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¥ Introduction

This is the second in a chain of (hopefully) three volumes devoted to
an explication of the fundamentals of semialgebraic topology over an
arbitrary real closed field R. We refer the uninitiated reader to the
preface of the first volume [LSA]1 and some other papers cited there
. to get an idea of the program we have in mind with the term "semialge-

' braic topology" as a basis of real algebraic geometry.

: Let us roughly recall what has been achieved in the first volume and

. where we stand now.

i As we explained in [LSA], the "good" locally semialgebraic spaces,

i which fortunately seem to suffice for most applications, are the regu-
lar paracompact ones. These are precisely those locally semialgebraic
spaces which can be triangulated (I.4.8 and II.4.4)2. Moreover, any
locally finite family of locally semialgebraic sets in such a space

' can be triangulated simultaneously (II.4.4). This fact seems to be the

.

key result for many proofs in [LSA].

E We accomplished less work on the triangulation of locally semialgebraic
§ maps. Here our main result has been the triangulability of finite maps
(II.6.13). Much more can probably be done, as is to be expected by

; the book [V] of Verona, but we do not pursue this line of investigation
i in the present volume. {Verona works over IR and uses transcendental

1 techniques.}

f'1 cf. the references
| 2 This refers to Example 4.8 in Chapter I and Theorem 4.4 in Chapter II
of [LSA]. The main body of this volume starts with Chapter IV. The
signs I, II, III refer to the chapters of [LSA].
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On the other hand we obtained in Chapter II of [LSA] a fairly detail-
ed picture of the various possibilities how to "complete" a regular
paracompact space M, i.e. to embed M densely into a partially complete
regular paracompact space. Partial completeness is a typical notion
of semialgebraic topology which has no counterpart in classical topo-

logy, cf. I, §6.

In Chapters I and II of [LSA] we also obtained basic results on the
structure of locally semialgebraic maps. But the theory of fibrations
and covering maps (= Uberlagerungen) had to be delayed since a certain
amount of homotopy theory is needed here, not yet available in the

first two chapters.

Some of that homotopy theory has been presented in the last Chapter III
of [LSA]. Our central result there are the two "main theorems" in
various versions (I1I.3.1, 4.2, 5.1, 6.3, 6.4). As a consequence of
these theorems all the homotopy groups and various homotopy sets in
the category of regular paracompact spaces over R are "equal" to homo-
topy groups (resp. sets) in the classical topological sense of such
spaces over IR. This opens the possibility to transfer a considerable
amount of classical homotopy theory to the locally semialgebraic sett-

ing, as has been illustrated in Chapter III by several examples.

The homotopy theory in [LSA] seems to be sufficient for studying
(ramified) coverings of reqular paracompact spaces. To some extent it
also gives access to the theory of fibrations and fiber bundles for
such spaces (although here something remains to be desired, see below).
Nevertheless this homotopy theory has serious deficiencies compared
with classical (= topological) homotopy theory, and this brings us to

the contents of the present volume.




The main deficiencies are the following.

L 1) In the category LSA(R) of regular paracompact locally semialgebraic
spaces over R we do not have infinite CW-complexes at our disposal.

2) In LSA(R) we do not have mapping spaces Map(X,Y) and prominent sub-

spaces of them, as for example loop spaces QX , at our disposal.

. One main goal in the present volume is to explain how the first defi-
- ciency can be overcome. We will construct "semialgebraic" CW-complexes
- over the field R. A CW-complex over R is a ringed space over R [LSA,
'p. 3] which is a suitable inductive limit of "polytopes" over R, to-

- gether with a cell structure. Such inductive limits will generally be

' called "weak polytopes”. (We briefly alluded to these spacec at the
. end of III, §6 and in [DK6].) By a polytope over R we simply mean a
- complete affine semialgebraic space over R. This terminology is justi-

fied since these spaces are precisely all ringed spaces over R which

. are isomorphic to the underlying semialgebraic space of some closed
- finite simplicial complex over R, hence isomorphic to the union of

. finitely many closed simplices in some R".

}We have to be careful which inductive systems of polytopes we admit in
® building weak polytopes. This is a delicate problem. If we are too
érestrictive then our weak polytopes will not be useful. On the other
{hand, if we are too permissive then we are in danger that our inductive
f:limits become too wild spaces. (Recall that every real closed field
idifferent from IR is totally disconnected in the topological sense.)
;Working in the category of ringed spaces over R gives us control which
icontinuous functions we admit on a given space, and this gives us con-

1trol on connectedness and other geometric properties implicitly.

. Once we have defined weak polytopes in the right way and have estab-

flished the basic properties of these spaces it will be an easy matter
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to define cell structures on some of them, which will be our CW-com-
plexes. Then the door is open to transfer a really big amount of
classical homotopy theory to the semialgebraic setting. In particular
we can define spectra, in the sense of algebraic topology, and general-
ized homology and cohomology theories over R, and we can work with

them nearly as easily as in classical homotopy theory (cf. Chapter VI).

Although the category of weak polytopes suffices to deal with infinite
CW-complexes it is technically advisable to work in a slightly broader

category, the category WSA(R) of "weakly semialgebraic spaces" over R.

These spaces are inductive limits of affine semialgebraic spaces in-
stead of just polytopes. For example, an open subspace (in the sense
of locally ringed spaces) of a weak polytope is a weakly semialgebraic
space, but usually is not a weak polytope. It would be cumbersome to
exclude open subspaces of weak polytopes from our considerations.

WSA (R) contains the category LSA(R) of regular paracompact locally

semialgebraic spaces over R as a full subcategory.

The morphisms between weakly semialgebraic spaces will be called weakly

semialgebraic maps. In Chapter IV we give the definition and basic

properties of weakly semialgebraic spaces and maps. The key result for
later use seems to be that in the category WSA(R) a space M can be

glued to another space N along any closed subspace A of M by a "partial-
ly proper" weakly semialgebraic map £ : A » N (Theorem IV.8.6). An
analogous result had been proved in II, §10 within the category LSA(R)
for proper maps. But the class of partially proper maps is much bigger
than the class of proper maps and more useful (cf. I, §5-§6 and IV, §5
below). Most important, if the space M above is a weak polytope then
also A is a weak polytope and every weakly semialgebraic map f : A » N

is partially proper.
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In general a weakly semialgebraic space M cannot be triangulated. But
M still is isomorphic to a "patch complex". This is a very weak sub-
stitute of a simplicial complex which nevertheless is sufficient for

some homotopy considerations.

Roughly one obtains a patch complex if one work with arbitrary affine
semialgebraic spaces instead of simplices. The theory of patch complexes
and their use in homotopy theory is displayed in Chapter V. Also some
: applications to open coverings (= tlberdeckungen) of weakly semialge-

braic spaces are given in V, §3.

. Chapter V reveals that weakly semialgebraic spaces are beautiful from
f a homotopy viewpoint. For example, the two main theorems on homotopy
j sets from Chapter III in [LSA] extend to these spaces (V, §5) and

- there holds a strong "Whitehead theorem", stating that every weak
homotopy equivalence is a genuine homotopy equivalence (Th. V.6.10).
It is this chapter where the reader, having mastered the foundational

. labours of Chapter IV, will find out that weakly semialgebraic spaces

are easy to handle and in some sense better natured, since "tamer",

ﬁ than topological spaces.

? On the other hand, from a more geometric viewpoint, weakly semialge-
fbraic spaces can be ugly. We shall demonstrate this in IV, §4 and
Appendix C by rather simple examples. Various nice geometric proper-
%ties we are accustomed to from locally semialgebraic spaces, as for
% instance the curve selection lemma, fail for these spaces. We do not
f know whether a weakly semialgebraic space M can be completed, i.e.
‘;densely embedded into a weak polytope. We do not know either whether
i M contains a weak polytope which is a strong deformation retract of
gM. In contrast to locally semialgebraic spaces there does not always

t exist a space N over the field RO of real algebraic numbers such that
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M is isomorphic to the base extension (cf. IV, §2) N(R) of N (cf. end
of IV, §4). But still we can prove (V, §7) that M is homotopy equiva-
lent to such a space N(R), even with N a CW-complex over Ro' Much la-
ter, in Chapter VII, §7, we shall see that M is homotopy equivalent to

a closed simplicial complex.

Under the mild restriction that the base field R is sequential, i.e.

R contains a sequence of positive elements converging to zero, things
are even better. Then there exists, for every weakly semialgebraic
space M over R, a canonical homotopy equivalence py : P(M) - M with
P(M) a weak polytope. The space P(M) will be defined in Chapter IV, §9.
It has the same underlying set as M but a "finer" space structure than

M. On the set theoretic level, is just the identity of M.

Py
The space P(M) is the inductive limit of the system of all polytopes

contained in M. It seems to be a very natural "simplification" of the
space M (simplification for some purposes). If M is locally semialge-
braic and locally complete then P (M) coincides with the space Mloc
defined in T, §7. But already if M is a semialgebraic subset of some

R™ which is not locally closed in R™ then P(M) is not locally semialge-

braic.

More generally, given a weakly semialgebraic map £ : M - N, we shall
define in IV, §10 a weakly semialgebraic space Pf(M) together with a
weakly semialgebraic map Pe ¢ Pf(M) -» M (if R is sequential) which has
the following universal property. The map f o P is partially proper,
and every weakly semialgebraic map q : L » M with fe. g partially
proper factors uniquely through Pg- If N is the one-point space then

Pf(M) = P(M).

These spaces Pf(M), and in particular the spaces P(M), will do
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good service in homotopy theory at various places. They are typical for
the somewhat different flavour of semialgebraic homotopy theory compar-

ed with classical homotopy theory.

A particularly good instance to see how the spaces Pf(M) and similar
ones can be used and how the various techniques we have developed in
Chapters IV and V fit together is the proof of Theorem V.6.8 on d-
equivalences (instead of just weak homotopy equivalences) which pre-

' cedes and implies the Whitehead theorem mentioned above. The reader
 cannot do better than trying to obtain an impression of the main lines

. of this proof at an early stage in order to get a good feeling for the

' subject.

Of course, we try to proceed in semialgebraic homotopy theory as much
- as possible in a way parallel to the classical topological homotopy
' theory, as long as this is advisable. Here there comes up a dichotomy

t of goals and methods everyone working in this area will face.

iOn the other hand, one would like to obtain results in the semialge-
,‘braic theory by transfer from the topological theory, as already exer-
.icised in Chapter III. One wants to have available the enormous body
1of results of topological homotopy theory in the semialgebraic setting

f without much further labour.

fOn the other hand, there is a more radical viewpoint, to the best of
§ my knowledge first expressed by Brumfiel in his book [B]: One should
L do algebraic topology from scratch over an arbitrary real closed field

}in such a way that the field IR does not play any special role.

b This is an ambitious program. While writing this volume I somewhat

f oscillated between the two viewpoints. Whenever the semialgebraic




geometry was easy I avoided transfer principles. When not I gave pre-
ference to the first view point, but often I also tried to indicate

how things can be done in the spirit of the second one.

Long passages in Chapter V may nourish the conviction that a homotopy
theory in the sense of Brumfiel is already at hands. But there are still
problems to be settled. As a testing ground I have chosen here - as
already in [LsA], Chapter III - the homotopy excision theorem of
Blakers and Massey. In topology there exists an elementary proof of

this theorem going back to Boardman, cf. [DKP, p. 211£ff]. This proof

(as well as the proof of Blakers and Massey) strongly uses the axiom

of Archimedes in the field of real numbers. We are able to prove the
analogue of the theorem for weakly semialgebraic spaces (V, §7), but

for that we need the Blakers-Massey theorem for topological CW-com-

plexes and transfer techniques.

The homotopy theory developed in Chapter V suffices for studying
generalized homology and cohomology groups of pairs of weakly semial-
gebraic spaces. {The word "generalized" means that we do not insist on
the Eilenberg-Steenrod dimension axiom.} In Chapter VI we define gener-
alized homology and cohomology theories on the category ¥(2,R) of

weak polytopes over R in full analogy to the definition of such theo-
ries on the category M(2) of pairs of topological CW-complexes [wz]

(or [W], [Sw], etc.). We then explicate how every topological homology
theory h, or cohomology theory h* on #)(2) leads in a natural way to a
homology theory respectively cohomology theory on ®(2,R) which we denote
again by h, resp. h*. We thus obtain a bijection, up to natural equi-
~valence, between the homology and cohomology theories on #(2) and on
P(2,R) forR fixed (VI, §2-4). We extend these theories inVT,§5 from ®2,R)
to the category WSA (2,R) of pairs of weakly semialgebraic spaces over R, and

we prove in VI, §6 a fairly general excision theorem for the groups hn (M,A)
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and hn(M,A). We also describe the theories hx and h* by spectra as one

does in topology (VI, §8).

In this whole business it is important that we have weakly semialge-
braic spaces at our disposal instead of just locally semialgebraic

. spaces. We mentioned already the need for infinite CW-complexes. But
even suspensions pose a problem. They play an essential role in gener-
alized homology theory, of course. Unfortunately we do not have suspen-
. sions for arbitrary weakly semialgebraic spaces but only for weak poly-
topes. This turns out to be sufficient. But if M is a locally semi-

; algebraic (pointed) weak polytope then usually the suspension SM will

- not be locally semialgebraic.

. If h, is one of the prominent homology or cohomology theories in topo-
logy, as singular homology, singular cohomology, orthogonal, unitary,
or symplectic K-theory, one of various cobordism theories, then there
remains the important task to attach a geometric meaning to the ele-
[ ments of hn(M,N) or hn(M,A) for (M,A) a pair of weakly semialgebraic
j:spaces. {In topology usually such a meaning is inherent in the defini-

::tion of these groups.}

E In the next volume [SFC] we shall solve this problem for the K-theories
f mentioned above. In the present one we solve it for ordinary homology

} H, (-,G) and ordinary cohomology H*(-,G) with coefficients in some abe-
t lian group G. These are those homology and cohomology theories which

f fulfill the Eilenberg-Steenrod dimension axiom. They arise from topo-

¢ logical singular homology and cohomology theory with coefficients in G.

E we prove in VI, §3 that if (M,A) is a pair of CW-complexes then the
} groups Hn(M,A;G) and Hn(M,A;G) have a description by cellular chains
: and cochains as in topology. It is then easy to conclude that for

| (M,A) a pair of locally semialgebraic spaces, these groups coincide
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with the groups H_(M,A;G) and Hn(M,A;G) defined essentially by Delfs
n

[D], [D1], [DK3]. {We described the groups Hn(M,A;G) in IIT, §7.}

Here our theory reaches a remarkable point. To understand, why, let

us recall the approach of Delfs to the homology groups, say, of a
single polytope M. {We take A = ¢.} The polytope M can be triangulated.
Choosing an isomorphism ¢ : IKIR
complex we "know" a priori what Hn(M,G) should be: It should coincide
with the abstract homology Hn(K,G) of the simplicial complex K. The
problem is, to prove that the groups Hn(K,G) do not depend on the
choice of the triangulation. Delfs solves this problem in an ingenious
way. He looks at the simplicial cohomology groups H"(K,G) for the tri-
angulations of M. He proves that they all are naturally isomorphic to
the cohomology groups Hn(M,GM) of the constant sheaf GM with stalk G.

Knowing that the Hn(K,G) are independent of the triangulation he con-

cludes that the Hn(K,G) also are independent of the triangulation.

In the course of this approach Delfs has to cope with some tedious
geometric problems. {The main task is to prove the homotopy invariance
of the groups Hn(M,GM). In [D1] Delfs solves this problem brilliantly
by using sheaf theory on abstract locally semialgebraic spaces.} The
remarkable fact now is that we obtain the independence of the groups
Hn(K,G) from the choice of the triangulation in a much easier way.
Once we have the homotopy theory of Chapter V at hands, which is a
straightforward matter, we define the ordinary homology groups Hn(M,G)
almost by general categorial nonsense, and prove Hn(M,G) = Hn(K,G) in
the standard way (cf. VI, §3). Thus one may say that it is possible

to circumvent the labours of Delfs by enlarging the category of affine
semialgebraic spaces over R to a category of spaces which is more com-
fortable for homotopy considerations, namely WSA(R). {But notice that

our approach does not give a connection of ordinary cohomology with

—M with K a finite abstract simplicial
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sheaf cohomology.}

How about an interpretation of the elements of Hn(M,A;G) by chains of

singular simplices, as in topology? Of course, a singular simplex here

means a semialgebraic map (= morphism) from the closed standard simplex

; V(n) in Rn+1 to M. For any pair (M,A) of weakly semialgebraic spaces
over R we can define the singular chain complex C.(M,A;G) as in topo-

- logy. The problem is to prove that the groups Hn(C.(M,A;G)) fit together

to an ordinary homology theory and that HO(C.(*,¢;G)) = G, with % de-

: noting the one point space. This would imply a natural isomorphism

~ from this homology theory to H,(-,G).

; Delfs and I have tried for years in vain to find such a proof in a
direct geometric way. The difficulty was always to prove an excision
theorem for the groups Hn(C.(M,A;G)) in the case that the field R is
not archimedean. We could not prove excision even for a triad of poly-
i topes. As in classical theory one would like to make a given singular
chain "small" with respect to a given finite open covering (with two
1 open semialgebraic sets) by applying some iterated subdivision to the
; singular simplices in the chain. But the trouble 1s that, as long as
: one tries barycentric subdivision or some other sort of finite linear
: subdivision, the simplices have no reason to become small if R is not

E archimedean.

! The last Chapter VII of the present book contains a solution of the
. problem - along very different lines. This solution is perhaps the most
f convincing single issue, up to now, to demonstrate that weakly semi-

algebraic spaces are really useful.

1 We proceed roughly as follows. Every simplicial set K (= semisimplicial

. set = semisimplicial complex, in other terminologies) can be "realized"
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as a weak polytope IKIR over R in much the same way as this is known
in topology [Mi1]. The space |Kl; carries a natural structure of a CW-
complex. If (K,L) is a pair of simplicial sets (of course, with L a
simplicial subset of K), then it follows from the cellular description
of ordinary homology mentioned above that the ordinary homology groups

Hn(IKIR,ILIR;G) can be identified with the well known (cf. [La] or

[May]) "abstract" homology groups Hn(K,L;G).

If M is a weakly semialgebraic space over R we can form the singular
simplicial set Sin M consisting of the singular simplices of M. The
realization ISi.nMIR comes with a canonical weakly semialgebraic map
jM : |Sin M| — M. We prove that jM is a homotopy equivalence (VI, §7)
following the book [LW] of Lundell and Weingram. {In topology Jjy is
only a weak homotopy equivalence. In most texts on simplicial methods
- but non in [LW] - this is proved by already using the fact that the

topological singular homology groups form an ordinary homology theory.}

More generally, if A is a subspace of M, then jM gives a homotopy equi-

valence from the pair (|Sin MIR, |Sin AIR) to (M,A). Thus

Hq(M,A;G) Hq(lSin MIR, |Sin AIR; G) Hq(Sin M, Sin A; G),

and this group is Hq(C.(M,A;G)) by definition.

Since we know that the canonical maps jM are homotopy equivalences the
door is now wide open for the use of simplicial sets in semialgebraic
geometry. Thus, finally, we can abolish our previous verdict "no

simplicial sets, only simplicial complexes" [DK3, p. 124].

Simplicial sets have proved to be enormously useful in many
branches of topology, in particular in the theory of fibrations. Much

of this material can now be used in semialgebraic geometry. Some
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applications to the theory of semialgebraic fibrations will be given

in the next volume [SFC].

But one needs more. One needs simplicial spaces instead of just simpli-

cial sets. By a simplicial space X over R we mean a simplicial object
in WSA(R), i.e. a sequence (anneNo) of weakly semialgebraic spaces
over R with various weakly semialgebraic face and degeneracy maps
between them (VII, §1). Simplicial sets may be regarded as discrete

. simplicial spaces over R.

- Roughly half of our last Chapter VII is devoted to an explication of
%the fundamentals of simplicial spaces and their realizations. Difficul-
' ties for future application will arise from the fact that we are only

able to construct the realization |X|p of a partially proper simplicial

 space X. By this we mean a simplicial space all whose face maps are par-

' tially proper. Fortunately discrete simplicial spaces are partially

t proper.

i A reader having worked through the fundamentals of weakly semialgebraic
vispaces and maps in Chapter IV may feel bored to meet in Chapter VII
rﬁsimilar stuff about simplicial spaces. To give such a reader some com-

ifort we indicate now by an example that this stuff is really useful.

TLet G be a complete semialgebraic group over R. {For instance think of
E some orthogonal group O(n,R).} If M is an affine semialgebraic space,
f then it is clear from the beginnings of semialgebraic geometry what is
fmeant by a principal G-fibre bundle ¢ : E - M over M. The definition is
Zexactly as in topology, of course with a finite trivializing covering

jof M by open semialgebraic subsets.

. We now pose the following problem. Let S be a real closed overfield of
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R and let ¢ : F » M(S) be a principal G(S)-bundle over M(S). Does there
exist a principal G-bundle ¢ : E - M over M such that the base extension’

0g E(S) -» M(S) is isomorphic to ¥ over M(S)?

It seems hard to solve this problem in a direct geometric way. We shall
solve it in [SFC] in the affirmative as follows. Let /G denote the nerve
of the group G. This is a simplicial space built as in topology, cf.
Example VII.1.2.v below. #G is partially proper since G is complete
(partially complete would suffice). Let BG denote the realization

WGl. One finds as in topology that the isomorphism classes of G-princi-
pal bundles over M are in natural one-to-one correspondence with the
elements of the homotopy set [M,BG]. By the first main theorem on homo-
topy sets the base extension map from [M,BG] to [M(S),(BG) (S)] is bi- %
jective (V.5.2.i; essentially this is already clear from III.3.1). By
the canonical nature of the definition of #G it is evident that (BG) (S) =|
B(G(S)). Thus we have a natural bijection from [M,BG] to [M(S)B(G(S))].
We conclude that the isomorphism classes of principal G-bundles over M
correspond uniquely with the isomorphism classes of principal G(S)-bundle!

over M(S) by base extension. The answer to the question above is "Yes".

At first glance the present book might convey the impression that in
semialgebraic geometry one now has a homotopy theory at hands which is
as good and easy as the topological one. But this impression is deceptive.
In order to destroy it I come back to the two deficiencies of the homo-
topy theory in [LSA] listed above. While the first one disappears in
the category WSA(R), the second one (existence of mapping spaces) re-

mains serious.

One would like to have good substitutes (or "models") of the presumably
not existing mapping spaces and their prominent subspaces. In VI, §7 we

define "pseudo-mapping spaces" and "pseudo-loop spaces" which do some
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of the service one expects from such substitutes. Our construction is
based on an analogue of Brown's representation theorem [Bn]. This con-
struction is canonical only up to homotopy. Using Chapter VII we are
better off. If M and N are any weakly semialgebraic spaces then we can
form a simplicial mapping set [May, p. 17] Map(Sin M, Sin N) and choose
the realization |Map(Sin M, Sin N)IR as a canénical substitute of the
presumably not existing space Map(M,N). But this substitute and similar
constructions are not sufficient for all purposes, as will become amply
clear in the theory of fibrations. There one has to work with the notion
of fibre homotopy equivalence instead of homotopy equivalence. The
question for a substitute of the topological "p%th mapping space"

(Iw, 7.2]1, [DKP, 5.3]) which turns a given map £ : M » N into a fibra-

tion, is a case in point.

Another strategy is to establish a space structure on a sufficiently

big subset of the set Map(M,N) of weakly semialgebraic maps from M to
N (sufficiently big for some purposes). In the last section of Chapter
VII we do something like this for M = N = [0,1], the unit interval of

R, in the case that the field R is sequential.

I deviated from the original plan, announced in the preface of [LSA],
to deal with fibrations in Chapter IV and with coverings (= tberlagerun-
gen) in Chapter V. We shall do this only in the next volume [SFC].
Originally I intended to introduce weakly semialgebraic spaces at a
much later stage. In the meantime I realized that this would cause a
duplication of arguments, since many proofs in the theory of fibrations
and coverings can be done in the same way for the categories LSA(R) and
WSA(R). I also realized how well it pays in many other ways to intro-

duce weakly semialgebraic spaces as early as possible.
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Chapter IV - Basic theory of weakly semialgebraic spaces

§1 - Definition and construction of weakly semialgebraic spaces

R is a fixed real closed field. As in I, §1 we consider a generalized
topological space M = (M,f%M),CovM). Here f(M) means the set of (ad-
missible) open subsets of M and Covy the set of (admissible) open
coverings, cf. I, §1, Def. 1. Starting with such a space M we give a
chain of definitions and examples leading to the definition of a weak-

ly semialgebraic space and a weak polytope (Definitions 6,7 below).
- Definition 1. We call a subset K of M small in M if, for every U € F(M)
and every (UAIXEA) ECovM(U), the set UNK is already the union of the

sets UA NK with X running through a suitable finite subset of A.

Example 1.1. If M is a locally semialgebraic space over R then every

semialgebraic subset of M is small in M.

Definition 2. a) A function ringed space M over R is a generalized

topological space M equipped with a sheaf OM of rings of R-valued
functions.

b) A morphism between function ringed spaces M,N over R is a continuous
map £ : M » N (in the sense of generalized topological spaces), such
that for every veF(N) and h €ON(V) the composite function

1

hef : £ (V) -» R is an element of OM(f_ v)).

c) We denote the category of function ringed spaces over R by Space(R).

Example 1.2. Every locally semialgebraic space over R is a function
ringed space over R. The morphisms between such spaces are the locally

semialgebraic maps.



Henceforth let M be a function ringed space (always over R). If K is
a small subset of M then M induces on K the structure of a function
ringed space over R as follows. ?(K) is the set of all intersections
UNK with Ue¥(M). If (V,IA€A) is a family in T(K) then

(VAIAEA) €CovK if and only if there exists a finite subset A' of A
such that the set V := U(VAIXGA) is already the union of all Vi with
A €A'. {As usual, we then write (VAIAEA) ECovK(V). The axioms i-viii
in I, §1 are clearly fulfilled.} DK is the sheaf associated to the
presheaf Oﬁ defined as follows. A function h : V - R on some V € F(K)
is an element of Dz(V) iff there exists some U Ei(M) and some g EOM(U)
with UNK o> V and h = glV. {We then can make U a little smaller such
that UNK = V.}Thus a function h : V » R, with V €§%K), is an element
of OK(V) iff there exist finitely many sets U1""’Ur 651M) and func-
tions g; €0,(U;) such that K n@,u... UUr) = V and giIK no; = hiKNU,

1

for 1 < i <r.

Definition 3. We call such a space (K,0 a small subspace of (M,0,).

)

Notice that we have K equipped with the "coarsest structure" of a

function ringed space such that the inclusion map K— M is a morphism.

Definition 4. Of course, also every U GSXM) has a natural induced

structure as a function ringed space over R. These are the open sub-

spaces of M.

Example 1.3. If M is a locally semialgebraic space and K is a closed
semialgebraic subset of M then K, with its usual structure as a semi-
algebraic subspace of M (I, §3), is a small subspace of M. This follows
from Tietze's extension theorem for affine semialgebraic spaces [DKS'
Th. 4.5]. If in addition, M is regular (I, §3), then O; = OK since now

K has an open affine semialgebraic neighbourhood in M. Indeed, every

semialgebraic subset of M is affine [R].




Important convention. From now on, in the whole book, a semialgebraic

space always means an affine semialgebraic space, and a locally semi-

algebraic space means a regular locally semialgebraic space.

Definition 5. A subset K of M is called closed semialgebraic in M if

K is closed in M, i.e. MNK € ¥(M), if K is small in M, and if the small
subspace (K,@K) of M is a semialgebraic space. K is called a polytope
in M if, in addition, the semialgebraic space (K,OK) is a polytope,
i.e. complete [DK2, §9]. The set of all closed semialgebraic subsets
of M is denoted by ¥ (M) and the set of all polytopes in M is denoted

by ¥ (M).

Example 1.4. If M is locally semialgebraic then ¥ (M) and YE(M) have

the same meaning as in [LSA].

Now we are ready for the main definition of the whole book. By an

ordered family of subsets (XXIA€A) of a set X we mean a family of sub-

sets with a partially ordered index set.

Definition 6. A weakly semialgebraic space over R is a function ringed

space M over R which contains an ordered family (Mq|a€I) of closed

semialgebraic subsets (Def. 5) such that the following properties hold.

E1) M U(MGIGEI).

E2) If a < B then M CMB'
E3) For every a €I there exist only finitely many B €I with B <a.
E4) For any two indices o,B €I there exists an index Y €1 with
Y <o, Y <B, and Ma nMB = MY'
E5) I is directed, i.e. for any two indices o,B €I there exists an
index vy €I with a <y, B <Y.
E E6) The function ringed space M is the inductive limit of the family

of semialgebraic spaces (Ma|G€I) in the category Space(R). This



means the following:

a) A subset U of M is an element of F(M) iff U nm, efxma) for

every a € I. {N.B. Using the notation of [LSA], f(Ma) = ?(Ma)
the set of all open semialgebraic subsets of Ma'}

b) A family (U,I1X€A) in §(M) is an element of Cov, iff
(UX nMGIAEA) is an element of Covy for every a € I. This means
that, for every a €I, there existsaa finite subset A(a) of A

such that

u(u nMGIXEA) = U(UA ﬂMalk€A(a)).

A

¢) If h : U > R is an R-valued function on some U € T(M), then

h EOM(U) iff hlU nM EOMG(U nMa) for every a €1I.

Any such family (MGIGEI) of subsets of M is called an exhaustion of M.

{The letter "E" in the labels above refers to "exhaustion".}

Definition 7. A function ringed space M over R is called a weak poly-
tope over R if M has an exhaustion (MaIGGI) such that every Mu is a

polytope in M (cf. Def. 5).

For the applications which we have in mind we are mainly interested
in weak polytopes, but for technical reasons it is necessary to work

in the more general class of weakly semialgebraic spaces.

Example 1.5. Every paracompact locally semialgebraic space M over R
is a weakly semialgebraic space over R. Indeed, choose a weak tri-
angulation ¢ : X =M, i.e. a locally semialgebraic isomorphism of a
locally finite simplicial complex (I, §2) to M. {There exists even a
triangulation, i.e. an isomorphism with X strictly locally finite,
cf. II, §4.} Let I denote the set of all finite subcomplexes Y of X
which are closed in X, ordered by inclusion. Then (@(Y)|Y €I) is an

exhaustion of M. If M is partially complete then the ¢(Y) are poly-




topes, hence M is a weak polytope.

We now describe a method for constructing weakly semialgebraic spaces.
This method is based on the results in II, §1 on gluing locally semi-

algebraic spaces, which will be exploited here only for semialgebraic

. spaces.

' We start with the following situation. M is a set, and (MGIGEI) is an
'ordered family of subsets of M such that conditions E1, E2, E3 (cf.

* Def. 6) hold and, instead of E4, the following weaker condition holds.
?E4*) For any two indices «,p €I there exist indices YqreeorY, in I

‘ with v; <o, v; <8 (1 < i <r) and M, NM, = MY1 U... UMYr .

' We do not assume anything like E5. We assume that every M, is equipped

with the structure of a semialgebraic space over R and that for o < B

. the space Ma is a closed semialgebraic subspace of MB.

% We equip M with that structure of a function ringed space over R which
f makes M the inductive limit of the family of spaces (Malael). This
_;structure has the same description as given in Definition 6 (although
iperhaps I is not directed). For any subset J of I we denote by MJ the
?‘union of all Ma with o €J. By I we denote the set of all finite sub-

; sets J of I which enjoy the following property: If a €J and B €I,

;B < a, then B €J. The set 1 is partially ordered by the inclusion

i relation. It is a lattice, since for any two elements J,K of I also

f JNK and J UK are elements of I. Moreover I has a smallest element,

E the set ¢.

; Theorem 1.6. Every set Ma is closed semialgebraic in the function
;'ringed space M, and M induces on Ma the given space structure. The
}family (MJIJEE) is an exhaustion of M. Thus M is a weakly semialgebraic

i space. If the family (Ma|a€I) fulfills E4 and E5 then already this




family is an exhaustion of M.

Before proving the theorem we give simple examples which already show
that weakly semialgebraic spaces form a more general class of spaces
than paracompact locally semialgebraic spaces. For these examples the

full strength of the theorem is not needed.

Example 1.7 (Simplicial complexes). Let X be a simplicial complex*)
over R. As in [LSA] we denote by z(X) the set of open simplices of X,
ordered by the face relation. Let M be the underlying set of X and
let (MaIGEI) be the family (o NMlo €3 (X)) of closures in M of all open
simplices. Every set o NM carries a natural structure of a semialge-
braic space. By our theorem we obtain a natural structure of a weakly
semialgebraic space on X, an exhaustion being given by the finite
subcomplexes of X which are closed in X. We denote this weakly semi-
algebraic space again by the letter X. If the complex X is closed,
i.e. Z(X) contains every open face of every o € Z(X), then the space X

is a weak polytope.

Example 1.8 (Wedge of semialgebraic spaces). Let (MAIAEA) be a family
of disjoint semialgebraic spaces. We choose in every MA a base point
Xy and we identify all these base points into one point Xq" Let M be
the set U(MAIAGA) after this identification. We add to the set A a
symbol "O" and we order the set I := A U{0} as follows. O <X for

0 = {xo}.
Applying the theorem to the family (MGIGEI) of semialgebraic spaces

every A €A. No two elements of A are comparable. We put M

we obtain on the set M a natural structure of a weakly semialgebraic

space, such that every M, - in its given structure - is a small sub-

*
) In this chapter - and the next one - a simplicial complex always

means a geometric simplicial complex, as defined in I, §2.




ispace of M. We call this space M, with base point X the wedge of

ithe pointed spaces (Mx,xx) and write M = V(MAIAGA), or more precisely

(M,x,) = V((M,,x,) IA€N) .

ArEN

 The sets U(MAIAGK),with K running through the finite subsets of A,
form an exhaustion of M. If the M, are polytopes then M is a weak

 polytope.

Example 1.9. We consider the family (IPn(R)ln€INO) of sets of real

| points of the standard projective spaces IPn over R. Each ]Pn(R)

'R
' is a polytope. We embed IPn(R) into IPn+1(R) in the usual way as the

- hyperplane X . = 0. Let r_(R) be the union of all IPn(R). By the
' theorem, IP_(R) is a weak polytope in a natural way, with exhaustion

(P (R) | nem ) .

Example 1.10 (Direct sums). For every family (MXIAEA) of function

' ringed spaces over R there exists the direct sum LKMxlkeA) = M in the

fcategory of function ringed spaces over R. The set M is the disjoint
t union of the sets M, . The elements of (M) are the unions U(U, 1X€N) of
;families (UAIAEA) with UA EfTMA), and also CovM, OM are defined in
;the obvious way. Assume now that every MA is weakly semialgebraic. We
fchoose an exhaustion (MX’GIGGIA) of MA' Let I := u(IAIAEA) be the
édirect sum of the ordered sets IA' For every o €I we define Mcx =
IiMA,a if « €IA' The ordered family (Ma|a€I) of semialgebraic spaces
5fulfills the conditions of Theorem 1.6. Clearly the function ringed

i space M is the inductive limit of this family. Thus, by Theorem 1.6,

;M is a weakly semialgebraic space.

i We start out to prove Theorem 1.6. The ordered family (MJIJEE) of
f subsets of M filfills E1 -E5, as is easily checked. We equip every

VMJ with the function ringed space structure as the inductive limit of




the family of semialgebraic spaces (MalaeJ). For every J €1 we claim

that the space M. is semialgebraic and that, whenever K < J and K € i,

J

then MK is, in its given space structure, a closed semialgebraic sub-

space of MJ.

For any a €I we denote by m(a) the number of elements B €I with B <a.

For any J €I we denote by m(J) the maximum of all m(a) with a €J.

We prove the claim by induction on m(J). If m(J) = O, then it follows

from E4* that the sets Ma with o € J are pairwise disjoint. MJ is the

direct sum of the finitely many semialgebraic spaces Ma (I, 2.4), and

the claim is obvious.

Let now m(J) = n > 1. If a and B are two different indices in J then,

by E4*, Ma nM_ = ML with some L €1 such that v < a, Y < B for every

)
Yy €L. Of course, m(L) < n. Suppose there exists some y €L with m(y) =n.

This would force y = a and y = B. But a #B8. Thus m(L) <n. By induction

hypothesis, the space M. is semialgebraic, and every MY' Y €L, is,

L

in its given structure, a closed semialgebraic subspace of M On the

L*
other hand, since these MY are closed semialgebraic subsets of Ma'
the set ML is closed semialgebraic in Ma' It now follows, say from
the uniqueness statement in Th. II.71.3, that the subspace structure
of ML in Ma coincides with the given structure. The same holds for

M. and M . Thus we learn, that Mu nM

1, 6 is closed semialgebraic in Ma

B

and in MB and that the subspace structures on Ma NM, with respect to

B
Ma and MB are the same. Theorem II.1.3 tells us, that our space MJ is
semialgebraic, and that the given space structure on MJ is in fact

the unique one such that every Ma’ a €J, is a closed semialgebraic
subspace of My in its given structure. By the same uniqueness argument
as above we see that, for any K €I with K cJ, the space MK in its

given structure, is a closed semialgebraic subspace in M and our

JI




claim is proved.

Of course, the inductive limit space structure on M with respect to
i the new family (MJIJei) is the same as with respect to the old family

(Malcx€I).

. For any two subsets J and K of I, with J €I but K perhaps infinite,

- we have MJ\MK € )’(MJ), since My nMJ = ML with some L €1, L <J. Thus

MMy € FM) for every K < I. It is also evident from the definitions

" that, for every finite J <I, the set MJ is small in M.

'Certainly the proof of Theorem 1.6 will be finished if we verify

o

My

MJ coincides with the sheaf of semialgebraic functions on M

that, for every J €i, the presheaf of functions O induced by OM on

I We
prove a proposition which contains this fact and something more.

Proposition 1.11. Let K be any subset of I, and let K denote the set

:of all a € I with a < B for some B €K. We equip the set A :=MK =MR
:with the inductive limit space structure of the ordered family
(MJIJEi,ch() of semialgebraic spaces. Then the following holds.

a) A is closed in M, i.e. M\A€3.’(M).

b) For every V € F#(A) there exists some U € T(M) with UnA = V.

c¢) Given such sets V,U and a function h € OA(V) there exists some

g €9y (U) with glVv = h .

Proof. a) has been verified above.

b) Let U := (MNA) UV = MN(ANV). For every a €I the set (ANV) nMa
is closed semialgebraic in M , since the properties E3 and E4* hold.
Thus U € ¥(M). Clearly UNA = V.

c) We consider the set of all pairs (J,f) with KeJcI, £ EOMJ
and f|lA = g. We order this set in the obvious way: (J,f) < (J',f")

(U nMJ)
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iff J < J' and f£'IU nMJ = f. If ((JA,fX)IX€A) is a chain in this

ordered set, then the fx automatically glue to a function f Ech (UnMJ
J
with J = U(J,lA€M), and we have (J,,f,) < (J,f) for every A €A. Thus,

)

by Zorn's lemma, our set contains a maximal element (L,g). We prove
that L = I and then will be done. Suppose L #I. We choose some a€I L.
The set MLIWMG NU is closed and semialgebraic in Ma NU. By Tietze's
extension theorem [DKS’ Th. 4.5] there exists a semialgebraic func-
tion u on Ma NU which extends gIML nMa NU. The functions u and g glue
to a function v EOMS(U NMg) with s = L U{a}. Then (L,g) < (S,v) in

contradiction to the maximality of (L,g). Thus L = I. g.e.d.

Remark 1.12. Assertion ¢) in Proposition 1.11 can be improved. If h
takes values in a generalized interval L < R (= convex semialgebraic

subset of R) then g can be chosen such that g takes values in L.

This is proved in the same way as above using Tietze's extension
theorem for semialgebraic spaces and functions with values in L, ;

cf. [DK5, Thm. 4.5].

Remark 1.13. In the situation of Theorem 1.6 assume that in addition

the following holds.

(F) For every o €I there exist only finitely many B €I such that

ManMB¢¢.

Then the weakly semialgebraic space M is a paracompact locally semi-

algebraic space.

This follows from Lemma 1.2 and Theorem 1.3 in Chapter II about
gluing of locally semialgebraic spaces. There one has to assume
that, for every o« €I, the family (Ma nMBIBEI) islocally finite in

the semialgebraic space Ma' This means just (F).
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We close this section with some easy observations on exhaustions of a
given weakly semialgebraic space M. An exhaustion (Maluel) of M may

have some redundancy which can be eliminated.

Definition 8. An exhaustion (MQIGEI) of M is called faith-
‘ *
ful if, instead of E2, the following stronger property E2' holds. )

E2') For any two indices o,B €I, o < B aMa<:MB.

Proposition 1.14. If (MalaeI) is an exhaustion of a weakly semialgebraic

- space M then there exists a subset I' of I such that the family

f(Malael') is a faithful exhaustion.

' Proof. Throw out every index o €I such that there exists some Yy €1
‘with vy <a and MY = Mu’ and check properties E1, E2', E3-E6 for the new
family! In this check the properties E3 and E4 for the old family play

a crucial role.

We can find exhaustions with even better formal properties.

fDefinition 9. A lattice exhaustion of M is an exhaustion (MG|G€I) of M

:with the following additional properties.
1E7) For any two indices a,B €I there exists some y €I with Ma UMB =MY'
f E8) For the smallest index ¢ €I we have M, = o .

f Notice that then the set {MGIQEI} is a sublattice of the lattice &(M)

| of closed semialgebraic subsets of M, hence the name.

Proposition 1.15. Every faithful exhaustion (Mala€I) of a weakly semi-

Ealgebraic space M can be enlarged to a faithful lattice exhaustion

*) Such a family may be regarded as a set of subsets of M, each set
being indexed by itself.
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(Ma|a€i), with I an ordered set containing I and inducing the given

ordering on I.

Proof. We regard the given exhaustion as a set H of subsets of M,
ordered by inclusion. The set H consisting of all unions of finitely
many elements of H, ordered by inclusion, fulfills E1, E2', E3-E6, and

also E7, E8.

It is often comfortable to work with faithful lattice exhaustions. (We
shall use them in a crucial way in §7 and §8.) On the other hand, we
should not always insist to use faithful or lattice exhaustions, since
this would lead to unnecessary notational complications. For example,
if (Ma|a€I) and (NBIBEJ) are two exhaustions of M then

(Ma nNBI(a,B) € IxJ) is again an exhaustion of M, as will become clear
in §2, the ordering on IxJ being the product of the orderings on I and
J {(a,B) < (v,8) iff a« < v and B < 6}. But, even if (M |a€I) and

(N,IBEJ) are faithful, perhaps (M_NN_| (a,B) € IxJ) is not faithful.
B o B

In later sections a faithful exhaustion of a space M will most often
be regarded as a set of subsets of M, as has already been done above.
We then denote such an exhaustion by something like H, H, H', or H
with a subscript, if several faithful exhaustions are considered at

the same time.

We now describe a partition of M into "patches" starting from a given

exhaustion (Mala€I).

Lemma 1.16. For any subset F of M, which is contained in some set Ma'
there exists, in the ordered set I, the infimum Yy of all indices

a €I with FcMa, and FCMY'
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This follows easily from E3 and E4.

Definition 10. The index n(x) of a point x €M, with respect to the
given exhaustion (Malael), is the infimum of all indices a €I with

X EMa‘

Notice that the index function n : M - I fully describes the exhaustion,

namely for every a €1,

M, = {x €MIn(x) < al.

Definition 11. For every a € I we define

Mg := {x €EMIn(x) = «}.

' An index a €I is called primitive, if Mz is not empty, which means
' that o €n(M). The set n(M) of primitive indices is denoted by 1°. The
sets Mg, with o running through IO, are called the patches of M with

. respect to the given exhaustion.

(MglaEIo) is a partition of the set M into non empty disjoint subsets.

Clearly, for every a €1,

(o)
(1.17) Ma MG\U(MBIB»EI,B <a)

and

(1.18) M

o
o U(MYIY < ary €1°)

i This partition of M will be very useful in the following.
; Example 1.719. Let X be a simplicial complex, regarded as a weakly semi-

T algebraic space (Ex. 1.7). We consider the exhaustion of X by the

finite subcomplexes Y which are closed in X, every Y being indexed by
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itself. Here the patches are just the open simplices of X. The index

n(x) of a point x in a given open simplex ¢ of X is the complex o NX.




§2 - Morphisms

In the following M is a weakly semialgebraic space and (Malael) is a
fixed exhaustion of M. We seek an understanding of the morphisms from
another weakly semialgebraic space L to M in the category of function

ringed spaces over R (cf. §1, Def. 2). The crucial fact is

Theorem 2.1. Assume that the space L is semialgebraic. Let f : L » M

be a map from the set L to the set M. The following are equivalent.

a) £ is a morphism.

b) There exists some a €I such that f(L) < Ma and the map fa : L > Ma’
obtained from f by restriction of the range, is semialgebraic (i.e.
a morphism between the semialgebraic spaces L and M,).

If £ is a morphism then the map fa is semialgebraic for every a €1

with £(L) < M.

Proof. Every map f with property b) is a morphism since the inclusion

map Ma & M is a morphism from the small subspace Ma of M to M. Assume

now that £ : L » M is a morphism. If we have found some o €I with
f(L) < Ma then we are done, since it is evident from the space struc-

ture of Mu as a small subspace of M that fa is again a morphism.

Let n : M > I be the index function of our exhaustion (cf. §1, Def. 10).
Suppose that n(f(L)) is an infinite subset J of the set of primitive
indices I°. For every o €J we choose a point Xy € L such that the
point Yo = f(xa) has index a, i.e. Y, €Mg. Let S := {yalaeJ}. For
every vy €I the set S nMY is finite, since MY is the union of finitely
many patches Mg. Thus (M ~\8S) nMY €§1MY), and we conclude that

M~S € FM). Since f is a morphism this implies that f_1

(M~8) =
L‘\f-1(S) € }ﬂd- Thus A := f_1(s) is a closed semialgebraic subset of

L. For the same reason the preimage f_1(s') of any subset S' of S is
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a closed semialgebraic subset of L, hence of A. If S' #¢@ then also

f—1(S') #@ since f_1(S') contains the points Xy with y, €s'.

The semialgebraic space A has a finite number r of connected components.

We choose a partition

S =5 L182 ... L]Sr+1

1

of S into r+1 disjoint non empty sets. This is possible since S is in-

finite. Then

1

a=f"(s) LE (s U... UE (s,,)

r+1

is a partition of A into r+1 disjoint non empty closed semialgebraic
subsets. But such a partition is impossible since A has only r connected
components. This contradiction proves that J is finite. It follows,

by properties E2 and E5 of the exhaustion of M, that f (L) cMa for some

a €I, g.e.d.

Definition 1. In view of condition b) in the theorem we call a morphism
from a semialgebraic space L to a weakly semialgebraic space M a semi-

algebraic map from L to M (over R).

Here is an application of Theorem 2.1.

Proposition 2.2. Let A€¥ (M) (cf. §1, Def. 5). Then there exists some

a €I with A«:Ma. For every such index a we have A €?(Ma), and the
structure on A as a closed semialgebraic subspace of Ma coincides with

the structure as a small subspace of M.

Proof. The inclusion map A< M is a morphism from A, with its structure
as a small subspace of M, to M. Applying Theorem 2.1 to this morphism

we obtain the result. (Recall Ex. 1.3 for the last statement).




17

‘Theorem 2.3. Let N be a second weakly semialgebraic space and let
,(NBIBEJ) be an exhaustion of N. Let £ : M » N be a map from the set M
to the set N. The following are equivalent.

a) f is a morphism

b) For every a €I there exists some B €J such that f(Ma) < N and

ﬁl
that the map faB : Ma - NB obtained from f by restriction is semi-

algebraic.
If £ is a morphism, and if o €I, B €J are indices with f(Ma) c NB'
, then the restriction faB : Ma - NB is always semialgebraic.

| All this is evident from Theorem 2.1. Indeed, since M carries the
- inductive limit space structure of the function ringed spaces Ma’
amap £f : M » N is a morphism iff all restrictions flMa : Ma - N are

. semialgebraic.

!Definition 2. In view of condition b) in the theorem we call a morphism

- between weakly semialgebraic spaces a weakly semialgebraic map (over R).

iExamEle 2.4. Let £ : X » Y be a weakly simplicial map (cf. [LSA, p.23])
ﬁbetween simplicial complexes X and Y. We regard X and Y as weakly semi-
t algebraic spaces, cf. Ex. 1.7. Then f is a weakly semialgebraic map.
?If f is even simplicial (cf. [LSA, p. 24]), then the closure f :X - ¥

t of £ (loc.cit.) is again a weakly semialgebraic map.

;Examgle 2.5. Amap £ : M > N from M to a semialgebraic space N is weak-
i ly semialgebraic iff, for every a €I, the restriction fIMa : Ma - N is

i semialgebraic.

L In particular, the weakly semialgebraic maps from M to the real line
; R are precisely the elements of BM(M). This special case of Theorem

k 2.3 is already evident from the definition of an exhaustion.




semialgebraic functions on M. More generally we call, for every U Ef%M)

18 |
Definition 3. From now on we call the elements of @M(M) the weakly

the elements of OM(U) the weakly semialgebraic functions on U. This is
justified since U, as an open subspace of M, is again weakly semialge-

braic with exhaustion (U ﬂMa|a€I).

Remark 2.6. In the situation of Theorem 2.3, let f : M - N be a weakly

semialgebraic map. f induces a map k¥ : I - J as follows (cf. Lemma 1.16)
K(a) := inf(BEJIf(Ma) CNB) .

This map k is monotonic, i.e. a < B implies «(a) < x(B). Moreover, for |

.

every o €1, f(Ma) c NK(a)

Applying this remark to the case N =M, £ = id we see that any two

Ml

exhaustions of a given space are "comparable". More precisely,

Proposition 2.7. If (NBIB€J) is a second exhaustion of M, then there |

exist monotonicmaps « ¢ I » J and gy : J » I with Ma c NK(G) for every

a€I, and N, <« M
u (

B for every B €J.

B)

Of course, Ma is closed semialgebraic in NK(a)' and NB is closed semi-

algebraic in MU(B)'

Corollary 2.8. If M is a weak polytope and (NBIBEJ) is any exhaustion

of M, then every NB is a polytope.

Let now N be a locally semialgebraic space over R. We want to analyse
the morphisms from M to N and from N to M in the category of function
ringed spaces over R. We choose an admissible covering (lekeA) of N
by open semialgebraic subsets. For every finite subset J of A we denote

by UJ the union of all Uy with A €J. Notice that N is the inductive
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limit of the family of semialgebraic spaces (UJIJ'CA,J finite).

Proposition 2.9. A map £ : M » N is a morphism iff, for every a €1,

the restriction flMa : My 2 N is a morphism, i.e. a semialgebraic map

(cf. [LsA, p. 9]).

This is evident since M is the inductive limit of the spaces Ma' (We

_observed it in a special case already in Ex. 2.5.)

' Definition 4. We call the morphisms from M to a locally (instead of

:weakly) semialgebraic space N again the weakly semialgebraic maps

from M to N. This is justified by Proposition 2.9. (N.B. There is no
conflict with Definition 2 if N is at the same time weakly and locally

semialgebraic.)

| Example 2.10. The weakly semialgebraic maps from M to R10 (cf. (Lsa,

c
p.- 15, p. 81]) are precisely those weakly semialgebraic functions on

M which are bounded on every Ma'

fProposition 2.11. Amap £ : N - M is a morphism iff, for every X €A,

E the restriction fIUX : Uy oM is a semialgebraic map.

»;Proof. The condition is necessary since the inclusions UAu» N are

b morphisms. Assume now that f|UA is semialgebraic, i.e. a morphism, for
%every A €A. Then also for every finite subset J of A the restriction
?fIUJ is a morphism from UJ to M. Since N is the inductive limit of

fthe spaces UJ we conclude that f is a morphism. g.e.d.

}Definition 5. We call the morphisms from a locally semialgebraic

?space N to M the locally semialgebraic maps from N to M.
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If M is weakly semialgebraic and locally semialgebraic then the weakly
semialgebraic maps from M to N are the same as the locally semialgebraig
maps from M to N, as considered in [LSA], since both kinds of maps are
just the morphisms from M to N in the category of function ringed
spaces over R. Applying this remark to the case M = N and the identity

map idM we obtain from Propositions 2.9 and 2.11 the following fact.

Proposition 2.12. Assume that M is also locally semialgebraic and let

(UA|AEA) be an admissible covering of M by open semialgebraic subsets
(in the terminology of [LSA]). For every a €I there exists some finite

subset J of A with M, < U . Then M, €7(UJ). For every finite subset J

J°

of A there exists some B €I with U

g < Mg. Then UJ EXWMB).

Definition 6. We denote by WSA(R) the category whose objects are the
weakly semialgebraic spaces over R and whose morphisms are the weakly
semialgebraic maps over R. It is a full subcategory of the category

of function ringed spaces over R, and it contains, as a full subcate-
gory, the category LSA(R) of paracompact locally semialgebraic spaces

over R.

Let S be a real closed overfield of R. There exists a natural and very
useful functor "base extension" from LSA(R) to LSA(S), cf. [LSA, p. 19f
and p. 309] and, for semialgebraic spaces, [DK3, §4]. We want to extend

this functor to a functor from WSA(R) to WSA(S).

Given, as before, a weakly semialgebraic space M over R and an ex-
haustion (MGIGEI) of M we obtain by base extension an ordered family
(MG(S)Iael) of semialgebraic spaces over S. For any two indices B < «

the inclusion map M, - Ma gives, by base extension, an embedding

B
MB(S) - Ma(S) of MB(S) into Ma(s) as a closed semialgebraic subspace

[DK3, p. 142]. Let N denote the inductive limit of the family of sets
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(Ma(S)IGEI), with these transition maps. Every Ma(S) injects into N.
e regard the M, (s) as subsets of N. The family of subsets (MG(S)IGEI)
of N fulfills E1-E5. We equip N with the inductive limit space struc-
ture of the semialgebraic spaces Ma(s). By Theorem 1.6 this function
‘ringed space N over S is weakly semialgebraic, and every Mu(S) is, in
its given space structure, a closed semialgebraic subspace of N, and

‘(MG(S)IGEI) is an exhaustion of N.

Definition 7. We denote the weakly semialgebraic space N by M(S). We

fcall M(S) the space obtained from M by base field extension from R to

S. We always regard M as a subset of M(S).

‘It is evident from Proposition 2.7 that the space M(S) does not depend
- on the choice of the exhaustion (MalaEI). If M is also a locally semi-
‘algebraic space then M(S) is the same space as defined in [LSA]. This
. follows easily from Proposition 2.12. In particular, then M(S) is

again locally semialgebraic.

f Let N be a second weakly semialgebraic space over R and (N,|B€J) an

B

f exhaustion of N. Let £ : M - N be a weakly semialgebraic map over R.
jWe obtain a weakly semialgebraic map fs : M(S) » N(S) over S as follows.
t We choose a monotonic map k : I - J such that, for every a €1,

L fM,) < N

(cf. Remark 2.6). The restrictions £, : M - N
e a K (a)

B yield, by base field extension from R to S, semialgebraic maps

K (a)

}(fa)S : Ma(S) - NK(u)(S)‘ All these maps fit together to a weakly
?semialgebraic map fg : M(S) - N(S). This map fg neither depends on the

»choice of the exhaustions of M and N nor on the choice of «.

i Definition 8. We call fS the map obtained from f by base field exten-

f sion from R to S.
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If N is a locally semialgebraic space over R we obtain, in a similar
way, from any morphism £ : M -+ N (resp. g : N » M) over R a morphism

fo ¢ M(S) » N(S) (resp. N(S) - M(S)) over S. This is the same map as

S
in [LSA] if both M and N are locally semialgebraic.




§3 - Subspaces and products

As before, M is a weakly semialgebraic space over R and (Malael) is a

fixed exhaustion of M.

Definition 1. A subset X of M is called weakly semialgebraic in M if,

 for every a €I, the set X nM, is semialgebraic in the semialgebraic
space M, i.e., in the notation of [LsA], X nMa EXWMG). The set of

weakly semialgebraic subsets of M is denoted by T(M).

E This set YT(M) does not depend on the choice of the exhaustion (Ma|a€I),
as is evident from Proposition 2.7. Clearly ?(M) c T(M). Also ¥(M) <« T(M).

In particular, Ma € T(M) for every a €1I.

If X and Y are weakly semialgebraic subsets of M then XUY, XNY, and
X NY are again weakly semialgebraic in M. It is also easily verified
that the preimage f-1(X) of any X € ¥(M) under a weakly semialgebraic

map £ : N » M is weakly semialgebraic in N.

L Weakly semialgebraic sets can be obtained by "collecting" semialgebraic
sets as follows. Recall that (MilaEIo) denotes the family of patches
E of the exhaustion (MalaEI). Every Mg is an (open) semialgebraic subset

of Ma (cf. 1.17), hence a semialgebraic space.

k. Remarks 3.1. i) Assume that, for every o €I, there is given a semi-
algebraic subset Xa of Mq such that, whenever B <a, the set Xa nM

B
is contained in XB. Let X denote the union of all Xa’ Using E4 we see

that, for every o €1,

XM, = U(XglB<a).

By E3 this is a semialgebraic subset of M,. Thus X € T(M).
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ii) Assume that, for every primitive index « €1°, there is given a
semialgebraic subset Za of Mg. Let X denote the union of all Za‘ Clear-

ly X an = Za for every « € 1°. Thus we have, for every a €I,

XNM_ = U(Z,lB<0,BETC) .

B

This is a semialgebraic subset of M. We conclude that X € ¥(M).

If X is a weakly semialgebraic subset of M then we regard, for every
a €I, the set X ﬂMa as a semialgebraic space, namely a semialgebraic
subspace of M- Applying Theorem 1.6 to the set X and the family of
spaces (X nMaIGEI) we obtain a structure of a weakly semialgebraic
space on X which is the inductive limit of the spaces X ﬂMu. Every
space X nMa is a closed semialgebraic subspace of X and (X nMaIaEI)
is an exhaustion of X. It is evident from Proposition 2.7 that the
space structure on X does not depend on the choice of the exhaustion

(MalaEI).

Definition 2. We call such a space X a (weakly semialgebraic) subspace

of M.
This terminology is justified by the following fact, which follows
immediately from Theorem 2.3 and the subspace theory for semialgebraic

spaces [DK2, p. 1861].

Proposition 3.2. Let X € T(M). The inclusion map j : X< M is weakly

semialgebraic. If g : N » X is a map from a weakly semialgebraic
space N to X then g is weakly semialgebraic iff j.g is weakly semi-

algebraic.

Also the following fact is rather obvious from the theory of semi-

algebraic spaces.
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Proposition 3.3. Let X € ¥(M) and let Y be a subset of X. Then Y € ¥(X)

.iff Y € T(M). In this case the subspace structures on Y with respect to

X and to M are equal.

Definition 3. A subset X of M is called semialgebraic in M if X € T(M)
and the subspace X of M is a semialgebraic space. We denote the set of

all semialgebraic subsets of M by ¥(M).

Notice that ¥ (M) < ¥(M). In particular, Ma € ¥(M) for every a €1I.

. Proposition 3.4. A weakly semialgebraic subset X of M is semialgebraic

. iff there exists some a €I with XcM, .

Proof. If X €Y(M) and XM, for some a €I then X = X ﬂMa is a semi-
. algebraic subset of Ma’ and the subspace structures on X with respect
. to M and M, are equal. Thus X is semialgebraic in M. Conversely,

" assume that X € ¥ (M). Then {X} is an exhaustion of X. But also

(X nMa|a€I) is an exhaustion of X. By Proposition 2.7 there exists

some & €I with X NM, = X, i.e. XcM_. g.e.d.

Q'By this proposition it is obvious that for any two semialgebraic sets
?fX,Y in M the sets XUY, XNY, XY are again semialgebraic in M.

} Using Theorem 2.3 and the semialgebraic theory we also see that the

f image f(X) of any X € (M) under a weakly semialgebraic map £ : M - N

i is semialgebraic in N.

j We introduce on M the strong topology, defined as follows.

Q.Definition 4. a) A subset U of M is open in the strong topology if,
for every a €1, the set U nMa is open in My in the strong topology of

] M, as defined in [DK2,§7]. In other words, U NM,  is a - perhaps in-
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finite - union of open semialgebraic subsets of Ma'

b) We denote the set M together with the strong topology by M

top”
This is a topological space in the classical sense. Mtop is the in-
ductive limit of the family ((Ma)toplael) in the category of topo-

logical spaces, in fact even in the category of generalized topolo-

gical spaces. M does not depend on our choice of the exhaustion

top

(MaIaEI). We shall see soon (Cor. 3.12) that Mtop is Hausdorff.

Caution. Every U €T(M) is open in M , but in general f(M) is not a

top

basis of open sets in Mto , cf. Appendix C.

P

Proposition 3.5. 1) ?(M) is the set of all X € ¥(M) which are open in

the strong topology. For every X €51M) the subspace structure in M,

as defined now, coincides with the structure as an open subspace of

the function ringed space M (cf. §t, Def. 4).

ii) ¥(M) is the set of all X € ¥(M) which are closed in M in the strong
topology. For every X € ¥(M) the subspace structure in M, as defined |
now, coincides with the structure as a small subspace of the function

ringed space M (cf. §1, Def. 3).
Proof. Both assertions hold if M is semialgebraic. (Recall 1.3 and
1.4 for ii.) Starting from that it is easy to extend them to the

general case. (Recall2.2 for ii.)

A new terminology. From now on, topological notions like "open",

"closed", "dense", "continuous", "closure" and "interior" of a set,
usually refer to the strong topology. The sets U €§XM) are now called
"open weakly semialgebraic sets" instead of "open sets". Our previous
terminology "closed semialgebraic" for the sets in ¥ (M) can be main-

tained.
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Proposition 3.6. The closure X of a semialgebraic subset of M is

again semialgebraic in M, hence X €¥ (M).
Proof. This is evident since XM, for some o €I and since X is
also the closure of X in Mo, which is well known to be semialgebraic

[DKZ, Th. 7.7].

Definition 5. A subset X of M is called closed weakly semialgebraic

in M, if X is closed in M (in the strong topology) and X € T(M). The

| set of all these sets is denoted by T(M).

By Prop. 3.5.i, T(M) is the set of complements MU of all Ue€ ¥(M).
Notice also that T(M) n¥(M) = ¥ (M) and
TM = {XeTM)IX nM, €¥M ) for every a €1I}.

- Definition 6. T, (M) denotes the set of all X € J(M) such that the

subspace X of M is a weak polytope.

}‘Proposition 3.7. A subset X of M is an element of JE(M) iff

f X NM_ € ¥_(M,) for every a €I. Then X €J(M).

. Proof. Let X GUE(M) be given. Since (X ﬂMa|G€I) is an exhaustion
f of the space X, every space X nMu is a polytope in M, . In particular,
E xnM_ €PM ). Thus X €T(M). Conversely, if X is a subset of M with

{»X nM, €¥_(M,) for every a €I, then X € J(M) and the space X is a weak

f polytope.

E Remark 3.8. Assume that our weakly semialgebraic space M is also
i:locally semialgebraic. Then the strong topology in M defined here

f coincides with the strong topology defined in I, §3. The set T(M)
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of weakly semialgebraic subsets coincides with the set of locally
semialgebraic subsets defined in I, §3. For every X € ¥(M) the sub-
space structures on X defined here and there are equal. All this
follows immediately from Proposition 2.12. Our symbols T (M), f(M),
T (M), }(M), T M), ¥, (M), J_(M) have the same meaning as in [LSA].

Now 5(M) and 3%M) are both bases of open sets for the strong topology.

Remark 3.9. Let X € F(M). In general, X is not a topological sub-

top

space of M cf. 4.8.e below. But this holds obviously if X € J(M).

top’
It also holds if X € ¥(M). Indeed, let V be a subset of X which is

open in X . Then U := (M~X) UV is open in M , since (M \U) nMa =

top top

(X ~\V) nMa is closed in (Mo)top for every a €I. Clearly UNnX = V.

If V€ T(X) then UE FM).

Proposition 3.10 ("Tietze's extension theorem"). Let A €T (M). Every

weakly semialgebraic function £ : A - L with values in a generalized
interval L < R can be extended to a weakly semialgebraic function

g : M- L.

This follows from Proposition 1.11.c and Remark 1.12 if we have

proved

Lemma 3.11. Given a closed weakly semialgebraic subset A of M there
exists an exhaustion (AAIAEA) of M and a subset J of A such that

A = U(AA|X€J).

Proof. We start with the given exhaustion (Malael). We consider the
direct product A := I x{0,1} of the ordered sets I and {0,1}, the

(a,t) =M,
| (a,t) €A) is an

second set being ordered by O <1. For any (a,t) €A we define A

if £ = 1 and A(a,t) =A nMa if t = 0. Then (A

exhaustion with the desired property.

(a,t)
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Corollary 3.12 ("Urysohn's Lemma"). Given two disjoint closed weakly

semialgebraic subsets A and B of M there exists a weakly semialgebraic

- - *
function g : M » [0,1] with g 1(O) > A and g 1(1) > B. )

In particular, A and B can be separated by the open weakly semialge-
braic sets g_1([0,%[) and 9_1(]%,1]). Choosing A and B as one point

sets we see that the strong topology on M is Hausdorff.

Remark 3.13. It is even possible to find a weakly semialgebraic func-

tion g : M - [0,1] with g 1(0) = A and g | (1) = B.

Starting from the semialgebraic case [DK1, Th. 1.6] this can be proved
by an inductive procedure similar to the proof of Prop. 1.11.c, using

the following observation. If X1,X2 are closed semialgebraic subsets
of M and 9qs9, ¢ X1 UX2 3 [0,1] are semialgebraic functions with

g_11 (0) NX; = ANX,, g—i] (0) NX; > ANXy, g'i1(1) NX; = BNXy,

g“i1(1) NX; > BNXy, for (i,3) = (1,2) and = (2,1), then g :=%(g1+g2)
is a semialgebraic function on X1 UX2 with values in [0,1] and

g 1) = AN (X UX), g (1) =B N (X, UX,).

Definition 7. A family (XX|A€A) in T(M) is called an admissible
covering of M if every B € ¥(M) is contained in the union of finitely
many X,. Of course, it suffices to check this property with B running

through the sets Ma'

Notice that, for any U €51M), the elements of CovM(U) are Jjust the
admissible coverings (XXIAEA) of U, in the sense of this definition,

with X, € Fw) for every A €A,

* .
) As always, [0,1] denotes the closed unit interval in R.
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Admissible coverings behave well under taking preimages.

Proposition 3.14. If f : N - M is a weakly semialgebraic map and if

(XAIAEA) is an admissible covering of M then (f_1(XX)IA€A) is an

admissible covering of N.

Proof. Let B € ¥(N). Then f(B) € &(M). There exists a finite subset J of

A with £(B) c U(XAIAGJ). This implies that B < U(f_1(XA)|X€J). qg.e.d.

Admissible coverings of M by closed semialgebraic sets, or even by
closed weakly semialgebraic sets, can be useful. They are less special
than exhaustions, and nevertheless they sometimes do the sames service.
This is indicated by the following theorem, which can be verified in

a straightforward manner.

Theorem 3.15. Let (AAIA€A) be an admissible covering of M by closed

weakly semialgebraic subsets.

a) A subset X of M is an element of T(M) (resp. TM), resp. T(M)) iff,
for every X €A, the intersection Xr1Ax is an element of §TAA)
(resp. ?(AA)’ resp. T(A,)).

b) If U€ F(M) and (X,18€J) is a family of subsets of U, then
(XBIBEJ) ECOVM(U) iff, for every X €A, (XB nAAIB€J) ECOVAA(U nAx).

c) If U EﬁYM), then a function f : U - R is weakly semialgebraic iff
for every X € A, the function fI|U NA, on AA is weakly semialgebraic.

d) (Gluing principle for weakly semialgebraic maps). Amap £ : M » N
into a function ringed space N over R is a morphism iff, for every

A €A, the restriction fle : AA - N is a morphism.

Corollary 3.16. Let (AAIAEA) be an ordered family in ¥ (M) with the

properties E2-E5. Assume that every B € ¥(M) is contained in some AA'

Then (AA|A€A) is an exhaustion of M. (Again it suffices to let B run
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through the sets Ma‘)

Indeed, Theorem 3.15.d) {as well as Th. 3.15.a)-c)} tells us that the

space M is the inductive limit of the family of spaces (AA(A€A).

Definition 8. A path in M is a semialgebraic map from the unit inter-

val [0,1] in R to M. For any point x of M the path component C(x,M)

of x in M is the set of all y €M such that there exists a path

Yy : [0,1) - M with vy(0) = x and v (1) = vy.

Proposition 3.17. Every path component C(x,M) is closed and also

open weakly semialgebraic in M. The space M is the direct sum (cf.
1.10) of the different path components of M, considered, of course,

as subspaces of M.

Proof. Clearly, for every « €I, the intersection C(x,M) N Ma is a
union of path components of the semialgebraic space Ma’ Thus

C(x,M) NM, € S”(Ma) nF(Ma). The claim follows.

It is easily seen that a path component X is not the union of two

disjoint non empty open weakly semialgebraic subsets.

Definition 9. We call such a space X connected. Justified by Proposi-

tion 3.17 we call the path components of M also the connected compo-

nents of M.

Let N be a second weakly semialgebraic space over R and (NB|B€J) an

exhaustion of N. We want to construct the direct product of the

spaces M and N. We equip the cartesian product MxN of the sets M,N
with the inductive limit space structure of the ordered family of

semialgebraic spaces (Ma xNﬁl(a,B) € IxJ), where IxJ is the direct
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product of the ordered sets I and J. This family fulfills the assump-
tions in Theorem 1.6 and in addition E4 and E5. Thus, by Theorem 1.6,
the space MxN is weakly semialgebraic with exhaustion

(Ma XNBI(a,B) € IxJ) and the subspace structure of Ma xNB in MxN coin-
cides with the given structure as the direct product of the semialge-
braic spaces Ma and NB. Using Theorem 2.3 it is easily checked that
the natural projections pry : MxN - M, pr, : M«N - N are weakly semi-
algebraic maps, and that MxN, with these projections, is the direct
product of M and N in the category WSA(R) of weakly semialgebraic

spaces over R.

Caution. The strong topology on MxN may have more open sets than the

direct product of the strong topologies on M and N.

Proposition 3.18. Let X € (M) and Y € T(N). Then the set XxY is weakly

semialgebraic in the space MxN, and the subspace structure on XxY

in MxN coincides with the structure as the direct product of the sub-
spaces X and Y of M and N. If X and Y are semialgebraic then XxY is
semialgebraic. If X and Y are closed (resp. open) in M and N then

XxY is closed (resp. open)in MxN.

All this is obvious from the definitions. Using Theorem 2.3 also the

following proposition is easily verified.

Proposition 3.19. Let £ : M - N be a weakly semialgebraic map. The

graph T (f) of f is a closed weakly semialgebraic subset of MxN. The
natural projection pr1IF(f) from I'(f) to M is an isomorphism of the

subspace T (f) of MxN to M.

We finally construct fibre products in the category WSA(R). Let

f :M->L1Land g : N » L be weakly semialgebraic maps over R. Then
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fxg : MxN - LxL is again a weakly semialgebraic map and

Mx N := {(x,y) EMxNIf(x) = g(y)}

is a closed weakly semialgebraic subset of MxN, since M xLN is the

preimage of the diagonal AL = F(idL) of LxL under fxg. We equip M xLN

with the subspace structure in MxN. The following can now be verified

. in a straightforward manner.

' Theorem 3.20. The commutative diagram

MxLN————q——»N

p g

with p and g the natural projections, i.e. the restrictions of pr,

jand pr, to M x N, is a cartesian square in WSA(R).

 Caution. We do not claim that this diagram is cartesian in the cate-

gory of function ringed spaces over R.

iRemark 3.21. If M and N are also locally semialgebraic spaces, then
E M xLN is againlocally semialgebraic. If all three spaces M,N,L are
f locally semialgebraic then our space M x N is the same as the fibre

f product M xp N in [Lsa].
ZiThis is rather evident from the definitions and Proposition 2.12.

fiAll objects defined in this section behave well under base field ex-

%tension (cf. Def. 7and Def. 8 in §2) to some real closed field S > R.
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Remarks 3.22. a) Let X € T(M). For every & €I, the semialgebraic sub-
set X nMa of M, yields by base field extension a semialgebraic subset
(X nMG)(S) of M (8S) [DK3, p. 142]. Let X(S) denote the union of these
sets in M(S). We have X(S) nMa(S) = (X nMa)(S), hence X(S) € F(M(S)).
The subspace structure on X(S) in the space M(S) is the same as the
base field extension of the subspace structure on X in M. Thus the
notion X(S) has no ambiguity. If X is closed (resp. open) in M, then
X(S) is closed (resp. open) in M(S). If X € ¥(M) then X (S) € ¥(M(S)).
We have X(S) NM = X.

b) If (XAIAEA) is an admissible covering of M by weakly semialgebraic
subsets, then (XA(S)IAEA) is an admissible covering of M(S).

c) If (CAIXEA) is the family of connected components of M, then
(CA(S)|A€A) is the family of connected components of M(S).

d) The space (MxN) (S) is the same as M(S)xN(S). If £ : M > N is a
weakly semialgebraic map, then the subsets F(fs) and T (£f) (S) of

M(S) x N(S) are equal.

e) If two weakly semialgebraic maps £ : M » L, g : N » L are given

then the two subsets M(S) x N(S) (coming from the maps fs,gs) and

L(S)
(M xLN)(S) of (MxN)(S) are egual. We conclude that the base field exten-

sion functor WSA(R) - WSA(S) preserves cartesian squares.

The easy proofs of a), b), d), e) and of similar statements may safely
be left to the reader. c) is also easy once we know that the spaces

CA(S) are connected. This means the following claim:
If M is connected then M(S) is connected.

The claim can be proved as follows: We fix a point p €M. Let x € M(S)
be given. Then x EMG(S) for some o € I. There exists a path y in Ma(S)
from x to some point gq EMa' (This is evident since, say, Ma is iso-
morphic to a simplicial complex over R.) There exists a path

6 : [0,1] » M with 6(0) = g and 6§(1) = p. Then 6g is a path in M(S)
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from q to p. The composite path 7*68 connects x to p.




§4 - Spaces of countable type

In this small and, up to some examples, almost trivial section we
introduce a class of weakly serialgebraic spaces, the "spaces of count-
able type", which admit particularly simple exhaustions. This class of
spaces behaves well under most constructions in this paper. Unfortunate-

ly it does not suffice for all purposes in semialgebraic topoloay.

In the following a "space" always means a weakly semialgebraic space
over R. Also, if we write down an ordered family of sets (annenn
then we always mean that the set IN of natural numbers is ecuipped

with its natural total ordering.

Definition 1. A space M is of countable tvpe if M has an admissible

covering (XAIAEA) by semialgebraic sets (cf. §3, Def. 7) with count-

able index set A.

Remarks 4.1. i) Of course, every semialgebraic space is of countable

type.

ii) If M is of countable type, then also every subspace of M is of
countable type.

iii) The direct product MxN of two spaces M,N of countable type is
again of countable type. Indeed, if (XAIAGA) and (YKlKEK) are
admissible coverings of M and N by semialgebraic sets, with A and
K countable, then (XA XYKI(X,K) € AxK) is an admissible covering
of MxN by semialgebraic sets with countable index set A xK.

iv) The direct sum u(MklkéA) of a family (MAIXGA) of non empty
spaces of countable type is of countable type iff A is countable.

v) If S is a real closed overfield of R and M is a space over R of

countable type then M(S) is again of countable type (cf. 3.22.b).
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Proposition 4.2. Assume that M is of countable type. Let (Malael) be
'an exhaustion of M. Then there exists a sequence (a(n)|n€W) in I,
with a(n) < oa(n+1) for every n € IN, such that (Ma(n)ln€nw is an

exhaustion of M.

' Proof. M has an admissible covering (Xn|n€nﬂ by semialgebraic sets.
We successively find indices a(n) in I for n = 1,2,... such that

L contains X and a(n+l) > a(n). The ordered family (M In€IN)

a(n)
" of subsets of M fulfills trivially E2-E5, and it is an admissible

fcovering of M. Thus, by Cor. 3.16, it is an exhaustion of M. g.e.d.

- Corollary 4.3. A space M is of countable type iff M has an exhaustion

with index set IN. This means just a family (Mnln€nﬂ of closed semi-
algebraic subsets of M, with M < Mn+1 for every n € N, such that

. every A €¥ (M) is contained in some M.

* Proposition 4.4. Assume that M is of countable type and (MGIGGI) is

a faithful exhaustion of M. Then I is countable.

% Proof. By Prop. 4.2 there exists an isotonic sequence (a(n)|n€mN) in

¢ I such that (M In€IN) is an exhaustion of M. For every B €I there

a(n)
} exists some n € N with MB c Ma(n)' Since the exhaustion (MGIGGI) is
¢ faithful this implies B <a(n). The sets J(n) := {a€Ila <a(n)} are
+ finite and their union is I. Thus I is countable. g.e.d.

¢ Corollary 4.5. Let (MalaeI) be an exhaustion of M. Then M is of count-
: able type iff the set 1° of primitive indices (cf. end of §1) is

. countable.

i Proof. The family of patches (MﬁlaEIo) is an admissible covering of

E M by semialgebraic sets. Thus, if 1° is countable then M is certainl
Y
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of countable type. Assume now that M is of countable type. Let J be
the set of all indices o €I such that there does not exist an index

B <a with M, = Ma' Then (MalaeJ) is a faithful exhaustion of M (cf.

B

proof of 1.14) and J° = 1°.

By Proposition 4.4, the set J is countable,

and this implies that 1° is countable. g.e.d.

Proposition 4.6. Assume that the space M is locally semialgebraic.

Then M is paracompact (as defined in I, §4), and every connected

component of M is of countable type.

Proof. We assume without loss of generality that M is connected. We
choose an exhaustion (MalaEI) of M and an admissible covering
(UAIAEA) of M by open semialgebraic subsets. For any finite subset K
of A let UK denote the union of all UA with A € K. We inductively
choose a sequence (K(n)|nEIWN) of finite subsets of A and a sequence

(a(n) InN€EIN) in I such that

UK(n) < Mcx(n) < UK(n+1)
for every n€ N. {We may start with K(1) = @¢.} This is possible
since every set Ma is contained in some UK and every set UK is con-
tained in some MB (as already observed in 2.12). Let

X := U(UK(n)|n€nJ) = U(Ma(n)lnEEJ).

If a €I is given then we conclude from the exhaustion axioms E3 and

E4 (cf. §1, Def. 6) that XNM = M, for some B < a. Thus X € T(M).

B
But X is also open. Since M is connected we have X = M. This proves
that M is of countable type and Lindeldf (cf. I, §4, Def. 3). We con-
clude by Proposition 3.6 (which states that, in the terminology of

[LSA], M is taut) and I.7.15 that M is paracompact. g.e.d.
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| Example 4.7 (The countable comb). a) Let M be the subset of R2 which
is the union of M, := [0,11x{0} and the countably many sets U, :=

{%} x 10,1] ("the teeth of the comb", k € IN) . We regard, for every

n € IN, the set M, o:= Mo UU1 u... UUn as a polytope in R2. Using
Theorem 1.6 we eguip the set M with the unique structure of a space
such that every Mn, in its given structure, is a closed subspace of
M and (MnInEDM is an exhaustion of M. Then M is a weak polytope of

. countable type.

‘b) This space M is useful to exhibit some pathologies which commonly
are met with weak polytopes. The union U of all teeth U, is an element
of f(M), since U = M~M,. But the closure U of U is not weakly semi-
algebraic. Indeed, U nMo consists of the infinitely many points X, =
(%,0), with n € IN, and perhaps the point Xy = (0,0), and this is not
a semialgebraic subset of MO. The interior of the semialgebraic set
Mg in M is the complement of U NM, in MO, and this set is again not

semialgebraic.

c) The space M cannot be triangulated, i.e. is not isomorphic to a

simplicial complex (regarded as a space). Indeed, assume a triangula-
tion of M is given. Then all simplices have dimension <1. Every point
X, has a fundamental system % of connected semialgebraic neighbour-
hoods such that, for every N €&, the set N'\{xn} has three connected

components. Thus X, must be a vertex of the triangulation. But the

semialgebraic subset MO of M cannot contain infinitely many vertices.
d) The space U is the direct sum (cf. 1.10) of the semialgebraic

spaces U, (n € IN) . Assume that R is archimedean. Then the point Xy

lies in the closure U of the set U in Mtop' but there does not exist

a path a : [0,1] » M with a([0,1[) = U and a(1) = x . Thus the curve

selection lemma fails in M for weakly semialgebraic spaces.
e) The subspace X := U U{xo} of M is the direct sum of the spaces U,

and {xo}. The set {xo} is open in X . If R is archimedean then

top
{xo} is not open in the subspace topology of X with respect to Mtop'
Thus, in this case, Xtop is not a topological subspace of Mtop'
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Example 4.8 (Uncountable combs). Let, more generally, A be any infinite
subset of ]0O,1], and let M denote the subset ([0,1] x{0}) U (Ax]0O,1])

of R2. Further let, for any finite subset J of A,

My := (fo,1] x{0}) ug xJjo,1},

equipped with the subspace structure in the semialgebraic standard
space R2. Using Theorem 1.6 we equip the set M with the unique

structure of a weak polytope such that every M in its given struc-

JI
ture, is a closed subspace of M and (MJIJW:A, J finite) is an ex-
haustion of M. If A is uncountable, then M is not of countable type

by Proposition 4.4.

Choosing A as a set which contains O in its closure, e.g. A = ]0,1],
we can observe the phenomena described in 4.7.d4 and 4.7.e above also

for R not archimedean.

Remark 4.9. If the set A in Example 4.8 is uncountable then there

does not exist a space N over R, such that M is isomorphic to N(R).

Proof. Assume there is given an isomorphism ¢ : M <> N(R) with N a
space over R,. We choose some A € ¥(N), with ¢([0,1] x {0}) cA(R). Let
A' := A~{1}. We shall prove that ¢(A' x {0}) «cA. This will be the

desired contradiction since the set A is countable.

Let A €A' be given, and let & := ¢(X,0). We have to verify that £ €A.
We choose a closed semialgebraic subset X of N such that the image

w(M{A}) of the set

M } = (10,115 x {0}) U ({A} x [0,1])

{x

is contained in X(R). Now X is a polytope of dimension 1. We call

a point y of a one-dimensional polytope Y a branching point of Y,

if y has some semialgebraic neighbourhood V0 in Y such that for
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' every semialgebraic neighbourhood V < v, the space V~{yl} has at

" least three components. Clearly £ is a branching point of cp(M“}) .
Choosing a simultaneous triangulation of X(R) and @(M{)‘}) we see that
| £ is a branching point of X(R). Then choosing a triangulation of X

we see that & € X. We conclude that £ €X N A(R) < A. q.e.d.

Example 4.10. Assume that the field R is not archimedean but still con-
tains astrictly decreasing seguence (enInE]N) of positive elements converg-
ing tozero (cf.§9, Def.3 below). We consider the space M in Example 4.8

with A := {enln€ N}. Then M is of countable type. We claim that there

does not exist a space N over R0 such that M is isomorphic to N(R).

Proof. Suppose there exists an isomorphism ¢ : M 5 N(R) with N a space
over R,. As in the preceding proof we choose some A € ¥(N) with

cp(Mo) cA(R), and we see that @(A x {0}) cA. We identify MO = [0,1]R x {0}
with the unit interval [O,1];. We think of A as a semialgebraic subset
in some Rg. Let || I denote the euclidean norm in Rd. By the Lojasiewicz
inequality [BCR, p. 39], applied to the functions (x,y) » Ix-y| and
(x,y) » llo(x) —@(y)l on the unit square [0,1]R x [O,1]R, there exist

some constants C>0 in R and N in IN such that
N
le(x) —o(y)li™ < Clx-yl

for all x and y in [O,]]R. Let & := cp(cn). The  are pairwise diffe-
rent points in Rg with IIF,n -—&;mllN < Cen if m>n. But this is impossible,
since for n large Cen is smaller than every positive element of Ro'

Thus an isomorphism ¢ as above does not exist. g.e.d.



§5 - Proper maps and partially proper maps

In this section a "space" means a weakly semialgebraic space over R,
and a "map" means a weakly semialgebraic map between spaces, if nothing

else is said.

In the following M and N are spaces and (Ma|a€1), (NB|B€J) are fixed
exhaustions of M and N respectively. (MSIaGIo) is the family of patches

of M with respect to the given exhaustion (cf. end of §1).

Definition 1. A map £ : M » N is called semialgebraic if the preimage

f_1(Y) of every semialgebraic subset Y of N is semialgebraic in M.

Remarks 5.1. i) It suffices to check this property with Y running

through the sets N If £ is semialgebraic then, by Prop. 3.14 and

B°
Cor. 3.16, the ordered family (f—l(NB)|B€J) is an exhaustion of M.
ii) If £ : M » N is semialgebraic then the image f(X) of every

X € Y(M) is a weakly semialgebraic subset of N.
iii) For every subspace X of M the inclusion map X< M is semialgebraic.
iv) The pull back f' : M XNN' - N' of a semialgebraic map £ : M » N

by an arbitrary (weakly semialgebraic) map g :N' - N is semialge-

braic.

We call a set A € ¥(M) discrete (in M) if the subspace A of M is dis-
crete, i.e. is the direct sum (cf. 1.10) of one-point spaces. This
means that the connected components (cf. §3, Def. 9) of A are one
point sets. Analogously to Prop. I.5.4 we have the following criterion

for a map to be semialgebraic.

Proposition 5.2. Let £ : M » N be a map. Assume that

a) all fibres of f are semialgebraic,
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b) every closed discrete weakly semialgebraic subset A of M has a
weakly semialgebraic image f(A).

Then f is semialgebraic.

N.B. Conversely, if f is semialgebraic then a) and b) hold (cf.

Remark 5.1.1ii for b).

The proof of Proposition 5.2 is fully analogous to the proof of the
corresponding fact for locally semialgebraic spaces [LSA, p. 56f.]
but easier. We may assume that N is semialgebraic. Then we have to
prove that M is semialgebraic. For every « € 1° we choose a point

Xy EMg . The set A := {xYIY€I°} has a finite intersection with every
Ma‘ Thus A €T(M). The same goes for any subset A' of A. Thus A is
discrete in M. By assumption b), f(A) € ¥(N). Moreover, f£(A') € ¥(N)
for every subset A' of A. Thus every subset of the semialgebraic
space B := £(a) is semialgebraic, and we conclude that B is a finite
set (cf. [LsA, p. 57]). For every y €B, the set f-1(y) NA is a semi-
algebraic subset of the discrete space A, hence a finite set. We

- conclude that A is a finite set, i.e. I0 is finite. This means that

M is semialgebraic.

Definition 2. A map £ : M - N is called proper, if, for every map

g : N' - N, the pull back f' : M xNN' - N' by g enjoys the following

property: The image f'(X) of every X € ¥'(M xNN') is closed weakly semi-
algebraic in N'. The space M is called complete, if the map from M to

the one point space is proper.
The following facts are easily verified.

| Remarks 5.3. i) Proper maps between weakly semialgebraic spaces enjoy

the usual formal properties, cf. I.5.5.
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ii) If M is semialgebraic, then a map f : M - N is proper iff f(M)
is closed in N and the map "f" : M - f (M) between semialgebraic
spaces is proper in the category of semialgebraic spaces, cf.
(DK,, §91.

iii) Let (BAIX€A) be an admissible covering of N by closed weakly
semialgebraic subsets (e.g. an exhaustion of N). Then a map
f : M- N is proper iff, for every A €A, the restriction

f—1(BA) - B, of f is proper.

iv) If M and N are weakly semialgebraic and also locally semialge-

braic then a map £ : M » N is proper in the present sense iff £

is proper in the category of locally semialgebraic spaces (I, §5).
Theorem 5.4. Every proper map £ : M - N is semialgebraic.

Proof. a) We first consider the special case that N is the one point
space. Now M is a complete space, and we want to prove that M is semi-
algebraic. For every « € 1° we choose a point Xy EMg. The set

A := {xalaelo} is closed and weakly semialgebraic in M, and the same
holds for every subset of A. Thus A is a complete discpete space. We
conclude by an easy argument, cf.[LSA, p. 59], that A is a finite set.
This means that I° is finite, and M is indeed semialgebraic.

b) In the general case we now know that all fibres of f are semialge-

braic. We conclude by Prop. 5.2 that M is semialgebraic. g.e.d.

Definition 3. Amap £ : M » N is called partially proper if, for every

A €¥ (M), the restriction flA : A » N is proper. The space M is called

partially complete if the map from M to the one point space is partial-

ly proper. This means that every A € ¥ (M) is complete.

’

Of course, it suffices to check these properties for A running through

the sets Mo of our exhaustion of M. Notice that the partially complete
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spaces (resp. complete spaces) are the same objects as the weak poly-

topes (resp. polytopes) defined in §1.

Partially proper maps will be in the center of our interest. Thus we
describe their formal properties rather explicitly. {The theory here

is easier than in I, §5 since we can use Prop. 3.6.}

Remarks 5.5. Let £ : M > N and g : N > L be maps.

i) If £ and g are partially proper then g-f is partially proper.

ii) If gef is partially proper then f is partially proper.

iii) If g«f is partially proper and f is surjective and semialgebraic
then g is partially proper. {It suffices to assume that f is
"strongly surjective" (cf. Def. 3 in §8) instead of surjective

and semialgebraic.}

All this follows immediately from the definitions and formal proper-

ties of proper maps.

Remark 5.6. Amap £ : M - N is proper iff f is partially proper and

semialgebraic.

! This is evident from the definitions, Remark 5.3.iii and Theorem 5.4.

Definition 4. An incomplete path in M is a semialgebraic map

y ¢ [0,1[ » M from the half open unit interval in R to M.

We are interested whether a given incomplete path y in M can be

completed, i.e. extended to a path Y : [0,1] » M. Notice that there

can be at most one completion ; .
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Theorem 5.7 (Relative path completion criterion). For a map £ : M » N
the following are equivalent.

a) f is partially proper.

b) If vy is an incomplete path in M, such that & := fey can be complet-

ed in N, then Yy can be completed in M.

[o, 1l ——— M

Proof. a) = b): The closure A of Y([O,1[) in M is semialgebraic in M
(Prop. 3.6). Thus f(A) €¥(N) and the map h : A » f£(A) obtained from
A by restriction is proper. The path § runs in f(A). The claim b) now
follows from the semialgebraic relative path completion criterion
(I.6.8, [DK4, 2.31).

b) = a): The semialgebraic relative path completion criterion implies
that flA is proper for every A €¥(M). This means that f is partially

proper.

Corollary 5.8 (Absolute path completion criterion). The space M is a

weak polytope iff every incomplete path in M can be completed.

Proposition 5.9. The pull back f' : M xNN' -» N' of a partially proper

map £f : M - N by an arbitrary map g : N' - N is partially proper.

This can be proved as in I, 85 by using the relative path completion
criterion. In contrast to [LSA] also a proof directly from the defi-

nitions is possible.

We indicate this second proof. Let M' := M xNN' and let g' : M' - M
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denote the pull back of g by f. Let some A E€E¥ (M') be given. We denote
the closure of g'(A) in M by B and the closure of f'(A) in N' by C.
By Proposition 3.6 we have B €¥ (M) and CE€¥(N'). Then D := f(B) € ¥(N)

and B xDC €¥(M'). We have a cartesian square of semialgebraic maps

with f1,g1,f%,gi obtained from f,g,f',o' by restriction. f, is proper,

1

hence fa is proper. Since A is closed semialgebraic in B x_C, also

D
f;IA is proper. Since C €¥(N) this implies that f'lA is proper. g.e.d.

Proposition 5.10. For a map £ : M » N the following are equivalent.

a) f is partially proper.

b) If P is a weak polytope in N then f_1(P) is a weak polytope in M.
c) If Q is a polytope in N with dimQ < 1 then f-1(Q) is a weak poly-

tope in M.

Proof. The implications a) = b) = c) are trivial. c) = a) follows
from Theorem 5.7 and its Corollary 5.8 (relative and absolute path
completion criterion), since, for every path § in N, the set &§([0,1])

is a polytope in N of dimension <1.

Remark 5.11. Assume that the spaces M,N are paracompact locally semi-
algebraic. A map £ : M » N is partially proper (resp. proper) in the
sense defined here iff f is partially proper (resp. proper) in the

sense of [LsA].

Indeed, partially proper maps from M to N are characterized here and

in [LSA] by the same relative path completion criterion (Th. 5.7,
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Th. I.6.8). Evidently also the property "semialgebraic" for f means
the same here and there. Thus this also holds for "proper", since
"proper" means "partially proper and semialgebraic" in both theories

(Remark 5.6, [Lsa, p. 70]).
We finally spell out in combinatorial terms what the main definitions
of this section mean in the case of simplicial maps between simplicial

complexes. The proofs are similar to those in [LSA, p. 71f].

Examples 5.12. Let £ : X » Y be a simplicial map between simplicial

complexes. We regard f as a map between spaces (cf. 2.4).

a) f is semialgebraic iff, for every open simplex p € £(Y) the complex
£ () is finite.

b) f is partially proper iff for every ¢ € x(X) the following holds:
If 1 is an open face of o with f(1) €x(Y), then 1 €5 (X).

c) Thus f is proper iff f fulfills the combinatorial properties stated

in a) and b).




§6 - Polytopic spaces; the one-point completion

In this section, as in the preceding one, a "space" means a weakly
semialgebraic space over R, and a "map" between spaces means a weakly

semialgebraic map.
Let M be a space and (Malael) an exhaustion of M.

Definition 1. M is called polytopic if, for every a €I, the semialge-
braic space M, is locally complete. This means (I, §7) that every
point x €M, has a neighbourhood in M, which is a polytope. Clearly

this property does not depend on the choice of the exhaustion of M.

Remarks 6.1. i) Every weak polytope is a polytopic space.

ii) Every closed and every open subspace of a polytopic space is again
polytopic.

iii) The direct product M1 XM2 of two polytopic spaces M1,M2 is again

polytopic.

Examples 6.2. a) Let R” denote the set of all infinite sequences
(x1,x2,x3,...) = x of elements of R with only finitely many coordi-
nates x; #0. We identify, for any n € N, the standard space R” with
the subset {x ERwlxi = 0 for i >n} of R”. Theorem 1.6 gives us a
structure of a space on R” such that (R"In€IN) is an exhaustion of
R” and each Rn, with its standard space structure, is a closed sub-
space of R . This space R is polytopic.

b) For every i € N, the coordinate function T, on R, which on a
point (x1,x2,...) has the value Xy is weakly semialgebraic. Thus
also all polynomials F ER[T1,T2,...] are weakly semialgebraic func-
tions on R”. If F,,...,F, G,s...,Gg are finitely many such poly-

nomials then we conclude from Remark 6.1.ii that the subspace

Univ.-Biblicthek
Regensburg
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{x €R7IF, (x) >0,...,F_(x) 20, G;(x) >0,...,G5(x) >0}

of R” is polytopic. More generally, if (FAIAGA) and (GKIKEK) are two
families in R[T1,T2,...] such that, for every n € IN, the variable
T, occurs in Fy for only finitely many A € A and in G, for only finite-

ly many k € K then the set

X := {x ERwIFA(x) > 0 for every X €4,

G (x) > O for every « € K}

is a polytopic subspace of R”. (More precisely, X is weakly semialge-

braic in R~ and, regarded as a subspace of R”, is polytopic.)

Example 6.3. Assume that the space M is locally semialgebraic (and,
as before, weakly semialgebraic). Then M is polytopic iff M is locally

complete (as defined in I, §7).

Indeed, the interior Ua of every set Ma is an element of EWM), and
(UGIGEI) is an admissible covering of M (cf. 2.12). If M is polytopic,
then every Ma is locally complete. Thus also every Ua is locally com-
plete, and we conclude that M is locally complete. Conversely if M

is locally complete then every M, is locally complete which means

that M is polytopic.

Definition 2. A completion of the space M is a dense embedding ¢ : M -P

into a weak polytope P, i.e. an isomorphism of M onto a dense subspace

M' of P, followed by the inclusion map M' <~ P.

Open Question A. Does every space have a completion?

In II, §1 we have constructed a completion for any paracompact locally

semialgebraic space (even in the category LSA(R)). Also, in I, §7, we
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<+
have constructed the one-point completion N of any locally complete
semialgebraic space N. Starting from this special case we now con-
struct a completion M < Mt of our space M under the assumption that

M is polytopic.

Let M' denote the set which is the disjoint union of the set M and one
further point =. For every o € I we equip the subset M; 1= My U{eo} of
Mt with the structure of the one-point completion of the space Myo

as described in 1,§7. If B <a then ME is a closed subspace of the
polytope M;. By Theorem 1.6 we have a unique space structure on the
set M+ such that every M; is a closed subspace of M+ and (M;IGEI) is
an exhaustion of M. The space M" is a weak polytope, which contains

M as an open subspace. If M is not yet a weak polytope, then M is

. +
dense in M .

Definition 3. We call the space mt or, more precisely, the inclusion

j: Mo M* the one-point completion of M.

Remark 6.4. If M is already a weak polytope then the space Mt is the
direct sum (cf. 1.10) of M and the one-point space {«}. Thus, in this

case, the definition is an abuse of language.

+
In I, §7 we gave an explicit description of the space structure of M
in the case that M is semialgebraic and locally complete. This implies

a similar description of u* if M is polytopic.

Proposition 6.5. a) A subset U of M U{x} is an element of §1M+) iff

either Ue ¥(M) or U = (M~K) U{w} with some K € T (M)

b) A family (U,Ix€An) in F(M*) is an element of Covyy iff (U, ~{=}Ir€A)
is an element of CovM.

c) If UeTM), then Oy = OM+(U)’ If Ue¥(M") and » €U then a func-
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tion £ : U > R is an element of O, (U) iff £1U~{} €0, (U~ {=})
and f (o) is the limit of the values f(x) for x = «, x €U {=»}
{i.e., for every € >0 in R there exists some K €3E(M) such that

M~NKcU and |f(x) -f(»)| <¢ for every x €M NK}.

Proposition 6.6. Assume that M is polytopic. Let Q be a weak polytope

and let £ : V » M be a partially proper map from an open subspace V of
Q to M. Then f extends to a (weakly semialgebraic) map g : Q = Mt

with g(x) = = for every x €Q~V

Proof. We choose an exhaustion (QBIB€J) of Q. There exists a monotonic

map K : J » I such that f(V OQB) c MK for every B €J (cf. 2.6). The

(B)
restrictions fB : VﬂQB - MK(B) are proper maps between locally com-—
plete semialgebraic spaces. Thus they extend to maps 9g QB - MQ?B)
with gB(x) = « for x EQB'\(V ﬂQB), cf. I.7.6. These maps fit together

to the desired map g : Q - M+.

Corollary 6.7. Every partially proper map £ : N » M between polytopic

spaces extends to a map f+ : N+ - M"Y with f+(w)

w-

Conversely, if g : Nt > M" is a map with g—1(w) = {=} then the restric-
tion f : N - M of g is partially proper since g—1(M) = N and g is par-

tially proper. We have £ = g.

From the existence of a completion we can draw an important conse-

quence on the structure of a polytopic space.

Theorem 6.8. Assume that M is polytopic. Let U € f(M) be a neighbour-
hood of a given point x € M. Then there exists a neighbourhood K of x

in U which is a weak polytope.
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Proof. Since U € §TM+) there exists a weakly semialgebraic function
£: M > [0,1] with £(x) = 0 and £(M' ~U) = {1}. The set

K := f-1([0,l]) has the required properties.




§7 - A theorem on inductive limits of spaces

In this section (and a part of the next one) we abandon our convention
that spaces and maps are always assumed to be weakly semialgebraic if

nothing else is said.

The following technical result on inductive limits of weakly semialge-
braic spaces will be very useful later on. It is a generalization of

Theorem 1.6. Its proof seems to be the "hard point"” in the elementary
theory of weakly semialgebraic spaces, and will occupy nearlythe whole

section. (It is not so very hard, as we shall see.)

Theorem 7.1. Let M be a set, and let (MGIGEI) be an ordered family of
subsets of M fulfilling the conditions E1-E3 and E4* (cf. §1). We
assume that every Ma carries the structure of a weakly semialgebraic
space over R and that, whenever B <a, the set MB is closed weakly
semialgebraic in Ma and carries the subspace structure (cf. §3) with
respect to the space Mc‘ We equip M with the inductive limit struc-
ture of the spaces M in the category of function ringed spaces over
R, as described in §1, Def. 6. Then the space M is weakly semialge-
braic. Every Mo is, with its given space structure, a closed subspace
of M, and (Ma|a€I) is an admissible covering of M (cf. §3, Def. 7).
Moreover there exists a faithful lattice exhaustion H(M) of M (cf.

§1, Def. 8, Def. 9) such that,for every Ma’ the following holds.

P1. {X €H(M)IX<:MG} is a lattice exhaustion of M.

P2. If X€H(M) then X ﬂMa €EH(M).

The proof will consist of two steps. In the first step we construct

faithful lattice exhaustions H, of the spaces M, such that the follow-

ing properties hold for every a €1I.
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Q1. If B <a, then HB cHa.

Q2. If B<a and X €Ha, then X ﬂMB EHB.

For every o € I we denote by m(a) the number of elements B €I with

B <a. In order to construct the exhaustions H, we proceed by induction
on m(a). For the unigue index o of with m(0)=0 we choose an arbitrary
lattice exhaustion H0 of Mo' This is all right, since the conditions

Q1 and Q2 are empty.

Let now m(a) = n >0. We choose a lattice exhaustion L of the subspace
Mg 1= My > U(MBIB<a) of M . (Of course, if Mg = @ then L = {@g}.) Then

we define H, as the set of all sets X = s U U(SBIB<a) with S €L,

SB EHﬁ, and

s N [U(MB|B<0()]C U(SB|B<0().

This last condition means that the semialgebraic subset X of M, is

closed in M. {S denotes the closure of S in Ma‘}

If X,Y EHa then clearly X UY €Hu' Using the induction hypothesis and
property E4* for the sets MB it is easily checked that also XnNY EHa'
Thus Ha is a sublattice of ?(Ma). It contains the empty set. The
property Q1 is evident, and Q2 is easily checked, again by use of the
induction hypothesis and E4x. It remains to verify the properties

E1, E3, E6 for the family Ha (each set in Ha being indexed by itself).
We start with E3. Let X = Sy U(SB|B<a) be an element of Ha’ as des-
cribed above, and let Y = Ty U(TB|B<a) be a second element of Ha with
T and the TB also fulfilling the above conditions. Assume that Y <X.
Intersecting with Mg we obtain T «S. Thus we have only finitely many

possibilities for T = Y nMg. Intersecting with M, for some B <a we

B
obtain Y nMB < X nMB. By Q2 both X ﬂMB and Y nMB are elements of HB'
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Thus we have only finitely many possibilities for Y nMB. We conclude

that we have only finitely many possibilities for Y, which proves E3.

We finally verify that Hy is an admissible covering of M- The family
(X nMZIX EHa) is the same as L up to iteration of elements. Thus this
family is an admissible covering of MZ. For every B <a the family

(X NM, X EHa) is the same as E, up to iterations. Thus this family is

B
an admissible covering of M

B
B* This proves that indeed H, is an admiss-
ible covering of Ma' Now E1 and, by Th. 3.15, also E6 are evident for

the family Hy-. This finishes the first step of our proof.

We define H as the set of all subsets X = U(Sa|a€I) of M with Sq €H,
for every o €I and Sa +@ for only finitely many a« € I. We have @ €H.
If X€H and Y €H then obviously X UY € H. Using property E4x* for the
family (MG|G€I) and property Q2 for the families H  one checks easily
that also X NY €H. Thus H is a lattice of subsets of M. It contains

all the lattices Ha (in fact is generated by them).

Using Q1 and Q2 for the families Ha and E4x for the family (Malael)

one verifies that, for every a €I,
{x nM I €H} < Hy-
Since H, ¢ H it follows that

(*) Ha = {X ﬁMGIX €H} = {X EHIX(:MG} .

This implies the statements P1 and P2 in the theorem.

Our lattice H trivially fulfills E1, E2, E4, E5 (E2 is tautological).
It also fulfills E3. Indeed, if X €H then X c U(Mala€J) for some
finite subset J of I. Assume that Y €H and Y cX. We have, for every

a€J, Y nMa c X nMa' and both Y nMa, X nMa are elements of Ha’
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Thus there are only finitely many possibilities for Y nMa‘ Since this
holds for every a« €J we conclude that there are only finitely many

possibilities for Y, which proves E3.

We look for a space structure on a given set X €H. We choose a finite

set J < I with the following properties.

i) a€J, B<a = BEJ

ii) X < U(Mala€J).

For every &« €J the set X MM, is closed semialgebraic in Myr since

X nM0 EHQ. We equip X ﬂMa with the structure as a closed subspace of
M, - Then X ﬂMa is a semialgebraic space. If B <a then XnMB is a
closed subspace of X ﬂMa. We now equip X with the inductive limit
function ringed space structure of the family (X ﬂMaIGEJ) of semi-
algebraic spaces. This family fulfills E1-E3 and E4*. Thus,by Theorem
1.6, X is a weakly semialgebraic space, and every X ﬂMa, in its given
structure, is a closed subspace of X. Since J is finite, the space X

is semialgebraic.

If K is another finite subset of I with the properties i) and ii)
above, then we find a third finite subset L of I with i), ii) such
that L  J and L 2 K. It is clear that the three families (X ﬂMaIueJ),
(X nMala€L), (X ﬂMala€K) all yield the same inductive limit space
structure on the space X. Thus the space structure on X is independent

of the choice of J.

It is now clear, say from II, Lemma 1.2, that if Y €H, Y <X, then the
space Y is a closed subspace of X. We equip M with the inductive limit
function ringed space structure of the family H of semialgebraic
spaces. By Theorem 1.6 this makes M a weakly semialgebraic space with

exhaustion H, and every X €H is a closed subspace of H in its given
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space structure.

It follows from the relation (*) above that Mcx €T (M) for every a €1
and that Ma’ in its given space structure, is a closed subspace of M.
The family (Ma|a€I) is an admissible covering of M since H is so.
Thus, by Theorem 3.15, our space structure on M coincides with the
inductive limit of the family of spaces (Ma|0€I). This finishes the

proof of the theorem.

We state two rather weak, but nevertheless interesting consequences

of Theorem 7.1 and its proof.

Corollary 7.2. Let M be a weakly semialgebraic space and A a closed

subspace of M. Let Hy be a faithful lattice exhaustion of A. Then

there exista a faithful lattice exhaustion H of M with

{X €HIX <A} = {y nAaly €H} = Ho .

This is evident by our procedure to construct H in the proof of

Theorem 7.1. There the first lattice exhaustion HO could be chosen

arbitrarily. One takes for I the set {0,1} with the ordering O <1 and

puts Mo = A, M, := M.

1

Corollary 7.3. Let M be a set and let M1""'Mr be finitely manv sub-

sets of M with M, U ... UM, = M. Assume that every M, carries the

1
structure of a (weakly semialgebraic) space (over R). Assume also
that MinMj is a closed weakly semialgebraic subset of M, and Mj and
that the subspace structures on Mi nMj in My and Mj are equal
(1<i<j<r). Then there exists on M a unique structure of a space

such that every M;, with its given space structure, is a closed sub-

space of M.
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Proof. Let A denote the set of all non empty subsets of {1,...,r},
partially ordered by the opposite of the inclusion relation (J <K
iff J oK). For any J € A we put My = n(MiliGJ). We equip MJ with its
closed subspace structure in Mi for some i €J. This structure does
not depend on the choice of i by the assumption on the intersections

My nMj above. Theorem 7.1 applies to the ordered family (MJIJEA) of

weakly semialgebraic spaces and yields the result.

In the next section we will use Theorem 7.1 only in the easier case

that the system (MG|GEI) fulfills E1-E5 instead of E1-E3 and E4x*.



§8 - Strong quotients; gluing of spaces

We start with some generalities on guotients in the categories

Space (R) and WSA(R) (cf. §1, Def. 2 and §2, Def. 6).

Definition 1. A morphism f : M -» N between function ringed spaces over

R is called identifying if the following four properties hold.

iD1. f is surjective

ID2. If U is a subset of N with £ | (U) € ¥(M) then U € T(N).

ID3. If (UAIAGA) is a family in f(N) with (f-1(UX)IA€A) €CovM then
(UAIA€A) ECOVN.

ID4. If h : U-> R is a function on a set U €51N) with

he (£1£7' (U))€ O, (£ (U)) then h €O (V).

If these properties hold then we say also that N is a strong quotient

of M (via f).
This terminology is justified by the following proposition which
implies that a strong quotient is a categorial quotient (= strict

epimorphism, cf. [Gr, Def 2.2]) in the category Space(R).

Proposition 8.1. Let £ : M » N and g : M » L be morphisms in Space(R).

Assume that f is identifying and that g, as a map between sets, is
constant on every fibre of f. Then there exists a unique morphism

h : N > L with hef = g.
Proof. Since f is surjective the map h exists and is unique on the
set theoretic level. One now checks directly that h is a morphism

(cf. §1, Def. 2b) using properties ID2-ID4.

Definition 2. If M is a function ringed space over R and £ : M » N
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is a surjection from the set M to a set N, then there exists on N a
unique structure of a function ringed space over R, such that f is
identifying. {The properties ID2-ID4 tell us how to define the struc-

ture.} We call N, with this structure, the strong quotient of M by f.

In the following (as already in §5 and §6) a "space" means a weakly
semialgebraic space over R and a "map" means a weakly semialgebraic

map between spaces over R, unless something else is said.

Every proper surjective map £ : M » N is identifying. This can be
proved similarly as in the theory of locally semialgebraic spaces (cf.
[LSA, p. 179] for property ID4). We want to extend this observation

to a suitable class of partially proper maps.

Definition 3. A map £ : M » N is called strongly surjective if, for

every Y € ¥(N), there exists some X € ¥(M) with f(X) o Y.

Remarks 8.2. i) Let (MGIGEI) and (NBIBEJ) be exhaustions of M and N.
The map f is strongly surjective iff, for every B €J, there exists
some « €I with f(Ma) ) NB' This means that (f(Ma)IGEI) is an admiss-
ible covering (cf. §3, Def. 7) of N.

ii) If f is strongly surjective and (XAIAEA) is an admissible cover-

ing of M by semialgebraic sets, then (f(XA)IAEA) is an admissible
covering of N by semialgebraic sets. In particular, if M is of count-
able type then also N is of countable type.

iii) If f is semialgebraic and surjective then f is strongly surjective.

Theorem 8.3. Every strongly surjective partially proper map £ : M = N

is identifying.

Proof. Let (MG|G€I) be an exhaustion of M. Then (f(Ma)IGEI) is an







