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HOMOLOGICAL INTERPRETATION OF EXTENSIONS AND
BIEXTENSIONS OF COMPLEXES

CRISTIANA BERTOLIN

ABSTRACT. Let T be a topos. Let K; = [A; = B;] (for i = 1,2,3) be a
complex of commutative groups of T with A; in degree 1 and B; in degree 0.
We define the geometrical notions of extension of K1 by K3 and of biextension
of (K1, K2) by Ks3. These two notions generalize to complexes of the kind
K; the classical notions of extensions and biextensions of commutative groups
of T. We then apply the geometrical-homological principle of Grothendieck in
order to compute the homological interpretation of extensions and biextensions
of complexes.
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INTRODUCTION

Let T be a topos. Denote by C the category of commutative groups of T, i.e.
the category of Z-modules of T. If I is an object of C, we denote by Z[I] the free
Z-module generated by I. Let D(C) the derived category of the abelian category C.

The geometrical-homological principle of Grothendieck states the following fact:
if an object A of C admits an explicit representation in D(C) by a complex L. whose
components are direct sums of objects of the kind Z[I], with I object of C, then the
groups Ext'(A, B) admit an explicit geometrical description for any object B of C.

A first example of this principle of Grothendieck is furnished by the geometrical
notion of extensions of objects of C: in fact if P and G are two objects of C,
it is a classical result that the group ExtO(P7 @) is isomorphic to the group of
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automorphisms of any extension of P by GG and the group Extl(P, @) is isomorphic
to the group of isomorphism classes of extensions of P by G.

In [SGAT] Exposé VII Corollary 3.6.5 Grothendieck furnishes another example of
this principle using the geometrical notion of biextension of objects C: if P, Q) and
G are three objects of C, he proves that the group Biext"(P, Q; G) of automorphisms
of any biextension of (P,Q) by G and the group Biext!(P, Q;G) of isomorphism
classes of biextensions of (P, @) by G, have the following homological interpretation:

(0.1) Biext!(P,Q; G) = Ext' (P& Q,G) (i =0,1)

where P (Hg Q is the derived functor of the functor  — P ® @ in the derived
category D(C). In other words, the strict Picard stack of biextensions of (P, Q) by
G is equivalent to the strict Picard stack associated (by the dictionary of [SGAA4]

Exposé XVIII Proposition 1.4.14) to the object TSO]RHOHI(P(%)Q, G[1]):

Biext(P,Q;G) = ch (7<,RHom(P&Q, G[1])).

Other examples of the geometrical-homological principle of Grothendieck are
exposed in [Br]: according to loc.cit. Proposition 8.4 the strict Picard stack of
symmetric biextensions of (P, P) by G is equivalent to the strict Picard stack asso-
ciated to the object 7<,RHom(LSym?(P), G[1]) and according to loc.cit. Theorem
8.9 the strict Picard stack of the 3-tuple (L, E,«) (resp. the 4-tuple (L, E, «, 3))
defining a cubic structure (resp. a Y-structure) on the G-torsor L is equivalent
to the strict Picard stack associated to the object 7<,RHom(LP; (P), G[1]) (resp.
T<oRHom(LI'5(P), G[1])).

Let K; = [A; il B;] (for i = 1,2,3) be a complex with A; and B; objects of C
in degree 1 and 0 respectively. In this paper we introduce the geometrical notions
of extension of K by K3 and of biextension of (K7, K2) by K3. These two notions
generalize to complexes of the kind K; the classical notions of extensions and biex-
tensions of objects of C. We then apply the geometrical-homological principle of
Grothendieck in order to compute the homological interpretation of these geomet-
rical notions of extensions and biextensions of complexes.

Our main result is:

Theorem 0.1. Let K; = [A; 2% By] (for i =1,2,3) be a complex of commutative
groups of T with A; in degree 1 and B; in degree 0. Then we have the following
canonical isomorphisms

Biext' (K1, Ko; K3) = Ext' (K10 Ky, K3) (i =0,1).
In other words, the strict Picard stack of biextensions of (K, K3) by Kj is

equivalent to the strict Picard stack associated (by the dictionary of [SGA4] Exposé
XVIII Proposition 1.4.14) to the object 7<,RHom (K (}L@Kg, K;[1]):

Biext(Ky, Ka; K3) = ch (7<,RHom (K, &Ky, K3[1])).
If A; =0 (for i = 1,2, 3), this theorem coincides with the homological interpretation
(0.1) of Grothendieck.
The homological interpretation of extensions of complexes of the kind K; is a
special case of Theorem 0.1: in fact, it is furnished by the statement of this Theorem
with Ko = [0 RN Z], since the category Biext(Ky, [0 2 Z]; K3) of biextensions of



HOMOLOGY AND BIEXTENSIONS 3

(K1,[0 5 Z]) by K3 is equivalent to the category Ext(K7, K3) of extensions of K
by Kg:

Biext (K, [0 > Z]; K3) = Ext(K;, K3),

and since in the derived category D(C) we have that
Ext! (K100 2 Z], K3) = Bxt! (K1, K5) (i =0,1),

The idea of the proof of Theorem 0.1 works as follow: Let K = [A % B
be a complex of commutative groups of T concentrated in degrees 1 and 0 and
let L.. be a bicomplex of commutative groups of T which satisfies L;; = 0 for
(i) # (00), (01), (02), (10), (11), (10), (20). To the complex K and to the bicomplex
L.. we associate an additive cofibred category Wy (r,..)(K) which has the following
homological description:

(0.2) Ui (K) 2 Ext'(Tot(L..), K) (i =0,1)

where \IIOTot(L”)(K) is the group of automorphisms of any object of Wy (r,..y(K) and
\Il’ll“ot(L..)(K) is the group of isomorphism classes of objects of Wy (r,..y(K). Then,
to any complex of the kind K = [A % B] we associate a canonical flat partial
resolution L..(K) whose components are direct sums of objects of the kind Z[I]
with I a commutative group of T. Consider now three complexes K; = [4; % B;]
(for i = 1,2,3). The category Wroy(L..(k,)) (K3) and Wrrgy(n. (koL (Kk.)) (K3) admit
the following geometrical description:

(0.3) \IjTot(L..(Kl))(K3) >~ Ext(Ki, Kj)
Biext(Kl, KQ; K3)

1

VU Tot(L.. (K1) @L..(K2)) (K3)

Putting together this geometrical description (0.3) with the homological descrip-
tion (0.2), we get

e the proof of the Theorem 0.1;

e the proof that the group of automorphisms of any extension of K; by K3
is the group EXtO(Kl,K;g) and that the group of isomorphism classes of
extensions of K by K3 is the group Ext! (K, K3).

NOTATION

In this paper, T is a topos and C is the category of commutative groups of T, i.e.
the category of Z-modules of T. Recall that we can identify commutative groups
of T with abelian sheaves over T. If I is an object of C, we denote by Z[I] the free
Z-module generated by I (see [SGA4] Exposé IV 11).

All complexes of objects of C that we consider in this paper are chain complexes.
The truncation 7>, L. of a complex L. is the following complex: (7>,L.); = L; for
i >n and (7>,L.); =0 for i < n.

If L.. is a bicomplex of objects of C, we denote by Tot(L..) the total complex of
L..: it is the chain complex whose component of degree n is Tot(L..),, = >_; ;_,, Ls;-

Let D(C) be the derived category of the abelian category C. Denote by DI%(C)

the subcategory of D(C) of complexes K = [A % B] with A concentrated in degree
1 and B concentrated in degree 0.
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1. EXTENSIONS AND BIEXTENSIONS OF COMPLEXES

Let G be an object of C. A G-torsor is an object of T endowed with an action
of G, which is locally isomorphic to G acting on itself by translation.

Let P,G be objects of C. An extension of P by G is an object E of T such
that we have an exact sequence

0—G—F—P—0.

By definition the object F is a group. Since in this paper we consider only commu-
tative extensions, F is in fact an object of C. We denote by Ext(P, G) the category
of extensions of P by G. It is a classical result that the category Ext(P,x) of
extensions of P by variable objects of C is an additive cofibred category over C

Ext(P,x) — C
Ext(P,G) +— G

Moreover, the Baer sum of extensions defines a group law for the objects of the
category Ext(P,G), which is therefore a Picard category.

Let P,G be objects of C. Denote by m : P x P — P the group law of P
and by pr; : P x P — P with ¢ = 1,2 the two projections of P x P in P. Ac-
cording [SGA7] Exposé VII 1.1.6 and 1.2, the category of extensions of P by G is
equivalent to the category of 4-tuple (P,G, E, @), where E is a Gp-torsor over P,
and ¢ : priE pr3 & — m*E is an isomorphism of torsors over P x P satisfying some
associative and commutative conditions (see [SGA7] Exposé VII diagrams (1.1.4.1)
and (1.2.1)):

Ext(P,G) = {(P, G,E,¢) | E = Gp—torsor over P and
(1.1) ¢ :priE priE ~m*E with ass. and comm. Conditions}.

It will be useful in what follows to look at the isomorphism of torsors ¢ as an
associative and commutative group law on the fibres:

+Ep By — Epyy

where p, p’ are points of P(S) with S any object of T.

Let I and G be objects of C. Concerning extensions of free commutative groups,
in [SGAT7] Exposé VII 1.4 Grothendieck proves that there is an equivalence of
category between the category of extensions of Z[I] by G and the category of G-
torsors over I:

(1.2) Ext(Z[I],G) = Tors(I,Gr)

Let P,@ and G be objects of C. A biextension of (P,Q) by G is a Gpxg-
torsor B over P x (), endowed with a structure of commutative extension of Qp by
Gp and a structure of commutative extension of Py by Gg, which are compatible
one with another (for the definition of compatible extensions see [SGAT7] Exposé
VII Définition 2.1). If mp,p1,ps (resp. mg,qi,q2) denote the three morphisms
PXPxQ — PxQ@Q (rtesp. PxQxQ — P xQ) deduced from the three
morphisms P x P — P (resp. @ X Q — Q) group law, first and second projection,
the equivalence of categories (1.1) furnishes the following equivalent definition: a
biextension of (P, Q) by G is a Gpxg-torsor B over P x ) endowed with two
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isomorphisms of torsors
¢:piEpyE — mpE Vi E o FE — moE

over Px Px (@ and P x @ X @ respectively, satisfying some associative, commutative
and compatible conditions (see [SGAT7] Exposé VII diagrams (2.0.5),(2.0.6),(2.0.8),
(2.0.9), (2.1.1)). As for extensions, we will look at the isomorphisms of torsors
@ and 1 as two associative and commutative group laws on the fibres which are
compatible with one another:

+pP/Q Epg Epg — Epip g +qQ/p Epg By — Epara
where p,p’ (resp. ¢, ¢’) are points of P(S) (resp. of Q(S)) with S any object of T.
Let K; = [A; % B;] (for i = 1,2) be a complex of objects of C with A; in degree
1 and B; in degree 0.
Definition 1.1. An extension (F, () of K; by K consists of

(1) an extension E of By by Bo;
(2) a trivialization g of the extension u{FE of A; by By obtained as pull-back
of the extension F via u; : Ay — Bj, i.e. an homomorphism 3 : A; — Bs.

Let K; = [4; 4 B;] and K| = [A} & B!] (for i = 1,2) be complexes of objects
of C concentrated in degrees 1 and 0. Let (F,3) be an extension of K; by Ks and
let (E',3") be an extension of K/ by KJ.

Definition 1.2. A morphism of extensions
(EvI) : (E7ﬁ) I (Elvﬁ/)
consists of
(1) amorphism F = (F, f1, f2) : E — E' from the extension E to the extension
E'. In particular,
f11B1—>Bi fQ:BQ—>Bé
are homomorphisms of commutative groups of T.
(2) a morphism of extensions
l = (Tvglva) : UTE — 7'l’/l*'El
compatible with the morphism F = (F, f1, f2) and with the trivializations
B and @'. In particular,
91 N Al — All
is an homomorphism of commutative groups of T.

We denote by Ext(K;, K») the category of extensions of K; by Ka. If the com-
plex K is fixed, the category Ext(K7, *) of extensions of K; by variable complexes
K, is an additive cofibred category over DI-0(C)

Ext(Ky, %) — DLY(C)
EXt(Kl, KQ) = K2
This is an easy consequence of the analogous properties of the category of extensions
of objects of C. Moreover the Baer sum of extensions defines a group law for the

objects of the category Ext(K7, K2), which is therefore a Picard category. The
zero object (Ey, By) of Ext(K;, K2) with respect to this group law consists of
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e the trivial extension Fy = By X Bs of By by Bs, i.e. the zero object of
Ext(B;, B2), and
e the trivialization 8y = (id4,,0) of the extension uiFEy = A; x By of Ay by
Bs. We can consider [ as a lifting (u1,0) : Ay — By x By of uy : A1 — By.
The group of automorphisms of any object of Ext(K7, K3) is canonically isomorphic
to the group of automorphisms Aut(Ep,3y) of the zero object of Ext(K1, K>3).
Explicitly, Aut(Eyp, Bo) consists of the couple (fo, f1) where
e fo: By — By is an automorphism of the trivial extension Ey, i.e. fy €
Aut(Ey) = Ext’(By, Bs), and
e fi : Ay — As is an homomorphism such that the composite us o f; is
compatible with the pull-back ujfo of the automorphism fy of Ejy, i.e.
ug o f1 = foous.

We have therefore the canonical isomorphisms
Aut(Ey, o) = Homp(cy (K1, K2) = Ext’ (K, K»).

The group law of the category Ext(K7, K3) induces a group law on the set of
isomorphism classes of objects of Ext(K;, K»), which is canonically isomorphic to
the group Ext! (K1, K3), as we will prove in Corollary 4.3.

Let K; = [A; & By] (for i = 1,2,3) be a complex of objects of C with A; in
degree 1 and B; in degree 0.

Definition 1.3. A biextension (B, ¥y, Uy, A) of (K3, K3) by K3 consists of

(1) a biextension B of (By, Bs) by Bs;

(2) a trivialization ¥y (resp. W3) of the biextension (uj,idp,)*B of (A1, B2)
by Bs (resp. of the biextension (idp,,u2)*B of (B, A2) by Bs) obtained
as pull-back of B via (uq,idp,) : Ay X By — By x By (resp. via (idp,, us) :
B; x Ay — Bj X Bs). These two trivializations have to coincide over
(Al, AQ);

(3) an homomorphism A : A; ® As — Aj such that the composite A; ® Az 2
Az ®2 Bs is compatible with the restriction over (A;, As) of the trivializa-
tions ¥y and Ws.

Let K; = [A; % B;] and K = [A} % B!] (for i = 1,2,3) be complexes of objects
of C concentrated in degrees 1 and 0. Let (B, Uy, U5, \) be a biextension of (K7, Kb)
by K5 and let (B', ¥}, ¥,, \') be a biextension of (K1, K}) by Kj.

Definition 1.4. A morphism of biextensions
(E7IlaI2a 93) : (B7 \Ijla \1125 A) I (3/7 \Illlv \IJIQa )‘/)

consists of

(1) a morphism F = (F, fi1, fo, f3) : B — B’ from the biextension B to the
biextension B’. In particular,

fltBl—>Bi f22B2—>Bé f31B3—>Bé

are homomorphisms of commutative groups of T.
(2) a morphism of biextensions

ll - (T17glaf2af3) : (uhing)*B — (ulhldBé)*Bl
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compatible with the morphism F = (F, f1, fo, f3) and with the trivializa-
tions ¥y and ¥}, and a morphism of biextensions

12 - (T2aflag2af3) : (idBUu?)*B B (ZdB{7ul2)*B/

compatible with the morphism F = (F, f1, fo, f3) and with the trivializa-
tions Wy and ¥),. In particular,

g1: A — A g2 1 Ay — Aj

are homomorphisms of commutative groups of T. By pull-back, the two
morphisms Y, = (Y1, g1, fo, f3) and XYy = (Yo, f1, g2, f3) define a morphism
of biextensions ¥ = (T, 91,92, f3) : (u1,u2)*B — (u},u})*B’ compatible
with the morphism F = (F, f1, fo, f3) and with the trivializations ¥ and
v,

(3) an homomorphism g3 : Ag — A5 of commutative groups of T compatible
with uz and uj (i.e. ujogs = f3 ous) and such that

No(g1Xg2)=gsoA

We denote by Biext (K, K»; K3) the category of biextensions of (K1, K3) by Kj.
If the complexes K; and K» are fixed, the category Biext (K, K»; ) of biextensions
of (K1, K3) by variable complexes K3 is an additive cofibred category over DI%(C)

Biext(Ky, Ky;%) — DIY(Q)
BieXt(Kl,KQ;Kg) = K3

This is an easy consequence of the fact that the category of biextensions of objects of
C is an additive cofibred category over C (see [SGAT7] Exposé VII 2.4). The Baer sum
of extensions defines a group law for the objects of the category Biext (K, Ko; K3)
which is therefore a Picard category (see [SGAT] Exposé VII 2.5). The zero object
(Bo, ¥o.1, g2, Ao) of Biext(K, K»; K3) with respect to this group law consists of

e the trivial biextension By = By X By x B3 of (B1, Bs) by Bs, i.e. the zero
object of Biext(B;, Bs; Bs), and
e the trivialization Vo, = (ida,,idp,,0) (resp. Yoo = (idp,,ida,,0)) of the
biextension (u1,idp,)*By = A1 x Ba X Bs of (A1, B2) by Bs (resp. of the
biextension (idp,,u2)*By = By X A2 x Bs of (By x Ag) by Bs). These two
trivialization have to coincide over A; x As,
e the zero homomorphism A\g =0: A1 ® Ay — As.
The group of automorphisms of any object of Biext(K, Ky; K3) is canonically
isomorphic to the group of automorphisms of the zero object (By, ¥o1, ¥o2, Ao),
that we denote Biext’ (K, Ko; K3). Explicitly, Biext? (K, Ko; K3) consists of the
couple (fo, fi1 + f12) where
e fo: By ® B, — Bj is an automorphism of the trivial biextension By, i.e.
fo € Biext®(By, By; Bs) = Hom(B; @ By, Bs), and
e f11: Ay ® By — As (resp. fia : By ® Ay — Aj3) is an homomorphism
such that the composite us o f11 (resp. us o fi2) is compatible with the
pull-back (uy,idp,)* fo (resp. (idp,,u2)* fo) of the automorphism fy of By,
ie. ugo (fi1 + fiz) = foo (u1 ®idp, +idp, @ uz).
We have therefore the canonical isomorphisms

Biext (K1, Ko; Ks) = Homp o) (K1 © Ky, K3) = Ext® (K, © Ko, Ks).
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The group law of the category Biext(K7, Ks; K3) induces a group law on the
set of isomorphism classes of objects of Biext(K7, Ko; K3), that we denote by
Biext! (K1, Ka; K3).

Remark 1.5. According to the above geometrical definitions of extensions and biex-
tensions of complexes, we have the following equivalence of categories

Biext(Kl, [O — Z}, K3) = EXt(Kl,Kg).
Moreover we have also the following isomorphisms

Hom(By, A3), i=0;

Biext' (K1, [Z — 0]; K3) = { Hom(K,,K3), i=1.

Remark that we get the same results applying the homological interpretation of
biextensions furnished by our main Theorem 0.1.

2. THE ADDITIVE COFIBRED CATEGORY Wy (r,..)

Consider the following bicomplex L.. of objects of C:

L3« Lo. Lix Los
—~~ PN —~~ —~~
L*3 { O
!
Lo { 0 — L02 — 0
(2.1) 1 Ldox
Lo | 0 — Ly 2% Ly — 0
l ldw ldoo
Dqp Dqo
LoK) { 0 — Lyp = L =¥ Lo — 0
! ! !
0 — 0 — 0

The total complex Tot(L..) is the complex

D D
Lo2 4+ L11 + Lag — Lo1 + Lig — Lgg — 0

where the differential operators Dy and Dy can be computed from the diagram (2.1).
In this section we define an additive cofibred category Wy r,..) over DIL0] ).

Let K = [A % B] be an object of DI0I(C).

Definition 2.1. Denote by
ot (.. (K)
the category whose objects consist of 4-tuple (E, «, 3,7) where

(1) E is an extension of Loy by B;

(2) (a,B) is a trivialization of the extension DFE of Loy + Lig by B obtained
as pull-back of E via Dy. Moreover we require that the corresponding triv-
ialization Dj («, B) of DD (E) is the trivialization arising from the isomor-
phism of transitivity DD (F) 2 (DgoD;)*(E) and the relation DyoD; = 0;
In other words, («, 8) is a lifting Lo + Lip — E of Dy : Loy + Lig — Lo
such that («, 3) oDy = 0.

(3) v : Ly — A is an homomorphism such that the composite Lo L ALB
is compatible with the restriction Dj,(3) of the trivialization § over Lag.
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A morphism (F,id, fg, fa) : (E,a,3,7) — (E',&/,3,7") between two objects of
Wrot(r,..) (K) consists of
(1) a morphism (F,id, fg) : E — E’ of extensions inducing the identity on Lo
and such that FFoa =o' and F o 8= '. In particular,

F:FE—F id : Log — Loo fB: B— B;

(2) an homomorphism f4 : A — A such that fg oy =+
Remark that the conditions u oy = Dfy(8) and u o4’ = Diy(4') imply that
feou=mwuo fyu,ie. the couple (fa, fp) defines a morphism of complexes K — K.
The composition of morphisms of W,y (K) is defined using the composition of
morphisms of extensions and the composition of morphisms of complexes (fa, f5) :
[A% Bl —[AS B

We can summarize the data (E, «, 3,7v) in the following diagram:

0 0 0
! 1 !
w/ ! ! !
A DID:E  — DYE  — E
SN ! (.11 !
0 — Le+Li+Lyp 3 Lo+Loe =2 Lo — 0
! 1 !
0 0 0

We have a functor

I: Wrogr.y — pli(¢)

UrorL.)(K) = K
which is cofibring. In fact, let (fi,fo) : K = [A % B] — K' = [A’ LN B'] be a
morphism of DIH(C), and let (E,a,3,7) be an object of the fibre U,y (K)
over K. Denote by (fy)«FE the push-down of F via the homomorphism f, : B — B’
and by (F,id, fo) : E — E’ the corresponding morphism of extensions inducing the
identity on Lgg. The object ((fo)«E, F o, F o3, f1 o) is clearly an object of the
fibre Wroy(r,..y(K’) over K" and the morphism

(F7id7f07f1) : (E7a7677) - ((fo)*E,FOOz7FOﬁ,f1 0’7)

is a cocartesian morphism for the functor IT : Wrpgyr, ) — DLO(C): it is enough to
use the analogue property of the morphism of extensions (F,id, fo) : E — (fo)«E
which is a classical result. Therefore the category Wro(r,..) is a cofibred category
over DII(C).
Finally, the cofibred category W ...y is additive, i.e. it satisfies the two follow-

ing conditions:

(1) Wrot(r..)(0) is equivalent to the trivial category;

(2) ‘I’Tot(L..)(K x K') — ‘I’Tot(L..)(K) X Wrogr.)(K’) is an equivalence of

category for any object K, K’ of DI-0I(C).

This is an easy consequence of the fact that the cofibred category Ext(Loo,*) of
extensions of Lgg by objects of C is additive.
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For any object K = [A % B] of DY(C), the Baer sum of extensions de-
fines a group law for the objects of the category W (r,.)(K). The zero object of
Wirog(r..) (K) with respect to this law group is the 4-tuple (Ep, o, So,v0) where

e Ey = Lo x B is the trivial extension of Lyg by B, i.e. the zero object of
EXt(LO(), B), and
e qp is the trivialization (idy,,,0) of the extension df,Ey = Lg1 x B of Loy
by B; [y is the trivialization (idy,,,0) of the extension D§yEy = Lig x B of
L1 by B. We can consider «g (resp. (o) as a lifting (dgo, 0) (resp. (Doo,0))
Of doo : L01 — LOO (resp. Of D()() : L10 — Loo),
e 79 =0:Lyg — A is the zero homomorphism.
The group of automorphisms of any object of Wiy (r,..) (/) is canonically isomorphic
to the group of automorphisms of the zero object of Wrgyr,..)(K), that we denote
by \I/%Ot(L”)(K). Explicitly, \IJOTot(L__) (K) consists of the couple (fo, (fo1, f10)) where
e fo: Lgp — B is an automorphism of the trivial extension Ey, i.e. fy €
Aut(Eo) = EXtO(LOQ, B), and
e fo1 : Los — A (resp. fi0 : Lip — A) is an homomorphism such that the
composite u o fp1 (resp. u o fip) is compatible with the pull-back d§,(fo)
(resp. D§y(fo)) of the automorphism fj of Fy, i.e.

(2.2) uo for = foodp
(resp. uofigp = fooDgo)

The group law of the category Wiy, )(K) induces a group law on the set of
isomorphism classes of objects of W,y (K) that we denote by \IllTot(L“)(K).

3. HOMOLOGICAL DESCRIPTION OF Wy (1. )

Theorem 3.1. Let K = [A % B] be a complex of objects of C concentrated in
degrees 1 and 0. We have the following canonical isomorphisms

Uiy (K) = Ext’(Tot(L..), K) = Homp(c)(Tot(L..), K)
Uy (K) = Ext'(Tot(L..), K) = Hompc)(Tot(L..), K[1]).

Proof. Let (fo,(fo1, fi0)) be an element of \IIQFOt(L“)(K)7 i.e. an automorphism of
the zero object (Ey, ao, £0,70) of Wroe(r..) (/). We will show that the morphisms
fo : Lop — B and (fo1, fi0) : Lo1 + L1g — A define a morphism Tot(L..) — K in
the derived category D(C). Consider the diagram

0 — Loo+Lii+Lyp 2 Lo+Lo =% Leg — 0

(3.1) 1 (fo1,f10)l Lfo
0 — A % B — 0.
By definition, the morphisms fo; : Loy — A and fig : Ljg — A satisfies the
equalities (2.2). Since Dy = (doo, Doo), we get that fo oDy = wo (fo1, f10), i.e. the
second diagram of (3.1) is commutative. Concerning the first diagram of (3.1), we
have to prove that (,f017f10) O Dl = 0 with ]D1 = (d()l,O) + (DOladIO) + (O,Dlo).
The first equality (2.2) and the condition dgg o d1p = 0 imply
uo fo10dor = foodoodor =0,

which furnishes (since u is arbitrary)

(fo1, fi0) © (do1,0) = 0.
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Both equalities (2.2) and the condition dgg o Dg1 + Do © d1g = 0 give that

wo (for, f10) © (Do1,di0) = fo o (doo, Doo) © (Do1, d1o) = 0,
which implies that
(fo1, f10) © (Do1,d10) =0

since u is arbitrary. Because of the second equality (2.2) and the condition Dgg o
D19 = 0, we have that

uo fi9 0 Dig = fo o Dog o Dip =0,
which furnishes (again because w is arbitrary)

(fo1, f10) © (0, D1g) = 0.

Therefore also the first diagram of (3.1) is commutative. Hence we have construct
a morphism

Uouwy(K)  —  Hompey(Tot(L..), K)
(fo, (fo1, f10)) +—  (fo, (for, f10))

which is clearly a canonical isomorphism.

Let (E,a,3,7) be an object of Wra (1, )(K). We will show that (E, a, 3,7) defines
a morphism Tot(L..) — K]J1] in the derived category D(C). Recall that E is an
extension of Loy by B. Denote j : E — Lgg the corresponding surjective morphism.

Consider the complex [E ERN Lgo], with F in degree 0 and Lg in degree -1. It is a
resolution of B, and so in the derived category D(C) we have that
B =[E % Ly

Since by definition, the data (a, 3) can be considered as a lifting Loy + Lig — F
of Dy : Lo1 + L1g — Log such that (a, 8) oDy = 0, we can construct in D(C) the
following morphism

0 — L2+ L1+ Ly = Lo1 + Lio % Lo — 0
(3.2) ! (a,8)] ~ Lid
0 — E ER Lopg — O

that we denote by
o(E, o, B) : Tot(L..) — [E - Loo)[1] = BI[1].

Now we use the homomorphism 7 : Lyyg — A and the above morphism ¢(E, a, 3)
in order to construct in the derived category D(C) a morphism ¢(F,a,3,7) :
Tot(L..) — [A = B][1]. Consider the diagram

0 — Lop+Liu+Lyp 2 Lo+Loe = Lo — 0
(3.3) (0,071 le(E,0.8) !
0 — A N B —- 0 - 0.

Recall that Dy = (dp1,0) + (Do1,d10) + (0,D19). By construction ¢(E,«,3) o
(do1,0) 4+ (Do1,d10) = 0. By definition the homomorphism ~ satisfies the equality
uwory = (3o Dy, and so we have that c(E,«, 5)r,,, © (0,D10) = uwo~y. Therefore
the diagram (3.3) is commutative. Since the morphism c¢(FE, «, 3,7) depends only
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on the isomorphism class of the object (E, a, 3,7), we have construct a canonical
morphism

¢: Uy y(K) — Hompey(Tot(L..), K[1])
(E,a,B,7) = c(E,a,8,7).

Now we have to show that this morphism is an isomorphism.

Injectivity: Let (E,«,3,7) be an object of Wy, )(K) such that the morphism
c(E,a, B,7) that it defines in D(C), is the zero morphism. The corresponding
morphism ¢(E, a, 8) : Tot(L..) — [E < Lgo][1] (3.2) must also be zero in D(C).
Now we will show that ¢(F, «, ) is already zero in the category K(C) of complexes
modulo homotopy. Recall that the complex [E EN Lgo] is a resolution of B in D(C).
The hypothesis that ¢(E, «, ) is zero in D(C) implies that there is a resolution of
B in D(C) of the kind [Cy - C_;] with Cy in degree 0 and C_; in degree -1, and

a quasi-isomorphism (vo,v_1) : [E % Lgg] — [Co — C_1], explicitly

0 — F i> Lo — O
(34) vl ‘ J,U—l
0 — C() i> 0_1 — O,

such that the composite (vg,v_1) o ¢(E, a, 3) is homotopic to zero. Since the mor-
phism (vg,v_1) induces the identity on B, it identifies E with the fibred product
Loo X¢c_, Co of Lgp and Cy over C_;. Therefore, the homomorphism s : Log — Cy
inducing the homotopy (vg,v_1) 0 ¢(E, , 3) ~ 0, i.e. satisfying i 0 s = v_; 0idp,,,
factorizes through an homomorphism

S :Log — E = Loy xc_, Co

which satisfies j o §' = idr,,. This last equality means that the homomorphism S

splits the extension E of Loy by B and so the complex [E < Lgo] is isomorphic in
K(C) to B, i.e. to the complex [B — 0] with B in degree 0. But then it is clear
that the morphism

Homy ¢y (Tot(L..), B) — Hompc)(Tot(L..), B)

is an isomorphism and that ¢(E, «, 8) is already zero in the category K(C). There
exists therefore an homomorphism h : Loy — F such that

joh:idLoo hOD0:<O[,ﬁ)7

i.e. h splits the extension E, which is therefore the trivial extension Ej of Lyg by
B, and h is compatible with the trivializations («, 8). Moreover, concerning the
data v : Loy — A we get that

uory=fBoDig=hoDyoDi=0,

and so (since u is arbitrary) the homomorphism 7 is zero. Hence we can con-
clude that the object (E, a, 3,7) lies in the isomorphism class of the zero object of
ot (r...) ().

Surjectivity: Consider a morphism ((fo1, fi0), (fo2, fi1, f20)) : Tot(L..) — [A &
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B][1] in the derived category D(C):

0 — Loz + Ly + Lo = Loi1 + Lio Dy Loo — 0
(3.5) (foarf11:f20) L L(for,f10) !
0 — A A B - 0 = 0.

Since the homomorphism ( fo1, f10) comes from a morphism Tot(L..) — B[1] of D(C)
(i.e. from an homomorphism Lg; + L1g — B whose composite with D is zero), the
commutativity of the above diagram implies that foo = f11 = 0 or f11 = foo = 0.
Because of the symmetry of the bicomplex L.. (2.1), we can choose arbitrary the
condition that we prefer: here we assume fp2 = f11 = 0 and therefore we get the
equality
uo fag = f10 © D1o-

Consider now a resolution of B in D(C) of the kind [Cy — C_;] with Cp in degree
0 and C_; in degree -1. We can then assume that the morphism (fo1, f10) comes

from the following morphism Tot(L..) — [Cy RN C_41][1] of D(C)

0 — Lo2+ Ly + Lo o Lo1 + Lio X Lopp — O
(36) ! (Fo1,F10)l _ 1 Foo
0 — CO i} 071 — 0

Since Cj is an extension of C'_; by B, we can consider the extension
— *
E = F;Cy

obtained as pull-back of Cy via Fyg : Logg — C_1. The condition Fyy o Dy =
i o (Fo1, Fio) implies that (Fpi1, Fio) : Lo + Lo — Cp factories through an ho-
momorphism
(a,3) : Lot + Lig = E

which satisfies j o (o, ) = Dy, with j : E — Ly the canonical surjection of the
extension E. Moreover the condition (Fpi, Fip) o D1 = 0 furnishes the equality
(o, ) oDy = 0. Therefore the data (E,a, S, fa0) is an object of the category
Urot(r..) (K). Consider now the morphism c¢(E, o, 3, fao) : Tot(L..) — K[1] associ-
ated to (E, «, 3, f20). By construction, the morphism (3.6) is the composite of the
morphism (3.2) deduced from ¢(E, «, 3, fop) with the morphism

(F, Foo) : [E 5 Loo] — [Co - C_1]

where F' is the canonical morphism F = Fj;Cy — Cp. Since this last morphism
(F, Fyp) is a morphism of resolutions of B, we can conclude that in the derived
category D(C) the morphism ((fo1, fi0), (foz, fi1, f20)) : Tot(L..) — [A % B][1] is
the morphism ¢(E, «, 3, fao). O

4. A CANONICAL FLAT PARTIAL RESOLUTION FOR A COMPLEX CONCENTRATED
IN TWO CONSECUTIVE DEGREES

Let K = [A % B] be a complex of objects of C concentrated in degrees 1 and
0. First we construct a canonical flat partial resolution of the complex K. Here
“partial resolution” means that we have an isomorphism between the homology
groups of the partial resolution and of K only in degree 1 and 0. Remark that
this is enough for our goal since only the groups Ext! and Ext® are involved in the
statement of the main Theorem 0.1.
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Consider the following bicomplex L..(K) which satisfies L;;(K) = 0 for (i) #
(00), (01), (02), (10), which is endowed with an augmentation map €y : Loo(K) —
B,e1 : L1p(K) — A, and which depends functorially on K:

La. (K) L. (K) Lo ()
= = =
L.3(K) { 0 0
! |
Lok) {0 — 0 — Z[BxB]+Z[BxBxB] — 0
! 1 do1
L.1(K) { 0 — 0 — Z[B x B] — 0
! 1 doo
Lotk) {0 — Z[A] 2 Z[B) -~ 0
le €0
K { 0 — A N B — 0

The non trivial components of L..(K) are explained in the above diagram. In order
to define the differential operators D.. and d.. and the augmentation map €. we
introduce the following notation: If P is an object of C, we denote by [p] the point
of Z[P](S) defined by the point p of P(S) with S an object of T. In an analogous
way, if p,q and r are points of P(S) we denote by [p,q|, [p,q,r] the elements of
Z[P x P](S) and Z[P x P x P](S) respectively. For any object S of T and for any
a € A(S),b1,b2,b3 € B(S), we set

eo[b] b
e1la] = a
doolb1,b2] = [b1 + be] — [b1] — [b2]
(4.1) do1[b1,b2] = [b1,b2] — [ba,b1]
do1[b1,b2,b3] = [b1 + b2, b3] — [b1,ba + bs] + [b1, ba] — [ba, b3)
Doola] = [u(a)]

These morphisms of commutative groups define a bicomplex L..(K) endowed with
an augmentation map €. : L.g(K) — K. Remark that the relation ey o dgg = 0
is just the group law on B, and the relation dyg o dp; = 0 decomposes in two
relations which expresse the commutativity and the associativity of the group law
on B. This augmented bicomplex L..(K) depends functorially on K: in fact, any
morphism f : K — K’ of complexes of objects of C concentrated in degrees 1 and
0, furnishes a commutative diagram

L.(k) =Y ok
€ | | e

Kk L K

Moreover the components of the bicomplex L..(K) are flat since they are free Z-
modules. In order to conclude that L..(K) is a canonical flat partial resolution of
the complex K we need the following Lemma:

Lemma 4.1. The additive cofibred category Ext(K, *) of extensions of K by a vari-
able object of DY (C) is equivalent to the additive cofibred category ooy, (k) :

(4.2) Ext(K; ) = Yoy, (k))
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Proof. The total complex Tot(L..(K)) is
Z[B x B] + Z|B x B x B] 2% Z[B x B] + Z[A] =% Z[B] — 0

where Dy = Dgg + dogg and Dy = dp;. If K/ = [A’ o B'] is an object of DM0(C), in
order to describe explicitly the objects of the category o1, (k) (K') we use the
description (1.2) of extensions of free commutative groups in terms of torsors:
e an extension of Z[B] by B’ is a (B’) g-torsor,
e an extension of Z[B x B|+Z[A] by B consists of a couple of a (B’) g« g-torsor
and a (B’) a-torsor, and finally
e an extension of Z[B x B] + Z[B x B x B] by B’ consists of a couple of a
(B")pxp-torsor and a (B’) px px p-torsor.

According to these considerations an object (&, a, 3,7) of Wrgy(r,. (k) (/') consists
of

(1) a B’-torsor E over B
(2) a couple of two trivializations o and 3 of the couple of two B’-torsors over
B x B and A, which are the pull-back of E via Dy. More precisely:

e a trivialization « of the B’-torsor over B X B and B x B x B which
is the pull-back of E via dgg : Z[B x B] — Z[B]. This trivialization
can be interpreted as a group law on the fibres of the B’-torsors over
B x B :

+ By, By — Ep, 1,
where by, by are points of B(S) with S any object of T.

e a trivializations B of the B’-torsor (Dgg)*E over A which is the pull-
back of E via Dqg : Z[A] — Z[B].

The compatibility of @ and 8 with the relation Dy oDy = 0 involves only «
and it imposes on the data (F, 4) two relations through the two torsors over
Bx B and Bx Bx B. These two relations are the relations of commutativity
and of associativity of the group law +, which mean that + defines over F
a structure of commutative extension of B by B’;

(3) v is the zero homomorphism since Lgg(K) = 0.

The object (E,+,3) of Wrgyr..(k))(K') is an extension of K by K’ and so we
can conclude that the category the category Wy, (k) (K ") is equivalent to the
category Ext(K, K’). The proof that we have in fact an equivalence of additive
cofibred categories is left to the lector. O

Proposition 4.2. We have that Hy(Tot(L..(K))) = 0 and the augmentation map
€.: L.o(K) — K induces the isomorphisms Hy(Tot(L..(K))) ~ H;(K) and

Proof. In order to prove this Lemma, we apply [SGAT7] Exposé VII Proposition
3.5.3 to the the augmentation map e. : L.o(K) — K, i.e. we have to prove that for

any complex K’ = [A’ LA B'] of DMY(C) the functor
€ Wroe(x) (K') = Yoy, (k) (K')

is an equivalence of category. According to our definition 2.1, it is clear that the
category o (k) (K') is equivalent to the category Ext(K, K') of extensions of K
by K'. On the other hand, by the Lemma 4.1 also the category Wy (r,..(x)) (K') is
equivalent to the category Ext(K, K'). O
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Corollary 4.3. Let K and K' two objects D10 (C). Then the group of automor-
phisms of any extension of K by K' is isomorphic to the group Ext’(K,K'), and
the group of isomorphism classes of extensions of K by K’ is isomorphic to the

group Ext' (K, K").

Proof. According to the above proposition, it exists an arbitrary flat resolution
L'..(K) of K such that the groups Tot(L..(K)); and Tot(L’..(K)); are isomorphic
for 7 =0,1,2. We have therefore a canonical homomorphism

L.(K) — L. (K)
inducing a canonical homomorphism
Tot(L..(K)) — Tot(L'..(K))

which is an isomorphism in degrees 0,1 and 2. According to SGA 7 Proposition
3.4.7 we have the following equivalence of additive cofibred categories

Uerot(L.. (k) (K') 2 o (k) (K.

Hence in order to get the statement of this corollary we have to put together
e the geometrical description of the category Wroyr,..(k))(K’) furnished by
the Lemma 4.1:
EXt(K7 K/) = \I/Tot(L..(K))(K/)7

e the homological description of the groups W._,roy(1..(x))(K') for i = 0,1
furnished by the Theorem 3.1:

(. (xy (K') =2 Ext'(L/.(K), K) = Ext'(K, K').

%
‘I]TZQTot

5. GEOMETRICAL DESCRIPTION OF Wy, )

Let K; = [4; il B;] (for i = 1,2) be a complex of objects of C concentrated
in degrees 1 and 0 and let L..(K;) be its canonical flat partial resolution. Denote
by L.(Kj, K5) the complex Tot(L..(K7) ® L..(K3)). In this section we prove the
following geometrical description of the category V. .1, (k, K.):

Theorem 5.1. The additive cofibred category Biext(K7, Ko;*) of biextensions of
(K1, K>3) by a variable object of DILON(C) is equivalent to the additive cofibred cate-
gory WTEQL.(KI,Kz) :

(51) BieXt(Kl,Kg;*) = \I]TzzL-(KlyKQ)

Proof. Denote by L..(K7, K2) the bicomplex L..(K7) ® L..(K2): explicitly,
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non trivial components are

Loo(K1, K2) = Loo(K1) @ Loo(Kz2)
— 7Z[By x Bs]
Loi1(K1,K2) = Lgo(K1) ® Loi(K2) + Loi (K1) ® Lo (K2)
= Z[B1 X By x Bs] +Z[B; x By x By
Loo(K1,K2) = Loo(K1) @ Lo2(K2) + L2 (K1) ® Loo(K2) + Lot (K1) ® Loi (K2)

= Z[BlXBQXBQ}—FZ[BlXBQXBQXBQ]—F
= Z[Bl><Bl><B2}+Z[BlXBl><Bl><BQ]+
= Z[Bl X Bl X B2 X BQ}

Los(K1,K2) = Loi(K1) ® Loa(K2) + Lo2 (K1) ® Lo1 (K2)
Loa(K1,K3) = Lo2(K1) ® Lo2(K2)
Lio(K1,K2) = Lio(K1) ® Loo(K2) + Loo(K1) ® Lio(K2)
= Z[A) X Bl + Z[By x As]
Li1(K1,K2) = Lio(K1) ® Loi (K2) + Loi (K1) ® Lig(K2)
= Z[A1 X By X Ba]+Z[By x By x As)
Lio(K1, K2) = Lio(K1) ® Lo2(K2) + Lo2 (K1) @ Lig(K?2)
Loo(K1,K2) = Lio(K1) ® Lig(K?>)
= Z[A; x Ag)

The truncation 7>oL.(K7, K3) is the complex
D D
Lo2 (K1, Ko)+Li1 (K1, K2)+Lag (K1, K2) = Lot (K1, K2)+Lig (K1, K2) = Log (K1, K2) — 0

where the differential operators Dy and Dy can be computed from the below dia-
gram, where we don’t have written the identity homomorphisms in order to avoid
too heavy notation(for example instead of (id x Dég", Dégl x id) we have written
. Ky pK

just (Dog?, Dog')):

Lo2(K1, K3)
id(ﬁr“‘—kdé{f-&-(d&l,d&%
pE14pka
(5.2) Lii(Ky, Ko) 70— Lo1 (K1, K>)
Lo +dgg! Ldge® +dgq!

Ko
(Do2 D,

Dgoh) Dol 4+ D2
Loo (K1, K2) 5000 Lyo(Ky, Kp)  °—° Loo(K71, K2).
Explicitly the condition Dg o D; = 0 means:

e the following sequences are exact:

Ko Ko
(5.3) Z[B1 X Ba x Bs] +Z[B1 % Ba x By x Bs] 2% Z[By x By x Bs] % 7B, x Bs)]

Kq K1
(5.4) Z[By x By x Bs] + Z[By x B1 x By x Ba] %% Z[B, x By x Bs] % 7B, x By)]

e the following diagrams are anticommutative:

Ko

ZIBy x By x Ba x Ba] ™. Z[B, x By x B
(5.5) dog' | Ldgg!
k2

Z[Bl X B2 X BQ] -9, Z[Bl X Bg]
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Ky

Z[Ay x By x Bs] 2% Z[By x By x B
(5.6) dog? | Lo
DX1

Z[Al X BQ] -2, Z[Bl X BQ]

K
Z[Bl X Bl X AQ] DLOi Z[Bl X Bl X BQ]

(5.7) dgot L Ldggt

K
Z[B]_ X AQ] DLO? Z[B]_ X BQ]

DX

Z[Al X AQ] —09, Z[Al X BQ]

(5.8) Dgo' | Lpgy!

Dk2
Z[Bl X AQ} —090, Z[Bl X B2]
In order to describe explicitly the objects of the fibre W._ 1 (k, k,)(K3) of the
cofibred category W, .1 (k, K,) We use the description (1.2) of extensions of free
commutative groups in terms of torsors:
e an extension of (7>2L.(K1, K2))o by Bs is a (Bs) g, x ,-torsor,
e an extension of (7>2L.(K1, K2))1 by Bs consists of a (Bs)p, x B, x B,-torsor,
a (B3)p, x By x B,-torsor, a (Bs)a, xB,-torsor and a (B3)p, xA,-torsor, and
finally
e an extension of (7>2L.(K7,K3))2 by Bs consists of a system of 8 torsors
under the groups deduced from Bjs by base change over the bases By x By X
BQ, Bl><B2><BQXB2, Bl><31><327 Bl><B1XBl><B2, Bl><le
BQ X BQ, A1 X BQ X BQ, Bl X Bl X AQ, A1 X A2 respectively.
According to these considerations an object (E,«,3,7) of W._ 1, (k, k,)(/K3) con-
sists of
(1) a Bs-torsor E over By x By
(2) a couple of two trivializations o = (a1, 2) and 8 = (1, B2) of the couple
of two Bs-torsors over By X By X B+ By X By X By and Ay X By + By X Ag,
which are the pull-back of E via Dy. More precisely:
e a couple of trivializations & = (ay, a2) of the couple of Bs-torsors over
Bi x By X By and By x By X By which are the pull-back of E via
id x di? +dl xid : Z[By x By x Ba| 4+ Z[By x By x By] — Z[B; x By).
The trivializations (a1, ae) can be interpreted as two group laws on the
fibres of the couple of Bsz-torsors over By X By X By and By X By X Bs:

+2 1 By by Evy o, — Byt by +1 1 By by By oy — Epy by 4+t

where by, b}, (resp. by, b)) are points of Ba(S) (resp. of Bi(S)) with S
any object of T.

e a couple of trivializations 8 = (81, 82) of the couple of Bs-torsors
(D& x id)*E, (id x D§?)*E) over Ay x By and By x A respectively,
which are the pull-back of E via DE! x id + id x DE? : Z[Ay x By] +
Z[Bl X AQ] — Z[Bl X BQ]

(3) the compatibility of @ and 8 with the relation Dg o D; = 0 imposes, on the
data (E, 41, +2) and (D} x id)*E, (id x DE?)*E, By, 82), 8 relations of
compatibility through the system of 8 torsors over By X Bg X By, By X Bg X
BQXBQ, B1><Bl><BQ, Bl><Bl><Bl><BQ, B1 X By X By X By A1><BQ><
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By, By x By x Ay, Ay x As. For « the relation Dg o D; = 0 imposes the
following 5 relations of compatibility on the data (E,+1,+2) through the
5 torsors arising from the factor Los (K7, K3) of 7>oL.(K1, Ko) :

e the exact sequence (5.3) furnishes the two relations of commutativity
and of associativity of the group law 42, which mean that +5 defines
over E a structure of commutative extension of (Bs)p, by (B3)s,;

e the exact sequence (5.4) expresses the two relations of commutativity
and of associativity of the group law 47, which mean that +; defines
over E a structure of commutative extension of (B1)p, by (B3)B,;

e the anticommutative diagram (5.5) means that these two group laws
are compatible.

Therefore these 5 conditions implies that the torsor F is endowed with a
structure of biextension of (B, B2) by Bs.

For (3 the relation Dy oDy = 0 imposes the following 3 relations of compati-
bility on the data ((Dgy' xid)* E, (idx Dy?)* E, 1, B2) through the 3 torsors
arising from the factors L1 (K1, K2) 4+ Lag(K7, K2) of 75oL.(K7, K»):

e the anticommutative diagram (5.6) furnishes a relation of compatibility
between the group law 45 of E and the trivialization (; of the pull-
back (Dégl x id)*E of E over A; x By, which means that ; is a
trivialization of biextension;

e the anticommutative diagram (5.7) furnishes a relation of compatibility
between the group law +; of F and the trivialization (5 of the pull-
back (id x Dé{f)*E of E over By x A,, which means that also 35 is a
trivialization of biextension;

e the anticommutative diagram (5.8) means that the two trivializations
(1 and B9 have to coincide over Ay X As.

(4) v : Z[A1]) ® Z[As] — As is an homomorphism such that the composite
Z[A)] @ Z|Ag] L Z[A1] @ Z[As] 2 By is compatible with the restriction of
the trivializations (1, 82 over Z[A] ® Z[As].

The object (E,a, 3,7) of V.1, (k,,k,)(K3) is therefore a biextension (E, 81, B2,7)

of (K7, K») by K3. The diligent lector can check that the above arguments furnish
the equivalence of additive cofibred categories (5.1). (]

6. PROOF OF THE MAIN THEOREM

U

Let K; = [A; = B;] (for i = 1,2,3) be a complex of objects of C concentrated
in degrees 1 and 0. Denote by L..(K;) (for ¢ = 1,2) the canonical flat partial
resolution of K; introduced at the beginning of §3. According to Proposition 4.2, it
exists an arbitrary flat resolution L'..(K;) (for ¢ = 1,2) of K; such that the groups
Tot(L..(K;)); and Tot(L'..(Kj;)), are isomorphic for j = 0,1,2. We have therefore
canonical homomorphisms

inducing a canonical homomorphism
Tot(L..(K1) @ L..(K3)) — Tot(L'..(K;) @ L'..(K3))

which is an isomorphism in degrees 0,1 and 2. Denote by L.(K, K»3) (resp. L'.(K1, K3))
the complex Tot(L..(K7) ® L..(K3)) (resp. Tot(L'..(K;) ® L'..(K3))). Remark that
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L'.(Ky, Ks) represents K (}L@Kg in the derived category D(C):
L
L (K1, Ks) & K10 Ko.

By construction, according to SGA 7 Proposition 3.4.7 we have the following equiv-
alence of additive cofibred categories

VoL (50 ) (B3) 2 Vo1 (), k) (K3).

Hence applying the Theorem 5.1, which furnishes the following geometrical descrip-
tion of the category ‘I’TZQL.(Kl,Kz)(KS)i

Biext(Kl, KQ; K3) = WTEQL.(Kl,Kz)(K3)7
and applying the Theorem 3.1, which furnishes the following homological descrip-
tion of the groups \ijl'ZQL,,(Kl,KQ)(KS) for i =0, 1:
. . . L
VoL (K ko) (K(3) = Ext (L. (K1, K2), K3) = Ext' (K1®K3, Ks),
we get the main Theorem 0.1, i.e.
Biext! (K1, Ko; K3) = Ext'(K,©Ky, K3) (i =0,1).

Remark 6.1. From the exact sequence 0 — A3[1] — K3 — Bs — 0 we get the long
exact sequence

0— \IlgzzL’.(Kl,Kg)(A3[1]) - \IIQEQLC(KI,KQ)(K?J - ‘I’EZZL/.(KI,KZ)(BB)
- \1171—22L’.(K17K2)(A3[1]) - ‘I"ergL'.(Kl,Kz)(K?’) - \IIiZQL"(Kl,Kg)(B?’)'
The homological interpretation of this long exact sequence is
0 — Hom(L/.(K1, K3), A3[1]) — Hom(L'.(K1, K>), K3) — Hom(L'.(K1, K>), B3)
— Ext!(L/.(K1, K>), A3[1]) — Ext! (L' (K1, K»), K3) — Ext!(L'.(K1, K3), B3),
and its geometrical interpretation is
0 — Hom(A; ® By + By ® Ag, A3) — Hom(L'.(K1, K3), K3) — Hom(B; ® Bs, B3)
— Hom(A; ® Ay, A3) — Biext! (K1, Ko; K3) — Biext! (K1, Ko; Bs).
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