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Computer calculations show that there exist no large stable deviations from the homogeneous vortex den- 
sity in an annulus or cylinder; the solutions of Masson and Tien are unstable. 

Masson and Tien [1] have recen t ly  calcula ted 
in a continuum approximat ion the vor t ex  density 
in a rota t ing annulus f i l led with He II. In addition 
to the ene rge t i ca l ly  most  favourable  homogeneous 
dis t r ibut ion they found solutions with a spat ial ly 
osc i l l a t ing  vor t ex  density. Fo r  smal l  osc i l la t ion  
ampl i tudes  the dis tance between two max ima  of 
vo r t ex  densi ty is  only of the o r d e r  of the vor t ex  
mean spacing s = (K/2~)½, (K = h / m ,  ~2 = angular  
veloci ty) .  T h e r e f o r e  these " sma l l - amp l i t ude"  
solut ions a re  not different  f rom the homogeneous 
solution. The osc i l l a t ions  with la rge  ampl i tudes  
and g r e a t e r  d i s tances  between two peaks in the 
vo r t ex  densi ty  r ema in  to be invest igated.  We will  
gene ra l i ze  the solutions of this type given in ref.1 
and d i scuss  the i r  s tabil i ty.  

In such equi l ib r ium configurat ions  with widely 
separa ted  na r row peaks each peak r e p r e s e n t s  a 
r ing composed  of v o r t i c e s  with spacing << s; the 
d is tance  between the different  concent r ic  r ings  
is  >> s. It was shown by exact computer  ca lcu la -  
t ions without aver ig ing  [2] that v o r t i c e s  always 
tend to fo rm a sys tem of concent r ic  r ings.  In the 
ene rge t i ca l ly  most ly  favoured configurat ions  the 
spacing of both the di f ferent  r ings  and the vo r t i c e s  
within each ring is  ~ s. 

In o r d e r  to find o ther  equi l ib r ium conf igura-  
t ions we a s sume  a sys t em of r ings ,  each with N i 
v o r t i c e s  and a radius  Ri. We t rea t  the different  
r ings  separa te ly ,  but approximate  the in terac t ion  
between them by s m e a r i n g  out the d i s c r e t e  vor t ex  
s t ruc tu re  within each ring. This  means  an "exact"  
calcula t ion in the radia l  d i rec t ion  and an average  
calcula t ion along the c i r c u m f e r e n c e s  of the r ings.  
Thus each r ing produces  a ze ro  ve loc i ty  inside,  
and the ve loc i ty  Ni K/2~r outside. The s e l f - i n -  

duced ve loc i ty  (N  i - 1) K/4nRi at i ts radius  is  
nea r ly  the average  of the inner and outer  ve loc i -  
t ies .  At equi l ibr ium each r ing is at r es t  in the 
rota t ing f r ame;  this  condition yie lds  the approxi-  
mate  re la t ion  between Ni and Ri: 

1 ~ R i  = (F1 + ~(Ni  - 1)K)/2nRi (1) 

Here  F 1 is the total  c i rcu la t ion  within the i - th  
i-1 

r ing,  F 1 = F o + K AJk= 1 Nk, where F o is the c i r -  

culation around the inner  cyl inder  in an annulus 
or  around the cen te r  vo r t ex  in a cyl inder .  For  
example ,  in a cy l inder  with 37 vo r t i c e s  two of 
the s table  conf igura t ions  a re  given by Ni = 
=6 ,  12, 18 and N i = 7 ,  12, 17 [2, fig. 1]. In the 
most  ex t r em e  case  the cen te r  vor tex  might be 
surrounded by a single r ing with 36 vo r t i ce s :  
Ni = O, 36, 0. S imi la r ly ,  for l a r g e r  vor tex  num- 
b e r s  N i may be va r i ed  r a the r  a r b i t r a r i l y  as long 
as al l  Ri  l ie  within the bucket. T h e r e f o r e  eq. (1) 
with near ly  a r b i t r a r y  changes of R i s e e m s  to be 
an appropr ia te  genera l i za t ion  of the solution of 
ref.  1 (near ly  per iod ic  var ia t ions  of the vor tex  
density).  

However ,  not al l  of these equi l ibr ium confi-  
gura t ions  a re  stable against  smal l  (not n e c e s s a -  
r i ly  axial ly sym m et r i c )  per turbat ions .  A r ing of 
m o r e  than 6 v o r t i c e s  without cen te r  vor tex  is un-  
s table [3]; with cen t e r  vo r t ex  the boundary is 9. 
A sys tem of well  separa ted  r ings  with c lose ly  
spaced v o r t i c e s  is s i m i l a r  to a sys tem of c l a s s i -  
cal  vo r t ex  sheets  which a re  unstable [4,5]. If we 
a s sume  that the vor t ex  r ings are  well  separa ted  
we can used  eq. (14) of ref.  3 to show that each 
rad ius  Ri  of the homogeneous solution can be en-  
l a rged  in s table sy s t em s  only by ARt < 0.1 S. 
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T h i s  s h o w s ,  t h a t  t he  l a r g e  d e v i a t i o n s  
( A R i  >> s) s u g g e s t e d  by re f .  1 a r e  u n s t a b l e .  P e r -  
h a p s  t h i s  l i m i t  f o r  AR/  i s  q u a n t i t a t i v e l y  i n c o r r e c t  
b e c a u s e  now the  r i n g s  a r e  nog wel l  s e p a r a t e d .  
H e n c e ,  we p e r f o r m e d  e x a c t  c o m p u t e r  c a l c u l a t i o n s  
u s i n g  the  i t e r a t i o n  p r o g r a m  of ref .  2. N e g l e c t i n g  
i m a g e  f o r c e s  t he  fo l l owing  c a s e s  w e r e  s o l ved :  
the  a n n u l u s  (2 r i n g s )  w i th  30, 42 and  54 v o r t i c e s  
(Fo/K = 7, 19 and  37,  r e s p e c t i v e l y )  and  t he  c y -  
l i n d e r  w i th  19, 37 and  61 v o r t i c e s  (2, 3 and  4 
r i n g s ,  r e s p e c t i v e l y ) .  T he  c a l c u l a t i o n s  show tha t  
t he  R i f r o m  eq. (1) a r e  a c c u r a t e  w i t h i n  0 .02 s i f  
N i  >i 5. Sh i f t ing  s o m e  v o r t i c e s  a m o n g  the  d i f f e r -  
en t  r i n g s  we found t he  c o n f i g u r a t i o n s  to  b e c o m e  
u n s t a b l e  if  t he  g r e a t e s t  d e v i a t i o n  I / ~ R / I / s  e x c e e d s  
a v a l u e  b e t w e e n  0.09 and  0.08.  T h i s  n u m b e r  
a g r e e s  w i th  the  a b o v e  e s t i m a t e  and  s h o w s  no t e n -  
d e n c y  to i n c r e a s e  wi th  i n c r e a s i n g  v o r t e x  n u m b e r .  
T h e r e f o r e  t he  r a d i i  of a l l  v o r t e x  r i n g s  can  be  
c h a n g e d  at  m o s t  by a s m a l l  f r a c t i o n  of the  v o r -  
t ex  m e a n  s p a c i n g  f r o m  i t s  e n e r g e t i c a l l y  m o s t  

f a v o u r a b l e  v a l u e ;  t h i s  m e a n s  t h a t  t h e  v o r t e x  
d e n s i t y  i s  a l w a y s  h o m o g e n o u s .  

We t h a n k  Dr .  M a s s o n  and  P r o f .  T i e n  fo r  c o r -  
r e s p o n d e n c e .  One  of u s  (D. S.) i s  i n d e b t e d  to the  
M a x - P l a n c k - I n s t i t u t  f o r  a g r a n t .  
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A new thermodynamic potential  function is presented  for t empera tu res  just  below T~t which reproduces  
the {T~t - T)~ behavior  of Ps and the cr i t ica l  velocity Vc. 

A c c u r a t e  m e a s u r e m e n t s  of t he  s u p e r f l u i d  d e n -  
s i t y  P s  [1] a s  one  a p p r o a c h e s  T~t f r o m  b e l o w  r ~ -  
v e a l  a b e h a v i o r  of t h e  f o r m  Ps  = 1 .44p(T~ - T)~. 
T h i s  i m p l i e s ,  i m m e d i a t e l y ,  t h a t  t he  t h e o r y  of 
G i n z b u r g  and  P i t a e v s k i i  [2] w h i c h  p r e d i c t s  a 
l i n e a r  b e h a v i o r  of P s  a s  a f u n c t i o n  of T k  - T h a s  
to  be  a m e n d e d .  T h i s  h a s  b e e n  r e c e n t l y  t a k e n  up  
by  M a m a l a d z e  [3] who k e e p s  t h e  L a n d a u  [4,5] e x -  
p a n s i o n  of t h e  t h e r m o d y n a m i c  p o t e n t i a l  bu t  
c h a n g e s  t he  t e m p e r a t u r e  d e p e n d e n c e  of the  c o -  
e f f i c i e n t s  in  t he  e x p a n s i o n .  T h e  e x p a n s i o n  i s  
c a r r i e d  out  in  p o w e r s  of t he  o r d e r  p a r a m e t e r  
wh ich  i s  c o n n e c t e d  to  t h e  s u p e r f l u i d  n u m b e r  d e n -  
s i t y  P s  v i a  Ps  = I$12 *- If t h e  s y s t e m  i s  at  r e s t  we 

* ~ is connected to Josephson ' s  ~ v i a  ~b = r n ~ .  It 
would be proport ional  to Josephson ' s  l~ if ?7 turned 
out to be zero.  
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c a n  t a k e  ~ to b e  r e a l  and  p o s i t i v e .  We t h e n  w r i t e  
M a m l a d z e ' s  [3] r e s u l t  in  t h e  f o l l o w i n g  f o r m :  

• (P ,  T) = ~ I ( P ,  T) + A~ 2 + B@ 4 , (1) 

w i t h A  = - ~ (T;t  - T ) ~ ,  B = ~ (T;t  - T ) ~ ,  a , f l  > 0 ,  
~ I  i s  t h e  t h e r m o d y n a m i c  p o t e n t i a l  of HeI.  The  
e q u i l i b r i u m  v a l u e  of ~ o r  Ps i s  d e t e r m i n e d  by  
m i n i m i z i n g  • w i th  r e s p e c t  to  ~. a > 0 f o l l o w s  
f r o m  the  r e q u i r e m e n t  t h a t  ~ = 0 wi l l  no t  be  m i n i -  
m u m  at T < Tk e v e n  t h o u g h  i t  s o l v e s  ~ / a ~  = 0. 
In t he  o ld  t h e o r y  [2 ,4 ,5 ]  A w a s  l i n e a r  in  T~t - T 
and  B a c o n s t a n t .  T h e  s i g n  of B w a s  d i c t a t e d  by  
t h e  r e q u i r e m e n t  t h a t  ~ = 0 wi l l  b e  a s t a b l e  m i n i -  
m u m  at T = TX. T h i s  l a s t  r e q u i r e m e n t  c a n n o t  be  
s a t i s f i e d  w i t h  eq. (1) [3] s i n c e  b o t h  c o e f f i c i e n t s  
v a n i s h  at  T = T~t. I n  t h i s  c a s e  Ps  a t  e q u i l i b r i u m  
i s  ( a / 2 ~ )  (T~t - T)~ and  to m a k e  p s  > 0 we m u s t  


