u) -g(t) < clu-t) .

Here the first inequality means that c is a Lipschitz constant for the

=1
map g .

Given some c > 1, we denote the set of all maps g € G for which c is a
two sided Lipschitz constant by M(c). The group G is the union of all

these subsets M(c).

We now fix a constant c >1 for some time and start out to equip the
set M := M(c) with the structure of a weak polytope. For any non nega-
tive integer n let Mn denote the set of all g € M which have a descrip-

tion (9.1) with this number n. This gives us a filtration

Mo = {id} cM, CMZC"'

of the set M.

In the following we describe a point t of the standard n-simplex V(n)

by its so called "sum coordinates",

to= (b_gitgity,eea,t)
with ty = O§t0§t1 See.st = 1. Here ty is the sum of the first i+1
. : - n =
barycentric coordinates of t. {If t = i=0 Yi®i’ then ti Ejgi uj.}

Let ﬂn denote the set of all (s,t) €V(n) x V(n) such that (0<i<n)
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-1
c o (tymty q) 2symsg g s ocltmts )

1 1

This is a closed semialgebraic subset of V(n) xV(n), hence a polytope.

We have an obvious map Ny ¢ ﬁn-» Mn from the set Mn onto the set Mn'

which sends a point (s,t) of ﬂn to the map g described by (9.1).

Proposition 9.2. On the set M = M(c) there exists a unique structure of

a space (= weakly semialgebraic space over R) such that (MnlnEINO) is
an exhaustion of M, and, for every nEIWO, the map N, ¢ ﬁn — Mn is
proper (hence Ny, is identifying and M is a weak polytope of countable

type) .

N.B. Of course, the index setjmo is equipped with its natural total

ordering.

Proof. The uniqueness of such a space structure on M is evident: My

is the proper quotient of ﬁn via Nn and M is the inductive limit of the
family of spaces (MnInEDU . In order to prove existence we shall equip
every M, with the structure of a polytope such that nn is a semialge-

-1 is a
closed subspace of Mn' If this has been done, Theorem IV.1.6 will give us

braic (hence proper, hence identifying) map and, if n>0, Mn

the desired result.

We equip MO with its unique structure as a one-point space. Assume now
that n> 1. For every i€ {0,...,n=-1} let Diﬁn denote the set of all

(s,t) € M with (t, ,-t;)(s;-s, ;) = (t;-t, ;) (s;,,-s;). It is a closed

semialgebraic subset of ﬁn. We have a semialgebraic map from Di&n onto
&n—l which sends a point (s,t) of Diﬁn to the point (s',t') in which
the i-th sum coordinates of s and t are omitted. We denote this map by

"n,i‘ Notice that, for every (s,t) €DiMn,
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n om i(s,t) =n,(s,t) . (%)

n-1 ,
We introduce the closed subspace

DMn = DoMn u... UDn-1Mn

of ﬁn. It is mapped by n, onto the subset Mn of M . Let

-1

@, Dﬁn-» Mn—1 denote the set theoretic map obtained by restriction

of n_. Now Mn-1 is already a semialgebraic space and -1 M

-» M
n n

-1 -1

is semialgebraic. By the equation (%) above, ¢ IDM = "h=-1°"n,1 *S

semialgebraic for every i € {0,...,n-1}. Thus ®  is semialgebraic,

hence proper.

We now glue the polytope ﬁn to the polytope M along Dﬁn by the

n-1

map ¢_ (cf. IV, §8) and obtain a polytope M U M The map n_ and
n n ©¥p n

n-1°

the inclusion Mn_1<~ M combine into a set theoretic map

My Up Mg @ My

(Recall equation (*) above.) It turns out that this map is a bijection
! oy i

(1). We transfer the space structure of M_ U, M _, to M by this

bijection. Now Mn is a polytope which contains Mn-1' with its given

space structure, as a closed subspace. Also n, ¢ ﬁn - Mn is semialge-

braic, as desired. g.e.d.

We now allow the Lipschitz constant ¢ to vary. We denote the spaces

Mn’Mn more precisely by Mn(c), M (c), and the map n, by "n,c We shall

use the space
M(c) :=[] (M (c)In >0)

and the map Ng 3 M(c) » M(c) defined by nclﬁn(c) =7 . The map Ne is

n,c

strongly surjective and partially proper, hence identifying.

If 1<c<d then ﬂn(c) is a closed subspace of ﬁn(d) for every n, hence




345

ﬁ(c) is a closed subspace of ﬁ(d). The preimage of the subset M(c) of
M(d) under the map "4 is ﬁ(c), and the map N is a restriction of ng.
We conclude that M(c), with its given space structure, is a closed sub-

space of M(d).

Assume now that the field R is sequential. We choose a null sequence

(enlnEDJ) in 10,1{ which is strictly monotonically decreasing and put

C, := £;1. Then G is the union of the family of subsets (M(cn)|n€2m),

and M(cn_1) is a closed subspace of M(cn) . We conclude by Theorem IV.7.1

that there exists on G a unique structure of a space over R such that
E every M(cﬁ), with its given space structure, is a closed subspace of

G and (M(cn)ln € IN) is an admissible filtration of G. We equip G with

this space structure. It is a weak polytope of countable type. For any
c >1 there exists some n € N with c <cp- The space M(c) is a closed sub-
space of M(cn) and hence of G. Thus G is the inductive limit of the
family (M(c)lc > 1) in the category Space(R) of function ringed spaces

over R, and (M(c)lc >1) is an admissible covering of G. Also

(Mn(c)ln ElNo,c >1) is an admissible covering of G.

Now G is also an abstract group. This group acts on each standard
simplex V(n) by semialgebraic automorphisms, the action being given by

the formula

g(t_1,to,...,tn) := (g(t_1),g(to),...,g(tnn

(0O=t_ ito<"'§t =1)

1 n

Theorem 9.3. i) The involution 1+ : G » G, g » g_T, is weakly semialge-
braic, hence an automorphism of the space G.
ii) The multiplication map y : GxG > G, (g,h) » gh, is weakly semi-

algebraic.

iii) The map o : G xv(p) - v(p), (g,t) » gt, is weakly semialgebraic
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for every p € lNo .
In short, G is a weakly semialgebraic group which acts weakly senjalge-

braically on each V(p).

Proof. a) We first study the involution 1 on G. For every n E]No and
¢ >1 we have a commuting square
—_—
M () M_(c)
|
"n,c !n
—_———

M (c) M_(c)

with In c a restriction of v and On c the switch automorphism (s,t) & (t,s}
1 ! "

is identifying we conclude that 1 is semialge-

of Mn(c). Since nn,c n,c

braic. It follows that the map @ : G - G is weakly semialgebraic. {It
is even semialgebraic since it is an automorphism of the space G.}
b) We now prove iii) for p = 1. It suffices to verify that the restric-

tion

an,c : Mn(C)X[O,ﬂ - [0,1], (g,t) » g(t),

: M (c) » Mnrc) is

is semialgebraic for every n € ]NO , ¢>1. Since "o
’

identifying we only need to verify that

a : Mn(c)ﬂ[0,1] - [0,1]

n,c° (nn,c x ld[0,1])

is semialgebraic.

Fixing some n € N, and some ¢ >1 we denote this map by f and the space

A~

M (c) x [0,1] by L for short. The points of L we denote as triples

(s,t,u) with s€v(n), t€v(n), u€[0,1] and, of course,

=1

c byt ) < osymsy g Scltytt, )
for every i €{0,...,n}. For any j € {0,...,n} let Lj denote the set of
all (s,t,u) €L with tj- <t. and t._ iuitj' It is semialgebraic in L,

1 j =1
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and its closure ij in L consists of all points (s,t,u) €L with tj-1-5tj

1 fllitj. Since L is the union of the sets ij it suffices to

prove that flfj is semialgebraic for every j € {0,...,n}.

and t.
j-

Henceforth we fix an index j in {0,...,n}. For (s,t,u) €Lj we have

)

)’1(5.—5.

f(s,t,u) = s. -1 3755-1

5-1 + (u_tj_1 ) (tj—t

while for (s,t,u) €fj‘\Lj we have f(s,t,u) = Sy Clearly flfj has a

semialgebraic graph and f is continuous on the semialgebraic (open)

dense subset Lj of fj' The map flij is also continuous at any point
= . R -1

X €L. NL. since the ratio t.-t. )
1 73 (J J-1

on Lj. Thus flij is indeed a semialgebraic function.

(s ) is a bounded function

=S,
Jj 73-1

c) The map B : GX[O,1]p+2 - [O,]]p+2, defined by

B(g/ (t_]ltor---rtp)) = (gt_1rgtor---fgt) ’

is again weakly semialgebraic. This map sends G xV(p) to V(p). Thus its
restriction a : G xV(p) - V(p) is weakly semialgebraic.
d) Now i) and iii) are proved. It remains to prove ii). We shall need a

"shuffle map"

Om,n : V(m) xV(n) - V(m+n)

for every mE:mo ,r]EZNo, defined as follows. If t-=(0,to,...,tm_1,1)
and u = (O,uo,...,un_1,1) are points in Vv(m) and v(n) then om’n(t,u) is

the sequence (O,vo,... v 1) with (vo,..

Votn-1’ ) obtained by re-

v
' "m+n-1

ordering the sequence (to""’tm-1'u0""’un-1) according to the size

of the coordinates. It is easily verified that Om.n is semialgebraic.
’

We denote the point on n(t,u) more briefly by t *xu.
4

Let constants ¢>1 and d>1 in R and numbers m,n in n%) be given. Then

the multiplication map u : GxG -» G restricts to a map
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: Mm(c) XMn(d) - Mm n(cd)

“m,n,c,d +

We want to verify that this map is semialgebraic. Then we shall kncw

that p is weakly semialgebraic.

We shall invent a semialgebraic map

= Cm,n,c,d : Mm(C) xM (d) -~ Mm+n(cd)

such that the diagram

~ ~ C ~
M_(c) xM_ (d) —F——— M (cd)

N
{'m+n,cd

Y

(*) "m,c*™n,d

M (¢) xM_(d) — M (cd)
m n m,n,c,d kY

commutes. Then it will be evident that Mo is semialgebraic, since

,n,c,d

the vertical arrows in the diagram are identifying semialgebraic maps.

Let points (u,v) Eﬂm(c) and (s,t) eﬁn(d) be given. We define new pairs

(d) as follows:

+

(x,v*s) EMm +n

n(c), (v¥s,y) EP%1

X := [“m,c(u’v)] (vxs) ,

y := [“n,d(s’t)]-1(v*s)

Then
nm+n,c(x'v*s) = ”m,c(u’V) !
nm+n,d(v*s’y) = nn’d(s,t)
We define the desired map ¢ by z((u,v),(s,t)) := (x,y). Then the dia-

gram (*) commutes. It follows from the previous steps a) and c) of the

proof that ¢ is indeed semialgebraic. g.e.d.
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The orbits of G on V(n) are easily seen to be the open faces of V(n).
Indeed, if s and t are two points in the same open face of V(n) {for
example, in V(n)}, then the element g €G given by the formula (9.1)

takes the point t to s. Also the following is easily checked.

Lemma 9.4. For every monotonic map & : [pl] -» [n] the semialgebraic map
a, : V(p) — V(n) is G-equivariant.

We now are ready to prove a beautiful result.

Theorem 9.5. As before assume that R is sequential. There exists a
unique weakly semialgebraic action of G = PL Aut+([0,1]) on the realiza-
tion |X| of every partially proper simplicial space X such that the

following three properties hold.

A1) If X = M is constant then the action of G on |X| = M is trivial.
A2) If X = A(n) then the action of G on V(n) is as just described.
A3) If £ : X - Y is a simplicial map then [f| : |X| -» |Y| is G-equi-
variant.

This action of G on X is given by the formula (x € X,t €V(n))

glx,tl = Ix,gtl. (%)

If X is discrete then the orbits of G on [X| are the open cells of the

CW-complex [X].

Proof. If, for any two partially proper simplicial spaces X and Y, we
have already defined the action of G on |X| and |Y| then we are forced
to define the action of G on (X xY| = [X| x |Y| by the formula g(x,y) =
(gx,g9y), since the projections from |X| x |Y|] to |X| and |Y| must be
G-equivariant. Thus, for any product M x A(n) of a constant space M

and a standard simplicial set A(n) we have to define the G-action on
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IMxA(n)l = MxV(n) by the formula g(x,y) = (x,9y) .

Let now X be any partially proper simplicial space. We have a canonical
simplicial map Xx from the deployment De X to X, and the realization of
this map is the partially proper strongly surjective map nx : ﬁ - | X
(cf. Prop. 4.7). We define the G-action on the direct sum X of the
spaces Xn xV(n) by the formula g(x,t) = (x,gt), as we are forced to.
This is indeed a weakly semialgebraic action. It follows from Lemma 9.4
above that this action is compatible with the equivalence relation

E(nx) on X. Since Ny is identifying we obtain a weakly semialgebraic
action of G on I|X| such that formula (x) in the theorem holds, and we
are forced to use this formula, since Ny has to become G-equivariant.

We now have established a weakly semialgebraic G-action on the realization
IX] of any partially proper simplicial space X. It is clear from the
formula (*) that these actions fulfill A3. It can be verified in a
straightforward way that they also fulfill A1 and A2. The last assertion
in the theorem is evident from the formula (*) and our description in

§6 of the open cells of |X!| for X discrete. gqg.e.d.

Remark 9.6. If R is not sequential then we still have an action of the
abstract group G = PL Aut+[0,1] on |X| by semialgebraic automorphisms.
If X is discrete then this action is transitive on the cells of |X|, a
fact which is sometimes useful. For example, let M be a space over R
and assume that there exists some isomorphism a : |K| — M with K a
simplicial set. {This means that M can be triangulated, cf. 6.8}. Let

P be some local intrinsic property formulated for points of M. Then the
set N of all points of M, for which P holds, is a weakly semialgebraic
subset of M. Indeed, since our property P is intrinsic, the set N must
be stable under every automorphism of M, hence a_1(N) must be a union

of open cells of |Kl|.
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Epilogue. It looks somewhat artificial that, in order to establish a
space structure on PL aut?([0,11), we had to assume that our base field
R is sequential, although in practice this trouble might be surmounted
by passing to a sequential real closed field extension of R, a trick

we have used in ChaptersV and VI at various occasions.

Anyway, our construction of the weakly semialgebraic group PL Aut+([o,1])
seems to reveal a deficiency of our definition of weakly semialgebraic
spaces in Chapter 1V, §1 for some purposes. The trouble comes from the
exhaustion axiom E3. On the one hand, this axiom seems to be crucial

for our patch constructions in Chapter V and thus seems to be largely
responsible for some of our best results, as for example the strong
version of Whitehead's theorem in Chapter V, §6. On the other hand, why
not sometimes admit more general inductive limits of semialgebraic

spaces than we did in this book?

It seems that PL Aut+([0,1]) is an honest space in some general sense
which is still reasonable. Niels Schwartz recently started an investi-
gation of "abstract" weakly semialgebraic spaces based on his theory

of real closed spaces (cf. [Sch1] and [LSA, App. Al). He gained evidence

that a theory of weakly semialgebraic spaces without axiom E3 is still

feasible [oral communication].



Appendix C (to Chapter IV): When is M) a basis of open sets of M

?

top’

We shall discuss this gquestion mostly by examples. In the following R,

denotes the set of positive elements of R.

Example C.1. Let M be a countable or uncountable comb, cf. IV.4.8 and
IV.4.9. Then M is not a locally semialgebraic space. Nevertheless is
i’(M) a basis of open sets of Mtop'
Example C.2. Let R = IR and let M be the subset R, xR, xR U
]R+x]R+x{O} u {(0,0,0)} of IR3 . For any finite subset J of IR+ let MJ
be the semialgebraic subspace JxR xR, U R xR, x{O} v {(0,0,0)} of
1R3 . Using IV, 1.6 we equip M with the unique structure of a weakly
semialgebraic space such that every MJ, in its given structure, is a
closed semialgebraic subspace of M and (MJlJcIR+ ,J finite) is an ex-
haustion of M. U = { (x,v,z) €M|z<e-§} u {(0,0,0)} is an open subset
of M. There exists no Ve ¥(M) with (0,0,0) € VcU. Hence (M) is not a
basis of the strong topology of M. The reason for this is that M is

not polytopic, as the following proposition shows.

Proposition C.3. Let M be a polytopic space over IR. Then f(M) is a

basis of the strong topology of M.

Proof. Let U be an open subset of M and a an element of U. We have to
show that there exists a set Ve ¥(M) with a€VcU. Let (Mal(}EI) be an
exhaustion of M. Let E be the set of all pairs (J,VJ) , where J is a
subset of I and Vg is a subset of MJ = U(MalaeJ) such that aevy and,
for every a€J, VJ nMa is an open semialgebraic subset of Ma whose
closure is complete and contained in U nMa. For elements (J,VJ) and
(K,VK) of E we put (J,VJ) < (K’VK) if JcK and V; = VKnMJ. E is not
empty. By Zorn's Lemma there exists a maximal element (L,VL) of E.
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Notice that, if vy and & are indices in I with vy <6 and 6 €L, then vy € L.

Assume that L +I. Let B be an element of I~NL. By I, 7.5 we may assume

that MB is a closed subspace of some R®. Let d be the euclidean distance

function on R" . The closure of VL ﬂMB is complete and contained in

UnMB. Therefore t := d(VLnMB,MB\U) >0. {Here we use that R = IR!} Put
_ 1 . . .

Vg := {x EMBld(x,VLnMB) <§t}. Vo is an open semialgebraic subset of M,

containing VL nMB and the closure of VO is complete and contained in

) nMB. Let V1 be an open semialgebraic subset of MB with \Z n (ML nMB) =

VLnMB. Then (LU {B},VL U (Vv nVv,) is an element of E and (L,VL) <

(LU{B},V; U(V NV,) . This contradiction shows that L = I. Hence V[

is an open weakly semialgebraic subset of M with a €V

LCU.

The space R” (cf. IV.6.2) is polytopic. Hence F(RT) generates the
strong topology of R . R is the only sequential real closed field

with this property.

Example C.4. Let R be a sequential real closed field different from

IR . Then 3‘(R°°) is not a basis of the strong topology of R”.

Proof. We choose a sequence (a,In€N) in R, with lim a_ = O. We also
B now N

choocse a sequence (bn|n€]N) in ]10,1[ consisting of pairwise different
elements such that the set {bnlnelN} is discrete and closed in [O,1].
This is possible since R # IR. Indeed, if R is archimedean, Rc IR, we
may choose (annEJN) as a sequence converging in IR to a point

¥yERN R with 0<J<1. If R is not archimedean, take bn = ne with

€ >0 and ¢ smaller than every positive element of Q.

We now consider the set F consisting of all tuples (x;) € R” such that

= a_ and all

there exist natural numbers n,m with Xy = anbm, xn+1 m
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other X; = O. For every k€ N the set F n (kao) consists of the tuples

(xi) € R” with X, = anbm for some m€ N and some n<k, x = a,, and

n+1

all other x; = 0. Since the sets {anbmlme N} are closed and discrete
in R, we conclude that Fn (kao) is closed in kao for every k, hence

that F is closed in R™.

Let U := R NF. This open set contains the origin a = (0,0,...). Suppose
that there exists a set V€ ’3’(R°°) with a € Ve U. We choose an element

6 >0 in R such that the set A consisting of all tuples (xi) with

X, €f(0,8], X; =0 for i>1, is contained in V. Then we choose a natural
number k with a, <&6. Let Q denote the closed semialgebraic subspace
RkHX{O} of R°, and let d denote the euclidean distance function on Q.

The set VNQ is open and semialgebraic in Q and contains the complete

semialgebraic space A. Hence
0<d(A,Q~NV) < d(A,Q~NU) .

But Q~NU = QNF contains the points (akbm,o,...,O,am,0,0,...) with
coordinate ay at the place k+1. Thus d(A,Q~U) = O, a contradiction.

This proves our claim.
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Some general remarks on the publication of
monographs and seminars

In what follows all references to monographs, are applicable also to
multiauthorship volumes such as seminar notes.

§1.

§2.

§3.

Lecture Notes aim to report new developments - quickly, infor-
mally, and at a high level. Monograph manuscripts should be rea-
sonably self-contained and rounded off. Thus they may, and often
will, present not only results of the author but also related
work by other people. Furthermore, the manuscripts should pro-
vide sufficient motivation, examples and applications. This
clearly distinguishes Lecture Notes manuscripts from journal ar-
ticles which normally are very concise. Articles intended for a
journal but too long to be accepted by most journals, usually do
not have this "lecture notes" character. For similar reasons it
is unusual for Ph.D. theses to be accepted for the Lecture Notes
series.

Experience has shown that English language manuscripts achieve a
much wider distribution.

Manuscripts or plans for Lecture Notes volumes should be
submitted either to one of the series editors or to Springer-
Verlag, Heidelberg. These proposals are then refereed. A final
decision concerning publication can only be made on the basis of
the complete manuscripts, but a preliminary decision can usually
be based on partial information: a fairly detailed outline
describing the planned contents of each chapter, and an indica-
tion of the estimated length, a bibliography, and one or two
sample chapters - or a first draft of the manuscript. The edi-
tors will try to make the preliminary decision as definite as
they can on the basis of the available information.

Lecture Notes are printed by photo-offset from typed copy deli-
vered 1in camera-ready form by the authors. Springer-Verlag pro-
vides technical instructions for the preparation of manuscripts,
and will also, on request, supply special staionery on which the
prescribed typing area is outlined. Careful preparation of the
manuscripts will help keep production time short and ensure sa-
tisfactory appearance of the finished book. Running titles are
not required; 1f however they are considered necessary, they
should be uniform in appearance. We generally advise authors not
to start having their final manuscripts specially tpyed before-
hand. For professionally typed manuscripts, prepared on the spe-
cial stationery according to our instructions, Springer-Verlag
will, if necessary, contribute towards the typing costs at a
fixed rate.

The actual production of a Lecture Notes volume takes 6-8 weeks.
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§4. Final manuscripts should contain at least 100 pages of mathsma-

§5.

tical text and should include

- a table of contents

- an informative introduction, perhaps with some historical re-
marks. It should be accessible to a reader not particularly
familiar with the topic treated.

- a subject index; this is almost always genuinely helpful for
the reader.

Authors receive a total of 50 free copies of their volume, but
no royalties. They are entitled to purchase further copies of
their book for their personal use at a discount of 33.3 %,
other Springer mathematics books at a discount of 20 % directly
from Springer-Verlag.

Commitment to publish is made by letter of intent rather than by
signing a formal contract. Springer-Verlag secures the copyright
for each volune.
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