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1 Introduction

In 1896 Pieter Zeeman investigated the influence of a magnetic field on the spectral lines of
sodium and found them to be broadened [1–3]. Using the laws of classical electrodynamics,
Lorentz theoretically predicted a splitting of the spectral lines in triplets [4]. In 1902 Zeeman
and Lorentz were jointly awarded the Nobel prize in physics for the discovery of this Zeeman
effect. However, already in 1898 Preston, Michelson and Cornu had found further splittings
in the spectral lines of sodium and cadmium, which could not be explained by the classical
theory of Lorentz. The discovery of this anomalous Zeeman effect [4] can be regarded as the
first experimental signature of one of the most fascinating intrinsic properties of a particle -
its spin.

Further experimental evidence for the existence of the spin degree of freedom was pro-
vided in 1922 by the famous experiment of Stern and Gerlach [5, 6]. Here a beam of silver
atoms is sent through an inhomogeneous magnetic field. The magnetic moment of the atoms
couples to the magnetic field. Due to the inhomogeneity, the atoms experience a force de-
flecting their trajectory. Classically, the magnetic moment can have an arbitrary orientation.
Consequently, a continuous distribution has to be expected on the detector. However, one
finds two clearly separated peaks, as corresponding to the spin of the 5s electron of a silver
atom.

The first theoretical treatment of the spin was provided by Pauli in 1927 [7]. However, it
was Dirac who unveiled the full nature of the spin in 1928 by combining quantum mechanics
with the special theory of relativity in what is known as the Dirac equation today [8, 9].

Since then, the spin degree of freedom has become subject to one of the broadest and
most intensively studied fields of research in physics. The present thesis is part of this field
and deals with so-called central spin models. The Hamiltonian of a general central spin model
reads:

HCSM =

Nc∑
i=1

~Si ·
N∑
j=1

A
(i)
j
~Ij +

∑
i<j

J (ij)
ex

~Si · ~Sj (1.1)

The first term describes the coupling of a set of Nc central spins ~Si to a bath of N other
spin degrees of freedom ~Ij . The second term accounts for interactions within the system of
central of spins. Often an additional Zeeman term

Hz = B

Nc∑
i=1

Szi (1.2)

is considered, where we have assumed ~B = (0, 0, B)T without loss of generality. Throughout
the present thesis, we consider the spins to be dimensionless so that the coupling constants

A
(i)
j , J

(ij)
ex and the parameter B have dimension of energy.
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The interest in central spin models is threefold:

• The so-called Liouville-Arnol’d theorem of classical mechanics states that if a Hamil-
tonian system with n degrees of freedom has n involutive integrals of motion which
are functionally independent, its Hamiltonian equations of motion can be solved via
quadratures [10]. Such a system is called integrable. Despite for huge effort, so far it
has not been achieved to adapt the concept of integrability to the quantum mechanical
framework satisfactorily. Apart from being of high interest on its own right, a quantum
mechanical notion of integrability could eventually lead to a better understanding of
quantization [11].

Central spin models came into the focus of the field of quantum integrability with the
work of Gaudin, published in the early seventies [12]. He demonstrated that for central
spin models with a single central spin only, today known as the Gaudin model, the
problem of finding the eigenstates and eigenvalues can be reduced to the solution of
set of coupled non-linear equations. The existence of such a Bethe ansatz [13–17] is
one of the commonly accepted definitions of quantum integrability. Since Gaudin’s
seminal contributions, it has turned out that central spin models offer one of the
few playgrounds to study all aspects of quantum integrability known so far and, in
particular, their relation. This has the potential to eventually lead to an, at least,
more comprehensive understanding of quantum integrability. If there is no danger of
confusion or the need to stress the quantum mechanical context, in the remainder of
the present thesis we refer to quantum integrability simply as integrability.

• In quantum mechanics the state of a physical system is not unique. If a system for
example has two possible states, it can not only be in the one or the other but also
in both of them at the same time. Having such a two level system in mind, it is a
somewhat intuitive idea to use this quantum mechanical property for computational
tasks. About 15 years ago, the first important examples of quantum algorithms came
up and demonstrated that operations of key importance can be carried out amazingly
fast employing quantum mechanics [18–20]. Immediately, the implementation of quan-
tum algorithms became subject to enormous theoretical as well as experimental effort.
The central challenge in this context results from the fact that physical systems are
typically not well-isolated from their environment. However, the interaction with the
environmental degrees of freedom destroys the superposition of states described above.
This process is called decoherence.

As a natural two level system, a spin of length (1/2) is an obvious candidate for serving
as the quantum bit (“qubit”). One of the most promising approaches in this context
was proposed by Loss and DiVincenzo in 1998, suggesting to use the spin of electrons
confined in semiconductor quantum dots as qubits [21]. Here a decohering environment
is constituted by the nuclear spins of the host material. These interact with the spins
utilized as the qubits via the hyperfine interaction, which is described by a Hamiltonian
of central spin type [22, 23]. However, in recent years the idea gained importance to
turn vice into virtue by regarding the hyperfine interaction in semiconductor quantum
dot spin qubits as a way to efficiently access the nuclear spins. Indeed, it more and
more turns out that totally new solid state quantum information perspectives arise
from the hyperfine interaction [24–29].

In both of these contexts it is of key interest to understand the hyperfine induced spin
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dynamics. Here it has to be distinguished between the case of a strong and the case of a
weak magnetic field (1.2) as compared to the strength of the hyperfine interaction. The
first case has been investigated intensively and is well-understood to a large extent [30–
35]. However, it is still an unsolved problem how to treat the weak field limit correctly
[36, 37].

• As indicated in the first point, there are various notions of quantum integrability. How-
ever, what they all have in common is that they are associated with strong and scarce
mathematical properties. It is therefore highly interesting to investigate how integrable
quantum models differ from those which are non-integrable or, in other words, to which
extent physical properties are determined by the integrability of the respective models.
In recent years, various results have been presented, relating integrability to transport
properties [38, 39], to quantum phase transitions [40] and, in particular, to decoherence
properties [41–46].

To varying degrees, all of the aforementioned aspects are subject to the present thesis.
In the first part we focus on the first and the last point of the above list and investigate
very basic properties of central spin models on an abstract level. In Chapter 2 we give a
brief introduction to the field of integrability and review some results concerning central
spin models, which are of importance for the following considerations. Then, in Chapter
3, we introduce a new, or rather enhanced, notion of quantum integrability. From this
we derive an explicit and, to a certain extent, analytical relation between integrability and
decoherence for central spin models with more than a single central spin. This result is
not only of direct interest but also justifies the newly introduced definition of quantum

integrability. Here, as throughout the thesis, it is the decay of the components of
〈
~Si(t)

〉
which is analyzed in order to describe the decoherence process [36, 37, 47]. In Chapter 4 we
specify a model of two coupled Gaudin models with all coupling constants being equal to each
other (“homogeneous”), which we revisit in the second part of the thesis. We numerically
study the spectral properties of the model and find the spectrum to exhibit systematically
degenerate multiplets. Systematic degeneracies are extremely scarce. Hence, the result is
interesting on its own right. Apart from that, we briefly discuss possible applications in solid
state quantum information processing. The degenerate subspace is constructed analytically.

After studying basic properties of central spin models in the first part of the thesis,
the second part is devoted to concrete physical considerations in the context of solid state
quantum information processing. Here we consider two exchange coupled electron spins
confined in semiconductor quantum dots and evaluate the hyperfine induced spin dynamics
for the case of a weak magnetic field applied to the electron spins. As so far no well-
controlled perturbative treatments are known for this limit, we focus on the special case of
a zero magnetic field and resort to exact methods. In Chapter 5 we briefly introduce the
hyperfine interaction and its role in the context of solid state quantum information processing
using quantum dot spin qubits. Then, in Chapter 6, we consider the two exchange coupled
electron spins to interact with the same bath of nuclear spins via homogeneous couplings.
We then investigate analytically the electron spin and entanglement dynamics. In particular
we derive a scaling law for the decoherence time. In Chapter 7 we come back to the two
bath model introduced in Chapter 4. Here we try to turn vice into virtue by investigating to
what extent it is possible to swap and entangle the two nuclear spin baths. From this point
of view the two electron spins act as an effective coupling between the baths. We consider
the two baths to be strongly polarized in opposite directions initially and then analyze under
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which circumstances the magnetization of each bath is reversed. Surprisingly, it turns out
that a nuclear swap is possible for weakly coupled nuclear spin baths of realistic size, but not
for smaller ones. We indicate that under the same circumstances it should also be possible
to fully entangle the baths. Interestingly, there is clear evidence that the occurrence of
systematically degenerate multiplets, described in Chapter 4, has a dynamical signature.

The results of the second part of the present thesis give the first detailed study of the
hyperfine induced spin dynamics in a weak magnetic field situation. In particular they do not
only refer to the adverse aspects of the hyperfine interaction but also give a clear impression to
what extent it is possible to use it as a resource of solid state quantum information processing.
We close the thesis with a summary and an outlook on further important questions.



Part I

Quantum integrability and its
relation to physical properties





2 Basics of central spin models

In the preceding chapter we introduced the so-called central spin models. Following the
outline presented there, in the first part of this theses we focus on central spin models from a
rather abstract point of view and investigate very basic properties. In a first step, presented
in Chapter 3, we investigate in detail their integrable structure and relate our findings to the
physical phenomenon of decoherence. Then, in Chapter 4, we consider a special example of
a central spin model, consisting of two coupled Gaudin models with homogeneous couplings.
We numerically and analytically study the spectral properties of the model and find a new
example for a systematic degeneracy.

In the next three sections we briefly present basics, necessary for the following consid-
erations. We begin with the background for Chapter 3. In Section 2.1 we point out the
lack of a clear mathematical definition of quantum integrability and introduce the Bethe
ansatz for the Gaudin model as one of the commonly accepted approaches to integrability in
the quantum mechanical framework. In Section 2.2 we then review random matrix theory
as a tool to detect the existence of a Bethe ansatz. Finally, in Section 2.3 we revisit the
systematic degeneracy of the hydrogen atom as an interesting preliminary with respect to
the results to be presented in Chapter 4.

2.1 Quantum integrability and the Bethe ansatz
for the Gaudin model

The Liouville-Arnol’d theorem states that if a system with n degrees of freedom has n
involutive integrals of motion which are functionally independent, its Hamiltonian equations
of motion are solvable via quadratures [10]. Such a system is called integrable. As already
mentioned in the introduction, despite for huge effort, so far it has not been achieved to
adapt the concept of integrability to the quantum mechanical framework satisfactorily. At
the present time there are two commonly accepted definitions: A quantum mechanical system
is called integrable (i) if there is a Bethe ansatz [13–17] or (ii) if the system has a complete
set of commuting operators [48–52] sharing “suitable” properties (to be further explained in
Chapter 3). Note that integrability in classical mechanics does not require the solvability of
the quadratures. In this sense both of the aforementioned approaches are in direct analogy
with classical mechanics.

In the following we introduce the Bethe ansatz for the Gaudin model, which is an im-
portant preliminary for the next chapters. As explained in Chapter 1, the Gaudin model
corresponds to the Hamiltonian (1.1) for Nc = 1 and explicitly reads

HG = ~S ·
N∑
j=1

Aj~Ij , (2.1)
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where ~S denotes the central spin and ~Ij denote the bath spins. The spin lengths S and Ij
are arbitrary.

There are two approaches to the Bethe ansatz. The original one, introduced by Bethe
for the XXX-Heisenberg chain [13, 14], today is referred to as the coordinate Bethe ansatz.
Here a parameter-dependent ansatz for creation and annihilation operators relative to a
known eigenstate, usually called the pseudo vacuum, is made. Then the parameters, the
so-called Bethe ansatz roots, are determined so that successive application of the creation
and annihilation operators to the pseudo vacuum produces the whole set of eigenstates.
This is done by the elimination of “unwanted terms”, which are non-eigenstate contributions
coming from the application of the Hamiltonian. The resulting relations for the Bethe
ansatz roots are referred to as the Bethe ansatz equations. In this procedure the ansatz for
the creation and annihilation operators has to be guessed. The algebraic Bethe ansatz [15–
17] now systemizes this guessing by interpreting the off-diagonal elements of the so-called
monodromy matrix as the creation and annihilation operators. Drinfel’d embedded this
approach in a mathematical framework, which led to the development of quantum group
theory [53, 54]. This seminal work earned him the Fields medal in 1990 [55].

The pseudo vacuum for the Gaudin model is given by the highest weight vector |0〉 =
|S〉|I1 . . . IN 〉. Here we used the notation |S,mS〉 = |mS〉, with mS being the Sz quantum
number, and analogously for Ij , which is considered throughout the present thesis. The
ansatz for the respective annihilation operators reads:

F (ω) = ωS− +

N∑
j=1

Ajω

Aj − ω
I−j (2.2)

For the related algebraic Bethe ansatz the reader is referred to Reference [17]. The eigenstates
of the Gaudin model result from the operator (2.2) as

|ND〉 =

ND∏
i=1

F (ωi)|0〉

=

ND∏
i=1

ωiS− +

N∑
j=1

Ajωi
Aj − ωi

I−j

 |0〉 (2.3)

and the eigenvalues are given by

E ({ω1, . . . , ωND
}) = −S

ND∑
i=1

ωi + S
N∑
j=1

IjAj . (2.4)

The Bethe ansatz equations, determining the Bethe ansatz roots ωi, then read:

S +
N∑
j=1

AjIj
Aj − ωi

−
ND∑

k=1,k 6=i

ωk
ωk − ωi

= 0 (2.5)

Here ND is the number of spin flips compared to |0〉. The proof of Equation (2.5) is presented
in excellent form in References [12, 56]. In the following we therefore only very briefly
illustrate the elimination of the unwanted terms for the case ND = 1, which is of particular
importance in the following chapter.
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The state |1〉 = F (ω)|0〉 explicitly reads:

|1〉 = ω
√

2S|S − 1〉|I1 . . . IN 〉+
N∑
j=1

Ajω

Aj − ω
√

2Ij |S〉|I1 . . . (Ij − 1) . . . IN 〉 (2.6)

The rather cumbersome expression resulting from the application of the Hamiltonian (2.1)
to the state (2.6) can be rewritten in the following form:

HG|1〉 =

−Sω + S
N∑
j=1

AjIj

 |1〉 (2.7)

+

ω2S
√

2S + ω2
√

2S
N∑
j=1

AjIj
Aj − ω

 |S − 1〉|I1 . . . IN 〉︸ ︷︷ ︸
unwanted terms

(2.8)

Obviously, |1〉 is an eigenstate of HG provided the Bethe ansatz root ω is chosen in a way
that the unwanted terms vanish. This yields the relation

S +
N∑
j=1

AjIj
Aj − ω

= 0, (2.9)

which is exactly Equation (2.5) for the case ND = 1. It is important to note that the Bethe
ansatz also works if a Zeeman term HZ, as given in Equation (1.2), is added to HG. Applying
HZ to |1〉, we get:

BSz|1〉 = BS|1〉−
√

2SωB|S − 1〉|I1 . . . IN 〉︸ ︷︷ ︸
unwanted terms

(2.10)

Hence, adding (−B/ω) to Equation (2.9) yields the Bethe ansatz equation for the Hamilto-
nian (HG + HZ) on the subspace ND = 1, which generalizes to (−B/ωi) in Equation (2.5).
Interestingly, Gaudin also defined operators

Hi = Ai~S · ~Ii −
N∑

j=1,j 6=i

AiAj~Ii · ~Ij
Ai −Aj

(2.11)

for i = 1, . . . N which together with HG form a complete set of commuting operators. That
the Hamiltonian (2.1) and the operators (2.11) are indeed mutually commuting can be veri-
fied by direct calculation. As most of the related reviews and publications omit an explicit
proof, we briefly sketch it here. In order to abbreviate the calculations, in the following
expressions we denote ~S = ~S1 and

~Ij = ~SNc+j (2.12a)

Aj = ANc+j . (2.12b)

Here we referred to an arbitrary number of central spins because the notation (2.12) is applied
a second time in Chapter 3. If we set A1 =∞, the Hamiltonian (2.1) can be included in the
set (2.11) up to a trivial minus sign. Explicitly the operators read:

Hi =
∑
j 6=i

AiAj ~Si · ~Sj
Aj −Ai

(2.13)
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We now have to evaluate the commutator

[Hk, Hl] =
∑
m6=k

∑
n6=l

AkAm
Am −Ak

AlAn
An −Al

[
~Sk · ~Sm, ~Sl · ~Sn

]
. (2.14)

Using the operator identity

[A ·B,C] = A · [B,C] + [A,C] ·B, (2.15)

we get

[Hk, Hl] =
∑
n6=l

AkAl
Al −Ak

AlAn
An −Al

εabcS
a
k · Scl · Sbn (2.16a)

+
∑
n6=k,l

AkAn
An −Ak

AlAn
An −Al

εabcS
b
k · Sal · Scn (2.16b)

+
∑
n6=k

AkAl
Ak −Al

AkAn
An −Ak

εabcS
c
k · Sbl · San, (2.16c)

where εabc denotes the Levi-Cevita symbol and we used the Einstein notation. Noting that

εabcS
a
k · Scl · Sbk + εabcS

b
l · Sck · Sal = 0, (2.17)

it is possible to exclude the case n = k in the sum (2.16a) and n = l in the sum (2.16c) so
that we can rewrite Equation (2.16) as a single sum:

[Hk, Hl] =
∑
n 6=k,l

[
AkA

2
lAn

(Ak −Al)(Al −An)
−

A2
kAlAn

(Ak −Al)(Ak −An)

+
AkAlA

2
n

(Ak −An)(An −Al)

]
εabcS

a
k · Scl · Sbn. (2.18)

It is now easy to see that the term in brackets is equal to zero for any choice of the coupling
constants Aj .

2.2 Quantum integrability and random matrix theory

In statistical mechanics physical quantities are calculated as the average over an ensemble of
systems governed by the same Hamiltonian, but with different initial states. However, there
are situations in which e.g. not even the Hamiltonian is known. The concept of random
matrix theory was introduced by Wigner in 1951 as an approach to solve problems like these
in the context of nuclear physics [57–59]. In contrast to statistical mechanics, here ensembles
of Hamiltonians, represented by hermitian matrices with random entries, are considered. It
is by no means obvious how to realize this concept. In the following we consider what is
today referred to as the classical random matrix theory. The classical random matrix theory
is based on the observation that Hamiltonians can be divided into three groups:
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1. Time-reversal invariant systems with rotational symmetry and time-reversal invariant
systems with integer spin and broken rotational symmetry

2. Systems with broken time-reversal symmetry

3. Time-reversal invariant systems with half-integer spin and broken rotational symmetry

In Case 1 there are basis systems (apart from the system of eigenstates) with respect to
which the Hamiltonian matrices are real and symmetric, whereas in Case 3 basis systems
can be chosen so that the Hamiltonian matrices are quaternion real (for details the reader
is referred to References [58, 59]). We denote the set of real and symmetric matrices by
M1, the set of hermitian matrices by M2 and the set of quaternion real matrices by M3.
The subset of unitary transformations which satisfy M1,3 → M1,3 are the orthogonal or
symplectic transformations respectively.

The classical ensembles are now defined as tuples (Mi, Pi), where Pi : Mi → [0, 1]
are probability densities. The probability densities are arbitrary, up to the requirement
of invariance under orthogonal, unitary and symplectic transformations, respectively. Here
invariance means that two matrices A and A′ which are related due to A′ = T+AT , with T
being one of the aforementioned transformations, have to be assigned the same probability
Pi(A)dA = Pi(A

′)dA′. This is clear because the two matrices A and A′ have to be considered
as representations of the same Hamiltonian with respect to different basis systems. Usually
the probability distributions Pi are chosen as simple Gaussian distributions with parameters
depending on the different cases i = 1, 2, 3. With respect to this choice the three cases are
referred to as the Gaussian orthogonal ensemble, the Gaussian unitary ensemble and the
Gaussian sympletic ensemble, respectively.

It is now a natural question about which quantities random matrix theory can produce
meaningful results. In other words: Which are the properties of the set of matrices Mi

that are generic with respect to the associated set of physical systems given by Case i and
independent of the concrete choice of the probability density Pi? Usually these properties are
called universal. It is assumed that average properties are not universal, whereas fluctuations
are. Indeed, random matrix theory turned out to be extremely successful in describing
fluctuations.

Since its beginning in the fifties, random matrix theory has undergone substantial progress,
eventually leading to totally new fields of research. Beyond the most remarkable develop-
ments is the relation between spectral statistics and integrability. Here one has to distinguish
between “quantum signatures of chaos” and “quantum chaos”. The basis of the first field is
the so-called Bohigas-Giannoni-Schmidt conjecture [57, 59, 60]. It roughly states that the
so-called nearest-neighbor level distribution, which is further explained below, of a system
with an integrable classical analogue follows a Poisson distribution, whereas the statistics of
a model with a non-integrable classical counterpart exhibits level repulsion towards the result
associated with the respective Gaussian ensemble. The second approach utilizes the same
argument for the existence of a Bethe ansatz [42–44, 61]. Neither of the two conjectures has
been proven, still both of them yield excellent results, which suggests that they are closely
related to each other. In the following we entirely focus on the second approach and review
some recent results for central spin models presented in Reference [61]. These are of crucial
importance for the work presented in the following section.
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Figure 2.1: Sketch of the cumulative spectral function f̃(E). The cumulative spectral function
results from the integration of the spectral function f(E). As f(E) is a product of Dirac delta
distributions, f̃(E) is a step function. It fluctuates around a smooth function f̃av(E), depicted by
the dotted line. Within the unfolding procedure this smooth part is linearized, yielding a constant
mean level density.

Here the Hamiltonian (1.1) is investigated for J
(ij)
ex = 0 and Si = Ij = 1/2. A large

number of random realizations of the coupling constants is considered. For each realization
the coupling constants are chosen from a uniform distribution in [0, 1] and normalized after-
wards

∑N
j=1A

i
j = 1. Obviously, the Hamiltonian (1.1) conserves the total spin ~J = ~S + ~I

with ~S =
∑Nc

i=1
~Si and ~I =

∑N
i=1

~Ij . The eigenvalues are calculated on subspaces of fixed

J via exact numerical diagonalization. Here J is the quantum number associated with ~J 2.
Then the nearest-neighbor level distribution, denoted by p(s), is calculated as an average
over the nearest-neighbor level distributions of all the realizations. The nearest-neighbor
level distribution gives the probability of two consecutive energy levels having a distance s
from each other.

In this context we have to keep in mind that random matrix theory is only significant
with respect to fluctuations. In order to compare the results of the above approach with the
random matrix theory predictions, the fluctuations of the spectra have to be isolated. This
procedure is usually referred to as the unfolding. To this end the spectral function is defined

f(E) =

dim(H)∏
i=1

δ(E − Ei), (2.19)

where dim(H) = 2Nc+N denotes the dimension of the Hilbertspace, δ(E) is the Dirac delta
distribution and Ei are the energy eigenvalues. The spectral function integrated due to

f̃(E) =

∫ E

−∞
dE′f(E′) (2.20)
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Figure 2.2: Nearest-neighbor level distributions p(s) for 500 realizations of the Gaudin Hamiltonian
(2.1) with Si = Ij = 1/2. The number of bath spins is N = 13. The coupling constants are chosen

from a uniform distribution in [0, 1] and are normalized afterwards
∑N
j=1A

i
j = 1. The different panels

show the distributions for different subspaces of fixed J . In the bottom right panel all distributions
are joined together. As expected for a model with a Bethe ansatz, the distributions clearly follow a
Poisson distribution, marked by the red line. Reprinted figure with permission from [61]. Copyright
(2010) by the American Physical Society.

is called the cumulative spectral function. As the spectral function is a product of Dirac
delta distributions, f̃(E) is a step function. In Figure 2.1 this step function is depicted
schematically. Obviously, f̃(E) can be decomposed in a smooth part f̃av(E) and a fluctuating
contribution f̃fl(E):

f̃(E) = f̃av(E) + f̃fl(E) (2.21)

If the energy eigenvalues are now rescaled due to Ei → si = f̃av(Ei) (obviously yielding a
dimensionless variable), the smooth part of the transformed cumulative spectral function
f̃(s) simply reads f̃av(s) = s. Hence, the average level density, resulting as the derivative
of f̃av(s), is constant. This means that the rescaled spectrum only contains fluctuations.
Decomposing f̃(E) as given in Equation (2.21) is a non-trivial task in general. However,
the numerical data presented below has turned out to be qualitatively invariant towards the
concrete choice of the unfolding procedure.

In Figure 2.2 the nearest-neighbor distribution p(s) is plotted for 500 realizations of the
Gaudin model (2.1) with N = 13 bath spins. Subspaces of different total spin squared J
are considered. In the bottom right panel the distributions of the different subspaces are
joined together [57]. As expected for a model with a Bethe ansatz, p(s) follows a Poisson
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Figure 2.3: Joint nearest-neighbor level distributions p(s) for 500 realizations of the Hamiltonian

(1.1) with Si = Ij = 1/2 and J
(ij)
ex = 0. Different numbers of central spins Nc are considered. The

total number of spins is fixed to Nc + N = 14. The coupling constants are chosen from a uniform
distribution in [0, 1] and are normalized afterwards

∑N
j=1A

i
j = 1. The red dotted curves show the

Wigner surmise. With increasing Nc the distributions clearly approach the Wigner surmise. This
indicates that for central spin models with more than a single central spin no Bethe ansatz exists. The
transition from the Poisson distribution for Nc = 1 to the Wigner surmise for Nc = 5 is quantified by
fits to a generalized Brody distribution with parameters α and β. Reprinted figure with permission
from [61]. Copyright (2010) by the American Physical Society.
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distribution as given by the red curve. Representing the Hamiltonian (1.1) with respect
to the standard product basis |Sz1 . . . SzNc

〉|Iz1 . . . IzN 〉 yields real and symmetric matrices.
Consequently, in the non-integrable case the nearest-neighbor level distribution is expected
to follow the distribution corresponding to the Gaussian orthogonal ensemble, called Wigner
surmise. In Figure 2.3 the joint level distributions are shown for an increasing number of
central spins. Obviously, p(s) approaches the Wigner surmise with increasing Nc. For five
central spins p(s) already nearly perfectly coincides with the Wigner surmise.

The data presented in Figures 2.2 and 2.3 clearly indicate that there is no Bethe ansatz
for central spin models with more than a single central spin. As mentioned above, this result
is of great importance in what follows.

2.3 Degeneracies and symmetries: The hydrogen
atom revisited

It is well-known that the energy levels of a quantum system usually tend to repel each other
and degeneracies are exceptional events [62]. Hence, there are only extremely few examples
of systems with degenerate eigenstates and even less, whose eigenstates are systematically
degenerate. Systematic degeneracies result from the symmetries of the model. Let us for
example consider a Hamiltonian H having two symmetries A and B, which do not commute
with each other. The common eigenstates of either H and A or H and B can be labeled
by the eigenvalues and we e.g. have H|E, a〉 = E|E, a〉 with a being some eigenvalue of A.
Now obviously HB|E, a〉 = EB|E, a〉 with |E, a〉 and B|E, a〉 being linearly independent as
[A,B] 6= 0, which means that there is some higher dimensional degenerate subspace [63]. If
the operators A and B commute with each other, it is not necessary but still possible that
the spectrum of the Hamiltonian exhibits degeneracies. Famous examples for systems with
systematic degeneracies are given by the hydrogen atom [64], the n-dimensional harmonic
oscillator [65], and the Haldane-Shastry model [48, 66]. In all three cases the degeneracies
are due to hidden symmetries requiring a dedicated analysis. In the following we briefly
review the degeneracies of the hydrogen atom, which are interesting with respect to the
results presented in Chapter 4.

The Hamiltonian of the hydrogen atom reads

HH =
~p 2

2me
− 1

4πε0

e2

r
, (2.22)

where ~p denotes the momentum operator and me is the electron rest mass. The charge of
the electron is denoted by (−e) and ε0 is the electric constant. This Hamiltonian can be
rewritten in terms of the orbital angular momentum ~L:

HH = − ~2

2me

1

r2
∂r
(
r2∂r

)
+

1

2mer2
~L 2 − 1

4πε0

e2

r
(2.23)

Note that ~L 2 has exclusively angular dependence. The common eigenfunctions of ~L 2 and Lz

are the spherical harmonics YLmL
(ϑ, ϕ), where L denotes the ~L 2 and mL is the Lz quantum

number. Using a separation ansatz consisting of YLmL
(ϑ, ϕ) and a radial function u = u(r)

yields an equation for u(r) alone - the radial equation. This is solved by a power series
ansatz, provided it is truncated after some finite order. If the respective order is denoted by
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Figure 2.4: Sketch of the hydrogen spectrum. The eigenenergies are plotted against L. The
cross (circle) indicates positive (negative) parity of the respective multiplet. The spectrum exhibits
degenerate multiplets of consecutive angular momentum L and alternating parity. These “accidental”
degeneracies result from the quantum mechanical Runge-Lenz vector ~R.

itrunc, we get

n = itrunc + l + 1 = l + 1, l + 2, l + 3 . . . (2.24)

and consequently

En = −ER

n2
(2.25)

with ER being the Rydberg energy. Obviously, the energy eigenvalues do not depend on L
so that the spectrum, schematically shown in Figure 2.4 as a plot against L, exhibits the
well-known degeneracies. Let τ~r denote the inversion operator ψ(~r)→ ψ(−~r). Obviously, τ~r
has the eigenvalues (±1), to which we refer as positive (negative) parity. In polar coordinates
the inversion reads r → r, θ → π− θ, φ→ π+φ [63]. Consequently, the parity of a multiplet
is exclusively determined by the parity of YLmL

(ϑ, ϕ). Here one finds:

τ~r · YLmL
(ϑ, ϕ) = (−1)LYLmL

(ϑ, ϕ) (2.26)

In Figure 2.4 the cross (circle) indicates positive (negative) parity of the respective multiplet.
Obviously, the spectrum shows degenerate multiplets of consecutive angular momentum L
and alternating parity.

For a long time this degeneracy was believed to be accidental, meaning not to depend on
any symmetry. However, Pauli demonstrated that there is a hidden symmetry [64], which is
given by the direct quantum mechanical analogue of the Runge-Lenz vector:

~R =
1

2me

(
~p× ~L− ~L× ~p

)
− 1

4πε0
e2~r

r
(2.27)
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This makes the symmetry group of the hydrogen Hamiltonian into SO(4) and yields the “ac-
cidental” degeneracies of the Hamiltonian. As usually not considered in standard textbooks,
we briefly demonstrate that ~R commutes with HH. Using (2.15), in a first step we note that[

~L 2, pi

]
= [Lj · Lj , pi]

= i~ (εjikLj · pk + εjikpk · Lj)
= i~ (−εijkLj · pk + εikjpk · Lj) . (2.28)

Hence, ~R can be rewritten as

~R =

[
~L 2, ~p

]
2ime~

− 1

4πε0
e2~r

r
. (2.29)

Using again (2.15) and

[HH, ~p ] =
1

4πε0
e2i~

~r

r3
, (2.30)

it follows with (2.23) that

[
HH, ~R

]
=

[
HH, ~L

2 · ~p
]

2ime~
−

[
HH, ~p · ~L 2

]
2ime~

− 1

4πε0
[HH, ~er]

=

[
~L 2, [HH, ~p ]

]
2ime~

− 1

4πε0
e2 [HH, ~er]

=
1

4πε0

e2

2mer2

[
~L 2, ~er

]
− 1

4πε0
e2 [H,~er] = 0. (2.31)

Here we introduced ~er = ~r/r in order to stress the exclusively angular dependence. Note that
[~R, ~L 2] 6= 0. As explained above, this means that there has to be a degeneracy necessarily.
Considering a degenerate subspace, we can rescale ~R →

√
−me/2E ~R = ~RE (note that

E < 0). Then we have the following commutation relations between the generators of the
symmetry group of HH [

Li, Lj
]

= i~εijkLk (2.32a)[
RiE, R

j
E

]
= i~εijkLk (2.32b)[

RiE, L
j
]

= i~εijkRkE, (2.32c)

which defines a realization of the SO(4). We will see that the degeneracy to be reported in
Chapter 4 shows a lot of similarities to the degeneracy of the hydrogen atom.
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3 Different types of integrability and their
relation to decoherence in central spin models

Parts of this chapter have been published in collaboration with John Schliemann
in Reference [67].

In the Sections 2.1 and 2.2 we introduced the basic concepts of quantum integrability.
In particular we emphasized that so far quantum integrability lacks a clear mathematical
definition and the related research concentrates on either (i) the existence of a Bethe ansatz
or (ii) the existence of complete sets of mutually commuting operators (CSCO).

In investigations mainly focused on the first type of integrability, evidence has been found
that it is related to transport properties [38, 39], to quantum phase transitions [40], and to
decoherence [41–46]. Here systems of the form

H = Hcs +Hcs↔b + . . . further terms (3.1)

have been considered, where Hcs denotes the Hamiltonian of a central system and Hcs↔b a
coupling term between the central system and a bath. Mainly two roads have been followed.
On the one hand, the influence of chaotic or regular baths on the decoherence of the central
system has been investigated [41, 42]. On the other hand, the decoherence properties of the
central systems of models which are integrable or non-integrable have been studied [43–46].
The usual procedure within such considerations is to evaluate numerically the level statistics
of the respective system in the sense of Section 2.2 and to relate a possible change in the
statistics to a change of other properties of the system happening at the same point.

Also as a basis for the second part of the present thesis, in this chapter we investigate
integrability and its relation to decoherence in central spin models with more than a single
central spin. Here we refrain from the definitions (i) and (ii) and instead consider a quantum
system to be integrable if it is possible to compute all eigenstates and eigenvalues of the
respective Hamiltonian using operations with less complexity than the direct diagonalization
of the Hamiltonian matrix [68]. In this context we refer to the computational complexity.
The complexity of the exact diagonalization of a Hamiltonian matrix for example grows
exponentially with the system size. This very strict notion of quantum integrability contains
(i) and (ii) as possible sources of integrability.

In Sections 3.1 and 3.2 we first study the integrable structure of central spin models. In
particular we show that there is a transition between integrability ensured by Bethe ansatz
and integrability ensured by CSCO. Differing from the previous investigations mentioned
above, in Section 3.3 we then open a new route by applying a strong magnetic field to
the central spin system and analyzing its reaction with respect to decoherence. In the
non-integrable case as well as in the case of integrability ensured by Bethe ansatz the strong
magnetic field leads, as generally expected, to highly coherent central spin dynamics, whereas
in the remaining case decoherence still takes place. In contrast to previous work we relate
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the latter observation explicitly to the type of integrability and interpret the result from two
different points of view. Obviously, this does not only teach us something about the relation
between integrability and physical phenomena. It also gives new insights into quantum
integrability itself, as the definition introduced above turns out to be “productive” in the
sense that it leads to the aforementioned relation between integrability and decoherence.

3.1 Integrable and non-integrable central spin models

In the present section we investigate which of the central spin models (1.1) are integrable
and which are not. To this end it is convenient to rewrite the original Hamiltonian in terms
of sums and differences between the coupling constants

HCSM =

Nc∑
i=1

~Si ·
N∑
j=1

A
(i)
j
~Ij +

∑
i<j

J (ij)
ex

~Si · ~Sj

=

(
Nc∑
i=1

~Si

)
·
N∑
k=1

 1

Nc

Nc∑
j=1

A
(j)
k

 ~Ik

+

Nc∑
i=1

Nc∑
j=i+1

(
~Si − ~Sj

)
·
N∑
k=1

1

Nc

(
A

(i)
k −A

(j)
k

)
~Ik

+
∑
i<j

J (ij)
ex

~Si · ~Sj , (3.2)

where in the following we consider J
(ij)
ex = Jex and Nc > 1. For later convenience we define

A = N−1
c

∑N
k=1

∑Nc
j=1A

(j)
k . The first term is nothing else than a Gaudin model [12] with

a central spin replaced by a sum over a set of spins, whereas the second term acts as a

perturbation, vanishing whenever A
(i)
k = A

(j)
k .

Let us consider the aforementioned case of a vanishing perturbation. Here the central
spins can couple to different values of the total central spin squared. On each of the respective
subspaces we are left with a usual Gaudin model. As explained in Section 2.1, for the Gaudin
model there is a Bethe ansatz, which reduces the problem of finding the eigensystem of a
Hamiltonian to the solution of a set of typically non-linear equations. Hence, it has to be

expected that integrable central spin models satisfy A
(i)
k = A

(j)
k , whereas the model (3.2)

should be non-integrable in general. Obviously, the latter is explicitly verified by the data

presented in Section 2.2, where the spectral properties of central spin models with J
(ij)
ex = 0

have been studied. It has been demonstrated that for more than a single central spin the
nearest-neighbor level distribution exhibits level repulsion towards the Wigner surmise. This
indicates that there is no Bethe ansatz for those central spin models, clearly suggesting that
there is no possibility to reduce the computational complexity of the diagonalization of the

Hamiltonian. Note that this result will not change if non-zero couplings J
(ij)
ex are considered.

We will come back to an integrable case of two central spins with A
(1)
i = A

(2)
i below.



3.2. Different types of integrability | 21

3.2 Different types of integrability

In the present section we focus on models fulfilling A
(i)
k = A

(j)
k = Ak and investigate by which

structures integrability can be ensured. In particular we demonstrate that for homogeneous
couplings Ai = Aj integrability can never result from the Bethe ansatz, but is always ensured
by CSCO.

In Section 3.1 we explained that for A
(i)
k = A

(j)
k there is a Bethe ansatz for the Hamilto-

nian (3.2). Considering the Bethe ansatz equations instead of the direct diagonalization of
the Hamiltonian matrix reduces a problem of exponential complexity to one of polynomial

complexity. Hence, the Hamiltonian (3.2) with A
(i)
k = A

(j)
k is integrable in the sense of our

definition provided the Bethe ansatz equations (2.5) yield the correct number of solutions
{ω1, . . . , ωND

}. However, this strongly depends on the inhomogeneity of the couplings Ak.

Indeed, for Ak = (A/N) ⇔ A
(i)
j = (A/N) the Bethe ansatz equations can never yield all

eigenstates and eigenvalues. This becomes clear already on the subspace with only one spin
flip, ND = 1. Here the Bethe ansatz equation (2.9) becomes

S +
A

A−Nω

N∑
j=1

Ij = 0, (3.3)

which obviously gives only a single solution. Therefore integrability ensured by Bethe ansatz
breaks if all couplings become identical. We now show that in this case integrability is ensured
by CSCO. In order to construct the respective operators we apply the so-called binary tree
formalism [49]. On the first sight this seems to be unnecessary because Gaudin also gave
the set of operators introduced in Equation (2.13) which together with the Hamiltonian of
his central spin model form a CSCO [12]. Indeed, these operators, which do not play any
role concerning the construction of the eigenstates and eigenvalues of the Gaudin model,
obviously become ill-defined in the homogeneous coupling limit.

We restrict ourselves to a special case of the binary tree formalism [49] directly adapted
to our model: Let T be a binary tree with n leaves as shown in Figure 3.1 for n = 6. A
binary tree consists of a set of nodes, each of which is connected to exactly two following
nodes, except for the leaves. If we distinguish between a left and a right “child” p1 and
p2 connected to a node p, we arrive at a natural ordering of the leaves. We denote the
leaves a node p ∈ T is connected to as L(p). The node connected to all leaves is called
the root, denoted by r in the following. Now we associate every leaf i with a spin ~Si and

define Hp =
(∑

i∈L(p)
~Si

)2
and Hz

r =
∑

i∈L(r) S
z
i . It is simple to see that for all p ∈ T

these operators commute. As every binary tree with n leaves has (n− 1) nodes apart from
the leaves, we thus arrive at exactly n non-trivial, mutually commuting operators, which
indeed form a CSCO. In Section 2.1 it was mentioned that CSCO have to share “suitable”
properties. What makes the operators constructed above suitable is the fact that they are
complete for all spin lengths. In fact, for any system it is possible to find a CSCO by e.g.
considering the eigenbasis of the respective Hamiltonian and choosing a sufficient number of
diagonal matrices with only one entry different from zero. We investigated such systems for
the simple model of two Heisenberg coupled spins and found that they consist of more than
two operators and lose the property of being complete when the spin length is changed. We
suppose that sets of commuting operators can only be complete for any spin length if the
number of operators is equal to the number of spins. Surprisingly, up to our knowledge such
a statement has not been made so far.
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Figure 3.1: Binary tree with n = Nc +N = 2 + 4 = 6 leaves. In order to embed the Hamiltonian
of an arbitrary central spin model with homogeneous couplings into a CSCO using the binary tree
formalism, two binary trees α, β with Nc and N leaves respectively must be grafted together. The
Hamiltonian results as given in Equation (3.4).

Now we show how to embed the Hamiltonian of an arbitrary central spin model with
homogeneous couplings in a CSCO. To this end we consider two binary trees α and β with
Nc and N leaves respectively. Grafting them together as shown in Figure 3.1, we arrive at
a new binary tree with Nc +N leaves. If we use the notation (2.12), the Hamiltonian of the
associated homogeneous coupling model can be written in terms of elements of the CSCO
resulting from the binary tree formalism as

HCSM =
A

N
(Hr −Hβ) +

(
Jex

2
− A

N

)
Hα. (3.4)

Note that the number of central and bath spins as well as their lengths are arbitrary and
that there is no further restriction to α and β so that indeed there are numerous CSCO in
which HCSM can be embedded. Furthermore, it should be mentioned that by adding JbHβ

to Equation (3.4) we can easily include a homogeneous interaction of strength Jb between
the bath spins. It is simple to find the common eigenstates of the respective CSCO [49, 69]:

|{Sp∈TL}, S
z
r 〉 =

∑
Sz
p∈Tr

∏
p∈TL

〈Sp1 , Sp2 , S
z
p1
, Szp2
|Sp, Szp〉

 |Sz1 , . . . , SzN+2〉 (3.5)

Here TL = T \L(r), Tr = T \ r (here \ denotes the mathematical “without”) and Sp denotes
the quantum number associated with Hp. The complexity for calculating the Clebsch-Gordan
coefficients is polynomial [70] and hence the approach indeed yields integrability. The eigen-
values read:

E({Sp∈TL}, S
z
r ) =

A

N
(Sr(Sr + 1)− Sβ(Sβ + 1))

+

(
Jex

2
− A

N

)
Sα(Sα + 1) (3.6)
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3.3 Relation between integrability and decoherence

Now we relate our above findings to the phenomenon of decoherence. The product of two
spin operators consists of “flip-flop” terms involving ladder operators and a coupling of the
z components:

HCSM =
1

2

Nc∑
i=1

N∑
j=1

Aij

(
S+
i · I

−
j + S−i · I

+
j

)
︸ ︷︷ ︸

=Hff

+
Jex

2

∑
i<j

(
S+
i · S

−
j + S−i · S

+
j

)

+

Nc∑
i=1

N∑
j=1

AijS
z
i · Izj + Jex

∑
i<j

Szi · Szj (3.7)

In the following we evaluate the dynamics for an initial state which is a simple product state.
In this case all dynamics is purely due to the flip-flop terms and all decoherence results from
Hff. It is typically expected that applying a magnetic field B to the central spin system
strongly suppresses the influence of flip-flop terms between the central spin system and the
bath [30–35]. Here one usually assumes that whenever the magnetic field exceeds all other
energy scales B � A, a complete neglect of their influence is justified. Consequently, a very
large magnetic field should in general lead to highly coherent dynamics. In the following
we show that it strongly depends on the inhomogeneity of the coupling constants to what
extent Hff causes decoherence. The more couplings are chosen to be equal to each other, the
stronger Hff acts as a source of decoherence.

To this end, in Figure 3.2 we consider the case Nc = 2. We choose Si = Ii = 1/2 and

plot the spin dynamics for two integrable models (A
(1)
j = A

(2)
j = Aj , as explained above)

with inhomogeneous and homogeneous coupling constants. In the first case the coupling
constants Aj are chosen with respect to a non-uniform distribution so that Ai 6= Aj . As to
be further explained in the second part of the present thesis, for an initial state which is not
an element of the subspace with only a single spin flip, ND = 1, this case can only be accessed
via exact diagonalization, which strongly restricts the size of the system [36, 37, 71, 72]. We
therefore consider a comparatively small system with N = 2Nb

D + 1 and Nb
D = 5, where Nb

D

denotes the number of spin flips exclusively in the bath. This corresponds to a very low bath
polarization

pb =
N − 2Nb

D

N
(3.8)

of pb = 1/N . The initial state of the central spin system is given by |⇓⇑〉. For details concern-
ing the calculation of the spin dynamics the reader is referred to Appendix A. We checked the
dynamics for much larger systems in the homogeneous case using a semi-analytical approach
based on the work to be presented in Chapter 6. We did not find any qualitative dif-

ferences. Moreover, non-integrable systems with fully inhomogeneous couplings A
(1)
i 6= A

(2)
i

show a qualitatively very similar behavior to the integrable case of inhomogeneous couplings,

A
(1)
i = A

(2)
i and Ai 6= Aj . Note that all results derived for the special case of Nc = 2 and

Si = Ii = 1/2 in the following can be directly adapted to the general case of an arbitrary
number of central spins and arbitrary spin lengths.

Although the magnetic field is in both cases larger than any other energy scale, the
dynamics for the inhomogeneous case is completely coherent, whereas in the homogeneous
case it still decays. This means that in the inhomogeneous case the flip-flop terms between
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Figure 3.2: Spin dynamics for Nc = 2, N = 2Nb
D + 1 = 11, where Si = Ii = (1/2), B = 3.441A,

and Jex = 0.023A. The initial state of the system is given by |⇓⇑〉 ⊗
∏Nb

D
i=1 I

−
i |0〉. We consider two

integrable models fulfilling A
(1)
i = A

(2)
i = Ai with either Ai 6= Aj (upper panel), chosen due to a

non-uniform distribution, or Ai = Aj (lower panel). Although in both cases B is larger than any
other energy scale, for homogeneous couplings the dynamics still decays.

the central spin system and the bath do not contribute to decoherence in any determinable
way. The oscillations are completely due to the flip-flop terms between the two central
spins. Indeed, this dynamical effect is not entirely trivial. A qualitative explanation of the
dynamics shown in Figure 3.2 goes as follows: Flipping a spin in a magnetic field changes
the energy E by ∆E ∝ B. In order to ensure energy conservation this change must be
compensated. As indicated in the upper panel of Figure 3.3, for inhomogeneous couplings
this has to be done by the energy change due to the flop of the respective bath spin and
the one resulting from the central spin flip via the central spin coupling term. Hence, if
the magnetic field exceeds any other energy scale, this is impossible and flip-flop processes
are forbidden by energy conservation. If we instead consider homogeneous couplings, this
restriction can be circumvented by simultaneous flip-flop processes on both of the central
spins. Here the energy changes due to the central spin flips in the magnetic field and the
bath spin flops compensate each other as depicted in the bottom panel of Figure 3.3. This is
impossible for inhomogeneous couplings because the energy change depends on which bath
spin is flipped.

The effect vanishes for initial states with a fully polarized central or bath spin system.
However, from the above explanation it is clear that it will still occur if the couplings are
varied away slightly from complete homogeneity. This means that the more the couplings
approach the CSCO integrable limit, the less flip-flop terms are suppressed by a magnetic
field applied to the central spin system. This leads to two different interpretations of the
results, both of which indicate that it is not necessarily the integrability or non-integrability
itself which is related to decoherence, as assumed in previous studies [41–46]: (a) As demon-
strated above, the influence of a magnetic field applied to the central spin system on the
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Figure 3.3: Sketch of flip-flop processes in a Nc = 2 central spin model. The solid lines drawn above
the spins symbolize the coupling constants. Physically these are realized for example by the square
modulus of the wave function of an electron confined in a semiconductor quantum dot (hyperfine
interaction, see Part 2 of the present thesis). The inhomogeneous case is shown in the upper panel,
the homogeneous one in the bottom panel. For homogeneous couplings the energy changes due to
simultaneous flip-flop processes on both of the central spins can compensate each each other. This
is not possible for inhomogeneous couplings because the energy changes of the processes differ for
different bath spins.

decoherence properties strongly differs for models which are clearly non-integrable or inte-
grable by Bethe ansatz and those which are near to the CSCO integrable limit. In the first
case the dynamics becomes highly coherent, whereas in the second case it still decays. This
suggests that it is the mathematical structure ensuring integrability which determines the
reaction of a system on an external quantity applied to the central system with respect to
the decoherence properties rather than the integrability or non- integrability itself. (b) An
even more general interpretation results from the observation, described in Section 2.1, that
if we apply a magnetic field to the central spin system, the non-integrable models as well as
those integrable by Bethe ansatz keep the respective property, whereas it is lost in the CSCO
case. Hence, the result suggests that if a model is close to a limit in which the integrability is
broken by some external quantity applied to the central system, its decoherence properties
will be stronger affected than those of a system near to a limit with stable integrability.
It is therefore the breaking of integrability which has a negative effect on the decoherence
properties and not the actual integrability or non-integrability.

3.4 Summary and outlook

In the present chapter we investigated integrability and its relation to decoherence for cen-
tral spin models with more than a single central spin. Differing from the usual definitions
introduced in Section 2.1, in the present chapter we considered a quantum system to be
integrable provided it is possible to calculate the full eigensystem using operations with less
complexity than the direct diagonalization of the Hamiltonian matrix. Based on this notion
of integrability, an explicit relation between the type of integrability and decoherence has
been derived. Here we applied a strong magnetic field to the central spin system and inves-
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tigated its reaction with respect to decoherence. The results lead to new insights not only
with respect to the relation between integrability and physical phenomena, but also justify
the notion of quantum integrability introduced in the present chapter.

Of course our results have to be regarded as a first indication into the direction described
above and it would be desirable to check them for more general external quantities on a
wider class of systems. As explained above, in Equation (3.4) we can easily add a term
describing an interaction between the different bath spins. Hence, in an immediate next step
it would be interesting to check for which types of bath terms the Bethe ansatz integrability
still holds and if we can find effects similar to those described in the present chapter. In
this context see e.g. Reference [41, 42]. Furthermore, it would be an interesting question
to what extent it is possible to reinterpret the data presented in previous works in terms of
the relation derived in the present chapter. Here in particular interpretation (b) could be a
valuable basis.



4
Unexpected systematic degeneracy in a
system of two coupled Gaudin models with
homogeneous couplings

Parts of this chapter have been published in collaboration with John Schliemann
in Reference [73].

In Chapter 3 we investigated integrability and its relation to decoherence for central
spin models with more than a single central spin, Nc > 1. No restrictions concerning the
model parameters have been made. In the present chapter we proceed investigating basic
properties of central spin models. However, here we specify a non-integrable system of two
coupled Gaudin models with homogeneous couplings and investigate the spectral properties.

We begin with a numerical study of an inversion symmetric system. In order to lower the
dimension of the problem, the baths of the two Gaudin models are replaced by single long
spins, which does not change the set of eigenvalues of the Hamiltonian. Surprisingly, the
spectrum exhibits systematically degenerate multiplets of consecutive total angular momen-
tum and alternating parity. This is a situation somewhat similar to the degenerate multiplets
of orbital angular momentum in the hydrogen atom, reviewed in Section 2.3. As explained
there, degeneracies are extremely scarce. Hence, a new example for a an even systematic
degeneracy is a remarkable result on its own right. Furthermore, as we briefly discuss below,
it opens interesting perspectives with respect to solid state quantum information processing.

The outline of the chapter is as follows: The degeneracies in the spectrum of the coupled
Gaudin models are first analyzed in a numerical approach in Section 4.1. In Section 4.2 we
analytically construct the full subspace of degenerate states, which turns out to be located
in the kernel of the commutator between the two Gaudin models and the coupling term.
In Section 4.3 we furthermore investigate the role of the inversion symmetry and show that
indeed there is a whole class of systems with spectra showing the same type of degeneracy.

4.1 Model and spectral properties

In the introduction of this thesis we defined the Gaudin model [12], important properties of
which were reviewed in Section 2.1. It describes the coupling of a single central spin ~Si to a
set of Ni bath spins ~Ii,j

H
(i)
G = ~Si ·

Ni∑
j=1

A
(i)
j
~Ii,j (4.1)

via coupling constants A
(i)
j , which have the unit of energy. In the following we choose the

couplings to be homogeneous, i.e. A
(i)
j = A(i). In this case the central spin couples to
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a simple sum of spins, denoted by ~Ii =
∑Ni

j=1
~Ii,j from now on. Furthermore, we assume

Si = 1/2. Coupling together two such Gaudin models H2G = H
(1)
G +H

(2)
G by

Hc = Jex
~S1 · ~S2 (4.2)

yields the Hamiltonian subject to the investigations of the present chapter:

H2B = H2G +Hc = A(1)~S1 · ~I1 +A(2)~S2 · ~I2 + Jex
~S1 · ~S2.

Obviously the Hamiltonian conserves the total spin ~J = ~S1 + ~S2 + ~I1 + ~I2 as well as ~I1
2 and

~I2
2.

The Ni bath spins couple to different values Ii of the total bath spin squared. In the
following we study the spectrum of the Hamiltonian for A(1) = A(2) = A, where A =
(1/2)(A(1) + A(2)), on subspaces I1 = I2 = I. On these subspaces, in addition to the
symmetries mentioned above, H2B is invariant under “inversions”, meaning an interchange
1↔ 2. It is clear that this is not the case globally, i.e. on the entire Hilbert space. However,
subspaces with I1 = I2 lie fully in the kernel of the commutator [H2G, τ ], where τ denotes
the inversion operator. Just as the spatial inversion operator τ~r, which we introduced in
Section 2.3, τ only has the two eigenvalues (±1). In the following we again refer to this as
positive and negative parity.

In order to reduce the dimension of the problem, we replace each bath by one single
spin of length I. This neglects the quantum numbers associated with a certain Clebsch-
Gordan decomposition of the respective bath and therefore changes the multiplicity of the
eigenvalues, but not the set of eigenvalues itself (also see Equation (4.10)). Every energy in
the resulting spectrum indeed appears x1x2 times in the spectrum of H2B, where xi denotes
the number of multiplets with the quantum number Ii (so far I1 = I2). If for example
Ii,j = 1

2 , we have [36]

xi =

[(
Ni

Ni
2 − Ii

)
−
(

Ni
Ni
2 − Ii − 1

)]
. (4.3)

However, it should be stressed again that the energy eigenvalues themselves remain unaltered.

In Figures 4.1 and 4.2 we show spectra obtained numerically for different values of the
coupling constant Jex, both for an even and an odd value of I. We plot the eigenenergies
against the ~J 2 quantum number J . Although the spectra are quite rich in detail, their global
structure becomes already plausible from simple qualitative arguments. Obviously we always
have four “branches” of energy levels, where, in particular for large Jex, three of them form
a bundle separated from the fourth one. The three former branches consist of states where
the two central spins are predominantly coupled to a triplet (which has the eigenvalue Jex/4
under Hc), while in the latter branch the central spins are mainly in the singlet state (having
the eigenvalue −3Jex/4 under Hc). The coupling of the central spin triplet and singlet to
the bath spins then leads to the observed further energy splittings between and within the
corresponding branches.

An unexpected particular feature, however, occurs in the triplet branch of intermedi-
ate energy. Here all multiplets are energetically completely degenerate with eigenvalue
(Jex − 2A)/4. These multiplets have consecutive total spin between J = 1 and J = 2I
and alternating parity. Here positive (negative) parity corresponds to 2I − J being even
(odd). The latter observation is reminiscent to the degenerate multiplets of orbital angular
momentum ~L found in the hydrogen problem, which we reviewed in Section 2.3. As explained
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Figure 4.1: Spectrum of H2B with baths replaced by two single spins of equal length I = 20 for
different values of the coupling Jex. The energies (in units of A) are plotted against the total spin
J , i.e. each data point represents a multiplet of 2J + 1 states. States of positive (negative) parity
are signalled by a cross (circle). For all exchange couplings Jex we have four “branches” of energy
levels, where the above three ones originate from triplet states with respect to Hc and the lower one
is associated with the singlet state. The triplet branch of intermediate energy consists of completely
degenerate multiplets of alternating parity.

Figure 4.2: Analogous data as in Figure 4.1 for an odd spin length I = 21. Again we find a
completely degenerate triplet branch.
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there, this degeneracy is due to the existence of a hidden symmetry given by the quantum
mechanical analogue of the Runge-Lenz vector ~R defined in Equation (2.27). In a very first
attempt, the similarity between the two cases motivated us to consider ~K = ~J1 − ~J2 with
~Ji = ~Si + ~Ii as a possible candidate for the generating symmetry in our model. This results
from the fact that the commutation relations[

J i, J j
]

= iεijkJ
k (4.4a)[

Ki,Kj
]

= iεijkJ
k (4.4b)[

Ki, J j
]

= iεijkK
k, (4.4c)

are identical to those of ~L and ~R given in Equation (2.32). However, we have (note that
I1 = I2) [

H2B, ~K
]

= 2i
(
~S1 × ~S2

)
, (4.5)

which, as will become clear below, is not even zero on the degenerate subspace. So far we
have not found the symmetry generating the detected degeneracy.

As explained in Section 2.3, such systematic degeneracies are extremely scarce, and hence
our finding is interesting on its own right. Moreover, potential applications in, for example,
solid state quantum information processing can be envisaged: It is clear that states with
overlap exclusively in a degenerate subspace do not show any non-trivial time evolution.
Therefore, such spaces have the potential to provide valuable implementations of long lived
quantum memory, where the present one appears to be particularly suitable due to its
enormous size. Note that even in the “thermodynamic limit” I � 1 approximately a fourth
of the Hilbert space is degenerate: The dimension of the full Hilbertspace is 4(2I+1)2 and the
degenerate subspace, denoted by HD from now on, has dimension

∑2I
n=1(2n+1) = 4I(I+1),

yielding
I(I + 1)

(2I + 1)2
≈ 1

4

if I � 1. Furthermore, the space of degenerate states detected here decomposes into sub-
spaces of different parity which could also serve as a computational basis for quantum infor-
mation processing.

4.2 Construction of the degenerate subspace

So far we have reported on numerical observations revealing an unexpected systematic de-
generacy in the spectrum of the Hamiltonian H2B. In the following we analytically construct
the subspace HD of these degenerate multiplets.

4.2.1 General ansatz and first consequences

As we shall see below, the degenerate states are simultaneous eigenstates of the Gaudin part
H2G of the Hamiltonian and the coupling between the two central spins Hc. In other words,
HD lies entirely in the kernel of the commutator

[H2G, Hc] = −iAJex

(
~S1 × ~S2

)
·
(
~I1 − ~I2

)
. (4.6)
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Let us first turn to a single Gaudin Hamiltonian, H
(i)
G = A~Si · ~Ii, on subspaces Ii = I.

In the following we omit the quantum numbers {Si} associated with some Clebsch-Gordan
decomposition of the bath. The eigenvalues read

E±(A, I) =
A

2

(
±
(
I +

1

2

)
− 1

2

)
(4.7)

and the eigenstates are given by a well-known Clebsch-Gordan decomposition [74]

|I ± 1

2
,mi〉 = µ±(mi)|⇑〉|I,mi −

1

2
〉 ± µ∓(mi)|⇓〉|I,mi +

1

2
〉, (4.8)

where, apart from standard notation, we have introduced

µ±(m) =

√
I ±m+ 1

2

2I + 1
. (4.9)

The eigenvalues of H2G = H
(1)
G +H

(2)
G now follow immediately

H2G|+,m1〉|+,m2〉 = AI|+,m1〉|+,m2〉 (4.10a)

H2G|+,m1〉|−,m2〉 = −A
2
|+,m1〉|−,m2〉 (4.10b)

H2G|−,m1〉|+,m2〉 = −A
2
|−,m1〉|+,m2〉 (4.10c)

H2G|−,m1〉|−,m2〉 = −A(I + 1)|−,m1〉|−,m2〉, (4.10d)

where we abbreviated |I ± 1
2 ,mi〉 = |±,mi〉. Obviously, the states |±,m1〉|∓,m2〉 are de-

generate with the eigenvalue being independent of I. As seen above, the highly degenerate
eigenvalue in the subspace HD is (Jex − 2A)/4. Thus, eigenstates of H2B with this eigen-
value can be constructed by simply combining the states |±,m1〉|∓,m2〉 to triplet states
with respect to the two central spins, meaning that they lie in the kernel of the commutator
(4.6). At this point it is of course not clear that all eigenstates with the above eigenvalue
are resulting through this approach. However, we will see that this is indeed the case. Note
in this context that the action of the operator (4.5) on triplet states partly gives non-zero
contributions. This means that, as explained above, ~K can not be the symmetry generating
the detected systematic degeneracy.

In other words, our goal is to eliminate singlet contributions from suitable linear combi-
nations of the states |±,m1〉|∓,m2〉. To this end we use an ansatz already accounting for
the conservation of Jz and the parity symmetry by superimposing states of the form

|+,m〉|−,M −m〉 ± |−,M −m〉|+,m〉 , (4.11)

where M denotes the eigenvalue of Jz. All following considerations are focused on M ≥ 0
because states with M < 0 result simply by reversing every spin. In the following analysis
one needs to distinguish the four different cases depending on whether M is even or odd
and I is integer or half-integer. This case-by-case procedure can be nicely encapsulated and
simplified as follows by introducing i = 2I −M so that i = 0, . . . , 2I: In Figure 4.3 the
possible values of m1 and m2 are arranged on a grid. The diagonal lines mark the states
of constant magnetization M = 2I − i, where we refer to the maximal value on such a
diagonal as mmax. Obviously, we have mmax = I − 1/2 for i = 2I and mmax = I + 1/2



32 | 4. Unexpected systematic degeneracy in coupled Gaudin models

Figure 4.3: The different values of m1 and m2 arranged on a grid. The diagonal lines mark the
states with constant magnetization. The dotted bended lines connect the states with interchanged
magnetization, combined in our ansatz (4.12). The solid bended lines connect the states which are
combined in order to construct the set of linearly independent eigenstates spanning the full eigenspace
to the eigenvalue (J − 2A)/4.

otherwise. Following a line of constant magnetization starting from mmax, one recognizes
that from a certain value m = mmin on, all occurring states result from those with larger
values of m by interchanging the respective magnetizations (m,M −m). In Figure 4.3 these
“complementary” states are connected by dotted bended lines. It is easy to see that if i is
odd, we have mmin = (2I − i)/2, whereas for an even value of i we have to add (1/2) so
that mmin = (2I − i+ 1)/2. It is now a simple fact that there are states which do not have
a complement. This is the case for the states with m = mmax if i 6= 2I and for those with
m = mmin provided i is odd or equal to zero.

With respect to later considerations it turns out to be more convenient to use an ansatz
which is a sum over pairs of complementary states, rather than a direct superposition of the
states (4.11). Hence, we introduce coefficients αm, α

′
m for any state with m ≥ mmin and its

complement and combine them to a sum running from mmin to mmax:

|±, i〉 =

mmax∑
m=mmin

[αm (|+,m〉|−, 2I − i−m〉 ± |−, 2I − i−m〉|+,m〉)

+ θ(m)α′m (|+, 2I − i−m〉|−,m〉 ± |−,m〉|+, 2I − i−m〉)
]

(4.12)

The complements of the respective m = mmax states automatically vanish, whereas the
function θ(m) accounts for the mmin states without a complement

θ(m) = Θ(m−mmin − 1) + δi mod 2,0δm,mmin . (4.13)

Here Θ(x) denotes the Heaviside function, which is unity for any x ≥ 0 and zero otherwise.
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Clearly, the ansatz (4.12) is an eigenstate of H2G,

H2G|±, i〉 = −A
2
|±, i〉, (4.14)

consisting of triplet and singlet terms. Eliminating the latter by demanding

mmax∑
m=mmin

[(
αmµ

+(m)µ+(2I − i−m)∓ θ(m)α′mµ
−(m)µ−(2I − i−m)

)
×
(∣∣∣m− 1

2
, 2I − i−m+

1

2

〉
∓
∣∣∣2I − i−m+

1

2
,m− 1

2

〉)
(4.15a)

+
(
αmµ

−(m)µ−(2I − i−m)∓ θ(m)α′mµ
+(m)µ+(2I − i−m)

)
×
(∣∣∣m+

1

2
, 2I − i−m− 1

2

〉
∓
∣∣∣2I − i−m− 1

2
,m+

1

2

〉)]
= 0, (4.15b)

we arrive at an eigenstate of Hc. Note that the states in (4.15) are states of the two long
bath spins |I,m1〉|I,m2〉 = |m1,m2〉 and that the top (bottom) sign corresponds to positive
(negative) parity.

Let us first consider the two particularly simple cases i = 0 and i = 2I. For i = 0, i.e.
M = 2I, the sum consists of only one term m = I + 1/2. For positive parity the unwanted
singlet terms are automatically zero. As for i = 0 the contributions related to α′I+1/2 in

the terms (4.15a) and (4.15b) are vanishing, no further solution exists. This means that the
largest degenerate multiplet with J = 2I always has positive parity, as demonstrated by our
numerics.

In the other case i = 2I, as corresponding to M = 0, one easily sees that

µ+(m)µ+(−m) = µ−(m)µ−(−m) . (4.16)

If i is even, this condition means that for every m the singlet terms can be eliminated by
simply choosing αm = ±α′m. Therefore, in this case we always have an equal number of
multiplets with positive and with negative parity. As mentioned above, for an odd value of i
the summand with m = mmin = 0 does not have a complement. However, for positive parity
the unwanted terms vanish automatically so that the number of positive multiplets is larger
by one than the number of negative multiplets. In total, we get 2I solutions as suggested by
our numerics.

The solutions discussed above result from demanding that the terms in Equation (4.15)
vanish separately for any value of m, while, strictly speaking, only their sum is required to
be zero. However, it is indeed simple to see that there are no further solutions: Demanding
that the total sum vanishes leads to the conditions

µ+(m)µ+(−m)
(
αm ∓ α′m

)
= ±µ+(m− 1)µ+(−m+ 1)

(
αm−1 ∓ α′m−1

)
,

and
(
α 1

2
∓ α′1

2

)
=
(
αI− 1

2
∓ α′

I− 1
2

)
= 0, which obviously give the same solutions as above.

In summary, the resulting eigenstates at i = 2I (M = 0) can be formulated most compactly
as

|±, 2I,m〉 = |⇑⇑〉
(∣∣∣m− 1

2
,−m− 1

2

〉
±
∣∣∣−m− 1

2
,m− 1

2

〉)
− |⇓⇓〉

(∣∣∣m+
1

2
,−m+

1

2

〉
±
∣∣∣−m+

1

2
,m+

1

2

〉)
. (4.17)
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That HD lies fully in the kernel of the commutator (4.6) becomes clear at this point: There
are 2I degenerate multiplets with alternating parity, each of which gives one state with
M = 0. Above we constructed states which are superpositions of exactly those states and lie
in kernel of the commutator (4.6). They can be combined to give eigenstates of ~J 2, so that

HD can be constructed simply by applying J±. From
[
~J,H2G

]
=
[
~J,Hc

]
= 0 it follows

[
J±, [H2G, Hc]

]
= 0, (4.18)

meaning that a state resulting from the application of J± to a state lying in the kernel of
the commutator (4.6) again lies in the kernel of the commutator (4.6). Therefore the full
degenerate subspace is located there.

4.2.2 Complete construction

Now we come to the construction of the full degenerate space HD. In an immediate approach
we follow the route described above and combine the states (4.17) to eigenstates of ~J 2 such
that HD can be generated by applying J±. Unfortunately, the construction of ~J 2 eigenstates
is possible only up the solution of a homogeneous set of equations with a (in certain cases
symmetric) tridiagonal coefficient matrix, which has to be carried out numerically. However,
due to the simple tridiagonal shape of the matrix, such a problem has the very low complexity
of O(2I). Hence, even systems of realistic size with respect to experimental situations in for
example semiconductor quantum dots, I ∼ 106, can be treated on conventional computers
[75–78]. Nevertheless, in a second approach we construct a basis of HD in a fully analytical
fashion. The resulting basis states are eigenstates of Jz and τ , but they are neither orthog-
onal nor do they satisfy the ~J 2 symmetry. Nevertheless, for both applied as well as more
mathematical future considerations it will be helpful to have closed analytical expressions at
hand.

First approach: Construction of eigenstates of ~J 2 with M = 0

As mentioned above, our first approach consists in using the particularly simple solutions for
i = 2I, given in Equation (4.17), by combining them to eigenstates of ~J 2 such that applying
the ladder operators J± generates the full space HD. Hence we demand

~J 2

I− 1
2∑

m=mmin

βm|±, 2I,m〉 = J(J + 1)

I− 1
2∑

m=mmin

βm|±, 2I,m〉

⇔ ~J 2

I− 1
2∑

m=mmin

βm|±, 2I,m〉 − J(J + 1)

I− 1
2∑

m=mmin

βm|±, 2I,m〉 = 0.



4.2. Construction of the degenerate subspace | 35

Explicitly this reads

|⇑⇑〉
I− 1

2∑
m=mmin

βm

[(
2I(I + 1)− 2

(
m+

1

2

)(
m− 1

2

)
− J(J + 1)

)
×
(∣∣∣m− 1

2
,−m− 1

2

〉
±
∣∣∣−m− 1

2
,m− 1

2

〉)
(4.19a)

+ ν+

(
m− 1

2

)
ν−
(
−m− 1

2

)(∣∣∣m+
1

2
,−m− 3

2

〉
±
∣∣∣−m− 3

2
,m+

1

2

〉)
(4.19b)

+ ν−
(
m− 1

2

)
ν+

(
−m− 1

2

)(∣∣∣m− 3

2
,−m+

1

2

〉
±
∣∣∣−m+

1

2
,m− 3

2

〉)]
(4.19c)

−|⇓⇓〉
I− 1

2∑
m=mmin

βm

[(
2I(I + 1)− 2

(
m+

1

2

)(
m− 1

2

)
− J(J + 1)

)
×
(∣∣∣m+

1

2
,−m+

1

2

〉
±
∣∣∣−m+

1

2
,m+

1

2

〉)
+ ν+

(
m+

1

2

)
ν−
(
−m+

1

2

)(∣∣∣m+
3

2
,−m− 1

2

〉
±
∣∣∣−m− 1

2
,m+

3

2

〉)
+ ν−

(
m+

1

2

)
ν+

(
−m− 1

2

)(∣∣∣m− 1

2
,−m+

3

2

〉
±
∣∣∣−m+

3

2
,m− 1

2

〉)]
= 0,

where ν±(m) =
√
I(I + 1)−m(m± 1) and hence

ν+

(
m− 1

2

)
ν−
(
−m− 1

2

)
= ν+

(
m+

1

2

)
ν−
(
−m+

1

2

)
ν−
(
m− 1

2

)
ν+

(
−m− 1

2

)
= ν−

(
m+

1

2

)
ν+

(
−m− 1

2

)
.

This is plausible because the |⇑⇑〉 and |⇓⇓〉 terms must vanish separately. Note that all
components with |⇑⇓〉, |⇓⇑〉 are equal to zero. It is now simple to see that the state in the
term (4.19a) for some m is identical to the one in the tern (4.19b) for (m + 1) and to the
one in the term (4.19c) for (m+ 2). For an even value of i eliminating these terms gives the
following set of equations

βm

[
ν+

(
m− 1

2

)
ν−
(
−m− 1

2

)]
+ βm+1

[
2I(I + 1)− 2

(
m+

3

2

)(
m+

1

2

)
− J(J + 1)

]
+Θ

(
I − 3

2
−m

)
βm+2

[
ν+

(
m+

3

2

)
ν−
(
−m− 5

2

)]
= 0

β 1
2

[2I(I + 1)− J(J + 1)± I(I + 1)] + β 3
2

[
ν−(1)ν+(−2)

]
= 0,

where m = 1/2, . . . , I − 3/2. This yields a symmetric tridiagonal matrix. However, the
symmetry of the matrix is destroyed if i is odd. In this case we have

βm(1± δm,0)

[
ν+

(
m− 1

2

)
ν−
(
−m− 1

2

)]
+ βm+1

[
2I(I + 1)− 2

(
m+

3

2

)(
m+

1

2

)
− J(J + 1)

]
+Θ

(
I − 3

2
−m

)
βm+2

[
ν+

(
m+

3

2

)
ν−
(
−m− 5

2

)]
= 0

β0

[
2I(I + 1)− J(J + 1)− 1

2

]
+ β1

[
ν−
(

1

2

)
ν+

(
−3

2

)]
= 0,
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where m = 0, . . . , I − 1/2. The two above systems now have to be solved numerically for the
different values of J .

Second approach: Explicit elimination of singlet contributions
for 2I > M > 0 via ansatz

Our second approach, which in contrast to the one described above leads to closed analytical
expressions for the degenerate eigenstates, consists in directly determining the constants αm
and α′m for a given value of M . In Subsection 4.2.1 we already considered i = 0, 2I so that
here we concentrate on the remaining cases 0 < i < 2I, which correspond to 2I > M > 0.
As already used above, considering the term (4.15a) for some m and the term (4.15b) for
(m− 1), one sees that the respective states become identical up to a factor (∓1). The idea
is now to eliminate these terms systematically so that we get a sufficient number of linearly
independent eigenvectors. As indicated in Figure 4.3 by the solid bended lines, this can be
done by simply superposing an increasing number of successive terms and choosing all other
constants to be equal to zero. Of course these solutions are by no means unique. We just
choose the most compact ones. For an odd value of i this yields the following (still quite
cumbersome) solutions

αI+ 1
2
−λ = (−1)κ−λ(∓1)κ−λ−1Nκ

[
µ+

(
I +

1

2
− λ
)
µ+

(
I − i− 1

2
+ λ

)
∓µ−

(
I +

1

2
− λ

)
µ−
(
I − i− 1

2
+ λ

)]−1

, (4.20)

where λ = 0, . . . , (κ− 1) and

Nκ =


[
µ−(I + 1

2 − κ)µ−(I − i− 1
2 + κ)− (µ+(I+ 1

2
−κ)µ+(I−i− 1

2
+κ))

2

µ−(I+ 1
2
−κ)µ−(I−i− 1

2
+κ)

]
αI+ 1

2
−κ[

(µ+(I − i
2))2 ∓ (µ−(I − i

2))2
]
αI− i

2
.

(4.21)

Here the first line refers to κ = 1, . . . , (i− 1)/2 and the second line applies to κ = (i+ 1)/2.
For even i and negative parity the solution coincides with the first line of Equation (4.21),
where now κ = 1, . . . , i/2. Considering positive parity we get

Nκ =


[
µ−(I + 1

2 − κ)µ−(I − i− 1
2 + κ)− (µ+(I+ 1

2
−κ)µ+(I−i− 1

2
+κ))

2

µ−(I+ 1
2
−κ)µ−(I−i− 1

2
+κ)

]
αI+ 1

2
−κ[

µ+(I − i
2 + 1

2)µ+(I − i
2 −

1
2)− µ−(I − i

2 + 1
2)µ−(I − i

2 −
1
2)
]
αI− i

2
+ 1

2

(4.22)

with κ = 1, . . . , (i−2)/2 for the first line and κ = i/2 for the second one. Due to the presence
of an α′mmin

term, in contrast to the case of an odd i, here we have an additional solution.
This results by simply choosing all constants to be equal to zero except for αmmin and α′mmin

,
which are determined by eliminating the (4.15b) term:

α′
I− i

2
+ 1

2

= ∓
µ−(I − i

2 + 1
2)µ−(I − i

2 −
1
2)

µ+(I − i
2 + 1

2)µ+(I − i
2 −

1
2)
αI− i

2
+ 1

2
(4.23)

Note that in all cases there is one remaining constant. This is determined by the normaliza-
tion condition.
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Let us give a brief discussion of the above results. With respect to subspaces of fixed i the
degeneracies shown in Figures 4.1 and 4.2 yield the pattern shown in Table 4.1. Obviously, for
any i there are (i+1) states. If i is odd, there is an equal number of states with positive and
with negative parity, whereas for an even value of i the number of states with positive parity
is larger by one than the number of states with negative parity. This is perfectly reproduced
by our solutions: For an odd i the index κ in Equation (4.21) runs up to (i+ 1)/2 for each
parity, meaning that there are (i+ 1) solutions in total. If i is even, Equation (4.22) yields
(i/2) solutions for both parities and an additional one for positive parity.

i τ

0 +
1 +-
2 +-+
3 +-+-

. . .

Table 4.1: Numerically detected degeneracy pattern.

4.3 The role of the inversion symmetry

In the preceding section we have constructed the full degenerate subspace by determining the
coefficients in the ansatz (4.12) so that we arrive at triplet states of the two central spins.
Obviously, such a construction is still possible if the inversion symmetry is broken. Note
that if I1 6= I2, additional labels for the spin length have to be introduced in the coefficients
(4.9) for the then following calculations. However, it is simple to see that in general our
states are no longer eigenstates with respect to H2G because the degeneracy between the
H2G eigenstates |±,m1〉|∓,m2〉 is lifted. Indeed, this can be easily recovered by demanding
E+(A(1), I1) +E−(A(2), I2) = E−(A(1), I1) +E+(A(2), I2), which yields the quite remarkable
relation

A(1)dim (H1) = A(2)dim (H2) , (4.24)

where dim (Hi) = 2Ii + 1 denotes the dimension of the Hilbert space associated with Ii.
Note that the bath spins

∑Ni
j=1

~Ii,j couple to different values of Ii so that, by a corresponding

choice of A(1) and A(2), several different degenerate subspaces can be implemented.

Relation (4.24) means that the inversion symmetric case is only an example of a whole
class of systems exhibiting the same type of systematic degeneracy. In Figure 4.4 we plot
the relevant part of the spectrum for I1 6= I2 with I2 > I1. In the upper panel the couplings
violate the relation (4.24) and consequently the degeneracy between the multiplets is lifted.
In the bottom panel it is recovered by choosing A(1) and A(2) according to Equation (4.24),
which gives

A(1) =
1 + 2I2

I1 + I2 + 1
A (4.25a)

A(2) =
1 + 2I1

I1 + I2 + 1
A. (4.25b)

In direct analogy to the inversion symmetric case the branch begins at (I1 + I2) and ends at
(I2 − I1 + 1).
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Figure 4.4: Formerly degenerate branch of the spectrum for I = 20 and Jex = 25A. The inversion
symmetry is broken by choosing I1 6= I2. The deviation from the degenerate case is stronger for
multiplets with a small value of the quantum number J than for those with a large value. The
bottom panel shows the spectrum with the degeneracy recovered by choosing A(1) 6= A(2) due to
Equation (4.24).

The relation (4.24) has a concrete physical meaning: Consider a semiconductor double
quantum dot. As explained in detail in Chapter 5, here the electron spins interact with the
surrounding nuclear spins via the hyperfine interaction, yielding a system of two coupled
Gaudin models. The role of the couplings A(1) and A(2) is played by the overall coupling
strengths of the respective dots, given by the sum of all hyperfine coupling constants (which
depends on the properties of the respective material and the dot geometry). The size of the
two Hilbert spaces results from the spatial extent of the respective electron wave function. If
it is e.g. stretched over a larger area, each individual coupling decreases, but the sum remains
unaltered. Hence, in an approximative sense, the relation (4.24) can always be realized by
properly adjusting the electron wave functions.

With respect to possible future applications of HD it is important to note that for param-
eters only weakly violating Equation (4.24), the multiplets are still nearly degenerate: Let us
fix A(1) = A(2) and vary I1 and I2 so that Equation (4.24) is violated. From the eigenvalues
of H2G it is clear that the degeneracy is lifted in a continuous way. Furthermore, as can be
seen very well in the upper panel of Figure 4.4, the influence of I1 6= I2 on multiplets with
small quantum numbers J is much stronger than on those with large values of J . This is
also the case if we analogously choose A(1) 6= A(2).

4.4 Summary and outlook

In summary we have reported an unexpected systematic degeneracy in an inversion sym-
metric system of two coupled Gaudin models with homogeneous couplings, as physically
corresponding to separate spin baths in an e.g. semiconductor double quantum dot. This
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leads to a degenerate subspace of macroscopic size. We have constructed the complete de-
generate subspace, which is fully located in the kernel of the commutator between the two
Gaudin models and their coupling term. Furthermore, we have studied the role of the inver-
sion symmetry. Indeed, it turns out that the inversion symmetric case is only an example
for a whole family of systems all of which share the same type of systematic degeneracy.
This exclusively originates from the degeneracy of two eigenspaces of the Gaudin part of
the Hamiltonian, yielding a remarkable relation between the dimension of the bath Hilbert
spaces and the couplings.

Nevertheless, so far we have not been able to detect the (possibly continuous) symmetry
underlying this remarkable degeneracy, i.e. a set of generating operators that would con-
nect the highly degenerate multiplets. This question remains as an important but probably
rather intricate problem for further studies. Furthermore, it would be fruitful to study appli-
cations of the degenerate space, especially in the context of solid state quantum information
processing.
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Part II

Hyperfine induced spin dynamics





5 Basics of hyperfine interaction

In the introduction we gave a list of three points motivating the study of central spin models.
In the first part of this thesis we basically focused on the first and the last point and in-
vestigated very basic properties of central spin models from a rather abstract point of view.
In the present part we come to the remaining point. Here we consider central spin models
as a description of the hyperfine interaction between the electron and the nuclear spins in
mainly III-V semiconductor double quantum dots and investigate the hyperfine induced spin
dynamics. As already mentioned in the introduction, here one has to distinguish between
the case of a strong and the case of a weak magnetic field applied to the central spin system.
The first case is well-understood. Therefore we focus on the case of a zero magnetic field,
which (as explained below) restricts our investigations to exact methods.

In Section 3.2 we demonstrated that any central spin model with homogeneous couplings
is integrable via complete sets of commuting operators. In Chapter 6 we make advantage
of this fact and evaluate the electron spin dynamics in a model of two exchange coupled
electron spins interacting with a common bath of nuclear spins via homogeneous couplings
in an almost analytical fashion. Focusing predominantly on the detrimental aspects of the
hyperfine interaction, we in particular derive a scaling law for the decoherence time. Then,
in Chapter 7, we come back to the system of two coupled Gaudin models with homogeneous
couplings investigated in Chapter 4 with respect to its spectral properties. Here we focus on
the advantages of the hyperfine interaction and, regarding the electron spins as an effective
coupling between the two nuclear baths, study the nuclear spin dynamics. We demonstrate
that for weakly coupled baths of realistic size it is possible to perform a nuclear swap, but
not for smaller ones. Furthermore, we indicate that it should be possible to fully entangle
the baths under the same conditions. Interestingly, the systematic degeneracy described in
Chapter 4 seems to have a clear dynamical signature in these processes.

In the present chapter we give the basics necessary for the following chapters. In Sections
5.1 and 5.2 we introduce the hyperfine interaction mainly focusing on III-V semiconductor
quantum dots and demonstrate that it is described by a central spin model. Then, in Section
5.3, we present solid state quantum information proposals based on quantum dot spin qubits
and describe the role of the hyperfine interaction. Here the detrimental as well as the
advantageous aspects of the hyperfine interaction are stressed. Although mainly focused on
III-V semiconductor quantum dots, the results to be presented in Chapters 6 and 7 are also
of interest with respect to a large variety of other important nanostructures in the context
of spin based solid state quantum information processing. In Section 5.5 we briefly list the
most important ones.
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Figure 5.1: Sketch of electrostatically defined III-V semiconductor double quantum dots in lateral
(left panel) and vertical (right panel) geometry after References [75, 77] and [79, 80]. The three-
dimensional spatial confinement is achieved through local depletion of a two-dimensional electron gas
formed at the interface between two layers of semiconductors with different Fermi energies and band
gaps. The lateral dot is drawn in top view. The inset shows the used layer structure. The dots and,
in the lateral case, the gate voltages are marked as corresponding to the explanations in Section 5.3.

5.1 III-V semiconductor quantum dots

Quantum dots are nanostructures in which particles are confined in all three spatial dimen-
sions. As this leads to discrete energy levels, quantum dots are also referred to as artificial
atoms. There are numerous ways to achieve the three dimensional confinement. At the time
being, the most important experiments use electrostatically defined quantum dots based on
III-V semiconductors. Here a two dimensional electron gas is locally depleted by electri-
cal gates as depicted in Figure 5.1 for lateral geometry in the left [75, 77] and for vertical
geometry in the right panel [79, 80].

A two dimensional electron gas is formed at the interface between semiconductors with
different Fermi energies and band gaps like for example AlGaAs/GaAs and AlGaAs/InGaAs
as in the two cases shown in Figure 5.1. Bringing together layers of these materials, electrons
move from the material with the higher to the material with the lower Fermi energy, until
the two Fermi energies are balanced. This is sketched in the upper panel of Figure 5.2. The
electrons leave behind positively charged donors. Locally, this gives rise to an electrostatic
potential, causing the bands to bend as shown in the bottom panel of Figure 5.2. Provided
the electrostatic potential is large enough, the conduction band of the narrow gap material
is bended below the Fermi energy. Consequently, at the heterojunction we have electrons
free to move in two spatial dimensions.

The electronic properties of a bulk semiconductor are usually calculated using the so-
called ~k · ~p method [81, 82]. Here one starts from the Schrödinger equation for an electron

in a periodic potential V0(~r ). The eigenfunctions are Bloch functions ψ
n~k

= ei
~k~ru

n~k
, where

u
n~k

is a lattice periodic function, ~k is an element of the first Brillouin zone and n is the band
index.
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Figure 5.2: The formation of a two-dimensional electron gas is sketched. As schematically shown
in the upper panel, two layers of semiconductors with different Fermi energies EF and band gaps are
brought together. Here EV denotes the valence band energy and EC the conduction band energy.
Electrons move from the material with the higher to the one with the lower Fermi energy. This gives
rise to an electrostatic potential, causing the bands to bend as shown in the bottom panel. If the
electrostatic potential is large enough, the conduction band of the narrow gap material is bended
below the Fermi energy so that a two-dimensional electron gas is formed.
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Inserting this into the Schrödinger equation yields the following relation for the lattice
periodic functions (

~p 2

2me
+ V0(~r ) +

~2k2

2me
+

~
me

~k · ~p
)
u
n~k

= En(~k )u
n~k
, (5.1)

where we used the notation introduced in Equation (2.22). Typically, properties near local
extrema of the band structure are of particular interest. For III-V semiconductors the ex-
trema of relevance are at the Γ point, corresponding to ~k = 0. It is simple to solve (5.1) at
the Γ point. The lattice periodic functions for non-zero values of ~k can be expressed through
the functions at the Γ point:

u
n~k

(~r ) =
∑
ν

cnν(~k )uν0(~r ) (5.2)

Inserting this ansatz into (5.1) leads to an eigenvalue problem for the coefficients cnν(~k ),
where bands with different indices n and m are coupled via the term ~k · ~p. Most of the
III-V semiconductors have zincblende structure. A group theoretical analysis shows that
for this symmetry 14 bands (seven bands with two spin states each) are coupled by ~k · ~p.
The resulting 14 × 14 matrix is called the extended Kane model. It is now possible to
derive effective Hamiltonians for certain subsets of the 14 bands. To this end it is assumed
that the bands of interest are only weakly coupled to the other bands via ~k · ~p. Then they
can be decoupled to an arbitrary order in ~k · ~p using quasi-degenerate perturbation theory
[81, 82]. If only a single band is considered, the so-called effective mass Hamiltonian results.
This is identical to the Hamiltonian of a free particle with the rest mass being replaced
by a 3 × 3 effective mass tensor. The effective mass approximation is typically sufficient to
describe conduction bands and consequently the state of an electron in a III-V semiconductor
quantum dot.

However, in an electrostatically defined quantum dot there is a confining potential V (~r ),
which breaks the translational symmetry, so that already (5.1) is not valid anymore. An
approach to this problem is given by the so-called envelope function method. Here one
assumes that the potential varies slowly on the length scale of the lattice constant and
consequently makes the ansatz

ψ(~r ) =
∑
n

an(~r )ψn0(~r ), (5.3)

where ~k = 0 is again chosen with respect to III-V materials. Inserting this into the
Schrödinger equation then yields an eigenvalue problem for the coefficients an(~r ) quite simi-
lar to the one for the coefficients cnν(~k ), where in particular different bands are again coupled
via ~k · ~p. It is therefore possible to solve the problem with basically the same considerations
as described above.

Typically, the confinements [83, 84] are adequately described by Gaussian wells

V (~r ) = −v0e
− r

rD (5.4)

Pöschl-Teller potentials

V (~r ) = −v0 cosh−2(−r2/r2
D), (5.5)
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or simple parabolic potentials (here: |r| ≤ rD):

V (~r ) = −v0 +
v0

rD
r2 (5.6)

Here rD denotes the radius of the quantum dot and v0 is depth of the potential. All the
potentials have in common that they are rotational invariant. Consequently, in an approx-
imative sense, the states can be assigned a certain value of the orbital angular momentum
quantum number L. The ground state of conduction band electrons will be s-type, the first
exited state p-type.

5.2 Hyperfine interaction

In the following we derive the Hamiltonian of the hyperfine interaction [22, 23], demonstrat-
ing that it is described by a central spin model. Here we mainly follow [23]. The Dirac
Hamiltonian of an electron in an electromagnetic field reads

HD = ~α · ~π + βmec
2 − eϕ(~r ), (5.7)

with ~π = c
(
~p+ e ~A(~r )

)
. Here ~A(~r ) is the vector and ϕ(~r ) is the scalar potential of the

electromagnetic field. In the standard representation of the Dirac algebra ~α and β are given
by

αi =

(
0 σi
σi 0

)
(5.8)

β =

(
1 0
0 −1

)
, (5.9)

where i = 1, 2, 3, σi denotes the i-th Pauli matrix and 1 is the 2× 2 unit matrix. The Dirac
Hamiltonian acts on a bispinor Ψ of two two-component spinors χ1 and χ2:

Ψ =

(
χ1

χ2

)
(5.10)

The time-independent Dirac equation HDΨ = EΨ, with E = mec
2 + ε, yields the following

set of coupled equations for the two spinors χ1 and χ2:

− (ε+ eϕ(~r ))χ1 + ~σ · ~πχ2 = 0 (5.11)

~σ · ~πχ1 −
(
2mec

2 + eϕ(~r ) + ε
)
χ2 = 0 (5.12)

Solving the second identity for χ2 and inserting the result in the first equation yields:(
~σ · ~π 1

2mec2 + eϕ(~r ) + ε
~σ · ~π − eϕ(~r )

)
︸ ︷︷ ︸

=H1

χ1 = εχ1 (5.13)

In a strict sense, H1 can not be regarded as a Hamiltonian for the spinor χ1. This manifests
itself in H1 containing non-hermitian terms and is due to the fact that the two spinors χ1

and χ2 are not decoupled. A decoupling of χ1 and χ2 in orders of (v/c), where v is the
velocity of the electron, can be achieved by applying a series of so-called Foldy-Wouthuysen
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transformations [74, 85]. This procedure results in a correct Hamiltonian for χ1 to arbitrary
order in (v/c).

However, already H1 contains the correct spin-dependent terms, as becomes apparent by
inserting the definition of ~π and using the vector identity

(~σ · ~x ) (~σ · ~y ) = ~x · ~y + i~σ · (~x× ~y ) . (5.14)

The spin-dependent terms are given by the isotropic hyperfine interaction, the anisotropic
hyperfine interaction and the spin-orbit interaction:

Hihf =
e2~c2

(2mec2 + eϕ(~r ) + ε)2

(
~E(~r )× ~A(~r )

)
· ~σ (5.15)

Hahf =
e~c2

2mec2 + eϕ(~r ) + ε

(
~∇× ~A(~r )

)
· ~σ (5.16)

Hso =
e~c2

(2mec2 + eϕ(~r ) + ε)2

(
~E(~r )× ~p

)
· ~σ (5.17)

Here we introduced the electric field ~E(~r ) = −~∇ϕ(~r ). We now focus on the electromagnetic
field of a nucleus with charge Ze, where Z ∈ IN. Here we have

ϕ(~r ) =
1

4πε0

Ze

r
(5.18a)

~E(~r ) =
1

4πε0

Ze~r

r3
(5.18b)

~A(~r ) =
µ0

4π

~µ× ~r
r3

, (5.18c)

where ~µ is the nuclear magnetic moment and µ0 is the magnetic constant. In the following
we consider the isotropic hyperfine interaction, to which we simply refer as the hyperfine
interaction from now on. We derive an effective spin Hamiltonian for an electron confined
in a III-V semiconductor quantum dot, which turns out to have the form of a central spin
model. Note that the following derivations are in fact very generic. Still, we always have in
mind an electron in a III-V semiconductor quantum dot.

Inserting the electromagnetic quantities (5.18) in Hihf and applying the vector identity

~x× (~y × ~z ) = ~y · (~x · ~z )− ~z · (~x · ~y ) (5.19)

yields:

Hihf =
1

4πε0

Ze3~cµ0

4π (2mec2 + eϕ(~r ) + ε)2

(
~σ · ~µ− (~σ · ~er) (~µ · ~er)

r4

)
(5.20)

Here ~er denotes the unit vector in the direction of ~r. We now assume ε to be negligible
against the rest energy contribution mec

2. Introducing

d =
1

4πε0

Ze2

2mec2
(5.21)

and the Bohr magneton µB = ~e/(2me), we arrive at

Hihf =
µ0µB

4π

d

1 + (d/r)

(
~σ · ~µ− (~σ · ~er) (~µ · ~er)

r4

)
. (5.22)
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Let us now assume that the electron is confined in a III-V semiconductor quantum dot and
that it is in some state |ψi〉 as resulting from the envelope function method described in
Section 5.1. Taking the respective expectation value of Hihf yields

〈ψi|Hihf|ψi〉 =
µ0µB

4π

∫ ∞
0

dr
d

(r + d)2
g(~r ) (5.23)

with

g(~r ) =

∫
dΩ|ψi(~r )|2(~σ · ~µ− (~σ · ~er) (~µ · ~er)) . (5.24)

Obviously, the radial integration is dominated by the contribution on distances r ≤ d. As d
is of the order 10−15m, it is adequate to approximate

〈ψi|Hihf|ψi〉 =
µ0µB

4π
g(~r )|r=0, (5.25)

which can be easily evaluated yielding:

〈ψi|Hihf|ψi〉 =
4

3
µ0µBγI |ψi(0)|2~S · ~I (5.26)

Here we introduced ~S = (1/2)~σ and ~µ = γI~I with γI being the nuclear gyromagnetic ratio.
Note that γI depends on the nuclear species. So far, the origin of the coordinate system
has been chosen with respect to the nucleus, meaning that the strength of the hyperfine
interaction is proportional to the value of the electronic wave function at the site of the
nuclear spin. If we now generalize the Hamiltonian (5.26) to an arbitrary number of electrons
and nuclei, we arrive at the effective Hamiltonian which is the basis for all analyses in the
present part of the thesis:

HHF = 〈ψi|Hihf|ψi〉 =

Nc∑
i=1

~Si ·
N∑
j=1

A
(i)
j
~Ij +

∑
i<j

J (ij)
ex

~Si · ~Sj (5.27)

A magnetic field can be included by adding a Zeeman term as given in Equation (1.2).
Obviously, HHF has the form of a central spin model as given in Equation (1.1). Here Nc

and N denote the number of electron or nuclear spins, respectively. We introduced

A
(i)
j = (4/3)µ0µBγIj |ψ(i)(~rj)|2, (5.28)

where ψ(i)(~r ) is the wave function of the i-th electron and ~rj is the site of j-th nucleus.
Note that |ψi〉 is the state of an electron confined in a quantum dot and not an atomic state.
Hence, also excited states lead to a non-zero hyperfine interaction. This is in contrast to
excited atomic states, which have a zero at the site of the nucleus. Just like in the first part

of the thesis, we define an overall hyperfine coupling strength A = (1/Nc)
∑Nc

i=1

∑N
j=1A

(i)
j .

The second term in (5.27) accounts for an exchange coupling between the different electron
spins. Obviously, HHF conserves the total spin ~J =

∑Nc
i=1

~Si +
∑N

i=1
~Ii.

5.3 Hyperfine interaction and quantum
information proposals

In the preceding section we introduced the hyperfine interaction with respect to an electron
spin confined in a III-V semiconductor quantum dot. Indeed, the III-V materials most
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intensively studied at the present time, as exemplified in Figure 5.1, consist of entirely spin
carrying isotopes. Therefore the hyperfine interaction will play an important role in these
nanostructures.

Most of the work into this direction is clearly motivated by the so-called Loss-DiVincenzo
proposal, where the electron spins are utilized as qubits [21]. It can be shown that single
qubit manipulations together with a XOR gate can be assembled to perform any quantum
computation [86]. Within the Loss-DiVincenzo proposal two-qubit operations are realized
by pulsing the electrostatic barrier between two different quantum dots. This leads to a
time-dependent exchange coupling between the respective electron spins:

H(t) = Jex(t)~S1 · ~S2 (5.29)

It is now simple to see that provided (1/~)
∫ tswap

t′=0 dt′J(t′) = π the application of the time
evolution operator

U = Te−
i
~
∫ tswap

t′=0
dt′H(t′), (5.30)

where T denotes the time ordering operator, interchanges the states of the two electron spins.
This operation is called swap. Pulsing for only half the time, (tswap/2), yields the so-called
square-root of swap operation. This can be embedded in a series of single qubit manipulations
to constitute a XOR gate. Hence, taking single qubit manipulations to be given, any quantum
operation can be realized using quantum dot spin qubits. Loss and DiVincenzo suggested
to use electron spin resonance in order to realize single electron spin rotations. Until today,
many new solid state quantum information proposals utilizing electron spins confined in
semiconductor quantum dots as qubits have been developed. The crucial differences to the
Loss-DiVincenzo proposal lie in the experimental feasibility of the single qubit manipulations.
A particularly interesting approach in this context suggests a set-up of three quantum dots,
enabling to perform one and two-qubit gates using an exchange coupling exclusively.

With respect to a point of view as described above, the hyperfine interaction has a
clearly detrimental character, as it provides a decohering environment. The character of the
hyperfine interaction changes if it is considered as an efficient way to access the nuclear spins.
There are various proposals for using the nuclear bath in a semiconductor quantum dot for
quantum information purposes, which are essentially motivated by the long decoherence
times of the nuclear spins [24–29]. In the following we describe the basic concepts shared by
most of the approaches. To this end we consider two instructive examples given in References
[25, 26]. The first one uses the nuclear spins in order to store quantum states of the electron
spin, whereas the second one utilizes two collective nuclear spin states as the qubit.

Let us consider the basic idea of the first proposal [25]. As demonstrated in Equation
(3.7), for a general central spin model, the Hamiltonian (5.27) consists of a flip-flop part Hff

and a z term. The latter can be regarded as an effective magnetic field. It is possible to
compensate this by the external magnetic field B so that the dynamics is governed exclusively
by Hff. Assuming the bath to be fully polarized initially, i.e. Nb

D = 0, the time evolution
induced by Hff can be used to map an arbitrary electron spin state coherently into the nuclear
bath:

(a|⇑〉+ b|⇓〉) |Nb
D = 0〉 → |⇑〉

(
a|Nb

D = 0〉+ b|Nb
D = 1〉

)
(5.31)

Here |Nb
D = 0〉 denotes the fully polarized nuclear state and |Nb

D = 1〉 the state with one
spin flip as resulting from the action of the time evolution operator (corresponding to Hff)
for a very short time t. As the nuclear spins have long decoherence times, in principle the
electron spin state can be stored for a long time on this way.
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Figure 5.3: Sketch of the energy dispersion of a double quantum dot near to a (0, 2)→ (1, 1) charge
transition. Here (n,m) denotes the number of electrons in the first and the second dot. The influence
of the hyperfine interaction is not included. The energy is plotted against the bias VB = (V2 − V1).
The states |S(n,m)〉, |Ti(n,m)〉, where i = +, 0,−, denote the electron spin singlet and triplet states
with both electrons being in the second dot for (0, 2) or one electron being in each dot for (1, 1).

The second of the above mentioned proposals [26] now considers the states |Nb
D = 0〉 and

|Nb
D = 1〉 as the qubit. One-qubit gates are implemented by mapping the nuclear state to

the electron which is then manipulated via e.g. electron spin resonance. The resulting state
is mapped back to the nuclear ensemble. The two-qubit operations are simply realized by
mapping the nuclear state to the electron and then transferring it to a second quantum dot.
This approach combines the possibility to efficiently manipulate the electron spin state with
the long decoherence times of the nuclear spins.

5.4 Experimental and theoretical approaches

In the preceding sections we introduced the hyperfine interaction mainly focusing on III-
V semiconductor quantum dots and described its vice and virtue with respect to different
important solid state quantum information proposals. Within the last decade, these have
caused enormous experimental and theoretical effort with respect to the experimental im-
plementation of the proposals as well as in understanding the different spin interactions, in
particular the hyperfine interaction [36, 37, 71, 72, 87].

5.4.1 Experimental implementations

Indeed, one and two qubit gates [75] have been successfully implemented in GaAs quantum
dots. The single spin rotations have been realized via electron spin resonance as well as by
means of optical manipulation [76, 88, 89]. Furthermore, very high nuclear spin polarizations
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up to 80% have been realized [80, 90–92], which are of key importance for the nuclear spin
baths to act as a ressource of quantum information processing. Rather than giving a detailed
review on all aspects of these experiments, in the following we describe, from a rather heuristic
point of view, a typical initialization procedure as demonstrated in Reference [75] and a recent
polarization experiment published in Reference [80]. These experiments contain most of the
key ingredients of all experiments in the given context and are of direct importance for the
work to be presented in the following chapters.

In Figure 5.3 a typical energy dispersion for a double quantum dot in a magnetic field near
to a (0, 2) → (1, 1) charge transition is sketched. Here (n,m) gives the number of electrons
in dot 1 and dot 2, as marked in Figure 5.1. The dispersion can be calculated using a simple
Hubbard model (see e.g. [93]). The influence of the hyperfine interaction is not included. The
energy is plotted against the bias VB = (V2 − V1). Here Vj is the voltage applied to the j-th
dot via either the gates, in lateral geometry, or the source-drain voltage if a vertical geometry
is considered (see again Figure 5.1). The states |S(n,m)〉, |T+(n,m)〉, |T0(n,m)〉, |T−(n,m)〉
denote the electron spin singlet and triplet states

|T+〉 = |⇑⇑〉 (5.32a)

|T0〉 =
1√
2

(|⇑⇓〉+ |⇓⇑〉) (5.32b)

|T−〉 = |⇓⇓〉 (5.32c)

|S〉 =
1√
2

(|⇑⇓〉 − |⇓⇑〉) (5.32d)

with either both electrons being in the second dot for (0, 2) or one electron being in each dot
for (1, 1). The (0, 2) triplet states are much higher in energy and therefore excluded in what
follows. The parameter tc denotes the tunnel coupling.

Obviously, the two electrons are immediately in the state |S(0, 2)〉 when inserted into the
second of the two quantum dots. The charging of the dots is detected via a quantum point
contact (see e.g. [94]). This is a small constriction in the two-dimensional electron gas as
shown in Figure 5.4. The larger the gate voltages, the less electrons can pass the constriction.
If one of the gate electrodes is connected to one of the quantum dots, the charging can be
detected by measuring the current through the quantum point contact.

If the bias is decreased strong enough, the initial state |S(0, 2)〉 is transferred into the
spatially separated singlet |S(1, 1)〉. With |T+(1, 1)〉 and |T−(1, 1)〉 being splitted off by a
magnetic field of the order of 100mT, the states |T0(1, 1)〉 and |S(1, 1)〉, which are degenerate
for large and small values of VB as sketched in Figure 5.3, form an effective two level system.
It is simple to see that the hyperfine interaction (5.27) couples |T0(1, 1)〉 and |S(1, 1)〉. This
leads to dephasing of the initial singlet state |S(1, 1)〉, which can be used to initialize the
electron spin system in different superpositions of |T0(1, 1)〉 and |S(1, 1)〉, say (α1|T0(1, 1)〉+
α2|S(1, 1)〉), by varying the passage speed. Therefore, in the investigations presented in
Chapter 6 and 7 we mainly focus on initial electron spin states of this type.

It is possible to measure the square moduli of the coefficients αi, allowing to determine
the spin state resulting from a certain passage speed up to a relative phase of an integer
multiple of π. In Figure 5.3 it can be seen that, increasing the bias after the initialization,
the state |T0(1, 1)〉 can not be transferred back into a (0, 2) configuration. Hence, |α2|2
and consequently |α1|2 = 1 − |α2|2 can be determined over many experimental runs by
measuring the “returning probability” of the separated electron into the original dot using



5.4. Experimental and theoretical approaches | 53

Figure 5.4: Sketch of a quantum point contact. We have a small constriction between two gates
in a two-dimensional electron gas. The larger the gate voltages, the less electrons can pass the
constriction. If one of the gates is connected to a quantum dot (as depicted), the charging of the dot
can be determined by measuring the current through the quantum point contact.

the quantum point contact. If for example in one half of the runs the electron returns, we have
|αi|2 = (1/2), meaning that the state has been initialized in (1/

√
2)(|T0(1, 1)〉 ± |S(1, 1)〉).

With the above considerations it is now simple to understand the polarization experiment.
Here one starts in a (1, 1) configuration. At V± shown in Figure 5.3, the |T±(1, 1)〉 states are
degenerate with |S(1, 1)〉. Consequently, here a |T±(1, 1)〉 state can make a transition into
|S(1, 1)〉 via the hyperfine interaction. This leads to a change of the bath polarization by
(∓1). On this way the bath can be polarized through many runs just by properly adjusting
VB.

5.4.2 Different spin interactions

In the preceding sections we introduced different spin interactions with a special focus on
the hyperfine interaction. Indeed, it turns out that the hyperfine interaction is the leading
decoherence mechanism of an electron spin in a III-V semiconductor quantum dot: As demon-
strated in Section 5.2, besides the hyperfine interaction interaction we have the anisotropic
hyperfine and the spin orbit interaction. It can be shown that the first one mainly reduces to
a weak dipole-dipole interaction [37]. For localized states the spin-orbit interaction does not
lead to decoherence in zero magnetic field. However, in Reference [95] it is demonstrated that
even for comparatively large magnetic fields the decoherence time induced by the spin-orbit
interaction is of the order of microseconds, which is much larger than the typical time scales
of the hyperfine interaction. Apart from the above mentioned decoherence mechanisms,
there are processes which lead to dynamics within the nuclear baths, like e.g. dipolar and
quadrupolar interactions and the coupling between the electron orbital degree of freedom
and the nuclear spins [37]. The latter is of course weak for the s-type ground states. The
fluctuations of the nuclear bath resulting from the other interactions influence the electron
spin via the hyperfine interaction. However, as to be expected, the related time scales are
much larger than those resulting from the direct electron-nuclear interaction [36, 37].

With respect to the theoretical treatment of the hyperfine interaction it turned out that
one has to distinguish between the limit of a strong and the limit of a weak magnetic field as
compared to the overall hyperfine coupling strength, meaning that either B ≥ A or B < A
[36, 37]. In the first case the flip-flop terms between the electron and nuclear spins Htextff ,
as given in Equation (3.7), are typically strongly suppressed. As already explained in Section
3.3, this can be easily understood thinking of first order time-dependent perturbation theory.



54 | 5. Basics of hyperfine interaction

Flipping a spin in a magnetic field causes an energy change ∆E proportional to the magnetic
field ∆E ∝ B. In order to assure energy conservation, this change has to be compensated
by the simultaneous flop of a bath spin. Provided B > A, this is not possible and flip-flop
terms are not allowed to contribute in first order. This enables to treat Hff perturbatively
or, assuming an extremely strong field B � A, to even completely neglect them [30–35].
However, considering for example a GaAs quantum dot, the condition B ≥ A means that
B ≥ 1T , which is, as explained above, much larger than any magnetic field used in the
experiments [96, 97].

It is the purpose of the present part of the thesis to investigate the experimentally signifi-
cant case of B < A. In the following investigations we restrict ourselves to the less intensively
studied double quantum dot setup Nc = 2, which, as explained in Section 5.3, is of central
importance for the realization of two qubit operations. At the time being it is commonly
accepted that the weak field case can be treated only via exact methods. Here one can follow
three different routes:

• Restrictions to the hyperfine coupling constants [49, 98]

• Restriction to small system sizes enabling progress via exact numerical diagonalizations
[36, 47]

• Restriction of the initial state to the one magnon sector [30, 31]

As explained in the introduction of the present chapter, in Chapter 6 we investigate the
dynamics in a model with all hyperfine coupling constants being equal to each other, which
has shown to be integrable in Section 3.2. This approach corresponds to the first point of
the above list. In Chapter 7 we then revisit the two bath model introduced in Chapter 4.
Here the two electron spins are considered to interact with individual nuclear spin baths via
homogeneous couplings. Just as in Section 4.1 we reduce the dimension of the problem by
approximating the two baths by single long spins and numerically study the nuclear spin
dynamics of the resulting model. Hence, the work to be presented in Chapter 7 combines
the first two points of the above list.

5.5 Alternative approaches to quantum information
processing using spins

As described above, most of the work to be presented in the following chapters is motivated
by the idea to use III-V semiconductor quantum dots for solid state quantum information
purposes. However, many of the results are also of direct interest to other nanostructures
important in the context of solid state quantum information processing. Therefore we want
to close our motivating discussion by briefly describing other highly relevant nanostructures.

As we have discussed in the preceding sections, the hyperfine interaction is the leading
decoherence mechanism with respect to the electron spin playing the role of the qubit. A
natural approach in order to circumvent this problem is to look for host materials which do
not carry a nuclear spin. Promising candidates in this recent approach are carbon struc-
tures like graphene, carbon nanotubes [99–102] and nitrogen-vacancy centers [103] as well
as silicon [104]. While the graphene based approaches still suffer in particular from the
Klein paradox, which makes it experimentally demanding to confine electrons, the last two
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ideas have undergone substantial theoretical as well as experimental progress in particular
in recent times [105–113].

Very similar situations as in the above mentioned structures occur in magnetic molecules.
The main motivation to deal with these structures results from the fact that they carry a large
ground state spin, e.g. S = 10 in Fe8 and Mn12, and are subject to high magnetic anisotropy
[114, 115]. Via the hyperfine interaction, the spin of a magnetic molecule couples to a
comparatively small number of nuclear spins of the crystal structures, in which the molecule
is embedded in. However, this still turns out to be an important source of decoherence
[116–119].

In the preceding section we have discussed that, apart from its detrimental character,
the hyperfine interaction can be regarded as an efficient way to access the nuclear degrees
of freedom. An approach of Kane, very similar to the Loss-DiVincenzo proposal, uses the
hyperfine interaction between the electron spins and the nuclear spins of the phosphorus
donors in a Si:P matrix in order to utilize the latter as qubits [120]. Clearly, this idea is
motivated by the long decoherence times of nuclear spins. Although not as popular as the
Loss-DiVincenzo proposal, also this idea is subject to huge experimental effort [121–124]. In
a recent experimental attempt, very similar to the proposals described in Section 5.3 in the
context of the advantages of the hyperfine interaction, the nuclear spins of the phosphorus
donors have been utilized as quantum memory, whereas the electron spins acted as qubits
[125].
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6
Hyperfine induced spin and entanglement
dynamics in Double Quantum Dots:
A homogeneous coupling approach

Parts of this chapter have been published in collaboration with John Schliemann
in Reference [126].

In Chapter 5 we introduced the hyperfine interaction and explained its importance in
the context of quantum information processing using III-V semiconductor quantum dot spin
qubits. We stressed that with respect to the electron spin utilized as the qubit, the hyperfine
interaction acts as a source of decoherence and therefore has a clearly detrimental character.
This changes if it is regarded as an efficient way to access the nuclear degrees of freedom.
The work presented in the following focuses on the first point of view considering a double
quantum dot. As demonstrated in Section 3.2, the Hamiltonian of any central spin model
with homogeneous coupling constants can be embedded in a complete set of commuting
operators. In the present chapter we make advantage of this fact and consider the case of
a double quantum dot with homogeneous hyperfine coupling constants, corresponding to a
flattened electronic wave function as illustrated in the bottom panel of Figure 3.3. Here
the two electron spins are interacting with a common bath of nuclear spins as particularly
realistic for two nearby quantum dots.

In Section 6.1 we introduce the model and derive analytical expressions for the electron
spin and entanglement dynamics. In Section 6.2 we study the related time evolutions for
different exchange couplings and bath polarizations. For the completely homogeneous case
of the exchange coupling being the same as the hyperfine couplings we find an empirical rule
describing the transition from low polarization electron spin dynamics to high polarization
electron spin dynamics. The latter shows a jump in the amplitude when varying the exchange
coupling away from complete homogeneity. This effect as well as features like the periodicity
of the dynamics are explained by analyzing the level spacings and their contributions to the
dynamics. In Section 6.3 we extract the decoherence time from the dynamics by investigating
the scaling behaviour of the short time electron spin dynamics. The result turns out to be
in good agreement with experimental findings.

6.1 Model and formalism

The hyperfine interaction in a system of two quantum dot spin qubits is given by the Hamil-
tonian (5.27) with Nc = 2

HHF = ~S1 ·
N∑
i=1

A
(1)
i
~Ii + ~S2 ·

N∑
i=1

A
(2)
i
~Ii + Jex

~S1 · ~S2, (6.1)
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where Jex denotes an exchange coupling between the two electron spins ~S1, ~S2 and A
(1)
i , A

(2)
i

are the coupling parameters for their hyperfine interaction with the surrounding nuclear
spins ~Ii. As explained in Section 5.2, the Hamiltonian obviously conserves the total spin
~J = ~S + ~I, where ~S = ~S1 + ~S2 and ~I =

∑N
i=1

~Ii.
The model to be studied in this chapter now results by neglecting the spatial vari-

ation of the hyperfine coupling constants and choosing them to be equal to each other

A
(1)
i = A

(2)
i = A/N , as illustrated in the bottom panel of Figure 3.3. Note that both,

the square ~S2 of the total electron spin as well as the square ~I2 of the total bath spin are
separately conserved quantities if homogeneous couplings are considered. Variation of the
exchange coupling between the two electron spins Jex then gives rise to an inhomogeneity in
the system. Hence, the two electron spins are interacting with a common nuclear spin bath.
Moreover, if small variations of the coupling constants would be included, degenerate energy
levels would slightly split and give rise to a modified long-time behavior of the system. In
our quantitative studies to be reported on below, however, we focus on the short-time prop-
erties where decoherence phenomena take place. Indeed, in Section 6.3 we obtain realistic
decoherence time scales in an almost analytical fashion. As explained in Section 5.3, the
hyperfine coupling constants depend on the respective nuclear species through the nuclear
gyromagnetic ratio. In consistency with the homogeneous couplings we therefore choose the
length of the bath spins to be equal to each other. For simplicity, we restrict the nuclear spins
to Ii = 1/2. We expect our results to be of quite general nature, not strongly depending on
this choice [61].

As already mentioned in the preceding chapter, considering the two electrons to interact
with a common nuclear spin bath as in our model corresponds to a physical situation where
the electrons are comparatively near to each other. This leads to the question whether our
model is also adapted to the case of two electrons in one quantum dot, rather than in two
nearby quantum dots. Assuming perfect confinement, in the former case one of the two
electrons would be forced into the first excited state, which typically has p-character and
consequently a zero around the dot center, as explained in Sections 5.1 and 5.2. Thus, the
coupling constants near the very center of the dot would clearly be different for the two
electrons. Therefore, our model is more suitable for the description of two electrons in two
nearby quantum dots than for the case of two electrons in one dot.

Let us now turn to the exact solution of our homogeneous coupling model and calculate
the spin and entanglement dynamics from the eigensystem. In what follows we shall work in
subspaces of a fixed eigenvalue of Jz. Thus, the expectation values of the x and y components
of the electron and nuclear spins vanish, and we only have to consider their z components.

If all hyperfine couplings are equal to each other A
(1)
i = A

(2)
i = A/N , the Hamiltonian

(6.1) can be rewritten in the following way

H1B = Hhom +

(
Jex −

A

N

)
~S1 · ~S2 (6.2)

with

Hhom =
A

2N

(
~J 2 − ~S1

2 − ~S2
2 − ~I 2

)
. (6.3)

Omitting the quantum numbers corresponding to a certain Clebsch-Gordan decomposition
of the bath, the eigenstates are labeled by J,M , and S associated with the operators ~J 2, Jz

and ~S 2. The two electron spins couple to S = 0, 1. Hence, the eigenstates of H1B are
given by triplet states |J,M, 1〉, corresponding to the coupling of a spin of length one to an
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arbitrary spin, and a singlet state |J,M, 0〉. The explicit expressions are given in Equations
(B.1), (B.3), and (B.4) in Appendix B.

The corresponding eigenvalues read as follows:

H1B|I + 1,M, 1〉 =

(
A

N
I +

Jex

4

)
|I + 1,M, 1〉 (6.4a)

H1B|I,M, 1〉 =

(
Jex

4
− A

N

)
|I,M, 1〉 (6.4b)

H1B|I − 1,M, 1〉 =

(
−A
N
I +

Jex

4
− A

N

)
|I − 1,M, 1〉 (6.4c)

H1B|I,M, 0〉 = −3

4
Jex|I,M, 0〉 (6.4d)

Now we are ready to evaluate the time evolution of the electron spins and their entanglement
from the eigensystem of the Hamiltonian. Here we adapt the general concept presented in
Appendix A. We consider initial states |α〉 of the form |α〉 = |αe〉|αn〉, where |αe〉 is an
arbitrary electron spin state and |αn〉 is a product of N nuclear states |↑〉, |↓〉. The physical
significance of this choice becomes clear by rewriting the electron-nuclear coupling parts of
the Hamiltonian in terms of creation and annihilation operators as in (3.7). Obviously the z
term does not contribute to the dynamics for initial states which are simple product states.
Hence, by considering initial states of the above form, we mainly study the influence of the
flip-flop part on the dynamics of the system. This is exactly the part which is eliminated by
considering a strong magnetic field like in References [30–35], briefly reviewed in Section 5.4.

As the 2N dimensional bath Hilbert space is spanned by the ~I 2 eigenstates, every product
state can be written in terms of these eigenstates. If Nb

D ≤ N/2 is the number of down spins
in the bath, it follows

|↓ . . . ↓︸ ︷︷ ︸
Nb

D

↑ . . . ↑〉 =

Nb
D∑

k=0

∑
{Si}

c
{Si}
k

∣∣∣ N
2
− k︸ ︷︷ ︸
I

,
N

2
−Nb

D, {Si}
〉
, (6.5)

where the quantum numbers {Si} are due to a certain Clebsch-Gordan decomposition of the
bath. In Equation (6.5) we assumed the first Nb

D spins to be flipped, which is no loss of
generality with respect to the dynamics due to the homogeneity of the couplings.

Using Equation (6.5) and inverting Equations (B.1), (B.3), and (B.4), the time evolution
of the initial state can be calculated by writing |α〉 in terms of the above eigenstates and
applying the time evolution operator. Using Equations (B.1), (B.3), and (B.4) again and
tracing out the bath degrees of freedom, we arrive at the reduced density matrix ρ(t), which
enables to evaluate the expectation value 〈Sz1/2(t)〉 and the dynamics of the entanglement
between the two electron spins. As a measure for the entanglement we use the concurrence
[127]

C(t) = max{0,
√
λ1 −

√
λ2 −

√
λ3 −

√
λ4}, (6.6)

where λi are the eigenvalues of the non-hermitian matrix ρ(t)ρ̃(t) in decreasing order. Here
ρ̃(t) is given by (σy ⊗ σy) ρ∗(t) (σy ⊗ σy), where ρ∗(t) denotes the complex conjugate of ρ(t).

The coefficients c
{Si}
k in Equation 6.5 are of course products of Clebsch-Gordan coefficients,
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Figure 6.1: Spin dynamics for |αe〉 = |⇑⇓〉, |T+〉, |T0〉 and different even values of N . The number
of down spins in the bath is Nb

D = 20 in all plots, yielding bath polarizations pb ≈ 5% − 30%.
Note that the time unit is rescaled according to the number of bath spins. We see periodicity with
π. For |αe〉 = |T0〉 and N = 58 we count the number of local extrema on one period and find
N − 2Nb

D + 1 = 58− 40 + 1 = 19 as expected due to the rule (6.9).

Figure 6.2: Spin dynamics for |αe〉 = |⇑⇓〉, |T+〉, |T0〉 and an odd number of spins. The number of
down spins in the bath is Nb

D = 20 in all plots, giving polarizations bath pb ≈ 2%− 30%. In contrast
to the case of an even number of spins we see periodicity with 2π. For |αe〉 = |⇑⇓〉 and N = 45 we
count the number of local extrema on half the period and find N − 2Nb

D + 1 = 45 − 40 + 1 = 6 as
expected due to the rule (6.9).
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which enter the time evolution through the quantity

dk =
∑
{Si}

(
c
{Si}
k

)2
(6.7)

and usually have to be calculated numerically (also see Section 3.2). The main advantage in
considering Ii = 1/2 is now that in this case a closed expression for dk can be derived [98]:

dk =
Nb

D!(N −Nb
D)!(N − 2k + 1)

(N − k + 1)!k!
(6.8)

For further details on the calculation of the time-dependent reduced density matrix and the
dynamical quantities derived therefrom we refer the reader to Appendix C.

Already at this point of the investigation, it is a simple but remarkable difference between
our one bath system with two electron spins and the homogeneous Gaudin model of a single
electron spin, investigated in References [36, 98], that even if we choose |αn〉 as an ~I 2

eigenstate and hence fix k in Equation (6.5) to a single value, due to the higher number of
eigenvalues the resulting dynamics can not be described by a single frequency.

6.2 Basic dynamical properties

We now give an overview on basic dynamical features of the system in consideration. Due
to the homogeneous couplings, the dynamics of the two electron spins can be read off from
each other. Hence, the following discussion of the electron spin dynamics will be restricted
to 〈Sz1(t)〉.

6.2.1 Electron spin dynamics

In Figures 6.1 and 6.2 we consider the completely homogeneous case Jex = A/N and plot the
dynamics for |αe〉 = |⇑⇓〉, |T+〉, |T0〉 and varying bath polarization, as defined in Equation
(3.8), pb ≈ 2% − 30%. A polarization of 30% does not seem to be particularly high, but
the behavior typical for high polarizations occurs indeed already at such a value. We omit
the singlet case because it is an eigenstate of the system. In Figure 6.1 the number of spins
is even, whereas in Figure 6.2 an odd number is chosen. Note that we measure the time t
in rescaled units ~/(A/2N) which depends on the number of bath spins. Furthermore, we
introduce a factor 2 on the time scale as compared to the ”natural” time unit ~/(A/N).
This is convenient in order to compare our results with those for the homogeneous Gaudin
model as investigated in Reference [98]. Similarly to that case [36, 98], from Figures 6.1 and
6.2 we see that the dynamics for an even number of spins is periodic with a periodicity of π
(in rescaled time units), whereas an odd number of spins leads to a periodicity of 2π. These
characteristics can of course be explained by analyzing the level spacings in the different
situations. Consider for example an even number of bath spins. Here all level spacings are
even multiples of A/2N , which results in dynamics periodic with π. However, if the number
of spins is odd, we get even and odd level spacings (in units of A/2N), yielding a period
of 2π. For the given case of completely homogeneous couplings the dynamics can be nicely
characterized: The number of local extrema, for an even number of bath spins within a
complete period as well as for an odd number of bath spins within half a period, is in both
cases given by

N − 2Nb
D + 1. (6.9)
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This – so far empirical – rule holds for all initial electron spin states and is illustrated in
Figures 6.1 and 6.2.

Let us now investigate the spin dynamics for varying exchange coupling, i.e. the case
Jex 6= A/N . Note that for an initial electron spin state |αe〉 which is an eigenstate of the
central spin coupling term ~S1 · ~S2 this inhomogeneity has no influence on the spin dynamics
since [

Hhom, ~S1 · ~S2

]
= 0. (6.10)

The dynamics for Jex being any integer multiple of A/N are identical to the one of the
completely homogeneous case. In Figure 6.3 the dynamics for |αe〉 = |⇑⇓〉 and varying
exchange coupling is plotted. In the upper two panels we consider the case of low polarization
pb ≈ 10% for an even and an odd number of spins. The remaining two panels show the
dynamics for high polarization pb ≈ 30%. In Figure 6.4 the plots are ordered likewise for a
more general linear combination of |T0〉 and |S〉 given by |αe〉 = (1/

√
13) (2|⇑⇓〉+ 3|⇓⇑〉).

From Figures 6.3 and 6.4 we see that if the exchange coupling is an odd multiple of
A/2N , the even-odd effect described above does not occur and we have periodicity of 2π. In
both of the aforementioned situations of Jex being an even or odd multiple of A/2N the time
evolutions are symmetric with respect to the middle of the period, which is a consequence
of the invariance of the underlying Hamiltonian under time reversal. For a more general
exchange coupling the periodicity, along with the mirror symmetry, of the dynamics is broken
on the above time scales.

Considering the case of low polarization, neither the dynamics of initial states with a
product nor the one of states with an entangled electron spin state show dramatic qualitative
changes if Jex is varied. However, if the polarization is high, the spin is oscillating with mainly
one frequency proportional to Jex. Furthermore, the amplitude of the oscillation is larger
for the case Jex 6= A/N than for the completely homogeneous case. This behaviour can
be understood as follows: If the polarization is high, we clearly have dNb

D
≈ 1, whereas

dk ≈ 0 for k 6= Nb
D. This means that calculating the spin and entanglement dynamics, we

only have to consider the term k = Nb
D. An evaluation of the coefficients for the different

frequencies now shows that the main contribution results from ET0 − ES = (A/N) − Jex,
where we used an obvious notation as corresponding to the eigenvalues (6.4b) and (6.4d).
Hence, if the polarization is more and more increased, this is the only frequency left. If we
choose Jex = (A/N), the two associated eigenstates are degenerate so that in this case the
main contribution to the dynamics is constant. This explains why the amplitude of the high
polarization dynamics in Figures 6.3 and 6.4 is large compared to the one in Figures 6.1 and
6.2. For further details the reader is referred to Appendix C

6.2.2 Entanglement dynamics

In Figures 6.5 and 6.6 the concurrence dynamics C(t) for |αe〉 = |⇑⇓〉, |T+〉 is plotted with
the same polarizations considered as in Figures 6.3 and 6.4 and varying exchange coupling.

Surprisingly, in the second case the concurrence drops to zero for certain periods of time.
This is very similar for the case |αe〉 = |T0〉 not explicitly shown. As already explained
concerning the spin dynamics, the exchange coupling Jex of course has no influence because
|T+〉 is an eigenstate of ~S1 · ~S2.

It is an interesting fact now that for |αe〉 = |⇑⇓〉 and a small polarization, changing from
|Jex| > 1 to |Jex| < 1 increases the maximum value of the function C(t).
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Figure 6.3: Spin dynamics for |αe〉 = |⇑⇓〉 and Nb
D = 20, resulting in pb ≈ 6%− 30%. If Jex is an

odd multiple of A/2N , we see periodicity with 2π.

Figure 6.4: Spin dynamics for |αe〉 = (1/
√

13) (2|⇑⇓〉+ 3|⇓⇑〉) and Nb
D = 20, resulting in pb ≈

6%− 30%. If Jex is an odd multiple of A/2N , we see periodicity with 2π.
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Figure 6.5: Entanglement dynamics for |αe〉 = |⇑⇓〉 and Nb
D = 20, resulting in pb ≈ 6%− 30%. In

the completely homogeneous case the amplitude is small even for high polarization. Generation of
entanglement benefits from high polarization.

Figure 6.6: Entanglement dynamics for |αe〉 = |T+〉 and Nb
D = 20, resulting in pb ≈ 6% − 30%.

Instead of an oscillating function we see discrete peaks. Variation of the exchange coupling has no
influence because |T+〉 is an eigenstate of the electron spin coupling term.
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Furthermore, we see from Figure 6.5 that, surprisingly, the entanglement is much smaller
for the completely homogeneous case Jex = A/N than for Jex 6= A/N , even for low polariza-
tions.

6.3 Decoherence and its quantification

Depending on the choice of the exchange coupling, the dynamics of the one bath model can
either be symmetric and periodic or without any regularities on the considered time scales.
It is now not entirely obvious to determine in how far these dynamics constitute a process
of decoherence. Considering for example the spin dynamics for an integer Jex (in units of
A/2N) and an even number of bath spins as shown in Figure 6.1, one can either regard the
decay of the spin as decoherence or, especially due to the symmetry of the function, as part of
a simple periodic motion. In Reference [98] the first zero of 〈Sz1(t)〉 has been considered as a
measure for the decoherence time. In Figure 6.7 we illustrate examples of the spin dynamics
on short time scales for Jex ≥ 0 as well as Jex < 0 and a varying number of bath spins. For
Jex ≥ 0 this procedure is straightforward meaning that 〈Sz1(t)〉 crosses the horizontal line
〈Sz1〉 = 0 before reaching its first minimum with 〈Sz1(t)〉 < 0. However, for Jex < 0 and a
sufficiently small number of bath spins, as can be seen from the lower panel of Figure 6.7,
such a first minimum is attained before the first actual zero 〈Sz1(t)〉 = 0. This first zero occurs
indeed at much larger times t whose scaling behavior as a function of the system size N is
clearly different from the zero positions found for Jex ≥ 0, as we have checked in a detailed
analysis. Thus, our evaluation scheme needs to be modified for Jex < 0. An obvious way
out of this problem is to either consider large enough spin, baths where such an effect does
not occur, or to evaluate the intersection with an alternative “threshold level” 〈Sz1〉 > 0. In
Figure 6.7 we have chosen 〈Sz1〉 = 0.2, which will be the basis of our following investigation.
As a further alternative, one could also consider the position of the first minimum of 〈Sz1(t)〉.
Hence, strictly speaking, it is not per se the first zero of 〈Sz1(t)〉 < 0 which is a measure for
the decoherence time, but the scaling behavior of the dynamics on short time scales.

Following the route described above, in Figure 6.8 we plot the positions (measured in
units of ~/(A/2N)) of the first zeros of 〈Sz1(t)〉 for Jex ≥ 0 and of the first intersections with
the threshold level 〈Sz1〉 = 0.2, shown in Figure 6.7, for Jex < 0 on a double logarithmic
scale. We choose a weakly polarized bath N = 2Nb

D + 2 ⇒ pb = 2/N , approaching the
completely unpolarized case for N → ∞. The absolute values of the positions for Jex ≥ 0
and Jex < 0 differ slightly from each other, which results from the fact that the intersection
with the threshold level at 〈Sz1〉 = 0.2 happens closer to t = 0 than with the usual threshold
level 〈Sz1〉 = 0. Nevertheless, the scaling behavior is very similar in all cases, and each curve
can nicely be fitted by a power law ∝ (N + 2)ν with ν ≈ −0.5, a result similar to the one
found for the homogeneous Gaudin model with only one electron spin [98].

In a GaAs quantum dot the electron spins usually interact with approximately N = 106

nuclei. Assuming the hyperfine coupling strength to be of the order of A = 10−5eV, as
realistic for GaAs quantum dots [36], this results in a time scale of Nh/(πA) = 1.31 · 10−4s.
If we now use the above scaling behaviour 1/

√
N + 2, we get a decoherence time of 131ns,

which fits quite well with the experimental data [75, 128–130]. This is an interesting result
not only with respect to the validity of our model: As explained in Section 6.1 referring to
(3.7), generally decoherence results “directly” from the electron-nuclear flip-flop terms and
through the superposition of product states from the z terms.
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Figure 6.7: Spin dynamics on short time scales for Jex ≶ 0, pb = 2/N , and |αe〉 = |⇑⇓〉. The
thick solid lines mark the zero level 〈Sz1 〉 = 0, while the thick dashed line (lower panel) represents the
threshold level 〈Sz1 〉 = 0.2 as appropriate for Jex < 0 and small spin baths.

Figure 6.8: Position of the first zero of 〈Sz1 (t)〉 for Jex ≥ 0 and the first intersection with the
threshold level 〈Sz1 〉 = 0.2 for Jex < 0 on a double logarithmic scale. We choose |αe〉 = |⇑⇓〉 and
a polarization of pb = 2/N ⇔ N = 2Nb

D + 2. The curves are fitted to a power law ∝ (N + 2)ν

with ν = −0.52 (Jex = (A/N)), ν = −0.51 (Jex = 1.85(A/N)), ν = −0.53 (Jex = 0), ν = −0.51
(Jex = −1.5(A/N)), and ν = −0.50 (Jex = −1.85(A/N)). Note that the parallel offset between the
plots for Jex ≥ 0 and Jex < 0 results from the fact that the intersection with the higher threshold
level happens closer to t = 0.
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Above we calculate the decoherence time for a product initial bath state, where the
influence of the z terms is eliminated. The fact that we are able to reproduce the decoherence
times suggests that the decoherence time caused by the flip-flop terms is equal or smaller
than the one resulting from the z-parts of the Hamiltonian. It should be stressed that
we calculate the decoherence time of an individual electron here. In Reference [131] the
decoherence time of an ensemble of GaAs quantum dots with 105 nuclear spins each has
been calculated yielding 1ns.

It is now a well-known fact for the Gaudin model that the decaying part of the dynamics
decreases with increasing polarization [36]. A numerical evaluation shows that this is also
the case for two electron spins. As explained in the context of Figures 6.1, 6.2, 6.3 and
6.4, the oscillations of our one bath model become more and more coherent with increasing
polarization. Together with the above results for the decoherence times this means that,
although the homogeneous couplings are a strong simplification of the physical reality, our
homogeneous coupling model shows rather realistic dynamical characteristics on the relevant
time scales. This is plausible because artifacts of the homogeneous couplings, like the periodic
revivals, set in on longer time scales.

6.4 Summary and outlook

In conclusion we have studied in detail the hyperfine induced spin and entanglement dynamics
of a double quantum dot model with homogeneous hyperfine coupling constants and varying
exchange coupling, based on an exact analytical calculation.

We found the dynamics to be periodic and symmetric for Jex being an integer multiple
of A/N or an odd multiple of A/2N , where the period depends on whether the number of
bath spins is even or odd. We explained this periodicity by analyzing the level spacings.
For Jex = A/N we found an empirical rule which characterizes the dynamics for varying
polarization. We have seen that for low polarizations the exchange coupling has no significant
qualitative influence, whereas in the high polarization case the dynamics mainly consists of
one single frequency proportional to Jex. It is not possible to entangle the electron spins
completely in the setup considered in the present chapter.

Following Reference [98] we extracted the decoherence time by analyzing the scaling be-
haviour of the first zero. In the case of negative exchange coupling the dynamics strongly
changes on short time scales and instead of the first zero we considered the intersection of the
dynamics with another threshold level parallel to the time axis. Both cases yield the same
result, which is in good agreement with experimental data. Hence, the scaling behaviour of
the short time dynamics can be regarded as a good indicator for the decoherence time and
the simple homogeneous one bath model adequately describes the short time dynamics of
the realistic inhomogeneous case.
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7 Swapping and entangling hyperfine coupled
nuclear spin baths

Parts of this chapter have been published in collaboration with John Schliemann
in Reference [132].

In Chapter 5 we introduced the hyperfine interaction and gave summary of its vice and
virtue with respect to semiconductor spin qubit based quantum information processing. In
Chapter 6 we mainly considered the first point of view and investigated the electron spin
dynamics in a model of two exchange coupled electron spins interacting with a common bath
of nuclear spins via homogeneous hyperfine couplings.

In the present chapter we focus on the advantageous character of the hyperfine interac-
tion. To this end we revisit the homogeneous two bath model studied with respect to its
spectral properties in Chapter 4. Here two exchange coupled electron spins are considered
to interact with individual nuclear spin baths (again) via homogeneous couplings. In con-
trast to the one bath model studied in Chapter 6, physically this corresponds to spatially
well-separated quantum dots. We investigate via exact numerical diagonalization to what
extent it is possible to swap and entangle the nuclear spin baths, meaning that we aim at
utilizing them as a resource of quantum information processing.

In Section 7.1 we briefly recapitulate the two bath model of Chapter 4 and introduce the
methods. Usually exact numerical diagonalization is restricted to rather small system sizes.
In order to go beyond these limits, we proceed as in the numerical calculations presented in
Chapter 4 and reduce the dimension of the problem by replacing the two baths by two single
long spins. The range of validity of this approximation is discussed in detail. In Section 7.2
we determine the optimal choice for the coupling constants with respect to a nuclear swap
operation and investigate the time evolution of the nuclear baths within this parameter range.
We distinguish between an inversion symmetric system and a system with broken inversion
symmetry. The first (second) case corresponds to two quantum dots of identical (different)
geometry. It turns out that a swap is possible for systems of realistic size, but not for smaller
ones and that it is advantageous to combine quantum dots of different geometry to a double
dot setup. As described in Chapter 4, the spectrum of inversion symmetric models exhibits
systematically degenerate multiplets. We discuss to what extent the latter finding could be
a dynamical signature of the occurrence of this large degenerate subspace. In Section 7.3 we
indicate that, under the same conditions as for the swapping of nuclear spin states, it might
even be possible to fully entangle the two baths.
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7.1 Model and methods

The two bath Hamiltonian introduced in Chapter 4 reads:

H2B = ~S1 ·
N1∑
i=1

A
(1)
i
~I1,i + ~S2 ·

N2∑
i=1

A
(2)
i
~I2,i + Jex

~S1 · ~S2, (7.1)

where now ~Si are the electron spins and ~Ii,j are the nuclear spins the i-th electron spin
interacts with. For simplicity we consider N1 = N2 = N in what follows. The parameter Jex

again denotes an exchange coupling between the two electron spins.
As discussed in Section 5.2, due to the spatial variation of the electronic wave function,

the hyperfine couplings are clearly inhomogeneous. However, just as in the preceding chapter

we consider them to be equal to each other within each bath, meaning that A
(i)
j = A(i)/N .

Then the Hamiltonian (7.1) conserves, apart from the total spin ~J = ~S1 + ~S2 + ~I1 + ~I2 with
~Ii =

∑Ni
j=1

~Ii,j , also the squares of the total bath spins ~I1
2 and ~I2

2:[
H2B, ~J

]
=
[
H2B, ~I1

2
]

=
[
H2B, ~I2

2
]

= 0 (7.2)

The first symmetry is helpful for exact numerical diagonalizations of the Hamiltonian matrix
[36, 47], through which we obtain the dynamics in the following. As described in Appendix A,
we compute the time-dependent density matrix by decomposing the initial state into energy
eigenstates and applying the time evolution operator. Tracing out the electron degrees of
freedom then yields the reduced density matrix of the nuclear baths ρn(t) from which we can
calculate the time evolution of all the respective observables.

In Chapter 4 we numerically studied the spectral properties of the model (7.1). In order
to lower the dimension of the problem, we replaced the sums ~Ii =

∑Ni
j=1

~Ii,j by single long
spins of length Ii. Up to the multiplicity of the eigenvalues, this yields the exact spectrum
on the respective subspaces. In the following we use the same numerical approach. Let us
briefly discuss to which physical situation this corresponds. A general state of a bath is a
superposition of states from different multiplets

|βj〉 =
∑
Ij ,mj

β
Ij ,mj

j |Ij ,mj〉, (7.3)

where the quantum numbers due to a certain Clebsch-Gordan decomposition of the bath
have been omitted. The stronger the baths are polarized, the less multiplets contribute to
the sum in the state (7.3). Considering very high polarizations we can therefore approximate
the state (7.3) by |βj〉 = |I,mj〉 with mj ≈ ±I. Due to the commutation relations (7.2) all
dynamics is then captured by the following simple Hamiltonian, to which we refer to as the
long spin approximation Hamiltonian:

HLSA =
A(1)

2I
~S1 · ~I1 +

A(2)

2I
~S2 · ~I2 + Jex

~S1 · ~S2 (7.4)

The form of the couplings A(i)/2I results from the observation that the N bath spins can
couple to I = N/2, N/2−1, N/2−2, . . .. As we assume highly polarized baths, we consider the
maximal value I = N/2. Solving for N then yields the coupling constants in the Hamiltonian
(7.4). For later convenience, we define A = A(1) + A(2), where in comparison to the overall
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Figure 7.1: Nuclear spin dynamics of the Gaudin model for inhomogeneous (upper panels) and
homogeneous (lower panels) hyperfine couplings. The bath state is initially randomly correlated
[36, 47] and the electron spin is pointing upwards. The left column shows the case of N = 30 and a
bath polarization (3.8) of pb = 0.93, while in the right column we have N = 12 and a bath polarization
of pb = 0.33. Even in the latter case the bath dynamics for inhomogeneous and homogeneous couplings
are still quite similar to each other.

coupling strength defined in Chapter 4 we drop a factor (1/2), as slightly more convenient
with respect to the long time scales of the nuclear dynamics to be considered below.

High nuclear polarizations of up to 80% have been experimentally demonstrated in Ref-
erences [80, 90–92]. As described in Section 5.4, in Reference [80] it has been demonstrated
that it is possible to polarize nuclear ensembles in different directions. However, a question
concerning the long spin approximation arises from assuming the couplings to be homo-
geneous: As demonstrated in Chapter 6, this approximation is a good one for short time
scales, whereas for longer times artifacts occur. As the nuclear dynamics are slow, it has
to be questioned to what extent homogeneous couplings are adequate in order to evaluate
nuclear spin dynamics. Therefore we numerically investigated the time evolution of the nu-
clear spins in the Gaudin model (2.1), as corresponding to one of the two first terms in the
Hamiltonian (7.1). As a result from our numerics we find that the influence of inhomo-
geneities is suppressed with increasing polarization. This is illustrated in Figure 7.1, where
we compare cases of high and of low polarization. Even in the latter case the dynamics for
both types of couplings are very close to each other so that it is definitely justified to neglect
the inhomogeneities at high polarizations.

7.2 Swapping nuclear spin polarizations

We now evaluate the nuclear spin dynamics within the long spin approximation and explore
the possibility of swapping the states of oppositely polarized spin baths, 〈Iz1 〉 = −〈Iz2 〉. The
initial state |α〉 is considered to be a simple product state between the electron and the nuclear
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Figure 7.2: The nuclear baths are considered to consist of bath spins with length (1/2). The frame
marks the long spin approximation system with the smallest possible bath spin length I = 1/2. Here
the dynamics of all four spins are highly coherent provided the values of all couplings are close to
each other, motivating the condition (7.5) (see text).

state |α〉 = |αe〉|αn〉, just as in Chapter 6. Since the two baths are spatially well-separated,
the initial nuclear state is again a product state of the two long spins. The entanglement
within the baths can not be considered within the long spin approximation. However, due to
their high polarizations, correlations within the baths will be of minor importance. In what
follows we always work in subspaces of a fixed value of the Jz quantum number M , where
only the z component has a non-zero expectation value 〈Izj (t)〉. Note that (again) due to the
high bath polarizations, it is realistic to assume that the initial bath has overlap exclusively
in subspaces of fixed M . Moreover, we assume the z component of the total electron spin to
be initially zero, i.e. the spins are antiparallel. Similar results as to be presented below are
obtained for more general initial states of the electron spin system.

More importantly, we concentrate on exchange couplings being of the same order of
magnitude as the hyperfine coupling strength

Jex/(A/2I) ≈ 1, (7.5)

meaning that the two electron spins are coupled as strongly to each other as they are coupled
to the bath spins. This is motivated by the following observation. Let us consider the long
spin approximation Hamiltonian (7.4) for the smallest possible value, I = 1/2. As shown by
elementary numerics, the dynamics of all four spins are, under the condition (7.5), highly
coherent and the nuclear spin states can nicely be swapped, i.e. at the end of the process the
expectation values 〈Izj (t)〉 are, to a very good degree of accuracy, exchanged as compared to
the initial state. Let us now consider the two baths in the original model (7.1) to consist
of bath spins with length (1/2), as already assumed for the derivation of the couplings in
the long spin approximation Hamiltonian (7.4). As depicted in Figure 7.2, the complete
system can now be regarded as set of I = 1/2 models. Thus, from a heuristic point of view,
the biggest chance to swap the full baths exists if all the subsystems are swapped. Hence,
the exchange coupling has to be of the order of the coupling between the electron and the
bath spins for any subsystem. For homogeneous couplings within the baths this means that
Jex ≈ A/N , which translates into the relation (7.5) for the long spin approximation, as
already explained in the derivation of the coupling constants.

However, on the first sight, it does not seem to be possible to swap the initially antiparallel
nuclear spins I > 1/2, even if the condition (7.5) is fulfilled. This is demonstrated in the
upper panel of Figure 7.3, where we consider I = 80, Jex/(A/2I) = 3.5 and a zero “detuning”
∆ = A(2) − A(1) = 0. This corresponds to a situation in which the two quantum dots
have the same geometries. We choose the comparatively generic electron spin state |αe〉 =
(1/
√

13) (2|⇑⇓〉+ 3|⇓⇑〉) (similar results occur for other choices) and plot the dynamics for
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Figure 7.3: Nuclear spin dynamics for Jex/(A/2I) = 3.5, ∆ = 0 and |α〉 =
(1/
√

13) (2|⇑⇓〉+ 3|⇓⇑〉) |M − I, I〉. The upper panel shows data for I = 80 and M = 0. Here
the expectation values 〈Izj (t)〉 decay rapidly to zero. In the bottom panel we consider I = 1500 and
M = 159 and observe an almost complete swap of the nuclear spins.

antiparallel nuclear spin configurations with the maximal possible z components |αn〉 =
|−I, I〉. As can be seen from the figure, the expectation values of the bath spins decrease
quite rapidly to zero and are far away from being properly swapped.

Surprisingly, this apparently negative result turns out to be related to the size of the
baths in the following sense: Consider an initial state with the electron spins being in an
arbitrary linear combination of |⇑⇓〉, |⇓⇑〉 and a nuclear state |m1,m2〉, where mj denotes
the Izj quantum number, fulfilling, say, m1 < 0 and m2 > 0 with |m1| < |m2|, meaning that
the “magnetization” Mr = M/(2I+ 1) is nonzero, Mr = (|m2|− |m1|)/(2I+ 1) 6= 0. Here we
find that for magnetizations larger than a certain “critical” value M c

r (slightly depending on
the electron spin state) the expectation value 〈Iz1 (0)〉 is, to an excellent degree of accuracy,
completely reversed. As a representative example, in the left panel of Figure 7.4 we plot the
quantity 〈Iz1 (t)〉 for I = 200 with, as before, |αe〉 = (1/

√
13) (2|⇑⇓〉+ 3|⇓⇑〉) being the initial

electron spin state. We consider two different initial nuclear states |αn〉 = |M − I, I〉, where
the corresponding value of Mr is in one case exactly at, in the other case lower than the
critical magnetization M c

r . In the latter case the reversal of 〈Iz1 (0)〉 is slightly incomplete.

It is now a key observation that the critical magnetization is a function of the spin
length M c

r = M c
r (I) and that it strongly decreases with increasing spin length I. This is

demonstrated in the right panel of Figure 7.4 for spin lengths up to I = 600, where a clear
power law scaling is found:

M c
r ≈ e−

1
2 · I−

1
3 (7.6)

Hence, for a large enough value of I the critical magnetization M c
r is so close to zero that, up

to irrelevant corrections, antiparallel nuclear spin configurations can indeed be swapped. To
give a quantitative example, for I = 106, as typical for the nuclear spin bath of GaAs quantum
dots, the above power law leads to M c

r = 0.006, implying that baths with Iz1 = −0.988Iz2
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Figure 7.4: In the left panel 〈Iz1 (t)〉 is plotted for Jex/(A/2I) = 3.5, ∆ = 0 and I = 200. The initial
state is |α〉 = (1/

√
13) (2|⇑⇓〉+ 3|⇓⇑〉) |M − I, I〉. Two values of the magnetization Mr = M/(2I + 1)

are considered, where Mr = 0.11 corresponds to the critical value at I = 200. The vertical lines are
guides to the eye indicating the value needed for a complete reversal of 〈Iz1 (t)〉. Obviously the swap
for M < M c

r is slightly incomplete. In the right panel M c
r is plotted versus the spin length I for the

same initial state as in the left panel. The fit results in a power law decrease M c
r (I) = e−0.5I−0.33.

Thus, for large enough spin baths antiparallel nuclear spin configurations can, to an excellent degree
of accuracy, be swapped.
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Figure 7.5: The left panel shows 〈Iz1 (t)〉 for the same situation as in the left panel of Figure 7.4,
but with ∆ = −1.2A and Mr = 0.09 < M c

r . Breaking inversion symmetry facilitates swapping the
nuclear states. The right panels show the swap time τ at ∆ = 0 and Jex/(A/2I) = 3.5 as a function
of I (upper panel), and at I = 200 as a function of (Jex/(A/2I)) (lower panel). In the first case we

find a power law as τ = e0.015I1.19 (hI/πA), in the second case τ = e7.51 [Jex/(A/2I)]
−1.003

(hI/πA).

can be swapped. Finally, in the bottom panel of Figure 7.3 we plot 〈Iz1 (t)〉 and 〈Iz2 (t)〉 for
I = 1500, which is about the largest system size accessible to our numerics. Obviously, we
are very close to a full swap.

Moreover, the performance of such a swap process can be significantly improved by
departing from the symmetric case ∆ = 0, i.e. considering different geometries for the
two quantum dots: The left panel of Figure 7.5 shows 〈Iz1 (t)〉 for the same situation as
in the left panel of Figure 7.4, but with ∆ = −1.2A and Mr = 0.09, which is lower than
M c

r = 0.11 found before for ∆ = 0. As can nicely be seen, 〈Iz1 (0)〉 is still fully reversed.
Interestingly, this result turns out to be rather independent of the precise value of ∆ 6= 0
including its sign, which suggests that the observed increase of “swap performance” goes
back to some qualitative change in the dynamical properties. In fact, as shown in Chapter
4, the spectrum of inversion symmetric systems exhibit a macroscopically large subspace of
energetically degenerate multiplets. Although the initial states considered throughout this
manuscript lie in energy quite far away from those degenerate levels, it is an interesting
question to what extend both observations are related.

Finally, in the right panels of Figure 7.5 we analyze the duration τ of the swap process
as a function of the spin length I as well as the ratio Jex/(A/2I) for again ∆ = 0. In both
cases we find power law dependencies leading for a realistic system size of I = 106 to a swap
time τ of a few ten seconds.

As already briefly mentioned in Section 5.4, the nuclear bath is not static. The nuclear
spins are interacting through e.g. dipolar and quadrupolar interactions [37]. These could be
possible limitations to the phenomena described above. In order to circumvent the resulting
problems, one would have to use additional techniques like e.g. refocusing [133].
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7.3 Entangling the nuclear baths

In order to measure the entanglement between the long bath spins, we utilize the (logarith-
mic) negativity L (not to be mixed up with the ~L 2 quantum number introduced in Section
2.3) defined by [134, 135]

L = log2

(∥∥∥ρ(1)
n

∥∥∥
1

)
, (7.7)

where ‖.‖1 denotes the trace norm ‖A‖1 = Tr(
√
A+A) and ρ

(1)
n is the partial transpose of ρn

with respect to the first spin ~I1. Since∥∥∥ρ(1)
n

∥∥∥
1

= 1 + 2
∣∣∣∑

i

E<i

∣∣∣ , (7.8)

where E<i denote the energy eigenvalues smaller than zero, the negativity essentially mea-
sures to what extent the partial transpose fails to be positive, which indicates non-classical
correlations [136].

In order to evaluate the dynamics of the negativity, ρ
(1)
n has to be diagonalized in each

time step considered. This is a numerical effort which restricts us to system sizes somewhat
smaller than those considered before. The left panels of Figure 7.6 show the entanglement
dynamics for two spin lengths I = 20, 80 at comparatively high polarization Mr = 0.8 and
∆ = 0. The initial state is the same as used before, |α〉 = (1/

√
13) (2|⇑⇓〉+ 3|⇓⇑〉) |M−I, I〉.

In both cases the dynamics are rather similar to each other. A rapid increase of the negativity
is followed by a more or less regular oscillation around a mean value which increases with
the spin length I. In particular, the negativity does not return to zero on the considered
time scales.

In order to quantify these observations, we introduce a relative negativity Lr = L/Lmax,
where Lmax = log2 (2I + 1) is an upper bound of L (cf. Reference [137]), and analyze the
maximum L200

r of this quantity attained within a fixed time interval [0, 200](hI/πA). The
results are plotted in the right panel of Figure 7.6. While the spin lengths achievable here are
too small to allow for a quantitatively meaningful fit, the data still shows a significant growth
with increasing I (suggesting, in fact, a power law). This observation implies that, similarly
as for swapping nuclear spin states, also entangling spin baths benefits from large bath sizes.
We note that this effect is not due to the simple growth of the reduced density matrix
with increasing I, since we are considering the relative negativity, where such influences
are scaled out. On the other hand, by the same argument, the maximal relative negativity
should decrease with increasing magnetization at fixed I. An example for this behavior is
shown in the left panel of Figure 7.7.

In the right panel of Figure 7.7 we finally demonstrate the influence of a non-zero detuning
for different spin lengths and magnetizations. Similarly to the results regarding a nuclear
swap, the entanglement is enhanced by a non-zero detuning with its precise value being again
of minor importance. This supports the conjecture that the systematic degeneracy reported
in Chapter 4 has a clear dynamical signature. Interestingly, breaking the inversion symmetry
has stronger influence for higher magnetizations.

7.4 Summary and outlook

In summary we have studied the spin and entanglement dynamics of the nuclear baths in
a double quantum dot. Each of the two electron spins was considered to interact with an
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Figure 7.6: In the left panels the negativity L(t) is plotted for the initial state |α〉 =
(1/
√

13) (2|⇑⇓〉+ 3|⇓⇑〉) |M − I, I〉 with Mr = 0.8. We consider I = 20, 80, Jex/(A/2I) = 3.5,
and ∆ = 0. A rapid increase of L(t) is followed by a “regular” oscillation. The negativity does
not return to zero on the given time scales. The right panel shows the maximal relative negativity
L200
r in the time interval [0, 200](hI/πA) as a function of the spin length I for otherwise identical

parameters. We find a clearly increasing curve, indicating that for large enough sizes the baths can
be fully entangled.

Figure 7.7: The left panel shows the maximal relative negativity L200
r versus Mr for I = 15, ∆ = 0

and the same initial state as in Figure 7.6. As expected L200
r is decreasing with increasing magneti-

zation. In the right panel L200
r is plotted as a function of the detuning ∆ for various parameters. The

relative negativity L200
r is increased if the detuning is chosen to be different from zero. The precise

value of the detuning is again of no particular importance.
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individual bath of nuclear spins via homogeneous hyperfine couplings as in Chapter 4. In
order to lower the dimension of the problem, both baths have been approximated by long
spins. We focused on the virtue of the hyperfine interaction and regarded the electron spins
as an effective coupling between the baths. We demonstrated that it is possible to swap them
if they are weakly coupled and their size is large enough. Furthermore, we provided strong
indication that, under the same conditions, it might be even possible to fully entangle them.
Surprisingly, it turns out to be advantageous to use dots of different geometry (enabling for
∆ 6= 0) to built up the double quantum dot.

To which extent the described effects are limited by the intra-bath dynamics due to the
dipolar and quadrupolar interaction remains an open question, which has to be addressed
in future studies. However, even if these interactions turn out to be significant, the proposal
could still be combined with additional techniques like refocusing in order to circumvent the
resulting problems.



8 Conclusion

Central spin models describe the interaction of a set of central spins to a bath of other spin
degrees of freedom. They are of importance in the context of quantum integrability including
its relation to physical properties. Furthermore, central spin models describe the hyperfine
interaction so that they play a significant role in quantum dot spin qubit based solid state
quantum information processing. In the present thesis we studied different aspects of central
spin models.

In the first part we focused on the basic properties from an abstract point of view, begin-
ning with a brief introduction to quantum integrability [13–17] and a recapitulation of the
systematic degeneracies in the spectrum of the hydrogen atom in Chapter 2. In Chapter 3 we
established a new notion of quantum integrability and investigated the integrable structure
of central spin models. We related our findings to the phenomenon of decoherence. On the
one hand this justifies our approach to quantum integrability, on the other hand it gives new
insights with respect to the relation between integrability and physical properties [41–46].
In Chapter 4 we then specified a model of two coupled Gaudin models with homogeneous
couplings and studied its spectral properties. Surprisingly, the spectrum turns out to have
the extremely scarce property of exhibiting systematically degenerate multiplets. We con-
structed the full degenerate subspace and discussed possible solid state quantum information
perspectives.

As described in the introductory Chapter 5, the electron spin in a III-V semiconductor
quantum dot interacts with a large number of nuclear spins via the hyperfine interaction [22,
23]. With respect to quantum information proposals utilizing the electron spin as the qubit
the hyperfine interaction has a detrimental character as it provides a decohering environment
[21]. However, it opens new quantum information perspectives if it is regarded as an efficient
way to access the nuclear spin degrees of freedom [24–29]. The second part of the present
thesis was devoted to the study of hyperfine induced spin dynamics in double quantum dots.
In this context it has to be distinguished between the case of a strong and the case of a
weak magnetic field (1.2) as compared to the strength of the hyperfine interaction. The
first case has been subject to numerous theoretical studies and is well-understood [30–35].
We therefore concentrated on the experimentally much more realistic second case. At the
time being it is commonly accepted that here one has to resort to exact methods [36, 37].
Motivated by the results of Chapter 3, in Chapter 6 we therefore considered two electron
spins in zero magnetic field to interact with a common bath of nuclear spins via homogeneous
hyperfine coupling constants, as corresponding to two nearby quantum dots. We investigated
the electron spin dynamics and derived a scaling law for the decoherence time. In the next
step, presented in Chapter 7, we revisited the two bath model introduced in Chapter 4,
which corresponds to spatially well-separated quantum dots. Here we concentrated on the
advantages of the hyperfine interaction and numerically studied in how far it enables to utilize
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the nuclear ensembles for quantum information purposes. It turns out that it is possible to
swap and entangle weakly coupled nuclear spin baths of realistic size, but not smaller ones.

In conclusion the present thesis provides a thorough study of all the important aspects
of central spin models. Immediate next steps have already been mentioned in the summaries
of the different chapters. The investigation of central spin models accounting for interactions
within the spin bath (Chapters 3 and 7) as well as the search for hidden symmetries (Chapter
4) turned out to be of particular importance. Rather than dwelling upon possible outcomes
of the related (most likely very comprehensive) studies, let us briefly describe two projects
which already have been worked out to a large extent, but did not reach completion until
the submission of the present thesis. They naturally complement the presented results and
will be published in References [138, 139]. In the first project we evaluate the electron spin
dynamics within the long spin approximation considered in Chapter 7. Here we distinguish
between the case of an exchange coupling which is of the order of the coupling between
the electron and the nuclear spins as in Chapter 7 and the case in which it is much larger.
The latter is the limit in which the two bath model comes closest to the one bath model
considered in Chapter 6. Although the one bath model yields e.g. accurate values for the
decoherence times, it is of course an extreme case with respect to a system of two nearby
quantum dots. Considered in the above strong coupling limit, the two bath model provides
a complementary extreme case. Consequently, together the one and two bath model give a
thorough picture of the realistic situation.

As explained in Section 5.4, at the present time it is commonly accepted that the weak
field limit can only be considered via exact methods [36, 37]. This imposes strong limita-
tions on the initial state of the system, the system size or the hyperfine coupling constants.
Therefore a perturbative approach for the weak field case would be highly desirable. A first
step has been presented recently in References [96, 97], where a well-controlled perturbative
treatment of the flip-flop terms with (A/

√
NB) being the small parameter has been estab-

lished for the Gaudin model. Here A again denotes the overall hyperfine coupling strength.
This suggests that for large enough system sizes the weak field limit can be treated pertur-
batively. Motivated by this result, in the second project we consider homogeneous couplings
and investigate the scaling of the flip-flop contributions to the dynamics with N and B for
Nc = 1 and Nc > 1, exemplified by Nc = 2, 3. The results suggest perturbative parameters
for the two cases, which significantly differ from each other and from the one used in Refer-
ences [96, 97]. In particular they clearly indicate that it is possible to go beyond the weak
field limits imposed by (A/

√
NB). The explicit construction of the associated perturbation

theories of course requires a dedicated analysis.

Let us now close the thesis with a final interesting perspective for future research projects.
In Section 5.5 we explained that the results of the present thesis are also of great interest with
respect to other important nanostructures in the context of spin based solid state quantum
information processing. Nitrogen-vacancy centers [103] have been introduced as a structure
subject to particularly substantial experimental progress [105–108]. However, so far it has
not been managed to bring two of these centers into contact with each other [109, 140, 141].
The particular advantage of carbon structures like nitrogen-vacancy centers is the absence
of a large number of nuclear spins, which lead to decoherence of the spin utilized as the
qubit. However, even highly purified carbon still contains C13 impurities. In Chapter 6
we investigated two electron spins interacting with a common bath of nuclear spins. In
particular we considered initial states with respect to which the exchange coupling does not
have any influence on the dynamics. Consequently, the generated entanglement between the
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electron spins resulted exclusively from their interaction through the common bath of nuclear
spins. It would now be highly interesting to pursue this route and furthermore investigate
to what extent it is possible to adapt the results to the case of two nitrogen-vacancy centers
interacting with each other through a small number of C13 impurities. Just as the results
presented in Chapter 7, this would turn vice into virtue and regard the hyperfine interaction
as a resource of quantum information processing.



82 | 8. Conclusion



A Time evolution from full eigensystem

Let H be a time-independent Hamiltonian acting on a product Hilbert space H = ⊗Ni=1Hi.
We assume that the Hamiltonian is diagonalized. This can be done numerically as in Chap-
ters 3 and 7 or analytically as in Chapter 6. We denote the eigenvectors by |ψi〉 and the
corresponding eigenvalues by Ei. In the following we calculate the time-dependent reduced
density matrix for an initial state which is a pure state and derive the time evolution 〈Oi(t)〉
associated with an operator Oi acting on Hi.

As the eigenstates of H span the whole Hilbertspace H, the initial state |α〉 of the system
described by H can be written as

|α〉 =
∑
i

αi|ψi〉. (A.1)

The time evolution of the initial state results from the application of the time evolution

operator U = e−
i
~Ht. It follows:

|α(t)〉〈α(t)| = |Uα〉〈Uα|
=

∑
ij

αiα
∗
j |Uψi〉〈Uψj |

=
∑
ij

αiα
∗
je
− i

~ (Ei−Ej)t|ψi〉〈ψj | (A.2)

As Oi acts on Hi, the other degrees of freedom have to be traced out

ρi(t) = TrH\Hi
(|α(t)〉〈α(t)|) ,

finally giving the time evolution of the expectation value of the operator Oi:

〈Oi(t)〉 = TrHi (ρi(t)Oi) (A.3)
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B Diagonalization of the homogeneous coupling
one bath model

In the following we calculate the eigenstates of the homogeneous coupling one bath model
H1B as defined in Equation (6.2). The eigenstates of Hhom, defined in Equation (6.3), can
be found directly by iterating the well known expressions for coupling a spin of arbitrary
length to a spin S = 1/2 as given in Equation (4.8) [74]. Two of these states lie fully in the
triplet sector

|I + 1,M, 1〉 =

√
I +M + 1

2I + 2
· I +M

2I + 1
|I,M − 1〉|T+〉

+

√
I +M + 1

I + 1
· I −M + 1

2I + 1
|I,M〉|T0〉

+

√
I −M + 1

2I + 2
· I −M

2I + 1
|I,M + 1〉|T−〉 (B.1a)

|I − 1,M, 1〉 =

√
I −M

2I
· I −M + 1

2I + 1
|I,M − 1〉|T+〉

−
√
I −M
I

· I +M

2I + 1
|I,M〉|T0〉

+

√
I +M

2I
· I +M + 1

2I + 1
|I,M + 1〉|T−〉 (B.1b)

and are consequently also eigenstates of H1B. As already mentioned in the text of Section
6.1, the states are labeled by the quantum numbers J,M , and S corresponding to the oper-
ators ~J 2, Jz, and ~S 2. The rest of the quantum numbers due to a certain Clebsch-Gordan
decomposition of the bath is omitted. For the eigenstates of the central spin term ~S1 · ~S2 we
used the standard notation introduced in Equation (5.32).

The remaining two eigenstates of Hhom are superpositions of singlet and triplet states. As
the expressions are rather cumbersome, it is convenient to introduce the following notation
in order to abbreviate the Clebsch-Gordan coefficients:{

µ1
1, µ

1
2, µ

1
3, µ

1
4

}
=

{√
I +m

2I
· I −m+ 1

2I + 1
,

√
I +m

2I
· I +m

2I + 1
,√

I −m
2I

· I −m
2I + 1

,

√
I −m

2I
· I +m+ 1

2I + 1

}
{
µ2

1, µ
2
2, µ

2
3, µ

2
4

}
=

{√
I −m+ 1

2I + 2
· I +m

2I + 1
,

√
I −m+ 1

2I + 2
· I −m+ 1

2I + 1
,√

I +m+ 1

2I + 2
· I +m+ 1

2I + 1
,

√
I +m+ 1

2I + 2
· I −m

2I + 1

}
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With these definitions the superposition states can be written as:

|a〉 = µ1
1|I,m− 1〉|T+〉+

µ1
3 − µ1

2√
2
|I,m〉|T0〉

− µ1
4|I,m+ 1〉|T−〉+

µ1
3 + µ1

2√
2
|I,m〉|S〉

|b〉 = µ2
1|I,m− 1〉|T+〉+

µ2
2 − µ2

3√
2
|I,m〉|T0〉

− µ2
4|I,m+ 1〉|T−〉 −

µ2
3 + µ2

2√
2
|I,m〉|S〉

These states are degenerate with respect to Hhom. Hence, in order to find the remaining
eigenstates of H1B, we are left with the simple task to find a superposition of |a〉 and |b〉
which eliminates |I,m〉|S〉. Obviously, this is given by

|I,m, 1〉 =
1

NT

( √
2

µ1
2 + µ1

3

|a〉+

√
2

µ2
2 + µ2

3

|b〉

)
, (B.2)

where NT =
√
−(I + 1)−1 + I−1 + 4 is the normalization constant. Inserting |a〉 and |b〉,

the state (B.2) reads:

|I,m, 1〉 =
1

NT

2∑
i=1

( √
2µi1

µi2 + µi3
|I,m− 1〉|T+〉

+ (−1)i+1µ
i
3 − µi2
µi2 + µi3

|I,m〉|T0〉

−
√

2µi4
µi2 + µi3

|I,m+ 1〉|T−〉

)
(B.3)

Together with the singlet state
|I,m, 0〉 = |I,m〉|S〉 (B.4)

this solves our problem of diagonalizing the one bath homogeneous coupling Hamiltonian
H1B. Furthermore, the states (B.1) and (B.3) give a solution to the very general problem of
coupling a spin of arbitrary length to a spin S = 1.



C
Calculation of the time-dependent reduced
density matrix for the homogeneous coupling
one bath model

In the following we calculate the time-dependent reduced density matrix for the homogeneous
coupling one bath model H1B defined in Equation (6.2). Following the general scheme
presented in Appendix A, we have to write the initial state in terms of energy eigenstates
first. As explained in the text of Section 6.1, we consider |α〉 = |αe〉|αn〉, where |αe〉 is an
arbitrary central spin state and |αn〉 is a product state in the bath Hilbertspace, denoted by
HN in the following. Using Equation (6.5) it follows:

|αe〉|αn〉 =

Nb
D∑

k=0

∑
{Si}

c
{Si}
k |αe〉

∣∣∣N
2
− k, N

2
−Nb

D, {Si}
〉

(C.1)

The eigenstates (B.1), (B.3), and (B.4) are given in terms of product states between an
~S1 · ~S2 eigenstate as defined in Equation (5.32) and an ~I 2 eigenstate. Hence, we can find
the coefficients of (A.1) by solving Equations (B.1), (B.3), and (B.4) for these states and
inserting them into (C.1). If we arrange the coefficients of the states (B.1), (B.3), and (B.4)
into a 4× 4 matrix W according to

W =



|T ′+〉 |T ′0〉 |T ′−〉 |S′〉

|I + 1,M, 1〉 . . .

|I,M, 1〉 . . .

|I − 1,M, 1〉 . . .

|I,M, 0〉 . . .


, (C.2)

this is simply done by transposing W . Here |T ′+〉 = |T+〉|I,M − 1〉 and analogously for
the other states. In order to abbreviate the following expressions, we denote the energy
eigenstates by |ψi〉 as in the general considerations in Appendix A and number with respect
to (C.2). Analogously we introduce the shorthand notation |i〉 for the basis states (5.32).

In order to avoid further coefficients, we choose |αe〉 to be the j-th element of (5.32) and
find the following expression for the decomposition of the initial state into energy eigenstates

|j〉|αn〉 =
4∑
l=1

Nb
D∑

k=0

∑
{Si}

c
{Si}
k W T

jl |ψl〉, (C.3)

where it is has to be noted that the elements W T
jl as well as the eigenstates |ψl〉 depend

on the quantum numbers the sums run over. Hence, in our case the coefficients αi and the
eigenstates |ψi〉 of Equation (A.1) in fact have more than one index.
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Using Equation (C.3) and the eigenstates (B.1), (B.3), and (B.4) in (A.2) and tracing out the
bath degrees of freedom, we finally arrive at the reduced density matrix of the two central
spins:

ρ(t) = TrHN
(|α(t)〉〈α(t)|) =

Nb
D∑

k=0

∑
{Si}

(
c
{Si}
k

)2

︸ ︷︷ ︸
dk

4∑
l,m,n,o=1

W T
jlW

T
jmWlnWmoe

− i
~ (El−Em)t|n〉〈o| (C.4)

If we now choose O1 = Sz1 , we have to trace out the second central spin. Inserting the result
into (A.3) then gives rise to the time evolution 〈Sz1(t)〉. As pointed out in the text of Section
6.2, for high polarizations there is a jump in the amplitude when Jex is varied away from
complete homogeneity. From Equation (C.4) the explanation given in the text becomes more
transparent. Clearly, for high polarizations we have dk ≈ 0 if k 6= Nb

D. Fixing l and m, we
can calculate the contribution of the different frequencies. It turns out that all of them are
suppressed except for E2 − E4 = ET0 − ES .
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