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Preface 

This is an almost unchanged version of my 1988 Habilitations-
schrift at Regensburg. My original plan was to completely rewrite it for 
publication; in particular I wanted to make it more readable for the 
non—expert. Finally I chose to rather publish it like it is than turn it 
into a long range project. So I have only made some minor corrections 
and added three appendices. The first one reproduces a letter from S. 
Bloch to me and the second one consists of an example by C Schoen. I 
thank both for the permission to publish this material, and the latter 
for the effort of rewriting the example, which also figured in a letter to 
me. The third appendix contains some remarks and complements 
written in 1989. 

Uwe Jannsen 
Bonn, November 1989 





T h i s t e x t c o n s i s t s o f t h r e e p a r t s . In p a r t I we d e f i n e a 

c a t e g o r y o f mixed m o t i v e s i n t h e s e t t i n g o f a b s o l u t e Hodge c y c l e s . 

In p a r t I I we i n v e s t i g a t e , as g e n e r a l as p o s s i b l e , r e l a t i o n s between 

a l g e b r a i c c y c l e s , a l g e b r a i c K - t h e o r y , and mixed s t r u c t u r e s i n t h e 

cohomology o f a r b i t r a r y v a r i e t i e s . In p a r t I I I we p r e s e n t some 

c o n j e c t u r e s on C h ern c h a r a c t e r s from K - t h e o r y i n t o i l - a d i c cohomology 

f o r v a r i e t i e s o v e r f i n i t e f i e l d s o r g l o b a l f i e l d s , and p r o v e t h e s e 

i n some (ve r y ) s p e c i f i c c a s e s . 

B a ckground The c o n c e p t o f m o t i v e s [Ma] , [ K l j , [SR] was i n t r o d u c e d 

by G r o t h e n d i e c k t o e x p l a i n phenomena i n d i f f e r e n t cohomology t h e o r i e s 

o f a l g e b r a i c v a r i e t i e s i n a c o h e r e n t way, i n p a r t i c u l a r t h o s e r e ­

l a t e d t o a l g e b r a i c c y c l e s and w e i g h t s . F o r example i n b o t h the 

£-adic and t h e Hodge t h e o r y t h e cohomology H 1(X) o f a smooth 

p r o j e c t i v e v a r i e t y i s pure o f w e i g h t i , t h e c l a s s o f an a l g e b r a i c 

c y c l e o f c o d i m e n s i o n j can be i n t e r p r e t e d as a morphism from t h e 

t r i v i a l s t r u c t u r e i n t o H 2 - ^ ( X ) ( J ) , and t h e p a r a l l e l f o r m u l a t i o n of t h e 

c o n j e c t u r e s o f Hodge and o f T a t e i s t h a t t h e f u n c t o r s e n d i n g a 

m o t i v e t o i t s c o h o m o l o g i c a l r e a l i z a t i o n i s f u l l y f a i t h f u l . 

A l l t h i s only concerns c y c l e s modulo h o m o l o g i c a l e q u i v a l e n c e and 

does not c o v e r s i n g u l a r o r non-compact v a r i e t i e s , w h i ch o f t e n a r i s e 

i n a l g e b r a i c geometry. C o n c e r n i n g t h e s e , D e l i g n e shows i n [.D5 ] 

§10 t h a t c y c l e s homologous t o z e r o g i v e r i s e t o n o n - t r i v i a l ex­

t e n s i o n s o f p ure s t r u c t u r e s o f d i f f e r e n t w e i g h t s - t h i s i s c a l l e d 

a mixed s t r u c t u r e - and i n h i s t r e a t m e n t s o f Hodge t h e o r y and 

£-adic cohomology [D5] , [D9] shows t h a t t h e cohomology o f a r b i t r a r y 

v a r i e t i e s g i v e s r i s e t o mixed s t r u c t u r e s , t o o . Indeed, b o t h f a c t s 



a r e d i r e c t l y r e l a t e d , and one e x p e c t s a d e s c r i p t i o n of t h e whole 

Chow g r o u p and a s a t i s f a c t o r y t r e a t m e n t o f a r b i t r a r y v a r i e t i e s i n 

t h e s e t t i n g o f a c a t e g o r y o f mixed m o t i v e s [ B e i 4] , [D10] . F i n a l l y , 

work o f B e i l i n s o n s u g g e s t s t h a t mixed m o t i v e s a r e r e l a t e d t o h i g h e r 

a l g e b r a i c K - t h e o r y , l i k e c y c l e s a r e r e l a t e d t o K q [ B e i 1] , [ B e i 2 ] . 

G r o t h e n d i e c k ' s d e f i n i t i o n o f m o t i v e s i s q u i t e s i m p l e , but o n l y 

g i v e s a s a t i s f a c t o r y t h e o r y t o g e t h e r w i t h the s o - c a l l e d s t a n d a r d 

c o n j e c t u r e s . D e l i g n e has g i v e n a "working d e f i n i t i o n " o f m o t i v e s f o r 

a b s o l u t e Hodge c y c l e s (the l a t t e r ones r e p l a c i n g the a l g e b r a i c c y c l e s 

i n G r o t h e n d i e c k f s d e f i n i t i o n ) , which o f t e n s u f f i c e s f o r t h e a p p l i ­

c a t i o n s [DMOS] . An a l g e b r a i c d e f i n i t i o n o f mixed m o t i v e s i s 

p r o b l e m a t i c , s i n c e G r o t h e n d i e c k 1 s methods ( a l g e b r a i c c o r r e s p o n ­

dences and i dempotents) n e i t h e r a p p l y nor e x t e n d i n an o b v i o u s way. 

P a r t I I n §1 we s t a r t w i t h t h e s i m p l e but c r u c i a l o b s e r v a t i o n t h a t 

- i n the l a n g u a g e i n t r o d u c e d l a t e r - a s u b r e a l i z a t i o n o f the r e a l i ­

z a t i o n o f a m o t i v e f o r a b s o l u t e Hodge c y c l e s (AH-motive) i s a d i r e c t 

f a c t o r and hence a s u b m o t i v e . As a c o r o l l a r y we show t h a t t h e r e are 

n a t u r a l AH-motives a s s o c i a t e d t o modular forms, h a v i n g as £-adic 

r e a l i z a t i o n s the r e p r e s e n t a t i o n s c o n s t r u c t e d by D e l i g n e [D1] (Re­

c e n t l y , S c h o l l [Sch 1] c o n s t r u c t e d t h e s e m o t i v e s a l g e b r a i c a l l y ) . 

A n o t h e r a p p l i c a t i o n i s the c o n s t r u c t i o n o f d i r e c t f a c t o r s i n the 

£-adic cohomology. 

In §2 we make a p r e c i s e d e f i n i t i o n o f a c a t e g o r y i n which t h e 

r e a l i z a t i o n s o f AH-motives o v e r a f i e l d k l i v e , by d e f i n i n g a b i g g e r 

c a t e g o r y MR̂ , o f mixed r e a l i z a t i o n s , i n which a l s o mixed s t r u c t u r e s 

a r e a l l o w e d . These o b v i o u s l y a r e T a n n a k i a n c a t e g o r i e s , and we s tudy 

some of t h e i r f o r m a l p r o p e r t i e s . 

In §3 we p rove t h a t f o r a smooth v a r i e t y U o v er a f i e l d 

k o f c h a r a c t e r i s t i c z e r o i t s &-adic, deRham and B e t t i cohomolo-
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q i e s d e f i n e an o b j e c t H(U) i n MR^ . The t e c h n i q u e s a p p l i e d h e r e a r e 

a l l t a k e n from p a p e r s o f D e l i g n e , t h e main p o i n t c o n s i s t i n g i n 

showing t h a t one has a w e i g h t f i l t r a t i o n i n each t h e o r y w h i c h i s 

c o m p a t i b l e w i t h the c o m p a r i s o n i s o m o r p h i s m s , and t h a t the pure quo­

t i e n t s a r e AH-motives. 

In §4 t h e c a t e g o r y MM^ o f mixed m o t i v e s ov*?r k i s defined as the 

T a n n a k i a n s u b c a t e g o r y o f MR^ g e n e r a t e d by t h e H(U) . We p r o v e 

t h a t D e l i g n e ' s c a t e g o r y M^ can be i d e n t i f i e d w i t h the T a n n a k i a n 

s u b c a t e g o r y g e n e r a t e d by t h e r e a l i z a t i o n s o f smooth, p r o j e c t i v e 

v a r i e t i e s , and can be i d e n t i f i e d w i t h t h e f u l l s u b c a t e g o r y o f p u r e 

o b j e c t s i n MM̂ , . T h i s g i v e s a s i m p l e r d e f i n i t i o n o f M^ t h a n the o r i ­

g i n a l one, a v o i d i n g the p r o c e s s e s o f t a k i n g the p s e u d o - a b e l i a n 

h u l l , i n v e r t i n g the L e f s c h e t z o b j e c t and c h a n g i n g t h e commutation 

c o n s t r a i n t s . I f G and MG a r e t h e a s s o c i a t e d " G a l o i s g r o u p s " o f 

the n e u t r a l T a n n a k i a n c a t e g o r i e s M^ and MM^ ( f o r some f i b r e 

f u n c t o r g i v e n by B e t t i c o h o m o l o g y ) , t h e n t h e embedding M^-»MM^ 

d e f i n e s a homomorphism MG -* G , and the above i s r e f l e c t e d i n an 

e x a c t sequence of p r o - a l g e b r a i c groups 

1 -> U -> MG -> G -> 1 , 

w i t h c o n n e c t e d , p r o - u n i p o t e n t U, i d e n t i f y i n g G w i t h t h e maximal 

p r o - r e d u c t i v e q u o t i e n t o f MG . 

P a r t I I §5 i s , e x c e p t f o r theorems 5.13 and 5.15 (comparing O(X)* 

1 1 w i t h D e l i g n e cohomology Hp(X,ZZ (1)) o r e t a l e cohomology H ^ t ( X , ( 1 ) ) ) , 

m a i n l y m o t i v a t i o n a l . The c o n j e c t u r e s s t a t e d h e r e f o r t h e smooth 

c a s e a r e c o n t a i n e d i n t h o s e f o r m u l a t e d l a t e r f o r a r b i t r a r y v a r i e ­

t i e s . 

I n §6 a v e r y i m p o r t a n t t o o l a p p e a r s , t h e n o t i o n , due t o B l o c h 

and Ogus [BO],of a t w i s t e d P o i n c a r e d u a l i t y t h e o r y , a x i o m a t i z i n g 

the a s p e c t s o f a cohomology t h e o r y and an a s s o c i a t e d homology t h e o r y . 



Vll l 

I n t h i s s e t t i n g the n P o i n c a r e d u a l i t y " i s an is o m o r p h i s m 

(0.1) H 1 ( X f J ) -* H 2 d ^ i (X,d-j) , d = dim X , 

between cohomology and homology f o r smooth X . We d e f i n e a v e r s i o n 

w i t h v a l u e s i n a t e n s o r c a t e g o r y , a l s o i n t r o d u c i n g t h e c o n c e p t 

o f w e i g h t s modeled a f t e r t h e s i t u a t i o n f o r mixed Hodge s t r u c t u r e s 

o r mixed £-adic s h e a v e s . A f t e r d i s c u s s i n g &-adic, deRham and B e t t i -

cohomology we p r o v e - e x t e n d i n g the r e s u l t s i n p a r t I - t h a t 

t h e r e i s a P o i n c a r e d u a l i t y t h e o r y w i t h v a l u e s i n MR^ . 

In §7 we pro p o s e how t o e x t e n d t h e c o n j e c t u r e s o f Hodge and 

T a t e t o a r b i t r a r y v a r i e t i e s . The b a s i c o b s e r v a t i o n i s t h a t t h e r i g h t 

s e t t i n g i s the homology, the c l a s s i c a l f o r m u l a t i o n s b e i n g r e o b t a i n e d 

by ( 0 . 1 ) . We show t h a t t h i s Hodge c o n j e c t u r e i s t r u e i f and o n l y 

i f t h e c l a s s i c a l Hodge c o n j e c t u r e i s , and t h a t the same i s b a s i c a l l y 

t r u e f o r the T a t e c o n j e c t u r e s . 

I n § 8 we r e c a l l some p r o p e r t i e s o f Chern c h a r a c t e r s and Riemann-

Roch t r a n s f o r m a t i o n s a s s u r i n g t h a t the maps 

(0.2) H^(X,$(b) )®$£ -> H ^ t ( X x k k , ( J £ ( b ) ) k , c h a r k * I , 

(0.3) H?J(X,®(b) )-> r H H a ( x « n ,©(b)) , k = C , 
M 

(where H i s t h e m o t i v i c homology d e f i n e d by B e i l i n s o n v i a K3Jt(X) 

and d e n o t e s the group o f Hodge c y c l e s ) , s a t i s f y a l l f u n c t o r i a l i -

t i e s o f morphisms o f P o i n c a r e d u a l i t y t h e o r i e s . We s t a t e c o n j e c t u r e s 

on t h e s u r j e c t i v i t y o f (0.2) and (0.3) and e x t e n d theorems 5.13 and 

5.15 t o a r b i t r a r y v a r i e t i e s , thus p r o v i n g t h e c o n j e c t u r e s f o r c u r v e s . 

In §9 we d i s c u s s r e l a t i o n s between e x t e n s i o n s o f r e a l i z a t i o n s 

and a l g e b r a i c c y c l e s homologous t o z e r o . As a consequence we show 

why a n a i v e e x t e n s i o n o f t h e c o n j e c t u r e s o f Hodge and T a t e t o the 

s u r j e c t i v i t y o f (0.2) and (0.3) f o r a r b i t r a r y a,b € TZ i s f a l s e . In 

p a r t i c u l a r , t h i s d i s p r o v e s a H o d g e - t h e o r e t i c c o n j e c t u r e by B e i l i n s o n 

[ B e i 2] .We deduce the counterexample from examples o f Mumford on 

the n o n - i n j e c t i v i t y of the A b e l - J a c o b i map 

C H j ( X ) o -> H 2 j " 1 (X,<r)/H 2 j~ 1 (X fZZ ( j ) ) + F j . 



Then we e x t e n d e v e r y t h i n g t o t h e £-adic A b e l - J a c o b i maps 

C H J ( X ) o "* H c o n t ( G k ' H 2 J " 1 ( X ^ ' f f i £ < 3 ) ) ) , 

by u s i n g r e s u l t s o f B l o c h [ B i 1] . 

I n §10 we e x t e n d B l o c h ' s r e s u l t s t o h i g h e r - d i m e n s i o n a l v a r i e t i e s 

and show t h a t A b e l - J a c o b i maps a r e n o n - i n j e c t i v e q u i t e p r i n c i p a l l y , 

f o r any r e a s o n a b l e P o i n c a r e d u a l i t y t h e o r y - p r o v i d e d t h e base 

f i e l d c o n t a i n s t o o many p a r a m e t e r s . The main theme o f o u r c o n j e c t u r e s 

and o f s e v e r a l c o n j e c t u r e s o f B l o c h and B e i l i n s o n , i s t h a t t h e s i ­

t u a t i o n i s d i f f e r e n t f o r f i n i t e f i e l d s , g l o b a l f u n c t i o n f i e l d s , 

and number f i e l d s . 

I n §11 we r e c a l l some i d e a s o f B e i l i n s o n on mixed m o t i v e s [ B e i 4] 

We s t r e s s t h e f a c t t h a t h i s p h i l o s o p h y o f mixed m o t i v i c s h e a v e s would 

i m p l y some q u i t e e x p l i c i t c o n j e c t u r e s - e x t e n d i n g e a r l i e r ones by 

B l o c h - on the s t r u c t u r e o f Chow groups o f smooth p r o j e c t i v e 

v a r i e t i e s o v e r a r b i t r a r y f i e l d s . I t h i n k t h e s e s h o u l d be r e g a r d e d 

as an e x t e n s i o n o f G r o t h e n d i e c k ' s s t a n d a r d c o n j e c t u r e s t o t h e whole 

Chow group. We remark t h a t t h e y would f o l l o w from t h e i n j e c t i v i t y 

o f some c y c l e map. 

P a r t I I I Our b a s i c c o n j e c t u r e f o r v a r i e t i e s o v e r f i n i t e f i e l d s 

i s t h a t h e r e (0.2) i s an isomorphism, i n §12 we pro v e i t i n some 

c a s e s and show t h a t i t would f o l l o w from s e v e r a l " c l a s s i c a l " c o n ­

j e c t u r e s on smooth, p r o j e c t i v e v a r i e t i e s , a t l e a s t i f we assume 

a weak form o f r e s o l u t i o n o f s i n g u l a r i t i e s . The c o n j e c t u r e would 

i m p l y a d e s c r i p t i o n o f m o t i v i c homology o f a r b i t r a r y v a r i e t i e s X 

o v e r a r b i t r a r y f i e l d s o f p o s i t i v e c h a r a c t e r i s t i c , by w r i t i n g 

X = Iim X , w i t h v a r i e t i e s X o v e r 3F and f l a t t r a n s i t i o n maps, +- a ' a p c 

a M M s i n c e H (X,Q(b)) = I i m H ,(X ,Q(b)) . We e x p l a i n t h i s i n more d e t a i l a a ot a 
f o r t h e c a s e o f a g l o b a l f u n c t i o n f i e l d k . Note t h a t we need 

non-proper even f o r a smooth, p r o j e c t i v e X , and o b s e r v e 

t h e s i m i l a r i t i e s and t h e d i f f e r e n c e s t o t h e a p p r o a c h o f A r t i n and 

T a t e i n [D.E.] 



We d o n't have a s i m i l a r l y g e n e r a l c o n j e c t u r e f o r number f i e l d s , 

b u t i n §13 we d i s c u s s a c o n j e c t u r e on the b i j e c t i v i t y of 

(0.4) H^(X,Q(b) - H ^ t ( X , © £ ( b ) ) , 
r^et * (where i s a c e r t a i n m o d i f i e d e t a l e homology) i n the " s t a b l e 

r a n g e " a > dim X + b . T h i s i s r e l a t e d t o c e r t a i n G a l o i s cohomolo-

g i c a l i n v e s t i g a t i o n s i n [ J 3 ] . 

The extreme c o u n t e r p a r t o f pure s t r u c t u r e s a r e mixed s t r u c t u r e s 

whose pure p i e c e s a r e as s i m p l e as p o s s i b l e , i . e . , T a t e o b j e c t s , so 

t h a t o n l y mixed phenomena rem a i n . In §14 we d e f i n e a c l a s s o f 

v a r i e t i e s ( c o n t a i n i n g t h o s e s t r a t i f i e d by l i n e a r s p a c e s , l i k e 

G r assmannians o r f l a g v a r i e t i e s ) w i t h t h i s p r o p e r t y , and p r o v e most 

o f o u r c o n j e c t u r e s f o r t h e s e v a r i e t i e s . 
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PART I 

MIXED MOTIVES FOR ABSOLUTE HODGE CYCLES 

§1. Some remarks on a b s o l u t e Hodge c y c l e s 

L e t k be a f i e l d o f c h a r a c t e r i s t i c z e r o , which i s em-

b e d d a b l e i n (T . F i x an a l g e b r a i c c l o s u r e k o f k and l e t 

G^ = G a l (Ji/k) . In the f o l l o w i n g we d e a l w i t h m o t i v e s f o r ab­

s o l u t e Hodge c y c l e s as d e f i n e d by D e l i g n e i n [D6], see a l s o 

[DMOS]II §6, i n p a r t i c u l a r we use s i m i l a r n o t a t i o n s as i n 

t h e s e r e f e r e n c e s . Then a m o t i v e M o v e r k has r e a l i z a t i o n s 

H D R ( M ) - a k - v e c t o r space w i t h a d e s c e n d i n g f i l t r a t i o n F ^ 

H 1 ( M ) - ( f o r e a c h prime number 1) a Q 1 - V e c t o r space, on 

wh i c h Gj c a c t s c o n t i n u o u s l y , 

H 0 ( M ) - ( f o r each embedding o: k «-* (E) a Q - v e c t o r space 

w i t h a Hodge s t r u c t u r e on H 0 ( M ) 8 3R , i . e . , a Q-

Hodge s t r u c t u r e , 

a l l o f the same f i n i t e d i m e n s i o n . F u r t h e r m o r e , t h e r e a r e com-

o a r i s o n isomorphisms 

1 C o r 0
 : V M > • c C ~ H D R ( M ) ®k,c « 

and 

f o r each e x t e n s i o n a : k (E o f 

I f X i s a smooth p r o j e c t i v e v a r i e t y o v e r k and n ^ O 

an i n t e g e r , t h e m o t i v e M = h n ( X ) i s g i v e n by t h e r e a l i z a t i o n s 

H D R ( M ) = H D R ( X ) = H d r ( x / k ) (de Rham cohomology) 

H 1 ( M ) = H 1 ( X ) = H e t ( X x k ^ / Q l ) ( 1 ^ a d i c cohomology) 

H G ( M ) = H g ( X ) = H N ( X x k 0C,Q) ( s i n g u l a r cohomology) . 



The c o m p a r i s o n isomorphisms a r e o b t a i n e d from t h e c a n o n i c a l 

ones between the cohomology t h e o r i e s o f the v a r i e t y aX = 

X x v n$ over (E . Namely I 1 - i s g i v e n by 

H n ( X x k ^ C e i ) ^ H ^ t ( X x k f a C , C l ) i t H ^ t ( X x k E f C l ) 

and I M i s i n d u c e d bv 

H n C a X 7(J) - S a s i . H n R ( a V ( C ) m 

dim X 
I f we l e t h(X) = © h (X) , any m o t i v e M i s a d i r e c t 

n=o 

summand o f h(X)(m) , the m - f o l d T a t e - t w i s t o f h(x) t f o r some 

smooth p r o j e c t i v e X and some m € ZZ . 

The f o l l o w i n g lemma, which d e s c r i b e s t h e p o s s i b l e summands, 

i s r a t h e r e asy b u t v e r y i m p o r t a n t f o r the f o l l o w i n g . 

1.1. Lemma L e t M be a m o t i v e o v e r k . Suppose g i v e n a 

k-subspace U D R £E H
D R ( M ) * f o r each 1 a Q 1 - S u b s p a c e 5 

H 1(M) , which i s a G^-submodule, and f o r each a: k «-* <C a 

0)-subspace U G 5 H q (M) , which i s a sub-Q-Hodge s t r u c t u r e , 

s u c h t h a t t h e s e s u b s p a c e s c o r r e s p o n d under t h e c o m p a r i s o n i s o ­

morphisms. Then t h e r e i s a d e c o m p o s i t i o n M = M^ © M^ i n mo­

t i v e s such t h a t U = H (M.) c H (M) where a r u n s t h r o u g h 

a a 1 — a 

t h e i n d i c e s DR, 1 and a . 

P r o o f As the subspaces U a r e c o m p a t i b l e w i t h t h e w e i g h t 

g r a d i n g s ( t h i s i s i m p l i c i t i n the s t a t e m e n t t h a t the U g a r e 

sub-d)-Hodge s t r u c t u r e s ) , we may assume M pure o f w e i g h t r , 

sa y . Then t h e r e e x i s t s a moronism o f m o t i v e s 

Y : M M(-r) (M = d u a l o f M) 

g i v i n g r i s e t o non-degenerate p a i r i n g s f o r a G {DR,1,a} 

H a(M) * H a(M) - H a ( l ( - r ) ) = Q 1 ( T ) 

Q ( T ) 

a = DR 
a = 1 

a = a 



w h i c h a r e c o m p a t i b l e w i t h the v a r i o u s s t r u c t u r e s l i k e G ^ - a c t i o n 

f o r a = 1 and Hodge s t r u c t u r e f o r a = a e t c . , and c o r r e s p o n d 

under t h e c o m p a r i s o n i s o m o r p h i s m s . Moreover, the ^ g i n d u c e 

p o l a r i z a t i o n s o f r e a l Hodge s t r u c t u r e s . 

H a(M)SlR $ H a(M)®3R - 3R(-r) 

I n f a c t , t o f i x i d e a s we may assume - by t w i s t i n g w i t h powers 

o f the T a t e m o t i v e and a d d i n g o t h e r m o t i v e s - t h a t M i s 

h r ( X ) f o r a smooth p r o j e c t i v e v a r i e t y X o f d i m e n s i o n d 

o v e r k . Then by u s i n g a v e r y ample d i v i s o r and the h a r d L e f s c h e t z 

theorem one c o n s t r u c t s an a b s o l u t e Hodge c y c l e i n C 2 d r ( X x X ) 

g i v i n g a homomorphism 

$ : h r ( X ) -> h 2 d ~ r ( X ) (d-r) 

the m o t i v i c v e r s i o n o f the '""-operator" i n Hodge t h e o r y , see 

[DMOS] I I 6.2. The p a i r i n g s ^^ above a r e t h e n o b t a i n e d by 

c o m b i n i n g w i t h t h e P o i n c a r e p a i r i n g s 

H r ( X ) ® H 2 d ~ r ( X ) - H 2 d ( X ) H ( l ( - d ) ) a a a ~ a 

and t w i s t s by d - r . Or: the P o i n c a r e p a i r i n g s g i v e an i s o ­

morphism h 2 d ~ r (X) (d-r) h r ( X ) V ( - r ) , whose c o m p o s i t i o n w i t h 

$ i s Y . 

L e t V__ , V 1 and V be the o r t h o g o n a l complements o f D R l Cf 
U , U and U , r e s p e c t i v e l y , w i t h r e s p e c t t o the p a i r i n g s DR I O 

^DR ' a n d ^o * B y t n e c o m P a t i b i l i t V o f t n e l^ a
 t n e s e spaces 

then c o r r e s p o n d under t h e c o m p a r i s o n i s o m o r p h i s m s . A l s o t h e 

V a r e s u b s t r u c t u r e s o f the H (M) l i k e t h e U : the G, ~ 
a a a k 

i n v a r i a n c e o f f o l l o w s from the G k ^ i n v a r i a n c e o f and 

i);.̂  , and V g i s a sub-Q-Hodge s t r u c t u r e , as ^ g i s a p o l a r i z a ­

t i o n o f Q-Hodge s t r u c t u r e s . T h i s a l s o shows t h a t U fl V = O 
71 O O 

(compare D e l i g n e ' s argument [D4] p. 44, t h a t any s u b - s t r u c t u r e 

o f a p o l a r i z e d Q-Hodge s t r u c t u r e i s a d i r e c t f a c t o r ) : one has 

(2TTi) riJ; (x,Cx) > O f o r a l l O * x € H (M) 8 3R , where C i s 



t h e W e i l o p e r a t o r : C = i € S (3R ) = C a c t i n g on e v e r y IR-

Hodge s t r u c t u r e , see [D4] (2.1.14). As C r e s p e c t s t h e s u b -
1 

Hodge s t r u c t u r e U g 8 IR we c o n c l u d e U g ® IR D (U g® IR ) = O as 

c l a i m e d . By the c o m p a r i s o n isomorphisms we a l s o g e t H V 1 = O 

and U r k- 0 V__ = O . The d e c o m p o s i t i o n s H (M) = U ® V t h e n DR DR r a a a 
i n d u c e endomorphisms 

p a : H a(M) P r ^ t i o n ^ . H ( X(M) 

f o r a € {DR fI,a} , which a r e c o m p a t i b l e w i t h the v a r i o u s 

s t r u c t u r e s and the c o m p a r i s o n isomorphisms, as t h i s i s t h e 

c a s e f o r the U- and V - s p a c e s . T h e r e f o r e the f a m i l y o f t h e p a 

g i v e s an element p € End(M) (see [DMOS]II 6.7 (g) o r 6.1 

f o r M = h(X) , n o t e t h a t p r e s p e c t s t h e Hodge f i l t r a t i o n 

as i t i s c o m p a t i b l e w i t h p and p i s a homomorphism o f 
c O ~ O 

Hodge s t r u c t u r e s ) , which i s a p r o j e c t o r and g i v e s t h e wanted 

d e c o m p o s i t i o n by t a k i n g M^ = Im p and M 2 = Im(1-p) ; f o r 

M = h(X) we have M 1 = (h(X),p) i n the n o t a t i o n o f [DMOS]. 

1.2. C o r o l l a r y I f X,Y a r e smooth v a r i e t i e s o v e r k w i t h X 

p r o j e c t i v e , t h e n f o r any morphism f : Y -» X and g: X -+ Y the 

k e r n e l o f 

f * : H r(X) -> H r(Y) a € {DR,l,a} 

i s r e p r e s e n t e d by a m o t i v e K e r f * c h (X) and the image o f 

g* : H r ( Y ) » H r(X) a € {DR,l,a} 

i s r e p r e s e n t e d by a m o t i v e Im g* c h r ( X ) , and t h e s e a r e d i r e c t 

f a c t o r s o f h r ( X ) . 

P r o o f The cohomology groups H r(Y) have mixed Q-Hodge s t r u c t u r e s , 

and f * and g*L a r e moronisms o f mixed Q-Hodge s t r u c t u r e s 
o o • 

[D4] . So Ker f * and Im g* a r e (pure) sub-Q-Hodge s t r u c t u r e s 



o f t h e p u r e , p o l a r i z e d Q-Hodge s t r u c t u r e s H
Q ( X ) • K e r f * and 

Im g* i n t h e o t h e r r e a l i z a t i o n s c o r r e s p o n d t o Ker f * and 

Im g* under the c o m p a r i s o n isomorphisms, as t h e s e a r e f u n c t o -

r i a l and a l s o e x i s t f o r Y , and o f c o u r s e i n the 1 - a d i c r e a l i ­

z a t i o n s one g e t s ( ^ - i n v a r i a n t s u b s p a c e s . So we can a p p l y the 

lemma ( w i t h U = K e r f * o r Im g* ) . 

In p a r t i c u l a r we g e t a r e s u l t which s h o u l d be t r u e more 

g e n e r a l l y by a c o n j e c t u r e o f G r o t h e n d i e c k - S e r r e on the semi-

s i m p l i c i t y o f the a c t i o n o f G^ on the 1 - a d i c cohomology. 

1.3. C o r o l l a r y I n t h e s i t u a t i o n above, t he k e r n e l o f 

f * : H r ( x ) - H r(Y) 

and t h e image o f 

g* : H r(Y) - H r(X) 

a r e d i r e c t f a c t o r s o f H r ( x ) as G^-modules . 

Of c o u r s e , s i m i l a r c o n s i d e r a t i o n s a p p l y t o o t h e r n a t u r a l 

maps l i k e G y s i n maps o r the c a n o n i c a l map 

H r(U) -> H r(X) c 

o f t h e cohomology w i t h compact s u p p o r t o f an open s u b v a r i e t y 

U o f X i n t o t h e cohomology o f a smooth p r o j e c t i v e v a r i e t y 

X . T h i s i s needed i n the p r o o f o f t h e n e x t c o r o l l a r y . 

1 . 4 . C o r o l l a r y The r e a l i z a t i o n s a t t a c h e d t o an e l l i p t i c 

m odular form f by D e l i g n e ([D6] §7) b e l o n g t o a m o t i v e 

M(f) . 

P r o o f L e t f be a new form o f w e i g h t k+2 (k = 0) , c o n d u c t o r 

N and c h a r a c t e r e f o r 



r I ( N ) = { ( c d] € S L 2 ( E ) 1 ( c d } s (0 1 } m o d N } * 

There i s a smooth p r o j e c t i v e c u r v e X 1 (N) o v e r <D and an 

open s u b v a r i e t y 

j : Y 1(N) X 1(N) 

such t h a t t h e C - v a l u e d p o i n t s can be i d e n t i f i e d w i t h 

= c o m p a c t i f i c a t i o n by 
^ 1 ( N ) T 1(N) \ a d d i n g t h e c u s p s , 

where Jfy i s t h e P o i n c a r e upper h a l f p l a n e . 

L e t N = 3 ; t h e n t h e r e i s t h e u n i v e r s a l e l l i p t i c c u r v e 

g: E -> Y 1 (N) , 

and D e l i g n e d e s c r i b e s the r e a l i z a t i o n s o f M(f) as p a r t s o f 

the " u n i v e r s a l cohomology" 

H 1 (X 1 (N) , J 3 l tSym k(R 1
g j t cQ) ) 

( i . e . , one has t o form t h e 1 - a d i c , d e Rham and s i n g u l a r v e r s i o n s 

o f t h i s cohomology), namely as k e r n e l o f T - a f o r a l l n 
n n 

prime t o N , where t he T^ a r e the Hecke c o r r e s p o n d e n c e s a c t i n g 

on t h e cohomology and f (z) = I a qn , q = e 2 T T i z . I f the 
\ A n n-1 

a ^ a r e n o t i n Q , one has t o t a k e t h e k e r n e l i n the f o l l o w i n g 

s e n s e : L e t T be the Q - a l g e b r a g e n e r a t e d by t h e T^ and E = 

Q ( a . , a _ , . . . ) , t h e n we have a morphism T -•> E by T K a . I f I z n n 

OL i s t h e k e r n e l o f t h i s morphism, d e f i n e the r e a l i z a t i o n s o f 

M(f) as the p a r t a n n i h i l a t e d by oc . 

By the commutative diagram 

H 1 (Y 1 (N) ,Sym k(R 1g +0)) ) » H 1 (X 1 (N) , j *Sym k (R 1 g*Q) ) 

; N 
H 1 ( Y 1 ( N ) , S y m k ( R 1 g + Q ) ) , 

i n w h i ch H^ denotes cohomology w i t h compact s u p p o r t and the 



maps a r e the c a n o n i c a l ones, one can a l s o d e f i n e the r e a l i z a t i o n s 

o f M(f) t o be t h e k e r n e l o f the T - a i n t h e p a r a b o l i c 
n n 

cohomology 

HpCY 1 (N) ,Sym k(R 1
g 3 l 5Q) ) = Im(H^(Y 1 (N) , . . .) S H 1 (Y 1 (N) ,...)) . 

Sym k (R1g*<R) i s a d i r e c t f a c t o r o f ( R 1 g * $ ) * k which i n t u r n i s 

a d i r e c t f a c t o r o f R ( g ^ ) + Q , f o r 

: E k = E x Y 1 (N) •• •"Y1 ( N ) E * Y 1 ( N ) 

t h e k - f o l d f i b r e p r o d u c t o f g ( r e l a t i v e v e r s i o n o f the Kunneth 

f o r m u l a ) , where by d e f i n i t i o n E q = Y 1(N) . 

F i n a l l y t h e s p e c t r a l sequence 

H P ( Y 1 (N) ,R q(g k)*<D) =* H P + Q ( E k , Q ) 

d e g e n e r a t e s and moreover, as remarked by Lie b e r m a n , i d e n t i f i e s 

H P ( Y 1 ( N ) , R q ( g k ) + Q ) w i t h t h e subspace o f H P + Q ( E k , Q ) , on which 

m • i d _ i n d u c e s t h e m u l t i p l i c a t i o n by m q , compare [D1] 
E k 

p. 1 6 8 . The same i s t r u e f o r the cohomology w i t h compact s u p p o r t . 

A l t o g e t h e r t h e r e a l i z a t i o n s o f M(f) a r e d i r e c t f a c t o r s 

o f the cohomology 

H K + 1 ( E K , $ ) = I m ( H k + 1 ( E k , Q ) -> H k + 1 ( E k , Q ) ) 

w h i c h a r e d e f i n e d as the k e r n e l o f s e v e r a l a l g e b r a i c c o r r e s p o n ­

dences: the T n a r e a l s o d e f i n e d as c o r r e s p o n d e n c e s o f E 
k+1 

and so o f E K , see [D1 ] ( 3 . 1 6 ) , t h e s u b q u o t i e n t o f H^ ^ E J C ' ® ) 

which c o r r e s p o n d s t o 
HpCY 1 (N) , ( R 1 g * Q ) ® k ) 5 H ^ Y 1 (N) , R k ( g k ) *Q) 

v i a the s p e c t r a l sequence can be i d e n t i f i e d w i t h the subspace 
k+1 

o f Hp ( E k , Q ) where t h e morphism In1 i d £ x . . . x m K i d £ (nu € S ) 

i n d u c e s t h e m u l t i p l i c a t i o n by Iti1 ... Iti k , and the p a r t c o r r e s p o n d -
k 1 1 ®k i n g t o Sym (R g*®) i n (R g*Q) can be i d e n t i f i e d by t h e a c t i o n 

o f the symmetric group S K on E ^ . 

I f one l i k e s - and i n p a r t i c u l a r i f one does n o t l i k e t o 



e l a b o r a t e t h e de Rham v e r s i o n s o f t h e above s t e p s - one c a n t a k e 

t h i s as t h e d e f i n i t i o n : t h e r e a l i z a t i o n s o f M(f) a r e o b t a i n e d 
„k+1 Tk+1 i n H ( E 1 ) = Im (H ( E 1 ) p,a k a,c k 

a TTk+1 ( E k ) ) , f o r a € {DR fI rO} , 

as t h e k e r n e l o f the T
n ~ a

n ' (m^ i d £ x . . . xrn^idg) *- m1 . . . i t ^ f o r 

s u f f i c i e n t l y many € ZS , and a*-1 f o r a l l a € S k c A u t ( E k ) . 
k+1 

They a r e s u b s t r u c t u r e s , i . e . , G^-submodules o f ( eJc^' 
k+1 

sub-Q-Hodge s t r u c t u r e s o f H^ ( E k ) e t c . , and c o r r e s p o n d under 

t h e c o m p a r i s o n i s o m o r p h i s m s , as t h e s e a l s o e x i s t f o r the coho­

mology w i t h compact s u p p o r t C^ EK^ a n c ^ a r e c o m p a t i b l e w i t h 

the (POT . A d e f i n i t i o n of a l g e b r a i c de Rham cohomology w i t h 

compact s u p p o r t and the c o m p a r i s o n isomorphism to s i n g u l a r 

cohomology can be found i n [HL] . 

To g e t a m o t i v e we s t i l l have t o r e p l a c e E k by a 

smooth p r o j e c t i v e v a r i e t y . Now t h e r e e x i s t s a smooth com-

p a c t i f i c a t i o n E k o f E k , i . e . , a smooth p r o j e c t i v e v a r i e t y 

E k c o n t a i n i n g E k as an open s u b v a r i e t y ( e i t h e r by H i r o n a k a ' s 

r e s o l u t i o n o f s i n g u l a r i t i e s o r by D e i i g n e 1 s d i r e c t c o n s t r u c t i o n 

[D1] 5.5, w h i c h a l s o works i n p o s i t i v e c h a r a c t e r i s t i c ) , and by 

t h e commutative d i a g r a m 
H a + 1 < V 

Tk+1 Hj^ ( E k ) a p p e a r s as a s u b q u o t i e n t o f H ^ ( E k ) . We remark 

t h a t by t h e commutative d i a g r a m from P o i n c a r e d u a l i t y 

H k + 1 ( I k ) H k + 1 ( E k ) . H 2 ( k + 1 > ( E k ) 

f 

H k + 1 ( E t ) H 2 ( k + 1 ) ( E V ) k c k 

we have Im \\> - (Ker p) ( o r t h o g o n a l complement) . T h i s shows 



t h a t we c o u l d e x p r e s s t h e s u b q u o t i e n t e n t i r e l y i n terms o f p : 

H k + 1 ( E k ) = p(im ty) * Im i|i/Im ij; n Ker p = (Ker p ) 1 / ( K e r p ) 1 n Ker p. 

These s u b q u o t i e n t s f o r a l l a € {DR,1,a} d e f i n e a m o t i v e 

by lemma 1.1 ( a p p l i e d t w i c e ) , and t h e r e a l i z a t i o n s o f M(f) 

g i v e c o m p a t i b l e s u b s t r u c t u r e s i n a l l i t s r e a l i z a t i o n s and so 

a g a i n by lemma 1.1 d e f i n e a m o t i v e , w h i c h we now c a n c a l l M ( f ) . 

More e x p l i c i t e l y : l e t H ( M ( f ) ) be t h e r e a l i z a t i o n s o f 

M(f) i n H k + 1 ( E k ) , t h e n p ~ 1 ( H ( M ( f ) ) ) g i v e s a m o t i v e by 

lemma 1.1, (Ker p)^ n K e r p i s a m o t i v e , and so p 1 ( H ( M ( f ) ) ) / 

(Ker p)"*" D Ker p i s a m o t i v e , w hich we d e f i n e t o be M(f) . 

F o r N = 1,2 one g e t s t h e m o t i v e M(f) from a m o t i v e 

w i t h b i g g e r N' v i a t a k i n g t h e f i x e d p a r t under a f i n i t e 

s u b g r o u p o f SL^fffi/N'ZZ ) l i k e i n [D1 ] p. 158. T h i s a g a i n 

g i v e s a m o t i v e , compare [DMOS] p. 206. 

§2. The c a t e g o r y o f mixed r e a l i z a t i o n s 

The c o n s i d e r a t i o n s o f t h e p r e v i o u s s e c t i o n s u g g e s t t o d e f i n e 

a c a t e g o r y t h a t c o n t a i n s t h e r e a l i z a t i o n s o f m o t i v e s w i t h a l l 

t h e i r e x t r a s t r u c t u r e s and t h a t a l s o c o v e r s t h e cohomology o f 

(smooth) non-proper v a r i e t i e s , w h i c h i n g e n e r a l g i v e s r i s e t o 

mixed s t r u c t u r e s . We do t h i s by f o r m a l i z i n g t h e p r o p e r t i e s o f 

th e r e a l i z a t i o n s and r e p l a c i n g t h e w e i g h t g r a d u a t i o n o f m o t i v e s 

by a w e i g h t f i l t r a t i o n . 

L e t a g a i n k be a f i e l d , w h i c h i s embeddable i n C , k 

an a l g e b r a i c c l o s u r e o f k , and G k = G a l ( k / k ) . 

2.1. D e f i n i t i o n The c a t e g o r y MR k o f mixed r e a l i z a t i o n s ( f o r 

a b s o l u t e Hodge c y c l e s ) o v e r k c o n s i s t s o f f a m i l i e s 



DR' 1' Of oot0' l , a ' l prime number 
a: k C 

where 

a) H _ i s a f i n i t e - d i m e n s i o n a l k - v e c t o r space w i t h a de-
UK 

c r e a s i n g f i l t r a t i o n ( F n ) ^r77 (the Hodge f i l t r a t i o n ) and an 
n t LL 

i n c r e a s i n g f i l t r a t i o n (W ) (the w e i g h t f i l t r a t i o n ) . 
m mtffi 

b) H^ i s a f i n i t e - d i m e n s i o n a l Q ^ - v e c t o r space w i t h a c o n ­

t i n u o u s G1 - a c t i o n and an i n c r e a s i n g f i l t r a t i o n (W ) C m 

k ^ m m€5Z 
(the w e i g h t f i l t r a t i o n ) , which i s G ^ - e q u i v a r i a n t . 

c) H 0 i s a mixed Q-Hodge s t r u c t u r e , i . e . , t h e r e i s an i n ­

c r e a s i n g f i l t r a t i o n (W ) C r r } (the w e i g h t f i l t r a t i o n ) on H^ 
3 m mcZZ o 

and a d e c r e a s i n g f i l t r a t i o n ( F n ) ^ f f i (the Hodge f i l t r a t i o n ) 

on H a $ C , which i n d u c e s a (J)-Hodge s t r u c t u r e o f w e i g h t m 

on G r W H = W H /W -H . t h a t i s G r W H * C = © H P ' q 

m a m a m-1 a m a _. ^ a p+q=m 
w i t h H^' 4 = H y p and F ^ G r H r t 0 C = © H* a a m a • ^ a 

P - P 

d) I : H -» H__ ®. £ i s an i s o m o r p h i s m i d e n t i f y i n g 0 0, a a Q ~ DR k,a ^ J ^ 

the f i l t r a t i o n s i n d u c e d by the Hodge f i l t r a t i o n s ( r e s p e c t i v e l y , 

the w e i g h t f i l t r a t i o n s ) on b o t h s i d e s . 

t r a n s f o r m i n g the w e i g h t f i l t r a t i o n o f H 0 i n t o t h e w e i g h t f i l ­

t r a t i o n o f H 1 / such t h a t f o r p € G^ 

H-, 

H 0 V l 

1,0,-' 
P 



commutes. 

T H E 1 O O ^ a a n d 1 I Q a r e c a l l ^ d the comparison isomorphisms. 

A morphism f : H H' o f mixed r e a l i z a t i o n s i s a f a m i l y 

^ fDR' fI' fO^ 1 prime number 

a: k ^ C 

where 

1. ) f D R : H D R H ^ r i s k - l i n e a r and o f degree z e r o f o r the 

f i l t r a t i o n s W and F . 

2. ) f ^ : H^ -* H | i s a Q 1 - I i n e a r G^-morphism which r e s p e c t s 

the w e i g h t f i l t r a t i o n s . 

3.) f : H -•H 1 i s a morphism o f mixed <p-Hodge s t r u c t u r e s , 
O O O * 

i . e . , c o m p a t i b l e w i t h t h e f i l t r a t i o n s W and F . 

4.) f , f , and f c o r r e s p o n d under the c o m p a r i s o n i s o m o r -

phisms. 

2.2. Remark Assuming 3.) and 4.) ,we o n l y have t o r e q u i r e 

1. ) 1 f D R i s k - l i n e a r . 

2. )' f 1 i s a Q 1 - I i n e a r G^-morphism. 

T h i s f o l l o w s from the p r o p e r t i e s o f the c o m p a r i s o n isomorphisms. 

2.3. P r o p o s i t i o n MR^ i s an a b e l i a n c a t e g o r y . 

P r o o f T h i s i s c l e a r from the remark above and the f a c t t h a t 

mixed Hodge s t r u c t u r e s form an a b e l i a n c a t e g o r y [D4]. I n 

p a r t i c u l a r t h e morphism f__ D , f , and f_ a r e s t r i c t l y c o m p a t i b l e 
DK ± O 

[D4](1.1.5) w i t h t h e f i l t r a t i o n s W and F , and k e r n e l s and 

c o k e r n e l s a r e the o b v i o u s (componentwise) ones w i t h the i n d u c e d 

f i l t r a t i o n s and c o m p a r i s o n i s o m o r p h i s m s . 



2.4. Remark Of c o u r s e we c o u l d s e p a r a t e l y d e f i n e c a t e g o r i e s 

o f de Rham r e a l i z a t i o n s H d r and 1 - a d i c r e a l i z a t i o n s H 1 

and t h e n combine t h e s e w i t h the c a t e g o r y o f mixed Q-Hodge 

s t r u c t u r e s ( c o n t a i n i n g the Hodge r e a l i z a t i o n s H ) . Note how­

e v e r t h a t i n g e n e r a l c a t e g o r i e s o f v e c t o r spaces w i t h f i l t r a t i o n s 

do n o t form a b e l i a n c a t e g o r i e s . 

2.5. I f H i s a mixed r e a l i z a t i o n , we d e f i n e the s u b o b j e c t 

WmH 6 M R r by 

Wm H = ( W m H D R ' W m H l ' W m H a ; I c » , o | w ' 1 I ^ I w > l , o , J 
• m ' m 

where I i r 7 s t a n d s f o r the r e s t r i c t i o n 
' I m 

w H ®^(r -> w H__ ®, a 

m a <R ~ m DR k,a 

o f I o o a and I 1 - I i s the r e s t r i c t i o n 
I m 
m 

W H GmCQ1 - W H 1 

m a Q l ~ m l 

IFO 

2.6. D e f i n i t i o n i ) A mixed r e a l i z a t i o n H i s p ure o f w e i g h t m, 

i f W H = H and W . H = O . m m-1 

i i ) The c a t e g o r y o f r e a l i z a t i o n s i s the f u l l s u b c a t e g o r y 

o f MR^ , whose o b j e c t s a r e d i r e c t sums o f pure r e a l i z a t i o n s . 

We see t h a t i n g e n e r a l any o b j e c t H i n MR^ i s a 

s u c c e s s i v e e x t e n s i o n o f the pure r e a l i z a t i o n s G r w H := 
c m 

m m-1 

2.7. T h e re i s a n a t u r a l t e n s o r law on MR^ by d e f i n i n g 

and t a k i n g the n a t u r a l s t r u c t u r e s on the components, namely 



the i n d u c e d f i l t r a t i o n s ( c f . [D4] 1.1.12) 

W (H ®H' ) = T WH © W H 1 
l V t t D R DR r DR * s DR r 4-s=m 

F ^ H D R ® H D R > = J- f P H 0 R • F < 3 H D R p+q=n 

and s i m i l a r l y f o r the o t h e r r e a l i z a t i o n s , and p € a c t i n g 

by p(x ® x') = px ® px' on H 1 ® H| . F u r t h e r m o r e , by t a k i n g 

t h e n a t u r a l c o m m u t a t i v i t y and a s s o c i a t i v i t y c o n s t r a i n t s f o r 

v e c t o r s p a c e s i t i s c l e a r , t h a t MR k g e t s t h e s t r u c t u r e o f a 

t e n s o r c a t e g o r y , c f . [DMOS] I I 1.1, 1.2, w i t h i d e n t i t y o b j e c t 

1 = (k, Q 1, Q ; Ido0f0 , I d 1 ^ 5 ) 

pure o f w e i g h t z e r o (F°k = k , F 1 k = 0 , t r i v i a l a c t i o n o f 

G^ on Q 1 , Q t h e u n i q u e Q-Hodge s t r u c t u r e o f t y p e (0,0) , 

t h e c o m p a r i s o n isomorphisms i n d u c e d by Qc-* C ^ k and 

Q Q 1 = Q1) . 

2.6. D e f i n i t i o n F o r H, H 1 € MRk d e f i n e Horn(H,H f) € M R R 

(the " i n t e r n a l Horn") by 

a) ** D R(Horn(H,H 1)) = H o m
k < h

D R ' H
d R ) w i t h 

F nHom k<H D R,H' R> - ( f I f ( F P H D R ) S F P + n H ' R f o r a l l p} , 

W m H o n k ( H D R ' H D R ) = { f ' f ^ r 1 W ^ Wr+m HDR f ° r a 1 1 r } ' 

b) H 1(Horn(H,H 1)) = Hom m (H 1,H£) w i t h G k - a c t i o n 
-1 ^ 

( p f ) ( h ) = p f ( p h) f o r p € G k and h € H 1 , and s i m i l a r 

w e i g h t f i l t r a t i o n , 

c) H g(Horn(H,H 1)) = H o m m ( E a f H a ) w i t h the i n d u c e d mixed Q-Hodge 

s t r u c t u r e , i . e . , w i t h Hodge and w e i g h t f i l t r a t i o n l i k e 

above, c f . [D4] , 



d) the o b v i o u s c o m p a r i s o n isomorphisms i n d u c e d by t h e ones 

o f H and H 1 . 

Then we have a n a t u r a l ( f u n c t o r i a l ) i s o m o r p h i s m 

(2.9) Horn (T, Horn (H ,H ' ) ) Horn (T ® H , H') . 

2.10. F o r H € MRk d e f i n e t h e s e t o f a b s o l u t e Hodge c y c l e s o f H by 

a n d 1 I F O I X Q Y J = x I f o r a 1 1 a ^ c - C and o r k ^ C 

r e s t r i c t i n g t o a , xDR € F ° H D R 0 W o H D R } ' 

T h i s i s a f i n i t e - d i m e n s i o n a l Q - v e c t o r s p a c e , as one sees by p r o ­

j e c t i o n t o one H a . Note t h a t by p r o p e r t i e s d) and e) o f 

the c o m p a r i s o n isomorphisms x^ € H^ n W Q H ^ and x g € 

F ° ( H a ® (E) n W Q H q f o r x € T(H) . From t h e d e f i n i t i o n o f 

Horn(H,H') we see 

(2.11) Horn(H,H') = r(Horn(H,H 1)) . 

In p a r t i c u l a r , (2.9) i m p l i e s f u n c t o r i a l i s o morphisms 

(2.12) Hom(T,Hom(H,H')) ^ Horn(T ® H,H 1) 

f o r T f H f H 1 € MRk , i . e . , the c o n t r a v a r i a n t f u n c t o r 

Tv~»Hom(T ® H,H') i s r e p r e s e n t e d by Horn(H,H'). With t h i s 

we e a s i l y o b t a i n 

2.13. Theorem MR k i s a n e u t r a l T a n n a k i a n c a t e g o r y o v e r Q 

(see [SR] and [DMOS] I I 2.19), namely a r i g i d a b e l i a n Q - I i n e a r 

t e n s o r c a t e g o r y w i t h e x a c t f a i t h f u l Q - I i n e a r t e n s o r f u n c t o r s 

( f i b r e f u n c t o r s ) 



c a t e g o r y o f f i n i t e ­ly . MD _> T/p« — 

" a • ttf^ d i m e n s i o n a l Q - v e c t o r spaces 

H * H 0 

f o r each a: k «-» C . 

The p r o o f i s r o u t i n e and r a t h e r s t r a i g h t f o r w a r d , as the 

axioms o f a T a n n a k i a n a r e modeled a f t e r t h e p r o p e r t i e s o f 

v e c t o r s p a c e s and we are d e a l i n g w i t h v e c t o r s p a c e s (with some 

a d d i t i o n a l s t r u c t u r e ) , where a l l f u n c t o r i a l maps a r e the ob-
v 

v i o u s ones. We o n l y note t h a t t h e d u a l H o f H € MRj 

i s g i v e n by 
H v = Horn (H,1) 

where (I ) v and ( I . - ) v a r e the t r a n s p o s e s o f I and 0 0, a 1, a - 0 0, o 

1, - , r e s p e c t i v e l y . H i s e x a c t , as k e r n e l s and c o k e r n e l s a r e 

t a k e n componentwise, and f a i t h f u l , as f G Horn(H,H') i s comple­

t e l y d e t e r m i n e d by f : H -» H' . 
J - 1 O O O 

2.14. Remark T h e r e i s a c a n o n i c a l i s o m orphism Hom(I fH) ^ T(H) 

by f »* ( f D R ( D Z f 1 ( I ) r f 0 ( D ) 3 / i n p a r t i c u l a r T(H) * O i f 

and o n l y i f H c o n t a i n s t h e o b j e c t 1 . 

2.15. P r o p o s i t i o n R^ i s a ( n e u t r a l ) T a n n a k i a n s u b c a t e g o r y 

o f MR^ , w h i c h i s c l o s e d under t h e f o r m a t i o n o f s u b q u o t i e n t s . 

P r o o f O b v i o u s l y R^ i s c l o s e d under t he f o r m a t i o n o f t e n s o r 

p r o d u c t s and d u a l s , and i t c o n t a i n s t h e i d e n t i t y o b j e c t 1 . 

The e x a c t n e s s o f t h e i n c l u s i o n f u n c t o r f o l l o w s from t h e second 

statement, which we o n l y have t o pr o v e f o r q u o t i e n t s , as the 

case o f s u b o b j e c t s f o l l o w s by a p p l y i n g the e x a c t f u n c t o r 

H h~»H v (twice) . But q u o t i e n t s o f pure o b j e c t s a r e o b v i o u s l y 



p u r e , and t h e g e n e r a l c a s e f o l l o w s by i n d u c t i o n , as f o r a 

q u o t i e n t H © H' -» H" o f r e a l i z a t i o n s H,H1 G w i t h d i f f e r e n t 

w e i g h t s we must have Im H n Im H 1 = 0 . 

2.16. D e f i n i t i o n T h e r e a r e n a t u r a l b a s e e x t e n s i o n and r e ­

s t r i c t i o n f u n c t o r s : 

i ) F o r an e x t e n s i o n k k' o f f i e l d s as above and H € MR^ 

d e f i n e t h e base e x t e n s i o n H 1 = H x ^ k l G MR^, by 

a) H' = H__ ®,k' w i t h t h e i n d u c e d f i l t r a t i o n s , 
DK DK K 

b) H1
1 = Res_ H 1 v i a t h e map G1 , G, g i v e n by an i n c l u s i o n 
I Gĵ , I 1 K K 

k k 1 o f t h e a l g e b r a i c c l o s u r e s e x t e n d i n g k ^ k 1 ( w e l l 

d e f i n e d up t o c o n j u g a c y i n G^) , w i t h t h e same w e i g h t f i l ­

t r a t i o n . 

c) H 1
1 = H f o r a' : k 1 C and o = a' I, , w i t h t h e same 

0 0 IK 
mixed Q-Hodge s t r u c t u r e , 

d) I 1 . = I f o r c 1 and a as above, v i a t h e c a n o n i c a l 

00, o1 °°, o 

i s o m o r p h i s m H' R ® k , , a ' C = HDR V a 1 ' 

e) I 1
1 — r = I 1 - f o r O T : k 7" <T and a = O r rL- • 
1 , a 1,a IK 

i i ) F o r a f i n i t e e x t e n s i o n k'/k d e f i n e t h e r e s t r i c t i o n 

H = R k , / k H ' o f H' € MR k by : 

a) H D R = H JI j r ( r e s t r i c t i o n o f s c a l a r s t o k) w i t h t h e same 

f i l t r a t i o n s , 

b) H, = I n d H 1 , i . e . , t h e r e p r e s e n t a t i o n i n d u c e d from G, , 
l G k, l K 

t o G k (we may assume k = k' and G k, 5 G^) , w i t h t h e 
G k 

w e i g h t f i l t r a t i o n I n d - W H1' . 
G k, m 1 

c) H = © H' f o r 01 k ^ C , w i t h J = 
O R - - T 0 x€Ja 

{ T : k 1 (T I x | k = 0} ( d i r e c t sum o f t h e mixed Q-Hodge 

s t r u c t u r e s ) , 

d) I f o r 01 k ̂  C i s g i v e n by 
00,0 



v i a t h e c a n o n i c a l i s o m o r p h i s m k' ®, C - ^ - © k' #, , <E, 
K ' C T € J a

 K ' T 

G, 
e) I 1 - : © H' - I n d * H' = {f: G, - H' |f (p'p) = p ' f (p) 

L F 0 T € J a
 T Q 1 ~ G k ' 1 k 1 

f o r a l l p' G G^ 1} ( w i t h t h e G ^ - a c t i o n ( p f ) ( p Q ) = f ( p Q P ) ) 

f o r o : k = k 7 <-+ C w i t h c | k = a and a | = a 1 i s g i v e n 

by 

A = < AT>x€Jo 5 V p ) = 1 I ^ a p - I ( a c ' p ^ ^ 
k 

which l i e s i n Indn H' by p r o p e r t y e) o f the co m p a r i s o n G k, 1 
iso m o r p h i s m . 

2.17. D e f i n i t i o n i ) The T a t e r e a l i z a t i o n 

1(1) = (MD fCD 1(I), Q(I), I d o o ^ d ) , i d l ^ ( 1 ) ) l ^ a ^ -

i s pure o f w e i g h t -2 w i t h ! 

a) k(1) = k w i t h Hodge f i l t r a t i o n F°k(1) = 0 , F ~ 1 k ( 1 ) = k ( 1 ) , 

b) Q 1 ( I ) = ZZ 1 (1) ®nn; Q 1 / where ZZ 1 (1) = ^im y n and 
1 n 1 

P n i s t h e group o f l n - t h r o o t s o f u n i t y i n k w i t h t h e 

n a t u r a l G k - a c t i o n , 

c) Q d ) i s t h e (D-Hodge s t r u c t u r e 2??i Q , o f Hodge t y p e 

(-1,-1) ( f o r any 0: k ^ (E) , 

d) i d ^ ̂ (1) i s i n d u c e d by 2 i r i Q <n k , 
, o 

e) i d , -(1) f o r a : k <C i s i n d u c e d by 

2fri ffi - ffi (1) , 2-rrit H (a " 1 (exp ) ) 
1 1 n n 

i i ) F o r any mixed r e a l i z a t i o n H and n € 2Z we l e t 

H(n) = 

H ® 1(1 ) ® n n = 0 

H o m ( l ( 1 ) ® ~ n , H ) n < 0 

the n - f o l d T a t e t w i s t o f H . 



2.18. Remarks i ) T w i s t i n g s h i f t s the w e i g h t by -2 so t h a t 

Ŵ  (H(n)) = ( W 9 H ) ( n ) . m m+Zn 

i i ) The above d e f i n i t i o n i s c o m p a t i b l e w i t h the u s u a l n o t i o n o f 

T a t e o b j e c t s and T a t e t w i s t s i n the c a t e g o r y o f 1 - a d i c r e p r e ­

s e n t a t i o n s o f G k and the c a t e g o r y o f Hodge s t r u c t u r e s , see 

[d33. We a l s o o b t a i n a n o t i o n o f T a t e t w i s t s i n the c a t e g o r y 

o f de Rham r e a l i z a t i o n s : H „ ( n ) e q u a l s H_ D as k - v e c t o r 
DK DK 

space whereas t h e Hodge f i l t r a t i o n i s F^Hr.-. (n) = F^ + nH r.- . 
DK DK 

With t h i s we can w r i t e H(n) = (H ( n ) , H 1 ( n ) , H ( n ) ; I ( n ) , I , -(n) 
DK 1 O oo,0 i,U 

The n e x t two s e c t i o n s a r e v e r y t e c h n i c a l and n o t needed i n 

the s e q u e l e x c e p t p a r t i a l l y i n the p r o o f o f 4.7 e ) , so t h e r e a d e r 

i s a d v i s e d t o s k i p 2.19 and 2.20 on a f i r s t r e a d i n g . 

2.19. A u t k (k«) a c t s on r (H x ^ ' ) f o r H € MR k by 

P ( x D R , x l f x a ) = ( P X
D R Z P X

1 Z x
o p ) f o r P e A u t k C k 1 ) , where 

p a c t s on H D R
 0 J c ^ ' v i a k' and on H 1 v i a l i f t i n g t o 

P € A u t k ( J T r ) and the p r o j e c t i o n A u t k ( F r ) -» G k ; note t h a t 

G a M k V k ' ) = G k, a c t s t r i v i a l l y on X 1 f o r x = 

( x D R , X 1 , x^) € r ( H x ^ k 1 ) . I f k 1 = k i s an a l g e b r a i c c l o s u r e 

o f k , t h e n t h e a c t i o n o f G a l (ic/k) = G k on r (H x^k) 

f a c t o r i z e s t h r o u g h a f i n i t e q u o t i e n t , as the map r (H XJ c^O c* 

HDR ® k k I n J e c t ^ v e a n < ^ t n e image °f a b a s i s o f F(H x
k ^ ) 

l i e s i n H__ ®, k' f o r some f i n i t e e x t e n s i o n k'/k . O b v i o u s l y 
DK Kr, 

T(E) * r ( H x
k k ) k . 

The above a p p l i e s i n p a r t i c u l a r t o Horn(Hx^k 1,Kx^k 1) = 

r(Hom(Hx kk',K x
kk')) = r(Horn(H,K)x^k') f o r H,K € MR k . Here 

pf = ( p f D R z P f 1 / f a p ) f o r p € A u t k ( k 1 J and f = ^ d r ' ^ ' V € 

Hom(Hx kk',Kx kk'), w i t h ( P f 1 ) ( X ) = P f l ( P - 1 X ) f o r x € H 1 

and s i m i l a r f o r f , and one has Hom(H,K) -+ Horn (Hx k,kx k)". 



2.2Q. P r o p o s i t i o n L e t k f be a f i n i t e e x t e n s i o n o f k . 

a) The base e x t e n s i o n f u n c t o r HHiHx^k' i s l e f t and r i g h t 

a d j o i n t t o t h e r e s t r i c t i o n f u n c t o r H'*—>R k V kH* . 

b) T h e r e a r e c a n o n i c a l f u n c t o r i a l isomorphisms 

\ v k ( H ' ) V = ( V / k H ' ) V - »v* k k' = ( H *k k ' ) V 

c) T h e r e i s a c a n o n i c a l f u n c t o r i a l i s o m o r p h i s m 

H R k v k H 1 ) = T(H') 

f o r H 1 € MRk, . 

d) T h e r e a r e f u n c t o r i a l i somorphisms, H € MR k and H' € MRk, 

i ) H » R k t / k H ' = R k 7 k I H x k I c ' 9 H') 

i i ) Hom(H,R k, / kH') = R k Kom(Hx kk',H') 

i i i ) Hom(R k l / kH',H) = R k V k Hom(H',Hx kk') . 

These isomorphisms - e s p e c i a l l y t h e f i r s t - w i l l be c a l l e d 

t h e p r o j e c t i o n f o r m u l a s ; note t h a t we o b t a i n t h e f a m i l i a r 

f o r m H ® tP*H' = (p* (tp*H ® H') i f we w r i t e r J c v ^ = <P* a n d 

x k k ' = cp* f o r <p: Spec k 1 -* Spec k . 

e) F o r t h e c o m p o s i t i o n o f the maps g i v e n by t h e l e f t and 

r i g h t a d j o i n t n e s s i n a) we have f o r H € MR k and H' € MRk,: 

H i R k ' / k ( H x k k , ) ^ H i s m u l t i P l i c a t i o n b Y ^ k ' : r 

H' i ( R k v k H ' ) x kk' B H ' i s t h e i d e n t i t y . 

I n p a r t i c u l a r , H i s c a n o n i c a l l y a d i r e c t f a c t o r o f R ] c ' / k ^ H x k k ' 

and H' i s c a n o n i c a l l y a d i r e c t f a c t o r o f ^ R J c »/k H' ^ x
K

k ' • 

f) T h e r e i s a n a t u r a l a c t i o n o f A u t k ( k ' ) on R k f ^ k ( H x k k ' ) . 

I f k'/k i s a G a l o i s e x t e n s i o n , t h e map 

V / k ( H X k k , )
 9 H i R k . / k ( H x k k ' ) 

i s t he t r a c e under A u t k ( k ' ) = G a l ( k ' / k ) . 

P r o o f The maps 



(2.20.1) H ^ R k 7 k ( H x k k ' ) H ' ^ = * ( R K , /yH • ) X R K ' 

s u c h t h a t ( i , p ) g i v e the l e f t a d j o i n t n e s s and ( j , q ) t h e 

r i g h t a d j o i n t n e s s o f x ^ k ' t o ^ • / k a r e i n e c ^ a s f ° l l ° w s : 

1 D R P D R 
N D R ^ H D R V H D R 7 = > H D R V 

G D R D D R 

h I—» h 9 1 a'-h' « \ h' 3 a' 

h . t r k , / k a < — » h ® a h' i > (h' e 1 ) Q 

where (h 1 ® 1 ) Q d e n o t e s t h e p r o j e c t i o n o f h 1 ® 1 t o the sub-

space o f H ^ r ^ k k ' o n w n i c n b o t h k 1 - s t r u c t u r e s c o i n c i d e - t h i s 

t h e p r o j e c t i o n by the idempotent o f k' ® k
k ' w h i c h g i v e s a 

s e c t i o n t o the m u l t i p l i c a t i o n morphism k' ^ k ' k' . 

I I G k P I G k H 1 ^ F = * I n d J c H 1 H» <==^ I n d * H1' 
1 q±

 G k ' 1 1 J 1
 G k ' 1 

-» f : p ph f ( 1 ) ^ 1 f : G k — • H ^ 

I p f ( p ~ 1 ) < 1 f : G v - H 1 h' i >f: f ( p ) 
p € G k / G k l 

'ph' ,P€G k 

0 , P^G k 

G k 

where the f u n c t o r I n d ^ i s d e f i n e d as i n 2.16 i i ) e ) , and 

P € G k/G k, means c h o o s i n g any system o f r e p r e s e n t a t i v e s i n 

G k f o r the c o s e t s p • G k, (the sum i s i n d e p e n d e n t o f the 

c h o i c e ) . F i n a l l y , f o r a 1 : k' C , a s s a l I j c
 a n ^ 

J = ( t : k 1 d I TI. = a} we d e f i n e 
a I k 

Hrr © H r r HV, • > * H 1 

q„ x € J T , T € J 

h i > ( h ) T h-, * . ( h ; ) T 

a a 

T t J a a a 
h^ = 0 f o r T *a• 



I t i s l e n g t h y b u t easy t o check, t h a t t h e s e maps a r e c o m p a t i b l e 

w i t h t h e c o m p a r i s o n i s o m o r p h i s m s , which a r e g i v e n as f o l l o w s . 

F o r r J c ' / ] ^ x k k ' ^ ' B Y 2 - 1 6 1 O 0 a i s ^ i v e n b ^ 

( © H ) ® <E 
T € J 0 

o 

© ( H O C t ) 
T € J a 

* ( HDR V ) Q k , a C 

© I 
T € J 

© H__ 0, <C DR k, a 
T € J 

h#a®c 

(h®x(a)-C) T F 

and I 1 - f o r a : k <C w i t h a 1 = a L by 

© (H ®Q,) 
T € J A 

G k 
I n d * H 1 G k, 1 

a » ( a T ) T f : G1 -> H. a k 1 

f a ( p ) = 1I f Sp-I ( V p - 1 > 

F o r H" = ( R k , ^ k H 1 ) * k k ' , I ^ i s d e t e r m i n e d by the commutative 

d i a g r a m 

( © H') ® C 

( © H^) 0 C 

( H D R ® k k , ) ® k ' , a ' C ' h ' • a ' ® c 

oo / T 

(H^ * (E) 

h' ® a ' ( a ' ) c 

V 

(h» S a ' ( a ' ) c ) T , 

where on the r i g h t s i d e ( h ^ r ® k k ' ^ o ®k' a'^ i s m a P P e d i s o -

m o r p h i c a l l y o n t o t h e f a c t o r H' 8, , _,<T, w h i l e I V - i s 
OR K ,u I,O 

9 ( H i . ® (D 1 ) -» I n d * H ' 
T € J T I G K , 1 



a = ( a ; ) T H f a ! G k - H i 

f a ( p ) = 1 I f Sp-^ a
0-P- 1) ' 

w i t h the same n o t a t i o n s as above. 

F i n a l l y i t i s c l e a r from the d e f i n i t i o n s ( e s p e c i a l l y u s i n g 

2.2) t h a t t h e above maps r e s p e c t a l l r e l e v a n t s t r u c t u r e s l i k e 

f i l t r a t i o n s , G a l o i s a c t i o n e t c . . We now prove t h e c l a i m s o f 

the p r o p o s i t i o n . 

a) Once i , j , p and q a r e p r o v e d t o d e f i n e morphisms o f 

mixed r e a l i z a t i o n s , the d e f i n i n g p r o p e r t i e s o f a d j u n c t i o n 

morphisms may be checked i n anyone o f the r e a l i z a t i o n s . F o r 

example, the f a c t t h a t t h e c o m p o s i t i o n s 

i H x K k ' P H x k k * H X k k . _ J U L ^ ( R k . / k ( H * k k - ) ) x k k l - k H « k k ' 

R k ' / k -~^> R k , / k ( ( R k , / k H ' ) x k k ' ) — - ^ R k ' / k H ' 

g i v e t h e i d e n t i t i e s , i s e a s i l y seen i n the de Rham r e a l i z a t i o n 

HDR V > ( HDR V — ^ H D R V 

h ® a 1 i > (h <& 1) 8 a' \ * (h ® 1)-a* = h 

a n d H ' R -f H- ® k k ' > H' R 

DK 

h' i > h' 8 1 i > h' • 1 = h' 

T h a t the f o l l o w i n g c o m p o s i t i o n s g i v e t h e i d e n t i t i e s 

V A H ' R w k ( ( V / k H ' ) x k k , ) H \ 7 k H ' 

H x k k ' . * > ( ^ , / j ^ t H X j ^ k ' J J x ^ ' ) H X k T c ' , 

can be checked i n the Hodge r e a l i z a t i o n s : 

® J T * 
q H , i . ^ f 9 ( e H 1 ) > ® H' 

t e j 0

 T x € J a p € J a
 p 



(h; ) T I > ( ( h ; - 6 T p ) p ) T , > I ( h ; 6 T p ) p = ( h . ) t 

H •—-—> © H - - ^ H 
TGJ ° a 

a 

(h-6 .) / > X h6 . = h 
TO T TO 1 

T 

b) The f i r s t i s o m o r p h i s m i s the s p e c i a l c a s e H = I f c i n d) 

i i i ) , a s I ^ 1 = I f c
 x ^ j c ' • T n e second f o l l o w s from the more 

g e n e r a l i s o m o r p h i s m 

(2.20.2) Horn (H, K) x f ck' -> Horn (H X f c J c 1 ,K x
k

k ' ) 

f o r H,K € Mfc which i s o b v i o u s and a l s o a f o r m a l consequence 

(see [DMOSlII 1.9) o f the f a c t t h a t H H - ) H x k 1 i s a t e n s o r 

f u n c t o r , by the o b v i o u s i s o m o r p h i s m 

(2.20.3) (H 0 K) x^k" = (H x k 1 ) <S> (K x k') 

w h i c h i s g i v e n by 

( HDR V D R 1 V ^ ( HDR V > ' k - W 

(x 0 y) 8 a'-b'< 1 (x 0 a') 0 (y 0 b') 

and the i d e n t i t y i n t h e o t h e r r e a l i z a t i o n s . 

c) By 2.14, t h i s i s a s p e c i a l c a s e o f t h e a d j u n c t i o n ; t h e map 

i s g i v e n by 

( xDR' x I ' xol)l,o* K ( XDR' i l l ' ( X T ) x € J a
) l , a . 

d) I t i s e a s i l y c h e c k e d t h a t 

i ^ (2.20.3) n 
H ©CPsleH' * tp*tp*(H 8cp*H') —*tp*(<p*H 0tp*cp+H ' ) * cp+ (tp*H 0 H') 

i s an isomorphism; f o r example 

" D R V D R - ' W R ' V 2 ( HDR V > V ( H D R ® k k ' > - ( HDR®^ , ) < 8k' H' 

h ® h' i-» (h ® h') ® 1 K (h ® 1) ® (h' ® 1) v* (h ® 1) ® h' 



i s o b v i o u s l y an isom o r p h i s m . W r i t i n g R = R
k i / k we have 

Horn(T,Horn(H,RH')) Horn(T,R Horn(Hxk',H')) 

|j\ ||\ad j u n c t i o n 

Horn (T ft H,RH1 ) Hom(Txk' ,HomCHxk1 ,H1 ) ) 

||\ad j u n c t i o n f[\ 

Hom((T 0 H)xk',H') =• Hom((Txk') ft (Hxk') ,H ' ) 
(2.20.3) 

f o r any T € MRfc , which g i v e s i i ) . S i m i l a r l y , we have 

Horn(T,Horn(RH1 , H) ) Horn(T,R Horn(H',Hxk')) 

||\ ||\ a d j u n c t i o n 

Horn(T ft RH',H) Horn(Txk 1,Horn(H 1,Hxk')) 

111 D 

Hom(R((Txk') ftH*),H) Hom((Txk') ft H', Hxk') 
a d j u n c t i o n 

f o r any T € MRfc , and t h e r e f o r e i i i ) . 

e) The f i r s t p a r t i s i m m e d i a t e l y c l e a r from t h e d e f i n i t i o n 

o f the maps. F o r t h e second note t h a t Mfc i s a Q - I i n e a r c a t e ­

g o r y and [k' : k] i s i n v e r t i b l e i n $ . 

f) F o r m a l l y , t h e a c t i o n o f T € Au t f c ( k ' ) on Cpj4cCp* i s g i v e n 

by t h e a d j u n c t i o n i d (Spec T) + (Spec x ) * , i n d u c i n g 

tP3JctP* -* CP3tt (Spec T ) * (Spec T)*CO* = cp^tp* . E x p l i c i t e l y , 

T : R J C I / ] ^ * * xk J c'^ "* R k ' / k ^ H x k k ' ^ i S ^ e s c r i b e d ky t n e M A P S 

H g R V " H D R G V ' x f t a » * x f t T ( a ' ) 

I n d G
k H 1 - I n d G

k H 1 , f - T f : Tf(p) = i f (i~1p) 

where T a l s o d e n o t e s a l i f t i n g i n Gfc . With t h i s , i t f o l l o w s 

d i r e c t l y from t h e d e f i n i t i o n s t h a t i o q = z T f o r 
TEGal(k'/k) 

k'/k G a l o i s . q.e.d. 



§3. The mixed r e a l i z a t i o n of a smooth v a r i e t y 

L e t k, k and Gfc be as i n the p r e v i o u s p a r a g r a p h s and 
o 

l e t V f c be the c a t e g o r y o f smooth q u a s i - p r o j e c t i v e v a r i e t i e s 
n ° 

o v e r k . We want t o c o n s t r u c t f u n c t o r s H •V f c-* MRfc f o r 
o 

n € TL , a s s o c i a t i n g t o each U € V f c i t s n - t h r e a l i z a t i o n 

H n(U) = ( H ^ ( U ) , H n ( U ) f H n ( U ) ; I Q O Q 1 ,a"* 1, 0 ,0 ' 

3.1 . L e t H n ^ (U) = H n
R ( U / k ) = 3 H n ( U Z a r ^ u / k ) ( Z a r i s k i - h y p e r -

cohomology o f t h e de Rham c o m p l e x ) . F o r t h e f i l t r a t i o n s F and 

W we f o l l o w D e l i g n e ' s c o n s t r u c t i o n o f mixed Hodge s t r u c t u r e s 

[D4], we o n l y have t o show t h a t e v e r y t h i n g i s d e f i n e d o v e r k . 

3.2. By H i r o n a k a ' s r e s u l t on r e s o l u t i o n o f s i n g u l a r i t i e s [ H i r ] , 

t h e r e e x i s t s a smooth p r o j e c t i v e v a r i e t y X o v e r k and an 

open immersion j : U c-^X , s u c h t h a t Y = XMJ ( w i t h t h e r e ­

duced subscheme s t r u c t u r e ) i s t h e u n i o n o f smooth d i v i s o r s 

Y i , i = 1,...,N , w i t h normal c r o s s i n g s . R e c a l l t h a t t h i s 

means one o f t h e f o l l o w i n g e a u i v a l e n t c o n d i t i o n s t o h o l d 

a) E ach x € X has an a f f i n e open n e i g h b o r h o o d V such t h a t 

V i s e t a l e o v e r the a f f i n e space A f c , d = dim X , v i a " c o o r d i ­

n a t e s " X 1 f . . . , x d € T ( V r O x ) , and V D Y i s d e f i n e d by X 1 . . . x 

f o r some O =" v ^ m i n ( d , N ) , i . e . , i s the p u l l - b a c k o f the 

u n i o n o f the v f i r s t c o o r d i n a t e h y p e r p l a n e s i n A f c . 

b) I f f . i s a l o c a l e q u a t i o n f o r Y. a t x € X and J = 
1 I X 

C i € {1,...,N}) I f . i s n o t a u n i t a t x} , t h e n ( f . ) _ _ i s i i i € J x 

p a r t o f a r e g u l a r system of p a r a m e t e r s a t x . 

3.3. The s h e a f ft^<Y> o f d i f f e r e n t i a l s w i t h l o g a r i t h m i c p o l e s 

a l o n g Y i s d e f i n e d as the s u b s h e a f o f j * ^ g e n e r a t e d o v e r 
1 X 1 1 

O by P. and d l o g J 3 4 A 7 / where we w r i t e Q and Q f o r the 



1 1 
sheaves ^ x / k a n c ^ ^U/k r ^ l a t l v e d i f f e r e n t i a l s , and 

d l o g f = ^jr f o r a u n i t f . Then ^ < Y > i s l o c a l l Y f r e e , namely 

f o r an open a f f i n e V l i k e i n 3.2a), ftl<Y>
 kr i s a f r e e 0 -module 

dx d x v x |V v 
w i t h b a s i s — - , 1 , . . . • By d e f i n i n g rf^<Y> = 

X ^ X V + I Cl A 

O 1 

A ft <y> , and t a k i n g t h e d i f f e r e n t i a l s d t o be t h e r e s t r i c t i o n s 

o f t h o s e f o r j ^ f t ^ one o b t a i n s the l o g a r i t h m i c de Rham complex QX<Y> : 

0 3 ft1<v> 3 ft2<v> 
x x " x " 

I t s f o r m a t i o n i s c o m p a t i b l e w i t h base change i n k and e t a l e 

base change i n X . 

3.4. Lemma The map ft*<Y> j * f t * i n d u c e s isomorphisms i n the ——————— * x u 
Z a r i s k i - h y p e r c o h o m o l o g y 

B n (X,Q^<Y>) IH n ( X , ^ ( U ^ u } = H D R ( U ) * 

P r o o f As Y i s a d i v i s o r w i t h normal c r o s s i n g , j i s a f f i n e , 

and t h e r e f o r e 

R P J * ^ u = 0 f o r P > 0 and a l l q . 

T h i s i m p l i e s the second i s omorphism. 

The f i r s t i s o m o r p h i s m f o l l o w s by base change from the 

c o r r e s p o n d i n g f a c t o v e r (E , which can be p r o v e d by a n a l y t i c 

methods, see [D3] I I 3.14. One can a l s o g i v e a p u r e l y a l g e b r a i c 

p r o o f a l o n g t h e s e l i n e s , by r e p l a c i n g t h e c o n s i d e r a t i o n s f o r a 

p o l y d i s k by s i m i l a r ones f o r the a f f i n e space A f c, u s i n g the 

c r i t e r i o n 3.2 a) . 

3.5. The w e i g h t f i l t r a t i o n W on ^ C < Y > i s d e f i n e c ^ b Y 



m X ftP"mA^v<Y> X X 

fiP<Y> 

m < O , 

O ^ m < p 

m ^ o 

The d i f f e r e n t i a l s d r e s p e c t t h e s e s u b s p a c e s , and so i n d e e d 

we g e t an i n c r e a s i n g f i l t r a t i o n o f ^ < Y > b Y subcomplexes 

W Q"<Y> (Note t h a t W . 
ITl X -1 

0 , W = Q * and W, = ft*<Y> , o X a X 
when d = dim X) . F o r an i n t e g e r m 0 and i n d i c e s 

1 i„ < i . < i ± N c o n s i d e r t h e map m 

m x 

which i s l o c a l l y g i v e n by 
dx. i dx. 

a h a A x. x. i 

where a i s a h o l o m o r p h i c (p-m)-form and x^ i s a l o c a l e q u a t i o n 

f o r Y.. The i n d u c e d map i 

6r WflP<Y> m X 

does n o t depend on t h e c h o i c e o f the l o c a l e q u a t i o n s x^ , as 

f o r o t h e r e q u a t i o n s x | one has 

dx. 
i 

dx! i 
x! i 

x. 

i 

X . 
1 

which i s h o l o m o r p h i c . A l s o i t f a c t o r i z e s t h r o u g h (b^ 
1ITl 1 I 

p-m 

where b. 
1 V m 

Y. f). . . DY. X i s the c l o s e d 
1 I 1In 

immersion, as 

We o b t a i n an i n d u c e d map 

A dx. and x. • a a r e mapped t o z e r o . i i 
v v 

where Y 

m 

(m) 

(I r n) +ft-m * Y(m) -» G r W «P<Y> m X 

\y Y. . i s the d i s j o i n t u n i o n o f the 
1^i«<. . .<i 1 V m 

m - f o l d i n t e r s e c t i o n s o f t h e Y ^ , . . . , , which i s a l s o t h e 



n o r m a l i z a t i o n o f Y m = Y. . c x , and where 
1^i..<. . .<i 1 I ' * 'Sn 

(m) m (O) i : Y X i s t h e c a n o n i c a l map (by d e f i n i t i o n Y * ' = X) . 

3.6. Lemma The map o f complexes 

(3.6.1) Prn : ( i )*fT , [-m] - GrJJfi'<Y> 

i s an i s o m o r p h i s m ( r e c a l l t h a t ( K ' t n ] ) 1 = K 1 + n f o r a complex 

K') . 

P r o o f By c r i t e r i o n 3.2 a) and e t a l e base change t h i s need 

o n l y be c h e c k e d f o r t h e c a s e X = A f c w i t h c o o r d i n a t e s x^,..-x^ 

and Y t h e u n i o n o f t h e h y p e r p l a n e s Y^ = ( x ^ = 0} f o r 

i = 1,...,v . By u s i n g t h e c a n o n i c a l d e c o m p o s i t i o n o f b o t h s i d e s 

f o r p r o d u c t s X = X 1 x X 2 and Y = Y 1 x X 2 U X 1 x Y 2 ( i . e . , 

U = U 1 x U 2) as i n [D2] I I 3.6 one e a s i l y r e d u c e s t o t h e 

c a s e d = 1 , where i n t h e o n l y i n t e r e s t i n g c a s e m = 1 ^ and 

p = 1 we o b v i o u s l y have an i s o m o r p h i s m 

( I 1 ) 3 4 t O y
 Ql<Y>/Qx ' 

v i a t h e e x a c t sequence 

0 "* QX Qx<Y>"* ^ i
1 U 0 Y 0 

c o r r e s p o n d i n g t o t h e e x a c t sequence o f k [ x ] -modules 

0 -> k [ x ] d x - k [ x ] - ^ - k - 0 

T h i s p r o o f a l s o works i n c h a r a c t e r i s t i c p , w h i l e f o r 

c h a r a c t e r i s t i c z e r o t h e lemma a l s o f o l l o w s f r o m t h e c o r r e ­

s p o n d i n g s t a t e m e n t a b o u t a n a l y t i c s h e a v e s p r o v e d i n [D3l I I 3.6, 

by u s i n g base e x t e n s i o n t o (D and t h e GAGA p r i n c i p l e , as the 

P^ a r e l i n e a r . 
Km 

3.7. Remark I f (x ) i s t h e c a n o n i c a l i n c r e a s i n g f i l t r a t i o n n n t cci 



(coitiDare [D4] (1.4.6.)) o f a TL - q r a d e d complex K' 

n-1 T K' 
n 

ni 

K * . - K n-1 

-> Ker d 

n-1 K n + 1 K n+2 

we have T ft"<Y> e W ft*<Y> n X — n x 

T ft*<Y> n X 

n X 

- ftn~1<Y> X K e r d 

i 
n 

However, i n c o n t r a s t t o t h e a n a l y t i c c a s e (see [D4] ( 3 . 1 . 8 ) ) , 

the i d e n t i t y map (ft^<Y>,x) (Q*<Y>,W) o f t h e a l g e b r a i c 

complexes i s n o t a q u a s i - i s o m o r p h i s m o f f i l t e r e d complexes i n 

g e n e r a l : G r T ft*<Y> = Hn(Q'<Y>) i s c o n c e n t r a t e d i n d i m e n s i o n n n X x 
W ~ which i s i n q e n e r a l n o t t r u e f o r Gr Q'<Y> = ( i . . [-n] n A n 

Cwhereas t h e complex a n a l y t i c v e r s i o n o f t h e l a t t e r ijs c o n c e n ­

t r a t e d i n d i m e n s i o n n , q u a s i - i s o m o r p h i c t o ^ i
n ) * ̂  ( n ) t ~ n ^ )• 

3.8. The " s t u p i d " f i l t r a t i o n (a ) n £ 7 Z o f ^ < Y > i s ^ i v e n 

OnQ'<Y> X 

nl 

fix<Y> 

0 

->ftn~1<Y> -+ ftn.<Y> X X 

3.9. R e c a l l t h a t f o r a d e c r e a s i n g b i r e q u l a r f i l t r a t i o n ( F p ) , - p€ 

o f a complex K" o f sheaves on X there i s an associated spectral 

sequence for the hypercohomology ([D 4] (1.4.5.)) 

E P , q = E P + q (x,Gr^K-) - H P + q (X,K') , 



where the d i f f e r e n t i a l s d ^ ' q a r e the c o n n e c t i n g morphisms f o r 

the s h o r t e x a c t sequences 

O - G r ^ + V - F P K V F P + 2 K - - Gr pK- -> O . r r 

The f i l t r a t i o n ( f P ) d £ 2 Z o n t h e l i n i i t term E n = B n {XrK') 

f o r w hich G r p E n = E p ' n p , i s g i v e n by 

F P B n (X fK*) = I m ( B n (X, F P K ") -+ B n ( X f K ' ) ) . 

We a p p l y t h i s t o o b t a i n t he w e i g h t f i l t r a t i o n and the Hodge 

f i l t r a t i o n on H n (U) = B n (X,ft*<Y>) . 
JJK A 

3.10. D e f i n t i o n The Hodge f i l t r a t i o n F on H n (U) i s t h e 

f i l t r a t i o n i n d u c e d by the s p e c t r a l sequence 

(3.10.1) ^ E P ' q = B P + q (X,Gr Pft'<Y>) => B P + q (XfQ'<Y>) 
r I O A A 

a s s o c i a t e d t o the f i l t r a t i o n (a 1 1) ^ f i . e . , 

F P B n {XfQ' <Y>) = I m ( B n (X,a Pft*<Y>) -> B n (X,fl'<Y>)) . A A X 

By the i s o m o r p h i s m o f complexes 

(3.10.2) Gr Pft^<Y> = ftP<Y>[-p] 

(where a s h e a f K i s i d e n t i f i e d w i t h t h e complex K" s u c h t h a t 

K ° = K and K 1 = 0 f o r i * 0) the s p e c t r a l sequence can be 

w r i t t e n as 

(3.10.3) F E P ' q = B q ( X , f t P < Y > ) =* B P + q (X,ft^<Y>) . 

We a l s o can a p p l y 3.9 t o t h e i n c r e a s i n g f i l t r a t i o n W , by p a s s i n g 

t o the d e c r e a s i n g f i l t r a t i o n (Wn = W ) ^ r r t and t r a n s l a t i n g 
-n ntzz 

back, b u t i n a d d i t i o n t h e r e i s a s h i f t i n v o l v e d . 

3.11. D e f i n i t i o n The w e i g h t f i l t r a t i o n W on H n (U) i s ob-
— • UK 

t a i n e d from the f i l t r a t i o n W' i n d u c e d by the s p e c t r a l sequence 



( 3 . 1 1 . 1 ) w E P ' q = 3 H P + Q ( X , G r ^ f t V Y>) =* H P + q (X , Q^<Y>) 

o f t h e f i l t r a t i o n W o f ^ < Y > b y a n n ~ f o l d s h i f t : W = 

W 1[nj , i . e . , 

W n + k H n (X,ft^<Y>) = Im(3H n (X,W k^<Y>) - 3H n (X,^<Y>)) . 

3 . 1 2 . By t h e i s o m o r p h i s m ( 3 . 6 . 1 ) 

p' : G A ; < Y > = ( i ) ft* [- m] m m X m * y(in) 

and t h e f a c t t h a t i i s f i n i t e and t h e r e f o r e i n d u c e s an i s o -m 
morphism i n Z a r i s k i hypercohomolgy, we have an isom o r p h i s m 

(3.12.1) H P +<* ( X , G r W fi-<Y» = K 2 P + c ^ ( Y ^ , ^ , .) 

( t h e r e i s a m i s p r i n t i n [ D 4 ] ( 3 . 2 .4 .1)) . On b o t h s i d e s t h e r e 

a r e n a t u r a l f i l t r a t i o n s F which d i f f e r by a s h i f t ; i n f a c t 

the i s o m o r p h i s m p' i s an isomorphism o f f i l t e r e d complexes, 

- m " 
i f one t a k e s t h e f i l t r a t i o n i n d u c e d by a on the l e f t s i d e 

(m) 

and t h e f i l t r a t i o n a(Y )[-m] o b t a i n e d by s h i f t i n g 

( a f - m ] 1 = a 1 m ) from t h e s t u p i d f i l t r a t i o n o f ft*, , . Thus 

we can r e w r i t e the s p e c t r a l sequence ( 3 . 1 1 . 1 ) as 
(3.12.2) WEP'<* = K 2 P + S ( Y t - P ) f S r ^ o j M p ) * H P + q (X,fi-<Y>) , 

which i s c o m p a t i b l e w i t h the Hodge f i l t r a t i o n s o f X and the 

Y^ p ^ , i f (p) i n d i c a t e s t h e s h i f t o f the f i l t r a t i o n as i n 

2 . 1 8 : A(m) = A as a b e l i a n group, w i t h f i l t r a t i o n F P(A(m) = 

F P + m A . I t i s c o n v e n i e n t t o renumber r 7 E P ' q = . E ^ p + q ' " p t o 
W 1 W 2 

w r i t e t h e s p e c t r a l sequence as 

( 3 . 1 2 . 3 ) w E P ' q = H P ( Y ( q ) ,ft* ( ) (-q) B P + q (X,ft X<Y>) . 

3 . 1 3 . The f i l t r a t i o n s F and W on H T^ T 3(U) a r e i n d e p e n d e n t 

o f the p a r t i c u l a r c h o i c e o f X and a r e f u n c t o r i a l i n U , 



as one sees l i k e i n [D4] (3.2.11). T h i s g i v e s t h e de Rham r e a l i ­

z a t i o n o f U . 

3.14. F o r t h e 1 - a d i c r e a l i z a t i o n we l e t 

H^(U) = H ^ ( U x k E , Q l ) 

( e t a l e cohomology), w i t h the a c t i o n o f p € Gfc i n d u c e d v i a 

f u n c t o r i a l i t y from U x
k ^ i d_> xP y # L e t w . b e t h e i n _ 

c r e a s i n g f i l t r a t i o n i n d u c e d by the L e r a y s p e c t r a l sequence 

(3.14.1) E P ' q = H P
t ( X x kk,R qJ 3 t t(J) 1) - H P + q ( U X K J J R Q 1 ) = E P + q 

i . e . , 0 = W 1 E n c W E n c ... c W 1E n = E n w i t h G r W ' E
n = r -1 — o — — n q 

E n ~ q ' q . Then t h e w e i g h t f i l t r a t i o n W o f H n(U) i s de­

f i n e d as W'tn] , i . e . , O = W , E n c W E n c ... c: W0 E n = E n 

n 1 — n — — zx\ 

w i t h G r n + k E n = E » ' T t i s i n d e p e n d e n t o f X and f u n c t o r i a l 

by 3.18 below and the analogous r e s u l t f o r H n(U) ( [ D 4 ] ( 3 . 2 . 1 1 ) ) . 

3.15. F o r a; k ^ C we l e t 

H n(U) = H n ( u * k a c * f l ) 

( s i n g u l a r cohomology o r a n a l y t i c s h e a f cohomology) w i t h the 

mixed Q-Hodge s t r u c t u r e d e f i n e d by D e l i g n e [D4] f o r t h e smooth 

v a r i e t y aU = U x C o v e r <E . I f ax = X x C and s i m i -
JC , 0 K. , O 

l a r l y f o r Y , Y ^ e t c . , then by d e f i n i t i o n t h e w e i g h t f i l t r a t i o n 

W i s o b t a i n e d as i n 3.14. from the L e r a y s p e c t r a l sequence 

(3.15.1) E P ' q = H P(0X, Rqj*<T)) -> H P + Q ( 0 U , Q ) , 

and the Hodge f i l t r a t i o n F on H n(au,(l)) ® C i s j u s t the one 

g i v e n by the Hodge f i l t r a t i o n F on H n ( a U a n ) ( a n a l y t i c de Rham 
DK 

cohomology o f t h e complex a n a l y t i c space <jU a n a s s o c i a t e d t o aU) 

v i a t h e isomorphism 



(3.15.2) Hn(au,<J)) ®Q<C - H n ( a u a n , f t ' ^ a n ) = H n
R ( a U a n ) 

i n d u c e d from the cr u a s i - i s o m o r n h i s m C - ^ f t ' a ^ . T h i s Hodge *— .••.̂•n aU 

f i l t r a t i o n i s d e f i n e d i n the same way as the a l g e b r a i c Hodge 

f i l t r a t i o n F d e f i n e d above and c o m p a t i b l e w i t h i t under t h e 

GAGA iso m o r p h i s m 

(3.15.3) H D R ( a l j a n ) ~ H D R ( a U / ( E ) 

w i t h the a l g e b r a i c de Rham cohomology. 

3.16. Combining t h e s e isomorphisms w i t h the base change i s o ­

morphism 

(3.16.1! 

we o b t a i n t h e comparison isomorphism 

(3-16.2) I „ f a = I ^ a ( U ) : H a ( U ) v . U^iV)^^ . 

As mentioned, I r e s p e c t s t h e Hodge f i l t r a t i o n , and i t r e -0 0, a 

s p e c t s t h e w e i g h t f i l t r a t i o n by the c a n o n i c a l i s o m o r p h i s m o f 

s p e c t r a l sequences (compare [D4] (3. 1 . 7 ) , (3.1.8)) 

H p (ax, R q j * (T) H p + q ( a U , C ) 

IH p ( a x a n , g r W f t * <aY a n>) -
q Q X a n 

GAGA 

B p (ax, g r ^ ST x<aY>) 

B P + q ( a X a n , f t * < a Y a n » -> H P + q ( a U a i 

G X a n ~ D R 

GAGA GAGA 

B P + q (aX,ft^ X<0Y>) 2 

The f i r s t i s o m o r p h i s m f o l l o w s from the q u a s i - i s o m o r p h i s m s 

(ft- _<QY a n>,W) (ft* <aY a n>,x) ^ (J j l fQ- , T) 
GX ax aU 



o f f i l t e r e d complexes, as t h e q u a s i - i s o m o r p h i s m C ft i n -
Q U a n 

duces an i s o m o r p h i s m 

R ^ j + C - Gr [q] = H ) 
aU aU 

3.17. The l a t t e r combined w i t h t h e q u a s i - i s o m o r p h i s m s 

g ^ ' a <oY a n>[q] - ( i ) ,,ft' ) <c 

g i v e s an is o m o r p h i s m o f a n a l y t i c sheaves 

(3.17.1) R q J * S ^ ^ q M 

D e l i g n e shows i n [D4] (3.1.9) t h a t t h i s i n d u c e s an i s o m o r p h i s m 

(3.17.2) $ a n : R qj +<J) -> (i q)*<^(-q) 

o f Q - s t r u c t u r e s , where Q(-q) = Q • (2iri) q c C . T h i s and the 

c o n s i d e r a t i o n s i n [D4] (3.2.7) - (3.2.10) show t h a t we have 

a s p e c t r a l sequence 

(3.17.3) w
E 2 ' q = H P ( 0 " Y ( Q ) ,Q) (-q) H P + q ( a U , $ ) 

o f mixed (D-Hodge s t r u c t u r e s , whose c o m p l e x i f i c a t i o n can be 

i d e n t i f i e d w i t h the s p e c t r a l sequence (3.12.3) 

w E P ' q = 3H P ( ° Y ( q ) , n * ( q ) ) ( - q ) - m P + q (aX,ft; x<QY>)=H P^ q(aU) 

v i a the c o m p a r i s o n isomorphisms f o r c u and t h o s e o f C Y ^ 

( r e g a r d i n g the (2iri) q ) . 

3.18. I 1 ^ 5 = I
i / a ( U ) : H

a
( u ) ® c l ~ H i ( u ) f o r 5 : k <C i s de­

f i n e d t o be the c o m p o s i t i o n o f the c a n o n i c a l comparison i s o ­

morphism between complex and e t a l e cohomology 

(3.18.1) H n ( O U f Q 1 ) ^ H n
t ( O U 7 Q 1 ) 

w i t h the isomorphisms 



(3.18.2) 

(3.18.3) a* r Tn 
H e t ( U " k ^ ' V tr H e t ( U "^,(B 1)-H 1(O) 

F o r p ^ G k w e n a v e a J k
 = 0 = a p J ] ^ a n c ^ t h e r e f o r e a commutative 

d i a g r a m 

1 1 , 5 : H t o u ^ H^ t(OD fQ 1) £-* H e t ( U x k k ' « l ) 

Hj t(OU fQ 1) 4^-* Hg t(Ux kk f f f i l) 

I 1 - r e s p e c t s t h e w e i g h t f i l t r a t i o n s as t h e r e i s an isomorphism 

o f s p e c t r a l sequences 

E 2 ' q = H p
t ( O X f R q

j ^ 1 ) H p ^ ( O U f Q 1 ) 

2 P' q = H P ( 0 X f R q j + ( D ) ® Q 1 «* H P + q ( o U , Q ) GQ1 , 

by t h e c o m p a r i s o n theorem between complex and e t a l e cohomology 

f o r c o n s t r u c t i b l e s h e a v e s , see [SGA 4] XV 4 . Note t h a t R qJ j f cQ 1 

i s c o n s t r u c t i b l e by [SGA 4] XV 5.1 . 

3.19. D e f i n i t i o n The mixed r e a l i z a t i o n H n(U) o f a smooth 

q u a s i - p r o j e c t i v e v a r i e t y U o v e r k i s 

H n(U) = (H n
R(U),H n(U),H n(U); I 0 0, a , ̂ 1, 5> , p r i m e 

Oikc-+ C 
a rlc^-* <E 

where H n^(U) i s d e f i n e d by 3.1, 3.10 and 3.11, H n(U) by 

3.14, H n(U) by 3.15 , I o o Q by 3.16 and I ^ - by 3.18 . 

C l e a r l y , t h i s a s s i g n m e n t i s f u n c t o r i a l , so we g e t the d e s i r e d 



f u n c t o r s (n € 2Z ) 

H n : ^ - MRk 

U h->>Hn(U) 

In the f o l l o w i n g we w r i t e U, j e t c . f o r the base e x t e n s i o n s 

U X1^k , j x i d ^ e t c . 

3.20. P r o p o s i t i o n T h e r e a r e c a n o n i c a l isomorphisms o f 1 - a d i c 

sheaves 

(3.20.1) : R qIU(I) 1 ^ ( i U Q ^ - q ) 

such t h a t v i a t h e s e the s n e c t r a l sequence (3.14.1) g i v i n g t h e 

w e i g h t f i l t r a t i o n on H 1(U) can be i d e n t i f i e d w i t h 

(3.20.2) w E f ' ^ = R P t ( Y t t J ) / C ] L ) (- q ) H ^ U , ^ ) 

(note t h a t t h e i ^ a r e a c y c l i c f o r t h e e t a l e cohomology), 

where t h e d i f f e r e n t i a l s 

d D , q s H P t ( Y 7 ^ f Q 1 ) ( - q ) - H | J 2 (Y > , (-q-1 ) 

are g i v e n as f o l l o w s : L e t 

(5.)„ : H P t ( T 1 ^ f Q 1 ) ( - q ) -. H ^ 2 (Y ) ( -q+1) 

be the G y s i n morphism i n d u c e d by the c l o s e d immersions 

6. : Y . , Y. * 
3 X 1 ... x q X 1 ...x. ...x g 

q 
Then d P ' q = I ( - 1 ) D ( 6 . ) + . 

1 j = 1 3 

P r o o f Vfe clo s e l y follow the arguments of Rapoport and Zink i n [RZ] §2. Let 

6* : y ( r + 1 ) - Y ( r ) , 1 ^ j ^ r+1 , be the map i n d u c e d by 

the i n c l u s i o n s 

Y i n . . . n Y Y n . _ n $ n n Y 

1 Xr+1 1 I 1 J Sr+1 



f o r 1 - < ... < i r + 1 - N . Then we have a
r

6 j = a
r + i ' 

(r) 

where a : Y -> Y i s the c a n o n i c a l map. By a d j u n c t i o n 

we g e t f u n c t o r i a l morphisms 
(6r.)*(£>r.) 1 F - F 

f o r any e t a l e s h e a f on , and t h e r e f o r e morphisms 

8J : < W * < a r + 1 > ! p " ( V * ( a r ) ! F 

f o r any s h e a f F on Y . 

3.20.3. Lemma I f I i s i n j e c t i v e on Y , th e n 

... - ( a r + 1 ) * ( a r + 1 ) 1 I 2 ( a r ) J | t ( a r ) 4 - . . . - ( a 1 ) + ( a 1 ) l I - I - O 

i s e x a c t , where d = I ( - 1 ) ^ 3 . . 

P r o o f As i n [RZ] Lemma 2.5. 

Now l e t I " be an i n j e c t i v e r e s o l u t i o n o f the c o n s t a n t 

sheaf (O1 on X . T h e r e i s an e x a c t sequence 

(3.20.4) 0 - I J 1 T I 1 I ' - I* - j * j * I * ~> 0 . 

~ t 
By a p p l y i n g the above lemma t o i " I " and by (3.20.4) we 

ge t a r e s o l u t i o n (note i = i a ) ^ m m 

(3.20.5) ...-(Ij„(Ij V - . . . - ( I 1 ) ^ ( I 1 ) I I - - I - - . 

- j ^ j * ! - - 0 . 

The t o t a l complex sC'' a s s o c i a t e d t o t h e d o u b l e complex 

• p . q = 
( i J J i J * I 1 q 

q = 0 , 



w i t h t h e d i f f e r e n t i a l s i n d u c e d from (3.20.5) , i s t h e r e f o r e 

q u a s i - i s o m o r p h i c t o . 

Now ( i = IR ( i q ) ' Q 1 i s q u a s i - i s o m o r p h i c t o 

Q 1 ( - q ) [ - 2 q ] by p u r i t y , t h e r e f o r e C'* i s q u a s i - i s o m o r p h i c 

t o t h e f o l l o w i n g d o u b l e complex C** 

c 0 ' 0 c 1 ' 0 c 2 ' 0 c 3 ' 0 c 4 ' 0 C 5 

C 2 ' 1/Im 3» C 3 ' " 1 C 4 ' " 1 C 5 

C 4'~ 2/Im3' C 5 

As C P / q = 0 f o r p + 2q < 0 , we have 

6 s C*' := 9 C P ' q £ 0 C P , q £ T s C " 
r q - - r p+q^r r 

T J. t h e c a n o n i c a l and B r t h e second ( i n c r e a s i n g ) f i l t r a t i o n 

o f s C'' 

3.20.6. Lemma (s C"* , T) ^ (s C ' , 6) i s a q u a s i - i s o -

morphism o f f i l t e r e d complexes. 

P r o o f As i n [RZ] Lemma 2.7. 

T h i s i n d u c e s q u a s i - i s o m o r p h i s m s 

R q J 3 ^ 1 - ( G r q 5*5*1 •) [q] 

- ( G r q s ~ ) [ a ] = ( ( I > * i g l ' [ q ] ) [ q l 

= ( I q) s l tIR I ^ Q 1 [2q] - ( I Q ) I S Q 1 C ^ ) 

e t 

and t h e r e f o r e t h e wanted isomorphisms d> . F u r t h e r m o r e , t h e 

L e r a y s p e c t r a l sequence (3.14.1) can - up t o renumbering 

E p ' q = E 2 p + q ' p - be i d e n t i f i e d w i t h the s p e c t r a l sequence fo] 

the s econd f i l t r a t i o n , where t he d i f f e r e n t i a l s 



d P ' q : H q ( X , C " P ) - K q ( X , C - ' P + 1 ) 

a r e i n d u c e d by t h e morphism C " P - C * ' P + 1 . As H q ( X 7 C w p ) 

= 3H q (X,(J)+TR ( I _ P ) 1Q 1) = IH q (X, ( i _ p ) ^ t C 1 ( P ) [2p]) 

= H
2 p + q ( Y ( " p ) ,Q 1) (-p) , we see t h a t d P ' q i s i n d u c e d by 

- , 9 = M - 1 ) V . 
( i q ) * ( i q ) - r 3> ( V 1 ) ^ V 1 ) * ! - • 

V i a t h e q u a s i - i s o m o r p h i s m s ( i ) * ( i r ) " I * = (I r) 3 l tIR ( i r ) 'Q 1 

"* (-r) *Q-_ (-*") [-2r] t h i s g i v e s the a l t e r n a t i n g sum o f t h e 

G y s i n morphisms as c l a i m e d , as i = 6 q ^ i . , and the G y s i n 
_______ _____ Pi 3 Q ' 

r (r+1) (r) morphism f o r 6_. : Y -*• Y v i s g i v e n by the q u a s i - i s o m o r -

p h i s m 

( 6 j ) ^ Q 1 ( - 1 ) [ - 2 ] - ( 6 j ) + ] R (6*)1Q1 

f o l l o w e d by the a d j u n c t i o n 

(6*)+TR ( 6 * ) 1 Q 1 - Q 1 . 

I n more down t o e a r t h terms: i f J " i s an i n j e c t i v e r e s o l u t i o n 
(r) 

o f Q 1 on Y t h e n the G y s i n morphism i s g i v e n by the 

i s o m o r p h i s m 

Q_(-1) - R 2 ( 6 ^ ) 1 Q 1 , 

t h e q u a s i - i s o m o r p h i s m 

R 2 ( S j ) 1 Q 1 = tf2((6j)!J*) -> ( 6 j ) I J ' [ 2 ] , 

and t h e c a n o n i c a l map 

( 6 j ) ^ ( 6 1 J ' » 

I n cohomology t h i s c o r r e s p o n d s t o 

H P ( Y ( r ) , , _ ( - ! ) ) = H P ( Y ( r ) , R 2(6^) !(23 1) 

= H P | 2
+ 1 ) ( Y l r ' ^ ) C$n H P + 2 ( Y ( r ) , Q 1 ) , 

Y ' 

(the second isomorphism from t h e s p e c t r a l sequence f o r 



( 6 j ) ! ) , a t l e a s t f o r r * O . F o r r = O , i . e . , Y ( 0 ) = X 

the map 6 ^ i s n o t a c l o s e d immersion, and one has t o r e ­

s t r i c t t o the Y ± c Y (1) 

3.21. Lemma a) The d i f f e r e n t i a l s d p , q i n the s p e c t r a l s e ­

quences (3.12.3) and (3.17.3) a r e g i v e n as a l t e r n a t i n g sums 

o f G y s i n morphisms as i n p r o p o s i t i o n 3.20. 

b) The i s o m o r p h i s m (3.17.2) o f a n a l y t i c sheaves 

: R q ( a j ) * 0 ) - ( O i q ) # Q ( - q ) 

e t 

c o r r e s p o n d s t o <J>q v i a the c o m p a r i s o n i s o m o r p h i s m f o r c o n ­

s t r u c t i b l e (smooth) sheaves f o r the e t a l e and the complex ana­

l y t i c t o p o l o g y [SGA 4] XVI 4.1. 
c) T h e r e a r e c a n o n i c a l isomorphisms o f s p e c t r a l sequences 

5 _ ' q = H e t ( Y ( q ) ' G > l ) ( - q ) 

- H P
t ( a Y ( q ) , ( D 1 ) ( - q ) 

^P' 1 = H P ( c Y ( q ) , Q ( - q ) ) • Q 1 

H p ^ q ( O U f Q 1 ) 

I 

-> HP + c2(aU,Q) * Q 1 

g i v e n by the c o m p a r i s o n isomorphism between complex and e t a l e 

cohomology, which c o r r e s p o n d t o the isomorphisms o f the L e r a y 

s p e c t r a l sequences v i a the isomorphisms (J)^t and <{>q
n. 

P r o o f a) seems t o be well-known, though I c o u l d not f i n d a good 

r e f e r e n c e . The c l a i m f o r the de Rham cohomology c a n be checked 

v i a t h e d e f i n i t i o n o f the isomorphism (3.6.1) and the e x p l i c i t 

f o r m u l a f o r the G y s i n morphism given i n [Ber] VI 3.1.3. T h i s im­

p l i e s t h e c l a i m f o r the s i n g u l a r cohomology, as G y s i n morphisms 



c o r r e s p o n d under t h e c o m p a r i s o n i s o m o r p h i s m s . 

A n o t h e r a p p r o a c h and p r o b a b l y the most n a t u r a l p r o o f o f b) 

i s g i v e n by t h e o b s e r v a t i o n t h a t t h e whole c o n s t r u c t i o n i n t h e 

p r o o f o f lemma 3.20 can be c a r r i e d o u t f o r a n a l y t i c sheaves 

on a x a n . Then we g e t isomorphisms 

*4>*n : R q ( ° j ) * Q z ( ° i J * Q ( - q ) 
q q 

and a c a n o n i c a l s p e c t r a l sequence 

(3.21.1) E P ' q = H P ( c Y ( q ) ,Q) (-q) =>H P + q(aU,Q) 

w h i c h i s i s o m o r p h i c t o the L e r a y s p e c t r a l sequence f o r a j , and 

where t h e d i f f e r e n t i a l s d p ' q a r e a l t e r n a t i n g sums o f G y s i n 

morphisms as i n lemma 3.20. Moreover, a f t e r t e n s o r i n g w i t h Q 1 

and a p p l y i n g t h e f u n c t o r e* a s s o c i a t i n g t o each e t a l e s h e a f 

t h e c o r r e s p o n d i n g complex a n a l y t i c s h e a f (see [SGA 4] XVI 4.1; 

s t r i c t l y s p e a k i n g , we have t o c o n s i d e r ZZ/ I n E -sheaves and 

t h e n p a s s t o l i m i t s and Q 1 - n S h e a v e s 1 1 ) , we can compare t h e whole 

p r o c e s s on eac h s t e p w i t h t h e e t a l e c o n s t r u c t i o n v i a the c a n o n i ­

c a l base change morphisms. As t h e s e g i v e isomorphisms f o r c o n ­

s t r u c t i b l e sheaves and as e* i s e x a c t , we see t h a t '^g 1 1 a n c ^ 

e t 
<!>_ a r e c o m p a t i b l e under t h e co m p a r i s o n isomorphism, i . e . , 

e t 
e*R q ( G j e t ) ̂ Q 1 e* (Oi^t) ^(-q) 

base change 

R a ( a j a n ) , « 

base change 

* v l - 2 — ^ ( O i J n ) , < B _ <-q) 

i s commutative, and t h e r e i s an isomorphism between the s p e c t r a l 

sequences (3.20.2) and (3.21.1) ® Q 1 v i a the co m p a r i s o n (base 

change) i s o m o r p h i s m s . 

I t remains t o p r o v e ' = • T h e r e i s an i s o m o r p h i s m 



d e p e n d i n g on t h e f i x e d o r d e r i n g o f the Y_. , and a c a n o n i c a l 

i s o m o r p h i s m 

R q(CTj a n) +<i) - A R 1 ( O j a n ) * Q 

g i v e n by the c u p - p r o d u c t (compare [D4] 3.1). B o t h <j>an and 

1 <j>an a r e c o m p a t i b l e w i t h t h e s e i s o m o r p h i s m s , so we o n l y have 

t o show ' 4 > a n = <$>an . The q u e s t i o n i s l o c a l , and we can r e p l a c e 

ox by an open p o l y c y l i n d e r D d , w i t h D = {z€C| ]z| < \} , 
v -1 and suppose t h a t aY = cY. w i t h aY. = p r . (0) s u c h 

j=1 3 D l 

t h a t OU = ( D X ) V x D D" V , w i t h D X = D M O } . Then t h e f i b r e 

a t 0 o f R q ( a j a n ) + Q i s i s o m o r p h i c t o H q(aU,Q) , and by de­

f i n i t i o n (cb a n) 1 maps th e c l a s s o f oY . i n t h e f i b r e o f 
dx. 3 

( O i a n ) j t c Q a t 0 t o the c l a s s o f — 2 . _ n H (au,Q)(1) , where 
x . 

3 d 

X ^ a r e t h e c a n o n i c a l c o o r d i n a t e s i n D . I n t h e same s e t t i n g , 

t h e c a n o n i c a l g e n e r a t o r o f 

j 
i s t h e image under t h e c o n n e c t i n g morphism 

H 1 (ox^oY ,Q) (1) - ^ H 2
y (OXfQ)(I) 

3 ~ J 

o f the c a n o n i c a l g e n e r a t o r ou o f 

i 
H (OX^oYj ,Q-2-rri) = Hom(fT1 (oX^oYj) ,Q-2iTi) 

which sends t h e g e n e r a t i n g p a t h Yj around OYj which has 

p o s i t i v e o r i e n t a t i o n (w.r.t. the o r i e n t a t i o n o f ox g i v e n by 

the c h o i c e o f i = V ^ l ) t o 2 i T i . Now ' <f>an sends the c l a s s 

o f OYj t o the image o f a^ under the r e s t r i c t i o n map 

H 1 ( o X ^ o Y j , Q ( 1 ) ) - H 1 ( a U r Q ( 1 ) ) , 

and as 

dx . 
1 = 2 TTi 

x J 



dx. 
we s e e t h a t t h i s image c o i n c i d e s w i t h t h e c l a s s o f — ^ - , i . e . , 

,,an .an ^ we nave shown ' cf)̂  = 4^ 

3.22. From the above i t i s c l e a r t h a t we have a s p e c t r a l s e ­

quence o f r e a l i z a t i o n s 

(3. 22. 1) ^ P ' 0 - = H ^ Y ^ ) ( - q ) ~ H P + q ( U ) 

g i v i n g the w e i g h t f i l t r a t i o n on the r e a l i z a t i o n a t t a c h e d t o 

U , where the d i f f e r e n t i a l s a r e 9 i v e n ^Y a l t e r n a t i n g 
W n 

sums o f G y s i n morphisms. In p a r t i c u l a r , G r
n + k H i s i s o ~ 

m o r p h i c t o a s u b q u o t i e n t o f H n k ( Y ^ ) (-k) , namely t o 

Ker d 2 /Im d 2
l * f a s the s p e c t r a l sequence (3.22.1) 

d e g e n e r a t e s a t t h e E^ - t e r m s . The l a t t e r has o n l y t o be p r o v e d 

f o r one r e a l i z a t i o n , and i s p r o v e d f o r the Hodge r e a l i z a t i o n 

by D e l i g n e [D4] (3.2.13). 

§4. The c a t e g o r y of mixed motives 

W i t h the n o t a t i o n s o f the p r e v i o u s s e c t i o n we d e f i n e t h e 

f u n c t o r 

H= ^ - MRk 

by H(U) = 9 H n(U) f o r U smooth q u a s i - p r o j e c t i v e o v e r k . 
n=0 

4.1. D e f i n i t i o n The c a t e g o r y MM̂  o f mixed m o t i v e s ( f o r 

a b s o l u t e Hodge c y c l e s ) o v e r k i s the T a n n a k i a n s u b c a t e g o r y 

o f MR^ g e n e r a t e d by the image o f H . 

4.2. P r o p o s i t i o n A mixed r e a l i z a t i o n H € MR^ i s a mixed m o t i v e 

i f and o n l y i f i t i s a s u b q u o t i e n t o f H(U) ® H ( V ) V = 



Horn(H(V),H(U)) f o r some smooth q u a s i - p r o j e c t i v e v a r i e t i e s U 

and V o v e r k . 

P r o o f a) We f i r s t show t h a t M M k c o n t a i n s a l l t h e s e sub-
o 

q u o t i e n t s . L e t U fV € V k and n € ZZ . 

i ) H n(U) € M M k as a d i r e c t f a c t o r o f H(U) f i . e . , as k e r n e l 

o f an idempotent i n End(H(U)) . 

i i ) W mH n(U) € M M k f o r a l l m € ZZ by i n d u c t i o n on m : f o r 

m » 0 W H n ( U ) = H n ( U ) , a n d W H n ( U ) E M M v i m p l i e s W ,H n(U) = in m j*c m— I 

Ker (W mH n (U) -> G r m H n ( U ) ) E M M k , as G r m H n ( U ) C M M r f o r a l l m by 

3.22 and lemraa 1.1: By 3.22 G r m H n ( U ) i s i s o m o r p h i c t o a sub-

q u o t i e n t o f H n (Y)(n") f o r some smooth p r o j e c t i v e v a r i e t y Y 

ove r k and some n',n" E Z Z , and we can r e f o r m u l a t e lemma 1.1 

i n the language o f r e a l i z a t i o n s : 

4.3. Lemma I f Y i s smooth p r o j e c t i v e o v e r k , t h e n any 

s u b q u o t i e n t o f H n ( Y ) ( r ) , n , r E ZZ , i s a d i r e c t f a c t o r . 

So G r m H n ( U ) i s a d i r e c t f a c t o r o f H n ' ( Y ) ( n " ) , which i s a 

mixed m o t i v e by t h e f o l l o w i n g remark. 

i i i ) I f H E MM r , t h e n H(r) E M M k f o r a l l r E ZZ . 

2 1 

In f a c t , 1(-1) i s c a n o n i c a l l y i s o m o r p h i c t o H (~? ) , and 

M M k i s c l o s e d under f o r m a t i o n o f t e n s o r p r o d u c t s and d u a l s . 

i v ) By the l a s t argument a l s o Wfft ( H n ( V ) V ) = ( W _ m H n ( V ) ) V E MM R 

and so Wm (H(U) 0 H ( V ) V ) E M M k f o r a l l m E Z2 . 

v) I f H c H = H(U) ft H ( V ) V we show H E MM 1 by i n d u c t i o n 
— o — k 

W ov e r the number o f m € E w i t h Gr H * 0 . L e t m = m 
max ( n E z z | Gr^H * 0 } and c o n s i d e r the cartesian square 

W 

H' f) G r m H 

n! n I 

W H » Gr*H 
m o m o 



Then t h e q u o t i e n t Gr^U^/Gr^B i s i n MMk , as i t i s a d i r e c t 
W 

f a c t o r o f G r
m

H
Q
 € MM^ by lemma 1.1 o r r a t h e r 4.3. Namely 

G r ^ H o i s a s u b q u o t i e n t o f H n (Y)(n") f o r some smooth 

p r o j e c t i v e Y and n',n" G ZZ by the same arguments as i n i i ) , 
2dimY -n 

as H ( Y 2 ) & H * < Y 2 ) ( d i m Y 2) by P o i n c a r e d u a l i t y , 
n. n« n.+n* 

H '(Y 1) ® H ^(Y ) c H 1 ^ ( Y 1 x Y 2) by t h e Kiinneth f o r m u l a , 

H n ( Y 1 K - I ) c H n + 2 (Y 1 xJP 1) and Hn (Y J 9 H n (Y 2) = H n (Y 1JLY 3) f o r 

smooth p r o j e c t i v e v a r i e t i e s Y i and n i € ZZ . 

T h e r e f o r e H 1 € MMk , as i t i s the k e r n e l o f the map 

W TH -> Gr^H /Gr WH . By i n d u c t i o n W .H i s i n MM, , and from m o m o m J m-1 — k 

the commutative e x a c t diagram 

H H 

W .H m-1 0 

m-1 

A 
G r w H 

> Gr v vH 
m 

> 0 

-> 0 

we see t h a t H = Ker (H' H H /W .H) i s i n MM. 
m-1 0 m-1 — k 

b) Now we have t o show t h a t the f u l l s u b c a t e g o r y c o n s i s t i n g 
v 0 

o f a l l s u b q u o t i e n t s o f H(U) ® H ( V ) f o r U and V € V r i s 

a T a n n a k i a n s u b c a t e g o r y o f MR k . 

i ) L e t B/A be a s u b q u o t i e n t o f H € MR^ , A c B c H , and 

B'/A' a s u b q u o t i e n t o f H 1 € MRk , A' 5 B 1 c H' . Then 

B/A ® B'/A' i s ( i s o m o r p h i c to) a s u b q u o t i e n t o f H ® H 1 , v i a 

the c a n o n i c a l i s o m o r p h i s m 

B O B ' 
A ® B' + A' ® B ~ B / • B V 

7 A " 7A' 

i i ) (H(U 1) ® H ( V 1 ) v J ® ( H ( U 2 ) ® H ( V 3 ) V ) i s i s o m o r p h i c t o 

H(U 1 x U 2) S H(V x V 2 ) V = H ( U 1 ) ® H(U 2) * H ( V 1 ) V ® H ( V 2 ) V 



i i i ) I f B/A i s a s u b q u o t i e n t o f H € MR^ , t h e n 

( B / A ) V = A V / B V i s a s u b q u o t i e n t o f H v , and (H(U) 0 H ( V ) v ) v 

= H(V) 0 H ( U ) V . 

Now the f u l l s u b c a t e g o r y o f MR^ formed by the above sub-

q u o t i e n t s i s o b v i o u s l y a b e l i a n , and the above remarks show t h a t 

i t i s c l o s e d under f o r m a t i o n o f t e n s o r p r o d u c t s and d u a l s . 

F i n a l l y i t c o n t a i n s the i d e n t i t y o b j e c t 1 € MRj t which can 

be i d e n t i f i e d w i t h H(Spec k) , so i t i s i n d e e d a T a n n a k i a n 

s u b c a t e g o r y of MR^ . q.e.d. 

4.4. Theorem a) The f u n c t o r H: M^ -» R^ which t o any m o t i v e 

( f o r a b s o l u t e Hodge c y c l e s ) o v e r k a s s o c i a t e s i t s r e a l i z a t i o n , 

i s a f u l l y f a i t h f u l t e n s o r f u n c t o r and i d e n t i f i e s M^ w i t h t h e 

f u l l s u b c a t e g o r y M^ o f MMk , whose o b j e c t s a r e d i r e c t sums 

o f pure r e a l i z a t i o n s , i . e . , w i t h the c a t e g o r i a l i n t e r s e c t i o n 

MM^ D i n MR^ . 

b) I f V k and V k a r e t h e c a t e g o r i e s o f smooth p r o j e c t i v e 

and smooth q u a s i - p r o j e c t i v e v a r i e t i e s , r e s p e c t i v e l y , we have a 

commutative d i a g r a m o f f u n c t o r s 

o 

o 

H 

Bk 

where means a f u l l y f a i t h f u l f u n c t o r g i v i n g an embedding 



o f a s u b c a t e g o r y which i s c l o s e d under f o r m a t i o n o f s u b q u o t i e n t s , 

and where ^ means an e q u i v a l e n c e o f c a t e g o r i e s . 

c) I f we i d e n t i f y w i t h i t s image M^ under H , which 

we w i l l always do from now on, th e n t h e c a t e g o r y M^ o f m o t i v e s 

i s a l s o the T a n n a k i a n s u b c a t e g o r y o f MR^ which i s g e n e r a t e d 

by t h e image o f 

H | Y k ' Y k - MR k . 

d) H € MR^ i s a m o t i v e i f and o n l y i f i t i s a s u b q u o t i e n t 

o f H ( X ) ( r ) f o r some smooth p r o j e c t i v e v a r i e t y X o v e r k 

and some r € ZZ . I t i s t h e n a l s o a d i r e c t summand o f 

H ( X ) ( r ) . 

P r o o f a) and d ) : H: -* MR^ i s the uniq u e f u n c t o r making 

the l e f t t r i a n g l e i n t h e d i a g r a m o f b) commutative, and i t 

was a l r e a d y m e n t i o n e d t h a t i t i s f u l l y f a i t h f u l (compare 

[DMOS] I I 6.7 g ) ) . The c o n s t r a i n t s o f the t e n s o r c a t e g o r y M^ 

a r e j u s t c hoosen i n such a way ( p a s s i n g from " f a l s e m o t i v e s " 

t o " t r u e m o t i v e s " , see [DMOS] I I p. 203) t h a t H becomes a 

t e n s o r f u n c t o r . 

F o r a m o t i v e M o v e r k , t h e r e a l i z a t i o n H(M) i s a 

d i r e c t f a c t o r o f H ( X ) ( r ) f o r some smooth p r o j e c t i v e X/k and 

some r € ZZ , compare [DMOS] I I 6.7 b) . I n p a r t i c u l a r , H(M) 

i s a sum o f pure r e a l i z a t i o n s , i . e . , l i e s i n R^ , and i t i s o f 

the form s t a t e d i n d) . F u r t h e r m o r e we have 

H(X) (r) 

H(X) 0 H 2CIP 1 ) ® l r l 

H(X) 0 (H 2(1P 1 ) V ) ® r r > 0 , 

so H ( X ) ( r ) and t h e r e f o r e a l s o H(M) l i e s i n MM^ . C o n v e r s e l y , 

any s u b q u o t i e n t o f H ( X ) ( r ) " i s " a m o t i v e by lemma 1.1/4.3, which 

shows d.) . 



F i n a l l y , l e t H be an o b j e c t o f M M ^ n , g i v e n as a 

s u b q u o t i e n t B/A f o r A c B 5 H(U) ® H ( V ) V , where U f V a r e 

smooth q u a s i - p r o j e c t i v e o v e r k . By as s u m p t i o n , 
~ W w 

B/A = © Gr (B/A) , so we o n l y have t o show Gr (B/A) € H ( M 1 ) 
me TZ m m -k 

f o r a l l m € TZ . But G r w (B/A) i s a s u b q u o t i e n t o f 

G r W ( H ( U ) ® H ( V ) V ) = © G r W H(U) 0 G r ^ H ( V ) V so bv u s i n g 4.3 m p q 
p+q=m - \ v 

as b e f o r e , we o n l y have t o show t h a t Gr (H(U) ® H(V) ) € H ( M 1 ) 
m —k 

W 
f o r a l l m € TZ , i . e . , t h a t Gr H(U) € M, f o r a l l smooth q u a s i -

P ~ K 

p r o j e c t i v e U/k as M^. i s c l o s e d under f o r m a t i o n o f t e n s o r 
p r o d u c t s and d u a l s , and G r W ( H ( V ) v ) = ( G r W ( H ( V ) ) v . C h o o s i n g 

4 N " q 

X 3 u smooth p r o j e c t i v e and Y = Y^ as i n s e c t i o n 3 , 
W i = 1 ^ _ 

we o b t a i n t h a t Gr H(U) i s a d i r e c t sum o f the Gr H (U) , 
P P 

and by 3.22 t h a t G r W H n ( U ) i s a s u b q u o t i e n t o f H 2 n ~ p ( Y ( p ~ n ) ) ( - p + n 

and t h e r e f o r e a m o t i v e by lemma 4.3. 

b) and c ) : L e t M£ be t h e T a n n a k i a n s u b c a t e g o r y g e n e r a t e d by 

the image o f H: V^ -» M R ^ . Then M£ c o n t a i n s e v e r y d i r e c t 

summand o f H(X) (r) f o r X € V^ and r € ZZ , and so i t c o n t a i n s 

M ^ . The o t h e r i n c l u s i o n f o l l o w s from t h e f a c t t h a t M ^ i s a 

T a n n a k i a n s u b c a t e g o r y . R ^ e ^ * M R ^ i s c l o s e d w . r . t . s u b q u o t i e n t s 

by 2.15, the c o r r e s p o n d i n g s t a t e m e n t f o r M ^ °—> M R ^ i s e q u i v a l e n t 

t o lemma 1.1/4.3, f o r M M ^ < -̂» M R ^ i t f o l l o w s from 4.2 and the 

r e s t i s c l e a r . 

4.5. Remark I n the p r o o f we have seen, t h a t f o r any mixed m o t i v e 

N t h e s u b o b j e c t s Wr̂ N a r e mixed m o t i v e s and t h e s u b q u o t i e n t s 
W 

Gr N a r e m o t i v e s . I n p a r t i c u l a r , any mixed m o t i v e i s a s u c c e s s i v e m 
e x t e n s i o n o f m o t i v e s , and the s p e c t r a l sequence (3.22.1) 

= H P t Y ^ ) ( - q ) =» HP + (3(U) 

i s a s p e c t r a l sequence o f mixed m o t i v e s . 



4.6 By a b a s i c theorem on T a n n a k i a n c a t e g o r i e s , t h e n e u t r a l 

T a n n a k i a n c a t e g o r i e s and MM^ a r e e q u i v a l e n t t o the c a t e ­

g o r i e s o f r e p r e s e n t a t i o n s o f c e r t a i n p r o - a l g e b r a i c groups o v e r Q . 

These a r i s e as automorphism groups o f the f i b r e f u n c t o r s g i v i n g 

a n e u t r a l i z a t i o n : F o r an embedding o: k <-* C l e t MG (a) be 

th e automorphism group o f the f i b r e f u n c t o r 

H 0 : MMk -+ Vec c o 

g i v e n by t h e r e s t r i c t i o n o f H q : MRk -+ Vec^ (see 2.13) , and 

G(o) t h e automorphism group o f t h e r e s t r i c t i o n 

H q : M k V e c ^ . 

I f Rep G d e n o t e s t h e c a t e g o r y o f ( f i n i t e d i m e n s i o n a l ) a l g e b r a i c 

r e p r e s e n t a t i o n s o f a p r o - a l g e b r a i c group G/Q , we have e q u i ­

v a l e n c e s o f t e n s o r c a t e g o r i e s 

M k Rep G(o) 

MMk ^ Rep MG(a) , 

and t h e i n c l u s i o n M k MMk c o r r e s p o n d s t o a morphism o f p r o -

a l g e b r a i c groups i): MG(a) -* G(a) , see [SR] . The i n c l u s i o n 

o f the c a t e g o r y M k o f A r t i n m o t i v e s (see [DMOS] I I 6.17) i n 

M k and MMk g i v e s morphisms IT: G (a) -> G k and MTT : MG(a) ~* G^ 

as M k Rep G k ( l o c . c i t . ) . F i n a l l y , the base e x t e n s i o n f u n c t o r 

MRk -» MR1- (see 2.16 i ) ) i n d u c e s base e x t e n s i o n f u n c t o r s 

M k M- and MMk -> MM- , as c a n o n i c a l l y H ( U ) X j ^ k 1 - H(U x ^ ' ) 

f o r a smooth q u a s i - p r o j e c t i v e v a r i e t y U o v e r k and a f i e l d 

e x t e n s i o n k'/k . Thus we g e t homomorphisms i : G°(o) -+ G(o) 

and Mi : MG° (o) MG(a) , where G°(o) = G(o) = A u t ® ( H - | M _ ) and 
I —k 

o — ® 

MG (o) = MG(a) = A u t ( H J J m m . ) a r e t n e automorphism groups o f 

the f i b r e f u n c t o r H - on M k and MM- r e s p e c t i v e l y , f o r some 

embedding o : k CE w i t h o I, = o . 

Unto-BiMothek 



4.7. Theorem a) \j; i s an epimorphism, i . e . , f a i t h f u l l y f l a t . 

b) V i a \\) , G(o) i s i d e n t i f i e d w i t h t h e maximal p r o - r e d u c t i v e 

q u o t i e n t o f MG(O) ; t h e k e r n e l U(o) o f \\) i s c o n n e c t e d and 

p r o - u n i p o t e n t . 

c) With t h e above n o t a t i o n s ( i n v o l v i n g a c h o i c e o f o : k <C 

w i t h ojk = o) t h e r e i s a commutative e x a c t diagram o f p r o -

a l g e b r a i c groups 

U(o) 

i 
-> MG0(O) 

o . -> G (O) 

Mi 

U ( Q ) 

MG(O) 

•I 
G(g) 

MTT 

d) G0(O) and MG°(a) a r e c o n n e c t e d and t h e i d e n t i t y components 

o f G(o) and MG(a) , r e s p e c t i v e l y . G°(a) i s the maximal p r o -

r e d u c t i v e q u o t i e n t o f MG°(a) . 

e) F o r any T € G
k ' (MTT)" 1 (T) = Horn®(H-,H- T) , r e g a r d i n g H-

-1 ® and H- as f u n c t o r s on MMr , and TT (T) = Horn (H-,H- ) f o r 
O L K CT OT 

the r e s t r i c t i o n s t o . 

f) F o r any prime 1 , t h e r e a r e c a n o n i c a l c o n t i n u o u s homomor-

phisms S p 1 : G^ -+ G ( O ) ( Q 1 ) and Msp 1: G r M G ( O ) ( Q 1 ) W i t h 

TT o S p 1 = i d , MTT O Msp 1 = i d and S p 1 = ^ o Msp 1 . 

g) T h e r e i s a c a n o n i c a l s e c t i o n I : G(o) MG(o) o f \p , 

c o r r e s p o n d i n g t o the s e m i - s i m p l i f i c a t i o n f u n c t o r 

MM, 

m£ ZZ 
G r w N m 

One has MTT O I = TT , and I © S p 1 = Msp 1 f o r any 1 . 

P i c t o r i a l l y : 



MTT 

M G ( Q ) - ^ - G k 

Msp 1 

(4.7.1) 

G(O) 

S P 1 

i s commutative i n a l l ways w i t h e q u i - d i r e c t e d h o r i z o n t a l maps. 

P r o o f a) \p i s f a i t h f u l l y f l a t , as M k <-> MMk i s f u l l y f a i t h ­

f u l and s a t u r a t e d w . r . t . s u b q u o t i e n t s by 4.4 b) , see [DMOS] 

I I 2.21 a) . 

b) G(c) i s p r o - r e d u c t i v e , as M k i s s e m i - s i m p l e , see [DMOS] 

I I 6.22 (here we use " r e d u c t i v e " a l s o f o r non - c o n n e c t e d g r o u p s ) . 

L e t G(o) be the maximal p r o - r e d u c t i v e q u o t i e n t o f MG(a) . 

Then Rep G(a) c Rep MG(a) = MMk i s s e m i - s i m p l e and c l o s e d w i t h 

r e s p e c t t o s u b q u o t i e n t s . F o r N € Rep G(a) we t h e r e f o r e have 

N = © G r w N , i . e . , N € R v and t h e r e f o r e N € MM H R = 
m€ZZ m K K K 

M k = Rep G(a) . We c o n c l u d e Rep G(a) =Rep G(a) and thus 

G(a) = G(o) . With t h e same arguments, G°(o) i s the maximal 

p r o - r e d u c t i v e q u o t i e n t o f MG°(a) , and by c) , U(o) i s the 

p r o - u n i p o t e n t r a d i c a l o f the c o n n e c t e d p r o - a l g e b r a i c group 

MG 0(O) . 

c) - f ) • The s t a t e m e n t s f o r G(O) a r e p r o v e d i n [DMOS] I I 6.23, 

and the p r o o f s f o r MG(o) a r e s i m i l a r : 

c) Mi i s a c l o s e d immersion as any o b j e c t N o f MMj- i s 

a s u b q u o t i e n t o f an o b j e c t N x k w i t h N € 
see t h e 

c r i t e r i o n i n [DMOS] I I 2.21 b)) . I n f a c t , i t s u f f i c e s t o c o n s i d e r 
v ° 

t h e c a s e N = H(U) 0 H(V) f o r U fV € V^ ; b u t U and V have 

models U' and V 1 o v e r a f i n i t e e x t e n s i o n s k' o f k , and 

we can t a k e N q = R k , ^ k ( H ( U ' ) 0 H ( V ) v ) = H ( R e s k y k U ' ) 0 



H ( R e s ^ , / k
v ' ) V t where R e s k t ^ k U ' i s the G r o t h e n d i e c k r e s t r i c t i o n 

U' - Spec k 1 - Spec k , as N ^ k 1 S H ( U ' ) ® H ( V ' ) V i s s u r j e c t i v e . 

MTT i s f a i t h f u l l y f l a t as M ° <̂  MMk i s f u l l y f a i t h f u l and 

s a t u r a t e d w . r . t . s u b q u o t i e n t s , and the e x a c t n e s s o f 
o Mi MTT 

1 -* MG (o) -> MG (o) G k -* 1 i s a s p e c i a l c a s e o f e) . F i n a l l y , 

U (o) l i e s i n M G ° (a) = k e r MTT , as MTT = TT O \\J which i s c l e a r 

from the f a c t o r i z a t i o n M^ <=-• M k ^ MMk . 

d) F o r the c o n n e c t e d n e s s o f MG 0(a) we have t o show t h a t f o r 

any n o n - t r i v i a l r e p r e s e n t a t i o n X o f MG°(a) the c a t e g o r y o f 

s u b q u o t i e n t s o f X n , n - O , i s n o t s t a b l e under t e n s o r p r o ­

d u c t s , see [DMOS] I I 2.22. But such an o b j e c t N G Re£ MG°(o) 

= MM- must be pure o f w e i g h t z e r o , as the w e i g h t s o c c u r r i n g i n 

N n a r e the same as t h o s e o c c u r r i n g i n N, and t h e r e f o r e bounded. 

In p a r t i c u l a r N € M k = Rep G ° ( Q ) , and we have r e d u c e d t o the 

c o n n e c t e d n e s s o f G 0 ( Q ) , which i s p r o v e d i n [DMOS] I I 6.22. 

As G k i s t o t a l l y d i s c o n n e c t e d , MG°(Q) i s t h e f u l l i d e n t i t y 

component o f MG(Q) . 

e) We have t o a s s o c i a t e t o any g € MG(o) (R) = Horn ( H a ® R , H a ® R ) , 

R a (D-algebra, a c a n o n i c a l element o f Horn (H-,H~ t) (R) = 

Horn® (H-®R,H_ T®R) f o r T = MTT (g) . We w r i t e H q (M,R) =H q (M) ®R 

and M = M * k k . Then f o r M,N € MMk and f € Horn(M,N) t h e r e 

i s a commutative d i a g r a m 
gM 

H 5 ( M F R ) = H A ( M F R ) — ^ H a(M fR) = H-̂ . (M f R) 

(4.7.2) f - F Q T 

gN 
H-(N fR) = H a(N fR) _l; ^ H a(N fR) = H 5 7 ( N f R ) 

In f a c t , by a p p l y i n g t he f u n c t o r i a l i t y o f the g M t o the e v a l u a t i o n , 

map M x Horn(M,N) -* N one sees t h a t t h e r e i s a commutative d i a g r a m 



H a(M fR) -i H a(M fR) 

(4.7.3) 

H a ( N f R ) H a(N fR) 

f o r any ? € H (Horn(Mf N) ) = Horn(H^ (M) ,Hrr (N) ) f where g = g u / J u r K T, o o a 0 -1 Hom(M FN) 

On t h e o t h e r hand, v i a t h e a c t i o n o f G^ (see 2.19) Hom(M FN) 

can be r e g a r d e d as an A r t i n m o t i v e , i . e . , an o b j e c t o f M ° = 

Rep G k (compare [DMOS] I I 6.17 and 6.18) . T h i s depends on 

the c h o i c e o f an e x t e n s i o n p : k (C f o r any p : k <E , 

and we choose t h e e x t e n s i o n o f o r a . Then t h e r e i s a morphism 

o f mixed m o t i v e s Horn(M,N) J Horn(M,N) such t h a t j on 

- G k 

H D R(Hom(M,N) ) = (Hom(M FN) 0 k) K 

and H 1CHom(M FN) = Hom(M FN) G^Q 1 

i s i n d u c e d by t h e p r o j e c t i o n t o Hom k ( H r r ( M ) , H r r ( N ) ) and 

Horn ( H 1 ( M ) f H 1 ( N ) ) f r e s p e c t i v e l y , and on 
CB 1 J- J-

H a(Horn(M,N)) = Horn(M,N) 

i s t h e p r o j e c t i o n t o Horn(H-(M),H-(N)) = H o r n ( H 0 ( M ) , H Q ( N ) ) . 

I f MTT (g) = T , t h e n by d e f i n i t o n g a c t s l i k e x on 

Hom(M FN) c Hom(M FN) . So (4.7.2) f o l l o w s from ( 4 . 7 . 3 ) , as 

Hj(M) 

( T f ) 5 

H Q ( M ) H 5 T ( M ) 

H - ( N ) H A ( N ) H 5 T ( M ) 

i s commutative. 

The d i a g r a m (4.7.2) shows t h a t , i f we d e f i n e t h e image o f 

g M i n Hom(H-(M,R) , H- T(MR)) by t h e upper l i n e o f ( 4 . 7 . 2 ) , 
OT 



we g e t elements which a r e f u n c t o r i a l i n M and R , and 

c o m p a t i b l e w i t h t e n s o r p r o d u c t s . These d e f i n e e l e m e n t s i n 

Horn (H- ® R, H~ T ® R) , a s any o b j e c t i n MM^ i s a d i r e c t 

f a c t o r o f an object ft f o r M i n MM^ , see 2.20 e) . 

-1 $ 

So we have d e f i n e d a map (MTT) (T) Horn (H-,H~ T) , w h i c h 

i s b i j e c t i v e as one may see by r e v e r s i n g t h e c o n s t r u c t i o n , 

l o o k i n g a t (4.7.2) a g a i n . 

f) Msp 1 can be d e f i n e d l i k e S p 1 i n [DMOS] I I 6.23 ( d ) , b u t 

i t i s s h o r t e r f o r us h e r e , j u s t t o d e f i n e i t by 

Msp 1 = o S p 1 . 

g) We o n l y have t o note t h a t M>~~>s.s.M i s a t e n s o r f u n c t o r , 

maps MM K t o by 4.5, and t h a t f o r any H € R^ t h e r e i s 

a u n i q u e isomorphism 
~ W H = e Gr H 

m € TZ m 

i n d u c i n g the i d e n t i t y on the gr a d e d p i e c e s , as Horn(H,H 1) = 0 

f o r pure r e a l i z a t i o n s o f d i f f e r e n t w e i g h t s . W i t h r e s p e c t t o t h i s 

isomorphism, 

M R MM K
 s A s - M K 

i s t he i d e n t i t y , and s . s . commutes w i t h H . T h e r e f o r e s . s . 
a 

i n d u c e s t h e homomorphism I and we have o Z = i d . 

As s . s . commutes w i t h t h e i n c l u s i o n s M ° MM K and M^ M K , 

we have MTT © I = IT , and the r e s t i s c l e a r . 

4.8. F o r the d e s c r i p t i o n o f U(a) we can use S a a v e d r a ' s r e s u l t s 

[SR] IV §2 on f i l t e r e d T a n n a k i a n c a t e g o r i e s . Namely t h e f i b r e 

f u n c t o r s H q on MMk a r e f i l t e r e d by the w e i g h t f i l t r a t i o n 

W H „ = HW , and i f 
m a a m 

$ 1 

A u t ( H Q ) 

i s t he s u b f u n c t o r o f A u t (H a) formed by t h o s e t e n s o r automorphisms 



W 
o f H which i n d u c e the i d e n t i t y on Gr H = © Gr H o 1 o crrf m o 
G r w H = W HrrZVJ ,H , t h e n we have m a m a m-1 a 

4.9. P r o p o s i t i o n U(a) = A u t ® 1 (H • ) = A u t ® 1 (H- • ) f o r 
J M M k

 a | M M r ; 

a: k C , r e s p e c t i v e l y a: k (C w i t h a I £ = a . 

P r o o f From t he p r o o f o f 4.7 g) i t i s easy t o see t h a t G(a) i s 

c a n o n i c a l l y i s o m o r p h i c t o the automorphism group o f the f i b r e 

f u n c t o r Gr H q = H g . s . s . on MM^ . W i t h t h i s i d e n t i f i c a t i o n 

we have U(a) = Ker(MG(a) -• G(a)) = Ker (Aut® (H . M X i r ) - Aut® (GrH l w w 

a j MM^ a MMk 

= A u t ® 1 (H , ) . 
a MM, 

1 — k 

The same c o n s i d e r a t i o n s a p p l y t o k , MG°(a) and G°(a) by the 

d i a g r a m i n 4.7 c) . 

4.10. I t i s o f t e n i n c o n v e n i e n t t o r e s t r i c t t o p r o j e c t i v e o r 

q u a s i - p r o j e c t i v e v a r i e t i e s , and we w i l l show t h a t t h i s i s i n 

f a c t n o t n e c e s s a r y . 
o L e t W and W, be the c a t e g o r i e s o f smooth s e p a r a t e d k •K 

and smooth p r o p e r v a r i e t i e s o v e r k , r e s p e c t i v e l y . Then we 

can d e f i n e the f u n c t o r s 

H: Wk - MRk 

i n e x a c t l y t h e same way as i n s e c t i o n 3, because nowhere the 

q u a s i - p r o j e c t i v i t y was u s e d . Of c o u r s e , w i t h t h e n o t a t i o n s o f 

3, the v a r i e t i e s X,Y,Y..,Y^ a r e o n l y smooth and p r o p e r and 

not n e c e s s a r i l y p r o j e c t i v e t h e n ; t h i s c o r r e s p o n d s t o D e l i g n e ' s 

c o n s t r u c t i o n o f mixed Hodge s t r u c t u r e s f o r smooth v a r i e t i e s 

[D4] .We now c l a i m t h a t we do n o t g e t new mixed m o t i v e s o r 

mo t i v e s by t h i s . 



4.11. P r o p o s i t i o n H : W_k -> R k f a c t o r i z e s t h r o u g h and 
o 

H: MR^ f a c t o r i z e s t h r o u g h MMk . 

P r o o f L e t U be a smooth v a r i e t y o v e r k . By Nagata [ N ] , U o o 

i s an open s u b v a r i e t y o f a p r o p e r v a r i e t y X q , and by H i r o n a k a 1 s 

r e s u l t on r e s o l u t i o n o f s i n g u l a r i t i e s we can assume t h a t X Q 

i s smooth. By Chow's lemma t h e r e i s a p r o j e c t i v e v a r i e t y X 

and a p r o p e r b i r a t i o n a l morphism f : X -> X q , and a g a i n by 

H i r o n a k a we may assume X t o be smooth. L e t U = f 1 ( U Q ) . 

Then f : U -+ U i s p r o p e r and b i r a t i o n a l and t h e r e f o r e t h e 

i n d u c e d map 

f * : H ( U q ) H ( U ) 

o f mixed r e a l i z a t i o n s i s i n j e c t i v e - i n f a c t , i n a l l t h r e e cohomology 

t h e o r i e s t h e r e i s a l e f t i n v e r s e by the t r a n s p o s e under P o i n c a r e 

d u a l i t y o f the c o r r e s p o n d i n g map f o r t h e cohomology w i t h compact 

s u p p o r t . So f * i d e n t i f i e s H ( U q ) w i t h a s u b o b j e c t o f H ( U ) , 

i . e . , w i t h a mixed m o t i v e by 4.2. F o r U q smooth and p r o p e r 

we have U = X and U = X and can use 4.4 d) ,we can a l s o o o 
c o n c l u d e by 4.4. a) as H ( X )€ R1 . 

2 o — k 



PART I I 

ALGEBRAIC CYCLES, K-THEORY, AND EXTENSION CLASSES 

§5. The c o n j e c t u r e s of Hodge and T a t e f o r smooth v a r i e t i e s 

The common o b j e c t o f t h e c o n j e c t u r e s o f Hodge and T a t e i s 

the d e s c r i p t i o n o f t h e group o f a l g e b r a i c c y c l e s i n t h e cohomology 

o f a smooth p r o j e c t i v e v a r i e t y . To r e c a l l t h e s e c o n j e c t u r e s , l e t 

k be a f i e l d w i t h a l g e b r a i c c l o s u r e k, Ĝ . = G a l (k/k) , X a 

smooth p r o j e c t i v e v a r i e t y o v e r k, X = X ><k k , and CH r(X) t h e 

Chow gr o u p s o f a l g e b r a i c c y c l e s o f c o d i m e n s i o n r on X modulo 

l i n e a r e q u i v a l e n c e (see, e.g., [Kl]§2) . 

5.1. T h e r e i s a c a n o n i c a l c y c l e map f o r I * c h a r k 

C l r = C l r Z x : CH r(X) — > H 2 r ( X , f f i £ ( r ) ) = H 2 r ( X ) ( r ) , 

whose image l i e s i n the f i x e d p a r t 

H 2 r ( X f Q ^ r ) ) ° k =: Ti ( H 2 r ( X ) (r) ) 

under G^ . T a t e c o n j e c t u r e s t h a t the image o f c l ̂  g e n e r a t e s t h i s 

group o v e r Q ̂  , i f k i s f i n i t e l y g e n e r a t e d as a f i e l d ( [T 1 ] ) . 

5.2. F o r k = (E t h e r e i s a c y c l e map 

C l r = c l r ' X : CH r(X) — > H 2 r ( X « E ) , Q ) , 

whose image c o n s i s t s o f ( r , r ) - c l a s s e s , i . e . , i s c o n t a i n e d i n 

H 2 r (X((E) ,(B) n H r' r(X,CE) = H 2 r(X(CC) ,(D) 0 F r H 2 r (X,(E) . 



The Hodge c o n j e c t u r e s t a t e s t h a t t h e image of e l g e n e r a t e s t h i s 

g r o u p o v e r Q ( c f . [ G r ] ) . 

5.3. In o u r s e t t i n g i t i s b e t t e r t o r e n o r m a l i z e t h e l a s t c y c l e 

map by powers o f 2iTi and r e g a r d i t as a map 

C l r
j = C l r ^ x : CH r(X) — > H 2 r(X((E) ,Q- ( 2 i r i ) r ) = H 2 r ( X ) (r) 

i n t o the r - f o l d T a t e t w i s t o f the Q-Hodge s t r u c t u r e 
2r 2r 

Hr. (X) := H (X((E),Q) , whose image c o n s i s t s o f (O, O) - c l a s s e s . 

(Note t h e f o r m u l a F°(H(r))0 (C = F r H ® <E f o r a Hodge s t r u c t u r e H ) 

I f one works w i t h Chern c l a s s e s , t h i s amounts t o u s i n g t h e more 

n a t u r a l f i r s t C hern c l a s s 

c l ^ = C 1 : P i c ( X ) = H 1(X,0*) — > H 2(X,Z-2Tri) , 

w h i c h i s t h e c o n n e c t i n g morphism f o r t h e e x a c t sequence o f a n a l y t i c 

sheaves 

O — > Z-27Ti — > O e x P > Ox — > O . 

Then no c h o i c e o f i = /^T i s i n v o l v e d , and moreover t h e c y c l e 
r r 

maps c l ^ and C l g a r e c o m p a t i b l e under the c o m p a r i s o n isomorphisms 

between complex and e t a l e cohomology. 

F i n a l l y , f o r any f i e l d k o f c h a r a c t e r i s t i c z e r o t h e r e i s a 

c y c l e map 

0^>R C H r ' X ) ~ > H ^ ( X Z k ) (r) = H ^ ( X X r ) 

whose image l i e s i n 

F ° ( H ^ ( X ) (r» = ( F 3 V j i ( X ) ) (r) , 



and w h i c h f o r any o : k e — > (E i s c o m p a t i b l e w i t h t h e map 

c l £ ' a X 

c j * r = - c i r ' X : CH r(X) CH r(GX) — > H 2 r (aX (CE) , (D) (r) = H 2 r ( X ) ( i 
0 0 0 

2r 

u nder t h e c o m p a r i s o n i s o m o r p h i s m I o o Q ( X ) (r) . 

5.4. Thus f o r c h a r k = 0 we o b t a i n a c y c l e map 
c l r

H = c l r ^ X : CH r(X) — > T A H ( H 2 r ( X ) (r) 

2r 
i n t o t h e group o f a b s o l u t e Hodge c y c l e s i n H ( X ) ( r ) ( d e n o t e d 

2r 
T(H (X) (r)) i n t h e f i r s t p a r t ) . As a c o m b i n a t i o n and weaker form 
of 5.1 and 5.2 one may c o n j e c t u r e t h a t t h e image o f c l g e n e r a t e s 

2r 

t h e CD-vector space r ^ ( H (X) ( r ) ) . In f a c t , by t h e i n c l u s i o n s 

H r ' r ( X ) n H ( X ) ( r ) H 2 r ( X ) ( r ) ° k 

0 0 ** 

(5.4.1) T A H ( H 2 r ( X ) ( r ) ) 

T a l g ( H 2 r ( X ) ( r ) ) := I m c l r ' X 0 Q 

we see, t h a t t h i s i s i m p l i e d by e i t h e r t h e Hodge o r t h e T a t e 

c o n j e c t u r e . More p r e c i s e l y , we have 

5.5. Lemma a) L e t k^ c k be a f i n i t e l y g e n e r a t e d f i e l d such 

t h a t X i s d e f i n e d o v e r k^ . I f T a t e ' s c o n j e c t u r e i s t r u e f o r 

X and e v e r y f i n i t e e x t e n s i o n o f k^ , t h e n c o n j e c t u r e 5.4 i s 

t r u e f o r X and k . 

b) I f t h e Hodge c o n j e c t u r e i s t r u e f o r aX f o r some embedding 

a : K G — > (E , t h e n c o n j e c t u r e 5.4 i s t r u e f o r X/k . 



P r o o f a) I t i s c l e a r t h a t e v e r y a b s o l u t e Hodge c y c l e o v e r k i s 

d e f i n e d o v e r some f i n i t e l y g e n e r a t e d e x t e n s i o n o f , s i n c e t h i s 

i s t r u e f o r e v e r y element i n H r r ( X / k ) = H D R ( X 0 / k Q ) ®£ k . By 

2 . 1 9 i t i s t h e r e f o r e d e f i n e d o v e r some f i n i t e l y g e n e r a t e d e x t e n s i o n 

of kQ , i . e . , i t s u f f i c e s t o c o n s i d e r t h e c a s e t h a t k i s f i n i t e l y 

g e n e r a t e d o v e r k^ . I t i s t h e n p r o v e d i n [DMOS]I 2.9 t h a t t h e 

a b s o l u t e Hodge c y c l e s o v e r k^ and k a r e t h e same. By a s s u m p t i o n 

and 5 . 4 . 1 , a l l a b s o l u t e Hodge c y c l e s o v e r kg a r e a l g e b r a i c , hence 

the same s t a t e m e n t f o r k , and f o r k by t a k i n g f i x e d modules 

under , see 2 . 1 9 . 

b) I t s u f f i c e s t o c o n s i d e r k a l g e b r a i c a l l y c l o s e d . By a s s u m p t i o n 

and 5 . 4 . 1 , e v e r y a b s o l u t e Hodge c y c l e i s a l g e b r a i c o v e r some f i e l d 

k' which i s f i n i t e l y g e n e r a t e d o v e r k , and we g e t an a l g e b r a i c 

c y c l e o v e r k by s p e c i a l i z a t i o n , see [DV] exp. 0 . 

5 . 6 . We n o t e t h a t t h e above c o n j e c t u r e s would i m p l y some o t h e r 

weaker ones: 

a) r A H ( H 2 r ( X ) ( r ) ) ̂ =—> H r Z r ( X ) H H 2 r ( X ) (r) s h o u l d be s u r j e c t i v e 

f o r k = k and a : k c — > CE ; t h i s i s D e l i g n e 's " e s p o i r e " t h a t 

e v e r y Hodge c y c l e i s a b s o l u t e Hodge see [D6]. 

b) TAH(H2r(X) ( r ) ) 8 ® gCL-> H 2 r ( X ) (r) k s h o u l d be s u r j e c t i v e f o r k 

f i n i t e l y g e n e r a t e d o v e r t h e prime f i e l d . 

c) I 2 r - ( r ) : H 2 r ( X ) ® -^-> H 2 r ( X ) (r) f o r o : k c^—> CE w i t h 

a | k = a s h o u l d i n d u c e an isomorphism 

[ H r ' r ( X ) 0 H 2 r (X) ( r ) ] ® Q £ ^ H 2 r ( X ) ( r ) ° k 

f o r k f i n i t e l y g e n e r a t e d and s u f f i c i e n t l y b i g . In g e n e r a l , no 

" i n c l u s i o n " i s known, b u t a) would imp]y " c " and b) would i m p l y 

11 £ " . In the f i r s t c a s e we c o u l d c o n c l u d e T a t e =» Hodge, i n the 

second c a s e we had Hodge T a t e . 



d) d i m f J 3 ( H r , r (X) n H 2 r ( X ) (r) s h o u l d be i n d e p e n d e n t o f a . 

2r 
e) dim_ [H 0 ( X ) ( r ) ] s h o u l d be i n d e p e n d e n t o f & . 

f) T h ese d i m e n s i o n s s h o u l d be e q u a l f o r k f i n i t e l y g e n e r a t e d 

and s u f f i c i e n t l y b i g . 

5.7. Remark D e l i g n e has p r o v e d a) f o r a b e l i a n v a r i e t i e s X , see 

[DMOS]I 2.11; and a ) - c ) h o l d f o r a b e l i a n v a r i e t i e s w i t h complex 

m u l t i p l i c a t i o n by t h e work of Shimura-Taniyama and S e r r e , even i n 

t h e s t r o n g e r form s t a t e d i n [Se 2] § 3, compare a l s o Pohlmann [ P ] . 

The r e s u l t s can be e x t e n d e d t o t h e c a t e g o r y o f m o t i v e s g e n e r a t e d 

by a b e l i a n v a r i e t i e s , c o n t a i n i n g f o r example K 3 - s u r f a c e s and Fermat 

h y p e r s u r f a c e s , compare [DMOS] 6.26 and 6.27 . 

In f a c t , c o n j e c t u r e s a ) - c ) have c o n v e n i e n t i n t e r p r e t a t i o n s 

i n t h e s e t t i n g o f the a s s o c i a t e d T a n n a k i a n c a t e g o r i e s . F o r example, 

2r 

l e t MT(H^ (X)) be the Mumford-Tate group o f t h e Hodge s t r u c t u r e 

H 2 r ( X ) . I t i s the subgroup o f GLfjj ( H 2 r (X) ) f i x i n g a l l Hodge c y c l e s 

i n a l l p r o d u c t s H 2 r ( X ) 0 S ® ( H 2 r ( X ) v ) 0 t ® Q (1) 0 U f o r a l l s , t C J N Q , 

u e Z , and t h u s t h e " G a l o i s group" of t h e T a n n a k i a n c a t e g o r y 
2r 

g e n e r a t e d by t h e Hodge s t r u c t u r e s H q (X) and Q(1) , see [DMOS] 

I § 3. 
On the o t h e r hand, l e t G ( H 2 r ( X ) , a ) be the " G a l o i s group" o f 

2r 
the T a n n a k i a n s u b c a t e g o r y o f M^ g e n e r a t e d by H (X) and 1(1) 

2r 

(with f i b r e f u n c t o r H q ) , i . e . , t h e image o f G(a) —> GL f f l(H q (X)) 

Then by (5.4.1) f o r a l l t e n s o r s we have 

M T ( H 2 r ( X ) ) < G ( H 2 r ( X ) , 0 ) ; 

and a) f o r a l l t e n s o r s would i m p l y e q u a l i t y . 

b) and c) have s i m i l a r i n t e r p r e t a t i o n s . However, one does n o t 
2r 

know i n g e n e r a l , whether G^ a c t s s e m i s i m p l y on Hĵ  (X) as 

c o n j e c t u r e d by G r o t h e n d i e c k and S e r r e , so one a l s o has t o c o n s i d e r 



s u b q u o t i e n t s o f t h e t e n s o r p r o d u c t s f o r H 2 r ( X ) ([DMOS] I . 3.2). In 

any c a s e , c) i s r e l a t e d t o t h e c o n j e c t u r e t h a t Im(G, — > GL- ( H 1 ( X ) ) ) 

± \
 1 

and MT(H ( X ) ) ( Q „ ) a r e commensurable, see [Se 2]§ 3. 
a I 

5.8. S i m i l a r c o n j e c t u r e s f o r n o n - p r o p e r v a r i e t i e s seem t o g i v e 

n o t h i n g new, a t l e a s t f o r k o f c h a r a c t e r i s t i c z e r o . In f a c t , l e t 

U be a smooth q u a s i - p r o j e c t i v e v a r i e t y o v e r k and l e t X be a 

smooth p r o j e c t i v e c o m p a c t i f i c a t i o n . Then t h e r e a r e c y c l e maps 

C l r
f f = c l r ^ U : CH r(U) — > T A H ( H 2 r ( U ) ( r ) ) 

r r r 
as b e f o r e , h a v i n g components C I ^ r , c l ^ and c l ^ w i t h images i n 

R D R ( H D R ( U ) ( R ) ) = W 0 ( H D R ( U ) ( R ) ) N F ° < H D R ( U ) ( R ) = W 2 r H D R ( U ) " ^ " D R ^ ' 

r ^ ( H 2 r ( U ) ( r ) J = H 2 r ( U ) (r) k
N W q ( H 2 r (U) (r)) , 

T H ( H 2 r ( U ) (r) ) - W q ( H 2 r (U) (r) ) n F ° ( H 2 r ( U ) (r) 8(E) 

(5.8.1) = ( 2 7 T i ) R W 2 r H 2 r (CU,Q) n F r H 2 r ( a U , ( E ) , 

r e s p e c t i v e l y ( f o r example by u s i n g f u n d a m e n t a l c l a s s e s i n t h e 
2r 

r e l a t i v e cohomology H z (U) f o r a prime c y c l e Z o f c o d i m e n s i o n 
r U 

r ). But t h e n c l ' f a c t o r i z e s t h r o u g h 

r ? ( W Q H 2 r ( U ) ( r ) ) = r ? ( I m H 2 r ( X ) ( r ) — > H 2 r ( U ) ( r ) ) 

(see 3.22, o r [D4] 3.2.17, f o r t h e l a s t e q u a l i t y ) , and by lemma 1.1, 
2r 2r W Q H ( U ) ( r ) i s a d i r e c t f a c t o r o f H ( X ) ( r ) ,-so t h a t the maps 

H 2 r ( X ) ( r ) — > r 9 H 2 r ( U ) ( r ) 

a r e s u r j e c t i v e . On t h e o t h e r hand, t h e r e s t r i c t i o n CH r(X) — > CH r(U) 



i s a l s o s u r j e c t i v e , and t h e d i a g r a m 

C l ^ ' X 

CH (X) = > T 9 H Z J - ( X ) ( T ) 

V G l r ' U V 

CH r(U) 7- > T 9 H 2 r ( U ) (r) 

commutes. T h i s shows t h e f o l l o w i n g . 

The o n l y p o s s i b l e f o r m u l a t i o n o f t h e c o n j e c t u r e s o f Hodge 

and o f T a t e f o r U i s t h a t f o r k = CE Tu ( H 2 r (U) (r)) = 
n i a 

= F r H 2 r ( U f C E ) H W9 H 2 r (U, (D) and f o r f i n i t e l y g e n e r a t e d k 
G 

T1 ( H 2 r ( U ) ( r ) ) = H 2 r (U k , ( D^(r)) k s h o u l d be g e n e r a t e d by 

a l g e b r a i c c y c l e s . A t t h e same t i m e , t h e s e c o n j e c t u r e s a r e i m m e d i a t e l y 

i m p l i e d by t h o s e f o r X . 
2r 

The same h o l d s f o r c o n j e c t u r e 5.4 i n v o l v i n g Y^U(H ( U ) ( r ) ) , 
and a l s o f o r the T a t e c o n j e c t u r e i n c h a r a c t e r i s t i c p > 0 , i f one 

has r e s o l u t i o n o f s i n g u l a r i t i e s and s e m i - s i m p l e a c t i o n o f Ĝ . on 
2r 

H^ (X) ( t h i s w i l l be d i s c u s s e d more g e n e r a l l y i n § 7 ) . So a g a i n , a t 

l e a s t m o r a l l y , we o b t a i n n o t h i n g new. 

5.9. However, f o r smooth n o n - p r o p e r v a r i e t i e s U/k i t makes sense 

t o s t u d y t h e space 

r A f / ( H 1 ( U ) ( j ) ) 

and t h o s e d e f i n e d i n 5.8.1 f o r a r b i t r a r y i , j € 2 . F o r X smooth 

and p r o p e r o v e r k, T f H 1 ( X ) ( j ) ) i s z e r o u n l e s s i = 2j , b e c a u s e 

H 1 ( X ) ( j ) i s pure o f w e i g h t i - 2 j and i n g e n e r a l 

(5.9.1) T(H) = T(WfjH) <^> T ( G r 0 H ) 

f o r any mixed r e a l i z a t i o n H . But o t h e r w i s e t h e space above c a n 



be n o n - z e r o f o r i ^ 2j , and i s i n d e e d c o n n e c t e d w i t h i n t e r e s t i n g 

q u e s t i o n s . 

F o r example, i f X i s a smooth p r o j e c t i v e c u r v e o v e r k and 

x * y a r e two k - r a t i o n a l p o i n t s , we g e t an e x a c t sequence f o r 

U = X^{x,y} 

0 — > H 1(X) — > H 1(U) — > H°({x,y}) (-1) — > H 2(X) — > 0 , 

1 X 

i n which 6(1) f a c t o r i z e s t h r o u g h t h e c y c l e map c l ' . T h e r e f o r e 

we g e t an e x a c t sequence 

0 — > H 1(X) — > H 1(U) — > 1(-1) — > 0 , 

(5.9.2) 

weight 1 w e i g h t 2 

where 1(-1) has a " b a s i s " ^ x ~ 1 y * I t i s a n o n - t r i v i a l q u e s t i o n 

whether t h i s sequence s p l i t s o r n o t : t h i n k o f the e x t e n s i o n o f 

G a l o i s r e p r e s e n t a t i o n s i n t h e 1 - a d i c r e a l i z a t i o n and o f t h e mixed 

Hodge s t r u c t u r e o f H (U) i n t h e Hodge r e a l i z a t i o n . S i n c e k e r n e l 

and c o k e r n e l have d i f f e r e n t w e i g h t s , a s e c t i o n o f 5.9.2 i s g i v e n 

by a n o n - t r i v i a l element i n 

Hom(1(-1),H 1(U)) = Hom(1,H 1(U)(1)) = T(H1(U)(1)) , 

and we s h a l l show i n § 9 t h a t t h e r e i s such a s e c t i o n i f and o n l y 

i f ( x ) - ( y ) i s a t o r s i o n p o i n t i n the J a c o b i a n o f X . 

T h i s s u g g e s t s t o l o o k f o r " a l g e b r a i c e l e m e n t s " i n 

T ( H 1 ( U ) ( j ) ) , and t h e r e a r e i n d e e d some, g i v e n by h i g h e r a l g e b r a i c 

K - t h e o r y . F i r s t r e c a l l , t h a t the r a t i o n a l c y c l e maps c l r can a l s o 

be d e s c r i b e d by Chern c h a r a c t e r s 



C h . : K Q ( U ) > T ? ( H 2 j (U) (j) ) 

on t h e G r o t h e n d i e c k group o f l o c a l l y f r e e (^-modules, v i a t h e 

i s o m o r p h i s m 

K N ( U ) ® Q s © G r 1 K N ( U ) ® Q = © C H 1 ( U ) 0 Q , 
U i>0 Y U i>0 

where Y 1 K Q ( U ) i s t h e y-filtration [SGA 6] exp. 0. Now by r e s u l t s 

o f Schechtman [Sche] and G i l l e t [ G i ] g e n e r a l i z i n g e a r l i e r work o f 

S o u l e [Sou 1] t h e r e a r e h i g h e r Chern c h a r a c t e r s 

(5.9.3) ch. : K (U) > T 9 ( H 1 ( U ) ( j ) ) 

on Q u i l l e n ' s h i g h e r K-grouos such t h a t c h - . . c o i n c i d e s w i t h c h . 
O i 3 3 

above. In t h e c i t e d r e f e r e n c e s t h e ch. . a r e d e f i n e d f o r t h e 
1 r 3 

s i n g u l a r , t h e e t a l e and t h e de Rham cohomology; t o g e t a morphism 

i n t o t h e group o f a b s o l u t e Hodge c y c l e s one has t o check t h a t t h e s e 

a r e c o m p a t i b l e under t h e c o m p a r i s o n i s o m o r p h i s m s . But t h e Chern 

c h a r a c t e r s a r e d e f i n e d by means o f Chern c l a s s e s 

c i , j : K 2 j - 1 ( U ) > V H 1 ( U ) ( J ) ) , 

so by r e d u c i n g t o u n i v e r s a l Chern c l a s s e s and u s i n g t h e s p l i t t i n g 

p r i n c i p l e one o n l y has t o show t h e c o m p a t i b i l i t y f o r t h e f i r s t 
1 2 Chern c l a s s c h 2 -J=Ch 1 = c l : P i c ( U ) — > r ? ( H ( U ) ( D ) , which we 

a l r e a d y u s e d i n 5.8. 

F o r a g e n e r a l i z a t i o n o f t h e Hodge and t h e T a t e c o n j e c t u r e we 

propose t o s t u d y t h e image o f t h e maps 5.9.3 f o r g e n e r a l i and 

j . F i r s t we i n v e s t i g a t e f o r which i and j t h e t a r g e t g r o u p s 

can be n o n - z e r o , by s t u d y i n g t h e w e i g h t s o f t h e r e a l i z a t i o n s . Namely, 

f o r each r e a l i z a t i o n H - i n t h e sense o f § 3, o r an £-adic one, 



o r a Hodge s t r u c t u r e , o r a de Rham r e a l i z a t i o n - we have a we i g h t 

f i l t r a t i o n , and say t h a t t h e w e i g h t w € TL o c c u r s i n H , i f 
W 

Gr^H * 0 . 

5.10. Lemma L e t U be a smooth v a r i e t y o f d i m e n s i o n d o v e r k 

Then f o r t h e w e i g h t s w o c c u r i n g i n H 1 ( U ) ( J ) we have 

i - 2 j < w < 2 i - 2 j , i f 0 < i < d 

i - 2 j < w < 2d-2j , i f d ^ i ^ 2d . 

P r o o f See [D4] 3.2.15 b) and [D9] 3.3.8. 

5.11. C o r o l l a r y One has T ( H 1 ( U ) ( j ) ) * 0 a t most f o r 

0 < j S d and j ^ i < 2j . 

P r o o f In view o f 5.9.1 we must have 

i - 2 j < 0 < 2 i - 2 j and 0 ^ i ^ d 

o r i - 2 j < 0 < 2d-2j and d ^ i < 2d . 

(5.11.1) 

N 
1 
d 

/ 

2d 



5.12. F o r t h e s t u d y o f t h e maps 5.9.3 i t i s c o n v e n i e n t t o 

c o n s i d e r t h e a c t i o n o f t h e Adams o p e r a t o r s ip , k ^ 1 , o n t h e 

K-groups K^(U) (see [Sou 3] f o r t h i s and the f o l l o w i n g ) . I f we 

s e t 

K ( U ) ( j ) = {x € K (U) ®_(D|Y k (x) = k j - x f o r a l l k C H } , m m a 

th e n K (U) ® (D = S K (U) ( ^ and K ( U ) t ^ i s c a n o n i c a l l y 
m j*0 m m 

i s o m o r p h i c t o t h e g r a d e d t e r m Gr^K^(U) ® Q f o r t h e y-filtration. 
k i 

S i n c e ch. . (ty (x) ) = k J c h . . (x) , t h e map c h . . v a n i s h e s on 
1 / J i / l i / l 

K 9. .(U) ̂  f o r v * j and i t s u f f i c e s t o c o n s i d e r t h e r e s t r i c t i o n 
z j — i 

c h i , j : K 2 j - 1 ( U ) ( J ) > V H 1 ( U ) ( J ) ) • 

F o l l o w i n g B e i l i n s o n [ B e i 2] we d e f i n e t h e " m o t i v i c cohomology" 

o f U by 

HjJ(U fOMj)) := K 2 j ^ i ( U ) ( j ) 

(denoted " a b s o l u t e cohomology" H^(U fQHj)) i n [ B e i 1 ] ) , so t h a t 

we s t u d y t h e morphisms 

C h u j : HjJj(U,Q(j)) > T ? ( H 1 ( U ) ( j ) ) 

from t h e m o t i v i c cohomology t o t h e v a r i o u s o t h e r cohomology 

t h e o r i e s . 

We can d e s c r i b e t h e i r image i n t h e f o l l o w i n g c a s e . 

5.13. Theorem L e t U be a smooth c o n n e c t e d v a r i e t y o v e r (E , t h e n 

the Chern c l a s s i n d u c e s an i s o m o r p h i s m 

C 1 1 : 0 ( U ) X / ( E X -S1-> r H(Hg(U,X) (1) ) = 27Ti-W 2H 1 (U fZ) n F 1H 1(U fCE) 



i n p a r t i c u l a r , 

ch : K 1 ( U ) ( 1 ) > r H(Hg(U) (1)) 

i s s u r j e c t i v e . 

P r o o f We s h a l l g e t two p r o o f s o f t h i s f a c t . The one g i v e n h e r e 

u s e s t h e B e i l i n s o n - D e l i g n e cohomology H 1 ( U r Z f j ) ) o f U (see 

[ B e i 1], [EV]); t h e second one w i l l be g i v e n i n S .11, i s based on 

t h e theorem o f A b e l - J a c o b i , and shows the r e l a t i o n w i t h (5.9.2). 

I t i s shown i n [EV] t h a t t h e r e i s an isomorphism 

0 ( U ) X — > Hp(U,Z(D) , 

so t h e c l a i m f o l l o w s from t h e commutative diagrams 

O — > 1/1(1) 
A 

X 
o —> a: — 

and 

J a 
v 

> H p ( U f K D ) 

I 
r H(H^(u,KD)) 

t o g e t h e r w i t h t h e f a c t t h a t d e t i n d u c e s an isomorphism 

— > H p ( U f Z d ) ) —> r H ( H g ( U , I ) (D) — > O 

j A 

> o(u) x > o(u)x/a:x > o 

'1,1 

K 1 (U) M ) — > 0 ( U ) X 0 Q , 



compare [Sou 3 ] . 

5.14. Remark The p r o o f above i s v e r y s i m i l a r t o t h e p r o o f o f 

t h e Hodge c o n j e c t u r e f o r d i v i s o r s by u s i n g the e x p o n e n t i a l sequence, 

which can be r e i n t e r p r e t e d as a q u a s i - i s o m o r p h i s m Z ( 1 ) p — ® m [ ~ 1 ] 

f o r a smooth p r o p e r v a r i e t y . However, f o r n o n - p r o p e r U as above 

t h i s q u a s i - i s o m o r p h i s m h o l d s t r u e no l o n g e r , so we r e a l l y have t o 

use the B e i l i n s o n - D e l i g n e cohomology i n s t e a d o f the e x p o n e n t i a l 

sequence. 

The f o l l o w i n g g e n e r a l i z e s a r e s u l t o f F r i e d l a n d e r [ F r ] 

Prop. 3.6. 

5.15. Theorem L e t U be a smooth, g e o m e t r i c a l l y c o n n e c t e d v a r i e t y 

o v e r a f i n i t e l y g e n e r a t e d f i e l d k . and l e t £ be a p r i m e , 

1 # c h a r k . Then the c o n n e c t i n g morphism f o r t h e Kummer sequences 

n 
O — > y — > (E -> (E —> O 

£ 
n m m 

i n d u c e isomorphisms 

< — < — £ 
n n 

and 

b) ( 0 ( U ) X / k X ) A = ( 0 ( U ) X / k X ) 0 Z1 — 

i n p a r t i c u l a r , t h e f i r s t Chern c l a s s 

: K 1 (U) 0 I1 — > H (U,» (1) ) 

i s s u r j e c t i v e . 



P r o o f a) f o l l o w s by p a s s i n g t o the i n v e r s e l i m i t o v e r t h e e x a c t 

sequences 

0 —> 0(\J)X/in — > H 1
t (U, p n ) —> n P i c ( U ) — > 0 , 

s i n c e P i c ( U ) i s f i n i t e l y g e n e r a t e d by the g e n e r a l i z e d M o r d e l l -

W e i l theorem f o r f i n i t e l y g e n e r a t e d k , c f . [La] I I 7.6. F o r 

b) we use c o n t i n u o u s cohomology and the f i v e t erm e x a c t sequence 

0 - H c o n t « v V 1 ) ) - H L t ( U'V 1 ) )—>HVVD> ^ "* H c o n t (W 1 ) ) 

TT* 
V 

H c c n t ( U ' V 1 ) ) 

i n d u c e d by the H o c h s c h i l d - S e r r e s p e c t r a l sequence [J1] 3.5. Here 

TT i s i n d u c e d by the morphism TT : U Spec k . I f U has a 

k - r a t i o n a l p o i n t , TT has a s e c t i o n and hence TT* i s i n j e c t i v e . In 

g e n e r a l , l e t K/k be a G a l o i s e x t e n s i o n w i t h G a l o i s group G . Then 

we have a commutative e x a c t diagram 

H 2 ( G , Z £ ( 1 ) G k ) = O 
A 

H c o n t ( U x K ' V 1 ) ) G — > ( H 1 ( U f V D ) V - > H l < G ' H c o n t ( G K ' V 1 ) ) ) 

Q 
H c o n t ( U ' V 1 ) ) - j z ^ H 1 ( U , V 1 ) ) k 

A 

H 1 (G,Z £(1) *) = O . 

S i n c e H 1 . ( G v f I 0 ( D ) = H 1 (G ,y ) = I^m K V ( K x ) * =: K x by c o n t R x, ̂  n n 

Kummer t h e o r y , and K /(K"®ZZ p. ) i s u n i q u e l y d i v i s i b l e , 



H 1(G,H 1 . ( G V F T Z 0 (1 ) ) )=H 1 (G,K* )®ZZ =0, so b o t h r e s t r i c t i o n s a r e 
COnt Ja 36 x-

s u r j e c t i v e . 

We g e t a commutative e x a c t diagram 

0 — > H 1 (G, , Z (1)) —> HL . (U fX 0 (D) — > H 1 ( U f Z 0 (D) k —> 0 c o n t k ^ c o n t l I 

(5.15.1) 

0 > k 

6 

-> O(U)' -> A 

i n w h i c h A = O(U) /k i s f i n i t e l y g e n e r a t e d and t o r s i o n f r e e . T h i s 

c an be seen from t h e d i a g r a m 

0 — > k — > O(U) — > 
x € X ( 1 ) ^ U ( 1 ) 

0 —> k —> k(u) 
x€X (D 

P r 

x€U 
® Z = 
(D x€U (D 

f o r a normal c o m p a c t i f i c a t i o n X o f U . Here k(U) i s the f u n c t i o n 

f i e l d o f U (and o f X ) , U ( 1 ) and X ( 1 ) a r e t h e s e t s o f p o i n t s 

o f c o d i m e n s i o n 1 i n U and X , r e s p e c t i v e l y , and d i s t h e 

d i f f e r e n t i a l o f t h e Q u i l l e n s p e c t r a l sequence ([Q1] 5.4), i . e . , 

d ( f ) = I v x ( f ) where v x i s the v a l u a t i o n a t x € X* 1* o r U* 1* . 
A 

Hence A = A ® Z^ , and we g e t b) by p a s s i n g t o the x>com-

p l e t i o n i n 5.14.1. The r e s t f o l l o w s from t h e commutative d i a g r a m 

1 ' 1 ^ H 1 ( U r I i H ) 



n o t e however, t h a t O(U)* ® TL1 > (O(U) X ) A
 w i n n o t be an 

i s o m o r p h i s m u n l e s s k i s a f i n i t e f i e l d . 

5.16. Remark a) L i k e f o r 5.13 we u s e d a s u i t a b l e " a b s o l u t e " 

cohomology t h e o r y f o r t h e p r o o f above and s h a l l g e t a n o t h e r p r o o f 

i n § 9, r e l a t e d t o e x t e n s i o n c l a s s e s . 

b) F o r smooth U , n o t n e c e s s a r i l y g e o m e t r i c a l l y c o n n e c t e d , 5.15 a) 

r e m a i n s t r u e w i t h o u t change, and i n s t e a d o f b) we have 

G 
(0(U)X/ 9 k V = ( 0 ( U ) X / 9 k*) ® X, — > H 1 ( U , E , ( D ) k 

x e u ( ° ' X 6 U ( 0 ) 

where k^ i s t h e s e p a r a b e l c l o s u r e o f k i n tc (x) . F o r t h i s we 

may assume t h a t U i s i r r e d u c i b l e ; l e t k be t h e s e p a r a b e l c l o s u r e 

o f k i n t h e f u n c t i o n f i e l d o f U . S i n c e H q (u x J c ^ , ( J ) ) 

a I n d c ^ H q ( U x ~ k , z ^ ( j ) ) , we have H ^ o n t ( G k , H q ( U * k k , S £ ( j ) ) ) 
k 

s H p ( G ^ , H q ( u x g ^ f 2 £ ( j ) ) ) f o r a l l p,q > 0 , so we may r e p l a c e k 

by k i n t h e above c o n s i d e r a t i o n s . 

5.17. C o r o l l a r y L e t U be a smooth v a r i e t y o v e r a f i e l d k which 

i s embeddable i n d . Then t h e map 

C h ^ 1 : K 1 ( U ) ( 1 ) > T A H ( H 1 (U) (1) ) 

i s s u r j e c t i v e . 

P r o o f F i r s t assume t h a t k i s a l g e b r a i c a l l y c l o s e d . By 5.13, the 

map c h ^ . , : K 1 (U ( C ) ( 1 ) —> r A H (H 1 (U X R ( E ) ( I ) ) i s s u r j e c t i v e f o r 

a f i x e d embedding J c c — > ( E . On t h e o t h e r hand, e v e r y element 

x € K 1 (U x R ( C ) l i e s i n t h e image o f t h e r e s t r i c t i o n 

K 1 (U x R) — > K (U x ( C ) f o r some f i n i t e l y g e n e r a t e d k - a l g e b r a 



R/ k c R c I , see [Q1] § If 2.2. 

C h o o s i n g a c l o s e d p o i n t : R — >> k c^— > (C i n t h e same 

c o n n e c t e d component as the " g e n e r i c p o i n t " a^ :R c (C we see t h a t 

image o f x i n (H 1 (U x^CC) (1)) l i e s i n tlio image o f 

K 1 ( U ) —> r A W ( H 1 (U) (D) —> T A H ( H 1 ( U X k(E ) (D) , 

s i n c e we have 

a* = a* : r A H ( H 1 ( U x RR) (D ) —> r ^ l H ^ U X k(E ) (D) , 

as c an be c h e c k e d , f o r example, i n t h e £-adic r e a l i z a t i o n v i a t h e 

Kiinneth f o r m u l a . 

I f k i s n o t a l g e b r a i c a l l y c l o s e d , we may a p p l y the t r a c e w i t h 

r e s p e c t t o some f i n i t e e x t e n s i o n K/k . 

I want t o s t a t e and d i s c u s s t h e f o l l o w i n g 

5.18. C o n j e c t u r e I f U i s a smooth v a r i e t y o v e r a number f i e l d 

k , t h e n f o r e v e r y i , j 

C h i , j : K 2 j - i ( U ) ® ® > r A H ( H l ( U M j ) } 

i s s u r j e c t i v e . 

I a l s o t h i n k t h a t t h e f o l l o w i n g " T a t e v e r s i o n " o f i t s h o u l d 

be t r u e , r e p l a c i n g T a ^ by . 

5.19. C o n j e c t u r e I f k i s a f i n i t e f i e l d o r a g l o b a l f i e l d and 

U i s a smooth v a r i e t y o v e r k , then f o r e v e r y £ * c h a r ( k ) and 

i , j the map 



c h i , j = K
2 j - i ( u ) 9 «A - > H i t ( u x k K ' « i < 3 ) ) k 

i s s u r j e c t i v e . 

In view o f 5.15 and t h e d i s c u s s i o n i n 5.8 i t i s v e r y t e m p t i n g 

t o s t a t e c o n j e c t u r e 5.19 ( l i k e t he T a t e c o n j e c t u r e ) more g e n e r a l l y 

f o r a f i n i t e l y g e n e r a t e d f i e l d k , b u t we s h a l l show i n § 9 t h a t 

i t becomes f a l s e i n g e n e r a l , i f k c o n t a i n s t o o many p a r a m e t e r s . 

The same can be s a i d f o r 5.18. 

The o b v i o u s " Hodge v e r s i o n " o f 5.18 - r e p l a c i n g T^U by YU 

f o r k = <E - i s c o n t a i n e d i n a c o n j e c t u r e s t a t e d by B e i l i n s o n i n 

[ B e i 2 ] , b u t we s h a l l see t h a t t h i s i s f a l s e i n g e n e r a l by the same 

arguments as above. I t h i n k t h a t t h e f o l l o w i n g s p e c i a l c a s e s h o u l d 

be t r u e . 

5.20. C o n j e c t u r e L e t U be a smooth v a r i e t y o v e r CC t h a t can be 

d e f i n e d o v e r a number f i e l d k . Then f o r a l l i , j E Z t h e Chern 

c h a r a c t e r 

c h i , j : K 2 j - i ( u ) ® ® "* (27TI) JW2IH1(UFQ) n F j H 1 ( U , (E) = T H ( H B ( U ) ( J ) ) 

i s s u r j e c t i v e . 

The n e x t s t a t e m e n t shows t h a t we may r e s t r i c t our a t t e n t i o n 

t o t h e c a s e s k = (D o r k = F (t) o r k = F f o r a prime p . 
P P 

5.21. Lemma L e t K/k be a f i n i t e s e p a r a b e l e x t e n s i o n . Then 

c o n j e c t u r e 5.18 ( r e s p . 5.19, r e s p . 5.20) i s t r u e f o r k i f and 

o n l y i f i t i s t r u e f o r K . 

P r o o f By a p p l y i n g t h i s t o N/K and N/k where N i s t h e normal 

c l o s u r e o f K/k , we may c o n s i d e r t h e c a s e t h a t K/k i s G a l o i s w i t h 

G a l o i s group G . F o r a v a r i e t y U o v e r k l e t U x K be the b a s e 



e x t e n s i o n , and f o r a v a r i e t y V o v e r K l e t R be the G r o t h e n -
K/K 

d i e c k r e s t r i c t i o n V — > Spec K — > Spec k . Then the c l a i m f o r 

5 . 1 8 f o l l o w s from t h e commutative diagrams 

K 2 j - i ( V ) -> r A H ( H ( v ) ( j ) ) K2._.(U x k K ) Q -> r A H ( H l
( o x k K ) ( j ) : 

K 2 j - i ( R K / k V ) - > r A H ( H ( W l j n K 2 j - i ( U ) ( D > r A H ( H i ( u ) ( j ) ) , 

f o l l o w i n g from 2.19, 2.20 and the r e l a t i o n s H 1 ( R v - - V ) ( J ) 
K/K 

= R K / K H 1 ( V ) ( j ) and H X ( U x K K ) ( j ) = H 1 ( U ) ( J ) ^yK . F o r 5 . 1 9 one 

u s e s t h e c o r r e s p o n d i n g diagrams w i t h T A U r e p l a c e d by r 0 , 
G G 

s i n c e H 1
f c f V ^ , ( j ) ) K = H ^ t R ^ V " ^ , Q I 1 ( J ) ) k and 

G G G 
H X ( U x k k / f f l j l ( j ) ) k = ( H

1 ( U x K K x K k ? ( j j ^ ( j ) ) K ) . 

For 5 . 2 0 l e t V be a v a r i e t y o v e r CC , l e t V q be a v a r i e t y 

o v e r the number f i e l d K such t h a t V = V A X ff f o r some 
U K , OQ 

embedding 6 Q : K c^—> (C , and l e t U q = R
K / k

v
0 • T n e n t n ® c a n o n i c a l 

ff-morphism y : V — > V = U R X ff = M V R. x <E , which i s 
0 K ' 6 0 6:K<^->ff 0 K ' 6 

t h e i n c l u s i o n of the component V r X f f , i n d u c e s a commutative 
u K F O 0 

diagram 

K 2 J . ± ( V ) 

-> ^ ( H ^ ( U ) ( j ) ) 

-> r H ( H 1 ( v ) ( j ) ) 

w i t h = i d . Hence, i f 5 . 2 0 i s t r u e f o r U , i t i s t r u e f o r 

V . The c o n c l u s i o n from k t o K i s t r i v i a l . 

The c o n j e c t u r e s above have some r e m a r k a b l e consequences, i n 

t h a t p r o p e r t i e s o f the K - t h e o r y would i m p l y s i m i l a r ones f o r the 



r e a l i z a t i o n s . The f o l l o w i n g argument i s c o p i e d from B e i l i n s o n 

[ B e i 1 ] ; i t i s based on a fundamental r e s u l t o f S u s l i n : 

5.22. Theorem ([Su 2 ] [ S o u 3]3) I f F i s a f i e l d , t h en 

a) HjJj(F,QKj) ) = 0 f o r i > j , 

b) H 1 ( F f Q d ) ) = K M l l n o r ( F ) 0 Q} ( M i l n o r K - t h e o r y ) . 
M L 

R e c a l l t h a t f o r any p r e s h e a f G f o r t h e Z a r i s k i t o p o l o g y on 

a scheme X the f i l t r a t i o n by c o n i v e a u i s d e f i n e d by 

N 1G(X) = U Ker(G(X) — > G(U)) . 
U c X open 

COdim x(X^U) > i 

In t h e s e terms, S u s l i n 1 S theorem i m p l i e s : 

5.23. C o r o l l a r y L e t U be a smooth v a r i e t y o v e r a f i e l d k ,then 

HjJj(U,Q(j)) has s u p p o r t i n c o d i m e n s i o n i - j , i . e . , 

N 1 ~ j H ^ ( U , Q ( j ) ) = HjJj(U fQKj)) . 

P r o o f By a r e s u l t o f S o u l e ([Sou 3] theoreme 4) the Q u i l l e n 

s p e c t r a l sequence i n K - t h e o r y ([Q1] 5.4) i n d u c e s a s p e c t r a l 

sequence 

(5.23.1) E P ' q ( U ) ( j ) 6 K ( K ( x ) ) ( j - p ) => K (U) ( j ) , 
1 ( p ) -p-q -p-q 

where U ^ i s the s e t o f p o i n t s o f c o d i m e n s i o n p o f U and 

K(X) i s t h e r e s i d u e f i e l d o f x . By 5.22 a) we have E p ' q ( U ) ( j ) 

f o r j - p > -p-q , F o r -p-q = 2 j - i we see t h a t E P , q = 0 f o r 

p < i - j , i . e . , the p a r t o f 5.23.1 c o n t r i b u t i n g t o H 1 ( U 7 C ( J ) ) I i v e s 
M 

i n c o d i m e n s i o n ^ i - j . 

5.24. C o n j e c t u r e s 5.18 t o 5.20 p r e d i c t t h e same b e h a v i o u r f o r 



T a h ( H 1 ( U ) ( J ) ) 7
 r

£
( H e t ( U ' Q £ ( j ) ) } A N D R H ( H B ( U ' Q ( j ) ) } ' r e s p e c t i v e l y , 

w h i c h i s a h i g h l y n o n - t r i v i a l q u e s t i o n . In f a c t , f o r i = 2j t h i s 

property f o r T ^ and Tu i s e q u i v a l e n t t o the c o n j e c t u r e s o f 

T a t e and o f Hodge, r e s p e c t i v e l y : c o n s i d e r the e x a c t sequence 

2 i y * 2 i v * 21 (5.24.1) H y
J ( X ) ( j ) > H J ( X ) ( j ) > H J ( U ) ( j ) 

v 

f o r M : Y c — > X c l o s e d o f c o d i m e n s i o n j and U = X\Y —> X , 

f o r t h e c o n s i d e r e d cohomology t h e o r y . By p u r i t y , t h e r e i s a 

c a n o n i c a l i s o m o r p h i s m H 2^(X) (j) = @ 1 (where 1 i s the t r i v i a l 
y e y ( 0 ) 

o b j e c t : w i t h t r i v i a l G ^ - a c t i o n i n t h e £-adic c a s e , the t r i v i a l 

Hodge s t r u c t u r e Q f o r t h e B e t t i cohomology) . T h i s shows t h a t 

5.24.1 i n d u c e s an e x a c t sequence (T = T ^ o r Tu , r e s p e c t i v e l y ) 

(5.24.2) T(HY D(X)(J)) > T (H (X) ( j ) ) > T ( H ° (U) (j ) ) 

Hence, i f Tv* = 0 , t h e n H H 2 ^ ( X ) ( j ) ) i s g e n e r a t e d by c y c l e s 

w i t h s u p p o r t on Y . 

F o r g e n e r a l i and j t h e s i t u a t i o n i s more c o m p l i c a t e d , 

s i n c e 

i ± Tv* 
(5.24.3) T ( H 1 U ) ( J ) ) > H H 1 ( X ) ( J ) ) > H H 1 ( U ) ( J ) ) 

i s n o t n e c e s s a r i l y e x a c t . N e v e r t h e l e s s we g e t t h e f o l l o w i n g rough 

p i c t u r e where we w r i t e H 1 ( X f J ) f o r H 1 ( X ) ( j ) . Assume f o r a moment 

t h a t Y i s smooth, o f c o d i m e n s i o n i - j , t h e n we have an isomorphism 

H 1 ( X 7 J ) s H 1 " 2 ( l " ^ ( Y , j - ( i - j ) ) = H 2 ^ " 1 ( Y , 2 j - i ) and a commutative 

d i a g r a m 



2 i - i F y - i 

c b 
2 j - i f 2 j - i f Y 

K 2 j ^ ( Y ) ( 2 j - i ) 

ch. 

"> K 2 j ^ ( X ) 

i / j / X 

(j) 

w i t h the u s u a l G y s i n morphism y, i n the cohomology and a c e r t a i n 

G y s i n morphism y, f o r t h e m o t i v i c cohomology (whose c o n s t r u c t i o n 

i n v o l v e s t h e Riemann-Roch theorem, c f . 7.1 b e l o w ) . By 5.23 t h e 

s u r j e c t i v i t y o f ch. . v r e d u c e s t o t h e s u r j e c t i v i t y o f Ty f and 

o f chu . . 9 . . . By 5.22 b ) , K 0. . ( Y ) ( 2 ^ _ l ) i s s t r o n g l y r e l a t e d 

t o M i l n o r K - t h e o r y , i n any c a s e we can c o n s t r u c t some elements i n 
(1) 

t h i s K-group by u s i n g symbols and e l e m e n t s i n K^(-) ' 

= 0 ( - ) X ® (D . The g e n e r i c s u r j e c t i v i t y o f 

c K m v : K J Y * — > T H m(Y fIn) m fm fY m 

i s r e l a t e d t o t h e theorem o f M e r k u r j e v - S u s l i n [MS 1] s a y i n g t h a t 

f o r any f i e l d F and i n t e g e r n f c h a r (F) \ n , t h e G a l o i s symbol 

_ . M i l n o r / T n v , TTm ,,-,„./ / * v K m ( F ) / n — > H E T ( F , Z / n ( m ) ) 

i s an isomorphism f o r m S 2 , and t o the c o n j e c t u r e o f Kato t h a t 

t h i s s h o u l d be t r u e f o r a l l m I O .We can i n c o r p o r a t e a l l t h i s 

i n t h e f o l l o w i n g d rawing 



H 1 ( X 7 J ) 

( 2 i - j , 2 

1 

where the t r i a n g l e i s the a r e a w i t h T H 1 ( X 7 J ) * O ( p o s s i b l y ) . 

Of c o u r s e , t h i s p i c t u r e i s n o t r e a l l y t r u e as we remarked 

above. F i r s t o f a l l , t h e v a n i s h i n g o f Tv* does n o t i m p l y t h e 

s u r j e c t i v i t y o f Fp^lf . S e c o n d l y , t h e s u b v a r i e t y w i l l i n g e n e r a l be 

s i n g u l a r , and we c a n n o t argue by G y s i n morphisms. Hence i t t u r n s o u t 

t o be u s e f u l t o s t u d y s i n g u l a r v a r i e t i e s as w e l l , and a l s o t h e 

n o n - e x a c t n e s s o f T = Hom(1,-) , i . e . , t h e d e r i v a t i v e s 

R pT = E x t p C I 7 - ) o f T f o r p > 0 . T h i s w i l l be d i s c u s s e d i n 

t h e n e x t c h a p t e r s . 

§6. T w i s t e d P o i n c a r e d u a l i t y t h e o r i e s 

A s u i t a b l e s e t t i n g f o r o u r p u r p o s e s i s t h e n o t i o n o f a 

" t w i s t e d P o i n c a r e d u a l i t y t h e o r y " as i n t r o d u c e d by B l o c h and 

Ogus [BO] 1.3 . We need a v e r s i o n w i t h v a l u e s i n a t e n s o r c a t e g o r y , 

n o t j u s t i n a b e l i a n g r o u p s . 

6.1. D e f i n i t i o n L e t I/ be a c a t e g o r y o f schemes o f f i n i t e t y p e 

o v e r a f i e l d k c o n t a i n i n g a l l q u a s i - p r o j e c t i v e ones, and l e t T 



be an a b e l i a n t e n s o r c a t e g o r y i n t h e sense o f [DMOS] I I 1.15, w i t h 

i d e n t i t y o b j e c t 1_. 

1) A t w i s t e d P o i n c a r e d u a l i t y t h e o r y on f w i t h v a l u e s i n T i s 

g i v e n by a c o l l e c t i o n o f o b j e c t s o f T 

H 1(X FJ) (cohomology w i t h s u p p o r t i n Y ) 

H (X,b) (homology) a 

f o r e v e r y o b j e c t X o f \J and e v e r y c l o s e d immersion Y c-—> X 

i n I/ and e v e r y i , j , a , b € TL such t h a t 

a) H 1(X FJ) i s c o n t r a v a r i a n t w i t h r e s p e c t t o c a r t e s i a n s q u a r e s 

Y c > X 

I V 
Y 1 ^ > X 1 

i n V (see [BO] f o r a more p r e c i s e d e s c r i p t i o n o f t h i s p r o p e r t y and 

th e f o l l o w i n g ones; we c o n c e n t r a t e h e r e r a t h e r on t h e n e c e s s a r y 

m o d i f i c a t i o n s f o r w o r k i n g w i t h T ) , 

b) H (X,b) i s c o n t r a v a r i a n t w i t h r e s p e c t t o e t a l e morphisms 
a 

and c o v a r i a n t w i t h r e s p e c t t o p r o p e r morphisms i n I/ , 

c) f o r Z e Y c X t h e r e i s a. l o n g e x a c t sequence 

. . . - H 1(X FJ) - H 1(X FJ) - H^Z(XN.Z,J) - H L + 1 ( X f j ) -> ... , 

f u n c t o r i a l w i t h r e s p e c t t o the c o n t r a v a r i a n c e i n a ) , 

d) ( e x c i s i o n ) f o r Z e X c l o s e d and U c X open w i t h Z c U t h e 

morphism H 1(X FJ) H 1(U FJ) i s an isomorphism, 

e) i f the d i a g r a m below on the l e f t i s c a r t e s i a n , w i t h p r o p e r f ,g 



and e t a l e a,3 / th e n t h e di a g r a m on t h e r i g h t commutes 

-> X 

Y'- -> Y 

H i ( X j n ) 

H i(Y fM) 

-> H i ( X 1 ,n) 

-> H i (Y 1
 fn) , 

f ) i f Y c > X i s a c l o s e d immersion and a : X v-Y c—> X i s t h e 

c o r r e s p o n d i n g open immersion, t h e n t h e r e i s a l o n g e x a c t sequence 

-> H (Y,b) > H (X,b) > H (X Y,b) — > H a ,(Y,b) — > ... , 
a a a a—i 

f u n c t o r i a l w i t h r e s p e c t t o p r o p e r morphisms, 

g) t h e r e i s a morphism ( c a p - p r o d u c t ) f o r Y c > X c l o s e d 

H i(X,m) 0 H D(X,n) -Q-> H i ^ ( Y f I t i - I i ) , 

c o m p a t i b l e w i t h t h e c o n t r a v a r i a n c e f o r e t a l e morphisms, 

h) ( p r o j e c t i o n f o rmula) f o r a c a r t e s i a n d i a g r a m on t h e l e f t w i t h 

p r o p e r o f t h e di a g r a m on t h e r i g h t i s commutative 

Y c c > X' 

v v 
Y c= > X 

H i ( X ' ,m) 

H i(X fIn) 

H D, (X 1 ,n) 

® H D(X,n) 

-> H i ^ (Y 1 ,m-n) 

-> H j^(Y,m-n) , 

i ) ( fundamental c l a s s ) f o r each v a r i e t y X i n I/ , which i s 

i r r e d u c i b l e o f d i m e n s i o n d , t h e r e i s a c a n o n i c a l morphism 

r i x € Hom T( 1_ fH 2 d(X fd) ) =: r ( H 2 d ( X f d ) ) , 

which i s f u n c t o r i a l w i t h r e s p e c t t o e t a l e morphisms, 



j) ( P o i n c a r e d u a l i t y ) i f X 6 ob(l/) i s i r r e d u c i b l e , smooth o f 

d i m e n s i o n d and Y c — > X i s a c l o s e d immersion, the morphism 

.2d-i,„ , , n X n 

(X,d-n) — - — > H i ( Y f n ) 

g i v e n by 

H^ " 1 ( X , d - n ) s 1 ® H y (X fd-n) — > H 2 d ( X f d ) ® H^ (Xjd-n) \ H ± ( y , 

i s an isomorphism, 

k) i n the s i t u a t i o n o f j ) , f o r Z c Y c l o s e d the d i a g r a m 

• - H ^ - 1 O N Z f d - J ) - H ^ i ( X j d - J ) - H^ d" j(X fd-j) -> H ^ i ( X S Z j d - J ) 

V z n ^x n / | V z n 

> H i + 1 (Y--ZfJ) > H i(Z fJ) > H i(Y fJ) > H i(INZ fJ) —>. 

i s commutative ( t h i s i s not p o s t u l a t e d i n [BO], b u t w i l l be needed 

b e l o w ) . 

2) A morphism of t w i s t e d P o i n c a r e d u a l i t y t h e o r i e s i s a p a i r o f 

morphism o f f u n c t o r s which i s c o m p a t i b l e w i t h the axioms a)-k ) i n 

the o b v i o u s s e n s e . 

By d e f i n i t i o n , we l e t H 1 ( X f J ) = H 1 ( X f J ) . 
X 

6.2. Remark S i n c e t h e d e f i n i t i o n o f t e n s o r c a t e g o r i e s i s q u i t e 

a b s t r a c t , we l i k e t o remind the r e a d e r o f the f o l l o w i n g . 

a) In t h e c a s e s we a r e i n t e r e s t e d i n , the c a t e g o r y T i s u s u a l l y 

a c a t e g o r y o f " v e c t o r spaces w i t h some a d d i t i o n a l s t r u c t u r e " and 

t h e t e n s o r law i s g i v e n by the t e n s o r p r o d u c t of v e c t o r s p a c e s . 

b) I f T i s an a b e l i a n c a t e g o r y w i t h t e n s o r p r o d u c t , i . e . , where 



f o r e a c h two o b j e c t s A,B t h e f u n c t o r 

C I—*—> B i l ( A 7 B f C ) = { b i l i n e a r morphisms f : A © B — > C } 

i s r e p r e s e n t a b l e by an o b j e c t A 0 B : 

Horn(A 0 B fC) = B i l ( A f B f C ) f 

t h e n (A fB) I ~> A 0 B w i t h t h e o b v i o u s c o m m u t a t i v i t y and 

a s s o c i a t i v i t y c o n s t r a i n t s i s a t e n s o r law w i t h c o n s t r a i n t s AC 

[SR] I 2.1.1, so i t only needs an i d e n t i t y o b j e c t 1_ t o o b t a i n a t e n s o r 

c a t e g o r y . 

6.3. D e f i n i t i o n L e t F be a f i e l d . An F - l i n e a r , r i g i d a b e l i a n 

t e n s o r c a t e g o r y T has a we i g h t f i l t r a t i o n , i f t h e r e i s a sequence 

W o f e x a c t s u b f u n c t o r s o f i d : T -> T f o r m € TL such t h a t m 

a) W cz W , and f o r e v e r y o b j e c t A i n T the f i l t r a t i o n W A 
m m+1 u J m 

i s f i n i t e , e x h a u s t i n g , and s e p a r a t e d , i . e . , WA = 0 f o r m << 0 

and W A = A f o r m >> 0 , m ' 

b) f o r o b j e c t s A,B o f T one has 

W ( A ® B ) = V W A 0 W B m . P Q p+q=m * M 

(note t h a t t h e sum i s f i n i t e by a ) ) . 
W 

L e t t i n g Gr A = W A/W .A , say t h a t t h e w e i g h t m € Z o c c u r s m m m-1 
W 

i n A , i f G r
m

A * 0 / a n ^ t h a t A i s pure o f w e i g h t m , i f m i s 

th e o n l y w e i g h t o c c u r i n g i n A . 

6.4. Lemma The f o l l o w i n g p r o p e r t i e s f o l l o w from t h e axioms. 



i ) Horn(A,B) = O i f t h e w e i g h t s o c c u r i n g i n A and B a r e d i s t i n c t , 

e.g., i f A and B a r e pure o f d i f f e r e n t w e i g h t s , 

i i ) j_ i s p u r e o f w e i g h t 0, 

i i i ) G r W ( A 0 B) s © G r W A 0 G r W B , 
p+q=n ^ 

i v ) W__m(AV) s ( A / W ^ A ^ (where B V i s the d u a l o f B ([DM0S]II 1.6)). 

P r o o f i ) By i n d u c t i o n on t h e e x a c t sequences 

0 > W ,C > W C > G r W C > 0 
m- I m m 

f o r C = A and C = B i t s u f f i c e s t o c o n s i d e r t h e c a s e t h a t A 
W 

and B a r e pure o f w e i g h t s m * n , say. S i n c e t h e f u n c t o r s G r m 

a r e e x a c t , t o o , we g e t f o r a morphism f : A — > B t h a t 

K e r f = G r W K e r f = G r W A = A , hence f = 0 . m m 

i i ) By 6.3 a) and decomposing 1_ and T i f n e c e s s a r y ( c f . [DMOS] 

II.1.17) we may suppose t h a t l i s pure o f we i g h t m , s a y . By 6.3 b) 

and t h e i s o m o r p h i s m 1 ® 1 - 1 we c o n c l u d e m = 0 . 

i i i ) T h i s f o l l o w s f r o m 6.3 b) and the e x a c t n e s s o f the t e n s o r p r o d u c t . 

i v ) T h i s f o l l o w s from t h e e x a c t n e s s o f A h~~~> A v and t h e f a c t t h a t 
v 

A i s pure o f w e i g h t -m , i f A i s pure o f we i g h t m : i n t h i s 

c a s e we have W -A v = 0 , s i n c e Hom(W -A v,A V) = Hom(W „ A V ® A,1) -m-1 -m-1 -m-1 
V V V V V 

= 0 , and X := A /W_mA = 0 , s i n c e X c A = A i s pur e o f wei g h t 

m and hence Hom(X V,X V) = Hom(X V 0 X,1) = 0 . q.e.d. 

F o r t h e f o l l o w i n g l e t R be a commutative r i n g ( w i t h u n i t ) 

and l e t T be an a b e l i a n , R - I i n e a r t e n s o r c a t e g o r y . I f F i s t h e 

f i e l d o f f r a c t i o n s o f R , we o b t a i n a new a b e l i a n , F - I i n e a r t e n s o r 

c a t e g o r y T 0 F , which has t h e same o b j e c t s as T , and where t h e 

morphism s e t s a r e d e f i n e d by 



H O X IWW = H o m T (A fB) ® R F f 

where A p i s the o b j e c t o f T ® F a s s o c i a t e d t o A G ob(T) . Say 

t h a t T has a w e i g h t f i l t r a t i o n i f T ® F h a s . 

6.5. D e f i n i t i o n A t w i s t e d P o i n c a r e d u a l i t y t h e o r y w i t h v a l u e s i n 

T has w e i g h t s , i f T ® F i s r i g i d and has a w e i g h t f i l t r a t i o n , 

and i f t h e f o l l o w i n g c o n d i t i o n s h o l d . 

a) The w e i g h t s w o c c u r i n g i n H (X,b)_ s a t i s f y 
a r 

2b-a < w < 2b f o r a ^ d = dim X , 

2b-a < w ^ 2b-2(a-d) f o r a > d . 

b) F o r X/k p r o p e r t h e w e i g h t s w o c c u r i n g i n H 1 ( X ^ ) t - s a t i s f y 
r 

- 2 j < w < i - 2 j f o r i < d = dim X , 

2 ( i - d ) - 2 j ^ w S i - 2 j f o r i < d . 

6.6. C o r o l l a r y F o r X/k smooth the w e i g h t s w o c c u r i n g i n H 1 (X, 

s a t i s f y 

i - 2 j < w < 2 i ~ 2 j f o r i < d = dim X , 

i - 2 j < w < 2d-2j f o r i < d . 

In p a r t i c u l a r , f o r X smooth and p r o p e r o v e r k, H 1 ( X f J ) - i s p u r e 
r 

o f weight i - 2 j . 

T h i s i s c l e a r from 6.5 and the P o i n c a r e d u a l i t y i s o m o r p h i s m s 

6.1 j ) . We now g i v e some examples. 



6.7. Example L e t I/ be the c a t e g o r y o f a l l s e p a r a t e d schemes of 

f i n i t e t y p e o v e r a f i e l d k w i t h s e p a r a b e l c l o s u r e k g , l e t 

Ĝ . = G a l ( k g / k ) be i t s a b s o l u t e G a l o i s group, and l e t £ be a 

prime d i f f e r e n t from c h a r ( k ) . The c a t e g o r y R e p c (G^. ,2 o f 

f i n i t e l y g e n e r a t e d Z^-modules w i t h c o n t i n u o u s a c t i o n o f G^ i s 

an a b e l i a n , Z ^ - I i n e a r t e n s o r c a t e g o r y : the t e n s o r law i s t h e t e n s o r 

p r o d u c t o v e r TL^ , and the i d e n t i t y o b j e c t i s w i t h t r i v i a l 

o p e r a t i o n ; note t h a t we have 

G k 
T(M) = Hom c (1 A,M) = M * by cp I > cp(1) . 

We g e t a t w i s t e d P o i n c a r e d u a l i t y on w i t h v a l u e s i n 

R e p c ( G K , Z ^ ) by l e t t i n g 

H 1(X FJ) = H 1
t -(X,Z^(J)) f o r Z c - > X c l o s e d , 

(6.7.1) 

H a(X,b) = H a
t U , Z J L (b)) 

= H7^(X,Rf !Z^(-b)) f o r X Spec k 

(£-adic e t a l e cohomology and homology, c f . [BO] 2.1 and [DV] exp. 

V I I I ) , where X = X x^k — — > Spec k d e n o t e s t h e base e x t e n s i o n t o 

t h e a l g e b r a i c c l o s u r e k o f k . The c a t e g o r y R e p c (G^.,Z^) i s 

e q u i v a l e n t t o the c a t e g o r y o f c o n s t r u c t i b l e % ^ - s h e a v e s on Spec k , 

and t h e f i n i t e g e n e r a t i o n o f the above Z^-modules f o l l o w s from 
i 

D e l i g n e ' s r e s u l t t h a t i n the above s i t u a t i o n Rf* and Rf" r e s p e c t 

(complexes o f ) c o n s t r u c t i b l e s h e a v e s , see [SGA 4^] [ f i n i t u d e ] 2.9. 

Rep (G, ,Z ) ® QB can be i d e n t i f i e d w i t h the c a t e g o r y Rep (G, ,Q0) 
C K Jc x. C K x, 

o f f i n i t e - d i m e n s i o n a l Q ^ - v e c t o r s p a c e s w i t h c o n t i n u o u s a c t i o n o f 

G k ( e q u i v a l e n t t o t h e c a t e g o r y o f c o n s t r u c t i b l e Q^-sheaves on 

Spec k ) a n d i s r i g i d : t h e i n t e r n a l Horn i s g i v e n by 



Hom(V 7W) = Horn (V7W) 

w i t h the G , - a c t i o n (gf) (u) = g f ( a ^v) 

6.8. Example Now l e t k be f i n i t e l y g e n e r a t e d . Say t h a t 

V £ ob (Rep c (G^, G}̂ ) ) has a w e i g h t f i l t r a t i o n , i f t h e r e e x i s t s an 
1 

i n t e g r a l domain A o f f i n i t e t y p e o v e r Z [ - ] w i t h f i e l d o f 

f r a c t i o n s k such t h a t V e x t e n d s t o a c o n s t r u c t i b l e (D^-sheaf 

F o v e r U = Spec A , which has an i n c r e a s i n g e x h a u s t i n g and 

s e p a r a t i n g f i l t r a t i o n W mF by c o n s t r u c t i b l e subsheaves such t h a t 
G r W F = W F/W .F i s p o i n t w i s e pure o f w e i g h t m 7 see [D9] 1.2.2. m m m-1 c 

S i n c e F i s smooth ("constant t o r d u e " ) on a n e i g h b o u r h o o d o f t h e 

g e n e r i c p o i n t n = Spec k of U , t h i s amounts t o s a y i n g t h a t 

i ) t h e r e i s a c o n n e c t e d , smooth scheme U' o v e r 2 z ^ J (char k = 0) 

o r IF ( c h a r k = p > 0) such t h a t the r e p r e s e n t a t i o n o f G, on P K 
V f a c t o r i z e s t h r o u g h G^ >> Tr^(U',n), n = Spec k , 

i i ) t h e r e i s an i n c r e a s i n g e x h a u s t i n g and s e p a r a t i n g f i l t r a t i o n 

. . . c W i V c W V c ... o f G1 -submodules such t h a t f o r each c l o s e d — m-1 — m — k 
p o i n t x G U 1 t h e e i g e n v a l u e s o f a g e o m e t r i c F r o b e n i u s F r x a t x 

- W i n TTi (U fTi) on Gr V = W V/W .V a r e a l g e b r a i c numbers a w i t h 1 m m m-1 
a b s o l u t e v a l u e 

I ct I = Nx 2 , Nx = # K ( X ) , 

f o r e v e r y archimedean v a l u a t i o n || . Here t h e g e o m e t r i c F r o b e n i u s 

i n G a l ( K ( x ) / K ( x ) ) i s the i n v e r s e o f t h e a r i t h m e t i c F r o b e n i u s 
Nx - , a I > a , and i t s image i n • ^ ( U ' , ^ v i a G a l (« (x) / K ( X ) ) 

= TT ̂  ( K (x) ,K (x) ) —> Tr1 (U, «(x) ) = TT^(U7Ti) i s w e l l - d e f i n e d up t o 

c o n j u g a c y . F o r a f i n i t e f i e l d k we have U' = Spec k , and f o r a 

g l o b a l f i e l d k w i t h r i n g o f i n t e g e r s Ojc we have U 1 = Spec O^yS 

f o r a f i n i t e s e t o f p r i m e s S i n c l u d i n g a l l p r i m e s above % . Then 



Tr^(U 1Jn) i s the G a l o i s group G^ o f the maximal S - r a m i f i e d 

e x t e n s i o n o f k , and i ) means t h a t V i s u n r a m i f i e d o u t s i d e S . 

A f i l t r a t i o n as i n i i ) i s c a l l e d w e i g h t f i l t r a t i o n f o r V . 

6.8.1. Lemma a) A wei g h t f i l t r a t i o n , i f i t e x i s t s , i s u n i q u e . 

b) L e t WRep c(G^,Q^) be t h e f u l l s u b c a t e g o r y o f Rep c(G^,Q^) formed 

by t h e r e p r e s e n t a t i o n s h a v i n g a we i g h t f i l t r a t i o n . Then e v e r y 

morphism on WRep c(G^,Q^) i s s t r i c t l y c o m p a t i b l e ([D4] 1.1.5) w i t h 

t h e w e i g h t f i l t r a t i o n s , and WRep c(G^,Q^) i s an a b e l i a n s u b c a t e g o r y 

o f R e p c (G^. ,QĴ ) , c l o s e d w i t h r e s p e c t t o t a k i n g s u b o b j e c t s o r 

q u o t i e n t s . 

c) WRep c(G^,Q^) i s a r i g i d , a b e l i a n , Q ^ - l i n e a r t e n s o r c a t e g o r y w i t h 

w e i g h t s . 

P r o o f I t f o l l o w s i m m e d i a t e l y from t h e d e f i n i t i o n s t h a t t h e r e i s 

no n o n - t r i v i a l G^-morphism between pure modules o f d i f f e r e n t w e i g h t s , 

hence t h e same s t a t e m e n t f o r d i s t i n c t s e t s o f w e i g h t s . From t h i s one 

deduces t h a t e v e r y morphism i s c o m p a t i b l e w i t h t h e g i v e n w e i g h t 

f i l t r a t i o n s and t h e u n i c i t y ( l o o k a t the i d e n t i t y map). S u b o b j e c t s 

and q u o t i e n t s o b t a i n a w e i g h t f i l t r a t i o n by t h e i n d u c e d and t h e 

q u o t i e n t f i l t r a t i o n , r e s p e c t i v e l y ( c f . [D4] 1.1.8), hence 

WRep c(G k,Q^) i s an a b e l i a n s u b c a t e g o r y o f Rep c(G^,Q^) . S i n c e e v e r y 

i s o m o r p h i s m i s an is o m o r p h i s m o f f i l t e r e d o b j e c t s by t h e above, we 

o b t a i n t h e s t r i c t n e s s f o r e v e r y morphism. T h i s i n t u r n i m p l i e s t h a t 

t h e f u n c t o r s V \ ~> W V a r e e x a c t ( c f . [D4] 1.1.11 and the 
m 

remark a f t e r i t ) . The c l a i m s i n c) a r e now c l e a r : t h e f i l t r a t i o n 

on Horn(V,W) i s g i v e n by 

W Hom(V,W) = {f : V - Wlf(W.V) c W. W f o r a l l i } , m i — l+m 

and t h e f i l t r a t i o n on V ® W i s g i v e n by the f o r m u l a i n 

6.3 b) . 



6.8.2. Lemma Denote by WRep c(G^,Z^) the f u l l s u b c a t e g o r y o f 

Rep ( G w Z 0 ) formed by t h o s e o b j e c t s M f o r which M ®_ QJ0 has a 

w e i g t h f i l t r a t i o n . Then t h e f u n c t o r s 6.7.1 have image i n 

WRep c ( G w Z ^ ) and form a t w i s t e d P o i n c a r e d u a l i t y t h e o r y w i t h 

w e i g h t s . 

P r o o f F o r a c l o s e d immersion Z —> X o f a l g e b r a i c k-schemes 

t h e r e i s a smooth scheme UQ o v e r ( i f c h a r k = 0 ) o r o v e r 

F p ( i f c h a r k = p > 0 ), w i t h g e n e r i c p o i n t n = Spec k , and a 

c l o s e d d i m e n s i o n 

o f s e p a r a t e d U q-schemes o f f i n i t e t y p e such t h a t Z C — > X i s 

o b t a i n e d from v by base change t o Spec k . 

By D e l i g n e ' s g e n e r i c base change theorem ( c f . [SGA 4^] 

[ f i n i t u d e ] 1.5 and 2.9) t h e o p e r a t i o n s Rf*/ Rf,/ R f i , Rv 1 and 

Rv* r e s p e c t c o n s t r u c t i b l e complexes, and a r e c o m p a t i b l e w i t h 

a r b i t r a r y base change S — > U f o r a s u i t a b l e open subscheme U 

of UQ . In p a r t i c u l a r , H | ( X , Z ^ ( J ) ) e x t e n d s t o the c o n s t r u c t i b l e 

sheaf F = H 1(Rh*Rv 1Z ( j ) ) , and H A (X , Z £ (b) ) e x t e n d s t o t h e 

c o n s t r u c t i b l e sheaf G = H a ( R f * R f I Z ^ ( - b ) ) on U . Moreover, t h e 

a s s o c i a t e d Q^-sheaves a r e mixed by D e l i g n e ' s r e s u l t [D9] 6.1.11. 

T h i s shows t h e c l a i m f o r c h a r ( k ) = p > 0 , s i n c e by l o c . c i t . 

3.4.1 e v e r y mixed s h e a f i n t h i s c a s e a l s o has a w e i g h t f i l t r a t i o n . 

The bounds on the w e i g h t s f o l l o w from l o c . c i t . 3.3.8, s i n c e by 

the base change p r o p e r t y we have 

H X = H C ( X X K ( X ) ' V b ) ) 



(cohomology w i t h compact s u p p o r t ) f o r H = R a f X and e v e r y p o i n t 

x o f U , and s i n c e 

(6.8.3) H j t U 7 Q j l (b)) = H^ t,c (*'V B ) ) V 

(Q^-dual) by the d u a l i t y RHom(Rf ,Q^,QjJ s Rf *RHom(Q ,Rf 1Qĵ ) s 

R f ^ R f 1 Q j l . 

F o r c h a r k = 0 we ca n n o t argue i n t h i s way, s i n c e t h e 

c o n c e p t s o f mixed sheaves and we i g h t f i l t r a t i o n s a r e d i f f e r e n t 

h e r e (see t h e remark b e l o w ) . I n s t e a d we s h a l l g e t t h e w e i g h t 

f i l t r a t i o n by r e s o l u t i o n o f s i n g u l a r i t i e s , and t h i s w i l l be p r o v e d 

i n 6.11 t o g e t h e r w i t h t h e r e s u l t f o r a b s o l u t e Hodge c y c l e s (note 

t h a t we may assume a l l sheaves as b e i n g r e d u c e d by t h e t o p o l o g i c a l 

i n v a r i a n c e o f e t a l e c ohomology). 

6.8.4. Remarks i ) L e t k be a number f i e l d , l e t S be a f i n i t e 

s e t o f pr i m e s i n c l u d i n g a l l p r i m e s above I , and l e t 

G g = TT^ (Spec Oy^S,n) as above ( r a m i f i c a t i o n a t i n f i n i t y i s 

al l o w e d ) . Then f o r n € TL one e a s i l y computes 

d i V ^ t ( G s ' ^ < 2 n + 1 ) ) >= r i + r 2 ' 1 

where r ^ and r 2 a r e t h e numbers o f r e a l and complex p l a c e s 

o f k , r e s p e c t i v e l y ( c f . [J3] lemma 2 ) , so by t h e i s o m o r p h i s m 
1 1 H . ( G o f Q 0 ( m ) ) s E x t ^ (Q„,Q„(m)) t h e r e e x i s t n o n - t r i v i a l c o n t S a Gg x, x 

e x t e n s i o n s o f c o n t i n u o u s G g - r e p r e s e n t a t i o n s 

(6.8.5) 0 — > Q 0(2n+1) — > E —> Q 0 — > 0 . 

S i n c e Q 0 and Q.(2n+1) a r e pure o f w e i g h t s 0 and -2(2n+1) , 



r e s p e c t i v e l y , E c o r r e s p o n d s t o a mixed s h e a f on Spec Ov^S . F o r 

n < 0 , however, E c a n n o t have a weight f i l t r a t i o n s i n c e WQE would 

g i v e a s p l i t t i n g o f 6.8.5. 

i i ) L e t E G be the group o f S - u n i t s and C l g be t h e S - c l a s s group 

o f k , t h e n t h e r e a r e e x a c t sequences 

0 _ > E s M n _ > H 1 ( G s , ^ n ) - > ^ n C l s - > 0 , 

f o r a l l n ^ 1 . S i n c e by D i r i c h l e t ' s theorem E g i s a f i n i t e l y 

g e n e r a t e d g r o u p and C l g i s f i n i t e , we c o n c l u d e 

H c o n t ( G S ' V 1 ) ) a E S 8 % l ' 

by p a s s i n g t o the l i m i t o v e r n . On t h e o t h e r hand we have 

A A n 

H c o n t ( G k ' V 1 ) ) s = I i m k x / k X . 

n 

S i n c e k z> k ® X n = I i m E_ ® X „ ,we c o n c l u d e t h a t * & > S I 

S 

(6.8.6) I i m ( G Q , Q 0 ( I ) ) c: (G,,Q.(1)) . 
c o n t S £ * c o n t K x, 

S 

T h i s shows t h a t t h e r e i s a ( n o n - t r i v i a l ) e x t e n s i o n o f c o n t i n u o u s 

G ^ - r e p r e s e n t a t i o n s 

(6.8.7) 0 — > Q £(1) — > E' —> Qĵ  — > 0 , 

which does n o t come from a G g - e x t e n s i o n f o r any S . Hence E 1 

c o r r e s p o n d s t o a Q j^-Sheaf on Spec k which does n o t come from 

S p e c ( O ^ S ) f o r any S , t h i s answers t he q u e s t i o n i n [D9] 6.1.1 

The example i s the same as S e r r e ' s example i n [Se 1] I I I 2.2. 



6.9. Example L e t A = Z 7 Q o r 3R , t h e n t h e c a t e g o r y A-MH o f mixed 

A-Hodge s t r u c t u r e s i s an A - I i n e a r a b e l i a n t e n s o r c a t e g o r y w i t h 

w e i g h t s ; the i d e n t i t y o b j e c t i s the t r i v i a l Hodge s t r c u t u r e A 

(pure o f w e i g h t z e r o ) , and we have 

I 1(H) = Hom A_ M K(A,H) = W QH n F 0H f l, =: Tu(K) 

f i > f ( 1 ) . 

F o r the c a t e g o r y I/ o f a l l s e p a r a t e d schemes o f f i n i t e t y p e o v e r 

(E the B e t t i cohomology and homology 

H 1 ( X o ) = (X«E) ,A) (j) 

(6.9.1) 

H (X,b) = H (X(C) ,A ) (-b) ( B o r e l - M o o r e homology) a a 

w i t h the mixed A-Hodge s t r u c t u r e a s s o c i a t e d t o i t by D e l i g n e forms 

a t w i s t e d P o i n c a r e d u a l i t y t h e o r y w i t h w e i g h t s . Note t h a t H 1 ( X f A ) 

has a mixed Hodge s t r u c t u r e as r e l a t i v e cohomology H 1 ( X f X ^ Z f A ) 

([D5] 8.3.8), f o r the B o r e l - M o o r e (or B e t t i ) homology we may use 

t h e isomorphism 

(6.9.2) H (X«E) fQ) = H a(X((E) fQ) V 

cL C 

(Q-dual of the mixed Q-Hodge s t r u c t u r e g i v e n by t h e cohomology w i t h 

compact s u p p o r t ) and the r e l a t i o n H a ( X f A ) = H a ( X f Z f A ) f o r a 

c o m p a c t i f i c a t i o n X c X w i t h c l o s e d complement Z = X\X ; see a l s o 

[J2] § 2 f o r a d i r e c t a p p r o a c h . The s i g n (m) d e n o t e s t h e T a t e t w i s t 

i n Hodge t h e o r y [D4] 2.1.13, and t h e c o m p a t i b i l i t y o f t h e mixed 

Hodge s t r u c t u r e s w i t h e x a c t sequences and p r o d u c t s f o l l o w s as i n 

[D5] 8.1.25 and 8.3.9. The bounds on t h e w e i g h t s f o r a p r o p e r scheme 

a r e pr o v e d i n [D5] 8.2.4, the bounds f o r homology f o l l o w v i a 6.7.9 


