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Ab initio calculation of the linewidth of various phonon modes in germanium and silicon
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The 2n+1 theorem and the density-functional perturbation theory have been used to calculate anharmonic
force constants completedb initio. Explicit expressions for the anharmonic coupling constants are presented,
i.e., for the third-order derivatives of the total energy with respect to atomic displacements. Using the harmonic
as well as the anharmonic results the phonon linewidth of Ge and Si as a function of temperature has been
calculated for various branches and varigasparticular, for nonvanishingvave vectors completelgb initio.
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[. INTRODUCTION at thel" point. Within this approach the linewidth and fre-
quency shift of these modes of the elemental

Harmonic-phonon properties of the covalent semiconducsemiconductor&* 111-V compoundst?*3and 3C-Si¢* have
tors are nowadays quite well understood due to a large nunbeen computed.
ber of experimental data and due to various calculations. In this work, we extend and apply ab initio method to
Density-functional perturbation theoffpFPT) has been ap- the calculation of linewidth of arbitrary modes in germanium
plied succesfully to theab initio determination of linear- and silicon. To this end, the Taylor coefficients of the total
response lattice properties of these materials such as phoneRergy are calculated via DFPT. Within the framework of
frequencies and eigenvectdréBut within this approach no  interacting-phonon theory these are used to determine the
anharmonic contribution to the lattice oscillations are in-jinewidth.
cluded. However, one is also interested in more subtle physi- A aiternative approach to compute the linewidth and fre-
cal quantities which are due to the anharmonicity of the lat-, uency as a function of temperature has been performed by
tice potential such as the temperature dependence &/ang et al’® who have used molecular-dynamics simula-
lifetimes and frequency shifts of phonon modes. But thesg, o ith a semiempirical tight-binding ansatz for the en-

guantities are of extreme importance in modern technolog%rgy' To determine the tight-binding Hamiltonian, they have

and are leading toa deeper u_nderstandlng of the InterIOIaé’sed only first-principles data obtained from band-structure
between electronic and dynamical properties.

Numerical model results have been obtained some 4(.'jmd total-energy calculations. This method has the advantage

years ag0. First ab initio results have been obtained by of inpluding the anharmonicity to grbitrary order; b.Ut It i‘?’
frozen-phonon methodsput only T-point features are ac- restrlgted to hlgh_ temperat_ur_es, as it treats the atomic m_otlon
cessible with this method without the use of supercells, anglassically, and it must fail in the low-temperature regime,
the numerical expense of supercell calculation for othefVhere quantum effects are important.
points in the Brillouin zone is enormous.
The extension of density-functional thedi®FT) to non-
linear response functions with the help of then21 [l. EXPANSION OF THE ENERGY
theorem has established the possibility to calculate the non-
linear expansion coefficients of the total energy from first- The Hamiltonian of a crystal can be written in terms of
order wave functions. Within this approach a selected set ofreation operatora’(\) and annihilation operatoms(\) of
Emhagmonic f?rce (aonstaﬁtand nonlinlear susceptibilitiék§ | phonons with quantum numbgt harmonic frequencies, ,
as been evaluated from first principles. In recent work als ' _ N
the Raman tensor of various semiconductor compounds h%snd phonon field operatoms(A) =a(A) +a’(A),
been calculated directRThe realistic results of these calcu-
lations have encouraged us to investigate still different non-
linear coefficients. _ _ o H=%>, w[a'(NM)a(\)+1i]+H,. (1)
Recent developments of inelastic neutron-scattering in- A
strumentation are aimed at measuring the linewidth of pho-
non modes other than at tHe point and bring theoretical _
calculation thereof into focu®.In addition, the thermal con- We use the notation=(q,j) and A=(—q,j) with wave
ductivity, which is a very essential quantity in modern semi-vector g and branch indey. The first part of Eq.(1) de-
coductor technology, is closely related to the linewidth. All scribes the energy resulting from harmonic oscillators with
the ingredients necessary for calculating this quantity can benergiesi o, . The anharmonic Hamiltonia 5 can be writ-
obtained by the theory below. ten up to an arbitrary orderin terms of either phonon field
To the best of our knowledge, the application of DFPToperatorsA(\) or atomic displacements;(R) in the direc-
methods to the anharmonic force constants has been r&en « of an atomx in the unit cell determined by the lattice
stricted so far to the special case of the LO and TO phononsgectorR as
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1 . . From the 21+1 theorem the knowledge of both the
Ha= 23 R . > D e (Rey o R) Kohn-Sham Hamiltonian and the Kohn-Sham wave func-
= Lo nALeofn tions up to first order is sufficient to determine the third-
X “Zi(Rl)' < US(R,) order response functich.

Ill. THIRD-ORDER DENSITY-FUNCTIONAL

h
=2 . Va(ha, - An)AR ) Alhn). PERTURBATION THEORY

n=3 nl Nq

(2) In the Born-Oppenheimer approximation, one separates
The expansion coefficien'@fj _____ ';”(Rl. ... R,) are the f[hel ionic anq el_ectro.nic contributions._ The calculation of_ the
1o n ionic contribution is performed via Ewald-summation
derivatives of the total enerdly with respect to the atomic techniques’ The explicit expressions can be found in Ref.
displacements 12. The electronic contribution is calculated in DFPT in the
following way.

P xn I"E The first-order perturbation expansion of the Kohn-Sham
QN (R Ry = K ) equation
tro U, (Ry)--u,'(Ry)
With the expansion of the displacementyR), Hisl ¥a) =€l ), 8
7 results in the so-called Sternheimer equation,
K — K iq-R
UERI= 2 \ o o Se MA@
. . . aHKS (1) C?dla
in terms of phonon field operatofs(\) , the transformation o Ca |,)=(Hks—€4) ik 9
of the coefficients in Eq(7) is given by

12 All the needed quantitiedHamiltonians and wave functions

fi can be calculated either self-consistently or via minimization
8N3w(xl>w<x2>w<x3>> of the energies? o

The explicit calculation of the anharmonic coefficients is

2 1KoK preferably carried out in reciprocal space analogous to Eg.

X e ayayay d192,93) (7). Then the reciprocal-space anharmonic constants of Eq.

ajazag (7) are given as the third-order derivatives of the total energy

E.ot With respect to the displacements of Ef),

V3(7\1,7\2,7\3):(

K1 K2 K3
eal( A1) eaz()\z) eas()\s)

X
\/M_Kl \/M_Kz VMKa  K1K2K3 = agEmt
i01-RipiGy-Ropids R “1“2”‘3(q1’q2'q3)_ K1 K2 K3 )
X g9 Rigidz2 Rogids Rs (5) 3Ua1(Q1)f9Ua2(QZ)(9Ua3(Q3)

with eigenvectore}(\) and the mas#/, of the atomk. (10
In the fOIIOV\,"ng’, we will consider just 'the third-order o analytic expression of the electronic part of the anhar-
term. The contributions of the fourth- and higher-order terMSonic force constants is derived from the origina 21

will be neglected. In the framework of DFP® one trans- : L Ky KoK
forms the atomic displacements into the reciprocal space Vigpeorem? Since the CoemC'entS\Palazaa(ql'qz'q3) are
symmetrical in the threei €1,2,3) sets of &;,«;,q;) they

are given by

1 i
u(q)= N ; e IRUX(R). (6)

i i ird- Voo (01,02,03)
and evaluates directly the Fourier transforms of the third- ajapag
order anharmonic force constants —_— —
=‘Ifala2a33(q1,qz,q3)+‘1'a2a33a1(qz,q3,q1)

K1KpK3 — K1K2K3 = KaK1K 5 K K3K
\Ilall"z“s(ql /02,03) = 5q1+q2+q3'GR§;3 q)alazas(Rl’Rz 'Ra) +q,azalla22(% ,d1,02) + ‘I'aia:;az?)(ql ,03,0>)
x el Rigldz Roglda R, () +‘T’K3K2Kl(Q3vQ2:Q1)"“T’KZKIKS(QLQL%)- (1)
Az A g

The Kroneckers symbol expresses the conservation of the

crystal quasimomentuniThis follows from the translational Every term can be evaluated in DFPT by inserting the pro-
invariance of the crystal.Until now the quantity’’ on the  jector P, onto the unperturbed conduction stafeand by
left-hand side of equation E¢j7) has only been evaluated for using explicitly the time-inversion symmetry of the Bloch
the special casgq;=0, g,=—Qs. orbitals ¢,,.(r) one obtains
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(930 ext
ﬁu’;i(O)ﬁuzz(O)ﬁuzz(O)

l//vk

v J
+2 5K1K22 '7[/vk Ko = K3 PC Kl;bvk
oK (=01 dug(0) | duzl(qy)
alﬂvk dv KS

K1 _
(9Ual( d1)

+2§|:, <
alﬂuk ‘

(9 v
P — Uy
auaz(_%)

¢ x c
19Ua2(Q2)

_22 -
vv'k < &uai(_ch)‘

1
+ Ef d3rd®r d3r LA (r o k)

In the last line,

I*Exdn'?]
an(ryon(r’)an(r”)

fEoA(rr 1) =

PExd ]

SaAr=rar-T )an(r)an(r’)an(r”)

D alljv’k-%-q?, aUKS
K vk K vk
%l aui2(~gp) "l ou(as)
an(r) an(r’)y an(r”) 12
U (dy) JUZ(dp) duL3(d)
|
m N 2
Th(@)=75 2 [Va(hAp))l
di.J1.J2
X[(1+n)\1+n)\2)5((v)\l+(1))\2_(1))
+2(”)\2_n)\1)5(&))\1_&))\2_&))], (15)

wheren, = (e"“x'kKT—1)~1 is the Bose-Einstein occupation
number. Due to the crystal-quasimomentum conservation

is the third-order exchange and correlation functional whictPn€ hask,=(da|j,) with g,=—q—q; +G. With the coeffi-

becomes local in the local-density approximatib®A ). For

cients of Egs.(5), (11), and (12) one can evaluate the

the numerical evaluation of EG12), we have expanded the fréquency-dependent damping functibp(w).

wave functions in a plane-wave basis set. One also reco
nizes in this equation that only the second- and third-ord

derivatives of the external potential,, is needed, whereas
the Kohn-Sham potentiad xs=v e+ vy has to be deter-
mined only up to first orderuy,. is the sum of Hartree,
exchange, and correlation potentjals

IV. THE LINEWIDTH

In the framework of the interacting-phonon thebtythe
phonon propagator is given by

2(1))\
— , (13
oy~ 0 1t 2w0\2,(w)
with the complex self-energy
S(w)=A\(0)=il\(w). 14

The damping functiod”, (w) is the negative of the imagi-
nary part of the self-energ¥, (w). To lowest order in%
only the third-order term contributes B, (w), i.e., only

The first term in square brackets in E45) describes the

Ef:i_ecay of a phononX)) into two phonons X, and\,) with

ower frequenciegor vice versg the so-called summation
process; the second term describes the phonon up conversion
where the phononX) combines with a phonom\{) to cre-

ate a phononX;) with higher energy(or vice versa the
so-called difference process.

In a weakly anharmonic crystal, one hBg(w)<w, for
w~w, , and line-shape effects are not important; and thus
the shape of a line is well approximated by a Lorentzian with
a full width at half maximum(FWHM) being equal to
2\ (wy).

V. COMPUTATIONAL TECHNIQUES

The damping functior{15) is related to the two-phonon

density of state$sTDOYS)
1
DP(w)= X dogj+oggj-w), (16
a’jj

and weighted by the anharmonic force constants given
by Eq. (5). ' o _

The reciprocal-space summatiofintegrationy of the
TDOS has been performed with the tetrahedron méfhdd

three-phonon processes are considered. The damping fungn 5 very dense mesh gfvectors with~1.5x 10* g points

ion for a phonon mode with quantum numbex(q,j) and
A=(—q,]) is then given by

in the entire Brillouin zoné¢BZ). Standard DFPT techniques
have been used to obtain the frequencies and eigenvectors at
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for germanium at zero temperature and 300 K. The lines are guides
to the eye.

FIG. 1. Two-phonon density of statéspper pangland damp-
ing functionI'y o of the LO mode(lower panel of Ge at different
points (0,0¢)(2w/a) along theA direction at zero temperature.
The harmonic frequencies are at 305.6, 293.8, and 242:8 don
£=0, 0.5, and 1. Note the change of scale in the lower panel.

=Q;+0,+G) on a 4X4x4 mesh. By taking advantage of
the symmetry of the crystal the anharmonic force-constant
tensors for 42 differentd;,q,) pairs have to be calculated.
The real-space coefficients of E®) are determined by Fou-
rier transformation, and from the latter the reciprocal-space
these points in the harmonic approximation. We have used a@nsor elements of Eq7) are calculated on the dense mesh
8x8x8 Monkhorst-Pack mesh for the electronic states. of around 1.5 10* q vectors as ingredients for E€L5).

The energy cut-off was set to 24 Ry. The pseudopotentials

have been constructed following the standard method sug-

gested by von Barth and C&rWe have decided to choose VI. RESULTS

these potentials, because these potentials lead to excellent\ye nave first evaluated the TDOS at differenipoints
results for the phonon dispersion curfeSo describe the along theA direction. The results for Ge and Si are shown in
exchange and correlation energy, we have used the locakigs ™1 and 2, respectively. This calculation is purely har-
density approximation, as calculated by Monte Carlo techy,gnic.
niques by Ceperley and Aldérwith the interpolation pro- Then we have calculated the damping functigr{w) for
posed by Perdew and Zunger. ) the sameaj points along the\ direction. These quantities are
We have evaluated the Fourier transforms of the anhargisq shown in Figs. 1 and 2, respectively. The difference in
monic force constants of Eqe7), (11), and(12) in DFPT as  jyiensities between the TDOS and the damping function
described in the pregedlng section. In contrast ?o previoug () for a givenq is due to the anharmonic coupling pa-
work, we do not restict ourselves tp=0. The main diffi-  3meters, while the fine structure Bf (o) is determined by
pulty arises in handling three different phonon wave Vectorshe TDOS. In the relevant one-phonon regime the damping
instead of two ¢, andq,=—q,). From the computational f,nctions are weak and show a smooth behavior, which jus-
point of view, the evaluation of Eq12) is not as expensive ifies the assumption of a Lorentzian line shape with a
as the minimization procedures, which leads to the first-ordeg\yqm given by ', (,).
wave functions. . The width X", (w, ) at the temperatured 6 K and 300 K
The anharmonic force constants of H32) have been o gisplayed in Fig. 3 for Ge and in Fig. 4 for Si. The
evaluated directly for a set af, andq, vectors(with Az yariation with q is different for the different modes: The

width of the TO mode decreases with increadigqlg whereas

o 0151 78, | si ‘ ) the one of the LO mode in Si first increases and then de-
S 01 ] creases faster than that of the TO mode. The LA-mode width
8 0.05 E E increases up to the poigt= $(0,01)(27/a), and then dere-
=k E ases towards the zone-boundary X poipg=(0,0,1)
0.0 X(2m/a)]. At zero temperature the FWHM for the TA mode
~ 15 b 430
g 1.0 , 120 0K 300 K
3 ‘\I'I'I‘I‘I‘II‘I'I 3,0 A L I N L LT L B B B
=05 110 S2Fre. &ID S
p A R N g 4 g XTI e Xl
0.0 S A 20 *q
200 400 600 800 1000 =08 SN SR
frequency (cm™) = MR ‘-~..)_.‘,,\,)<\_.
% M \/Q‘ +0 i //'8:\\\\
FIG. 2. Two-phonon density of statéspper panéland damp- S‘(U’O’O;(/ s s’(:f? _’M&__\
ing functionsI'y o(w) of the LO mode(lower pane of Si at 0'00 12 10'00 12 1
different points (0,&)(27/a) along theA direction at zero tem- I3 £

perature. The harmonic frequencies are at 517.0, 496.9, and

414.1 cm! for =0, 0.5, and 1, respectively. FIG. 4. Same as Fig. 3 but for Si.
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1.6 l<>| LU I B I B I B BN B BB L T 0.2 T YT I I rrrrrr It
FO LA diff . [ =
14 1% ——-LAsumm  Ge (0,0,3/4) ] 0.18 -~ §: }/; Ge (0,0,0) ]
e — 1Al ] 016 &2 1A A
12 LO — Lodiff _ L ——— &=3/ s
7L & — Lol | e
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E 0.6 0.06 [- g PR
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_ 0.02 | P .
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o 1 0 100 200 300 400 500
O.OM...)....A...A... Temperature (K)

0 100 200 300 400 500

temperature (K) FIG. 7. Temperature dependence of the FWHM of the TA mode

FIG. 5. Temperature dependence of the FWHM of the LO a\nojn Ge at different points (0,g)(27/a) along theA direction.

LA mode in Ge atg=(0,023)(2n/a). . .
' =(0.04)(2m/a) fects are important. However, even though there are contri-

, . , ) butions tol'y (w) even atT=0 K, there are no decay chan-
vanishes for kinematical reasons; at higher temperaturege|s for the TA modes: thus, their linewidth vanishes at zero
there is a slight increase, due to the difference processggmperature. In the higher-temperature range, we get a linear
(with always zero width at the' poiny. . . relation due to the Bose-Einstein occupation numbers. Be-

At q=3(0,0,1)(27/a) one can see the interesting fact yong this range also higher-order terms may not be negli-
that the LA-mode linewidth increases with temperature morgyiple. They will have to be investigated elsewhere.
than that of the other modes. Its FWHM is even greater than  First attempt¥ to measure the TA-mode linewidth have

the one of the LO mode in both crystals, with the value beingshown that the resolution of the instrument is larger than the
largest in Si. This behavior is due to the difference processegg|culated linewidth.

No such processes have been found to contribute to the LO anpother approach to calculate the FWHM at tkepoint
mode. For the LA and LO modes this feature is displayed foky a5 performed by Wangt al'® In contrast to the present
germanium in Fig. 5. Figure 6 shows the same for silicon. \york, they have used molecular-dynamics simulations with a
Due to the experimental interein the FWHM of low-  semiempirical tight-binding Hamiltonian. Within this ap-
frequency, dispersionless modes, we have investigated t(rfoach they are restricted to high temperatures. Supercells
TA branch in germanium in more detail. We have calculatedy e needed to evaluate the FWHM at Mpoint. To the best
the FWHM as a function of temperature g&=(0,0£)  of our knowledge no molecular-dynamics calculations are
X(2mla), with ¢=3, =3, £€=7, as well as at th& point  performed within the formalism of DFT. The values of Wang
(§=1). The results are displayed in Fig. 7. No summationgre higher than ours by up to a factor of 5. This may result
processes contribute here due to the curvature of the lowestom the higher-order anharmonic contributions, which are
frequency dispersion sheet. As demonstrated in(E§.the  not included in our calculation. Another reason may be the
first nonvaniShing contribution in the Summation'proces%se of a different Hamiltonian and the enormqﬁexpensiv&
term starts at the TA frequency. complexity of molecular-dynamics calculations. To make a
In particular, in the low-temperature range quantum ef-comparative study, molecular-dynamics calculation based on
a DFT Hamiltonian seem to be needed.

25 1T For Si, we have additionally calculated the FWHM along
Lo At , ] the A direction. The results are shown in Fig. 8 for Si at 0 K
o rasumm  Si(003/4) { and 300 K. The results are qualitatively and quantitatively
20 - . = )
O —— LOdiff similar to those for the\ direction except that the TO width
o | ¢ — LOtotal
st : 0K 300 K
......... 3.0 prrrererrre
= ~12Dm A e 4
m 1.0 'E Q\ ........ & L Sol g‘ POt ¢
E =038 ' .
= €0 ° €0 B\
05 50.4 S S S N N
o Rl G P G
I ] 0.0 FC Ll 0 LA e 2D
006000008 L 48 g 0 1/4 120 1/4 12
0 100 200 300 400 500 3 '3

temperature (K)
FIG. 8. The FWHM of different modes along thedirection for

FIG. 6. Same as Fig. 5 but for Si. Si at 0 K and 300 K. The lines are guides to the eye.
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L o e L L L L R A A tion processes always contribute at least as much as the dif-
A — TA
X —— LA summ Ge ference processes.
0.5 -¢ LA diff .
| ® — LAtotal VII. CONCLUSIONS
O —— LOdiff
04 ‘E' -=- LOsumm With the help of the 2+ 1 theorem, the anharmonic force
L & — LOtotal

constants can be calculated for arbitray, (q,) pairs in
nonlinear DFPT. With the help of these quantities and within
interacting-phonon theory, the linewidth of various phonon
modes can be determined completely initio.

The coupling coefficients and the linewidth of various
modes in Si and Ge have been evaluated, while previous
calculations had been restricted to those atlthgoint.
mare s Within the temperature domain considered (&K
0 100 200 300 400 500 =300 K) the damping function is sufficiently small such that

Temperature (K) the linewidth is approximated byl2 (w,) well enough. The
present results show that the contributions from the summa-

FIG. 9. Temperature dependence of the FWHM of the differenttion and difference processes to the linewidth are very dif-
modes in Ge at the point. ferent for different branches at differeqtpoints in different
directions and that even qualitative predictions without reli-

is essentially independent &f in contrast to that in the\ able calculations seem impossible. The results present a chal-
direction lenge to the INS instrumentation under present development.

The linewidth for a larger temperature range just forlthe
point for germanium is shown in Fig. 9 for the TA, LA, LO,
and TO modes. The difference processes become the domi- We would like to thank the Deutsche Forschungsgemein-

nant part even at temperatures as low as 50 K. This is ischaft(Contract No. STR 118/24or the financial support of
contrast to the results for the direction, where the summa- this work.

FWHM (cm’™)
=] =
[\ (9%

e
=

0.0
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