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Two-phonon infrared absorption spectra of germanium and silicon calculated from first principles
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The two-phonon infrared absorption spectrum of the covalent elemental semiconductors Si and Ge is cal-
culated completelyab initio. Besides the harmonic phonon eigen solutions this involves the phonon-photon
coupling constants, the so called second-order dipole montalsts called dipole coefficientsThese are
given by the third-order derivatives of the total energy with respect to an electric(dietd and to atomic
displacementsgtwice). In the framework of density functional theory, we have applied the-2 theorem to
derive an analytic expression for the second-order dipole moments. Numerical calculations of these coefficients
and of the infrared absorption spectrum of Si and Ge are carried out. The shape and overall intensities of the
spectra compare well with experimental data, even though some discrepancies remain.
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I. INTRODUCTION In this paper we will derive an analytic expression for the
third-rank tensor of the second-order dipole moments in the
In recent years, density functional thedfFT) has been framework of nonlinear DFPT. To remedy the shortcomings
proven to be a powerful tool to determine both the ground-of the previous theoretical work we will quantitatively cal-
state and the linear-response properties of materials. Withigulate a complete set of the tensor elements, which describe
the linear-response theory in the framework of DFT, i.e., thethe interaction up to eighth neighbors within DFPT and from
so called density-functional perturbation theofFPT), these(and from the harmonic eigen solutigrite absorption
phonon frequencies and eigenvectors have been calculatedJRECtrUM.
excellent agreement with experimental dafa.
The extension to the third order via the so-callatH2l Il. SECOND-ORDER DIPOLE MOMENTS
theoreni also makes the nonlinear regime accessible.
Within this approach anharmonic force constant§ nonlin-
ear susceptibilities:*? and Raman tensdrshave been cal-
culated.
In this work we investigate a further nonlinear property of H =— Z M.E,.
materials: Due to the inversion symmetry of the elemental “«

covalent semiconductors one-phonon infrafé®) absorp- s the electrical dipole moment of the crystal which can be
tion is forbidden, and the absorption is dominated by tWO'expanded in terms of atomic displacement¢R), wherea

phonon processes, the photon-phonon coupling constants bg-yhe cartesian index anelabels the atom in the unit cell at
ing the second-order dipole moments. The shape of the WQzttice vectorR

phonon infrared absorption spectrum has two ingredigats:

The part of the Hamiltonian which describes the interac-
tion of the crystal with an external electric fiellis

harmonic phonon eigenfrequencies and eigenvectorgtand 1
second-order dipole moments. M,=M%+ > — >
First attempts to calculate the infrared absorption in these n=1 M Ry Ry er’ - an
materials have been performed by Kressal* using (a) AR
harmonic phonon properties from a shell model with phe- XMZla-l-"‘.na (Ry, ... an)UZi(Rl)' . 'UZ"(Rn)-

nomenological input for the model parameters as welbas

model parameters for the second-order dipole moments. e expansion coefficients are the static polarizatio},
The second-order dipole moments can be regarded as ttgﬁe Born effective charaeM“* . the second-order dinole
change of the effective charges with respect to atomic dis- 98l 4, - P

placements. Ab-initio calculations with harmonic-phononmomentsM

properties from response theory and second-order dipole M0 can be performed by Berry-phase technigtié€.The
ments from frozen-phonon-like derivatives of the effective _ ¢ '

charges have been presented by Strauch and co-wdfdrs. Born effective charge Z}Ql are accessible within standard
Here the coefficients had been incomplete: They had beginear DFPT: The second-order dipole moments are defined
restricted to only second neighbbtsind some coefficients by the third-order derivative

had been left undeterminddue to an incomplete set of su-

perlattices necessary in the frozen-phonon mettaodl, in P&

L . . MK1K2 (R ,R ):_ (1)
ordegeto minimize the arbitrariness, had been set equal to a,ajays 12 JE. U (Ry) du"2(R,)
zero;” also see Sec. IV. ay ap

*1*2 etc. The calculation of the polarization

a,aqa,
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of the total energy. For evaluating this quantity, one intro- UKs= UextT UHxc (5)

duces the Fourier transform ) ) ) )
is the Kohn-Sham potential with,; the external potential

M <1<2 (q):RER MZiiaz(Rl,Rz)eiq-(RrRz)_ (2)  anduy, the Hartree, exchange, and correlation potential;
172

a,ayay

The elements of this tensor can be evaluated in DFPT Pe=1-2 [ (v
using the A+1 theorent This theorem states that the
knowledge of the Kohn-Sham wave functions and Hamilto-iS the projector onto the subspace of unperturbed conduction
nians (except the external potentialp to ordern is suffi-  states; and

cient for the calculation of response functions up to order &PE, [ n]
2n+1. In practical calculations, not all of the perturbed K3(r,r',r")= = —.
wavefunctions but just the part projected on the unoccupied an(r)an(r’)an(r”)

states are calculatédTo derive an analytic expression for In Eq. (4) the result of the B+ 1 theorem is demonstrated

the second-order dipole coefficients, we follow the general,, o be noted: Only the external potential, is needed in
description given by Debernardi and Bar8ifior the conve-  cocong and third order, while the wave functions and the

nience of the reader we repeat their final result for the thirdy, e exchange, and correlation potential, are needed
. . . . y y c
order change in energy with respect to perturbatidné&i o1y yp to first order. In the framework of the linear-response

=123), theory, the derivatives are calculated self consistently via the
PER _S B . so]%allr:eecjfiltliwi?]eimer equation.
IN1ON29N3  farm ' g we use the periodic part
where the sum is performed over all six permutations of the Uyi(1) = ()€ T
perturbations\;, and where of the Kohn-Sham wave functio#,, with valence band in-

dexv and wave vectok, and the projector
= A X A A NoN
EMM2ha= D (9 Pov &Pel #,%) + (0,1 Pev o2l )
v
Pc: 1- E |uvk><uvk|-
0y, Ao A3 0, ,MAohg| /0
F(WYolveg PC"’/IU )+ (Wlvee 1) For the derivative with respect to an electric field one needs
a representation of the position operatoin the basis of
-> (,/,;‘1|73c|,//2,2><¢3,|v’|;?é| ¥0) Bloch orbitals, which appears in the first-order Hamiltonian.
vo’ It can be showt? that the position operatartransforms into
the derivative with respect to tHe vector,

[ k(1) = = Vit (1) + €5 TTVU (7).

X M(r)nr(r)nra(r"). (4) Substituting the present perturbations as in BEg.for the
general perturbations as in E@) we obtain
Here, the superscript; denotes the derivative with respect to
the perturbation\;, and the derivatives have to be taken at Mz’j’a”(q): mz’j’a”(qH mg”:,:a/(q), (6)
the unperturbed ground-state density. The sums run over the ’ ' ’
unperturbedoccupied valence-band states; where

1
+ EJ dror d®rK3(r,r' 1"

1 ~ d3k < Ju k’ aUKS
_MK K/ ” = j 4 - 7) 7
QO xaa (@ Eu: BZ (277)3( IE,| cauz,(—q) ¢

Iy >+2< Iy ’,Pavch,P

K// KI C C
U (q) (g 9B

0
U£Q>
0
U5Q>

auvk )
au’,(q)

2
I Vext

d*k [ au,
+5K!YKH42 3 a 7)C ’ !
v BZ (2) ﬁEa‘ &ug,(q=0)ﬁuzu(q:0)

dgk <£7U K ou "k+q
- 4 == Py| — u'®
E jez (277)3( Bl lout (- \
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Bk < ieﬁ(‘ > I, ri IUyk

+2 _ — | Pe | Pe|——

Uzv, fBz (2)3 K au’,(q) U (a)
fde’fLDA an(r) an(r) an(r)
"B Ut (—q) auti(q)

)

Q) is the volume of the unit cell. The third-order exchange _ " . .
and correlation functional in the local density approximation D2 “’)_; D2 (@), D3 (“’)_;;4 Sloy, T o), ~ 0)
is given by ' v (11)

fLOA() = 8(r—r")o(r—r")K3(r,r',r"). weighted by|M®(\,),)|? and by combinations of Bose-
Einstein occupation numbers

IIl. DIELECTRIC SUSCEPTIBILITY AND ABSORPTION

CONSTANT ny=(g"nkT—1)~1 (12)

The infrared absorption of a crystal can be expressed iH",hiCh mal§e th? absorption depend on temperature. Th.e two
terms of the dielectric susceptibility. This is connected to différent signs in Eq(10) refer to the so-called summation

he | larizatioR and difference processes.
the induced polarizatioR by The real part of the susceptibility is then given by the

1 Kramers-Kronig(Hilbert) transform of the imaginary part.
P={[M(E)~M(E=0)]=eoxE, (8) One now writes the dielectric function
whereg, is the vacuum permittivity. For cubic systems the g(w)=ext x(w)

susceptibility is proportional the unit tensor, and here we;

in the infrared energy regime as the sum of the electronic
restrict ourselves to two-phonon processes,

contributione., and the phonon contributiog(w). The ab-
2 sorption coefficient is then given by
X(@)= G Xa(@)-
20n"(w)

By expanding the polarization in terms phonon field opera- Go™ c '

tors for phonons with quantum number=(q,j) (with wave . _ Y . .
vectorq and branch indej) one obtains the second-order Wherecis the speed of light and"(w) the imaginary part of

dipole moments the refractive index(w) = Ve (w).

M(Z)()\ A)= IV. TECHNICAL DETAILS
« TN @\ @), The pseudopotentials are generated following the scheme
proposed by von Barth and C&rFor the exchange and cor-
()\ ) e"z()\ ) relation energy we have used the local density approximation
9 (LDA), as calculated by Monte Carlo techniques by Ceperly
\/m_,(l \/m_Kz and Aldef? and interpolated by Perdew and Zungefhe
combination of the LDA and of these pseudopotentials had
with N;=(a.j;) and\,=(—q.j,). Here, o, is the phonon resulted in phonon dispersion cur¥és excellent agreement
frequency,e(\) the eigenvectornm, the mass of the atom with experiment(using the theoretical lattice constant
K, andMZlgza (q) as in EqQ.(2). The integration over the Brillouin zone in E) is per-
The two- phonon contribution to the imaginary part of theformed using the method of special points on an <8
dielectric susceptibility is thef Monkhorst-Pack-vector mesff and using a cut-off energy
of 24 Ry. The derivative appearing in equatioh with re-
spect tok is evaluated by finite differences using the method

X D, M (q)
K1K2 a ala2
ajan

Im X(Z)(w)_ 5 2 IMPO\ )P 8wy *o,,~w)  of Marzari and Vanderbift’ To this endi® additional points
2 jiza + are constructed at a distance of 0.Q8227/a,) from each
1 1 k-point in the reciprocal cell in the direction to the nearest
X nK2+§ t(nxl+ E) , (100  neighbors.
For the summation in Eq10) we have proceeded in four
and can be looked at as the two-phonon density of statesfeps: In the first step the second-order dipole moments
(TDOS) lesza (q) of Eq. (2) are evaluated folg vectors on a
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FIG. 1. Si. TDOS with(full line) and without(dashed ling
overtones at zero temperature and imaginary part of the dielectric

susceptibility y of silicon due to two-phonon processes. The tem- o ) )
peratures are from top to bottom 300, 200, 100, and 0 K. The dotte@an frequency. The close similarity of the phonon dispersion

lines illustrate the contribution from the summation processes, théurves of Si and Ge is reflected in the similarity of the

dashed lines those from the difference processes, and the full Iind@ér(w) spectra.

the total dielectric function. Note the different scales. Since the overtones, i.e., those wijth=j,, do not con-
tribute to the IR spectra we show the TDOS with and without

AX4X 4 g-vector mesh. We have checked our results forthese contributions; the most obvious difference occurs in the

high symmetry points against results which we have ob{2LO) overtone region of the rather dispersionless uppermost

tained from frozen-phonon-type methods. The second step Bispersion sheet of predominantly longitudinal optidaD)

the Fourier transformation to the real-space coefficientsmodes. A wealth of so-called critical pointspikes and

which are determined completely up to the eighth neighbor&inks) can be noticed, some of which are due to overtones,

according to the inverse transformation of the one given irfor example that near 300 cm for Si.*°

Eq. (2). The third step is the Fourier transformation like in  In addition to cutting out the contributions of the over-

Eq. (2) of the real-space second-order dipole-moments tdones the influence of the matrix eIemeMé;’lgfaz(q) is to

- 7 .
reciprocal space on a denser mesrqofecto_rsz. Inafinal  give different weights to the various combinatiofvsith j,
step, the summation over the wave veotpin Eq. (10) is = ) as is illustrated by the difference between the two bot-

FIG. 2. Same as Fig. 1 but for Ge.

9
performed by the tetrahedron methdd. tom panels of each figure. A number of critical points are
strongly suppressed or even disappear.
V. RESULTS Within lowest-order perturbation theory, the temperature

. . L dependence of the susceptibility spectra is due to the Bose
.At zero temperature thg dielectric susce_pt|b|I|ty is det‘?r'functions, see Eq(12). With increasing temperatur@ip to

mined by just the summation processes, since the contribuyng k) the contribution of the difference processes increases
tion of the difference processes vanishes due }% the factqfch more strongly than that of the summation processes. At
N\, ~ M, in Eq. (10). If the matrix elementsM;7(qj1,  higher temperature, e.g., at 300 K and above, the contribu-
—qj) were independent af andj the susceptibility would tions of both processes are of comparable magnitude in the
be proportional td; (w) of Eq.(11), which is shown in the one-phonon regime(The cut-off energy of the difference
bottom panel of Figs. 1 and 2 for of silicon and germanium,processes is aby.) At high temperatures the contributions
respectively. The summation processes have a cut-off aif both processes are linearly proportional to the tempera-
twice the maximum frequency,oZnay, @max P€ING the Ra-  ture.
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FIG. 3. Absorption coefficient of silicon due to two-phonon pro-  FIG. 4. Absorption coefficient of germanium due to two-phonon
cesses at 293 K. The experimental datmmonds are taken from  processes at 293 K. The experimental datamonds are taken
Ref. 31. from Ref. 32.

From the susceptibility we have calculated the absorptioﬁng expre;sions like qu)_ depe_nd upon temperature due to
coefficient of silicon at a temperature of 293 K. The shape agﬂharmonlc r_enormall.zatﬁ%ﬂ%nﬁe the anharmonicity of the
well as the intensity are in overall good agreement with th?onensin Siand Geis s the temperature dependent
experimental spectrum of Ikezawa and Ishigatheee Fig. anharmonic shift and width can give only a small correction
3. The spectral maxima at approximately 600, 720 and© the spectra, which is far less important than the influence
810 cm ! are reproduced. The theoretical intensity of theOf the Bose functiong._ This is supporteq by the fact t.hat the
maximum at 600 cm is smaller than the experimental one theoretical peak positions agree well with the experimental
while the one at 720 cit is larger. In the low-frequency ones, namely the IR as well as in the neutron spectra.

range there is a peak at 390 chwhich is not seen in the Des_plte the d|fferen<_:es, our calc_ulat|ons show an overall
experiment. satisfying agreement with the experimental spectra. Not only

The analogous results for germanium are compared Witltlhe general shapg but i_n particglar the overqll inten;ity Is
the experimental data of Ikezawa and NaRba Fig. 4. We well reproduced without introducing any experimental input.

find excellent agreement of the peak positions at 350 an his is the main progress as compared to the ca_IcuIation of
430 cm' . A striking difference can be seen at the shoulder ef. 14, where a larger number of phenomgnolog!cql param-
(near 270 cm') of the large maximum, which appears in & 218 SOEEEE P ERECEE R e the present
the experiment but not the theoretical spectrum. results. Also, the results of Ref. 15, even though from first
principles at the beginning, contained a number of arbitrary
parameters at the end. It turns out that the second-order di-
Numerical inaccuracies may have entered the calculatior?0le moments from neighbors beyond the second shell have
since the second-order dipole moments of &y turn out to noti_ceable contributions to the spectra in the upper frequency
be the difference of large numbers. However, since effectivé€gime.
charges calculated within the LDA differ only very little
from the experimental values, we believe the same to be true VIl. SUMMARY
for their changes with atomic displacements, i.e.,
second-order dipole moments.
Also, the difference between theoretical and experiment

VI. DISCUSSION

for the Summarizing we have presented a theory in the frame-
ork of DFPT for the calculation of the second-order dipole
. A oments. The numerical application to the two-phonon in-
spectra may be due tnterference with higher-order pro- frared absorption of Si and Ge has led to a reasonably good

cesses, since the experimental lower-frequency band Intenso\'g:jreement of the theoretical and experimental spectra with-

t'e‘z dependr?r][tsnrpé\a}rg%\r/i nt?]n—llnearl){[ 6’[1:1 room te_mper{atlur(t;ut the introduction of any experimental input. The discrep-
and somewnat below. ether or not N expenmental 5pcies must remain unexplained for the time being.

data contain contributions from higher than second order
could only be decided from a more detailed investigation of
the temperature dependence of the spectra.

The main dependence of the spectra on temperature We would like to thank the Deutsche Forschungsgemein-
comes from the explicit temperature dependence of the Bosschaft (Contract No. STR 118/24for financial support of
factors. In principle, the phonon eigen solutions, too, enterthis work.
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