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Introduction

One main problem in arithmetic geometry is the computation of the étale funda-
mental group m1(X,T) of a scheme X, classifying its finite étale covers. Because this
problem is too hard to solve, in class field theory one restricts to the comparison of
the abelianized fundamental group 73"(X), classifying finite abelian étale covers of
X, with a suitable so-called class group Cx, like in the classical case of a local or
global field. The class group usually is linked to more local data and is supposed
to be more easy to handle. The comparison is done via a homomorphism

pX : CX - W?b(X%

which is called reciprocity map. In the best case p* would be an isomorphism. But
in general this is not true. So the main task of class field theory will be to determine
the cokernel and the kernel of p¥.

In this thesis we will consider class field theory for higher dimensional varieties
X over local fields K following the ideas of S. Bloch, K. Kato, S. Saito and U.
Jannsen (cf. |[Blo81], [KS83]|, [Sai85a], [JS03]). In this setting the class group for a
proper variety is given by

SK1(X) := coker <E|—> K2(/*€(’y)) KA (_B l{(x)x> :

yEXl $€X0

where ¢ is induced by the boundary maps coming from algebraic K-theory and
where X, is the set of a-dimensional points. The reciprocity map

P SKi(X) — miP(X)

then is defined to be the sum of local reciprocity maps p, : k(x)* — Galf(’x) —
72 (X)), which for proper varieties factors through SK; (X).

The main strategy to understand the reciprocity map p* of a smooth proper vari-
ety X over alocal field K is to find a suitable model X for X over the corresponding
ring of integers and relate it to the reciprocity map

o CHy(Y) = 7*(Y)

of its reduction Y = X, leading to higher dimensional class field theory over finite
fields k, which is well understood, but only for smooth and proper varieties (cf.
[Lan56|, [Blo81), [KS83|, [KS09]): For a smooth and proper variety Y over a finite
field k the map p" is injective with dense image. Assuming resolution of singular-
ities, there exists a flat, proper and regular model X for X whose reduced special
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fibre is a simple normal crossing variety (cf. [CJS09|, [II09]), i.e. a variety whose
irreducible components are smooth and intersect nicely, but which in general will
not be smooth. So even if we assume that such a resolution exists, one has to deal
with the reciprocity map of simple normal crossing varieties over finite fields. The
cokernel and kernel of p¥ then are controlled by the first and second weight homol-
ogy groups associated to the dual complex I'y of Y, which only carries information
about how the irreducible components of Y intersect with each other.

Given such a model from above, the relation between the generic and special fibre
is then given via a generalized Hasse principle for the model X, which was proven
by U. Jannsen, S. Saito and M. Kerz (cf. [JS03|, [KS10]) and which is formulated
in terms of Kato homology groups HE associated to the étale homology theory H
and solving Kato’s conjectures. More precisely, the étale homology theory over the
valuation ring A of a local field K with Z/n-coefficients, n not divisible by the
residue field characteristic p, induces a niveau spectral sequence

E! (X)= @ H *(k(x), Z/n(r — 1)) = H,4(X,Z/n),

xeX,

for every proper scheme X over A and its fibres. The corresponding 5-term se-
quences of the model X, the variety X and its reduction Y then lie in an exact
sequence. The occurring groups can be identified with modulo n versions of all the
appearing groups from above including Kato homology groups, which then take
control over the cokernels and kernels of the reciprocity maps. These identifica-
tions use the duality theorem for étale homology theory, coming from Artin-Verdier
duality together with duality theorems for Galois cohomology of the ground fields,
and the lower Galois symbol isomorphisms, which come from Kummer theory and
[IMS83], and which are part of the now proven Bloch-Kato conjecture (cf. [VoelOb],
[VoelOal, [SJ06], [HWQ9]). Then the Hasse principle states that the Kato homol-
ogy groups of the model X vanish and therefore induces isomorphisms between the
Kato homology groups of the variety X and its reduction Y. Altogether, we get
the commutative diagram of exact sequences

HE (X, Z/n) — SK; (X) fn —2m 73(X) fn — HE (Y, Z,/n) —= 0,

! 2
S
HY (Y, Z/n) — CHy(Y)/n —— m?*(Y) /n — H{* (Y, Z/n) — 0.
And there is also an isomorphism between HX (Y, Z/n) and the corresponding weight
homology groups H,(T'y,Z/n) of T'y. So in the modulo n version the first and sec-

ond weight homology of the dual complex of Y control the cokernel and kernel of
the reciprocity map pX of X.
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Since the topological cokernel of the reciprocity map coker p* can be identified
with 722 (X)) the quotient of m3*(X) classifying the abelian coverings in which
every closed point of X is completely decomposed, and which easily is computed
(cf. [JSO3| Lem. 5.4) to be the first weight homology group of I'y in the setting
from above, the whole problem will be to analyse the kernel of the reciprocity map.

The main result in this thesis concerning the kernel of the reciprocity map ker p~
is the following

Theorem. Let X be a smooth and proper variety over a local field K and let I be
a set of prime numbers not containing the residue characteristic p = char(k). Then
the kernel of the reciprocity map ker pX is the direct sum of a finite group and a
LL-dwwvisible group.

If char(K) = 0, X is projective over K and has a model X like above and which
satisfies the Hasse principle for Q,/Z,-coefficients, then p can also be included into
L. The theorem is a higher dimensional generalisation of an analogous result for
curves by S. Saito (cf. [Sai8ba], [Yos03]) and for surfaces by S. Saito and U. Jannsen
(cf. [JSO3]).

The techniques for the determination of the structure of ker pX are the follow-

ing. Using Gabber’s refinement of de Jong’s alteration theorem (cf. [I1109], [dJ96])
one can restrict to smooth, projective and geometrically irreducible X with strict
semi-stable reduction Y. Reducing to the case of a curve (cf. [Sai85a], [Yos03]),
one can show that the kernel V(X)) of the norm map SK;(X) — K* is a direct sum
of a torsion group and a divisible group. Since ker p*X is a subgroup of V(X) with
a finite index by the structure theorem of the geometric part 78°(X) of m3P(X)
(cf. [Yos03]) for such X, one deduces that ker p* also is the direct sum of a torsion
group and a divisible group.
Because 72(X) and coker p* can be shown to have only a finite torsion subgroup,
we get that for any set of prime numbers L the L-completion of ker p* coincides
with the kernel of pi* which is the induced map from the L-completed groups
SK(X)1, — 7 (X)1. Now one can prove inductively, reducing to the known case
of a surface (cf. [JS03]) by finding a good divisor Z < X, that for almost all primes
¢ € L the ¢-completed group ker pﬁ} lies in the image of V(Z), which is ¢-divisible
for such ¢, and therefore vanishes. By this argument we can assume that w.l.o.g. L
is a finite set of primes. Now using the deep result that the second weight homol-
ogy group Hy(T'y,Z) ® Zy,, which is a finitely generated Zj-module, surjects onto
ker pr, the latter group has only a finite torsion subgroup for finite sets L. Since
(ker p*). = ker p and ker p* is torsion plus divisible, it must follow that ker p*
already is the direct sum of a finite group and a IL-divisible group.



This thesis is divided into three chapters. In the first chapter we will discuss
class field theory for varieties Y over finite fields k. We will recapitulate the main
definitions like Chow groups, the reciprocity map, the dual complex and quote
the theorem about the injectivity of the reciprocity map for smooth and proper
varieties. Using this theorem and an algebraic Seifert-van-Kampen theorem [Sti06]
we will be able to give a description of the kernel and cokernel of the reciprocity
map for simple normal crossing varieties Y in terms of weight homology groups
H,(Ty, Z) of the dual complex I'y in a new way and as a homology group of the
complex 7P (Yl*]) filled with descent data. This enables us to give criteria for the
injectivity of the reciprocity map p* . The main results in this thesis about simple
normal crossing varieties over finite fields is summarized in the following

Theorem. LetY = |2, Y; be a proper simple normal crossing variety over a finite
field k with its irreducible components Y; <— Y. Let

Y= T Yy Vi xyv.oxy Y

1k
10<t]<-<tp

be the disjoint union of the k-fold intersections, k = 0, and I'y be the corresponding
dual complex. Consider the complex

a . d a d a a
wb(ylly . s pab(ylily S gaby 0]y S0, gabyny

with dy, ==Y (—1)7(6%),..
1. The cokernel and kernel of the reciprocity map
P CHY(Y) — m2(Y)
then are given by

Ho (m3(
HU (W%b(y[.]))a

=
2.
®
~~
N>
~
N
—
3
2.
=

coker p¥
ker p¥’

eI

where the last group is finite.

2. There also is an exact sequence
A Y A A
Hy(Ty, Z) — CHy(Y) 2= 72> (Y) — (2/Z)™Y) @ H,(T'y, Z) — 0.

3. If, furthermore, every component of Y1 and Y1 is geometrically connected
over k and CHo(Y%) is torsion-free, then p¥ is injective.
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The last point gives a new criterion for the injectivity of the reciprocity map for
simple normal crossing varieties which does not use the second weight homology
group Hy(Ty, Z).

The second chapter is about homology theories following [JS03|. There we will
collect all ingredients like the niveau spectral sequences, étale homology theory and
the connection between the fibres of a scheme over a discrete valuation ring, we will
use in the last chapter. Some homology groups can be related to each other using
Kato’s conjecture about the generalized Hasse principle.

In the third chapter we will do class field theory for varieties X over local fields
K. By studying the 5-term sequences of the niveau spectral sequences associated
to the étale homology theory, we will be able to deduce the modulo n results
for the reciprocity map of varieties over local fields like in [JS03], by identifying
the occurring groups with the given ones and relate them to the corresponding
groups of the reduction. Therefore we will use duality theorems and some cases
of the Bloch-Kato-conjecture. After an excursion over abelian groups and some
quotations of some necessary theorems, we will be able to dispose ourselves from
the Z/n-coefficients. The main theorem then can be stated and proven. In the last
section we will discuss, if it is probable that the kernel ker p2X of the reciprocity
map modulo n injects into the corresponding kernel ker pY of the reduction. We
will give a criterion for the failing of this by computing the orders of homology
groups coming from higher terms of the niveau spectral sequence.
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1 Class field theory over finite

fields

The main goal of this chapter is to extend the results of class field theory of smooth
proper varieties over finite fields to proper simple normal crossing varieties over
finite fields. This could be done via the study of homology theories like in the
next chapter (cf. [JS03]), or alternatively by using a general Seifert-van-Kampen
theorem. We will take the second method, for which one directly can see where the
kernel and cokernel of the reciprocity map comes from. Also there are no problems
with the characteristic of the field.

1.1 The dual complex

In this section, we will introduce the dual complex of a variety. It only contains the
information of how the components of a variety meet each other. The homology
groups of the dual complex play a key role in describing the kernel and cokernel of
the reciprocity map in the next sections.

Definition 1.1.1 (The dual complex). Let (I,<) be an totally ordered set. Let
Y = U, Yi be a locally noetherian scheme with closed subschemes Y; — Y. For

k=0 we put
Y[k] = L[ }/;;07/L'1,---7ik‘

10<i1<<---<lip

as the disjoint union of

Yioin e 1= Yip Xy Ys, Xy ... Xy Y5,

the k-fold scheme-theoretic intersection of the Y; and Y"1 =Y.
For instance we have

YO -T]v,, and YW= ] VY.

g€l ig<i1€l

For every interger k = 1 there are k + 1 morphisms

oF . Yy Lyl e j =0,k

J



1 Class field theory over finite fields

given by the closed immersions

k. )
6] : }/'iO ----- 1k Y;o ..... Tjyenny g7
where the index i; € I is omitted on the right side. For j =0,...,k we get induced

maps:
&‘f : (YT - g (v

on the connected components. Notice that we also have a canonical map h = &) :
YO -y = VI and correspondig induced maps.

Therefore T := (mo(Y1*]),(83);) is a simplicial complex, called the dual complex to
(K (Y;)idv (Iv <))

Remark 1.1.2. 1. Notice that the indices are shifted by one in comparison to
other papers like [IS03] or [Sat05)].

2. If we only considere the vertices I'y, the edges I'y and the faces Iy of the
simplicial complex I', then we have a undirected graph in the sense of graph
theory.

3. If we assume that all the Y; are connected, then all edges between two vertices
Yi, andY;, are given by mo(Y;, Nn'Y;,) and the faces spanned by three vertices
Yi,, Yi, and Y, are given by mo(Yi, 0 Y;, nY,,).

0’

Definition 1.1.3 (Simplicial homology groups). Let ' be simplicial complez (e.g.
like the one in m For an abelian group A we get a complex

CT,A): .. -2 AT B g B, g0 D0, g

with dy, = Z?ZO(—l)j ﬁf. Therefore we get simplicial homology groups
Hk(F, A) = ker(dk)/lm(dkH)
In the setting of |1.1.1], this complex is

C(T,A): ... —Bo AmoM) 2 gmoyt) A g(mo(vl%h)

Notice that AT ™) g placed in degree k.

Definition 1.1.4 (Maximal subtree of a complex). Let I" be a connected simplicial
compler. A maximal subtree T of I' is a connected and simple undirected subgraph
of I with the same vertices as ', but without any cycles, i.e.:

T, = & foreveryi = 2,
T, = Ty forevery: <0

and #7141 is minimal with the connectivity property. (If #Lq is finite, then #17 =
#Go—1.)



1.1 The dual complex

Lemma 1.1.5. Let I be a connected simplicial complex and T a maximal subtree
of I'. For every abelian group A considere the vertical exact sequence of complezes:

C(T, A) - ST S SOy . TG DL TG O

O, A): .. M AT B g@s) B2 g D o) D
o

O, T;A): .. M A B g 2y D g D

where AN\ .= ATD /AT - We then have:
e d) is injective and Hy (T, A) = 0.
e kerd, = kerd,.
o (T, A) = H,(T, A) for i <0.
e H,(I') A) = H,(I', T; A) fori > 1.

Proof. The first point follows from the condition on 7} in[1.1.4} The second follows
from the first with do = pods from the commutative diagramm of exact sequences:

0 — ker dy — ker dy ker p coker do
T
A(To) ATo)

Therefore ker p injects into coker dy and the sequence splits off an isomorphism on
the left. And the rest then follows from the long exact sequence. O

Lemma 1.1.6 (The connected components). Let Y = | ;Y. be a noetherian

scheme which is covered by a finite number of closed subschemes Y, €Y and let T’
be the dual complex to (Y, (Y:)ier, (I,<)). Then we have:

1. IfY is connected, then for every pair of indices (v,v") there is a finite sequence
of indices v = vg, . ..,v, =v" such that

Yo, 0 Yo, # @
forevery 7 =0,...,7r—1. In particular, the dual complex I" is also connected.

2. If every Y, is connected, then'Y is connected if and only if the above condition
holds.



1 Class field theory over finite fields

3. If every Y, is connected (and Y may not be connected), then there is a canon-
tcal isomorphism

AT ~ Fy (T, A) £ A7)
for every abelian group A.

Proof. 1If the Y, are exactly the irreducible components of Y the second point can
be found in [Liu02| §2.4 Ex. 4.4. The statements then can be deduced from this,
since every closed subset must intersect some irreducible component of Y and every
irreducible component must lie in at least one of the Y,,.

O

1.2 An algebraic Seifert-van-Kampen theorem

Here we will cite an algebraic version of the Seifert-van-Kampen theorem. It allows
us to compute the fundamental group of a variety out of the fundamental groups of
its irreducible components and their multiple intersections. In particular, we can
describe the abelianized fundamental group of that variety. Unfortunately, there is
a lack of information, which can be controlled by the homology groups of the dual
complex.

Theorem 1.2.1 (Algebraic Seifert-van-Kampen Theorem). Let (I, <) be a finite
and totally ordered set and Y = J,; Yy be a locally noetherian and connected
scheme with closed and connected subschemes Y, < Y. Let h: YO =] Y, —
Y be the canonical map.

Let 3 be a geometric point of Y and for every k = 0,1,2 and every t € mo(YF)
let 5(t) be a geometric point of t. Let T' be the dual complex to (Y, (Y:)ier, (I, <)).
Fiz a mazimal subtree T of T' and for every boundary map 0 : t — t' in I'<y let
Yo o S(t') v T(0)5(t) be a fized path in the sense of algebraic paths between base
points, i.e. a fived isomorphism between the corresponding fibre functors. Then
canonically with respect to all these choices we have an isomorphism

m(Y,3) = ((Jf]ﬁ(nﬁ(v))) *ﬁl(F,T)>/H,

where H is the closed normal subgroup generated by the cocycle and edge relations:
edg(e,ge) = - m(d)(ge) - (€)' -m(01)(9.) 7",
coc(f) = (62f) o) @ F) - bl @ alf el

for all parameter values e € T'1, g. € m1(e,3(e)) and f € T'y. € is defined to be the
corresponing topological generators of the pro-finite group

#(0T) = (% 2)/(d |deT)= % L

eel; eEF1\T1



1.2 An algebraic Seifert-van-Kampen theorem

The map ,(6}) uses the fized path Vs!(e),e- And finally agjf,z is defined using the i-th
vertex v = v;(f) € L'y of f and the edge e = e;;(f) € I'y with vertices {v;(f),v;(f)} =
{05(e), d1(e)} as

f) . — -
AT = Yty enth) © Yessnr 1 © Gty s) ™t € m1(Yay, 5(v3)).

Proof. This is a special case of [Sti06] Corollary 5.4 noting that closed immersions
are monomorphisms ([Sti06] Definition 4.2) and using [Sti06] Theorem 5.2(1) to see
that h - a proper, surjective morphism of finite presentation - is a universal effective
descent morphism for finite étale covers ([Sti06] Definition 5.1). O]

Remark 1.2.2. If we replace the covering of closed subschemes (Y;)ier by a covering
of open subschemes, theorem[1.2.1] also holds. h is then faithfully flat (i.e. flat and
surjective) and of finite presentation and therefore a universal effective descent
morphism for finite étale covers by [Sti06] Theorem 5.2(2).

Corollary 1.2.3 (The abelianized fundamental group). Let the notations be as in
7.2.1. The abelianized fundamental group of Y is then given by

(V) = (v @ 7T, 7)) /1,

where we put:

) = @ w(2),

ZEﬂo(Y[k])
A, T) = (D2 | eT)
eel™
= P Z.
eel1\T1

And H is topologically generated by the relations
di(g)  and  coc(f) = B(f) + da(f),

where
do R S a(yD),

s
|
=

=2
—~~
)
O =
N—
~—~
=
N—
N
=
=3
—~
=
==
N—
~~
N—

d : @, Z — merr,
fom Xpng-(00f —if + ),

6 : (—Bfef‘g Z — ﬂ-zlib(Y[O])? P P
f o Xpng e (@ — Gk + Tl — G5 + T — Ag).

@ ¢ Dper, 2 — ) @A),
fom Xy (B0) + da()),



1 Class field theory over finite fields

writing all the abelian groups additively. Furthermore, for an abelian group A con-
sider the complex

Pyl e, A v e, 4 - v ®, A L 1Y) @y A
with homology groups H;(72* (Y1), A). We then have an isomorphism
Hy (T, A) = H_ (72> (YD), A) := coker(dy),

and a surjection

Ha(T, A) b Ho(r (V) A) = ker(dy)/ im(dy).

Proof. The first statement immediately follows from by abelianization. For
clarity in the description of the homology groups we suppress the terms ®zA in
every line. Now dj is the canonical map

do: (V) = 7i(v) = (@ (V) @ a3 (r, 7)) /1.
So we get
H_, (72 (VI)), A) = coker(dy)
= (mreestr, )/ (n o) + 1)
= (mr e @#tr, )/ () @im(d))
(720, 7))/im ()

~ H,(T,A).

lIe

The last isomorphism holds because T is a maximal subtree of I' with [I.1.5]
And we have

Hy (72> (YD), A) ker(dp)/im(d;)

— (ﬂ?b(Y[O]) N H)/im(dl).

Now consider the exact sequence
0= (7O A ) fim(dy) — H/im(dr) = (2 (V) + 7T) /i (v 1) = 0,

Because H = (im(d,),im(coc)) we have a surjection

coc: (D Z— H/im(dy).
Jel



1.3 Chow groups

And dy: @yer, 7. — 7T, T) factors through w:

A COC —

- DL H im(dy) S (7 () + H) () 2 A0, T).
fels

Therefore the restriction of coc to ker(dy), which by definition coincides with the
restriction of 5 to ker(dy), induces a well-defined and surjective map

B =00 ker(dy) — (ﬁb(yﬂ)]) A ﬁ) Jim(ds).
Because T is a maximal subtree of I', we have ker dy = ker dy by And

B¢ @per,Z — (Y1),
Sy f e ey (@ — @+ T — @ A — ag),
vanishes on the image of

Di- D1

Zel's fel“g

()

by defniniton of the @; ;i and alternating signs. Therefore we also get a surjection

Hay(T, A) — ker(dy)/ im(ds) —» Ho(m2(V1*)), A),

which finishes the proof.

1.3 Chow groups

Here we will recapitulate the definition and handling of the Chow groups of a
variety. The aim of class field theory over finite fields is to compute the abelianized
fundamental group out of the Chow group of zero-cycles of a variety over a finite
field via the reciprocity map, which will be done in the next section.

Definition 1.3.1 (Chow groups). Let X be a noetherian scheme. For every integer
J = we put
X; = {m e X | dim({z}) zj}

as the set of j-dimensional points of X. Furthermore, we define the Chow groups
to be

CH;(X) := coker( P sy — P Z) :

yGXjJrl xEXj



1 Class field theory over finite fields

Note that the maps are given by

£ 0, for z ¢ @,
v ordo@’z(fy), for x € {y}.

Therefore they are well-defined homomorphisms, since dim (’){fy}’x = 1 in the last
case.

Lemma 1.3.2 (Mayer-Vietoris sequence). Let X be a scheme of finite type over a
field k. If X1, X5 — X are closed subschemes with X = X7 u X, then for every
integer | = 0 there is an exact sequence:

(=+) i1y ti24

CH[(Xl M Xz) —_— CH[(Xl) (—B CH[(XQ) _— CH[(X) —0

Proof. See |[Ful98| Example 1.3.1 and 1.8.1. O

Lemma 1.3.3. Let X = |J,_, X, be a scheme of finite type over a field k with
closed subschemes is: Xy — X. Then for every | = 0 there is an exact sequence

(77+) T Zs Gs
Dicrejer CHI(X: 0 X)) — D, CHi(X,) = CH,(X) —0.

The signs of the left map fort < j are given by
CH,(X, n X;) ©F cHy(X,) @ CHY(X)),
i.e. the sequence
CH, (X 1)~ CH, (X101 —2» OH,(X) —= 0

15 exact with the notations of[1.1.1).
Proof. Consider

T

X=|Jx.= (GX) U (X u X)),

s=1

and
Xt M (Xr—l U XT) = (Xt M Xr—l) U (Xt M X,«)

For brevity we will write
H(Y):=CH/(Y) and X:,:=X;n X

and
H(X') :== PH(X,) and H(X"):= P H(X;nX;).

s=1 t<j<r—2



1.3 Chow groups

By induction on r and successive applications of Mayer-Vietoris sequences [1.3.2
we get a commutative diagramm of exact sequences:

HX") @ @ H(X, 10 X,) — 2 - H(X) ®H(X, ; U X,) —== H(X)
t<r—1 /_7
(id’Z)T (id,%) - /Z
HX" @ @ (H(Xy,-1) ®H(X,,) L HX) @ H(X,_)) @H(X,)
t<r—1 -7
/////(:Hr) (—+)
@ H(Xt,s) H(erl,r)
t<s<r
Therefore the dotted sequence is exact. O

Lemma 1.3.4 (Localisation-/excision-sequence). Let X be scheme of finite type
over a field k and Z a closed subscheme and U = X\Z the complement. Let
1: 7 — X and j: U — X be the inclusion maps. Then there is an eract sequence

CH,(Z) —*~ CH(X) = CH(U) —— 0
for every integer | = 0.
Proof. See [Ful98| Proposition 1.8. O

Definition 1.3.5. Let X be a proper k-scheme. Then there is a well-defined degree-
map:
deg : CHy(X) — Z,
2pnp- [Pl = Xpnp-[s(P): k],

given by the push-forward-map of the structure morphism p : X — Spec(k).

Theorem 1.3.6 (Bloch; Kato, Saito). Let X be a scheme of finite type over Z.
Then CHy(X) is a finitely generated abelian group.
If X is separated and connected, then there are two possibilities:

(1) If X is nonempty, proper and some prime number p is nilpotent on X, then
CHo(X) = Z@®T, where T is a finite group.

(i1) If X does not satisfy (i) then CHo(X) is finite.

Proof. See |Blo81] Theorem 4.2 and [KS86] Theorem 6.1 or [Ras95] for a summary.
[



1 Class field theory over finite fields

1.4 The reciprocity map over finite fields

In this section we will state the main results of class field theory over finite fields.
Firstly, we recapitulate the definition of the reciprocity map of proper varieties over
finite fields. Secondly, we cite the deep theorems concerning the injectivity of the
reciprocity map for smooth and proper varieties over finite fields. And in the end
of this section we will be able to give a description of the kernel and cokernel of
the reciprocity map of proper simple normal crossing varieties over finite fields in
terms of the homology groups of their dual complex using the algebraic Seifert-van-
Kampen-theorem. We also invent a criterion for the injectivity of the reciprocity
map which does not relay on the homology of the dual complex.

Definition 1.4.1 (The reciprocity map). Let Y be a scheme of finite type over Z
and TP(Y) = By rerov) 72 (Y") the abelianized étale fundamental group of Y. Let
y €Y be a closed point. Then the residue field k(y) is a finite field. Therefore we can
considere the image of the Frobenius automorphism ¢, € Gy = mi*(Spec(k(y)) in
72> (Y) via the push-forward of the natural map

iy © Spec(k(y)) — Y.
This mapping extends linearly to the group of zero-cycles of Y :
P (V)= DZy — miP(Y),

y€Y(0)

Zy Ny -y = Zy ny - (1y)«(Py)-
P’ is called the reciprocity map of Y.

Theorem 1.4.2 (Lang). Let Y be a normal integral separated scheme of finite type
over Z. The Frobenius elements then generate a dense subgroup in the toplogical
group w3*(Y)), i.e. the reciprocity map of zero-cycles

P Zo(Y) - mP(Y)
has dense image.

Proof. The proof uses zeta-functions. See [Sza09] Theorem 5.8.16 and [Mil80] Sec-
tion VI.12. O

Theorem 1.4.3. Let Y be a proper scheme over a finite field k. Then we have the
following statements:

1. The reciprocity map p' factors through rational equivalence to give a map from
the Chow group of zero-cycles

p: CHo(Y) — mi"(Y),

which is also called reciprocity map of Y.

10



1.4 The reciprocity map over finite fields

2. If Y 1is normal, then p has dense image.

3. If'Y is connected and smooth over k, then the cokernel of p is isomorphic to
Z)7 (given by the degree maps).

4. If Y is connected, smooth and projective over k, then p is injective.

Proof. See [1.4.2] [Blo81], [Lan56], [KS83] and [Ras95] §5 for a summary. Note for
3. that the assumption of geometrically connectedness can be weakend to connect-
edness by the Stein factorisation of Y — Spec(k) and [1.4.6] i.e. we can assume the
degree-maps to be surjective. O

Remark 1.4.4. The projectivity assumption in the last point of [I.4.3 can be weak-
end to properness. One way to do so, is using Wiesend’s class field theory (cf.
[Wie0b], [WieO7], [KS09], resp.) with the further assumption of a fibration over a
curve. Another proof was presented on the spring school in Mainz 2011 on "Higher
dimensional class field theory" by Tamds Szamuely, which we want to sketch:

Theorem 1.4.5. Let Y be a proper and smooth scheme over a finite field k. Then

the reciprocity map
p: CHo(Y) — 7i"(Y),

is injective and the cokernel of p is isomorphic to (Z)Z)™™), which is a uniquely
divisible group. Moreover, we have a commutative diagram of exact sequences

0 —— Ag(Y) ——= CHy(Y) —E- Zm0()

K A

0 — (V) ——mih(v) - 200,

where the restriction of the reciprocity map py induces an isomorphism of finite
geo

groups between the kernels of the degree maps Ao(Y) and 73*°(Y).

Proof presented by T. Szamuely. We only have to show that p is injective for a
connected such scheme. Let Z(i) := Z'(_, e)[—2i] be the motivic complex on the
Zariski site of Y defined in [Blo86]:

Z'U,q) = {W e Z"(U x A9) meeting all faces properly },

where
A7 := Spec (k:[to, et /Ot — 1)) .

Let m : Y — Yz be the canonical map between sites. For any prime ¢ we get
isomorphism by [SV00] and |[GLOI1]:

L) @ LI D L))

11



1 Class field theory over finite fields

and
Z(1) QL) > T<; R, 20" (i)

with a sophisticated truncation 7<; and the étale sheaf

®i
N for ¢ # char(k),
Z" (i) = { Wan/,log[_i] for ¢ = char(k),

where the last one is the logarithmic part of de Rham-Witt sheaves, cf. [III79]. The
exact triangle given by multiplication with ¢™:

7(i) -5 Z(i) — Z(i) @ Z/0" -2 Z(i)[1]
induces the surjection
HZ (Y, Z() @ Z/") — ¢ HZ (Y, Z(i)) = n CH'(Y)

and the commutative diagram

HZ (Y, Z() @ Z/67) o CH(Y)
HE, (Y, mes R, Z/00(0))

| .

H, (Y, R 2/0(3)
HE (Y, 20 (i) — == HE(Y, /0" (3),

where the vertical map on the right is the cycle class map and the bottom map is
the Bockstein map induced by the exact sequence

0— Z/l" — Z/f"”” — Z/0" — 0.

Putting + = d = dimY and taking the direct limit over all n on the left and the
inverse limit over all m on the right we get the commutative diagram

HY (Y, Z(d) @ Qu/Zy) CHY(Y)[{]

H N (Y, T<a R Qo) Zo(d))

Zar
l cl

HZ (Y, R Qu/Z4(d))

Zar

HZN (Y, Qu/Z(d))

HE(Y, Z(d)),

12



1.4 The reciprocity map over finite fields

The lower map is injective because it sits in the exact sequence
HE (Y, Qu(d)) — HEH(Y, Qu/Zo(d)) — HE(Y, Zo(d)),

where the first group vanishes by weight arguments.
We now study the kernel of the left vertical map. By the affine Lefschetz theorem
we have that H, (U, Rm,Qy/Z¢(d)) = H& (U, Qp/Z¢(d)) vanishes for all U < Y affine

Zar

together with a > d + 1. Therefore
Rm,Qu/Ze(d) = 0 for a>d+1.

So, if d > 2 then a :=2d — 1 > d + 1 and the line above holds.
For d < 2 considere the exact triangle

[+1]

ngR’]T*Qg/Zg(d)) I R?T*@g/Zg(d)) — Rd+1ﬂ*@g/Zg(d))[—d + 1] —>
leading to the exact sequence extending the left vertical map of the diagram:

Hy 3(Y, R m,Qq/Ze(d))) — H3L (Y, 7<aRmQu/Zy(d)) — HZT (Y, Qu/Zy(d)).

Zar

Now, the first group can be identified with the third homology group of the Kato
complex, which vanishes by a dimension argument for d < 2.
Therefore, in all cases we see, that the class map is an injection

CH(Y)[(] — H*(Y, Z(d))

and by Poincaré duality [Mil80] VI.11.1 for ¢ # char(k)) and [JSS09|, [Mos99],
[Mil86], resp., for £ = char(k), this map can identified with the reciprocity map

CHo(Y)[£] — m*(Y)(0).
So we get the desired results. O

Lemma 1.4.6. 1. Let f:Y — Spec(k) be a normal scheme which is separated,
of finite type and geometrically connected over a finite field k. The degree
map

deg : Zo(Y) — Z,
ZyGYO ay Yy = ZyGYU ay ’ [K(y) : k]

15 then surjective.

2. LetY = |J,o; Yo be a connected scheme which is proper over a finite field k
such that'Y, are closed normal connected subschemes of Y. Let k, := Oy, (Y,).
The image of the degree map CHo(Y') — CHy(k) = Z is then given by

im deg = ged([k, : k]) - Z.

vel

13



1 Class field theory over finite fields

Proof. 1. Consider the commutative diagram

Zo(Y) L= wib(Y)

where Gy = Z and f, is surjective by [Sza09] Prop. 5.5.4 because Y is
geometrically connected. Now let n be the natural number given by nZ =
imdeg. By p' has dense image and therefore f, o p’, too. But nZ is only
dense in Z if and only if n = 1.

2. By the Stein factorisation every Y, is geometrically connected over the finite
field k,. Now consider the commutative diagram

@Drer CHo(Yy) —= CHo(Y)
Do deg, deg

@ve[ CHO(kv) - CHU(k)7

where @, deg, is surjective by the first point and the bottom map is compo-
nentwise on 7 given by multiplying with the degrees [k, : k] and summing
up. So the image of deg equals the image of the bottom map, which is
gedyer([ko < K) - Z.

O

Proposition 1.4.7. Let Y = | Y, be a proper scheme over a finite field k
with closed and connected subschemes Y, < Y which are smooth over k such that
Y., Xy Y., are also smooth over k for all vo,v; € I. Let n be an arbitrary integer
and consider the complex

a L) a d a d a
a0 VI E— LT} U D TG L Y a0 AV

with dy 1= 25:0(—1)j((5§?)*. Then the kernel and the cokernel of the reciprocity map
modulo n
pn: CHo(Y)/n — 72 (Y)/n
are given by the homology groups of 72 (Y1) /n:
Ho(mi" (Y1) /n),
Hoa(mi (V) /).

Furthermore, we have an exact sequence of finite abelian groups:

ker p,,
coker p,,

~
~

Hy(T, Z/n) — CHy(Y) /n —72*(Y) /n —H, (T, Z/n) — 0,
where T is the dual complex to (Y, (Y:)ier, (I, <)).

14



1.4 The reciprocity map over finite fields

Proof. We have a commutative diagramm of complexes

CHo(Y1)/n e CHo (Y1) /0~ CHY (V) /1 —— 0

szh llp% lﬂn

o (YD) fn — 2 732 (YIO) fp L b (Y)

where the first row is exact by [L.3.3]and the two first vertical maps are 1som0rphlsms
by | since VI and YU are smooth and proper by assumption and (Z/Z)™ ")
is d1v181ble. By the isomorphisms p? and pl we have coker(d;) =~ CHy(Y)/n and

dy : coker(dy) — m°(Y)/n
coincide with p,. Therefore we get
ker(pn) = ker(dy) = Ho(z2* (V) /n)

and _
coker(py,) = coker(dy) = H_1 (72> (YI*l)/n).

And the statement now follows from the abelianized Seifert-Van-Kampen theorem
1.2.3| with A =Z/n:

Ho (w3 (YT) /n) Hy(T, Z/n)
H_ (7*(YPl)/n) « Hy(T,Z/n).

lle

Remark 1.4.8. 1. The proof of|[1.4.71 and|1.2.5 show that we have

ker p,, = im(ﬁ‘ : kerdy — (Wfb(Y[O])/n)/im dl).

2. Therefore a non-vanishing of 8| results in a non-trivial kernel of the reciprocity
map modulo n.

3. If we could choose the geometric points of [1.2.1| such that the paths v, v gen-

erate trivial al(]f,z for all parameters, then we get a vanishing 3 and therefore
a trivial kernel of the reciprocity map modulo n for every integer n.

Notation 1.4.9. For an abelian group A and a set of primes IL let N(LL) be the
monoid of all natural numbers which have prime divisiors only in .. We define A

to be the IL-completion
Ap := lim A/n,
neN(ILL)

15



1 Class field theory over finite fields

and A to be

~

A:=1limA/n
neN

the Z—completion.

Theorem 1.4.10 (The reciprocity map and its L-completion). Let L be a set of
prime numbers and let Y = |J,c; Yo be a proper scheme over a finite field k with a
finite number of closed and connected subschemes Y, < Y which are smooth over
k such that Y,, xy Y,, are also smooth over k for all vo,vy € I. Let I" be the dual
complex to (Y, (Y:)ier, (I,<)). Consider the complex

a o d a d a d a
7T1b(Y[ ])JL o P (Y ), = P (Y, = (V)

with dy, = Z?ZO(—l)j((Sf)* and the reciprocity maps

p = CHo(Y) — 7"(Y),
po o AoY) — (),
PL CHO(Y)]L — ﬂ%b(Y)[L,

~

p o CHo(Y) — mb(Y) = x(Y),

where Ag(Y') and 7$°°(Y') are the kernels of the corresponding degree maps.

1. Then the kernel of py, is a finite abelian group and a factorgroup of Ho(T', Zy,)
and 1s given by:
kerpy = Ho(x{(YII)L).

The cokernel of pr, is given by:
coker pp = H_;(m*(Y[)) = H(I,Zy).
Therefore, we have an exact sequence of finitely generated Zy,-modules:
Hy (T, Zy) — CHo(Y), > mP (V) —=H, (T, Zp) — 0.
2. For every set of primes I with #Ao(Y) € N(L) we have:
kerpp = kerpy = kerp = kerp = Hy(mP(YI)).

3. The cokernels of p and p are given by:

Hoy(eiP(YD) = H(T,2),
(/7)) @ H(T,Z7).

coker p

e 1

coker p

Therefore, we have an exact sequence of abelian groups:

H,y(T, Z) — CHy(Y) —2> 722(Y) — (Z/Z)™™) @ Hy(T', Z) — 0,

16



1.4 The reciprocity map over finite fields

Proof. For the LL-completion we have the analogue results from by taking the
inverse limit with the additional information that for a finitely generated abelian
group A we have Ay, = A ®gz Zy,, so that the universal coefficent theorem

0—H;(T",Z) ®z Zy, — H(T, Zy.) — Tor”(H;_,(T, Z), Zr.) — 0,

gives that H;(T',Zy) = H;(T',Z)L, because Zj, is torsionfree and therefore we get
Tor?(H; 1(I',Z),Z1) = 0. kerpy, is finite because it lies in the kernel of the de-
gree map (see diagram below), which is finite by [1.3.6] With we have the

commuative and exact diagramm

0—— kerqpo —_— kerq P 0 7mo(Y)
/ Fncl
0 ——= Ag(Y) —— CHy(Y) — 5 imdeg ————0 Fro(¥)

PO P /
deg’

0 —— 1Y) —— 72>(Y) imdeg 0

0 —— coker pg —— coker p——= Py (v) Z/myZ —0,

where my := gedy, o ([ky : kw]) and k, := Oy, (Y,) and ky := Ow (W).

Taking the Z—completion of this diagram, we see that the two middle horizontal
lines stay exact and that ker py = ker p. Note that Ag(Y) and 7§ (Y") are profinite
groups and do not change under Z—completion, i.e. we have py = po. Comparing
with the original bottom line sequence we get a commutative diagram of exact

sequences

0 kel; f keg\ g 0

|

0 —— coker pg —— coker p —— By vy Z/myZ —0

f g

~

0 —— coker pg —— coker p —— Dy (v) Z)my Z — 0,

from which follows that f is surjective, ker f = kerg = (Z/Z)™), which is a
divisible group. We therefore get an isomorphism

coker p = (Z/Z)™) @ coker p.

17



1 Class field theory over finite fields

Now let m € N(IL) be an integer with m - Ag(Y) = 0 and m - 75 (Y )L-tors = 0,

which exists by assumption and since 75°(Y") is finitely generated abelian pro-finite

group. po then factors as
po: Ao(Y) — T (Y )Ltors = (V).
Since 75 (Y)/mE°(Y )L tors is L-torsionfree and m € N(IL) we get an injection
T (Y )Letors/m = 7™ (V) /m,
and therefore a factorisation modulo m:
pom = Ao(Y)/m — T (Y )sors/m — 7 (Y) /m.
Because Ag(Y)/m = Ap(Y) and 75°°(Y)Ltors/m = 75 (Y )Ltors We have
ker po., = ker py = ker p.
Now taking the limit over N(IL) shows
ker pp, = ker pg = ker p

for such sets I and also for the set of all prime numbers, which gives the results for
p- 0

Corollary 1.4.11. Let the settmg be like in|1.4/.10} Furthermore, assume that all
components of Y, Y and YO are geometrically connected over k and Y1 consists
i a way of "geometrically simply connected” components, i.e.

w5 (V1) = ker (i (V1) 25 GO 2 7700

vanishes. (Note, that this assumption by and 18 equivalent to say that
CHO(Y[O]) is torsion-free.) The kernel of the reciprocity map then vanishes and also
modulo n for every integer n.

Proof. We have a commutative diagram of complexes:

i (YH) — 2 (Y1) —7f*(Y)

|
it (V) —— i (V) —— i (Y)

ldeg Ldeg Ldeg

GWO(YD] ) « G7r0 (Y[O] ) Grro Y) .

k k k
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By the assumption of geometrical connectedness the degree maps are surjective.
Therefore we have a short exact sequence of complexes:

0 —— 73 (Yl) —= meb(Y]) — GZO(Y[.]) —0.

And because G = Z is torsionfree, we get short exact sequences of complexes for
every integer n:

0 — w2 (V1) e 7 (Y ) s — (Z/m) D — .
From the long exact sequence follows the exact sequence:
Ho (w5 (Y1) /n) —Ho (m (YI) /n) —Ho((Z/n) "),

where the first term vanishes by assumption. For the last term we mention that we

have R K )
coker a = Ho(I', Z) = 7™M 5 zmo¥)

by The isomorphism above also holds with Z/n-coefficients. Therefore we
have Hy((Z/n)™®"™)) = 0. So Ho(m2>(Y*)/n) vanishes. By [1.4.7] the last term is
isomorphic to ker p,,. So the claim follows. The same way shows that kerp = 0. [

1.5 Examples

Here we will give examples of varieties over finite fields, for which we are able to
compute the kernel of the reciprocity map explicitly. We will see that by knowing
the kernel of the reciprocity map, we can not make easy conclusions to the second
homology group of the dual complex, e.g. about vanishing or the size of its torsion
parts.

Example 1.5.1. Let k be a finite field and Y = V (Ty - Ty - To - T3) < P} =
Proj(k[To, ..., T3]) be the surface of the projective tetrahedron. The reciprocity map

p: CHo(Y) — 7i(Y)

then has trivial kernel and also the reciprocity maps modulo n for every integer n.
But we have

Hg(Fy, Z/’I’L) = Z/’I’L
So Hy(I'y, Z/n) surjects onto ker p,,, but i.g. does not inject into CHo(Y')/n.

Proof. The calculation of Hy(I'y,Z/n) is clear. The rest follows from [1.4.11] and
the fact that m (P}, 7;) = Gy, i.e. PP is "geometrically simply connected". Note
that every intersection of the irreducible components is isomorphic to a P} O
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1 Class field theory over finite fields

Remark 1.5.2. This example can be generalized by the following:

Lemma 1.5.3. Let k be a field and let 1 : W — Z be a closed immersion between
proper smooth geometrically connected k-varieties such that d := dim Z > 3, the
complement U = Z\W is affine and further assume one of the following properties:

e The natural map m(Z,Z) — Gy has a section for a geometric point Z on Z
(which is the case if Z has a k-rational point).

e The cohomology groups H*(Gy, Q/Z) vanish.
Then the push-forward map i, : m°(W) — 7#>(Z) is an isomorphism.

Proof. For a separably closed field k this is due to [Sat05]. The proof there uses
Poincaré duality |[Mil80] VI.11.1, the affine Lefschetz theorem [Mil80] VI.7.2 and
the assumption dim > 3 to show that H'(U,Q/Z)[¢] vanishes for i = 1,2 and
¢ # p = char(k). For ¢ = p one needs duality results from [JSS09] Thm. 1.6, 1.7,
cf. [Mos99|, [Mil86] §1, and the corresponding vanishing results from [Suw95| 2.1
for the cohomology of the logarithmic part of de Rham-Witt sheaves, cf. [III79].
For an arbitrary field k, one base changes with an separable closure k of k and
uses the homotopy exact sequence from |[Gro71] IX Thm. 6.1 to get a commutative
diagram of exact sequences:

011 (W) — 1 (W) ——= G —— 0

|

0——m(Z) ——m(Z) 2= G ——0,

suppressing the geometric points. This induces a commutative diagram of exact
sequences:

TP (W)a, —= (W) Gy 0

] .

0- - >mP(2)g, —m*(2) === G 0,

where the injectivity on the left bottom is induced by the section given by assump-
tion or via the Pontyagin dual of the Hochschild-Serre 4-term sequence

00— Hl(Gka Q/Z) - Hl(Za Q/Z) - H1(77 @/Z)Gk - H2(Gk’a Q/Z) = 0.

With the previous result over separably closed fields and the snake lemma one gets
the claim. O
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Example 1.5.4. Let k be a finite field and Pi“ be the projective space. Let
fi,. .., fn be homogeneous irreducible polynomials defining smooth and geometrically
connected hypersurfaces in P4 such that V., (f;) and V. (f;) intersect smoothly and
every connected component of V.. (fi, f;) is geometrically connected (e.g. contains a
k-rational point), then the reciprocity map p¥ is injective for Y =V, (fi -+ fn) —
pd+t,

Proof. If d < 2, then Y is a union of points or curves, so that Hy(T'y) = 0. For
d = 2 we use m together with 73P(P4+!) = G2% and refer to [1.4.11] O

Definition 1.5.5 (Simple normal crossing varieties). Let k be a field and Y a
equidimensional and separated scheme of finite type over k. Y is called normal
crossing variety over k, if Y is everywhere étale locally isomorphic to

Spec(k[Ty, ..., Ta)/(ToTy -~ T})),

with d = dimY and some 0 < r < d.
A normal crossing variety Y is called simple if any irreducible component of Y is
smooth over k.

Remark 1.5.6. Simple normal crossing varieties which are proper over a finite field
k clearly fulfill|1.4.71 and|1.4.10, For this kind of varieties the results was shown in
[IS03] using homology theories and where the Y; are the irreducible components of
Y. We will repeat this approach in the next chapter.

Example 1.5.7 (cf. |[MSA99] Example 4.1, [Sug09] Example 3.2). Let k be a
finite field and n > 1 an integer such that ged(n,6 - char(k)) = 1 and k contains
a primitive n-th root of unity (. Let P} = Proj(k[Ty, T1, Tz, T3]) be the projektive
space and

V=V, (I§+Ty+ Ty +T3) — P}

a Fermat surface and consider the free action on V given by
7 (Ty Ty Ty Ty) v (Ty : CTY : Ty 2 ).
Then X :=V /(1) is a smooth and projective surface. Let
L=V, (Ty+Th, To + T5) and L'=V (To +Th, Tr + (T3)

be two lines on V and C, C" be the images in X. D := C u C' is then a simple
normal crossing divisor on X and C and C' meet in two k-rational points. We put

Yi= (X x4 0) U (X xz0) U(DxpPY) € X x Py,
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1 Class field theory over finite fields

where O = (0 : 1) and oo = (1 : 0) are rational points on P}. Y is then a simple
normal crossing surface in X x P} which is projective and geometrically connected
over k and the reciprocity map

py :+ CHo(Y) - mi"(Y)

has kernel ker(py) = Z/n. Moreover, we have ker(pygr) = Z/n for every finite
field extension F|k.

Now let C n C" = {c1,co} and let Ty be the dual complex to Y associated to a
numbering of the irreducible components. We then have:

Ho(Ty,Z) = Z,
Hy(Ty,Z)
Hy(Ty,Z)

e 1l
N o

and therefore for every integer m.:
Ho(Ty,Z/m) = Z/m,
H,(Ty,Z/m) 0,
Hy(l'y, Z/m) Z/m.

lle

Proof. For the first statements see [Sug09] Example 3.2. For the homology groups
we mention the following:
Y, YO resp., has 4 irreducible components:

Yi = X x;0,
1/2 = CX}CP}W
}/3 = (' Xk]P’lC,
Y, = X x,o00.

There are 6 connected components in Y1:

Yo = YinY, = Cx;0,
Yis = VinYs = "% 0,
Yi in onYs @ ¢ kuP,i,
Y223 in Y5nY; ¢ kuP,lc,
Yo = YonYy = Cxpo0,
Ysu = YsnY, = ' x; 00.

Vi, in VinYonYs @ ¢ %30,
Y3, in VinYonYs @ ¢y x; O,
Yoy in YonYsnYy : ¢ xio0,
Y3, in YonYsnY, @ ¢y xpo0.

We therefore can compute the homology groups H;(I'y, Z):

22



1.5 Examples

Hy: We have:

Ho(Ty, Z) = 27 /im(dy).

And dy : ZmOM) o Zm() g given by the matrix

Yiz Yz Yy YR Yoy Y
Y 1 10 0 0 0
Y2 | —1 0 1 1 1 0
Y3 0 -1 -1 -1 0 1
v,z 0 0 0 0 -1 -1

And this matrix has rank 3 given by the marked () columns. Adjoining the
element given by the column (0,0, 1,0) we get a basis of Zm) - Therefore
Ho(Ty,Z) is torsionfree of rank 4 — 3 = 1 and we have

Ho(Ty,Z) = 0.

The kernel of d; then has rank 6 — 3 = 3.

: By definition we have:

Hi(T'y,Z) = ker(d;)/im(ds).

And dy : ZmO) _ ZmH) g given by the first matrix:

Y1123 Y2134 Y1223 Y2234
ve| =1 0] -1 0 100
vie| 1 0] 1 0 010
vi| -1 —1] 0 0 000
vzl 0 0] -1 -1 000
vl 0 1] 0 1 00 1
va| 0 —=1] 0 -1 000

The difference between the two columns in one block are always the same.
But the marked (*) columns are linearly independent. Therefore the matrix
has rank 3. Adjoining the three elements given by the columns of the second
matrix we get a basis of Z™Y"™)_ So H,(I'y, Z) is torsionfree of rank 3—3 = 0
and we have

H,(Ty,Z) = 0.

The kernel of dy has rank 4 — 3 = 1 and is generated by the element Y}, —
Yosa — Yigs + Yaiu
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1 Class field theory over finite fields

H,: Because we are only working with surfaces we have

Hg(ry, Z) = ker(dg) =~ 7.

The homology groups with coefficients in Z/m can be computed by the homology
groups with coefficients in Z by the universal coefficient theorem observing that all
H,;(T'y,Z) are torsionfree. O

Remark 1.5.8. shows that the groups Hy(Dy,Z) and Hy(Ty, Z) are torsion-

free, but the reciprocity map and the reciprocity map modulo n has kernel Z/n.

A

Therefore the kernel is not given by the torsion part of Hy(T'y,Z) or Hy(T'y, Z).
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2 Homology theories

Homology theories are the main tool in this thesis to describe class field theory
in a functorial way. With this method one is able to relate class field theory of a
variety over local fields with class field theory over finite fields, which will be done
in the next chapter. Therefore we will recapitulate the definitions and results from
[JS03]. The main goal of this chapter is to understand the niveau spectral sequence
associated to the étale homology theory of a scheme X over a henselian discrete
valuation ring with finite residue field which will relate the two fibres of X to each
other.

2.1 Homology theories and their niveau spectral
sequence

Here we will give the definition and properties of homology theories of Borel-Moore
type following [JS03|. The main point is that for such a homology theory there
always exists a niveau spectral sequence.

Definition 2.1.1. Let C be category of noetherian schemes such that for any object
X in C, every closed immersion Y — X and every open immersion U — X is
a morphism in C. Let C, be the category with the same objects as C, but where
morphisms are just the proper maps in C.

1. A homology theory on C is a sequence of covariant functors
Hy( ): Ci — Ab
from C, to the category of abelian groups with a € Z satisfying the following
conditions:

a) For each open immersion j :V < X in C, there is a map
J* He(X) — Hy(V),

associated to j in a (contravariant) functorial way.

b) If i : Y — X is a closed immersion in C, with open complement j : V —
X, there is long exazt sequence (called localisation or excision sequence)

ik

S HL (V) —E e Ho(X) L= Ho (V) 2= H, (V) —— . ..
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2 Homology theories

with connecting morphisms 0 and which is functorial with respect to
proper maps and open immersions, in an obvious way.

2. A morphism of homology theories H and H' is a morphism ¢ : H — H' of
functors on C, which is compatible with the properties above.

Example 2.1.2 (Etale homology theory). Let S be a noetherian scheme and let
C = Schg(S) be category of schemes which are separated and of finite type over
S. Let A be a bounded complex of étale sheaves on S. Then one gets the étale
homology theory over S with values in A by putting

HM(T) := H,(T|S; A) := H *(Tw, Rf'A)

for a scheme f : T — S in C. Here Rf' is the right adjoint of Rf, (see [AGV7]
XVIIT 3.1.4).

Proof. For the functorialities see [JS03| example 2.2. O

Lemma 2.1.3 (Mayer-Vietoris sequence). Let H be a homology theory like in
and let X = X; U Xy be the union of two closed subschemes i, : X, — X, and let
k,: X1 n Xy — X, be the closed immersions of the scheme-theoretic intersection.
Then there is a long exact Mayer-Vietoris sequence:

§

O Ha (X Xo) " H, (X))@, (X2) 5% Hu(X) S H, 1(X1nX) —

which is functorial with respect to proper maps, excision sequences and morphisms
of homology theories, in the natural way.

Proof. The exact sequence is induced from the commutative diagram of excision
sequences by diagram chasing:

lc1*

THo (X1 0 X)) —2 Ha (X)) — Ho (X0\ (X1 0 X2)) —=H, 1 (X3 A Xp) - - -
M |
CHo (X)) —2 > H, (X) H, (X\X,) i H, 1(X5)- -
And functorialities are clear from the functoriality of this diagram. m

Lemma 2.1.4. Let H be a homology theory like in and let Y, Z < X be closed
subschemes with open complements U,V < X. Then we get an infinite diagram of
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2.1 Homology theories and their niveau spectral sequence

localisation sequences

=) J s § (=) 5
— S H(Y A Z) H,(Z) Ho(U N Z)—2>H,_ (Y " Z)
S~ H,(Y) H,(X) H, (U) ——=H, (V)
— S H, (Y A V) H, (V) H (U A V) —2=H, (Y A V)
(=) é s B ) §

which commutes, except for the squares marked (—), which anticommute.

Proof. We only have to show the anticommutativity of the squares marked. The rest
follows from the functoriality in[2.1.1} Since (Y UZ\(Y nZ) = (Y\2)[J(Z\Y) =
Y AnV)][(U n Z), from we have an isomorphism

Ho (Y UZ\Y A Z) = H, (Y UV)@H, (U U 2).

With X\(Y uZ) = U nV we get a commuative diagram of localisation sequences:

H,(X\(Y U 2)) d H, (Y U 2) H, 1(X)- -

T (89)

U N V) Ho o (UnZ)®H,1(Y A V) —=H, 1 (X\(Y " Z))---

T~ j6+6

o

Ho_o(Y n 2).

Therefore (6 +9) o (9, ) factors throught H, (Y U Z) and we get (§+9)0(d,d) =0
hence the claim. O

Corollary 2.1.5. Let H be a homology theory on a category C of schemes over X
and W — X be an immersion. Then the groups

HWNT) := H (T xx W)

again define a homology theory on C. Furthermore, let i : Y — X be a closed
immersion with open complement 7 : U — X, then:
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2 Homology theories

1. i defines a morphism of homology theories i, : HY) — H on C,
2. j defines a morphism of homology theories j* : H— HW) on C,

3. the maps 6 : Hy(T xx U) — H, 1(T xx Y) define a morphism of homology
theories A : HY) — HY)[—1] on C, where the term [N] means that the ho-
mology theory is shifted by N and all connecting morphisms 6 are multiplied
by (=), d.e. (=1) in that case.

Proof. The statements follow from [2.1.1| and [2.1.4] m

Theorem 2.1.6 (Niveau spectral sequence). Let H be a homology theory on C.
Then we have:

1. For every object X in C there is a spectral sequence of homological type, called
niveau spectral sequence:

EL(X) = @ Huyle) = Hypy(X).

zeX,
Here X, = {zx e X | dim {z} = r} and
Ho(z) = lim Hy(V)
zeVciz}

Jor x € X, where the direct limit is taken over all open non-empty subschemes
V < {x} and all (descending) inclusion maps.

2. The niveau spectral sequence is covariant with respect to proper maps in C
and contraviant with respect to open immersions.

3. Bvery morphism ¢ : H — H' between homology theories on C induces a mor-
phism between the associated niveau spectral sequences.

Construction. The construction is analogue to [BOT4] §3:

e For every scheme T in C define

Z.(T) = {Z<T closed subset | dimZ <},
Zo,oa(l) = {(Z,2)eZ(T)x Z. 1) | Z227"},

ordered by inclusion, i.e.:

Z=>2W = Z2W,
(Z,Z2") = (W,W') = Z2Wand Z' 2 W'

These make Z,.(T") and Z,,_;(T) into directed sets. An upper bound for two
elements is given by the union and the pair of the unions, respectively.
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2.1 Homology theories and their niveau spectral sequence

For (W, W'") < (Z,7") in Z,,_1(T) we get a closed immersion ¢ and an open
immersion v:

WA\W' < 2\W' & 2\7'.

So there are maps

vin o H,(W\W') % H,(Z2\W") 5 H.(2\Z'),
Ao Ho(Z) 3% Hu(2),

where )\ denotes the closed immersion \ : Z' «— Z. Therefore we can define:

HAZ(T) = lm H(2),
ZeZ(T)
Ha(Zr,r—l(T)) = h_H)l Ha(Z\Z/)7

(Z,2')€Zypr1(T)

where the direct limit is taken along the (ascending) ordering and the transi-
tion maps given by A, and v*i,, respectively, from above.

For every (W,W') < (Z,7') in Z,,_1(T) there is a commutative diagram of
long exact excision sequences:

ﬁ'Ha(W ﬁH (W\Wl)ﬁHa I(WI)

TR R |

(o= = H (W) = = Hy(2) = = H(ZW) = 2 = Ho g (W) == =)

..—=H ( )—)Ha(Z —>H (Z\Z,)_>Ha l(Z,)

Taking the direct limit over Z,,_1(T") gives a long exact sequence:

e Ha(Zr—l(T)) L Ha(Zr(T)) L Ha(Zr,T—l(T)) 2 Ha—l(ZT—l(T)) T

which is functorial with respect to open immersions and proper maps, in the
natural way.

Summing all these sequences up, we get doubly graded groups

D = @D, = PH(E((T
r,q .9

E = @Er,q = @HrJrq(Zr,rfl(T)%
r,q r,q
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2 Homology theories

30

and an exact triangle

where i,, j*,0 are homogeneous maps of degrees (1,—1), (0,0) and (—1,0).
So (E, D) form an exact d-couple, from which we get the associated spectral
sequence (see [Hub9| Ch. VIII §4+5 or [Wei95| Prp. 5.9.3):

Bl = HofZi(T) = Hoy(T).

Note that H,(Z,(7)) = 0 for all » < 0 and that H,(Z,.(T)) = H,(T) for all
r>=d:=dimT.

Also note that H,(Z,,_1(T)) = 0 for all r < 0 and all r > dim 7.

And for all 0 < r < dim T we have canonical isomorphisms

Ha(Zr-1(T)) = @ Ha(2),

z€T)

which comes from the fact that every w € H,(Z,,_1(T)) can be represented
by an w € H,(W\W') with W = UxieTrm and W' 2 U”(m A {z;}), so
that W\W’ is a disjoint union of non-empty open subsets of the m, and
that every element w in ), Ho(7) can be represented by finitely many

w; € Hy(V;) with V; = {#;}\Z;, so that W = U, {z;} and W' = | J, Z; are the
required closed subsets of T'.

The E'-differentials d : E}, — E}'

1, are given by the composites

d: Hooo(Zroo1(T)) 5 Hyp gt (Zooi(T)) 5 Hypgor (Zr—10—a(T)).

The edge isomorphisms
EY = im(j%) /5% (ker (i) = FEypiq/Frm1Eriq

with E, := H,(T) are induced by

] ;0

B}, = Hig(Zrp 1 (T)) € Hyy g (20(T)) =5 Hys o (2o(T)) = Hyu (1),
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2.2 Homology theories over fields

where the (ascending) filtration on the limit terms are given by

FH,(T) = im(Ha(Z,(T)) > Ha(2,(T)) = Ha(T)).

Equivalently, F.H,(T') is the subgroups of H,(T") generated by all images f, :
H,(W) — H,(X) where f : W — X is a proper map in C with dim f(W) <.
Also note, that F,H,(T) = 0 for r < 0 and F,H,(T) = H,(T) for r > d =
dim 7'

e The functoriality of the niveau spectral sequence comes from that of H.

2.2 Homology theories over fields

Here we will give some functoriality properties of the niveau spectral sequence for
varieties over fields concerning the first and second page of it.

Proposition 2.2.1. Let k be a field and S = Spec(k). Let X be separated and of
finite type over k, and H be a homology theory on Sub(X). Ifi: W — X is a
closed subscheme and j : U — X the open complement, then the following hold:

1. For all integers q, there is an exact sequence of complexes:

1 bl I*_
0—F, (W)—FE, (X)—E, (U)—0,
which 1s functorial with respect to proper maps and open immersions, in the

natural way.

2. The connecting morphisms 6 : H,((Z\Z') n U) — H,((Z\Z") n W), for
(Z,Z") € Z,,-1(X) induce a morphism of spectral sequences

il - 1
§:E(U)TD >E

r—1,q

(W)’

which 1s functorial with respect to open and closed immersions, in the nat-
ural way. The supscribt (—) means, that all differentials (but not the edge
isomorphisms EX = F,H,.,/F,_1H,,) are multiplied by (—1).

rq —

Proof. See [JS03| Prp. 2.9:

1. Since X is of finite type over a field, we have X, nW =W, and X, nU = U,
and the claim follows from the equality E} (Z) = @, Hriq(a).

2. This morphism is induced by the morphism of homology theories 4 : HO[1] -
E(W) and the fact that for Z € Z,.(U) we have that Z nW € Z, (W), where
Z is the closure of Z in X.
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2 Homology theories

]

Corollary 2.2.2. Let k be a field and C be a subcategory of Schy(Spec(k)). For
every fized integer q, the family of functors (Equ)rez defines a homology theory H
on C given by:

H,(T) = E2(T)
dl dt
= H(E;-‘rl,q(T) - Eclz,q(T) - E;—l,q(T))7

with E},(T) = @z, Haso(2).

Proof. The functoriality for proper maps and open immersions comes from the
spectral sequence in [2.2.1} and the localisation sequence is the corresponding long
exact sequence of the short exact sequence of complexes in [2.2.1} O

Lemma 2.2.3 (E?-homological descent). Let k be a field and Y = |J;_,Y; be a
scheme, separated and of finite type over k, which is covered by a finite number of
closed subschemes Y;. Let YU the r-fold intersections of the Y; for r = 0. Let H
be a homology theory on Sub(Y') and let H be the homology theory fr’omfor a
fixed integer q. Then there is a spectral sequence of homological type

"Bl =1, =B (Y1) = H,.(Y) = E?

r+t,q

(Y).
Proof. For every t and ¢ the complex

ELXEY: 0—E (V)< E YN« B (YM) . B (YI) 0,
of the E'-terms of the niveau spectral sequence is exact. The maps of the complex
are induces by the alternating sum of ¢; : Y1 - Yyl which are given by in-
clusion on a r-fold intersection into the (r — 1)-fold intersection omitting the j-th

component. The exactness then is seen by the equality Ef (T) = @,cr, Hiyq(z)
and induction on n together with the exact sequence

0« E;q(Y Y1)« Et{q(Y) @E;q(YnH) — Etlyq(Y NY,1) < 0.
The E!-differential maps then give a bounded complex of exact complexes
Eé’q(Y[']) - Eiq(y[-]) - EQI,q(YH) — e — Etl,q(Y[.]) — e — Eé,q(y[']%
where d = dim Y. The spectral sequence is then obtained as the hypercohomology

spectral sequence of the double complex for the naive filtration. See [Wei95] §5.6.2.
]
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2.3 Homology theories over discrete valuation rings

Example 2.2.4. Let the notation be like in and let Y = |J_, Y; be a normal
crossing variety over k of pure dimension d. Then we get a first quadrant spectral
sequence, where the ' E'-term of the spectral sequence then looks like:

t

d Py R
N
AN
N
AN
AN
® L AN
AN
AN
AN
AN
1 ° o N
AN
N
N
N

0 . . . r

Proof. Since dimY!"l < d —r, we have EZ (YI'l) =0 for t <O and ¢ > d—r. So
the spectral sequence is supported in the area 0 <t 4+ r < d with r,t > 0. O]

2.3 Homology theories over discrete valuation
rings

Here we will show how the niveau spectral sequence of the special and generic fibre
of a variety over a discrete valuation ring are connected. The main result is about
the second page of those spectral sequences.

Proposition 2.3.1. Let S = Spec(A) be the spectrum of a discrete valuation ring
A, let f: X — S be separated of finite type, and let H be a homology theory on the
category Sub(X) of subschemes of X. Let n and s be the generic point and closed
point of S, respectively and X = X,, Y = X, the corresponding fibres. With the

notations of [2.1.0 we then have:
1. The connecting morphism § : Ho(Z2\Z') — Ho_1((Z\Z) A Y) for (Z,2') €
Z,r—1(X) induces a morphism of spectral sequences
A Ei,q(X)(_) - E:,q—l(Y)’

which is functorial with respect to open and closed immersions, in the nat-
ural way. The supscribt (=) means, that all differentials (but not the edge
isomorphisms EX =~ F.H,../F._1H,.,) are multiplied by (—1).

rq —
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2 Homology theories

2. If f is proper, the immersions i : Y — X, j : X — X induce morphisms of
spectral sequences

is B ,(Y) > E (X) and j*:E. (X)—> E;

r—1,q+1

(X),

such that for all ¢ we get an exact sequence of complexes

T VES
00— Eol,q(Y) - Eol,q(%) - El

o—1,g+1

(X) —0.

3. If f is proper, then A : E}jq(X)(_) — B!

r,q—1

(Y) can be described as

Sk

A}“,q : E'r%,q(X) — Engl,qfl(%) L. El

r,g—1

Si

(2) = B

r,g—1

(Y) Y

where s;, and sjx are the natural sections of i, and j* given by and projection
and inclusion:

E1}+1,q71(y) - E1}+1,q71(%) . Ev},q(X)7

(‘D H,1q(2) Sie (‘B H, () S (‘B H, i q(),

2€Yry1=Xr41NnY T€X, 41 zeXr=Xr41nX

Note, that s;, and s;x may not commute with the differentials d* : E;  —

E,l,flyq and therefore may not be morphisms of complexes.

Proof. 1. For Z € Z,(X), let Z be the closure in X. We then have dim Z < r+1
and dim ZnY < r. So ZnY € Z.(Y) and the morphism of homology theories
§ : HO[1] — HY) then gives the spectral sequence including the change of
signs.

2. Clear from definition and X, n X = X,_j and X, nY =Y.

3. Clear by 1.
O

Corollary 2.3.2. Let the notations be like in and let f : X — S be proper.
Then for all integers q there is a long exact sequence:

Ty j* d=A
T E?’,q(Y) - E?%q(x) — E72’—1,q+1(X) - E?—l,q(y) —
where the maps o can be identified with A.
Proof. The claim follows from [2.3.1] and the snake lemma. [
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2.4 Etale homology theory over fields

2.4 Etale homology theory over fields

Here we will treat the special case of étale homology theory over fields k and analyse
the support of the first page of its niveau spectral sequence using the cohomological
dimension of k. Another main point in this section is, that for a projective simple
normal crossing variety Y over a finite field we can compute its Kato homology
groups out of the homology groups of its dual complex I'y, which was shown in
[JS03].

Notation 2.4.1. Let k be a field and let T be a scheme of finite type over k. For
integers m,i we will define the complex of étale sheaves Z/n(i) on T. We consider
three cases:

1. If n is invertible in k and i is arbitrary, we put Z/n(i) to be the usual i-fold
Tate twist of the constant sheaf Z/n.

2. If k is a perfect field of char(k) = p > 0 and n = p™ with an integer m > 1
and 1 = 0, we define the complex of étale sheaves

Z/pm(z) = WmQ?T,log[_i]
to be the logarithmic de Rham-Witt sheaf defined in [I1I79].

3. If k is a perfect field of char(k) = p > 0 and n = p™ - n' with n' prime to p
and an integer m =1, 1 = 0, we put

Z/n(i) == /0’ (i) ® Z/p™ (i)

Note that Z/n(0) is just the constant sheaf Z/n and that W, ., s not defined
for 1 <0 and vanishes for v > 0.

Definition 2.4.2 (Etale homology theory over fields). Let k be a field and S =
Spec(k) and n, b be fized integers. We consider only two cases:

1. n is wnvertible in k and b is arbitrary.

2. If k is a perfect field of char(k) = p > 0 and n = p™ - n' with n' prime to p
and an integer m = 1 and b < 0.

We then define the étale homology theory on Schy(S) given by
H, (T |k, Z/n(b)) := Hy(T|S, Z/n(b)) := Hy(T|S; Z/n(—b)) := H"(T s, Rf'Z/n(—D))

with f : T — S and where Rf' is the right adjoint of Rf, defined in [AGV73] XVIII
3.1.4. For the definition of the complex of étale sheaves Z/n(—b) on S we use
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2 Homology theories

(with the restrictions to the numbers n,b).
Note that for a perfect field of char(k) = p > 0 we have

H, (T |k, Z/p™ (b)) = H (T, RF'W,,Q, % ).

k,log

Futhermore, if £ 1s a prime, we put

Ho (T1k, Qu/Za(b)) = H(Tlk, Z/6*(8)) := lim H,(T|k, Z/€" ().

meN

Theorem 2.4.3. Let k be a field and X be a scheme separated and of finite type

over k. Then for the étale homology theory over k and integers n,b like in[2.4.9 we
have:

1. There are canonical isomorphisms
Hao(z|k, Z/n(b)) = H**(k(x), Z/n(r — b))

for all x € X,. In particular, we have E} (X|k,Z/n(b)) = 0 for all ¢ > r,
and, trivially, E} (X|k,Z/n(b)) = 0 for all v <0 and r > dim X,

2. If the cohomological l-dimension cd;(k) < ¢ for all primes | dividing n, then
we have E} (X|k,Z/n(b)) = 0 for all ¢ < —c, and, in particular, canonical
edge morphisms

e(X|k) : Hy o( Xk, Z/n(b) — Eifc(X|k;,Z/n(b)).
So the E'-term of the niveau spectral sequence

E, (X|k,Z/n(b)) = @ H" “(k(x),Z/n(r — b)) = H,o(X|k, Z/n(b))

xeX,
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2.4 Etale homology theory over fields

looks like
q
d [ ®
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7
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s |
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7 |
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1 . p/ ° 'y +
/
/ |
% [
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[
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[
[
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0 1 2 d

Furthermore, the niveau spectral sequence of the shifted homology theory given
by He_o(_|k,Z/n(b)) is induced by an exact d-couple.

3. If X is smooth and of pure dimension d over k, then there are canonical and
so called purity-isomorphisms

Rf'Z/n(—b)
Ho(X|k,Z/n(b))

~ Z/n(d — b)[2d],

~ H2 (X4, Z/n(d —b)).

Proof. See |JS03] Thm. 2.14. The prove uses purity isomorphisms given by the
Poincaré duality [AGV73| XVIII 3.2.5 in the case n prime to char(k) and [JSS09]
for the other case. For finite fields this can also be deduced from [Mo0s99| combined
with Artin-Verdier duality [AGVT73| XVIII 3.1.4 and duality for Galois cohomology
of k. ]

Remark 2.4.4. The main property of Rf'Z/n are the purity isomorphisms for
smooth f and the follwing purity isomorphism for closed immersions f between
reqular noetherian schemes. Note that for closed immersions f the functor Rf"
coincide with the derived functor of f' given in [Mil80] Ch. II 5.13.
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2 Homology theories

Theorem 2.4.5 (Absolute purity theorem by Gabber). Let f : Z — W be a
closed immersion of noetherian reqular schemes of pure codimension c, i.e. every
wrreducible component of Z has codimension ¢ in the corresponding components of
W. Let n be an integer invertible on W, then the cycle class map gives a canonical
1somorphism

Zfn = fZ/n(c)[2]

in DY (Zg,Z/n), the derived category of complexes of étale Z/n-module sheaves on
Z& bounded below.

Proof. See [Fuj02] Thm. 2.1.1. H

Lemma 2.4.6 (Cohomological descent). Let Y = |J; ,Y; be a scheme which is
covered by a finite number of closed subschemes Y;. Let il : YU — Y be the
canonical map from the disjoint union of the r-fold intersections of the Y; to'Y for
r = 0. Then for every étale sheaf F' on'Y there is an exact complex

0—F— Z'LO]Z'[O]*F — Z'Ll]i[l]*F — iL”fl]i["fl]*F — 0,

where the differential maps are given by the alternating sums of the restriction
maps. Furthermore, there is a spectral sequence of cohomological type

Ipre = pe(yl iy — H (Y, F).

Proof. Cf. |Jan|. The spectral sequence is obtained as the hypercohomology spec-
tral sequence, cf. [Wei95] Ch. 5, for the naive filtration of the exact complex

iLO]i[O]*F N Z’E]Z'[l]*p e s Z’Lnfl]i[nfl]*F 0.

So it suffices to show the exactness of the given complex, which is proven by induc-
tion on the number of closed subschemes n. For n = 1 this is trivial. The induction
step is achieved by the exact sequence of sheaves

0> F > i, " F®j.jJ'F > k&*F — 0,

where i : Y <> Y with ¥V = U?’:_llYi andj:Yn;»Yandk:YmYn%Y. The
exactness is immediately seen on the stalks. O]

Example 2.4.7. Let the notations be like in and let Y be a d-dimensional
normal crossing variety over a field k of cohomological n-dimension ¢, n not divisible
by char(k), and let F = Z/n(b). Then 'E is a first quadrant spectral sequence of
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2.4 Etale homology theory over fields

cohomological type, where the ' E,-term looks like:

q
2d+c * —
\
\
\
\
® \
\
\
\
c+2 . 5\
\
\
c+1 ] ) \\
\
\
\
C o — — — o — ——o
[
[
[
0 o . r
0 d

Proof. Since Y is a normal crossing variety, YI"l is of dimension at most d — r and
with a cohomological dimension argument, see [Mil80] Ch. VI §1 Cor. 1.4, we get
the vanishing of the ! Ei-term outside the marked area given above. O]

Lemma 2.4.8 (Homological descent). Let Y = (J!_,Y; be a separated scheme of
finite type over a field k which is covered by a finite number of closed subschemes
Y;. Let YUV be the disjoint union of the r-fold intersections of the Y; forr = 0. Let
n, b integers like in|2.4.4. Then there is a spectral sequence of homological type

"Bl = H,(Y Uk Z/n(5) = H,4, (Y |k, Z/n(b)).

Proof. Cf. |Jan|. This follows from the exact sequence in2.4.6; Let I be an injective
representative of Rf'Z/n(—b), where f : Y — Spec(k) is the structure morphism.
Then for any étale sheaf F' the complex

...Hom(ilil*»* F, I) - Hom(F, I) — 0
is exact by and the injectivity of I. By adjunction

Hom(i[k]i[k]*F, I) = Hom(F, iLk]Ri[k]!I),

*®
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2 Homology theories

we get an exact complex
...Hom(F, "' Ri*'I) - Hom(F, 1) — 0
for any étale sheaf F'. Therefore the complex
o MR S GRIRIONT 1 0

is exact. From this we obtain a double complex and an associated spectral sequence

like in 2.4.6] O

Example 2.4.9. Let the notations be like in and let' Y be a simple normal
crossing variety of pure dimension d over a field k of cohomological n-dimension c,
n not divisible by char(k), and let F = Z/n(b). Then 'E is a first quadrant spectral
sequence of homological type, where the ' E\-term looks like:

q
2d P R
\
\
\
\
® \
\
\
\
2 'y 3\
\
\
1 P ° \\
\
\
0 . % r
|
|
|
'y ° +
|
|
|
—c ¢P——— o ———oeo
0 d

Proof. Purity and a cohomological dimension argument, see [Mil80] Ch. VI §1 Cor.
1.4, gives the vanishing of the ! F;-term outside the marked area given above. [J
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2.4 Etale homology theory over fields

Definition/Lemma 2.4.10 (Kato homology groups). Let the notations be like in
then the edge morphisms e(X |k) induce a morphism of homology theories on
Schgg (Spec(k)):

€ Hoo( |k, Z/n(b)) — EZ_.(_|k,Z/n(b)) = HS(_|k, Z/n(D)).

The right homology theory is called the Kato homology theory of the étale homology
theory for fields k of cohomological dimension cd, (k) < c.

Proof. Use[2.2.2] Also see [JS03] Lem. 2.16. O

Conjecture 2.4.11 (Kato’s conjecture, cf. [2.5.7). Let Y be a regular proper variety
over a finite field. Then for every integer n > 0 there is an isomorphism

(Z/n)™Y) for a=0

T S R

Theorem 2.4.12 (Kerz, Saito). Kato’s conjecture |2.4.11] is true if n > 0 is not
divisible by the characteristic p = char(k).

Proof. See [KS10|] Thm. 0.1, 8.1, resp., cf. [2.5.8, The proof uses the Bloch-Kato-
conjecture [2.4.15] O

Theorem 2.4.13. Let Y be a projective simple normal crossing variety of pure
dimension d over a finite field k and let Ty be the dual complex to an ordering of
the irreducible components (Y, (Y:)ier, (I,<)). If Kato’s conjecture is true
for all i < a, all YUY for r = 0 and an arbitrary integer n > 0, then there is a
canonical isomorphism

HE(Y|k, Z/n(0)) 5> H,(T'y, Z/n).

In particular, this isomorphism holds for every integer n > 0 and a = 0,1, 2, 3,4,
or if n is not divisible by p = char(k) and a is arbitrary.

Proof. See [JS03| Thm. 3.9 and Thm. 1.4, resp.. For the special cases a = 3,4 use
IKSI0] Thm. 8.1. O

Lemma 2.4.14 (Changing the coefficients). Let ¢ be an arbitrary prime number,
let k be a field of finite cohomological (-dimension cd,(k) < ¢, let V' be a scheme
separated and of finite type over k. Then for every v > 1 and every i = 0 there is
an exact sequence

Hi 1 (VIE, Qo/Zo(1 = ) /07 — HE(VIE, Z/¢" (1 = ¢) — H (VIk, Qe/Ze(1 — ) [¢"].
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2 Homology theories

Proof. See [JS03] Lem. 7.3 using [2.4.15 and cf. [CT93] §2: Let ¢ # char(k). The
case ¢ = char(k) follows analogically by using the logarithmic de Rham-Witt sheafs
and [BK86] Thm. 2.1. The exact sequence

0—Z/M(r+c—1)5Qu/Zi(r +c—1) 5 Q¢/Zy(r +c—1) =0
gives rise to the exact sequence

e (5(w), Qu/Za(r + ¢ = 1) == H (1), Qu/Zolr + ¢ = 1) ——

H e (k(x), 20 (r + ¢ — 1)) — = H"*(k(x), Qp/Ze(r + ¢ — 1)) —Z~

H(k(x), Qo/Ze(r + ¢ — 1)) —2— H T (k(z), Z/¢ (r + ¢ — 1)) —,

where z € V, and cdy x(x) < ¢+ r by [Ser02] Ch.II §4+6. So the group
H M (k(2), Z/0" (r + ¢ — 1))
vanishes by the cohomological dimension. And the first /“-map is surjective by the
divisibility of
H 4 Y (k(x), Qo/Zy(r + ¢ — 1))
by So there remains a short exact sequence
L 0¥
H™(k(x), Z/0" (r+c—1)) = H™(k(x), Q¢/Ze(r+c—1)) — 0 (k(z), Qo/Ze(r+c—1)).
Summing up over all z € V, and using [2.4.3 we get the short exact sequence
0— Bl (VIk, Z/¢"(1=¢)) 5> E}_(VIk, Qu/Zo(1—¢)) > E}_(V [k, Qo/Zi(1—0)) — 0,

which is a complex in r by [2.1.6l Taking homology groups gives a long exact
sequence

5 Hﬁl(wk,(@z/ze(l—c)) % Hﬁ((V|k,Z/€”(1—C)) - Hf(Vlk,@e/Zg(l—c)) 5. -
from which follows the assertion. O

Theorem 2.4.15 (Bloch-Kato conjecture). For every field L, every prime { #
char(L) and every integer ¢ = 0 the Galois cohomology group

HY(L, Q¢/Z(q))
is divisible.
Proof. The whole proof can be found in the four papers [VoelOb]|, [VoelOal, [SJ06],
[T 09)]. O
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2.5 Etale homology theory over discrete valuation rings

2.5 Etale homology theory over discrete valuation
rings

Here we will treat the étale homology theory over a discrete valuation ring. The
main results in this section is the huge diagram connecting the niveau spectral
sequences of the fibres of a scheme over a henselian discrete valuation ring with
finite residue field, and the vanishing results concerning Kato’s conjecture. From
these we will be able to deduce everything about the kernel and cokernel of the
reciprocity map in the next chapter.

Definition 2.5.1 (Etale homology theory over discrete valuation rings). Let S =
Spec(A) for a discrete valuation ring A with residue field k and fraction field K.
Let j : n = Spec(K) — S be the open immersion of the generic point, and let
i :s = Spec(k) — S be closed immersion of the special point. Let n, b be fived
integers. We consider the étale homology theory on Schy(S) given by

Ho(T1S. Z/n(b)) := Hy(T|S; Z/n(~b)s) := H (T, Rf Z/n(~b))

with f : T — S. For the definition of the complex of étale sheaves Z/n(—b) on S
we consider two cases:

1. If n is invertible on S, and b is arbitrary, we put Z/n(—b) to be the usual
(—=b)-fold Tate twist of the constant sheaf Z/n.

2. If char(K) = 0 and k is a perfect field of char(k) = p > 0, n = p™ with an
integer m = 1 and b = —1, we define the complex of étale sheaves on S by
Z/p™ (1) := Cone(Rj.(Z/p™ (1)) = ix(Z/p™)s[-1])[-1],

considered in [JSS09]. Also see [IS03] 2.C using [BBD8Z] to see, that this is
well-defined.

Futhermore, if £ 1s a prime, we put

H,(T|S,Qu/Zy (b)) := Ho(T|S, Z/¢* (b)) := lim H,(T'|S,Z/¢™(D)).
meN
Lemma 2.5.2. Let A be a henselian discrete valuation ring with finite residue
field. Assume that f : X — Spec(A) is a reqular scheme which is separated and of
finite type of pure relative dimension d and with strict semi-stable reduction. Let n

be an integer not divisible by the residue characteristic. Then there are canonical
1somorphisms

1. Rf'Z/n = Z/n(d)[2d],
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2 Homology theories

2. HY(X|S, Z/n(b)) > HA*(X,Z/n(d - b)).
3. HY(X,Z/n(b)) = HE, (Y|S,Z/n(d — b)) for every closed subscheme Y — X.
4. If f is proper, then we have an isomorphism
H' (X18,Z/n(b)) = HE™ (X, Z/n(d — b)),
where X is the special fibre of f.

Proof. The proof is given in [Jan|. The third and second isomorphism follows
from the first. The first isomorphism is a special case of Grothendiecks’s purity
conjecture, cf. [Gro77] 5.1 and[2.4.5/from [Fuj02], and it is prooven using analogous
results from [RZ82]. The last point then is an application of the proper base change
theorem. O

Proposition 2.5.3. Let the notations be like in[2.5.1]

1. There are isomorphisms of homology theories on Schyg(n) and Schy(s) given
by:
Ho(X,|S,Z/n(b)) = Ha(Xyn,Z/n(b)),
H,(X,|S,Z/n(b)) Hyoo(Xs|s,Z/n(b + 1)).

lle

2. There are isomorphisms of spectral sequences

Ep (%] S, Z/n(b)) = By (XyIn,Z/n(D)),
Ei,q(%8|sa Z/n(b)) Ei,q+2(%s|s7 Z’/n(b + 1))

lle

3. We trivially have Eiq(.'{) =0 forallT <0 and r > dim X, and analogically
for the fibres.

4. If f X — S is a proper map, then for all x € X, we have canonical isomor-
phisms
H,(2|S,Z/n(b)) = H* " %(k(x), Z/n(r — b —1)).

In particular, we have E} (X) = 0 = E} (X,) for allq > r—2, and E} (X,) =
0 for all g > r. The niveau spectral sequence looks like

Ej’q(ﬂS, Z/n(b)) = P H ™ *(k(z), Z/n{r — b — 1)) = H,1,(X]S, Z/n(b)).

xeX,

Proof. This comes from the purity for discrete valuation rings , cf. [Gro77] I.5.1

and [2.5.2] see [JS03| lemma 2.17 and corollary 2.21. O
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2.5 Etale homology theory over discrete valuation rings

Definition 2.5.4 (Kato homology groups). Let the notations be like in and
let A be a henselian discrete valuation ring, f : X — S be a proper map with
special fibre X, =Y and generic fibre X, = X. Let H = H(_|S,Z/n(b)) be the
étale homology theory with Z/n(b)-coefficients. Assume that there is an integer
¢ = supy, cd;(k). We define the Kato homology groups by:

Hy (X]5,2/n(b)) = Ej . 5(X]S,Z/n(b)),
Hy (Y]S5, Z/n(b)) Ea o 5(Y]S,Z/n(b))
E2 (Y]s,Z/n(b+ 1))
Ee o1 (XS, Z/n(b))

(X[, Z/n(®)) = H(X|n,Z/n(b)).

Eg’,c,1
Remark 2.5.5. Let the assumptions be like in|2.5.4).
o By [Ser02] §4 and §6 we have supy, cdi(x(x)) < c+r for allx € X,.

o By we then have E; (X|S,Z/n(b)) = 0 = E} (Y|S,Z/n(b)) for all ¢ <
—c—2 and E} (X[S,Z/n(b)) = 0 for all ¢ < —c — 1.

e Recall that there is a long exact sequence by [2.3.9:

HE(Y]s, Z/n(b + 1)),
Hg (X159, Z/n(0))

e e

0 ——HJ (V) == H[f (%) 7 H[ | (X) == H[ () —— -

ix j* A
s —=HE(Y) > HE (%) = HE | (X) 2= HE (V)

j %

H{ (%) —— H{f (X) —=—H{ (V) —— Hff (X) —=0,

where d := dim X and the Kato homology groups are seen over S with coeffi-
cients in Z/n(b).

o We trivially have HX(Z) = 0 for a < 0 and a > dim Z.

e There are canonical edge morphisms:
€ Ho_eo(X|S,Z/n(b)) — HE(X|S,Z/n(b)),
€: Hy o 5(Y|S,Z/n(b)) — HE(Y|S,Z/n(b)),
€: Ho_el1(X]S,Z/n(b)) — HE(X|S,Z/n(b)).

Proposition 2.5.6. Let S = Spec(A) be the spectrum of a henselian discrete valu-
ation ring A with fraction field K and residue field k, and let j : n = Spec(K) — S
be the open immersion of the generic point, and let i : s = Spec(k) — S be closed
immersion of the special point. Let H = H(_|S,Z/n(b)) be the étale homology the-
ory on Schg (S) with coefficients in Z/n(b) for integers n,b like in such that
cd; (k) < ¢ for all primes | dividing n. Let f : X — S be a proper map. Then there
15 a commutative and exact diagram:
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HE (%)~ B oy (%) —= Hooes (8) — = H{ (%) —0.
If we can choose ¢ = 1, then E§ _(Y) =0 = Ej_(X) and we get a huge commu-
tative and exact diagram:

HE(X) —£> B2 (X) — coker(X) —— HE(X)
A3 A ) A2

Hy(Y) —=HE(Y) ~2= B2 _,(Y) ——H_(Y) ——HE(Y)

Ho(X) —— HE(X) —5= B} _,(X) ——H_(X) ——HE(X)

% %

J J j*

J

€ 2 €
B}, (X) — coker(X) — HE (X) ~~ B3, (X) — I, (X) —~ HE(X) —~0,

(
lA 1(5 A2 6 Al
€ d? €
B} oY) ——H (V) ——=H (V) —— E§_,(Y) ——=Ho(Y) —=H{ (Y) —=0,

B (%) = H 1 (%) — = HJ{ (%) = B (%) —= H5(X) — = H(X) —=0,
where coker(X) = coker(Eg,(X) — Ho(X)).

Proof. 1. This follows from[2.5.3] The horizontal sequences come from the corre-
sponding 7-term sequences of the niveau spectral sequences. Note that there
is a ¢-shift by —c — 2. Also note for ¢ = 1 that Ef _.(X) = 0 and therefore
coker(E§ _(X) - H_.(X)) = H_.(X) in the line for X, and also for Y.

O

Conjecture 2.5.7 (Kato’s conjecture). Let X be a regular proper and flat scheme
over a henselian discrete valuation ring A with finite residue field k. Then for every
integer n > 0 and a = 0 the group HE(X|S, Z/n(—1)) vanishes, where S = Spec(A).
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Theorem 2.5.8 (Kerz, Saito). Kato’s conjecture|2.5.7 is true if n is not divisible
by the residue field characteristic p = char(k).

Proof. The proof is due to Moritz Kerz and Shuji Saito: [KS10] Thm. 8.1 and Thm.
8.4. The proof uses the Bloch-Kato conjecture [2.4.15 and Gabber’s refinement of
de Jong’s alteration in [I1109]. O

Lemma 2.5.9. Let the notations be like in|2.5.4 and [2.5.5, Let { # char(K) be a
prime number. For every integer i there is an exact sequence

0 — H (XIS, Qu/Ze(—0)) /0" — H}* (X]S, Z/¢" (=) — H}* (X[S, Q¢/Ze(—0))[¢"] — 0.

In particular, if for an integer a the three groups

He (X[S, Qe/Zo(—c)) = Hy 1 (XIS, Qu/Ze(—0)) = Hyp(X[S, Q¢/Zy(—c)) = 0
vanish, then the specialisation map
H' (X18,Z/t"(=c)) — Hg (Y]S, Z/t"(c))
is a natural isomorphism for every v = 1.

Proof. This is analogous to [2.4.14] For the second statement in addition use the
exact sequence

Hy'y (X, Z/0" (=) — Hg (X, Z/0"(—c)) — Hy (Y, Z/1" (—c)) — H (X, Z/t" ().

So if HIY (XS, Qy/Z¢(—c)) vanishes for j = a,a+1, a+2, then also HX (X|, Z/¢"(—c))
vanishes for 7 = a,a + 1 and the specialisation map is an isomorphism. O

Remark 2.5.10. In low degrees and low dimensions one also is able to state a
result, when K is a field of characteristic 0 and where the residue characteristic

char(k) divides n:

Theorem 2.5.11. Let S = Spec(A) be the spectrum of a henselian discrete val-
uation ring A with fraction field K and finite residue field k, and let j : n =
Spec(K) < S be the open immersion of the generic point, and leti : s = Spec(k) —
S be closed immersion of the special point. Let n be an integer invertible in K and
¢ be a prime different from char(K), and let f : X — S be a flat and proper map
with smooth generic fibre X and special fibre Y. Then we have the following re-
sults concerning the Kato homology groups (using ¢ = 1 and b = —1) of the étale
homology theory on Schg (S):

1. HE(X|S, Z/n(~1)) = 0.
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2. If X = X, is connected, one has isomorphisms

A HE (XS, Z/n(~1)) = HE(Y|S, Z/n(~1)) = Z/n.

3. If X is regular, then HE(X,Z/n(—1)) = 0 and we have an isomorphism

Al HE (XS, Z/n(-1)) = HIY(Y|S, Z/n(—1)).

4. If f is projective and X is reqular with strict semi-stable reduction, then
H (X]S,Q0/Zy(—1)) = 0
fori=0,1,2,3 and
Apr - Hi' (X8, Qe/Ze(=1)) — H (Y|S, Qe/Ze(~1))
s an isomorphism for i = 0,1,2, and surjective for i = 3.

5. If f is projective and X is reqular with strict semi-stable reduction of relative

dimension d < 2, then
H;* (%]S,Z/n(-1)) = 0

for alli =0 and
A HE (XIS, Z/n(-1)) = HE(Y]S, Z/n(~1))
is an isomorphism for every i = 0.

Proof. See [JS03] Thm. 1.5, Thm. 1.6. For the last point note that X has dimension
3 and therefore H (X|S, Qy/Z¢(—1)) and all higher groups vanish. So by [2.5.9 A2 is
an isomorphism and all higher A? are the zero-map because of dimension arguments
like before. ]
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fields

In this chapter we will deal with class field theory over local fields. The strategy
to understand the reciprocity map of a smooth proper variety X over a local field
K is to connect it with the reciprocity map of a reduction Y of that variety, which
then is given over a finite field & and is understood by the last chapters. To do so,
one firstly has to find a sufficiently good model X of that variety over the valuation
ring A of the given local field K. Believing in resolution of singularities one can
assume that one has a flat regular model X which reduced special fibre Y is a
simple normal crossing variety over a finite field k. Given such a model one can
interpret the reciprocity map as a boundary map in a niveau spectral sequence of
a étale homology theory. The variety X, the model X and its reduction Y then
are connected via an excision sequence in that étale homology theory. The recently
proven Kato conjecture then states that some of the homology groups of the model
vanish. It follows that the kernel and cokernel of the reciprocity map of the variety
over a local field then are controlled by the homology groups of the dual complex of
its reduction, which by the first chapter also controls the kernel and cokernel of the
corresponding reciprocity map of the reduction over the finite residue field. Using
this and some other techniques we will see that the kernel of the reciprocity map
is the direct sum of a finite group and a p’-divisible group (i.e. a ¢-divisible group,
where ¢ runs through alls prime numbers diffrent from p = char(k)). Nevertheless
one can not assume, that the kernel of the reciprocity map equals the kernel of its
reduction. This is because there might be a huge divisible part, which does not
occur in the reduction, and some torsion parts coming from higher terms of the
niveau spectral sequence.

3.1 The reciprocity map over local fields modulo n

In this section we will define the reciprocity map for smooth and proper varieties
over local fields. Furthermore, we will relate the modulo n version to the niveau
spectral sequence associated to the étale homology theory with finite coefficients
using the results from the last chapter, duality theorems, some low degree cases
of Bloch-Kato’s conjecture and the recently proven Kato’s conjecture. We follow
[JS03].
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Definition 3.1.1 (SK-groups). Let X be a noetherian scheme. For every integer
7 =0 we put

X; = {xe X | dim({z}) zj}

as the set of j-dimensional points of X. Furthermore, we define the SK-groups to
be

SK;(X) = Coker( gl—) Ki1(k(y)) — EI—)? Kj(/i(ﬂ?))) .

Note that the components of the map are given by the boundary maps in algebraic
K -theory. Also note, that SKo(X) = CHo(X).

Definition 3.1.2 (The reciprocity map). Let K be a henselian discrete valuation
field with finite residue field and X be a scheme of finite type over K. For every
x € Xo we then have that k(x) is also a henselian discrete valuation field with finite
residue field. So there is a map

K(2)* = Gigyy = m"(5(2)) — 7 (X),

T

where the first map is the 0-dimensional reciprocity map for k(xz) and the second
is the covariant push-forward map for 7 of Spec(k(z)) — X. Summing all these
maps up, we get a map

P @ k() — mi(X).

{EGXO

Now, if X is proper over K, the map p' factors through
P SKi(X) — 7iP(X),
which is called the reciprocity map of X.
Proof. This is due to |[Blo81], [KS85], [Sai85a| and [Sai85b]. O
Proposition 3.1.3 (Duality theorems). 1. Let K be a henselian discrete valu-
ation field with finite residue field k. Let f, : X — Spec(K) be a proper

scheme. For any complex C' of étale Z/n-module sheaves on X with bounded
constructible cohomology sheaves, the pairing

HI(X, Dx(C)) x BV (X, €) — H3(X, RfZ/n(1) 5 HA(K, Z/n(1)) 2 Z/n

is a perfect pairing of finite groups. Here Dx(C) = RHom(C, RféZ/n(l)),
and trx is induced by the trace morphisms R fy.Rf,Z/n(1) — Z/n(1).
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3.1 The reciprocity map over local fields modulo n

2. Let k be finite field and fs : Y — Spec(k) be a proper scheme. For any complex
C' of étale Z/n-module sheaves on Y with bounded constructible cohomology
sheaves, the pairing

trg

H(Y, Dy (C)) x H{(Y,C) —» HY(Y, Rf\Z/n) "3 H'(k,Z/n) = Z/n

is a perfect pairing of finite groups. Here Dy (C) = RHom(C, Rf\Z/n), and
try is induced by the trace morphisms RfRf\Z/n — Z/n.

Proof. See |JS03| Lem. 5.3. This follows from Artin-Verdier duality for f, and f
together with the duality theorems for Galois cohomology of K and k, cf. [Sai98]
and [CTSS83|. O

Theorem 3.1.4. Let S = Spec(A) be the spectrum of a henselian discrete valuation
ring A with quotient field K and finite residue field k. Let f : X — S be a regular,
proper, flat scheme over S with smooth and connected generic fiber X and strict
semi-stable reduction Y as the special fiber. Let Y = |, .; Y, be a fized ordering of
the irreducible components of Y and let I'y be the dual complez to (Y, (Y:)ier, (I, <)).
Furthermore, let n either be an integer not divided by p := char(k), or let char(K) =
0 and p divide n then assume that the specialisation map

Hy (X[S,Z/n(-1)) = Hy (Y|S,Z/n(-1))

is a natural isomorphism, which by |2.5.9 and [2.5.11) is the case if f is projective
and

HE(X]S,Q,/Z,(—1)) is p-divisible.

Then the reciprocity map modulo n fits into a commutative diagram of exact se-
quences of finite groups

X
Pn

Hy(Ty, Z/n) — SK(X)/n —= 7% (X) /n —=H,(Ty, Z/n) — 0,

| L

H,y(Ty, Z/n) — CHo(Y) /n -2 735(Y) /n —= Hy (Ty, Z/n) — 0.

Proof. In we can use ¢ = 1 = cd(k), b = —1 and Z/n(—1)-coefficients for
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Ha(_) = Ha(_[S, Z/n(-

1)) to get a commutative diagram of exact sequences:

HE (%) —5> B2_,(X) —H_,(¥) —— HE(%)

J* J*
HE(X) £~ B2 (X)

A2 A
HE(Y) —E E2_,(Y)
HE (%) —£~

where the groups HX (XS, Z/n(—
by char(K) or p = char(k).
have natural isomorphisms

HE(X]S, Z/n(~1))

Ty

=~ HE(Y|S, Z/n(—

for i = 1,2. And the last group is clearly finite.
By [3.1.3] and [2.5.3| we have canonical identifications

H_,(X|S, Z/n(~1))

(Y5, Z/n(-1))

[le e 1ie 1

Ho1(X[n, Z/n

(
H'(X,Z/n)
(

Ho(Ys,Z/n(0))

HY(Y, Z/n)"

—1))

(X) - 07
(Y)_>07

Iy

E§ (%) —H_»(X) ——Hf (X) —0,

1)) vanish for i = 1,2, 3 by if n is not divided
So with the assumptions on p, [2.5.11] and [2.4.13] we

1)) = Hy(Ty, Z/n)

H!(X, RfYZ/n(1))
i (X)/n,
HO(Y, Rf.Z/n(0))
ni (V).

e 11

where we can identify o with the specialisation map on fundamental groups, which
is surjective since X is a normal scheme.

The Galois symbol maps K;(k)/n — H'(k,Z/n(i)) in degree i <

2 are isomorphisms

by Kummer theory and [MS83] and commute with the localisation maps, cf. [Kat86|
Lem. 1.4. So by and by the properness of f : X — S we get indentifications

E5 1 (X195, Z/n(-1))

— coker( X|SZ/n( 1) o
- Coker( ) me (]S, Z/n(~1)) —
~ coker(:éé H2(k(z), Z/n(2)) o
~ coker(@lKg o
— SKi(X)/n,
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3.1 The reciprocity map over local fields modulo n

and
E§ (Y]S5, Z/n(-1))

= coker(E1 L[S, Z/n(-1)) — Ej ,(Y]S, Z/n(—l)))
= Coker( (|S,Z/n(-1)) — (—D H_y(z|S, Z/n(—l)))
(

~ coker(@ H'(k(z), Z/n(1)) — @ H(k(x), Z/n(0 )))
~ coker(@ K (s(2))/n = @Ko(fi(x))/n)
_ CHy(Y)/n, o

where the horizontal maps ¢* and ¢¥ can be identified with the reciprocity maps
pX and pY given by local duality up to sign, which is shown in [JS03] and [JSS09],
respectively. So we get the stated commutative exact diagram of finite groups. [

Lemma 3.1.5. Let

be a commutative diagram of exact sequences, where ¢ and p are isomorphisms.
Then the sequence

AL o g p o p e p
15 exact.
Proof. Easy diagram chasing. O
Remark 3.1.6. If one wants to know in[3.1.4 if the kernels of the reciprocity maps

modulo n coincide, one has to write down two more homology groups on the left
from the huge diagram[2.5.0 and use[3.1.5. Then we get the following statement:

ker pi = ker p) if and only iof
the natural map
B} _5(Y[S,Z/n(~1)) ® Ho(X|S, Z/n(~1)) — H_1(Y]S, Z/n(~1))

1S surjective.
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3 Class field theory over local fields

Proof. By A : ker pX — ker pY is surjective, and

ker A = ker (SK; (X)/n 225 CHy(Y)/n @ 7 (X) /n).
And using applied to the huge diagram we get the exact sequence
Ef _,(Y)@®Ho(X) - H 1(Y) = SKi(X)/n — CHp(Y)/n @ 7i"(X)/n.
So the equivalence follows. O

Remark 3.1.7. For surfaces X which have a proper and surjective map to a smooth
geometrically connected curve with a smooth conic as generic fibre in [Sza99/ the
injectivity of pX is shown.

3.2 Divisibility yoga and completeness meditations

In this section we will collect all lemmata and auxiliary results we need concerning
divisibility questions and completing abelian groups. This will be helpful to transfer
results with finite coefficients to analoge results with Z,— or even Z-coefficients.

Notation 3.2.1. For an abelian group A and a set of primes L let N(IL) be the
monoid of all natural numbers which have prime divisiors only in L. We define Ay
to be the IL-completion
Ap = lim A/n,
n;N;(IL)

and A to be

~

A:=limA/n

neN

the Z—completz’on.

Remark 3.2.2. If B is an abelian pro-finite group we have B = B. If moreover
B is a finitely generated pro-finite group we know that Byr, is the mazimal pro-IL
quotient of B.

Notation 3.2.3. For an abelian group A and an integer n we denote by ,A, nA
and A/n the kernel, the image and the cokernel of the multiplication map

A A
and by
Agiv 1= ﬂ nA = ker(A — lim A/n)

neN neN
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3.2 Divisibility yoga and completeness meditations

the subgroup of all divisible elements of A, and by
Apiy = im(Hom(Q, A) — Hom(Z, A) = A)
the maximal divisible subgroup of A. And we put

Ators 1= | J nA = Tor}(4,Q/2)

neN

to be the torsion subgroup of A.

Notation 3.2.4. Furthermore, let A be an abelian group and 1L be a set of prime
numbers. We put N(IL) to be the multiplicative set of all natural numbers with prime
divisors only in L. N(L) is directedly ordered by divisibility relations. We put

Al div 1= ﬂ nA = ker(A — {El A/n)
neN(L) neN(L)

to be the subgroup of all divisible elements of A, and by Ay .piy the maximal divisible
subgroup of A and we put Ay _iors to be the subgroup of all torsion element that have
order in N(L). If L is the set of all primes, we then have Apgw = Agiv and
A]L-Div = ADiv and A]L-tors = Ators-

Definition 3.2.5 (Mittag-Leffler condition). A projective system (A;, fij)ijer of
abelian groups fulfills the Mittag-Leffler condition if for each index i € I there is an
index j = i such that for every k = j the transition maps f;; and fi; have the same
image i A;.

And it satisfies the trivial Mittag-Leffler condition if for each index i € I there is
an index j =1 such that the transition map f;; is the zero map.

Lemma 3.2.6. Let (A, fij)ijenw) be a projective system of abelian groups satisfying
the Mittag-Leffler condition, then for the right derived functor l(igl L of the projective
limat we have

lim* A, = 0.

n&(L)

If the trivial Mittag-Leffler condition is satisfied, then we also get

lim A, =0.
neN(L)

Proof. See [Wei95| Prp. 3.5.7 and notice that the projective system is equivalent
to a tower, e.g. to a subsystem of B,, := A,,, which then also satisfies the Mittag-
Leffler condition. m
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3 Class field theory over local fields

Example 3.2.7. The Mittag-Leffler condition is fulfilled for the index set N(L) in
the following cases:

o All transition maps are the zero-maps.
o The trival Mittag-Leffler condition is satisfied.
e All transition maps are onto.

o All abelian groups A, of the system are finite and the transition maps are
arbitrary.

Proof. See [Wei95| Def. 3.5.6 and Ex. 3.5.2. O

Lemma 3.2.8. For an abelian group, we always have
Appiv € AL-div,

but not necessarily equality. And equality holds, if the projective system {pmA -
nA}nmenqy satisfies the Mittag-Leffler condition, e.g. if the groups ,A are finite
for all n e N(L).

Proof. See [Jan88| §4 or [Wei95| Prop. 3.5.7. O

Lemma 3.2.9. Let I be a set of primes and let A be an abelian group and v : A —
Ay, the natural map. Assume one of the following conditions:

o Let g : AL — B be a homomorphism of abelian groups such that there are
integers m,m' € N(IL) with m - By tors = 0 = m’ - ker g.

o Let f: A— B be a homomorphism of abelian groups such that Ap gy S ker f
and there are integers m, m’ € N(IL) with m - By tors = 0 = m/ - (ker /AL qiv)-

Then we have the equality Ap piv = AL-div-

Proof. Let n € N(LL) be an arbitrary integer and let x € Ay _qiy. Then nmm’ € N(LL)
and there is a y € A with z = nmm’y. We now want to show that mm'y € Ar_g;-
Then Ay,_g;y will be L-divisible. Let (*) be the assumption on m and m' from above.

e Because of x € A 4;y = kert and the assumptions (=), we have

0 = guz) = nmm'-guy),
= gL(y) € B]L—torsa
— 0 = m-gly) = gulmy),
— t(my) € ker g,
= 0 = m- timy) = t(mm'y),
— mm'y € ker ¢ = Al giv.
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3.2 Divisibility yoga and completeness meditations

e Because of x € Al _4;y € ker f and the assumptions (x), we have

0 = fla) = nm/f(y),
—_— f(y) S B]L—tors;
— 0 = m-f(y) = f(my),
— my € ker f?
—= 0 = m'-my € kerf/ALaw,
— mm'y € AL div-

m
Lemma 3.2.10. Let A, B, C be abelian groups and 1L be a set of prime numbers.

1. If B— C is a surjection, we always have a surjection By, — Cr,.

2. If A/n is finite for every n € N(L) or if (,mC > nC)nmenw) satisfies the
Mittag-Leffler condition, e.qg. if the ,C are all finite, then the exact sequence

A—-B—->C—0
induces the exact sequence

A]L—>B]L—>C]L—>0.

3. If (nC 5 nC)nmeny satisfies the trivial Mittag-Leffler condition, e.g. if
ClL-tors 1S of finite exponent, then the exact sequence

0>A—->B—->C—-0
induces the exact sequence

0—>AL—>B]L—>C]L—>O.

Proof. 1. Put A" :=ker(B — (). The exact sequence
0>A—>B—>C-0
then induces for every integer n € N(IL) the exact sequence
ZC — A'/n - B/n— C/n—0.

Because the transition maps of the system (A’/n)nenw) are all surjective, this
is also true for the system (Qy)pen), Where @, := ker(B/n — C/n). So
(Qn)neN(L) satisfies the Mittag-Leffler condition and we get an exact sequence

0— lim Q,— lim B/n— lim C/n— 0= lim' Q,.
neN(L) neN(L) neN(L) neN(L)

So By, — (', is surjective.
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3 Class field theory over local fields

2. If, furthermore, we put D,, := ker(A’'/n — B/n), the finiteness of all A/n or
the Mittag-LefHer condition on (nC)neN(L) induce the Mittag-Leffler condition
on the system (D, )nenq). S0 we get an exact sequence

0— lim D, — lim A'"/n— lim @Q, — 0= lim' D,.
neN(LL) neN(LL) neN(LL) neN(L)

With the surjection Ay, — A; and the sequence from the first point, we get
the exact sequence
A]L i B]L - C]L — 0.

3. Here we have A = A’ and the trivial Mittag-Lefller condition on (,,C)peny in-

duces the trivial Mittag-Leffler condition on (Dy,)nen(w), such that lim D,
“—neN(L)
and lim ! D,, vanish in the sequence above. So we have the isomorphism
“— neN(L)

lim A/n= lim Q,

neN(L) neN(L)
and we get the exact sequence

O—>A]L—>B]L—>C]L—>O.

Lemma 3.2.11. Let A be an abelian torsion group.

e Then A is the direct sum of its £-torsion subgroup, i.e. the natural map

@ Af-tors - Aa
l

where the sum is taken over all primes ¢, is an isomorphism.

e Furthermore, for every set of primes I we have the isomorphism

AIL = 1_[ A{g},

Lell

where
A{g} = lﬂl A/Km = Af—tor&{ﬁ} = AZ—tors,]L‘

meN

o [f A is torsion of finite exponent n, then A = Ay, for every set of primes IL

with n € N(LL).
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3.2 Divisibility yoga and completeness meditations

Proof. The first statement is clear. The second one uses that n is invertible on
Aptors if £ does not divide n. So A/n = Hﬁ\n Agtors/n and the projective limit gives
the claim. For the last point note that A = A/n = Ap. O

Lemma 3.2.12 (Direct sums of torsion and divisible groups).

1. The following properties of an abelian group A are equivalent :
o The quotient of A by its maximal divisible subgroup is a torsion group.
o A is the direct sum of its maximal divisible subgroup and a torsion group.

o A is the direct sum of a divisible group and a torsion group.

2. If B is the direct sum of a torsion and a divisible group, then every quotient
of B is.

3. If C is a torsion group and A is the direct sum of a torsion and a divisible

group and
0>A—->B—->C—-0

is exact, then B is also the direct sum of a torsion and a divisible group.
4. If C is a torsion group with Cpy, = 0, e.g. if C is of finite exponent, and
0>A—->B—->C—-0

is exact, then A is the direct sum of a torsion and a divisible group if and
only if B 1is.

Proof. Easy calculation. See [CT93| Lem./Def. 3.1. For example consider the last
point: Ap;, injects into Bp;, and Bp;, maps to Cp;, = 0. So Ap;, = Bp;iy and we
get an exact sequence

O i A/ADiV d B/BDiv g O d 0,

from which follows that A/Ap;, is torsion if and only if B/Bp;, is torsion, since C'
is torsion. U]

Lemma 3.2.13. Let L be a set of prime numbers and let
0>D->ALT 0

be an exact sequence of abelian groups, where D 1is LL-divisible and T s torsion.
Write T = Tl ors @ T" where T tors 18 L-torsion and T' is L-torsion free. Put
D' = j7YT"). Then D' 2 D is L-divisible and we have

Az D, @ TIL—tors-
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3 Class field theory over local fields

Proof. See [JS03| Lemma 7.8: In the exact sequence
0—-D—>D EAY; LN 0
both D and 7" are LL-divisible, so D’ is, too. Therefore the exact sequence
0D - AL T 0 — 0

splits, since every ¢-primary torsion part of this sequence is exact and splits, using
the fact that ¢-divisible groups are injective Z,-modules for all £ € . and D’ is
LL-divisible. N

Lemma 3.2.14. Let I be a set of prime numbers and A be an abelian group whose
L-completion Ay, has torsion Ay ors Of finite exponent. Furthermore, assume one
of the following assumptions:

e A is the direct sum of a LL-divisible group and a torsion group, or
o Ay is torsion of finite exponent.

Then Ar.piv = AL-aiv and Ap, = AL 1tors 5 0f finite exponent and
A = Ap piv @ AL L-tors-

Proof. Consider the exact sequence
O R AL—le —> A i) A]L.

Since Ap.piy S Ap-giv, in both cases f factors through Ay tors Which is torsion
of finite exponent. By the second point of 3.2.9 with B = App ors and the as-
sumption on a finite exponent of Ay tors We get Appiy = Araiv. S0 A/AL iy
then injects into Ay tors and is therefore torsion of finite exponent. So we get
(A/AIL—Div)IL = A/AIL—Div- Since A]L = (A/A]L—Div)]L we get A]L = A/A]L—Div is torsion
of finite exponent. So by we have A = Ap p;, ® AL (and f is surjective). [

Lemma 3.2.15. Let IL be set of prime numbers and let I be the complementary

set of prime numbers. Let A be an abelian group, Ap = lim A/n and D =
“— neN(L)

coker(A <> Ay). Then we have:
o Ay is uniquely I/ -divisibel and D is IL'-divisible.

o Assume that A/n is finite for every integer n € N(IL). Then we have a canon-

ical isomorphism
A/n = AL/n

for alln € N(L) and D is a divisible abelian group, i.e. an injective Z-module.
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3.2 Divisibility yoga and completeness meditations

o [f, furthermore, for every £ € IL there exists an integer m = £¥, such that the
l-torsion subgroup Ay giors Of Ay is killed by m, then D is L-torsion free.

Proof. e Ay is a Zy-module and every integer m € N(IL') has no prime divisor
in L. and is therefore invertible in Zy, = [, Z¢. So for any a € Aj, we have
a unique element b = m~! - a with @ = m - b. So Ay, is uniquely L/-divisible
and as a factor of Ay, the group D is also LL'-divisible.

e For every integer n € N(L) the compositum of the natural maps

A— AL = lim A/m — A/n
meN(L)

factors through
A/n — Ap/n — A/n,

which is the identity map. Therefore, A/n — Ap/n is injective. Since the
image of A in Ay, is dense, the image of A/n — Ap/n is also dense. But
with the finiteness of A/n, the image of A/n in Ap/n is also finite. Because

Ap = lim A/m is pro-finite and hence a Hausdorff group, the finite
“—meN(L)
image of A/n is a closed set in Ap/n. So A/n — Ap/n is also a surjection.

Hence we have isomorphisms of finite groups
A/n = 1(A)/n = Ap/n,

where ¢(A) is the image of A in Ap. For every integer n € N(L) the short
exact sequence
0—t(A) —= A, —=D——=0

now induces the exaxt sequence

0 nl(A) AL nD L(A)/n——= AL/n D/n 0.

So D/n = 0 for every n € N(L), and D is L-divisible. With the first point
follows that D is also divisible.

e The /(-torsion subgroup Dyiors = UmeN( ) mD of D is then (-divisible, too: If
a € ,,D, then there is an b € D with nb = a, so b € ,,,,D.
The surjections , Ay, — , D from above induce a surjection

AL,Z—tors - Dé—tors-

If we assume to have an integer m = ¢ with m - Ay, piors = 0, then Dy o iS
also killed by m. So we have

Dﬂ—tors = Dé—tors/m =0
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3 Class field theory over local fields

from the ¢-divisibility of Dyos. Therefore Dy s vanishes for every ¢ e L. If
there were an element x with nz = 0 and n = (7' ---{$* with ¢; € L, then
057 - Aex € Dytors = 0. So inductively we get v = 0. Therefore, D is

LL-torsion free.
O]

3.3 Good divisors and alterations

In this section we will collect some fundamental theorems, which we will use later.

Definition 3.3.1. 1. Let k be a field and Y be a simple normal crossing variety
over k. A good divisor on Y is a reduced closed subscheme Z <Y of pure
codimension 1 such that Z intersects every k-fold intersection

Yigirin 1= Yig Xy Vs, Xy ... Xy Y},

of the irreducible components Y; of Y transversally for any integer k = 0 and

such that U := Y\Z is affine.

2. Let A be discrete valuation ring with residue field k and X be a reqular, sepa-
rated and flat scheme of finite type over S = Spec(A) with strict semi-stable
reduction Y = X, and of pure relative dimension d = 1. Then a divisor
Z < X 1s called good divisor, if it is flat over S and if the special fibre Z is
a good divisor of Y.

Theorem 3.3.2. 1. Let k be a field and Y be simple normal crossing variety
over k.

e If Z is a good divisor of Y, then it is a simple normal crossing variety
and the intersections Y; N Z are the connected components of Z, unless
dimY; = 1.

o IfY us proper over k and Z is a good divisor of Y with open complement
U =Y\Z, then one has
HE (UK, Z/n) = 0 = HE(TI, Z/n),

for every a < dimY and every integer n > 1
e IfY s projective over k, then a good divisor always exists.
2. Let A be a henselian discrete valuation ring with residue field k and X be a

reqular, separated and flat scheme of finite type over S = Spec(A) with strict
semi-stable reduction Y = X, and of pure relative dimension d = 1.

o If Z is a good divisor of X, then it is reqular and has strict semi-stable
reduction, and is of pure relative dimension d — 1.
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o [f X is proper over S, k is finite and Z is a good divisor of X with open
complement U = X\Z, then one has

Ho (U8, Z/n(—1)) = 0 = HiL3(UslS, Z/n(~1))

for any integer n and every a < d = dimY . Furthermore, the residue
map

A HE(U1S.2/n(~1)) S H 4(U.]S,Z/n(1))

is an isomorphism for every integer n prime to char(k), and is surjective
for the case char(K) = 0, if one replaces Z/n(—1) by Q,/Z,(—1), where
p = char(k).

o [f X 1s projective over S and the generic fibre X = X, is smooth over
the quotient field K of A, then a good divisor always exists.

Proof. See |JS03| Lem. 3.4, Thm. 3.5, Prp. 4.3, Thm. 4.4. For the existence of
the good divisors one needs the Bertini theorems from [JS09] Thm. 1 and Cor. 1,
cf. [Poo04], [Jou83] and [Har77]. To avoid finite field extension for finite fields, one
has to replace the projective embeddings by multiple ones. O]

Theorem 3.3.3 (Gabber’s refinement of de Jong’s alterations). 1. Let X be a
scheme separated and of finite type over a field k, Z < X a nowhere dense
closed subset, { # char(k) a prime. Then there exists a finite extension k' of k
of order prime to { and an {'-alteration g : X' — X over Spec(k') — Spec(k),
(i.e. a proper surjective map sending generic points to generic points such that
the corresponding residue field extensions at the generic points are finite with
degree prime to £), with X' smooth and quasi-projective over k' and g='(2)
the support of a simple normal crossings divisor.

2. Let S be an excellent trait, X a scheme separated and of finite type over S, £
a prime nvertible on S, Z < X a nowhere dense closed subset. Then there
exists a finite extension S’ — S of degree prime to ¢ and an {'-alteration
g: X' — X over 8" — S, a simple normal crossing divisor T' in X' such
that X' is reqular and quasi-projective over S', Z' = g~ (Z) is a subdivisor of
(X!)rea ©T", (s denoting the closed point of S'), with (X', T") étale locally
given by X' = S'[ty,... t,|/(t1 -+ -t¢ — 7)), ® a uniformizing parameter in
S’ ged(p,aq,...,a.) = 1, p = char(k), k the residue field of S, and T" =

Sl[th s 7tn]/(tr+1 Tt _m)

Proof. See [I1I09] Thm. 1.3 and Thm. 1.4, cf. [dJ96]. H
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3 Class field theory over local fields

3.4 The structure of SK; and the kernel of the
reciprocity map

In this section we will transfer the results from the previous sections, where we
analyzed the reciprocity map modulo n, to the usual reciprocity map. Additionally
we are able to determine the structure of SK;(X), or the kernel of the norm map,
resp., for varieties X over local fields in any dimension. Since the kernel of the
reciprocity map lies in the kernel of the norm map with finite index, we will find,
that in all dimension it is a direct sum of a finite group and a LL-divisible group,
where L is a set of prime numbers not containing the residue characteristic p.

Theorem 3.4.1. Let K be the quotient field of a henselian discrete valuation ring
with finite residue field k and let X be a smooth proper geometrically connected
variety over K. Let 75°(X) := ker(7?(X) — G%) be the kernel of the norm map.
Then we have:

XY =TQL,
where T is finite and r is the k-rank of the special fiber of the Néron model of the
Albanese variety of X .

Proof. See [JS03| Theorem 7.1. The prime-to-char(k)-part is due to Grothendieck
and the char(k)-part comes from Yoshida [Yos03]. O

Lemma 3.4.2. Let K be a henselian valuation field with finite residue field.

1. If f : V. — M 1is a proper surjective morphism with V and M of finite type over
K, then the push-forward map, called norm map, has coker(f, : SK;(V) —
SKy(M)) of finite exponent.

2. If, furthermore, M = Spec(K) and V is non-empty, then coker Ny g :=
coker f, is finite.

Proof. See |JS03| Lem. 6.2: It uses that norm groups are of finite index in K>,
and that for a finite and flat morphism, there is a pull-back map f* with f, o f* =
[£(V) : s(M)]. O

Proposition 3.4.3. Let K be a henselian valuation field with finite residue field.

1. Let V' be a geometrically irreducible and proper variety over K. Assume one
of the following conditions:

o char(K) =0,
o V s smooth and projective over K.

Then the kernel ker(Ny i) of the norm map Ny i : SKy(V) — K* is a direct
sum of a divisible group and a torsion group.
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2. If U is an open subset of such a V- with U #V and dimU > 1, then SK;(U)

15 a direct sum of a divisible group and a torsion group.

3. If V' is in addition a curve over K, i.e. dimV = 1, then we can replace
"torsion" by "finite" in the statements above.

Proof. Cf. [Sat05] Prp. 2.3 and [JSO3| Prp. 6.3. The statement is step by step
reduced to a curve. If V' is a geometrically irreducible, smooth and proper curve (=
projective curve by [Liu02] Ex.7.5.4), the problem is solved in [Sai85a] Thm. 4.1
and [Yos03| Thm. 5.1, respectively, for local fields. But the whole proof also works
for henselian valuation fields with finite residue fields. Now let char(K) = 0:

o If V is a geometrically irreducible proper, but not smooth, curve over the
perfect field K, then the normalisation map V' — V is finite and birational
and V' is a geometrically irreducible, projective and smooth curve over K,
since char(K) = 0. Let Z' be the exceptional divisor, which consists only of
a finite set of points, and let Z be its image in V. Then the cokernel coker;
of SK;(Z") — SK;(Z) is finite, since it is the cokernel of a finite sum of norm
maps between finite field extensions of K. With V\Z' =~ V\Z, we get a
commutative diagram of exact sequences

SK,(Z') —= SK; (V') —= SK,(V\Z") —=0

| | |

SK;(Z) — SK; (V) —= SK;(V\Z) —=0

| | |

coker; —— coker f, ——— 0.

So we have a surjection coker; — coker f,, showing that coker f, is finite.
And we have an exact diagram

Ny g

00— ker(NV/‘K) —_— SKl(VI) —_— im(NV/‘K) —0

| e

Ny |k

0—— keI'(Nv‘K) —_— SKl(V) —_— lm(Nv|K) —0

i | i

0- - — > coker, —— coker f, —— cokerg —— 0.

So coker, is also finite. Therefore with ker(Ny/ k), the group ker(Ny ) is a
direct sum of a finite group and a divisible group, too, by [3.2.12
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3 Class field theory over local fields

e Now let V' be a geometrically irreducible projective variety over K of di-
mension > 2 and let o € ker(Ny k) be represented by a finite sum erVo ay
with a, € r(z)*. Following Salberger’s argument (c.f. the proof of [CT93|
Prp. 3.3) we take a finite normal extension L of K, in which every of the
finite number of points x with a, # 1 becomes L-rational. So every preimage
y e Vp =V ®g L of such a z under the map f : V;, — V is L-rational. So
by a Bertini theorem ([Jou83] Cor. 1.6.11, Thm. IL.5.1, resp.) there is a ge-
ometrically irreducible and projective curve C' in V7, over L running through
all the finite number of points y which maps to the points = with a, # 1.
Consider the diagram

ker(NC‘L)

|

kel"(Nv|K) f—> ker(NVL‘L) i) ker(NV|K)

So f*(a) = > ev, , @y lies in the image of ker(Nej,) with a, = ag(,) € K(y)*.
So by the previous point about curves, there is a natural number n such
that f*(na) lies in the maximal divisible subgroup of ker(Ny,|.). Since the
compositum f, f* is multiplication with m = [L : K|, we have that

mna = f.f*(na)

lies in the maximal divisible subgroup of ker(Ny k). So modulo the maximal
divisible subgroup, every element in ker(Ny|x) is torsion.

o Let V be a geometrically irreducible and proper variety over K. Then by
Chow’s Lemma there is a projective variety V' over K with a projective and
birational morphism f : V' — V. So V' is also geometrically irreducible and
we get a commutative diagram of exact sequences

NvllK

0——s ker(NVr|K) —_— SKl (V’) —_— 1m(NV/‘K) —0

l e

0—— kef(Nv‘K) e SKl(V) — lm(Nv‘K) —0

i : i

0- - - > cokery —— coker f, —— cokers —— 0,

where coker f, is torsion of finite exponent by Since coker, is also torsion
of finite exponent and ker(/Ny|x) is the direct sum of a divisible group and a

torsion group, this also holds for ker(Ny k) by [3.2.12|
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e If U is a proper open subset of such a V' with closed complement Z then we
have the diagram:

Nz\x

0—— ker(NZ‘K) _— SKl(Z) —>1H1(N2|K) ——0

! |

0——s ker(NV‘K) — SKl(V) I lm(Nv|K) —0

i | i

0 - — — > cokerg SK;(U) — coker; ——0,

where coker; is finite as a quotient of norm groups in K*. As the image of
ker(Ny/k) the group cokerg is the direct sum of a divisible and torsion group.
And the image of cokerg has finite index in SK;(U). Therefore SK; (U) is also
the direct sum of a divisible and a torsion group by

For the other case we use the same methods. Note that the normalisation of a
curve is not smooth in general (cf. [Har?7] Ex. I11.10.1) if we drop the assumption
char(K) = 0. Therefore, we have to assume smoothness. Since Chow’s Lemma
could lead to singularities, we also have to assume projectivity. Luckily, Bertini’s
Theorem preserves smoothness, so that all the arguments work in this restricted
case. [

Remark 3.4.4. If one tries to proof that the LL-completion of the kernel of the
norm map is torsion by the same methods, then one is faced with the problem that
an element of SKq(X)L is not given by a finite sum over closed points of some
elements from k() , because the LL-completion does not commute with direct sums.
So Salberger’s argument does not work in that case.

Lemma 3.4.5. Let K be the quotient field of a henselian discrete valuation ring
with finite residue field k and let X be a smooth proper geometrically connected
variety over K. Assume that char(K) = 0 or that X is projective over K. Let

V(X) :=ker(SK,(X) 2> K*) be the kernel of the norm map. Then we have:
1. pX(V(X)) is a finite subgroup of m3°°(X).

2. ker pX and V(X) are the direct sums of the divisible group D = SK;(X)piy
and torsion groups.

3. (ker p™)1 equals ker(pi¥) for every set of prime numbers L, i.e. we have

lim (ker p*)/n = lim kerp).
neN(L) neN(L)
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3 Class field theory over local fields

4. coker(pX) has a finite torsion subgroup.

Proof. 1. See |JS03] Theorem 7.2 and cf. [Sza00]. The first statement follows
from [3.4.3] which shows that V(X)) is the direct sum of a torsion group and
a divisible group. So the image of V(X)) is torsion and by the structure of

73%(X) in finite.
2. Consider the reciprocity map p~ : SK;(X) — 7% (X). We have
¥ (SKi(X)piv) < 71 (X)piv = 0

since 72(X) is a pro-finite group. So SK;(X)p;, S ker p¥ is the maximal

divisible subgroup of ker p*. Consider the commutative and exact diagram

0

0 ——ker ,0|X — kerBX

00— V(X) — SKi (X) 2 im (N i) — 0

M

o X ot
0 —— (X)) —— 7" (X) G 0
0 - — > coker p|X — coker p* —— coker p‘K —0,

where p‘K denotes the restriction of the local reciprocity map
P K s GER

which is injective, and beside this has coker(pX) = Z/Z by local class field
theory. It induces the exactness after the dotted line in the diagram. We get
a sequence of inclusions of abelian groups

SK;(X)piy S kerp® < V(X) < SK;(X).
It follows that (ker p*)piy = V(X)piy = SK;(X)piy and we get an injection
ker p* /SK1(X)pw = V(X)/V(X)piv,
where the last group is torsion by [3.4.3

3. The groups mi*(X), 717 (X), K*, im(Ny|x) have finite torsion subgroups. To
show, that coker p* only has a finite torsion subgroup, we note that p* (V (X))
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3.4 The structure of SK; and the kernel of the reciprocity map

is a finite subgroup of 78°(X) = T@Z". So coker(p‘X) ~ T'@Z" with a finite
T, has only a finite torsion subgroup. And the local reciprocity map p® and
the inclusion im(Nx k) & K* give an exact diagram

0 0 coker(NX‘K)
O—>1Hl(Nx|K) K~ COkeI'(Nx‘K) —0
pf pK L
0 G —ex= (G2 T 0

0

coker p|K —— coker pff ————~

)
which induce the exact sequence

0 — coker(Nx|x) —> coker ,0|K — coker p** — 0

by the snake lemma. Furthermore, cokerpX = Z/Z is torsion free and
coker(Nx|x) is finite by [3.4.21 Therefore, with coker p‘K and coker p‘X , the

group coker p* has only a finite torsion subgroup (coker pX)ios. So by [3.2.10)
the whole first diagram stays exact after any LL-completion. In particular we
have the equality (ker pX)r, = ker(p;").

O

Theorem 3.4.6. Let X be an irreducible, proper and smooth surface, i.e. dim X =
2 over a local field K and let I be a set of prime numbers not containing char(K).
Then the kernel of the reciprocity map ker p* is the direct sum a finite group and
a L-dwvisible group.

Proof. See [JS03| Thm. 1.8, cf. [Sai85al, [Sza00]. O

Theorem 3.4.7. Let S = Spec(A) be the spectrum of a henselian discrete valuation
ring A with quotient field K and finite residue field k. Let f : X — S be a regular,
proper, flat scheme over S with smooth and connected generic fiber X and strict
semi-stable reduction Y as the special fiber. Assume moreover that char(K) = 0
or that f is projective. Let Y = ] Y, be a fized ordering of the irreducible
components of Y and let T'y be the dual complex to (Y, (Y})ier, (I, <)).
Furthermore, let I either be a set of prime numbers not containing p = char(k), or
let char(K') = 0 and p € L with the additionally assumption that the specialisation
map
Hy (X[S, Z/p"(-1)) = Hy (Y[S, Z/p"(~1))
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3 Class field theory over local fields

is a natural isomorphism for all v = 1, which by[2.5.9 and [2.5.11) is the case if f

s projective and

HY (X]S,Q,/Zy(—1)) is p-divisible.

Then we have:

1. For every integer n € N(IL) the reciprocity map modulo n fits into a commu-

tative diagram of exact sequences of finite groups

Hy(Ty, Z,/n) — SK; (X)/n —2 78 (X) fn — Hy Ty, Z,/n) —— 0,

| L

H,y(Ty, Z/n) — CHo(Y) /n -2~ 735(Y) /n — H, (T'y, Z/n) — 0.

. The LL-completion of the reciprocity map fits into a commutative diagram of

exact sequences of finitely generated Zi,-modules

X
Hy(Py, Zn) —= SKy (X)) = 3°(X ), — H,(T'y, Z1) — 0,

|

Hy(Dy, Zn) —= CHo(Y ) —2> 75 (Y ), — H, (T'y, Z1) — 0,

where ker pi and ker pi are quotients of Ho(Ty,Zy). kerp{ is finite and
equals Ho(m2 (Y1) ).

. If f is projective, then ker p* and V(X)) are the direct sums of their mazimal

LL-divisible subgroup and their L-completion ker pi*, V(X)L resp., which is a
finite (1) L-torsion group.

. 1f, furthermore, char(K) = 0 and the above assumption on p holds, then we

get
coker p* = H,(Ty, Z) @® Dy,

where D := coker(SKy(X) % SK,(X)) is a uniquely divisible group, and we
get an exact sequence:

~ X ~
Hy(Ty,Z) ® DX — SK;(X) L= 72" (X) —=H,(I'y, Z) @ Dx — 0,

where DX := SKy(X)pyy, is divisible.

Proof. 1. This is a recapitulation of [3.1.4]
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3.4 The structure of SK; and the kernel of the reciprocity map

2. This conclusion comes from the first point by taking the inverse limit over
N(LL). For this, note, that the universal coefficient theorem yields the exact
sequences

0— Hy(l'y,Z)®z A — H;(T'y, A) — Tor?(H;,_,(I'y, Z), A) — 0,

for + = 1,2 and every abelian group A. Taking the limit over the projective
system given by the groups A = Z/n for n € N(L) the Tor;-term vanishes in
the limit, since H;_1(I'y,Z) has a finite torsion subgroup, and we get

lim Hi(ry, Z/n) >~ lim Hi(ry, Z) X7z Z/n = Hi(ry, Z) Xz, Z]L.
neN(L) neN(L)

The last isomorphism is true, because H;(I'y,Z) is a finitely generated Z-
module. So H;(T'y,Z)®z Zy, is a finitely generated Zj-module. Furthermore,
taking A = 7y, in the coefficients sequence above, we get

H,(Ty,Z) ®; Zy, = H;(T'y, Zy,),

because Zy, is torsion free, i.e. a flat Z-module. So the stated diagram follows.
Since 7#*(X) is a finitely generated pro-finite group and Hy(Ty,Zp) is a
finitely generated Zj-module, the group SK;(X)y also is a finitely generated

Zj -module.

3. Since by pX(V(X)) is finite, we have that ker p* < V(X) is of finite
index. So the two statements are equivalent by [3.2.12] We argue by induction
on d = dim X. For d = 1 this is due to [Sai85a] Thm. 4.1 and [Yos03| Thm.
5.1 as formulated in [3.4.3] The case d = 2 is due to [JS03] Thm. 1.8, see
[3.4.6l And we will follow an analogue strategy for d = 3. Let Z < X be a
good divisor from and U = X\Z be the open complement.

e First of all we show that for almost all £ € IL and every v = 1 we have
that

ker pp. < im(SK1(Z,)/¢").

Therefore consider the commutative diagram with exact rows coming
from the niveau spectral sequence for the étale homology theory
over S, where we omit the twist (—1) in the coefficient for brevity, cf.
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72

B.I14
SK, (Z,)/t"

Ho (X, Z/t") H3 (X, Z/0") —=—=SKu(X) /¢

| |

HO(Um Z/gy) i H?(Um Z/KV) L SKl(Un)/EV

HO(UTPQZ/ZZ)Wy] _>H§(UT)7QZ/ZE)[€V] 0

where we can identify im(«) with ker pj; by[3.1.4] The maps a and b are
surjective as a part of a coefficient sequence, cf. 2.4.14}

Hy' (Uy, Qu/Ze(—1))/ 0" > Hy (Uy, Z/0"(—1)) = Hy (Uy, Qo/Ze(—1))[¢"].

We now want to show that 7 is surjective, i.e. h is the zero map, at least
for almost all primes ¢ € L.

For d = 2 this was done in [JS03|: b is an isomorphism by the coefficient
sequence above and the vanishing of HX (Un) by an dimension argument.
The bottom map is an isomorphisms by [JS03] Lem. 6.5 and for
¢ # p. So 7 is then clearly surjective for every ¢ € L\{p}.

Now let d = 3 and consider the exact sequence

Ho(U,, Q¢/Z) — HE (U,, Qu/Zs) — SK1(U,)) @ Qu/Zy.
Since U,, is the complement of a good divisor and with d > 3, by

we get

Ho (U, ]S, Qe/Ze(—1)) = 0.

Furthermore, by the group SK;(U,) is the direct sum of a divisible
group and a torsion group, therefore SK; (U,)) ®Qy/Z; vanishes, too, from
which follows that

HE(U,]S,Qe/Zi(~1)) = 0.

We show that b is injective for almost all ¢ € I with help of the coefficient
sequence from above. Consider the commutative and exact diagram with

Q¢/Zy(—1)-coefficients:

H?(Zn) - H?(X) - H?I)((Un) - Hé{(Zn) - H?(Zn)

l"“ lw l.gu j.gu l.gu

) —= Hg' (X) —Hy (Uy) —= HE' (Z,) — H3(Z,).



3.4 The structure of SK; and the kernel of the reciprocity map

Now by [2.5.8] resp., and we have identifications

HE (2,5, Qe/Zo(-1)) HE(Z|S, Qe/Zo(-1)) H(Tz,, Qu/Z4),
H* (XS, Qo/Z(-1)) H* (Y']S, Qe/Ze(—1)) H:i(Ty, Qo/Z),

for ¢ # p = char(k) and the universal coefficient theorem for I' = I'_, I'y-:

0— HZ(F, Z) ® QK/ZK - Hz(F7 QZ/ZZ) - Hifl(ra Z)Z—tors — 0.

lle 1l
lle 1e

So if ¢ does not divide the finite order of H; 1(I", Z)tors, then the first map
is an isomorphism and H;(I', Q¢/Z,) is uniquely divisible. Therefore, if ¢
does not divide the finite number

D #Hl (FZsa Z)tors : #H2(FZ57 Z)tors ' #Hl (FY7 Z)tors ' #H2 (FY7 Z)t0r87

the four outer multiplications in the ¢#-diagram are isomorphisms and
the five-lemma yields that HE (U,,, Q;/Z¢(—1)) is uniquely ¢-divisible. So

Hg' (Up, Qo/Zo(=1))/¢" = 0
and the map
HE(U,|S, 20" (1)) —> HE(U,|S, Qu/Z(~1))[¢*] = 0

is injective and therefore both groups are zero. It follows that the map
v in the first diagram is surjective and h is the zero map. So, since

SKi(Z,)/t" — SK;(X)/t" — SKy(U,)/t" — 0
is exact and h = 0, we get that
ker p;, = im a € ker (SK;(X)/¢” — SK,(U,)/¢") = im(SK,(Z,)/¢")
for almost all £ € I and every v > 1.
We now show that for almost all £ € I and every v = 1 we even have
ker ol € im(V(Z,)/0%),

where V(Z,) is the kernel of the norm map. If £ does not divide # coker(Nz, x),
which is finite by [3.4.2] we get the commutative diagram with exact rows

Nz, 1k

0 — ker(Ny, )/ — SKy(Z,)/0" =25 K> /1" ——0

l )

0 —— ker(Ny x)/* — SKi(X)/¢* X5 jox v —— 0

Lpfu llpﬁi

(X)) /v X Gab /iy —— ),
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where pf} is an isomorphism by local class field theory. So if y € SK;(Z,)
is a preimage of x € ker pj\, then it follows that N o p)X o y(y) = 0. By
this diagram it follows that N, x(y) = 0, hence the claim.

Let " < L is the set of prime numbers where the finite number of primes
from above are removed, then by induction V(Z,) is the direct sum of a
finite (!) group 7" and a L'-divisible group D. Note that we do not have
to assume the condition on p = char(k) for Z, because we removed it
from I'. So if £ € I’ does not divide #7, then V(Z,) is (-divisible and
therefore V' (Z,))/¢” vanishes. Since ker p;\, lies in the image of V(Z,)/¢”
it also vanishes. Therefore ker pX, vanishes for almost all £ € L and every
v=1.

It also follows that for almost all £ € I we have that

ker pﬁ} = liinker P = 0.

vzl

Since by ker p* is the direct sum of a divisible group and torsion
group, it is also the direct sum of a LL-divisible group and a IL-torsion

group by |3.2.13| and we get by [3.2.11
ker g = (ker g pre @ @) (Ker o/ (ker )1 )

Lell

(-tors

and therefore
(ker p* )L = [ J(ker p¥) .
LellL
Since
(ker p™) = ker pi
by for every set of prime numbers I/, we have by the previous
points that (ker p* )¢, = 0 for almost all £ € L and we get

ker pi¥ = H(ker P )y = ker ppY,
Lel!

where ' is only a finite (!) set of prime numbers.

Since ker pﬁ(, is a finitely generated Zp,-module as a quotient of Hy(I'y, Zy,)
it only has a finite torsion subgroup, because I’ is finite. Again with
the fact that ker py, = (ker p*)1, and that ker p* is the direct sum of a
divisible group and a torsion group it follows from that ker pi¥ is
finite. With ker pi¥ = ker p¥ also ker p{* is finite and again gives
us that

ker p* = ker pi* @ (ker p )L piv

is the direct sum of the finite L-torsion group ker p* and the L-divisible
group (ker pX )i
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e We also mention the following: With the three exact sequences of finite

groups

ker pX —— SK; (X)/n —— 7 (X)) /n —— coker p;¥ ———0,

n(coker p*) ——= (im p*) /n ——7{"(X)/n —— (coker p*) /n ——0,

(ker p*)/n —— SK;(X)/n — (im p¥)/n ——0,

and with coker p;)

# ker pY

X

NN N

#((kerp )/n) -
#ker ,O]L . #( Okerp )tors

(coker p™) /n follows that

K (X)/n) - ##(coker pyy) / #(mi"(X)/n)
K (X)/n) - #(a(coker p*)) / #((im p*)/n)
#(n(coker p™ )

is bounded with respect to n € N(LL). Note, that the both last groups
are finite and independent of n.

4. By char(K) = 0 and the condition on p we can choose L to be the set of all
primes. Consider the commutative diagram

0 —— ker 1o —SK; (X)dIV

X

0 ——ker p* —— SK;(X) ——

Lo

X) — coker p¥ ——=0

|

0
.
i (X)
|

L1

0 — ker p¥ —— SK; (X) —£— #22(X) — coker p¥ —0

T

0

where Dy := coker(SK;(X) % SK;(X)). The isomorphism 72*(X) = #2>(X)
induces the equality (ker p*)qiy = SK;(X)qiv- So if we mod out these groups
on both sides, the snake lemma yields the exact sequence

0 — ker p~ / SK1(X)aiw — ker p¥ — Dy — coker p* — coker p~* — 0.
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3 Class field theory over local fields

Since SK;(X)/n is finite by the first point and ker p*/n lies in the exact
sequence

nim(p™) — ker p* /n — SK;(X)/n,

where ,, im(p*) and ker p* /n are also finite. Furthermore, we have that

(ker pXY = ker p* by and by the second point that ker p* is a finitely
generated Z-module. _Since 7P (X) is also a finitely generated Z-module,
SRI(X ) also is. By we get that Dy is an uniquely divisible group,
since every (-torsion of a finitely generated Z-module is finite. By the last
point we have that ker )% is finite and with we see that ¢ is surjective.

Since Dy is uniquely divisible the exact sequence
0 — Dx — coker p* — coker p* — 0

therfore splits. By the second point we have coker p* = Hl(Fy,Z). Since
(ker p¥) is of finite exponent we get with [3.2.15 and [3.4.5| that

(ker p¥)aiv = (ker p™)pivy = SK1(X)piv,

and
ker p* = (ker pX) ® SK; (X)piy -

]

Corollary 3.4.8. Let K be the field of fractions of an excellent henselian discrete
valuation ring A with finite residue field k, e.g. K a local field. Let X be a proper
and smooth variety over K and let I be a set of prime numbers not containing
char(k). Then the kernel of the reciprocity map ker p* is the direct sum of a finite
group and a L-divisible group. If X, furthermore, is geometrically connected over
K, then also the kernel of the norm map V(X) is the direct sum of a finite group
and a LL-divisible group.

Proof. By there is a de Jong alteration g : X' — X and where X' = X is
smooth projective and where Y is a simple normal crossing variety, Y’ := X.. So
X' satisfies the condition on Note, that Y’ and Y., have the same niveau
spectral sequence and homology groups. Let m be the degree of g. By [JS03] Lem.
7.4 the cokernel of

g« - Hy (X' K, Z/n(—1)) — Hg (X|K, Z/n(-1))

is of exponent m for every integer n not divided by char(K) by an analogue ar-
gument like in [3.4.2] So if we choose n = ¢ with ¢ € L not dividing m the map
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g« 1s surjective, since HX(X|K,Z/n(—1)) is (-torsion. So we get the commutative
diagram

Hy (X'|K,Z/07) — Hg (X|K, Z/1"(~1))

: i

ker pjf,’ ker pjy

and therefore a surjection
ker pg,{/ — ker piv

for every prime ¢ € LL not dividing m and every v > 1. Because # ker pﬁ,’ is
uniformly bounded by the proof of , ker pjv, also is with respect to these integers.
(Indeed, they vanish for almost all £.) It only remains the finite number of primes
¢Im. But for these primes we can find an ¢'-alteration by of degree m’ prime
to ¢ and using the same argument as before. So we get that # ker pX is uniformly
bounded with respect to n € N(IL). So ker p;* is finite and again gives us the
claim, since ker pi¥ = (ker p*), and ker p* is the direct sum of a torsion group and
a divisible group by . Since ker p* < V(X)) is of finite index by the same

holds for V(X)) by [3.2.12,
[

Remark 3.4.9. In the setting of[3.4.8 we had to exclude p = char(k) from L even
if char(K) = 0, in contrast to the dim < 2 case [3.4.6 This is because we had to

deal with two problems:
o The alteration theorem only works outside the prime p.

e We had to assume the Kato conjecture for HX(X|S,Q,/Z,(—1)), which is
not proven for p yet. For a relative surface this group clearly vanishes by a
dimension argument, so that problem did not occure in this case.

To avoid these problems we would have to show that the p-completion of V(X) is
finite, or, equivalently, that ker pffy 18 bounded with respect to v = 1. This was
shown in [ISO3] for surfaces also using a dimension arqument.

3.5 The kernel of the reciprocity map and its
reduction
In this section we want to discuss if the kernel of the reciprocity map modulo n of

a smooth and projective variety over a local field with strict semi-stable reduction
injects into the corresponding kernel of its reduction.
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Proposition 3.5.1. Let d' = 2 be a fived integer. If, with the conditions in[3.4.7,

we have canonical isomorphisms
ker p = ker pY
for all projective schemes X like in of relative dimension d', then it holds in

every dimension = d'.

Proof. Let the notions be like in [3.4.7] and let X be projective of relative dimen-
sion d > d +1 > 3. Consider the big diagram from where H,( ) =

Ha(_[S,Z/n(-1)):

€ 2 i"] €
Elz,fl(:{n) - Coker(ffn) - Hf(%n) T Eo 1(:£77) s H—l(%n) - H{{(%n)

LA js sz'Z lA La szl
Xs

B} (3) ——=Hoa(8) —— HE (2,) —5 B _y(%,) " Hop(X,) — = H{ (%)

where coker(X,) = coker(E§,(%,) — Ho(X,)). The isomorphism A* induces a

surjection
sp,, : ker p¥7 — ker pe.

And by definition we have
2 " BA 2
kersp,, = ker(Ej _1(X,) "= H_1(X,) ® E; _»(X,)).
From we get an exact sequence
Ho(Xy) @ Ef _5(Xs) — Hoo(Xy) — Ej (X)) — Hoi(Xy) © Ef_5(X,).

So kersp,, vanishes, if and only if the first map is surjective. By induction on the
dimension we will reduce this problem to d = d' > 2:

By there is a "good divisor" Z < X, which then is a projective, flat, reg-
ular scheme of relative dimension d — 1 > d’ > 2 with smooth generic fibre and
strict semi-stable reduction. Let U = X\Z be the open complement. We get a
commutative diagram of exact sequences

Ho(Z,) @ Ef (%) ) == E§_1(Z,)—=H_1(Z,) ® B} _,(Z,)

iﬁ{j |

Ho(Xy) @ EF (%) —=H 1(X) —= E§ 1 (X,) —H (%) ® E§_»(X,)
| l( | |

( )@El 2( )—>H 1 Us —>E§ 1(U)_>H71(Un)@E§772(Us)a

0
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3.5 The kernel of the reciprocity map and its reduction

where the zero map in the first line comes by induction and where H_; (U;) vanishes
by because —1 =2 —3 and 2 < d’' + 1 < d by assumption on d. So the dotted
line is surjective and, therefore, the first map in the middle line, too. This implies
the statement. O

Remark 3.5.2. 1. The assumption of [3.5.1] on the kernels of the reciprocity
maps is always true for dimension 0,1. Unfortunately, the induction step
using the vanishing result for the open complement of a good divisor from
ends at relative dimension 2. So the statement can not be reduced to
relative curves or points. So the question arises if the two kernels are always
tsomorphic.

2. If there exists an counterezample in a dimension d, then by there also
will be a counterexample X in relative dimension 2. And X x 4 P§" is then a
good candidate for a counterexample in relative dimension r + 2.

3. To get a criterion for a variety to be a counterexample of |3.5.1| consider the
following: If we have

#HO(%n> * #E%,—Q(%S) < #H—I(XS)
then the map
Ho(X,) © Ef _5(X;) — Hoi (%)

can not be surjective and therefore the kernels of the reciprocity maps modulo
n must differ. So the task is to estimate the three terms. Put X = X, and
Y = X,. And let n be an integer not divided by the residue characteristic
p = char(k).

a) By|2.5.5 we have
E} (Y[S8,Z/n(-1)) = EY (Y |k, Z/n(0)).

And by there is a first quadrant spectral sequence of homological
type

B!, = B} (Y1) = H,,,(Y) = B2, ,(Y),

leading to the exact sequence:

IE02,1 _>E120(Y) IE120 0.

) )
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80

b)

With for smooth varieties we get:

IE0271 = coker IE& 1< If?lll
= coker (E — E3,(YIy)
=~ coker (H; |k Z/n) — H YWk, Z/n))
=~ coker (H 2d 1 1, Z/n(d)) « H*>=3(YI Z/n(d — 1)))

ker (HZ(Y Z/n) — H3(Y [1]7Z/n))v

IE~12,0 = H IE&,O N IEll,o N IEzl,o
= H (E&O(y[o]) - Eg,o(y[l]) - Eg’O(YP]))
H (CHo(Y!) /n « CHo(Y!™) /n « CHo(Y)/n.)

lle

So we get inequalities

#E%,O(YWZ/”)) < #IES,I*#[E%,O
< #H2(Y1 Z/n) « #H, (CHy (Y1) /n).

Furthermore, let ' = Gal(k|k) = 7, be the absolute Galois group of k and

7 be the base change of a k-variety Z with k, then the Hochschild-Serre

spectral sequence
EPY — H/(T',HY(Z),F) — HPYY(Z F)
gives short exact sequences
0—H"YZ F)r - H™(Z,F) - H™(Z,F)" —0.
So we get

HI2(YI) Z/n) = #I2T, 2/0)" « #H T, Z/0)r.

By|2.5.5 and|5.1.5 we get

(Y18, Z/n(-1) = Hi(Y|k,Z/n(0)) = H*(Y,Z/n)".

And by[2.4.0 there is a first quadrant spectral sequence of cohomological
type
Tprt =HIY!M, Z/n) = TE™ = U (Y, Z/n),

leading to the exact sequence

0,1 2,0 0,2 1,1 3,0




3.5 The kernel of the reciprocity map and its reduction

where we have

IEg’l ker ([El)l ]El 1)

ker (HY(Y'0 Z/n) — Hl( [ Z/n)v)
coker( ab(y'l )/n<—7T vy /n)
coker (CHo(Y{%)/n « CHo (Y1) /n)"

(CHo(Y)/n)",

'E3® = H('E;® - TEY" - TEYY)
H (H(YM, Z/n) - HO(Y? Z/n) — HO(Y B, Z/n),)
HQ(FY7 Z/n)v,

e e 1

e 1l

TEy? = ker (EV?) — 1E}?))
ker (H*(YI?, Z/n) — H*(YM, Z/n)),
IE21,1 H ([Egl [Ell 1E12,1)
= H(H'(Y! ,Z/n) — HY (YW, Z/n) - H (Y!H Z/n))
= H(m" (YD) /n « aP (VI /n — miP(YP]) /n)”
= H(CHo(YP)/n « CHo(Y™)/n « CHo(Y™)/n)"
TEy? = HUEY - 1B} - 1E")
= HH'(Y®,Z/n) > HO(YB, Z/n) - H (Y, Z/n),)
= HS(FY7 Z/n)v

So we get inequalities:

#HI(Y[O]’ Z/n) » #H? (Y,Z/n) = #H3(L'y, Z/n)
# By« B« 4 By

# By s g ker("E? — TEy”) « 4 By

# By« 41 By

#Ha(T'y, Z/n) = #£H, (CHO(Y[.])/n) .

And the Hochschild-Serre spectral sequence again gives:

AHY(YI, Z/n) = 40T Z/n)p » #H' (T, Z/0)".

W WV wv

Ho(X|K,Z/n(-1))
H24(X, Z/n(d + 1))
H2(X, Z/n)".

e e 1

Now, let G = Gal(K|K) be the absolute Galois group of K, I < G
its inertia subgroup, and I' = Z the factor group corresponding to the
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3 Class field theory over local fields

mazimal unramified extension K of K. For a K-variety Z, let Z, Z
resp., be the base change with K, K resp.. By INSWOS] Thm 7.1.8. we
have c¢d,, I < 1 and also c¢d,,T" < 1. So the Hochschild-Serre spectral
sequence yields the short exact sequences

0— HY(X,Z/n)r — H*(X, Z/n) — H*(X, Z/n)" —0,
0—H'(X,Z/n); —H*(X, Z/n) — H*(X, Z/n)! —0,

0—H(X,Z/n); —H' (X, Z/n) — H'(X, Z/n)! —0.

So we get the inequalitiy

#Hl( )r » #H*(X)" _ _
#(HO(X) ) = #(H' (X))« #(HH(X) )"+ #(H? (X))
#FHO(X)S « (#H'(X))? « #H2 (X)),

#H(X)

/AN

since n is prime to p, the inertia subgroup I operates only via its tame
quotient, which is a monothetic pro-finite group. So the order of the fix
module and cofix module coincide in the equalities above.

Joining the first three points together we get the following statement:

Proposition 3.5.3. If the inequality with Z/n-coefficients
oA N UNaS v UNs
H#Ho(Ty) > #Hy(Dy) « #HUY )T (HH (VD) 0 127
dHHOX)E « (H#H(X)E)” » #HA(X)C
holds, then the surjection ker pX — ker pY is not injective.

Remark 3.5.4. If in the setting of [3.5.9 one does not have information over the
étale cohomology groups of X, one can estimate them with the cohomological spectral
sequence of vanishing cycles [RZ82], which is T-equivariant:

B = @ Ht+25—2k(7[2k‘_5]’ Z/n(s — k)) = H+(X,Z/n)"

k>max(0,s)

We can estimate H** (X, Z/n)* by comparing the terms EP with the limit terms

82



3.5 The kernel of the reciprocity map and its reduction

EZ' which are subquotients:

#H (X, Z/n)" = #EY < #HT" z2/m),
#PHVX,Z/n)" = #EY < #HT,z/m),
H#PHV(X,Z/n)P /P = #EY < #H'TLZ/n),
HHU(X,Z/m)P/FO = #EZ < #HT, Z/m(-1)),
BPPHA(X,Z/n)" = #EX < #HTLz/m),
HPTHA(X,Z/n)PF? = #EY < #H'TL2/m),
#POHAX, Z/m)P(FY = #EY < #HE z/n) « 40T 2/0(-1)),
PR, Z/n)P /P = #EM < #H(YV, Z/n(-1)),
HI2(X,Z/n)P/F-Y = #E < #H0(T z/n(-2)).
Taking the products, we get inequalities

#HOX)P < #HO(Y™),

H#H (X)) < #H(T)« g0 (T o 0T (1),

H#HAX)" < #HO(YT) « #H' (T« gHOT)(-1)

Note, that P is a certain subgroup of I, and they act trivially on H*+(X,Z/n) in
the case of simple normal crossings for'Y by [RZ82] Kor. 2.25.

Lemma 3.5.5. Let k be an algebraic closed field and n an integer not divided by

char(k). Then we have:

1.
i zm ={ " e
2. T
H" (P4, Z/n) = { f/”(—i) OJ;f;LT‘;zZeSner 0<r<2d,
3.

d
H (P, 2/n) = { Zin(=5) ¥ for evenr, 057 <24

otherwise,

where P2 is the d-fold product Py x. - - xz PL of PL.

83



3 Class field theory over local fields

4. Let X =V, (g9) — ]P’%Jrl be a smooth (!), projective hypersurface definied by a
homogeneous polynomial g of degree f and dimension d. Then

. H"(PL, Z/n) for r #d,
H(X,Z/n) = { Hd(]P’% Z/n) ®@HYX, Z/n)  for r=d,

with the free 7 /n-module
HY(X, Z/n) = ker (Hd(x, Z/n) S5 HE2 (P, Z/n(l)))

of rank

(f = 1% + (<) = 1)

rankz,, HY(X,Z/n) = 7

5. Let X — P?(dﬂ) be a smooth, projective hypersurface definied by a multi-
homogeneous polynomial g of dimension d. Then

T p— 17
H'(X,Z/n) = H (B2 Z/n(1)) for r>d+ 1.

H (PEY Z/n)  for r<d
=>d
Proof. See |[Mil0§| example 16.3 and 16.4. For P%d use induction on d and the
Kiinneth formula [Mil0g| §22. For the last point consider the Gysin sequence [Mil08]|
§16:
r+1 r r+2 (m®(d-+1) r+2

where U is the complement of X in IP’%9 (dH), which is affine and of dimension d + 1,
and for which H™**(U)(1) and H"*2(U)(1) vanish by [Mil08] §14 for r + 1 > d + 2.
For r < d — 1 we get by Poincaré duality, cf. [Mil08] §24:

H'(X,Z/n) = H*7"(X,Z/n"(d))"
24— r+2(]P>®(d+1) Z/n(d + 1))
H(2d+2) (2d r+2) (P® (d+1) Z/ (d+ 1) (d+ 1))v

=~ H(P2Y z/n),

e 1e

lle

where the second isomorphism is the Gysin isomorphism as before and holds because
2d—r+1>d+1=dimU forr <d—1. O

Remark 3.5.6. Consider the following strategy to construct counterexamples:

o Construct a simple normal crossing variety Y consisting of smooth hyper-
surfaces Y; = V. (fi) in the projective space Pt or PRUED  resp. over the
algebraic closure k of a finite field.
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3.5 The kernel of the reciprocity map and its reduction

o Take a finite subfield k of k over which all f; are defined and such that ev-
ery connected component of any YU is geometrically connected, where Y =
Vi (fi--- fs) is the corresponding variety over k.

o The reciprocity map pY then by has trivial kernel.

e Construct a lift f of the product fi--- fs to a henselian discrete valuation ring

A with residue field k, such that V. (f) is a reqular connected subscheme of

IPifle orgﬁ(dﬂ), resp., with geometrically connected and smooth generic fibre
X over K, where K =Quot(A).

o X is then a hypersurface in P*1 or POU+D oyer K.

e Ford =3 we then by[3.5.5 have
#HA(X, Z/n) < #H (X, Z/n) « (#H' (X, Z/n))" « #H2(X, Z/n) = n?,

d+2

nt2 resp., with exponents independent on the degree of f and the number n.

e If we constructed Y such that #Hy(I'y, Z/n) > n? or n®2, resp., then there
must be a non-trivial element in

ker p; = coker (H*(X,Z/n)” — Hy(T'y,Z/n)),
whereas ker pY = 0.

This strategy has the problem, that it is in a way independent on n. It would also
work, if we took the projective limit of the above groups over n = £¥ for a prime
C # p, i.e. with Zy-coefficients. With the same arguments as above one would get
that

rankyz, ker pﬁ,} > ( = rankyz, ker pfe},

which contradicts the fact, that pfi} s finite by . So this strategy can not
work properly. Since it is no problem to construct a huge Ho(T'y) with intersecting
hypersurfaces, the main problem is to find a regular (!) hypersurface lift X of Y.
The examples|3.5.8 shows that everything can be done, even that X s smooth, but
only the reqularity of X is missing.

Example 3.5.7 (Cf. [Sat05], [ETi83]). Let K be a local field with ring of integers A
and residue field k. Let d = 3 and m = d + 6 be integers. Fix a monic irreducible
polynomial f € k|T| of degree m, let h = k[T|/f be the corresponding field extension

and ) = Spec(h). Furthermore, let Y be the hypersurface in Pf(dﬂ) defined by the
multi-homogeneous polynomial of degree (m,m,2,0,...,0):

Fo= (f(T/T)T™) » (F(To/Ty)T5™) = (T3T3),
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3 Class field theory over local fields

i.e. we have
Y= ((Q X Plls X ]P)lg) “ (]P)llc x @ % ]P’,lg) U (]P’}C X IP’]lC X {O,oo})) « ]pi@(dﬂ)'

Let g, g’ resp., be a separable polynomial in k[T] of degree m or m — 1, degree 2
resp., which is prime to f, prime to T resp.. Furthermore take monic lifts f (q
of f, 9,9 in A[T] of the same degrees. Let X be the projective subscheme of IP® a+1)
defined by the multi-homogeneous polynomial of degree (m,m,2,0,...,0):

F+7n+G,

where w is a prime element of A and

P (Ferymome) s (F/myrge) » @1,

G = (9(T/T)TI™) + (§(To/T3)T3™) = (g (T3/THTF) -

The generic fibre X = X, of X is then geometrically connected and smooth over K,
since it is everywhere locally étale isomorphic to A%, and defines a hypersurface in

IP’® (d+1) , cf [Sat05] §3, and [EFri83] for more general polynomials G.
Smce Q % Q = Spec(h®y h) consists of m Q-rational points, we get in the obvious
way that

o YO consists of 2 Q-rational and 2 k-rational irreducible components:

Y, = QxPLxPlxp&?

Y, = PLxQxPpx P2
Y; = PLxPlxOxPY?,
Y = PLxPLxooxP¥?

o YU consists of m + 4 Q-rational irreducible components:

YinY, = Qx@QxPLxP2?)
YinYs Q x PL x O x P22,
YinY, Q x P! x oo x P2,
YonY; = IP’lexOxIP’®(d2)
YonY, = IP’lexoox]P’®(d2)

o Y consists of 2m Q-rational irreducible components:

YinYonY; = QxQx0 x P42,
YinYonY, = QxonoxIP’%Xd*Q),
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3.5 The kernel of the reciprocity map and its reduction

e there are no higher r-fold intersections.

From the exact sequence (1.53.5

CHy(YM) —— CHo(Y!)) —— CHy(Y) —0,

degl? degl?

(mz)m+4 o (TI’LZ)2 D Z2,

where the lower map is given by the matrix

Y12 Y13 Y14 Ya3 Y24
vi|—m —m —m 0 0
Ya m 0 0 —m —m
Y3 0 m 0 m 0
Ya 0 0 m 0 m

we get that
CHy(Y)=Z®Z/m,

cf. [Sat0d] Lem. 3.4. Note, that we have the natural isomorphism from [Ful98]
Thm. 8.3:

CH()(Z Xk ]P;%Dr) = CH()(Z)
The dual complex I'y of Y is of the form

o

AL

®,

o3

®,

where every triangle is filled in. Therefore, it is connected and simply connected.

So we get
HQ(Fy, Z) = Z7
Hi(Ty,Z) = 0,
HQ(Fy, Z) = mel’

where the rank of the second homology group can be computed by the fact, that the

alternating sum of the ranks of the complex 77

ZQm

Zm+4

ylely .

Z4

coincide with the Euler-Poincaré characteristic.

87



3 Class field theory over local fields

Now let n be an arbitrary integer not divided by char(k). Because X is a smooth
geometrically connected hypersurface defined by a multi-homogeneous polynomial,

we get by

e ~ 77 (p®(d+1) ~ r (dj:l)
(K. Z/n) = W2, 2n) = 2jn(— ) (3
for0 <r <2<d—1, sinced is chosen to be = 3. Like in[3.5.9 the Hochchild-Serre

spectral sequence gives
HH?(X,Z/n) < #HO(X) « (#H'(X))" « #HA(X) = n*2.
If X were reqular, we would like in[3.5.9 have the exact sequence
H*(X,Z/n)" —> Hy(Ty,Z/n) —> ker pX — 0,
leading to the estimations

# ker pX #Hy(Ty, Z/n)/#H?*(X, Z/n)

nm—l/nd+2

nm—d—3

TL3

# CHo(Y)/n
# ker py,

ford = 3 and m = d + 6. Taking the projective limit of the above sequence over

N(L) for any set of prime numbers L. not containing char(k), we would get the
simalar result that

VvV VLWV WV

ranky, ker pit > 3,

observing that
lim Hy(Ty,Z/n) = Ho(Ty,Z) @ Zy, = Z7* !
neN(L)

is free of rank m — 1 and that

' . ' r (d"l'l) r (szrl) v
lim H(X,Z/n) | = | lim Z/n(—§) 2 = Q/Z(_§)]L—t20rs
neN(L) neN(L)

dil)‘

has Zy -rank at most (
2

Example 3.5.8. Let the setting be like in and let L|K be the unramified
field extension corresponding to hlk and B|A the corresponding ring of integers.
Now consider the base extension X' = Xp. We then have Y' := X, =Y, and
X=X = Xp. Since X was smooth and geometrically integral, this also holds for
X'. Since Q splits completely over h we have that Yy, and Ya, h each consists of m
irreducible components. So we get that
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3.5 The kernel of the reciprocity map and its reduction

o Y consists of 2m + 2 h-rational irreducible components:

for1<i,j <m,
o YU consists of m? + 4m h-rational irreducible components:

VIAYE, YiaYh YieYh YWWevi YPav

for 1 <1,7 <m,

o Y2 consists of 2m? h-rational irreducible components:
Y'Y nY,  YnYyay]

for1<i,j <m,

e there are no higher r-fold intersections.

The dual complex to Y' is clearly connected and simply connected. So like before
we get

Ho(ry/, Z) = Z,
Hi(Ty,Z) = 0,
Hy(Dyr, Z) = Zm-2m+l,
Since every component of a YUV has a h-rational point, it is geometrically connected

and since TP(PY") = GiP every component of Y is of "geometrically simply
connected". Therefore by |1.4.11}, the groups ker p¥, ker pY | ker pi wanish. Like
before we would get that

2_ —d—
#ker pX =n™ 2 5 0 = ker p!

for n not divided by char(h) and m > d = 3, and similar for the Zy-rank of ker p;*,
if Xp were reqular.

Remark 3.5.9. Note, that the examples[3.5.7 and [3.5.8 are not counterexamples
to the question, if the kernels of the reciprocity maps modulo n coincide, since the
model X in these examples is not reqular, although its generic fibre is smooth and
has strict semi-stable reduction. Moreover, these example show, that there can not
be any reqular hypersurface lift of Y.

If one now wants to resolve the singularities of X, then one would get new compo-
nents in the special fibre, so that the new Hao(I', Z;) would have a smaller rank.

If one could construct a reqular lift of Y, not necessarily as a hypersurface, then
one has no control of H*(X, Zy), which then would have a bigger rank.

Therefore, the construction of a counterexample is not easy and still is open.
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