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The conductivity of doped Ge below the metalqnsulator transition is measured at temperatures between 4 K and 40 m K and in magnetic fields up to 7 Tesla. In zero field the
resistivity exponent diverges as T - 1/2. In weak fields the magnetoresistance increases as B 2
and becomes exponentially large in strong fields and at low temperatures. The results can be
described quantitatively in terms of variable-range hopping between localized states having
a Coulomb gap in the density of states at the Fermi level. The magnetoresistance is
calculated for arbitrary fields by means of a quasi-classical method. A fit to the data gives
the radius of the localized states and the density of states. The sample is found to be very
close to the metal-insulator transition. A small increase of the binding energy is observed in
strong fields.

I. Introduction
At very low temperatures the electrical conductivity
of doped semiconductors depends upon the density of
states close to the Fermi energy and on the radius of
localization of the charge carriers bound to impurity
states ("Bohr radius"). At very high doping levels the
large overlap of the wavefunctions leads to an impurity-band conduction and results in a finite conductivity at T = 0: the system has become metallic. Below
the metal-insulator transition, however, the carriers
are localized and charge transport takes place by
hopping conduction. At sufficiently low temperatures,
i.e. when the thermal energy k T is much smaller than
the energy difference between adjacent localized
states, hopping becomes increasingly slow and the
resistance diverges at T = 0. In this regime the localized wavefunction has to sample an increasingly larger
volume to find a state whose energy is close enough to
be accessible. Charge transport now is a tunneling
process including thermal activation being supplied
by the phonons. This mechanism is known as "variable-range hopping" (VRH) and there is an extensive
literature on this subject [1]. Assuming a constant
density of states 9 at the Fermi level and an exponential decay of the wavefunction exp-(2r/ao)

where a 0 is the Bohr radius and r the distance, the
resistance R is calculated to diverge according to
Mott's law

R(T) = Roexp(To/T) 1/4,

(1)

with T o oc (gao3)- 1. This has been observed in various
systems. On the other hand, there are experiments
which indicate a somewhat different divergence,
namely

R( T) = Roexp( To/ T) 1/2.

(2)

This has been discussed by Efros and Shklovskii [1] as
a result of a density of states (DOS) which vanishes
quadratically at the Fermi level because of the
Coulomb interaction between initial and final
hopping sites. In fact, for large hopping lengths the
Coulomb interaction dominates the energy difference
between the sites. Therefore, the T-1/2-1aw (2) will
replace Mott's T - 1/*-law (1) at very low temperatures
with a transition temperature which decreases for
higher doping levels. The quantity T o in (2) is determined by (~ao)- 1, where ~ is the dielectric constant of
the semiconductor.
Considerably more detailed information on VRH
conduction can be obtained by applying a magnetic
field in addition to varying the temperature of the
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sample because the field alters the wavefunction. The
exponential tail of the wavefunction is contracted and
thus the probability of a hop is reduced. This leads to a
large positive magnetoresistanee (MR) having a
strong temperature dependence which is characteristic
of the particular DOS [1]. From measurements of the
MR in weak fields and from T o being measured in zero
field the Bohr radius and the DOS can be determined
separately. Experiments on the MR in the VRH
regime have been performed with n-Ge [2, 3], n-InP
I-4, 5], n-InSb 1,6, 7], doped polyacetylene [8, 9-1 and
polypyrrole 1,10]. In large fields B, when the cyclotron
radius 2 = (h/eB) 1/2 becomes smaller than the Bohr
radius ao, the MR is predicted to have field and
temperature dependences which are different from the
weak field limit 2 ,> a 0. This regime has been studied in
n-InSb [7]. These results have stimulated further
theoretical work [11, 12] which has not yet been
tested experimentally. In particular, there seem to be
no data for intermediate fields 2 ~ ao, a regime which
is difficult to describe theoretically. Other open questions concern, e.g., the anisotropy of VRH with respect
to a strong field or the influence of the metalqnsulator
transition which causes both the Bohr radius and the
dielectric constant to become large.
Because the problem of how a doped semiconductor below the metal-insulator transition ceases to
conduct as the temperature goes to zero is of fundamental importance, it seems desirable to obtain
further experimental information for a better understanding of the VRH conduction. The present work
describes an investigation of doped germanium at
temperatures below 4 K and in magnetic fields up to
7 Tesla. The T-1/2-law (2) is found to apply below
1.5 K down to the lowest temperature where the resistance has increased by six orders of magnitude. The
data cover a sufficiently wide range of temperatures
and fields to permit a detailed analysis. It turns out
that the essential features of the experimental results
are in quantitative agreement with theory.
This article is organized as follows. Chapter II
describes experimental details, the results are presented in Chap. III. Based on the theory which
is outlined in Chap. IV, the data are discussed in
Chap. V. A final resum6 is given in VI. The Appendix
contains some further theoretical considerations.

used for thermometry down to 0.3 K for more than 10
years and found to be quite reproducible. The reason
for extending its use to lower temperatures is the
simple temperature dependence (2) below 1 K which
makes resistance thermometry at dilution refrigerator
temperatures more easy [14]. Another advantage of
the sample lies in the fact that it allows four-terminal
measurements and therefore contact resistances between the leads and the sample area do not affect the
data. This is of particular importance at very low
temperatures and at high magnetic fields. So far, most
of the published work seems to have been made with
two-terminal samples.
Above 0.3 K the resistance was measured with an
ac bridge while at lower temperatures the voltage
between the potential leads was detected directly by
an ac voltmeter having a high-impedance differential
input. The measuring current was reduced from 1 #A
to 0.1 nA as the temperature was lowered to avoid
heating effects. Also the frequency had to be reduced
to 1 Hz at the lowest temperatures in order to prevent
the rf filters of the current and voltage leads from
shortening out the high-ohmic sample.
Initially the temperature was recorded by a second
germanium thermometer which had been calibrated
against a 3He melting curve thermometer 1-15]. For
thermometry in a magnetic field a carbon resistor was
used [16] which also followed (2) but which had only
a very small MR [17, 18]. Both the sample and
the thermometers were mounted inside the mixing
chamber of a dilution refrigerator. Data above 0.3 K
had been taken earlier in a 3He cryostat.
In MR measurements one may have to take into
account (or eliminate) geometry dependent Hall voltages. In the VRH regime, though, the Hall effect is
known to be extremely small-if it exists at all. By
reversing the direction of the field no measurable Hall
voltages were found to be superimposed upon the
signal.
The data to be presented in the following chapter
were taken either by varying the temperature of the
sample in a fixed field or (less conveniently) by stabilizing the temperature and sweeping the field.

IlL Results
II. Experimental details
The sample is a commericaUy available germanium
thermometer [13]. No information on the composition or the concentration of the impurities could be
obtained from the supplier. It seems likely, however,
that the sample is made of As-doped n-Ge. It has been

The temperature dependence of the resistance is depicted in Fig. 1. From the straight-line behavior it is
obvious that the data can be described by (2) whereas
Mott's law (1) does not apply. In zero field one finds
T o = 11.1 K. Also in the fields a straight line can be fit
to the data. However, as will be shown later, a slightly
different temperature dependence, viz. T - ~ instead
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Fig. 2. Magnetoresistance in weak fields. The slopes are 2_+0.1
indicating a B2 dependence
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Fig. l. Temperature dependence of the resistance. The data for
B r 0 were obtained either with the field parallel to thecurrent (dots)
or perpendicular (circles)

of T -~ fits equally well and yields slopes which can
be understood quantitatively.
These results were obtained with the field parallel
to the encapsulated sample, i.e. parallel to the current.
In principle, an anisotropy should be expected in high
fields [1]. In subsequent runs (see below) the orientation of the capsule was changed to be perpendicular
to the field. Surprisingly little anisotropy was found.
T o study the weak field behavior the temperature
was kept stable while the field was swept slowly. The
relative change AR/R(O) is shown in Fig. 2, where
A R - R(B)-R(O). At all temperatures the M R starts
to grow as B2:

AR/R(O)

=

B2/B 2.

(3)

The coefficient B~ is strongly temperature dependent,
see Fig. 3. Below 0.5 K it follows a power law T " , with
m -- 1.6 ___0.1. T o w a r d s higher temperatures B 2 grows
more slowly. At 4.2 K the quadratic increase extends
up to at least 3 Tesla while towards lower temperatures this regime shrinks considerably.
In Fig. 4 the large-field M R R(B)/R(O) is plotted at
various fixed temperatures. It is obvious that the M R
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Fig. 3. The coefficient B~ of the weak field magnetoresistance of
Fig. 2. Open circles: field parallel to current, dots: perpendicular
orientation. The slope of the straight line is 1.58 4-0.1 in agreement
with Bg ~: T3/2

becomes exponentially large. At the lower temperatures the sample soon became so high-ohmic that it
could not be measured reliably with the present
method. (Usually the sweep was terminated when the
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gives AEr = kT~ and V~ = 47tr~/3 = 4zt(~-~)3/3. Assuming a quadratic DOS at the Fermi energy EF, viz.:

y//

dN/dE=9oAE 2,

R(B)
R(O)
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where AE = E - E v , one finds from (4)
1

3 4

/a o

\3

nc = 2.~9o(kT~c) .~ zrL~ r ) .

10

(6)
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Fig. 4. Magnetoresistance as a function of the field at various
constant temperatures(transversegeometry)
sample had reached several MD. Also because of the
steep temperature dependence of the MR temperature
stability became increasingly critical.)
The data in Fig. 4 were obtained with the field
perpendicular to the capsule (i.e. to the current) in
contrast to those of Fig. 1. Comparison of the values
at 2 and 4 Tesla, respectively, gives good agreement
whereas at 6 Tesla they are slightly higher (see Fig. 1).
This could be a sign of the expected anisotropy mentioned above. Because of the rather small size of the
effect, however, this was not investigated in more
detail.

IV. Theory

By means of percolation theory the exponential dependences on temperature and magnetic field of VRH
conduction can be calculated easily in the limits of
weak and strong fields [1]. Let AEr be an energy
interval around the Fermi energy whose extension
depends on the percolation parameter 4, and Vr the
corresponding volume around a site, then the number
of sites n(~) within Vr for a DOS dN/dE is given by

dN dE "

n(~)= f d V ~ dE
v~ A~

(4)

(5)

For an isotropic wavefunction having an exponential
decay the bonding criterion
2r/a o + AE/kT<

with To = (9nc/TZgoa3k3)1/3. The number nc has been
calculated numerically, see [1]. Inserting (7) into (5)
gives (2). For a Coulomb gap 90 is proportional to e 3,
where e is the dielectric constant of the semiconductor,
which implies T O= fle2/4Zt~o~aok, where fl ~ 2.8 is a
numerical factor [19].
The calculation of the field dependence [1] can be
summarized as follows. In a weak field the wavefunction decays faster at long distances due to the B 2
potential perpendicular to the field axis, viz.:
r3aosin20/1224, where 0 is the angle of r with respect
to the field. By inserting the zero-field result r e = a 04/2
one finds a small correction A~c(B) for the resistivity
exponent, viz.:
A~c(B) - ~JB) - r

= ln(R(B))/R(O)) = B2/B~,

(8)

where B02 = (~h2/eZa~) (T/To) 3/2 and a,,~6.6.102 is a
numerical factor [19].
In a very strong field (2 ~ ao) the wavefunetion
becomes highly anisotropic. Perpendicular to the field
the length scale is now set by 2, whereas along the field
axis it will not change very much. Vr and AEr are
determined from the condition

2lz[/a~ + (x z + y2)/2),2 + AE/kT <
where the z-axis is chosen along the field. The shape of
Vr has changed from a sphere to a double paraboloid
of a volume Vr = nan22~ 2. Instead of (6) and (7) one
finds now
1

3

n~ = 2" ~ 9B(k T~) - zta~22 r

(9)

and therefore
~(B) = (7"1(B)/T) 3/5 with

The problem consists of finding a lower bound ~ of
and the critical number n~ = n(~) for percolation to
occur for the appropriate dependences AEr and Vr
The resistance is then given by
R = R o 9exp(r

(7)

TI(B)= T~

(ea~B ao go) 1/3
~ "~'~/t
"

(10)

The factor gB in the DOS and the length aB may
depend on the field while n~ is assumed to be independent of the shape of Vr [19].
For intermediate fields the wavefunetion of a shallow donor is extremely complicated and the overlap
integral cannot be obtained analytically. For this
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reason the MR has not yet been calculated in this
regime. Because most of the data of the present work
fall into this regime it is necessary to look for an
alternative solution of the problem. A similar situation
exists in the case of nearest-neighbor hopping. There
the MR has been calculated by Ioselevich [20] for
arbitrary fields by employing the quasi-classical
method. The overlap integral was shown to be given
by the action integral taken along an electron path
between initial and final site. For bound states the
motion of the electron is imaginary but the action
integral is real and positive. Having obtained the
overlap integral he could calculate the volume Vr for
arbitrary fields. In the following I make use of his
result and extend it to the case of VRH.
With E o being the binding energy of the localized
state, m the effective mass of the electron, and
co = e B / m the cyclotron frequency, Ioselevich's result
for V~ is [20]:
Vr
where

\41E0[/,

F,s'=

2s'
x

q

(shx + x - 2s) 1/2" x" shx
dx,
(shx - x) 5/z

with z(s) being the solution of
shr + r - 2s = O.

Equation (11) describes the gradual change of Vr from
the sphere to the double paraboloid as the field grows.
~c(B) can now be determined. It is convenient to
introduce the reduced variables
3" =- ~c(B)/~c(O)

From (13) the MR is determined if the field dependences of gB and En are known. For a Coulomb gap
one has go/gn = ('z(O)/s(B)) a.
In order to compare the general solution (13) with
the earlier results for weak and strong fields, i.e. (8) and
(10), I use the following analytical approximations
for F:
S3

S5

F(s) ~ 6

72

for

s < 1,

(14)

for

s>_ 10.

(15)

and
s2
F(s) ~ 2

For B* ~ 1, EB = Eo, and gB = go I find from (13) and
(14)
1

2

3" = 1 + ~ B * ,

(16)

which gives the known weak field result (8) with a
numerical factor ~ = 288 instead of -~ 660.
For strong fields one readily obtains (10) from (13),
(15), and (7) by using (EB/Eo)I/2= ao/a n. Thus, the
general solution (13) reproduces the known asymptotic limits.
The function ~*(B*) calculated from (13) for the
simplified case of E B = E o and gn = go is depicted in
Fig. 5. Note the gradual transition from the initial rise
as B .2 (16) to the final B*t/5-behavior (10).
So far, it was always assumed that the wavefunction is isotropic in zero field. This, of course, is not the
case in germanium where Vr consists of four rotational ellipsoids whose axes are oriented along the
four triad axes of a cube. The anisotropy has been
discussed in detail for the case of nearest-neighbor
hopping [1,21]. From symmetry considerations it
was shown that in the weak field limit, where the MR

and
1.5

B* = B / B c ,

with B~ being defined by

I

I

I

1

2

3

I

i

I

/-,

5

6

1./,

Bc - 6h/ea2 ~(O).

Calculating n~ and dividing the result by (6) yields the
following relation between 3" and B*:
9 go ( B * ~ 3
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-
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If the binding energy in a field E B is the different from
the zero field value E o = h2/2mag, I find that (12)
assumes the more general form
( E o )
F 3B*r

9 go.(B"
E~o) 3
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"
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Fig. 5. Reduced resistivity exponent ~* vs. reduced field B* as
calculated from (13) for the case of EB= Eo and gB= go
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depends on B 2, no anisotropy is to be expected. In
strong fields, however, an anisotropy of the MR has
been observed 1-22] and described [21]. In the VRH
regime one may expect the situation to be similar. The
ellipsoid whose axis of revolution is closest to the
direction of the field will be compressed the most
whereas the one which is rather perpendicular to field
will be affected less (the ratio of the transverse and
longitudinal Bohr radii is 4.5). The shape of Vr then
becomes exceedingly complicated. Employing the
quasi-classical method, therefore, appears to be a prohibitively difficult task and the small anisotropy seen
in this work is rather discouraging. The solution of the
simplified problem of one ellipsoid being oriented
along the field is given in the Appendix.
Finally, it should be mentioned that a completely
different structure of the wavefunction in a high magnetic field has recently been proposed by Shklovskii
[11, 12]. In that work it is suggested that the tunneling
electron is scattered along its path. The result is that
the magnetic potential barrier does not grow with
increasing distance from the donor but rather assumes
a constant value. This theory leads to a T - ~/2-1aw (2)
also for intermediate and strong fields with a field
dependence of To, viz.:

To(B ) = To(0). (1 - f ( B ) ) - 2/3,

(17)

where f ( B ) is calculated to change from a B 2/3 dependence to B 6/5 for intermediate fields, and in strong
fields (17) should go over to

To(B) oc B U2.

(18)

Close to the metal-insulator transition the variation
of f ( B ) in (17) is predicted to be slightly altered [12]
while (18) will remain valid. The weak field result (8)
should not be affected by the subbarrier scattering.

V. Discussion

From To = 11.1 K and Bo2 the localization radius a o
and the dielectric constant e can be determined. Below
0.5 K Bo2 is in agreement with the T 3/2 dependence of
(8) and (16). For ~ = 288 as obtained from (16) the data
in Fig. 3 yield a o = 170/~. Inserting this value into
T O= 2.8 e2/4rCeoeao k gives e =248. Both values are
greatly enhanced due to the proximity of the
metal-insulator transition. Taking a dielectric constant of 16 and an effective Bohr radius of 40/~ far
away from the transition the above values indicate an
enhancement ofe by a factor of 16 and ofa o by a factor
of 4. This agrees with r~redictions from scaling theory,
viz.:

ao(N ) = ao(0)(1 -- N/Nc)-"

and
~(N)

= ~(0)(1 -

N/Nc)%

which gives

~(N )/e(O) = (ao(N)/ ao(O));/L

(19)

Experiments on the metal-insulator transition in
other systems indicate [23] v ~-1/2 and ff---1, thus
(/v~-2. From these results one finds ( 1 - N / N o )
= 6.5" 10 -2 for the present case: the doping level N is
very close to the transition at N,. In [3] only
slightly different values of ao and e at To - 10 K were
obtained from MR measurements on doped Ge at
higher temperatures because these authors used
_~ 660 in (8) for their analysis.
The deviation of Boz from the T 3/2 dependence
above 0.5 K signals the disappearance of the Coulomb
gap. (In the regime of Mott's law (1) Bo2 should increase
as T 3/4 and for nearest-neighbor hopping it will become temperature independent.) It is interesting to
note that the deviation is seen clearly in the MR data
of Fig. 3 whereas in zero field no deviation from
T-1/2-law is detectable in Fig. 1 up to 1.5 K even if
one expands the scales considerably. The MR is more
sensitive to changes in ~c(0) than the temperature
dependence of R in zero field because B~ oc ~c(0)-3, see
(8). The width 6 of the Coulomb gap can now be
estimated by comparing it with the available energy
range AEr at 0.5 K:

6 /k "~AEcc/k = Tic = (TOT) 1/2 = 2.4 K.

(20)

Analyzing the MR in large fields one might conclude
that the apparent T - 1/2-behavior in Fig. 1 seems to be
in conflict with the T-3/5-1aw (10). Alternatively, applying the result of Shklovskii's subbarrier scattering
theory (17) gives the correct temperature dependence
but not the observed field dependence To(B) when the
slopes in Fig. 1 are evaluated (which turn out to
depend linearly on B). The apparent contradiction
with (10) is resolved when plotting the temperature
dependence of the sample in the field vs. T-3/5, see
Fig. 6. Again a straight line dependence is obtained
[24]. However, comparing the slopes T1 (B) with (10)
gives good agreement. From Fig. 6 one finds TI(2T)
= 5.6 K, Tx(4T ) = 7.2 K, and TI(6T ) = 9.4 K [24].
Using a o = 170 ~ and assuming ao = as and go = gB,
(10) yields 5.9 K, 7.4 K, and 8.4 K, respectively. The
slight difference at B = 6T may be attributed to a
decrease of a~. Assuming that the dielectric constant
scales as a~ (like in zero field, see (19)) gives an
estimate of go/gs, viz.:

go/gB = (g(0)/e(B)) 3 ~ (ao/aB) 6.

(21)

With T O= 11.1 K and T1 (6T) = 9.4 K one has from
(10) and (21) ao/a B = 1.05 at 6 Tesla.
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In order to compare the data of Fig. 4 with theory
one has to apply the general solution (13) because now
the field covers the entire range from weak to strong.
With the assumption (21) and by substituting ao/aB by
(EB/Eo) 1/2, (13) reduces to

F(3B*r

= ~(B*/~*)a(EB/Eo) 3/2.

(22)

Now, (22) can be solved for EB/Eo at a given data
point (~*, B*) which can be calculated from T Oand a o.
The result is shown in Fig. 7. One should, of course,
expect the ratio EB/E o to be a function of the field only
and not to depend on temperature. The reason why
the ratio grows at large fieldsand high temperatures
is due to the finite width 6 of the Coulomb gap:
at 6 Tesla the data at 0.283 K and 0.238 K imply a
A E U k = 2.6 K and 2.4 K, respectively, and thus viol2
ate the requirement AE~ ~ 6 for a Coulomb gap to be
completely developed (see (20)). From co(B) given by
(10) this condition can be written in general form as

T ~ (6/k) s/2. T~ (B)- ~/2.

(23)

In a field of 6 Tesla this means T ~ 0.3 K. Therefore,
(13) is not strictly valid at 0.283 K and 0.238 K. It is
simple to calculate the MR for a constant density of

states by means of the quasi-classical method (see (A1)
in the Appendix) and then to solve for EB/Eo. If this is
done for the two highest temperatures in Fig. 4 one
finds ERIE o = 1.05 at B = 6 T.
At the lowest temperatures the Coulomb gap does
not vanish even at 6 Tesla. The data of Fig. 4 taken at
0.143 K and 0.120 K actually do give the same result
for EB/E o. An interpretation of the observed field
dependence, however, cannot be offered at present.
Also, to my knowledge, there are no other experiments
on the field dependence of the binding energy of a
shallow donor in Ge close to the metal-insulator
transition with which the present data could be compared [25]. Finally, one should keep in mind the
various assumptions and approximations which have
been made in obtaining (22). In particular, if different
numerical factors are used in the above analysis the
resulting E~/E o will be somewhat different [19]. In
addition, one cannot rule out any influence by a
possible field dependence of the pre-exponential factor
R 0, which so far has been neglected completely.

VI. Summary
The experimental results of the temperature and field
dependences of the conductivity can be described
quantitatively and consistently in terms of VRH
conduction with a Coulomb gap in the DOS at the
Fermi level. From the data in weak fields the localization radius and the dielectric constant are deduced.
Both are largely enhanced because of the proximity of
the metal-insulator transition. The data obtained in
strong fields indicate a small field dependence of the
binding energy of the localized state. A quasi-classical
calculation permits an analysis of the MR at arbitrary
fields. Subbarrier scattering of the tunneling electron
is not relevant in the present case.
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The small anisotropy of the conductivity with
respect to the direction of the field is rather surprising.
Future experiments on samples whose orientation can
be controlled more systematically appear necessary to
investigate this problem in detail.
Finally, it is interesting to note that the carbon
resistor used here for thermometry also obeys the
T-~/Z-law (2) while its MR is completely different
from that of the Ge sample, namely very small (few
percent) and negative. Clearly, the details of charge
transport in these systems are quite different in spite of
the common T-r/2-behavior in zero field.

fermi level dN/dE = g. For B = 0 one has

I am most grateful to K. Neumaier for the detailed advice on bow to
build a dilution refrigerator which cools to 11 mK with just
a continuous heat exchanger. K. Uhlig kindly calibrated the
germanium resistor against his aHe melting curve thermometer and
also gave numerous and valuable cryogenic advice. Thanks are due
to E. Ettlinger and K. Lachner for the construction of the refrigerator. W. Prettl, G. Jungwirt, and M. Weispfenning patiently answered all the questions I had about the physics of shallow donors.
Support and encouragement by K.F. Renk is gratefully acknowledged. This work was financially supported by a grant of the
Volkswagen Foundation.

~c(B)-- ~c(O) oc BZ/T 3/4

Appendix

1. Numerical factors
The quantitative analysis of the data in this work
requires three numerical factors which are not known
with good precision. One is fl in To in (7), another one
is e in Bo2, see (8), and the third one is in Ti(B) in (10).
The value of 9 affects the Bohr radius a 0, fl then
determines the dielectric constant e, and the factor 6 in
(10) the binding energy EB/Eo. Detailed considerations [1] indicate f l - 2.8 and this value is adopted
here. The factors in B02 and TI(B) used in this work
result from the quasi-classical calculation and are
based on the assumption that n~ is independent of the
shape of Vr which may be questioned. Furthermore,
in calculating n~ the double integral (4) is replaced by
the product of a volume and an energy integral.
Performing the exact integration yields only a numerical factor in (6) and (9) which, however, depends on the
shape of V~. The result would be a change of Ez/E o in
large fields by a factor of 4 ~/7 = 1.22. With the data of
this work being sufficiently detailed for a quantitative
analysis a more precise knowledge of the numerical
factors is desirable.

2. Constant DOS
The quasi-classical method is used to calculate the
MR at arbitrary fields in case of a constant DOS at the
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and in a finite field
.c = 2 o k r { c ( B ) . V~,

where Vr is Ioselevich's result (11). Repeating the same
steps as in Chap. IV gives instead of (13):

F(3B*~*Eo/Ee) = (9B*3/2~*)(Eo/En) 3/2.

(A1)

The asymptotic limits of (A1) reproduce the known
results [1]:
in weak fields,

and
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in strong fields.

3. Anisotropic wavefunction
For an anisotropic wavefunction the MR can be calculated most easily for the case when the field is
oriented along the axis of revolution of the ellipsmd.
L e t # = -m'
- = ( a t ) 2 be the ratio of the effective masses
mt \ at /
along and transverse to the direction of the field (for
Ge: # .~ 20) and co, = eB/mt the transverse cyclotron
frequency. The quasi-classical method gives then

: 21 ol
Vr = 8n~mt~, ~i/3 )

),

\ 4[Eol .]

while in zero field Vr
at{(O)a/24. The MR is
determined again by (12) with the characteristic field
being defined by Bc=-6h/ea2{c(O ). For arbitrary
orientation of the ellipsoid with respect to the field the
calculation becomes considerably more complicated.
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