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Recent progress in the semiclassical description of two-electron atoms is reported herein. It is
shown that the classical dynamics for the helium atom is of mixed phase space structure,

i.e., regular and chaotic motion coexists. Semiclassically, both types of motion require separate
treatment. Stability islands are quantized via a torus—quantization-type procedure,

whereas a periodic-orbit cycle expansion approach accounts for the states associated with
hyperbolic electron pair motion. The results are compared with highly accurate ab initio
quantum calculations, most of which are reported here for the first time. The results are
discussed with an emphasis on previous interpretations of doubly excited electron states

I. INTRODUCTION

The failure of the Copenhagen School to obtain a rea-
sonable estimate of the ground—-state energy of the helium
atom (see e.g. the old review by van Vieck') and of the
H," -molecule® was a cornerstone in the evolution of quan-
tum mechanics. The pessimistic point of view con'ceming a

bcmlbldSSICdl I.I'Cd.LmCIlI- U[ LWO—elCLH'UIl atoms lb sumina-
rized in the book of Born®:

“... the systematic application of the principles of the
quantum theory ...
periment- only in those cases where the motion of a
single electron is considered; it fails even in the treat-
ment of the motion of the two electrons in the helium
atom,

This is not surprising, for the principles vsed are not
really consistent... A complete systematic transforma-
tion of the classical mechanics into a discontinuous
mechanics is the geoal towards which the quantum the-
ory strives.”

Nowadays we know the essential shortcomings of the old
quantum theory:

(i) the role of conjugate points along classical trajec-
tories and their importance for the approach to wave me-
chanics (which wag not developed at those times) were not
properly accounted for; and

(ii} the precise role of periodic trajectories when the
classical dynamics are non—integrable or even chaotic was

unknown.

The pessimistic point of view dominated the research for
several decades and there were no successful attempts to
attack the problem until Leopold and Percival® in 1980
gave a reasonable estimate of the ground—state energy of

+ha hali MNowadaue
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proper semiclassical treatment of the helium atom is still
an outstanding problem of the semiclassical theory. The
helium atom therefore remains the essential touchstone of
semiclassical mechanics, even though considerable
progress in the development of the formal theory has been
achieved within the last years, most of which is docu-
mented in this issue of CHAOS,

A semiclassical description of two-electron atoms is
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gives results in agreement with ex-
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also highly desirable, because most parts of the spectral
regions are still nnexplored, both experimentally and quan-
tum theoretically. From a conceptual point of view highly
accurate quantum calculations are not too difficult to per-
form. However, the high dimensionality of the problem
combined with the vast density of states can make the
calculations cumbersome and elaborate. In addition, one
has to deal with singular potentials, long-ranged interac-
tions, and typically many open decay—channels, all of
which: prevents the success of brute—force methods. Fur-
thermore, the problem of understanding the structure of
the quantum solutions still remains after solving the Schrd-
dinger equation. Again, simple interpretation of classical
and semiclassical methods assists in illuminating the struc-
ture of the solutions. Classical calculations may also help
to uncover local integrals of motions or adiabatic coordi-
nates. Exploiting such properties may facilitate {approxi-
mate) quantum calculations considerably,

The necessary ingredient for any semiclassical analysis
is a proper understanding of the underlying classical dy-
namics. Unfortunately, this information is highly non-
trivial to obtain. The equations of motion are multi-
dimensional, non—integrable, and singular, hence far away
from an easy—to-do—job. In addition, the independent par-
ticle case 1/Z = 0 (Z is the nuclear charge) is highly de-
generate, which prohibits an application of the KAM the-
ory to derive an independent particle limit. In other words,
the phase space structure of the hydrogenic motion of two
independent electrons depends on an (infinitesimal) per-
turbation and not only on the zero—order Hamiltonian it-
self. As a matter of fact, until recently it was even unknown-
whether the motion of two-electron atoms is ergodic or
not.>

In this contribution we review on recent progress in
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atoms. We show that the classical phase space is of mixed
structure, i.e. regutar and irregular motion of the electron
pair co—exist. Roughly, the angular type of motion (i.e.
bending motion of the electron pair relative to the nucleus)
is mostly stable, whereas radial motion is mostly (but not
always) unstable. The radial instability typically leads to
ionization of one electron (we restrict the analysis to en-
ergies below the three—particle breakup threshold). A
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20 Wintgen, Richter, and Tanner: The semictassical helium atom

semiclassical treatment has to distinguish between fully
stable (i.e. stable in all dimensions) and (partly) unstable
motion. Fully stable motion allows for approximate torus
quantization, and this applies to electron pair motion,
where both electrons are located on the same side of the
nucleus in a near—collinear configuration.® The classical
motion for near—collinear configurations with both elec-
trons on different sides of the nucleus turns out to be fully
chaotic. In this case the semiclassical Gutzwiller theory

ritly 4+l 1 +1 A 14
combined with the cycle expﬁﬂﬂ(‘/ﬂ meinea }’131\;3 good

results.’

We will not discuss in this contribution how to solve
the Schrodinger equation, even though we partly “review”
on quantum results which are at present not available in
the literature. Our main concern lies in demonstrating the
power of semiclassical methods for two-—electron atoms
and how the semiclassical results compare with highly ac-
curate quantum results.

Il. CLASSICAL MOTION IN HELIUM

There are only few rigorous results about the general
classical three-body Coulomb problem. The reason for the
lack of popularity of quantitative classical studies is obvi-
ous: the equations of motion are multi-dimensional, non-
integrable, and singular. In addition, the independent par-
ticle case 1/Z = 0 (Z is the nuclear charge) is highly
degenerate, which prohibits a direct application of the
KAM theorem to derive a proper independent particle
limit. Quantitative analyses of the problem are being de-
veloped at present.>

An essential ingredient for the class1ca1 analysis of the
three-body Coulomb problem is the regularization of the
equations of motion.? For a nucleus with charge Z and
infinite mass the Hamiltonian reads (atomic units vsed,
e =m,= 1)

2 2
p;+ Dz Z Z 1
H= 3 — b — (1)
) 1 -"2 12
The electron-nucleus distances are given by r, { = 1,2,

and the distance between the electrons is r);. Whenever an
inter—-particle distance vanishes (particle collision) the po-

tential energy diverges. There is a striking difference in the -

topology of the various collisions. In analogy to the motion
of the electron in the hydrogen atom, the motion can be
regularized for binary collisions, where only one inter—
particle distance vanishes. However, the #riple collision r
= r, = r; = O cannot be regularized, i.e. these solutions
have branch points of infinite order.'> A numerically con-
venient method to regularize the binary collisions can be
found in Ref. 5.

The energy E and the total angular momentum L are
constants of motion. Furthermore, the Hamiltonian (1) is
invariant under reflection {ry,ry) — { — 1, — 13) and
particle exchange (ry,r;) — (ry,r;). The Hamiltonian (1)
is homogeneous in coordinates and momenta and the equa-
tions of motion can be scaled to energy independent form.
The accumulated action along a classical path is then

S(E) = 27zSwithz = { — E)~ Y2 and 275 the action
at energy E = — 1.

Here we shall focus on total angular momentum L
= 0, for which the motion of the electrons is confined to a
plane fixed in configuration space. This removes three of
the total of six degrees of freedom, and we take the three
inter—particle distances r; as dynamical variables. It is con-

venient to replace these by the perimetric coordinates™

X=htn—rtpy=n—htiy 2= —F+hHh+n

(2)

with x,p,z > 0. The perimetric coordinates ireat all inter—
particle distances democratically. The discrete symmetries
of the Hamiltonian (1) are readily identified as symmetry
planes in the perimetric coordinate set. Collinear motion
with both electrons on different sides of the nucleus is con-
fined to the x=0 plane. Collinear motion with both elec-
trons localized on the same side of the nucleus is given by
either y=0 or z=0. Finally, motion on the so—called Wan-
nier ridge" ry=r, takes place in the y=z plane. The elec-
tron motion in the symmetry planes becomes essentially
two-dimensional. The third degree of freedomm is taken into
account by linearizing the equations of motion around the
symmetry plane.

Here we will focus on near—collinear configurations
only, but as we will see this is already enough to uncover
the difficuliies of the full problem and to draw some defin-
itive conclusions about it. Our main concern is to unravel
the structure and the organization of the periodic orbits.
They are the main ingredients of modern multi-
dimensional semiclassical theories as discussed in the next

. sections. The radial motion along the Wannier ridge of

symmetrical electron conﬁguratlons ri=p, is (except for
the so—called Langmuir orbit®) extremely unstable and of
mlnor importance for a semiclassical treatment. Therefore

iscuss this tyne of classical motion only briefly
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A. The ZZ+e—e~ configuration

Consider a collinear arrangement of a nucleus of
charge Z and of two electrons, both being on the same side
of the nucleus, The fundamental periodic motion of such a
configuration is a coherent oscillation of both elecirons
with the same frequency but, as it turns out, with large
differences in their individual radial amplitudes and veloc-
ities as shown in Fig. 1{a) for Z = 2 helium. The outer
electron appears to stay nearly frozen at some fixed radial
distance. For this reason we label the orbits as frozen planet
configurations. The minimal nuclear charge to bind an elec-
tron in this type of collinear configuration is Z > 1; oth-
erwise the outer electron potential is purely repulsive. On
the other hand, 1/Z must be non~zero, i.e. the repulsive
electron—electron interaction is of crucial importance for
the formation of these states. Thus the configurations con-
sidered here cannot be described within an independent
particle model and are of non-perturbative nature. The
high degree of classical dynamical localization of the outer
electron is mostly pronounced for helium and becomes
weaker for larger integer values of Z. |
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Wintgen, Richter, and Tanner: The semiclassical helium atom 21

FIG. 1. (a) The straight line motion of the electron pair for the frozen
planet PO, while a nonperiedic but regular trajectory in its neighborhood
is shown in (b). Energy scaled units { — E)r are used.

Remarkably, the periodic orbit (PO) of Fig. 1(a) is
linearly stable with respect to variations in the initial con-
ditions. This is demonstrated in Fig. 1{b) which shows the
resulting (regular} motion of the electrons when they are
initially in a slightly off-collinear arrangement. The inner
electron moves on perturbed Kepler ellipses around the
nucleus, while the outer electron remains trapped at large

radial distances following the slow angular oscillations of

the inner electron.

For collinear configurations the motion is confined to
the three—dimensional energy shell of a four—-dimensional
subspace of the full phase space. It is convenient to visu-
alize the phase space structure by taking Poincaré surfaces
of section. Such a section is shown for helium in Fig. 2. The
phase space position {#,p,} of the outer electron is moni-
tored each time the inner electron approaches the nucleus
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fixed point in the center of the extended torus structure.
Near the fixed point the motion of the outer electron is
nearly harmonic, but for large radial distances the tori are
deformed according to the almost Keplerian motion of the
outer electron. The non—closed manifolds surrounding the
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FIG. 2. Poincaré surface of section (», = Q) for collinear configurations
with both electrons on the same side of the nucleus.
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FIG. 3. Equipotential lines and boundary of the classical allowed region
for the collinear electron configuration with both electrons on opposite
sides of the nucleus (Z = 2, E = —1).ThePO*'+ — — —’isalso
shown.

tori represent (regular) trajectories for which the outer
electron ionizes with p, — (2E; + 2/r)"? (E, is the as-

ymptotic excess energy of the ionizing electron). Recalling
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(i.e. motion off the collinear arrangement), the fundamen-
tal PO of Fig. 1 is embedded in a fully six~dimensional
island of stability in phase space.

The near—integrability of the three-body Coulomb
problem for asymmetric configurations as shown in Figs. 1
and 2 is a remarkable fact, which nevertheless was un-
known until recently. The stability of the outer electron
with respect to radial motion can be understood in a static
model (e.g. by fixing the inner electron at its classical ex-
pectation value or its outer classical turning point) but the
stability with respect to the bending degree of freedom is
somewhat surprising and its origin is purely dynamical. It
is also unexpected and surprising that these classical con-
figurations are extremely stable against autoionization,
which is allowed energetically. Intuitively, one would ex-
pect that the inner electron “kicks™ the loosely bound
outer electron out because the electron—electron interac-
tion 1/r, is maximized in such a collinear configuration.
However, as we will see in the next section, instabilities of
the system emerge mostly from the (non-regularizable)
triple collisions, where aff inter—particle distances vanish.

B. The e~Z%+e~ configuration

Configurations where the electrons move on opposite
sides of the nucleus are energetically favored because the

electron—electron interaction is minimized. Quantum me-
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— {cos ®} is close to unity. Here, ® is the angle between
ry and r,. These states are dominantly excited in single-
photon transitions from the ground state.'

Equipotential lines for this type of coilinear electron
arrangement are shown in Fig. 3 together with a typical
periodic trajectory. The system ionizes if either r; — o« or
ry = oo. As a matter of fact, the topology of the equipoten-
tial lines and of the boundary of the classically allowed

CHAQS, Vol. 2, No. 1, 1982

Downloaded 10 Jul 2007 to 132.199.145.54. Redistribution subject to AIP license or copyright, see http://chaos.aip.org/chaos/copyright.jsp



22 Wintgen, Richter, and Tanner: The semiclassical helium atom

region do not depend on the details of the underlying
particle-particle interactions. The main characteristic of
the potential surfaces is that there are two alternative ways
of the system to ionize, i.e. only one particle (or equiva-
Iently one degree of freedom) can ionize whereas the other
particle remains bounded. Similar potential surfaces can be
found in problems such as the hydrogen atom in a uniform
magnetic field!” (where the electron can ionize either par-
allel or anti—parallel to the magnetic field), the motion of
triatomic molecu!es for cnermes below the three-particle
breakup threshold,'® the x%y potentlal 1 or the motion of
ballistic electrons in heterOJunctlons modeled by elastic
pinbali scattering of particles (such as the four-disk scat-
tering system'” or the hyperbola billiard®").

The classical motion of the collinear helium atom with
the electrons on different sides of the nucleus turns out to
be fully chaotic, even though we cannot rigorously prove
this. A system is called “chaotic” if all PO are linearly
unstable and their number proliferates exponentially with
the action (or some other length characteristic). The ex-
ponential proliferation becomes obvicus if the PO can be
mapped onto a tree of symbols as, e.g., for the anisotropic
Kepler problem (AKP)*? or the diamagnetic Kepler
problem (DKP).!” Our numerical findings on the collinear
motion of the helium atom suggest that the PO obey a
binary coding.

To characterize the motion on the potential surface,
Fig. 3, we introduce a symbolic description of the trajec-
tories by recording the sequence {i;}, . . ../ _ 1,ip,f1sdze « s Of
electron collisions with the nucleus ie, r; = Q. Starting at
an end point in Fig. 3 the PO is then coded by the period-
ically continued string of symbols . . .12122121. ... There
appears to be no restriction on allowed symbol sequences,
but for a PO the length of the periodic symbol sequence
must be even.

The restrictions on the possible POs can be overcome
by de-symmetrizing the motion and considering the motion
in the fundamental domain,'™* which is only haif of the
configuration space shown in Fig. 3 with an elastically re-
flecting wall at r; =r,. This classical procedure corresponds
to the separation of discrete symmetries in quantum me-
chanics and to the symmetrization of the Green function in
the semiclassical theory. Here, the discrete symmetry cor-
responds to the exchange of electron coordinates rji<sr,
(Pauli principle). All information (either classically or
quantum mechanically) is contained in the de-symme-

fiha fiind tal da 24 4 whish
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will restrict ourselves from now on.

When there is a discrete symmetry only an initial seg-
ment of the periodic orbit needs to be considered. After
some fraction of its period, the orbit will pass through an
image (under the discrete symmetry group) of the initial
point. The further evolution may then be obtained from
symmetry images of the initial segment. The action of the
orbit and the period, being scalars, are simply additive
under the symmetry transformation. The stability matrix,
however, is sensitive to the type of symmetry
transformation.2* An example for such a symmetric PO is
the trajectory shown in Fig. 3. A redefinition of the coding

scheme accounts for the symmetry of the PO: a collision is
denoted by the symbol © + * if the previous collision was
by the same electron, and by the symbol © —  ’ if the
collision before was by the other electron. Using this fun-
damental coding the symbol string for the PO reads
‘4 — — —’. Now we have to add an image of the
fundamental code to obtain the symbol string of the PO in
the full domain, just as with the PO itself. The PO has
{topological) length 4, because its code consists of repeti-
tions of a string of four symbols.

We now assume that the collinear PO not involving
triple collisions can be mapped one—to—one onto the binary
symbols { + , — }. This conjecture is supported by
numerical results summarized in Table I, where we list all
PO up to symbol length 6. Some of these orbits are shown
in Fig. 4.

Apart from the missing orbit ¢ 4’ (which parallels the
AKP and the DKP problem) all PO exist for the symbol
sequences of Table I. The coding takes care automatically
of the discrete symmetries of PO. The maximal number of
conjugate points (within the collinear configuration) of a
PO is given by its symbol length, and the Morse index e by
twice the symbol length. The type of fixed point is deter-
mined whether the number of * — ’ in the sequence is odd
or even. All stability exponents u listed in Table I are
strictly positive, i.e. all the orbits are unstable with respect
to the motion within the collinear arrangement (radial cor-
relation). The linearized motion off the symmetry plane
(angular correlation) is however stable and characterized
by the winding number 7, i.e. the eigenvalues exp( 2= 27iy)
of the stability matrix.**

The missing fundamenial orbit (i.e., orbit of length 1)
¢ +4 * can be formally assigned to a PO for which one
electron is removed to infinity whereas the second electron
is moving on a degenerate Kepler ellipse. The orbit does
not give rise to rescnant structures which are formed
within a finite reaction zone around the nucleus. A ‘naive’
WKB—quantization of this trajectory, however, gives the
correct energies of the two—particle breakup thresholds, i.e.
the (hydrogen-like) energies of the remaining bound elec-
tron.

An alternative way to introduce the coding is to exploit
the discrete properties of the periedic orbits, particularly
the Morse index.'”*® Each symbol of the alphabet | +,
— } carries some discrete additive or multiplicative weight
for the discrete properties of the PO. For example, each
symbol is associated with one pair of self—conjugate points
along the trajectory, which allows a definition of the coding
via collisions with potential boundaries.!” Also, each < —°
symbol changes the sign of the trace of the orbit’s stability
matrix and the type of hyperbolicity, respectively. A sym-
bolic description must be able to describe these discrete
properties, otherwise it is useless,

The coding scheme introduced above of the collinear
helium atom paraliels that of the AKP. There, consecutive
crossings of the electron with the symmetry axis are
recon:ied,2 22 which also leads to a binary coding. The or-
bits coming from a collision with the nucleus (collision
manifold) generate the partitioning of the phase space into
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TABLE I. Various properties of the collinear periodic orbits of the helium atom.  is the stability exponent, i.e. the Liapunov exponent times the action
5 of the orbit. The Morse index « for the motion in the symmetry plane and the winding number y for the lincarized motion off the symmetry plane
are given in the next columns. The type of fixed point (FX) is denoted by H for hyperbolic orbits and by IH for hyperbolic orbits with reflection (taken

from Ref. 7).
No Code hY u Y e FX
1 + 2 H
2 — 1.829 00 0.6012 0.5393 2 IH
3 + = 3.618 25 1.8622 1.0918 4 IH
4 + + - 532615 3.4287 1.6402 6 T1H
5 + - — 5.394 52 1.8603 1.6117 6 H
& + 4+ + - 6.966 77 44378 2.1710 8§ 10
7 + + = - 7.041 34 23417 2.1327 g H
8 + - - = . 7.258 49 3.1124 2.1705 3 IH
9 o+ 4+ + + - . 8.566 19 5.1100 2.6919 10 IH
10 + + + - - 8.643 07 2.7207 2.6478 10 H
11 + 4+ - + - 8.93700 5.1563 2.7292 10 H
12 + + - - - 8.946 19 4,5932 2.7173 10 IH
13 + - ¥ - - 9.026 90 4.1765 2.7140 10 IH
14 + - - = = 9.071 79 3.3424 2.6989 10 H
15 + 4+ + 4+ = 10.138 74 5.6047 3.2073 12 IH
16 EA e i 10.216 74 3.0324 3.1594 12 H
17 + + + = 4+ - 10.570 67 61393 3.2591 12 H
18 + + + - - - 10.576 29 5.6766 3.2495 12 IH
19 + 4+ - + - - 10.706 99 5.3252 3.2520 12 IH
20 + + - - 4 - 10.706 99 5.3252 3.2520 12 IH
.21 + 4+ - - - = 10.743 04 4,3317 3.2332 12 H
22 + - 4+ = = - 10.878 55 5.0002 3.2626 12 H
23 + - = - = = 10.910 15 42408 3.2467 12 IH

cells which are uniquely labeled by the binary code. Anal-
ogousw, the collision manifold for the collinear helium
atom is represented by the trajectories coming out of a
triple collision, where all inter—particle distances vanish.
The collision manifold plays a peculiar role in the clas-
sical description of the collinear helium atom. If the sin-
gularity of the Coulomb potential is smoothed (for exam-
ple by a non-vanishing total angular momentum L of the
three-body complex) the orbits starting and ending in a

triple collision become periodic trajectories. The appropri-
ate codine is then ternarv and eguivalent to the DKP
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problem!” and to problems havmg similar potential sur-
faces, as discussed at the beginning of this section. Even-
tually, if the smoothing is too strong, the symbolic tree of
orbits is pruned and some orbits do no longer exist or
become stable. The further fundamental orbit ‘0’ of the
ternary coding is the symmetric stretch motion of the elec-
trons with ry=r,. The (in-phase) symmetric stretch tra-
jectory is better known in atomic physics as Wannier ridge
configuration, where it plays an important role in the Wan-
nier theory of three—particle breakup (for E > 0).

In the Wannier configuration of non-vanishing angu-
lar momentum the electrons move on closed Kepler el-
lipses withr; = — ry. Animportant property of the Wan-
nier orbit (as well as the other orbits of the collision
manifold) is that its stability exponent diverges as it ap-
proaches the triple collision.® This is shown in Fig. 5 where
we plot (for various values of the nuclear charge Z) the
stability index A, for the radial correlation against a loga-
rithmic scale of the scaled total angular momentum. The
diverging stability index for the Wannier orbit has impor-
tant semiclassical consequences: the orbit does not give rise

ol | e | oo

code !
e

FIG. 4. Periodic orbits of the collinear helium atom (@ = 7). The upper
left figure shows some equipotential lines and the symmetric stretch mo-
tion (Wannier configuration) along the symmetry line =7,
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log Jgcal

FIG. 5. The stability exponent A, for the Wannier PO as a function of the
scaled total angular momentum J o, for various Z-values, Z
= 0.4,0.5,1,5,100 (from above)}. The scaled angulair momentum is related
10 the real angular momentum L by Joy = L/L,. where Ly,
= 2(Z - %)/ JTE' is the maximal angular momentum at cnergy E.

to resonant structures in the density of states (see also the
section about semiclassical quantization). This classical
prediction is more remarkable considering that since de-
cades the credo of electron pair motion along the Wannier
ridge plays an important role in the interpretation of dou-
bly excited states.”>*° The absence of resonant structures
related to the Wannier orbit does not contradict the Wan-
nier theory of double electron escape in which £ > 0 is
assurned. Both electrons then escape to infinity in a sym-
metric configuration and they never return to the nucleus,
which is the source of the enormous instability of the pe-
ricdic Wannier orbit. '

HI. SEMICLASSICAL QUANTIZATION
A. Periodic orbit theory

The connection between the quantum eigenvalues and
periodic orbits was obtained by Gutzwiller™*! starting from
the relation between the density of states p and the trace of

Green function G, p(E) = — (1/m}Imtr G. The Green

it e A
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Glazq:E) = % j dtK (a,q;5t)e™ . (3)
Consistent with the semiclassical approximation all inte-
grals are evaluated using the stationary phase
approximation.*? For the propagator one then has an ap-
proximation in terms of classical paths connecting q, and
q; in time ¢,

K(Quapt) = Qui) =¥2 Y | Dy| "2 Xexp(iW 01/ %
paths
— ivrvp/l‘.) (4)
with W5 = § %Ldt the Lagrangian action,
Dy =det| — —— 5
w=de ( 3‘123¢11) (3)

the determinant of second derivatives, and v, the number
of caustics, i.e. it counts the number of zeros of the deter-
minant (5) along the path p,

A semiclassical expression for the Green function is
the integral (3) with the (exact) propagator replaced by
its semiclassical approximation (4). Stationary phase ap-

proximation of the Fourier integral yields

' 1
B = Dol 1/2
GlaraiB) = Go+ oz suv=r7s 2 | Ds]
X expiS(E)/f — imvy/2], (6)

where now the sum extends over classical paths of non-
vanishing length connecting q, and q, at a fixed energy
E, irrespective of the time it takes; S, is the classical action

S pdq of Maupertuis,

s, &S,
dq'dq OBEdq

Ds=dety 25, &, (7
aq'0E JEr

is the determinant of second derivatives, and the index v,
counts the number of caustics on the energy shell (which,
dependent on the sign of 3*W/8¢, may differ from v, by
unity). The paths of zero length contribute differently and
are contained in Gy They are unimportant for the follow-
ing discussion.

Finally, to obtain the density of states we have to in-
tegrate the diagonal elements of the Green function over
position space. The phase of G is stationary if the final and
initial momenta coincide, which is the condition that the

traiantnry ha ndin Tn tha neiochhar
rajeciory v HUAAU\.I,[U. 111 L€ NEIgRoornood Ci

path a coordinate system with ¢, along the path and
g2, " "qy perpendicular to it may be introduced. Using the
factorization of the determinant D¢ and the fact that up to
second order in the deviations from the trajectory the ac-
tion only depends on the stability matrix of the classical
path, one finds

1 172
(Zﬁ'fﬁ) — J‘d% dQNlp.S'pl

hoand nf avery rlacad
CYVLY wiuowsd

Xexp[iS,(q)/% — iv'ym/2]

1 exp(iSy/%i—
"l |det(M —

ims2)
1)‘1 172 » (8)

‘where S, is the action along the periodic orbit, M is the

i
stability matrix around the orbit, and the phase shift u, is

" the Morse index of the PO.2*

Since the trace of the stability matrix is independent of
the position zalong the path, there remains the integral
Jda/q,, which by dg/q = di is the period of the orbit.
Allowing for multiple traversals of a particular PO, we
finally find for the contribution of one primitive (i.e. non—
repeated) periodic orbit (PPO)

© e(isg/ﬁ—:ppw/Z)r
D7 )

—i

TTP,=1 [det(M —
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The trace over Gy can be calculated as an asymptotic
series in powers of #.33 The leading term is given by the size
of the energy shell, :

trG,= f —N—S[E Hpa)]. (10)

This function depends smoothly on energy.

B. Quantization of elliptic islands: the frozen planet
configurations

As shown in the previous section, the frozen planet
periodic orbit is linearly stable for helium. The two pairs of
eigenvalues of the stability matrix M are then complex
numbers on the unit circle, i.e. Az exp( * 2wiyg) and
Ao = exp( = 2wiyg). For trajectories close to the periodic
orbit the frequency ratios of the radial and angular motion
transverse to the periodic orbit are given by the winding
numbers ¥ = 0.0677 and yg = 0.4616, respectively. Ex-
panding the determinant into geometric series, the contri-
bution (9) of the frozen planet periodic orbit to the density

of states is
R 1
-7 (I—F E)?’R

S
Proo~ Z 2 exp21rtr

r=1 kI=0

1
- 2(/6 + E)'}’e

where the number of conjugate points along the trajectory
are already contained in the winding number. The addi-
tional phase shift 4’ = 2 comes from the singularities in
the Green function which are related to the vanishing total
velocity at the turning points of the electrons and to binary
collisions, for which the Jacobian of the transformation
from (six—dimensional) Euclidean coordinates to an ap-
propriate internal coordinate set [e.g. the perimetric coor-
dinates (2)] vanishes. The non~Euclidean character of the
internal coordinates is also responsible for the additional
factor of 2 appearing for the contribution of the motion ®
© perpendicular to the symmetry plane

The sum over the repetitions r in Eq. (11) is a geo-
metric series which can be summed analytically. Thus Eq.
(11) yields a triple- WKB formula with three quantum
numbers 7, k, [,

S(E) = 2wiln + P+ U+ Dyr+ 2k+ Dyel. (12)

Using the classical scaling property for the action and re-
arranging Eq, (12) results in a triple-Rydberg formula for
the energies converging to the three-body breakup thresh-
old,

(11)

SZ
Ey= ~ , (13)
" [n+3+ (+Dre+ Qk+ 1yel?
with § = 1.4915 the scaied action of the periodic orbit.

The semiclassical quantum numbers #, % and / reflect the
approximate separability of the associated semiclassical
wave functions in the local coordinates {g;} of the periodic

CHAOS, Voi.

2,

25

orbit. Nodal excitations along the orbit are described by
n, whereas & and / count the excitations perpendicular to
the orbit.

Before applying Eq. (12) or (13) blindly, one should
realize the inherent approximations and restrictions of
these formulas. For integrable systems the equations actu-
ally represent an approximation of the torus— (or EBK-)
quantization procedure, where the actions of the 1rreduc-
ible circuits on the tori are quantized separately.* Here
these actions are approximated harmonically through the
properties of the fixed point (periodic orbit) in the center
of the elliptic island. The advantage of such an approach is
that it is also applicable for non—integrable systems as long
as the elliptic island surrounding the periodic orbit is large
enough to support many eigenstates, i.e. its phase space
volume is large compared to (27#)". The obvious disad-
vantage is that we cannot expect the approximations to be
of good quality if the phase space volume of the island is
small, or if the phase space structure (e.g. non-elliptic
deformations) varies strongly over small phase space dis-
tances. However, due to the scaling properties for the
present system such restrictions limit the applicability only
to transversal excitations k, /, but not to n. Roughly, the
maximal meaningful values for & and / increase propor-
tional to \]}; because the nodal structures of the wave func-
tions parallel and perpendicular to the orbit scale with
l/#iand 1/ \f?i, respectively® (due to the scaling property
n takes over the role of 1/#).

In the derivation of the triple-WKB formula (12) we
consistently expanded all expressions to leading order in #.
We then expect the absolute semiclassical error to be of the
order #* and the relative error to be of the order #/n (for
By ki,

#

S(Ep)27Aln + (kD] =1+B—, (14)
which shows the semiclassical limit # — O to be equivalent
10 # — o. No general theory is available at present to
estimate the error constant 3. Nevertheless, the energy ei-
genvalues predicted with the simple semiclassical formula
(13) should become exact in the semiclassical limit of high
excitations with an error vanishing proportional to 4.

Note that the triple—Rydberg formula (13) yields real
energies. In the lowest semiclassical approximation pre-
sented here the wave functions are square integrable and
represent exactly bound states. These states can autoionize
semiclassically by dynamical tunneling,’® but the decay
widths for such processes decrease exponentially with the
nodal excitation along the orbit. The formula applies to
both symmetrical and antisymmetrical states of electron
exchange (i.e. to the spectroscopic 2+ L7 = 18°and $¢
series). Again, dynamical tunneling lifts this doublet de-
generacy and the exchange energies vanish exponentially,
but the precise determination of the splitting is beyond the
scope of the lowest order semiclassical treatment.

Table II summarizes the positions and widths of frozen
planet resonances {1,k = 0,/ = 0) with » ranging from 2 to
10 together with the predictions of the simple semiclassical
formula (13). Considering the rather large basis sets nec-
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26 Wintgen, Richter, and Tanner: The semiclassical helium atom

TABLE 1. Energies E,;; and total decay widths I'/2 for planctary states with total angular momentum L =0 and nodal quantum numbers &
=1 =0. They are given for both symmetry classes '$% and »$°. The predictions of the semiclassical formula (13) are given as E,,,.

ISe 33(‘
n ~E r/2 —-E r/2 —Ey
2z (0.257 371 61 0.000 010 57 0.249 564 61 0.000 006 78 0.247 92
3 0.141 064 15 0.000 011 63 0.140 088 48 0.000 004 40 0.139 35
4 0.089 570 80 0.000 002 02 0.089 467 82 0.000 000 17 0.089 145
5 0.062 053 55 0.000 000 56 006204127 0.000 000 03 0.061 887
6 0.045 538 66 0.000 000 20 0.045 539 24 0.000 000 37 (.045 458
7 0.034 842 64 0.000 000 36 0.034 843 85 0.000 000 14 0.034 798
8 0.027 517 59 0.000001 18 0.027 51928 0.000 000 02 0.027 491
9 0.022 284 57 0.000 000 54 0.022 283 66 0.000 000 03 0.022 265
10 0.01841198 0.000 600 03 0.018 411 89 0.000 00003 0.018 400

essary to obtain the accurate quantum results (up to
~ 5500 basis states used) the accuracy of the semiclassical
results, which are obtained on a pocket calculator, are
rather impressive. In Fig. 6 we plot the semiclassical error
for the quantum defect-like quantity g,

Mn=Neg—n, (15)

where the effective quanium number N is defined as the
denominator in Eq. (13), i.e.

Ng=S/{—E. (16)

From Fig. 6 we deduce the leading term of the semiclassi-
cal error in the quantum defect p, to be f =
— 0.0366. Hence, the error is of the order of what we
expected, but the prefactor £ is rather small.

As predicted by the semiclassical theory, the energy
splittings AE . between the parity doublets listed in Table
I indeed decrease exponentially. The number of equal sig-
nificant digits roughly increase by one for each additional
node #. The widths of the resonances also decrease expo-
nentially but they fluctuate rather largely around this gen-
eral trend. The exponential stability of the quantum states
is remarkable considering the vastly increasing number of
open channels into which the states can decay; the
(n,k0) = (10,0,0) state, e.g., is coupled to 55 continuum

1.00 pr——rrrrrs e
scl —

0.99

T T T T T r Fr =TT TT

T
Luoa 11

0.98

T

0.97 | *

96 b
%%%.0 0.2 0.4 0.6

1/n

FIG. 6. Quantum defect u, as defined by Eg. (15). Both symmetry
classes, 'S¢ (+) and 38° (X), are shown. The semiclassical limit is
marked by an arrow.

channels. The extreme stability against (non-radiative)
decay is a direct consequence of the semiclassical nature of
these states.

A direct examination of the nodal structure of the as-
sociated wave functions is a more stringent test than com-
paring energy eigenvalues. Figure 7(a) depicts the condi-

FIG. 7. Conditional probability densities of (7,0,]) frozen—planet states
with n = 6. The angle @ between 1, and r, is fixed to @ = 0. The axes
have a linear (left part) and a quadratic scale (right part), respectively.
The states shown belong to [ = 0 (a,d), [ = 1 (be), and ! = 2 (c,f).
Only the parts 1y > », are shown. The full wave function is symmetric in
ri and 7,
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TABLE IIL Coefficients ¢; of the cycle expansion, see Eq. (19) and text.

| ol ler§ ol &3] leal les| | 6!
(1 4 &ippo) 1 0.740 0.394 0.866 1.055 1.515 1.937
(1 — @tppo) 1 0.740 0.394 0.283 0.204 0.130 0.081

tional probability distribution of the wave function for the
{6,0,0)—state for the collinear arrangement ¥y = #; — r.
The off-collinear part of the probabiiity density, not shown
here, decreases exponentially indicating a zero—point mo-
tion in the bending degree of freedom. This zero—point
motion is expressed by the assignment & = 0. The coor-
dinate #; (#;) denotes the radial distance of the outer (in-
ner) electron. The outer electron probability is strongly
localized in the region 7, = 125, reflecting the classical lo-
calization of the ‘frozen’ electron. Note also the large dif-
ferences in the radial extents r; The nodal excitations are
all directed along the frozen planet PO, which is a nearly
straight line along the frozen—planet radius indicated by an
arrow in the figure. Recalling the typical quadratic spacing
of nodal lines in Coulombic systems, we achieve nearly
constant nodal distances by using quadratically scaled axes
as done in part (d). The number of nodes along the orbit
is 6 in agreement with the semiclassical predictions. The
wave function only has a zero-point distribution perpen-
dicular to the orbit (in the symmetry plane of collinear

motion), which agrees with the semiclassical local coordi-

nate classification (n,k,]) = (6,0,0).

Wave functions with nodal excitations transverse to
the orbit preserving the collinear character of the (quan-
tum) motion are shown in parts (b), (e) and (c¢), (f) of
Fig. 7. They correspond to the / = 1 and / = 2 nodal
excitations of the # = 6 manifold of states. Their energies
differ only slightly due to the small winding number y5. A
striking property of the wave functions shown is their
nearly rectangular nodal structure and a near-separability
in individual-particle coordinates ry, ry, i.€., the total wave
function is approximately a product of wave functions for
#y and ry. It is widely accepted that two particles (or equiv-
alently two degrees of freedom) are uncorrelated if the
wave functions are products of single particle coordinates.
Nevertheless, from our semiclassical analysis it is obvious
that the radial motion of the electrons is highly correlated:
it is the electron-electron interaction which is responsible
for the dynamical localization of the outer electron. Thus
Fig. 7 demonstrates that even if the motion is highly cor-
related the wave function may (approximately) separate in
{(independent) single-particle coordinates. It is only the
other way round which generally holds: if the electrons are
independent, then the wave functions separate in single—
particle coordinates.

. Quantizing chaotic dynamics: cycle expansion for
ar-c

near-collinear eonfigurations

The classical dynamics for collinear configurations
with both electrons on different sides of the atoms turns
out to be fully chaotic and the (approximate) torus quan-

tization described in the previous section cannot be ap-
plied. We now have to sum over the contributions (9) of
all periodic orbits. This leads to the so—called Gutzwiller
trace formula, which for the present system reads’ (the
product representation %7 is used)

H(E E)~ 1] H H (1 — 25587y, (17)

PPO k=0 m=0
The we1ght £%m of each PPO is given by

f:if:g )= (= 1) *alexp [21rzzS iam/2

— (k4 Du — dmilm + Hyl, (18)
where all classical quantities are given in Table I. The plus

sign applies to hyperbolic PPO and the minus sign to hy-

perbolic PPO with reflection. The bookkeeping indices
a = 1, jare only introduced for convenience and will be
discussed below. :

The formal expression (17) relates the product over
quantum eigenvalues with a product over periodic orbits.
Unfortunately, the zeros of the right hand side canpot be
naively identified with the zeros of the left hand side, be-
cause the eigenvalues K, are located beyond the abscissa of
absolute convergence of the rhs.*® The problem of finding
semiclassical approximations for the energies E, from the
diverging product over periodic orbits is a topic of several
contributions to this issue of CHAOS and will not be dis-
cussed in detail here.

We use the cycle expansion®* to evaluate the semi-
classical expression over PO. The idea of the cycle expan-
sion is to expand the infinite product (17) into a power
series chjaj of the bookkeeping index . For k = m

= 0 this reads (j equals the symbol length of the PO)

I (1= zpo)
PPO
=1—t, —¢ (P . —tst.)
—{r —t Y — (f —f f. 0
Vet =Tt = T == Tt
—_— . (19)

Except for the fundamental orbits ‘ + * and * — * each orbit
contribution is accompanied by a compensating term
pieced together from shorter orbits. Thus terminating the
expansion at a given symbol length effectively means a
re-summation of all orbits, with the approximation that
the longer orbits are shadowed to increasing accuracy by
the shorter ones. The absolute convergence of the re—
grouped Dirichlet series (19) does of course not change.
However, if each term ¢, together with its shadowing term
1,1, is viewed as a single entry d,; then the series (19)

CHAOQS, vol. 2, No. 1, 1992

Downloaded 10 Jul 2007 to 132.199.145.54. Redistribution subject to AIP license or copyright, see http://chaos.aip.org/chaos/copyright.jsp




28 Wintgen, Richter, and Tanner: The semiclassical helium atom

TABLE IV. Total binding energies E and effective quantum number Ny = 1//E for 15 states obtained by WKB quantization of the fundamental orbit
¢ —*, by the cycle expansion, and by full quantum solutions (taken from Ref. 7).

N Energies

(nzn), (NLN'P) WKB Cycle QM Cycle QM
(0,0)p Isls 0.568 0.584 0.587 2.932 2.904
(0,2}, 252s 1.115 1.134 1.134 0.778 0.778
(0,2), 253s 1.308 1.302 0.585 0.590
(0.4)g 3s3s 1.662 1.684 1.682 0.353 0.354
(0,4), 3s54s 1.883 1.886 0.282 0.281
(0,6)q 4sds 2208 2.243 2.231 0.199 0.201
(0,63, 4555 2.456 2.456 0.166 0.166
{0,6), 4565 2.574 2.575 0.151 0.151
(0,8)q 3535 2.755 2,783 2.780 0.129 0.129
{0,8), 5s6s 3.025 3.020 0.109 0.110
(0,8), 5s7s 3.154 3.159 0.101 0.100
{0,10)4 6565 3.302 3.343 3.329 0.0895 0.0902
(0,10), 6s7s 3.586 3.580 0.0778 0.0780
(0,10}, 6s8s 3.733 3.733 0.0717 0.0718
(0,12)¢ 7s7s 3.849 3.903 3.883 0.0657 0.0663
(0,12), 7585 4.140 4.138 0.0583 0.0584
(0,12), 759s 4,305 4.301 0.0540 0.0541
(0,14), 8s8s 4.395 4,429 4411 0.0510 0.0514
(0,14, 8595 4,689 4.686 0.0455 0.0455

85105 4,865 4,865 0.0423 0.0423

(0,24); -

converges absolutely. This is illustrated in Table III which
shows the coefficients ¢; of the cycle expanded product
(k = = () with the semiclassical weights replaced by
their absolute values, i.e. tppg = exp{ — A/2}. Obviously,
the coefficients of the first row (determining the abscissa of
absolute convergence of the unexpanded product) diverge
exponentially with a ratio ¢; ;. 1/¢; = 1.3, whereas the coef-
ficients of the second row converge exponentially with a
ratio ¢; .. 1/¢; = 0.65. A more careful analysis shows that the
unexpanded product converges absolutely for Jy —F
> 0.027, i.e. only sufficiently far in the upper half of the
complex energy plane, whereas the resonance poles are
located close to the real energy axis. The cycle expansion,
however, converges in the energy region, where the reso-
nances are located {typically 3+ —E > —0.01).

The products over k and m in Eq. (17) originate from
the expansion of the Gutzwiller amplitudes (9) into geo-
metric series.”’ They have to be treated differently, because
the stability characteristic is different for the two directions
perpendicular to the orbit. Similar to the treatment for the
(doubly) stable frozen planet orbit we identify # as a semi-
classical quantum number for the stable bending degree of
freedom. For the expansion of the remaining product we
set the bookkeeping index j to (2k + 1) times the symbol
length of the PO. The present calculations are carried out
including all orbit contributions up to j= 6. In Table IV
we show our results for some doubly excited 15 states with
m = 0. For labeling the states we use the molecular—
orbital {MQ) classification (n,l,n'u) derived from an adi-
abatic treatment of the inter—electron vector R.** The MO
quantum numbers accurately describe the nodal surfaces of
the quantal wave functions for fixed inter—electron dis-
tances and moderate electron excitations
(NN < 6).*12 For convenience, we also give the “inde-

pendent particle” labeling (N/,N'I'), i.e. the configuration
which comes closest in an independent particle description.
Here, NN’ > N roughly correspond to the principal quan-
tum numbers of the electrons.

It is more natural to compare the effective quantum
numbers Ny = E~ /2 than the binding energies £ them-
selves, but both values are given in the table. We find that
the cycle expansion results are mostly good to within 1%
or better. This is better than might be expected; in fact,
accurate quantum results for the very high lying doubly
excited states (VN > 6) are presently not available in the
literature. For published data the results are comparable or
even superior to elaborate (adlabatlc) hyperspherical
calculations.*>*

Generally, the energies obtained in the cycle expansion
(as well as in the quantum mechanical calculations) are
complex vaiued and we have only tabulated the real part of
these energies. The widths of the resonances (i.e. the imag-
inary part of their energies) are still smaller than the semi-
classical error in the real part and there is no likely reason
why the imaginary part should be more accurate.

One may wonder why the semiclassical analysis works
fine even down to the ground state, which has a smooth
and—more or less—structureless wave function. The rea-
son is that the PO do not only contain the information
about the underlying dynamics, but they also “know’ the
size of the phase space. It is this property which often leads
to rather good results when a fundamental (e.g. the short-
est) orbit is naively quantized.

Although the results for the semiclassical energies are
very satisfactory, it is even more valuable that the (semi-)
classical analysis provides an insight of what the electrons
are actually ‘doing’ in the highly correlated states. In Table
IV we also list the results of the simplest cycle approach
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100
75

50

as the quantal wave function) where it passes the Wannier
saddle point, but the motion is directed perpendicular to
the ridge.

The WKB treatment of the fundamental orbit also pro-
vides the dynamical origin of the double Rydberg
formula’®

25 \
Ey= —(Z— )Y/ (N —u)? (20)
5] ‘ .
for the intra—shell resonances. Wefind Z — o = S_ and
w=1—vyv_ — a_/4(ie.oc = 01710 and p =
0 — 0.0393) which fits well with the semi-empirically de-
-0 f 25 50 75100 rived values of ¢ = 0.1795 and g = — 0.0597.%

FIG. 8. Contour plot of the conditional probability distribution
| Yuw (Fiorarin =1 + 1) |? for the intra—shell wave function N = N
= 6 corresponding to the collinear arrangement ® =  of the electrons.
The axes have a quadratic scale to account for the wave propagation in
Coulombic systems, where nodal distances increase quadratically. The
fundamental orbit ‘ —' (AS) as well as the symmetric stretch motion
(SS) along the Wannier ridge are overlaid.

’, which is nothing

m(‘hldmo only the fundamental P() ¢

.......... VLY AL IR AlICIL

but a WKB quantization of the orblt (but including the
zero—point motion for the perpendicular degrees of free-
dom). Quantization of this fundamental asymmetric
stretch PO gives rather accurate results for the doubly ex-
cited intra—shell resonances N = N’. For the other states
N=£N' the inclusion of all the orbits of Table I is essential
and the simplified WKB approach cannot yield them.
These results indicate that the intra—shell resonances are
associated with the asymmetric stretch like motion of the
fundamental PO ¢ —’ rather than the symmetric stretch
motion along the Wannier ridge. This conclusion is in
striking contrast to the common viewpoint expressed in the
literature (see, e.g., Refs. 25-30), but in line with recent
suggestions.>>4

An inspection of the quantum mechanical intra—shell
wave functions confirms the semiclassical conclusion on
the fundamental electron motion. In Fig. 8 we show, e.g.,
the probability distribution of the ¥ = N’ = 6 state
which is clearly localized along the fundamental orbit ¢ —
{AS) and #or along the Wannier ridge »;=r, (8S). The
classical probability along the trajectory is largest {(as well

TABLE V. Same as Table IV, but for >§° states,

The classical analysis also applies to the S states, i.e.

thaca which ara anti_csvymrieiric with recnect tn the svo
uIUST WLlaL 4le allui—dyiilliveliw ywiwl ILophbty W Wil WA

change of particle (configuration space} coordinates. For
the semiclassical Green function we now have to take the
Dirichlet boundary condition along the symmetry line
ri=r, instead of the von Neumann boundary condition.
Thus each time a trajectory crosses the symmetry line we
have an additional phase loss of 7. Again the coding takes
care automatically of the additional total phase loss: each
symbol ¢ --* of the electron pair motion is associated with
a crossing of the symmetry line.

Table V gives the results for the low-lying ‘intra—shell’
38¢ states. The overall agreement with the quantum results
is again remarkable. From the (semi-) classical analysis
one expects the states to be of similar nature as those of
1§¢ symmetry. This is verified in Fig. 9 for the state
(many)y = (0,11,0) QObviously, the wave function images
the same type of electron pair motion as Fig. 8 for the
15¢ symmetry. The only difference is that the wave function
has an odd number of nodes along the PO and hence a
node at 7; = r,. The wave functions shown are completely
symmetric with respect to ‘individual’ electron excitations.
This demonstrates that the independent particle label
(NLN'I'Y = 6575 [as well as the popular N(K,T)4N’ la-
beling scheme®’] is not useful classifying the internal struc-
ture of the state shown in Fig. 9. The MO quantum num-
bers, however, do give a proper classification of the state.
The number of nodes along the PO is given by n,, whereas
nodal excitations perpendicular to the orbit are labeled by
v. The quantum number #; describes the bending degree of
freedom and is identical to the semiclassical quantum num-
ber m (both of which are zero for the states discussed so

Ny Energies

(nan), (NLN'I) WKB Cycle oM Cycle oM

(0,130 1525 0.842 0712 0.678 1.972 2,175

(0,3)0 253s 1.388 1.296 1.288 0.596 0.603
(0,5} 3sds 1.935 1.870 1.866 0.286 0.283
(0,7 4555 2.482 2.438 2.430 0.168 0.169
(0,9} 5s6s 3.029 2,989 2.989 0.1119 0.1119
(0,11}, 6575 3.575 3.545 3.544 0.0796 0.0796
(0,13), Ts8s 4.122 4.107 4,097 0.0593 0.05%6
(0,15), 89 4,669 - 4.641 4.649 0.0464 0.0462
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2

FIG. $. Conditional probability distribution [¥ya(r, i =r + n)|
for the wave function (n,;,n#)v = (0,11),.

far). In addition, for fixed inter—electron distance r, the
internal wave function approximately separates in MO
coordinates.®?

The choice m = 0 in our calculations means that the
associated semiclassical wave functions are localized in the
symmetry plane of collinear motion with only a zero-point
motion perpendicular to it. This approach is justified by
the stability of the classical motion perpendicular to the
plane. In fact, the quantum wave functions show the same
behavior. Putting m=£0 gives states with #; = m in the
MO description, but the linearization of the motion per-
pendicular to the plane becomes a rather crude approxi-
mation if N » m does not hold. The results for intra~shell
states of 'S¢ symmetry are summarized in Table VI . The
semiclassical error is about 109 for the lowest lying state,
for which there is no nodal excitation along the PO but one
nodal excitation perpendicular to the symmetry plane. For
higher lying states the semiclassical error again drops be-
low 0.5%.

IV. ADIABATIC VERSUS CHAOTIC MOTION

Typically, classical chaotic motion is connected with
the loss of (approximate) symmetries and associated quan-
tum numbers.***” One may then wonder, why all the states
reported in this contribution can still be labeled with ap-

TABLE V1. Same as Table IV, but for 15 states with n; = 1.

proximate quantum numbers, even though we exploited
the intrinsic chaotic classical dynamics to calculate semi-
classical eigenvalues.

Different sets of approximate quantum numbers de-
scribing three-body Coulomb systems were derived, partly
starting from the independent particle description and ap-
plying degenerate perturbation theory for the electron—
electron interaction.*® More sophisticated perturbative cal-
culations include group-theoretical methods.”® Adiabatic
expansions using the hyperspherical radius # ***" or the
inter—electron radius R = r;, (Refs. 40, 50) as adiabatic
coordinates have been proposed to describe the internal
structure of doubly excited states. However, since there is
no obvious geometrical or kinematical reason, there are
only few justifications why these coordinates can be treated
adiabatically. Nevertheless, energies derived from both adi-
abatic approaches, hyperspherical and MO, yield quite ac-
curate results for the states of maximal polarization along
the inter-electron axis, i.e.ﬂ . Athose states for which
— {cos ®) is close to unity. 23040434 However, energies
are not a sensitive test of the validity of the underlying
assumptions. For example, highly accurate energy values
for the intra—shell resonances can also be obtained within a
diabatic approach,*! even though the corresponding wave
functions are totally inappropriate to describe the nodal
structure of the states.

The possibility of an adiabatic description of the (reg-
ular) frozen planet configurations is immediately obvious
from the consideration of the classical motion of the elec-
trons. For the frozen planet PO the action of the accumu-
lated action of the outer electron is about 2 X 10* smaller
than the action of the inner electron. Since the frozen elec-
tron is strongly localized in configuration space, the outer
electron radius 7; suggests itself as an adiabatic coordinate.
For fixed | the remaining inner electron Hamiltonian is
separable in (molecufar) prolate spheroidal coordinates,
which allows the labeling of the resulting adiabatic poten-
tial curves with a complete set of quantum numbers. For
two-electron atoms the goodness of the adiabatic approx-
imation for the frozen planet configurations has been ana-
lyzed in Ref. 52. If the outer electron is replaced by a heavy
particle of the same charge (e.g. an anti—proton) then the
adiabatic approach should be even more efficient. The anti—
protonic analog of the frozen planet states were proposed
recently as possible anti-matter traps.“”’54 The overlap of
the anti-protonic wave function with the nucleus is ex-
tremely small, which prevents the three-body complex
from decay via the strong interaction.

Energies
(nym,), (NLN'T') WKB Cycle QM
(1,0)q 2p2p 0.745 0.701 0.622
(1,2} 3p3p 0.344 0.337 0.317
(1,4} 4pap 0.197 0.i91 0.188
(1,6)g SpSp 0.1277 0.1260 0.1233
(1,8) 6p6p 0.0894 0.0873 0.0869
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FIG. 10. The asymmetric stretch—type PO ' — * in individual particle
coordinates 7y, r,, hyperspherical coordinates # = (n, + n)"% a
= atan{#/r;)/m and MO—coordinates R = rp;, gt = (1, — r3)/R. The
boundaries of the classically allowed regions are drawn as thick lines. The
upper half of the figure applies to helinum (He), the lower part to the
positronium negative ion (Ps.~ ). For a better comparison Z-scaled co-
ordinates r/Z are used.

An adiabatic description of intra-shell states or near—
collinear configurations with both electrons on opposite
sides is not immediately obvious. Recently it has been
shown however,*"*? that the nodal structure of (moder-
ately) doubly excited intra—shell states is accurately de-
scribed by the MO-quantum numbers derived from an adi-
abatic treatment of the inter—electron distance. Again, for
fixed R = r; — r, the electronic center of mass (ECM)
coordinate r = (r; 4+ r;)/2 separates in molecular
coordinates®® leading to the full set of MO-quantum num-
bers used in Tables IV-VI. The adiabatic treatment does
not imply that the actual wave functions separate (even
approximately) in R and r; the nodal structure of the full
wave function may show strong mixing of the ECM-
coordinates with R (which actually is the case® for the
intra—shell resonances discussed here). To illustrate this
consider the wave function

W(Rxy) = dr(R)b:(Rx),(Ry).

h valie Af

sach value of R the wave function separates exac

X, ¥, leading to a rectangular nodal pattern in x and y, The
full wave function, however, mixes R with x and y. The
wave function (21} may be perfectly adiabatic, neverthe-
less it is non—separable in full space.

The classical analysis of collinear electron configura-
tions and the subsequent semiclassical treatment with the
cycle expansion uncovers the asymmetric stretch-type PO
¢ —* as the fundamental electron motion for the intra—ghell
states of helinm. Figure 10 shows the PO in the different
adiabatic coordinate sets discussed above. For all the three
coordinate sets the symmetry plane of collinear configura-
tion results in a constant value of one coordinate, ®= for
the individual and hyperspherical coordinates, and A
= (# + n)/R=1 for the MO—coordinates. Even though
the individual radial distances ,, #, vary largely, both the
hyperradins &7 and the inter—electron distance R change
only slightly along the trajectory. These results may ex-

plain to some extent why the intra—shell resonances can be
treated adiabatically in & or R to good approximation.

. The adiabatic behavior becomes even more pro-
nounced for the molecular-like positronium negative ion
{Ps~ =¢—ete ), as is shown in the lower half of Fig.
10. The fundamental PO ‘- is stable for Ps™, even
though the stability island surrounding the orbit is rather
small. From the shape of the fundamental PO in MO-
coordinates, it is not too surprising, that the results of
adiabatic molecular quantum calculations are rather accu-
rate in this case.> )

The adiabatic behavior is somewhat hidden in the
classical/semiclassical treatment described in the previons
sections. As we have seen, the WKB-quantization of the
fundamental PO ‘-~
nances N = N', which is the first member of 2 Rydberg
seriecs N' > N of resonances converging to the single—
particle escape threshold leaving the He * —ion in a Stark—
type polarized hydrogenic state with principal quantum
number # = N. For most of the states considered here
(N < 8), the energy differences between the exterior scal-
ing N and the interior Rydberg scaling N’ are rather large,
which, translated via the correspondence principal, leads
to largely different time scales in the system. But as can be
seen from Table I the distribution of periods (actions) of
the PO is rather smooth. How do the PO then reflect the
different time scales? Amusingly, it is the nearly perfect
hyperbolicity of the system which is responsible for the
regularity (and thus adiabaticity) of the spectra. The in-
clusion of more and more orbits in the cycle expansion
does not destroy the exterior scaling, which is already de-
scribed by the fundamental PO ¢ — . The longer orbits are
nearly perfectly shadowed by the compensating terms of
shorter orbits, i.e.

ananndae fne tha tntes _ohall saon
acCounys 101 ule IItfd—aiiin 1C8U-

fop— tlp = tab{ 1-— GXP[ZTffZ(Sa + Sb — Sab)

— (e, + ey — w55)/21} =0. (22)

The relevant quantities are then the small differences in the
periods of the orbits and their shadowing parts. Inclusion
of these contributions yield the other members of the
Rydberg series tabulated in Table IV.

The energetic separation of the different Rydberg series
for N < 6 combined with the quasi-separability of the
bending degree of freedom is the reason why approximate
quantum numbers exist. Due to the energetic separation,
wave functions cannot mix with those originating from
other series and they become rather simply structured sim-
ilar to what one would expect for ‘regular’ wave functions.
Near ¥ > 6 the different Rydberg series begin to overlap
energetically, and it is this region where we expect the
breakdown of approximate quantum numbers and the ap-
pearance of irregular spectra and wave functions, reflecting:
the intrinsic chaotic dynamics of the electron motion (see
also Ref. 9).

CHAOS, Vol. 2, No. 1, 1992
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V. SUMMARY AND CONCLUSIONS

At present, semiclassical theories undergo a rapid and
exciting evolution. The present issue of CHAOS docu-
ments part of this development. In this contribution we
applied many of the new ideas to the problem of two-
electron atoms.

The classical dynamics of the collinear helium atom
with both electrons on different sides is fully chaotic. An
application of the Gutzwiller formula for the full three-
dimensional problem combined with the cycle expansion
yields 2 number of resonances with high accuracy. The
interpretative ability of the methods illuminates the struc-
ture of the quantal motion. The analysis shows that the
near—collinear intra—shell resonances are associated with
the (fundamental) asymmetric stretch like motion of the
electron pair. Semiclassically, this observation is nearly
trivial. The result is nevertheless remarkable, in that it has
been widely believed for decades that these resonances are
associated with the in-phase symmetric stretch motion of
the electron pair along the Wannier ridge.

The classical dynamics of the collinear helium atom
with both electrons on the same side of the nucleus is fully
stable. Approximate torus quantization yields very accu-
rate results for the positions of the associated quantum
mechanical resonances. The semiclassical formalism also
accounts semi—quantitatively for the decay widths and de-
generacies of doublet states. The structure of the wave
functions corresponds to what one would expect from con-
sidering the classical motion,

We are certainly at the beginning of reﬁmng the semi-
classical methods for multi-dimensional methods like the
PO-guantization approach. Important further develop-

ments will nrr\ha}ﬂv 1nr~]nr¥p the r]ncr-ﬂhhnn nF H\rnamw-a]
menis wil pro ripit namica:

tunneling processes and a refined semiclassical cons1der-
ation of discrete symmetries, which may allow the calcu-
lation of exponentially small decay widths or multiplet—
degeneracies. An important (even though presumably
formidable) step would be the inclusion of higher order
terms of # in the semiclassical PO-theory. Other methods
than the cycle expansion which drastically reduce the (ex-
ponentially growing) classical input of the semiclassic PO-
quantization are also highly desirable. Even without such
refinements, it is likely that the combined classical/
semiclassical analysis of few-body systems such as the he-
livm atom will uncover some more surprises in the near
future.
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