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ABSTRACT. Let M be a closed manifold and let CL*(M) be the algebra of classical
pseudodifferential operators. The aim of this note is to classify trace functionals on
the subspaces CL*(M) C CL®*(M) of operators of order a. CL*(M) is a CLY(M)-
module for any real a; it is an algebra only if a is a non—positive integer. Therefore,
it turns out to be useful to introduce the notions of pretrace and hypertrace. Our
main result gives a complete classification of pre— and hypertraces on CL* (M) for any
a € R, as well as the traces on CL*(M) for a € Z,a < 0. We also extend these results
to classical pseudodifferential operators acting on sections of a vector bundle.

As a byproduct we give a new proof of the well-known uniqueness results for the
Guillemin—Wodzicki residue trace and for the Kontsevich—Vishik canonical trace. The
novelty of our approach lies in the calculation of the cohomology groups of homoge-
neous and log—polyhomogeneous differential forms on a symplectic cone. This allows
to give an extremely simple proof of a generalization of a Theorem of Guillemin about
the representation of homogeneous functions as sums of Poisson brackets.

This paper exposes and extends some of the results of the Ph.D. Thesis [NJ10]
of the second named author. We acknowledge with gratitude the substantial help
received from Sylvie Paycha.
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1. INTRODUCTION AND FORMULATION OF THE RESULT

Let M be a smooth closed connected riemannian manifold of dimension n > 1. [| We
denote by CL*(M) the space of classical pseudodifferential operators of order a € R on
M. Tt is well-known that the residue trace Res, which was discovered independently by
V. Guillemin [Gui85] and M. Wodzicki [WOD&TB], is up to normalization the unique
trace on the algebra CL%(M) of integer order classical pseudodifferential operators
([Wob878], [BRGEST], [FGLS96], [LES99]). Res is non-trivial only on CL*(M) for
integers k > —n, and it is complemented by the canonical trace, TR, of Kontsevich and
Vishik [KoV195]. The latter is defined on operators of real order a # —n, —n+1, ..., it
extends the Hilbert space trace on smoothing operators and it vanishes on commutators
(for the precise statement see Eq. (812) below). By [MSS08] it is the unique functional
which is linear on its domain, has the trace property and coincides with the L?>-operator
trace on trace—class operators.

A natural problem which arises is to characterize the traces on the spaces CL*(M).
First, one has to note that CL“(M) is always a CL°(M)-module; it is an algebra
if and only if a € Z<y = {O,—l,—2,...}. Let us call a functional on CL*(M) a
hypertrace (vesp. pretrace) if 7([A,B]) = 0 for A € CL°(M),B € CL*(M) (resp.
A, B € CLY%(M)), see Definition 311

The above mentioned uniqueness results for Res and TR cannot extend to CL*(M)
for a simple reason: let T be a distribution on the cosphere bundle S*M and denote
by o, : CLY(M) — C*(S*M) the leading symbol. Due to the multiplicativity of the
leading symbol (Eq. ([B.3])) the map T" o g, is a pretrace and a hypertrace on CL*(M),
and for a € Z<g it is a trace on CL*(M). T o g, is called a leading symbol trace,
[PAR0O4].

For CL°(M) it was already proved by Wodzicki [WOD8TA] that any trace is a linear
combination of Res and a leading symbol trace, see also Lescure, Paycha [LEPAQT] and
Ponge [PoON10].

Before stating our generalization of this result we introduce a convenient notation
which combines TR and Res. Namely, fix a linear functional Tr : CL°(M) — C such

IThe case n = 1 has some peculiarities due to the non—connectedness of the cosphere bundle of S*.
As a consequence many results need to be slightly modified in the case n = 1. These modifications are
more annoying than difficult and for the sake of a clean exposition they are left to the reader. But see
Remark
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that fora € Z._,, = {—n— 1,—n—2,.. }

Tr, = Tr | CL*(M) = Tr | CLY(M) = Tr,,
and put
TR,, ifa€R\Zs_,,
TR, = Tr,, ifa€Z —n<a< =2 (1.1)
Res,, ifa € Z, _"2+1 <a<0.

In this note we will prove:

Theorem 1.1. Let M be a closed connected riemannian manifold of dimensionn > 1.
1. Let a € R and let 7 be a hypertrace on CL*(M). Then there are uniquely
determined A € C and a distribution T € (C®(S*M))" such that

ANTR,, ifa¢ Z._,,

. (1.2)
A Res,, ifa€eZ._,.

T:TOUa—l-{

2. Let a € Z<y, and denote by
7a : CL*(M) — CL%(M)/ CL** (M)

the quotient map. Let 7 : CL*(M) — C be a trace. Then there are uniquely determined
AeCand T € (CLY(M)/ CL2“_1(M))* such that

T=ATR, + T om,. (1.3)

This Theorem is a summary of Theorem E.I0, Theorem and Corollary E.13] in
the text. It extends to the vector bundle case. This requires even more notation and is
therefore not reproduced here in the introduction. The interested reader is referred to
Theorem [5.7] in Section

It is interesting to note that Res and TR as well as the leading symbol traces have
precise analogues on the symbolic level. This analogy is not only formal but is used to
prove Theorem [[1l Namely, consider the Hérmander symbols CS*(R"™)(= CS*({0} x
R”)) This is the space of smooth functions f on R™ such that f ~ Z;io fa—; with
fa—j (&) positively homogeneous of order a — j for £ large enough. The analogue of
a hypertrace is then a linear functional 7 : CS*(R") — C such that 7(9;f) = 0 for
j = 1,...,n. Such functionals have been investigated by Paycha [PAY07] and were
partially classified (up to functionals on smoothing symbols).

Functionals with the “Stokes’ property”, 7(0;f) = 0, can most naturally be classified
by looking at a certain variant of de Rham cohomology. Namely, putting T'(fd&; A ... A
d¢,) := 7(f) one obtains a linear function on the top degree de Rham cohomology of
forms in R™ whose coefficients lie in CS*(R™). While the calculation of this cohomology
is possible, it will be postponed to a subsequent paper. Rather it turns out that to
classify the functionals with the Stokes’ property it suffices to calculate the de Rham
cohomology of forms with homogeneous coefficients. This, in a sense a simple extension
of Euler’s identity from homogeneous functions to forms, will be carried out in Section
2l There are two main consequences: first we will be able to prove a generalization
of Guillemin’s Theorem |GUI85| on the representation of homogeneous functions on
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a symplectic cone as sums of Poisson brackets (Theorem 2.9). Secondly, we will be
able to completely characterize the functionals on CS*(R™) with the Stokes’ property or
equivalently when a function in CS®~*(R") can be written as a sum of partial derivatives
of functions in CS*(R") (Proposition [212]). This generalizes [PAY07), Prop. 2, Thm. 2].

These results about symbols allow to prove an improved version of the known results
about the representation of a pseudodifferential operator as a sum of commutators
(Theorem [4.6]).

The paper is organized as follows:

In Section 2] we study homogeneous differential forms on cones and calculate their
de Rham cohomology. As applications we prove the aforementioned generalization of
Guillemin’s Theorem on homogeneous functions and a characterization of functionals
with the Stokes’ property.

In Section B we first review some basic facts about pseudodifferential operators and
trace functionals. We introduce pretraces and hypertraces and we give some examples.
In Section M we apply the results of Section 2l and provide a result about the represen-
tation of a classical pseudodifferential operator as a sum of commutators. We use this
result to give the classification of hypertraces and traces on CL*(M) for different values
of a. For the case of integral a we give two proofs, one relying on a result due to Ponge
[PONT0] and a completely self-contained one in Subsection 4]

Finally, in Section Bl we extend the results about tracial functionals to operators acting
on sections of vector bundles over the manifold. The main result then is Theorem 5.7

ACKNOWLEDGMENTS AND BIBLIOGRAPHICAL REMARKS
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guidance during this project, as well as the Max—Planck Institute fiir Mathematik and
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Lemma was communicated to the second named author by Sylvie Paycha. This
Lemma is crucial for the classification of traces on the integer order algebras CL*(M, E)
for £ < 0 as well as for showing that every pretrace is a hypertrace, cf. Proposition
4.9, Proposition 5.1l Furthermore, the alternative approach to Theorem presented
in Subsection 4.4 is based on joint work of the second named author and Sylvie Pay-
cha. These results are included here with the kind permission of Sylvie Paycha whose
generosity is greatly appreciated.

The results of Section Bl in particular the simple approach to the generalization
of a result by Guillemin, Theorem 2.9 using homogeneous cohomology (Subsections
211 2.2)) is due to the first named author and a rather general version of homogeneous
cohomology was announced in [LEST1l Sec. 7]. The second named author acknowledges
the kind permission to include these results in her thesis [NJ10]. Lemma and
Subsection 4] are not needed to prove the classification results about hypertraces
contained in Theorem EI0, EI2, and Theorem .71 These results, due to the first
named author, are also independent of [NJ10]. Section [B written entirely by ML,
supercedes the in part erroneous Section 5.2 of [NJ10].
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2. COHOMOLOGY OF HOMOGENEOUS DIFFERENTIAL FORMS

In this section we calculate the de Rham cohomology of homogeneous differential
forms on cones. The theory is stunningly simple. Nevertheless as corollaries we ob-
tain generalizations of the results of V. Guillemin [GUIS5| on the representation of
homogeneous functions on symplectic cones as sums of Poisson brackets. Also our ap-
proach generalizes the theory of homogeneous functions on R™\ {0} in a straightforward
way. Therefore, we also obtain as a corollary the precise criterion when a homogeneous
function can be written as a sum of partial derivatives of homogeneous functions, cf.
[FGLS96], [LES99]. Finally, this criterion is generalized to classical symbol functions,
generalizing [PAY07, Prop. 2, Thm. 2].

2.1. Homogeneous differential forms on cones. A cone over a manifold B is a
principal bundle 7 : Y — B with structure group R?, the multiplicative group of
positive real numbers. Denote by gy : ¥ — Y, the action of A € R. Via ®; := g
we obtain a one parameter group of diffeomorphisms of Y. Let X € C*(TY") be the
infinitesimal generator of this group, which is sometimes called the Liouville vector field.

A differential form w € QP(Y) is called homogeneous of degree a if pjw = Aw for
all A € R%. The space of differential forms of form degree p and homogeneity a is
denoted by QPP(Y). PUY) := QP%Y) are the smooth functions on Y which are
homogeneous of degree a.

We choose a function r € P1(Y) which is everywhere positive and put Z := {y €
Y } r(y) = 1}. 7z is a diffeomorphism from Z onto B and r induces a trivialization
of Y as follows:

Q:Y —RLxZ, y = (r(y) oY) (2.1)
Note that

P(ox(y)) = (r(2x(¥)); Or(orwy-102(Yy)) = (AT(Y), Ory)—1Y)- (2.2)
Hence @ intertwines the R’ action on Y and the natural R? action on the product

R* x Z. For convenience we will from now on work with the trivialized bundle R’ x Z.
The first coordinate will be called r, so the Liouville vector field is then given by
X =r2.
or
With the projection 7 : R* x Z — Z, a differential form w € QPP*(R% x Z) can be
written
w=r*"tdr AT+ ro7n (2.3)
with
n=iyw € W(Z), T=1iy(aw)e W@ 2), (2.4)
where iz : Z — Y is the inclusion map and ¢y denotes interior multiplication by the
Liouville vector field X. We have furthermore

dw =" dr A (am*n — T dzT) 4+ rimdgn € QPHPG(Ri X Z), (2.5)

so exterior derivation preserves the homogeneity degree. Hence we can form the homo-
geneous de Rham cohomology groups

 ker (d: PPYU(Y) — QPHIPY(Y))

P =5 o pa(y) — opa(r) (26)
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These cohomology groups can easily be calculated:

Theorem 2.1. Let Z be a smooth paracompact manifold, let 7 : Y — Z be a RY
principal bundle over Z.

(1) If a # 0 then HPP*(Y') = {0}.
(2) If a =0 then the map

U:QPUY) — Q7 2) 2 Q°(2)
w = (i (Lew), ijw)
s up to a sign a complex isomorphism, in particular it induces an isomorphism
HPPY(Y) = HP"Y(Z) @ H?(Z). (2.7)

In terms of the everywhere positive function r € P(Y) the inverse of U is given
by (1,m) — r~tdr A T*T + 7).

Proof. As before we work with the trivialized bundle RY x Z. If w is closed then (2.5])
implies that

dzT =an, dzn=0, (2.8)

and hence we obtain a form analogue of Fuler’s identity (see Eq. (2Z19) below)
d(ixw) = d(r*m*7) = ar®'dr AT T+ rOntdyT = aw. (2.9)

Thus w is exact if a # 0, explicitly
1.
w = 5d(w}). (2.10)
Now let a = 0 and consider w € QPPO(R%. x Z). Since ¢f,w = w,
d

Lyw=— nw =0, 2.11
xw dt ‘t:OQe w ( )

and Cartan’s magic formula diy + txyd = Ly implies that diyw = —tydw. Thus
d(i%(taw), izw) = (=i} (txdw), iydw), (2.12)

and hence the exterior derivative on Q*71(Z) @ Q*(Z) can be modified by a sign such
that ¥ becomes a complex homomorphism. Furthermore,

w=r"tdr AT + 71 (2.13)

and, since r~'dr is closed,
dw = 7*dyn — r~tdr A T*dyT, (2.14)
from which (27) is now obvious. O

Remark 2.2. We comment on a special case of Theorem [2.1] which combines the con-
structions of the residue of a homogeneous function on R™\ {0} (see the next Subsection)
and of Guillemin’s symplectic residue (Subsection 2.3]).

Let dimY = n and suppose that w € Q"P%(Y) is a homogeneous volume form.
Then % (tyw) is a volume form on Z. In particular Z is orientable and we choose the
orientation such that i} (1yw) is positively oriented. If additionally Z is compact, then

~Y

integration yields an isomorphism H"~(Z) = C.
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For f € P~(Y) the closed form fw € Q"P°(Y) defines a class [fw] € H"P(Y)
which under the isomorphism ¥ corresponds to the class [i},(fixw)] € H""1(2).

Definition 2.3. For f € P~*(Y') we define the residue with respect to the fixed vol-
ume form w € Q"P*(Y) to be the complex number corresponding to the class [fw] €
H™P°(Y) under the composition of the isomorphisms H"P°(Y) = H"}(Z) = C:

res, (f) ::/Zi*z(fbxw). (2.15)

For f € P*(Y),b # —a, we put res,(f) = 0.

Ezample: Y =R"\ {0} 2 R* x S"~! B =7 = 5", We elaborate on this interesting
special case. Denote by (&1, ...,&,) the coordinates on R” \ {0} and put w := d&; A
o NdE, € QVPM(R™\ {0}). Then

n

X = ;&a%, Lyw = Z(—l)i‘lgi I SWARERNA cfg\i Ao ANdE,. (2.16)

i=1
The form tyw is in Q" 'P™(R™\ {0}), and i¥,_, (taw) is the standard volume form on
S™=1. Moreover, by (Z.9) we have for f € P*(R"\ {0})

d(firw) = (a+n)fw, (2.17)
on the other hand by (2.I6)

n

A(fuew) = 3B (fE e A Ay = (3@ NG +nf ), (218)
=1

i=1
and thus we arrive at Euler’s identity for homogeneous functions:

n

> (Oehéi=alf. (2.19)

i=1

Corollary 2.4. Letres, be the residue associated to w = d&iA- - -AdE,, € Q"P™*(R™\{0})
according to Definition 23 Then for a homogeneous function f € P*(R™\ {0}) the
following holds:

(1) resy(0g, f) = 0.
(2) There existo; € P**(R™\{0}) such that f = >~ O¢,0; if and only if res,(f) = 0.
=1
Note that res,(f) # 0 at most if a = —n.

Proof. 1t follows from the remarks before Definition 2.3 that for a function g € P*(R™\
{0}) the residue vanishes if and only if the class [gw] € H"P**"(R" \ {0}) vanishes.
To prove (1) we note that (9, f)déi A -+ A&, = dn with the form

n= (=107 fde N AdEG N - AdE, € QTIPEHR A {0))
and hence res,, (0, f) = 0.
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(1) shows that for the o, in (2) to exist it is necessary that res,(f) = 0. To prove
sufficiency consider f € P(R™\{0}) with res,(f) = 0. Then there is n € Q"= 1Pt (R™\
{0}) with dn = fw. We write

n

n= (1) oudes Ao NdE A - N dE, (2.20)
j=1
with o; € P*1(R™\ {0}). Then f = 3" &, 0. O
=1

2.2. Extension to log—polyhomogeneous forms. We generalize our previous con-
siderations to log—polyhomogeneous forms.
A pform w € QP(RY x Z) is called log—polyhomogeneous of degree (a, k) if

k
w= ij log’ r, (2.21)
=0

with w; € QPPY(RY x Z), cf. [LESI9]. The set of all such forms is denoted by
Qrpek(RY x Z).
The exterior derivative preserves the (a, k)—degree. More explicitly,

d((r“_ldr AT + 1r07n) log’ 7")
= (r*tdr A (am*n — mhdgT) + r0mdgn) log? v+ jro~tdr Aty log? Thr. (2.22)

Hence analogously to Eq. (2.6]) we define the log—homogeneous de Rham cohomology
groups
 ker (d: PPUR(Y) — QrHIPok(Y))
im (d: QPLPER(Y) — QrPek(Y))

for which we can prove the following analogue of Theorem 2.1}

HPP™ (Y (2.23)

Theorem 2.5. Let Z be a smooth paracompact manifold, let 7 : Y — Z be a RY
principal bundle over Z. Let r € PY(Y) be everywhere positive.

(1) If a # 0 then HPP*k(Y) = {0}.
(2) If a =0 then the map

PP QN Z) @ Q(Z) — QPYE(Y)
(1,n) — rtdr A (7°7) log"r + 7'
induces an isomorphism

H(®%) : HPY(Z) @ HP(Z) = HPPY (Y). (2.24)

k .
Ifw= > wilog’ r € WP (Y) w; € WPYY), is a closed form then the inverse
=0

of H(®*) applied to [w] is given by ([i}(taws)], [ijwo])-
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Proof. We consider a closed form w € QPP**(R%. x Z) and write

w=wy, logFr+x (2.25)
with x € QPP**1(R* x Z). Then
0 = dw = (dwy) log"r + lower log degree, (2.26)

thus wy is closed and Euler’s identity (2.9) gives
d(LXw) = d(Lka log” 7’) + lower log degree
= awy log"r + lower log degree (2.27)
= aw + lower log degree.
If @ # 0 then w is cohomologous to w — Ld(ixw) € PPP**~1(R*% x Z). By induction

and Theorem [2.1] one then shows that w is exact.
Next let a = 0 and consider a closed form w € QPPOF(R* x Z):

k

W= Z(r‘ldr A+ ;) log’ r, (2.28)
=0
0=dw
k
= Z(—r‘ldr Am*dzT; + 7 dzn;) log/ r + jr='dr Am*n; log/ ' r
=0
2.29
= (—r7'dr AT*dgT + Tdgmy) loghr (2:29)
k—1
+Y (rdr A+ DT — 7 dgTy) + midgny) log T,
=0
hence
d T = 0, d N = O,
g 7 , , (2.30)
dZUj 207 dZTj = (j+1)7]j+1, i :O,...,]{?— 1.
This shows that H(®*) is well-defined. Furthermore,
Bl
w—d <; FW*T]' Jlog/ ™ r) = r~Ydr A7, logt r + 700, (2.31)
showing that H(®F) is surjective.
Finally, consider a closed form
w=r"tdr A7, loghr 4+ 7n, (2.32)
and suppose that dy = w with
k
X = Z(r‘ldr Aoy +7*B;) log r. (2.33)

J=0

Then dz By = ny and —dzay = 7. This proves the remaining claims. O
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Example: Y =R"\ {0}, B =7 = S""1. As in the homogeneous case we put:
Definition 2.6. Let f € P~™*(R"\ {0}). We define the residue of f to be the integral
res, i (f) 1= resy(fi) = /
s
Note that by Theorem 25, H"P%*(R"\ {0}) = H""1(S"1) = C, and that res,, 1 (f) is

the image in C of the class [fw] under this isomorphism. Therefore exactly as Corollary
2.4l one now proves:

Cnas (frtaw), w=d& A AdE,. (2.34)

Corollary 2.7. For a log-polyhomogeneous function f € P¥*(R"™\ {0}) the following
holds:

(1) resw,k(ﬁgjf) =0.
(2) There exist o; € PtY(R™ \ {0}) such that f = Y O¢0; if and only if
j=1
res, 1(f) = 0. Note that res, r(f) # 0 at most if a = —n.

2.3. Homogeneous functions on symplectic cones. In this section we give an
explicit expression of a homogeneous function in terms of Poisson brackets. This gen-
eralizes work of V. Guillemin |[GUI85, Thm. 6.2].

To fix some notation and to fix some (sign) conventions let us briefly collect some
basic facts from symplectic geometry:

Let Y be a symplectic manifold with symplectic form w. The Hamiltonian vector
field X associated to f € C*(Y) is characterized by ¢x,w = —df. The Poisson bracket
of two functions f, g € C*(Y) is defined by

{f.9} = w(Xs, Xy).
If X; and X, are Hamiltonian vector fields, then [ X7, X5] is also a Hamiltonian vector
field with Hamiltonian function w(X;, X3) (see Def. 18.5 in [CDS01]):

UX1,X2)W = LXy(x,,x0) Y5

hence
X{fvg} = Xw(vaXg) = [Xf’ Xg]’ (235>
and (C*(Y),{,}) is a Poisson algebra.

Proposition 2.8 (1.2 in [WODS8TB|). The Poisson bracket of two functions f,g €
C*(Y) satisfies:
{f,g}w" =ndf Ndg AW =d(g Lx,w"). (2.36)

Let Y be a symplectic cone, i.e. a cone 7 : Y — Z with a symplectic form w €
O?*PL(Y). We assume furthermore that Z is compact and connected; of course, Y
is then connected, too. The main example we have in mind is the cotangent bundle
with the zero section removed, T*M \ M, of a compact connected manifold M of
dimension dim M > 1, with its standard symplectic structure. The base manifold Z
is then the cosphere bundle S*M. In the case M = S! (the only compact connected
one-dimensional manifold!), each of the two connected components of T*S*\ S! is a
symplectic cone over S*.
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2.3.1. The symplectic residue. Let dimY =: 2n, so w" € Q**P*(Y) is a volume form
on Y. The form a := tyw is in Q'P}(Y) and by Euler’s identity for forms Eq. (2.9), it
satisfies w = da. Hence we can apply Definition 2.3l and define the symplectic residue
of a function f € P*(Y') to be the residue with respect to the volume form w”. That is

fZ iy (fraw™), ifa=—n,

2.37
0, if a # —n. (237)

resy (f) :=resn(f) = {

Recall that by construction resy (f) = 0 if and only if there is a form 3 € Q?"~ 1Pt (Y)
such that dp = fw™.

Our definition of the symplectic residue differs from the original one by Guillemin
[GuI85| by a factor.

2.3.2. Homogeneous functions in terms of Poisson brackets. Now we prove the following
generalization of [GUISS, Thm. 6.2]. The proof we present is based on the homogeneous
cohomology developed in Subsection 2.1l To the best of our knowledge this approach
is completely new.

In the following we will for brevity write P® instead of P*(Y').

Theorem 2.9. LetY be a connected symplectic cone of dimension 2n > 2 with compact
base. Then for any real numbers I, m the following holds

{P!, P™} = ker(resy) N PH™1
{73”’”_1, ifl+m#-n+1, (2.38)

ker(resy) NPH™=L if [+ m = —n+ 1.

Proof. We first note that Proposition 2.8 implies that {P!,P™} c PY4m-l  Fur-
thermore, by loc. cit. we have {f,g}w" = d(gtx,w"), and if f € Pl.g € P™ then
gux,w" € Q¥-1PHmEn=l - Thus the homogeneous cohomology class of {f, g}w" van-
ishes and hence resy ({f,g}) = 0. So {P!,P™} C ker(resy).

Conversely, let f € P41 be given with resy (f) = 0. That is, the homogeneous co-
homology class of fw™ € Q2"P"H+m=1 yanishes and hence there is a § € Q- 1prtitm-1
such that

fw" = dB. (2.39)

1. 1 # 0 or m # 0. Since the claim is symmetric in [ and m we may, without loss of
generality, assume that [ # 0.

Choose functions g, ..., gy € P! such that at every point y of Y their differentials
dgily, - .., dgn|, span the cotangent space T,Y. Let Xy,..., Xy be the Hamiltonian
vector fields of gi,...,gy. Since w™ is a volume form also tx,w"|,,...tx, w"|, span
A2"_1T;Y.

Consequently, there are functions fi, ..., fy € C*(Y) such that

N
B=>fixw" (2.40)
j=1
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Since 3, X;, w™ are homogeneous it is clear that also f; can be chosen to be homogeneous.
Counting degrees then shows f; € P™. Thus by Proposition 2.8

N
fw'=df=> d(f;ix,w")

i=1

N N
= nngJ A dfj A w”_l = Z{gj’ fj}w",
j=1

j=1

(2.41)

N
and hence f = Y {g;, f;} € {P,,P"}.
j=1

2. 1=m =0. In this case f € P~!. By assumption, n > 1 and thus by Eq. (2.9)

fw' = Lal(j%;(cu") = Ld(fa AW™Y), o= pw. (2.42)
n—1 n—1

The 1-form fa is homogeneous of degree 0 and since o = tyw, it is the pullback of a

1-form on Z.

We now choose g1,...,gy € P such that at every point z of Z, their differentials
span the cotangent space Ty Z. Of course it is impossible to find homogeneous functions
of degree 0 such that their differentials span 7Y at every y € Y f.

Therefore there are functions fi, ..., fxy € C*(Y) such that

N
fa=>" fidg.

i=1

As before, we see that f; can be chosen such that f; € P°. Moreover, continuing Eq.
([(2:42)) and again using Proposition 2.§]

N
fw" = n d(fa) Nw" ' = n d(Zfidgi>/\w”_1

n—1 n—1

1 N
Z{flv gl} wnv
1=1

n—14c
N

and we reach the conclusion f = -1 >"{f;, g;} € {P°, P°}. 0
i=1

Remark 2.10. If n = 1, then {P°, P°} = 0. Indeed, by Eq. (2.36) withn =1, {f,g} w =
df Ndg, so if f,g € P° we have {f, g} = 0. In this one-dimensional case, there are two
different symplectic residues (res™, res™), corresponding to each connected component
of T*S1\ S%; then, when [ # 0 or m # 0 we can argue as in the corresponding part of

2The second named author would like to thank Prof. Jean-Marie Lescure for pointing this out to
her.
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the proof of Theorem 2.9] to conclude that

l+m—1 if 1 0
{Pl77)m} — {P ) 1 +m7£ )

2.43
ker(rest) Nker(res™) NP1 if [ +m = 0. (2.43)

2.4. The residue of a classical symbol function. As an application of homogeneous
cohomology we give a precise criterion when a classical symbol function is a sum of
partial derivatives. A more thorough discussion of de Rham cohomology of forms whose
coefficients are symbol functions will be given in a subsequent publication.

2.4.1. Classes of symbols. Let U C R™ be an open subset. We denote by S"™(U x RY),
m € R, the space of symbols of Hérmander type (1,0) (HORMANDER [HORT71|, GRIGIS—
SI@STRAND [GRS194]). More precisely, S™(U x RY) consists of those a € C*°(U x RY)
such that for multi-indices o € Z",~v € Z% and compact subsets K C U we have an
estimate

020%a(z,€)| < Coprxc(1+[E)™ 1, zeK, ¢eRY. (2.44)

The best constants in (Z.44]) provide a set of semi-norms which endow S®(U x RY) :=

U, uer S™(U x RY) with the structure of a Fréchet algebra. A symbol a € S™(U x RY)
is called classical if there are a,,_; € C*°(U x RY) with

Amj(2,7E) =1 T a,,_i(x,€), r>1,]¢>1, (2.45)

such that for N € Z,
N-1

a—Y an_; €S"N({UxRY). (2.46)
=0
The latter property is usually abbreviated a ~ ) ay,—;.
j=0

Homogeneity and smoothness at 0 contradict each other except for monomials. Our
convention is that symbols should always be smooth functions, thus the a,,_; are smooth
everywhere but homogeneous only in the restricted sense of Eq. (245). The homoge-
neous extension of a,,—; to U x R™\ {0} will also be needed: we put

ap,_(2,€) = apm_j(z, &/|E]) €], (2,€) € U x R\ {0}. (2.47)

Furthermore, we denote by S™(U x R") := (,.g S"(U x R™) the space of smoothing
symbols.

For brevity we write CS*(R™) (S*(R™)) instead of CS*({pt} x R™) (S*({pt} x R™)).
Note that ST(R") = #(R") is nothing but the Schwartz space of rapidly decaying
functions.

We will now discuss the analogue of Corollary [2.4] for the space CS*(R™). We start
with smoothing symbols:

a€eR

Lemma 2.11. Let f € Z(R™) be a Schwartz function. Then there are functions
o; € CST"(R") such that f =" 0,0
j=1

One can choose the o; to be Schwartz functions if and only if fR" f=0.
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Proof We start with the first claim and note that if n = 1 then the function o(§) =
fg t)dt is in CS°(R) and O¢o = f.

For general n we infer from the standard proof of the Poincaré Lemma in R” applied
to the closed form fd&; A --- A d&,, that we can put

1
_ /0 F(t€) & "V dt.
Indeed,
0e,05(€) = / F(te) " dt + / Oe, (1) (t€) &, " dt,

thus

n 1
a O — n—1 8 n
; c0;(€) /0 i) nt dt+/ Z e (F)(t€) &5t dt

:/018t<f(t£)t"> dt = f(£).

It remains to show that o; € CS™"!(R"). The function o, is certainly smooth. For
€ #0, || > 1 we have by change of variables r = t|¢|:

@ = [ s(r )

= [ ilrg)rtaniee = [ s(rg )t aria e

The first summand is homogeneous of degree —n+1 while the second summand satisfies
the estimates of a Schwartz function at oo (it is not a Schwartz function since it is not
smooth at 0). Thus o; € CS™"*!(R") and its homogeneous expansion consists only of
one term of homogeneity —n + 1:

) ~ r 14 n ’
&)~ [ 1(rg)rtarie s
proving the first claim.

For the second claim the necessity of fR" f = 0 is clear. In fact the proof of the

Poincaré Lemma with compact supports [BOTU82| Sec. 1.4] works verbatim for the
forms Q°.7(R") with coefficients in ./(R"). Thus the closed n—form fd& A---Ad¢E, is
exact in Q°*.(R") if and only if [, f = 0. If this is the case then fd&§ A---AdE, = dn

with an (n—1)-formn € Q"' (R"). Expanding 7 as in (2.20) we see that f = Y 9,0,
j=1

with Schwartz functions o;. O

2.4.2. The residue and the regularized (cut—off) integral. We now extend the residue
(Def. 2.3]) from homogeneous functions to CS*(R™):
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o0

Let 0 € CS*(R") be with asymptotic expansion o ~ > o,_;, cf. Eq. (245) and
([Z47). Then o}_; € P*7(R™\ {0}). Put

Jj=0

res(o) :=res, (0" ,) = / i1 (0",) dvolgn-1
s (2.48)

= / o1 (0" aw), w=d& AL NdE,.
Sn—1

In other words the residue of ¢ equals the residue of its homogeneous component of
homogeneity degree —n. Thus res(o) # 0 at most if a is an integer > —n. The
functional res was studied by S. Paycha in [PAY0T].

We also recall the regularized integral or cut—off integral f : CS*(R") — C (cf. e.g.

o0

[LES11L Sec. 4.2]): If f € CS*(R™) then the asymptotic expansion f ~ > f,_; implies

7=0
that as R — oo one has an asymptotic expansion

o0

/| PRIGER S oy R TR 4 res(f) log R. (2.49)
¢I<R o =
a—g—i-roz;éo

The regularized integral JC]R” f(&) d¢ is, by definition, the constant term in this asymp-
totic expansion, i.e. ¢. It has the property that fRn O¢, f # 0 at most if a is an integer
> —n+ 1.

The following result generalizes [PAYO7], Prop. 2, Thm. 2] where it was proved modulo
smoothing symbols.

Proposition 2.12. 1. Let a € Z. For a symbol f € CS*(R™) there exist symbols o; €
CS"@(R"),r(a) := max(a, —n) + 1, such that f = 5. O¢,0; if and only if res(f) = 0.
j=1
2. Leta € R\Z. For a symbol f € CS*(R™) there exist symbols o; € CS*™(R™) such
that f = 3" 0,05 if and only if £, f = 0.
j=1

Proof. 1. We will repeatedly use that by construction the asymptotic relation Eq. (2.46])

may be differentiated, i.e. if g € CS*(R") with g ~ > g,—; then
=0

8§3g ~ Z 85j9a—l-

1=0
Now let a € Z and f € CSY(R") with f ~ Y foy. If f = > 071 with 7; €
=0 Jj=1

CS"@(R") then certainly f' =3 e, 7'_, 41 and hence res(f) = res(f" ) = 0 by
i=1
Corollary 2.4]
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Conversely, if res(f) = 0 then again by Corollary 2.4] there are T]ha 141 € PHL(R™\

{0}) such that f, = Zlang;fa_lH.
]:
We fix a cut—off function x € C*°(R™) such that

_J1, iffEf =12,
X(Q_{o, £ 6] < 1/4. (2.50)

Now asymptotic summation [GRS194, Prop. 1.8] guarantees the existence of 7; €

CS“t1(R") such that 7; ~ Z X7} 141 and hence

285 7j NZZX8§J Tj.a— l+1NZfa lN (251)

=0 j=1

thus

—) 0,7 =g €STZ(R") = Z(R"). (2.52)
j=1
Applying Lemma 2.11] to g the case a € Z is settled.
2. Let a € Z. It was remarked before Proposition 2.12] that the condition fRn f=0

is necessary. To prove sufficiency consider f € CS*(R") with JCRn f =0. Since a € Z,
res(f) = 0 trivially. Therefore, as before we arrive at (Z52) (this is the content of

[PaY07, Prop. 2]). Still we have [, 9 = +fun f — D 2. 05,75 = 0. Now apply the
i=1

second part of Lemma 211 to ¢ and the proof is complete. O

3. PSEUDODIFFERENTIAL OPERATORS AND TRACIAL FUNCTIONALS

Standing assumptions. Unless otherwise said in the rest of the paper M will denote
a smooth closed connected riemannian manifold of dimension n. The riemannian metric
is chosen for convenience only to have an L?-structure at our disposal. One could avoid
choosing a metric by working with densities.

Given b € R, we use the notation Z<y, := Z N (—00,b], Z~p := Z N (b, +00).

3.1. Classical pseudodifferential operators. We denote by L°(M) the algebra
of pseudodifferential operators with complete symbols of Hoérmander type (1,0)
(HORMANDER |HORT1], SHUBIN [SHUOIL]), see Subsection 2.4.1l The subalgebra of
classical pseudodifferential operators is denoted by CL®*(M).

Let U C R™ be an open subset. Recall that for a symbol o € S™(U x R"), the
canonical pseudodifferential operator associated to o is defined by

Op(o) ulz) := / 9 oz, €) a(€) de
8 d¢ = (2m) "d¢. (3.1)

= [ [ ot ut) e,
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For a manifold M, elements of L*(M) (resp. CL*(M)) can locally be written as Op(o)
with o € S*(U x R") (resp. CS*(U x R™)).
Recall that there is an exact sequence

0 — CL™ (M) — CL™(M) & P™(T*M \ M) — 0, (3.2)

where o,,(A) is the homogeneous leading symbol of A € CL™(M). o,, has a (non—

canonical) global right inverse Op which is obtained by patching together the locally

defined maps in Eq. B1)). 0,,(A) is a homogeneous function on the symplectic cone

T*M \ M (cf. Subsection 23]). We will tacitly identify P™(T*M \ M) by restriction

with C*°(S*M). Here, S* M is the cosphere bundle, i.e. the unit sphere bundle C T* M.
Recall that the leading symbol map is multiplicative in the sense that

0arp(Ao B) = 0,(A) op(B) (3.3)
for A € CL*(M), B € CL*(M). Furthermore, we record the important formula
1
Ua+b—1([A> B]) = 2{011(‘4)70'1)(3)}’ (34)

which is a consequence of the asymptotic formula for the complete symbol of a product,
cf. e.g. [SHUOL, Thm. 3.4].

3.2. Tracial functionals on subspaces of CL*(M). Let a € R. CL*(M) is an
algebra if and only if @ € Z<. In this case a linear functional 7 : CL*(M) — C is a
trace if and only if
7([A,B]) =0, forall A, B € CLY(M). (3.5)

Therefore, in order to characterize traces on CL*(M), one has to understand the space of
commutators [CL*(M), CL*(M)]. Note that the commutator [A, B] € CL**(M). Here,
in the situation of operators with scalar coefficients, one even has [A, B] € CL**~'(M).
However, AB and BA are only in CL**(M) and that [A, B] € CL** (M) is only due
to the fact that the leading symbols of A and B commute. If A, B are pseudodifferen-
tial operators acting on sections of a vector bundle (see Section [) then one can only
conclude that [A, B] is of order 2a.

Conversely, if 7 : CL**(M) — C is a linear functional satisfying Eq. ([3.5) then any
linear extension 7 of 7 to CL*(M) is a trace on CL*(M).

CL**(M) is a subspace of CL*(M) if and only if a € Z<o. However, for any a € R it
makes sense to consider linear functionals on CL**(M) satisfying (3.5)):

Definition 3.1. Let b € R and let 7 : CL(M) — C be a linear functional.
1. 7is called a pretrace if 7([A, B]) =0 for all A, B € CLY2(M).
2. 7 is called a hypertrace if 7([A, B]) = 0 for all A € CL°(M), B € CL*(M).
If CL*(M) C CL*(M) we sometimes use the abbreviation 7, := 7 | CL%(M).

Remark 3.2. If b € Z<, then any hypertrace on CLP(M) is a trace on CL°(M) since
CL*(M) c CL°(M). The restriction of a trace on CL?(M) to CL*(M) is obviously a
pretrace.

Next we discuss the canonical (pre, hyper)traces which exist on CL*(M) for various
a.
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3.2.1. The L*~trace. A pseudodifferential operator A of order ord(A4) < —n = —dim M
is a trace—class operator. The standard Hilbert space trace on operators acting on
L*(M) is denoted by Tr. Note that

Tr(A) = /M Kz, ) dvol(x), (3.6)

where K 4 is the Schwartz kernel of the operator A. If K4 is supported in a coordinate
chart U where A is given as Op(c) with o € CS*(U x R™) then by Eq. (81))

_ /U / (w8 d do. (3.7)

Since for any trace—class operator K in the Hilbert space L?(M) and any bounded
operator T in L*(M) one has Tr(KT) = Tr(TK) it follows that Tr is a hypertrace on
CL%(M) for any real a < —n. Furthermore, if p,q > 1 are real numbers such that
1/p+1/g=1andif A € £P(L*(M)), the p—th Schatten ideal of operators in L*(M),
and B € Z9(L*(M)) then also Tr(AB) = Tr(BA). From CL*(M) C £?(L*(M)) for
a < —n/p it then follows that

Tr([A, B]) =0, for A€ CL*(M),B € CL(M) if a+b < —n, (3.8)

in particular Tr, = Tr [ CL*(M) is a pretrace for any a < —n. In fact, Eq. (8.8) can
be improved slightly:

Lemma 3.3. Let A € CL*(M), B € CL*(M) with a+b < —n + 1. Then [A, B] is of
trace—class and Tr([A, B]) = 0.

Proof. We follow Sect. 4 of [LES99]. Let P € CL'(M) be an elliptic pseudodifferential
operator whose leading symbol is positive and let A € CL*(M), B € CL*(M). We put

V%(B):=B, V4 'B:=[P,V,B|,
and by induction, for all 7 € N we have
V5LB € CLY(M).

Then, for N large enough one has

—tPB Z
7=0

where Ry(t) is a smoothing operator such that Tr(ARy(t)) = Tr(Rn(t)A) = O(t) as
t — 0+; therefore

e + Ry(t),

N— 1

Tr([A, Ble™™") = Z

Invoking the short time heat kernel asymptotics, cf. e.g. [GRSE9S],

j! A(VLB)e ™) +0(@t), t—0+. (3.9)

Tr(A(V5B)e ™) ~isor Y (cr + dilog )07 ) " eyt (3.10)
k=0 k=0
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we see that for j > 1, thanksto j —a—b—n > 0,
lim Tr(A(V,B)e ") = 0. (3.11)

t—0+

Since [A, B] € CL*™"'(M) and a +b — 1 < —n the operator [A, B] is of traceclass
and from (3.9), (310), and (B.11]) we thus infer

S E —tPy _
Tr([4, B]) = tl_l)r&_Tl"([A Ble™"") =0. O
3.2.2. The Kontsevich—Vishik canonical trace. For non-integer a there is a regulariza-
tion procedure which allows to extend the L?~trace in a canonical way to CL*(M) (see
[KoV195], [LEs99], [LES1T] Sec. 4.3]). In brief for a € R\ Z>_,, there is a canonical
linear functional, the Kontsevich—Vishik canonical trace, TR : CL*(M) — C such that

TR, = TR | CL*(M) = Tr | CL*(M) = Tr,, if a < —n,
TR([A,B]) =0, if A€ CL*(M),B € CL*(M),a+b & Z>_ 1.

Usually, the second property is stated only for a+b ¢ Z. However, if a+b < —n then AB
is of trace—class and TR(AB) = Tr(AB) = Tr(BA) = TR(BA) follows from the theory
of the trace in Schatten ideals (see an analogous discussion in the previous Subsection).
If only a+b—1 < —n then [A, B] is still of trace—class and TR([A, B]) = Tr([4, B]) = 0
follows from Lemma B3l

The properties (3.12)) immediately imply that the canonical trace TR is a hypertrace
and a pretrace on CL*(M) for a € R\ Z>_,.

(3.12)

3.2.3. The residue trace. The residue trace, called by some authors the noncommutative
residue, somehow complements the canonical trace. In terms of the complete symbol,
the res1due trace of an operator A € CL'( ) is given by (see [WODSTH]):

Res(A) = —— res(o(A / / oA ) Q) A dr,

(2m)m (2m)m

where v(§) is a volume form on S}M. This is the unique trace on the whole algebra
CL*(M) whenever n > 1 ([WoDS&7B|, [BRGEST], [FGLS96], [LES99]). By definition,
this trace vanishes on trace—class pseudodifferential operators and non—integer order
pseudodifferential operators.

The residue trace Res is a pretrace and a hypertrace on CL*(M) for all a € R. It is
non-trivial, however, only if a € Z>_,,.

4. OPERATORS AS SUMS OF COMMUTATORS

In order to classify traces and (pre, hyper)traces on CL*(M) we first study the
representation of an operator as a sum of commutators.

4.1. Smoothing operators. The closure of the algebra CL™>°(M) of smoothing op-
erators in B(L?(M)) is the algebra of compact operators. The latter is known to be

simple. Indeed one has the following, which is in a sense an analogue of the second part
of Lemma 2.1}
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Theorem 4.1 (|[Gui93, Thm. A.1]). Let M be a closed manifold. Then for any J €
CL™>°(M) with Tr(J) = 1 the following holds: for R € CL™°°(M) there exist smoothing
operators Sy, ..., Sn,T1,...,Tn € CLT*(M), such that

R=Tr(R) J+ ) [S;. T

Briefly, we have an exact sequence
0 —» [CL™°(M),CL™>(M)] — CL™>(M) 2 C — 0. (4.1)

Can we write J as a sum of commutators of general pseudodifferential operators?
Since Res is up to constants the only trace on CL*(M) (for M compact and connected
of dimension > 1) the answer is yes. A more precise answer is the following:

Proposition 4.2 (See Prop. 4.2 in [PON10]). Let M be a compact riemannian manifold
of dimension n > 1. Then CL™>°(M) C [CL°(M), CL™""'(M)].

We present here a brief variant of the proof of Ponge; our proof is based on

Lemma 4.3. Letn > 2.

1. The operator QQ; of convolution by the function

y.
fily) = ﬁ = 0y, (log |yl)

s a classical pseudodifferential operator of order —n + 1 on R".

2. For any smoothing operator R € CL™(R") there exist B; € CL™ " (R"),
j=1,...,n, such that R = ) [Op(z;), B;].

j=1
Remark 4.4. Op(z;) is the pseudodifferential operator associated to the symbol function
(,€) — zj. Of course, this is nothing but the operator of multiplication by the
coordinate x;. Therefore, Op(z;) commutes with multiplication operators, a fact which
will often be used below.
Proof. 1. We have f; | R*\{0} € P~1(R™\ {0}). Since f; is locally integrable in R", it
defines a distribution in 2’(R™) which is homogeneous of degree —1. Then by [HOR03\
Thm. 7.1.18 and 7.1.16], f; € /(R") and its Fourier transform f; is a homogeneous
distribution of degree —n + 1 in R™ which is smooth in R™ \ {0}. With the cut—off
function x of Eq. (Z50) we therefore have xf; € CS™"*1(R"). Furthermore, (1 — ) is
compactly supported and thus (1 — x) = ¢ with ¢ € .(R"). For u € C°(R"™) we now
have A
Qju = fjxu=Op(xfj)u+ (¢ * f;) *u.

Convolution by the Schwartz function 1 * f; is smoothing and thus @; € CL™""!(R").

2. A smoothing operator R has a smooth kernel Kr(z,y), and therefore, (z,y) —

Kr(x,y) — Kg(x,x) is smooth and vanishes on the diagonal. It follows that there are
smooth functions K, ..., K, such that

Kr(v,y) = Kg(v,7) + Z(%’ — ;) Kj(2, y).
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Let @ be the operator defined by the kernel Kg(x,y) = Kg(x,x), and let R; be the
smoothing operators defined by the kernels K(x,y), then

R=Q+ Zn:[op(xj)aRj]-

Let H; be the operator with kernel (z,y) — f;(z — y)Kg(z,x). H; is (); followed by
multiplication by the smooth function = — Kg(z,z) and is therefore, by the proved
part 1., a classical pseudodifferential operator of order —n + 1. Since

> (@ =y filw — Y Kpla,z) = > ~2—

j=1 7j=1

it follows that @) = ) [Op(z;), H;]. The result of the lemma follows with B; := R, +
j=1

H; € CL™"*H(R™). O

Proof of Proposition .2l Let U C R™ be an open set and let R € CL_; (U) be a

smoothing operator with compactly supported Schwartz kernel Kr € C2°(U x U). Let
Y € C°(U) be such that ¢(x)1(y) = 1 in a neighborhood of the support of the kernel
of R, then YRy = R.
By Lemma 3 there exist P, € CL™""Y(U) such that R = >.[Op(x;), P]. Let
i=1

x € C°(U) be such that y =1 in a neighborhood of supp(2)). Then we have

Y[Op(x;), Bi]Y = Op(x;) xv Py — Py Op(x;)x = [Op(x;)x, v ),
thus

= Z[Op(%x), VP, (4.2)

Note that z;x € C°(U) and ¢ Py € CL_tEH(U).
Now let (¢;) C C*(M) be a partition of unity subordinate to a finite open covering
(U;) of M by coordinate charts. Furthermore, choose v; € C2°(U;) such that ¢; = 1 in

a neighborhood of supp(y;). Then for any R € CL™>°(M) we have

N N
R=Y @R+ > ¢;R(1—1;). (4.3)

j=1 J=1
For each index j the operator y; Ri; belongs to CL ., (U;), so by the previous argument

it can be written as a sum of commutators of the form (4.2). Moreover, the operator
N

S = > p;R(1 — ;) is smoothing and its Schwartz kernel vanishes on the diagonal,
j=1

so its trace vanishes and by Theorem [£]] it can be written as a sum of commutators
in [CL™°°(M),CL™>*(M)]. Hence R belongs to the space [CL’(M), CL™""*(M)] as
claimed. ]
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The degrees 0 and —n + 1 in the commutator [CL(M), CL™""(M)] in Proposition
can be traded against each other as the following simple but very useful Lemma,
which is based on joint work of the second named author with Sylvie Paycha, shows:

Lemma 4.5. For any o, f € R
[CL(M), CL**#(M)] C [CL*(M), CL?(M)],

meaning that any commutator in [CLY(M), CL*™(M)] can be written as a sum of
commutators in [CL*(M), CL? (M)].

Proof. Let A € CLY(M), B € CL*"#(M). Fix a first order positive definite elliptic op-
erator A € CL'(M). Then AA® A®A, A® € CL*(M), BA=*,A~*B, ABA~*,A"*BA ¢
CL?(M). Moreover,

[AA“A=*B] = AB — A"“BAA“, (4.4)
[A®A, BA™°] = A"ABA™ — BA, (4.5)
[ABA™ A% = AB — A“ABA™“, (4.6)
[A*BA, A" = A"*BAA® — BA. (4.7)
Adding up @A)-@T) yields twice the commutator [A, B]|, whence [A,B] €
[CL*(M), CL?(M)]. O

4.2. General classical pseudodifferential operators. We now combine the main
result of Subsection 2.3 Theorem 2.9, and the results of the previous Subsection to
obtain statements about general pseudodifferential operators as sums of commutators.
This improves, for classical pseudodifferential operators, [LES99, Prop. 4.7 and Prop.
4.9]; for such operators loc. cit. in fact goes back to [WoD84]. In [LES99] the more gen-
eral class of pseudodifferential operators with log—polyhomogeneous symbol expansions
was considered.

Theorem 4.6. Let M be a compact connected riemannian manifold of dimensionn > 1.
Fiz Q € CL™"(M) with Res(Q) = 1. Then for any real numbers m,a there ex-
ist Py,..., Py € CL™(M), such that for any A € CL*(M) there exist Qq,...,Qn €
CL™ (M) and R € CL™™°(M) such that

N
A=>"[P;,Q;] + Res(A) Q + R. (4.8)

J=1

Proof. We follow the proof of [LES99, Prop. 4.7], where the case m = 1 is discussed,
with a few modifications and improvements.

First, replacing A by A — Res(A) @ if necessary, we may, without loss of generality,
assume that Res(A) = 0.

We choose py, ..., py € P™(T*M\ M) such that their differentials span the cotangent
bundle of T*M \ M at every point if m # 0; if m = 0 we choose the p; such that their
differentials restricted to S*M span the cotangent bundle of S*M (cf. the proof of
Theorem 2.9). Choose P; € CL™(M) with leading symbols p;. Consider the leading
symbol o,(A) € P*(T*M\ M) of A. Its symplectic residue is 0 if a # —n, and if a = —n
it is up to a normalization equal to Res(A), hence it is also 0 in that case.



CLASSIFICATION OF TRACES ON CLASSICAL PSEUDODIFFERENTIAL OPERATORS 23

Then by Theorem 9 and its proof there are q] € Pt (T*M \ M) such that
0.(A) =1 Z{pj,qj }. Thus choosing Q§» € CL* ™ (M) with leading symbol qj
j=1
we find, see Eq. (84),

Z 'l e CL* Y (M).

We iterate the procedure: inductively, assume that we have operators Qg-l) €
CL*™*Y(M), 1 <1 < ly, such that

N
=A->"[P;,QY) € CL* (1)
7j=1

and
QY — QU™ e cLemm (M), 1<i<ly— 1. (4.9)
As for A we then choose B; € CL™™ "t ()[) such that
N
Al = AW — N [P, Bj] € CL*™7 (M),
j=1

Now put leOH) = Qy‘)) +B;. Then (4.9) holds for all I and we can invoke the asymptotic
summation principle [GRSJ94, Prop. 1.8] and choose @; € CL* ™! (M) such that for
all 1 € N, Q; — Q) € CL*™™*1=!(M). Then

Z L Q] € CL™(M). 0

Combining Theorem and Lemma we find

Theorem 4.7. Under the assumptions of Theorem L8l let a € Z,—n < a < 0. Then
CL*(M) = [CLU*V2(M), CL2 (M) e C - Q, (4.10)
= [CLY(M),CL*"Y(M)] @ C - Q. (4.11)
In other words for A € CL*M) there exist operators Py,...,Pyn,Q1,...,Qn €

CL@tV/2(M) resp. Py,...,Py € CLO( ), Q1,...,Qn € CL* (M) such that

A= Z Qi) + Res(4) Q. (4.12)
Proof. Apply Theorem (.6 with m = (a + 1)/2 (resp. m = 0). This yields P, ..., Py

in CL“tY2(M) (resp. CLO(M)), Q1,...,Qn € CLETV2(M) (resp. CL*!(M)) and
R € CL™"°(M) such that

A= Z ,Q;] + Res(4) Q + R.
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By Proposition [4.2] we have
CL™>(M) c [CL*(M),CL™""(M)] c [CL*(M), CL**}(M)]

and hence there are Pyiyq,..., Py € CLY(M) and Qniq1,...,Qn € CL*™ (M) such
N

that R= ) [P;,Q;] proving Eq. (Z11]).

j=N"+1
To prove Eq. ([4.10) we apply Lemma [4.5 with « = (a+1)/2, = —n+1—«a. Then
a— B =a+n € Zsgy, hence CL’(M) c CL*(M) and we find
R € CL™>®°(M) C [CL(M),CL"*(M)]
C [CL*(M), CLA(M)] c [CLE@D/2(Ar), CLEHD/2(Ar)). O
4.3. Classification of traces on CL%(M). We are now going to classify the pretraces

and the hypertraces on CL*(M) for all a € R, as well as the traces on CL*(M) for
a € Z<p. The following definition will be convenient:

Definition 4.8. We fix once and for all, a linear functional Tr : CL°(M) — C such
that for a € Z._,

Tr, = Tr | CLY(M) = Tr | CL*(M) = Tr,,
cf. Definition 3.1l Furthermore put

TR,, ifa€R\Zs_,,
TR, = Tr,, ifa€Z —n<a< =24, (4.13)

Res,, ifa € Z, _”2+1 <a<0.

TR, conveniently combines the Kontsevich-Vishik trace and the residue trace.
The notation is slightly abusive since for a,b € Z,a < (—n + 1)/2 < b one has
TR, | CL* (M) = Res | CL* (M) = 0 # Tr | CL***(M) = TRg,1. The
disadvantages of this notational conflict are outweighed by the convenience of having a
common notation for the Kontsevich-Vishik trace and the residue trace. This will free
us from repetitively having to make a distinction between the cases a € R\ Z~_,, and
a € Ls_p. s

We also emphasize that the choice of Tr is not canonical but certainly possible.

Proposition 4.9. Let a € R.

1. Any pretrace on CL*(M) is a hypertrace on CL*(M).

2. If T is a hypertrace on CL*(M) then there is a unique constant A € C such that
7 [ CL™°(M) = X Tr.

3. Ifa € Zey and 7 is a trace on CL*(M) then 7 | CL**(M) is a pretrace (and hence
a hypertrace). Conversely, given a pretrace on CL**(M), any linear extension T of T to
CL*(M) is a trace.

4. For a € Z<o, TR, is a trace on CL*(M). Fora € R\ (ZN[-n+1,-n/2]) it is
a pretrace (and hence a hypertrace).
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Proof. 1. follows from Lemma [£.5]
2. follows from Theorem [4.1].
3. is obvious.
4. For %*1 < a < 0 the claim follows from the properties of the residue trace.
Except for a = —n the fact that TR, is a pretrace follows since Res, and TR, are
pretraces.
Next consider a € R, a < =%, Then for A, B € CL*(M) it follows from Lemma

that [A, B] € CL**~'(M) is of traceclass and that
T—R,Qa_l([A, B]) = TI'([A, B]) = 0.
This proves the remaining claims under 4. U

Thus to classify traces on CL*(M) (for a € Z<) it suffices to classify pretraces on
CL**(M). And to classify pretraces on CL°(M) (for any b € R!) it suffices to classify
hypertraces on CL°(M).

The following considerably improves a uniqueness result by Maniccia, Schrohe, Seiler
[MSS08].

Theorem 4.10. Let M be a closed connected riemannian manifold of dimensionn > 1,
a € R\Z~_, and let T be a hypertrace on CL*(M). Then there are uniquely determined
A € C and a distribution T € (C*(S*M))" such that T = ATR, + T o 0.

Consequently, a linear functional on CL*(M) is a hypertrace if and only if it is a
pretrace.

Remark 4.11. Recall from Eq. (8.2)) that o, denotes the leading symbol map. Since the
leading symbol is multiplicative (see Eq. (3.3)) it follows that for any T € (C*(S*M))"
the functional T o g, is a pretrace and a hypertrace on CL*(M). Some authors (see
[PAROO4]) call such traces leading symbol traces.

Proof. We note that if 7 is a hypertrace on CL*(M) then by Proposition 4.9l (2.), there
is a unique A € C such that 7 [ CL™>(M) = A Tr.
We apply Theorem L6 with m = 0. Then for A € CL* (M) we find
N
A=Y"[P, Q] +R, (4.14)

Jj=1

with P; € CL?, Q; € CL%(M). Note that Res(A) = 0 since a — 1 € R\ Z>_,,. From
Eq. (@I4) we infer 7(A) = 7(R) = ATr(R) = ATR(R) = ATR(A).
Thus we have 7 | CL*'(M) = A TR | CL* (M) = A TRy_; = ATR,_;. Put 7 :=
7 — ATR,. Then 7 vanishes on CL® '(M) and thus in view of the exact sequence Eq.
([B2) there is indeed a unique linear functional 7' € (C*(S*M))" such that 7 =T o o,.
The last statement follows from Proposition and the fact that Res, and T o o,
are pretraces on CL*(M). O

The remaining cases of integral values are dealt with in the following:
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Theorem 4.12. Let M be a closed connected riemannian manifold of dimensionn > 1,
a € Z~_, and let T be a hypertrace on CL*(M). Then there are uniquely determined
A € C and a distribution T € (COO(S*M))* such that T = X\ Res, +T o g,.

Consequently, a linear functional on CL*(M) is a hypertrace if and only if it is a
pretrace.

Proof. We apply Theorem E.7 and find for A € CL*™ (M)
A= Z ,Q;] + Res(A) Q, (4.15)

with P; € CLY(M),Q; € CL*(M). Thus 7(A) = 7(Q) Res(A). As in the proof of
Theorem E.10l one now concludes 7 = 7(Q)) Res, +71 o a,,.

The last statement follows from Proposition and the fact that Res, and T o o,
are pretraces on CL*(M). O

Combining Theorem .10, Theorem [£.12] and Proposition we now obtain a com-
plete classification of traces on the algebras CL*(M), a € Z<o.

Corollary 4.13. Let a € Z<y, and denote by
7a : CL*(M) — CL%(M)/ CL** (M)

the quotient map. Let T : CL*(M) — C be a trace. Then there are uniquely determined
A€ C and T € (CLY(M)/CL**""(M))" such that

T=AIR,+Tomn,. (4.16)

Remark 4.14. Note that for a = 1, the space CL'(M) is not an algebra but it is a Lie
algebra and it makes sense to talk about traces; in this case, the quotient map m is
trivial and the proof below shows that Res is up to normalization the unique trace on
CLY(M).

In the case a = 0 this result was known, see [LEPAQ7] (and also [WOD8T7A]).

If 2a < —n < a, Res, is a non—trivial trace on CL*(M), however since Res |
CL**"'(M) = 0 (since 2a — 1 < —n) there is A € (CL*(M)/CL**""(M))", such that
Res, = Ao m,.

By choosing right inverses 6, : C*°(S*M) — CL%(M) to the symbol map one itera-
tively obtains an isomorphism

|al

CL*(M)/ CL¥Y( @CL“ k(M) CLa*1(M)
(4.17)

Ia\

~ e m
k=0

Under this (non-canonical) isomorphism 7' € (CL*(M)/ CL*(M))" corresponds to
a (la| + 1)~tuple (T} )‘a| of distributions 7 € (C™(S*M))".
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Proof. By Proposition 9, 75, = 7 | CL**(M) is a hypertrace on CL**(M). By Theorem
410 (if 2a < —n 4 1) resp. Theorem (if —=n +1 < 2a < 0) there is a unique A € C
such that

o {A Traer, i 20< —nt1, (418
A Resgg_1, if —n+1<2a<0.
Putting
F=r-\TR, (4.19)
it follows that 7 vanishes on CL**~'(M) and hence is of the form 7T o 7, for a unique
€ (CL*(M)/ CL* " (M))". O

4.4. Alternative approach to Theorem (Joint work of the second named
author with Sylvie Paycha). The proof of the uniqueness of the canonical trace TR
(Theorem F10) relied solely on the results of Section 2l and Theorem Il The proof
of the uniqueness of the residue trace (Theorem [.12]), however, relied additionally on
Theorem 4.7 and thus on Proposition due to Ponge. We will give here an alternative
completely self-contained proof of Theorem [£.12] which does not make use of Proposition
4.2l

Given a hypertrace 7 on CL*(M), a € Z,—n < a < 0, apply Theorem with
m = 0. Then for A € CL* (M)

N
A=>"[P;, Q]+ Res(A)Q + R (4.20)
7j=1

with P; € CL°(M),Q; € CL*(M) and R € CL™*°(M). If one can conclude that
7(R) = 0 then one can proceed as after (4.15]). So we have to prove directly

Proposition 4.15. Let M be a closed riemannian manifold and for a € Z, —n + 1 <
a <0, let T be a hypertrace on CL*(M). Then 7 | CL™*°(M) = 0.

Proof. Let (U, x1,...,2,) be a local coordinate chart of M. Recall that by CS¢, (U x
R™) we denote the set of classical symbols of order a on U with U—compact support,
and CLg,,,,(U) denotes the space of classical pseudodifferential operators of order a on
U whose Schwartz kernel has compact support in U x U. Any operator in CLg,,, (U)
can be extended by zero to an operator in CL*(M), and we have the natural inclusion
CLEp(U) € CLE(M).

Note, however, that although for o € CS{,, (U x R") the operator Op(c) maps
CX(U) — C(U), it does not necessarily lie in CLcomp(U ). Below we will take care of
this fact by multiplying by some cut—off function from the right.

Let 7 € (R") be a Schwartz function with [p, 7(£)d§ = 1. By Lemma 2.IT] there

exist 71,...,7, € CS*(R™) such that

7= 0T (4.21)
k=1

We note in passing that since the function 7 has non—vanishing integral, at least one of
the functions 75, does not lie in .7 (R™).
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Next we choose f € CX(U) with fU x)dx = 1. Then o := f ® 7, defined by
o(z,€) := f(x)7(€), is a smoothing symbol Wlth U-compact support. Furthermore,

c=fRT=f®Y Ogmi=Y O (f®), (4.22)
k=1 k=1
/ o(x,§)dédr = 1. (4.23)
UxRn?
Integration by parts shows that (cf. [HOR03, Thm. 18.1.6], (3.4)
= Z Op(0g, (f ® 1)) = —i Z[Op(:ck), Op(f ® 1)) (4.24)
k=1 k=1

Let ¢ € C2°(U) be a function with ¢ = 1 in a neighborhood of supp(f); then v f = f.
Moreover, for all k =1,...,n,

[Op(z1), Op(f @ 71,)] Op(¥) = [Op(z4), Op(f @ 7%) Op(¥)]

= [Op(¢21), Op(f @ 7ir) Op(¥)] + A, (4.25)

with
Ay == Op(f @ 1) Op(v) Op(xx) Op(¥) — Op(¥) Op(f @ 71) Op(¥) Op(z)
= Op(f ® 1) Op(¢)) Op(z)(Op(yp) — 1).

Here, we used that the operator Op(z)) commutes with the operator of multiplication

by ¥, Op(¥), cf. Remark [4.4] and that ¢ f = f.
Since f ® 17, € CS4 (U x R™), the operator Op(f ® 71) Op(¢) lies in CLE  (U);

(

comp comp
similarly, ¢¥a;, € CS2 (U x R™) and the operator of multiplication by )z, Op(1zy),
lies in CLY,_ (U).

comp
Let 7 be a hypertrace on CL*(M). Then 7 vanishes on [CLg,,(U), CLZ ., (U)]. In
particular, for all k =1,... n,

7([Op(¥1,), Op(f @ ) Op(¥)]) = 0.

By Proposition (2.), we have 7 [ CL™°(M) = A'Tr for some A € C. Now, since

1) = 1 near the support of f, by ([4.20]) the operator Ay is smoothing and its Schwartz

kernel vanishes on the diagonal. Hence, its L?-trace vanishes and thus also 7(A4y) =
Thus, for Op(c) Op(v) € CL_x,(U), from (E24) and (£25) we conclude

n

7(Op(0) Op(¢)) = —i > 7([Op(x+), Op(f & 7)] Op(¢)))
k=t (4.27)
= —@Z ([Op(¢x), Op(f ® %) Op(¥)]) + 7(Ax)) = 0.

(4.26)

comp

On the other hand, by (B:ﬂ) and Proposition (2.),

(Op(#) Op(¥) = A TrOp(e) Op() = A [ olwgdedr=A (429
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Therefore, by (£.27)) we obtain A = 0. O

5. EXTENSION TO VECTOR BUNDLES

In this final section we extend the classification of traces and hypertraces to the spaces

CL*(M, E) of pseudodifferential operators acting on sections of the vector bundle E over
M.

5.1. Preliminaries. Unless otherwise said, during the whole section M denotes a
smooth closed connected riemannian manifold of dimension n. Let £ — M be a
smooth hermitian vector bundle over M. We denote by CL*(M, E) the space of clas-
sical pseudodifferential operators of order a acting on the sections of E. CL*(M, E)
acts naturally as (unbounded) operators on the Hilbert space L?(M, E) of square in-
tegrable sections of E. The elementary discussion of traces, pretraces and hypertraces
in Subsection extends verbatim to CL*(M, E). However, as noted there, we now
only have [CL*(M, E), CL*(M, E)] ¢ CL***(M, E) as opposed to [CL*(M), CL*(M)] C
CL*™ (M) in the scalar case E = M x C. Lemma holds with the same proof for
CL*(M, E) instead of CL*(M). Finally, Theorem [A.1] holds for CL™>°(M, F) too; this
follows directly from [GUI93 Thm. A.1], which is stated in a Hilbert space context and
therefore flexible enough.
In sum, also Proposition 291 (1.-3.) holds accordingly:

Proposition 5.1. Let a € R.

1. Any pretrace on CL*(M, E) is a hypertrace on CL*(M, E).

2. If T is a hypertrace on CL*(M, E) then there is a unique constant A € C such that
7 [ CL™(M, E) =\ Tr.

3. Ifa € Zey and 7 is a trace on CL*(M, E) then 7 | CL**(M, E) is a pretrace
(and hence a hypertrace). Conversely, given a pretrace on CL**(M, E) then any linear
extension T of T to CL*(M, F) is a trace.

For the analogue of Proposition 4.9l (4.) see Proposition [5.5]
The main task now is to classify the hypertraces on CL*(M, E).

5.2. Trivial vector bundles. Let My (C) be the space of N x N matrices with coeffi-
cients in C. For all 4,7 = 1,..., N, we denote by E;; the elementary matrix in My (C)

with 1 in the (7, j)-position and 0 everywhere else. The matrices E;; form a basis of
My (C) and we have

Eij Ekl - 6jk Eil- (51)

Let us denote by try the unique trace on the algebra My (C) such that for all i =
1, ‘e ,N, tI‘N(E”> = 1.
For a complex vector space V' we will tacitly identify My (V) with V ® My(C) via
N
xTr .= <xij)i,j — Z T4 & Ezg (52)

1,j=1

Obviously, we have CL*(M,CY) = My (CL*(M)) = CL*(M) ® My(C).
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Definition 5.2. Let a € R and let 7 be a linear functional on CL*(M). Then we put
T ®try : CLYM,CY) — C,

A= (Ay),, — Z(T ® try) (A ® Eij) = ZT(A“')' (5.3)

It is straightforward to check that if 7 is a hypertrace (pretrace, trace) on CL*(M) then
T ® try is a hypertrace (pretrace, trace) on CL*(M,CY).

Proposition 5.3. Let a € R. Then every hypertrace on CL(M,CN) is of the form
T @ try with a unique hypertrace T on CL*(M).

Proof. Let T be a hypertrace on CL*(M,CN). For 4,5 = 1,...,N we put Tj; :
CLQ(M) — C, E](A) = T(A X EZ])
Since Id € CL°(M,C"N) we infer from the hypertrace property
T;j(A) = T(A® Eyj) = T((A® Ea) (id ® Fy;))
thU.Sirij:OfOI"i#jaHdTH:TgQ:...:TNN:IT.
7 is a hypertrace on CL*(M). Namely, for A € CL*(M), B € CL°(M) we have
T(AB) = T((AB)® En) = T((A® En) (B ® Exy))

Certainly, we have T'= 7 ® try.
For the uniqueness we only have to note that if T = 7 ® try then 7(4) = T(A®
En). ]

(5.4)

(5.5)

5.3. General vector bundles. Let E be a vector bundle over M. By Swan’s Theorem
there is a positive integer N, such that E is a direct summand of M x CV; let e €
My (C>®(M)) = C*(M, Myn(C)) be a smooth projection onto E. Then the C*(M)-
module of smooth sections of E is given by

(M, E) = e(C®(M)N). (5.6)

Note that since we assumed M to be connected (cf. Subsection [5.]), the idempotent
valued function e has constant rank.

The following lemma is well-known. Since we could not find a place where it is stated
as needed we provide, for convenience, a quick proof:

Lemma 5.4. Let A := C*(M, My(C)). Then Ae A= A. In other words there exist
p;,q; € C(M, Myn(C)), j=1,...,7 such that

D pjeg =1y @Iy, (5.7)

J=1

where 1y, denotes the function which is constant 1 on M and I is the N x N identity
matrix.
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Proof. It obviously suffices to prove Eq. (5.7). Choose a finite partition of unity ¢;, j =
1,...,s, smooth functions x,; € C>(M) such that x; = 1 in a neighborhood of supp(v;)
and such that in a neighborhood U; of supp(;) there is a smooth map v : U; — My(C)

such that
4 (Ix O
vev = e = (0 K

Choose N x N matrices a;,b;,l =1,...,t, with

t
E alekbl :IN.
=1

We tacitly view ay, b; also as constant matrix valued functions on M. Slightly abusing
notation we now find the decomposition

s s t
1M®[N:Z¢ij®]N:Zz¢jv_lalekblUXj

j=1 j=11=1
s t
- ZZ(% v ) e (v v ;). O
j=1 i=1

For a linear functional 7 on CL*(M, CY) we now put
Te(A) = T(eAe). (5.8)

This definition depends on the choice of the idempotent e and is therefore not canonical.
As in the scalar case if CLY(M, E) ¢ CLY(M, E) we write g, := 7 | CL*(M, E).
The canonical trace TR and the residue trace Res are naturally defined on CL*(M, E)
for any vector bundle E (cf. [LES99]). To distinguish them let us for the moment denote
by TR™) Res™) the corresponding functionals on CL*(M,C") and by TR Res®
the corresponding functionals on CL*(M, E).
Then one immediately checks that

TR™ = TR @ try, TR™ = (TR®try)g, (5.9)

hence TR and Res are compatible with the operations 7 +— 7 ® try and 7 — 7 in the
most natural way.

From now on we will write TRy for TR, and Resp for Res'™. A confusion with
the notation introduced in Definition [3.]] should not arise.

We also extend the linear functional Tr of Definition B8 to CL°(M, E) by defining

ﬁE = (T; & tl"N)E.

Since Tr is not a trace, this definition may depend on the choice of the idempotent e,
hence is not canonical; but Tr already depended on a choice.
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Finally we put TRg 4 := (ﬁa ® trN)E on CL*(M, E). From Subsection .3 we see

TRpa, ifa€R\Zs_,,
TRpe = Trp,, ifa€Z,—n<a< 2 (5.11)
Resgq, ifa€Z, =2 <a< O.

Proposition 5.5. 1. Let a € R and let T be a hypertrace (resp. pretrace, trace)
on CL*(M,CN). Then 15 : CL*(M,E) — C, A — 7(eAe) is a hypertrace (resp.
pretrace, trace) on CL*(M, E).

2. Any hypertrace on CL*(M, E) is of the form (7‘ ®try)g for a unique hypertrace T
on CL*(M).

3. Fora € Z<o, TRE, is a trace on CL*(M, E). Fora € R\ (ZN[-n+1,-n/2])
it is a pretrace (and hence a hypertrace).

Proof. 1. To prove that the linear functional 75 is a hypertrace consider A €
CL*(M, E), B € CL°(M, E). Then

75(AB) = 7(eABe) = 7((eAe)(eBe)) £ 19
= 7((eBe)(eAe)) = t(eBAe) = 7p(BA). (5.12)
Note that ede € CL*(M,CV),eBe € CL°(M,C"V). Repeating the argument with
A, B € CLY*(M, E) shows that if 7 is a pretrace then so is 7. Similarly if a € Z<
and 7 is a trace then 75 is a trace.

2. Conversely, let T' be a hypertrace on CL*(M, E). We choose p;,q;,7 = 1,...,r
according to Lemma [5.4l We will repeatedly use that multiplication by p;, g, is in
CL°(M,CY), resp. epje, eq;e € CLO(M E).

Suppose we had a hypertrace T on CL*(M,CY) such that Tp = T. Then for A €
CL*(M,CN)

T(A) = f((lM ® Iy)A) = Zr:f(pjequ) = XT:T(equpje). (5.13)

J=1

Thus there is at most such a T. We now define T by the right hand side of Eq. (5.13)).
We have Ty = T'. Indeed, for A € CL*(M, E)

T(A) = T(eAe) ZT (egje Ae)(epje))

7=1

=Y T(epjeqjede) = T(ede) = T(A).

J=1

(5.14)

In the last line we used Eq. (5.1).
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Next we show that 7 is a hypertrace on CL*(M,CY). Indeed, for A €
CL*(M,CM), B € CL*(M,C") we find using Eq. (5.7),

T

= ZT(equ(lM@)IN)Bpje) = Z T(eq; Apreqe Bpje)

) B (5.15)
= Z T(equpjeqj Apke) = ZT(equApke) = T(BA).
3 k=1 k=1

By Proposition[5.3lthere is now a unique hypertrace 7 on CL“( ) such that T = r®try.
Then we conclude T = T = (7' ® try)g. Recall that T' is uniquely determined by T'

and 7 is uniquely determined by T, whence 7 is uniquely determined by 7.
3. follows from the proved part 1., Eq. (511 and Proposition O

Before stating the final result, we have to clarify how leading symbol traces on
CL*(M, E) look like. For the moment consider a closed manifold X with a vector bun-
dle E — X. We can construct traces on the noncommutative algebra I'*°(X, End E) as
follows: first the fiberwise trace induces a linear map

trg : I'°(X,End F) — C*(X)
tl"E( )( —tl"Ez( SL’))
)

trg vanishes on commutators. Thus for any 7' € (COO(X ) the composition 1" o trg is
a trace on I'°(X, End F).

It is straightforward to see that indeed all traces on I'°(X, End ) are of this form.
Since we will not use this fact we leave the details of proof to the reader:

(5.16)

Proposition 5.6. Let X be a closed manifold and let E be a vector bundle over X.
Then for any trace T on I'°(X,End E) there is a unique distribution T € (C*(X))"
such that T =T o trg.

The final result is now a consequence of Theorems EI0, E12] Corollary EI3] and
Propositions [5.11, 5.5l

Theorem 5.7. Let M be a closed connected riemannian manifold of dimension n > 1
and let B be a complex vector bundle over M. Denote by Il : E — M the projection
map, by o, : CLY(M,E) — T'> (S*M, IT*End E) the leading symbol map, and by trg
the fiberwise trace I (S*M,II*"End E) — C>(S*M). Fiz N and an idempotent e as
in Eq. (5.6) and let TRg, be as defined in Eq. (G.11).

1. Let a € R and let 7 be a hypertrace on CL*(M, E). Then there are uniquely
determined A € C and a distribution T € (C®(S*M))" such that

AﬁE,(I? lf a ¢ Z>_n,

5.17
A Resg,, ifa€Zs_,. ( )

T:Totrana—l—{

2. Leta € Z<y and denote by
T, : CL*(M, E) — CL“(M, E)/ CL**(M, E)
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the quotient map. Furthermore, let
0, : CL“(M, E)/ CL*(M, E) — CL*(M, E)
be a right inverse to .

Let 7 : CLY(M,E) — C be a trace. Then there are uniquely determined \ € C,
T € (C*(S*M))" and ® € (CL*(M, E)/ CL*(M, E))" such that

7 =ATRpg, + T o trgoog,(id =0, o m,) + @ o m,. (5.18)

In the first line of Eq. (5.17) the case a = —n is included, thus we write TR , instead
of TRg,, there.

Proof. The right inverse 6, can be constructed successively from the map Op, cf. Remark

A.14

1. By Proposition there is a unique hypertrace 7 on CL*(M) such that 7 =
(T @ try) . The claim now follows from Theorem and Theorem applied to 7.
Note that T otrgoo, = ((T 00,)® trN)E, cf. Eq. (5.8) and Definition 5.2

2. Let a € Z<,. By Proposition 5.1, 7 | CL**(M, E) is a hypertrace. Thus, by the
proved part 1. we have

A;Tﬁiﬁyga if 2a f;——n
CL*(M,E)=Tot o+ o ’ 5.19
Tl ( ) OB {)\ Resg o4, if 2a > —n. ( )
We emphasize that by Eq. (5.11])
— TR if 204 < —
TRy, | CLE(M, B) = { © LRB20 if2a<—n, (5.20)
’ A Respoq, if 2a > —n.

Consider for A € CL*(M, E)
7(A) :=7(A) = ATRp4(A) — T otrg o g (A — 0, o m,(A)).

Then due to Eq. (5:20) and Eq. (5I9) the functional 7 vanishes on CL**(M, E) and
thus is of the form @ o 7, with ® € (CL*(M, E)/ CL**(M, E))". Then 7 = ®om, + 7
and the theorem is proved. O
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