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Ab initio calculation of the linewidth of various phonon modes in germanium and silicon
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The 2n11 theorem and the density-functional perturbation theory have been used to calculate anharmonic
force constants completelyab initio. Explicit expressions for the anharmonic coupling constants are presented,
i.e., for the third-order derivatives of the total energy with respect to atomic displacements. Using the harmonic
as well as the anharmonic results the phonon linewidth of Ge and Si as a function of temperature has been
calculated for various branches and various~in particular, for nonvanishing! wave vectors completelyab initio.
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I. INTRODUCTION

Harmonic-phonon properties of the covalent semicond
tors are nowadays quite well understood due to a large n
ber of experimental data and due to various calculatio
Density-functional perturbation theory~DFPT! has been ap-
plied succesfully to theab initio determination of linear-
response lattice properties of these materials such as ph
frequencies and eigenvectors.1,2 But within this approach no
anharmonic contribution to the lattice oscillations are
cluded. However, one is also interested in more subtle ph
cal quantities which are due to the anharmonicity of the
tice potential such as the temperature dependence
lifetimes and frequency shifts of phonon modes. But th
quantities are of extreme importance in modern technol
and are leading to a deeper understanding of the inter
between electronic and dynamical properties.

Numerical model results have been obtained some
years ago.3 First ab initio results have been obtained b
frozen-phonon methods;4 but only G-point features are ac
cessible with this method without the use of supercells,
the numerical expense of supercell calculation for ot
points in the Brillouin zone is enormous.

The extension of density-functional theory~DFT! to non-
linear response functions with the help of the 2n11
theorem5 has established the possibility to calculate the n
linear expansion coefficients of the total energy from fir
order wave functions. Within this approach a selected se
anharmonic force constants6 and nonlinear susceptibilities7,8

has been evaluated from first principles. In recent work a
the Raman tensor of various semiconductor compounds
been calculated directly.9 The realistic results of these calcu
lations have encouraged us to investigate still different n
linear coefficients.

Recent developments of inelastic neutron-scattering
strumentation are aimed at measuring the linewidth of p
non modes other than at theG point and bring theoretica
calculation thereof into focus.10 In addition, the thermal con
ductivity, which is a very essential quantity in modern sem
coductor technology, is closely related to the linewidth. A
the ingredients necessary for calculating this quantity can
obtained by the theory below.

To the best of our knowledge, the application of DFP
methods to the anharmonic force constants has been
stricted so far to the special case of the LO and TO phon
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at theG point. Within this approach the linewidth and fre
quency shift of these modes of the elemen
semiconductors,6,11 III-V compounds,12,13and 3C-SiC14 have
been computed.

In this work, we extend and apply anab initio method to
the calculation of linewidth of arbitrary modes in germaniu
and silicon. To this end, the Taylor coefficients of the to
energy are calculated via DFPT. Within the framework
interacting-phonon theory these are used to determine
linewidth.

An alternative approach to compute the linewidth and f
quency as a function of temperature has been performe
Wang et al.15 who have used molecular-dynamics simu
tions with a semiempirical tight-binding ansatz for the e
ergy. To determine the tight-binding Hamiltonian, they ha
used only first-principles data obtained from band-struct
and total-energy calculations. This method has the advan
of including the anharmonicity to arbitrary order; but it
restricted to high temperatures, as it treats the atomic mo
classically, and it must fail in the low-temperature regim
where quantum effects are important.

II. EXPANSION OF THE ENERGY

The Hamiltonian of a crystal can be written in terms
creation operatorsa†(l) and annihilation operatorsa(l) of
phonons with quantum numberl, harmonic frequenciesvl ,

and phonon field operatorsA(l)5a(l)1a†(l̄),

H5\(
l

vl@a†~l!a~l!1 1
2 #1HA . ~1!

We use the notationl5(q, j ) and l̄5(2q, j ) with wave
vector q and branch indexj. The first part of Eq.~1! de-
scribes the energy resulting from harmonic oscillators w
energies\vl . The anharmonic HamiltonianHA can be writ-
ten up to an arbitrary ordern in terms of either phonon field
operatorsA(l) or atomic displacementsua

k(R) in the direc-
tion a of an atomk in the unit cell determined by the lattic
vectorR as
©2003 The American Physical Society04-1
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HA5 (
n>3

1

n! (
R1 , . . . ,Rn

(
a1 , . . . ,an

Fa1 , . . . ,an

k1 , . . . ,kn~R1 , . . . ,Rn!

3ua1

k1~R1!•••uan

kn~Rn!

5 (
n>3

\

n! (
l1 , . . . ,ln

Vn~l1 , . . . ,ln!A~l1!•••A~ln!.

~2!

The expansion coefficientsFa1 , . . . ,an

k1 , . . . ,kn(R1 , . . . ,Rn) are the

derivatives of the total energyE with respect to the atomic
displacements

Fa1 , . . . ,an

k1 , . . . ,kn~R1 , . . . ,Rn!5
]nE

]ua1

k1~R1!•••]uan

kn~Rn!
. ~3!

With the expansion of the displacementsua
k(R),

ua
k~R!5(

l
A \

2NMkv~l!
ea

k~l!eiq•RA~l! ~4!

in terms of phonon field operatorsA(l) , the transformation
of the coefficients in Eq.~7! is given by

V3~l1,l2,l3!5S \

8N3v~l1!v~l2!v~l3!
D 1/2

3 (
k1k2k3
a1a2a3

Ca1a2a3

k1k2k3 ~q1 ,q2 ,q3!

3
ea1

k1~l1!

AMk1

ea2

k2~l2!

AMk2

ea3

k3~l3!

AMk3

3eiq1•R1eiq2•R2eiq3•R3, ~5!

with eigenvectorea
k(l) and the massMk of the atomk.

In the following, we will consider just the third-orde
term. The contributions of the fourth- and higher-order ter
will be neglected. In the framework of DFPT5,16 one trans-
forms the atomic displacements into the reciprocal space

uk~q!5
1

AN
(
R

e2 iq•Ruk~R!. ~6!

and evaluates directly the Fourier transforms of the th
order anharmonic force constants

Ca1a2a3

k1k2k3 ~q1 ,q2 ,q3!5dq11q21q3 ,G (
R2R3

Fa1a2a3

k1k2k3 ~R1 ,R2 ,R3!

3eiq1•R1eiq2•R2eiq3•R3. ~7!

The Kroneckerd symbol expresses the conservation of t
crystal quasimomentum.~This follows from the translationa
invariance of the crystal.! Until now the quantityC on the
left-hand side of equation Eq.~7! has only been evaluated fo
the special caseq150, q252q3.
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From the 2n11 theorem the knowledge of both th
Kohn-Sham Hamiltonian and the Kohn-Sham wave fun
tions up to first order is sufficient to determine the thir
order response function.5

III. THIRD-ORDER DENSITY-FUNCTIONAL
PERTURBATION THEORY

In the Born-Oppenheimer approximation, one separa
the ionic and electronic contributions. The calculation of t
ionic contribution is performed via Ewald-summatio
techniques.17 The explicit expressions can be found in Re
12. The electronic contribution is calculated in DFPT in t
following way.

The first-order perturbation expansion of the Kohn-Sh
equation

HKSuca&5«auca&, ~8!

results in the so-called Sternheimer equation,

S ]HKS

]l
2«a

(1)D uca&5~HKS2«a!U]ca

]l L . ~9!

All the needed quantities~Hamiltonians and wave functions!
can be calculated either self-consistently or via minimizat
of the energies.18

The explicit calculation of the anharmonic coefficients
preferably carried out in reciprocal space analogous to
~7!. Then the reciprocal-space anharmonic constants of
~7! are given as the third-order derivatives of the total ene
Etot with respect to the displacements of Eq.~6!,

Ca1a2a3

k1k2k3 ~q1 ,q2 ,q3!5
]3Etot

]ua1

k1~q1!]ua2

k2~q2!]ua3

k3~q3!
.

~10!

The analytic expression of the electronic part of the anh
monic force constants is derived from the original 2n11
theorem.5 Since the coefficientsCa1a2a3

k1k2k3 (q1 ,q2 ,q3) are

symmetrical in the three (i 51,2,3) sets of (k i ,a i ,qi) they
are given by

Ca1a2a3

k1k2k3 ~q1 ,q2 ,q3!

5C̃a1a2a3

k1k2k3 ~q1 ,q2 ,q3!1C̃a2a3a1

k2k3k1 ~q2 ,q3 ,q1!

1C̃a3a1a2

k3k1k2 ~q3 ,q1 ,q2!1C̃a1a2a3

k1k3k2 ~q1 ,q3 ,q2!

1C̃a3a2a1

k3k2k1 ~q3 ,q2 ,q1!1C̃a2a1a3

k2k1k3 ~q2 ,q1 ,q3!. ~11!

Every term can be evaluated in DFPT by inserting the p
jector Pc onto the unperturbed conduction states16 and by
using explicitly the time-inversion symmetry of the Bloc
orbitalscvk(r ) one obtains
4-2
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C̃a1a2a3

k1k2k3 ~q1 ,q2 ,q3!5
1

3
dq11q21q3 ,Gdk1k2

dk1k2(vk K cvkU ]3vext

]ua1

k1~0!]ua2

k2~0!]ua3

k3~0!
UcvkL

12dk1k2(vk K cvkU ]2vext

]ua2

k2~2q1!]ua3

k3~0!
PcU ]cvk

]ua1

k1~q1!L
12(

vk K ]cvk

]ua1

k1~2q1!UPc

]vKS

]ua2

k2~q2!
PcU ]cvk

]ua3

k3~2q3!L
22 (

vv8k
K ]cvk

]ua1

k1~2q1!UPcU ]cv8k1q3

]ua2

k2~2q2!L K cvk1q3U ]vKS

]ua3

k3~q3!
UcvkL

1
1

6E d3rd3r 8d3r 9 f xc
LDA~r ,r 8,r 9!

]n~r !

]ua1

k1~q1!

]n~r 8!

]ua2

k2~q2!

]n~r 9!

]ua3

k3~q3!
. ~12!
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In the last line,

f xc
LDA~r ,r 8,r 9!5

]3Exc@n~0!#

]n~r !]n~r 8!]n~r 9!

5d~r2r 8!d~r2r 9!
]3Exc@n(0)#

]n~r !]n~r 8!]n~r 9!

is the third-order exchange and correlation functional wh
becomes local in the local-density approximation~LDA !. For
the numerical evaluation of Eq.~12!, we have expanded th
wave functions in a plane-wave basis set. One also rec
nizes in this equation that only the second- and third-or
derivatives of the external potentialvext is needed, wherea
the Kohn-Sham potentialvKS5vext1vHxc has to be deter-
mined only up to first order (vHxc is the sum of Hartree
exchange, and correlation potentials!.

IV. THE LINEWIDTH

In the framework of the interacting-phonon theory3,19 the
phonon propagator is given by

2vl

vl
22v212vlSl~v!

, ~13!

with the complex self-energy

Sl~v!5Dl~v!2 iGl~v!. ~14!

The damping functionGl(v) is the negative of the imagi
nary part of the self-energySl(v). To lowest order in\
only the third-order term contributes toGl(v), i.e., only
three-phonon processes are considered. The damping
tion for a phonon mode with quantum numberl5(q, j ) and
l̄5(2q, j ) is then given by
14430
h
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Gl~v!5
p

2 (
q1 , j 1 , j 2

uV3~ l̄,l1,l2!u2

3@~11nl1
1nl2

!d~vl1
1vl2

2v!

12~nl2
2nl1

!d~vl1
2vl2

2v!#, ~15!

wherenl5(e\vl /kT21)21 is the Bose-Einstein occupatio
number. Due to the crystal-quasimomentum conserva
one hasl25(q2u j 2) with q252q2q11G. With the coeffi-
cients of Eqs.~5!, ~11!, and ~12! one can evaluate the
frequency-dependent damping functionGl(v).

The first term in square brackets in Eq.~15! describes the
decay of a phonon (l) into two phonons (l1 andl2) with
lower frequencies~or vice versa!, the so-called summation
process; the second term describes the phonon up conve
where the phonon (l) combines with a phonon (l2) to cre-
ate a phonon (l1) with higher energy~or vice versa!, the
so-called difference process.

In a weakly anharmonic crystal, one hasGl(v)!vl for
v'vl , and line-shape effects are not important; and th
the shape of a line is well approximated by a Lorentzian w
a full width at half maximum~FWHM! being equal to
2Gl(vl).

V. COMPUTATIONAL TECHNIQUES

The damping function~15! is related to the two-phonon
density of states~TDOS!

Dq
(2)~v!5

1

N (
q8, j , j 8

d~vq8 j 81vq2q8 j2v!, ~16!

and weighted by the anharmonic force constants gi
by Eq. ~5!.

The reciprocal-space summation~integration! of the
TDOS has been performed with the tetrahedron method20,21

on a very dense mesh ofq vectors with'1.53104 q points
in the entire Brillouin zone~BZ!. Standard DFPT technique
have been used to obtain the frequencies and eigenvecto
4-3
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these points in the harmonic approximation. We have use
83838 Monkhorst-Pack22 mesh for the electronic state
The energy cut-off was set to 24 Ry. The pseudopotent
have been constructed following the standard method s
gested by von Barth and Car.23 We have decided to choos
these potentials, because these potentials lead to exce
results for the phonon dispersion curves.1 To describe the
exchange and correlation energy, we have used the lo
density approximation, as calculated by Monte Carlo te
niques by Ceperley and Alder24 with the interpolation pro-
posed by Perdew and Zunger.25

We have evaluated the Fourier transforms of the anh
monic force constants of Eqs.~7!, ~11!, and~12! in DFPT as
described in the preceding section. In contrast to previ
work, we do not restict ourselves toq50. The main diffi-
culty arises in handling three different phonon wave vect
instead of two (q1 and q252q1). From the computationa
point of view, the evaluation of Eq.~12! is not as expensive
as the minimization procedures, which leads to the first-or
wave functions.

The anharmonic force constants of Eq.~12! have been
evaluated directly for a set ofq1 and q2 vectors ~with q3

FIG. 1. Two-phonon density of states~upper panel! and damp-
ing functionGqLO of the LO mode~lower panel! of Ge at different
points (0,0,j)(2p/a) along theD direction at zero temperature
The harmonic frequencies are at 305.6, 293.8, and 242.8 cm21 for
j50, 0.5, and 1. Note the change of scale in the lower panel.

FIG. 2. Two-phonon density of states~upper panel! and damp-
ing functions Gq,LO(v) of the LO mode~lower panel! of Si at
different points (0,0,j)(2p/a) along theD direction at zero tem-
perature. The harmonic frequencies are at 517.0, 496.9,
414.1 cm21 for j50, 0.5, and 1, respectively.
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5q11q21G) on a 43434 mesh. By taking advantage o
the symmetry of the crystal the anharmonic force-const
tensors for 42 different (q1 ,q2) pairs have to be calculated
The real-space coefficients of Eq.~3! are determined by Fou
rier transformation, and from the latter the reciprocal-spa
tensor elements of Eq.~7! are calculated on the dense me
of around 1.53104 q vectors as ingredients for Eq.~15!.

VI. RESULTS

We have first evaluated the TDOS at differentq points
along theD direction. The results for Ge and Si are shown
Figs. 1 and 2, respectively. This calculation is purely h
monic.

Then we have calculated the damping functionGl(v) for
the sameq points along theD direction. These quantities ar
also shown in Figs. 1 and 2, respectively. The difference
intensities between the TDOS and the damping funct
Gl(v) for a givenq is due to the anharmonic coupling pa
rameters, while the fine structure ofGl(v) is determined by
the TDOS. In the relevant one-phonon regime the damp
functions are weak and show a smooth behavior, which
tifies the assumption of a Lorentzian line shape with
FWHM given by 2Gl(vl).

The width 2Gl(vl) at the temperatures of 0 K and 300 K
are displayed in Fig. 3 for Ge and in Fig. 4 for Si. Th
variation with q is different for the different modes: Th
width of the TO mode decreases with increasinguqu, whereas
the one of the LO mode in Si first increases and then
creases faster than that of the TO mode. The LA-mode w
increases up to the pointq' 3

4 (0,0,1)(2p/a), and then dere-
ases towards the zone-boundary X point@q5(0,0,1)
3(2p/a)#. At zero temperature the FWHM for the TA mod

nd

FIG. 3. The FWHM of the different modes along theD direction
for germanium at zero temperature and 300 K. The lines are gu
to the eye.

FIG. 4. Same as Fig. 3 but for Si.
4-4
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vanishes for kinematical reasons; at higher temperat
there is a slight increase, due to the difference proce
~with always zero width at theG point!.

At q5 3
4 (0,0,1)(2p/a) one can see the interesting fa

that the LA-mode linewidth increases with temperature m
than that of the other modes. Its FWHM is even greater t
the one of the LO mode in both crystals, with the value be
largest in Si. This behavior is due to the difference proces
No such processes have been found to contribute to the
mode. For the LA and LO modes this feature is displayed
germanium in Fig. 5. Figure 6 shows the same for silicon

Due to the experimental interest10 in the FWHM of low-
frequency, dispersionless modes, we have investigated
TA branch in germanium in more detail. We have calcula
the FWHM as a function of temperature atq5(0,0,j)
3(2p/a), with j5 1

4 , j5 1
2 , j5 3

4 , as well as at theX point
(j51). The results are displayed in Fig. 7. No summat
processes contribute here due to the curvature of the low
frequency dispersion sheet. As demonstrated in Eq.~15! the
first nonvanishing contribution in the summation-proce
term starts at the TA frequency.

In particular, in the low-temperature range quantum

FIG. 5. Temperature dependence of the FWHM of the LO a

LA mode in Ge atq5(0,0,34 )(2p/a).

FIG. 6. Same as Fig. 5 but for Si.
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fects are important. However, even though there are con
butions toGl(v) even atT50 K, there are no decay chan
nels for the TA modes; thus, their linewidth vanishes at z
temperature. In the higher-temperature range, we get a li
relation due to the Bose-Einstein occupation numbers.
yond this range also higher-order terms may not be ne
gible. They will have to be investigated elsewhere.

First attempts10 to measure the TA-mode linewidth hav
shown that the resolution of the instrument is larger than
calculated linewidth.

Another approach to calculate the FWHM at theX point
was performed by Wanget al.15 In contrast to the presen
work, they have used molecular-dynamics simulations wit
semiempirical tight-binding Hamiltonian. Within this ap
proach they are restricted to high temperatures. Superc
are needed to evaluate the FWHM at theX point. To the best
of our knowledge no molecular-dynamics calculations
performed within the formalism of DFT. The values of Wan
are higher than ours by up to a factor of 5. This may res
from the higher-order anharmonic contributions, which a
not included in our calculation. Another reason may be
use of a different Hamiltonian and the enormous~expensive!
complexity of molecular-dynamics calculations. To make
comparative study, molecular-dynamics calculation based
a DFT Hamiltonian seem to be needed.

For Si, we have additionally calculated the FWHM alon
theL direction. The results are shown in Fig. 8 for Si at 0
and 300 K. The results are qualitatively and quantitativ
similar to those for theD direction except that the TO width

d

FIG. 7. Temperature dependence of the FWHM of the TA mo
in Ge at different points (0,0,j)(2p/a) along theD direction.

FIG. 8. The FWHM of different modes along theL direction for
Si at 0 K and 300 K. The lines are guides to the eye.
4-5
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is essentially independent ofj, in contrast to that in theD
direction.

The linewidth for a larger temperature range just for theL
point for germanium is shown in Fig. 9 for the TA, LA, LO
and TO modes. The difference processes become the d
nant part even at temperatures as low as 50 K. This is
contrast to the results for theD direction, where the summa

FIG. 9. Temperature dependence of the FWHM of the differ
modes in Ge at theL point.
hy

ev

ys

K.

14430
i-
in

tion processes always contribute at least as much as the
ference processes.

VII. CONCLUSIONS

With the help of the 2n11 theorem, the anharmonic forc
constants can be calculated for arbitrary (q1 ,q2) pairs in
nonlinear DFPT. With the help of these quantities and with
interacting-phonon theory, the linewidth of various phon
modes can be determined completelyab initio.

The coupling coefficients and the linewidth of variou
modes in Si and Ge have been evaluated, while previ
calculations had been restricted to those at theG point.

Within the temperature domain considered (0 K<T
<300 K) the damping function is sufficiently small such th
the linewidth is approximated by 2Gl(vl) well enough. The
present results show that the contributions from the sum
tion and difference processes to the linewidth are very
ferent for different branches at differentq points in different
directions and that even qualitative predictions without re
able calculations seem impossible. The results present a c
lenge to the INS instrumentation under present developm
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