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Abstract
We consider mean curvature flow of n-dimensional surface clusters. At (n — 1)-
dimensional triple junctions an angle condition is required which in the symmet-
ric case reduces to the well-known 120 degree angle condition. Using a novel
parametrization of evolving surface clusters and a new existence and regularity
approach for parabolic equations on surface clusters we show local well-posedness
by a contraction argument in parabolic Holder spaces.
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1 Introduction

Motion by mean curvature for evolving hypersurfaces in R™*! is given by
V=H,

where V' is the normal velocity and H is the mean curvature of the evolving surface. Mean
curvature flow for closed surfaces is the L2-gradient flow of the area functional and many
results for this flow have been established over the last 30 years, see e.g. Huisken [19],
Gage and Hamilton [14], Ecker [9], Giga [17], Mantegazza [24] and the references therein.

Less is known for mean curvature flow of surfaces with boundaries. In the simplest
cases one either prescribes fixed Dirichlet boundary data or one requires that surfaces
meet a given surface with a 90 degree angle. The last situation can be interpreted as the
L?-gradient flow of area taking the side constraint into account that the boundary of the
surface has to lie on a given external surface. A setting where the surface is given as a
graph was studied by Huisken [20], who could also analyze the long time behaviour in the
case where the evolving surface was given as the graph over a fixed domain. Local well-
posedness for general geometries was shown by Stahl [29] who was also able to formulate
a continuation criterion. In addition he showed that surfaces converge asymptotically to
a half sphere before they vanish.
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Figure 1: A surface cluster consisting of three hypersurfaces with boundary and one triple
line on the left; and a surface cluster with four hypersurfaces, where the topology of the
individual surfaces is not the same for all on the right; taken from [3].

Much less is known about the gradient flow dynamics for surface clusters. In this
case hypersurfaces I'',... TV in R"*! with boundaries OI'!,...,dI'Y meet at (n — 1)-
dimensional triple junctions, see e.g. Figure 1. Here, boundary conditions at the triple
junction which can be derived variationally have to be described. In what follows we
briefly discuss how to derive these boundary conditions. We define the weighted surface

free energy
N
F(I) =" / ydH"
=17

for a given surface cluster I' = (I'!, ..., ') (and constant surface energy densities ; > 0,
i=1,...,N) and consider a given smooth vector field

¢ R R
Then we can define a variation I'(¢) of I" in the direction ¢ via
I'(e) ={z+el(z) | €T"}.
A transport theorem now gives

d% 1dH" = — / VIH dH™ + / VidHML

I (e) I (e) ar'i(e)

where V? is the normal velocity and H? is the mean curvature of I'". In addition v’ is the

outer conormal velocity of the surface, i.e. we have v = (¢, "), where V" is the outer unit

conormal of 9T (for details we refer to Garcke, Wieland [16] and Depner, Garcke [8]).
The first variation of F is now given by

LFCE =Y [ (v ae e Y [ e
i YT i YO

I (e)

and hence a suitably weighted L?-gradient flow is given by

Vi=p'H" onTI"and (1.1)
3
Z'yiyi =0 at triple junctions. (1.2)
i=1
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We remark that the last condition reduces to a 120° angle condition in the case that all
v;’s are equal.

Local well-posedness for curves in the plane has been shown by Bronsard and Rei-
tich [6] in a C*rol+3 setting using parabolic regularity theory and a fixed point argument
(for a typical solution see Figure 2). Kinderlehrer and Liu [21] derived global existence
of a planar network of grain boundaries driven by curvature close to an equilibrium.
Mantegazza, Novaga and Tortorelli [25] were able to establish continuation criteria and
Schniirer et al. [27] and Bellettini and Novaga [4] considered the asymptotic behaviour of
lens-shaped geometries. We remark that all of these results are restricted to the planar
case.
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Figure 2: Mean curvature flow of a double bubble in the plane, see [3] for results in R.

The higher dimensional situation is much more involved as the triple junction now is at
least one-dimensional and a tangential degree of freedom arises at the triple junction. In
addition, all mathematical descriptions of the problem result in formulations which lead to
a free boundary problem. Only recently, Freire [13] was able to show local well-posedness
in the case of graphs. Of course most situations cannot be represented as graphs. We use
a new parametrization of surface clusters introduced in Depner and Garcke [8] to state
the problem (1.1), (1.2) as a system of non-local, quasilinear parabolic partial differential
equations of second order. The PDEs are defined on a surface cluster and are non-trivially
coupled at the junctions. To simplify the presentation, we will now stick to the situation of
three surfaces meeting at one common triple junction. But we remark that generalizations
of our approach to more general surface clusters are possible as long as different triple
junctions do not meet. Of course this can happen for soap bubble clusters, see Taylor [30]
and Morgan [26]. In addition we want to remark that in the situation on the left in
Figure 1 it is in principle possible to use one global parametrization for all three evolving
hypersurfaces. In this case we would get a system of PDEs on one reference configuration.
Due to the topological restrictions this is not possible any more in the situation on the
right in Figure 1. But since we only use local parametrizations, our method works also in
this case.

We hence look for families of evolving hypersurfaces I''(t) C R"*! (i = 1,2, 3) governed
by the mean curvature flow, which is weighted by 3* > 0 (i = 1,2, 3). These hypersurfaces
meet at their boundaries as follows

OrL(t) = or2(t) = OT3(t) (=: X(t)),

which is an (n — 1)-dimensional manifold. Also, the angles between hypersurfaces are
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prescribed. More precisely, we consider

Vi=p'H" on Tt), t€[0,T] (i=1,2,3),
Z(Ti(t),T9(t)) = 0% on X(t), t €[0,T],

((,5,k) = (1,2,3), (2,3,1), (3,1,2)),
L) im0 =T% (1 =1,2,3),

(1.3)

where T (i = 1,2,3) are given initial hypersurfaces, which meet at their boundary, i.e.
oIy = 0I'2 = 0T (=: %), and fulfill the angle conditions as above. Here, V* and H® are
the normal velocity and mean curvature of I'(¢), respectively.
In (1.3), 61,6% and 62 are given contact angles with 0 < 6" < 7, which fulfill 0* + 62 +
0% = 27 and Young’s law
sinf'  sin?  sin6®
"o P
Let v*(-,t) (1 = 1,2,3) be the outer conormals at dI'(¢). Then, introducing the angle
conditions as in (1.3), one can show that (1.4) is equivalent to

(1.4)

Y1) + 2R (L) () =0 on B(1), (1.5)

which is the condition (1.2) stated above. To choose appropriate normals N°(-, ) of T(¢),
we observe that due to the appearance of a triple junction () the six vectors N*(-,t),
vi(-,t), i = 1,2,3 on X(¢) all lie in a two-dimensional space, namely the orthogonal
complement (T,%(t))" of the triple junction. In this two-dimensional space we choose an
oriented basis and a corresponding counterclockwise rotation R around 90 degree. Then
we set

N'(-,t) :== RV'(-,t)  on X(t)
and extend these normals by continuity to all of I'(¢). Then we can write instead of (1.5)
YN 1) + P N2(, 1) +4°N3(-,t) =0 on X(2). (1.6)
In the following the angle conditions at the triple line are written as
(NP(-,t), N(-,t)) = cos 0 (1.7)

on X(t) for (i,7,k) = (1,2,3), (2,3,1), and (3,1,2). Here and hereafter, (-, -) means the
inner product in R**.

We are able to show the following result (for a precise formulation of the result we
refer to Section 5):

Main result.
Let (T5,T2,T%) be a C* surface cluster with a C*** triple junction curve y. We assume
the compatibility conditions

- (DS, T2 T3) fulfill the angle conditions,

- YIBYHY + 282 HE + 3B H = 0 on the triple line T = o2 = or's.
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Then there exists a local 2 solution of

Vi=H' + angle conditions,
with initial data (T3, T3, T3).

The idea of the proof is as follows: First we study the linearized problem around
a reference configuration with energy methods (this is non-trivial as the system is de-
fined on a surface cluster). Then we show local C?+®1*% regularity of the solutions to
the linearized problem. In order to apply classical regularity theory close to the triple
junction, we parametrize the cluster locally over one fixed reference domain and check
the Lopatinskii-Shapiro condition for the resulting spatially localized system on the flat
reference domain directly and for convenience with an energy argument. Finally we use a
fixed point argument in C***!*% which is non-trivial as the overall system is non-local.
In this context ideas of Baconneau and Lunardi [2] are useful.

We remark that we do not need the initial surfaces T}y to be of class C*T® as in [2]
since we linearize around smooth enough reference hypersurfaces, which are close enough
to T}y in the C***-norm.

We also remark that the overall problem has a structure similar as free boundary
problems. This is due to the fact that at the triple junction a motion of the surface
cluster in conormal direction is necessary. When formulating the evolution on a fixed
reference configuration, we need to take care of the conormal velocity which results in a
highly nonlinear nonlocal evolution problem similar as in several free boundary problems,
see e.g. Escher and Simonett [11] or Baconneau and Lunardi [2]. In our context an
additional difficulty arises due to the fact that three surfaces who all have a conormal
velocity meet at the triple junction. The connection to free boundary problems is more
apparent in the graph case which has been considered by Freire [13].

2 PDE formulation

2.1 Parametrization of surface clusters

Let us describe T'(¢) with the help of functions p’ : T x [0,7] — R as graphs over some
fixed compact reference hypersurfaces T (i = 1,2,3) of class C3*® for some 0 < a < 1
with boundary OI'".. These are supposed to have a common boundary

Ol =0r? =or? (=: ,) (2.1)

and fulfill the angle conditions from (1.3). As above, we introduce notation such that the
outer conormals v at OT" fulfill

YUl 422 492 =0 on %,
and the normals N! of ', are chosen such that
YV'N} +42N2 ++*N2 =0 on %, . (2.2)

Note that we do not assume I'’ to be a stationary solution of (1.3), that is the mean
curvature of I can be arbitrary.



Let F* : Q' — R"™! be a local parametrization with F?(Q") C I, where ' is either an
open subset of R” or B*(0) = {z € R"| |z| < 1r, x, > 0} in the case that we parametrize
around a boundary point. For o € I'., we set F~(0) = (21(0),...,2,(0)) € R™. Here

*

and hereafter, for simplicity, we use the notation
w(o) =w(zy,...,z,) (0 €T),

i.e. we omit the parametrization. In particular, we set Jw := 0, (w o F').
To parametrize a hypersurface close to I':, we define the mapping through

U T x (—e,6) X (=0,0) — R (2.3)
(o,w,r) = ¥ (o,w,r) =0 +wN:(c) +r7i(o),
where 7! is a tangential vector field on I with support in a neighbourhood of 9T, which

equals the conormal v at OI'.. The index 4 has range 1,2, 3.
For ¢ = 1,2, 3 and functions

p i TEx [0,T) = (—e,8), p': X, x[0,T] = (=6,9)

we define the mappings ®' = (I);" i (we often omit the subscript (p', ") for shortness)
through

QT x [0,T] — R™ | ®(a,t) := V(0, p'(0,1), ' (pr'(c),1)).

Herein pr’ : T — OI'. is defined such that pri(c) € 9! is the point on O with shortest
distance on T'Z to 0. We remark here that pr’ is well-defined and smooth close to OI'.
Note that we need this mapping just in a (small) neighbourhood of 9T, because it is
used in the product u(pr'(e),t) 7i(c), where the second term is zero outside a (small)

*

neighbourhood of OI'. For small ¢,d > 0 and fixed ¢ we set
(@), : TL = R™L (@')(0) :=D'(0,1),
and finally we define new hypersurfaces through

T i (1) := image((D'),) . (2.4)

We observe that for p' = 0 and g = 0 the resulting surface is simply I'ji—g i=o(t) = I,
for every t.

Remark 2.1. We remark that for p* € C*(I'.) and p* € C*(X.) small enough in the
CH(TY)- resp. CH(X,)-norm the mapping (%), is a local C*-diffeomorphism onto its image.

In fact, omitting the time variable t and the index i for the moment, choosing a local
parametrization and using the above abbreviations we calculate

0P = 0,q+ 0p Ny + pOyNy + Oy(nopr) 7 + (o pr)oyrs .
A rather lengthy, but elementary calculation for gy = (O,®, 0, P) gives

gik = (9)ik + Pi(p, (o pr), Vp, V(popr)),



where Py is a polynomial with Py (0) = 0. With the help of the Leibniz formula for the
determinant we can then derive

g9 = det ((gu)ie=1,..n) = g« + Plp, (o pr),Vp,V(uopr)),

where P is a polynomial with P(0) = 0. Since g, > 0 we conclude that for p and p small
enough in the C'-norms also g is positive. Together with the fact that (gi)ik=1.. n 1S
positive semi-definite due to
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D Gguér = §(01P,0,PE,) = >0 forall £ €R”, (2.5)

k=1 k=1

> Go®
=1

we conclude the property that (gix)ik=1,.n 1S even positive definite. Hence we obtain a
strict inequality in (2.5), whenever & # 0 and we conclude that 0,9, ...,0,® are linearly
independent, which means that the differential d® (o) has full rank.

Finally with the help of the inverse function theorem we conclude that (®%); is a local
diffeomorphism and the image T';(t) has metric tensor (gix)ik=1...n-

In the definition of ¥* we allow at the triple junction for a movement in normal and
tangential direction, and hence there are enough degrees of freedom to formulate the
condition, that the hypersurfaces I';(¢) meet in one triple junction ¥(¢) at their boundary,
through

dl(0,t) = ®*(0,t) = ®*(0,t) for c €%, , t>0. (2.6)

We rewrite these equations in the following lemma, which was shown in Depner and
Garcke [8].

Lemma 2.2. Fquivalent to the equations (2.6) are the following conditions

(D) o'+ +9°0° =0 on L.,

1, 2.7
(1) pi=—=(dp’ —cp*)  on Z,. 27)
SZ
for (4,5, k) = (1,2,3),(2,3,1) and (3,1,2), and where s* = sin 6" and ¢’ = cos .
With the notation g = (u', p?, i), p = (p", p?, p*) and the matrix
2 3
05 -5
s s
B ct 3
T= —= 0 o
ct c?
s s 0
we can state the linear dependence from (ii) of (2.7) as
p=Tp on X,. (2.8)



2.2 The nonlocal, nonlinear parabolic boundary value problem

From now on, we always assume condition (2.6). We introduce the notation N “(o,1),
Vi(o,t) and H'(o,t) which are the normal, the normal velocity and the mean curvature
of I'(t) := T .i(t) at the point ®'(c,¢). Then we write equation (1.3) over the fixed

hypersurfaces I'L, T2, and I'? as follows:

\A/i(a, t) = ﬁiﬁi(a,t) on I tel0,T],i=1,2,3,

(N'(0,t), N3(0, 1)) = cos6® on ., t€0,T], (2.9)
(N?(o,t), N3(0,t)) = cos§' on %, ,te[0,7T],

(p'(0,0),1°(0,0)) = (ph, p) on T% x By, i=1,2,3,

where we assume that the initial surfaces I') from (1.3) are given as
Ty = image{o — ¥'(0, pj)(0), p1y(pr'(0))) | o € TL}.

Herein we assume pf € C?T*(T") with ||p}||cz+a < & for some € > 0, u € C*T*(%,) given
by py = T po on X, and in addition the angle conditions from (1.3) for T} shall be fulfilled.
Furthermore, we assume that

V'8 Hy + B2 Hy + 96 Hy =0 on X, (2.10)

where H is the mean curvature of I'j. Note that equation (2.10) follows for smooth
solutions from the first line in problem (2.9) at ¢ = 0 on X,, since for points on the
triple junction we can write for the normal velocity Vi = (¢/(0), N%) with one curve
c:[0,t] = R on X, with ¢(t) € 3(t) and use equation (1.6) for Iy which follows from
the angle conditions.

Remark 2.3. The requirement that the C***-norm of the initial values p is small implies
that the initial hypersurfaces Tt are C***-close to the reference hypersurfaces T'., which
are of class C3T*. In order to make this compatible to condition (2.10), there are two
possibilities.

On the one hand we could start with initial hypersurfaces T, which fulfill (2.10) and
then choose hypersurfaces T of class C3T®, which are close enough to Th. This would
imply that condition (2.10) is almost fulfilled for T in the sense that ‘Z?Zl v B H!
small.

On the other hand we could additionally require condition (2.10) for the reference
hypersurfaces T'. In this way the above approach would always work in the sense that
there are hypersurfaces Ty given by ph, such that ||ph||c2+a is small and (2.10) holds.
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Due to the condition 8 + 6% + #2 = 2r and the fact that the surfaces all meet at a
triple junction at their boundary, which follows from (2.6), the third angle condition

(N2(o,t), N3(0, 1)) = cos6? on %, , t€0,T], (2.11)

is automatically fulfilled and we omit it from now on. The equations (2.9) give a second
order system of partial differential equations for the functions (p!, ut, p?, u?, p3, ).



More precisely, we can obtain the following representation for the equation. For the
normal velocities we calculate

~

Vi(o,t) = (Ni(0,t), 8,9 (0, 1))
= (N'(0,t),0,{0 + p'(0,t) Ni(0) + 1’ (pr'(0), ) (o) })
= (N'(0,t), Ni(0)) 0p'(0,t) + (N'(0, 1), 7i(0)) O’ (pr'(0r), 1) .

We remark that there is a function N* such that
N'(o,t) = N¥(a, p'(0,1), ' (pr'(0), 1), V' (0, 1), Vii' (01" (0), 1))

is the unit normal vector field of T'(¢), where V' is the gradient of p’ on the hypersurfaces
I, which is denoted in a local chart by V;p' = 90" (j = 1,...,n), and V' is the (n—1)-
dimensional gradient of 4i on a surface .. A formula for N7 can be given with the help of
a local chart through a normalized cross product of the tangential vectors 0,®". Therefore
N is a nonlocal operator, since in its formula we find an expression u’(pré(c),t)7i(o)

*

so that we do not only need p, p and its derivatives at the point o but also the point
pr(o) € OI'Y in order to calculate N'.

(gz)]k - <a]®17 ak(PZ)? (hz)]k - <Nla ajak‘(PZ))

the mean curvature H? = (¢")7%(h);, is represented as
7¥i i Qi i NI i T2, i
B(0.1) 1= FH(0, (0, 1), (pr*(0). 1), V (0, £), T (pr(0). 1), V2 (0, 0). T4 (pr* (), 1),
where V?p is the Hessian of p’ on hypersurfaces I'. defined in a local chart by

V?u’zpi - vjlvhpi = ajlajépi - F‘?leakpi (j17j2 =1,... ;n);

where F;‘?l ;, are the Christoffel symbols for I and we used the sum convention for the last

term. The expression vﬂﬁ denotes the Hessian of x’ on the (n — 1)-dimensional surface
Y. Note that the coefficients in front of the term V;V, u in H* are given by

(g'Y*(ri, NY).
Thus the mean curvature flow equations can be reformulated as
Oip' = a'(o, p', 'V H' (0, p', 1) + ai (o, p', 1) 1, (2.12)
where Hi(o, pi, ii') := Hi(o, pi, 1i', V', Vit VQpi,VQM) and

Bz’
(Ni(o), Ni(a, pi, i, V', Vi)
(o), N(a, p', ', V', Vi)
(Ni(o), Ni(o, p', i, V', Vi)

a'(o,p', p') == (o, p', 1, V', V') =

ai(o, p', p') :=a4(o, p', ', V', V') = —

Note that we omitted the mapping pr’ in the functions u’ for reasons of shortness.



Now we will write equation (2.12) as an evolution equation, which is nonlocal in space,
solely for the mappings p° by using the linear dependence (2.8) on X,. To this end, we
use (2.8) in the form p' = (T ply )" and rewrite (2.12) into

atpi = f‘Z(pz’ p|2*) + ai‘(pia p|2*)8t(Tp © pri)ia (213)
where (omitting the t-variable for the moment)
F (o', pls.)(0) = a'(o,p', (Tpls,) ) H (0, ', (Tpls,)") for o € T,
ai(p', ply,)(0) = ai(o, 0", (Tpls,)) for o €T
With the following notations on X, given by
Flp, pls.)(0) = (F' (o', p

Di(p, pls.)(0) = diag ((a}(s", p

Z*)(U))i:m’3 for 0 € X,

2*)(‘7))1»:172’3) for o € %,

we can write (2.13) as vector identity on 3, through

0wp = F(p, ply,) + Di(p, pls, )T (0:p) (2.14)

Rearranging leads to

(I1d —Di(p, pl)T) Oip = F(p, p

Then, with the help of P(p, ply. ) given by

v.) on X,.

P(p. ply.) =T (Id - Di(p, pls,)T) ", (2.15)

it follows that

Towp="P(p,p

Z*)‘F(pa P
In a neighbourhood of X, where pr? is defined, this leads to
Q' (pr' (o)) = (Tap(pr'(0)))" = ({P(p. pls, ) F(p, p

Hence, the equation (2.12) is rewritten as

2.) ({P(p. pls, ) F(p. pls)} opr')’ on TL.

The second term of the right hand side of this equation contains non-local terms including
the highest order derivatives, that is, the second order derivatives.
The angle conditions at the triple junction Y, can be written as

2*) on X,.

2*)} o pri)i )

' =F' (o', p

sw.)Fai(p, p

G*(p) = (N'(p),N?(p)) —cosf*=0 on X,, t>0,
G3(p) := N?*(p),N?(p)) —cos@' =0 on %,, t>0

with the notation N(v)(a, t) := N(c,vi(a,t), (T (vopr(a, 1)), Vui (o, t), V(T (vopr(c, t)))).

Note that due to o = pri(o) for 0 € X, the operators G! and G? are local differential
operators and G? depends only on p' and p? as well as G* only on p? and p°.
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Finally we have to take care of the equations (2.7), which are needed to make sure that
the attachment condition (2.6) holds. Equation (2.7)(i7) is already included implicitly, so
that we are left with (2.7)(7) given by

Glp) =7+  +*p =0 on B,, t>0.
Altogether this leads to the following nonlinear, nonlocal problem for ¢ = 1,2, 3:

Q' = F(p', pls.) + 040", ply,) ({Pe, pls,)F(p: pls)} opr)” on TL, t>0,
G'(p)=0 on X,,t>0,

pz(_,o) :p%] on Fi

(2.16)

2.3 The compatibility conditions
For pl) we assume the compatibility conditions

3
G'(py) =0 on ¥, and ZwilCi(pé,polz*) =0 on X,, (2.17)

i=1
where K¢ denotes the right side of the first line in (2.16). To state all the dependencies
explicitly, we remark that by construction there is a function K* such that
K (6, ply )(0,1) = K (0, 0(0,1), V' (0,1), V20/(0,1), pl, (pr*(0), 1), ..
A i 2 i
.,V pls (pr'(0),1), V" pls,. (pr'(0),t)) . (2.18)
Note that we always set p, = T p, on X, and therefore the geometric compatibility

condition (2.10) is fulfilled since we require (2.17) for p,. This is stated in the following
lemma.

Lemma 2.4. The compatibility conditions (2.17) for p, imply the geometric compatibility
condition (2.10).

Proof. Using the abbreviations Kj = K(p}, poly.) and L = (TKo)", where Ky =
(K6)i—1.2.3 We get from the second compatibility condition in (2.17) with arguments sim-
ilar as in the proof of Lemma 2.2 (see [8]) that

KIN: 4 Lirl = KON 4+ Lir7 on %, .
Now we show on ¥, the following identity
(KN + Lyr?) , Ni) = B°H} on S, (2.19)

To see this, we write in the following an index 0 on every term to indicate evaluation at
Py to get

Ki = abHi + ak o (T(Id — DigT) "' Fp)'
= ayHi + (Do T(Id — DigT) ' Fo)'
Ko = Fo+ DioT(Id —DioT) *Fo,

11



respectively. With the definition of ' and a} this leads to
Ky (NI, Noy = B Hy — (i, No) (T(Id — Dy T) ™' Fo) '
In order to obtain (2.19) it is therefore enough to show that
_<Tiv NS> <T<Id - DT,OT)_lfO)i = _ﬁé)(Tia N(Z)>
which is, without loss of generality, equivalent to
T(Id —DioT) ' Fo=TKs.
To obtain the last equality we observe that

(Id — Dy oT) ' Fo — Ko = (Id — Dy oT) ' Fo — Fo — Do T (Id — DioT) ™' Fo
= (Id — DioT)(Id — Dy oT) * Fo — Fo
=0,

so that finally (2.19) is verified.

Since the term in brackets on the left side of (2.19) is independent of 7, we can multiply
by ~*, sum over i = 1,2, 3 and use (2.2) resulting from the angle conditions for T} to derive
finally equation (2.10), that is Z§=1 VB H, =0 on %,. ]

3 Linearization

In this section we will derive the linearization of the nonlinear nonlocal problem (2.16)
around p = 0, that is around the fixed reference hypersurfaces I'.. This will be done by
considering the geometric problem (2.9) and linearize this around (p, ;) = 0. For this part
we can use the work of Depner and Garcke [8], where the authors considered stationary
reference hypersurfaces, and comment on the differences. To explain our notation we give
the calculations for the normal velocity and just refer for the linearization of the mean
curvature and the angle conditions to [8]. In each term in (2.9), we write eu’ and ¢
instead of p' and u¢ for i = 1,2,3, differentiate with respect to ¢, and set € = 0 in the
resulting equations. Here, we have to assume the triple junction condition (2.6) for @; 40

: In this way, we will get linear partial

cul,edt” '
differential equations, where we then express terms of ¢ as nonlocal terms in u with the

help of (2.8) for w and ¢.

which is nothing else than assuming it for ¢

Linearization of the normal velocity: For the linearization of the normal velocity ‘A/i,
we obtain

d i

d_gv o (I)sui,sdﬂ (07 t)
_%
de

= (Ni(0), Ni(0)) Owu'(0, 1) + (N.(0), 7i(0)) D' (pr'(0). 1)
—_—

(. J
~~
=1

= 8tui(<7, t) .

e=0

(N0 @y V) Dh(e) + (N7 0 @,y 4(e6))

eu?,
e=0

=0
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Einearization of the mean curvature: For the linearization of the mean curvature
H', we use the following result, see Depner, Garcke [8] and Depner [7], where [7] contains
the detailed calculation:
d ) )
—Hl O q)z i ~gi\ O, t
de eut,eQ ( ) o
d

= Ariui(a, t) + ’Hi|2(0, t)ui(a, t) + <VI‘1H1<O'), [@@iuiﬁw(a, t)

T
|
e=0
where Ari is the Laplace-Beltrami operator on I',, II? denotes the second fundamental
form of T and |II%|? is the squared norm of ITY and hence given as the sum of the
squared principal curvatures. Furthermore V. is the surface gradient on I and [-]T
is the tangential part of a vector. Note that the last term would vanish for reference
hypersurfaces with constant mean curvature. For the last term we compute

d

Z. d
|: %q)eui,aw (07 t)

_0] = {_ (0 + eu'(o,t) Ni(0) + ¢/ (pr'(0), t) 71(0))

de
— [w/(0,t) Ni(0) + ¢ (pr'(0), ) 7 (0)] "
=¢'(pr'(0),t) (o),

so that we get

d i
d_gH ° (I)sui,z-:d)i (07 t)

— Apyui(o,t) + | (o, ) (0,8) + (Veo H (0), 74(0)) &' (o1 (0), ).

Linearization of the angle conditions: The linearization of the angle condition
(N%, N7) = cos 6" is the technically most challenging part and we use the following result
of Depner and Garcke [8]:

d_€<Nz © (I)Zui,sqbi’ N’o (I)iuﬂ ,€¢j>
. . . . . . €:0 . . . .
= Opiu’ + 1 (v, v,)¢" — 050! — T (vi, v])¢’

on X, for t > 0 and for (7,5) = (1,2) and (2,3). Note that in [8] there was a second
equivalent formulation of the above formula, which is not possible here, since the reference
hypersurfaces are not stationary. Nevertheless with the help of (2.8) we can get rid of ¢
by expressing it with the help of w.

Altogether, we get for the linearization of (2.9) the following linear system of partial
differential equations for (u’, ¢') and i = 1,2, 3.

(O’ = B (Apsud + |IT2uf) + BV HY, 70) (¢Fopr)  on T x 0,77,
Yt + yu? + ud =0 on ¥, x [0,7T],

Q Oput + (v} vh)o!t = 0,20 + TI2(v2, 12)$? on X, x [0,77], (3.1)
Dy2u? + 11212, v2)¢* = D, + 113 (13, 13) 9P on X, x [0,77,

L (0], = (P 120) on I';.
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Note that ¢’ o pr' can be rewritten as (7 (w o pr'))" due to equation (2.8), which also has
to hold for ¢ and u. Now we are able to rewrite the nonlinear, nonlocal problem (2.16) as
a perturbation of a linearized problem. Let the operator A° and the function ¢* be given
by

A = ﬁl{Afi + |H>Zk|2l}7 Cz<0) = ﬁl<vF§Hi(a)7T:(U)> :
We also introduce an operator corresponding to the linearized boundary conditions given
by

Al 4+ 22 4 3, 1 =1,
3 1 2
ZBijuj —{ (Vmuh,vl) + I{—I(cQuz — Au?) — {(Vrew?, v2) + %(c3u3 —cluh)}, i=2,
s
—1 2 3
’ (Vrzu?, v2) + %(c3u3 —ctul) = {(Vrpsu?, v3) + H—;(clul —cu?)}, 1=3,
s s

where % :=II' (v, !) denotes the normal curvature of ", in direction of v/..

With this notation we can rewrite the nonlinear nonlocal problem (2.16) into the
following one, where ¢ = 1,2, 3:

O’ = Al + (T (wo pr?))" + f(u', ul;, ) on I x [0,T],

3
ZBijuj = bi(u) on ¥, x (0,7, (3.2)
j=1
il = p on I" .

Herein, f and b’ are defined through

P vly,) = P vly,) = { A +C(T(w o pr))'}

+a(v", vly J{P(v, vly ) F(v, vy, )} o pr')’,

bi(v) = — {gi(v) ~ S By } . (3.4)

Jj=1

(3.3)

Note that the first boundary condition on the triple junction X, in problem (2.16) is
already linear and therefore b!(v) = 0. But we will nevertheless use b' to avoid some case
by case analysis.

4 Analysis of the linearized problem

In this section we consider the linear nonhomogeneous problem corresponding to (3.2).
We will give a local existence result for the case with initial data zero and then outline
the necessary steps for the arbitrary case. First we introduce for an arbitrary smooth
Riemannian manifold (I, g) some notation. For an integer k£ and smooth functions u :
' — R, we denote by V*u the k-th covariant derivative of u and by |V*u| the norm of
V¥*u defined in a local chart by, see e.g. [1],

[VFul? = ghdt ... g®n (W u)(Vh ).

i1...0k Ji--Jk
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Note that Viu = du and V2, u = V,; Viyu = 0;,0,u — '™ Opu. For T > 0 and

1192 1112

0<a<l1,set Qr =T x[0,7T] and

|ullo = sup |u(o,t)],
(0:t)€QT
(u)g = sup [u(o: ) _3(&’ t)‘,
T (o0, GoeQrors  {dg(0,0)}*
<u>?¢ — sup |u<0-7 t) _Nu(07%v)| 7
(0d). (eDeQr 2T [t — 1]

where d, denotes the distance on I' induced by the metric g. Then, we define the norms

||u||oa7%(QT) and HUHCHMH%(QT) as

[ell g oy = llttlloo + ()3 + (W),

Hu”c““vH?(QT) = |lufloo + [Vulloo + ||V2U||Ca,%(QT) + ||6tU||Ca,%(QT).

Set Xp = C2Fol+3(QL) x CHalH2(Q2) x C**3(Q3), where Q4 = I' x [0,T].
Then we have the following theorem about existence of solutions to the linearized, non-
homogeneous problem with initial data zero.

Theorem 4.1. Let a € (0,1). Then there exists a 09 > 0 such that for every f' €
C*2(Q5,) and b’ € C*re (2, % [0,80]), i = 1,2,3, with b = 0 and which fulfill the

compatibility condition
VPP =00 V], =0 on %, i=2,3,

the problem , . , . . .
pu' = A’ + (T (uwopr')) + f* on I x[0,7],
3

ZBijuj — on ¥, x [0,T], (4.1)

j=1

i _ %
=0 on T¢

for i =1,2,3 has a unique solution (u',u? ,u3) € Xs,. Moreover, there exists a C' > 0,
which is independent of &g, such that

Z ||u ||02+a 1+72(Q7, < CZ{”fZHCO‘ Q’ + ||bz||c’1+o‘ 2 (2. x]0, (50})}

First, we will consider problem (4.1) without the nonlocal term ¢*(7 (u o pr'))’ and at
the end we will include it with the help of a perturbation argument.

In order to apply the C*-regularity theory of Solonnikov [28] we need to show that the
boundary value problem (4.1) fulfills the Lopantinskii-Shapiro compatibility conditions,
see Chapter I of [28], where the conditions are stated. To this end we have to rewrite
problem (4.1) with the help of local coordinates and a partition of unity as a problem
in Euclidean space. We will do this locally around the triple junction with specifically
chosen local coordinates, since the compatibility conditions have to be checked just there.
Locally around a point ¢ € X, we choose for each of the surfaces I'l, i = 1,2, 3, local

%)
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coordinates (x1,...,x,) such that (z1,...,x,_1) parametrize ¥, and such that the metric
tensors fulfill

(0)m=1. (4),,=0for j=1,...n—1. (4.2)

This is possible by choosing the n’th coordinate as the distance from the (n—1)-dimensional
surface ..

Denoting the representation of the v/, j = 1,2, 3, in local coordinates as @/, j = 1,2, 3,
the principal parts of the boundary operators in (4.1) can be written as

s Al 4202 AR, =1,
E Bia; =< o,ut — 0,47, 1=2,
j=1 0,02 — 0,13, 1=3.

The principal part of the parabolic differential operator takes the form

£0(87:7 V) = (lé‘j)

i,j=1,2,3
with ' '
0, i # J,
1§ = .

0 9 - Z Blg"*ono,, i=j.

k=1
For £ € R" and p € C with positive real part we now define

3 n

L :=det Ly(p, i) = H(p + Z ﬁigi’klfkfz>

i=1 k=1

and
Lo= (loij)z;j:m,?, =L(Ly) "
Lemma 4.2. The operators (EO,BO) fulfill the Lopantinskii-Shapiro conditions.

Proof. For the coefficients of Lo we calculate

0, i %],
o =) I+ X #oas). i=j
j=1 k=1
i

We now set £ = ¢'+7e, with &, =0, 7 € Rand e, = (0,...,0,1). Let 7°(p,&’), i =1,2,3,
be those roots of L(p,4(¢' + Te,)), which have positive imaginary part. The fact that
there are exact three roots with positive imaginary part follows from the fact that the
system in the first line of (4.1) is parabolic. Now we define

n—1
Pl=p+ Y BgMas,

k=1
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where p is assumed to have a positive real part. We choose polar coordinates
pl= et

The fact that p has positive real part and the fact that (gi’kl) is positive definite

imply that ¢ € (—7r /2,m/ 2). Hence we compute

) = VT T 0

kJl=1,...n—1

The Lopantinskii-Shapiro conditions now require that the rows of the matrix BOEO are
linearly independent for all p € C with Rep > 0 modulo the polynomial

3

M p, & r) =[{r ")}

i=1

This can only be true if
3 ..
ZwiBé](T) =0 mod 7—7(p,¢), j=1,2,3
i=1

has a nontrivial solution (w',w?,w?), where BY (1) = B (te,). Hence we need to decide
whether the set of equations

S B (' (p.€)) = 0 (4.4

has a nontrivial solution. Using the definition of the Béj we finally need to decide whether
the determinant of the matrix

,Yl ,7_1 0
72 _7_2 7_2
73 0 _7_3

is singular or not. Here we abbreviated 7° = 7%(p, £’). The determinant is given as

A28 A28 L ABr12 (4.5)

In polar coordinates the angle of 7°77 is given as (¢'+¢’) /2+7. Since ¢', ¢’ € (—7?/2, 7r/2)
we obtain that 7/77 has negative real part. Hence y'7273 + 427173 + ~37172 is the sum

of three summands which all have negative real part. Hence the determinant is non-zero
and we have shown that the Lopantinskii-Shapiro conditions hold. O

Remark 4.3. In Latushkin, Priiss and Schnaubelt [22] the Lopatinskii-Shapiro condition
1s formulated as a condition for a system of ordinary differential equations. In our notation

this reads as follows. Let o € ¥, and (x1,...,x,) be local coordinates (in a region §) as
in (4.2) and set Ay(V) = diag((— Y"1 —1 '9"M0k0)i=123). Then the formulation in [22]
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requires that for given & € R™ with & L n and A € {z € C| Re(z) > 0} with (A, §) # (0,0)
the function ¢ = 0 is the only bounded solution in Cy(R,;C?) of the ODE-system

Ap(y) + Ao(i€ +n(2)dy)p(y) =0, y >0, (4.6)
Boli€ -+ n(x)9,)p(0) = 0. (47)
The equivalence of the formulation in [22] to the algebraic formulation in Solonnikov [28]
can be found in Fidelman and Zhitarashu [10, Chap. 1.2].
By choosing for simplicity as above §& = (£,0) and n(x) = e, the equations (4.6)
and (4.7) reduces in our case to

A + €I — B () =0, y>0, (4.8)
Yol + 7% + 970 =0, y=0, (4.9)
(@) = () = (¥, y=0. (4.10)

These equations can be treated with an energy method to show that a solution must be
zero. To this end we test line (4.8) with 7@’ /37 and sum over j = 1,2,3 to get

3

SCH B : °°
_ Jlel2y L 712 _ J I\ —=J
O—E (A+B|€|)5j/0 || dy ;:17/0 (¢))" @ dy

j=1

3 i oo 5. oo 5.0 ,
= 0+ IR / PPy + 3 / (@YPdy -3 H () 0)F ()
j=1 0 j=1 70 =1

5 R AN S I
=Y 0+ BleR S / PPy + 3 / (@) dy — (91(0) 3 ~(0)
j=1 0 j=1 70 j=1

In the last line we used the boundary condition (4.10). Finally with (4.9) we see that the
last term vanishes and that therefore (o', ¢, ©3) = 0.

Proof of Theorem 4.1. First we construct a weak solution of problem (4.1) without the
nonlocal term. In order to apply an energy method we modify the equations into

(

0wt =7 (Anut P + 2 f on TLx[0.7),
3
ZBijuj = on X, x [0,77], (4.11)
7j=1
\ ui|t:0:() on I'.

In this way we are able to choose the weak solution w = (u', u?, u?) and the test functions

€ = (£1,€%,63) in the same space. Now we introduce the function spaces
L= L*(T}) x L*(T?2) x L*(T'?), Ly := L*(0T}) x L*(012) x L*(T?) (= (LQ(E*))?’),
H' = HY(TY) x HY(T?) x HY(T?), & :={uec H'|y'u' +~+** +~+** =0 ae. on ,}.

Also, we introduce the time-dependent bilinear form

3
Blu, & 1] == Zv{/ (Ve Vi €y dH™ — [ [T Puie’ dp +/
i=1 L

P

KL (Tu)' € d”H,”‘l}

I
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for w(-,t),£(-,t) € €. The weak formulation then reads as follows. Find u € L*(0,T; &)
with d,u € L2(0, T; (H') ") such that

(O, &) quar + Blu, &;t) = (F,&), +b(&;t) forall £ €& and ae. int, (4.12)

where (1) is the dual space to H* and

3 3

<at'ul7€>dual = Z 7—i<8tui,§i>dml, (.f;é)ﬁ = Z

i=1 =1

g—iuamm (4.13)

are scaled versions of the corresponding duality pairing and inner product. The time-
dependent linear form b is given through

b&t) = / (7' (0 + b€ +1207¢%) dHm!

and consists of terms which appear formally due to the rewriting of [5, v'0,:u’¢" dH" !

to make use of Z?:1 ~i€" = 0. That this weak formulation for smooth solutions is equiv-
alent to the strong formulation, can be checked by a straightforward computation using
integration by parts and the restriction £ € £.

We want to apply the Galerkin method and therefore assume that wy = wy (o) for
k=1,2,...are smooth functions such that {wy}72; is an orthonormal basis in £. Indeed,
we can take such {wy}52, considering eigenfunctions of the eigenvalue problem

i
—Y'Arpiw' = X —w' on I,

i1=1,2,3,
Yt + A2w? 4+ dwd =0 on X,

(Vriwh,v}) = (Vrew?,v?) = (Vsw?, v3) on 3,

This follows similar as in Gilbarg and Trudinger [18] by considering the quadratic form

3
Qu,u) = Z’Yl/ Vrgui,vrgui> dH"
i=1

K
ri

on £ and the norm of £ as in (4.13). In addition the eigenfunctions are orthogonal
with respect to the quadratic form (). We remark, that since the boundary conditions
fulfill the Lopantinskii-Shapiro conditions, one can also derive regularity results for the
eigenfunctions {wy}32;.

Now fix a positive integer m € N and look for w,, : [0,7] — &£ of the form

W (t) =) df,(wy. (4.14)

dy,(0) =0, (4.15
(O, W) 2 + Blty, wi;t] = (F, wi) s + blwy;t), (4.16)
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where kK = 1,...,m and the second line has to be understood pointwise in . Note that
due to wy, € € a function w,, of the form (4.14) satisfies

VIUf}n(Ua t) + 72U31(U, t)+ Vgu;(a, t)y=0 for c€X,.

With the help of theory for linear systems of ordinary differential equations we find
(dl,...,d™) as a unique solution of

m

(dn)' (1) + Y Blwr, ws t]dy, (1) = (£, 1), wi) + b(wis t)

=1

with the initial data (4.15), so that u,, of the form (4.14) satisfies (4.15) and (4.16) for
each m € N.
Since the trace operator is compact one can use a contradiction argument similar as
in the proof of the Ehrling Lemma in order to derive the inequality
lullz, < el Vullz + Cellullz  (u€€)

for each ¢ > 0 and a constant C. > 0. Using this inequality one can argue similar as in
the proof of Evans [12, Sect. 7.1.2, Th. 2] and obtain the energy estimate

JSup [ e (B)ll + [[wm | 220.7:8) + 106w [ 20 71y 1) < CUFllL200730)) + 10l 220,7:2,)

(4.17)
for m € N and a constant C' > 0. Using this we can prove the existence and uniqueness
of a weak solution with standard arguments, which can be found for example in Evans
(12, p.356-358].

Let us derive Schauder estimates for solutions of problem (4.11). Here we consider the
Holder estimate only near the triple junction and just remark that away from the triple
junction the result follows in a standard way after localization.

Let us introduce some notation. Locally around a point o € ¥, we choose parametriza-
tions which flatten the boundary in the following way. We pick a sequence 0 < r; < 1y <
ry < ry and with @, := B,,(y) N {x € R"|z, > 0} for [ = 1,2,3,4, where y € R"
is such that y, = 0, we let I : Q4 — I\, i = 1,2,3, be local parametrizations with
F'(y) = o and Fi|{xn:0} C X,. Additionally for a given ¢, > 0 we choose a sequence
0 <01 <dy <d3<dyandset Aj:=(tg—d,to+0)N{teR|t>0}forl=1,2,3,4.

With the help of a cut-off function we will formulate problem (4.11) for the repre-
sentations @/ = u/ o FV in Q4 x A4 in Euclidean space. To preserve the structure of the
problem and to keep the notation simple, we will identify the notation of the function u’
with its representation in local coordinates. In the next steps the sets Q; x A; will be
successively reduced to achieve finally the stated Holder estimate in ¢ x A;. We will
need the following notation for parts of the boundary of Q;:

C = 8Ql N {JZ e R" | Ty > 0} and S;:= 8Ql\C’l .
Now let 1 be a cut-off function satisfying

neCr(QixAy), 0<n<1, n=1on Q3xA;.
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We remark that due to the fact that @4 is not open, the values n(x,t) for x € S; do not
necessarily vanish. The same holds true for n(z,0), if A4 is not open.

Now set v* = nu', where (u!,u? u?) is a weak solution of (4.11) and note that we do
not distinguish between the functions u* and its representations. Then we have in a weak
sense

o' = nopu’ + o', Ariv' = nAriu’ + 2(Vrin, Vriu') + (Apin)u’,
(Veso',vl) = (Ve vl) + (Vegp, viu'

Since (u',u?, u?) is a weak solution of (4.11), we deduce that (v',v?, v3) is a weak solution
of

;

€ Qs X Ay,
684 XA4,

2 Ot = 7 (Arg + [TE) + Fi(a, ), @1
)
) € Sy X Ay,
)
)

t
Yol + 4202 + 303 = 0, (z,t
(Veroh,vh) + 6L (To)t = (Viev?,v2) — k2(Tw)? = B (x,t), (.t
(Vrav?,02) + 62(T0)? — (Vpav?, 08) — 63(Tw)? = B (a,t), (x,t
v'(z,t) =0, x,t
Ui(l',()) = 07 T e Q47

(4.18)

\

where ¢ = 1,2,3 and
Fi=Toifi+ 2
ok B
b =7 b2 =+ <VFi777 Vi>u1 - <VF§777 VZ)UZ,
’53 = 77253 + <VF%777 I/3>U2 - <VFZ777 y>§>u3

atnu - 2/}/ <VFZ , VFZU > V(Arin)ua

Note that

Flosas = ' € C¥5(Qs X As),  [ilosxas € L2(Qa X Ay),
b |s5xns = ' € e “(S5x A3),  bls,xa, € L3Sy x Ay).

Let ﬁl and gﬁl be smooth approximations of fz and b° satisfying

1 = Flle2@ixan = 0, 1105 = bllz2(sixas = 0 (4.19)

and on Q2 X Ay C Q3 X A3 we require

||fz||ca 3 (QaxAs) < ||fz||ca’%(Q3><A3 ||f HC’O‘ Z (QsxAs)’

531 < |5

oo tE® 5% (SaxAs) ol e 5% (S3xAg) = b Hc“ﬂ % (S3xA3)

Replace f* and b by f: and b, in (4.18), and call this problem (4.18),. Since we checked
the Lopatinskii-Shapiro conditions on the triple junction in Lemma 4.2, we can apply
results from Solonnikov [28, Theorem 4.9] to get a unique solution v}, € C?**1F5(Q4x A4)
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of problem (4.18),. Using furthermore the local estimate from [28, Theorem 4.11], we
obtain for Q1 x A1 C Q2 X Ay C QY3 X A3 from above that

3 3 3
Z HUZLHC““’H%(leAl) < Cl{z Hfé”ca’%(czzmz) * Z ”b;”olm”%*(sgxm)}
=1 1=2

=1

3
+ 02 Z ||U7Zz||L2(Q2><A2)
=t (4.20)

3 3
< Cl{z; ||fz||ca’%(Q3><A3) + z; ”bZ”CHO‘*Hfa(SgXA?))}

3
+ Cy Z ||U;||L2(Q4><A4)-

=1

By means of (4.19) and the energy estimate (4.17) for the approximated problem (4.18),,
we see

D Motz miw) < C{Z il 22 (@uxan) + \IbZ||L2(54xA4)}
= =1 i=2
C{Z HszLQ(Q4><A4) + Z HszLQ(S4><A4)}
i=1 i=2
(S 3
< C{Z 1122 (@axan) + Z 10" (| z2 (4 A4 (4.21)
i=1 =2
3
+ Z HulHLQ(A47H1(Q4))}
i=1
(S 3
S O,{Z HfZHLQ(Q4><A4) + Z ”bZHLQ(S4><A4)}'
i=1 i=2

In the last inequality we used the energy estimate (4.17). From the last bound we deduce
the existence of a subsequence {v} } C {v}} and of 7* € L*(A4, H'(Qy4)) such that

IN

vfll — 7', weakly,

and (v',72,7%) is a weak solution of (4.18). By uniqueness of the weak solution of (4.18),
Ei = ’Ui n Q4 X A4.

Let us rewrite v}, as vj. By (4.20) and (4.21), we obtain
3 3 3
> oell g2 sereg @unny < 01{2 1 o5 g gy > Hbl”clwvlé“(sgxm)}
i=1 i=1 =2

3 3
; 02{2 Plleaoan + 3 Hbznmwo}
=1 1=2
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< c{zuf - +2Hbzucm o

Then, by the theorem of Arzela-Ascoli, there exist {v; } C {v}} and 0" € C*1(Q; x Ay)
such that ' '
vy =9 in CHQr x Ay).

Here 9% is in C?T*42(Q; x A;) because of, for example,
V94 (a) — ¥Vt ()] = lim [V, Vet (&) = V, Vs, ()] < Clo— .

It follows from uniqueness of a limit and 7 = v* in Q4 x A4 that

A

' =7"=v" in Q1 X A;.

. ; . . . o .
Since v* = u’ in Q X Ay, v’ is in C?*T*12(Q; x A;) and satisfies

DIUTRISPININERS) I T TRINED oY IR

Hence we are led to the stated Holder estimate locally around the triple junction Y,. By
a covering argument we can enlarge the estimate to a neighbourhood of 3, and then by
an easier argument, that we omit here, we can give it for all hypersurfaces I as claimed.
Finally, by a perturbation argument as in Baconneau and Lunardi [2, Thm. 2.3|, we
derive the existence of a unique solution and the Schauder estimate for the linearized
system with nonlocal term. We omit the details since this part is even easier than in [2]
due to the fact that the nonlocal terms (7 (w o pr))* do not contain derivatives of w.
Altogether we proved Theorem 4.1. O

Remark 4.4. For the case of arbitrary initial date ui}tzo = pi, we have the following
existence result. Let a € (0,1). Then there exists &g > 0 such that for every f' €
1+«

C*2(Q5,), b € CH 75 (8, %[0, &) with b* = 0 and pj € C*T(I'L) with the compatibility
condition

3
VPP, = ZV (./4’ +Ci(Tp0)i>, bi|t:O:ZBijp6 on Y.,
j=1

the problem . , o . .
= A C(T(wop)) + f on T x[0.7],
3

S B = b on ¥, x [0,T], (4.22)
j=1
ui}t:O = pi on I'

for i = 1,2,3 has a unique solution (u',u? u®) € Xs,. Moreover, there exists C > 0,
which 1s independent of g, such that

3
> elerasea gy CZ{IIf’IICa @) T 19 otz gy + Ibllorsoras 1

For the proof consider the difference v := u’ — p and apply Theorem 4.1 to v'.
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5 Local existence

With the help of the previous results we are now in a position to solve the nonlinear
nonlocal problem (3.2) locally in time. We will apply a method similar to Lunardi [23,
Th. 8.5.4] resp. Baconneau and Lunardi [2]. But since we do not linearize around the
initial state and since our problem is geometrically more involved, we state some of the
arguments in detail. Note that for 7" > 0 and 0 < a < 1 we use the Holder spaces

X = CHIT QL) x CHITE(Q]) x CHITE Q)

where Q% =T x [0,T]. Roughly we show in the following theorem that if the initial state
satisfies the compatibility conditions and lies C?*“-close to the reference state, there is a
unique solution (u',u? u®) € Xs of (3.2) where § > 0 is chosen sufficiently small.

Theorem 5.1. Assume that p), € C*T*(T'Y), i = 1,2,3, fulfill the compatibility conditions
(2.17). Then there exist constants Ry > 0 and €9 > 0 such that for each R > Ry there is
§ > 0 satisfying that if 35, |pbl|c2+ariy < €0, the nonlinear nonlocal problem (3.2) has
a unique solution u = (u',u?,u?) in the ball Br(p,) C X.

Proof. Let r > 0 be a constant such that for vi € C?(I') with >0, [[v'|lc2riy < r the
following assumptions hold:

(A1) .(7-"1(1)’),)v|2) and at(v', vy ) (see (2.13)) are well-defined as well as P(v, v|y; ) (see
2.15)).

(A2) Any first order derivatives of F' with respect to v', vy, , Vv, V; vl , V; V0!
and ﬁﬁk vly, are locally Lipschitz continuous with respect to those. Also, any

first order derivatives of a} with respect to v*, v|y, , V;v' and V; vly,. are locally
Lipschitz continuous with respect to those.

(A3) Any second order derivatives of b’ with respect to v|y, and V; v|y, are locally
Lipschitz continuous with respect to those.

We remark that these properties are realized for sufficiently small r since with the
notations z{ = (v, Vo', v|y, , Vvl ) and 2§ = (v, Vo', V3’ vl , V vy Ava vly, ) the
quantities (¢");x, det ((¢°);x), N*, and (h");x are represented as

{ (9")3k = (92)j + Pji(21) . g' = det ((9');x) = det ((92)56) + P'(21) (5.1)

N'= N R'(21) + @'(21), hjy, = (R B (21) + 553, (23) '

where Pj; and P* are polynomial functions with P}, (0) = 0 and P*(0) = 0, and R', Q" and

S% are rational functions with R*(0) = 1, Q*(0) = 0 and 55, (0) = 0. From Remark 2.1 we

know that ¢° # 0 for v* small enough in the C*-norm and that 9,9%,...,9,®" are linearly

independent, in particular [0;®" X ... x 9,®'| # 0, and therefore also N* is well-defined.
Now fix R > 0 and define the set

. . 3 . .
Dr = {(U17’U2’1)3) € Xs | UZ((T, O) = b Zi:l ||'UZ — PBHCH‘*’“%(Q@) < R} (52)
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For v € Di we deduce from a standard estimate for parabolic Holder spaces, see e.g.
Lunardi [23, Lem. 5.1.1], that for all ¢ € [0, T] we have

3
Z [0° (-, ) lle2qriy < Z — Pollozqsy + Z 106/l

=1

IN
—

(5% + 05 * 4 5) ||U p6||02+“’1+%(Qg) + €0 (5.3)

3
< (062 Z o' — pgucm,ug(%) + &
<C§%R+ ey,

where the positive constant C depends only on o and max{1,6'~2}. This shows that for
sufficiently small  and ¢, the operators F°, aé and b?, evaluated at functions of the form
v'(-, 1), satisfy (A1)-(A3) for all ¢ € [0,§]. In particular we remark for later use that for
the right hand side K* of the first line in (2.16), which is a combination of terms of the
form F* and af, we can conclude an analogue statement as in (A1)-(A2). This means that
for v, w € Dy the operator £’ is well-defined and it holds

3
||DUK:1(U17 ’U|E*) — DUICZ<w17 w|2*)Hoo < LZI HUZ —_ wl”c%a,pr%(c%) , (54)
1=
where D, is any first order derivative in {0, avkvi,avijvi, vl » (9@“,‘2 |2*} Note

that L depends only on the chosen r > 0 from the beginning of the proof In particular
the same estimate holds true for v = p, and w = 0, i.e.

3
IDWK (0, polss,) = Dok (0)lloo < LY llphllcrars - (5.5)

Due to the Lipschitz- continuity we also have that D,K' is bounded as a mapping from
Dpr C CHH3(QY) into C*2(Q%), which will be used later to estimate

(DoK' (v', v]5,)] oz < C(R). (5.6)

Ca 7 J—
Fix v = (v!,0?,0%) € Dg and let u = (u',u? u®) = A(v) be the solution of the linear,

nonhomogeneous problem for ¢ =1, 2, 3:

Opui = At + C{(T (wo pr')) + (v, wlg,) on T x [0,0],

3
Zlgijuj = b'(v) on X, x [0,0], (5.7)
ui‘tzo = ph on I'.

Due to the compatibility condition (2.17) for p,, we see that f* and b’ satisfy the necessary
compatibility conditions to apply Remark 4.4, that is

3 3

Z’Y (o', Z’y (A’ +¢ Tp0)> and bi(v)|t:0:ZBijpg on X,.

i=1 j=1
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Therefore we get a unique solution u € X5 of (5.7) for given v € Dy, for a possibly smaller
0 > 0, but not depending on the choice of v € Dp.

If we are now able to find a fixed point of A, then this is a local solution to the nonlinear
problem (3.2). Thus we will prove that A maps Dp into itself and is a contraction for
suitable ¢, ¢g and R.

For v,w € Dg we see that u = A(v) — A(w) is the solution of

O’ = Al + (T (wo pr'))' + F(o, o]y, ) = Fiw', wly, ) on i x[0,0],

3
Zb”'juj — b'(v) — b (w) on ¥, x[0,0],  (5.8)
j=1
u'(.,0) =0 on I'

for i = 1,2,3. Then, by means of Theorem 4.1, we have the estimate

3
> Wl gaanvs gy
1=1

m )l g+ 10°(0) - bi(r"”)Hch“Ta(E*x[MD}'

3
<O {IFe vl Pl w
i=1

Now we claim that there are constants C'(R) and L such that

3

> {If v

i=1

E*) — fz(w’L) w E*> Ca’%(Qf;) + Hbl(lv) - bi(w>Hcl+a,l+Ta(E*X[076D}

3 (5.9)
< (C(R)S? + Leo) Y IIv" = w'llcorenvs gy

i=1

where C(R) is independent of § and L is as in (5.4). To show the estimate for §, we use
the notation A’y v = A'v + (T (v o pr*))" for the linearization including the nonlocal
terms to get, compare (3.3),

fi(via U\z*) = ’Ci(?’ia ’U\z*) - Aiau’”-

Note that herein A’ v = OK'(0)v is the linearization around the reference hypersurfaces
represented through p = 0 and that ' is a nonlinear nonlocal operator depending on v,
Vi, V3, vl , Vvly, and v v|y, , compare (2.18).

The difference in f can be written locally with the help of a suitable parametrization
as follows

fi<vi’ 'Ulz*) - fi(wiv w|2*)

1
d . S .
— [ R v, wly ) ds = Ay (o )

—
. W

3
:@i(vi,wi7 'v|2* ) leE*)(/Ui - wj) + Z@W(,Ui’wi’ U‘E* ’ 'w’E*)<Uj E*)

J=1

+ Y 6L, w, vly,  wls ) Vi(o' — w)
k=1
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=1 k=1
n

+ Z O (v, ', vy, wly ) Vi (0" —w’)
ki=1
3 n—-1

+Zz@kﬂ’w vlg, , wly, VklU’E )

=1 k,l=1
(K . pols) — DK (0)) (v — w).

where with & = (pf), pols;.) We use the following notation

f(“ w'’ 'Ulz ,w[z = SU —l—(l—s)w 3”’2 (1_5)w|2*)>
1

@(v w' 'U|E ,'w|Z = 8UJC (&( v, w v[z ,w|2 ))—8,,¢ICi(§0)) ds,

:/01 vjlz fs(v w' U\E ,w|2 ) — w|E (So))

@i’j(vi,wi, vy, w
O (v, w' Uy, wlg ) = 8VWICZ & (v, w! vy, wly,)) —8VkvilCi(§0)) ds,

@Z (U w UlE 7w|2 =

O\O
=

O, v, K& 0, vy wly, ) = O,y K'(E0)) ds,

L ol wl) = [ (G 0, ol L wl, ) — B (&) ds

O

@Z,jl(viu wiu ’U|E* ) w|2*) - /0 (aﬁkl vj|2* (§S<vi7 wi) ’U|Z* ) w|2*)) - 8?; Uj|2*lci(£0)> ds.

Herein, by a slight abuse of notation, we identify the K'-terms with its localized versions.

Now we observe for © € {07, 0", O, @;j, Sl @kl} that ©|,_, = 0, and therefore we
derive

IOl < 6%(6)7 < C(R) 0%
Additionally (5.5) gives

3 3
IOK (s ol = DK O)w = W)l < L3 blen 3 18" = 0ot gy

so that we arrive at
3

w.) — fi(w', wly )|l < (C(R)‘S5 + LEU) Z v — wi||02+a,1+%(%) :

i=1
Moreover it follows from D(v' — w')|,_, = 0, where D € {V°, V,, v;lﬁoﬁk,vi,l} (of
course for surface gradients V we restrict the function v* — w® to the triple junction ¥,),
that

IF' (0", v

o

ID(" = w)lloe < 8% (D(" —w))f < 5% ZHv 0 llgaranes gp
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Set [+]pag = ()5 + (>t% and let ©D(v' — w') be corresponding to each other as in the
formula for the difference in f. Then we obtain

(0D —w')] g < [Olloo [D(V" = w")] g + [O] g 1DV = 0')||oc

3
R)62 > v’ = w' pransg @
=1

Additionally it follows from (5.5) and (5.6) that

3
[0l pols.) = OK'(0) (0 = w)] oy < (CUROE + o) 3 10" = 'l e g
i=1
Thus we are led to

3
[, vlg,) = P, wly)] g < (CUROE + Leo) Y [0 = w'llparensg g

=1

By using (A3) we can give analogously an estimate for the differences in b® and therefore
we arrive at the inequality (5.9). Consequently, we obtain that A is a 1/2-contraction
provided 0 and gy are small enough.

To see that A maps Dy into itself, we have for v € Dg and u = A(v)

Mw

3
Sl = phllcaensn gy < D (@) = ApoY |l goreses gy + IA(P) = phllcarnsa )
=1

1

-
I

IN
wl:u

3
Z 1A(po)’ P%)Hcﬂmw%(@g)'

For the second inequality, we used the fact that A is a 1/2-contraction provided § and &
are small enough. The function w = A(p,) — p, is the solution of

Opw’ = Aljw' + K'(ph, pols,) on I, x [0,4],

3
Zlgijwj =0 on X, x [0,4], (5.10)
j=1
wi(-,0) =0 on T.

Due to the assumptions (2.17) on p, the compatibility conditions from Theorem 4.1 are
fulfilled and we can apply it to get the existence of a C' > 0 independent of § > 0, such
that the solution w of (5.10) satisfies

E*)Ci

3 3
Sl e gry < € S IK b o
i=1 i=1

We estimate the right side of the above inequality by C" = C’(g¢) and we arrive at

R
ZHu ~illgrearcs gy < 5 +C
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Therefore for R suitably large enough A maps Dy into itself. In the following we illustrate
the choice of the constants in detail. First we choose ¢y > 0 such that Ley < 1/4
and g9 < /2. Then we choose Ry > 0 such that C’(g9) < Rp/2, which means that
Ry/2 4+ C'(g9) < Ro. Now for a given arbitrary but fixed R > Ry we choose > 0 such
that

Y

C63R < g and  C(R)o% <

e~ =

where the constants C', C'(R) are from inequalities (5.3) and (5.9). With this choice of &,
R and 6 we observe

CosR+ey<r (such that the properties (A1)-(A3) are fulfilled),

R
P +C'(g9) < R (such that A is a self mapping),

o 1
C(R)62 + Leg < B (such that A is a 1/2-contraction).

Therefore we conclude that A has a unique fixed point in Dy, which was the remaining
part to prove the theorem. O

Remark 5.2 (A continuation criteria). The question arises on which interval [0, Tynaz) the
mean curvature flow with triple junction (1.1), (1.2) can be extended. A careful revision
of the above proof shows that 6 in the local existence interval depends on the size of r
(responsible for the validity of Assumptions (A1)-(A3)) and on gy. We note that for the
validity of Assumptions (A1)-(A3) we need that the metric tensor is positive definite and
in particular that the inverse exists. In Remark 2.1 we gave a formula for the metric
tensor and one can see that if the second fundamental form of T'L and terms Oyi are
bounded, we can give a lower bound on the choice of r. If in addition we choose g small
enough, this would lead to a lower bound on the existence interval [0,6]. In this way, we
can achieve existence in any given time interval [0, T| by splitting it into small ones and
by choosing appropriate reference configurations on each interval, providing the ;% can
be chosen bounded for all reference configurations on the interval [0,T].

We remark that the bound on O, can be achieved in the following way. If we choose
the vector 7 as a truncation of the unit outer conormal with the help of geodesic lines, we
can do this in a strip around 0L given by q + rvi(q), where ¢ € OU'L and 0 < r < rqy for
some positive rq. Here we replace r by a cut-off function evaluated at the geodesic distance
from OT'L. This gives a minimal bound on the diameter of the neighbourhood of the triple
gunction, where ¢ does not vanish and in this way we can also bound derivatives of the
form Oyri. Possible scenarios for which this cannot be achieved are the following:

e The area of one hypersurface converges to zero.
e The triple junction develops during the evolution a self contact.

A similar continuation criterion in the case of curves has been studied in Mantegazza,
Novaga and Tortorelli [25], where the authors consider evolution of planar networks ac-
cording to curvature flow and conclude existence as long as one of the length of the curves
tends to zero or a curvature integral blows up at a certain minimal rate.
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Remark 5.3 (Cluster with boundary contact). We remark that it is also possible to
consider a configuration where the three hypersurfaces lie inside a fixed bounded region
Q C R™! and meet its boundary at a given contact angle, see for example Bronsard and
Reitich [6] or Garcke, Kohsaka and Sevéovic [15] for curves in the plane, and Depner [7]
or Depner and Garcke [8] for arbitrary dimensions. A natural contact angle achieved by
the minimization of the weighted area would be 90 degree. If one uses the parametrization
of [7] or [8] to describe the geometric problem as a system of partial differential equations
and the ideas from [6], [15] or from this work, one could derive a local existence result
also in this situation.
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