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Nonlinear stability of stationary solutions
for curvature flow with triple junction

Harald Garcke, Yoshihito Kohsaka, and Daniel Sevéovic

Abstract. In this paper we analyze the motion of a network of three planar curves with
a speed proportional to the curvature of the arcs, having perpendicular intersections with
the outer boundary and a common intersection at a triple junction. As a main result we
show that a linear stability criterion due to Ikota and Yanagida [13] is also sufficient for
nonlinear stability. We also prove local and global existence of classical smooth solutions
as well as various energy estimates. Finally, we prove exponential stabilization of an
evolving network starting from the vicinity of a linearly stable stationary network.

1 Introduction

The motion of curves under the curvature flow has been widely studied in the past [6, 11,
3]. Less is known about the evolution of networks under the curvature flow [4, 13, 20]. In
this case the arcs in the network evolve in the normal direction with a speed proportional
to the curvature of the arcs. At intersections with an outer boundary and at triple
junctions boundary conditions have to hold. At the outer boundary one can prescribe the
position (see [16, 18]), or the angle with the outer boundary [4, 13]. At the triple junction
Young’s law, a force balance, leads to angle conditions. In this paper we are interested in
the stability of stationary solutions to the curvature flow with a triple junction when we
prescribe the natural angle condition of 90° at the outer boundary. For this case a linear
stability criterion has been derived by lkota and Yanagida [13] (see also [14]). We will
demonstrate here that this criterion also leads to nonlinear stability.

We now specify the problem in detail. Let  be a bounded domain in R? with C3-
boundary 9. We introduce a C3-function v : R? — R with Vi (x) # 0 if ¢)(z) = 0 such
that

Q= {z e R?|¢(x) <0}, 00 = {z € R?* | ¢(z) = 0}.

We search families of curves I'}, T2, and I'? which are parameterized by time ¢ and which
are contained in 2. The three curves are supposed to meet at a triple junction p(t) €
at their one end point and at the other end point they are required to intersect with OS2,
see Figure 1. We require for i = 1,2, 3

BV =4'" on T}, (1.1)
3

Y AT =0 at p(t), (1.2)
=1

[ 109 at T NoQ. (1.3)
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Figure 1: The curvature driven flow I'; of a network with a triple junction at p(t) (left)
and a steady state I', (right).

Here V' and ' are the normal velocity and curvature of T'%, respectively. The constants
(3% and «* are given physical parameters and 7" are unit tangents to the curve which are
chosen such that they point away from the triple junction.

Equation (1.2) is a force balance and one can solve for the T"’s if the condition

VAl <Ak for all {i, 4, k} mutually different ,

is fulfilled. In the following we assume strict inequalities and an argument as in Bronsard
and Reitich [4] gives that the angles 6 between the tangents 7} and T} fulfill

sinf!  sinf?  sin@?

L A &

with 0 < 0 < 7 (i = 1,2,3) and ' + 6%+ 6* = 2. Existence of solutions to the evolution
problem (1.1)-(1.3) has been shown by Bronsard and Reitich [4]. We will show later that
the energy functional

Bl = 341

where I'; = |J2_, T and L[] is the length of I}, is a Ljapunov functional. The con-
stants «* can be interpreted as surface free energy densities (surface tensions) and the
functional E is the total free energy of the systems. Sternberg and Zeimer [21] showed
the existence of isolated local minimizers to E, which can be interpreted as solutions to a
partitioning problem of two dimensional domains into three subdomains having (locally)
least interfacial area.

The paper is organized as follows. In the next section we present a way how to
parameterize the problem. We derive a nonlinear nonlocal system of parabolic equations
governing the evolution of curves driven by curvature. By means of the semi-group theory
due to Lunardi [17] we prove local existence of a classical solution. Section 3 is devoted
to the rigorous derivation of the linearized system of equations. We recall the result of
Yanagida and Ikota stating an explicit condition for linearized stability of the governing
system of equations. In Section 4 we provide a usefull result guaranteeing local uniqueness
of a stationary solution proved by the inverse function theorem and the result is to our
knowledge the first result in this direction for networks. As a byproduct we also obtain
an important bound for the displacement of the network in terms of the curvature. We
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Figure 2: Description of the local parametrization of the curve I'.

proceed by deriving useful geometric equations for the curvature and other geometric
quantities in Section 5. Using the linearized stability criterion we show how to derive a
priori estimates for Sobolev norms of the solution. These geometric equations are then
used in order to prove usefull bounds for a solution. With the help of these energy type
estimates we prove global existence of a classical solution. In the final section 7 we prove
exponential stability of the stationary solution.

2 Parameterization and local existence

We consider line segments I'!, T2 and I'"? meeting the outer boundary with an angle of
90° at their one end point and having without loss of generality p, = (0,0)7 as their
common other end point where we assume that (1.2) holds. Then we define an arc-length
parameterization of I, (i = 1,2, 3) as

I ={2.(0) o € [0, I}

with ®%(0) = p, = (0,0)T, ®L(I*) € 0. In particular, we obtain that [* is the length of T"¢.
Then we will extend ®! as an arc-length parameterization of the full line which contains
. We will now introduce a certain stretched coordinate system in order to allow for
parameterizations of curves close to I': (i = 1,2,3) over fixed intervals [0, I'].

Let T? be the unit tangent to I’ pointing from the triple junction p, to the outer
boundary and let N! = RT! be a unit normal where R is the anticlockwise rotation by
/2. We then define

i = (p, Tre, pholq) = max{c | ®.(s) +gN; € Q}.

We remark that the parameter ;¢ allows for a tangential movement of the triple junction
along I'.. We now set

Ui (o,q, ') = DL (0, g, 1)) + gNT,
where 4 ' e 4

(0, q, 1) = 1" + 7 (kpela) — 1)
Note that £(,0,0) = o and £4(0, ¢, u*) = u’.
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We now define the parameterization of curves I' = (I'!, '?, %) close to ', = (I'L, T2, T'3)
having their triple junction at the point p with the help of functions

P01 =R
which fulfill the conditions
p(0) = (p, NDre (i =1,2,3) (2.1)
(see Fig. 2). Set ' ' ' ' .
O'(0) =V (a,p'(0),p'"), o €[0,1']. (2.2)

Then the functions ®° parameterize the curves IV in the neighborhood of T', as I'" =
{®'(0)|o € [0,0]}. Since @ (') = w'TE, we have ®'(0) = p'T¢ + p*(0)N! = p, which
implies that

p'Ty + p (0)N; = (T2 + p*(0)NZ = 1i°T7 + p*(0) N . (2.3)

By virtue of the definition of u’, equation (2.1), and Young’s law

3 3
D Ti=0, Y A'NI=0,
i=1 i=1
we are led to
3 3
D At =0, Y 4p0)=0.
i=1 i=1
Furthermore, identities (2.3) and the angle conditions give the following lemma.

Lemma 2.1 Let us define the matrix

1 Acls s A3s
Q:_1 S e 2 gl 7
—cle2e
52 2s® ABs!

where ¢ = cos@, s = sin@’. Then, for p = (p',p? p®), and p = (p', pu2, 43), it holds
p' = Qp"(0).

Proof. 1t follows from (2.3) that
=1 (T, T )ge + p7 (0) (NI, T e
for (i,7) = (1,2), (2,3), (3,1). By the angle condition, we have
(T¢, Tge = cos 0%, (T, N9)ge = cos(6" + 7/2) = —sin 6"

for (i,7,k) = (1,2,3), (2,3,1), (3,1,2). This implies u* — c*u/ = —s¥p7(0), so that we are
led to

- 0 1 u! -s2 0 0 p'(0)
1 - 0 u? | = 0 —-s2 0 p*(0)
0 1 = w? 0 0 -—s! p*(0)
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Then we obtain

pt 1 At 13 s2 0 0 p*(0) p'(0)
po| = 1_ 2 ct e 0 s* 0 p*(0) | =Q [ p*(0)
w? 1 & A8 0 0 st 03(0) 03(0)

which completes the proof. [

We now consider evolving curves
I'(t) = {@'(0,t) | 0 € [0, 1]},

where ®'(-,t) are defined as in (2.2) such that p'(-,t) (i = 1,2,3) satisfy (2.1). We
formulate the curvature flow for a network with the help of these parameterizations. For
that purpose, the following quantities are needed

1 | .
T'=—®  N'=_—R®
|| |5 |
) : . . 1 . .
Vi= (P, N')gz, r'=( |(I)Z.|T;,N’)R2, i=1,2,3. (2.4)

Then we obtain the following formulation for the curvature flow of a network:

B (P!, NYge = ~( % |T;, N, i=1,2,3, (2.5)
3 g

d =0 at o=0, (2.6)
=1

(T, T*)g> = cos @, (T°, T )g> =cos#? at o=0, (2.7)

(N, V(@) pe =0 at o=1", i=1,23. (2.8)

Note that the conditions ¢(®*(I%,)) = 0 (i = 1,2,3) and ®1(0,t) = ®2(0,t) = ®3(0,¢) are
always fulfilled with our choice of the parameterizations. We can formulate the problem in
terms of (p', p?, p®) and obtain a system of three second order parabolic equations where
each equation is defined on a different spatial interval [0,1"]. We obtain one boundary
condition at o = [ for the i-th equation and the three equations are coupled through the
three boundary conditions at the triple junction.

Let us derive the form of the nonlinear system for p'(o,t) (1 = 1,2,3). Set Z* = [0, ]
and Qf , =T' x (to, t1]. Equations (2.5) give

7

i = L0, 0 )R (0, Pis Pigors 1) + N (0 pi i)ty for (o,8) € Qo (29)
where L'(p", pi, ') and A'(p", p;, p') are
,yi
Ui RU7 )
1
(U7, RV )

L'(p', py ') = 0 J(p', Py 1),

Ai(piv piﬂ :ui) = {(\Iliu R\Ilir)Rz + (\I!iu R\Ilf';)R?pfr}
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with the notation J* = |®|, and the curvature k' = k'(p’, pL, pi , ') is represented as

k(' Pl plos 1Y)
B 1
{Ji(pt, pi, ) }3

R, )ge + 2(W, , R, g2 + (Vg R, g2, }(05)? + (V1

oq’ qq’ oo

(\I/fl, R\IIZ)H@pZJ + {2 Uq, R\Ifl )]R2 —+ (\II R\Ifl Rz}pfj

go)

+{ (v

QQ’

RV )y }

By virtue of Lemma 2.1 and (2.9), we have

i P 5 L'(u')r' (u')
| =QT°| i | = Q[TOM(p, Pos u)] 70| LP(u)r’(u?) |,
I pi L*(u?)r?(u?)

where Q is the matrix as in Lemma 2.1, 7" is the trace operator to o = 0, i.e. T°f = f|

o=0’
and M (p, p,, i) is the matrix
M(p, py, ) = 1d — diag(A'(u'), A*(u?), A°(u*))Q
with the notation u’ = (p’, pL, u*).
Remark 2.2 The matriz M(p, p,, i) is invertible provided that
3
Z( sup [|p'C )lors + sup W(t)\) <& (2.10)
—1 “t€fo,7] te[0,7

for some & > 0. Indeed, we have det M(p,p,,p) = d{—1+ (¢ — A'(u')s?)(c® —
A% (u?)s®)(ct — A*(u?)sh)}, where d = —1/(1 010203) Then, A'(0) =0 (i = 1,2,3)
imply that det M(0,0,0) = d(—1+ c'c*c?) =1 # 0. Since det M(p, p,, ) is continuous
with respect to p, p,, and p, we can conclude that for e < 1 there exists a o9 > 0 such
that det M (p, p,, ) > 1 —e > 0 provided that (2.10) holds.

As a consequence, we are led to the following nonlinear nonlocal partial differential equa-
tions for p'(o,t) (1 = 1,2, 3):

3
pi = a0, phy 1)y + N (0, o Za? 0. T, )T 0L,

+1 (0", 050", TP, T p,, ) for (0, t) e Qor

where a'(p', pl, ') = 7 /BT (0", ply, 1) }* and @ (T°p, T°p,, ) is the (i, j)-component
of the matrix

1
a1 (7%, T'p,, 1) = Q [T "M(p, p,, u)] diag(T "' (u'), T%*(u?), T (u))
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Furthermore, f*is a smooth function in R which is evaluated at lower order terms. Then,
recalling the boundary conditions (2.6)-(2.8) and Lemma 2.1, we have the following non-
linear system:

p

3
pi = @' (' o 1) oy + N0, Pl 1) D @l (T, TP )Tl
7j=1

+£10 s, TP, TP, , ) for (o,t) € Qf 1,
3
. 2.11
d A =0, %) =0, g®u®)=0 at o=0, (241)
ba(p', 1) ok + gho(p', ') =0 at o =1" (i=1,2,3),
=QT%" for t € (0,T)]

\
where u' = (p', o7, py, ph, ', 17) (j = 2,3) and
g (w'?) = (UL, W2)ge + (W), U2)gepl + (W), W2 )gapy + (W), W2)pep) 2
— TP gy 1) T2 (0P, Py 117) cOS 6,
g2 (u'?) = (U5, Wy )me + (W5, U ke py + (W5, W0 ke + (W5, Wo)re ) g

_Jg(p 7pcr’ H )Jl(p ) pm H ) C08927
Z@Q(pz> :U“Z) = (R‘Ilfp V?/)(‘I’Z))R% géﬂ(pl7 /"LZ) = _(Rlljzov V?/)(\I’Z))W
Now we are ready to state a local existence result.
Theorem 2.3 (Local existence) Let a € (0,1) and let us assume that ply € C*T*(Z7)

and piy (i =1,2,3) with sufficiently small norms ||p|cr+e(ziy and |ug| fulfill the compati-
bility conditions

ZV g% (ug?) =0, ¢®(u)=0 at o=0,
baa(ﬂmﬂo)ﬂoa +Qag(/)0,,uo) =0 ato=10" (i=1,2,3),

where wy' = (03, Py Pb.os Po 110, 15) (5 =2,3). Then there exists a

3
Ty = To(1/ Y Ipbllcey) >0,
1=1

Ty being an increasing function of its argument and such that the problem (2.11) with
(p'(+,0), u(0)) = (p, ) (i =1,2,3) has a unique solution

«a «a @ 3
(o', 0% p%, 1t 12, 1) € CHHN(Q) ) X CFFl(Q2 1) X C2Fl(Q3 1) x [0, Ty

satisfying (2.10).
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In order to prove Theorem 2.3 by using a contraction principle, we need some prepara-
tions which consist of three steps: 1) the linearization of (2.11) around the initial data; 2)
the verification of the complementary conditions for the linearized system; 3) the deriva-
tion of suitable a priori estimate for solutions of the linearized system.

Step 1. Let us derive the linearization of (2.11) around the initial data p§ € C**(Z")
and pf (i = 1,2,3). First we define differential operators as

Ao = diag(a' (uy), a*(ug), a*(ug)) 5,
Ar = diag(A' (ug), A*(ug), A’ (ug))ai (T °py, Topo,m 10) 770,

and also define, for given functions (p', ') € C*T* 1(Q ) x CH0,T] (i =1,2,3),
{ai (@) — ai(ui) )7,

+Z{Al w') ” (T°, T, 8) — Ai(ué)a?(TOPmTopo,mNo)}Topia

+f’(ﬁ e TP, TP, 1),
where u6 = (péapé,m:ug)a Po = (pé>pg’pg)a Ko = (ué,u%,ug), Ei = (pi’piﬂﬁi)a ﬁ =
(p*, 7%, 0%), and m = (1, 1%, ). Then, setting F' = (F', F?, F'3), we have the linearization
of the differential equation given as

op" = Aop” + Aip” + F'(0,1).

Let us derive the linearization of the boundary conditions. For pi € C***(Z") and u},
(1 =1,2,3), we define differential operators as

(v 7% %) for k=1,
(B*(T°po, TPy, 140)Ds)i=1,23 = § (*H(TOui?) 0y, b7 (T ug®) 05, 0) for k =2,
(B (TOul)a,, 0, b3 (TOul®)d, ) for k = 3.

Here the components are represented as follows:

J? (u?
P wl%) = (), W)+ (B, W) 2 — {0, W)+ 017 1} T ) cos 7

JH(ul)
b22 12\ _ \Ifl \112 \Ifl \112 1 \112 \112 \112 2 2 Jl (ul) 93
(’LL ) - ( o) q)]R2 + ( q’ q)R2 Po — {( o’ ) + | }J2(’U,2) COS )
31,13 3 3 1 3 1 112 1 JS(UB) 2
b (u'?) = (U2, Ulh)ge + (U2, W) )re pi — {(¥5, V)2 + |V ° p } Tia) cos 62,
b33 \1,3 gl \113 g, NGRS NG Jl(ul) g2
( ) ( )R2 + ( )Rz pa {( o q)R2 + | q| pa} Jg(ug) cos

Also, we define differential operators as
(béQ(TlpOHU’O)ﬁov 0 O) for k= 17
(ngl(Tllpév /“l’%))80>i=172,3 = (0 baQ(Tl Pos Mo)am O) for k= 27
(0,0,3,(T 3, 1i3)0,) for k =3,
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where 7" (i = 1,2,3) is the trace operator onto o = I, i.e. TV = f‘gzn- Then we set
By(0;95) = (B*(T°py, T°Po.os 10) Do Jki=1,2,3;

Bo(l';05) = (BEo(T" 0l 1) 0o Vi im1,2.3,
and also set, for (7', ') € C*T*1(Qf ;) x C'[0,T] (i = 1,2,3),

G'(t) =0,
. B gy oql ..
G(1) =T | )by + V7 (i) )oho = o ()5 = ) = 5 )P~ )
gy L. OgY L
—a—ul(u(lf)(ul —H) = (ug ) (7 — 115)
1 [t : , . . ,
—5/ (D*gM (nut + (1 = nug ) (@Y —ug’), w7 —uy')ydn | (j=2,3),
0

ot Tll[ {bag o) biag(ﬂé,ﬂé)}ﬁf, +géﬂ(ﬁi,ﬁi)] (i=1,2,3),

where Dg'/ is the Fréchet derivative of g'/ and the bracket (-,-) is the respective inner
product. Then we have the linearization of the boundary conditions:

By(0; acr>pT = GT(t)v BO(li§ acr)pT = Ggﬂ(t)
for G(t) = (G'(t), G*(t), G*(t)) and Goa(t) = (Gya(t), Gia(t). Goal(t)).

Step 2. Let us verify that the complementary conditions hold for the linearized system.
We refer to Lunardi [17] for more information on the role of the complementary conditions.
For that purpose, we make some preparations. Let Lo(r,i¢) = (af )i j1.0.3 Where

1
- {T ()}

detfo = H {{J%l AT } ‘

Setting Lo = (a) = (det Lo)(Lo) ™!, we are led to

3
~ 1 2 :| /\Z]
ay = T TR Al I =0 fori# j.
o= 11 [{J%uo)}?

The matrix of the boundary conditions at ¢ = 0 is denoted by

ay = —————C*+r, aéj:() for ¢ # j.

Then we have

(%7 for k=1,
(BEH0;1())iz103 = £ ({0 (T ul?)C, ib?2(T uf?)(,0) for k=2,
(i3 (T uf?)C, 0,i633(T ui?®)() for k=3,

and at o = [’ by

(ibho (TV08, 118)¢, 0,0) for k=1,
(BE(1510))iz123 = < (0,102 (T 02, 12)C,0) for k =2,
(0a07ib8 (TIPOMUO)C) for k= 3.
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To verify the complementary condition we will show that the rows of the matrix ByL, are
linearly independent for all » € C, Rer > 0, modulo the polynomial

S (R0}

where Ci(r) = Ji(ud)|r|2e'(575) (i = 1,2, 3). Here we note that ¢i(r) are the roots of the
polynomial det Lo(r,i¢) which have a positive imaginary part.

First let us verify the complementary condition at 0 = 0. To determine whether or
not the complementary condition is satisfied, we have to verify that the system

3

Zka (0:iQ)ag(¢() =0 mod P(r,Q)=[JC-¢) (i=1,23)

i=1
has the unique solution (wl,wg,wg) = 0 or equivalently that (w;,ws,w3)T = 0 is the
only vector satisfying S _ 1wkl5’ “0;i¢) =0 mod ¢ —¢ (i=1,2,3). That is, we
may investigate that (wi,ws,ws)? = 0 is the only vector satisfying Zk 1@%8'“( (i) =
0 (¢=1,2,3). Thus it suffices to show that
0a 7 ok
det | 0*Y(7T°ul?) b0*2(T ul?) 0 # 0. (2.12)
b (TOul?) 0 b33 (T0ul3)

Indeed, in the case (p}, 14) = (0,0) (i = 1,2, 3), we have

- -2 3 1 -+ 3
det | b*(0) bv*2(0) 0 = det| sin@® —sing® 0
Loy 0  b%(0) — sin §? 0 sin 62

= —(Y" ++* 4+ sin#?sin 6 #£ 0.

Since the determinant in (2.12) is continuous with respect to pf and ) (i = 1,2,3), we
are led to (2.12) provided that ||pf||c1(zi) and |uf| are small enough.

Next let us verify the complementary conditions at ¢ = [*. Similarly as in the case
o = 0, it suffices to show that

diag(bo(T" o, 10), Vo (T 00 15, V(T 0 115)) # 0.
Indeed, in the case (p}, u§) = (0,0) (i = 1,2, 3), we have

det {diag(byq(0,0),050(0,0), b30(0,0))} = det {diag(|Ve(®,)], [V(@I)], [V(@I)]) }

3
= ~TLIvel #o.
i=1

Since the determinant is also continuous with respect to phyand pf (i = 1,2, 3), we conclude

det{ diag( baQ(TlPOaNO) baQ(TlPOaUO) Do (T"pp, 13)) )} # 0 provided that ||ph[lc1(zi) and
|pé| are small enough.
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Step 3. Let us analyze the linearized system. Set X = C(Z') x C(Z?) x C(Z?) and
Y = C*(Z") x C*(Z%) x C*(I?). Define the realization of Ay in X with homogeneous
boundary conditions as follows

D(AO) = {QO S | #, AOQO € Xa 80(0700)50 = 07 BO(lza 80)90 = 0}7
Ao = Ao

Then we have the following lemma which, in particular, characterizes the interpolation
spaces D4, (3,00). For a definition of D4 (3, 00) we refer to Lunardi [17].

Lemma 2.4
(i) The linear operator Ay : D(Ag) — X is sectorial.

(i) The characterization of the interpolation spaces D a,(a, 00) is given as

{p € Xs| 3,7 (0) = 0} if B€(0,1/2),

. 2.13
{0 € X3 Bol0:0,)p = 0. Bo(:0,)p = 0 if pe1/2n), )

DAo(ﬁu OO) = {

where X5 := C?(T') x C?P(I?%) x C?A(13).

Proof. See [22, Section 2] or adapt the argument in [17, Section 3.1.5] for the case of
systems with the estimates in [2, Theorem 12.2]. O

Set Ajp = Ay for ¢ € D(Ap). Then we obtain the following lemma.
Lemma 2.5 Let A= Ay+ Ay. Then A : D(Ay) — X is a sectorial operator.

Proof. According to [17, Proposition 2.4.1(ii)], A is a sectorial operator in X if A, is a
bounded linear operator from D(Ap) to D4, (a/2,00). Indeed, by means of (2.13) and the
definition of a;, we have, for ¢ € D(Ay),

3
1A10l DAy (@/2000 < Co (Z ||Ai<ua>||ca<p->> lar(T Py, TP o t10)llx. . | T°02 0| x
=1

< Collellpay)

where a € (0,1) and Cy, Cy are constants which depend on ||p}||c1+a(ziy and |uh]. This
completes the proof. [

Using an estimate as in the proof of [17, Proposition 2.4.1(ii)], we see that A : D(A) =
D(Ay) — X is a sectorial operator such that ¢ ||| pay) < [|©llpa) < c2l|llpeag) for ¢ €
D(Ap) and some constants ¢, ¢; > 0. Hence D(a, 00) = Dy, (e, 00) with equivalence of
the respective norms.

By virtue of Lemma 2.5, we find that A generates the analytic semigroup e*4. Then
we are led to the following proposition guaranteeing the existence of a unique solution for
our linearized system.
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Proposition 2.6 Let us assume that p) € C**(Z") (i = 1,2,3) satisfy the compatibility
conditions '
Bo(0:0,)p5 = G'(0),  Bo(l';05)p5 = Ggl(0)-

For (p',fi") € C***1(Qf 1) x C'0,T] (i = 1,2,3), the linearized system

aip" = Ap" + F'(a,1),
Bo(0;0,)p" = G (t),  By(l’;0,)p" = G (1), (2.14)

with the notation A = Ay + Ay has a unique solution such that
3
Z; 16"l cevan @7

3
< CZ(HpéHcQJra(Ii) + ||FZHC%O(%) + ||GZHC(1+O‘)/2[O,T] + ||G2)QHC(1+O‘)/2[O7T})- (2.15)

i=1

Proof. Adapt the argument in the proof of [17, Theorem 5.1.19] to our linearized system
(2.14). O

Now we are ready to prove Theorem 2.3 by using the contraction principle.

Proof of Theorem 2.3. Set

D = {(p,n) € C*+1(Q 1) x C*+1(QF 1) x C*+1(Qf 1) x [C'[0, 7] ]’
(p'(+,0), (0)) = (P, 1) (i =1,2,3), lIpllczrar + plles < K}

for some bounded positive parameters K and T where

3 3
lllezrer =Y 1A lcaranigryy  Illey = D Intleroa.
i=1 =1

Then, for (p,t) € D, we define the mapping

F :D>(p.m) v (p, 1)

where p is the solution of (2.14) and p is given by u? = Q 7%p” for such solution p. Once
we prove that the mapping F is a contraction on D for suitable K and T', the mapping
F has a unique fixed point in D which implies that the nonlinear problem (2.11) admits
a unique solution in [0, 7).

Let us first prove that F maps D into itself. Note that the lower order terms in F*
and G, can be rewritten as

f'(@) Zfi(uo)Jr/O (Df' (@ + (1 = n)uo), T — o) dn,

1
9oa(U)) = goa(ui,) + / (Dgpa(nwy + (1 —n)ui ), Wy — uj o) dn.
0
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HQIG ﬁ = (ﬁiuﬁfﬂ TO_7 70—07ﬁ>’ 'y'O = (pg]v /)6,07 TOPO? Topo,m /"'0)7 ﬂll = (ﬁzvﬁl)v and uzi,O =
(b, 1th). Moreover, Df* and Dgp, are the Fréchet derivative of f* and g, respectively,
and the bracket (-,-) is the respective inner product. Then, by means of (2.15) and
pl =QT°p", we have

3
lollgzeer + llelley < {Z lbllcztazy + 1 (o) lloagzs + 1g50(T" ug)])

i=1
3
F (P TOUIT |+ T ]) } + Coct
‘]:
for v = min{«a/2, (1 —a)/2}. Thus, choosing

3

b= QO{Z(||P6||CZ+a(zi) + 1 (o) | ooziy + 195 (T ud))

=1

3
S (T T | + 6 (TP >||T%oo|)} (2.16)
j=2

we conclude that there exists a time 77 > 0 such that
pllczrer + plley < K for T < Th. (2.17)

That is, F maps D into itself.
Let us prove that the mapping F is a contraction. For (p;, ), (Py, ;) € D with
T S T1> let
(p1,11) = F(Pr, 1), (P2 12) = F(Pa, o)
be the solutions associated with the linearized problem (2.14). Then, applying a similar
argument to [4, pp. 373-375] with u” = Q T°p?, we are led to

o1 = Pollczren + Ity = pollcy, < CkTY([[By = Pallczren + I8 = allcy)

for v = min{a/2, (1 — «)/2}. Thus, F is a contraction for 7" < T, which satisfies
C’KTéj < 1/2. Consequently, choosing T, = min{7},75}, we find that F has a unique
fixed point in D for T < T, so that the nonlinear problem (2.11) has a unique solution in
[0, 7] with (2.17) for T" < T\. Further, checking the details of the estimate for the linear
system, we obtain for ¢ € [0, 7]

Z 16" (-, ) lcataziy < mo 4+ CT",

where mgo depends on ||pf||ci+e(ziy and |pf|. Then, there exists a time T3 > 0 such
that mg + CxT” < 2mg for T < T3. Thus, choosing Ty = min{7T}, 73}, we have
SO 10" (-, t)|crta(ziy < 2mg for t € [0,T] with T < T. It is possible to guaran-
tee 2my < &y for sufficiently small ||ph||ci+aziy and ||, where &y is as in (2.10). By
Lemma 2.1, |4%(t)| is estimated by >2_, [|°(-, t) | coze), so that |u(t)| can be smaller than
do if ||ph||cr+e(ziy and |uf| are small enough. This completes the proof of Theorem 2.3.
U
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3 Linearization

In order to linearize the nonlinear system (2.11) around the stationary solution I', =
U?_, T, we need to establish the following properties of ¥ at (¢, u') = (0,0).

Lemma 3.1 For the parameterizations W', i = 1,2,3, in Section 2, the following prop-
erties hold:

(i) ¥'(0,0,0) = @\ (o) and ¥(0,q,0) = ®,(oubn(q)/1") + N (ouba(q)/1).
(i) Wi(0,0,0) =T}, Vi(0,0,0) = N, and \IIL(O',O,O) =(1—-0o/I")T".

(Z“) \II:TO'(O” 0, 0) = (Oa O)T7 \Ilfrq(0-7'0a O) = (07 0)T7 and \I’fm(U, 0, 0) = (_l/lz)Tj
(iv) Wi (5,0,0) = (0,0)T and ¥i_ (c,0,0) = (0,0)T.

ooq oo

Proof. By the definition of ¥, (i) is obvious. Let us prove (ii). Differentiating ¥*(s,0,0) =
P! (o) with respect to o, we readily derive ¥’ (5,0,0) = T(c). Applying a similar argu-
ment to [7], we obtain {50 (q)}|q—0 = 0. Thus (i) gives ¥(0,0,0) = N}(o). Further, by
the definition of &', we have

£,(0,0,0)=1—0/l'.

It follows from the definition of ¥* and the Frenet-Serret formulae that
W, (0,4, 1) = Eulo,q, 1) (1 — gl )TE(E(a, g, 1)) = Eulo, ¢, p) TL(E (0, g, 1))

Putting (¢, ') = (0,0), the third property of (ii) is derived. Finally, by using (ii), we
have (iii)-(iv). O

By virtue of Lemma 3.1, we are led to the linearization of (2.11) around the stationary
solution T, = [J7_, T%.

Proposition 3.2 The linearization of (2.11) is given by
(( B'pi ="y, for o€(0,1'),
3

Yt =0 at o =0,

> .
Pe=pr=p; at o0=0,

L po +hipt=0 at o=1,

A\

fori=1,2,3, where h’ is the curvature of O at the point ®L(I") € T, N ON.

We remark that (3.1) corresponds to the linearized problem which was derived in a formal
way by Ikota and Yanagida [13].

Proof of Proposition 3.2. Applying the same argument as in [7, Section 3], using Lemma,
3.1 and kL =0 (i = 1,2,3) we obtain from equations (2.9) and the boundary conditions
at o = [, the first and fourth equations in (3.1). Thus we only derive the third equation
of (3.1). To simplify the notation, we set

Jp )y = J' ol 1), V(e o0t ) = g (N 0 o L it 1) (G = 2,3).
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Then it is easy to obtain

~ ~ o d ~, . . 1 .
J(p' ') =1, 9J(0,0)[p", pu'] = %JZ(EpZaEMZ) = _ﬁ:u27

e=0

where 8.J'(0,0) is the Fréchet derivative of J* at (0,0). Recalling the definition of g\
(7 = 2,3) and using Lemma 3.1, we have

oy ' . 1 . 1 o o
997(0,0,0,0)[p", , u* 1] = —l—l(TJ,Tf)Rzul - ﬁ(Tj,Tg)RQ,uj (T, Ni)gep!.
1 j 1 1 1 1 j k
(N, T repe — | —pp = 54 | cost

for (j,k) = (2, 3) or (3,2), where 937 (0, 0, 0, 0) is the Fréchet derivative of g% at (0,0, 0, 0).
Since the angle conditions at ¢ = 0 give

(T}, T?)g> = cos @, (T}, N)pe = —sin§®, (N}, T?)g> = sin 6?,

* * * ) *

(T}, T3g2 = cos0?, (T}, N®)pe =sin6?, (N}, T3)ge = —sin 6?,

* * * 7 *

it follows that

93%(0,0,0,0)[p", p*, ", p?] = (—=p% + py) sin 6%,
9g9"(0,0,0,0)[p", p*, ", 4] = (p} — p}) sin 6
at 0 = 0. Hence the linearization of g% (pl, p/, ut, /) =0 (j = 2,3) is
(—p2 4+ p)sin®® =0, (p2 —pL)sinf®> =0 at o =0,

so that, by virtue of #7 € (0,7) (5 = 2, 3), we have

Py =Py =p; at o=0.

This completes the proof. [

In [13] Ikota and Yanagida investigated linearized stability for the curvature flow with
a triple junction (3.1). They derived a criterion according to which one can determine
whether the stationary solution is linearly stable or unstable. In what follows, we recall
their linearized stability criterion. The main result of [13, Theorem 1.1} is concerned with
the analysis of the self-adjoint eigenvalue problem associated to the linearized system of
equations (3.1). We now recall their linearized stability result.

Theorem 3.3 The mazimal eigenvalue of the linearized problem (3.1), i.e. (3* = 0,
1 = 1,2,3, is negative and the stationary solution is linearly stable if and only if one of
the following conditions is fulfilled:

(a) either all hl, h?, and h3 are positive,

(b) or, at most one of them is non-positive, and they satisfy

YL+ PRDAZRS + A2 (1 4+ PRI + 43 (1 + Ph3)hR? > 0.
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We will also need a variational characterization of the linearized stability property. To
this end, let us introduce the bilinear form

3

L =3 vi{ / " ds+ hi(<ﬁi)2|s:n} (3.2

for all ¢ € £(I',), where

E(T.) = {(¢", " ¢*) € H'(0,1') x H'(0,1?) x H'(0,1°)| Y _~'¢'(0) = 0}.

i=1

This bilinear form was also considered in [13]. The following lemma is a simple conse-
quence of the variational characterizations of the largest eigenvalue.

Lemma 3.4 Let \ be the mazimal eigenvalue of the time independent linearized system
(5.1), i.e. we set f*=0,i=1,2,3. Then

3
Ll @] > (=N A& 30, for € E(TL).
i=1

Remark 3.5 In order to simplify the presentation, we will henceforth consider only the
case 3° = ~¢, for i = 1,2,3. It is worth to note that the linearized stability criterion
is invariant with respect to the positive constants 3* > 0 for i = 1,2,3. As it should
be obvious from all the energy type estimates to follow, the full nonlinear stability of the
stationary solution will not be affected by a different choice of positive mobility constants
B3>0 fori=1,2,3.

4 Uniqueness of the stationary solution

In this section we prove the uniqueness of the stationary solution in a small H?-neighborhood.

The inverse mapping theorem also gives a bound on the H?-norm of p = (p', p?, p*) in

terms of the L?-norm of the curvature k = (k!, k2, k3).

To this end, let us introduce the function space
3
M ={(p", 0% p) € H*(0,1') x H*(0,1%) x H*(0,1%)| > " ~'p'(0) =0}.
i=1

Then p via parametrization (2.2) defines a neighboring triple junction configuration
such that the end points lie on 0f).

Theorem 4.1 Let I, be positive. Then there exists a H?*-neighborhood of p = 0 in M,
such that p = 0 is the only solution of the problem
K'=0, <(0Q,I}) =m/2, (4.1)
Q(T¥(t),T9(t)) = cosO*  for i,j,k € {1,2,3} mutually different. (4.2)
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Proof. The idea of the proof is to use the local inverse mapping theorem for the cur-
vature operator with appropriate boundary conditions. The positivity of I, will ensure
invertibility of the linearization.

Using the notation (2.4) of Section 2 we obtain

K'(p) = a'(p', po, (P(0))) 5, + f1(0", £y (p(0)))

with a'(p’, pi, u(p(0))) = 1/{J(p", p’, u(p(0)))}?, a smooth function f’, and a linear
mapping p from R? to R3. The boundary conditions in (4.1) and (4.2) can be written as

g'(p'(1"), P (1), w(p(0))) = 0 for i=1,2,3,
9'(p(0), p,(0), u(p(0))) =0 for i=45

where g, ..., ¢° are smooth functions. We define N' = L?(0,1") x L?(0,1%) x L?(0,3) and
observe that solving (4.1) and (4.2) is equivalent to finding a zero of the mapping

F :B.(0) = N xR*  F(p) = (s'(p), #*(p), K°(p): g, ¢°)

where B.(0) is a ball of a radius € > 0 around zero in the space M. Since H? is embedded
in C'' the mapping is well defined. Arguing similarly as in Section 3 we obtain

DF(0): M — N xR
P = (Poos Pogs Pags Py + 1101, 0% + 1202, 03+ W2p°, po — p3 ph — 1) -

Similarly as in [13], since I, is positive we can conclude that DF'(0) is injective and hence
the Fredholm alternative gives that DF'(0) is invertible. Now the local inverse mapping
theorem (see e.g. [24]) gives that there is a neighborhood around 0 such that only p = 0
solves (4.1) and (4.2). O

It is worthwhile noting that the mapping F' analyzed in the proof of the above theo-
rem is in fact a local diffeomorphism. Therefore its inverse mapping is locally Lipschitz
continuous. Hence we have the following corollary.

Corollary 4.2 There exist constants C,0; > 0 such that
ol < Cllkl| L
provided that ||k||7. < & and p € M fulfills F(p) = (', £*,£%,0,0,0,0,0).

In other words, by means of the above theorem and its corollary, we obtained a bound
on the H2-norm of the solution p in terms of the L2-norm of the curvature k = (x!, K2, k3)
in the vicinity of the stationary solution p = 0 provided that p fulfills the boundary
conditions. This useful observation will be used several times throughout the rest of the
paper. Although we could take the standard L?-norm in the corollary above we choose
the suitable weigthed L?-norm defined in (6.2) in the corollary as this will simplify the

further presentation.
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5 Governing equations for the curvature and other
geometric quantities

In order to show the global existence and the nonlinear stability of solutions for which
the bilinear form of [7] is positive, we apply an energy method similar to the one used
in [5] and [15]. For such a method it is important to derive evolution equations for the
curvature.

Let s be the arc-length parameter along the phase boundary I'; and let X be a smooth
map such that X(-,¢) is an arc-length parameterization of I'; with

Ly ={X"(s,1) | s € [0,7'(1)]}

where 7% is smooth such that L[T}] = r’(¢) which is the length of I'i. Let N* (= N'(s,t))
be the unit normal vector of I';. It can be written as

Ni(s, ) = < cosw!(s, ) ) |

sinw'(s, t)

Then we have

Ni= T, T!=rN,
(5.1)

i i i N
N{ = —w/T*, T =wiN

where T" is the unit tangent vector of I and ' is the curvature of I'. In addition, we
define
V= (tha NZ)R27 vt = (XZ7TZ)R2

and hence . o o
X =V'N"+u'T" (5.2)

Differentiating (5.2) with respect to s and using (5.1), we have

X, = VIN'+V'N' +0'T" 4+ 'T! (5.3)
(Vi+ k)N + (=K'V' + 0T (5.4)

Lemma 5.1 Let X' be a smooth arc-length parameterization as above. Then
wi =VI+r', vl =kV".
Proof. Since X}, = XZ, and X! = T", it follows from (5.1) and (5.2) that
WIN' = (VI 4 KN + (=s"V' + o)) T
Thus we obtain the desired results. [
As a consequence of Lemma 5.1 we have the following lemma.

Lemma 5.2 Let X' be a smooth arc-length parameterization of It as above. Then the
curvature k' (i = 1,2, 3) satisfies the evolution equation:

ki = VI 4 (K)2V' + Kl
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Proof. By w! = k' and Lemma 5.1, we obtain
K =wh = wl, = (VI+ k"), = VL + 5+ k' = Vi 4+ (K)?V 4 kv’
This completes the proof. [
By the assumption that It meets 00 at the one end point with the angle 7/2, we have
V(X (ri(t),t) =0, (V(X"),N)ge =0 at s=r'(t).

Differentiating the identity 1 (X*(r*(t),t)) = 0 with respect to ¢ and taking into account
the transversality condition (Vi) (X?), N*)gz = 0 and the governing equation X} = VN’ +
v'T* we can derive the following lemma.

Lemma 5.3 At the point where Tt (i = 1,2,3) meets the outer boundary 02 we have
Vi ()Y =0 for s=r'(t).

Next we derive corresponding boundary conditions at the triple junction point p(t).
It is assumed that phase boundaries I'!, I'?, and I"®> meet at the triple junction. Let
i,j,k € {1,2,3} be mutually different. Let T'* and ~* be the interface and the surface
energy density between phases i, j. Following the arguments in Bronsard and Reitich [4]
the angles 6% (i = 1,2, 3) of the phases at the triple junction point p(¢) fulfill Young’s law

sinf!  sinf?  sin@?

71_72_73

(5.5)

(see [23]). Young’s law can be expressed as a force balance in the following form

3

3
Y T =) 4N =0. (5.6)
=1

1=1

Let p(t) € R? denote a triple junction. At the triple junction the following boundary
conditions hold:

XH0,t) = X?(0,t) = X*(0,1) (= p(t)), (5.7)
(X!, X )po = cos* at p(t) (5.8)

for (i,4,k) = (1,2,3), (2,3,1), (3,1,2). Then we obtain the following lemma.

Lemma 5.4 At the triple junction p(t) we have the following equality:

3
Z Yt = 0.
i=1
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Proof. Differentiating (5.7) with respect to ¢, we obtain
dp

- = X! =X} =X} (5.9)
For + = 1,2, 3, it holds
dp . i i i
(%j&fmeW:u
This fact and Young’s law imply that
3 3 3
i i dp dp i
D= (5 T = (50 ) 7T =0,
i=1 i=1 i=1

Hence the proof is complete. [

In the next lemma we derive evolution equations and boundary conditions for the
curvature.

Lemma 5.5 A smooth solution of the curvature flow equations
Vi=k', i=1,2,3, (5.10)
with the boundary conditions

<(T(t), T9(t)) = cos 0% for i,j,k € {1,2,3} mutually different,
<(0Q,T) = 7/2 at TN oQ, (5.11)
or: C 09

fulfills when expressed in the above arc-length parameterization the evolution equations
ki =k + () + kY, i=1,2,3.

Furthermore, at the triple junction p(t) we have

3
> K =0, (5.12)
i=1

k4 kMl = K24 k2% = 124 K0P (5.13)

and at T N O the identity o
KL+ h's' =0 (5.14)
holds. Here h' is the curvature of 92 at the point X' (r'(t),t) € T': N IAQ.
Proof. From (5.9) we deduce
dp i NG i
(E’N)RZ = (X}, N )2 = V"
This fact and Young’s law imply that

3 3

it i dp dp i T
E ”YV:E 7(%7]\[)]@:(%72 7N)R2:0.
i=1 i=1 ;
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Since V' = k', we are led to (5.12).
Differentiating (5.8) with respect to ¢, we obtain
(than)W + (X;th)R? = 0.
It follows from (5.3) and (5.11) that
(VE+ k") sin 0% + (VI 4+ w/0?) (= sin %) = 0.
By 0 < 6% < m we have sin §* > 0, so that
Vi k' = VI 4w,

Finally, Lemma 5.2 and the fact that V? = &' imply (5.13). [

6 A priori estimates and global existence of a smooth
solution

The purpose of this section is to derive a priori estimates guaranteeing global existence of
a smooth solution and its convergence to a steady state. First, we derive a priori estimates
for the L?-norm of the curvature. Next we proceed with higher order energy estimates
yielding a priori estimates for the H2-norm of the curvature. As a consequence of these
estimates we will be able to prove exponential decay of the H2-norm of the curvature. We
remark that due to the parabolic regularization property the solution of Theorem 2.3 will
become smoother for positive time such that all derivatives in the following computations
exist.

6.1 First order a priori estimates

Let us define the energy functional
3
E[I =Y 4'L["]
i=1

where T' = |J?_, T" and L[] is the length of T?. Further, throughout Section 6, we use
the following notations:

1
P
le*ll v = (/ \<p2|7’d8> (I1<p<oo), [¢llee = esssup ¢, (6.1)
i I
1

3 P
lepllr = (ZVZWH’ip) o el = max [ = (6.2)
i=1

for a vector function ¢ = (!, %, ©3).

Lemma 6.1 A smooth solution of (5.10)-(5.11) fulfills the following energy type identities
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(i)
(i)

Proof.

d
%E[Ft] +||&72 =0,

d : i 7 i 7 : il 0 7
et = =23 0] [ s B0} Dl + ],
=1 t =1

where h' is evaluated at X*(r'(t),t).

By means of the identity L[T] = r*(¢), Lemmata 5.1, 5.3 and 5.4, we have

SEL) = 32707 == Y ) — 0,0}

1=1

3 3 3
= —Zvi/ vids:—ZVi/ /{iVids:—Zvi/ (k)2 ds.
i—1 r i—1 ri i—1 I}

In order to prove (ii), we compute

),

k'Kl ds = 2/ KK+ (K1) + K"} ds.
r

1 1
t t

The identity

pr (k') ds = 2/ Ky ds + (5')?] _ ('),
i r

%
t

and Lemma 5.3 imply

),

K'kyds = 7 /Fi(/@’)2 ds + (K’)Qv’}szri.

%
t

22

(6.3)

(6.4)

For the right hand side of equation (6.3) we can use the boundary condition (5.14).
Integration by parts yields

2/ KK, + (KD + Ko} ds
r

1
t

- 2{ [/@%S}zzgi — /Fz(l-z’s)z} ds + 2 /Fi(/{")ﬁ‘ ds + 2 /rl Kkt ds

=

(R s WP =2t 2

t t Ft

Using the identities vi = 'V’ = (k) and integrating by parts we obtain

/n%’;vids = [(/@i)2vi}zigl—/ K (k' 4 k') ds
Iy - ;
— [(/{i)2vi]sfgl—/ /{i/@ivids—/ (k") ds.
= r r

1 %
t t

Thus we have

t t

(Iii)4d8+2/ K'kiv'ds. (6.5)

[evaoris- fora)
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It follows from (6.4), (6.5), and (6.6) that

pr .(Iil)2 ds = —2{/ (k) ds + h’(m’)Q‘S:Ti} + / (k") ds
I : :

By (5.12) and (5.13) we have
Sl Oy = 23S =
=1 i=1
.
i=1

Thus we are led to the identity

%EViLi(mi ds = —2%7’{/ )?ds + h'(k")?| _ T,L}Jer"/.(m")‘lds

3

+Zvi(’%i)2vi}s:o‘
i=1

Since V' = k' the proof of the lemma follows. [

Let us define a bilinear form [ as

el = 2] [ (s (e
for ¢p € E(I") where
ET) = {(p" 9% %) € H(0,r") x H'(0,7%) x H'(0,7") 27
Since V' € £(I") we can rewrite the statement ii) of Lemma 6.1 as
L)z +21[v, V] = e+ ivi(fﬁi)%i\ : (6.7)
at" ’ N 5=0
The following lemmata are crucial in the derivation of a priori estimates.

6.2 Higher order estimates for the curvature.

We define the averaged curvature along the curve I'l as k! = #Ft] fFi Kids.

Lemma 6.2 The following estimates for a C3-curve I't hold true.
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(i) 6 = wiallie < CED IR, Il < ']
1 R — Rgyl|Le > t RgsllL2; [Rapl = 1 K'||2,
ST
(i) | () ds < 2] LITIREI3e + Tl bt 2,
y L[]

(111)  There are my = my(L[TY]) and my = mo(1/L[T]) such that

|(]s=0)*] < mal|w'l| 2|21 22 + mal|s7[|2..

24

Proof. The estimates in (i) are established in a standard way and we do not present

details here. By the estimates in (i), we have

1

ER.

. . . . . l .
16| oo < [[6" = rgy [l + [Rg,| < (LITY)2[|w5] 2 +

It implies that

N

I o 1122

/F (K1) ds

1
t

1
(L[]

2
PNE g i i
< {@wmw@mrk Hﬂh%”ﬂﬁx

The statement (ii) now follows from the elementary inequality (a + b)? < 2(a® + b%).
Let 7§ be such that x'(r{,t) — ', (t) = 0. We then obtain

av

%

) ) o )
(K" — KL)% sm0 = —3/ k(K" — kL) ds.
0

This implies that

(K = KL, emo| < 3 [ [K||KT— K, |2 ds
I
< 3w — Kl llnee K| 2 | K7 — K, 22
< (LI E |2 { |67 2 + (L) |RE, |}
< G(LIT) 2 ||k 2| K2 )12

Note that (k')3 = (k' — k1,)3 + 3x'k! (k' — K1) + (k). Then it follows that

It (1 = gl < ity (57 = K) 20w + | (o) (" — kg )l 2o

So 1

< LTIk, IRl Z2 + (LI 2 [k, PlIR4] 2
i) i i i1\ L i 1 i i

< (L2 [6 N 2 152172 + (LT 2 k0, - g(lfﬂavl2 + |5 1172)
1 . 1. . 1 ) )

< @Wmﬂﬁhﬁ%ﬁw+ﬂﬁh{fﬁﬂ#ﬁHW%ﬁJ

it L Ly Lo
{4 3 Il + sl
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Thus we have

|("]s=0)|

IN

| (5" — fiay)*ls=o] + Bll " (K" — higy)ll1oe + ||
1
2

< {oirip + Sl + { o + o IR

Hence the proof is complete. [

Lemma 6.3 For smooth solutions of (5.10), (5.11) we have
('Ul, ’U2, UB)T — Q(Vl, V2, VB)T’
for any t € (0,T], where the matriz Q) was defined in Lemma 2.1.

Proof. At the triple junction p(t), we have, for all 7,5 € {1,2, 3},

=0T+ VIN' = T 4 VINY,

Taking the inner product with 7% we obtain
vt =0 (T, T7) + VI(T", N7).
By (5.8), (T, T7) = cos % and (T?, N7) = —sin §*. Thus we derive
vt — ol = —sFVI,

If we solve this with respect to (v',v? v3)T, we are led to the desired result. [

By Lemma 6.3 and V' = x’, we have

< c{zww} (Z il < cwa (65)

3

Z ’yi(’%i>2vi‘s:0

i=1

6.3 Structural stability of the bilinear form

The aim of this subsection is to show that positivity of the bilinear form I, is invariant
with respect to small perturbations of the curve parametrization p’. More precisely, we
will show that the bilinear form I is positive definite provided that I, is positive definite
and p = (p', p% p?) is small in the C*-norm. Taking into account Corollary 4.2 and
the continuity of embedding H? < C' the positive definiteness of the bilinear form is
preserved if the L?- norm of the curvature k = (', k%, k3) is small.

According to Lemma 3.4, I, is positive provided the maximal eigenvalue for the
linearized problem is negative. The following lemma is a direct consequence of [13,

Lemma 3.1 and Prop. 3.3].

Lemma 6.4

(i) Let \ be the maximal eigenvalue of the linearized problem. For e > 0 there exists a
§ > 0 such that, for any perturbation |h*—hi| < § and |L[I"]—L[I"]| <46, i =1,2,3,
we have

lp. o] > (~A—)lpl2: for o € E(D).
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(ii) There exists a ¢ > 0 such that
clleliz < e, el + llelli>  for ¢ € £(T).

Using Lemma 6.4, we obtain the existence of constants d, > 0 and ¢, > 0 such that

A
I, ] > = llepllze + cllllze - for ¢ € E(T) (6.9)
provided that, for i = 1,2, 3,
|n' — h'| < 8., |LIT"]— LITY| < 4,. (6.10)

Lemma 6.5 We have the following estimates.
(i) There exist constants 6, C' > 0 such that | — hi| < C||p'||cozsy provided that
10" lcoziy < da.
(i) There exist constants 03, C' > 0 such that
LM~ LI < Cllpller and || < Cllolleo
provided that ||p||c1 < 3, where p is the triple junction of T = [J>_, T".
Here we have denoted ||pl|orra = Yoy ||p%lorsasy  for k€ NU{0}, a € [0,1).
Proof. To prove (i), we recall that kpo(X*) is represented by

Koa(X') = —m([D%(Xi)]Taa(Xi),TaQ(Xi))w- (6.11)

Since the right hand side does not depend on derivatives of p’, the mean value theorem
implies the second inequality of (i).

In order to prove (ii), we have to analyze properties of the function p, introduced in
Section 2. From the definition it follows that pbg,(0) = " and p. + pbo(q)T7 + gN: € O9.
Therefore ©(p. + pha(q)T! + gN?) = 0 and so we can compute the derivative of 15 (q) as

i/f- (g) = — (VY (pa + p1ho()TE 4 gN7), Ni)go
dg"*" (V(ps + () TE + aNi), T
Since (V1), N!)gz = 0 on 99 we obtain d% Hha(0) = 0. Now, by taking the second derivative

of ph, and taking into account the expression for the curvature i at the intersection of
0 and I", we obtain %,ugg(()) = hi. Thus

Hoa(q) = 1"+ hig’ +o(¢*) as q¢—0.
We recall that the parameterization @ of the curve I'? is given by
i i 9o i i i i
¥'(0) = p. + [+ T{ihalp'(0)) = W'} T+ pH(0) VY.

Using the above property of the function ui, and the fact p” = Qp(0)” we obtain

LM = L[] = < Clplicr -

AU%@W4MU

Similarly, as p = pu'T! + p*(0) N! we obtain |p| < C/||p||co. With this all statements of the
lemma have been shown. [
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6.4 Exponential stabilization of the solution

Lemma 6.6 Let A\ be the maximal eigenvalue of the linearized problem. Assume that A
1s negative. Then there exists a 63 > 0 such that

Is@®)l72 < M2[w(0)]17. for t€[0,T],

T
1
| I dr < i)

*

provided that ||k(t)||3: < 04 holds on [0,T] where ¢, > 0 is a constant as in (6.9).

Proof. According to Corollary 4.2, there exists a C' > 0 such that ||p||g2 < C| k|2 for
&[22 < é1. By (6.7) we have

d - N R) )
il + 20V V] = [l + 3 (520,

1=1

Let us first choose dy € (0,6,) N (0,61). Then, it follows from Lemmata 6.2 and 6.5 and
the inequalities (6.8), (6.9), and (6.10) that there are C' > 0 such that

d
TlElie + NIV + 2 0Villze < Clkllez + [5l172) (lelze + l15]1Z2).

Since V' = k', we are led to

d
il + { (=X) = C(lllze + l3z) sl
+ {20 = Okl + Iml32) Fmdliz: < 0. (6.12)

Then, we choose a constant d, > 0 satisfying

0 < 04 < mi 1_—)\ _—)\26—*<&>2
asmm b oae\1o ) e \ac) [

If we assume ||k(t)||7: < 04 for ¢t € [0, 7] we then have

d -\
Doz + w5 + im0l <o (6.13)

Using the Gronwall inequality we obtain the desired result. [

6.5 Higher order energy inequalities

So far we have shown the exponential decay of the L?-norm of the curvature ‘. In order
to prove stabilization of the curvature in the stronger C''*“-norm we need to derive higher
order energy type inequalities. These estimates will enable us to conclude convergence
of the curvature to zero in the C'*®norm. In order to derive higher order estimates
we differentiate the curvature equation (see Lemma 5.2) with respect to ¢ and derive an
energy estimate for x%. To this end, let us denote

i i
w' = Ky .
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Then differentiating the curvature equation s} = k', + (x%)% + v's% with respect to ¢ and
taking into account the commutation relation 9,0, = 0,0; we obtain

wi = w4+ 3(k) 2w + v'w’ + vk
for i = 1,2, 3. Multiplying the above equation with w* and integrating over I'! yields

1d 2 B

S|
r

<
r
In what follows, we analyze the boundary term [wlwﬂzzg appearing in the right hand
side of (6.14). First we analyze the boundary term at the triple junction position s = 0.

Differentiating (5.12) with respect to ¢, we obtain

(kD)2 (w")* ds + / (v'w'w! + viw'k') ds
r

w'w!, ds + 3 /
Iy

%
t

(wh)?ds + 3 / (k") (w")* ds
i I}

(v'w'wl + vjw'sl) ds. (6.14)

1
t

3
> yw' =0 (6.15)
i=1

at the triple junction point p(t). It follows from (5.13) that there exists a function G(t)
such that ' ' '
k(0,t) + K'(0,8)v'(0,t) = G(t) for t >0 and i =1,2,3.

Differentiating this equation with respect to ¢, we conclude
w +w' + Kl =G'(t).

Therefore we obtain, by using (6.15),

3 3 3
Zv"wiwi = @'t Z,}/iwi _ Zvi{(wi)%)i + Kiwivz}
i=1 i=1 i=1
3
- — Z Y { (') + K'w'y b (6.16)
i=1

By Lemma 6.3, we can express the term v* as a time independent linear combination of
curvatures £ (i = 1,2,3) evaluated at the triple junction p(¢) and so v{ can be expressed
as a time independent linear combination of k! = w’ (i = 1,2,3). Therefore there exists
a constant C' > 0 such that

3

2wl

i=1

< Ol|lwl? ||| Lo (6.17)

Next we proceed with the estimation of the boundary term at the point X* € I N9,
i.e. we consider s = r’(t). Notice that r’ is no longer constant and its dependence on time
t has to be taken into account. We will differentiate the boundary condition (5.14)

RL(r(8),8) + BT (X (' (1), )" (r'(2), 1) = 0
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with respect to t. Since $X*(r'(t),t) = Xj + Xi(r') = &'N' + {v' + (') }T* = k' N’ (see

Lemma 5.3) and k', = /@t — (k)3 — vkl = w' — (k') — V'K’ we obtain
w' +hw' = — (His + himi) (rY) — (Vh', %Xi)Rmi
= {w' — (") + (" — o) I — (K")*(Vh', N)g2
= {w' — (k) = (B = v)A'K 0" — (K')*(VR', N))ga. (6.18)

Here we have used the equations k% + h'sx* = 0 and v* + (r*)’ = 0 and expressed h; by the
right hand side of (6.11). We now denote by Z¢ the right hand side of (6.18). Then we

get
3 3
Zviwiwz}szri =— Z YR (w')?|s—pi + Z SR Te=x] (6.19)
i=1 i=1

As the outer boundary 02 is assumed to be C® smooth we obtain that the terms h?, VA
are uniformly bounded. Hence the remainder term Z _, V'w'E" can be estimated as

) Z'_‘Z

s=ri| < Cllwllze (Il + lwllze ol 2= + sl 7e 0]l

ol sl e + [ollzlls] ). (6.20)

In order to complete our estimates we have to derive L*- estimates on the tangential
velocity v’ and its time derivative v{. Since v? = (x")? we have

v'(s,t) = v'(0,t) + /OS |k (¢, )2 dC. (6.21)

By Lemma 6.3, we can express v'(0,t) as a time independent linear combination of !
(1 =1,2,3) evaluated at the triple junction p(t). Therefore there exists a constant C' > 0
such that

[l < Cllslr> + [[Kl72) < Cllsll= (6.22)

for [|k||r2 < 1. Analogously, as vi(s,t) = vt(O t) + 2 [ K¢, t)Ky(C 1) d¢ and vj(0,t) is
a time independent linear combination of k; = w' (i = 1,2,3) evaluated at the triple
junction position p(t), we conclude

[vil[zee < Cllwl|z + [l 2 lw]lL2) < Cllwl| - (6.23)
for ||k||Lz < 1.

Summarizing we have shown the following equality

o [ ds + thw,w

1 t

3
:Z,}/Z{szz s:ﬂ_wiwz‘szo_i_g/ (Hi)2(wi)2d8+/ (’UZU)ZU)Z +’U;U)ZHZ) dS}
X ’é %
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and, consequently, the estimate

1d
2dt

< C{(lI8llZe + Il + 16l lwllze + [l lwllZe + l[ll7e lwlz:

—llwl7z + I[w, w]

Hlkllollwll 2w 2 + [l zl[w] 2 ]| sl 2 } - (6.24)

The application of the above inequality will be twofold. At first, we utilize it in order to
prove a bound on ||kss(t)]| 12 uniformly for ¢ € [0, T") where T > 0 is the maximal time of
existence of a C**® solution p. This implies together with Theorem 2.3 the possibility of
global continuation of the C?*® solution p up to the maximal time of existence T' = +o0
and hence the global existence of a C**® solution will follow. As a second application of
the above inequality we will prove exponential stabilization of a solution in the H?-norm
of the curvature yielding the exponential stabilization p(t) in its phase-space C**“-norm.

To accomplish this goal, we have to establish bounds for [|&|| . in terms of the norms
|wl|rz and |[k]|z2. This can be done by taking into account the equation w' = Kl =
k', + (k)% + v'k%. From this equation we have, for i = 1,2, 3,

C ('l + 157 2 + o' )
C (Lo + 1 + i laoe el z2) (6.25)

Ikillze <
<

Let us denote by || - ||z« the following Sobolev norm of the Sobolev space H* = W2

lpllzre = llllzz + ll05epll e

Due to the continuity of embeddings H? — H' and H? — L* and using Gagliardo-
Nirenberg interpolation inequalities (cf. [1, Lemma 5.18 and Theorem 4.17]), we infer the
existence of a constant Cy > 0 such that

1 1
{ [z < Co||n||H2||m||L2, 1622 < Coll&ll gl 2, (6.26)

i~ < Collwlullwlz -
By the Young inequality ab < a?/p 4+ b?/q with p = 4/3, ¢ = 4, we have, for any £ > 0,
3 5
|6l llmsll 2 < Collsllgellellfe < ellkllm + Collk]7.

3 9
and, analogously, [|k[|7s < Cl|&llj~ < CoCll&[lzllkll 12 < el + Cellk]7.. By taking
0 < ¢ < 1 small enough we obtain from (6.25)

[Kssllz2 < C(l|&llr2 + [|wl|r2)  for [kl < 1.
Consequently,
st _ Co
Issllze < Collsl Zellsll 2 < =~ (Isllaz + llslize) < Cll&llze + [[w]z2)

for ||k||L2 < 1. Similarly
K]l < Clllkllr2 + [w]2)
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for ||k||zz < 1 where C' > 0 is a generic positive constant. Due to the continuity of
embedding H' — L* we have ||w||z~ < C|lw||g.
We proceed by estimating the right hand side of (6.24). From (6.26) we have

][z < Collkllmz < C([Klle2 + llwllr2) < C (1 + [Jwllz2)
for ||k||z2 < 1. Consequently, by using the Young inequality, we obtain
&ll7 + 6ll2 + 8[|z < C 1+ Jwllz2)

for ||k||z2 < 1. From the embedding ||w]|z~ < Cllw| g and Young’s inequality it follows
that
(Il2 e + 5l + el ) 0] e < 2l + Co(l + fuw]]22)

for ||k||2 < 1. Using the Gagliardo-Nirenberg inequality (6.26) and Young’s inequality,
we can estimate the second summand in (6.24) as

5]l lw][f < Cllllllwlmllwllre < ellwlfp + Cellslf]lw]z-.
Then, by means of [|K|7. < [|&]7: + [|Ks]]72 < 1+ ||Kks||72 for ||k][2 < 1, we have

6llZoe 1072 < (1 + [lss]lZ2) ]z,

and so
]l e w7 < ellwlFp + Coa(1+ [[#s]|72) wl|Z2-
The remaining terms in (6.24) can be easily estimated with help of Young’s inequality as
sl e 1wl 2w |22 < ellwllFn + Co(1 + [l 72) ][,
lwl[ o [wll 2| sl 2 < ellwlFp + Cellss |72 ]|wl| 7

for ||k||z2 < 1. Let us introduce 1(t) := 1+||ks(t)||32. Then, by choosing e > 0 sufficiently
small and taking into account the positivity of the bilinear form I, we obtain

Iw, w] > 0||w||3:.

Therefore the function ||w(t)||7, satisfies the differential inequality

S lw®)l7: < G+ Con(t)][w(®)]1Z- - (6.27)

According to Lemma 6.6, the function 7 is integrable on the interval (0,7") and

T +o0o
/ n(t)dt <T —I—/ ||I<.',8(t)||%2 dt < oo
0 0

provided that T" < co. A Gronwall lemma type of argument applied to the differential
inequality (6.27) yields the existence of a C'r, which is monotone increasing and bounded
as long as 7' is bounded, such that

sup [[w(t)||7: < Cr < +00.

0<t<T
By means of Lemma 6.6, we see that ||| r2 is small if ||p(0)|/c2+a is small enough. Fur-
thermore, ||pllci+a (0 < a < 1/2) is small provided when | k]|z2 is small. In addition,
using ||Kss||z2 < C (||&]|r2 + ||w]|z2) and the fact that the norm ||p||c2+e can be estimated
by ||&||z2, we just have shown the following conclusion.

Theorem 6.7 The local solution of Theorem 2.3 can be extended to the time interval
0, 00) provided that py is small enough in the C*T®-norm.
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7 Exponential stability of stationary solutions

In this section we combine all the previous results to prove exponential stabilization of a
solution to the triple junction problem which have initial data close to a stationary stable
solution.

Theorem 7.1 Let the assumptions of Theorem 2.3 and Theorem 6.7 hold and let T, be
such that the bilinear form I, is positive. Then there exist constants C, w, 6 > 0 such
that

o)l z2 < Ce™!||K(0)] L2

for any t >0 and ||k(0)]|z2 < 0.

Proof. The proof directly follows from Lemma 6.6 and Corollary 4.2. [

Since the H%norm of p dominates its C'**-norm and the C?T*norm majorizes L>-
norm of x we can state the following consequence of the previous theorem.

Corollary 7.2 Under the assumptions of Theorem 7.1 there exist constants C,w,d > 0
such that

lp@®llcr+a < Ce™[[p(0) ]| 2o
for any t > 0 and ||p(0)||c2+e < 4.

Finally, we are able to prove exponential decay in stronger norms. As it was already
indicated in the previous section, we will utilize the higher energy estimate (6.24) once
more in order to prove exponential stabilization in the H2-norm of the curvature .

Recall that, for p > 2, we have

C(([ellz + [lwll 2)?[Jwl|
CP(lkllzz + llwll2)" (s ] cellwl| e + wllc2llw]lz)  (7-1)
Clllellze + llwllz2) (1]l [wl7)

Cllislzz + C(ll&llzz + [lwlz2) w3

lllE Nl e

VAN VAN VAR VAN

provided that ||k||zz < 1 and ||w]|g2 < 1. Since ||w|| g2 ||ws]| 2 < Hw||§{1 and [|w||p<||w] g2 <
C|lw||3;: we conclude from (6.24), (6.25), (7.2)

1d
577 wllze + Iw, w] < Clllzz + (]2 + [wl]| ) w7

for some positive constant provided that ||&||zz < 1 and ||w]||r: < 1.
Similarly as in the proof of exponential decay of ||k||z2 we use the fact that the full
Sobolev norm ||w||g: can be estimated by the bilinear form I(w,w) as follows:

ollw|f < Iw, w]

for some positive constant 6 > 0. Taking ||k||z2 and ||w]|z2 sufficiently small such that
C(||&||z2 + ||w||z2) < §/2 we end up with the inequality

1d

)
S Zlwls + Slwld < Clal,
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Defining y = ||wl|?. and using ||w||;2 < ||w| g we have
L

d
Yy Sy < 20Me "

dt
where M, w > 0 are the modulus and rate of exponential decay of ||&||3,, i.e. [|[k(.,¢)]|Z. <
Me™**. Solving the above differential inequality with respect to y = y(t) we end up with
the following estimate

20M

y(t) < y(0)e ™ + w0

‘e—wt . 6_&} )

It means that the norm [|w||7. exponentially decays with the rate min(d,w). Since
|Kkssll2 < C(||&||z2 + ||lw]|z2) and the full Sobolev norm ||k||g1 dominates ||&| L~ as
well as the ||k||zz-norm we obtain the following convergence result:

Theorem 7.3 There exist constants &, M, w > 0 such that the solution of Theorem 6.7

fulfills
[ (t)][72 < Me™*

for all t > 0 provided that ||k(0)]|%: <.
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