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Abstract

We construct strong solutions for a nonlinear wave equation for a
thin vibrating plate described by nonlinear elastodynamics. For suffi-
ciently small thickness we obtain existence of strong solutions for large
times under appropriate scaling of the initial values such that the limit
system as h — 0 is either the nonlinear von Karman plate equation or
the linear fourth order Germain-Lagrange equation. In the case of the
linear Germain-Lagrange equation we even obtain a convergence rate
of the three-dimensional solution to the solution of the two-dimensional
linear plate equation.
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1 Introduction

In the present contribution we study the nonlinear wave equation for a thin
vibrating plate (or beam if d = 2). The plate is assumed to be of small
but positive thickness h > 0 and satisfies the equations of three-dimensional
nonlinear elastodynamics.

In order to explain the result and the model under consideration, let us start
by recalling some facts and results for the corresponding variational problems,
see [7] for further details. We consider the elastic energy

) =g [ (W(Vata)) = £ (o) — )

where Q, = Q' x (—2,2) is the reference configuration of the thin plate,
 c R¥1, d =23, is a suitable bounded domain, and z: Q;, — R? is the

deformation of the plate. For simplicity, we will restrict ourselves to the case



d = 3 in this introduction. Rescaling , to Q@ = Q' x (—1,1), we obtain the
rescaled energy

T

E'(y) = / W(Vay(@) — 1" @) [ 2 | | ] do.

h$3

where y(z) = z(a', hz3) with 2/ = (21,25) and Vj, = (94, 0y, 704,). The
limit as h — 0 depends on the asymptotic behaviour of f"*. More precisely,
let f" be of order h®. If o = 2, then the energy E” is of order h® with 3 = 2.
The rescaled energy #Eh converges as h — 0 to the elastic energy from the
geometrically fully nonlinear Kirchhoff theory in the sense of I'-convergence.
To the authors’ knowledge there are no results on existence of solutions for
the corresponding dynamic wave equation or on regularity of non-minimizing
equilibria. Indeed even the precise definition of equilibrium is not completely
clear since the isometry constraint Vi Vi = Id for the limit map 7: ' — R?
makes the problem very rigid; see Hornung [9, 10] for recent progress. If a@ > 2
and # = 2a — 2, then the limit energy can be described as

Ao

VV @ VV 1
Q> | e(U) + VVOVYN gof 4 — Q2(V?V) da/,
2 /o 2 2 o,
where £(U) = sym (VU),
U= tim = (1) S}, V= tim sy (1.1)
h—0 Y \ \y» ’ hoo B3 93 '

20 —2) if 2 <

b = a—-2, = (@ =2) 1 <a_37 (1.2)
a—1 ifa>3

where Id'(z) = (21, 22)T and Qy: R¥*2 — R is related to Q3(F) := D?*W (Id)(F, F')
by
Q2(G) = min Q3(G +a®e3 + e3 @ a).

a€R3

Here
+oo if2<a<3,
A, =XK1 if a =3,
0 if o > 3.

Thus for 2 < o < 3 one has the “geometrically linear” constraint 2e(U)+VV ®
VV =0, which again has so far prevented the rigorous study of the associated
dynamic wave equation or non-minimizing equilibria. For @ = 3 (and therefore
B = 4) one obtains the von Kérman plate theory and for a > 3 (and therefore
(3 > 4) one obtains a linear Euler-Lagrange equation (linear Germain-Lagrange
theory), which for isotropic materials reduces to the biharmonic equation.
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Here we study the cases a = 3,8 =4 and a > 3,3 = 2a — 2 > 4 in the
dynamic situation. The equations of elastodynamics arise from the Lagrangian

i) (5 wiwsn v 172) e = [ (4w + )

and solutions formally preserve the total energy

/Q(Iyél2 + W (Viay(a ))_fhy> o "

In view of (1.1)-(1.2) we expect that

ys ~ h, (zl)—ld’wiﬂ for o = 3,8 =4
2

ys ~ h2, (gl) —Id ~h! fora>3,=2a—-2>4
2

The idea to balance the kinetic and potential energy in (1.3) suggests to rescale
time as 7 = ht if @« = 3. Then the total energy becomes

|ay2 f Ys
Etot:h4/9( : h4W(Vh y(@) — 52 ) do

and with f;, = h=3fle3 the evolution equations is

1., 1
ﬁ@y - ﬁdlthW(Vhy) = th

or equivalently
872_3/ - ﬁdlthW(Vhy) = hfh, (14)
where f, ~ 1 as h — 0. In the case a = 3 we will show existence of strong
solutions of (1.4) for well-prepared and small data in a natural scaling with
respect to h and time 7 € (0,7y) with Ty > 0 sufficiently small. In particular
we assume that the rescaled f, is small, cf. Section 3.1 below. — Note that the
small time interval (0,7T,) for 7 turns over to a large time interval (0, Tph™!)
in the original times scale for ¢. In the case o > 3, we will use the same time
scale. Then we are able to show existence of strong solutions for 7 € (0,7 for
any T > 0 provided that f, ~ h®™3 and suitable initial data, cf. Section 3.1
below. We note that this time scale is subcritical for this scaling of f;,. In this
case we are even able to construct the leading term of the solution y = y;, as
h — 0 provided W (F) = dist(F, SO(3))?, cf. Section 4.
Together with [1] this shows that after the natural time rescaling and for
well prepared data of the correct size solutions of the 3-d nonlinear elastody-
namics converge to solutions of the dynamic von Karman equation or linear
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von Karman equation depending on the size of the data. We note that a simi-
lar result in the case of stationary solutions was shown by Monneau [18] if the
limit system are the von Karmén plate equations. Ge, Kruse and Marsden [§]
have taken an alternative and very general approach to study the limit from
three-dimensional elasticity to shells and rods by establishing convergence of
the underlying Hamiltionian structure. This suggests, but does not prove the
convergence of the corresponding dynamical problems (see e.g. recent work by
Mielke [17] for the question on the relation of the convergence of the Hamil-
tonian and the convergence of the resulting dynamical problems). General in-
formation and many further references on the dynamics of lower-dimensional
nonlinear elastic structures can be found in the book by Antman [3]. For results
on existence of weak and strong solutions of the non-stationary von Karman
plate equations we refer to e.g. Chen and Wahl [5], Koch and Lasiecka [12],
Lasiecka [15], Koch and Stahel [13]. For a survey on results and open problem
of nonlinear elasticity, stationary and non-stationary, we refer to Ball [4].

Let us explain the strategy of our proof and the main difficulties. Basically,
the strong solutions are constructed by the usual energy method as presented
e.g. in the books by Majda [16] and Dafermos [6]. (For a more abstract and
general version see e.g. the classical paper by Hughes et al. [11].) The starting
point in the method is the conservation of energy:

d (1 1
pr <§H<9ty(t)Hi2(Q) + ﬁ/ W(Vyy) dx+/hfh'y(t) dx) =0
Q Q

which follows from (1.4) by multiplication with d;y under appropriate bound-
ary conditions. (Here and in the following we replace 7 by t¢.) Moreover,
differentiating (1.4) with respect to = one gets a control of

% (%Hatafy(t)uiz(m - %/S]Dzvv(vhy)afvhy : afvhyd:c> = Rg, (1.5)
where the remainder term Rg can be controlled with the aid of the Gronwall
inequality once the left hand side controls 9°V,y suitably. To this end it is
essential to have the coercive estimate
2

(1.6)

1 1
ﬁ/ D*W(Vuy)Vaw : Viwdr > cq || —en(w)
Q

L2()

where e,(w) = sym (Vyw), cf. (3.34) below. By Korn’s inequality in the
present h-dependent version we have

1

E€h(w)

Y

||Vhw||L2(Q) S C‘
L2(%)

cf. Lemma 2.1 below. Therefore we will have one order of h better decay
of the symmetric part of Vjy than for the full gradient/the skew-symmetric
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part. To obtain (1.6) (and similar estimates) it will be essential that

1
E”gh(w — ||z + [|Vhy — || < eh

for some sufficiently small ¢ > 0 and to treat the symmetric and asymmetric
part carefully in a Taylor expansion of D*W (V,y) around I, cf. Sections 2
and 3.3 for the details.

Several technical difficulties arise from the fact that we are dealing with
natural boundary conditions at the upper and lower boundary x4 = j:%. In
tangential direction we assume periodic boundary conditions. First of all,
in this situation it is easy to differentiate in tangential and temporal di-
rection to obtain (1.5) with 9%w replaced by 9w, where z = (2/,t) and
2’ = (z1,...,24-1). Therefore we are using anisotropic L?-Sobolev spaces of
sufficiently high order to control V,y in L°°. In particular, one of the basic

spaces is
V() ={ueL*Q): Vu,0,,Vu e L*(Q),j =1,...,d — 1} — L>(Q)

if d =2,3. Note that V(Q) is slightly larger than H?(Q) and that u € H?(Q)
if and only if u € V(Q) and 92 u € L*(Q). Moreover, since we are dealing
with natural boundary conditions, we want to keep the equation in divergence
form. Therefore we do not use the identity

div, DW (Vy) = D*W(Vy) - Viy

to obtain a quasi-linear system. Instead we differentiate (1.4) with respect to
time and solve

ow — %divh (DZW(Vhy)Vhw) = ho,f,
where w = 0yy. Unfortunately we cannot solve the latter equation directly
since we are missing suitable control of &y, j = 1,...,d — 1. Therefore
we first replace D*W (V,y) by suitably smoothed coefficients A, (V5y) and
construct a solution w,, y,, respectively, for the smoothed systems. Once
we have one solution y, at hand, we can differentiate it with respect to x;,
7=1,...,d—1 and get a solutions of

atw]’f — %dithn(Vhyn)Vhw? = h&% f,
where wi = Oz,;yn - These solutions wy satisfy the same estimates as w,, = d,y,,
(uniformly in 0 < h < hy and the smoothing parameter n € N). Then we can
pass to the limit n — oo to obtain a solution of the original system.

The structure of the article is as follows: In Section 2 we introduce some
notation and derive some preliminary results. Our main result is presented



in Section 3.1. Afterwards we introduce our approximate system used for the
construction of strong solutions in Section 3.2. The essential results for the
linearized system are derived in Section 3.3, which are applied in Section 3.4
to obtain a strong solution first locally in time for fixed n € N. Then uniform
bounds in 7', h and n € N are shown in Section 3.5 and our main result is
shown by first extending the solution for small times in [0, 7] for some 7" > 0
given and then passing to the limit n — oco. Finally, in Section 4 we derive a
first order asymptotic expansion as h — 0 in the case that the limit system is
linear, i.e., 3 >4, and W(F) = dist(F, SO(d))?.

Acknowledgements: This work was partially supported by GNAMPA, through
the project “Problemi di riduzione di dimensione per strutture elastiche sottili”
2008.

2 Notation and Preliminaries

For any measurable set M C R the inner product of L*(M) (w.r.t. to
Lebesgue measure) is denoted by (.,.)s;. Moreover, H*(Q), k € Ny, denotes
the usual L2-Sobolev spaces. If X is a Banach space, then the vector-valued
variants of L*(M) and H*(M) are denoted by L*(M; X), H*(M; X), respec-
tively. Furthermore, C*([0,7T]; X), k € Ny, denotes the space of all k-times
continuously differentiable functions f: [0,7] — X.

For the following Q = (=L, L)* ! x (=3, 1), @' = (-L, )", d = 2,3,

272

r = (2/,24), where 2/ € R¥1 let V), = (V,, %&Ed)T, Vit = (0, V) and let
ep(w) = sym (Vyw), e(w) = ey (w),

if w:M C RY— R? is a suitable vector field. Here sym A = 1(A + A7)
and we denote skew A := $(A — A”). Moreover, we denote z = (¢,2’), where
zp=tand z; =x; for j=1,...,d 1.

For s > 0, s € Ny, we define L?-Bessel potential spaces

H(Q) = {f € L*(Q) : f = Flq for some F € H*(R")}

as usual by restriction, equipped with the quotient norm. Since €2 is a Lipschitz
domain, there is a continuous extension operator E such that E: H*(Q) —
H*(RY) for all k € N, cf. Stein [20, Chapter VI, Section 3.2]. Hence H*(2),
s >0, is retract of H*(R?) and we obtain the usual interpolation properties,
cf. e.g. [21]. In particular, we have

(H*(Q), H () = H(Q), 5= (1—0)so+ 051, (2.1)

for all € (0,1), s > 0, where (.,.)g,, denotes the real interpolation method.
If 0 < T < oo and X is a Banach space, then BUC([0,T]; X) is the space
of all bounded and uniformly continuous functions f: [0,7) — X. Now let
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Xo, X1 be Banach spaces such that X; — X, densely. Then
W2(0,T; Xo) N LP(0,T; Xy) — BUC([0, T; (Xo, X1)i1,) (2.2)

for all 1 < p < oo continuously, c¢f. Amann [2, Chapter III, Theorem 4.10.2].
If Xo = H is a Hilbert space and H is identified with its dual, then X; —
H — X{ and

SN = (L), f) s, foralmostallt€[0.7)  (23)

provided that f € LP(0,7;X;) and %f € LP(0,T;X}), 1 < p < oo, cf.
Zeidler [23, Proposition 23.23]. In particular, (2.3) implies

jSup IF O < 2 (10 l2rxp 2oy + 1FO)E) - (24)
€10,

Replacing f(t) by tf(t) and (T'—t)f(T —t), one easily derives from the latter
estimate

1 1
sup 15Ol < Crlf g I oz (2.5)
S )

for some C7 > 0 depending on 7" > 0.

In the following £™*(V'), n € N, denotes the space of all n-linear mappings
A: V" — R for a vector space V. Moreover, if A € L"(V), n > 2, and
r,...,7, €V, 1 <k <n, then Afzy,..., 2] € LVF(V) is defined by
Alxy, oo ok (Tpat, -, 20) = Az, .., xy) for all g, ..., 2, € V.

We introduce the scaled inner product

1
Ay B= ﬁsymA :sym B +skew A : skew B, A,BeR™ 0<h<1,
and |Al, = VA A where A: B = szzl a;;b;;. This choice of inner product
is motivated by the Korn inequality in thin domains, see Lemma 2.1 below.

Of course, :; coincides with the usual inner product : on R%¢ and therefore
|Al; = |A|. For W € L"(R%9) we define the induced scaled norm by

(Wln = sup (W (A, ..., A

Ai|n<l,j=1,....,n
j J

Note that, since |A;, > |A|; = |A| for all A € R™? we have |W|, < |[W]; =:
W] for any W € L"(R%*9) and 0 < h < 1.

As usual we identify £1(R?*?) = (R¥4) with R%¢. But one has to be
careful whether this representation is taken with respect to the usual scalar
product : on R or with respect to i, i.e., W € L}(R?*?) is identified with
A € R¥4 guch that

W(B)=A: B  forall BeR™



If nothing else is mentioned, we identify (R?*?)" and R?*? using the standard
inner product :. In particular, if W € CY(U), U € R4 and A € U, then
DW (A) € (R¥*d) = R4 coincides with

d

DW(A): B = %W(A +tB) for all B € R,
t=0

Furthermore, W € L?(R%“) is usually identified with the linear mapping
W: R — R4 defined by

WA:B=W(A B) forall A, B eR™

Finally, we denote by

1
Wl anenacar = W lzan = ( [ wer dm)

if 1 < p < oo and with the obvious modifications if p = co. Here M C R? is
measurable. Moreover, for f € LP(M;R%*?) the scaled norm || f| LP (M Rdxd)
| fllzz (ary is defined in the same way.

We now state the relevant Korn inequality in thin domains.

Lemma 2.1 There is a constant C such that

1
||th||L2(Q) S C Hﬁé‘h(u)

(2.6)

L)
forall0 <h <1 andue H'(Q)? such that uly,——1 = u|y—r,, j=1,...,d—1.

Proof: For clamped boundary conditions the Korn inequality in thin domains
was proved by Kohn and Vogelius [14, Prop. 4.1]. They mention that the result
also holds without boundary conditions, modulo infinitesimal rigid motions.
For the convenience of the reader we provide a proof of Lemma 2.1.

First we prove the case d = 2. Let Qj, := (—L, L)* 'x(—%,2) and let u €
H'(Q; R?) satisfy the boundary conditions u|y,——f = ule,—z, j = 1,...,d—1.
First of all by a simple scaling in x4, (2.6) is equivalent to

C
IVullzz@,) < 51Vt symll 2 (2.7)

Let N, be the integer part of % and let ¢;, := 2L . We set Jy :={—L+ ki, :
k=0,...,N,—1}. By applymg Korn 1nequahty on the set (a,a+0,)x(—2%, %)
for every a € J,,, we can construct a piecewise constant function A: (—L, L) —
M?*2 such that A(z4) is skew-symmetric and

/ Vu— APPde < C [ |e(u)|*da. (2.8)
Qp

Qp
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Note that, since % is bounded from above and from below, we can use the
same Korn inequality constant on each set (a,a + £;)x(—2, %)

272/
We claim that
2 C 2
|A(z1) — Ag|“dx < —2/ le(u)|* dx. (2.9)
Qh h Qh

where Ay := A(—L).

Let us fix a € J, and let b:=a + Mh, with A € {0,1}. By applying Korn
inequality on the set (a,a+2¢,)x(—%, %) we have that there exists A € M?*?
such that

/ IVu — Al dz < c/ le(u)]? da.
(a,0+2,)x (=2 2) (a,a+265) x (— B 1y

From this inequality we deduce

' 2

B A(D) — AP < 2/ IV — A(z)|? da
(bb+en)x (— 2,1y
+2/ |Vu — A|* dx
(b.b+0n)x(— 2, %)

Combining the previous inequality for A = 0 and A = 1, we obtain

hen)A(a) — AD))> < 200, (JA(a) — A]* +|A(D) — AP)

< 0/ e (w)[? d.
(a,a+2€h)><(7%,%)

As A is constant on each interval (a,a + ¢5), this is equivalent to say that

/ |A(z1+03,) — Ay [P do < C’/ le(uw)|* dz. (2.10)
(a,at+en)x(—%5.%) (a,a+20,)x (=21

Let us set [y, ; := —L + {,(k,k + j). By convexity we have the following
estimate:
Np—1
|A(:r1) Aol?dz = h Z /I — Aol day
k,1
Np—1 )
= h Z /I mfh) - A(ZL’l — (m + 1)&1))‘ dlL’l
k1 o= 0

Nhl -

thmZ:/I“‘ Ay = mbs) — Al — (m+ 1)6)|

IA

dﬂfl.
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By (2.10) we deduce

Np—1 k-1

A1) = Ao dz < > kY c/ le(u)|? d.
Qn =0 m=0 JIe-m-12%(=%.5)

It is easy to see that for every k=0,..., N, — 1
Z/ le(uw)Pde <2 | |e(u)]? da.
I m—1,2%( %% Qp
Therefore, we conclude that
|A(z1) — Ag|*do < CN} |e(u)|? du,
Qp Qp

which proves claim (2.9).
Combining (2.8) and (2.9), we conclude that for every u € H'(Q;;R?)
there exists a constant skew-symmetric Ay € M?*? such that

|Vu — Ag|* dx < C; ]e(u)|2dx.
2, h
Since
1 2
/ — [ (skwVu)dz — AO‘ dr < |[(skwVu) — Ag|? du,
o, ] Jo, 2,
we also have that
1 C 5
Vu— — (skau)‘ dr < -5 ]5(u)| dx (2.11)

n Q] Jo, h

for every u € H'(Q),; R?).
Now, if u is periodic in tangential direction, then

/ L (skww )‘Qd / L ould
— skwVu r = — U T
Qp |Qh| Qp Qp, |Qh| Qp, o
1 2
= / — (8gu1+81u2)‘ dx
o | Ja,
< le(w)|? da,

Qp

which, together with (2.11), provides us with the desired inequality.
In order to prove the case d = 3, we use that (2.6) for d = 2 implies

1G5) Gl = 7 () ().,

10

C
< 2 I (Vaw)symllr2@)

L2(Q)

C
<=
h

L2(Q)




for j = 1,2 and any u € H'(2)?. Moreover, applying Korn’s inequality in
(=L, L)* with periodic boundary conditions, we obtain

Hvx’u/||L2(Q) < CH( z' U )sym”L2 < CH(V u)sym||L2

where v’ = (uy,uz)”. Altogether this proves (2.6) for d = 3. |

Remark 2.2 The latter lemma shows that ||+ep(u)
with constants independent of 0 < h < 1.

HLQ(Q) is equivalent to |[Vyul| L2 (q)

We denote by H}}(Q) the space Hp,, ()N {u: [, u(x)dz = 0} equipped with
the norm .
[ull ) = ’ 7en(w) . u€HY Q)
12(9)

and H, *(Q) its dual space with norm

1
cu € H; (Q) with HESh(U)

-1},
L2

HP Q) = {f € H™(Q) 02 fluyer = 0 flayrod =1, d— 1 Ja] <m —1}.

per

HfHH}TI(Q) = Sup {‘(fa (70>H;1,H}1L

Furthermore, we denote

Throughout this contribution the following anisotropic variant of H) ()
will be important:

H™™(Q) = {ueLl*Q):VEo ue L*(Q),k=0,....,m,l=0,....,my,

'Yy
a.’?azll‘duLDJ a{z‘aaxduleZLL] S d— 17 |Oé| S my — 17l S m2}
where m; € N, my € Ny. The spaces are equipped with the inner product
(f7 g)Hml’m2 = Z ( g’aﬁ f7 x’a g)L2(Q)

|| <ma,k=0,...;m2

Please note that periodic boundary conditions are included in the spaces

H™™m2(Q)) in contrast to the space H™(2), where we denote them by a sub-

script “per” in order to be consistent with the usual definition of H™(f).
Similarly, an anisotropic variant of L” will be useful:

P9(Q) = {u: Q= R: u(e, o1 € LP((~L, L)d-l)}

where 1 < p,q < 0o equipped with the norm

e (IR PR I
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We note that from the usual Holder inequality it follows that

1fgllzray < [ fllzera @ llgllLrae @),

for all 1 < p1,q1,p2, g2 < 0o such that

1 1 1

1
2_9 N p_l 17_2’ 5 ¢ " %
Lemma 2.3 Let d =2,3. Then
HY(Q) — LP?*(Q), H*°(Q) — L™*(Q), H'(Q) — L"*(Q)
continuously for p=o0c if d=2 and any 1 < p < oo if d=3. Finally, let
V(Q) = HYH(Q) N H*O(Q).
Then V() — C°(Q) continuously.

Proof: The first embedding follows from H!(Q) — LP(Q)) and the second
from H2(QY) — L*®(Q) since d = 2,3 and ' = (—L,L)?*. The third

embedding follows from
H (=4, 3 L) N L5, 33 HY () — BUC([=5. ) H*(€))

and Hz(Q) — L*(Q). Finally, the last embedding follows from

where k = d — 2 because of (2.2) and Sobolev embeddings. ]

Remark 2.4 The spaces H'°(Q) and V() are the fundamental spaces, which
will be used to solve the evolution equation. We note that

fevQ) <« f,VfeHYQ).
Most of the time we will estimate f € V() by the h-dependent norm

[ fllvs, == 1CF, Vi)l o)

Because of the embedding V(§2) — L*(2), we are able to show that V(2)
is an algebra with respect to point-wise multiplication. More precisely, we
obtain:

12



Corollary 2.5 Let d =2,3. Then there is some C = C(Q) > 0 such that
|| (Ul - U9, Vh(ul . UQ)HHLO(Q) S CH (Ul, thl)HHlvO(Q) || (Ug, VhUQ)HHl,O(Q) (212)

for all uy,uy € V(Q) uniformly in 0 < h < 1. Moreover, if F € C*(U) for
some open U C RN, N € N, and u € V(Q)N, then for every R > 0 there is
some C(R) independent of u such that

|(F (), VaF @)llmoge < C(R) i (e, V)l SR (213)

uniformly in 0 < h <1 and if u(z) € U for all x € Q.

Proof: First of all (2.12) follows from (2.13) by first considering ||u1||v;,, [|u2]lv;, <
1 and F(uy,us) = uy - ug together with a scaling argument.
Hence it only remains to prove (2.13). First of all,

0y, F(u) = DF(u)o,,u
02,00, F(u) = DF(u)0,,05u+ D*F(u)(0y,u, Oy, u)
where DF(u), D?F(u) are uniformly bounded since u € C°(Q) and u(x) € U

for all z € Q. Therefore V,F(u) € L*(Q) can be easily estimated. Hence it
only remains to consider the second order derivatives. To this end we use that

1 1
HDQF(U)(ﬁxju, — 0Oy, 1) < C|0p;ul| a0 (o) ‘—&Edu
h 12(9) h ™ e
1
< OO ullme) |5 0au < C'(R)||(u, V)| o)
H10(9)

forall j=1,...,d —1 due to Lemma 2.3. Similarly,

HD2F<U>(8$JU,8:%U S C”(R)H(U,th)HHlo(Q)

M 22

forall j,k=1,...,d—1. From these estimates the statement of the corollary
easily follows. [

For the following let W: B,.(I) C R™*? — R be a smooth function for some
r > 0 which is frame invariant, i.e., W(RF) = W(F) for every F € R4 —
R%*4 and R € SO(d), and such that DW (I) =0 and D?*W (I): R4 — Rdxd

is positive definite on symmetric matrices. Moreover, we set W(G) = W (I +

—~

(). The estimates of derivatives of D?*W (V,u) will be essential for the proof
of our main result and will be based on the following lemma:

Lemma 2.6 There is some constant C' > 0, € > 0, and A € C*(B.(0); L3(R?*9))
such that for all G € R™? with |G| < & we have

D¥W (G) = D*W(0) + A(G),

13



where

ID*W(0)|y < Ch  forall0<h <1,
|A(G)| < C|G|  for all |G| < e.
Proof: First of all, if |G| < e for ¢ > 0 sufficiently small, we can use a
polar decomposition [+ G = RU, where R € SO(d) and U is symmetric and
positive definite such that U? = (I + G)*(I + G). From frame invariance we
conclude that W(I+G) = W(U) = /V[7(U2) = W(IqLQSymG—I—GTG) for some
smooth W: V C R¥4 — R, where V is some open neighborhood of I. For
this proof we denote A; = sym A. Straight-forward calculations yield

DW(F)(H) = DW(UQ)(QHS +H'G +G"H)
D*W(F)(Hy,Hy) = D*W(U?)(2H,, + H'G + GTH,,2H,, + HI G + G H,)
+DW(U2)(H1TH2 + H] Hy)

and

D*W (F)(Hy, Hy, H3) =
D*W(U?)(2H,, + HTG + G"Hy,2H, . + H'G + GTHy, 2Hs , + HI G + G" H3)
+D*W (U?)(HT Hy + HI Hy,2Hs  + HY G + GT Hy)
+D*W(U?)(HT Hy + HT Hy,2H, , + HY G + GT Hy)
+D*W (U?)(H{ Hs + HI Hy, 2H, , + H' G + G"H))
where F' = [ + G. From the latter identities the statements immediately

follow. [
For the following we denote

[N

[l gggrame = Yo 11089, Al g

|a|<ma,5=0,...,m2

Al = | 3 102 o

la<m
where m,my,my € Ng and A € H™™2(Q)™*1 A € H™(Q2)¥? respectively.
Corollary 2.7 There are some €,C' > 0 such that
ID*W(2) (%1, Y2, Y3)l oo

< Ch (Il + Wil ) Wallgzoy Mall iz (214)
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for all Y1 € V(Q)™ Y, Y € LAH(Q)™4, 0 < h <1 and || Z]| (@) < min(e, k)
and

ID*W(2)(Ya, Ya, Ya) | 110y
< Ch ||}/1||H}1L(Q) ||Yz||H;v°(Q) ||YS||L§(Q) (2.15)

for all Y1 € HY Q)™ Y, € HYOQ)™Y; € LX) 0 < h <1 and
Z € L(Q)™ with || Z|| 1 () < min(e, h).

Proof: The statement follows directly from Lemma 2.6, Korn’s inequality due
to Lemma 2.1, and Lemma 2.3. [ |

3 Long-Time Existence for Thin Sticks/Plates

3.1 Main Result

We consider

1.~ :
0%y, — ﬁdwhDW(thh) =R inQx I (3.1)

where W(G) = W(I + G), Q = (=L, L)*" x (-1,
equivalent to # = a — 3, and I = [0, 7] for some T,
and boundary conditions

%), 8 = 4+ 20, which is
together with the initial

DW (Vun)eq =0 (3.2)
xd::t%

Unly oy = nly_ . G=1.,d—1, (3.3)

(Um@tuh)’t:o = (UO,haul,h>- (3-4)

Here we assume that W: B,(I) — R is a smooth function for some r > 0
which is frame invariant, i.e., W(RF) = W(F) for every F € R¥¢ — Rdxd
and R € SO(d), and such that DW(I) = 0 and D?*W(I): R¥>*? — Raxd
is positive definite on symmetric matrices. — Note that the latter condition
implies that D*W (I) is elliptic in the sense of Legendre-Hadamard:

(D*W(I)a®Db):a®b> cylal?|b|? for all a,b € R? (3.5)
for some ¢o > 0.

Theorem 3.1 Let 0 >0, 0<T < oo, let fr, € WZ(0,T; H-*)nWl(0,T; H*Y),
0<h <1, and let upp, € H3(Q)?N HYO(Q), uyp, € HY2(Q) N H3O(Q)?
such that

DW<VhU0,h>€d|xd:i% = DQW(VWOJZ)thl,hed|$d:i% = 0,

15



and

1
Eeh(ul+k,h)7 U2+ k,h

max < Mh't? (3.6)
k=0,1 H2-k,0(Q)
1
—en(fali=0), O frli=o + max Hathﬂwl(o,T;Hl,O) < M (3.7)
h o i<t !
uniformly in 0 < h <1, where
S L div, DIV (V 3.8
U p = fh|t=0+ﬁ v, (Vauo,n), (3.8)
1 N
uzp, = 0, fli—o + ﬁdivh <D2W<vhu0,h>vhul7h> : (3.9)

If 0 > 0, then there is some hy € (0,1] and C depending on M such that
for every 0 < h < hg there is a unique solution w, € C3([0,T]; H*) N
C°([0,T]; H** N H*Y) of (3.1)-(3.4) satisfying

< Ch'? (3.10)

max
lv]<1

“h

(afﬁzuh, meleh (uh)>

C([0,7):H%0)

uniformly in 0 < h < hg. If 8 = 0, the same statement holds with hy = 1
provided that M, T > 0 are sufficiently small.

3.2 Approximate System

In order to construct a solution to (3.1)-(3.4), we first construct solutions for
an approximate system.

To this end, let P': L?(Q2) — L*(Q2), n € N, be the projection on the
eigenspaces of the eigenvalues not exceeding n of —Aj, with domain D(—A4A,) =
{u e H(Q) : &;du\xd:i% = 0}. Then P are orthogonal projections such
that

IVWPE fllzz) = I(=Aw)2Pufllza@) = 1Pa(=A0)2 fllr2 ()
1
< (=An)2 fllzee) = IVafllz). (3.11)

The same is also true for H™(Q) since —A, and therefore also P" and
(—Ah)% commute with tangential derivative 65,. Furthermore, the previous
estimates imply

102, P2 fllr2(0) < BIIVAfllr20) < IV fll 2200

and therefore
IVP! fllr2) < 2V f]lr2@)-

16



Moreover, by standard elliptic theory all eigenfunctions are smooth. Therefore
R(Ph) C C>(Q). Finally, there is a constant C, > 0 such that

P2 fll 2y < Coll fllz2 (3.12)

uniformly in 0 < h <1 since

1P} fll 20 C (12 + IAPL fll12()
C (12 + 1A P fll 2 ()
C (I f 2@ + 0l B fllze) < Callfllr2e)

where we have used that ||Ane;jllr2) = Ajllejllr2@) < nllejllr2@) for each
eigenfunction e; to some eigenvalue \; < n and

VAR VAR VAN

1
ClHAhUHL?(Q) S ||A$/U||L2(Q) + ﬁ H@idu”m(m S CQ“AhuHLZ(Q)

for any 0 < h < 1. For notational simplicity we will write P, instead of P"
in the following.
To motivate the approximation, we note that

—~

— 1 —~
DW(Vju) = DQW(O)th—i-/ D*W (rVu)[Vyu, Viu)(1 — 7) dr,
0

= D*W(0)Vyu+ F'(Vyu), (3.13)

by Taylor’s expansion since DW(O) = DW(I) = 0. Therefore we define the
approximations

1
F.(Vju) = D2W(O)th+/ P,D*W (P, 7V ,u)[P,Vyu, P,Vyul(1 — 1) dr
0

= D*W(0)Vju+ F.(P,Vju) (3.14)

where n € N. Replacing DW(th) by F,(Vsyu) in (3.1), we obtain the
following approximate system.

1
OFu) — ﬁdithn(thZ) = fh'*? in Q x (0,7) (3.15)
Fu(Va) el sy = 0 (3.10)
Uplyop = Uply—p, J=1...,d=1, (3.17)
(u27 atu2)|t:0 = (ug,h’ u?,h)' (3'18)
Here g, uy;, will be chosen as solutions of
1 .. "
u2,h = h1+9fh’t:0 + Fdlthn(thoﬁ) (319)
1 3 n n
usp = h'00, fulizo + —divy, (DE.(Vihug,)Vauty,) (3.20)

B2
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together with [, u?), dz = [, u;ndz, j = 0,1, and the boundary conditions
Fu(Vat)ealsy s = DRVl ) Vil edlyy =0, (321)

where ug p,us ) are as in Theorem 3.1. We will show that (3.19)-(3.21) has a
unique solution ug ,, uf,, satisfying

1 1
(hah(uk h) thh(uk h) thk h) S COMh1+9 (322)

H2-k,0(Q)

max
k=0,1

for all 0 < h < hgy provided that hy € (0, 1] is sufficiently small in the case
6 > 0 and provided that M > 0 is sufficiently small (and hy = 1) if 6 = 0.
Here Cj is some universal constant.

Remark 3.2 If k£ = 0, the statement follows from Proposition 3.8 below. If
k =1 and wyy already constructed, the statement follows from Lemma 3.5
below and the Lemma of Lax-Milgram.

The main step now consists in solving (3.15)-(3.18) under the same as-
sumptions as in Theorem 3.1 and showing uniform bounds in n € N and
0 < h < hg. More precisely, we show

Theorem 3.3 Let 0 > 0, 0 < T < oo, and let ugp,usp, fr be as in Theo-

rem 3.1 . If > 0, then there are hg € (0,1] and C depending only on M, T

such that for every 0 < h < hg and n € N there are unique solutions u(}in and

uf,, of (3.19)-(3.21) and a unique solution uj of (3.15)-(3.18) satisfying

< Ch'? (3.23)

max
[vI<1

(8287uh,vmt8Zh n(u ))

c([0,71;110)

uniformly in 0 < h < hg, n € N. If § =0, the same is true provided M,T > 0
are sufficiently small.

Once Theorem 3.3 is proved, the main Theorem 3.1 is easily proved by passing
to the limit n — oo for a suitable subsequence using the uniform bounds due
o (3.23).

For simplicity we will write w,, instead of u} in the following.

In order to construct a solution to (3.15)-(3.18), we differentiate (3.15)-
(3.18) once with respect to time. This yields the system

0w, — h12 divy, (A, (Vaun)Viaw,) = 0y fh* ™ in Q x (0,7), (3.24)
An(thn)Vhwned|xd:i% =0 (3.25)

wn|xj:L = wn|xj:_L, j=1,...,d—1, (3.26)

(wn, Own)|i—g = (Won, win)- (3.27)

18



for w,, = Owu,, = Oy}, where

An(thn)Vhw

. 1
= DQW(O)Vhw—i—/ PnD?’W(PnTthn)[Pthun,Pthw] dr, (3.28)
0

— D*W(0)Vyw + P, <D2W(anhun) - DQW(O)> PVyw

since F,(Vyuy,) — D2W(O)thn = PnDW(Pthun) — PnDQW(O)Pthun due
to (3.13)-(3.14). — We note that A, (V,u,) defines a symmetric operator on
L*(Q)%4 since P = P, and that

DAn(thn)[th, Vhw] = PnD3W(Pthun)[Pthv, anhw]

Moreover, we have wy, = u1, = uy;, and

I
Wiy, = Uy, =Ugp = fuh' 0o + ﬁdlvh (DW(Vpuon)),
n o _ 140 L. 2
Wyp = Uzp =Usp = O fnh " |i=0 + ﬁdlvh (D*W (Vhuon)Viu)

provided (3.19)-(3.20) hold. Hence (w1 ,,ws,) = (wi,w,) are independent
of n € Ny and ug,u1,. First we will solve (3.24)-(3.27) for w,, and small
times (depending on n € N) provided that 0 < h < hq is sufficiently small
ho € (0,1] if # > 0 and that M > 0 is sufficiently small if § = 0 (independent
of n € N). Here u, is determined by w,, via

U (2, 1) = ug () + /0 wy(z,T) dT. (3.29)

Afterwards we will derive uniform bounds in 0 < h < hg, n € N, and t €
0,7).

Finally, we note that, if w, solves (3.24)-(3.27) and w,, is determined by
(3.29), then w, solves (3.15)-(3.18) since (3.24) implies

1 .
O, — ﬁdlthn(thn) = frh*? + ¢,
where ¢ = ¢(x) is independent of ¢, and the initial condition Ow,|i—0 =

Oup|i—0 = w1, implies ¢ = 0 by the choice of wy,.

3.3 Estimates for the Linearized Operator

Recall that z = (¢,2’) with the convention that zy = ¢ and z; = z; for
j=1,...,d—1. Moreover, recall that V, = V,,» = (0;, V). Furthermore,
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P,=Ph neN,0<h<1, denotes the smoothing operator defined above
and we set P = 1.
Let uy for some 0 < h <1 be given such that

max
[vI<1

< Rh  (3.30)

1 1
(Egh (GZuh) > Vx,t Eeh(azuh))

c([0,71:4%0)

where R € (0,Rp| for some 0 < Ry < 1 to be determined later. We
note that (3.30) implies that 3ej,(07us) € C([0,T]; V() and 07 ren(up) €
C([0,T]; H*%). For the following we denote

11l = I Vrd) e,

where f € V(). Of course ||f|lv < || f|lv, forall 0 <h <1.
Because of |V P, fllzz < ||[Vif]lrz, Korn’s inequality (2.6), and since P,
commutes with derivatives with respect to z = (¢, '), (3.30) implies

max
lv|<1

1
(@anhuh, 83Pnﬁeh(w)>

L>(0,T;V)

< CyRh  (3.31)

Lo (0,T;H.0)

1
+ H (83anhuh, (‘?tanEsh(uh))

for some € > 1 depending only on the constant in the Korn inequality.

Remark 3.4 The analysis in the following will be mainly based on (3.31).
Therefore we will assume throughout this section that (3.31) holds for some
given Vyup, n € NgU{oo}, and 0 < h < 1. — Of course, if Vyuy, satisfies
the stronger estimate (3.30), we will have (3.31) for any n € NU {oo}.

Because of V(Q2) — L*(Q), cf. Lemma 2.3, (3.31) implies in particular

1
H (anhuha Pnﬁgh(uh)) < MRh7 (332)

L (0,T;L®°NV)

where M depends only on (2. Recall that W(A) =W(I+A) for all A€ R4,
In order to evaluate DW (P, V,uy), we will assume that Ry > 0 is so small

that W € C*®(Bug,(0)) and MRy < e, where € > 0 is as in Corollary 2.7.
Using (3.32) and (2.14), we obtain

1 [t —~
- / (D?’W(TPthuh(t))[Pthuh(t),anhv],Pthw) dr
0 L2(2)

72
1 1 1 1
< Gos H (anhuh, Pn—Eh(Uh)) ‘—eh(v) —ep(w)
h h vy 17 2@ 17 £2(Q)
1 1
S C()R H ﬁah(v) E&Th(w) (333)
L2(Q) L2()
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uniformly in v,w € H, ()¢, 0<t<T, 0<h<1.

per
In particular, we derive
1 1 —
ﬁ(An(thh(t))th, VhU)Lz(Q) = P(DQW(O)VMJ, th)Lz(Q)
1 (1
+ﬁ /0 <D3W(7-anhuh(t))[Pthuh(t), anhU], Pthv> 12@Q) dr
1 2
> (co — CoRy) ﬁﬁh(?}) ;
L2(Q)

uniformly in v € HL (Q)4, t € [0,T], 0<T <00 0<R< Ry, 0<h<1,

per I
where ¢y > 0 depends only on D?W(0) and Q. Hence, if Ry € (0,1] is
sufficiently small, we have

1 Co

79 An(thh(t))th,th)Lz( Q) > —

5 (3.34)

L2(Q)

for all v € H: (Q)¢, t € [0,T], 0 <h <1,0< R < Ry, and uy, satisfying

per

(3.31), where ¢y is as above and depends only on DQW(O) and €. By the
same kind of expansion for D?W and estimates one shows

1

Ef‘:h(?})

1

—Eh(w)

; (3.35)

1
ﬁ (az] An(thh (t))th, Vhw)L2(Q)

<C'R|

L2 L2

for all v,w € H),(Q)%, j=0,...,d—1 uniformly in 0 < h <1, t € [0,T],

0<R< Ry, 0<T < 0. Therefore

1
ﬁ(An(thh(t))th,th)Hlo
CQ 1 2 - 0 2
> = ||zenlv — h(0z,v)
1 P ZQ 2 .
d—1 1
=D |53 00, Au(Vrun () Vv, Vidiyv) 2oy
j=1
co 1 2 |1 2
> (= —-CR —ep(v — ||—en(v 3.36
- <2 0) Hh »(v) oy 3 |lh n(v) H00) (3:36)

for all v € HYY(Q)? if 0 < R < Ry for some Ry € (0,1] sufficiently small.
To obtain higher regularity, we will use:

Lemma 3.5 There are constants Cy > 0, Ry € (0,1] independent of n €
NU {oc} (and R € (0, Ry]) such that, if w € H?(Q)4 N H>(Q)? solves

_%leh(An(thh(t))vhw) =/ mD(Q)
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for some f € HYO(Q) and 0 < h <1 and P,Vyu satisfies (3.32) for 0 < R <
Ry, then we have

1 1
H (Vzé‘h(w), Viw) < (Cy (HthHHLO(Q) + ‘ Eah(w) ) . (337)
HLO(Q) H20(Q)
If additionally
€d - An(thh(t))Vhw|md:i% = 0, (338)
then
1+j il
H_laX Vh w, \% —eh(w) < COHfHHl’O(Q)' (339)
i=0:1 h H10(©)

Proof: Let 0 < Ry < 1 be at least as small as above. First of all, since

A, (0) = D*W(0), we obtain

1 —~ —~
divy,(A,(0)V,yw) = Eﬁmd(DQW(O)Vhw)d + divy (D*W(0)V,w)’
1 —~ —
= —(D*W(0)0%w ® eq)q + —(D*W(0)9,

e - (Var, 0)w)g + divy (D*W(0)Vyw)’

d

gooo

third term consists of terms of V. V,w. Moreover,

(D*W(0)02 w @ eq)a = MO; w

for some symmetric positive definite matrix M, which follows from the Legendre-
Hadamard condition (3.5). Hence

%Qidw _ M (divh (QVw) — %(Q@xd(vx,, 0)w)y — divx/(QVhw)’)

for @ = D*W(0) and therefore

1 2
ﬁ@xdw

HLO(Q)

S C() (’ dth <D2W(0)Vhw> HHLO(Q) + ||Vm/Vhw||H1,o(Q)) .

Thus Korn’s inequality and |0, 3en(w)||22¢0) < [[Viw|| 120y vields

| (73 720)

H0(Q)

< G (Hdivh (DT (0)%,)

HL0(Q)
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Next we use that
dth (An(thh)Vhw)
—_— 1 —~
— div, (DZW(O)Vhw) + / divy (PnD?’W(Tnghuh)[P:vhuh,P:vth dr
0

—~

= divy <D2W(0)Vhw) + divy, (G(PIV ) (PP, PV yw)) |

where G € C*(B.(0); L3(R?*?)) for some suitable € > 0. Hence Corollary 2.5
implies
G (P Vhun) [Py Vs, PV wwllly,
CIG (PN wun) v, 1PV wn v, 1PV w] Ly,
O | (Vo ) o

where || f|lvi, = |(f, Vif)||zro and we have used (3.11) as well as (3.32). Hence

<
<

. DQN
divy ( W(o)vhw>) oy
< ldivy (An(Vun) Vaw)|| grogo

+ || Vi(G PV hun) [PV un, Py Vaw]|| o g

(ent v

Combining the latter estimate with (3.40) for sufficiently small R, € (0, 1], we
obtain (3.37).
Now, if additionally (3.38), then

1
— (A, (Vaup) Viw, Vi) gro = (f, @) gio

12
for all ¢ € V(Q)?. Hence, choosing ¢ = 87w, with wy = w — ﬁ Jowdz and
|7] <1 and using integration by parts, we obtain by (3.36), (3.37), and (3.42)
below

IN

|h? +CRy (3.41)

Fllinoe)

H0(Q)

2

J) 1ash(w)

sup (|0, N

[v1<1

HL0(9)

1
< Collfllarom ﬁi)lc H(‘?i?ngHLO(Q) +CR Hﬁeh(w) max ||8Z/WOHH1,0(Q)

H1(Q) [vI<1
1

82%6;1(11))

A

1
< ¢ (HfHme) + 7o)

max
H2.0(Q) <1

Thus, choosing R, sufficiently small, we obtain

[

o)

< Co|| fl| o0
H20(Q)

—sh(w)

h
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with Cy > 0 depending only on (). This finishes the proof. [

Lemma 3.6 Let P,Vuy(t) satisfy (3.31) for some n € NU{oo}, 0 < h <1,
€ [0,7], and 0 < R < Ry, where Ry € (0,1] is so small that all previous
conditions are satisfied. Then

1

—ep(v)

L (0P AT (1)) Vo, Vo), !

hQ

<CR‘

en(w)

(3.42)
L2(9)

HIPI=1(Q)
if 1< |6 <2 and

l<~<=:h(v)

L (@2 A (Vhun (1)) Vi, Vi), h

B2 (3.43)

L2(Q)

< CRH—eh( )

V()
if |8] =3 and B # 3eq, i.e., O° # 0} . Moreover,

1esh('u)

((8158 A (thh(t)))vhw,vhv) A

1
< CR Hﬁgh( )

h? HL0(Q)

forallj=1,...,d—1. The constants C are independent of Vpuy(t), w,v,h,n, R.

Proof: If || = 1, then (3.42) is just (3.35). Next let |5| = 2. Then for
jk=0,....d—1

0,0, An(Viun) = PuD*W(B,Vyup)(Pod., 0., Viuy,)
P, DW (P, V yun) (Pads, Vitin, Pad, Viuy),

where

Pd..0., —en(un)

25 Y2k h < CO

P V 6h(uh>

<
23 < CoRh

V()

due to (3.31). Together with (2.15) the latter estimate implies (3.42) in the case
|8] = 2. Moreover, (3.44) is proved in the same way using that 9,0, 3 (us) €
H'(Q) is uniformly bounded and again (2.15).

Finally, if |3] = 3 with 97 # 93, we use that

HO(Q)

0.,0.,0, An(Viun) = PuD*W (PN up) [Pads, 82,0, Viun)
+ P, D'W (PN yun) [Pod-, 00 Vi, Pad, Vi)
+ P, D'W (P yun) [Pod., Vitn, Pad., 02,V ]

+ P, D'W (P yun) [Pod.y Vitin, Pad., 0, Vi)

+ P, D°W (PN pun) [Pa0, Vi, POz, Vs, P02,V ]
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Since P,V.Vyu, € L®(Q) and P,V2V,u;, € HY(Q) — LY2(Q) are of order
CRh due to (3.31), the estimates of all parts in
1

72 (<85An<vhuh))vhw, th)Q

which come from terms involving D*W or D’W can be done in a straight
forward manner by
1

E€h<w)

1
E€h<w)

L)

CR ;

< C/R‘

L)

L4 2 Hl 2

uniformly in 0 < A < 1 and n € Ny U {occ}. It only remains to estimate the
part involving the D3W -term: To this end we use that (3.31) and (2.14) imply

1 —~
- ((D?’W(anhuh)) [Pné?fvhuh, Pthw], Pthv> Q‘

12
C 1 1 1
< 70 afﬁsh(uh) (Esh(w),vhw) Esh(v)
L2(Q) V() L2(Q)
1 1
< C’RH—ah(w) —ep(v)
h viey Ilh L2(2)
Altogether we obtain (3.43). |

Corollary 3.7 Let P,Vyun(t), ne NU{oo}, 0<h<1,0< R< Ry be as
in Lemma 3.6. Then we have

1 1 1

) ((&An(vhuh(t)))vhw, VhU)Hl,O S CR —6h(w) —5h(v)

h h H1,0 h H1,0
1, ., 1 1
) ((815 An(thh))Vhw, V}ﬂ))HLO S CR —sh(w) —€h('U)
h h V(Q) h H1,0

uniformly in 0 < h < 1, 0 < R < Ry, n € NgU {0}, t € [0,T], and
0<T <o0.

Proof: Because of (3.35), we have
1
2

16h(vj)

((0e AWV hun))Vaw;, Vavs) 1o h

)

< CR H%sh(wj)

2 2
for j = 0,...,d =1 and (wo,v0) = (w,v), (w;,v;) = (Op,w,0p;v) if j =

1,...,d — 1. Moreover,

1
(001, AV V0, D) 1
_ w — V; 7 w 7 v
- h" o || P 2 h' o |l B " HO
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for j=1,...,d—1 due to (3.44). Altogether this implies the first estimate.
Similarly, (3.42) yields

1
ﬁ ((afAn(thh))Vhwj, vh'Uj>L2

()
< crfiaw)| |raw| soriaw]| |ae
—ep(w; —ep(v; —ep(w —ep(v
B hot m " 2 h' vy P " HL0
where (w;,v;) are as above. Finally, (3.43) implies
1 2
ﬁ ((8t 8%. An(thh))Vhw, thj)LQ(Q)
1 1 , 1
< CR||—ep(w) —en(vy)|| < C'R||—ep(w) —ep(v)
h vie) 17 L2 vy P HLO
This shows the second estimates. [}

Next we will show solvability of (3.19) and the estimate (3.22) for k = 0.

Proposition 3.8 Let 0 < h < 1, P" n € N, be the smoothing operators
from above, let P = I, and let F, be defined as in (3.14). Then there are
constants Cy > 0, My € (0,1] independent of n € N U {cc} such that for
any f € H** ()" with ||f|lgzo < Moh and [, fdx = 0 there is a solution
w € H*2(Q)4 N HYO(Q)4, which is unique up to a constant, such that

1

2 (Fn(Vaw), Vh‘P)m(Q) = (f, )@ (3.45)

for all o € H, () and

per

(%sh(w), Ven(w), Viw)

< Coll fll200)- (3.46)
H20()

for some Cy > 0 independent of h, f,n.

Proof:
Because of (3.14), (3.45) is equivalent to solve

h2
1
= (f7 @)LZ(Q) - ﬁ (F;L<Vhw)7 vh@)LQ(Q) = (Gh(w)7 VQO>L2(Q)

1 —
<Lhw, ('0>H11_17H;11 = — <D2W(O)Vhw, Vmp) 12(Q)

We will prove the proposition with the aid of the contraction mapping principle.
To this end we note that for every f € H"0(Q)4 and F € HM(Q)¥4 N
H?0(Q)44 there is a unique w € H>Y(Q)4N H>°(2)? such that

(Lnw, @) =11 = (f,0)r2(0) + (F, Vi) r2() (3.47)
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for all ¢ € H}(2) because of the Lemma of Lax-Milgram, Korn’s inequality,
and since L; commutes with tangential derivatives. The solution satisfies
1
—€
e

< Co (I llmoe + 1 Fllz0(0)) (3.43)
H2.0(Q)

for some universal Cy > 0. Moreover, (3.47) implies

1 —
—ﬁdivh(DQW(O)Vhw) =f—div,FF inD(Q).

Therefore w € H*'(Q)¢ by standard elliptic regularity. Hence Lemma 3.5
together with the previous estimate imply

| (Gev(w). Ve, i)

for some universal Cy > 0. Using (3.33) and Corollary 2.7, one derives that

< Cy (H (f, h*V,F) HHw(Q) + ||F||H2’O(Q)>

HLO(Q)

|Ga(un) — Gawa)l 2oy < CMy

1
ﬁgh(wl — wy)

V(Q)
for some C' > 0 provided that
1 1
max <—€h(wj), V—ep(w;), Viwj) < 2CyMyh, (3.49)
Jj=1.2 h h H1.0(Q)

where Cy > 0 is as (3.48) and M, € (0,1]. Here we note that
1
k2

1 /
6xk a:r;l Gh (wj) = - ﬁAn(vhw])vhaﬂfk axle

—%PnD?’W(Pthwj) [PV 10z, wj, PV 305 w;]
forall k,l=1,...,d—1, j =1,2, where A (Vyw;) = A,(Vyw;) — D2W(0).
To estimate the A/ -terms one uses (2.14) or (3.33) and to estimate the DWW -
term one uses (2.15).

Furthermore, using Corollary 2.5, one shows in the same way as in the
proof of Lemma 3.5, that

hQHVh(Gh(wl) - Gh(wz))HHLO(Q) < CM, H (V;Ql(’dh - wz), Vh(wl - ’w2))

for some C' > 0 provided that (3.49) holds. Hence, if M, € (0,1] is suffi-
ciently small, we obtain that L,;lGh: Xy, — X, restricted to Bacyan(0) is a
contraction, where X} is normed by

(%gh(w), V%gh(w>7 V%U})

0p, Gr(w;) = A (Vhw;) V30, wj,

o

lwllx, =

@)
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Therefore we obtain a unique solution w solving (3.45) and satisfying (3.46)
with H?%(Q) replaced by H°(Q). In order to obtain (3.46), one can simply

use that w; := 0,,w, j=1,...,d -1, solves

1

s (An(Vaw)Vaw;, Vap) 1oy = (0, [, 0) 12(0) for all ¢ € H,,,(9)
and apply Lemma 3.5. [ |

The following lemma contains the essential estimate for the linearized sys-
tem to (3.1)-(3.4):

Lemma 3.9 Let 0 < T <00, 0 <h<1,0<R< Ry, n € NU{oo} be
given, and let Ry be as in Lemma 3.5. Assume that uy, satisfies (3.31) and
that f € WO, T; HYO), wy € HY2(Q)1 N H3°(Q), w, € V(). Then there
is a unique w € C°([0,T]; H*(Q)NH3*(Q))¢NC%([0,T]; HY°(Q))? that solves

O — %divh(An(thh)Vhw) ~ ¥ (3.50)
A, (Viup)Viw €d|zd=i§ =0 (3.51)
w|xj:L w|xj:_L,j =1,...,d—1 (3.52)

(w,0w)|,_y = (wo,wn). (3.53)

Moreover, there are some constants Cr,C’" > 1 depending only on Q and W
such that

1 1
‘ (afw —en(w), vat—eh(w)) (3.54)
h h C([0,7;H-0)
/ 1
< CL@C T (Hf”Wll(O,T;HlaO) + (Eéfh(wﬂ, Wa, f|t:0) )
H1.0
where
.
Wy = mdlvh(An(vhuh’t:O)vhw@ + f|t:0. (355)

Proof: Existence of a solution w € C'([0,T]; H*°(Q)) N C°([0,T); V(Q)) can
be obtained by the standard energy method, cf. e.g. [19, Theorem 10.8] with
H=HYQ)4V =V(Q)? and

a(t;v,w) =

1
ﬁ(An(vhuh)vhv,vhw)Hl,om), v,w e V(Q),

which is bounded and coercive on V()¢ because of (3.36). If n # oo, then w €

C?([0,T]; HY°(Q)) n CY([0, T); V(Q)) can be obtained by the same technique
as in [22, Section 30.1], where we note that

%divh«atAn(vhuh))vh-): V(Q) — HY(Q)
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is a bounded linear operator with operator norm bounded uniformly in ¢ €
[0,T] because of the smoothing operator P, in the definition of A, and
O Vyu, € C([0,T); L*(Q)). Moreover, w € C°([0,T]; H**(Q) N H*(Q)))
follows from (3.50) with 2w, f € C°([0,T]; H*(2)), (3.28) with n < oo
and standard elliptic theory. Finally, if n = oo, then existence of a solution
w € C*([0,T]; HY°(Q)) N C°([0, T); HY2(2) N H3°(Q)) can be obtained from
the case n € N by using the uniform bounds due to (3.54) proved below and
passing to the limit n — oc.

Hence the main task is to establish (3.54). First of all, we note that (3.50)-
(3.52) imply

alt) ::/Qw(t)dx:/ngdx—i—t/ﬂwldx—l—/Ot(t—T)/Qf(T,x)dxdT.

Hence, replacing w(t) by w(t) — a(t) and subtracting from (wg,wy, f) their
mean values with respect to 2, we can reduce to the case

/Qwod:c:/gwld:c:/ﬂf(t)da::/Qw(t)da::O

forall 0 <t <T.
Now we differentiate (3.50) with respect to ¢ and multiply with d?w in
H := H"°(Q). Then we obtain

1d 9 1
92 dt <||at2w||H + 2 (A (Vaup) V0w, Vhétw)H>
<

31
| (0:f, 0fw) | + 3|73 (0, A (Vyun)) Vidyw, Vi daw)

1 1d
+ m ((OEAR(thh))Vhw, Vhatw) — ﬁ% ((8tAn(thh))Vhw, Vhatw)H

H

in the sense of distributions, where we have used

d 1 1
% (W (An<VhUh)VhatU), VhatUJ)H + ﬁ ((&An(vhuh))vhw, Vhﬁtw)H>
1d 3
= _§%Hat2w“%{ + (841, atzw)H + 2 (0L AL (Vpup)) V0w, Via0pw) 4
1
e (07 An(Viun)) Viw, Vadsw) (3.56)

and (3.51)-(3.52). Due to Corollary 3.7 we have

2

1 1
ﬁ ((8tAn(thh))Vh8tw, Vhatw)H] S CR H Esh(atw) s
H
1 1 1
ﬁ | ((83An(vhuh))vhw, Vhatw)H‘ S CR H Egh(w) %&m(&tw)
V(Q) H
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for every t € [0,T]. Moreover, because of Corollary 3.7 again,

% ((0r AL (Vhup(7)))Viw(T), V0w (T)) o

sup
0<r<t

—gh(atw)

1
pen(w) h

< C’R‘

‘ 1

L>(0,t;H) L= (0,t;H)

Therefore the previous estimates, (3.36), and Young’s inequality imply
2

sup
0<r<t

< CR H <8§w7 %eh(w), Vm%ah(w))

<(9t2w(7>> %@z(atw(ﬂ))

H
2

+ CO‘|8tf|’%1(O,T;H)

L2(0,t;H)
1 2 1 2
+Cy (—5h(w1), wg) +CR H—eh(w) )
h H h Lo (0,t;H)
Now
1 2 1 NE 1 2
‘ —ep(w) < Cp | max || =&, (0] w) + ' —ep(wp) ,
h Lo°(0,H) =01 {| 7o r2onm) I H
due to

1z < Co (1 lwpum + 1 fle=olln) (3.57)

with some Cp > 0 independent of ¢ > 0, cf. (2.4), and

1 1
—ep(w), V—&?h(w))
H (h h L>(0,t;H)

< Co (If oy + 107w oo 0.
< Go <||f||W11(O,t;H) + || fle=oller + |!(9t2w||L°°(o,t;H)>

due to (3.39) and (3.57) uniformly in 0 < ¢ < T'. Hence we conclude

2

(). o) Tuagenur)

sup
0<r<t H
, 1 1 ?
< CR||| 0w, —ep(w), Vyi—en(w)
h h L2(0,t;H)

2
+OO||f||12/v11(o,T;H) +Co

9

<%5h(w1)7w27 f|t0)

H
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where we have used R < 1 and (3.55). Therefore the Lemma of Gronwall
yields

2

H <6t?w’ %gh(W), Vx,t%sh(w))

L= (0,T;H)

, 1
< Cpe¥fr (H <E€h(w1)’ wa, f|t:0>

This shows (3.54). |

2

+ ||f||12/V11(0,T;H)> :

H

Finally, we consider (3.24)-(3.27) with f replaced by —divyf in its weak
form, namely:

1

—(@w, atQO)QT + ﬁ(An(vhuh)vhu% thp)QT
= (f,Vap)or + (wi, 90|t=0>H;1,H;L (3.58)
w|$j:L = w|x]_:_L forallj=1,...,d—1 (3.59)
wl=o = wp. (3.60)

for all ¢ € C'([0,T]; H),,(Q)?) with ¢|i—r = 0.
Lemma 3.10 Assume that uy, satisfies (3.31) with R € (0,Ry| and some
given 0 < h <1, n € NU{oo} and let Ry € (0,1] be so small that (3.35)
and (3.34) hold. Let w € HY(Qr)* be a solution of (3.58)-(5.60) for some
fe LY0,T; L)™', wy € L*(Q), and wy € H), () and let u(t) =

fgw(T) dr. Then there are some Cy,C' > 0 independent of w and 0 < T < oo

such that
1
H <w7 —é‘h(U))
h L>(0,T;L?)
< Coe™ (I floraz + ool e + ot o) - (361)
Proof: Let 0 < 7’ < T and define up (t) = —ftle(T) dr. We choose

© = U X, in (3.58) (after a standard approximation). Then

1 y 1 N -
Sl (T M2y + g2 (An(Vaun) Vatir (0), Vair(0))o
1 - - -
= _W((atAn(vhuh»thT’?vh“T’)QT/ - (f; vhUT’)QT/
— (w1, U (0)) g1 g1 + §||w0||%2(9)
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Hence (3.34), (3.35), and 7 (0) = —u(T") imply

2 2

! 1 / 1 ~
() gy + | en(u(T) Len(ir)

<cr|

L2 L2(Qr)

1
+CllanlEgy + 0 (I lomap + ot ) | 2000

L2°(0,17;12)
forall 0 <T" <T. Since U (t) = —u(T") + u(t), we obtain
T 1 2 R P
EEh(uT/) < %eh(u) +T Egh(u(T )
L2(Qqr) L2(Qqr) L2()

Hence there is some x > 0 independent of R € (0, Ry, h € (0, 1], such that

1 2

ol + | vt

Lo°(0,T7;L?)
2
~en(u) + o (ool + a1y + 1o ay)

1
<
- onl!

L2(Qpr)

provided that RT’" < k. By the lemma of Gronwall we obtain (3.61) for all
0 < T < oo such that RT < k. Now, if 0 < T < oo with RT > k, we apply
the latter estimate successively for some 0 =Ty < Ty < ... < Ty = T such
that R(Tj41—T;) <k, j=0,...,N—1,and N < 2Rx'T. Hence we obtain

1
h L°°(0,T;L2)

< (CoP e (I flzroimizgy + Mool + lenll 1)

where

(Co)™ < exp (26 ' InCoRT) < exp(CHRT)

since N < 2Rx~'T. This implies (3.61) for some modified Cy, C' independent
of Re€ (0,Ro], he (0,1], 0<T < 0. |

3.4 Local in Time Existence

For the following we assume that 6 > 0, 0 < T < 1, and (ugp,usp), frn are
as in Theorem 3.3 and set w; = ugp, wy = uzy. Moreover, we assume that
Ry € (0,1] is so small that all the statements in Section 3.3 are applicable.
— Note that 7" < 1 is not a restriction for the proof of Theorem 3.3 and
Theorem 3.1. By a simple scaling with 77! in time ¢ and h we can always
reduce to this case changing M > 0 by a certain factor depending on 7' if
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necessary. (Of course this finally influence the smallness assumption of hg > 0
in the case # > 0 and the starting smallness assumption on M if § =0.)

Moreover, let C, > 1 be the constant in Lemma 3.9 and let Cy > 1 be as
n (3.22). Then (3.6)-(3.7), (3.22) imply

1 1
146
Hh atthW}([o,T];Hl,O) + km:%ﬁ (th(uk h)s thh(uk h)s thk h) ko)
1 -
+ max (—sh(wl),wg, h1+983fh|t0> < Mh't? (3.62)
RESRIRNL H1.0(Q)

where M = (24 Co)M. If § > 0, we can find some hg € (0,1] (depending on
M) such that R := GCLJ\Z/hg < Ry. If 6 =0, we assume that M > 0 is so
small that R := 6C.M < Ry. In this case we set hg = 1.

Under the latter assumptions we will prove:

Theorem 3.11 For every n € N and 0 < h < hg there is some Ty > 0 and
a unique uy € C3([0,T"]; H*O)NC([0, T); H>*N H*Y) solving (3.15)-(3.18) on
(0,T") with T" = min(T,Ty), satisfying

max H (8287%, Egh(muh) V.00 ey

146
ly|<1 0z € )HC ([0,T");H1.0) = <3CLM [h' (3.63)

uniformly in 0 < h < hg. Here Ty > 0 depends only on M,n.
We solve (3.15)-(3.18) by solving (3.24)-(3.27). To this end, let w? = 0 and

let whtl k € Ny, be defined recursively by
1. .
P — ﬁdwh (An(Viub) Viywk™) = 0, /' in Q% (0,77),  (3.64)
An(Viup) Viwy el =0, (3.65)
wh k41
wy, _ =wn T, i =1 d =1, (3.66)
(W Q) |t _o = (won, w1), (3.67)

— n
where wo, = uyy,

t
up (z,t) = uf ,(x) —i—/ wh(z,7)dr  for all k € Ny, (3.68)
0

and ug,,, ut, solve (3.19),(3.20), respectively, cf. Remark 3.2. The existence
of a unique solution wh+1 follows from Lemma 3.9.

As usual for short time existence of hyperbolic equations, we first show
boundedness of (uf)ien in some suitable “high norms” and then convergence
of (uF)ren in some “low norms” provided that Ty = Ty(n) > 0 is sufficiently
small and n € N is fixed.
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In order to get “Boundedness in High Norms”, we show that (w®),cy satisfies
for sufficiently small 77 = T"(n) € (0, T

H(aﬂ’ (k). vm,t%gh(w§)>

uniformly in 0 < h < hg, where C7, is the constant in Lemma 3.9. To this end
we use:

< 20 Mh'? (3.69)

c([0,17);H19)

Lemma 3.12 There is some 0 < T'(n) < min(1,T") depending only on M,n
and min(1,T) such that, if uf wk satisfy (3.68) and

1 -
H<a2 r —&?h (wh), vx,t—gh(w,’j)> < 4CL M (3.70)
h C(o.17) 1)
then the solution wk! of (3.64)-(5.67) satisfies
1 1 ~
OPwEtt —ep, (W), Voo —en(whth) < 20, MAh't?
h h (0T H10)
and uF satisfies
1 k
max || ( 07 P, Vyut, 01 P, —ep(uf) (3.71)
[v]<1 h Lo°(0,T7;V)
1 -
+ [ 2P,V yut, 02 P, —ep(uF) < 6010, MA'? < C L Ryh
h Lo°(0,T7;H1.0)

uniformly in 0 < h < hg,

Proof: First of all, if (3.70) holds for some k£ € N and some 7" > 0, then
Pthu’fL satisfies

H(atp Vi, 0, n}lleh( k))

c(o,17;v)

1 5
H (82]3 Vaut, 02 P, Esh( )) < 4C,CpMhM?

(0,1 HY0)

uniformly in 0 < h < hg where C; > 1 can be chosen as the same constant as
n (3.31). Moreover, there is some C,, > 0 depending only on n € N such that
||PT].ZfHH2(Q) < Oyl fllz2(e) uniformly in 0 < h <1, cf. (3.12). Now, using

t
thﬁ = th&’"b + / Vth(T) dr, (372)
0
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(3.22), (3.70), and the previous estimate, we conclude

max
[vI<1

. (3.73)

1
(8;*anhufb, 82Pn—5h(ufb))

a(o,17;Vv)

< (4C,Cp 4 1+ CMT"Mh?

1
+ H (QanthfL, 83Pn—5h(uf§))
h O([0.17):H1-0)

uniformly in 0 < h < hg, 0<T"<T,j=1,...,d—1 for some C! depending
on n € N. Hence, if 7" = T"(n) > 0 is so small that 1+ C/T" < 2C,C},, we
obtain (3.71) uniformly in 0 < h < hg, where 6CL,MhY < Ry by the choice of
ho, M .

Because of (3.71), P,V,uF satisfies (3.31) for T replaced by T = T'(n)
and given n € N. Hence we can apply Lemma 3.9 to conclude

1 1
H <8t2w2+1> Eah(wﬁﬂ), Vm,tﬁgh(wfﬁl))

C([O’T/LHI,O)
6C’ MROT' 146
< CLefCMG (h Tl we oo

1
(Egh(w1>7 Wa, hlwatfh’t:o) )
H1.0
< Cpef Rl prptto (3.74)

i

for all 7" > 0 such that 1+C/T" < 2C,C},. Hence, if T'(n) > 0 is chosen suffi-
ciently small, we obtain Ce® 0T < 20 . This shows the estimate for w*+!. m

Proof of Theorem 3.11: Let wy,u; be defined as above. Because of the
latter lemma (3.69) holds for all £ € N provided that 7" = T"(n) > 0 is chosen
as in the lemma.

In order to show “contraction in low norms”, let 2**! := w1 — w* and
ZF = gkt — k| Because of (3.64)-(3.65), zFt1 solves

n

1
—(An(Vrug)Vazh ™, Vi) o,

_(atzs—’—lvat@)QT/ + h

1
= —E(An(vhuﬁ) — A (Viul ) Viwk, Vie)a,,

for all ¢ € C([0,T"]; L*(Q))NC°([0, T']; H'(2))¢ with ¢|,—r = 0 and (27, 8tzf;+1)‘t:0 —
(0,0). Here

1

ﬁ((An(thﬁ) — A, (Viul ) Vywk, Vie)a.,

cT’ 1 1 1
< (anhwfi, Pn—eh(wfi)) L (2 \—eh«o)
h h LOO(O,T’;V) h LOO(O,T’;LQ) h LOO(O,T’;LQ)
NS 1
< C'T'MhY || —en(ZF) —en(p)
h Lo°(0,T";L2) h Lo (0,T";L2)
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because of Corollary 2.7, (3.70), and

%((An(vhuf;)—/l (Vaub™ ")) Viws, Vag)a

1 —_—~
= / (DSW((l—T)thk 1+7’th )[P Vh , P Vhw ] P, Vh@) dr.
0

Hence

1
<atZ,]i+17 Egh(ZrlfH))

due to Lemma 3.10. Therefore there is some T > 0 depending only on M

such that
~ [l 02), —en(Zy)
Lo°(0,T";L2) 2 " h

1
—en(ZF)

S Cec/thT/T/ h

c([0,77];L?)

c([0,77];L?)

(aztn iz

provided that 0 < T”(n) < Tj. This shows that (u*)zeny converges to some
u, € C([0,T"]; H'(Q)) as k — oo and du* — O, in C([0,T"]; L*(2)) for
some sufficiently small 7"(n). Because of (3.69) and (3.71), w, and w, :=
Oiu,, satisfy the same estimates as uj, wj, respectively. By interpolation
Vit —p oo Vau, in L®(Qq) strongly. Therefore u, and w, solve (3.24)-
(3.27). Consequently u,, solves (3.15)-(3.18).

Finally, we have to prove (3.63). We know that w, constructed above on

(0,7"(n)) satisfies
1 1
H (afuna 815%6}1 (un)7 atvx,tﬁeh(un))
due to (3.69). Moreover, using (3.72) and (3.62), we conclude

(af'wum agﬁgh(un)a agvx,tﬁgh(un))

Lo°(0,17;L2)

< 20, Mh't?
C’([O,T’];HLO)

max
j=01

< 3C, MR (3.75)
C(0,T7;HY0)

Hence it remains to show that we can replace one time derivative in (3.75) by
Oy J=1,...,d—1. To this end let w) = 0, Un, j=1,...,d—1. Then w?,
solves

Ofwl — ﬁlehA (Vhu,) Viw!, = 3zjfhh1+9 in Q x (0,7") (3.76)

An(vhun)vhwied‘ 41 =0, (3.77)
rg=%3

wpl, p=wil, . J=1....d=1 (37

(U)Z” atw;jl)‘t:o = (wé,h? w{,h) (3.79)

with w,;h = Oy;upy, k= 0,1. Hence Lemma 3.12 with wk = w,,uf = u,,

wktt = wl  and 0, f replaced by 0, f implies the estimates of the remaining

terms in (3 63). ]
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3.5 Uniform bounds and Proof of Theorem 3.1

We know that u, constructed above on (0,7"(n)) satisfies

max
[v1<1

< 3C, MRt (3.80)

c([o,T"];HY0)

h

1 1
(838;%, ajﬁsh(un), 8§Vz,t—5h(un))

where M = CoM + 2M due to Theorem 3.11. In the case 6 > 0, it remains
to show that we can replace 7"(n) by an arbitrary 0 <7< 1 if 0 < h < hy
for some sufficiently small 0 < hy < 1 independent of n € N. If § = 0, we
will show that 7"(n) can be replaced by 0 < T < 1 if M is sufficiently small
(independent of n € Ny).

To this end we apply Lemma 3.9 for w! = Og Uy and w, = Oyu, using the
equations for w?, w, and that (3.30) is valid for u = u,, and R = GCLMhe <
Ry, which implies (3.31) uniformly in n € Ny U {oo}. Thus we obtain

max

INTHO 4~
< CLBC Mh Mh1+9
/=1

“h O(lo,7) 1)

(8?8;%, a7 }llsh(un) V0] lsh(un)>

uniformly in n € N and 0 < h < hg. Due to (3.22) and (3.72), we conclude

< 2CL€CIMh9Mh1+9
C([0,7];H"0)

max
[v1<1

(838;%, a7 ;Leh(un) Va t@zéah(un))

If & >0, we can now choose 0 < hy <1 so small that

< 3C, Mh't?

c([0,77;HY0)

max
[y|<1

1
(8?8;%, égﬁeh(un) vatazﬁeh(un))

uniformly in n € N and 0 < h < hg. If § = 0, then we choose M = (24 Cy) M
sufficiently small to obtain the same estimates. Hence we get a uniform bound
as long as the solutions exists. Applying the results of Section 3.4 with the
only difference that the bound M of the norm of the initial values is replaced
by 3C’LM and a shift in time by 7"(n), we can continue the solution u; on
[0,T], T = min(T"(n) +T",T), where T” > 0 depends only on n and 3C,M
This extended solution can be constructed such that (3.70) is valid. But the
arguments of this section show that then even

< 30, Mh't?.

max
lvI<1

1
(@28}%, aZEEh(Un) vatazﬁeh(un))

C((0,T);HY0)

Therefore we can repeat this argument finitely many times and can continue
the solution for all ¢ € [0, T].

Using the uniform bounds, it is easy to pass to the limit n — oo for a
suitable subsequence. Uniqueness of the solution can be shown by similar esti-
mates as in the proof of Theorem 3.11. This finishes the proof of Theorem 3.1.
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4 First Order Asymptotics

Throughout this section we assume that

fulz,t) = (g(£7t)) ,

for some given g € W2(0,T; H2, ((—L, L)*Y)) n WL(0,T; H5, ((—L,L)%1)).

per per
As seen in the proof of Lemma 3.5, we can assume without loss of generality

that f(—L,L)dfl g(x")dz" = 0. Moreover, we assume that 0 < 6 < 1.

For simplicity let W (F) = dist(F, SO(d))?, which implies D*W(0)F =
sym F. Let Lyv = div'e’(v) and let v be the solution of the (d—1)-dimensional
wave equation

Ot + 1—12Ai,v =g in (=L, L)' x (0,7),
Vlgym—1, = Vla,=1 for j=1,...,d—1,
(v, 04)|t=0 = (vo, V1) in (—L,L)*",
where vy € H', ((—L,L)* 1), v, € H3, ((—L, L)), By standard methods

per per
the latter system possesses a unique solution

v € C*([0, T]; Hpe, (=L, L)1) N CH([0, T Hye, (=L, L))

N C°([0,T7; 129 (=L, L)*1). "

per

Using v, we define an approximate solution @" of (3.1)-(3.4) by

~h _ 40(0 240 [ —TaVa¥ 440 (lxd 4 Ta)Var Ao
w'(x,t) = h <hv>+h 0 +h 0

0
+h5+9 < ) )
<418x3 ixi}l 24 16>A2’v

Then
_ 0 —Vuo —24V30 h(z:—-HVaAuv
ho 146 x 240 avyg d 4/ Va=w
Ao (325 — 2a) VZApv 0
0 (3704 — gx3)A20
0 0
—|—h5+0 < )
(523 — 524 — 5r15) VEAZY 0
Hence
~ _ 240 xdv U %( )V A v
8h(u ) =h <%( _ —)VTA 0 h2(—fbd _ —a:d)A2,v
Ao (h ( g - Zixd)VQ AV ’g ) %(Exd - ﬂxé 2. 16)V AL )
(48£Ed 5174 — 1. 16)V ALY 0
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and therefore

1
Eeh(uh)ed|zd:i% = 0. (4.1)

Moreover,

1 iy = e — gV Apv + x4V, /A %)

ﬁlehgh( ) = h (g( — DAZv + h(g; — 222) A%

L2+ (( T — xd)v AL + 5(53%a — §73) Vo AL, >
( ST — 214x§ 2. 16>A3'U
0
= h1+0 ( ) + Th,
—LA20

where

70 lleqom2@) < Ch**?. (4.2)

Thus 4, is a solution of

. L. e _ :
Oy, — ﬁdlvh (DQW(O)thh> = frh't? — in Qx(0,7) (4.3)

<D2W(0)vhah) ed ~0

$d—:|:*

uhl = ah’szfLa J :17 '7d_1a
(Uh;atuh”t 0= (Uo hy U1 h)

where
_ 0 — 24V v, (323 — 3204) Vo Apv;

) — 1+6 2460 dVaz'lUj 446 d 4 '
Ujp(x) h (hvj) +h ( 0 ) +h ( 0

Lt < 1 -0 ) j=0,1.
(3§27 = 33%a — 7i75) 8205 ) 7

We will compare this approximate solution with an exact solution of the
d-dimensional system (3.1)-(3.4) for an appropriate choice of initial values.

Theorem 4.1 Let 0 < 0 < 1, let vy, vy, f, Uop, U1 and Uy be defined as
above. Then for some sufficiently small hy € (0,1] there are initial values
(uon,urn) satisfying (3.6) and such that

1 1

—en(ujn) — —en(tjn)

< Ch1+29.
h h -

L2(9)

Moreover, if uy, is the solution of (3.1)-(3.4) due to Theorem 3.1, then

H (atmh — i), %Eh(uh - ah)>

max
7=0,1

Lo°(0,T;L2)

for all 0 < h < hy and some C' > 0 independent of h.
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Proof: We construct the initial values g p, w1, as solution of

1
ﬁ(DW(VhUO,h)a Vipla = (ugn,©)a — (B flizo, ©)a,
1
ﬁ(DZW(VhUO,thULh; Vie)a = (uzn,©)a — (W0 flim0, @)
for all ¢ € H},.(Q)?, where

0 _I_dv /Azrajv| — .
T Pp— h1+9 < ) ) 4 h2+9 < 10 ¥V x' BVt tO) ’ _ O7 1.
2+j,h —%Aiﬁfﬂt:o 0 J

We note that [, up4j,de = 0 and

1 —24V2,A%0; 0
E€h(u2+j,h):h1+9( ! 6 v O)

by a similar calculation as above. In particular, this implies

<Ch't? j=0,1,
H2—3,0

H (%ﬁh(um}h)a %%(atjfho))

where we note that f is independent of x,;. Because of Proposition 3.8, the
Lemma of Lax-Milgram, and Lemma 3.5, (ugp,u14) exist for all 0 < h < hyg
if hy € (0,1] is sufficiently small and satisfy

1

1 1
H (Eéfh(um), Egh(uo,h); Vﬁéfh(uo,h), V%“O,h) < Chlw-

H20(Q)

Altogether, (uop, U1 p, Usp, ugy) satisfy (3.6) and (3.8)-(3.9). Moreover, we
note that

1 1
1 R < (Oplt20
j:O,}f h&?h(um) h€h<uj’h) ) < Ch
since
1 ~ L,
ﬁ(fh(uﬂ,h —gp),en(9))a = E(F (Viuon), Vip)a + (Ton, ¥)a,
1 B 1
ﬁ(gh(ul,h —Urp),en(@))a = ﬁ((DVV?(VhUo,h) — DW?(0))Vyun, Vig)o
+(T1,ha QO)Q

due to (4.3), where F” is as in (3.13) and ||(ro, 71.0) || z2() < Ch*™?. Here we
have used that

1, 1
— (F'(Vatop), Vap)g| < Ch2 |l —ep(p)
h h L2(9)
1 1
ﬁ((DWZ(vhuo,h)—DWQ(O))vhul,h,vhw)Q < Ch'+# E&?h(go)
£2(Q)
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for all ¢ € H),,.(Q)" because of (3.33) and the estimates for ug, uy -

Now let uy, be the solution of (3.1)-(3.4) due to Theorem 3.1 and consider
wy, = Owup, — Oy, . Then wy, solves

1
—(Oywn, Opp) gy + ﬁ(DW(thh)Vhwh, Vie)or — (Win, @li—o)o
1 5
= T2 ((DW(Viun) = D*W(0)Vadiin, Vip) o, = (rhs ¢)or
w|xj:L = w|xj:_L, j=1,....d—1,
Wl=o = Wop-

for all ¢ € CY([0,T); H.,.(Q)%) with ¢,y = 0, where w;; = 8; 7 up|i—o —

per

a}+jah|t:0, j =0,1 and rj, satisfies (4.2). Moreover,

L ((DW(thh) — D*W(0))V 40y, Vh@p)g

72
Cl1 1 - 1
s 5 HE%(W) ’Eah(atuh) Eéh(@
Loo(0,T3L2) Loo(0,T3V) L2(Q)
1
S Chl+29 _5h<90)
h 12(@)
due to (3.33). Hence Lemma 3.10 implies
1 ~ 1+20
Op(up, — tp), —en(un — Up) <Ch ™,
h L2 (0,T;L2)
which proves the theorem. [ |
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