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Introduction

This thesis is based on the unpublished joint work of Jean-Marc Fontaine and Uwe Jannsen [ 1.
The motivation for this thesis is twofold. On the one hand we have the following classical theorem
of Dieudonné.

Theorem (see | , Chapter IV, section 8]). — The functor G = M(G) is an antiequivalence
of categories between the category of p-torsion formal groups and the category of Dieudonné
modules M such that M is finitely generated as W (k)-module.

Recall that a Dieudonné module over a perfect field k of characteristic p > 0 is a module M over the
ring W (k) of Witt vectors with coefficients in k (see chapter 1 section 1) together with two group
endomorphisms Fj; and V) satisfying the following relations for all A € W (k) and m € M:

Fy(Am) = o(A)Ep(m)
VM(U(A)m) = AV (m)
Fy Vi = ViiFy = pldM
Here 0: W(k) — W (k) denotes the Frobenius. We can introduce the ring D := W(k)[F, V],

which is a noncommutative polynomial ring over W (k) in two variables F and V satisfying the
relations

F-A=0(A)-F
V-e(A)=1A-V
FV =VF=p.

Using this ring D we see that a Dieudonné module in the above sense is just a module over the
ring D and each D-module is a Dieudonné module. The drawback of the ring D is that it is
not commutative. One objective of this thesis is to replace the ring D by a commutative ring D
such that each Dieudonné module gives rise to a module over D. Because of the relations the
group endomorphisms Fy; and Vj; must satisfy, we need some more structure on the ring D. This
additional structure is motivated by the ring automorphism o: W(k) - W (k). All this leads us
to the notion of a ¢-ring. We will not give a definition of ¢-rings in this introduction, but refer
the reader to chapter 5. Actually, we will construct a sheaf of rings on the small syntomic site of a
perfect field k of positive characteristic, whose global section over Spec(k) is the ring D.



The syntomic site was first introduced by Mazur and it was Fontaine and Messing [ ], who
made use of it in p-adic Hodge theory. In their paper Fontaine and Messing argued very sketchy.
Nevertheless, all the main ideas in the construction of our sheaf of ¢-rings for the syntomic topology
can be found in their paper. The first step is to define a sheaf of rings & for the syntomic topology
over Spec(k). This is done using the crystalline site of Berthelot. The main point for us is the fact
that this sheaf, considered on the small syntomic site, is flat over W,,(k), where W, (k) is the ring
of Witt vectors of length ». This is stated without proof in [ ]. We give a full proof of this
property here. The restriction to the small syntomic site over a perfect field seems to be important,
so this restriction should also be applied in [ ], as far as we can see.

The flatness of 0 implies the exactness of the sequence

cris cris cris
0— O — g g ),

This is crucial for everything that follows. We will use this sequence to construct a sheaf of rings
denoted ¥, on the small syntomic site of Spec(k). It turns out that 4, is a ¢-ring and ¥, (k) equals
D. Having constructed this fundamental ¢-ring we will consider sheaves of modules over %,,. This
leads to the notion of p-modules and ¢-gauges and we achieve one of the goals of this thesis, namely
to lay the foundations for a new p-adic cohomology theory, which will be developed by Fontaine
and Jannsen (see Jannsen’s talk [Jan]). It must be noted that Schnellinger [ ] also constructed
these fundamental sheaves of rings ¢,,, however there are many details missing and he works on
the big syntomic site of an F,-scheme X, for which there is no proof of flatness of &5, but he
heavily uses this property. We also remark that our strategy of proof differs from his one.

As stated in the beginning, there is a second motivation for this thesis. Instead of working over a
perfect field k of positive characteristic and classify p-divisible groups over k, one may ask for a
classification of p-divisible groups over a ring R of characteristic p or even over a p-adic ring. This
motivated Zink [ ] to invent the notion of displays. A display is a projective W(R)-module
with some additional data. It was Zink who obtained a classification of p-divisible formal groups
over R in terms of displays over R under the restriction that R is excellent. Lau extended this result
to all p-adic rings R, which are seperated and complete in the p-adic topology. In the joint work
[ ] Langer and Zink generalized the notion of a display. In many examples there is a display
structure on the crystalline cohomology of a smooth and projective scheme. Displays are also
connected to so called F-zips, which are objects introduced by Moonen and Wedhorn [ ].
While displays over a ring R are actually modules over the ring of Witt vectors W(R), an F-zip
is a module over R with some additional data. To be more precise, we assume that R is a ring of
characteristic p > 0. Then a display is a quadruple (P;, %;, «;, 0;) jex Where each P; is a projective
W (R)-module. An F-zip is a quadruple (M, C’, D;, ¢;)icz where M is a projective R-module.
There is a more general notion of F-zip, where R is replaced by an F,-scheme S and M is a locally
free Os-module. But in this introduction we will stick to the more elementary situation of modules
over a ring, since for displays there is no such generalization. In a sense made precise in chapter 2,
F-zips are the reduction modulo p of displays. We introduce the notion of F-gauges, which should
not be confused with ¢-gauges. The main difference between these two objects is that F-gauges
can be defined for any sheaf of rings, while ¢-gauges are only defined over ¢-rings. The notion of
F-gauge enables us to clarify the relation between F-zips and displays. An F-gauge over a ring S
is a family (M"),cz of S-modules together with S-linear maps f,: M" - M"*' and v,: M" — M"™!
satisfying the relations f,_j o v, = v,y o f, = pidyr. If R is ring of characteristic p > 0 then we show
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that there is a (fully) faithful functor from displays over R to F-gauges over W (R) and a fully faithful
functor from F-zips over R to F-gauges over R. Now if (M"),cz is an F-gauge over W (R) we can
consider the F-gauge (M"/pM") ez, which is an F-gauge over R. This reduction corresponds to
the reduction of a display and thereby establishes the following commutative rectangle

(displays over R) —= (F-gauges over W(R))

| |

(F-zips over R) (F-gauges over R)

Over a perfect field it is an easy consequence of the theory of elementary divisors that the isomor-
phism classes of displays and F-zips can be described in terms of matrices.

As a final remark let us mention that this thesis has two independent parts, which may be pictured
as follows:

| Chapter 1, Sections 1 and 2 | | Chapter 1

Chapter 4

Chapter 5

Figure 1: Leitfaden

It must be pointed out that the categories considered in chapter 2 are in general not abelian, while
those considered in chapter 5 are abelian, which is an important feature for the cohomology theory
to be developed by Jannsen and Fontaine.

We describe the contents of the individual chapters now: Chapter 1 is preliminary and is for the
convenience of the reader. There we collect mostly without proofs all facts needed later on. Section
1 gives an overview of the ring of Witt vectors, section 2 deals with semi-linear algebra, section 3
introduces divided powers and proves the existence of divided powers for the ring of Witt vectors
and section 4 collects all necessary facts about Grothendieck topologies and sites. We use this
chapter also to fix our notation. The reader who is already familiar with these contents should skip
this chapter and come back to it when needed.

Chapter 2 contains the first main result of this thesis, which clarifies the connection between displays
and F-zips. In section 1 we introduce F-gauges and establish some properties of them. Over a
perfect field there is the notion of an F-crystal, which is the content of the second section. Section
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3 introduces F-zips. Our definition differs slightly from the one of Moonen and Wedhorn (see
remark 2.3.24). Section 4 contains the theory of displays as given by Langer and Zink [ ] and
we have included some proofs, which were omitted in their paper. In each section we construct
functors from the objects considered there to F-gauges and we end up by describing how these
functors are related.

Chapter 3 recalls the definitions of syntomic morphisms, the syntomic topology and of the crystalline
site. We have also included the notion of p-morphisms and quiet morphisms, which are also
interesting classes of morphisms in characteristic p. These are only included for completeness, but
we do not use them in the sequel. It should be noted that many results stay valid, if one replaces
syntomic by quiet or even p-morphism. One may consult [ , Chapter 3], where it is shown
that cohomology of quasi-coherent crystals is independent of the p-topology.

Chapter 4 is the technical main part of this thesis. Here the sheaves &< are constructed. This is
done in two different ways. First they can be just defined as the sheaves associated to

ﬁ;“'S:X — HO((X/Wn)cris’ ﬁX/Wn)

on the syntomic site. We will prove, that these presheaves are already sheaves, i.e. sheafification is
unnecessary. The second section gives a different construction using the ring of Witt vectors and
divided powers. It is proved, that the two constructions give isomorphic sheaves. The last section
in this chapter establishes the flatness of &S, which is crucial for the construction of the ring ¥,
in the last chapter. As has already been pointed out, to prove flatness we have to work on the small
syntomic site of a perfect field k.

The last chapter 5 gives the construction of the sheaves of rings ¢, and introduces the notion of
@-gauges, which is the starting point of the theory of Fontaine and Jannsen, which is currently
developed. The reader is advised to note the difference of the objects studied in chapter 2 and
chapter 5. The difference might be stated by the phrase

o-linear isomorphism # o-linear bijective map.

This holds for all rings for which o is not an automorphism. Chapter 5 finishes by showing that
there is an adjoint pair of functors I'j; and I'.. Moreover, we will see that I';, is fully faithful.

Notations and Conventions. —  We use the usual notations N, Z and Q for the natural
numbers including 0, the integers and the rational numbers respectively. For a prime p the notation
F, means a finite field with p elements, i.e. the prime field of characteristic p, which we identify
with Z/p by the natural mapping 1 — 1. By ring we always mean commutative ring with unit and a
homomorphism of rings always maps 1 to 1. A scheme means a locally ringed space, which is locally
isomorphic to the spectrum of a commutative ring. In earlier days, for example by Grothendieck in
[ ], this was called a prescheme.

The symbol m indicates the end of a proof, the symbols « and < indicate the end of a remark and
example, respectively.
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Chapter

Preliminaries

In the first section we briefly recall the theory of Witt vectors without proofs. The
second section deals with semi-linear algebra, which is elementary but essential
for the rest of this thesis. In the third section divided powers are introduced and
it is shown that the maximal ideal of the ring of Witt vectors with coefficients in a
perfect field has a canonical structure of divided powers. The last section summarizes
the theory of Grothendieck topologies. This chapter also fixes our notations and
terminology used throughout this thesis.

§1 | The ring of Witt vectors

We fix a prime number p € N. This section gives a brief overview of the construction of a ring
W (A) — the ring of Witt vectors — for any ring A. For details the reader is referred to [ ,
chap IX, §1], which we follow closely.

Definition 1.1.1. — For n € N define w, € Z[ Xy, ..., X, ] by

n . n—i n n—1
Wy, = ZP’X;,D = Xg +pr7 ot p" X,
i=0

Remark 1.1.2. — We obviously have the relations

wo = XO)
1
Wi+l = Wn(X(I)): e )Xg) +Pn+ X?H—l,

n+

1
Wnel = Xg + PWn(Xl, ces Xn+1)- <

Let A be a ring and denote by AN the product ring with ring structure given componentwise. As a
set we define W(A) := AN and write an element a € W(A) as a = (a,, ) ,en. The Witt polynomials
define a map

w:W(A) - AN

by
(an)neN - (Wn(ao, cees a"))neN'



Chapter 1 « Preliminaries

The value wy,(ay, . ..,a,) is called the n-th ghost component of a = (a,)nen. The ring structure
on W(A) will be such that w becomes a homomorphism of rings. We want W (A) to have two

additional operators. In order to construct them, we first introduce their counterparts for the ring
AN:

fi(an)nen = (@ns1)nens
v: (an)neN g (0,pao,pa1, .. )

Note that f is an endomorphism of the ring AN, while v is only an endomorphism of additive
groups.

Proposition 1.1.3. — Let A be any ring.
(i) If p is not a zero divisor in A, then the map w is injective.
(ii) If p is invertible in A, then w is bijective.

(iii) Assume there exists an endomorphism o of A such that o(a) = a? mod pA for all a € A. Then
the image of w is a subring of AN, consisting of those elements (a, ) nen such that o(a,-1) =
a, mod p"A for all n € N \ {0}. Moreover, the image of w is stable under the operators f and
v.

Let us denote by X = (X, ) nen and by Q) = (Y, ) men countable sequences of indeterminates and by
R :=Z[X,9)] the polynomial ring in the indeterminates X, and Y,,. We define an endomorphism
o of the ring R by

Zez forzeZ,
X, ~ X! forneN,
Y, ~ Y. formeN.

Since p is not a zero divisor in R it follows from Fermat’s little theorem that
o(r) = rP mod pR
holds for all r € R. The following lemma allows us to define a ring structure on W(R).

Lemma1.1.4. — LetR=Z[X,9)] and 0:R — R be as above. Let ® € Z[ T}, T;]. Then there exists
a unique sequence ¢ = (@, ) nen 0f polynomials with

Pn EZ[XQ,...,Xn,Yo,...,Yn] CR,
ie. ¢ € W(R) such that w(¢p) = @(w(X),w(Q)).

Applying this lemma to the polynomials Ty + T, T T, and —T, yields elements S, P,I € W(R) such
that

w(S) =w(X) +w(D),
w(P) =w(X)w(2),
w(l) = —w(X).



§1 The ring of Witt vectors

Example 1.1.5. — We will compute a few polynomials explicitely. First of all, it is easy to see that
So = Xo + Yo,
Py = Xo Yo,
I = - Xo.

The polynomial S is determined by
w1(So, S1) = wi(Xo, X1) + w1 (Yo, Y1).

Evaluating gives
SE+pSi= XL+ pXy+ Y. + p1i.

Inserting Sy = X + Yy and manipulating the above equality yields
p-1 p .
pSl = le +le — Z (I)X‘lelp 1_
i=1

Now, each (?) is divisible by p for 1 < i < p — 1 and p is not a zero divisor in Z[Xo, Xi, Yo, Y], so
we obtain

p_l p .
S;=X;+Y - Zp_l( )Xf’yf‘l.
i=1 !

In a similar way, one gets
P=pXiVi+ XEvi+ X Y2
At last, let us compute I,. It holds wy(Iy, I) = Ig +I = (-Xo)? + pI and -w1 (X, X1) = —XOP - pXi.
We have to distinguish between p = 2 and p # 2. Hence we obtain
et ifp#2
a2 x), ifp=2.

Moreover, if p # 2 we see that I, = —X,, forall n e N. <

Using these polynomials we can already construct the ring structure on W(A) for any ring A. But
as mentioned earlier, we want to have W(A) equipped with two additional operators. Consider the
ring R = Z[ X, Q)] again. We know by proposition 1.1.3 (iii) that the image of w is stable under f
and v. This means that the element f(w(X)) is also in the image of w. Hence there is a unique
element F € W(A) such that w(F) = f(w(X)). Explicitely, F = (F,,) nen is determined by

Win(Fos...s Fn) = W1 (Xos -« s Xns1).
For example, we have
- y?
Fy = XO + le,

p-l1 . . .
F=X+pX,- > (1: ) L ¢4 (i
i=0
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Analogously, the element v(w(X)) is in the image of w and thus there must exist an element
V e W(A) such that w(V) = v(w(X)). It is easy to see that

0, ifn=0
Vi =
Xn—l; lfi’l > 0

Let A be any ring. For a = (a,)uen>b = (by)nen € W(A) we define their sum and product in
W(A) by
a+b:=S(a,b) = (Sn(a0,...>an bo,...,byn))nen>
ab:=P(a,b) = (P,(ag,...>anbo,-...by))nen.

The inverse of a is given by

—a:=1(a) = (In(ag,...,an))neN-

We have to show that the above laws of composition indeed define a ring structure on W(A). To
establish this, we use the map w: W(A) — AN. By the construction of S and P we know that if they
define a ring structure on W (A), then w is a homomorphism of rings. If p is not a zero divisor in
A, then w is injective and hence defines a bijection between W (A) and im(w). By slight abuse of
notation we denote the inverse by w™:im(w) — W(A). Thus, we get

a+b=w"(w(a) +w(b)),
ab = w ! (w(a)w(b)),
—a=wl(-w(a)).

So we see that in this case W (A) can be given a ring structure by S and P. To treat the general case,
we use the following lemma.

Lemma1.1.6. — Let A be any ring. Then there exists a pair (B, p) consisting of a ring B and a
surjective homomorphism p: B — A such that p is not a zero divisor in B and B has an endomorphism
o satisfying o(b) = b? mod pB for all b € B.

Proof. — Set B := Z[X,,a € A] and let ¢ be the idendity on Z and ¢(X,) := X.. Then o(b) =
b? mod pB. The homomorphism p is determined by p(X,) := a for a € A. -

If p:B — A is a homomorphism of arbitrary rings, we define two maps pN: BN — AN and
W(p):W(B) - W(A) by (by)nen = (p(by))nen- The following relations are easily seen to
be true for all b, by, b, € W(B):

W(p)(b1+b2) = W(p)(b1) + W(p)(b2),
W(p)(bib2) = W(p) (b)) W(p)(b2),
W(p)(-b) = -W(p)(b),
pN(wi(b)) = wa(W(p)(b)).

Here, wa: W(A) - AN and wp: W(B) — BN are the usual ghost component maps.



§1 The ring of Witt vectors

Theorem1.1.7. — Let A be a ring. Then W (A) is again a ring with addition given by S and
multiplication given by P. The additive neutral element is 0 := (0,0,0, ... ) and the multiplicative
neutral element is1:= (1,0,0,...). The additive inverse of an element a € W(A) is I(a).

Definition 1.1.8. — Let A be a ring. The ring W (A) is called the ring of Witt vectors of A.

The ring of Witt vectors of any ring A comes equipped with two mappings denoted F and V
respectively. The map F: W(A) - W(A) is defined by

F(a) = (Fn(ao, e an+1))n€N
and called Frobenius and the map V: W(A) — W(A) is given by
V(a) =(0,a9,a1,...)

and called Verschiebung. Here F,, denotes the n + 1-st polynomial (recall our convention 0 € N)
in the family F = (F,)en introduced on page 3. To ease notation we will from now on simply
write a instead of bold a for an element of W(A). The interaction between the maps F and V is
summarized in the next proposition.

Proposition1.1.9. — Let A be aring.
(i) The map V is a homomorphism of the additive group of W (A).
(ii) The map F is an endomorphism of the ring W (A).
(iii) Fora € W(A) it holds F(V(A)) = pa=%!  a.
(iv) Fora,be W(A) it holds
V(a-F(b))=V(a)-b
V(a)-V(b)=pV(a-b).
(v) Forae W(A)itholds V(F(a))=V(1)-a.

There is a map 7: A > W(A) given by x — (x,0,...). This map is in general not additive but only
multiplicative: 7(xy) = 7(x) - 7(y).

Definition 1.1.10. — For x € A the element 7(x) € W(A) is called the Teichmiiller representative
of x.
Witt vectors of finitelength. —  Anelementa = (a,),en € W(A) may be decomposed as

a=(ag,...,am-1,0,...)+(0,...,0,am, dms1,--.)

for any m € N. The set of all a = (a,)nen € W(A) such that a, = 0 for 0 < n < m is denoted by
Vm(A). Let V" = V o--- 0 V m-times, then the last proposition yields

V™(a+b)=V"(a)+V"(b)
V™(a)-b=V"(a-F"(b))

Here F™ denotes the composition of F with itself m-times. Thus we see that V,,,(A) is an ideal in
W(A).
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Definition 1.1.11. — Let Abearingand n € N. The quotient W(A)/V,(A) is denoted by W, (A)
and called the ring of Witt vectors of length n over A.
The homomorphism 7,: W(A) — W, (A) is explicitely given by
(a,'),»eN — (ao, e a,,_l).

If m, n € N are two integers with 1 < n < m then V,(A) > V,,(A) and there is a canonical map
Tn,m: Wi (A) - W, (A) explicitely given by

(a(), N am_l) — (a(), e an—l)-
In this way we get a projective system (W, (A), s, ) and the map a = (@) nen ~ (74(a)) induces
a homomorphism of rings 7: W(A) — lim W, (A). It is not hard to see that W (A) is separated

and complete with respect to the topology induced by the filtration (Vn (A))neN. Hence, 7 is an
isomorphism of rings.

Example 1.1.12. — One can show that W,,(F,) = Z/p"Z, which gives an isomorphism W (F,) =
Z, with the ring of p-adic integers. “«
For two natural numbers 7, m we have an exact sequence

0— W(A) > W(A) = W,,(4) — 0

and by going to the quotient modulo V,,(A) we obtain an additive map V,;: W,,(A) = Wy1,(A)
fitting in the commutative diagram

W(A) —— W(A)

ﬂml lﬂm+n
n

Win(A) —2e Wi (A)

This induces the exact sequence
&

Tn,m+n

00— W,(A) Winn(A) Wy (A) 0.
Similarly, F": W(A) - W(A) induces a homomorphism of rings F!: W1, (A) - W,,(A) fitting

in the commutative diagram
W(A) —— W(4)

”n+ml l”n
n

Wiem(A) —2 W, (A)

Witt vectors in characteristic p. —  Finally, we turn to the special but very important
situation when A is a ring of characteristic p > 0. This is equivalent to saying that A has a structure
of an F-algebra given by the natural map of rings F, - A.

Proposition 1.1.13. — Let A be an Fy-algebra. Then for all a = (ay)nen,b € W(A) and all
n, m € N it holds

(i) F(a) = (aln))neNJ



§2|

§2 Semi-linear algebra

(ii) pa=VF(a)=FV(a)=(0,ab,al,...);
(iii) V™(a)-V"(b) = V™" (F"(a) - F™(b)).

Proposition 1.1.14. — Let k be a field of characteristic p > 0. Then W (k) is a local integral ring
with maximal ideal Vi(k) and residue field isomorphic to k. If moreover k is perfect, then W (k) is a
discrete valuation ring with maximal ideal pW (k).

Semi-linear algebra

We collect some basic facts about semi-linear algebra. Let A be a ring and 0: A — A an endomor-
phism. Amap f: M — N of A-modules is called semi-linear with respect to o or o-linear, if f islinear
as a map of abelian groups and f(Am) = o(A) f(m) forall A € Aand m € M. If we consider A as an
A-algebra via the endomorphism 0: A — A, then we can form the tensor product M (@) .= M ®, A.
To each o-linear map we can associate its linearization fi: M(?) - N defined by m ® A > Af(m).
We say that f is a o-linear monomorphism, o-linear epimorphism or o-linear isomorphism, if its
linearization f* is a monomorphism, epimorphism or isomorphism of A-modules.

The kernel of a o-linear map is always a submodule, while the image is in general not a submodule.
The following lemma gives a characterization of a o-linear isomorphism, if ¢ is an automorphism
of A.

Lemma1.2.15. — Let 0: A — A be an automorphism and let f: M — N be a o-linear map. Then
f is a o-linear isomorphism, if and only if f is bijective.

Proof. — We first note that every element of M(?) can be written in the form m ® 1: Since ¢ is an
automorphism, we have m ® A = (67 (1)m) ® 1. Assume f#: M(?) » N is an isomorphism. Let
m € M with f(m) = 0. Then ff(m®1) = f(m) =0, hence m®1=0and som = 0. Letn € N.
Then x := (f)™'(n) € M(?) can be written as x = m ® 1 by the above. It follows f(m) = n. For
the reverse implication, assume f is bijective. Let x € M(?), then x = m ® 1 for some m € M. If
0= fi(x) = f(m) then m = 0 and thus x = 0. So f! is injective. Let n € N and m := f}(n) € M.

Then ff(m ®1) = f(m) = nand f* is surjective. .
Remark 1.2.16. — 1If ¢ is an automorphism and f is a o-linear bijective map, then the inverse
map f ! of f is 0”-linear. <
Example 1.2.17. — The situation we are interested in, is the following: Let R be a ring of charac-

teristic p > 0 and W(R) the ring of Witt vectors with coefficients in R. Let W(R)f] be the scalar
restriction by F (see below). The Verschiebung V: W(R)[p] — W(R) is a W(R)-linear morphism
and the image is the ideal I. Its "inverse" induces a F-linear bijective map p:I - W(R), which is
not an isomorphism, unless F is an automorphism of W (R), i.e. R is perfect. If R is not perfect, let
A€ W(R) N im(F). Then the element V(1) ® A — V(1) ® 1 € @ W(R) is a nontrivial element in
the kernel of pf. <
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Restriction and extension of scalars. —  Let us return to the general setting: A is a ring
with an endomorphism ¢. For an ideal I c A, we let I(?) be the ideal in A generated by the image
o(I).If1=(ay,...,a,), then I = (¢(ay),...,0(a,)). Note that o(I) is in general not an ideal
in A. If M is an A-module, then using o there are (at least) two possibilities to get a new A-structure
on M:

o Restriction of scalars along o;
« Extension of scalars along o.

First, we consider restriction of scalars. For an A-module M we denote by M [0] the A-module,
which is equal to M as abelian group but the module structure is given by

a-m=c(a)m foraeAandme M.

In this way we get a functor R: M — M|}, which is exact, since exactness can be checked on the
underlying abelian groups and the group homomorphisms are not changed under this functor.
Next we consider extension of scalars. This can be seen as a functor from the category of A-modules
to itself and is simply given by the tensor product

F-M-M®; A,
where we view A as an A-algebra via 0. Explicitely, the A-module structure can be described by
AMmea)=m®(la) and (Am)®a=m®e (c(1)a)
for A, a € Aand m € M. Here are some properties of this functor:
(i) The functor F is right exact, since tensor product is right exact;
(i) F(A) = Aas A-modules;
(iii) F(A/I) = A/I) for any ideal I in A.
Matrices and o-linear maps. — We want to give a description of o-linear maps in terms
of matrices in the case A = k for a field k of positive characteristic and ¢ the Frobenius of k. So

let V be a finite dimensional k-vector space and f: V — V a o-linear endomorphism. Choosing a
basis vi, ..., v, of V, we can associate a matrix Af= (aij) to f, where

n
f(Vj) = Z aijvi.
i=1
Given a vector v € V we may write v = Y., «;v; and then we have

o(a)
fv)=A;-

o(an)
Lemma 1.2.18. — There is a bijection

{o-linear maps f:V — V} =— Mat(n, k)
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The proof is the same as in linear algebra and therefore omitted. For A = (a;;) € Mat(n, k) we set
g(A):= (a(ai ])) The following identities are true:

e« 0(A+B)=0(A)+0a(B);
e 0(AB)=0d(A)o(B);
o 0(E,) = E,.
In particular, this yields a group homomorphism
0:GL, (k) — GL, (k)
Ar———>d(A)
This homomorphism is injective and if o: k — k is bijective (i.e., k is perfect) then this homomor-

phism is also. Let vy, ..., v, and wy, ..., w, be two bases of V. The base change matrix B = (bij) is
defined as usual

n
Wj = 2 bijVi-
i=1
Lemma1.2.19. — Let f:V — V be a o-linear map, v, ...,v, and wy, ..., w, be two bases of V
and A f and C 0 be the matrices associated to f with respect to vy, ...,v, and wy, ..., w, respectively.

Moreover, let B be the base change matrix like above. Then
Cs=B"'Asa(B).
This simple computation is left to the reader. Motivated by this lemma we define the following
equivalence relation on GL,, (k).
Definition 1.2.20. — Two matrices A, C € GL, (k) are called o-conjugated, if there is a matrix

B € GL, (k) such that C = B'Ag(B).

Frobenius and Flatness. —  The last point in this section covers a theorem of Kunz, which
gives a connection between the flatness of the Frobenius and the regularity of the ring. If A is a ring
of characteristic p > 0 and o is the n-th power of the Frobenius endomorphism, o: a + a?", then
we write AP for the image of A under ¢. For an ideal I in A we write I(*") := I(°)_ In particular, if

1= (ay,...,a,) then we have I(?") = (af", .,afn). For a prime ideal p in A it holds

o(p)={acA|a ep} =p.

The following result of Kunz | , Theorem 107] gives a connection between the regularity of A
and the flatness of 0.

Theorem 1.2.21. — Let A be a Noetherian local ring of characteristic p > 0. The following assertions
are equivalent:

(i) Ais a regular local ring;

(i) A is reduced and A is flat over A" for every n > 0;
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(iii) A is reduced and A is flat over AP" for some n > 0.

This theorem applies for example to a smooth algebra A over a perfect field k of characteristic p > 0,
since smoothness is a local property and over a perfect field smoothness is equivalent to regularity
(cf. [ , Chapter 11]). We see that in this case the Frobenius 0: A — A is flat. Since 0 (p) = p,
the Frobenius is even faithfully flat.

Divided powers

Let A be a commutative ring with unit 1 and let I be an ideal of A.

Definition 1.3.22. — A divided power structure (DP-structure) on I is a family y,,: I - A of maps
for n € N satisfying

(i) yo(x)=1and y;(x) = x for x € [;

(ii) yn(x)elforn>1landxe€[;
(iil) yn(x+y) = Zitoyi(x)yn-i(y) forx, y € I
(iv) yu(Ax) = A"yu(x) forA € Aand x € [;
(

V) Yu(x)ym(x) = ("+m)yn+m(x) for x e I and n, m € N;

n

(Vi) yn(ym(x)) = %ynm(x) for x € and n,m € N.

Remark 1.3.23. — (i) Note that n(!?;fl))!" is just the number of partitions of a set with nm ele-
ments into # subsets with m elements. Thus, this is an integer.

(ii) It follows from (i) and (v) that x" = nly,(x) for n € N. Indeed, this is true by (i) for n = 1.
For n > 1 we have ny,(x) = y,-1(x)y1(x) by (v) and hence

nlyn(x) = (n =Dy, (x)pi(x) = x" = %"
(iii) For n > 0 it holds y,(0) = 0 by (iv). <
We say that (I,y) is a DP-ideal in A and that (A, I, y) is a DP-ring.
Example1.3.24. — (i) I={0} is a DP-ideal with y,,(0) = 0 for all n € N.
(ii) Let A be a Q-algebra. Then every ideal has a unique DP-structure given by y,(x) = x"/n!.

(iii) If there exists 0 # m € N with mA = 0, then every DP-ideal (I, y) is a nilideal. In fact, we
have for x € I by the above remark x" = n!y,(x) and for n > m it follows x" = 0. <

We are mainly interested in divided powers on the maximal ideal in the ring of Witt vectors of
a perfect field of characteristic p > 0. Actually, we can define divided powers in a slightly more

general situation. So let A be a ring of characteristic p > 0 and W(A) its ring of Witt vectors.
Denote the ideal V(A) by I.
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Lemma1.3.25. — Let p € N be a prime and n > 0 an integer. Let n = Y'_, a;p’ be the p-adic
expansion of n. Then
n—_odi
vp(n!) = nZ i i .
p-1

Proof. — Denote by | x| the largest interger less than or equal to x. We claim that

vp(nl) = ] FJ :

Let1< m < n be divisible by p". Then p" <m <nandr < “E—ZJ Thus

&
vp(m)= Y L

It follows

m=1 m=1 r=1
plm
le) o B
n
= 1: _—
r=1 mz::I r=1 lprJ
pllm

since there are exactly lI%J integers in the interval [1, n], which are divisible by p. This proves the
claim. Now, if
n=ag+ap+--+a,p, 0<a;<p

is the p-adic expansion of #, then

n r—1
\k; = a1+a2p+---+a,p
n r=2
— | = a; +--+a,p
| P? ]
n
—_ = ar
| P" ]
Summing up yields
0 1 2 r
-1 -1 -1 -1
vp(n!):aop — +a1p_l +a2p — +---+arl;_l
n_ZLo a;
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Remark 1.3.26. — The claim in the proof implies

0 Jifn<p

vp(n!) = {§J+VP({§JI) , otherwise. .

By our assumption, A is an Fj-algebra. The structure morphism F, — A induces a morphism
Z, = W(F,) - W(A) and we can consider Z, as a subring of W(A). For n € N with n > 1 the

above lemma implies
n-1 r
n—>"',4ai
Vp p =n-1- A > 0.
n! p-1

This means that p”~'/(n!) is an element of Z,, and hence of W (A). Therefore the following definition
makes sense.

Definition 1.3.27. — Let A be a ring of characteristic p > 0and I = V(W (A)). For n € N define
yui T - W(A) by

,ifn=0
V(x") ,ifn>0.

y,,(V(x)) = {inl

n!

Lemma1.3.28. — The mappings y,, endow I with a DP-structure.

Proof. — We verify the properties of definition 1.3.22. Property (i) is obviously true and (ii) follows
from the above discussion. To check the remaining properties, we use proposition 1.1.9. For (iii) let
x,y € W(A). We compute

no -l n—i-1
p

yi(VE))ya-i(V(9) = 2 5 V) 2,
0 = ! (n—-1)!

- s vevor)

PV (xy)

V(y"™)

M=

(e
L (B00)
= p;_l V((x +y)")
=yu(V(x+y))

For (iv)let A €¢ W(A) and V(x) € I. Using AV (x) = V(F(A)x) and that F is a ring homomorphism,
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this follows immediately from the definition of y,,. For (v) let V(x) € I. Then

1

n(VE)ym(v() =L 2

- V(x")V(x™)

n+m-1
p

_ n+m
 alm! Vix )

~ (n+m)! pn+m—1
onlm! (n+m)!

= (n ;m)yner(V(x)).

V(xn+m)

For (vi) let V(x) € I. Then

1o (rnV) =30 B v )
(v (#(55))
()

n-1 nm-—n
p

- P V™)

nm-1
_ V(xnm)

nl(m!)"
(nm)t - p"™"
n!l(m!)" (nm!)V( )
(nm)!

- n!(m!)”ynm(v(x))' "

a~)

Since A has characteristic p > 0, we have F(V(x)) = px = V(F(x)) for any x € W(A) and in
particular px € I. Therefore, it makes sense to calculate

yn(px) = ya(V(F(2)))

. V(E(x)")

n!

n-1
- pn! V(E(x"))
= p—nx".
n!

If the ring A is in addition perfect, then I = pW (A) and any x € I can be written as x = py. This

implies y,(x) = I;—? Y= ’;—’: If moreover k is a perfect field, then W (k) is a discrete valuation ring
and it follows from remark 1.3.23 (ii) that its maximal ideal pW (k) has a unique DP-structure. We
summarize our discussion in the following lemma.
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Lemma1.3.29. — Let k be a perfect field of characteristic p > 0. Then the maximal ideal pW (k)
has a unique DP-structure given by y,(x) = %for x € pW(k).

Definition 1.3.30. — Let (A, I, y) and (B, ], §) be two DP-rings. A DP-morphism f:(A,1,y) —
(B,],9) is a ring homomorphism f: A — B such that

@ f(I) <
(i) f(ya(x))=04(f(x))forallneNandallx €l

If Aisaring, I anideal in A and 0 # m € N an integer with I"" = 0 such that (m — 1)! is invertible
in A, then I has a DP-structure given by

(x) ’;—y,' Jifn<m
n\X) =y "
Y 0 ,ifn>m.

But in general there are many different DP-structures on I.

We turn our attention to the truncated ring of Witt vectors W, (k) of a perfect field k of characteristic
p > 0. The maximal ideal pW,,(k) has many DP-structures (see [ , Chap. I, 1.2.6] for an
example when k = F,), but there is one which is natural in the sense that it is the one induced from
the unique DP-structure on the ideal pW (k) in W (k). This is justified by the next proposition.
Before stating this proposition, we need a definition.

Definition 1.3.31. — Let (A,I,y) bea DP-ring. Anideal J c Iis called a sub-DP-ideal if y,(y) € ]
forall ye Jand n e N.

Proposition 1.3.32. — Let (A, I,y) be a DP-ring.

(i) Let ] c A be an ideal. Then there exists a unique DP-structure y on I == I/(I N J) such that the
canonical homomorphism (A, I,y) — (A/], L, ) is a DP-morphism, if and only if In ] c T is
a sub-DP-ideal.

(ii) Let (J, ) be a DP-ideal in A. Then I] is a sub-DP-ideal of I and ] and the DP-mappings y and
0 agree on I].

Proof. — (i) see [ , 3.5], (ii) see [ , 3.10]. -

Let (A, I,y) be a DP-ring and B an A-algebra. When do we have a DP-structure on the image IB of
I'in B?

Definition 1.3.33. — Let (A, I, y) be a DP-ring and B an A-algebra. We say that y extends to B, if
there exists a DP-structure y on IB such that the map (A, I,y) — (B, IB, ) is a DP-morphism.

Remark 1.3.34. — Assume that y extends to B. Then y is unique. Indeed, let f: (A,I,y) —
(B, IB,y) be the corresponding DP-morphism. Each element of B may be written as f(a)b with
a € I and b € B. It follows from the definition of divided powers and because f is a DP-morphism
that

7u(f(a)b) = "7, (f(a)) = b" f(yn(a)).

Thus, the extension Y is unique if it exists. <
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Lemma1.3.35. — Let (A,I,y) be a DP-ring and B an A-algebra.
(i) If I is principal, then y extends to B.
(ii) If B is a flat A-algebra, then y extends to B.
Proof. — (i) see [ , 3.15], (ii) see [ , 3.22]. -

There is an analogue of the symmetric algebra of an A-module in the context of divided powers.

Theorem1.3.36. — Let A be a ring and M be an A-module. There exists a DP-algebra —
(Ta(M), T (M), y)
and an A-linear map ¢: A — I'; (M) satisfying the following universal property:
Given any A-DP-algebra (B, ], ) and A-linear map y: M — ], there is a unique DP-morphism
y: (La(M),T{(M),y) — (B, ], ) making the diagram
v
M P ]
(] //:
i (M)

commute.
Proof. — See [ »3.9]. "
Remark 1.3.37. — (i) The A-algebra I'y(M) is graded, T4(M) = @,nT}(M). We have

I3(M) = AT} (M) =Mand T; (M) = @, T4(M).

(ii) For x € M we write x['] := ¢(x) € T3 (M) and x[") := y,(¢(x)) € T2(M).
(iii) T} (M) is generated as A-module by {xl4] = xl[ql]‘-x,[fm] | > qi = n,x; € M}. In particular,

if M is free with basis {x; | i € I}, then T (M) is free with basis {x[4] = xl[ql]---x,[,f"'] | > qi=

n,ic I}. q
Given a PD-ring (A, I, y) and an A-algebra B together with an ideal J c B, it is sometimes neccessary
to construct a DP-ring (Dg,,(J), ], §) with divided powers § compatible with the divided powers
y. This is the content of the next proposition.
Proposition 1.3.38. — Let (A,I,y) be a DP-ring and let ] be an ideal in an A-algebra B. Then w— —

there exists a B-algebra Dy, (J) with a DP-ideal (], 8) such that JDg,,(J) c ] and § is compatible
with y, satisfying the following universal property: For any B-algebra C with DP-ideal (K, p) such that
JC c K and p is compatible with y, there exists a unique DP-morphism (Dg,,(J),],8) - (C,K, p)
making the following diagram commute

(DB,Y(])’T’ 6) -

~
~
~
-~
~
~
~

(B,]) =~ (C,K,p)

~ 7

(A, Ly)
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Proof. — [ , 3.19]. n

Example 1.3.39. — Let Abearingand B = A[Xj, ..., X, ] be the polynomial algebra over A. Then
the DP-envelope Dgo(J) with ] = (Xj, ..., X},) is just T4 (B) and will be denoted by A(Xj, ..., X,)
(cf. [ , 3.20.5]). It is called the PD-polynomial algebra over A. This name is justified by the
following universal property: Given any A-DP-algebra (C, K, p) and y1, ..., y, € K, there exists a
unique A-DP-morphism A(Xj, ..., X,) - (C,K, p) such that X; — y; for 1< i < n. <

The following proposition will be used in the subsequent chapters.

messsssssmm  Proposition 1.3.40. — Let A be a ring and I an ideal in A generated by a regular sequence. Let
(D, ], 8) be the DP-envelope of A with respect to I. Then there is a unique DP-morphism

@ (1 17) — @ gt

meN meN

which is an isomorphism.

Proof. — See | , Chap. 1, 3.4.4]. .

84 | Grothendieck topologies, sites and topoi

In this section we recall the main definitions and properties of topoi as needed in the subsequent
chapters. In order not to run into any set-theoretical difficulties, we choose once and for all a
universe I/ and make the agreement that all categories are small with respect to {/. For example,
if we consider the category of X-schemes, then it is tacitly understood that X is an element of I/.
Having fixed a universe, we will not mention it in the following anymore, but the reader should
remember that there is always a universe in the background. For more details see [ ] and

[ ].

s Definition 1.4.41. — Let C be a category. A Grothendieck topology on C consists for each object
X of C of a set Cov(X) of families of morphisms in C with fixed target X, called coverings of X,
satistying the following properties:

(i) If V — X is an isomorphism in C, then {V — X} € Cov(X);

(ii) if {U; - X}ies € Cov(X) and for each i € I we have {V;; - U, }j¢;, € Cov(U;), then the
composition { Vij = X} ez jes, is in Cov(X);

(iii) if {U; = X}ier € Cov(X), then for any morphism V — X in C the fibre product U; xx V
exists in C for every i € [ and {U; xx V - V} € Cov(V).

Remark 1.4.42. — Condition (ii) in the above definition is sometimes referred to as “stable under
composition” and condition (iii) as “stable under base change”. <

messsssssmn  Definition 1.4.43. — A site is a category endowed with a Grothendieck topology.
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Let (Ab) denote the category of abelian groups. If C is any category, a presheaf is a contravariant
functor .#:C — (Ab). A morphism of presheaves is a morphism of contravariant functors. If C
is a site, then a presheaf .% is called a sheaf, if for every U in C and every covering {U; — U} €
Cov(U) the diagram

F(U) — Hy(Ui) == Hy(Ui xu Uj)
1 1]

is exact in C. Morphisms of sheaves are defined as morphisms of presheaves. The category of

(abelian) sheaves on a site C is denoted by Sh(C).

Definition 1.4.44. — LetC and D be sites. A functor u:C — D is called continuous, if for every
U in C and every covering {U; - U} ;1 € Cov(U)

(i) {u(Ui) = u(U)}ier € Cov(u(U));
(ii) for any morphism V' — U in C the morphism u(U; xy V) — u(U;) x,yy u(V) is an

isomorphism in D.

Lemma1.4.45. — Letu:C — D bea continuous functor and .% be a sheaf on D. then u®.% = F ou
is a sheaf on C.

Proof. — Let {U; — U} be a covering in C. By assumption {u(U;) - u(U) };¢s is a covering
in D and u(U; xy Uj) = u(U;) x,,(y) u(U;). Hence the sheaf condition for u*.% and the covering
{U; = U} is equivalent to the sheaf condition for .# and the covering {u(U;) - u(U) }ic1. =

Proposition 1.4.46. — Let u:C — D be a continuous functor. The functor u®: Sh(D) — Sh(C) is
left exact and admits a left adjoint us: Sh(C) — Sh(D).

Proof. — See [ , Ch13.6.2]. What Tamme calls a morphism of topologies is in our termi-
nology a continuous functor. "
Remark 1.4.47. — Being left adjoint to »* implies that the functor u; is right exact. <

Definition 1.4.48. — LetC and D be sites. A morphism of sites f: D — C is given by a continuous
functor u:C — D such that wu;, is exact.

Note that  and f go in opposite directions. If f is a morphism of sites, we set f ' := u; and fi := u*
and call f~! the inverse image functor and f the direct image functor. The following lemma gives a
criterion for a continuous functor to induce a morphism of sites.

Lemma1.4.49. — Let u:C — D be a continuous functor of sites. Assume that
(i) C has a final object X and u(X) is a final object of D;
(ii) in C all finite fibre products exist and u commutes with them.

Then the functor u; is exact.
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Proof. — See | ,Ch13.6.7]. -
Let U be an object of a site C. We define an additive and left exact functor

by Ty (%) := . Z(U) (cf. | , Ch13.3]). If C has a final object X, we call I'x the global section
functor. It is easy to see that in this case we have

F(X) =Tx(F) = Homgy(c) (e, F),

where e denotes the abelian sheaf associated to the constant presheaf Z. For an arbitrary site we
define the global section functor I' by

['(F) := Homgy(cy (e, F).

It is well known that the abelian category Sh(C) of abelian sheaves on a site C has enough injective
objects (cf. [ , Ch 13.2.2]). This enables us to define cohomology as the right derived functor
of I.

Definition 1.4.50. — Let C be a site, U an object of C and .# an abelian sheaf on C. The i-th
cohomology group of .# on U is defined by the i-th right derived functor of 'y

H'(U,.7) = RTy(%).
The i-th cohomology group of % on C is defined by the i-th right derived functor of T

H'(C,Z) = RT(Z).

Remark 1.4.51. — In general, a global section s of a sheaf .% is a compatible system (s7)rec, i.e.
: o

an element of lim_ Ir (7). a

Theorem 1.4.52 (Leray spectral sequence). — Let u:C — D be a continuous functor of sites

and U be an object of C. Then for any abelian sheaf .# on D there is a spectral sequence
EP = HP (U, R (F)) = EP*1 = HP*(u(U), F),
which is functorial in .F.
Proof. — See | ,Ch13.7.6]. -

For many Grothendieck topologies cohomological calculations can be done on the big or on the
small site of a scheme. This is a consequence of the Leray spectral sequence. To make this more
precise, we introduce the notion of a cocontinuous functor between sites. To state the definition,
we first need another definition, which is also useful on its own.
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Definition 1.4.53. — Let C be a category and let {U; — U };¢; be a family of morphisms in C. A
refinement of {U; — U} is a family {V; - U} j¢; of morphisms in C such that there is a map of
sets &: ] — I and for each j € ] there is a morphism V; — Ug(j) in C, which makes the diagram

NS

U

Vi

Ue(j)

commutative.

Definition 1.4.54. — LetC and D bessites. A functor u:C — D is called cocontinuous, if for every — m————
U in C and every covering {V; - u(U)} jj in D, there exists a covering {U; — U}y in C such
that {u(U;) - u(U)}ies is a refinement of {V; - u(U)} je;.

Remark 1.4.55. — Note that we do not require the family {#(U;) - u(U)}; in D to be a
covering. <

Proposition 1.4.56. — Let u:C — D be a functor of sites and assume that —
(i) u is continuous;
(ii) u is cocontinuous;
(iii) u is fully faithful.

Then the adjoint morphism . — u*us.% is an isomorphism for all sheaves .7 on C and u® is exact.
Proof. — See | ,Ch13.9.2]. -

Corollary 1.4.57. — Let u be as in the proposition. Then we have for all abelian sheaves % onC =———
and all abelian sheaves ¢ on D functorial isomorphisms

H'(C,.7)=2H (D,us.#) and H(C,u’'¥)=H(D,¥9).
Proof. — See [ ,Ch13.93]. -

Example 1.4.58. — Let S be a scheme and denote by (Sch/S) the category of S-schemes with
morphisms the S-morphisms of schemes. The big Zariski site of S is the category (Sch/S) with
coverings given for any S-scheme X by surjective families {U; - X} ¢, where U; — X is an open
immersion of S-schemes. This site will be denoted by Szar. The small Zariski site of S is the full
subcategory of (Sch/S) consisting of all S-schemes X such that the structure morphism X — § is
an open immersion. The coverings of X are the surjective families {U; - X };¢;, where U; — S is
an open immersion. This site is denoted by Sz,;. The functor u: Sz, - Szar obviously satisfies all
the properties of the proposition and the corollary tells us that it does not matter, if we calculate the
cohomology of a sheaf on the big or on the small Zariski site of S. “«
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Let C be a category and X an object of C. We define the category of objects over X, denoted by C/X,
as the category with objects the morphisms Y - X in C. A morphism of two arrows Y - X and
Y’ — X is a morphism in C such that the diagram

N/

commutes. The category C/X has a final object, namely X — X. There is a functor px:C/X - C,
which takes an arrow Y — X to its source Y. If C is a site, then we define a Grothendieck topology
on C/X by declaring a family {U; — U }¢; of morphisms over X to be a covering in C/X, if it is a
covering in C. It is then immediate that the functor px is continuous.

Lemma1.4.59. — LetC be asite and X an object of C. The functor p%;: Sh(C) — Sh(C/X) induced
by px is exact.

Proof. — See | ,Ch13.81]. -

Yl

Corollary 1.4.60. — Let the notation be as in the lemma. For all abelian sheaves % on C there is a

functorial isomorphism ‘ ‘
H'(C,%) 2H'(C/X, pxF).

Proof. — See | ,Ch13.8.2]. -

Let S be a scheme and consider the category (Sch/S) of all S-schemes with morphisms the mor-
phisms of S-schemes.

Definition 1.4.61. — Let E be a class of morphisms of (Sch/S), which

(i) contains all isomorphisms;
(ii) is stable under composition, i.e. the composition of two morphisms in E is again in E;

(iii) is stable under base change, i.e. for any morphism of S-schemes, the base change with a
morphism in E is again in E.

Then the big E-site of S is the category (Sch/S) with the Grothendieck topology, where the coverings
are the surjective families of morphisms in E. The small E-site of S is the full subcategory of all X-
schemes with structure morphism in E and coverings again the surjective families of E-morphisms.

The items (i) - (iii) ensure that we really get a site, i.e. the axioms for coverings are satisfied. For
completeness we close this section with the following definitions.

Definition 1.4.62. —
(i) A category & is called a (Grothendieck) topos, if there exists a site C such that £ is equivalent
to Sh(C).
(ii) A morphism f:& — &, of topoi is a pair f = (fx, f~!) of adjoint functors, where f; is right

adjoint to ™' and 7! is exact.

Remark 1.4.63. — There is a more general notion of a topos, see [ ]. But our definition is
enough for applications in algebraic geometry. <



Chapter

F-gauges and displays

This chapter contains the first part of the main results of this thesis. The notion of
F-gauges is introduced and the connections to F-zips and displays is given. The
notion of F-gauges enables us to clarify the relation between F-zips and displays. For
a perfect field there is the notion of F-crystals. We also give the relations between
all those objects in this case. The last section about displays contains some proofs
omitted in the paper by Langer and Zink.

§1 | F-gauges

Let A be an additive category. We denote by Gr(.A) the category of Z-graded objects in A, i.e. an
object in Gr(.A) is a family M = (M"),ez with each M" an object in A and a morphism a: M - N
in Gr(\A) is a family of morphisms « = (&, ),ez such that a,: M" — N” is a morphism in A. If A4 is
abelian, then the kernel of a morphism « is (ker(a;)) ez, where ker(«, ) is the kernel in .A. With a
similar definition of cokernels, we see that Gr(.A) is again an abelian category if A is.

For d € Z and two objects (M"),ez and (N") ez of Gr(.A) we call a family of morphisms f = (f;) ez
with f,: M" - N™% a morphism in .4, a morphism of degree d = deg(f). If M, N, P are objects of
Gr(A) and f: M — N is a family of morphisms of degree d and g: N — P is a family of morphisms
of degree e, then the composition g o f: M — P with

(g Of)r = grd ofr:Mr . Nr+d . Pr+d+e

has degree deg(g f) = deg(g) + deg(f) = d + e. Morphisms of degree 0 are just the morphisms in
the category Gr(.A).

Definition 2.1.1. — Let A be an additive category and p € N be a prime number.
(i) The category FG(.A) of F-gauges has as objects graded objects M = (M"),ez in Gr(.A)
together with two families of morphisms f, v: M — M of degrees deg( f) = 1and deg(v) = -1

satisfying f,_j o v, = pidyr = v,q1 0 f, forall r € Z. An F-gauge is denoted by the triple
(M, f,v). A morphism of F-gauges a: (M, far,vm) = (N, fn,vn) isa morphism a: M — N

21
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in Gr(.A) such that the diagrams

M L, NT M’ L, NT
fM,rJ \fN,r VM,r\ lVN,r
Mr+1 Nr+1 Mr—l Nr—l
Aril Kr—1

commute for all € Z.

(i) Lets € Z be an integer. An F-gauge (M, f,v) is called of level > s, if v, is an isomorphism
for r < s. It is called of level < s, if f, is an isomorphism for r > s. The corresponding
subcategories are denoted by FG**(A) and FG**(A), respectively.

(iii) Let a, b € Z be integers with a < b. The category FG[*!1(A) is the subcategory of F-gauges
which are of level > a and < b. Such an F-gauge will be called of finite level.

(iv) An F-gauge is called bounded below (resp. bounded above), if it is of level > a for some a € Z
(resp. of level < b for some b € Z). It is called bounded, if it is bounded below and above. The
corresponding subcategories are denoted by FG* (A), FG™(A) and FG®(A) respectively.

(v) An F-gauge of level > 0 is called effective, one of level < 0 is called coeffective.

Remark 2.1.2. — Let (M, f,v) be an F-gauge in FGL**1(A). Then (M, f,v) is simply given by
a finite diagram of the form

fa fr—Z fr—l fr fr+1 fb—l
M M M M= .= M
Va-1 Vr-1 Vr Vr+1 Vr+2 Vb

Indeed, consider for example the relation f,_; o v, = p for r < a. Then v, is an isomorphism and
hence f,_ is uniquely determined by f,_; = pv,'. Similarly, f, is an isomorphism for r > b and
hence v,4; = pf;! is uniquely determined by f,. We see that there is a natural isomorphism of
F-gauges, where the upper row is the given F-gauge and the lower row is the F-gauge corresponding
to the finite diagram above:

Ja—2 fa-1 Jfa fo Jo fon
. Ma—l M(l Mb Mb+1

Va-1 Va Va+1 Vb Vb+1 Vb+2
A 0 T e

p a b-1 = =
— M* — M" Mb Mb

= = Va+1 Vp p p

This means that all the information is contained in the interval [a, b]. In the same way we see that to
give a morphism of F-gauges in FGL*?J(_4) amounts just to give a morphism of the corresponding
finite diagrams. <

If A is an abelian category, then as already remarked earlier Gr(.A) is an abelian category and the
category FG(.A) and all its subcategories are abelian too. For an arbitrary additive category A we
have the forgetful functor FG(A) — Gr(.A), which is faithful but in general not full.
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To an object A of A we can associate an F-gauge A(0) in FGI*I(4), where A(0) is the F-gauge

concentrated in degree 0
deg: -1 0 1

It is left to the reader to check that this establishes an equivalence of categories A — FG!0] (A).
In our applications the category A is either the category of modules over a ring or the category of
sheaves of s-modules over a scheme S. In these cases, A is abelian and so is FG(.A).

Filtered modules and F-gauges. —  One of the main examples of F-gauges comes from
filtered modules. We first give a precise definition of what we mean by filtered module and then
construct a functor to F-gauges.

Definition 2.1.3. — Let A be an object of an abelian category A.

(1) A decreasing filtration on A is a family {Fil’'A}c;, where each Fil’A c A is a subobject of A
and Fil'"'A c Fil'A forall i € I.

(ii) An incrfeasingﬁltration on Ais a family {FiliA},-d, where each Fil'Ac Aisa subobject of A
and Fil'"A S Fil'Aforall i € I.

Instead of writing {Fil' A},c; we will also denote this family simply by Fil*A. Actually, we are
interested in filtrations with some additional properties.

Definition 2.1.4. — A filtration {Fil'A},c; on an object A of an additive category A is called
(i) separated,if Njer Fil'A = 0;
(ii) exhaustive, if U;; Fil'A = A.

Moreover, if p € N is a prime number and A is p-torsion free, then the filtration is called p-adapted,
if it is decreasing and pFil'A c Fil "' A for all i € I.

We denote by Fil(A) the category of pairs (A, Fil*A), where A is an object of A and Fil*A is a
decreasing, separated and exhaustive filtration on A indexed by Z. A morphism in this category
a:(A,Fil*A) — (B, Fil*B) is a morphism a: A — B in A such that a(Fil’'A) c Fil'B for all i € Z.
The subcategory of all p-adapted filtrations is denoted by Fil,,_s,(A). We note that the category
Fil(A) is additive but in general not abelian.

Example 2.1.5. — Let k be a field and consider the category Vec; of finite dimensional vector
spaces over k. By a filtered vector space we mean an object in the category Fil; := Fil(Vecy). If
(V,Fil*V) is a filtered vector space, then the condition that the filtration is separated just means
that Fil' V = 0 for i > 0 and that the filtration is exhaustive just means that Fil'V = V for i < 0.
Here we used the finite dimensionality. Let f: (V,Fil*V) — (W, Fil* W) be a morphism of filtered
vector spaces. The kernel of f is given by the subspace filtration

Fil' ker(f) = ker(f) nFil'V
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and the cokernel of f is given by the quotient filtration

Fil'coker(f) = (Fil'W +im(f))/im(f).

It is left to the reader to check that these kernels and cokernels indeed satisfy the universal properties
of kernels and cokernels. But it may happen that ker( f) = coker(f) = 0 and nevertheless f may
not be invertible in Fil;. Consider for example a vector space V with the trivial filtration

o [v, difi<o
Fil'V =
0, ifi>0

On the other hand consider W = V with the filtration

y w, ifi<l
Fil' W =
0, ifi>1

Then the idendity induces a map of filtered vector spaces V' — W, whose kernel and cokernel
vanish, but there is no inverse in the category Fily. <

Example 2.1.6. — The category Fil, s, (\A) is in general not abelian. For example let W be the
ring of Witt vectors of a perfect field k. Let M = N = W and consider the two filtrations

Bl M P'W, ifi>0 nd Fil'N - p'w, ifi>1
W, ifi<0 w, ifi<l

Then (M, Fil*M) c (N, Fil*N), but the filtration on the quotient N/M is given by
Fil'(N/M) = (FiI'N)/(Fi'M),
which is obviously not p-adapted. <

There is one last definition, which is useful in the context of filtrations. This definition is similar to
definition 1.1 in [ ].

Definition 2.1.7. — Let a, b € Z be integers with a < b. The full subcategory Filyi’fe]p(A) consists
of pairs (A, Fil*A), where Fil”A = Fil' A for all i < a and pFil’A = Fil'*'A for all i > b. In this case
the filtration is called of level [a, b].

Example 2.1.8. — Let k be a perfect field of characteristic p > 0 and W be the ring of Witt vectors
of k. For a free W-module A we define the p-adic filtration on A by

Bl A p'A, ifi>0
A, ifi <0.

This filtration is of level [0, 0] and p-adapted. “«
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Fix a prime p € N. In order to define a functor from the full subcategory Fil,_p(.A) of p-adapted
objects of the category Fil(.A) to the category FG(.A), let (A, Fil*A) be p-seperated. We set

M":=Fil'A forreZ.

The map v,: M" — M"! is given by the inclusion Fil’A c Fil''A and the map f,: M" - M™!is
given by p-multiplication, which is well defined since the filtration is p-adapted. If a: (A, Fil*A) —
(B, Fil*B) is a morphism in Fil(\A), then « obviously induces a morphism between the associated
F-gauges, since a(Fil'A) c Fil' B by definition of a morphism in Fil(A). We denote this functor by
Sg:Fil,_p (A) - FG(A).

Proposition 2.1.9. — The functor §g is fully faithful. Moreover, for integers a < b the restriction
of §g to FilE,‘l_’fe]p(A) has image in FGI*1(A).

Proof. — We have to show that for two objects (A, Fil*A) and (B, Fil*B) of Fil,_,(A) and
M := Fg(A,Fil*A) and N := Fg(B, Fil*B) the induced map

Homgi( 4 ( (A, Fil*A), (B, Fil*B) ) — Homgg(4) (M, N)
is bijective. To show surjectivity, let 8: M — N be a morphism in FG(.A). This means that we have
a family 8 = (B;)rez with B,: M" — N" and that the diagrams

Br Br

M"—— N’ M"—— N’
fM,rl \fN,r VM,r\ lVN,r
r+1 r+1 r—1 r—1
M ﬁr+1 N M ﬁrfl N

commute for all 7 € Z. We set M := U,z M" and N := U,z N". Then M = A and N = B are objects
of A since the filtrations are exhaustive and we can define a morphism a: M — N by the following
rule: If m € M, then there exists a minimal r € Z with m € M", since the filtration is separated, and
we set a(m) := B,(m). The filtrations are simply given by Fil'M := M’ and similarly for N. Hence
M' = Fil'A and N* = Fil'B. By the definition of a and the above commutative diagram on the right
hand side it follows that a(Fil’A) c Fil'B. It is clear from the construction that Fg(«) = f. To show
injectivity, let a: (A, Fil*A) — (B, Fil* B) be a morphism in Fil(.A) such that (j3,),ez = Fg(a) = 0.
This means that each f3, is zero. Thus the induced map U,z M" - U,z N is zero and since the
filtrations are exhaustive, @ must be zero. The second statement in the proposition is clear. -

Corollary 2.1.10. — Assume that A is an additive category such that each object in A is p-torsion
free and that direct and inverse limits indexed by N exist. Then the functor §g gives an equivalence of
categories from Fil,_se, (A) to the full subcategory of FG(A) of objects (M") ez with LiLnf M’ =0.

Proof. — Obviously, the image of §g lies in the required subcategory. By the proposition it
remains to show that §g is essentially surjective. So let M = (M"),¢z be an object of FG(.A) with
lim y M" = 0. By assumption each M" is p-torsion free, i.e. p-multiplication on M" is injective. The

relation f,_1v, = v,41f, = p on M" implies the injectivity of v,. We define

A:=limM7,
—
reN
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where the transition maps are given by the inclusions v,: M" — M"~!. We obtain a filtration on A
by setting Fil' A the image of M’ via the composition of the v, in A = li_r)nreN M™". This gives an
object (A, Fil*A) of Fil(A). Note that we have an isomorphism v;°: M" — Fil" A by the injectivity
of the v,. Since for m € M" it holds pm = v,,1(f,(m)), we get pFil" A c Fil"*' A for all r € Z. Hence
(A, Fil*A) is actually an object of Fil,_sp(A). The simple calculation

v (m) =v,°°(Vr+1(fr(m)))
=v, (pm)
=pv; (m)

for m € M" shows that the diagram

commutes for all r € Z. This means that the F-gauges (M") ez and Fg(A, Fil*A) are isomorphic
via the family (v:°)ez. -

F-crystals

Let k be a perfect field of positive characteristic p and denote by W := W (k) the ring of Witt
verctors of k. Moreover, let B := B(k) := Quot( W (k)) be the quotient field of W. The Frobenius
of k, W and B is denoted by the letter 0. If ¢: M — M is a o-linear map of W-modules, then the
linearization of ¢ is defined by

ol MP) = Mo, W —= M, me@ A Ap(m).

Definition 2.2.11. — An F-crystal over k is a pair (M, ¢), where M is a finitely generated free
W-module and ¢: M - M ®y B is a o-linear injective map.

Example 2.2.12. — Let X be a proper and smooth scheme over k. Then the absolute Frobenius Fp,
on X induces a o-linear map ¢: H' (X/W) — H(X/W) on the crystalline cohomology groups of
X. If T is the torsion submodule of H (X/W), then (H'(X/W)/T, ¢) is an F-crystal. In particular,
if i = 1, then H'(X/W) is torsion free and (H!(X/W), ¢) is an F-crystal, the Dieudonné module
of the p-divisible group associated to the Albanese variety of X (see [ , I 3.11].). <

Definition 2.2.13. — A morphism of F-crystals a: (M, ¢) - (N, y) is a homomorphism a: M —
N of W-modules such that the diagram

M- MeyB

“J Jlx@idg

N—+NeowB

commutes.
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With these definitions we get the category of F-crystals over k. This is an additive category, which
is not abelian since cokernels do not exist in general.

If (M, ¢) is an F-crystal, then the natural map M — M ®w B, m — m ® 1 identifiues M with a
lattice in M ®yy B. Since M is finitely generated, the B-vector space M ®y B is finite dimensional
and it follows that there are a, b € Z such that p? M c ¢(M) c p* M.

Definition 2.2.14. — An F-crystal (M, ¢) over k is called effective, if $(M) c M.

Remark 2.2.15. — Some authors define F-crystals as what we call an effective F-crystal and use
the term virtual F-crystal for an F-crystal in our sense. <

F-crystalsand elementarydivisors. —  Since W isa discrete valution ring (cf. proposition
1.1.14), we can apply the theory of elementary divisors (see [ , III Theorem 7.8 and 7.9]) and
conclude that there is a pair bases e, ..., e, and fi, ..., f, of M such that the W-linear injective
map ¢f: M(P) -~ M ® B is given by a matrix of the form

P00
0 pt :
: -0
0 0 pﬂh

with pj € Zand py < -+ < py,.

Definition 2.2.16. — The height of an F-crystal (M, ¢) is the dimension of the B-vector space
M ®w B.

We want to give a classification of F-crystals of height / in terms of matrices. Therefor, let
a:(M,¢) - (N,y) be an isomorphism of F-crystals. This actually implies that (M, ¢) and
(N, ) must have the same height & and that M and N are both abstractly isomorphic to W as
W-modules. The W-linear isomorphism « induces an isomorphism of vector spaces ap := a ® idp,
hence the diagram

M@WBﬁ»M@WB

NowB—2+ NoyB

commutes or put it differently that we have

-1
¢p=ap oypoag.

Thus ¢p is uniquely determined by y. By the above considerations we can choose a basis of M
such that the o-linear map ¢ is given by a matrix of the form

P00 0

N U .
A=l
0 0 p.“h
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with ¢j € Zand py < -+ < py,. The relation ¢ = aj' o yp o ap implies that the represanting matrices
are o-conjugated. We obtain the following classification of F-crystals of height /. For shortness we
set GLy, := GLy(W).

Theorem 2.2.17. — Let k be a perfect field of characteristic p > 0. Then there is a bijection of sets
F-crystals of height h " 0
with elementary divisors / > < GL, GLh/ ~g
with ui € Z.

F-crystals and F-gauges. —  The connection to F-gauges is given by the following con-
struction: Let (M, ¢) be an F-crystal over k. We define an F-gauge (M"),cz by setting

M :={meM|¢(m)ep M}

for r € Z. The map v is given by the inclusion M” c¢ M"~! and f is given by multiplication with p. It is
clear that this gives an F-gauge and that the construction is functorial. But there is some additional
structure on such F-gauges, which arises from F-crystals. Namely, the map ¢: M — M ® B

induces o-linear maps
oM — M

defined by ¢,(m) := p~"¢(m). This makes sense, since by definition of M" we have ¢(m) € p'M
and W is torsion free. So, ¢, (m) is a well defined element of M. Moreover, we have pm € M™!' ¢ M"
for m € M" and hence by the o-linearity

§0r+1(fr(m)) = ¢r1(pm) = po.(m).
We have two projective systems (M", f;)ren and (M ™", v_,)en and we set

M+ ::li_n}Mr and M~ :zli_r)nM_r.
Iz

In our case we can identify these W-modules to
M* =M’ and M ™ zM

where pr c ¢(M) c p*M for suitable a,b € Z. Moreover, we see that M* = U,z M" = M,
because v, is the inclusion. Using these informations we get a diagram

MY fy Mr+1
lim M"
—
Pr f, Pr+1
I
¢
}
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This implies that there exists a unique o-linear map ¢: M® - M making the diagram commute.
The maps ¢, are injective, since ¢ is by definition injective. Hence ¢ is injective. On the other hand
we have ¢,(M”) = M and this shows that ¢ is surjective. Thus ¢ is a o-linear bijective map, which
by lemma 1.2.15 is the same as a o-linear isomorphism. This motivates the following definition.

Definition 2.2.18. — Let S be a scheme and ¢ be an endomorphism of sheaves of rings of Js. A
¢-F-gauge over Oy is an F-gauge (M"),ez over U, where each M is a quasi-coherent Os-module
such that there is a o-linear isomorphism of ’s-modules

¢:limM" — lim M".
E— —

5 v

A morphism of ¢-F-gauges is a morphism of F-gauges compatible with ¢. The category of ¢-F-
gauges over U5 is denoted by FG?! (0%).

The following definition will be useful in the sequel.

Definition 2.2.19. — Let S be a scheme over F,. An F-gauge (M" ),z over U is called
(i) strict, if the map (f°,v°): M" — M*™*° @ M~ is injective for all r € Z;
(ii) quasi-rigid, if the sequence

fr

ML e

Mr+1

is exact for all r € Z;
(iii) rigid, if it is strict and quasi-rigid.

If S = Spec(A) for a ring A and o is an endomorphism of A, then the category FG?!( %) is
equivalent to the category of F-gauges over A such that there is a g-linear isomorphism ¢: M**° —
M~ of A-modules. This equivalence is just given by the well-known equivalence of the category
of quasi-coherent 0s-modules and the category of A-modules. Using this equivalence we will
denote the category of ¢-F-gauges over A by FG?!(A). In particular, if A = W(k) is the ring
of Witt vectors of a perfect field k of characetristic p > 0 and ¢ is the Frobenius on A, then our
discussion above shows that we have a functor from the category of F-crystals over A to the category
of p-F-gauges over A. It is not hard to see that this functor is fully faithful, but it is not essential
surjective. For details see section 5.3.

Reduction of F-gauges. —  Although the following considerations are true in more general-
ity, we focus only on the case needed in the sequel. So let k be a perfect field of positive characteristic
p and W be the ring of Witt vectors of k. For a natural number n € N we consider multiplication by
p" on W. This map is injective and its cokernel is isomorphic to W,, * W/p" W. Given an F-gauge
(M") ez over W, we get an F-gauge (M /p" M") ez over W, by reducing everything mod p”. For
n =1we get F-gauges over k with the relations fv = vf = 0, since p operates as 0 on k. The same is
true for ¢-F-gauges over W.
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Lemma2.2.20. — Let (M"),ez be a 9-F-gauge over W and n € N be an integer. Then the reduction
mod p" of (M"),ez is a ¢-F-gauge over W,,.

Proof. — 'The only thing to note is that direct limits commute with tensor products and hence we
have li_r)nfr M ow W/p"W = l'i)nfr(M’/p”M’) as W,-modules. =

We can now define the notion of strictness also for F-gauges over W.

Definition 2.2.21. — Let k be a perfect field of characteristic p > 0 and W be the ring of Witt
vectors of k.

(i) An F-gauge M = (M"),cz over W is called of finite type, if M is of finite level and each M" is
of finte type over W.

(ii) An F-gauge M = (M"),cz over W is called strict, if its reduction mod p is strict.

F-zips
Let S be a scheme over F,,. For a &s-module .# we set
%(P) = F:bS% = % ®Fabs ﬁs

where Fy,s: X — X is the absolute Frobenius on X that is it is the idendity on the underlying
topological space and maps a section a of O to a?. We set 0 := Fy,,. Note that o is a ring
endomorphism of O, but in general it is not an automorphism. Hence there is a difference between
o-linear isomorphisms and bijective o-linear maps!

Definition 2.3.22. — Let .# be an O5-module.

(i) A descending filtration on ./ is a family (C");cz of O's-submodules of .#, which are locally
direct summands and
e C!oC*lforallieZ;
. UieZ Ci =M 5
A ﬂieZ Ci = 0.
(ii) An ascending filtration on ./ is a family (D;);ez of Os-submodules of .#, which are locally
direct summands and

e D;c Djy forallie Z;

« Uiez Di = A;
* NiezDi =0.
Definition 2.3.23. — Let S be a scheme over F,. An F-zip over S is a quadrupel

M = ('%’ C.) Doa (P.))

where
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o . isalocally free Os-module of finite rank;

e C* = (C")jez is a descending filtration on .2 (P);

e D, = (D;)iez is an ascending filtration on ./#;

o o = (9;)iez is a family of Os-linear isomorphisms

(Pi: Ci/ci+1 . Di/Di,l.

Remark 2.3.24. — Our definition of F-zip differs from the definition of Moonen and Wedhorn
[ ]. We use the definition given by Wedhorn in [ ]. By lemma 1.2.15, the two definitions
are equivalent, if S is the spectrum of a perfect ring. <

Fix a scheme S over F, and let A be the category of quasi-coherent &’s-modules. This is an abelian
category and hence FG(A) is also abelian.

F-zipsand F-gauges. — Toany F-zip M = (.#,C®, D., ¢.) over Us we will associate an F-
gauge by the following construction: First we define Os-modules gr’. := C'/C"*'and gr” := D;/D;_;.

Moreover, we let gr” := @z gr’. With this notation, the maps ¢; are just the linear isomorphisms
grh. — grP. Using the canonical projections prei: C' — grf. and prp,:Di —~ gr?, we set

M =C" Xgrf Dr.

By this we mean the fibre product in the category of Js-modules, i.e. the following diagram is a
cartesian square:
C" xgp Dy = D;

m l JprDr

The Os-module M" may be identified with

M = ker(Cr ® D, — gr’, (c,d) —» (p,(prcr(c)) - prDr(d)).
To get an F-gauge we must define maps f and v, which satisfy the relation fv =vf = 0. Forr e Z
there is a Og-linear map

C'®D,— C"' @ D,.,, (c,d) — (0,d)

given by the inclusion D, c D,,;. The restriction of this map to M" has obviously image in M"*!
and we let f, be this map. Similarly, there is an &-linear map

c*eD,,— C @D, (c,d) — (c,0)

given by the inclusion C™*! c C’. The restriction of this map to M"*! obviously has image in M"
and we let v, be this map. It is clear that the relation fv = v f = 0 holds. Hence we have associated
an F-gauge to an F-zip.
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We are going to show that the F-gauge associated to an F-zip is rigid. First, the map
M?’ N M7’+1 ) M?’—l

is given by (c,d) ~ ((0,d), (c,0)) which is obviously injective. It follows that the map (£, v:®)
is also injective and hence the associated F-gauge is strict. Second, we show ker(v,41) = im(f,). The
inclusion im( f;) c ker(v,1) is clear from the relation v f = 0. Let m € M" be such that v,,;(m) = 0.
Writing m = (¢, d) with ¢ € C"*' and d € D,,;, we must have ¢ = 0 and hence m = (0,d). But M"*!
may be identified with the kernel of the map C*''e® D, - gr?+1 which in our case means that it
actually holds d € D,. Setting n := (0,d) € M" we find f,(n) = m. The equality ker( f,) = im(v,+1)
is shown in a similar fashion. Thus, the associated F-gauge is also quasi-rigid and in total it is
rigid. As a last step we show that there is also a o-linear isomorphism M** — M~. Therefor, we
compute both s-modules. We have

M*™ =lim M’
—
fr
= limker(C" ® D, — gr?)
fr

Here we used that f, annihilates C" and that D, = D, for r <« 0. Analogously, we find
M =limM"
—
Vr

= limker(C" ® D, — gr?)

We define a o-linear map ¢: M™*° — M™* by using the above -linear isomorphism and the
natural map

M — P = 4 &, O.

This is apparently a o-linear isomorphism.

Next, we construct a quasi-inverse functor from the category of those rigid ¢-F-gauges over U,
which are locally free, to the category of F-zips. Let (M"),cz be a rigid ¢-F-gauge such that all M"
are locally free Os-modules. The associated F-zip is obtained in the following manner:

M= M
C':= im(((pu)_1 o v,°°) AR
D;:= im(fi“’) c.H
In order to construct the isomorphisms ¢;: gri. - gr?”, some work is needed. We claim that for
each r € Z there is an exact sequence

Mt pret ) e Pt o 0
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of Os-modules. Clearly, the second map is surjective. Let m € M" ! and n € M"*!. Then it holds

£ (fra(m) +vea(n)) = f2(m) + £2° (veaa ()
= frofl(m)

again because of the relation fv = 0. Moreover, we have f,,(m) € D,_; c D, by definition of
D;y, hence pr, (f(m)) = 0. Now let m € M" with prDr(f,‘”(m)) = 0. Since ker(prp, ) = D,y
this implies f°(m) = £°,(n) for some n € M. We find f°(m - f,-1(m)) = 0, which means
m — f,_1(n) € ker(f°). But by rigidity we have ker(f,>°) = ker( f;) = im(v,11). This yields

m € im(fro1) + im(vy41).
A similar argument shows that there is for each r € Z an exact sequence

Mr—leaMrJrl (fr-1:vr41) M prero(gh)~rovy® grrc 0.

From these two exact sequences we obtain a commutative diagram

Mr—l ® Mr+1 Mr grrc 0
|
| |
MT*I @ MT+1 Mr ger 0

which defines the &-linear isomorphism ¢;: gri. - grP. The connection between F-gauges and
F-zips is summarized in the next proposition.

Proposition 2.3.25. — Let S be a scheme over F). The above construction establishes an equivalence
of categories between the category of F-zips over Us and the category of rigid ¢-F-gauges over Uy,
which are locally free.

Proof. — This is straightforward (see [ D. -

F-zips over perfect fields. — Let us consider the special case, where S = Spec(k) for a
perfect field k of characteristic p > 0. To any F-crystal over k we have constructed a ¢-F-gauge
over W := W(k). We will now see that there is a commutatice square

F-crystals Sv, FG?! (W)

| e

F-zips — 9, pGet (k)

We already know three of the four functors. The functor 3 is constructed in the following way: Let
(M, ¢) be an F-crystal over k. Thus, M is a free W-module of finite rank and ¢: M - M @y Bisa
o-linear injective map, where B is the quotient field of W. In order to associate an F-zip to (M, ¢),
we proceed in two steps: First, we set

Chi={meM®P | ¢l(m) e p' M)}
gi=p ¢lz:C > M
5,‘ = 1m(?p',)
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Second, we define

M = M/pM

C':=im(C' - M(p)/pM(p)) cM?

D; :=im(D; > M/pM) c M

To define the k-linear isomorphism ¢; we use the theory of elementary divisors (see [ , 111
Theorem 7.8 and 7.9]). Since W is a discrete valution ring, we can apply the theory of elementary
divisors and conclude that we can choose a basis ey, . .. , e, of M such that the W-linear injective
map ¢f: M(P) - M @y Bis given with respect to the basis el(P), ceo es,p) of M) and ey, ..., e, of
M by a matrix of the form

p.“l 0 0
0 pt :
Lo 0
0 0 p:“n

with yj € Zand py < -+ < py. In terms of this representation, we can quite explicitely describe the
submodules C' of M(P) and D; of M. The W-module C' has basis

el(p),...,e,(qp), ifi <y
pi_“lel(p),...,pi_“fe(.p),e](.fl),...,ef,p), ifpj<i<wpjn
pi_“lel(p),...,pi‘“"e,gp), ifi>u,
If we denote the k-basis of M(p ) by El(p ),...,E,(f ),then C' has basis
e, D) i<y
EJ(.fl),...,E,SP), if‘uj<i§ﬂj+1
a, ifti>uy,
The k-vector space D; has basis
g, if i < W
El,...,Ej, if[djSi<//lj+1

€ls...s€n ifiZHn

From this description it is now obvious that ¢;: C'/C™*! — D;/D;_; is just given by mapping e»

I
(p) —(p)
!

to ey, if'e;,”” is a basis vector of M. This completes the construction of 3.

Example 2.3.26. — Set M := W & W with basis {ej, e;} and define ¢: M — M ®y B by
e —— p_lel

ey —— pex
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Let e](.p) =ej®le M) = M ®, W. We compute

Cl= M(P)
CO = pw(P) o w®
Cl = P2 w® g we
and
D,=pWe p'w
D =W & p*W
50 =W & pW
Di=M

This yields the following filtrations

o) k() g k()

c’=0@k»

C'=0@k®

Cc*=0

and

D,=0
D i=ke®0
Dy=ko0
D;=M

Denoting ¢ and e; the basis vectors of P

j
are given by

and M respectively, the k-linear ismorphisms g;

P_1: EI(P ) e
(pI:EgP ) — e
and zero otherwise. <

Lemma2.3.27. — Let M = (M, C*,D., ¢.) be an F-zip over k. Then there exists an F-crystal — — —n——
(M, ¢) over k such that 3(M, ¢) = M.

Proof. — Let the support of the type of M be {d; < --- < d,}. For j=1,...,s weset nj := 7(d;).
Choose a basis ey, ..., e, of C% = C% |C%*1, Since we have the ascending chain

chccticcto et cct = M7,
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we can extend this basis to a basis e} ',..., e ' ,¢},..., ¢
1 ns—12> “1 ng
finally a basis e%, e

oo €loee s Ep, of M.
Next we observe that it follows right from the definition

of C%-1. Repeating this process, we get

de = Dd]/Dd]—l @ de—l'

The images of the basis e}, ..., ¢, under the isomorphism ¢ are linearly independent and can

thus be considered as part of a basis of Dy, by the above identification. We denote this part of a basis
- — —s-1 —s-1
of Dy, byfi, . fls Since Dy, c Dd -1 € Dy_,, we obtain in a similar way a part fi ,...,f;H
—s—1 —s —

of abasis of D;_, and fi ). f e fp . f;s are linearly independent. Proceeding in that way;,
we obtain a second basis ?1, . f fv . ’7:13 of M.

—1 p—
Let M := @}_; W be a free W-module of rank n = 373, nj. We can lift the k-basis f, .. fS to
a W-basis fll, .. ,f,il, N fs of M. Similarly, we can lift the k-basis e el, f,l of M(p)
W-basis e],..., € ,...,€}..., €} ofM(P).
At last, we have to define a o-linear injective map ¢: M - M ®yy B. This is achieved by the rule

j di ¢J
eij'_)Pz lj

forj=1,...,sand i i =1,...,nj. By construction it is clear that this F-crystal induces an F-zip
isomorphic to the given one. .

84 | Displays

This section is based on the article [ ] by Langer and Zink. We proof some simple facts, which
were omitted in this paper.

The Category of Predisplays. — Let R be a ring of characteristic p > 0. We denote
by W(R) the ring of Witt vectors of R and ¢ denotes the Frobenius on R and on W(R). Let

= V(W(R)), then we have pW (k) < I, but in general this is not an equality since the Frobenius-
endomorphism need not to be surjective. If ¢: M — N is a o-linear homomorphism of W(R)-
modules, we define a o-linear homomorphism ¢ by

¢:1®y(ry M —— N

V(E) & m— Ep(m), (2.4.1)

where V: W(R) - W(R) denotes the Verschiebung, which is an injective homomorphism of
additive groups. With these preliminaries we can define the notion of a predisplay.
s Definition 2.4.28. — A predisplay over R consists of the following data:
(i) A chain of morphisms of W(R)-modules

ni Ho
Piy P; e Py Py.
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(ii) Foreachi >0a W(R)-linear map
«i: I @w(ry Pi = Pis1.

(iii) For each i > 0 a o-linear map
6,~:Pi g Po.

These data are subjected to the following axioms:

(D1) For each i > 1 the following diagram is commutative and its diagonal is the multiplication.

a;
I® P, — Py

id1®ﬂi1\ Jﬂi

X1

I1® P,y — P;
For i = 0 the following map is the multiplication:

[® Py — P, —= p,
(D2) Foreachi>0
Oinai=0;:1® P — P,
where §i is defined by (2.4.1).

We denote a predisplay over W(R) by P = (P;, 11i, ai, 0;) ien-

Definition 2.4.29. — Let P = (P;, i, a;,0;)ien and Q = (Q;, pi> Bi> Ti ) ien be two predisplays.
A morphism

X:P—Q

of predisplays is a family of morphism of W (R)-modules y;: P; > Q;, such that for all i € N each
diagram

(i)
i
P —P;
Xi+ll JX!
pi
Qiv1 — Qi
(ii)

a;
I® P, — Py

idI®XiJ JXH]
Bi
I®Qi— Qin
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(iii)

0,

Pi -_— P()

J e

Ti

Qi— Qo

commutes.

With these definitions we get a category (Pdis/R) of predisplays over R. A predisplay Q is called a
subpredisplay of a predisplay P, if for all i € N the W (R)-module Q; is a submodule of the module
P; and the maps p;, f; and 7; are the restrictions of #;, «; and 0;, respectively, to Q;.

Our next task is to show that (Pdis/R) is an abelian category. Let P and Q be two predisplays over
R. We define the direct sum

PaeQ-= (Pi EBQi»f’li @ pi«a; @ﬁi,eiGBTi)ieN-

It is clear from the definition of the direct sum that P @ Q is also a predisplay over R.
Now, we define kernels and cokernels. Let

[

P—0Q
be a morphism of predisplays. We consider the following diagram

0 0 0 0

i

H 0
..——»kerxi+1——>kerxi——>...

— —ker y1 s Ker Xo

ni 1o
Pi P; P Py
Xi+1 Xi X Xo
Pi PO
> Qi Qi Q Qo

The maps p;:ker i1 — ker y; are given by restricting #; to ker y;.1. In this way, we get a predisplay
ker B = (ker yi, thi> ¥i» 0i ) ieN

where y; and o; are the restrictions of «; and 0;, respectively. That ker E fulfills the axioms (D1)
and (D2) is obvious from the definition of the maps y;, y; and o;.

Cokernels are defined in a similar way.

Summing up, we get the following proposition.

messsssssm— Proposition 2.4.30. — The category (Pdis/R) of predisplays over R is abelian.
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Properties of Predisplays. — Let P be a predisplay. Then we have a commutative diagram
P L Py

ni J J p (2.4.2)
P — By

where the righthand arrow is multiplication by p. Indeed, let x € P;; and consider the commutative
diagram obtained from (D1)

Xj+1
I®Pi+1_+’Pi+2

id1®nil Jﬂﬂ-l

1® P, —— Piy
Since the diagonal is multiplication, we have
ai(V(1) ® ni(x)) = (V(1))x.
Now applying 0;,; to this equation and using (D2) yields
0i(1i(x)) = pOin(x).
The commutative diagram (2.4.2) induces a unique map from P;,; to the fibre product

Pi+1 9,41

i

Py

Definition 2.4.31. — A predisplay P = (P;, i, &, 0;) ien is called separated, if the maps 8;: Piq —
P; xp, Py are injective for all i € N.

Proposition 2.4.32. — Let P be a predisplay. Then there exists a separated predisplay P°*P and a
canonical surjection P — PSP,

Proof. — We set Pgep := Py and Gf)ep := 0. For i > 0 we define Pl.sflf as the image of P;,; under the
map to the fibre product
Pi+1 GM
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where .
1
Py — P, — P}

is the lefthand map. The map 7" is given by the commative diagram

Py — PY

i+1

|
Jo

p;— P;F
and the map ;" is defined by the commutative diagram

1® P, —— Pi,

N

o
sep i sep
I® Pi Pi+1

To show that PP satisfies axiom (D1), we consider the diagram

491

I® P Piy

~N .S

o
sep i sep
[® PP — P

id[@f’]i_l 1d]®?1?e_Pll li’[jep ni
sep

i-1

o
sep sep
[g P — P

N

I® P, p;

From the definitions of the maps «; © and 7" it follows that this diagram is commutative. Hence,
axiom (D1) is satisfied. Axiom (Dz2) is even easier to prove. That P*% is really separated and that
the map P — P*%P is surjective is an immediate consequence of the construction of P*F. "

Remark 2.4.33. — The functor P — P*%¥ is left adjoint to the forgetful functor, but it is not exact.<
Recall that the Verschiebung V: W(R) — W(R) is injective.

Definition 2.4.34. — Let n € N. The map

v(n): I®n I

V(&) @@ V(&) — V(&+E)

is called Verjiingung.
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For a predisplay P we form the iteration of the maps a; by picking up the last factor of I®:

473 - Xt Xitn—
yl(n):1®n QP — [® g p,, 2 Sl p (2.4.3)
Proposition 2.4.35. — For a separated predisplay P the iteration (2.4.3) factors uniquely through — e—  S—

the Verjiingung v\"). To be more precise, there is for any i,n € N a unique map ocl(") such that the
following diagram is commutative:

(n)
¥
® i
I°"® P, — P;,

v(n)®idp1. J A(n)

I1® P;

1)

Proof. — For n =1the map a; ’ must be «;. For arbitrary n, we define the map (x,.(n) by

(V) ex)»y" (V)88 V(1)eV(E)®x)

n—1times

Assume we have proved the uniqueness of ocl("). Then consider the diagram

I®P;

x’("il)

Piini

9i+n+l

P n xpy Po — Py

It is easy to see that this diagram is commutative. Thus the map 6;,, o (xi("H) is unique by the

universal property of the fibre product. But the predisplay is separated, so J;., is injective. It follows
that (xi(nﬂ) is also unique with respect to the imposed properties. -

Remark 2.4.36. — 'The last proposition shows that forming the iteration yf") is independent of

the factor I of I®™ we choose. 4

For a separated predisplay we have the following lemma.

Lemma2.4.37. — Let P = (Pi,ni, i, 0)ien be a separated predisplay. Then the maps a; are  ne——
uniquely determined by the other data.
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Proof. — We have a commutative diagram

I®P;

i

Py

Since P is separated, the maps §; are injective. By the universal property of the fibre product the
uniqueness of «; follows. -

Let d € N be an integer. Assume that we are given data
Po,...,Pd,l/]o,...,1/]d_1,060,...,(Xd_l,eo,...,ed

satisfying the axioms for a predisplay. We have a commutative diagram of solid arrows

I®P,; 6,
N
N
N
N
\

ag_1o(id;®n4-1)

Py

Py

There is a unique map a;: I ® P; — Py xp, Py making the whole diagram commutative. Let P;,; be
the image of a;. Let 4 be the restriction of the first projection and 64,, be the restriction of the
second projection to Py, ;. Inductively we get a predisplay associated to these data. In fact, all the
axioms are trivially satisfied by construction. This shows that a set of data satisfying the predisplay
axioms may be extended in a canonical way to a predisplay.

messsssssmm  Definition 2.4.38. — A predisplay is of degree d (or a d-predisplay), if for all i > d the map «; is
surjective and d € N is minimal with this property. If no such d exists, the degree is co.

Remark 2.4.39. — From Lemma 2.4.37 and the above discussion it follows that a separated pre-
display of degree d is uniquely determined by the data

P(),...,Pd,f’]o,...,T]d_l,(x(),...,Ocd_l,eo,...,ed. q

We end this subsection by showing that every W (R)-module gives rise to a predisplay.

messssss—— Lemma2.4.40. — The category (Pdis/R) of predisplays over R contains the category of W(R)-
modules as a full subcategory.
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Proof. — Let M be a W(R)-module. We define a predisplay over R by

P M, fori=0,
t I® M, fori>0.

Let 779: I ® M — M be multiplication £ ® x = &x and let n;:1 ® M — I ® M be multiplication by p
for all i > 0. The maps a;:I ® P; — P;,; are given by

id[@M, fori= 0,
a; =
1 vy®idy, fori>o0,

where v = v(?) is the Verjiingung. The o-linear maps 6; are all identically zero. This defines a
predisplay. If f: M — N is a homomorphism of W (R)-modules and M and N are the associated
predisplays, then we get a morphism Z: M — N by yo := f and y; := id; ® f for all i > 0. By
construction of the functor from the category of W(R)-modules to (Pdis/R) it is clear that this
functor is faithfull. Now, let M and N be two W (R)-modules and let £: M — A/ be a morphism
of the associated predisplays. Then f := yo: M — N is a homomorphism of W (R)-modules. By
property (ii) in the definition of a morphism of predisplays we have a commutative diagram

IeM— 1M

id1®XoJ J)(l
Bo
IQN—>I®N

Since a = id;gar and Py = idjgy it follows that x; = id; ® f. Considering the above commutative
diagram for arbitrary i > 0
I9I®M —>1@ M

id[®)(,‘J JXHI
I®I®N LR I®N
and assuming that y; = id; ® f we find

xi1(V(8) ®x) = yin(ai(V(1) ® V(§) @ x))
=Bi(idr @ xi(V(1) @ V(§) ® x))

=pi(Vv(D) @ xi(V(§) ®x))
=i (V) e V(§) @ f(x))
= V() e f(x).
Thus, we see that y;,; = id; ® f. The assertion follows now by induction. -
The Category of Displays. —  We are mainly interested in predisplays with some additional

structure. Such predisplays will be called displays and we are now going to define them.

Definition 2.4.41. — Letd € N and let R be a ring of characteristic p > 0. A set of standard data
for a display of degree d is
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(i) asequence Ly, ..., Ly of finitely generated projective W (R)-modules and

(ii) a sequence of o-linear maps
(/),'IL,' >Ly®--® Ld’

such that the map @ = @< ¢; is a o-linear automorphism of the W (R)-module Ly @@ Ly.

To a set of standard data we associate a predisplay in the following way: For i > 0 set
Pi=(IeLy)@®@®(I®Li1)dL; &Ly

Note that P; = P4, for i > d, but this identification is not part of the predisplay structure we are
going to define.
We denote by y;: I ® L; - L; the multiplication. The map #;: Piy; = P; is given by the following
diagram

(I®Ly)®d®(IQLi)®(IQL)®Li @ Ly

N

(I®L0)@---®(I®Li_1)® L; ®Li1® Ly
The map «;: I ® P; - P;; is given by the next diagram

(Ie(I®Ly))e-0(I®(I®Li4)e(I”®L)e(I®Liy)ea(Ie®Ly)

| R "

(I®L) &-® (I®Liy) ®(UI®L)® Ly &---& Ly

where v = v(?) is the Verjiingung.
The o-linear map 6;: P; — Py is given by

(I®Ly)@®-o(I”®Liy)e® L @Li®-0L,

$i| ppin P a

Lyo-—-®Ly

Remark 2.4.42. — If R is a reduced ring, then the maps #; in the above construction are injective.
Indeed, we always have p = F o V and V injective as a homomorphism of additive groups. Now, F
is injective as an endomorphism of W (R) if and only if the underlying ring R is reduced. It follows
that for a reduced ring R the predisplay just constructed is separated. <

Actually, the predisplay constructed from standard data is always separated.

s Lemma2.4.43. — The above construction yields a separated predisplay.
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Proof. — We first prove axiom (D1). The commutativity of the diagram

a;
I® P, —— Py

idl®7li—1\ J’?i

1® P, | — P,

is readily read off from the definitions of the involved maps. We must show that the diagonal is
multiplication. To prove that #; o «; is multiplication, it is enough to prove this for each component
of the direct sum. It is clear that this holds for the j-th component for every j > i. So we just have
to prove that pv is multiplication. Let x € L, and &, & € W (k). The map pv is given by

p

I®I®L; I®L; I®L;

V(&) ® V(&) ®x = V(&) @ x — p(V(§i) ®x)

But by proposition 1.1.9 (iv) we have pV (&,&,) = V(&) V (&), so that
p(V(&&) e x) = V(&) (V(E) ®x).

Axiom (Dz2) is also proved componentwise. For j < i let x € Ljand &, §; € W (k). Itis

$i(v(V(&) ® V(&) ®x)) = §;(V(&&) ®x) = £6:¢(x)
and _ _
$i(V(&) @ (V(&) @x)) = &6,(V(&) ®x) = §&¢i(x).
The case j = i is trivial. For j > i let x € L;j and £ € W(k). We have
PIEI(V(E) ®x) = pEp ().

and
P (V) ©x)) = pT i (V(€)x) = pl T E(x)
Here we used F(V(§)) = p&. Note that ¢; is o-linear.

To show that this predisplay is separated, we just have to look at the definitions of the involved
maps. By the construction of the fibre product in the category of W (R)-modules we have

P; xp, Py = ker(P; ® Py — Py | (a,b) — 0;(a) - pb).
The map P,y — P; xp, Py is given by x — (ni(x), 9i+1(x)). Writing Py = Lo @ --- ® Ly, then
Py=(I®L)d@®(I®L;)®Lis1 & ®Ly
and we can write x = xo + - + x; according to this decomposition. Now assume that

(7i(x), 0i1(x)) = (0,0).

Then by definition of #; we have x;4; = --- = x4 = 0. On the other hand, ;,;(x) = 0 implies
Z;‘:o ¢i(xj) = 0 and since EB‘;IZO ¢; is a o-linear automorphism, it follows xy = --- = x; = 0, thus
x =0. [
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Definition 2.4.44. — A predisplay is called a display, if it is isomorphic to a predisplay associated
to a set of standard data. A morphism of displays is a morphism of predisplays.

If P = (P, ni, i, 0;) is a display given by standard data (L;, ¢;), then we call the decomposition
Py =Ly & - ® Ly a normal decomposition for P. With these definitions we get a category (Dis/R)
of displays over R. This category is obviously a full subcategory of the category of predisplays. But
in contrast to the category of predisplays, the category of displays is not abelian, since the quotient
of two displays is not a display in general.

Let P = (P;,ni,ai,0;) be a display of degree d given by standard data (L;, ¢;);=o.._4 and let
Q = (Q;, pi> Bi> 7i) be a predisplay. Assume we are given maps A;: L; - Q;. Then we define maps

Xi:Pi: (I@Lo)@"'@(I@Lifl)@LiEB"'EBLd - Q;

by the following rules: On the summand I ® L;_; for 1 < k < i the map y; is the composition

k
id;®A;_x ﬁx(—l)(

I®Liy —I®Qi

Qi >
and on the summand L; 4 for 0 < k < d — i the map y; is the composite

k
/\i+k P? )

Li+k Qi+k Qi>

(k)

where p;" is the composition of the p; for j=1i,...,i + k-1

Proposition 2.4.45. — The above defined maps x; induce a morphism of predisplays if and only
if the diagram
Li 2 Qi

¢i\ JTi
Xo

Py — Qo
is commutative for every i € N.

Proof. — Ifthe y; induce a morphism of predisplays, then we have for every i € N obviously a

commutative diagram
Ai
o
Xi
Li— P, > Q;

N i J J Ti
Xo
Py — Qo
For the “if” part we must prove that the three diagrams in the definition of a morphism of predisplays
commute. We start with diagram (i):

ni
Py — P

Xi+1J \Xz

pi
Qis1— Q;
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Because all the maps involed are defined componentwise, it suffices to prove the commutativity in
each component. Therefor fix an i € N. We destinguish three cases:
Case (1) — 0 < k < i: Let V(&) ® x € [ ® Ly ¢ P;y. Then the following equalities hold:

xi(ni(V(§) @ x)) = xi(pV($) ® x)
¢ (idr e (pV (§) @ x)
=BV V() @ Mi()).
On the other hand we have
pilxin(V(§) ®x)) = pi (B (id; A (V(§) 1))

= piB (VO © M(x))

= pilBi(idi @y (V) @@ V(1) © V(§) @ 1k(x))))

=piBi(V() @ B (V(E) @ 1i())))

= VB (V(E) & M(x)).
Now using the fact that V(1) = p (this holds by proposition 1.1.13 (ii) since R is of characteristic p)
and f3 ki_k) being linear, we see that the two sides agree. Here we used the definition of the map

B ki_k) and the commutativity of the following diagram for all n e N

n+l
yred

k
I® I(n) ® Qx = I® Qpsp — Qiin

id1®v(n)®iko J /
id;®p")

I®I® Qy
V(2)®ikoJ
I'® Qg

Note that the vertical arrow on the left is just v("*!) ® idg, .
Case (2) — k = i: This follows easily from the commutative diagram below. Just note that p; o f3; is
multiplication by axiom (Dz2) of a predisplay.

id,’®/1,‘ ﬁi
PipgoI®Li — I®Q; — Qi

b

P; o L; Qi

Case (3) — i < k < d: This case is also easy and left to the reader.
The commutativity of the diagram

a;
I®P;— Py

id1®x;\ J){m
Bi
I®Qi— Qin
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follows along the same lines as above and is also left to the reader.
There is still the commutativity of the following diagram to prove.

0;

Pi -_— PO
P
Ti
Qi— Qo

Case (1) — k = i: This is just our hypothesis.
Case (2) — k < i: From our hypothesis we get a commutative diagram

1®Lkﬂ»Po

id1®)LkJ J}(o
Tk
I® Qr— Qo
On the other hand it follows easily from the predisplay axiom (D2) that
?k =T Oﬂki_k).

Combining these two facts, we arrive at the desired commutative diagram

1®Lkﬂ»Po

id1®)LkJ J}(o

Tk
I'® Qr— Qo

ﬁkik)J /

Qi

Case (3) — k > i: This case is again left to the reader. -

Displays and F-zips. —  The connection between F-zips and displays is given by the
following construction: Let R be a ring of characteristic p > 0 and P = (P;, i, a;, 0;)ien be a
display over R. We set

M :=Py[IP,

and define two filtrations C* and D, by

C':=im(P; Py—= M) ®, R

o
D; :=im(P; ® W(R) — Py M)

Here, ' denotes the composition g o -+ o 57;_1: P; = Py. The R-linear isomorphisms ¢;: C'/C"*! —
D;/Dj_; are induced by the maps 89. In fact, we choose a normal decomposition Py = Lo @ - @ Ly
and obtain identifications

c/c =P /1P) and D;/Diy = 61(LP)/104(LP).
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From these descriptions it is obvious that 6! induces an R-linear isomorphism ¢;: C'/C'*! —
D;/D;_,. Hence we get an F-zip M = (M, C*, D,, ¢, ) over R.

Displays and F-gauges. —  We can also construct an F-gauge out of a predisplay. Therefor,
let P = (Pi, ni, i, 01) ien, be a predisplay over R. We set

P, ifr>0, , ifr>0,
M ={" and vy = r
Py, ifr<o, idyp, ifr<o.

We defineamap P, - I® P,byx = p®x. Forr>0let f,: M" — M1 be the composition of the
map P, - I ® P, followed by «, and for r < 0 let f, be multiplication by p. We have to verify that
fre10v, = vy 0 fp = pholds. Let x € M". By definition of f, we have

VTH(ff(x)) = Vr+1(06r(P®x)) = m(oq(p@x)) = px,

since by the predisplay axiom (D1) the map #, o &, is multiplication. For the second identity let
x € M™!. Then

frfl(Vr(x)) = ‘xr(P ® ﬂr(x)) = px,

which also follows from (D1) by considering the commutative diagram

I® MT+1 Gr+1 MT+2

id]®}17 J l Mr+1

I ® Mr Ar MT+1

where the diagonal is multiplication. Since M" = M" for r < 0, we have M~> = M°. This gives an
F-gauge (M"),cz over W(R). There is also a o-linear map

(p:MJroo =limM" - lim M",
I W

but this map is of some different nature (it is not a ¢-linear isomorphism) as we will see later. Note
that M° = lim M" and let
—>v,
0,, ifr>0,
Pr =

90, ifr<0.

Because the maps 0, are o-linear, the maps ¢, are also. By the definition of f, and the predisplay
axiom (D2) we have for x € M"

¢ra1(fr(x)) = gria(ar(p®x)) = §:(p ® x) = 91 (),
which means that ¢, = ¢4 o f,. Thus, the maps ¢, induce a unique o-linear map
ga:li_r)nMr - M,
fr

such that
Pr =@ Oy,
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where 1,: M" — lim M® is induced by the natural inclusion M" — J] M. In this way we get an
F-gauge M(P) together with a o-linear map ¢ associated to the predisplay P.
Now, we have to define 9T on morphisms. So let P = (P;, i, ai, 0;)iex and Q = (Qi, pi, Bi> Ti ) ieN
be two predisplays and let

X:P -0

be a morphism of predisplays. By the above construction we get two ¢-modules

R = m(P) = (Mr’fh Vrs (P)rEZ and S:= m(g) = (Nr> &r>Wr»> 1/’)reZ~

Let
E:=ME):R->S
be a map associated to E by setting
Xr> ifr>0
& =
Xo, ifr<0.

To show that E is a morphism of F-gauges, we let x € M". Then by definition of f, and since X is a
morphism of predisplays we have

£r+1(fr(x)) = Xr+1(“r(P ® x)) = ﬁr(P ® Xr(x)) = g,(e,(x)).

Therefore, the diagram
MT fr MT+1
e,J lsr-ﬁ—l
N 8r Nr+1
is commutative. The commutativity of the diagram
M Mr+1
SrJ lsr-ﬁ—l
N Wr N1
is obvious. Actually, these maps commute with ¢ and v, i.e. the diagram

M+oo 14 M—oo

W\ Jem

N+oo _W» Nfoo
also commutes. First note that M~ = M? and N™*° = N, so that e_oo = &. By the construction
of ¢, and v, and the fact that X is a morphism of predisplays, we have for all r € Z a commutative
diagram
M’ o, MO

er’NO
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Thus, the induced diagram

N+OO .

commutes, too.
Summing up, we have constructed a functor 90%: (Pdis/R) - FG( W (R)) from the category of
predisplays over R to the category of F-gauges over W (R), which are equipped with a ¢-linear map

.
Example 2.4.46. — Consider the display defined by

o |W®), ifi=0
L if i >0
with 7o the natural inclusion I ¢ W(R) and #; multiplication by p for all i > 0. The map ap:I ®
W(R) - W(R) is multiplication and the map a;: I® I — I is given by the Verjiingung v(?) for i > 0.
The o-linear maps 0;: 1 -~ W(R) for i > 0 are given by V":T — W(R), V(&) = & (cf. 1.2.17). The
map 6 is the Frobenius on W (R). This display is called the unit display. The associated F-gauges
is given by the diagram

_F, b=
W(R) == W(R) == 1==1

Here we have M**° = Tand M~*° = W(R) and the map ¢ is defined by V({) ~— &. Thisis a o-linear
bijective map, hence in particular it is surjective (see also 1.2.17). «

We introduce a new category FG"’( W (R)) with objects pairs (M, ¢r), where M is an F-gauge over
W(R) and ¢pi: M**° - M~ isa o-linear map. The morphisms in this category are the morphisms
in FG(W(R)), which are also compatible with ¢. The subcategory of FG? (W (R)) of all F-gauges
equipped with a o-linear surjective map ¢;: M*> — M~* is denoted by FG?! ( W(R)). For two
W(R)-modules M and N and a o-linear map ¢: M — N, we have defined a o-linear map

;Z)’:I®W(R) M—N
V(&) ® mi——=&¢(m)

Lemma 2.4.47. — Let M and N be two W (R)-modules and ¢: M — N a o-linear isomorphism.
Then ¢ is a o-linear surjective map.

Proof. — Apparently, the map ¢ is o-linear. Let n € N and consider the preimage (¢#)™'(n) =
Yaj@m;e M®; W(R). Wesetm:=Y V(a;) ® m; € I ®yy(ry M. Then it holds

$(m) =" aip(m;)
(S em)

=n

and ¢ is surjective. "
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Let P = (P;, 1, ai, 0;) ien be a display. In particular, P is a predisplay. We define a functor & as the
restriction of the functor 9 to (Dis/R).

Lemma 2.4.48. — For a display P, the F-gauge &(P) lies in FG*!( W (R)).

Proof. — Without loss of generality we can assume that P is the display of degree d associated to
the standard data Ly, ..., L; with o-linear maps ¢;. We already know that &(P) is an F-gauge. It
only remains to show that the map ¢: I ® gy M™ - M 0 is surjective. We first show that f; is the

identity if r > d + 1. For r > d + 1 the map a, is given in each component by the Verjiingung v(%.
Therefore the map f,: M" — M"*! is given by

(V(&) @ xo) @ (V(Ea) ®x4) =
pe((V(&)®xo) @ (V(E)®xy))
(V(Li,‘()) ®Xo) D--- D (V(gd) ®Xd),

since p = V(1). It follows that lim M" = M1 The map ¢ = ¢4, is given by @ ¢;. The map ® =
@ ¢, is by definition a o-linear automorphism of My. Now M?*! = (I®w(r)Lo)® & (I®w(r)La)
is canonically isomorphic to I ® gy M 0. Using this isomorphism we get a commutative diagram
of abelian groups

| &

I ®W(R) MO
The above lemma now implies the surjectivity of ® and hence ¢ is also surjective. -

The last Lemma implies that & is a functor from the category of displays over R to the category of
gauges over R.

The Main Theorem. —  We are now going to prove the main theorem about the functors
M and &. Here we must assume, that R is perfect.

Theorem 2.4.49. — Let R be a perfect ring. The functor : (Pdis/R) — FG?(W (R)) is fully
faithful.

Proof. — From the construction of 91 it follows trivially that 91 is faithful. So, we only have to
show that 9t is full. Let P = (P;, i, a;, 0;)ien and Q = (Q, pi, Bi» Ti ) ien be two predisplays and
let

E:M(P) - M(Q)

be a morphism of F-gauges, which is compatible with ¢ and y. For i € N we set

Xi = €.
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In this way, we get a map X: P — Q. To show that 91 is full, it must be verified that X is a morphism
of predisplays and that 9t(X) = E. We have only to show the first assertion, since the second is
then obvious. The commutativity of the diagram

ni
Py —P;

Xi+1 J JX}
pi
Qin— Qi
is clear. Now consider the following diagram

fi

P, ——I1®P,— P,

Xi\ id1®)(1J \X:‘H
Bi

Qi— I®Qi— Qin
&i

Let {® x € I ® P;. Since I = pW (R), we can write { = p&, so that { ® x = p ® £x. We have

Xi+1(06i((® x)) = Xi+1(fi(5x))~
On the other hand we have

Bi(¢® xi(x)) = gi(xi(&x)).

The whole diagram above is commutative, so we obtain

Xi+1(“i(( ® X)) = ﬁi((@) Xi(x)),
which means that the righthand square is also commutative. At last, consider the diagram

(]

Vi
All the four small squares commute by construction. Hence, the whole diagram commutes. Just

note that ¢; = 6; and y; = 7;. This completes the proof. -

Since the inclusion functor (Dis/R) — (Pdis/R) is by the definition of a morphism of displays full
and & is the composition of this inclusion functor with 91, which is fully faithful by the theorem,
we obtain the following corollary.

Corollary 2.4.50. — The functor &: (Dis/R) - FG?4( W (R)) is fully faithful.

In particular we see that if an ¢-F-gauge over W (R) comes from a display over R, then its reduction
mod I = V(W(R)) even belongs to FG*(R).
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Summing up, we have established the following figure:

(Dis/R) — FG#!( W (R)) —= FG?(W(R))

l

(F-zips/R) FG?(R)

FG?#(R)

Figure 2.1: Connection between display, F-zips and F-gauges for a ring R with char(R) = p >0

Displays over perfect fields. — Let k be a perfect field of characteristic p > 0, W be
the ring of Witt vectors of k and ¢ be the Frobenius on k and W. Then W is a discrete valuation
ring with maximal ideal pW (see proposition 1.1.14). We claim that in this situation a display
P = (Pi,1i, ai, 0;) ien is uniquely determined by Py and 6y, i.e. by the effective F-crystal (P, 6)).
Indeed, let B be the quotient field of W and by abuse of notation denote the Frobenius on B again by
0. The o-linear map 8y: Py - P, induces a o-linear map 6y ® B: Py ® w B - Py ® w B. By definition
the W-module P, is projective and hence it is even free, since W is a principal ideal domain. Thus,
0y ® B is a g-linear map of finite dimensional B-vector spaces, which in this situation must be an
isomorphism, since by definition displays come from standard data. Using the natural inclusion
Py = Py ®w B we identify Py with a lattice in Py ® w B. The preimage of this lattice P, under 6y ® B
is again a lattice, which contains Py, i.e. Py c¢ (8o ® B)™'(Py). Using the theory of elementary
divisors ([ , III Theorem 7.8 and 7.9]) we find a decomposition Py = Ly @ --- & L4 such that

(90 ® B)_I(P()) =Ly® p_lLl D---D p_de.

The restriction of p~'0 to L; defines a o-linear map ¢;: L; — P such that @ ¢; is a o-linear bijective
map (cf. lemma 1.2.15). This gives standard data for the display P. This discussion establishes the
following lemma.

Lemma 2.4.51. — There is a bijection

{displays over k} | = ~— {effective F-crystals over k} [ =

given by (Pi, i, ai, 0;)ien = (Po, o).

Using this lemma in conjuction with theorem 2.2.17 we obtain the following classification of displays
in terms of matrices. The height of a display is just the rank of the free W-module Py, which in
turn is the height of the associated F-crystal.

Theorem 2.4.52. — Let k be a perfect field of characteristic p > 0. Then there is a bijection of sets

displays of height h ¥ 0
with elementary divisors / ~ < GL, GLh/ ~g

with p; € N.



Chapter

Topologies in positive
characteristic

This short chapter recalls the definition and some simple properties of syntomic
morphisms. We also introduce some other classes of morphisms in characteristic p.
The second section gives the definition of the crystalline category and describes the
syntomic topology on that category.

§1 | Syntomic morphisms

A syntomic morphism is a morphism, which is flat, locally of finite presentation and locally a
complete intersection. We recall what it means for a morphism to be a locally complete intersection.
This notion is related to the notion of a regular immersion. The definition of a regular immersion in

[ , 16.9.2] is not well-behaved for non Noetherian schemes. Therefore, we use the definition
in [ , Exp. VII], which is the right one in the general situation and agrees with the one in
[ ] in the locally Noetherian case (cf. [ ,19.5.1]).

Let R be aring. A sequence xj,. .., X, € R is called regular, if
o theideal (x3,...,x,) ¢ R is proper;
o the image of x;,; in R/(xy, ..., x;) is a nonzerodivisor.

If R is a Noetherian local ring, it is well known that any permutation of a regular sequence is again
regular. This may fail in the non Noetherian case. For a general discussion of different notions of
regularity and counterexamples see [ I

Definition 3.1.1. — Let R be aringand x = (xy,...,x,) a sequenece in R. The sequence x is
called Koszul-regular, if the associated Koszul-complex is acyclic in degrees > 1.

Remark 3.1.2. — A regular sequence is always Koszul-regular, but in general not conversely. See
[ ,19.5.1] for the first part and [ , Section 3 Example 3] for a counterexample. <
Definition 3.1.3. — Let f: X — Y be an immersion of schemes and choose an open subset U c Y

such that f: X — U is a closed immersion. Let J be the quasi-coherent ideal sheaf in Oy, which
defines this closed immersion. Then f is called a regular immersion, if for each x € Supp(Oy/J)
there is an affine open neighbourhood V = SpecA of x such that 7|y = T for some ideal I of A,
which can be generated by a Koszul-regular sequence gi, ..., gr € A.

55
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Remark 3.1.4. — This definition is obviously independent of the open set U chosen. <

Definition3.1.5. — Let f: X — Y be a morphism of schemes. We call f a locally complete
intersection morphism, if for each x € X there is an open neighbourhood U c X of x and a smooth
Y-scheme V such that f|y factors as
|
flu

Y

where i: U — V is a regular closed immersion and h: V — Y is smooth.

Since the class of locally complete intersection morphisms is only stable under base change for flat
morphisms, we cannot use it to define a Grothendieck topology. But if we add a flatness hypothesis,
we get a good class of morphisms.

Definition 3.1.6. — A morphism of schemes is called syntomic, if it is flat, locally of finite presen-
tation and a locally complete intersection morphism.

Locally, a syntomic morphism f: X — Y is of the form

SpecA[x1,...,xn]/(g1>--->gr) = SpecA

for a regular sequence gi, . .., g, where the map

A= Alxy, ..., xq)/(g15-- -5 8r)

is flat (cf. [ ,11.3.8]). Moreover, by [ ,19.2] we can assume g, . . ., g to be transversally
regular, i.e. g1,..., g, is a regular sequence and A[xy,...,x,]/(g1, ..., gi) is a flat A-algebra for
eachl<i<r.

Syntomic morphisms have the following properties.

Proposition 3.1.7. —
(i) An open immersion is syntomic.
(ii) 'The composition of syntomic morphisms is syntomic.
(iii) Any base change of a syntomic morphism is syntomic.
Proof. — This follows from [ , Exp. VIII, Prop. 1.4] and [ ,19.3.9]. -

These properties enable us to define a Grothendieck topology on the category of X-schemes. So let X
be a scheme and consider the category (Sch/X) of all X-schemes with morphisms the X-morphisms.
A covering of a X-scheme U is a surjective family { f;: U; — U};es of syntomic morphisms, i.e.
U = Ui fi(U;) and each f; is a syntomic X-morphism. We denote the coresponding site by
Xsyn and call it the big syntomic site of X. Analoguously, one defines the big Zariski site Xzar of
X. The small syntomic site of X, denoted by Xy, is the full subcategory of Xsyy of all syntomic
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X-schemes with coverings again the surjective families of syntomic morphisms. The small Zariski
site is denoted by Xz,,. In contrast to the small Zariski site, the fibre product of two objects of the
small syntomic site does in general not exists. The problem is, that a morphism in Xj,,, is in general
not syntomic. But for cohomological considerations we can use both the big or the small syntomic
site: The natural functor u: X,, — Xsyn is obviously continuous, cocontinuous and fully faithful.
By corollary 1.4.57 the cohomology groups of an abelian sheaf are canonically isomorphic.

Remark 3.1.8. — It is an immediate consequence of Delign’s theorem (see [ , expose VI, 9.
appendice]) that the big syntomic site over a noetherian base has enough points. The main step is
to show that each covering has a finite subcovering. This is almost literally the same as in [ ,
Ch II 3.1.1]. Note that one cannot use Delign’s theorem to show that the small syntomic site has
enough points, since the fibre product of two syntomic schemes is in general not syntomic. <

Although we will work in this paper only with the syntomic topology, there are some coarser
topologies in positive characteristic which one could also use. To deal with inseparable extensions
of fields in characteristic p > 0, one has to enlarge the class of étale morphism. What one needs is
to treat extensions given by a polynomial of the form x? — a.

Definition 3.1.9. —

(i) A morphism f:SpecB — SpecA is called an extraction of p-th roots, if the corresponding ring
homomorphism can be written as a chain

Ag=A—-> A —»--—> A, =B,
such that A;;; ~ A;[x]/(xP - a;) for some a; € A;.

(ii) A morphism f: X — Y of schemes is said to be a p-morphism, if for every x € X there is an
affine open neighbourhood U c X of x and an affine open neighbourhood V c Y of f(x)
such that f(U) c V and f|y: U — V is an extraction of p-th roots.

Remark 3.1.10. — The case n = 0 is allowed in part (i). Hence the identity is an extraction of p-th
roots. <

Now, to be able to handle arbitrary finite field extensions in positive characteristic, we combine
the notion of an étale morphism with that of a p-morphism. The leading example is the classical
statement, that an algebraic field extension E/k can be decomposed into E o F > k, where F/k is
separable and E/F is purely inseparable (see [ , V §6 Prop. 6.5]).

Definition 3.1.11. — Let f: X — Y be a morphism of schemes. We call f a quasi-étale morphism,
quiet for short, if for any x € X there is an affine open neighbourhood U c X of x and an étale
affine Y-scheme V such that the diagram

U2
M

—_—

Ne—=<

commutes and g: U — V is an extraction of p-th roots.
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Remark 3.1.12. — Itisaclassical result that each finite group scheme over a field k of characteristic
0 is étale (see [ , section 11.4]). This yields an equivalence of categories between the category
of finite group schemes over k and the category of étale sheaves over Spec(k). If k has characteristic
p > 0 then by the structure theorem for finite group schemes over k (see [ , section 14.4]) one
gets an equivalence of categories between the category of finite group schemes over k and the quiet
sheaves over Spec(k), which are representable. <

It is not hard to show that p-morphisms and quiet morphisms are stable under composition and
base change. For quiet morphisms one can use the topological invariance of étale morphisms
[ , Exp. VIII, 1.1] to show stability of composition. Here are some examples of classes of
morphisms in characteristic p > 0.

Example 3.1.13. — We have the following inclusions of classes of morphisms in characteristic
p>0:

{open immersions} <— {étale morphisms} <— {fppf morphisms}

[ f )

{p-morphisms} <— {quiet morphisms} < {syntomic morphisms}

Figure 3.1: Morphisms in positive characteristic

In this paper, we will only work with syntomic morphisms. But many results carry over without
difficulty to other classes of morphisms and the Grothendieck topology they generate. In positive
characteristic this is especially the case for the classes in the lower line of the above figure.

The crystalline-syntomic site

We will define the big and small crystalline-syntomic site on the category CRIS(X/S). In our
applications X will be the spectrum of a perfect field k and S the ring of truncated Witt vectors of
length n of k. Before we proceed, we recall the definition of the crystalline category.

Definition 3.2.14. — Let S be a scheme, (_Z,y) a quasi-coherent sheaf of ideals in O with
divided powers and X be an S-scheme such that

o pislocally nilpotent in X;
o the divided powers y extend to X.
The category CRIS(X/S, 7, y) has as objects quadrupels (U, T, i, §), where
(i) U isan X-scheme;
(ii) T isan S-schemes such that p is locally nilpotent in T}

(iii) i:U < T is a closed S-immersion;
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(iv) 0 is a DP-structure on the ideal in &1 defined by the closed immersion i and compatible
with y.

A morphism (u,v):(U', T',i',8") - (U, T,i,6) in CRIS(X/S, #,y) is a commutative diagram

U’ i, T!
uJ Jv
U T

where u is an X-morphism and v is a DP-morphism over S.

<t

Remark 3.2.15. — (i) Iftheideal ¢ islocally principal, then the DP-structure y always extends
to any S-scheme (cf. 1.3.35). In particular, if k is a perfect field, S = SpecW,, (k) and _# = (p)
with its canonical DP-structure, then the above conditions are satisfied.

(ii) For any object (U, T, i,6) in CRIS(X/S, #,y), the closed immersion i:U < T is a nil-
immersion, because p is locally nilpotent in T and the DP-structure § is required to be
compatible with y (cf. 1.3.24 (iii)). <

To topologize this category we use syntomic morphisms. Actually, by replacing “syntomic” in the fol-
lowing definition by any class E like in 3.1.13, we get a Grothendieck topology on CRIS(X/S, 7, y).

Definition 3.2.16. — Let (U, T, i, §) bean object of CRIS(X/S, #,y). A coveringof (U, T, i, §)
is a family (Ug, Ty, iq, 0a) of objects of CRIS(X/S, #,y) together with morphisms

(”tx:Voc): (Uoca Ta’ iaa&x) - (Ua T) ia 6)

such that the diagram

Uy — Ty

B

U<—-“>T

ia
Ug

is cartesian and {v4: To — T} is a surjective family of syntomic morphisms.

Remark 3.2.17. — Since the above diagram is required to be cartesian, we have Uy = U xt Ty
and the map U, — U is also syntomic, for syntomic morphisms being stable under base change.«

The big crystalline-syntomic site of X/S is the category CRIS(X/S, #,y) with the just defined
Grothendieck topology. This site is denoted CRIS(X/S, ¢, y)syn and the associated topos by
(X/S, _7,y)cris-syn- In the sequel we will write CRIS(X/S) for the category CRIS(X/S, #,y)
when the DP-structure is clear from the context and for objects we will write (U, T) instead of
(U, T,i,6).If S = SpecA is affine, we will write CRIS(X/A) instead of CRIS(X/S). There is also a
small crystalline-syntomic site. It is the full subcategory of CRIS(X/S) of objects (U, T'), where U isa
syntomic X-scheme and the coverings are the surjective families { (U, T) — (U, T)} of syntomic
morphisms like above. It follows from the general theory (1.4.57) that cohomological calculations
can be done on either site. The small crystalline-syntomic site will be denoted by CRIS(X/S)¢yn and
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the associated topos by (X/S)cris—syn. In the sequel we also have to use the crystalline category with
the Zariski topology. This site (called big crystalline-Zariski site) is denoted by CRIS(X/S)zar and
the associated topos by (X/S)cris. For the small variants we use the notations CRIS(X/S)zar and
(X/S) s repsectively. For more details about the crystalline-syntomic site the reader is referred
to [Baug2] and [BMoo], where the crystalline category is endowed with different topologies and
many of the results there carry over to the crystalline-syntomic site.



Chapter

The sheaves 7'

This chapter contains the definition and the technical most important facts about
the syntomic sheaf ™. Section one gives the basic definition of these sheaves and
section two describes an alternative way of constructing these sheaves using the ring
of Witt vectors and divided powers. This is used in the third section to show flatness
of these sheaves.

§1 | Definition of &<is

Many of the results proved in this chapter can be found in | ] for the log-syntomic setting and
our presentation will follow this paper in many places.

Let k be a perfect field and W, := W, (k) the truncated ring of Witt vectors of k of length n.
The Frobenius on k and W, will be denoted by the same letter 0. We define a presheaf &S on

(Speck)syn by i
ﬁ;”s: X — HO((X/Wn)cris: ﬁX/Wn>

This assignment is in fact functorial, since for any map f: X — Y of k-schemes there is a morphism
of ringed topoi

fors: (X[ W, /’Y)CRIS—SYN — (Y/ W, /’V)CRIS—SYN’

i.e. there is a map of sheaves Oy, — fcris,«Oxjw, [ , 1.1.10]. From this morphism and
the edge morphism of the Leray spectral sequence we obtain the desired map

HY(Y/W,, Oy, ) — B (YW, foris« Oxgw, ) — H (X[ Wa, Ox ), )-

Obviously, the cohomology group H° ( (X/ W) eris» Ox Wi ) is a W,,-module and the absolute Frobe-
nius Fyp,s on X induces by functoriality a o-linear homomorphism of rings

F:bs: HO((X/Wn)cris’ ﬁX/Wn) - HO((X/Wn)cris’ ﬁX/Wn)

Hence we obtain a ¢-linear map

. /Cris Cris
(P' ﬁn ﬁn 4

61
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which is a homomorphism of sheaves of rings. This map ¢ is called the Frobenius on 0SS, In order
to show that the presheaf &< is actually a sheaf, we need the following lemmas.

Lemma 4.1.1. — Lets: A — B be a surjective homomorphism of rings with nilpotent kernel. Let
C = B[x1,...,x,]/(g1>--.,8r) be an B-algebra for a transversally regular sequence gy, ..., g, €
B[x1,...,%n]. Choose preimages g; € A[xi,...,xy ]| of g under the natural surjection induced by s.
Then the sequence §i, . . ., gy is transversally regular in the A-algebra A[x; ..., x,].

Proof. — This is a special case of [ , Théoréeme 1, chap. III §5 No. 2]. Fix1 < i < r and apply
the equivalence of (i) and (iii) of this theorem with I the kernel of A[x, ..., x,]/(g,-..,8i) —
B[x1,...,%x,]/(g1- -, &), which is nilpotent since ker(s) is nilpotent by hypothesis. -

Lemma 4.1.2. — Let X — Y be an object of CRIS(Speck/W,,) and V — X a syntomic morphism.
Then each x € V posesses a Zariski-open neighborhood U, such that there exists a syntomic Y -schemes
T, which is a DP-thickening of U and the family {U, < Ty} ey is a syntomic covering of {X < Y}.

Proof. — Since the question islocal, we can assume that X = SpecBand Y = SpecAand V = SpecC
with C = B[xy,...,x,]/(g, ..., &) for a transversally regular sequence gi, ..., gr € B[x1,...,%,].
Denote by s: A — B the surjection with nilpotent kernel and let gj,..., g, € A[x},...,x,] be
preimages of gi, ..., g- under the natural map A[xy,...,x,] - B[x1,...,x,] induced by s. Set
D:=A[x1...,x,]/(Z-..,gr) and lets: D — C be the natural surjection. Then ker(5) is nilpotent
and C = B®4 D. By the previous lemma, the sequence gj, ..., g; is transversally regular and D is
a flat A-algebra. Hence, SpecD — SpecA is syntomic and the divided powers of ker(s) extend to
ker(3) by 1.3.35 (ii). -

Proposition 4.1.3. — The presheaf O is already a sheaf on (Speck)syn:.

Proof. — Let U be an object of (Speck)syn and {U; — U} be a syntomic covering of U. We have
to show that the sequence

0 — ﬁ;ris(U) . H ﬁ;riS(Ui) . H ﬁ;riS(Ui Xy U])
i i,j

is exact. Let s € 0%(U) = HY(U/W,, Oy /w,)- By the definition of the global section functor
s = (st) for a compatible family (s7) of sections st € I'(T, Or), where V < T is an object of
CRIS(U/W,,). Assume s maps to 0 in [T; 0(U;). Let V = T be an object of CRIS(U/W,) and
set V; := U; xy V. Then the projection on the second factor V; - V is syntomic since U; - U is
syntomic and syntomic morphisms are stable under base extension. By lemma 4.1.2 we can find a
syntomic covering { W; < T;} of V < T such that the diagram

W T
V;
\% T
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is cartesian. Since (st) ~ 0 in [T; 05" (U;), we have in particular resy, r(s7) = 0 for all 1. But O
is a syntomic sheaf and T; a syntomic covering of T, hence st = 0. This holds for all objects V < T
of CRIS(U/W,) and we deduce s = 0. A similar argument shows exactness at the second node. g

For any k-scheme X, the sheaf &< can also be considered as a sheaf on Xsyy by using the inverse
image functor f~!: (Speck)syn — Xsyn induced by the structure morphism f: X — Speck.

We will now construct morphisms from the crystalline-syntomic topos to the (big) syntomic topos
and to the crystalline-Zariski topos. It will be shown that the syntomic sheaf ™ “computes” the
crystalline cohomology of the crystalline structure sheaf. The next two lemmas are true for every

pair X/S satisfying the requirements in the definition of the crystalline category 3.2.14.

Lemma 4.1.4. — There is a morphism of topoi

u: (X/S)cris-syN — XsynN

given by
e u.Z(U) :=H°((U/S)cris-syn, -F ) for an abelian sheaf F on CRIS(X/S)syn and an object
U of SYN(X).
e u'9(U,T,8) = 9(U) for an abelian sheaf 4 on SYN(X) and an object (U, T, &) of
CRIS(X/S)syn-
Proof. — See [ , Proposition 1.10]. -
Remark 4.1.5. — Note that u is not a morphism ringed topoi, if we consider both topoi with their

natural structure sheaves. But if we let S = Spec(W,,) and X be a k-scheme, then we can view
Xsyn as a ringed topos with the sheaf associated to the constant presheaf with value W,, (abusively
also denoted by W,,) as ring sheaf. For (U, T') an object of (X/W,,)cris-syn we have by definition
Oxw,(U,T) = T(T, Or) and this is a W,-algebra. Hence we have a map u™'W,, - Oy, of
sheaves or by adjunction Wy, - u. Oy, <

Example 4.1.6. — Let X = Speck for a perfect field k of characteristric p > 0 and S = Spec(W,,).
Then we have 0 = u, Ospeck| Wy <

Lemma 4.1.7. — There is a morphism of topoi
v: (X/S)cris-syn — (X/S)cris
given by

¢ v. (U, T,8) := F(U,T,0) for an abelian sheaf .7 on CRIS(X/S)syn and an object
(U, T, 5) OfCRIS(X/S)ZAR.

o v*Y is the sheaf associated to the presheaf (U, T, ) — 4 (U, T, §) for an abelian sheaf 4 on
CRIS(X/S)zar and an object (U, T, §) of CRIS(X/S)syn-

Proof. — 'This is evident, since open immersions are syntomic. "




§z|

Chapter 4 - The sheaves 0

Lemma 4.1.8. — Foralli >1 we have
Riu*ﬁx/s =0 and Riv*ﬁx/s =0.

Proof. — For the first part see [ , Proposition 1.17] and for the second part see [ ,
1.1.18 and 1.1.19]. -

Corollary 4.1.9. — Let X be an object of SYN(Speck). Then there is for any i > 0 a canonical
isomorphism ‘ ‘ .
H'(Xsyn, 0,"°) = H'((X/Wy)cris-zar> Ox/w, )

compatible with Frobenius.

Proof. — See [ , 111.3]. -

Witt vectors and 0¢'s

In this section we will construct an isomorphism from the sheaf W PP associated to the divided
power envelope of the ring of Witt vectors of length n to the sheaf @™ on the site (Speck)syn.
If A is a ring of characteristic p > 0 such that the Frobenius is surjective on A, then we get an
isomorphism WPP(A) — &< (SpecA). This enables us to compute the value of 0 for special
coverings. We keep the notation of the last section: k is a perfect field of characteristic p > 0.
We write W, for the ring of Witt vectors of k of length n. For a k-algebra A we view W, (A) as a
W,,-algebra via the map

Fn
Wy —> W, — Wfl(A)’

where F is the Frobenius on W,, (which is an isomorphism since k is perfect) and W,, - W, (A) is
the canonical map induced by k - A. Note that W, (A) as W, -algebra in the above sense can be
identified with W, (A) ®» W, via the isomorphism a® A = F*(A)a® 1+~ F"(1)a.

We consider the following commutative diagram in the category CRIS(Speck/W,,).

SpecA — SpecB

L

Speck =< SpecW,

The nilimmersion SpecA < SpecB is induced by a surjection s: B - A. The kernel ker(s) has di-
vided powers compatible with the natural divided powers on pW,, by the definition of the crystalline
category. Define a homomorphism of rings by

0 Wy(A) > A, (ag,...,an-1) agn.
For a € A we denote by @ € B a preimage of a under the map s and define a map by
G Wa(A) > B, (ag,...,an1) > o +pc’1‘1‘p'H +ok p"lE P

The next two lemmas show that this is a well-defined homomorphism of W,,-algebras.
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Lemma 4.2.10. — The map 0, is well-defined.

Proof. — Two preimages of a € A differ by an element « € ker(s). Let (o, ..., an-1) € Wy(4A)
and a;, b; € B two preimages of a;. There exists «; € ker(s) such that a; = b; + a;. We compute

p'ar" = pl(bi+ i)

L ph—i pn—z . n—i ph—i_i .
=p'b’ + p’(p . )bip ‘ol
j=1 J

Since the ideal ker(s) has divided powers y, we can write a/ = jly;(a). The following elementary

lemma says that the p-valuation of (p 7) is p"~' = v (). Thus we have

for 0 < j < p"~’. But B is as W, -algebra annihilated by p”. Hence, all the coefficients in the sum are

zero, which completes the proof. -
Lemma 4.2.11. — Let p € N be prime and e > 1 be an integer. Then for all 0 < j < p® one has
P ;
vp(( )) =e—vy(Jj).
J
Proof. — We use induction over j. For j = 1 the assertion is true. Let j > 1. Then

v, ((1;6)) = v, ((jp_el) - (jj—l))
=Y ((]p_el)) +vp(p" = (G=1)) = vp(j)

=e—vp,(j-1) +v,(p° = (j-1)) —vp(j).

In the last line we used the induction hypothesis. But v, (p® — (j —1)) is equal to v, (j — 1) and this

implies the lemma. -
Lemma 4.2.12. — The map 0,: W,(A) — B is a homomorphism of W, -algebras.
Proof. — The surjective map s: B - A induces a surjective ring homomorphism W, (s): W, (B) -
W, (A). The commutative diagram
W, (B)
Wn(s)l r

W,(A) =~ B
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now shows that @, is a ring homomorphism. Next note that W,,(B) is a W,,(W,,)-algebra, since B
is a W, -algebra. The following diagram on the left hand side gives the commutative diagram on the
right hand side:

Wiy
A<~—B Wa(4) L w,(B)
k ~— W, Wy ~—— W, (W)
Let (g, ..., an-1) € W,. Because we view W, (A) as a W,,-algebra via F~" it follows

(cxo,...,(xn_l)-(1,0,...,0):((xg_ ooal )eWn(A).

2 n-1

n —n

The element « := ((ocg_ ,O,...,O),...,(aﬁ_l,O,...,O)) is a preimage of (ocg_n,...,ocﬁ:b in
W, (B). For (b, ...,b,_1) € W, (B) we have

wn(oc <(boy..., bn,l)) = wn(a)wn((bo, et bn,l))

n-l —n n—i nol ; n—i
=(Zpi(ocf ,0,...,0)F )-(Zp’a‘ip )
i=0 i=0

where s(b;) = a;. We compute p"(af’f",o, .. ,0)p € W,. First,

p'(af,0,...,0) = (0,...,0,a;,0,...,0).

Finally, we get ?;(}p"(af_",o,...,o)” = (@0, ...>ay1). -

Since A is a k-algebra, multiplication by p is zero and we obtain a commutative diagram of rings

Wy(A) 2= A
S
B——A

We set
W, (SpecA) := W,(A).

Consider the morphism ,,: W (SpecA) — A. Its kernel is
Iy := {(a(), N an,l) € erris(SpecA) ‘ agn = 0}

Let WPP<18(SpecA) be the divided power envelope of W< (SpecA) with respect to I and compat-
ible with the canonical DP-structure on pW,, (cf. proposition 1.3.38). The next step is to construct a
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canonical morphism WPP<iS(SpecA) — < (SpecA). Therefor let A’ be a syntomic A-algebra
and SpecA’ - SpecB’ be a W,,-DP-thickening:

SpecA’ < SpecB’

SpecA
We define a map WS (SpecA) — B’ of W,-algebras as the composition
WS (SpecA) — WS (SpecA’) — B'.
This gives a commutative diagram

W,friS(SpecA') Ny Y

T

WSS (SpecA)

On

A

The commutativity implies that the image of I4 = ker(0,) in B’ is contained in ker(s"). Moreover,
the DP-structure 8’ on ker(s’) is compatible with the canonical DP-structure on pW,. By the
universal property of the DP-envelope (see proposition 1.3.38) we get a unique map WP (A) — B’
of W,-DP-algebras making the diagram commute:

(W2 (4),1a,)

~
~
~
~
~

(Wn(A),I4) — (E’, ker(s"), 8")

Given two W,,-DP-thickenings SpecA; — SpecB; for i = 1,2, where A, is a syntomic A-algebra and
A, is a syntomic A;-algebra, and a W,,-DP-morphism SpecB; — SpecB; such that the diagram

SpecA,; < SpecB;

]

SpecA; < SpecB,;
commutes, we get with the same reasoning as above for i = 1,2 a unique map of W,,-DP-algebras
WPPTs (SpecA) — B,
From the uniqueness of these two maps it follows that the triangle of W, -algebra homomorphisms

W,?P’ms(SpecA)

e
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commutes. Since the sections &S (SpecA) may be computed as the inverse limit over all diagrams

SpecA’ =< SpecB’

SpecA

where A’ is a syntomic A-algebra and B’ is a W,,-DP-thickening, there is a unique map of W,,-
algebras to this inverse limit and we obtain our desired canonical W,,-algebra homomorphism

W,,DP’C“S(SpecA) — ﬁ;ris(SpecA).

To show functoriality in the category of affine k-schemes, let f: SpecA — SpecB be a morphism of
k-schemes. Then f induces obviously two morphisms

W,?P’cris(SpecB) — W,?P’cris(SpecA)

0" (SpecB)

0, (SpecA)
Our construction above gives a commutative square

W (SpecB) — W™ (SpecA)

l l

O (SpecB) —— 0(SpecA)
and the universal property of DP-envelopes implies the commutativity of the square

W,P P ’Cris(SpecB ) — W,P P ’Cris(SpecA)

l l

O (SpecB) O (SpecA)

After having defined the presheaf WP on the category of affine k-schemes it is straightforward
to extend this definition to the category (Speck)syn: Let & be the structure sheaf of (Speck)syn.
For an object X of (Speck)syn we set

WS (X) = Wa(0(X)).

If Iy denotes the kernel of the map G,: W(X) — W, (€(X)), we define WPP5(X) as the
DP-envelope of W<(X) with respect to Iy and compatible with the canonical DP-structure on
pW,,. Obviously, this construction is functorial and we get a presheaf of W,,-algebras

X er)P,cris (X)

on (Speck)syn. To construct a morphism of presheaves W,P<Tis — TS just note the description
of 0,;7(X) as a projective limit like in the proof of 4.1.3. Exactly the same arguments as in the
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affine case establish now the canonical morphism of presheaves of W, -algebras WPP-eris . geris,
This morphism gives rise to a morphism of sheaves of W,,-algebras on (Speck)syn

A7 DP,cris cris
W, — O,

where WPP< js the syntomic sheafification of WPP, Qur goal is now to show that this mor-
phism is actually an isomorphism of sheaves. In order to proof this, we first proof a proposition,
which is also useful for computing global sections of & for k-algebras with surjective Frobenius.

Proposition 4.2.13. — Let A be a k-algebra and assume that the Frobenius endomorphism of A is
surjective. Then we have a canonical isomorphism

WPP(A) —= 05 (SpecA).
Proof. — The main point is to observe that
SpecA < Spec( W7 (4))
is an object of CRIS(Speck/W,,): Since the Frobenius is assumed to be surjective, the map
W,(A) 2> A
is surjective as well with kernel I, and forming the DP-envelope gives a map of DP-rings
(W (A),14,0) —= (A, {0},0).

The W,-algebra WPP(A) is annihilated by p" and hence the DP-ideal I, is a nilideal by example

1.3.24. This shows that
SpecA — Spec(W,?P (A))

is an object of CRIS(Speck/W,,). Moreover, this object is a W,,-DP-thickening of SpecA. Let ¢
denote the canonical map of W, -algebras

¢: WPP(A) —> 05 (SpecA).
The sheaf 0<(SpecA) is the inverse limit over all W,-DP-thickenings of SpecA. Let
y: 05" (SpecA) — WPP(A)

be the projection to the component SpecA > Spec(WPP(A)). We claim that ¢ and y are inverse
to each other. By the universal property of the inverse limit, we must have

$oy=id.

On the other hand, the equality y o ¢ = id is clear by the construction of the map ¢. This completes
the proof. -
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Remark 4.2.14. — If Ais a k-algebra with surjective Frobenius, then the object
(SpecA, Spec( WPP(A) )

is a final object in the category CRIS(SpecA/W,). This follows from the universal property of the

DP-envelope of W, (A). <
Corollary 4.2.15. — Let R be a perfect ring of characteristic p > 0. Then there is a canonical
isomorphism

W, (R) == 0™ (SpecR).
Proof. — The kernel of g,,: W,,(R) - R is

Ip = {(ao,...,an,l) € W,(R) ‘ agn = 0}.

But a perfect ring is reduced and we see that Iy = V( W, (R)) This ideal already has divided powers
compatible with the canonical divided powers on pW,,. Therefore, the DP-envelope of W,(R) with
respect to Ig is W,,(R) itself and the result follows from the proposition, for the Frobenius being by
assumption an isomorphism and in particular surjective on R. -

Now we are ready to state the main theorem of this section.

Theorem 4.2.16. — Let k be a perfect field of characteristic p > 0. Then the canonical morphism

defined above
WnDP,crls ﬁzrls

is an isomorphism of sheaves on (Speck)syn.

Proof. — Let 22X be the kernel and 2% be the cokernel of the map of presheaves WPF-<ris —
O, Denote the associated sheaves by .#” and €’ respectively. We have to show that % (X) = 0 =
¢ (X) for every k-scheme X. It is actually enough to show this for affine schemes X = SpecA,. So
let A be a k-algebra. Consider the set

J := {finite subsets of A} x N
with the partial order
(E,m) < (E,m) =& cé& and n<ny.
For j = (€,n) € ] we construct a Ap-algebra
Aj=Ag[X,|acE]/(XY —alacE).

If ji < j, then there is an obvious morphism SpecA;, — SpecA . This morphism is actually a
syntomic covering, since it is a successive extraction of p-th roots. We set A := li_n}jel Aj. By

construction, the Frobenius is surjective on A. Since ] is partially ordered, the direct limit is filtered
and thus exact. The idea of the proof is now to show that given a section s € &2 (SpecAy), the
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restriction of s to some SpecA ; vanishes. But first we compute lim_ &$"(SpecA ;). By definition
J —jeJ T J

we have '
li_n)l 0,"°(SpecA;) = 11_1‘1)1 HO(SpecAj/ Wi, ﬁSPeCAj/Wn ).
jeJ jeJ

It follows from the general theory of [ , Exp. VI, 8.1 - 8.7] that

li_r>n HO(SpeCAj/Wn’ ﬁSpecAj/Wy,) = HO(SpeCA/ Whs ﬁSpecA/Wy,)
Jjel
and we finally get . .
lim 0, (SpecA ;) = 0, (SpecA).
JjeJ

On the other hand we have

lim WP (Specd ;) = W,PPS(SpecA),
JjeJ

since taking divided power envelopes commutes with direct limits by [ , Chap. 1, 2.4.1].

Therefore, there is an exact sequence

. DP,cri i .
0 — lim &% (SpecA ;) — W, “"*(SpecA) — 0, (SpecA) —= lim PE (SpecAj) — 0

jel jel
But the Frobenius is surjective on A and it follows from proposition 4.2.13 that
WDP,cris cris
fs (SpecA) — 0" (SpecA)
is an isomorphism. Thus,

lim P (SpecA;j) =0 = lim PE (SpecA).
JjeI JjeJ

Hence there exists a j € J such that resgpe. A;,SpecAq (s) = 0. This implies that the associated sheaf %
of the presheaf &% is zero. The same argument shows that € = 0. -

Flatness of J¢'s

From now on we work on the small syntomic site (Speck),,. By abuse of notation we denote the
restriction of 0™ to the small site again by &5, In this situation we can show that the sheaves
O™ on (Speck) syn are flat Wy,-modules. From this result we derive a very important short exact
sequence of sheaves

0 ﬁ;{ls ﬁCl’lS ﬁ;rls 0’

m+n

which is crucial for the construction of the gauges ¢, in the next chapter.
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The following criterion of flatness is well known (at least in the case of modules over a ring). We
state and proof it in the form which will be used in the sequel.

Lemma 4.3.17. — Let k be a perfect field of characteristic p > 0 and let n € N be an integer. For a
sheaf F of Wy,-modules on the small syntomic site of Speck the following are equivalent:

(i) Z is a flat sheaf of W,,-modules;
(ii) ker(p') =im(p"™") forall 0 < i < n.

Proof. — The proof follows closely [ , Chapter I, Lemma 1.1]. We first show (i) implies (ii).
We have the exact sequence _ _

Wy P_» W, i’ Wy
and applying — ® .# yields by (i) the exact sequence

yp_,yi,ga’

which gives (ii). For the converse we use the following criterion of [ , Thm. 1 and Prop. 1,
chap. III §5 No. 2] which holds with the same proof also for sheaves of modules:
The following are equivalent:

(i) . is aflat sheaf of W,,-modules;
(i) a) Z/pZ is aflat sheaf of k-modules;
b) Tor"" (W, %) =0 forall m > 0.
Since k is a field, (a) is trivial. To show (b), we consider the exact sequence

0 —> Wi —— W, — W; — 0

and obtain by applying — ® .% the exact sequence
0 — Tor/'" (W}, &) — F/p"'F L+ F — F|p'T — 0

But our assumption ker(p’) = im(p" ") tells us that p':.# /p"".F — .F is injective and we must
thus have Tor)"" (W;, #) = 0. -

To show that the sheaves &< are flat W,-modules, we introduce the notion of a perfection of a
ring A of characteristic p > 0.

Definition 4.3.18. — Let A be a ring of characteristic p > 0. The perfection of A is a perfect ring
AP™” of characteristic p > 0 together with a map i:A — AP " satisfying the following universal
property: Given any perfect ring B and a homomorphism of j: A — B, there exists a unique
homomorphism ¢: AP~ — B making the diagram

commute.
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Obviously, the perfection of A is unique (up to unique isomorphism) if it exists. To construct the
perfection, let us denote the Frobenius endomorphism a — a? of A be g. We consider the diagram

AL Ao p-Top 2

and set AP~ the direct limit over this diagram. It is easy to see, that this ring satisfies the requiered
properties. The details may also be found in [ , Chap. V §1 No. 4]. The map it A — AP~ is
the natural map of A to this direct limit and the kernel of i consists of the nilpotent elements of A.

Example 4.3.19. — Let k be a field of characteristic p > 0. Then k? " is the inseparable closure
of k. <

Example 4.3.20. — Let A := k[Xy,..., Xu] be the polynomial ring over a perfect field of char-
acteristic p > 0. The perfection of A is denoted by A? ~ := k[X? ..., X} ]. This means that
for1< i < mand every s € N there exists an element Y € k[Xf oo, L XP m] with Y?' = X;. This

element Y will be denoted by Xf . Hence, the perfection of A may be described as a polynomial
ring over k (since k is assumed to be perfect, the perfection of k is k itself) in infinite many variables

-1 -1 -2 -1
Xy X XP X0 XD XD
modulo the obvious relations. Note that the perfection of a polynomial ring is not Noetherian. <

We set for B = k[ X, ..., Xp] _ .
Bi=k[x\ ,....x5 ]

— o0 . . . . . . _l _1_1
Then B = = By, := h_r)nieN B; with the injective maps B; — B, induced by Xf > (le.7 )P. We
note that i 1_
Bi 2 B[Yy,..., Yl /(Y = Xy,..., Yh = Xon).

Thus the maps B; — Bjy are faithfully flat p-th roots. Since any syntomic k-algebra can locally
(for the Zariski topology) be written as A = k[ Xy, ..., X,y ]/(fi>- .., fr) for a (transversally) regular
sequence fi, ..., fr, we set

Ar=KXE L XE B f)

and still have injective maps A; — A;;; given by X}l.) e (Xf - )?. Using these maps we define
Aw = 1'£>ni€N Aj;. This is not the perfection of A, but the Frobenius on A, is surjective and this is all
we need. Moreover, the maps A; — A;,; are faithfully flat syntomic morphisms. In particular each
Aj; is a faithfully flat syntomic k-algebra. The next easy lemma is a technical key step in proving the

flatness of O} over W,,.

Lemmag.3.21. — Let A=k[Xy,.... Xwm]/(fi,--., fr) for a regular sequence fi, ..., f, and let A;
and A, be as above. Let F — 4 — I be a sequence of sheaves on (Speck)s,,. Then the sequence

0 F 9 H 0

is exact, if the sequence

0 — 7 (SpecAs) — 9 (SpecAo) — S (SpecAs) —= 0

is exact, where .7 (SpecAo ) = lim F (SpecA;) and the same for 4 and 7€ .
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Proof. — This is immediate from the fact that SpecA;;; — SpecA; is a faithfully flat syntomic
morphism. -

Remark 4.3.22. — Since the perfection of a Notherian ring A is in general not Noetherian, we

cannot evaluate a sheaf .7 on (Speck)s,, in AP, because this may not be an object of our site.

That is the reason for the convention .% (SpecA« ) = li_r)n,eN Z (SpecA;) in the lemma. <
1

Proposition 4.3.23. — Let the notations be as above. Then the W,-algebra ﬁ,ﬁris(SpecAoo) is flat.

Proof. — Step 1: We first show the W,,-linear isomorphism
O (SpecAc) = (Wy(Aw) @ W,)PP,

where the DP-envelope is with repsect to the kernel of the W,,-linear map 0,,: W,,(Ac ) ®pn W, >
A of section 2 page 64. Let us compute

lim O™ (SpecA;) = lim H’((SpecA;/ Wy, )criss Ospeca,/w, )
ieN ieN
= H'((SpecAco/ Wy)cris» Ospecion /W, )
= (Wy(As) ®p W,)PP.

The first isomorphism follows from [ , Exp. VI, 8.1 - 8.7] (compare the proof of theorem
4.2.16), and the second follows from proposition 4.2.13 or the remark following that proposition,
since the Frobenius is surjective on A..

Step 2: By step 1 it is enough to show that (W,,(Ac ) ®n Wy,)PF is flat over W,,. Therefor, consider

k[xF L X‘f,’{w ], the perfection of the polynomial ring over k. The image of the regular sequence
fir--s fr€k[Xy,..., X in the perfection is again regular and is still denoted by fi, ..., f,. Using

lemma 4.1.1 we can lift this sequence to a regular sequence ﬁ, e ,ﬁ in W, [Xip L Xﬁ;w ], since
the kernel of the natural surjection is (p), which is a nilpotent ideal. We get a natural surjection

sWalXP L xE 1 — k(XD LX) (fe o f) = As
with kernel I = (p, fi, ..., fy). Let (W, [Xip_oo, ce Xﬁ;oo])DP be the DP-envelope with respect to I
and compatible with the canonical divided powers on pW,,.
Step 3: There is a canonical isomorphism
(Wn(Aw) ®pr Wy)PP — (W, [XP .. x5 PP
First, the canonical surjection k[ X? R X&m] — A gives a canonical surjection

S Wa(k[XP X5 ]) > Wo(Aw).

Let (Wn(k[Xf’_oo, . ,an_w]) ®pn Wy,)PP be the DP-envelope with respect to ker(o,, o (5" ®px
idy, )). The DP-envelope of an algebra (B, J) is by construction a quotient of I'z(J) and the image
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of ker(s' ®pn idW,,) in (Wn(k[Xf_m, . ,Xﬁ;oo]) ®pn Wy,)PP is zero. Applying [ ,3.20.7], we
obtain an isomorphism

—oco

(W (k[XF . XE ) @pn W) PP — (W(Awo) ®pn W,)PE.
On the other hand, there is a canonical isomorphism
(Wa(k[XP . XE ) @ Wy — W[ XP . XD ]

induced by (o, .- . gn-1) = X1y pig\fnii, where g; is a lifting of g; to W, [Xfﬁm, e ,Xﬂm] (com-
pare page 64). Since the ideal (p) is nilpotent and has divided powers, this map is well-defined.
The composition o, o (s’ ®pn idyy, ) now factors as

(Wa(k[XP . X0 ) @ Wy —— W [XP . XD ]

U,,O(s’@pnidwn)l /
N

Ao
Hence we get the desired isomorphism
((Wak[XF s X0 D) @80 W) PP —= (WL[XT X )"

Step 4: Let us set B := W, [Xfﬁm, . ,Xﬁ;w] and fo == p. Then I = (fo,. .., f,) is the kernel of the
surjection s: B - A, (Step 2). We consider the ring

C:= (B@Wn Wn[T())---)Tm]/(Tpn""’TrI:l”))/(To_ﬁ""’Tm_ﬁ”)'

The canonical map B — C is surjective and gives an isomorphism BP? = CP?, where BP? is the
DP-envelope of B with respect to I and CP” the DP-envelope of C with respect to the image of I in
C. The image of I in C is equal to the ideal (Tp, ..., Tp,).

Step 5: By the criterion of flatness of a regular sequence it follows that C is flat over

S:=Wu[To,...., Tu) /(T ..., TH).
Now | , 3.21] yields an isomorphism
CPP = Cos Wu(Ty, ..., Tn).

It follows that CP? is flat over W,(Ty, ..., T;y). Since Wy(Tp, ..., Ty,) is by construction a free
W,-module, it is flat over W, and so CP? is flat over W,,. Combining the isomorphism above with
the isomorphisms obtained in the previous steps, we finally get

(Wi(As) ®pn W,)PP = Cog Wy(Ty, ..., T).

Thus, (W, (A ) ®pn Wy,)PP is flat over W, -
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Corollary 4.3.24. — The sheaf ﬁ;ris on (Speck) syn is flat over W, and we have an exact sequence

cris _ T Cris v Ccris
00— 0 Lo gotis Y, peis ),

Remark 4.3.25. — In terms of the ring of Witt vectors one should think of the exact sequenece in
the following way: Consider the exact sequnece

p" "

Wm+n m+n m+n-

It is very easy to check that we have a commutative diagram with exact rows

" "
Wm+n Wm+n Wm+n

L]

0_’Wm_ﬂ'Wm+n_v'Wn_>O

where m1: W,,, > W, is given by (aq, ..., am-1) ~ (0,...,0, ag s afn_l) and v: W, > W,
by (ag, ..., amen-1) — (af)7  eens a‘Z_l). The vertical maps are the natural truncations

(ao,...,am+n_1) = (ao,...,am_l). q



Chapter

Gauges

This chapter contains the second part of the main theorem of this thesis. After
first introducing the notion of ¢-rings and ¢-gauges, we construct in the second
section a sheaf of rings on the small syntomic site of a perfect field, which is the
fundamental object in the theory of Fontaine and Jannsen. We proof some important
facts about this sheaf of rings. The last section deals with the connection between
p-torsion W-modules and p-torsion syntomic sheaves. We show that there is a pair
of adjoint functors. It is most important to note that the objects in chapter two
and in this chapter are quite different although they might seem to be quite similar.
The difference is that we required in chapter two the map ¢ to be a semi-linear
isomorphism, while in this chapter we require the map to be semi-linear and bijective.

§1 | ¢-rings, p-modules and ¢-gauges

This sections contains the main definitions of the new objects introduced by Fontaine and Jannsen.

Graded modules. — A graded ring R = @,z R" is a commutative graded ring with
graduation indexed by Z. A graded R-module M is a module such that there is a decomposition into
abelian groups M = @,z M" and it holds R* - M" ¢ M**". A homomorphism of graded R-modules
f:M — N is a homomorphism of modules in the usual sense such that f(M") c N'. The category
of graded R-modules is obviously R-linear and abelian.

Tensor product of graded modules. —  Let R be a graded ring and M and N be graded
R-modules. Under the canonical inclusion R® — R the modules M and N can be considered as
R°-modules. We set (M ®go N)" = @ jop M' ®po N/ for r € Z and denote by L" c (M ®go N)"
the subgroup generated by Ax ® y —x ® Ay for A € R, x e M and y € N* with k + [ +s = r. By the
construction of a tensor product we have

M ®g N = @(M@RN)r
reZ

with (M ®g N)" = (M ®go N)"/L" (see [ , Chap. 111, §4 No. 8]).

77
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Tatetwists. — Letic N be an integer. For a graded R-module M we define the i-th Tate
twist of M to be the graded R-module M(i) with M(i)" := M'*". The functor M ~ M(1) from
the category of graded R-modules to itself is an equivalence of categories with quasi-inverse given
by N — N(-1). We have the following rules:

o« M(0) = M;
« M(i)(j) = M(i+ ) foralli,jeZ
o M(i)2R(i)®r M forallicZ.

Definition 5.1.1. — A graded R-module M is called free of rank 1, if there is an isomorphism
M = R(i) of graded R-modules for some i € Z. A graded R-module is called free, if it is isomorphic
to a direct some of free graded R-modules of rank 1.

¢-rings. — LetR = @,z R" be a Z-graded commutative ring and f € R' and v € R™! be two
homogeneous elements. We set

R*:=R/(f-1) and R *:=R/(v-1).
This notation is justified by the simple fact that we have a canonical isomorphism of R’-modules

R* ~ lim R" and R™® 2z lim R,
I -

r—>+00 r—>—00
where the transition maps are given by f: R” — R™"l and v: R" — R"™}, respectively.

Definition 5.1.2. — A ¢-ring is a quadruple (R, f,v, ¢), where R is a Z-graded commutative
ring, f € R and v € R™! are homogeneous elements and ¢: R** — R~ is an isomorphism of
rings.

The following example of a ¢-ring is one of the most important examples and will be treated in
detail in section 3. Section 2 is devoted to the construction of another fundamental example of a

@-ring.

Examples5.1.3. — Let k be a perfect field of characteristic p > 0 and W be the ring of Witt
vectors of k. We set R := W[S, T]/(ST — p), where S is an indetermined in degree 1 and T is an
indetermined in degree —1. Let f be the image of S in R and v be the image of T in R. Then R is a
Z-graded ring with R® = W, f e R, v e R™M and fv = vf = p. Since p-multiplication is injective in
W, we see from the relation of f and v that multiplication with f respectively v is injective. Hence
we get identifications R/(f —1) @ W and R/(v —1) = W as W-modules. Using this identification,
we get the structure of a ¢-ring by letting ¢: R*** — R™* be the Frobenius on W, which is a ring
isomorphism since k is assumed to be perfect. Replacing k by any perfect ring yields obviously also
an example of a ¢-ring. <
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p-modules. — Let (R, f,v,¢) be a ¢-ring. To avoid confusion we will denote the map
@:R**® — R™°° by @p in the sequel. For a Z-graded R-module M we can consider the R**°-module
M**° and R™*°-module M~*°, where

M*:=R**” @y M and M *:=R * ®y M.
Here, R* is considered as R-module via the canonical map R - R/(f — 1) and similarly for R™*°.
Hence, we may also write
M*™>=M/(f-1)M and M *°=M/(v-1)M.
As R%-modules we get also an identification
M*™ 2 lim M" and M 2 lim M.
— —
r—>+00 r>—00

Definition 5.1.4. — A ¢-R-module is a pair (M, ¢,r), where M is a Z-graded R-module and
oy M - M~ is a homomorphism of groups such that

em(Am) = pr(A)@m(m)
for Al e R** and m e M**.

We define a morphism of ¢-R-modules a: (M, ¢p) - (N, ¢n) to be a morphism of graded R-
modules a: M — N (i.e. «(M") c N" for all r € Z) such that for a™* := idg+e ® @: R*®° @ M —
R*™ @g N and a™* := idg-~ ® « the induced diagram

ate
M+E>0 £ o N+oo

N

M S N
commutes. Here, a™* is a morphism of R**°-modules and a™* is a morphism of R™*°-modules.
With these definitions we get a category M(R, f, v, ¢) of ¢-R-modules over the ¢-ring (R, f,v, ¢).

Lemmas.1.5. — The category M(R, f,v, ¢) is abelian.

Proof. — Let (M, ¢p)and (N, g ) be two ¢-modules. The direct sum is given by (M @& N, ¢ &
¢n) and is easily seen to satisfy the universal property of a direct sum in M(R, f,v, ). Let
a: (M, op) = (N, ¢n) beamorphism of ¢-R-modules. Let K := ker(a) be the kernel of a: M — N
in the category of R-modules. Then obviously K is again a Z-graded R-module. For each r € Z we
have an exact sequence of R°-modules (and thus of the underlying abelian groups, which suffices

for exactness questions)
[24

0 K" M’ N
and taking the direct limit, which is an exact functor, yields the commutative diagram (of abelian
groups) with exact rows
0 K+oo M+oo ot N+oo

|
ok J¢M \¢N
}

—oo

0— K ®*— M2 N

A trivial diagram chase now shows that this gives a map gx: K> — K~*° with the desired properties.
The existence of cokernels is even easier to prove. -
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p-gauges. — Again, (R, f,v, ¢) denotes a ¢-ring.
Definition 5.1.6. — A ¢-R-gauge is a ¢-R-module (M, @) such that
oMM > M~
is an isomorphism of groups.

A morphism of ¢-R-gauges is just a morphism of ¢-R-modules. We denote the category of ¢-R-
gauges by G(R, f,v, ¢). This is by definition a full subcategory of M(R, f,v, ¢).

Proposition 5.1.7. — The category G(R, f,v, @) is abelian.

Proof. — We show that G(R, f, v, ¢) is stable under forming kernels. The other properties are
proved similarly. So let a: (M, 1) = (N, @) be a morphism of ¢-R-gauges and (K, ¢ ) be the
kernel of « in the category of ¢-R-modules. We must show that (K, ¢ ) is actually a ¢-R-gauge,
i.e. the gr-linear map @g: K** — K~ is an isomorphism of groups. But since ¢, and ¢y are
isomorphisms of abelian groups, the commutative diagram

+00 yoo aF® oo
0 K M N

I
ok \V’M J‘PN
}

oo

0 K M ® L e N

implies that ¢k is also an isomorphism of abelian groups. -
Tensor product and Tate twists. — If (M, ¢)) and (N, ¢y ) are two ¢-R-modules, we
have

(M®R N)Jroo =M QR+oo N** and (M®R ]\])70O =M QR-co N~

and thus ¢ ® ¢ endows M ®g N with the structure of a ¢-R-module. If (M, ¢5r) and (N, ¢n)
are even ¢-R-gauges, then M ®g N is also a ¢-R-gauge.

Since it holds M (i)**° = M** and M(i)™>° = M~ for all i € Z, we can extend the definition of
Tate twists to ¢-R-modules and ¢-R-gauges.

The ¢-ring ¥,

We consider the small syntomic site over k with associated topos (Speck);y,. The sheaves OC™s are
flat W;,-modules and we have the exact sequence (see corollary 4.3.24)

cris _ T cris v cris
0_>ﬁm _>ﬁm+n_>ﬁn —0,

This sequence will be called the fundamental exact sequence in the sequel. The goal is to construct a
graded sheaf of rings ¢, on (Speck);,, for each n € N. Therefor, let r € Z. If r < 0 we set

ro._ cris
G = 07,
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The subring @, ¥/ is just the polynomial ring in one variable v with coefficients in &', i.e. for
each syntomic k-scheme X the sheaf ¢/ (X) is a free 05"*(X)-module of rank one with basis v™".
The isomorphism is given by

O 31— v" e

Under this identification, v may be identified with the section 1 € 05" = &1, The degree of v is
therefore —1.
Now let m, r € N with m > r and set

— . (p . v .
ro._ Ccris Ccris Ccris
T =ker(O5° — 05F — O7™").

Lemmas.2.8. — Let X be a syntomic k-scheme and a € 9" (X) be a section. Then there is a
syntomic covering {U; — X} and sections b; € O/ (U;) such that resy, x(a) = p"b;.

Proof. — By definition of 97 we have ¢(x) € ker(v). The fundamental exact sequence implies
ker(v) = im(7) and we know thatim(7) = im(p™: O — O<'*). This gives by the very definition
of the image sheaf the lemma. -

Informally, the lemma just says that &7, is the set of section of &</, for which the Frobenius is
locally (for our topology) divisible by p":

G={acoy|g(a)ep oy}
Since for fixed r the sheaves ", depend on m, we fix n € N and define for m > n +r
G, = coker(fé;r1 L.g )-

This is easily seen to be independent of m.

Lemmas.2.9. — Let n,r € N. The definition of

g = coker(g?nr1 AR 7 )

.
m
does not depend on m > n +r.

Proof. — First note that @7 = 7" @y, W,,/p" by flatness of <™. Now let s > r be an integer. It

obviously holds p"*" 07y ¢ 47, . and we have an exact sequence

) er-r ) .
Cris Cris Cris
ﬁﬂ+$ ﬁnﬂ ﬁn+r O

These two facts yield the exact sequence of W,,,;-modules

n+r

ﬁcris p g?‘r g?‘r

n+s n+s n+r

0.

Applying — ®y,,. Wy.s/p" to this sequence and noting that p"*" @5 ¢ p" . p" OIS c p"Gr, we
finally obtain the isomorphism

— —

g}’f+3 ®Wn+s W”H’S/pn = g}’f—%—r ®‘/Vn+s Wn+5/pn‘ ]
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The next step is to define a ring structure on @,.z%¥,. So let X be a syntomic k-scheme and
n,m,r,s € Nwith m > max{n,r +s}. Fora € 97 (X) and b € % (X) it holds: Locally ¢(a) is
divisible by p" and ¢(b) by p°. Hence we might find a covering of X such that ab restricted to
each member of this covering is divisible by p™**, i.e. ab € 9**(X). By going to the quotient
modulo p” we get a well-defined multiplication ¥, x &, — ¢,**. For negative s the same as just
said applies with the only difference that b need not be divisible by p, which does not matter, since
the degree drops and the product is divisible by p” since a is. Because multiplication in &5 is
commutative the same is true with r and s interchanged. It remains only to define multiplication
with v: 4" - 4" for r > 1: It is induced by the inclusion &/, ¢ ¢!, For r < 0 multiplication has
already been defined above. Summing up, we have constructed a graded sheaf of rings

4, =PY,
reZ
on (Speck)yn.
Proposition 5.2.10. — For all n € N the sheaf ), is flat over W, for any r € N.

Proof. — Tt is enough to show that the map ¢, — ¢ induced by p"~™: ¥, — ¢ is injective for
0 < m < n. We have the exact sequence

ﬁCI’lS p ﬁCI‘lS p ﬁcns

n+r n+r n+r>

which yields the exact sequence

m+r

ﬁ(ﬁrls p gf

i
n+r g

n+r n+r

Sll’lce pm+rﬁcrls = gf

. C 9. .. Moreover, it holds

pm+rﬁ:ll-‘:i Cpm p ﬁCI‘IS cpmgr

n+r n+r
and this implies that the map ¥, — ¢, induced by p" ™: ¥, — ¢, is injective. -
Corollary 5.2.11. — There is for all m, n € N an exact sequence

O ggﬂ’l u Sg}’l’l +n . gn 0 .

In order to get on ¥, the structure of a ¢-ring, we have to define the global sections f € ¥, (k) and
v e, (k) = 05(k) and a morphism of sheaves of rings

04" ——= G,

The section v has already been constructed above. For all m € N we have 5"S(k) = W,, and
p € Wy For n € Nand m > n + 1 the image of p belongs to &), (k) and we define f as the image
of pin ¥}(k). Then we have fv = vf = p. Now we define the map ¢: By construction we have
@7 = 0, Let r € N and U be a syntomic k-scheme. For x € 4/(U) = (@ / p"%)(U)
and some m > n + r there is a syntomic U-scheme V and a y € 97 (V) such that x|y = 7, where
7 = ymod p". Moreover, we can find a syntomic V-scheme W and a z € <"(W) such that
9oeis(ylw) = p'z. The existance of such coverings follows by unwinding the definitions. Let
Z' € O05(W) be the image of z € (W) under the map v: O — G,
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Lemmas.2.12. — The element z' € OS(W) is independent of all choices made.

Proof. — Step 1: It follows from lemma 5.2.9 that 2’ is independent of m > n +r..
Step 2: We show that z’ is independent of y € ¢} (V). Choosing y1,y, € ¥,,(V) such that
71 = x|y = y, means that y; = y, + p"a for some a € 4, (V). Then

enlw) = 9(y2lw) + p"¢(alw)

and we see that ¢(y1|w) = ¢(y2|w) mod p".

Step 3: Let V; and V;, two syntomic U-schemes with the required properties. Then Vi [[ V; is a
common refinement and we may assume that V; is a syntomic V;-scheme. Since x|y, = (x|V1 )|V2
we get the independence of the chosen coverings. A similar argument shows the indepence of W.g

Since z’ is independent of all choices, it follows that z’ actually belongs to (U ) for x € 47 (U). In
this way we obtain a map ¢,: %} — 0 by x  z’. For x € 47 it obviously holds ¢, (x) = ¢,41(fx).
Thus, these maps ¢, induces a map

gp:h_;)ngn - ﬁn

and we are done. The main theorem will be proved in a forthcomming paper by Fontaine and
Jannsen.

Theorem 5.2.13. — The map ¢:9,/> — <4,*° is an isomorphism of rings.

With this theorem the construction of the ¢-ring ¢, is complete.

p-Gauges over perfect fields

Now k is a perfect field of characteristic p > 0 and W the ring of Witt vectors of k. For a natural
number # € N the ring of Witt vectors of length # is as usual denoted by W,,. We will compute the
global sections of the sheaf ¢, over Speck. We already know that 05 (Speck) = W, by corollary
4.2.15. This is an isomorphism of W,,-algebra, but we are only interested in it as an isomorphism of
rings. By construction we have

@ . ker(ﬁcris _‘P> ﬁcris v, ﬁcris)
m T m m r
for m, r € N with m > r. Since the Frobenius is an automorphism of W, we obtain
G (Speck) = Wi_,.
Using Wy, /p" = W, for n < m — r it follows immediately
4" (Speck) = W,,.

Under this identification the map ¢: ¥, > — ¢ is just the usual Frobenius on W,. So we are led
to consider the following ¢-ring D.
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p-W-Gauges. — Consider the graded ring W[S, T'], where deg S = 1 and deg T = —1. The
ideal (ST - p) is homogenous and we get a graded ring D := W[S, T]/(ST - p). The images of
S and T are denoted by f and v respectively. Sometimes we may also write D = W[ f,v], where
degf =1,degv = -land fv = vf = p. We turn D into a ¢-ring by observing D™ = D™ = W
and defining the map ¢: W — W to be the Frobenius, which is an isomorphism of rings, since k is
perfect.

messsssssmn  Definition 5.3.14. — A D-module is a finitely generated graded module over D.

Let M = @,z M" be a D-module. Then we may view M as a diagram

where f,: M" — M"*! is the map induced by m ~ f - m and analogously for v,. Moreover, we must
have v4j0 f, = f_jov, = pforall r € Z. Since M is assumed to be finitely generated, we may choose
generators my, . .., m; and assume without lost of generality that m; is homogeneous of degree
d;. Then there is a surjection @;_, D(-d;) - M mapping 1in D(-d;) to m;. Let ny,...,n; be
homogeneous generators of the kernel of this map. Then for r > max{degn;,d; |1<i<[,1<j<s}
the maps f, are isomorphisms and for r < min{-degn;,—d; [1<i < [,1< j <s} the maps v, are
isomorphisms. Thus, a D-module can actually be viewed as a finite diagram

fu fr—2 fr—l fr fr+1 fb—l
Ma MT 1 MT Mr+1—>.“—>Mh’
Va-1 Vr—1 Vr Vr+1 Vr+2 Vi

since we have f,_; = p-v,' forr < aand v,;; = p- f;! for r > b und hence there is no new
information in these degrees.

messsssssmm  Definition 5.3.15. — A D-module is called effective, if it can be given by a finite diagram as above
with a > 0.

For a W-algebra A we introduce the following D-module A(—i):

deg: i-1 i i+1

Here, p denotes multiplication by p.
messssssm— Definition 5.3.16. — A D-module M is called free, if M ~ EB?:O D(-d;) for some d; € Z.
The proof of the next lemma is easy and left to the reader.
meeessssssw Lemmas.3.17. — Let M = @‘ijzo W(-d;) be a D-module for some d; € Z.
(i) M is a free D-module isomorphic to @, D(~d;).

(ii) M is effective, if and only if d; > 0 forall i = 0, ...,d.
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For the convenience of the reader we give the definition of a ¢-modules and a ¢-gauge in this
context, since we use a slightly different terminology compared with the general setting.

Definition 5.3.18. — I

—00

(i) A ¢-W-module M is a D-module together with a ¢-linear map ¢: M**° - M
(ii) A ¢-W-gauge M is a ¢-W-module such that the induced map

q): M+OO M—OO
is an isomorphism of groups.

Remark 5.3.19. — By lemma 1.2.15 we know that in this special case, a o-linear bijective map is
the same as a o-linear isomorphism. <

We note that there are ¢- W-gauges, which are equal as D-modules, but not as ¢- W-gauges.

Example 5.3.20. — Let M = D(0) @ D(0) be a free D-module with basis e, e,. Let ¢1: M*> =
We, @ We, - M™% = We; ® We, be the idendity on the underlying abelian groups and let ¢, be
the map interchanging e; and e,. We get two different W-gauges (M, ¢1) and (M, ¢, ), which are
equal as D-modules. <

We have seen in chapter 2 that to every F-crystal over k we can associate an ¢-F-gauge over W.
The last remak tells us that ¢-F-gauges are the same as ¢- W-gauges. But one has to be very careful,
since in general these two notions are different.

Let € be the functor from chapter 2, which assigns to an F-crystal over k a ¢-W-gauge.

Proposition 5.3.21. — Let (M, ¢) be an F-crystal over k. Then the ¢p-W-gauge €(M, ¢) is free  n——
as D-module.

Proof. — Since W is a discrete valuation ring with maximal ideal (p), the theory of elementary
divisors apply and we can choose a W-basis e%, e eLl, ces €5y ei,s of M(F) and a W-basis

fll, AU f,il, N A f,js of M such that ®! is given with respect to these bases by the diagonal
matrix
p . Inl

pds .Ins

where I, is the idendity matrix of rank n and d; € Z with d; < d; for i < j. It follows that we can

write
nj

DL WwE el forr < dj,
M =4 = ra, ,
1 ®4 prxp L0 B el for r > d.

Fix j for the moment and consider for r > d; the W-module

nj .
€Blp’_df W(F)elj..
i=
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We have an isomorphism
n;j n;
E]B wHel Gépr_de(F)ej
i=1 Lo :
induced by p-multiplication. Using these isomorphisms, it is easily seen that the gauge Jg(M, @)
is as D-module isomorphic to

é@é W (-d;).

j=1 i=1

Freeness follows from Lemma 5.3.17. -

Reduction of 9-W-gauges. —  Given a ¢-W-gauge M and an integer n € N, we consider
the graded D-module M := M/p" := @,z M’/p”M’. The maps f, and v, are the induced ones.

Since lim commutes with ®, we have M = =M/p"M > and M = M*°°[p"M**°. Hence the
o-linear isomorphism ¢ induces a o-linear isomorphism ¢: M 7 - M ", Thisisan isomorphism
of W, := W/p"-modules. Let us denote by D,, the reduction of D modulo p". Then we can define

D,-modules and ¢- W, -gauges just analogously to D-modules and ¢- W -gauges. Our discussion
shows that the reduction of a ¢-W-gauge M modulo p" yields a ¢- W, -gauge M.

Example 5.3.22. — Consider the o-W-gauge W(—i). The reduction modulo p” is then the gauge

deg: i-1 i i+1
p p = =
— W, ~— W, > W, >
where p denotes the map given by 1 — p - 1. This gauge is denoted by W, (—i). <
Remark 5.3.23. — In the above example, the map p is actually the same as p-multiplication. But

in general one has to be carefull. For example consider the D-module

p p p
W — pW

] D

and reduce modulo p. We get
p p P P
ST W/p == pW/pP == p*W/p =

Now, the map p: W/p — pW/p? is not multiplication by p (which is zero), but the map induced
by p-multiplication on W, namely 1 mod p ~ p-1mod p?. This is actually an isomorphism of
Wi-modules. On the other hand, the map " > ": pW/p* — W/p is the zero map. But this is exactly
what one expects, since the given D-module is isomorphic to W(—i) for some i and hence one
exspects the reduction to be isomorphic to W,,(-1). <
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Rigid D,-modules. — Fix an integer n € N.
Definition 5.3.24. — —
(i) A D,-module M is called strict, if the map
(f2v2)y:M - M oM
is injective for all r € Z.
(ii) A D,-module M is called quasi-rigid, if
Ker(f) = im(v/,) and ker(v}) = im(fL,)
holds for all r € Z.
(iii) A D,-module is called rigid, if it is strict and quasi-rigid.
Lemmas.3.25. — I
(i) If M is a strict D,-module, then ker(f') = ker(f>°) and ker(v]') = ker(v;°) forall r € Z.
(ii)) A Dy,-module M is strict, if and only if
ker(f') nker(v;) =0
forallreZ.

Proof. — (i) We clearly have ker(f") c ker(f>°). Let x € ker(f,>°). Then
(2w vizn) (1 () = (7 (), p"v7 (x))
=0,

and hence f"(x) = 0, for M is strict. The proof for v is similar.
(ii) By (i) neccessity is clear. For the converse we show that

ker(f*¥") nker(v!") = 0
forall k, 1 € N. For k = | =1 this is our assumption. Suppose, we have already shown that
ker(f*¥") nker(v") = 0
for some k € N. Let x € ker(f,(k+1)”) nker(v}'). Then
(s Vrekn) ( rkn(x)) =0

and thus f*"(x) = 0 by assumption. This yields x € ker(f*") nker(v") = 0. Now fix k € N and a
similar induction over I shows

ker(f*¥") nker(v!") = 0.

Since a D,-module is by definition finitely generated, the maps f, and v_, are isomorphisms for
r > 0. Thus, ker(£*°) = ker(f*") for k > 0 and ker(v®®) = ker(v") for [ > 0. .
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meessssss—n Lemmas.3.26. —

(i) If M is a strict D,-module such that all M" are free W,,-modules, then the reduction M/p*M
is again a strict Ds-module for all1< s <n - 1.

(ii) If M is a quasi-rigid D,-module, then the reduction M/ p* M is a quasi-rigid Ds-module for all
I<s<n-1

(iii) Let M be a quasi-rigid D,-module. Then we have ¢(M") = &(M"™*) for all r € Z, where £(-)
denotes the length of a W,-module.

Proof. — (i) Letr € Zand x € M" with f°x = p’y and v’x = p*z for some y € M"** and z € M" .
Then f"v"*x = f*p" *x = 0 and similarly v*p"*x = 0. By strictness of M it follows p"*x = 0. But
M’ is a free W,,-module and hence we must have x = p*a for some a € M".

(ii) Let r € Z and x € M" with f;(x) = p'y for some y € M""*. Writing p* = f; o vy, we get
fi(x = v,(¥)) = 0 and in particular x — v{, (y) € ker(f"), since s < n. But M is quasi-rigid, so
there is an z € M™" with x — v{, () = v/, (z). This yields x = v¢,(y - v/75(2)).

(iii) For r € Z there are by quasi-rigidity exact sequences

0 —= im(f) —= M — im(v},,,) —= 0

0_>im(vf+n) M’ im(fr”) —0
of W,-modules. This implies by the additivity of the length
g(Mr) — e(Mr+n)

for all r € Z. But M is finitely generated as D,,-module. Hence it holds M" = M"*! for r > 0, which
gives the claim. "

Lifting p-W-Gauges. — Let M be a ¢- W-gauge, which is free as D-module. We claim that
under one mild restriction there is an F-crystal (M, ¢) such that €(M, @) is isomorphic to M as
¢-W-gauge.

s Definition 5.3.27. — A D-module M is called strict, if the reduction modulo p is strict.

Example 5.3.28. — We consider the D-module
W=w—Ww

and its reduction mod p

0
k——k<—k

This D-module is not strict. <

msssssssmm  Proposition 5.3.29. —  Every free D-module is strict.
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Proof. — The reduction of the D-module W(-1) is

deg: i-1 i i+1

which is clearly strict. Since every free D-module is a finite direct sum of modules of the above
type, the proposition follows. -

We call a gauge strict, if the underlying module is strict.

Corollary 5.3.30. — Let (M, ¢) be an F-crystal over k. Then &(M, @) is a strict free ¢-W-gauge.

Proof. — We have already seen in Proposition 5.3.21 that €(M, ¢) is free and hence the claim
follows from the proposition. -

The main theorem of this section is the following.

Theorem 5.3.31. — Let M be a free ¢-W-gauge. Then there is an F-rystal (M, ¢) such that
C(M, ¢) = M as ¢-W-gauge.

Proof. — The W-module M~ is free and we define M = Mp°. Since M is free as D-module,
we can write
s Nj
M=@DDW(-d)).
=1 i=1

1

In particular, M~ is a free W-module of rank 37}, . Choose a basis ey, . . ., Cpiser€res€)

ns
of M~*°. Then, we let CD(ef) = pdf(p(e{) be the Frobenius-linear injective map ®: M — M ® B.
This yields an isocrystal (M, ¢), and one verifies immediately that this F-crystal induces the given
gauge. .

We end this section by giving another characterization of free D-modules.

Lemmas.3.32. — Let M be a D-module such that each M" is torsion free. Then the reduction mod
p" of M is quasi-rigid. In particular, the reduction of a free D-module is quasi-rigid.

Proof. — Every torsion free module over a principal ideal domain is free. Thus, every M is a
free W-module. Since p-multiplication is injective on free W-modules, we see that the maps f,

and v, are all injective. We denote by ~ the reduction map. Let X ¢ ker(?:). This means that
fH(x) € p"M™". Thus, thereisa y € M"™" such that f(x) = p"y. This implies

1) =p"y = (v (),

and because of the injectivity of f, we have x = v]", (y), i.e. x € im(V},, ). The reverse inclusion
im(vy,,) c ker(f:) is clear. The equality ker(v}, ) = 1m(7:) is shown similarly. .

Theorem 5.3.33. — A D-module M is free, if and only if M is strict and every M is torsionfree as
W-module.
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Proof. — Neccessity is clear by Proposition 5.3.29. For the converse consider the reduction mod
p of M. By our assumption, M/pM is strict and the above lemma implies that M /pM is actually
rigid. By Lemma 5.3.26 all M" a finite dimensional k-vector spaces of the same dimension. By
strictness, we can write

M" =ker(f,) @ ker(v,) ® B,

where B’ is zero for all but finite many r € Z, since M is finitely generated. Let dy, -+, d; be these
integers, for which B” # 0. Letting n; := dim B, we have

s Nj

M/pM ~ D@D Di(~dy).

j=1 i=1

This can be lifted and we obtain "

M =~ D(—dj).
j=li

<

Il
—
]

The adjoint functors I and I

Again, k denotes a perfect field of characteristic p > 0 and W the ring of Witt vectors of k. We
consider the topos (Speck sy, associated to the small syntomic site of Speck. The small Zariski site
of Speck gives the trivial topos. The morphism of topoi

r= (T, T): (Speck)syn — (Speck)zar

can thus be described as follows: If .7 is an abelian sheaf on syn(Speck), then I, (F) = .7 (k) is
an abelian group, and if M is any abelian group, then I'"!(M) is the constant sheaf associated to M.
Recall that we have 0<% (k) = W, (k) by corollary 4.2.15.

Definition 5.4.34. — Let % = (%) nen be a family of sheaves of rings on (Speck)Syn such that
for all n € N we have an isomorphism of sheaves of rings %Z,,+1/p" = %,. Then Z is called a p-adic
ring.

Example 5.4.35. — We know by the exact sequence in corollary 4.3.24 that 0 = (05), .y is a
p-adic ring. Moreover, corollary 5.2.11 tells us that 4 = (¥, ) en is also a p-adic ring. <

Definition 5.4.36. — Let % = (#,) e~ be a p-adic ring on (Speck ). Then Z is called flat, if
there is an exact sequence

Ky _P' Kn P_' Kn
for all n € N.

Example 5.4.37. — Corollary 4.3.24 tells us that & is flat and proposition 5.2.10 tells us that &
is flat. <
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Definition 5.4.38. — Let % = (%,)nen be a p-adic ring on (Speck )syn. A p-torsion Z-module
on (Speck)qyn is a p-torsion abelian sheaf .7 on (Speck )sy, such that for all n € N the kernel of
p"-multiplication .#, has a structure of #,-module and the diagram

Rl X Mys1 —> Mui1

]

Rn X My ——> My

commutes. A morphism of p-torsion Z-modules is a morphism of the underlying abelian sheaves,
which satisfies the obvious compatibility conditions. The category of p-torsion %#-modules is
denoted by G, _tor (Z).

Since W is a discrete valuation ring with maximal ideal pW, torsion W-modules and p-torsion W-
modules are the same in this case. Let M be a torsion W-module. Then we can write M = li_r)nneN M,.

We want to associate a 0“"*-module to M. First assume that M is killed by p" for some n € N.
Then M = M, and we set T}, (M) =T7'(M,) ®w, O3, i.e. the sheafification of the presheaf

U I7(M,) ®w, 65 (V).

Obviously, the functor I'y, is left adjoint to I, since this is true for the functor I'! and the
statement follows from that like in the classical case. Actually, if .# is an ﬁ,ﬁris-module, then
I.(A) = 4 (Speck) is a W,-module. For an arbitrary torsion W-module M we set

Iy (M) o= lim(T™ (M) @, O5°).
neN

Hence we get a functor Ij: Gp—tor (W) = Gptor (0). It is clear that the functor I}, is left adjoint
to ..

Let D = W[f,v] with the relation fv = vf = p and the isomorphism of rings D** = W —
W = D™ given by the Frobenius on W. This is a ¢-ring and by reduction we have the ¢-rings
D, = D/p". The canonical isomorphism D = 1<i£1n€N D,, implies that D is a flat p-adic ring. If M is
a D,-module, we define I'j; (M) := I'(M) ®p, %, i.e. the sheafification of

U+—T(M,)®p, 4,(U).

The discussion above immediately shows that 1“1“;" isleftadjoint to I'.. Moreover, if Z is a %, -module,
then I, (.#) is a D,-module. If M is any p-torsion D-module, we can write M = li_r)nneN M, where
M, is the kernel of p”-multiplication on M, and set

Ip(M) = h_r>n(r71(Mn) ®p, gn)-
neN
We finally obtain a functor
FB: gp—tor(D) g gp—tor(g)-

Theorem 5.4.39. — The functor I'}; is fully faithful. The restriction of the global section functor T,
to the essential image of I'}; is a quasi-inverse.
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Proof. — Fix n € N. The adjointness of I, and I';; gives
Homg, (T, (M), .#") — Homp, (M, T.(#)).

If 4 is in the essential image of F*n, then there exists a D,,-module N such that
N =Tp (N).
By the construction of our functors I'. and I';, and since (Speck )z is trivial we have
I.(T5,(N)) = N.
Using this together with the adjointness property yields an isomorphism
Homg, (T}, (M), T}, (N)) 2 Homp, (M, N).
Taking the direct limit over all n € N proves the theorem. -

Remark 5.4.40. — The proof of the theorem is actually a special case of the following formal fact
about adjoint pairs: Let C and D be categories and let

C—D

R

be a pair of adjoint functors, where L is left adjoint to R. Then there exists a morphism of functors

8:idc—>ROL

called the unit of the adjunction. Then L is fully faithful if and only if &: R o L is an isomorphism
(see [ , proposition 1.5.6 (ii)]). <

As an immediate consequence of the theorem we obtain the following corollary.
messssss—— Corollary 5.4.41. —

(i) If M is a 9-module over D, then T}\(M) is a 9-module over & and the restriction of I}, to
o-modules is fully faithful.

(ii) If M is a @-gauge over D, then T;(M) is a 9-module over ¢ and the restriction of I} to
@-gauges is fully faithful.



[Baug2]

[BBM82]

[Ber74]

[BMoo]

[BO78]

[Bouoé6a]

[Bouoé6b]

[Bouo7ya]

[Bouo7b]

[Breg6]

[Dem86]

[FJos]

Bibliography

W. BAUER - “On the conjecture of Birch and Swinnerton-Dyer for abelian varieties over
function fields in characteristic p > 07, Invent. Math. 108 (1992), no. 2, p. 263-287.

P. BERTHELOT, L. BREEN & W. MESSING — Théorie de Dieudonné cristalline. II, Lecture
Notes in Mathematics, vol. 930, Springer-Verlag, Berlin, 1982.

P. BERTHELOT - Cohomologie cristalline des schémas de caractéristique p > 0, Lecture
Notes in Mathematics, Vol. 407, Springer-Verlag, Berlin, 1974.

P. BERTHELOT & W. MESSING — “Théorie de Dieudonné cristalline. III. Théorémes
déquivalence et de pleine fidélité”, The Grothendieck Festschrift, Vol. I, Progr. Math.,
vol. 86, Birkhduser Boston, Boston, MA, 1990, p. 173-247.

P. BERTHELOT & A. OGUS - Notes on crystalline cohomology, Princeton University Press,
Princeton, N.]., 1978.

N. BourBak1 - Eléments de mathématique. Algébre commutative. Chapitres 1 & 4,
Springer-Verlag, Berlin, 2006, Reprint of the 1985 original.

— , Eléments de mathématique. Algébre commutative. Chapitres 8 et 9, Springer-Verlag,
Berlin, 2006, Reprint of the 1983 original.

— , Eléments de mathématique. Algébre. Chapitres 1 a 3, Springer-Verlag, Berlin, 2007,
Reprint of the 1970 original.

— , Eléments de mathématique. Algébre. Chapitres 4 a 7, Springer-Verlag, Berlin, 2007,
Reprint of the 1981 original.

C. BreuIL - “Topologie log-syntomique, cohomologie log-cristalline et cohomologie
de Cech”, Bull. Soc. Math. France 124 (1996), no. 4, p. 587-647.

M. DEMAZURE - Lectures on p-divisible groups, Lecture Notes in Mathematics, vol. 302,
Springer-Verlag, Berlin, 1986, Reprint of the 1972 original.

J. FONTAINE & U. JANNSEN - “Some p-torsion sheaves in chrarcteristic p”, unpublished,
2005.

93



Bibliography

[FM87]

[Gro60]

[Gro66]

[Gro67]

[Jan]

[Kab71]

[KSo6]

[Lano2]

[(LZo7]

[Mat80]

[Mes72]

[MLMo4]

[MWo4]

[Oguo1]

[Schog]

J.-M. FONTAINE & W. MESSING - “p-adic periods and p-adic étale cohomology”, Current
trends in arithmetical algebraic geometry (Arcata, Calif., 1985), Contemp. Math., vol. 67,
Amer. Math. Soc., Providence, RI, 1987, p. 179-207.

A. GROTHENDIECK — “Eléments de géométrie algébrique. I. Le langage des schémas”,
Inst. Hautes Etudes Sci. Publ. Math. (1960), no. 4, p. 228.

—, “Eléments de géométrie algébrique. IV. Etude locale des schémas et des morphismes
de schémas. I11”, Inst. Hautes Etudes Sci. Publ. Math. (1966), no. 28, p. 255.

—, “Eléments de géométrie algébrique. IV. Etude locale des schémas et des morphismes
de schémas IV”, Inst. Hautes Etudes Sci. Publ. Math. (1967), no. 32, p. 361.

U. JANNSEN - “A new p-adic cohomology theory in characteristic p”, Talk given at the
conference “Arithmetic and Motivic Algebraic Geometry” (Regensburg, 17 February
2011).

T. KABELE - “Regularity conditions in nonnoetherian rings”, Trans. Amer. Math. Soc.
155 (1971), p- 363-374-

M. KASHIWARA & P. SCHAPIRA - Categories and sheaves, Grundlehren der Mathematis-
chen Wissenschaften, vol. 332, Springer-Verlag, Berlin, 2006.

S. LANG - Algebra, third ed., Graduate Texts in Mathematics, vol. 211, Springer-Verlag,
New York, 2002.

A. LANGER & T. ZINK - “De Rham-Witt cohomology and displays”, Doc. Math. 12
(2007), p- 147-191 (electronic).

H. MaTsuMuRrA - Commutative algebra, second ed., Mathematics Lecture Note Series,
vol. 56, Benjamin/Cummings Publishing Co., Inc., Reading, Mass., 1980.

W. MESSING — The crystals associated to Barsotti-Tate groups: with applications to abelian
schemes, Lecture Notes in Mathematics, Vol. 264, Springer-Verlag, Berlin, 1972.

S. Mac LANE & I. MOERDIJK — Sheaves in geometry and logic, Universitext, Springer-
Verlag, New York, 1994, A first introduction to topos theory, Corrected reprint of the
1992 edition.

B. MOONEN & T. WEDHORN - “Discrete invariants of varieties in positive characteristic”,
Int. Math. Res. Not. (2004), no. 72, p. 3855-3903.

A. Ogus - “Frobenius and the Hodge spectral sequence”, Adv. Math. 162 (2001), no. 2,
p- 141-172.

E SCHNELLINGER - “Rigid gauges and F-zips, and the fundamental sheaf of gauges G,,”,
Ph.D. Thesis, University of Regensburg, 2009, http://epub.uni-regensburg.
de/12290/.


http://epub.uni-regensburg.de/12290/
http://epub.uni-regensburg.de/12290/

Bibliography

[SGA71]

[SGA72a]

[SGA72b]

[Tamo4]

[Waty9]

[Wedo8]

[Zino2]

Théorie des intersections et théoréme de Riemann-Roch — Lecture Notes in Mathematics,
Vol. 225, Springer-Verlag, Berlin, 1971, Séminaire de Géométrie Algébrique du Bois-
Marie 1966-1967 (SGA 6), Dirigé par P. Berthelot, A. Grothendieck et L. Illusie. Avec la
collaboration de D. Ferrand, J. P. Jouanolou, O. Jussila, S. Kleiman, M. Raynaud et J. P.
Serre.

Théorie des topos et cohomologie étale des schémas. Tome 1: Théorie des topos — Lecture
Notes in Mathematics, Vol. 269, Springer-Verlag, Berlin, 1972, Séminaire de Géométrie
Algébrique du Bois-Marie 1963-1964 (SGA 4), Dirigé par M. Artin, A. Grothendieck, et
J. L. Verdier. Avec la collaboration de N. Bourbaki, P. Deligne et B. Saint-Donat.

Théorie des topos et cohomologie étale des schémas. Tome 2 — Lecture Notes in Mathe-
matics, Vol. 270, Springer-Verlag, Berlin, 1972, Séminaire de Géométrie Algébrique du
Bois-Marie 1963-1964 (SGA 4), Dirigé par M. Artin, A. Grothendieck et J. L. Verdier.
Avec la collaboration de N. Bourbaki, P. Deligne et B. Saint-Donat.

G. TAMME - Introduction to étale cohomology, Universitext, Springer-Verlag, Berlin,
1994, Translated from the German by Manfred Kolster.

W. C. WATERHOUSE - Introduction to affine group schemes, Graduate Texts in Mathe-
matics, vol. 66, Springer-Verlag, New York, 1979.

T. WEDHORN - “De Rham cohomology of varieties over fields of positive characteristic”,
Higher-dimensional geometry over finite fields, NATO Sci. Peace Secur. Ser. D Inf.
Commun. Secur., vol. 16, IOS, Amsterdam, 2008, p. 269-314.

T. ZiNk - “The display of a formal p-divisible group”, Astérisque (2002), no. 278, p. 127-
248, Cohomologies p-adiques et applications arithmétiques, L.




	Introduction
	1 Preliminaries
	§1 The ring of Witt vectors
	§2 Semi-linear algebra
	§3 Divided powers
	§4 Grothendieck topologies, sites and topoi

	2 F-gauges and displays
	§1 F-gauges
	§2 F-crystals
	§3 F-zips
	§4 Displays

	3 Topologies in positive characteristic
	§1 Syntomic morphisms
	§2 The crystalline-syntomic site

	4 The sheaves Oncris
	§1 Definition of Oncris
	§2 Witt vectors and Oncris
	§3 Flatness of Oncris

	5 Gauges
	§1 phi-rings, phi-modules and phi-gauges
	§2 The phi-ring Gn
	§3 phi-Gauges over perfect fields
	§4 The adjoint functors Gamma

	Bibliography

