
Volume92A, number8 PHYSICSLETTERS 6 December1982

THE PERIODIC MOTIONS OF THE MAGNETIZATION IN SUPERFLUID 3He B
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Exact periodicsolutionsof theLeggettequationsfor 3He B arefoundand comparedwith existing asymptoticsolutions.

The periodicmotionsof themagnetizationare of etercanbe representedas rotationsof the coordinates
particularinterestfor investigatingmagneticsub- (~,i~,~)with respectto the fixed frameof reference
stancesby meansof magneticresonance.In the super- (x, y, z) andcanbe parametrizedby the Eulerangles
fluid phasesof 3He themotion of the magnetization a, j3, ‘y: R(a,13,y) = Rz(a)Ry(13)Rz(y),whereR~(a)
is governedby the Leggettequations[1]. The periodic is a rotation aroundthez axis throughan anglea.
solutionsof the Leggettequationsin the limit of The dipole energycanbe expressedbya,13, y as fol-
strongmagneticfields ~- ~2(where‘-CL is the lows:
Larmorfrequencyand ~2is thefrequencyof the lon-
gitudinaloscillations)werefound by Brinkman and u= f~(~2/wL)(~+ cos0)2
Smith [2] (cf. also ref. [3]). Thesesolutionsrepresent = j~g(&22/w~)[cos13— ~ + (1 + cos13)cos~]2 , (1)
thestationaryprecessionof the magnetization.In the
caseof zero magneticfield (WL = 0) theLeggett where~ = a + 7. The equationsof motion in termsof
equationsfor the B phasewere solved analytically Euler angleswere formulatedby Maki [8]. Here,we
[4,5]. In particular,a solution correspondingto pe- introduceasindependentvariables(togetherwith a,
riodic motionof the magnetizationaswell as of the 13,y) the ~-projectionof thespin,S~,thehamiltonian
orderparameter— the so called“wall-pinned mode” conjugateto 13, S~,andP = S~— S~.Normalizationof
(WPM) — wasfound. In a recentpaper,Novikov [6] spin is chosensothat it is measuredin ~ and in the
hasshownthat theLeggettequationsfor the B phase equilibrium SI = WL. We also includerelaxation.We
musthaveperiodicsolutionsat arbitrary strengthof then havethe following systemof equations:
the magneticfield. In the presentpaperwe construct

S = —(~U/~~)~, (2)
thesesolutionsexplicitly.

In order to accountfor relaxationprocesseswe + — sin ~ ( P ÷s
start with theLeggett—Takagiequationsin thehydro- ~ (1 + cos13)2 ‘~1 cosj3 ~
dynamiclimit [7]. It will be convenientto express
them in termsof Euler angles.The order parameterin I cos13 \ au

XIS ——~ Pj+—wthe B phaseis therotation matrix R(6,n), 0 being 1 — cos13 / ô13
the angleof rotationand n thedirectionof the rota-
tion axis. In thecourseof motionR remainsto bethe g ~U sin 0

[Pcosj3—(l —cos13)S1’ (3)rotation matrix;so all the motionsof the order param- 2 a(cos0) sin 13
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p=~K[au/a(cosO)]{(l +cos0)
(14)

X [P+ (1 — cosI3)S~.}— sin 0sin j3 S~} (4) In the limit of strongfields (a —WL) onerecovers

~ + = (sin2j3)—’ [P + (1 — cosI3)S~] from (14) theknownformulafor theshift of the

+ ~K [aU/a(cosO)]sin ~ (5) transverseNMRfrequency[2,3]. In zero field (WL
= 0) eq.(14) coincideswith the ringing frequencyof

= S
13 +~K sin j3 (1 + cos cb)aU/a(cos0) , (6) theWPM [9]. In the intermediateregionit gives the

exactexpressionfor theangularvelocity of periodic
0 = —WL + (1 + cos 13)

1(P+2S~) motion asa functionof the angle 13, definedby the

+ tc sin 0 au/8(cos0) (7) initial conditions.
It is interestingto perturbthe stationarysolutions

It is essentialthat thedipole energyUdoesnot de- andto find thefrequenciesof theresultingsmallos-
pendon a.So onecanlook for solutionswhereonly cillations.The full analysisis lengthyandwill be pub-
achangeswith time.Therefore,weset S~.= =P lishedseparatelytogetherwith a morecompleteac-

= = 0 = 0. Fromeq.(2) oneobtainsthen countof the analyticalresults[10]. Here,wewill
only makeuseof the system(2)—(7) to correctfor

(1 + cosi3) sin 0 au/a(cos0) = 0 . (8) an earliererror [11] in the calculationof the damping

cos 13 = —1 is a singularpoint geometrically,so we con- of the smalloscillationshavinga characteristicfre-
sideronly thecases(i) aU/a(cos0) = 0 or (ii) sin0 = 0. quencyof the orderof �2.linearizing(2)—(7)in the

In thecase(i) onehas vicinity of bothsolutions(i) and(ii) showsthat the

auia~= — ~ sin 13(1 + cos o)aUIa(cos0) = 0 frequencyof this modein thelimit of strongfieldsandsmallK is givenby

andthereforewe find from eqs.(3), (6), (7): w = w(0)[1 — 1WII(O)K/2WL] , (15)
S

13 = 0, S~.= WL, P = WL(cos~ 1), (9) ~th

andfrom eq.(5)weobtain& = —WL, sothat this so- w(O) = ~l(~ + cos13)1/2
lution representsa precessionat Larmorfrequency,
and it isessentiallythe solutionof Brinkmanand for solution(i) andcos13> — ~, andwith
Smith [2].

In the case(ii) we neglectrelaxationterms(~= 0) w~(0) = 12 [ f~(1 + cos13)(~+ cos13)11/2
for a beginning.Fromeqs.(3), (6), (7) we have

(wL—S~)(S~—wLcosj
3)

(1 —cos13)2~LaU/a(cos13), (10) ~ I -

Li.i ~ lF~JIIIllIA
I.i.i ii H 111111 1(1111 R I

I~~HII~IIfl~ItIIIIiP=WL(l +cos/3)—2S~, (11) H II II IIH ItH II II II It II I!

11111!
S13 = 0. (12) ; ~. -

Sincesin 0 = 0 we havecos 0= ±1. Further analysis ii I’

showsthat only cos0 = +1 givesa stablestationary
1 I

solution.Usingtherelation . -

1 +2cosocosf3+cosO+cos13cos0 — ________________

0 200 400
we obtainfor cos0 = 1 TIME I 21t/WL I

cos0 = cos13 . (13) Fig. 1. Oscillationsof therotationangleU aftera 13 = 1000
tipping pulse.Thearrowindicatestheendof the tipping

Fromeqs.(1), (5) and (10)we find the frequencyof pulse.Thefrequencyandthedampingaregivenby eq.(15).
the periodicmotion Parameters:~L 3.3 x 106Hz,~ = 8.6 x lO~Hz, = 0.83.
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I of themagnetizationduring thetipping process.Fig.
2 showsthetime dependenceof thetipping angle13

120 / = arccos(S5/S)andof the rotationangle0. Onecan

e seesubstantialdeviationsfrom thestationarysolution
- — / in theregionwhere = 0.

The resultspresentedheremake it possibleto in-
80 terpretpulsed NMR experimentsin

3He B notonly in
C.,, high or zero magneticfield but also in the intermediate
uJw region aswell.
w
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