Universitat Regensburg
Mathematik

Stability analysis of phase boundary
motion by surface diffusion with

triple junction

Harald Garcke, Kazuo Ito and Yoshihito Kohsaka

Preprint Nr. 06/2008




STABILITY ANALYSIS OF PHASE BOUNDARY MOTION
BY SURFACE DIFFUSION WITH TRIPLE JUNCTION

HARALD GARCKE

Universitat Regensburg
FE-mail: harald. garcke@mathematik. uni-regensburg. de

KAZUO ITO
Graduate School of Mathematics, Kyushu University

YOSHIHITO KOHSAKA

Muroran Institute of Technology
E-mail: kohsaka@mmm.muroran-it.ac.jp

Abstract. The linearized stability of stationary solutions for the surface diffusion flow with
a triple junction is studied. We derive the second variation of the energy functional under the
constraint that the enclosed areas are preserved and show a linearized stability criterion with the
help of the H~*-gradient flow structure of the evolution problem and the analysis of eigenvalues
of a corresponding differential operator.

1. Introduction. The surface diffusion flow
V =—-AgH (1)

is a geometrical evolution law which describes the surface dynamics for phase interfaces,
when mass diffusion only occurs within the interface. Here, V' is the normal velocity
of the evolving surface, Ag is the surface Laplacian, and H is the mean curvature of
the surface. The basic property of this flow is that the perimeter of an enclosed volume
decreases whereas the volume is conserved.
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In this paper we study the motion by surface diffusion flow for three curves I'y, I'Z,
and I'} which are contained in a bounded domain Q C R? with the conditions that each
one of the end points of I'} (i = 1,2, 3) is connected at a triple junction p(t) € Q and the
other end points intersect with 9. Then we require for i = 1,2,3

Vi=—miy'kl, on Ti (2)
with the boundary conditions at a triple junction p(t)
Ay, T7) = 0°, «(T,T9) =61, «(TF,T}) = 62,
Akl 4 A2K2 4 3R3 =0, (3)

11,1 __ ,.,2,2,.2 _ ,,3,.3.3
m-=y Ky =M Y "Ry = M"Y Kg,

and at T'i N 99
r'1LoQ, x!=0. (4)

Here, V? is the normal velocity of I'}, x? is the curvature of '}, and s is an arc-length
parameter of I'i. Further, m® and +* are the positive constants concerning the mobility
and the surface energy, respectively. In addition, 8 is the positive constant satisfying
sinf'  sinf?  sin@3

T 2 T T30 (5)
Y v Y
which is called Young’s law. We remark that Young’s law is also represented as

T+ 2T+ 43T% =0 at p(t),
where T is the unit tangent to I'i. In (3) the second and the third condition follow
from the continuity of the chemical potentials and the flux balance at the triple junction,
respectively. Also, in (4) the second condition is the no-flux condition. The boundary

conditions (3) and (4) are the natural boundary conditions when viewing the flow as the
H~'-gradient flow of the energy functional

3
E[l]:=) 7L,
i=1
where I'; = U?:l I'" and L['}] is the length functional of I'.. It is not difficult to show
that under the surface diffusion flow (2) with the boundary conditions (3) and (4) the
areas enclosed by T4, I7, and 0Q for (i,7) = (1,2), (2,3), (3,1) are preserved and the
energy E[I';] decreases in time. We also find that an arc of a circle or a line segment are
stationary under (2)-(4).

The geometric problem (2)-(4) was derived by Garcke and Novick-Cohen [5] as the
asymptotic limit of a Cahn-Hilliard system with a degenerate mobility matrix. They also
proved the short time existence of a solution for this problem. The stability problem of
stationary solutions for (2)-(4) has been addressed by Ito and Kohsaka [7] and by Escher,
Garcke and Ito [2] in the case of a geometry with a mirror symmetry and by Ito and
Kohsaka [8] in a triangular domain.

Our goal in this paper is to derive the second variation of the energy functional under
the constraint that the areas enclosed by T, I, and 9Q for (i,7) = (1,2), (2,3), (3,1)
are preserved and also to obtain a linearized stability criterion based on the work of [9]
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Figure 1: The phase boundaries with triple junction

and [3]. We remark that [9] is the analysis of three curves with a triple junction for the
curvature flow V% = k% and [3] is that of one curve for the surface diffusion flow.

This paper proceeds as follows. In Section 2 we give a representation of curves around
the stationary solutions by using a modified distance function. It is not possible to use
usual distance functions since the triple junction moves with respect to time. Thus we have
to introduce a certain tangential adjustment. Then we formulate the evolution problem
with the help of this parameterization and give a nonlinear problem. In Section 3 we
derive the second variation of the energy functional under the area constraint. In Section
4 we first introduce the linearized system and prove a gradient flow structure with respect
to a certain H ! scalar product on networks for the linearized system. Further, we show
several properties of the spectrum concerning our system. Finally, we give the stability
criterion and analyze the stability for one specific configuration.

2. Parameterization. Let Q be a bounded domain in R? with smooth boundary con-
taining (0,0)7. We assume that 2 and 92 are given as

Q={zcR?|(x) <0}, 9= {recR?|y(z)=0}

with a smooth function ¢ : R? — R with Vi(z) # 0 if x € 99, i.e. (x) = 0. Let I'
(i = 1,2,3) be straight lines or circular arcs with the constant curvature s satisfying
Yl 4+ 92k 4+ 43K = 0.
Further, ' (i = 1,2,3) meet the outer boundary with the angle 7/2 and have p, = (0,0)T
(without loss of generality) as a common point (triple junction) with the angle conditions
(L, 1) = 6F for i,j,k € {1,2,3} mutually different. Then we define an arc-length
parameterizations of I'? as
I, ={2.(0) | o €[0,l']}
with ®%(0) = (0,0)T, ®L(I") € Q. We obtain in particular that [° is the length of T'.
Then we will extend ®% as an arc-length parameterization of the full line or the full circle
which contain I'.. We will now introduce a certain stretched coordinate system in order
to allow for parameterizations of curves close to I' (i = 1,2, 3) over fixed intervals [0, [‘].
Let T be the unit tangent to I' pointing from the triple junction p, to the outer
boundary and let N! = RT!, where R is the anti-clockwise rotation by 7/2, be a unit
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normal. Then we define
fiho(q) = max{ o | ®,(0) + ¢Ni(o) € Q},

and choose the parameter y* which allows for a tangential movement of the triple junction
along the extended I'.. Set

(o, q, ") = DLE (0,0, 1)) + gNL(E (0,0, 1))
where
§o,q, 1) = p' + %{uén(q) —u'}.
Note that £%(0,0,0) = o and £4(0, ¢, u*) = p’.
We now define the parameterization of curves T' = [J?_, T close to T = |J>_, T
having their triple junction at the point p with the help of functions
P 0,1 =R
together with the conditions
O, (1) + p (O)N (') = @2(1?) + P*(O)NZ(1*) = D) + p* ()N (). (6)
Set
&(0) = (0, p'(0), i), 0 € [0,11]. )

Then the functions ®’ parameterize the curves I'" in the neighborhood of T, as I'! =
{®%(0) | o € [0,1']}. Further, the unit tangent and normal to I'* are represented as

. 1 X . 1 ;
11Z == 7@;, JVZ == 7}{@}77
Ji(pt, pt) Ji(pt, pt)

where

T (p' ') = @5 (0)] = \/I‘I/?}I2 + 2(VE, W2 ol + [V [2[0% 2.
Let us derive the nonlinear problem for p’ from the geometric problem (2)-(4). By
this parameterization, the surface diffusion flow equation (2) is represented as

pr = —miyal (p, p)A (' u)R (' 1) + (0 1y (8)
for i = 1,2, 3, where
(Wi, RV! gz + (), RV )g2pl,
(U8, RU7 ) ’

a'(pt, pi) = ( I 1)

e b (pf ) = —
\ijpR\Ijé’)R2 ( )

. 1 1 1
Alp' p') = ————02 4+ ———20y——— {0y,
() Ji(p', pt) Jz(pl,w){ Jl(pz,w)}

and the curvature x*(p?, u') is given by
o 1 . _
K}’L p’L,‘LLZ = @;L).U,R(bé. 2
) =G e &
1 i i i i i i
- G (W, RUL s poo + {2(00,, RUL s + (W, RV a2 o,
+ {(Why, RV ) +2(Wh , RV )2 + (Wl RYL Vg2 5 } 2

+ (T, RU" )ga } .
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Further, the boundary conditions (3) are represented as

(B1,02)zs = [OL][®2|cos?, (@}, B3)e — [@]|03] cos 02,

VRNt ) + 262 (0%, 1) + PR3 (0P i) = 0, 9)
ml”yl 2,2 m3,}/3
ao_ 1 17 1y _ ao_ 2 27 2y ao_ 3 3, 3
T (o, ) 7" (o’ 1) T2(p%,u2) " Al T3 (0%, 1) " (0% 1)

with the notation
(D5, @ e = (Vo W) + (U5, Wh)repl + (Wo, W) ply + (Vo Wh)e2 pf 0,
and the boundary conditions (4) are represented as
(R + RYyps, VO (U"))g2 =0, 0, (p', ') = 0 (10)
fori=1,2,3.
Let us derive the properties of p* at a triple junction which are used in next section.
LEMMA 1. The functions p' (i = 1,2,3) satisfy the following at o = 0:
(i) v'p*(0) +72p%(0) ++°p*(0) = 0.
(ii) pt = {c7p?(0)—cFp*(0)}/s! fori,j, k € {1,2,3} mutually different, where c¢* := cos 6
and s' := sin0°.
Proof. Set
BY(p' it ol i) = @ (1) + p ()N (') — L(n) — p? (0)NT (7).
Then the boundary condition (6) is given by B (p¢, i, p?, i7) = 0, so that we have
0=06BY(p", ', 07, 1’) = p'Te(0) + p*(0)N;(0) — p? T (0) — p? (0)N7(0),
where 6 B is the first variation of B%. This implies that
WTH0) + p'(0)N;(0) = £ TZ(0) + p” (0)N{(0).
Putting
P = g TH(0) + P (O)N2(0) = 12T2(0) + P(0)N2(0) = fT2(0) + FA(ON3(0), (1)
we obtain (P, NI(0))gz = p*(0) (i = 1,2,3). Thus Young’s law for the stationary curves
I gives
3 3

3
D70 (0) = YA (PNI(0))ze = (P, Y4 NI(0)) s = 0.

i=1 i=1
Let us derive (ii). By means of (11), we see
' = 1 (T2(0), T2 (0)z= + 7 (0)(T2(0), N (0)).
Then it follows from the angle conditions for the stationary curves I'l at p, that
(T2(0), T4(0))gz = cos 0, (T:(0), NZ(0))> = —sin "
for 4,4,k € {1,2,3} mutually different, so that we derive
pt = p? cos 6% — p?(0) sin 6.
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Setting ¢! := cos 6 and s’ := sin#*, we have
(1—=c'dF)ut = —{cFc's7p'(0) + s*p7 (0) + cFs'p"(0) }.
Further, (5) and (i) imply
(1—-cdcFut = —% [{(s%s" — cFci(s7)2}p? (0) + {cF(s")? — cFeis? M} pF(0)]
Since we observe
shst — cfel(s7)2 = —d(1 = ), cF(sh)? = cFelsish = P (1 — il b,

we are led to (ii). O

3. The variation of the energy functional. The functions ¥’ have the following
properties which we need to derive the variation of the energy.

LEMMA 2. The parameterizations U* fulfill the followings:

(i) Vi(c,0,0) = & (o).

(ii) V! (0,0,0) =T(0), ¥ (a, ,0) = Ni(o), \IJL(O',O,O) =(1-0/I)To0).

(iii) W, (0,0,0) = —KLT} (o), W, 1(0,0,0) = (— 11T o) + (1 — o/I) kLN (o),
Wi, (0,0,0) =&, (0,0,0)Ti (o), ¥, ,(0,0,0) = =(1 — /I kLT(0),
W!,(0,0,0) = (1 —0/l')*kLN}(c )

(1) Viq(0,0,0) = & 4q(0,0,0)Ti(0) + &4y (0,0,0)KL N (0),
U 0u(0,0,0) = (k1 /1T (o) — (1 = o/1')(k1)?Ni(0),
U0 u(0,0,0) = —(1 =0 /1')*(1)*Ti(0) — (2/1")(1 — o /I)KiNi(0).

Proof. By the definition of W and &, (i) is obvious. Let us prove (ii). Differentiating
Ui(0,0,0) = ®¢(0) with respect to o, we readily derive ¥’ (0,0,0) = T!(c). By the
definition of ¥?, we have

Vi(0,q, 1) = &(0,q, 1" ) (1 — qrL)TL(E(o,q, 1)) + Ni(E(o, g, 1)),

(0, q, 1") = &u(o, g, ) (1 — qrl)TEHE(o, g, 1))
According to the definition of £, we obtain

& (0., ) = (@/1){mpa(@)}, &0 g, m) =1—0/I'. (13)

Using £'(0,0,0) = o and {uho(q)} |q=0 = 0 (see [3]), the second and third of (ii) are
derived. Finally, by using ¢%(c,0,0) = o, (12), (13), and Frenet-Serret formulas, we are
led to (iii) and (iv). O

(12)

The energy of I' = U?Zl I'* is defined as
3

Er(u) =Y ~'Lr(p', p) Zv/ JH(p', ') do. (14)

=1

Here u = (p, p) with p = (p', p?,p%) and p = (u!, 2, ), 4* is the constant concern-
ing the surface energy, and Lr:(p, u®) is the length of I'*. Then we have the following



PHASE BOUNDARY MOTION BY SURFACE DIFFUSION 7
propositions. Here and hereafter, £ and 6°E denote the first and second variation of a

functional F, respectively.

LEMMA 3 (The first variation of Er). It holds
3 . I3 o
O0Er(u) =— Z”yz/ kL p'do.
i=1 0
Proof. Using Lemma 2, we observe

0JH(p", 1) = —rip’ — u'

Since it follows from Lemma 1 that v*ut +~+2u2 + +3u® = 0, we have the desired result.
(I

LEMMA 4 (The second variation of Er). It holds

3 I v
*Er(u) =) v{/ PLoPsq do + hopips| +/ l—;‘(pﬁué do + pips) da},
i=1 0 0

where h is the curvature of OQ at T4 N Q.

Proof. Using Lemma 2, we obtain
KL

OPT(p' 1) = EoqaPiPh + EGaPAP2o + SaaPloPs + PLioPre + T (P12 + 1))

This implies that

L (1) = / (€1, piph +E ok 1 E ot pht g ph Vo

g
K . .
+ /0 7 (P + pipy) do

/i
Then, by means of & (,0,0) = (o/1'){p46(9)}"q=0 and {phe(q)}"|4=0 = hL, we have

, 1t o
S aa=] . . Ky, . .
=[&,008)0_, +/O 0,005, do +/0 —=(pipy + piph) do.

It g
PLeo ) = [ b do +Hip] Ly [ 5 (Gl + i) do
0 0
This leads to the desired result. [

Let DY be a domain enclosed by 'Y, TV and 9. Also, let Q(s) be an arc-length
parameterization of 92 which satisfies

QS () = (-, p" )],y (15)

Then the area of D;; is represented as
I 14
Area[DV)(u') = — / (V! N)g2J' dor +/ (U, N2 J? do
0 0

4 / (Q(s), Noa(s))x ds,
01:57 (p7)—S%(p?)
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where u" = (p*, p?, p*, 7). Further, let DY be a domain enclosed by I'L, T and 9.
Then the area of DY is represented as
19

li
Area[DY] = —/ (B, N g2 do+/ (®7, NY)g2 do
0 0

+ / (Q(s), Naa(s))g= ds.
09:57(0)—S*(0)

Thus the area constraint is given by
A (u) == Area[D"](u") — Area[D¥] = 0.
Then obtain the following propositions.

LEMMA 5 (The first variation of AY). It holds
.. .. ll . l] .
A (u") = —2/ ptdo + 2/ P do.
0 0
Proof. Set
li
Pl )= [Nz o
0
Gl )= | (Q(s), Noa(s))s= ds.

083 (p7)— S (p?)

Using Lemma 2, we obtain

li
SFp' ) =2 [ ' do = (@100, T e (1),
0
8G9 (p',p7) = —(@L(1"), Te(U"))rap'(I') + (®L(W), TL (1) e o (1)
Then, since Area[DV](u") = —F*(p*, u*) + FI(p?, /) + G (p*, p’), we have
SAZ (0, p7) = —8F (o', i) + OF (o7, 1i7) + 6G (', p7).
This leads to the desired result. O

Then it follows from Lemma 5 that if the variation preserves areas, they satisfy

ll l2 l'i
/ ptdo = / p*do = / P do.
0 0 0

LEMMA 6 (The second variation of A{). It holds
. .. lI . . . lJ . . .
52 A (u) :2/ Ky p1p5 do — 2/ wlp1 05 do
0 0
TP g TS| og — P11 g — KA

l I
Lo i i Lo j g
+2/0 ﬁ(pluﬁulpz)da—?/o 77 (PLiz + pips) do.
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Proof. Using Lemma 2, we obtain

g I
S F' (', p') = — 2/0 KLp1py do — 2/0 77 (P1s + pips) do
— phs |, _y = 1iph] o + (RLUY), NE(I))r2 &L, (I°,0,0) 1 (1) b (1),
PG (p ) = (B0, N ()b (8) — W @L(E), N2 (0P,
where hi is the curvature of 9Q at I'. N Q. Since Area[D¥](u) = —F(p', u’) +

FI(pl, 7)) + G (p", p’) and &, (I*,0,0) = h’, we have the desired result. [

Ifr, = U?Zl I is a extremal value of the energy functional under the area constraint,
we have

SEr(u) + MOAR (u'?) + Mad AR (u*®) =0, (16)

where A1, A2 € R. Then, by means of Lemma 3 and Lemma 5, we obtain
3. * 2
—sz/ Iiipzd0+)\1{—2/ p1d0+2/ p2da}
i=1 0 0 0
2 3
+)\2{—2/ p2d0+2/ p3da}:O.
0 0

That is, it follows that

A 2
/ (= 'kl —2X)ptdo + / (=2K2 + 201 — 2)Xo)p? do
0 0
l3

+/ (—73K3 4+ 2X2)p? do = 0.
0

By means of vkl + 42k2 + v3k2 = 0, we see \; = —y'k1/2 and Ay = v3k3/2. Let us
consider the second variation under (16). Set

— 1 1
Zr(u) = Fru) — 1 RLAR @) + ST ).
Then it holds true that 6=r(u) = 0. By means of Lemma 4, Lemma 6, and v*x. +~2k2 +
v3k3 = 0, we have

3 It It
§2Ep(u) ZZV{/O Pl P o do — (51)2/0 PP d0+h1pﬁpé|g:li}
1=1

1 1
=57 mernzl, g + el ,_y) = 57K (P1E] oy + iP3 )

1
B

57 R (PH2] g + 1ie2],_)-
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Using (5), Lemma 1, and y'xL 4+ 72k2 + v3k2 = 0, we are led to

3 K K
F2rw) =7 [ Ahorhodo = [ piobdo+aiil, )
i=1

’7122 3.3\.1.1 ’7233 1,.1y,2 2
- 8—1(0 Ry —C “*)Pmﬂazo - 8—2(0 Ky —C H*)P1P2|U:o
_’7_3 1,1 2,233

83 (C Ry c H*)p1p2‘g:0'

REMARK 7. We remark that this kind of the bilinear form also appears in the analysis of
the double bubble, see [6] and [10].

4. Gradient flow structure and stability analysis. This section is a survey of [4].
The details of this section will appear in [4].

4.1. Gradient flow structure. Let us first introduce the linearized system for the nonlinear
problem (8)-(10). Using Lemma 2 and the fact that

V50 (0,0,0) = K Ni(0),  Wip,(0,0,0) = —(k5)*Ni(0),

ooq
Wi, (0,0,0) = =2 Ni(o) — (1= 7) (61)°Ti(o),
the linearization of (8) is represented as
Py =—m"7{p5e + (52)0'}oo (17)
for o € (0,1%) and i = 1,2, 3. Further, the linearizations of (9) are given by
vt + 2"+ 9% =0, (18)

1 1 1
LR - R ok = (R R 0 = (Rl - Rl (19)

YHpoo + (520"} + 72 {076 + (52)*0*} + {05, + (K3)%0%} = 0, (20)
My poe + (52)0 Yo = m*y* {0, + (52)*p*}o = m® + {055 + (53)*07}e (21)
at 0 = 0, and those of (10) are given by
o+ hipi =0, (22)
m'y{pye + (K1)*p'}o =0 (23)
at o =1"fori=1,2,3.
Set I[py, py] := 0°Zr(u) where p; = (pj, p3,p3)" for j =1,2 and k € N

H* = H*(0,1Y) x H*(0,1%) x H*(0,13),
(H*)" == (H*(0,1") x (H*(0,1%))" x (H"(0,1%))’,
€:={(p" 0% 0")" € H" |7'p"(0) ++70%(0) +7°p*(0) = 0,

A 12 3

/pldaz/ p2d0:/ p3da},
0 0 0

X :={(p" 0% 0" € MY [{p", 1) = (0", 1) = (p*, 1)},
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where (-, -) is the duality pairing between (H*(0,1%))" and H*(0,1%). In addition, we define
the inner product as

3

3 i
(91792)—1 = Z(pllvp%)—l = Zmz/o 6g’u,p§agupé do, (24.)
i=1

i=1
where (upl,upz,ups) for a given p; = (p}, p?,p?)T € X is a weak solution of
—miagup} = p! for o € (0,1%),
Upt +up§ +up? =0at 0 =0,
ml(?gup1 = mQ&,upg = mgﬁgups at 0 =0,
J ] J
Opup, =0 at o =1"
J
Then we obtain the following proposition which assures that the linearized system has

the gradient flow structure.

PROPOSITION 8. Let v = (v}, v2,v3)T € X be given. Then p = (p', p?, p*)T € H3 with

ll l2 l3
/ ptdo = / p*do = / 02 do
0 0 0

%

v = _mi'}/i{pfm + (’ii)zpi}dd
with the boundary conditions (18)-(23) if and only if

is a weak solution of

(v, )1 =—1I[p, ¢
holds for all ¢ = (o', %, )T € £.
Proof. Let p be a weak solution of the linearized system. Setting
w' =v{pge + (52)*p'},

we derive

3
Z’U o) 1—Zm/ O Uy O Uy dU—Z’U Uy, Zm/ Bwau ; do
i=1
i
_Z/o l Zdo'_zf}// {paa } (de’
i=1
3 /i
ZZWi/O pi,g-soido+27i(ﬁi)2/o p'e’ do
i=1

i=1
Bii o= Biliii 31‘1‘2#1‘1'
:Zv[pgw} 70—27 phgh + > 7' (kL) p'e" do.
i=1 7= i=1 0 i=1 0

Using v1o1(0) +72¢%(0) + v3p3(0) = 0, (19), and (22), we are led to the desired result.
(]
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4.2. Stability analysis. Let us study about the spectrum concerning the linearized system
(17)-(23). Set
D(A) ={(p", 0%, p*)" € H*| (p*, p?, p°)" satisty (18)-(20), (22), and

ll l2 l'i
/ ot da:/ 0> da:/ p3da}.
0 0 0

Then the linearized operator A : D(A) — X is given by
3 3 A
(Ap.&) =A€Y = Som' [ [y + (1), € o
i=1 i=1 0
for all € € {(¢1,62,3)T € HY | &t + €2 + €2 =0}, where A = diag (A!, A2, A3). Then we
obtain for all p € &
(Ap, o)1 =—1I[p, .

For this operator A, we have the following proposition.

PROPOSITION 9. The operator A satisfies the followings:

(i) The operator A is its own Friedrichs extension with respect to the inner product
(,-)=1. That is, A is self-adjoint.

(i) The spectrum of A contains a countable system of eigenvalues.

(i1i) The initial value problem (17)-(23) is solvable for a initial data in X.

(iv) The zero solution is an asymptotically stable solution of (17)-(23) if and only if the
largest eigenvalue of A is negative.

To decide on the linearized stability, the following lemma is helpful.

LEMMA 10. Let
M2 > A3 >

be the eigenvalues of A (taking the multiplicity into account).
(i) It holds for alln € N

I
Ap =— inf sup M

Wwes, pew\{0} (P, p)-1 ’

I
Ap =— sup inf M .

Wes, 1 pew\{o} (P, P) -1
Here X, is the collection of n-dimensional subspaces of & and W+ is the orthogonal
complement with respect to the H ™ -inner product.
(ii) The eigenvalues depend continuously on hi, I*, and x'. Further, the eigenvalues are
monotone decreasing in each of the parameters hi (i =1,2,3).

Proof. The lemma follows with the help of Courant’s maximum-minimum principle to-
gether with the fact that I depends continuously on A%, I*, and x%, and is monotone with

respect to hi. The proof follows the lines of Courant and Hilbert [1]. O

By means of Proposition 9 and Lemma 10, we have the following theorem.
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THEOREM 11. Let I, = U?Zl I'C be the stationary solution of (2)-(4) satisfying yv*Tr +
VT2 +~43T23 = 0 at 0 = 0 and TL L0, and having the constant curvature k% with
el + 4262 4+ 43Kk3 = 0. Then if there exists a constant ¢ > 0 such that

Ip,p) > c|lpll2y for all p € &\ {0},

the stationary solution Iy is linearly stable.

4.3. Example. Let us consider the stability of the stationary solution for one specific
configuration. Assume that

71:72:73:17 11212213:17 K1:H2=H3=0. (25)

* *

Then it follows from the first assumption of (25) and (5) that

' = 6> = 6° = 120°.
Also, the third assumption of (25) implies that all of I' (i = 1,2, 3) are the line segments.
Further, the assumptions (25) give

3

Ilp,p] = Z{/;(df do + hi(pi)2\c,:1}-

=1

The following lemma is needed in order to analyze the stability of I', = U3 I

i=1"1 %

LEMMA 12. Assume (25). Then we obtain the followings:
(i) The operator A has zero eigenvalues if and only if A(hL, h2, h3) =0, where

A(hy, b2, h3) = 3hih2h + T(hLh2 + h2h3 + B3hy) + 15(hl + h2 + h3) + 27.
(ii) Set S = {(ht, 2, h3) | A(hL, h2, h3) = 0}. The multiplicity of possible zero eigenval-

ues is equal to two if (hl, h2,h3) = (=3,-3,-3) € S. Further, it is equal to one if
(hy, B2, h3) € S\{(=3,-3,-3)}

Let us analyze the stability of I'x. Assume that (hl, h2 h3) = (0,0,0). Then this implies
that

3 1
lopl =3 [ ) o >0
i=1
Since the maximal eigenvalue A; allows the characterization
1
M= i Aol

pee\{o} (p,p)-1’

we have A1 < 0. On the other hand, it follows from Lemma 12(i) and A(0,0,0) =27 >0
that all of eigenvalues are not zero for (hl, h2 h3) = (0,0,0). Thus, in this case, we see
A1 < 0, so that I[p, p| > (=\1)||pl|%; for (R, R2, h2) = (0,0,0). That is, T, is linearly
stable. Further, by means of (hl,h2 h3) = (0,0,0) € D; (see Fig. 2), Lemma 10, and
Lemma 12, we are led to A\; < 0 as long as (hl,h% h3) € D;. Thus I, is linearly stable
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h3 24

Figure 2: S = {(h%, h2,h3) | A(h}, h2,h3) = 0} = SLUS2 U S?

provided that (hl,h2 h3) € D;. In addition, using Lemma 10 and Lemma 12, we obtain

Ny =0, Ny =0 if (hl,h2,h3) € Dy,
Ny=0, Ny =1 if (hi,hf,hi)e&‘l,
Ny =1, Ny=0 if (hl,h2, h3) € Dy,
Ny =1, Ny =1 if (hl,hZ,h) € S\ {(-3,-3,-3)},
Ny =1, Ny=2 if (hi,hz,h‘:’) = (—3, -3, —3) € S, N S;s,
Ny =2, Ny=0 if (hi,h2 h3) € D,
Ny =2 Ny=1 if (hLh2 k)€ 8\ {(~3,-3,-3)},
Ny =3, Ny =0 if (hi,hz,hi)EID4,
where Ny is the number of the positive eigenvalues and Ny is the number of the zero

eigenvalues. Consequently, we see that Sy is a criterion of the stability under the assump-
tion (25).

Figure 3: [left] Stable. (hl, h2 h3) = (0,—1,—1) € D;. [middle] Neutral. (hl, 2, h3) =
(—1,—1,—-1) € &;. [right] Unstable. hl < —1, h? = h3 = —1.
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