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1 Introduction

In a Mini-Workshop Control of Free Boundaries in 2007 in Oberwolfach, see
[16], the following paradigm optimal control problem involving free bound-
aries was formulated. Control the interface evolution law

V =—-H +u, (1.1)

where V' is the normal velocity and H is the mean curvature of the inter-
face. The space and time dependent quantity u can be used to control the
interface. The above formulation is a sharp interface description of the in-
terface. As this is well-known, one drawback of such a description is that
it is difficult to handle topological changes, specially if one is interested in
numerical simulations. One way to omit these difficulties is to use suitable
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1 INTRODUCTION 2

approximations of (1.1). Such approximations like diffuse interface models
and specially Allen-Cahn models

1
Oy = Ay — g@b’(y) + u, (1.2)
with the smooth double well potential ¢(u) = 55(1 — u?)? are used exten-

sively in the phase field community, see [4, 5| and references therein. The
approximative models (1.2) are constructed in such a way that they converge
to the evolution law (1.1) as € N\, 0 and have the advantage that topology
changes can be dealt with implicity, see [9]. Here an interface in which a
phase field or order parameter rapidly changes its value, is modeled to have
a thickness of order € where ¢ > 0 is a small parameter. The model is based
on a non-convex energy F which has the form E(y) := E'(y) + E?*(y) and

)= [ (58 + tow ) an B =~ [ yud

where 2 C R? is an open and bounded domain and y : 2 — R is the phase

field, also called order parameter. The potential function ¢ is assumed to

have two global minima at the points +1 and the values 1 describe the pure

phases. In order to have the Ginzburg-Landau energy E'(y) of moderate

size y favors the values +1 due to the potential function. On the other

hand given the gradient term [ |[Vy|? oscillations between the values +1 are
Q

energetically not favorable. Given an initial distribution the interface motion
can be modeled by the steepest decent of E with respect to the L? — norm
which results then in (1.2). An approach according to the above formulated
paradigm problem is now as follows:

. 1% 1%
win J(y. ) i= [ (T,0) ~ yro) Pdo + [ Bolt,) = yalt,x) Pdade
Q Qr
+ ﬁu2d1‘dt, where v, vy, v, > 0,

2e
Qp

such that (1.2) and suitable initial and boundary conditions hold. Here the
goal is to transform an initial phase distribution yy : 2 — R to some desired
phase pattern yr : 2 — R at a given final time 7. Moreover throughout the
entire time interval the distribution additionally remains close to y4. In the
formulation (1.2) the potential ¢ is a smooth polynomial. Hence, y attains
values different from +1 in the whole domain 2 and this is a disadvantage
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from the numerical point of view, where the solution has to be computed on
the whole domain instead on the interface. Thus, to overcome this drawback
we plan to use an Allen-Cahn variational inequality instead, i.e. using the
obstacle potential

Introducing ¢(y) := 1(1 — y*) and the indicator function

0 iffyl <1,
Ioay(y) = {OO i1y > 1

we obtain

Y(y) = vo(y) + I-1,(y).

Then the object is given by values identical to 1. The interface |y| < 1 now
has a small finite thickness proportional to . An additional advantage will
be that as a consequence one only has to compute the solution in a narrow
band around the interface.

Notations and general assumptions In the sequel we always denote by
Q) C R an open, bounded domain (with spatial dimension d) with boundary
I' = 09). The outer unit normal on I' is denoted by n. We denote by
LP(Q), WFP(Q) for 1 < p < oo the Lebesgue- and Sobolev spaces of functions
on ) with the usual norms || - ||zr(a), || - [lwre@), and we write H*(Q) =
W*2(Q), see [1]. For a Banach space X we denote its dual by X*, the dual
pairing between f € X* g € X will be denoted by (f,¢)x-x. If X is a
Banach space with the norm || - || x, we denote for T > 0 by L?(0,7; X) (1 <
p < o0) the Banach space of all (equivalence classes of) Bochner measurable
functions u : (0,7) — X such that |ju(-)[|x € LP(0,T). We set Qp :=
(0,7) x Q, I'p := (0, T) x I'. "Generic” positive constants are denoted by C.
Furthermore we define following time dependent Sobolev spaces by

W(0,T) := L*(0,T; H'(Q)) N H*(0,T; H'(Q)*),
V= L*0,T; H*(Q)) N L>®(0,T; H'(Q)) N H' (7).

Moreover specially for dim 2 < 3 we will use following Sobolev embeddings

HY(Q) — LP*(Q), px € [1,6], (1.3)
H*(Q) — C(Q), (1.4)
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and

nlw

W2 (Q) — W, (), g € [1,3]. (1.5)
Besides we also will use following embedding
HY(0,T; H'(Q)) N L0, T; H2(Q)) < C(0,T;; W (). (L.6)
For the rest of the paper we make following assumptions:
(HO) E'(yo) < oo.

(H1) Assume Q2 C R?is bounded and either convex or has a C'"! —boundary
and let 7" > 0 be a positive time.

Hence, given an initial phase distribution y(0,-) = yo : Q2 — [—1,1] at time
t = 0 the interface motion can be modeled by the steepest descent of £ with
respect to the L?—norm which results, after suitable rescaling of time, in the
following Allen-Cahn equation

1 ! *
g0y = —grad 2 E(y) = Ay + g(%(y) - (") +u,

where (* € 0I_1; and OIj_; ) denotes the subdifferential of I;_; ;. This
equation leads to the following variational inequality

1 !
(0w, n —y)r2) +e(Vy, V(n — )2 + (g%(y) —u,n —Y)r2) = 0,
(1.7)

which has to hold for almost all ¢ and all n € H'(Q) with |n] <1 a.e. in Q.
Our overall optimization problem is now stated as

min  J(y,u),
over  y:[0,T]xQ—[-1,1); u:[0,T] x Q@ = R,

(P) st €@y,n—y)+e(Vy, Vn—y) > Ly +u,n—y),
y(0) =wo: Q2 — [-1,1],
for almost all £ and all n : Q@ — [—1,1].

\

The resulting optimization problem (P) belongs to the problem class of
so-called MPECs (Mathematical Programs with Equilibrium Constraints)
which are hard to handle for several reasons. Indeed, it is well known
that the variational inequality condition (or equivalently in MPCC case the
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complementarity conditions) occurring as constraints in the minimization
problem violates all the known classical NLP (nonlinear programming) con-
straint qualifications. Hence, the existence of Lagrange multipliers cannot
be inferred from standard theory. Approaches for the optimal control of
variational inequalities in the classical literature typically introduce a regu-
larization and show that in the limit of a vanishing regularization parameter
certain weak generalized first order necessary conditions of optimality are
derived, see e.g. [2]. Recently two different approaches are used to obtain
weak generalized first order necessary conditions, see [13, 10]. On one hand
there are penalization approaches |10, 15|, which mostly and exclusively are
used for elliptic problems. With such approaches, after getting the neces-
sary optimality conditions by penalization, one tries to show that in the
limit of the vanishing penalization parameter certain weak optimality con-
ditions are derived. On the other hand there are relaxation approaches, see
|3, 13, 11, 12, 8], which try to relax the complementarity conditions and
to regularize the objective functional of the MPCC problem. Also here in
the limit of the vanishing relaxation and regularization parameters certain
weak optimality conditions are derived. It has to be said that these two
approaches are well suited for dealing with elliptic problems. But in the
case of parabolic problems additional technical difficulties arise, which lead
in the limit to "very" weak optimality conditions (for different notions of
stationarity for MPECs we refer to [13]).

In the present work we are interested in applying the penalization approach
to our problem (P). Our work is organized as follows. In section 2 we analyse
our state equation. Most of the results of this section can be found in different
papers, see e.g. [4], so the results are not new. But the penalization functions
are different from the ones used in [4]. So we decided to keep our work self-
contained and for convenience of the reader, we proved once again well-known
results for our special penalization functions. In section 3 we introduce the
penalized optimal control problem, prove the existence of minimizers and
establish for the case when the spatial dimension is less than three the first
order optimality system. In the last section 4 we show that in the limit of
the vanishing penalization parameter certain weak optimality conditions are
derived.

2 Allen-Cahn variational inequality

In this section we collect and extend known results about the Allen-Cahn
variational inequality. All known results, which we will use without proof
can be found in the literature, see e.g. [4] and references therein.The Allen-
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Cahn variational inequality is given by:

(ACVI) Let be given an initial data yo € H'(Q) with |yo| < 1 a.e. in Q
and E'(yo) < oo. Then for a given u € L*(Qr) find y € H'(Qr) such that
y(0) =y, ly| <1 a.e. in Qr and

(0w, m — )2 +e(Vy, V(n —y)) L2y +
1
+ g(%(?ﬂ n =) = (U, 1 —Y) 20,

which has to hold for almost all t and all n € HY(Q) with |n| <1 a.e. in Q.
Due to [4] the problem (ACVI) can be reformulated with the help of La-
grange multipliers p® and u® corresponding to the inequality constraints
y<1landy>—1.

Lemma 1. Assume (HO) and (H1) hold. Let u € L*(Q7) be given. A
Junction y € V solves (ACVI) if there exist u®, u® € L*(Q7) such that

1 1 1 .
edyy — velAy + g@/}{)(y) - gu@ — g;ﬁ =u a.e in Qrp, (2
y(0)=yo a.e. inQ, n-Vy=0 a.e onlyp, (2
ly| <1 a.e. in Qp, (2.
pfly—1) =0,y +1)=0 ae inQp, (2
p>0,u° >0 ae in Q. (2

The proof of Lemma 1 for u = 0 can be found in [4]. The extension of
the proof to our case u # 0 is straightforward. We show the existence of a
solution y together with unique Lagrange multipliers ;4 and p© by a penalty
approach for the inequality constraint |y| < 1. In particular, we replace the
indicator function in ¢ by terms penalizing deviations of y from the interval
[—1, 1]. Motivated by [15, 6] for arbitrary but fixed and bounded ~ € (0, c0)
we define convex functions ¢2, ¥} € C*(R) by

Lo- (L) +E for 2140,

Yo (r) = 6%(7"—1)3 for 1<r<1+n,
0 for r <1,
0 for r> -1,
PL(r) = —%(r—l—l) for —-1—-y<r<-—1,
L ()P o rso1on
We note that (13)" and (¢2)" are Lipschitz continuous functions where

<@'<1, le{m o} (2.6)
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Introducing now the penalized potential function

G20 = () + W) +020)), o >0,

we get the penalized Energy
1 € 9 1.
Es(y) = [ { 5IVul" + Zv5(y) | da.
Q

Steepest decent of E, with respect to the L? — norm gives the following
penalized problem:

1
5aty0 - 5Aya + g(w;—/)/(yg) = Uy in QT,
yo’(o) = %Yo n Qv n- Vyg— =0 on FT-

Defining

pE = TR ) and g = (02 (30,

we have to solve following semi-linear parabolic equation

1 1 1 )
€Yo — EAY, + g%(ya) + gﬂ? — gﬂa@ =u, in Qr, (2.7)

Ys(0) = yo in Q, n-Vy,=0 on ' (2.8)

Theorem 1. Assume (HO) and (H1) hold. Furthermore let u € L*(Qr).
Then there exists a unique solution (y, u®, u®) € V x L*(Q7) x L*(Qr) of

(2.1)-(2.5).

The proof in [4] can be carried out after easy modifications to our problem.
However, to be self-contained we will give important aspects of the proof,
which are treated in the following two separate Lemmas.

Lemma 2. Assume (HO) and (H1) hold. Furthermore for o > 0, u, €
L*(Qr). Then there exists a unique solution y, € V of (2.7)-(2.8). Moreover
for a sequence {u,} uniformly bounded in L*(Q7) we have

Yo uniformly bounded in V),
uniformly bounded in L*(Q7),
uniformly bounded in L*(Q7).

@

ez

()

o
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Proof. The existence of a solution to (2.7)-(2.8) follows by using a stan-
dard Galerkin approximation and then passing to the limit, see [4]. The
a priori estimates (uniformly in o) are derived by testing (2.7) by suitable
testfunctions like y,, 0yo, —Ay,, n¥ and u$. The key a priori estimate is the
energy estimate, which we get by testing (2.7) by dyy, and carry out partial
integration

1 1
10ollZ2(00) + Bo 9o (T)) < E'(30) + 5 uollzz 0y

where we used Young’s inequality for the last integral. Using (HO) and that
{u,} is uniformly bounded in L?*(Qr), we get a C' > 0 independent of o and
the energy estimate

1
§HatyUH%2(QT) + E,(y,(T)) < C. (2.9)

Furthermore we test (2.7) by y, and note that (4 — uS)y, > 0, hence we
get by standard calculations

ed, ., , 1, s 11 )
§E||yUHL2(Q) +ellVyo 2 < §|’u0|’L2(Q) + 5 + z 1Yo172(0)-

A Gronwall argument gives that (y, ), is uniformly bounded in L>°(0, T’; L?(£2)).
Hence (Yo )o>0 is uniformly bounded in L>(0,T; H*(2))N H(Qr). Moreover

we multiply (2.7) by —Ay, and integrate. After integration by parts we
obtain

d1

1
Eﬁ”v%llim) + HAyUH%?(Q) + /Q E(wge(ya) + ¢%(yg))//|Vyg‘2dﬂf - HV?/UH%?(Q)'

By virtue of (¢4 (yo) + ¥ (y,))” > 0, a Gronwall argument and elliptic regu-
larity theory we obtain that (y,),-0 is uniformly bounded in L?*(0,T; H*(Q)).
Hence, (Yy)o>0 is uniformly bounded in V. For details, see e.g. [4]. Moreover
since pg - 1 = 0 we obtain from (2.7) and the a priori estimates on y, that

& | 20y + 1115 2000y < C- (2.10)

O
As a direct consequence of Lemma 2 we get:

Lemma 3. Let the assumption of Lemma 2 hold and let {u,} be a sequence
in L*(Qr), u € L*(Qr) such that u, — u weakly in L*(Qr). Furthermore
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let y, € V denote the solution of (2.7)-(2.8). Then there exist y € V and a
subsequence still denoted by {y,} such that as o \, 0 we have

Yo —> Yy weakly in L*(0,T; H*(Q)),
Yo — Yy weakly in HY(Qr),
Yo — y weakly-star in L>*(0,T; HY(Q)),

The limit element (y,u) satisfies (2.1)-(2.5).

Proof. The convergence results are direct consequences of the estimates given
by Lemma 2. Moreover we get from the above estimates

Yo — y strongly in L*(Qp),
Yo — Y a.e. in Q.

Because of (2.10) there exist u®, u® € L*(Qr) such that for a subsequence
(still denoted by p2 and u?)

p — pb weakly in - L?(Qg) as o \,0.

for | € {®,6}. The set {u? € L*(Qr) | & > 0ae. in Qp} is convex
and closed and hence weakly closed and we obtain u® > 0 a.e. in Q7. An
analogue argumentation gives u° > 0 a.e. in Qp. Furthermore the energy
estimate (2.9) gives

/Q(w@é(yg) +¥&(ys)) dz < Co, (2.11)

for almost all ¢ € [0,7]. Since y, — y a.e. in 2 we obtain from Fatou’s
Lemma

[ @)+ 02y de = [ timint (63 (00) + 3 () do

< lin nf /Q (W2 (50) + ¥ (90)) do

< lim Co =0,

o—0

and we obtain (¢ (y) + ¥(y)) = 0 a.e. in Qr and hence |y| <1 a.e. in Q.
In addition using the monotonicity of (¢3)" and (¢04)'(1) = 0 we obtain

= 1) = (2 (o) — 1) = W0 () — 2V (D](wo — 1) 2 0.
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Since y, — y strongly in L?(Q7) and pu& — u® weakly in L*(Qr) we get

/u@(y — Ddadt = lim | 1 (yo — Vdadt > 0.
Qr O
Since (y — 1) <0 a.e. in Q7 and p® > 0 a.e. in Qr we hence deduce
p®(y —1) =0 a.e. in Q7.

An analogue argumentation gives pu®(y + 1) = 0 a.e. in Q7. It remains to
show uniqueness. Assume that there are two solutions (y;, u5, u5), i = 1,2.
Defining 7 := 1 — yo, b = pl — pb for I € {®,0} and multiplying the
difference of the equation (2.1) for y; and y, with 7 gives after integration

d 2 19 1 [—_ 1 [—_ 1,9
ey + eVl + = [ e~ 2 [ 55de = 2[5l
Q Q

The complementary conditions (2.4)-(2.5) imply that the terms u®y and
—u°y are non-negative. We hence deduce

d . _ 1.
5&”9”%?(9) + e[| VHll7ei0) < g||y”%2(m'

A Gronwall argument now gives uniqueness of v. O

By virtue of Lemma 2 and Lemma 3 we can reformulate our overall op-
timization problem (P) as a mathematical program with complementarity
constraints (MPCC).

(

min  J(y,u),

over (y,u) € V x L*(Q7),

s, edy —eAy+ 1(y) + Iu® — p® =u ae in Qp,
(CP) y(0) =yo ae. inQ, n-Vy=0 a.e. onlr,

lyl <1 a.e. in Qp,

py—1)=0,uy+1)=0 ae. in Qp,
p®>0,u° >0 ae. in Qp.

\

3 Penalized optimal control problem

For every o > 0 we define the penalized optimal control problem by
min J(y,u),
(CP), over (y,u) €V x L*(Qy),
s.t. (2.7) — (2.8).
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3.1 Existence of an optimal control

Definition 1. Based on Lemma 2, we introduce the control-to-state operator
Sy L*(Qr) — V, where y, := S,(u,) denotes the solution of (2.7)-(2.8)
associated to Ug.

Lemma 4. Let u! € L*(Qr) and y’ = S,(u’) € V (i = 1,2), where o > 0.
The following stability estimate holds:

v = vsllv < Cllug — ugllz2 ) (3.1)

Proof. First we remark that g, := y! — y? satisfies the following initial-
boundary value problem:

_ A D Qe o
ey = €AJo = ~Js + — I (W) — @) (W) =t in Q,
=&
U5(0) =0 in £, n-Viy, =0 onI'p.

Testing the differential equation by ¥,, 9,9, and —Ag, and using the Lips-
chitz continuity of (¢)),1 € {®, 6}, and applying analogue techniques like
in the proof of Lemma 2 we get the desired result. a

Theorem 2. The penalized optimal control problem (CP), has at least a
minimizer.

Proof. For every o > 0 let
Dy i={(Yorts) €V x LX) : (3o, up) satisfy (2.7) — (2.8)}

denote the feasible set of (CP),. Let u, € L*(Qr) be arbitrary but fixed
and y,(u,) € V be the solution of (2.7)-(2.8) given by Lemma 2. Then
(Yo (Ug),uy) € D,. Hence the feasible set is nonempty. Furthermore, the
cost functional J is bounded from below. Now let {(yo 4, usr)} C D, be a
minimizing sequence such that

B J(Yops o) =  inf (Yo ug) = d < 0.
Am (Yo g o) = inf T (e, o) 00
Then, we get

Ug k bounded in L?(Qr) uniformly in &,

Yok bounded in L?*(Q7) uniformly in £,
Yox(T) bounded in L*(Q)  uniformly in k.
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Moreover by using Lemma 2 it follows that {y,} is bounded in V uniformly
in k. Hence, there exist

o, yo(T), W) €V x L*(Q) x L*(Qr)

such that on a subsequence (denoted the same) u, ; — U, weakly in L*(Qr)
and as k " oo

Yok — Yy weakly in L?(0,T; H*()),
Yok — Yo weakly in HY(Qrp),

Yok — Ty strongly in L?(Qp),

Yoiu(T) — yo(T) weakly in L*(€),

Yok — Yy weakly-star in L>(0,T; H(Q)),
Yo,k — Yo a.e. in Qp.

Because of the Lipschitz continuity of (¢')',1 € {®, S}, we have as k 00
phy, — b strongly in L2(Qr),
for I € {®, ©}. Therefore,

1 1— 1— .
€0 — eAo + —Vo(Tp) + —Hg — —p§ =1, in O,

Yo(0) =vyo, m-Vy, =0 a.e. on'r.
The weakly lower semi-continuity of J finally yields
T, 7)< i Ty ho) = d.
Hence (Y5, U,) is a minimizer of (CP),. 0
As far as globally optimal points are concerned, we find that solutions of

the penalized optimal control problem (CP), converge to a solution of the
problem (CP), as the following theorem shows.

Theorem 3. Denote by (y,,u,) the minimizers of the penalized optimal con-
trol problems (CP),. Then there exists a minimizer (y,u) € V x L*(Qr) for
the problem (CP) such that on a subsequence of minimizers (still denoted by

(Yo, Ug)) as 0 0

uy, — u  strongly in L*(Qr),

Yo —> Uy weakly in L*(0,T; H*(Q)),

Yo —> U weakly in HY(Qrp),

Yo — T strongly in L*(Qr), (3.2)
Yo — ¥ weakly-star i L>*(0,T; HY(Q)),

Yo — Y a.e. Q.
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Furthermore we have

v (T) — y(T) strongly in L*Q). (3.3)

Proof. Let @ € L*(Q7) be fixed, and denote by y, (@) € V the solution to
(2.7)-(2.8). Hence, the estimate

(Yo, uo) < J(yo(0), @) (3.4)

holds true for every o > 0. The boundedness of y,(u) given by Lemma 2
implies the boundedness of {J(y,(u),u)}. Using (3.4), we conclude that also
{u,} is uniformly bounded in L*(Qr), and there exists u € L*(Qr) such that
on a subsequence (also denoted by {u,}) as o \ 0

u, — u weakly in L*(Qrp).

Then by Lemma 3 there exists ¥ € V and a subsequence still denoted by
{y,} such that (3.2) holds. Moreover applying interpolation arguments, it
can be shown that L*(0,7; H*(Q2)) N H'(0,T; L*(Q2)) continuously embeds
into C([0,T]; H'(©)). By Rellich-Kondrachov theorem it follows that H'(£2)
is compactly embedded in L*(2). Hence (3.3) follows. Because of Lemma 3
the limit element (7,u) is feasible for (CP). Now let (y*,u*) € V x L*(Qr)
be a minimizer of (CP). Due to the lower semi-continuity of the norm, (3.4)
and Lemma 3, we find that

J(y*,u) < J(y,u) < liminf J(y,, u,) < limsup J (Y, ts)
LAY o\0

< limsup J(y,(u*),u") = J(y*, u").
o \0
Therefore, (7, @) is optimal for (CP). Furthermore, we see that as o 0
J (Yo, ) — J(7, 1),

hence ||u,||z2z — ||@|/z2, which together with the weak convergence of {u,}
implies strong convergence of {u,} in L?(Qr). O

3.2 Analysis of the linearized state system

For the derivation of first-order optimality conditions, it is essential to show
the Fréchet-differentiability of the control-to-state operator, mapping u, to
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Y, (see Subsection 3.3.1 below). Suppose u, € L?(Q27) and consider a per-
turbation du, € L?(Qr). In preparation of the corresponding theorem, we
now consider the following linearized version of (2.7)-(2.8):

1

eos — eAyr + = (V)" (yo)ys = du, in Qr, (3.5)
£

yx(0) =0 in ©, n-Vyr=0 onlr, (3.6)

with given functions y,,0u,. Later on y, = S,(u,) will be the solution of
the nonlinear state system (2.7)-(2.8) associated to reference control u,. In
the following we will show that (3.5)-(3.6) admits a solution y* € W (0,T).
This result is then used to establish Fréchet-differentiability of the solution
operator S, associated to (2.7)-(2.8).

Lemma 5. Problem (3.5)-(5.6) admits a unique solution y: € W(0,T).

Proof. Since for every o > 0 which is arbitrary but fixed (¢7)"(y,) € L>(Q2r
see (2.6), the existence of a unique weak solution y* € W(0,T) to (2.7)-(2.
is a classical result (see [14], Chapter 3, Theorem 5.1).

mCA

3.3 First-order necessary optimality conditions

We start the derivation of first-order conditions with the Fréchet-differentiability
of the control-to-state operator S,, which is one of the crucial points of the
first-order analysis for (CP),. However, using the analysis for the linearized
equation, presented in the previous subsection, yields the desired differentia-
bility of S,. Afterwards, we reformulate the derivative of the objective func-
tional by introducing an adjoint PDE system which leads to the first-order
necessary optimality conditions in form of a Karush-Kuhn-Tucker (KKT)
type optimality system.

3.3.1 Differentiability of the control-to-state mapping

Theorem 4. Let dim 2 < 3. The control-to-state operator S, is Fréchet-
differentiable from L*(Qr) to W(0,T). The derivative has the form

S! (ug)ou, =y,

where yi € W(0,T) is the weak solution of the linearized problem (3.5)-(3.6)
in Yo := Sy (uy).
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Proof. We have to prove
So(ty + 0uy) — Sy(ty) = Dy Oty + 7(ty, 0y ),
where D, : L*(Qr) — W(0,T) is a linear and continuous operator and

|7 (g, Sto ) || (0,1

| 0te L2

— 0 1f ||5UU||L2(QT) — 0.

Hence, we have S’ (u,) = D,. By (1.4) we have y, € L*(0,T; L>=(Q)). Due
to [17], §4.3, the Nemytskii-operator (still denoted by (¢7)") associated to
(¢7)" is Fréchet differentiable from L2(0,T; L>=(2)) to L*(0,T; L>(Q)). It’s
derivative is given by

(¥3)"(yo) = L*(0,T5 L%(Q)) — L=(Qr).
Hence, we get

(1/13)/(:%7,5) - (1/}3)/(:90) = (1/};)”(%7)(?/075 - yo) 1 Ty 5.0

where y, 5 = S,(uy + 0u,) and Ty, 5w, 1S the remainder with the form

1

oo = / (2 (o + 5oz — 1)) — ()" (00)) 5 (Yorg — ).

0
We estimate r,_, ., by

1

|7y 500 (8 2)| < C/S‘yd,é = Yolds [Yos — Yol < Cll(Yos — Yo )(¢, ')H%O@(Q)'
0

Hence, we have

17y 500 || 20,7520 (2))

— 0 if ||y075 — yUHLQ(O’T;Loo(Q)) — 0.
”?/a,& - ?/a||L2(0,T;L<>o(Q))

Therefore we have y,5 — ¥, = yi + §, with a solution y> € W(0,T) of
(3.5)-(3.6) and a remainder g, € W (0,7, which satisfy
~ ~ 1 Y\ ~ 1 .
€01Ys — VEAYs + g(wo') (Yo )l = _gryo,&% in Qr, (3.7)
U,(0)=0 in Q, n-Vy,=0 onI7. (3.8)
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The existence of a weak solution g, € W(0,T') can be proven in an analogue
way as for the system (3.5)-(3.6). By Lemma 4 and (1.3) we have

1Yo.5 — YollL20,1i0 ) < 1Yo5 — Yollv < L6t || L2(0r)-
Besides we have

Hrymg,y,,||L2(O,T;L°°(Q)) Hryg,(s,yrr||L2(0,T;L°°(Q)) |Yo,5 — ya||L2(o,T;Loo(Q))

10l z2@r Yow — Yoll 20,0000 10ts | L2 (21

||rya,5,ya ||L2(07T;L°°(Q))

L.

" NWos = Yoll 20,72 ()
Hence we have [|ry_, . [lz2(0.1:0 @) = o(|[0Us || 2(0,))- By virtue of existence
of a solution ¢, € W(0,T) to (3.7)-(3.8) we get
1o llwo.r) = oll0uel|L20r))-

We denote the map du, — y: by D,, which is linear and continuous. Finally
we end up with

Scr(uo + 6“0) - So(uo) =VYo,5 — Yo = DO’ 5“0 + T(ua7 5“0)7

where r(u,, 0u,) = 9, provides the claimed properties. O

3.3.2 Optimality conditions

Now we are in the position to state the first-order necessary optimality con-
ditions for (CP),. Defining

1 1
/\;9 = ;(@Dga)”(%)pm /\? = ;(¢%),/(ya>paa
we have:

Theorem 5. Let 0 > 0, n < 3, (HO) and (H1) hold. Then there exist
Junctions (Yo, Uo,ps) € V x L*(Qr) x W(0,T) such that the following first
order optimality system holds

1 1 1 .
5atya - 5Ay0 + g%(%) + g:u;e - g:u? = Ug m QTa (39)

Us(0) = yo in €, n-Vy, =0 onTp, (3.10)

Bty —py =0 in Qp, (3.11)
€

1 1 1 )
—e0ipy — EAPy + g%’(yg)pg + g)\f + g)\? =vy(yYo —ya) i Qp, (3.12)
(T, ) = vr(y,(T,+) — yr) in £, n-Vp, =0 onT7p. (3.13)
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Proof. Let (uy,y,) be an optimal solution of (CP),. From Theorem 4 we
know that S, is Fréchet-differentiable from L?(Q7) to W (0,T). Therefore

dileJ(Sg(u(7 +06u,), us + 0 u,)|o=0 =

=uvp /(y(,(T7 ) = yr)ys(T, )dx + vy /(yg — Ya)yadzdt + % / Uy OU drdt,
Q Qrpr Qp
(3.14)

where y* = 5! (uy)du, is the weak solution of the linearized problem (3.5)-
(3.6) in y, := S, (u,), see Theorem 4.

We transform (3.14) into another form by introducing the formally adjoint
system to (3.5)-(3.6). The adjoint variable p, is the solution of the following
adjoint problem:

1 .., .
—£0ipo — €Ap, + ng) (Yo )Po = Va(Yo —ya) in Qr, (3.15)
n-Vp,=0 onlIp, (3.16)
po(T, ) = vr(yo(T,") —yr) in (3.17)

We apply Lemma 5 to prove existence of solutions to (3.15)-(3.17). We
introduce the transformation 7 := T — t and p,(t) := p,(7). Hence, we get
the following system

~ ~ 1 " ~ .
£0rPy — EAPs + g%(ya)pa = va(Yo —ya) inQr (3.18)
n-Vp, =0, onlp (3.19)
Po(0,+) = vr(yo(T,-) —yr) in Q. (3.20)

Arguing as in the proof of Lemma 5 we get a solution p, € W(0,T), hence
ps € W(0,T). To prove (3.11) we test (3.12) by yZ, which is the solution of
the linearized problem (3.5)-(3.6) in y, := Sy (u,). Integration by parts gives

/ paéuadxdt - ﬁ /Ugéugdl’dt.
Qp £
Qr

4 Optimality conditions for the limit problem

For the rest of the paper we make use of the following assumptions:
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(OA) Let {u,} be bounded in L*(Q7) N H(0,T; L*(2)) uniformly in o > 0
and ug € L*(Q)

Lemma 6. Let dim Q < 3 and (OA) hold. Furthermore yo € H*(Q) with
lyol < 1 a.e. inQ and for every o > 0, let (yy, Uy, py) € VX L*(Q7)x W (0,T)
be a solution of the optimality system (3.9)-(3.13). Then the following esti-
mates hold

1) v, uniformly bounded in 'V,

2.) Yo uniformly bounded in HY(0,T; H () N W1>=(0,T; L*(Q)),
3.) uS uniformly bounded in L*(Qr),

4.) u? uniformly bounded in L*(Qr),

5.) Po uniformly bounded in L*(0,T; H'()) N L*>(0,T; L*(Q)),
6.) 0o uniformly bounded in W(0,T)%,

7.) A+ XS uniformly bounded in W(0,T)*,

8) Ao uniformly bounded in W (0,T)*,

9.) A\ uniformly bounded in W(0,T)*

(4.1)

Proof. 1.), 3.) and 4.) are direct consequences of Lemma 2. To prove 2.) we
formally differentiate (3.9) with respect to time and obtain

1 , 1 |
E@ttyo — &?A(atyg) -+ 8_0_(\1]% -+ \Il%) (yg>atyo' = gatyg + 3tug mn QT7 (42)

Ys(0) = yo in Q, n-V(Owy,) =0 onlr. (4.3)

Now formally testing (4.2) by 0y, and noting that (U} + V1) (y,) > 0 it

follows
ed
5%”59@0”%2(9) + 5||V(3tya)“%2(g) < C<€>(Haty0||%2(ﬂ) + Hatu€f||2L2(Q))' (4.4)

Integrating with respect to ¢, using (OA) and 1.) we get

Cle
O oliae. @5

Using (3.9)-(3.10) and noting that (¢4) (vo) = (¥)'(yo) = 0 we can estimate
the right hand side of (4.5) by

£
1080 (D) 1Z200) + IV (990) 1220y <

1
19:90llZ2(0) < CUIAV L2 + ZlWollZ20) + luollze@)- (46)

Inserting (4.6) into (4.5) and using (OA), yo € H*(Q) with |yo| < 1 a.e. in
Q2 we get 2.) We have to remark here that the previous calculations can be
done rigorously be using standard Galerkin technique, see e.g. [7].
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Now we prove 5.). We introduce the transformation 7 := T — ¢ and p,(t) :=
e* P, (7). Hence, we get the following system

~ ~ 1 " ~ —ar :
587']90 - 5Apa + ng}g) (ya) + a€2]p0 = Vq4€ (ya - yd) n QTa (47)
n-Vp,=0 onTlp, (4.8)
Po(0,) = vr(yo(T, ) —yr) in Q. (4.9)

Now testing (4.7) by p, and choosing a > 0 so that (¥7)"(y,) + ag? > C
0 we get by standard calculations the existence of a constant C(r1 ) >
independent of o, such that

L 5olZa00) + <1 VB a0y < OB e
2dt

Now by a Gronwall argument we get ||pg||L2(0,r;17 (0)) < C(7), hence
|1Po || 20,7511 (2))ALoe (0,112 (02)) < C.

To prove 6.) let v € W(0,T"). Using integration by parts we obtain

(Oipg, v) = — (010, po) + v (Yo (T) — yr, v(T))2(02) — (P(0),v(0)) L2(0)-

The continuous injection of W (0,T) into C([0,T]; L*(Q)) yields

(0o, ) < (IPoll 220,700 @) + vrllve (T) — yrll200) + 1Po(0)| £2(0)) ||Vl wom)-

Hence from 1.), 2.) and 5.) we deduce 6.).

The boundedness of AZ+ A5 in W (0, T)* follows from the adjoint equation
(3.12) and 6.). To prove 9.) we define &% € C*(R), 0 < d%®(r) <1, r € R,
P9 =1on {r > 1}, »® = 0 on {r < 0} and [(P¥)'| < 2 and get for a
veW(,T)

||q)®(ya)v||W(U,T) < Clvllwor)- (4.10)
We want to prove (4.10). First we have
IV[2(yo)v]ll r20r) < (2F) (40) Vo vl L2(r) + 199 (40) VOl L2007 -

For the first summand on the right hand side of the above inequality we have
using the Holder inequality

() (Y6) VYo vl 12(07) < ClIVYs |l Lo 0,103 |01 22 (0,7525 (92)) -
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By (1.3), (1.5), (1.6) and 2.) we get

1(2®) (o) VYo vl 12(07) < Cllvll 200,731 (92))-

Furthermore we have

1049 (Yo ) V]| 20,7511 ))) < (@) (Yo) e | L2 (0,301 (00))) +
+ 199 (Yo ) vl 20,11 (2))7) -

To estimate the first summand on the right hand side of the above inequality
we have to use the Holder inequality for a ¢ € L*(0,T; H'(2))

/ / ya atyav¢d$d7f < CHatyJHLOO(OTLQ Q) ||UHL2 0,T;L6(2)) ||€Z5||L2 (0,T;L3())-

By (1.3) and 2.) we estimate

/ / (Yo )Oyo v ¢ dzdt < C||v]| 200111 ) |01 £2(0,1: 11 (02))

and get

T
<(®@),(ya)atya v, ¢>
||(¢$)/(yo)atyav||L2(0,T;(H1(Q))*) = sup fo
PEL?(0,T;H () ||¢HL2(0,T;H1(Q))

< C||vll 20,01 ))-

In conclusion, the assertion (4.10) is proved. To complete the proof of 9.) we
have for a v € W(0,T)

(A, Vw o, won] = A % (We)v)wo,r)-won| =
= |<>\§9 + A?> ©®(yU)U>W(O,T)*,W(O,T)| < C||U||W(O,T)>

where we used 7.) and (4.10) for the last inequality. Hence, we get
IAE w0,y < C.
Analogously by
19°(ys)vllwior) < Cllvllwomr,

where we have ®© € C*(R), -1 < ®°(r) < 0,7 € R, d° = —1 on {r < —1},
P° =0on {r >0} and |[(D°)| <2, we get | AT ||wo.1r)y < C. 0

Now we can state the main result of this section. Defining the functions
[yo + 1]% := max(y, + 1,0), Yo — 1]° := min(y, — 1,0),
and the space V := VN HY0,T; H(Q)) N W10, T; L*(Q)) we have:
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Theorem 6. Let dim ) < 3 and let {y,, us,ps} be a sequence of solutions
of the optimality system (3.9)-(3.13). If (OA) holds, then there exist

{y*,u*, p*} € V x L*(Qp) x L*0,T; H'(Q)) N L>=(0,T; L*(Q))

and a subsequence still denoted by {y,,

*

Yo — Y weakly mn
Yo ——> Y weakly "
Yo — Yy weakly-star  in
Yo — Y weakly-star  in
pe — uf weakly in
ps  — ul weakly in
Uy ——> u* weakly "n
P — DpF weakly "n
Do — p* weakly-star  in
Ops — Op*  weakly in
AP — X9 weakly in
Ao — A9 weakly in

The limit element {y*,u*,p*} satisfies

Uy, Do} Such that as o 0

L2(0,T; H*(Q)) N HY(Qr),
H'(0,T; H'(2)),
L>(0,T; H' (),
Whee(0,T; L*(52)),
LQ(QT),

L2(QT)>

LQ(QT)J

L*(0,T; H'(2)),
L>(0,T; L*(52)),
W (0,T)",
W(0,T)*,
W(0,T)*.

the following optimality system

(4.11)

1 ¥
B (A2 A0 womyewor T 0500 oz o)) 2o @)

+ E(Vp*, V'U)L2(QT) + l/d(gfk — Yd, U)L2(QT) + I/T(y*(T, ) — Yr, U(T, ‘))LQ(Q)—

— = (p",v)200) = 0, Yo € Wy(0,T) (4.12)
O —pF= in Qr, (4.13)
€
* * 1 * 1 (&) 1 S) * .
eyt —eAy" — —y* + —uf — —pg =u" a.e in Qrp, (4.14)
€ € €
v (0)=yo inQ, n-Vy* =0 a.e onlr, (4.15)
with the complementarity conditions
ly | <1 a.e inQrp, (4.16)
pEy*—=1)=0,ul(y +1) =0 a.e. in Qr, (4.17)
pe>0,u8 >0 ae in Qr, (4.18)
li{%(%@, Yo +1%) 12000 = 0, (4.19)
ii{(%()\?, Yo — 1) 207 = 0, (4.20)
hm\%lf(/\o@’po)L%QT) > 0, (4.21)
liminf(AY, po) 200 = 0, (4.22)

o\0
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where Wy(0,T) := {v € W(0,T) : v(0,-) = 0}. Furthermore, for every w >
0, there exists a subset Q, C {(t,x) € Qr : |y*(t,x)| < 1} with meas({(t,z) €
Qr |y (t,z)| < 1} \ Qu) < w, such that

AP+ A — 0 uniformly in Q. (4.23)

Proof. The convergence results are direct consequences of the estimates given
by Lemma 6. To show (4.14)-(4.18) we proceed like in the proof of Lemma 2.
Now let v € W(0,T) be chosen such that v(0) = 0 in L*(2). We multiply the
adjoint equation (3.9) by v and use integration by parts. Passing to the limit
o\ 0, then yields the weak formulation of the adjoint equation as given in
(4.12). Because of (¢2)"(yo)[vo + 1]® = 0 and (¥2)"(¥s)[yo — 1]° = 0 we
easily obtain

(A7, [yo +1%)r2r =0 and  Im(AZ, [ys — 1)%) 120 = 0.
o—

o—0

Furthermore we have

1
(AL, po) 120 = / g(wf)”(yg)]pafdxdt >0

Qr

for [ € {®,6} and o > 0. Hence, we obtain (4.21)-(4.22).

By Theorem 6 we know that there exists a subsequence (denoted the same)
such that y, — y* a.e. in Q. Hence for almost every {(t,z) € Qr :
ly*(t,x)] < 1} we have that |y,(¢t,z)| < 1 for o sufficiently small. There-
fore,

A4+ NS — 0 ae in {(t,x) € Qp:|y*(t,z)| < 1}.

Due to Egorov’s theorem, the quantity (AL +AY)|{(t,0)c0ry*(t,0)|<1} then con-
verges uniformly with respect to the underlying measure to zero, i.e., for
every w > 0, there exists a subset Q, C {(t,z) € Qr : |y*(¢t,z)| < 1} with
meas({(t,z) € Qr : |y*(t,z)| <1} \ Qu) < w, such that

AP+ XS — 0 uniformly in Q..
Hence, (4.23) is proven. O
Remark 1. Our convergence results are based on the assumption that u,
stays inside some uniformly bounded set as o 0. The optimality conditions

are hence derived for accumulation points of stationarity point of the penalized
subproblems, only.
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The optimality conditions (4.12)-(4.23) of Theorem 6 define a "very" weak
form of stationarity points of the Allen-Cahn problem (see [13] for different
definitions of stationarity). The results of Theorem 6 can be interpreted in the
following way: The accumulation points of stationary points of the penalized
subproblems satisfy "very" weak optimality conditions.

The weakness of the result is due to the low reqularity of N +\°. In fact, if
AP + A% is bounded in L*(0,T; H(Q2)*), then the results can be strengthened
as the following corollary states

Corollary 1. Let the assumptions of Theorem 6 be satisfied. Furthermore,
we assume that {\& + A9} is bounded in L*(0,T; H'(Q)*) uniformly with
respect to o > 0. Then there exist

{y*,u",p*} €V x L*(Qr) x W(0,T)

and a subsequence still denoted by {y,, Uy, Po} such that as o 0

Ve — y*  weakly in L2(0,T; H*(Q2)) N HY(Qr),

Yo —> y*  weakly in H'(0,T; H'(Q)),

Yo — y*  weakly-star in L*(0,T; H'(Q)),

Yo — y*  weakly-star in W1(0,T; L*(Q)),

pe — uf  weakly in L*(Qr), 494
pS — ub weakly in L*(Qr), (4.24)
Uy —> u*  weakly in L?(Qr),

ps — P weakly in W(0,T),

28— A\® wedkly in L*(0,T; H'(Q)*),

AT — AT weakly in L*(0,T; HY(Q)*).

The limit element {y*,u*, p*} satisfies the following optimality system

1
<g()\? +29) — E@tp*,?}>

+e(Vp*", V)20, + va(y™ — Ya, V) r2(00)—

L2(0,T;HY(Q)*),L2(0,T;H (Q))

— é(p*,v)p(gﬂ =0 YvelL*0,T;H()), (4.25)
p(T,)=ve(y"(T,") —yr) inQ, (4.26)
%u* —p* =0 in Qp, (4.27)
g0y — eAy* — %y* + é/ﬁ - %/L*@ =u* a.e in Qp, (4.28)

v (0) =y inQ, n-Vy* =0 a.e. onlrp, (4.29)
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with the complementarity conditions

ly*| <1 a.e inQyp, (4.30)

pEy* =1 =04y +1)=0 a.e. in Qr, (4.31)

pe > 0,u8 >0 ae. inQr, (4.32)
© * —

(AL, I + 1]>L2(0,T;H1(Q)*),L2(0,T;H1(Q)) =0, (4.33)
@ [+ _

(Al - 1]>L2(0,T;H1(Q)*),LQ(O,T;Hl(Q)) =0. (4.34)

hm\jélf(/\o@7po)L2(QT) > 0, (4.35)

. . @ 9 > .

hfjn\l(r)lf()\a,p,,),; @) =0, (4.36)

Furthermore, for every w > 0, there exists a subset Q, C {(t,z) € Qr :
ly*(t, )| < 1} with meas({(t,z) € Qr : |y*(t,z)| < 1} \ Qu) < w, such that

AP+ NS — 0 wniformly in Q. (4.37)

Proof. If {\& +\$} is bounded in L*(0,T; H(Q)*) uniformly with respect to
o > 0, then the adjoint equation (3.12) immediately yields uniform bounded-
ness of {O0ips} in L*(0,T; HY(Q2)*) with respect to o > 0 and hence uniform
boundedness of {p,} in W(0,T) with respect to o > 0. Consequently

Pe — p°  weakly in W(0,T),
AP — A® weakly in L*(0,T; H'(Q)*), (4.38)
Ao — XD weakly in L*(0,T; H'(Q)*).

Further, (4.19) and (4.20) imply (4.33) and (4.34).
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