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Abstract

A new diffuse interface model for a two-phase flow of two incompressible
fluids with different densities is introduced using methods from rational con-
tinuum mechanics. The model fulfills local and global dissipation inequalities
and is frame indifferent. Moreover, it is generalized to situations with a sol-
uble species. Using the method of matched asymptotic expansions we derive
various sharp interface models in the limit when the interfacial thickness tends
to zero. Depending on the scaling of the mobility in the diffusion equation we
either derive classical sharp interface models or models where bulk or surface
diffusion is possible in the limit. In the latter case a new term resulting from
surface diffusion appears in the momentum balance at the interface. Finally,
we show that all sharp interface models fulfill natural energy inequalities.
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1 Introduction
In recent years diffuse interface models have been successfully used to describe the

flow of two or more immiscible fluids both for theoretical studies and numerical simu-
lations. One fundamental advantage of these models is that they are able to describe

*This preprint is a modified version of the preprint [3].

tFakultiat fiir Mathematik, Universitit Regensburg, 93040 Regensburg, Germany, e-mail:
helmut.abels@mathematik.uni-regensburg.de

tFakultiat fiir Mathematik, Universitit Regensburg, 93040 Regensburg, Germany, e-mail:
harald.garcke@mathematik.uni-regensburg.de

$Department Mathematik, Universitit Erlangen-Niirnberg, Martensstr. 3, 91058 Erlangen, Ger-
many, e-mail: gruen@am.uni-erlangen.de



topological transitions like droplet coalescence or droplet break-up in a natural way.
These ideas go even back to works of van der Waals and Korteweg, cf. [6] for a re-
view and further references. In the case of two incompressible, viscous Newtonian
fluids the basic diffuse interface model is the so-called “Model H”, cf. Hohenberg and
Halperin [24]. It leads to the Navier-Stokes/Cahn-Hilliard system

pov + p(v - V)v —div(2n(c)Dv) + Vp = —dediv(Ve ® Ve), (1.1)
divv =0, (1.2)

Owc+ v - Ve=div(mVp), (1.3)

p=06e""(c) — delc. (1.4)

Here p is the density, v is the mean velocity, Dv = %(VV + VvT), p is the pressure,
and c¢ is an order parameter related to the concentration of the fluids (e.g. the
concentration difference or the concentration of one component). Moreover, n(c) > 0
is the viscosity of the mixture, ¢ is a constant related to the surface energy density,
e > 0 is a (small) parameter, which is related to the “thickness” of the interfacial
region, v is a homogeneous free energy density and g is the chemical potential.
Capillary forces due to surface tension are modeled by an extra contribution eVe ®
Ve := eVe(Ve)T in the stress tensor leading to the term on the right-hand side of
(1.1). Moreover, we note that in the modeling diffusion of the fluid components is
taken into account. Therefore div(mVyu) is appearing in (1.3), where m = m(c) > 0
is the mobility coefficient.

One of the fundamental modelling assumptions is that the densities of both com-
ponents as well as the density of the mixture p are constant. Of course, this restricts
the applicability of the model to situations when density differences are negligible.
Gurtin et al. [23] derived this model in the framework of rational continuum mechan-
ics and showed that it satisfies the second law of thermodynamics in a mechanical
version based on a local dissipation inequality.

Lowengrub and Truskinovsky [28] derived a thermodynamically consistent exten-
sion of the Model H for the case of different densities, which leads to the system:

poyv + p(v - V)v —divS(c, Dv) + Vp = —de div(pVe @ Ve), (1.5)
Oyp + div(pv) =0, (1.6)

poic + pv - Ve = div(m(c) V), (1.7)

o= —p*2%§p + 29/ (c) — % div(pVe), (1.8)

where S(c, Dv) = 2n(c)Dv + A(¢)divvI and A(c) is the bulk viscosity coefficient.
Here the free energy has the density p&(s‘lw(c)—i—é‘@) per unit volume. A simplified
version of this model has been successfully used for numerical studies, cf. Lee et
al. [25, 26]. In contrast, there are — to the best of the authors’ knowledge — no
discrete schemes available which are based on the full model (1.5)-(1.8). This may
be due to fundamental new difficulties compared with Model H (1.1)-(1.4). For

instance, the velocity field v is no longer divergence free and therefore no solution
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concept is available which avoids to determine the pressure p. At least analytically,
these difficulties could be overcome, see Abels [1] for existence of weak solutions.
Mathematically the coupling of the Navier-Stokes (1.5)-(1.6) and the Cahn-Hilliard
part (1.7)-(1.8) is much stronger, for instance the pressure p enters the equation for
the chemical potential (1.8), and the linearized system is very different from the
linearization of Model H, cf. Abels [2], where strong solutions locally in time are
constructed.

Alternative generalizations of the Model H for the case of different densities were
presented and discussed by Boyer [8] and Ding et al. [12]. The model by Ding et al.
consists of (1.1)-(1.4), but now for a variable density p = p(c). In order to justify
this generalization they start from the mass balance equation

Ohpj + div(p;v;) =0 (1.9)

for the individual fluids 7 = 1,2 and define the mean velocity v of the mixture as
volume averaged velocity v = ui1vy + uave, where u; is the volume fraction of fluid j.
Then (1.9) yields

divv =0, (1.10)

cf. Section 2 below. In contrast to that Lowengrub and Truskinovsky define the mean
velocity v as mass averaged/barycentric velocity pv = p1vy + pave, which yields

Op + div(pv) = 0.

The incompressibility relation (1.10) of course has advantages with respect to nu-
merical simulations — see the computations related to the model by Ding et al. in
[12].

Unfortunately, neither global nor local energy inequalities are known to hold for
(1.1)-(1.4) when p is not constant. The model by Boyer is more complicated. But
it is derived using a volume averaged mean velocity, which leads to a divergence
free mean velocity field too. The further derivation of Boyer differs from the one in
[12] and ours since the starting point are the equations for the conservation of linear
momentum of each single fluid. Also for this model neither global nor local energy
inequalities seem to be known, cf. also [7].

It is the purpose of the present paper to derive a thermodynamically consistent
generalization of (1.1)-(1.4) to the case of non-matched densities based on a solenoidal
velocity field v. More precisely, we will derive the system

(pv) + div(pv ®@ v) + div(v @ 252m(p)Vu) — div(2n(e)Dv) + Vp
= —oediv(Vp @ Vi),
divv =0,

oo+ v -V =div(im(p)Vi,),

together with
po = 6e7 'Y/ (p) — Gelyp,
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where the order parameter ¢ = @y — ¢ stands for the difference of the volume
fractions ¢;, j = 1,2'. Here the free energy of the system has the density 6! f(p)+
5’6% (per unit volume). We note that the first equation in the latter system is

equivalent to
POV + <<pv + j) : V) v —div(2n(p)Dv) + Vp = —6e div(Vp ® Vo),

where J = ’%;’bm(ap)vlz, cf. Section 2 below. In comparison with the system derived
in [12] there is the additional term (J-V)v in the equation for the linear momentum.
This term vanishes in the case of matched densities, i.e., p = const.. But this term
is crucial in the case of non-matched densities for consistency with thermodynamics.
We note that in contrast to the model by Lowengrub and Truskinovsky (1.5)-(1.8)
the usual continuity equation (1.6) is not part of our system. Nevertheless there is
conservation of mass in our system. More precisely, we have

up + div <pv + j) —0, (1.11)

and in Section 2 it will be shown that in fact individual masses are conserved. Note
that p; is the specific density of fluid j = 1,2 and that p = &;@ + &gﬂw We
emphasize that according to equation (1.11) the (volume averaged) velocity v does
not describe the flux of the density. In our model the flux of the density consists of
the two parts: pv, describing the transport by the mean velocity, and a relative flux
J= —@m(gp)VU related to diffusion of the components. Hence the diffusion of
the components relative to the mean velocity leads to a diffusion of the mass density
in the case that p; # p;. Moreover, we note that in the classical Model H effects
related to diffusion of the components can play an important role and can lead to
Ostwald ripening effects and disappearance of small droplets, cf. e.g. [34].

The structure of the paper is as follows: In Section 2 we will derive the generaliza-
tion of Model H, described above in the framework of rational continuum mechanics.
First we will use a local dissipation inequality and a choice of the energy flux as in
23] to derive restrictions for the form of the stress tensor and the chemical potential,
which finally leads to our model after suitable constitutive assumptions. Then we
briefly discuss the changes in the derivation if the energy flux is not specified at the
beginning and Liu’s Lagrange multiplier method is used, cf. [27]. In Section 3, we
present a third approach to derive a thermodynamically consistent model, this time
based on Onsager’s variational principle. We consider the more general situation
when either the system is subjected to gravitational forces or when one additional
soluble species is present in both fluids. In the latter case, transport effects across
the interface are taken into account, too, and we derive a diffuse interface analogue
of Henry’s law, cf. Section 3.

In Section 4 we discuss the sharp interface asymptotics in the limit ¢ — 0 for
the diffuse interface model together with a soluble species. This is done by using the

LOther choices of order parameters are possible as well — see Section 2.
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method of formally matched asymptotics. We show that the limit system depends
essentially on the choice and the scaling of the mobility. Actually, we consider four
cases related to choosing the mobility degenerate or non-degenerate and letting the
mobility tend to zero or not. If the mobility m(y) vanishes as e — 0, we end up with
the classical model for a two-phase flow with the Young-Laplace law

—[2nDv]*v + [p*v =okv  at (1),

where I'(t) is the interface between the fluids, v is a unit normal to I'(), & is its mean
curvature, o is a surface tension coefficient, and [.]= denotes the jump of a quantity
at I'(t) in the direction of v. Moreover, the interface is transported by the velocity
of the fluid, i.e.,

YV—-v-v=0 at I'(¢),

where V is the normal velocity of I'(¢). If a soluble species with density w is present,
we obtain the classical Henry condition for the jump of the concentrations of the
soluble species.

In the case of a constant mobility, we obtain in the limit ¢ — 0 that the momentum
balance in the bulk is given as

pioyv + div (V ® (ﬁiv + %;mmov,u)) — 1 Av + Vp = 0.

In this case the diffusive flux —%@mUVu enters the momentum balance, cf. [5]. At
the interface we obtain the Stefan type condition

20v-v—=V) = mo[Vult v  at T(t),
for the evolution of the interface and again
—2nDv]*v + plTv = okv  at (1),
for the jump of the stress tensor. Here p satisfies
2 = ok — [w]t at T'(¢),

i is harmonic in the bulk, and my > 0 is a diffusion coefficient related to m. In
particular the interface is no longer material and diffusion of mass through the bulk
is still present in the model. In the case of a non-vanishing, degenerate mobility the
evolution of the interface is governed by the surface diffusion law

2(V VUV — V) = mAp(t)/L,

where Ar) is the Laplace-Beltrami operator of I'(¢) and m > 0 is a diffusion coeffi-
cient related to m. Moreover, the equation for the jump of the stress tensor is

— 2228 ((Vep) - Vio)v — 20Dv]Tv + [plfv = okv at T(1),
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in this case. In particular the surface flux —@mvp 1 enters the momentum balance
at the interface. In Section 5 we prove that energy estimates are valid for sufficiently
smooth solutions of the sharp interface models. Finally, several important identities
for the formally matched asymptotics calculations are shown in the appendix.

Acknowledgements: The authors are grateful to Hans Wilhelm Alt for several
stimulating discussions and the telling us about [5], which resulted in the present
model and helped to improve the presentation of the derivation of the model. More-
over, we thank the anonymous referees for their valuable comments on the previous
version of this paper. This work was supported by the SPP 1506 ” Transport Pro-
cesses at Fluidic Interfaces” of the German Science Foundation (DFG) through the
grants GA 695/6-1 and GR 1693/5-1.

2 Derivation of the Model

In order to derive the diffuse interface model, one assumes a partial mixing of the
macroscopically immiscible fluids in a thin interfacial region. Therefore let us intro-
duce some terminology related to mixtures. In the following the fluids are labeled
by j = 1,2 and they fill a domain  C R¢. The total mass density of the mixture is
denoted by p. Moreover, p; denotes the mass density of the fluid j, i.e.,

Mj—/vpj(ﬂf)dl‘

is the mass of the fluid j contained in a set V' C Q and we obtain p = p; + po.
Moreover, we denote by c¢; = % the mass concentration and note that ¢y + co = 1.

Denoting by J ; the mass flux of fluid j, the mass balance equation in local form
is given by )
atpj + diVJj = 0.

Defining the velocities v;, j = 1, 2, of the single fluids as v; = jj /p; the mass balance
equation can be rewritten as

Opj + div(p;v;) = 0.

In what follows we assume that the volume occupied by a given amount of mass of
the single fluids does not change after mixing, i.e., the excess volume due to mixing
is zero. If p; is the specific (constant) density of the unmixed fluid j, we introduce

uj = %. The assumption that the excess volume is zero results in
J

Expressed in terms of the mass concentrations ¢; and cq, condition (2.1) reads as

c c 1 c c
ar ety = -2
P1 P2 P P P2



Introducing the mass concentration difference ¢ = ¢; — ¢, the above relation implies
that p = p(c) with a function p defined via
1 3(e+1) 3(1—0¢

=2 2
p(c) P2 f1

We remark that possible choices for the order parameter in the phase field model
are the mass concentration difference ¢, the density difference p := ps — p; or the
difference of volume fractions v := us — uy.

We now introduce a suitable averaged velocity of the mixture. In contrast to the
mass averaged/barycentric velocity v given by pv = p1vy + pave, cf. Lowengrub and
Truskinovsky [28], we choose the volume averaged velocity v of the mixture as in
Boyer [8] and Ding et al. [12]. More precisely, we define

P1 P2
V =U1V] + UgVy = —V1 + — Vg,

P1 P2
cf. [8, 12]. As a consequence, we obtain, using the fact that the p;’s are constants,

divv = div(Z2vy) + div(2v,) = div(2 + 32) = -9, (e_l + ﬂ—) = 91=0. (2.2

p1 p1 p2

Furthermore, we denote by J; = J ; — pjV the mass flux of the fluid j relative to the
velocity v, i.e.,
atpj + diV(ij) + div Jj = 0.

Because of (2.2) and p; = pc; = p;u;, we have
A(pcj) +v - V(pe;) +divd; =0

or equivalently, 3
O +v-Vu,; +div]; =0,
JJ

where J; = ﬁ_ Because of u; + uy = 1, we require
J

Ji+Jo=—+4+—=0, (2.3)
P P2
cf. (2.2). In particular, we obtain
O(pc) + v - V(pc) + div] =0, (2.4)

where J = J5 — J;. In addition we have
8t,0 = 8t(p1 + pg) = — le(Jl + P11V -+ J2 + ng) = — le(pV -+ J1 -+ J2> (25)

If p1 # po, we have in general div(J; + J2) # 0. Hence the classical continuity
equation does not hold with respect to the velocity v. This reflects the fact that we
allow for mass diffusion in the system.



Instead of ¢, one could use u := uy — u; as order-parameter. Because of

p = pc1+ pcy = pruy + Paug, (2.6)
pPC = pCo — pC1 = Polly — Pruq (2.7)
and up = 3%, uy = 5%, we can also assume that p = p(u) and pc = pe(u). In order

to have flexibility in the choice of the order parameter, we assume in the following
that ¢ is any suitable order parameter such that p = p(¢) and pc = pc(yp) for some
constitutive functions p, pc. Here pc = pe(p) is the density difference. Possible
choices are ¢ = u; — uy as above, ¢ = ¢, and ¢ = pc. Then

ope(p) +v - Vpe(p) +divy =0 (2.8)
is equivalent to R
%’;C) (Opp+v-Vyp)=—div]. (2.9)

As in Gurtin et al. [23], we assume that the inertia and kinetic energy due to the
motion of the fluid relative to the gross motion is negligible. Therefore we consider
the mixture as a single fluid with velocity v, which satisfies the law of conservation
of linear momentum of continuum mechanics with respect to the volume averaged
velocity. The density and the stress tensor are assumed to depend on additional
internal variables like ¢ and V. l.e., we assume that

Ay (pv) +div(pv @ v) = divT (2.10)

for a tensor T, which has to be specified by constitutive assumptions. Here external
forces are neglected for simplicity.
The formulation (2.10) can be rewritten as

(Op+v-Vp)v+ p(@v+ (v-V)v) =divT. (2.11)
In the above version the tensor T cannot be objective, i.e., an observer change
(%, x7) = (t,a(t) + Q(1)x)
will not lead to a transformation rule
T =QT'Q",
see [5] for details. Using (2.5) and div v = 0 we obtain that the system (2.11) can be
rewritten as

p(Ov+(v-VIV)=div(T+v® T, +J2) = (J1 + ) - V)v.

This system now allows for an objective tensor T = T + v ® (J; + J;). Using the
fact that v is divergence free we introduce the unknown pressure p and restate the
momentum equation as

p(Ov + (v-V)v) =divS = Vp— (J1 + J3) - V)v (2.12)
where S=T+pIl =T+ v® (J1 + J2) + pI, where I is the identity.
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Remark 2.1 In the following we use the abbreviation

J=J,+J;
Because of (2.3), we have
j=r—ry (2.13)
P2+ p1

Then the total mass balance (2.5) can be rewritten as
Ap + div(pv +J) = 0. (2.14)
Using the mass balance we can restate the momentum balance (2.12) as
pov + ((pv +3J) - V)v =divS — Vp (2.15)

We note that pv + J = pv if v denotes the barycentric velocity defined by pv =
p1V1 + pava. Moreover, (2.15) is equivalent to

d
— pvdr = / Tv ds,
dt Jy s oV (¢)

for any (sufficiently smooth) domain V' (t) that is transported by v, i.e., the normal
velocity of 9V (t) coincides with v - v, cf (2.17) below. If V() is instead transported
by the volume averaged velocity v, then (2.15) is equivalent to

d - .
— pvdr = / Tvds, — / (v-J)vds, = / Tv ds,. (2.16)
dt Jy oV (1) oV (1) v (¢)

Finally, we assume the relative motion of the fluids to be diffusive, and we intro-
duce a Helmholtz free energy density f(p, V) (per unit volume). It will play the
role of an interfacial energy for the diffuse interface. The total energy in a volume V'
is then obtained as the sum of the kinetic and the free energy, i.e.,

v[®

Evie) = [ o) 5 dot [ 0. 90)do = [ etvip To)d
where e(v, ¢, V) == p@)E + f(g, V).

2.1 Derivation based on a Local Dissipation Inequality and
Microstresses

In the following V' (¢) C €2 shall denote an arbitrary volume that is transported with
the flow, i.e., the exterior normal velocity of V' (t) is given by v - v(t) on OV ().
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In order to describe the change of the free energy due to diffusion, we introduce
a chemical potential 1 and the outer unit normal v to OV (t) such that

—/ uJ-udsx—/ lTj vds,
av(t) ov(t)

is the energy transported into V(¢) by diffusion and ds, denotes integration with
respect to the surface measure. Here the term — |, ov () M J-v ds, describes the change
of free energy The kinetic energy is transported by the velocity v + J /p and the
term — |, oVt | J - vds, describes the change of kinetic energy due to diffusion, see

also [5], Sectlon 10.
Surface forces: Moreover, we assume the existence of a generalized (vectorial) surface

force & such that
| vevas,
oV (t)

represents the working due to microscopic stresses. Above and in the following ¢ is
the material derivative 0, + v - V. Finally, we note that

/ (Tv) - vds,
av (t)

describes the working in a given volume V (¢) due to the macroscopic stresses in the
fluid.

Second law of thermodynamics/local dissipation inequality: Similar as in [23], we
assume the following dissipation inequality, which is the appropriate formulation of
the second law of thermodynamics in an isothermal situation:

d
dt V(t

< / (TU)-vds$+/ gbﬁ-l/dsx—/ /LJ-I/dSm—/ VTj vds,
AV (¢) AV (¢) v (1) v (1)

for every volume V(t) transported with the flow. This means that the change of
total energy in time is bounded by the working due to macroscopic and microscopic
stresses and the change of energy due to diffusion.

We recall the transport theorem, see e.g. Liu [27, Theorem 2.1.]:

e(v,¢, Vo) dz

d
dt /V(t) Jdx /V(t) O f dx + /av(t) v-vfds /V(t) (O f +div(vf)) dz  (2.17)

where V(t) is transported with the flow described by v. Therefore the equivalent
local form is

Ore + v - Ve — div(T?v) + div <|Tj> —div(@€) +div(pd) =1 =D < 0. (2.18)
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Using (1.10), (2.8) and (2.10), we will simplify D. First of all, multiplying (2.10)
with v and using (2.9), we obtain

0 (PE) +v- V(L) = (@p+v T+ p(Oy + (v T)v) v
— —(div)E £ @ivS—Vp—(T-V)v)-v

= div <—%|V|2j +STy —pv) —S:Vv. (2.19)

Moreover,

0 8V<p (Vo) (2.20)

and

~

div() = div(ud) = pdive+ V() €+ g~ V-
= (Zp+dive)p+ (Vo) €+ Vv: (Ve §) —Vpu-J,
because of (2.9) and where we have used
O, = 04000 +V -V, 0 + 05, v - Vo = (O, 0) + 0p,v - Vop. (2.21)

Thus we conclude that (2.18) is equivalent to

—D = <% —divg — %,u) ©
e dp

+<i— )-(V¢)'—(§+V@®£):Vv—l—V/L-JSO, (2.22)
oV
where we have used divv = 0.

In order to motivate the constitutive assumptions, we will derive some restric-
tions for the constitutive relations specifying S, i, J,£ by an_argument typical for
rational continuum mechanics: To this end, we assume that S,J, § are functions of
Dv, o, Vo, u, Vu only. Moreover, we assume that S is symmetric. Invoking general
external forces and mass supplies in the equations, one argues that ¢, ¢, Vo, (Vo) u,
Vi, (Vv — %div vI) can attain arbitrary values for a given point in space and time
and since f and & do not depend on ¢, (V¢)', we conclude from (2.22) that

of

€8V

(0, V) =0

necessarily. In particular, & depends only on ¢, V. Hence (2.22) reduces to

SV E): Dy — (Voo £): %(VV—VVT) VT <0, (223)
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where Dv = %(Vv + VvT). Since the skew part of Vv can attain arbitrary values
independent of Dv and

(Vo &) 5(Vv=TVT) = 2 (Vo® &~ £8 Vo) : 5(Vv — V),
we conclude that £ (Vo ® € — € ® Vi) = 0 and therefore
ERVp=VpRE.
Thus [£]2|Ve]? = (Ve - €)% and therefore

of

E(p, V) = alp, V)V = Vo

(0, Vo) (2.24)
for some a(p, Vo).

On the other hand, the first term after the equality sign in (2.23) is linear in ¢
and f,J and p are assumed to be independent of ¢. Therefore the first term in (2.23)
has to vanish to satisfy (2.23) in general and

dpc of .
—u=—-d Vp)Vp).
00" 9, iv(a(p, Vo) V)
Finally, the local dissipation inequality is satisfied if and only if
D= (8+vpe-2L ) . Dv_vu.-3>0 (2.25)
B T ove) prod == '

Here S + Vi ® % is also called viscous stress tensor since it corresponds to irre-
versible changes of the energy due to friction in the fluids.

Constitutive assumptions: Motivated by Newton’s rheological law, cf. e.g. [27, Sec-
tion 4.2.2], we assume that

- of
S+ Ve® Vo 2n(p)Dv

for some function n(yp) > 0.
Finally, we choose J(¢, Vo, i, Vi) in the form

where m(yp) > 0, which corresponds to a generalized Fick’s law. We remark that J
can be chosen to be nonlinear with respect to Vu as long as (2.25) is fulfilled.
Summing up, we derived the following diffuse interface model:

pOv + ((pv +J) - V)v — div (29(¢) Dv) + Vp = — div(a(p, Vo) Ve @ Vi), (2.26)
divv = 0, (2.27)
Ope(p) +v - Vpe(p) = div(m(e) Vi) (2.28)
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together with

8pc of .
= — — 2.2
o1 g, Vo) —divialy, Vo) Vi), (2.29)
where a(yp, V) satisfies (2.24) and J = —2=LLy7(0)Vy due to (2.13). Assuming

pa+p1
that the normal component of v and the normal derivative of p vanishes on the

boundary of the fluid domain Q, [, pc(-,t)dz is a constant in time. By (2.6) and
(2.7), we may express both mass den81tles as affine linear functions of pc. Hence, the
total mass fQ pidr, 1 =1,2, of each liquid component is conserved.

If ¢ = ¢ is the mass concentration difference, then pc(c) = p(c)e, and we obtain

pOv + ((pv +J) - V)v — div (29(c) Dv) + Vp = — div(a(c, Vo) Ve ® Ve),  (2.30)

divv =0, (2.31)
O(pc) + v - V(pc) = div(m(c)Vp) (2.32)
together with
a(a'ic),u = %(c, Ve) — div(a(c, Ve)Ve) (2.33)
and J = — ZQJH’: m(c)Vu. Here
(3(850\0) = ap® with a = 2Lp1 + 2Lp2

In the case that ¢ = pc is the density difference, we have pe(p) = ¢, %% =1, and
therefore

POV + ((pv +J) - V)v — div (25() Dv) + Vp = —div(a(p, V) Ve @ Vo),
divv =0,
O + v - Vo =div(m(p)Vpu)

and o)
o= %(% V) —div(a(e, V) V).

Finally, in the case that ¢ = us —u; is the difference of volume fractions, we have
pe(p) = 22 pl + p1+p290 and we obtain the system

pOv + ((pv +J) - V)v — div (2n(¢) Dv) + Vp = — div(a(p, Vo)Ve @ Vi), (2.34)

divv =0, (2.35)
Op+v-Vo=—divd,, (2.36)
together with
of .
fo = ago(@’ Vi) — div(a(e, Vo) V) (2.37)
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where we use a rescaled flux J, = (M)_l J, and a rescaled chemical potential

N 2
ftp = 232211 We hence obtain

Jo = —m(p) Vi, J= _ﬁQ;Qﬁlm(SO)VMO

where m(yp) = (@)_2 m(e). Usually we take the difference of volume fractions as
order parameter. This has the advantage that the mass difference depends linearly on
the order parameter and as usual in phase field models the values ¢ = +1 correspond
to unmixed “pure” phases.

Finally we remark that (2.36) implies the mass balance

dyp + div(pv +J) = 0.
Using this we can rewrite the momentum balance (2.34) as
9, (pv) +div(pv @ v) +div(v® J) — div(2n(e) Dv) 4+ Vp = — div(a(p, Vo)V @ V) .

Remark 2.2 For the previous derivation it is essential to use the frame invariant
version of the momentum equation (2.11) in order to derive a frame invariant model.
If one does the derivation in the same manner using (2.10) instead, the resulting
model is

O(pv) + div(pv @ v) — div (2n(¢)Dv) + Vp = —div(a(p, Ve)Ve @ V), (2.38)

divv =0, (2.39)
Ope(p) +v - Vpe(p) = div(m(p) Vi) (2.40)
together with
ope  of _ 9p [v|?
L &p(% Vi) —div(a(p, V) V) 9 2 (2.41)

cf. [3] for details. This model is not frame invariant since the chemical potential

op [vI?

contains with the term 5 2 A non-objective scalar.

2.2 Derivation based on a Local Dissipation Inequality and
the Lagrange Multiplier Approach

It is also possible to exploit a dissipation inequality without introducing generalized
surface forces. We now assume a dissipation inequality

d

— e(v,gp,ch)dx+/ Je-vds, <0

AV (t)

for every volume V() transported with the flow for some general energy flur Je,
which will be specified later.
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Then the equivalent local form is
oe +v-Ve+div], <0. (2.42)

Because of the conservation law (2.4), we conclude that for every scalar function A,
the inequality

—D:=0e+v-Ve+divd, — A\, (0(pc) + v -V(pc) +div]) < 0 (2.43)

has to be valid.
Using (2.10), (2.19), (2.20) we obtain that (2.43) is equivalent to

_(9f d(pc)\ .
—D—G%—Ma@)¢

(9’ . . ‘V‘ZN ~
— ) (VY A . — — -V \V4 . <
—i—( v ) ( gp)—l—le( 2J—{—T v A¢J+Je> S:Vv+ )\‘p J 0,

where we have used divv = 0. Making use of (2.21) we conclude that the latter
inequality is equivalent to

_ (o 9pe) L (Of of \ .
oo (22 (2))o (54vee 2L ) o
of

ov

+div(—v72.j—|—T-v—>\¢J+ 90+J)+V)\¢-J§0, (2.44)
where again the equation divv = 0 was used.

If we assume now that S, A, and — M J+T-v—2\ Jt+3 df go J. are independent
of ¢, we conclude that the first term after the equality 81gn 1n (2.44) has to vanish
for all values of ¢. Thus

d(pc) of . of
)\Lp 690 6@ le (m) .

If we denote A\, = 1, then we obtain the same identity for the “chemical potential”
1 as before. Moreover, if we now specify the energy flux as

of

J-T. J— —
v =50

we end up with the local dissipation inequality

of

D={(S
< +V90®av

>:DV—V,u-J20,

which is just (2.25). Thus we can derive the model (2.26)-(2.29) as before by making
the same constitutive assumptions.
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3 Omnsager’s Variational Principle — a Third Ap-
proach to Derive Thermodynamically Consis-
tent Models

In this section, we follow a third pathway to obtain diffuse interface models in the
spirit of (2.34)-(2.36) and in agreement with the postulations of thermodynamics. It
is based on Onsager’s variational principle, see [30] and [14], [19], [31] for applications
in multi-phase flow. To widen the range of applications, we discuss two additional
features. We allow for gravitational forces or, alternatively, we include the transport
of a soluble species across fluidic interfaces as an additional effect. For simplicity, we
refrain ourselves in the second case to a species that does not influence the surface
tension at the interface. Adopting the notation from the previous sections, the order
parameter will be denoted by ¢ and we take it to be the difference uy — uy of the
volume fractions u;, j = 1,2, of the two liquids involved. Hence,

5 £

where p; and py are the specific densities of liquid 1 and 2, respectively. By w, we
denote the mass density of the soluble species which we assume to be dilute.

Our starting point is the following set of general evolution equations, compare
(2.14) and (2.15),

POV + (<pv + g—ngo) . V) v—divS+Vp = K, (3.2)
divv = 0, (3.3)

Op+v-Vo+divd, = 0, (3.4)
ow+v-Vw+div], = 0 (3.5)

with p(-) as in (3.1) and J, = (’31—;@)_1 J a rescaled flux, compare the discussion
after (2.37). The stress tensor S is symmetric, and K denotes the force density.
The additional equation (3.5) is the mass balance of the soluble species and J,, is
the corresponding mass flux. These equations are supposed to hold in a space-time
cylinder Q x (0,7) with Q C R? being the domain where the process takes place.
Conservation of mass requires that the normal components of J, and of J,, vanish

on 0f). As free energy, we choose

/Q F(o, Vi) do + / {9(w) + Blo)w} da

with f(z,p) = fi(2) + fa(p). Here, g(-) is an entropic term, and ((y) attains for
@ < —1or ¢ > 1 the values (3, or (35, respectively. In a sharp-interface limit, these
parameters will reappear through the Henry jump condition

o = exp(B2 — ) (36)
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at the interface separating the two phases (cf. Subsection 4.3.3). The total energy is
given by the sum of kinetic and free energy, hence

F=/Q@\V!zd:w/Qf(so,Vso)dxﬂL/Q{g(w)+ﬁ(s0)w}d$~

The time derivative of the free energy is given as

dF 1 [ 0p, , /8f _/ of
= =3 Qag0|v\ Opp dr + Qawatapdx div Vo Oy dx

—i—/gp(go)v-atvdx—i—/g(g’(w)—|—ﬁ(g0))0twda:+/Qﬁ'(go)watgpdx,

where we assumed that the normal part of or Vamshes on 0f). Observe that

1
atV:—{K+diVS— ((pv+@.]¢,) -V)V—Vp}.
p ot

Inserting the evolution equations and integrating by parts gives, assuming v = 0 on

99,

— :——/ V(v Ve +div J, alx—/a v Vo +div J,) dx
¥
/le(a@C
: dp
+/V- K+divS—|(pv+—J, ) -V |v—-Vp,dx
Q ot
—/ (¢'(w) + B(p)) (v Vw +div],) dx
Q
- of . (Of\ .
—/QV Vgo{ 8go+dlv ((9Vg0> ﬁ(gp)w} dx
+/vKM—/vVMﬂM+M@Mx
Q Q
—I—/J@'Vuwdx—/DV:de—i—/Jw-V,uwdx.
Q 9) Q
Here, we used

/v- pv+@J¥, -V de——— 6'0|V| (divdy, + V- v) dz,
Q ¢ o O

which — as a consequence of the no-flux boundary conditions — follows easily by
integration by parts. Moreover, we abbreviated

a9 o
[y = — div ((‘N )+a¢+5(80)w

) (v-Ve+div J,)de — / B(p)w (v Ve +div],) dx
Q
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and
po = g'(w) + B(e)

to denote the chemical potentials corresponding to ¢ and w, respectively. Recall
that in general entropy production is due to external force fields and to gradients
of velocity and of chemical potentials, see [11], Chapter 3. However, if the specific
densities of the external forces? acting on the different species are identical, then
those forces do not contribute to entropy production. Therefore, if no other external
forces than gravity forces are applied, we may identify the rate of change of the
mechanical work with

M:_/V-Vgppwd$—/V-vw,uwdl'—F/V-Kdﬂfd$. (3.7)
dt Q Q Q

dWw B { fQ Kgav - vdr  case with gravitational forces,
dt

0 case with soluble species,

equation (3.7) is satisfied if

K — oV + Kgay  case with gravitational forces,
pe Vo + p,Vw  case with soluble species.

Here, K,y denotes the gravitational force.
To determine the fluxes J,, J,, and the stress tensor S, we introduce the dissipation

functional 5 - g
O(Jp, Ju, S :z/{ T+ + o }dw. 3.8
s ) o [2M(p)  4n(e)  2K(p)w (3.8)
We use Onsager’s variational principle which postulates
ar |
5(']‘/’"]““8) (E(J‘P’ Jw’ S) + (I)(Jsoa Jwa S)) ; 0

This gives J, = —M(¢)Vi,, J» = —K(9)wVp,, and S = 2n(g0)v"+TV"T. Alto-
gether, when a soluble species is around, we end up with

0
pov + ((pv - £J¢) . V) v

—div (2n(¢)Dv) + Vp = pu,Ve + p,Vuw, (3.9)

divv = 0, (3.10)

Ohp +v -V —div(M(p)Vpu,) = 0, (3.11)

Ow + v - Vw — div (K (p)wVu,) = 0, (3.12)
3} 0

p, = —div <%) + % + OB'(p)w, (3.13)

po = g'(w)+ B(p) (3.14)

%i.e. the quotient of force density and mass density.
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where Dv =
w becomes

L(Vv+VvT) and p(p) = [’2;’3130 + ﬁlgﬁ? The evolution equation for

dw + v - Vw = div(K (¢)wV (g (w) + B(9))). (3.15)
In the case of gravitational forces, the system has to be changed accordingly.

Remarks:

e If we choose the viscosity parameter in (3.8) as n(y, Dv), non-newtonian effects,
e.g. shear thinning or shear thickening, can be included as well.

o If we choose g(w) = w(logw — 1), the equations (3.12),(3.14) result in the
diffusion equation

Ow + v - Vw = div(K (¢)(Vw + wVE(p))).

e The interfacial force term K = 1,V + p,,Vw can equivalently be written as

of (¢, Vo) ) |

V(f(e, Vo) + g(w) + Blp)w) — div (WO Y ova

Here, the first term is of pressure type whereas Vip® % provides an additional
stress tensor contribution representing interfacial forces. We can hence conclude
that the derivations in Sections 2 and 3 up to a reinterpretation of the pressure
lead to the same diffuse interface model if the dependence on w is omitted. The
analogous observation for “Model H” has been already discussed in [23].

e It is also possible to derive (3.9)-(3.14) with the approaches discussed in Section
2.

e Taking the definitions of u, and K into account, we observe that K in fact
does not depend on v.

4 Sharp interface asymptotics

In this section we identify the sharp interface limit of the diffuse interface model
introduced in the preceding sections. We will use the method of formally matched
asymptotic expansions where asymptotic expansions in bulk regions have to match
with expansions in interfacial regions. There are four different asymptotic limits of
interest. Two use a constant mobility and will either lead to a model where diffusion
takes place through the bulk or to a model without any diffusion through the bulk,
see also Abels and Roger [4] for the case when the densities in the two fluids are the
same. Two cases are based on a mobility which is zero when the phase field takes
the values +1. In this case diffusion through the bulk is of course not observed in
the sharp interface limit. But depending on the scaling we will either see surface
diffusion along the interface or not.
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4.1 The governing equations

As usual for phase field models we introduce a scaling for f with respect to a small
length scale parameter ¢ as follows

1p.Ve) = SVl + Zu(p)

where ¢ is a constant related to the surface energy density. As in Section 3, we choose
the difference of volume fractions as order parameter and we consider the following
System

A(pv) + div(pv @ v) + div(v @ 252m(p)Vu) — div(2n(e)Dv) + Vp (4.1)
= —dediv(Vp @ Vi),
divv =0,
Orp + (v - V) = div(me(p) Vi),
p= ") — belo+ B (o),
Opw + (v - V)w = div(K(9)wV(g'(w) + B(¢)))-

To simplify the notation we drop the ¢ as index in the chemical potential. We assume
that

o plp) = 2500+ 42,
e ¢ is convex,

e B(p) is smooth with B(1) = f, B(—1) = A,
e 7)(ip) is smooth and positive with n(1) = n, n(—1) = n,

e () is a double-well potential such that (1) = ¢)(—1) = 0 and ¥(z) > 0 if
z g {1 -1},

e K(ip) is smooth, positive and such that K (1) = Ky, K(—1) = Kj.

For the mobility m. we distinguish four cases:

mo case I,
EMy case II,
(1 —¢?);  caseIII,

mi(1 —¢?), case IV

me(p) =

where mg, m; > 0 are constants and (.), is the positive part of the quantity in the
brackets. The total relevant energy in this scaling is

Fep, v, w) =/

Q

{20 i+ Zute) + otw) + oo o
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For a solution (v*, p%, ¢, u®, w®) of the system (4.1)-(4.5) we perform formally matched
asymptotic expansions. It will turn out that the phase field ¢* will change its values
rapidly on a length scale proportional to €. For additional information on asymptotic
expansions for phase field equations we refer to [18, 20].

4.2 Outer expansions

We first expand the solution in outer regions away from the interface. We assume an
expansion of the form v¢ = "7 efvy, o = Y77 eFpp, . ... An expansion of (4.4)
in outer regions gives to leading order 1'(¢g) = 0 and we obtain the stable solutions
+1. We will denote by Q% the regions where ¢y = &1. In the cases II-IV the leading
order expansion of the other equations are straightforward. We obtain:

pi(atvo + diV(Vo X Vo)) — 2771 div DVO + Vpo =0 s (46)
divvg =0, (4.7)
dywo + (Vo - V)wy = GV - (woVg' (wp)) (4.8)

where i = 1,2 for x € Q_,Q, and p; = p(—1) = p1,p2 = p(1) = pa. Due to the
divergence free velocity we obtain 2div Dvy = Avy and hence (4.6) simplifies to

pi(atvo + diV(VO X V())) - 771'AV0 + Vpo =0.
We remark that (4.8) leads to the convection diffusion equation
8two + (Vo : V)wo = KZA’LUU

in the case that g(w) = w(logw—1). In the cases II-IV we will not need the chemical
potential p in the bulk.

In case I the flux term —m(¢)Vpu will enter the momentum balance (4.1) to
leading order in the bulk. In addition also the evolution equation (4.4) for the phase
field will contribute to leading order to the sharp interface limit in the bulk. In fact
in case I we obtain (4.7) and (4.8) together with

pi(Ov + div(v @ v)) + div(v @ (252)mgVp) — n,Av+Vp = 0,
Ap = 0.

4.3 Inner expansions

We now make an expansion in an interfacial region where a transition between two
phases takes place.

4.3.1 New coordinates in the inner region

We denote by I' = (I'(t) );>0 the smoothly evolving interface which we expect to be
the limit of the zero level sets of ¢ when ¢ tends to zero and will now introduce new
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coordinates in a neighborhood of I'. Choosing a time interval I C R and a spatial
parameter domain U C R%~! we define a local parameterization

~:IxU—R?

of I'. By v we denote the unit normal to I'(¢) pointing into phase 2 (which is the
phase related to ¢ = 1). Close to (I x U) we consider the signed distance function

d(t,r) of a point x to I'(t) with d(¢,z) > 0 if z € QT (¢). We now introduce a local

parameterization of I x R? close to v(/ x U) using the rescaled distance z = g as

follows
G°(t,s,2) = (t,y(t,s) +ezv(t, s))
where s € U C R%"!. We denote by
Y = 8,5’)/ vV

the (scalar) normal velocity and observe that the inverse function (¢,s,z)(t,z) :=
(G*)~1(t, x) fulfills

To derive the last identity we used (2.6) and (2.20) of [10]. For a scalar function
b(t, z) we obtain for b defined in the new coordinates via b(t, s(t, z), z(t,z)) = b(t, x)
the identity

d . . . .
ab(t, l') = 8tzazb + 8t5 : Vsb + @tb = —%V@Zb -+ h.o.t.

where h.o.t. stands for higher order terms. With respect to the spatial variables we

obtain, see Appendix, . R
Vb=V b+ 10.bv (4.9)

where Vr__ is the surface gradient on
e, :={v(s) +ezv(s) | s U}
where here and in what follows we often omit the {-dependence. For a vector quantity
j(t, z) written in the new coordinates via j(t, s(¢,x), z(t, z)) = j(t, z) we obtain
V., -j=divr, j+ 10, v, (4.10)
where dinszj is the divergence ofj on I'... In the Appendix we compute
Agb=Ar b —(k+ez[S))0.b+ L0..b+ hout., (4.11)

where « is the mean curvature (the sum of the principal curvatures) and |S| is the
spectral norm of the Weingarten map S. In addition we note that (see Appendix)

V. b(s,z) = Vrb(s, z)+ hot.,
divr.. j(s,z) = divrj(s,z) + h.o.t.,
Ar_b(s,z) = Arb(s,z)+ h.o.t.
where Vr,divp, Ar are the surface gradient, the surface divergence and the surface
Laplacian on TI'.
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4.3.2 Matching conditions

We now assume an e-series approximation of the unknown functions ¢, u, v, p,w, . ..
which in the inner variables we will denote by ®, M,V P, W,.... Denoting by ®q +
e®; +... the inner expansion and by ¢g+ecp; +... the outer expansion of the phase
field we obtain the following matching conditions at z = ~(s):

liin Do(z,5) = @olzx), (4.12)
lhin 0,®1(2,5) = Vylat)- v (4.13)

where @g(zt),... denotes the limit (lsi\r% wo(x £ dv). In addition we obtain that if
Dy(z,5) = Asr(s) + Bi(s)z 4+ o(1) as z — £oo the identities
Ai(s) = p1(xt), Bi(s) = Vgo(zt) -v (4.14)

have to hold (see [17], [21]). Of course similar relations hold for the other functions
like v, pu, . ...

4.3.3 The equations to leading order

Plugging the asymptotic expansions into (4.1)-(4.5) we ask that each individual co-
efficient of a power in ¢ vanishes. The equation (4.4) gives to leading order %:

0 =0..®0 — ¢'(Do) (4.15)
and from (4.12) we obtain
®o(z) —» £1 for z— +oo. (4.16)
We now choose the unique solution of (4.15), (4.16) which fulfills
Py(0) =0.

We in particular obtain that ®q does not depend on ¢ and s. Equation (4.2) gives to
leading order

The matching condition requires that (Vy - v)(z) is bounded. Hence

(vo-vo)(z+) = lm(V-vy)(z) = lim (V-vy)(2) = (v-vo)(z—).

zZ—00 Z——00

This implies
[VO ’ U]i— = O)

where [u]f(x) = u(z+) — u(x—) denotes the jump of a quantity at the interface.
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The analysis of (4.3) now depends on the ansatz for the mobility. We have to
distinguish between four cases.

Case I : mc(p) =my.
At order % we obtain from (4.3)

0= 8Z(m032M01/) UV = moﬁzzMo .

Matching implies that M, is bounded and hence M, is constant. In particular we
derive

ko] T =0.
Case II : m.(p) = emy .
At order 1 we conclude from (4.3)
—V@ZCDO + (VO : V)azq)o = 8Z(m082M01/) V= moazZMg. (418)

We obtain from matching
0,My — 0 for z— +o0.
Integrating (4.18) with respect to z gives
V=vy V.

In addition we get 0., My = 0 and hence M, does not depend on z.

Case III : m.(p) = (1 — ¢?), .
At order Eig we get

0= 0.(mi(1 — ®3)0, Mov) - v = 9,(my (1 — )0, M) .

Matching implies
mi(l — ®2)0.My — 0 for z— Fo0.

We hence obtain
my(1 — ®3)0. My = 0,

which implies
MO = M()(S, t) .

Case IV : m.(p) = my(1 — ©?), .
At order % we get

—V@Z@O —+ (V()) . Vazq)o = az(ml(l — @3)82M0)
and hence combining arguments from the Cases II and III above we obtain

V=vo-v and My= My(s,t).

24



We now analyze the diffusion equation for the soluble species. Equation (4.5) gives
to leading order 6%

0. (K (2o)Wo0:(g'(Wo + B(Do)))
Matching to the outer solution gives that ¢'(Wy) + 5(®g) is bounded. Multiplying
(4.19) by ¢'(Wpy) + B(®Py), integration and integration by parts gives

0. (4.19)

/ " K (0)Wol0. (g (W) + B(®0))dz = 0.

Assuming Wy > 0 we obtain that
9' (Wo) + B(®o)
does not depend on z. Hence
lg'(wo) + B(wo)lZ = 0.
For the choice g(w) = wlogw — w we obtain
log wy(2+) — logwo(z—) + B2 — 1 =0
which yields the Henry jump condition

wo(r—)

wo(x-i-) = exp(f2 — ﬂl) :

Applying (4.9) for each component we obtain

Vv = 10.VQuv+Vr V,
Dv = OV ev+vedV)+ (Ve V+(Vr.V)T).

Defining £(A) = 3(A + AT) for a quadratic matrix A we compute

Vo (n(e)Dyv) = £0.(n(®)E(0.V @ v))v 4 20.(n(P)E(Vr..V))v
+1Vr.. - (n(®)E(D.V @ v)) + Vi - (n(®)E(Vr..V))

= 20.((P)E(0.V @ v)v) + 10.(n(®)E(Vr.. V)v)
+1Vr. - (n(®)E(D.V @ v)) + Vi - (n(®)E(Vr.. V)

where we used 0,v = 0. We conclude from (4.17)
(v®0.Vo)v = (0, Vo -v)v=0.
The fact that ®; does not depend on ¢ and s and (4.9) imply
Vo ® Ve = 5(0.9)*(v@v) + 10.9,0.9 (v ® v) + h.o.t.
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and since (Vrr)v = 0 we get

eV - (Vo ® V) = 50.(0.9)*v + %(OZ(I)O)Z(VF Vv + %@(@@1@@0)1/ + h.o.t..

T

Since the chemical potential to leading order does not depend on z we observe that

the term div(v ® m(p)Vpu) gives no contribution to the order %. Hence we obtain

at the order 6% from the momentum equation
60.(0.90)°v + 9. (n(Py)d. Vo) = 0. (4.20)
Multiplying (4.20) with v, taking 0, = 0 and 0,V - v = 0 into account gives
60.((0.20)*) = 0.

Hence (4.20) implies
9.(n(®0)9. Vo) = 0. (4.21)
Matching implies that V(2) is bounded. This implies that (4.21) interpreted as an

ODE in z has only solutions V which are constant in z. This implies after matching

[Vo]£ = 0. (4.22)

4.3.4 The generalized Gibbs—Thomson equation

The equation for the chemical potential gives to the order £°
MO = 5”@[)”(@0)@1 - 5'823@1 + 68Z<I>0/< + ﬁ/(q)())WO . (423)

In order to be able to obtain a solution ®; from (4.23) a solvability condition has to
hold. This solvability condition will yield the generalized Gibbs—Thomson equation.
We multiply (4.23) with 0,®,, integrate with respect to z and obtain (using the facts
that My and V; do not depend on z):

2MO = 6/ (1//’((1)0)82<IDO<ID1—8ZZ<I>102<I>0)dz

o0

o0

Defining ¢y := ffooo((?zcbo)Q dz we obtain after integration by parts, using the fact that
0.Py(2),0..Po(2) decay exponentially for |z| — oo,

2M0 = (3'/ 6z(1/}'(<130) - 8ZZ¢>0)®1dz + 60[)%

[e.e]

i / " 0.(B(@0)Wo + g(We))dz — / (B(®0) + ¢ (W))D.Wod=.

—00
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Since 3(Pg) + ¢’ (Wp) does not depend on z and since ¢'(®gy) — 0,. Py = 0, see (4.15),
we obtain
240 = o + [g(wo) — g’ (wo)wo]*

where o := ¢opo. This identity has been derived for a general function g. In the case
g(w) = wlogw — w we obtain

_l’_

2u0 = ok — [wo)

4.3.5 Interfacial flux balance in the sharp interface limit

We now expand the equations (4.3) and (4.5) further in order to obtain contributions
of the diffusive fluxes in the interface. The result will depend on the choice of the
mobility. In the cases II and IV the interfacial diffusive fluxes for ¢ are scaled such
that they do not contribute to a limiting sharp interface problem. We hence consider
only the cases I and III.

Case I : m-(p) =my.
At order 1 we deduce from (4.3)

Matching gives 0,M; — Vg - v for z — +o00. Integrating (4.24) gives

2=V +vy-v) =my[Vuo-v|'.

(4.25)

Case III : m(p) = (1 — %) 4.
We have up to order £” in the interfacial region (setting m(p) = mi(1 — p?))

V- (m(p) Vi) = 50.(m(P0)0:Mo) +
20, (m(®0)0. My +m/ ($g)P10.My) + £V - (m(Po)9. M)
—i—@z(m(@o)@Mg + m’((bg)@l@le) + VF . (m(cbo)alel/) + VF . (m(CDO)VFMO) .

Using 9, My = 0 we obtain from (4.3) at order %

Matching gives
m(Py)0,.M; — 0 for z— too.

Hence m(®g)0.M; = 0 and
M1 == Ml(S,t) .

At order % we obtain from (4.3), using 9,M; = 0 and 9,My = 0,
—V@Z(I)o + (VO . I/)azq)o = 8Z(m(<1>0)8ZM2) + VF . (m((I)O)VpMO) . (426)

Matching gives
m(Py)0, My — 0 for z— +oo.
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Integrating (4.26) gives
2<—V + vo - / VF (I)O VFMo)d

Since m(®Pg) does not depend on s, we obtain Vr - (m(Po)VrMy) = m(Po)Ar M.
Altogether we deduced
2(—V + vq - V) = mAp,uo (427)

where = [°°_m(®g)dz.
Finally we deduce the flux balance for w at the interface in the limit ¢ — 0.
Equation (4.5) gives to order

—VO.Wy + (Vo - v)0. Wy = 9,(K(Po) W0 (g" (Wo) W1 + 3'(Po) 1)) - (4.28)
Matching gives
0:(g" (Wo)Wi + B'(0)®1) — V(g (wo) + B(£1)) - v
for z — +oo. Integrating (4.28) gives
(V = vo - v)wo]t = —[KwoVg'(wo)]~ - v.
In the case g(w) = wlogw — w this identity reduces to

(V — Vo - I/)[wo] [KVwO]

4.3.6 The momentum balance in the sharp interface limit

We now want to analyze the momentum equation to the next order. The term
V - (n(¢)Dv) gives to the order 1,

0.(n(Pp)E(0. V1 @ v)v) + 0.(n(Pg)E(VrVo)v).

Matching requires liin 0.V1(z) = Vvg(xz+)r and hence

0,Vi®v+VrVy— Vv for z— +o0. (4.29)

In the cases IT and IV the term div(v ® m.(¢)Vu) gives no contribution to order
and hence we obtain for the momentum equation at order é:

— 0.(p(P0) Vo)V + 0.(p(Po) (Vo ® Vo))V
— 20.(n(®0)E(D.V, @ v)v) — 20.(n(Pe)E(VrVo)v)
— 6(0.90)°kv + 60.(0.9,0.90)v + 0. Pov = 0.

Integrating with respect to z gives after matching and using (4.29)

“[povo] TV + [povolTve - v — 2[nE(Vavo)fr — O</oo

—00

(0.9¢)* dz) kv + [po]fr =0.
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We obtain since vg - v =V
—2[nDvol*v + [po|]tv = orv. (4.30)
Case I (m.(p) = my):
We note that M, does not depend on z and that at x = ~(s)
0. Myv + VrMy — Vypg(xt) for z — Zoo0.

For the momentum balance we hence get to the order %

0-(p(Po) Vo)V + 0-(p(P0)(Vo ® Vi))v — 0.(Vo ® %[Poﬁ(aleV + VrMy))v

20.(n(P0)€(0:V1 @ v)v) — 20.(n(Po)E(VrVo)v)

— 6(0.90)*kv + 60,(0,9,0.P0)v + 0, Pov = 0.

Integrating this equation with respect to z we obtain since
/ 9-(Vo @ {po] T (0. Myv + VrMp))dz = vo @ L[po][Vo]*

the following interface condition
[0l Zvo(vo - v = V) = 3lpo]Evo [Vao] L - v — [2n Dot + [po]“v = okv .
Using (4.25) we can simplify the above identity to
—[2nDvo|Tv + [po]Tv = okv. (4.31)

We hence observe that in case I the sharp interface problem leads to the classical
conditions (4.22), (4.31) for v and p on the interface.

Case III (m.(p) = (1 — )4 ):
Using 9. My = 0.M; = 0 we observe that div(v ® m.(¢)V ) gives to the order 1 the
contributions

mlaz((l - (@0)2)+82M2(V0 %) l/)) -V + din(m1(1 - (I)g)_._(VO X VFM()))

Taking the flux terms into account we obtain from the momentum balance at order
1.

— 9:(p(P0) Vo)V + 9 (p(Po) (Vo @ Vo))V
+ 5lpo)Emi0.((1 = (®0)*)+0. Mo (Vo @ ) - v
+ 3lpo]E dive(mi (1 — @) 4 (Vo @ VrMy)))
— 20.(n(®0)E(0.:V1 @ v)v) — 20.(n(Pe)E(VrVo)v)
— 6(0.90)’kv + 60.(0.9,0.90)v + 0. Pov = 0.
Integrating the above identity with respect to z gives after matching
[povolf(vo - v = V) — $[po] T divr(vo ® Vipe) — 2[nDve| v + [po]tv = ok .
Using (4.27) we can simplify the above identity to
—2[po]Em((Vrpo) - Vr)vo — 2[nDvol v + [po] Tv = ok . (4.32)

29



Remark 4.1 The interfacial stress balances (4.30) and (4.32) have a normal and a
tangential part. For (4.30) we obtain the classical conditions

where the last identity holds for all 7 € R? with 7 - v = 0 and hence states the
continuity of the tangential interfacial stress.
The interfacial stress balance (4.32) has the normal part

—sloolZimv - (Vrpo) - Vo) vo — 2v - [nDvo| v + [po] = = o
and the tangential part

—2lpoltmT - ((Vrpo) - Vr)vo — 27 - [nDvo|fv =0 for all tangential T,

i.e., in this case the stress [nDvo]Tv can be discontinuous also in tangential directions.

5 Free energy inequalities for the sharp interface
limit

The sharp interface limit is now given as follows. We search for a smoothly evolving
hypersurface I'" which for all ¢ > 0 separates €2 into open sets Q_(t) and 4 (¢) and
we look for functions v, p, w which are all defined for x € 2 and ¢ > 0. In the cases
I and IIT we seek in addition a chemical potential p which in case I is defined on
2 x (0,00) and for case III the potential u is defined on the interface I' only.

Assuming for g the form g(w) = w(logw — 1) we need to solve in the cases [I-1V
the system

pi(Ov +div(vev)) —nAv+Vp = 0,
divv = 0,
ow+v-Vw = KAw

in the bulk regions €2 and €2,. In case I the momentum balance has to be replaced
by

piOv + div (v ® (piv + 252mgVu)) — i Av + Vp =0 (5.1)
and in addition we need to solve
Ap =0
in the bulk. On the interface I' we require
vt = o0,

w

= = exp(B1 — Ba),

wq

V-v-v)uwt = —[KVw]f v
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where w; = w(x—) and wy = w(xz+). All other conditions depend on which of the
cases I-IV we consider.

Case I (m.(¢) = mg): In this case we require on the interface

—[2nDv]*v + plTv = ok, (5.2)
20v-v—=V) = my[Vu]t v, (5.3)
2u = ok — [w]t. (5.4

Here, it is remarkable that the condition (5.2) is not affected by the diffusional flux
and that the interface is not passively transported by the interface, i.e. v-v #V is
possible, compare Abels and Roger [4].

Cases I and IV :

—2nDv|t v+ pltv = ok,

YV = v-v,

i.e., in this case we recover a standard free boundary problem for the Navier-Stokes
system which in addition is coupled to the flow of a soluble species.

Case IIT (m.(p) = (1 — ¢?),):

¢

We require that

—2 [Pl (Vrp) - Ve)v = 2Dv]Tv + plfv = orv, (5.5)
2(v-v=YV) = mAru, (5.6)
2u = ok — [w]. (5.7)

In this case the diffusion of the two components is limited to the interfacial region.
In fact the well-known surface diffusion flow V = —Ark, see [29, 9, 15, 16], is in the
new model coupled to fluid flow. In this case we observe that the surface flux enters
the interfacial stress balance.

In all cases we require v = 0, Vw - v = 0 on 9€) and in case I we in addition
require Vy - v = 0 on 0€2. In order to derive a free energy inequality for the sharp
interface limit we need the following transport identities, for a proof see [10].

Lemma 5.1 (Transport identities). Let T' = (I'(t))>o with T'(t) C Q, for all t > 0,
be a smooth evolving hypersurface and let f be a quantity which is smooth for all
t >0 and x € Q\T'(t) and such that [f]* exists at T. Then it holds

d
— lds, = —/ KV ds, = —/ (kv) - (V) ds,
dt Jre) 0 0

%/Qfdx:/Q('?tfdx—/r(t)[f]f])dsx.
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We are now in a position to compute the dissipation rate and in conclusion derive
a free energy inequality.

Theorem 5.2 (Free energy inequality).
A sufficiently smooth solution of the sharp interface problem with I'(t) C 2, for
all t > 0, fulfills

i L[ G+ o)+ ) az e [ oas| - <0

provided the integrals are finite. Here p = py,pa and 3 = (1, B2 in the two phases.
The quantity D is given as

Case I : 'D:/QT]‘DVPd:L’—i-/K%|Vw’2d$+/mo|Vu‘2dx,
Q Q 0

Case I and IV D:/2n|DV|2dzp+/K%|Vw|2dx,
Q Q

Case III : D:/QU\DV\de+/Ki\Vw[de%—/ m|Vrpl|* ds, .
0 Q I(t)

Proof: Let us first discuss the terms which have to be treated in the same way
in all four cases. The total free energy of the soluble species fulfills (using g(w) =
wlogw — w)

d

% [ (atw) + puyae - /Q dyw(logw + B) d — /F lo(w) + BultV ds,

(t)
Since dyw + (v - V)w = KV - (wV logw), we obtain
/&tw(logw—i-ﬁ) de = /(1ogw+ﬂ)(—(V~V)w+KV'(leogw))dx
Q 0
= —/(V-V)(g(w)—kﬁw)d:v—/Kw|V10gw|2dm
0 0
—/ [(wlogw + Bw)KV logw]" - vds,
I(t)
= —/Kw|Vlogw|2da:—|—/ [g(w) + Bw|tv - vds,
0 T(t)
—/ [(logw + B)KVw] -vds,
I(t)
= —/Kw[VIogw[Qd:U—l—/ [g(w) + Bw|tv - vds,
0 ()

+ /p(t)(logw + 8V - v vl ds,
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where we used divv = 0 and the fact that Henry’s law implies the continuity of
logw + (. In addition we have

i adsz:—/ okVds, .
dt Jr r ()

We now give a proof for the cases I and III in detail and discuss the cases II and
IV afterwards.

Case I: We introduce the abbreviation J = — 2222 (p)V . For the kinetic
energy we compute, using a transport identity and (5.1)

d 2 2
— pM dx:/pv-ﬁtvdx—/ [,0]+ﬂ]/dsx
Q T(t)

dt Jo 2 -2
~ 2
= / v (—div(v® (pv +J) + 2ndiv Dv — Vp) dx — / [p]f%]}dsx.
Q I(t)
Using divv = 0 and divJ =0 in 04+ we obtain
v-div(ve (pv + J)) = LV|v? - (pv + J).
Integration by parts on 2, and 2_ now gives
4L Forviaes [ Bl tees v s
p——dr = 2n|Dv|* dx + sIVIE(p) S (v-v = V) + [J]T - v)ds,
dt Jo o 2 % ()

+ /F(t) v - ([pltv — [2nDv]Tv)ds,

= —/2n|DV|2dx+/ oKV - vds, .
Q (1)

where we used the stress balance (5.1), the interface conditions (5.2), (5.3) and the
fact that v is continuous.

We compute using integration by parts, (5.3) and Ap = 0 in the bulk

/ 2(v-v—=V)uds, = mop[Vult - vds, (5.8)
(1) r(t)

= —/V'(,umov,u)dx:—/molv,ufdx.
Q Q

Altogether we obtain using the generalized Gibbs—Thomson law (5.4) and the
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fact that g(w) 4+ fw — (logw + B)w = —w

d v[®
— p— + g(w) + pw | dx + ods, (5.9)
dt Q 2 I(t)
= —/2n!DV]2dx—/K%|Vw|2dx
Q Q
+/ (v-v—=V)(ok — [w]')ds,
r(t)
= —/2n]DV|2dx—/K%|Vw|2dx—/mo|v,u|2dx.
Q Q Q

Case III: Using (5.5), (5.6), (5.7), setting Jp = P2V and using the divergence
theorem on manifolds we compute

— [ p—dz = — / 2n|Dv|*dx +/ VPl (v v = V)ds,
Q I(t)
[ vt - Vs,
L)
= — / 2n|Dv|*dx
Q
+/ v ([pl*v — 2nDv]tv — svdivy Jr)ds,
(1)
= — / 2n|Dv|*dx +/ v ([p]tv — [2nDv]*v + (Jr - Vi)v)ds,
Q I(t)

= —/2n|DV|2d:z:+/ oKV - vds, .
Q I(t)

We now obtain

d P2 /
— = d ds,
= [/Q(QM +g(w) + Buw) do+ 7 s]
= —/27}|DV|2dx—/K%\Vw|2dx
Q Q
+/ (v-v—=V)(ok — [w]T)ds,
(1)
= —/27]|DV|2dx—/Ki\Vw|2dx+/ m(Arp)pds, .
Q Q T(t)

Applying the divergence theorem on manifolds for the last term now gives the result
in case III.

In the cases II and IV we have V = v - v and the calculations simplify. In par-
ticular we do not need to treat the term fr(t) (v-v —V)2uds, and diffusion plays no
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role for the fluid flow. [

Remark 5.3 Using formal asymptotic expansions one can also derive a sharp inter-
face limit for the non frame invariant model (2.38)-(2.41). In this case the flux term
involving the gradient of the chemical potential Vi does not enter the momentum
balance law (5.1). The interface law (5.2) has to be replaced by

plTv(v-v =V) - 2nDv] v + [p|tv = orv

and the summand involving Vrp in (5.5) drops out. In addition the generalized
Gibbs-Thomson laws (5.4) and (5.7) now contain an additional term involving the
velocity and are given as follows

I*

20 = o — 4|y (6] fw

We also remark that the free energy inequality in Theorem 5.2 also holds in this case.
We refer to [3] for details.

Appendix

We use the notation of Section 4.3 and prove the identities (4.9), 4.10) and (4.11).
Let (s1,...,84-1) € U and G5(s, z) = 7(s) + ezv(s), where here and in what follows
we omit the t-dependence. Then

05,y +€205,v,...,0s, v +€205, ,V, €V

is a basis of R? locally around I'. We define the metric tensor in the new coordinates
as follows

9i; = (0s,y+e20,v)- (05, y +e205,v) i,j=1,...,d—1,
Gia = Gai= (05,7 +ez0,v)-ev=0 i=1,...,d—1,

Gag = €V -ev =&’

where we used that J,,v - v = 19, |v|* = 0. We set

and hence
0 0
g&z = gAaz ) (gEZ)_l = <g52)_1
0 0
0---0 g2 0---0 &2
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Denoting by s4 the z-variable we have for a scalar function b(¢, z) = b(t, s(t, z), z(t, z))

d d—1
Vb o= S g90,b0,G5 =Y ¢90,b0,,G5 + %0.00.G:
i,j=1 4j=1

= Vr.b+10.bv

where we used the fact that g;g = 0 for i = 1,...,d — 1. Here Vy_b is the surface
gradient Vp_bjr_ on I'., := {v(s) + ezv(s) | s € U}. In addition we compute for a

vector quantity j(t,z) = j(¢, s(t, ), z(t, z))

d d—1
div.j = Y 9703 0,65 =) ¢"0.3 0,G5 + 50:) - ev
i,j=1 ,j=1

= dinszj + %azj ‘v,

(5.10)

where divrszj is the divergence on I'.,. We remark that Vrszi)ﬂ/ =0, as v is normal

to I'.,. We hence obtain

~

8Z(Vp5zb : I/) =0

and

~

0.(Vr b)) - v+Vr_b-0,v=0.

Since 0,v = 0, we get

~

(ELVpazb) -v=0.
We now compute

Ab = divy(V,b) = div,(Vr b+ 18.bv)
= divr..(Vr..b) + 1(Vr..0.b) - v

+§aziavrgz v+ %((%Vpszl;) v+ 5%82213 v+ E%ajyazu ‘v,

Because of (Vp_d.b) -v =0, (0.Vr.b)-v =0, v = V,d, (5.10) and d.v =

obtain
Agb=Ar b+ 1(A,d)0.b + 50..b.

Introducing g., = det G., we get

d—1
~ 1 . ~
Arezb = g Z 881'(\/ gEngjaS]'b) .
ez ij=1

Since
gij = 05,7 - O,y + hot., i, 5=1,...,d—1,
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we derive

Vr..b(s,z) = Vrb(s,z)+ hot.,
divy__j(s,z) = divrj(s,z) + h.o.t.,
Ar_b(s,z) = Arb(s,z)+ h.o.t.

where V., divr and Ar are computed on I'., with the metric tensor Gy. From Gilbarg
and Trudinger [22] (Lemma 14.17) we get (denoting by ; the principal curvatures)

d—1 d—1

Ayd = 1:261:121_%2:—2@ Zsm+ h.o.t.

i=1
= —k—¢ez|S]*+ h.o.t.,

where £ is the mean curvature and |S| is the spectral norm of the Weingarten map S.

Hence we obtain

A,b = Apb — %(/@ + €z|8|2)0ZlA) + 6%0228 + h.o.t..
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