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Preface

This is an almost unchanged version of my 1988 Habilitations-
schrift at Regensburg. My original plan was to completely rewrite it for
publication; in particular I wanted to make it more readable for the
non—expert. Finally I chose to rather publish it like it is than turn it
into a long range project. So I have only made some minor corrections
and added three appendices. The first one reproduces a letter from S.
Bloch to me and the second one consists of an example by C. Schoen. I
thank both for the permission to publish this material, and the latter
for the effort of rewriting the example, which also figured in a letter to
me. The third appendix contains some remarks and complements
written in 1989.

Uwe Jannsen
Bonn, November 1989






Introduction

This text consists of three parts. In part I we define a
category of mixed motives in the setting of absolute Hodge cycles.
In part II we investigate, as general as possible, relations between
algebraic cycles, algebraic K-theory, and mixed structures in the
cohomology of arbitrary varieties. In part III we present some
conjectures on Chern characters from K-theory into 2-adic cohomology
for varieties over finite fields or global fields, and prove these

in some (very) specific cases.

Background The concept of motives [Ma] ,[Kl] , [SR] was introduced
by Grothendieck to explain phenomena in different cohomology theories
of algebraic varieties in a coherent way, in particular those re-
lated to algebraic cycles and weights. For example in both the
¢-adic and the Hodge theory the cohomology Hi(X) of a smooth
projective variety is pure of weight i, the class of an algebraic
cycle of codimension j can be interpreted as a morphism from the
trivial structure into sz(x)(j), and the parallel formulation of the
conjectures of Hodge and of Tate is that the functor sending a
motive to its cohomological realization is fully faithful.

All this only concerns cycles modulo homological equivalence and
does not cover singular or non-compact varieties, which &ften arise
in algebraic geometry. Concerning these, Deligne shows in [.D5 ]
§10 that cycles homologous to zero give rise to non-trivial ex-
tensions of pure structures of different weights - this is called
a mixed structure ~ and in his treatments of Hodge theory and
£-adic cohomology [D5] , [D9] shows that the cohomology of arbitrary

 varieties gives rise to mixed structures, too. Indeed, both facts
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are directly related, and one expects a description of the whole
Chow group and a satisfactory treatment of arbitrary varieties in
the setting of a category of mixed motives [Bei 4] , [D10] . Finally,
work of Beilinson suggests that mixed motives are related to higher
algebraic K-theory, like cycles are related to Ko (Bei 1] , [Bei 2].

Grothendieck's definition of motives is‘'quite simple, but only
gives a satisfactory theory together with the so-called standard
conjectures. Deligne has given a "working definition" of motives for
absolute Hodge cycles (the latter ones replacing the algebraic cycles
in Grothendieck's definition), which often suffices for the appli-
cations [DMOS] . An algebraic definition of mixed motives is

problematic, since Grothendieck's methods (algebraic correspon-

dences and idempotents) neither apply nor extend in an obvious way.

Part I In §1 we start with the simple but crucial observation that
- in the language introduced later - a subrealization of the reali-
zation of a motive for absolute Hodge cycles (AH-motive) is a direct
factor and hence a submotive. As a corollary we show that there are
natural AH-motives associated to modular forms, having as f£-adic
realizations the representations constructed by Deligne [D1] (Re-
cently, Scholl [Sch 1] constructed these motives algebraically).
Another application is the construction of direct factors in the
£-adic cohomology.

In §2 we make a precise definition of a category Bk iq which the
realizations of AH-motives over a field k live, by defining a bigger
category ng of mixed realizations, in which also mixed structures
are allowed. These obviouslv are Tannakian categories, and we study
some of their formal properties.

In §3 we prove that for a smooth variety U over a field

k of characteristic zero its 2-adic, deRham and Betti cohomolo-
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'gies define an object H(U) in ggk . The techniques applied here are
all taken from papers of Deligne, the main point consisting in
showing that one has a weight filtration in each theory which is
compatible with the comparison isomorphisms, and that the pure quo-
tients are AH-motives.

In §4 the category MM, of mixed motives over k is defined as the
: Tannakian subcategory of ng generated by the H(U) . We prove
that Deligne's category M, can be identified with the Tannakian
subcategory generated by the realizations of smooth, projective
varieties, and can be identified with the full subcategory of pure
objects in ggk . This gives a simpler definition of gk than the ori-
ginal one, avoiding the processes of taking the pseudo-abelian
hull, inverting the Lefschetz object and changing the commutation
constraints. If G and MG are the associated "Galois groups" of
the neutral Tannakian categories &k and @gk (for some fibre
functor given by Betti cohomology), then the embedding Mﬁ”ﬁﬂk
defines a homomorphism MG - G , and the above is reflected in an
| exact sequence of pro-algebraic groups
1->U->MG>»>G-»> 1,
; with connected, pro-unipotent U, identifying G with the maximal

? pro-reductive quotient of MG

' part II §5 is, except for theorems 5.13 and 5.15 (comparing 0(x) "
: with Deligne cohomology H;(X,Z (1)) or étale cohomology H;t(x,z&(1))),
mainly motivational. The conjectures stated here for the smooth
case are contained in those formulated later for arbitrary varie-
ties.

In §6 a very important tool appears, the notion, due to Bloch
and Ogus [BOJ],of a twisted Poincaré duality theory, axiomatizing

the aspects of a cohomology theory and an associated homology theory.
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In this setting the "Poincaré duality" is an isomorphism

(0.1) H'(X,3) » H (x,d4-3) , 4 =dim X ,

2d-i
between cohomology and homology for smooth X . We define a version
with values in a tensor category, also introducing the concept
of weights modeled after the situation for mixed Hodge structures
or mixed f-adic sheaves. After discussing 2-adic, deRham and Betti-
cohomology we prove - extending the results in part I - that
there is a Poincaré duality theory with values in ggk .

In §7 we propose how to extend the conjectures of Hodge and
Tate to arbitrary varieties. The basic observation is that the right
setting is the homology, the classical formulations being reobtained
by (0.1). We show that this Hodge conjecture is true if and only
if the classical Hodge conjecture is, and that the same is basically
true for the Tate conjectures.

In §8 we recall some properties of Chern characters and Riemann-

Roch transformations assuring that the maps
G

(0.2)  Hh(x,@(6))80, » K- (xx,K,0,(6)) X, chark s £,
M

(0.3)  H,(X,@(b))> T,H (X(C),@()) , k=¢C,
!

(where H is the motivic homology defined by Beilinson via Kj (X)
and FH denotes the group of Hodge cycles), satisfy all functoriali-
ties of morphisms of Poincaré duality theories. We state conjectures
on the surjectivity of (0.2) and (0.3) and extend theorems 5.13 and
5.15 to arbitrary varieties, thus proving the conjectures for curves.

In §9 we discuss relations between extensions of realizations
and algebraic cycles homologous to zero. As a consequence we show
why a naive extension of the conjectures of Hodge and Tate to the
surjectivity of (0.2) and (0.3) for arbitrary a,b € Z 1is false. In
particular, this disproves a Hodge-theoretic conjecture by Beilinson
{Bei 2] . We deduce the counterexample from examples of Mumford on
the non-injectivity of the Abel-Jacobi map

23-1 23-1

cwd 0, » 87N x,0/m0 7 x,z () +
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Then we extend everything to the 2%-adic Abel-Jacobi maps

1 23-1

B -
cH (x)o Hcont(Gk’H

(Xxk,Z o (3)))
by using results of Bloch [Bl 1]

In §10 we extend Bloch's results to higher-dimensional varieties
and show that Abel-Jacobi maps are non-injective quite principally,
for any reasonable Poincaré duality theory - provided the base
field contains too many parameters. The main theme of our conjectures,
and of several conjectures of Bloch and Beilinson, is that the si-
tuation is different for finite fields, global function fields,
and number fields.

In §11 we recall some ideas of Beilinson on mixed motives [Bei 4].
We stress the fact that his philosophy of mixed motivic sheaves would
imply some quite explicit conjectures - extending earlier ones by
Bloch - on the structure of Chow groups of smooth projective
varieties over arbitrary fields. I think these Should be regarded
as an extension of Grothendieck's standard conjectures to the whole
Chow group. We remark that they would follow from the injectivity
of some cycle map.

Part III Our basic conjecture for varieties over finite fields
is that here (0.2) is an isomorphism. In §12 we prove it in some
cases and show that it would follow from several "classical" con-
jectures on smooth, projective varieties, at least if we assume
a weak form of resolution of singularities. The conjecture would
imply a description of motivic homology of arbitrary varieties X

over arbitrary fields of positive characteristic, by writing

X = 1ljm XOL , with varieties Xa over E‘p and flat transition maps,
o
since Hf(X,Q(b)) = 1lim HgAXG,Q(H)) . We explain this in more detail
o
for the case of a global function field k . Note that we need

non-proper Xa even for a smooth, projective X , and observe
the similarities and the differences to the approach of Artin and

Tate in [D.E.] .



We don't have a similarly general conjecture for number fields,
but in §13 we discuss a conjecture on the bijectivity of
©0.4)  Hx,0m0)00, » (X0, ,

(where ﬁit is a certain modified étale homology) in the "stable
range” a > dim X + b . This is related to certain Galois cohomolo-
gical investigations in [J3] .

The extreme counterpart of pure structures are mixed structures
whose pure pieces are as simple as possible, i.e., Tate objects, so
that only mixed phenomena remain. In §14 we define a class of
varieties (containing those stratified by linear spaces, like

Grassmannians or flag varieties) with this property, and prove most

of our conjectures for these varieties.

Final remarks and acknowledgements !

I learnt about motives for absolute Hodge cycles in inspiring
lectures by G. Anderson (Harvard 1983/84), and my own investigations
were started by a question of N. Schappacher whether the realiza- i
. tions for modular forms come from such motives (see §1). A. Scholl
brought my attention to the paper by Bloch and Ogus, and communi-
cated to me some ideas on K-homology and extension classes (cf.
§6). It is a pleasure to thank them for this inspiration and the
latter two for further discussions.

The first four chapters exist in this form since end of 1985
and were communicated to a few mathematicians. It should be noted
that a construction similar to our category ggk also appears
in a recent paper by Deligne. It will be clear to the reader how
much parts II and III are influenced by work and ideas of Bloch
and Beilinson, but I would also like to stress the influence of
Deligne's work on 1-motives [D5] and his reinterpretation of
Beilinson's ideas in [D10] .

I would like to thank J. Neukirch heartily for his constant
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enthusiasm and encouragement, and all friends in Regensburg for
their interest and support. Also I thank the Max-Planck-Institut

at Bonn, where this program was started and where the final part

was written. Special thanks go to K. Deutler, M. Grau and H. Wolf-

Gazo from the MPI, and in particular to M. Yertl from Regensburg

for a phantastic typing under big pressure of time.
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PART I

MIXED MOTIVES FOR ABSOLUTE HODGE CYCLES

§1. Some remarks on absolute Hodge cycles

Let k be a field of characteristic zero, which is em-
beddable in € . Fix an algebraic closure k of k and let
Gk = Gal(E/k) . In the following we deal with motives for ab-
solute Hodge cycles as defined by Deligne in [D6], see also
[DMOS]II §6, in particular we use similar notations as in
these references. Then a motive M over k has realizations
HDR(M) - a k-vector space with a descending filtration FP
Hl(M)

(for each prime number 1) a Ql-vector space, on

which Gk acts continuously,

Ho(M) (for each embedding o: k<= €) a Q-vector space
with a Hodge structure on Ho(M) ® R, i.e., a Q-
Hodge structure,

all of the same finite dimension. Furthermore, there are com-

rarison isomorphisms

I : HO(M) 8, ¢ = HDR(M) ® C

®,0 Q k’q

and

I, - HU(M) ®

1,5 Hl(M)

o 212

for each extension o : ks ¢ of o

If X is a smooth projective variety over k and n 2 0

an integer, the motive M = h(x) is given by the realizations

_ N _ N
HDR(M) = HDR(X) = HDR(x/k) (de Rham cohomology)
_ N _.n - s
Hy (M) =H,(x) = Het(xxkk,ol) (1-adic cohomology)
H (M) = HNX) = H (Xx c,0) (singular cohomology) .
g o k,o



The comparison isomorphisms are obtained from the canonical
ones between the cohomology theories of the variety oX =
X - i i
xk'0¢ over € . Namely Il,o is given by
n can_,n o* n —
H (Xxk,Gc'Ql) -0 Het(xxk,OC'Ql) - Het(xxkk'Ql)

and I_ . 1is induced by

ﬂ),
HT (0X,¢) <25 H] (0% /C)
dim X n
If we let h(X) = @& h (X) , any motive M is a direct
n=o

summand of h(X) (m) , the m-fold Tate-twist of h(x) , for some
smooth projective X and some m € Z
The following lemma, which describes the possible summands,

is rather easy but very important for the following.

1.1. Lemma Let M be a motive over k . Suppose given a
k-subspace Uy, < HDR(M) » for each 1 a Q,-subspace U, ¢
Hl(M) , which is a Gk-submodule, and for each o0: k< € a
O-subspace UCr c HO(M) , which is a sub-0-Hodge structure,
such that these subspaces correspond under the comparison iso-
morphisms. Then there is a decomposition M = M1 ® M2
tives such that Ua = Ha(M1) < Ha(M) where o runs through

in mo-
the indices DR, 1 and o

Proof As the subspaces Ua are compatible with the weight
gradings (this is implicit in the statement that the U0 are
sub-M~-Hodge structures), we may assume M pure of weight r ,

say. Then there exists a morphism of motives
Y : Mo M(-1) (M = dual of M)

giving rise to non-degenerate pairings for o € {DR,1l,0}

k = DR
by H (M) @ Ha(M) > H (1(-r)) = @l(-r) a =1
0 (-r) =0




which are compatible with the various structures like Gk—action

for a =1 and Hodge structure for o = 0 etc., and correspond

under the comparison isomorphisms. Moreover, the wo induce

polarizations of real Hodce structures.
H (MOR ® Hy(M@R - R(-r)

In fact, to fix ideas we may assume - by twisting with powers
of the Tate motive and adding other motives - that M is
h¥(X) for a smooth projective variety X of dimension d

over k . Then by using a very ample divisor and the hard Lefschetz

theorem one constructs an absolute Hodge cycle in Cig-r(XxX)

giving a homomorphism

o : h'x) - n?4T(x)(d-r)

r

the motivic version of the "*-operator" in Hodge theory, see
[DMOS] ITI 6.2. The pairings wa above are then obtained by

combining with the Poincaré pairings

2d-r 24 tr

r
H (X) @ H® " (X)-> H “(X) 2 H (1(-d))

and twists by d-r ., Or: the Poincaré pairings give an iso-

morphism h237T (x) (d-r) - h"(x)V(-r) , whose composition with

$ is VY .

Let VDR ’ V1 and V0 be the orthogonal complements of

UDR ’ Ul and Uc , respectively, with respect to the pairings
wDR ’ wl and wo . By the compatibility of the wa these spaces

then correspond under the comparison isomorphisms. Also the

k
invariance of Vl follows from the Gk—invariance of Ul and

va are substructures of the Ha(M) like the Ua : the G -~

wl , and VO is a sub-0O-Hodge structure, as wo is a polariza-
tion of ®-Hodge structures. This also shows that U0 n Vo =0
(compare Deligne's argument [D4] p. 44, that any sub-structure
of a polarized Q-Hodge structure is a direct factor): one has

(21Ti)rlbc(x,CX) >0 for all O+ x € H (M) @ R , where C is



the Weil operator: C =i € S(R) = c” acting on every R -
Hodge structure, see [D4] (2.1.14). As C respects the sub-

1
Hodge structure U0 ® R we conclude U0 ® nzn(Uce R) =0 as
claimed. By the comparison isomorphisms we also get Ul n Vl =0
and UDR n VDR = O . The decompositions Ha(M) = Ua -] Va then

induce endomorphisms

Py ¢ H (M) projection Uy = Hy (M)
for o € {DR,1,0} , which are compatible with the various
structures and the comparison isomorphisms, as this is the
case for the U- and V-spaces. Therefore the family of the Py
gives an element p € End(M) (see [DMOS]II 6.7 (g) or 6.1
for M = h(X) , note that Ppr resnects the Hodge filtration
as it is compatible with 28 and P is a homomorphism of
Hodge structures), which is a projector and gives the wanted

decomposition by taking M, = Im p and M, = Im(1-p) ; for

M = h(x) we have M, =(h(X),p) in the notation of [DMOS].

1.2. Corollary If X,Y are smooth varieties over k with X

projective, then for any morphism f: Y - X and g: X = Y the

kernel of
r r
£ H (X) ~» H (Y) a € {DR,1,0}

is represented by a motive Kerf* c hr(X) and the image of
r r
gk : H_(Y) = H_(X) a € {DR,1,0}

is represented by a motive Im g* < hr(x) , and these are direct

factors of hr(X)

Proof The cohomology groups Hg(Y) have mixed Q-Hodge structures,
and f; and g; are morohisms of mixed @®-Hodge structures

[D4] . So Ker fg and Im g; are (pure) sub-0O-Hodge structures




of the pure, polarized Q-Hodge structures Hg(x) . Ker fa and
Im ga in the other realizations correspond to Ker fg and

Im g; under the comparison isomorphisms, as these are functo-
rial and also exist for Y , and of course in the l-adic reali-
zations one gets Ck—invariant subspaces. So we can apply the

i = * *
lemma (with Ua Ker fa or Im 93 )

In particular we get a result which should be true more
generally by a conjecture of Grothendieck-Serre on the semi-

simplicity of the action of Gk on the l-adic cohomology.

1.3. Corollary In the situation above, the kernel of

* .yt by
fl : Hl(x) - Hl(Y)
and the image of

gt : H’I’(Y) - Hi(x)

are direct factors of HE(X) as Gk-modules

Of course, similar considerations apply to other natural

maps like Gysin maps or the canonical map
HO(U) =~ H'(X)

of the cohomology with compact support of an open subvariety
U of X into the cohomology of a smooth projective variety

X . This is needed in the proof of the next corollary.

1.4. Corollary The realizations attached to an elliptic

modular form f by Deligne ([D6] §7) belong to a motive
M(£f) .

Proof Let f be a new form of weight k+2 (k 2 0) , conductor

N and character ¢ for




*
a b ! ) mod N}

_ (@b -
r1(N) = {(cd) € SL,(Z) | (¢ g = (o 1

There is a smooth projective curve X1(N) over ® and an
open subvariety
e Y1(N) N x1(N)

such that the C-valued points can be identified with

\ﬂi ‘\éz = compactification by
r1(N) Ty adding the cusps

where {} is the Poincaré upper halfplane.

Let N = 3 ; then there is the universal elliptic curve
g:E-'Y(N):

and Deligne describes the realizations of M(f) as parts of

the "universal cohomology"
1 .
H (%, (), 3,5ym" (R1g,0))

(i.e., one has to form the l-adic,de Rham and singular versions
of this cohomology), namely as kernel of T, ~ a, for all n
prime to N , where the Tn are the Hecke correspondences acting
on the cohomology and f(z) = E anqn , Q= e ' . If the
a, are not in @ , one has ton;;ke the kernel in the following
sense: Let T be the Q-algebra generated by the Tn and E =
Q(a1,a2,...), then we have a morphism T % E by T, Pa, - If
0t is the kernel of this morohism, define the realizations of
M(f) as the part annihilated by

By the commutative diagram

1 (v, 0, sym* (R1g,@)) —»u’ (x, ), 3,5yn" (R'g,@)

N |

N

]

H' (v, 0, sym* (R1g,0))

in which H; denotes cohomology with compact support and the




maps are the canonical ones, one can also define the realizations
of M(f) to be the kernel of the Ty - a, in the parabolic
cohomology

1 k, 1
HO (Y, (), Sym* (R'q,@)) = Im(a (v, 0,0 S,

k, 1 . .
Sym (R g,0) is a direct factor of (R1g*(1))ok which in turn is

a direct factor of Rk(gk)*Q , for

gk : Ek = E ‘Y1(N)"'XY1(N)

E > Y1 (N)
the k-fold fibre product of g (relative version of the Kinneth
formula), where by definition Eo = Y1(N)

Finally the spectral sequence

v (v, 0 ,RY(g,) .00 = #779(E, ,0)

degenerates and moreover, as remarked by Lieberman, identifies
Hp(Y1(N),Rq(gk)*Q) with the subspace of Hp+q(Ek,Q) , on which

m idE induces the multiplication by n , compare [D1]

k
p. 168. The same is true for the cohomology with compact support.
Altogether the realizations of M(f) are direct factors
of the cohomology

Hk+1 k+1

_ k+1
> (Ek,Q) = Im(Hc (Ek,Q) - H

(E,,0))

which are defined as the kernel of several algebraic correspon-
dences: the Tn are also defined as correspondences of E

and so of E,_ , see [D1] (3.16), the subquotient of H§+1(Ek,Q)

k
which corresponds to

1 1 ®k 1 k
Hp(Y1(N),(R g«®) ) < Hp(Y1(N),R (gk)*Q)

via the spectral sequence can be identified with the subspace

k+1 , , .
of Hp (Ek,Q) where the morphism m11dEx...xmK1dE (mi € Z2)
induces the multiplication by My eee My and the part correspond-
ing to Symk(R1g*Q) in (R1g,,((12)@k can be identified by the action
of the symmetric group SK on EK .

If one likes - and in particular if one does not like to




elaborate the de Rham versions of the above steps - one can take

this as the definition: the realizations of M(f) are obtained

k+1 _ k+1 ®a _k+1
in Hp,a(Ek) = Im(Ha,c(Ek> - Ha (Ek)) , for o € {DR,1,0} ,

as the kernel of the Tn - an , (m11dEx...xmKidE)*- m,. ..M for

sufficiently many my € Z, and o*-1 for all o¢ € Sk c Aut(Ek).
k+1

Gk—submodules of Hy (Ey)

1(Ek) etc., and correspond under

They are substructures, i.e.,

k+

sub-Q-Hodge structures of Ho

the comparison isomorphisms, as these also exist for the coho-
mology with compact support Hi,c(EK) and are compatible with
the 9, - A definition of algebraic de Rham cohomology with
compact support and the comparison isomorphism to singular
cohomology can be found in [HL] .

To get a motive we still have to replace E, by a
smooth projective variety. Now there exists a smooth com-
pactification Ek of Ek , i.e., a smooth projective variety

Ek containing Ek as an open subvariety (either by Hironaka's
resclution of singularities or by Deligne's direct construction
[D1] 5.5, which also works in positive characteristic), and by
the commutative diagram

K+1 v K+1 =
Ha,c(Bx) > Hy  (Bp)

™

~ L

k+1
Ha (Ek)
k+1 . K+1 =
Ha,p(Ek) appears as a subquotient of H (Ek) . We remark

that by the commutative diagram from Poincaré& duality

k+1 = k+1 = 2(k+1) =

H (Ek) x H (Ek) - H (Ek)
WT lo T,f
k+1 k+1 2(k+1)

Hy (Ek) x H (Ek) - H_ (Ek)

we have Im y = (Ker p)l (orthogonal complement). This shows




that we could express the subquotient entirely in terms of p

H§+1(Ek) = p(Im ¢) = Im ¢/Im y N Ker p = (Ker p)l/(Ker p)l n Ker op.

These subguotients for all o € {(DR,1l,0} define a motive
by lemma 1.1 (applied twice), and the realizations of M(f)
give compatible substructures in all its realizations and so

again by lemma 1.1 define a motive, which we now can call M(f).

More explicitely: let H(M(f)) be the realizations of

k+1

M(f) in H (E then 0-1(H(M(f))) gives a motive by

k) ’
lemma 1.1, (Ker p)' n Ker p is a motive, and so p' (H(M(£)))/
(Ker p)l N Ker p is a motive, which we define to be M(f) .
For N = 1,2 one gets the motive M(f) from a motive
with bigger N' via taking the fixed part under a finite
subgroup of SLZ(ZZ/N'Z ) 1like in [D1] p. 158. This again

gives a motive, compare [DMOS] p. 206.

§2. The category of mixed realizations

The considerations of the previous section suggest to define
a category that contains the realizations of motives with all
their extra structures and that also covers the cohomology of
(smooth) non-proper varieties, which in general gives rise to
mixed structures. We do this by formalizing the properties of
the realizations and replacing the weight graduation of motives
by a weight filtration.

Let again k be a field, which is embeddable in ¢ , k

an algebraic closure of k , and G = Gal(k/k) .

2.1. Definition The category ggk of mixed realizations (for

absolute Hodge cycles) over k consists of families
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B = (HppeHy g Im,O’Il,a)l prime number
0: k==C¢
\ A ' \ ) \ 1 \ \ v \ v \ \E:\']ch

a) HDR is a finite-dimensional k-vector space with a de-

creasing filtration (Fn) (the Hodge filtration) and an

nez

increasing filtration <wm)m€2 (the weight filtration).

b) Hl is a finite-dimensional Ql—vector space with a con-

. —acti . . . .
tinuous Gk ction and an increasing filtration (wm)m€2

(the weight filtration), which is Gk-equivariant.

c) Hy is a mixed Q-Hodge structure, i.e., there is an in-

creasing filtration (Wm)mez (the weight filtration) on HO

and a decreasing filtration (F" (the Hodge filtration)

)nEZ

on H0 ®®¢ , which induces a Q-Hodge structure of weight m
W o_ - w _ P,q

on GrmH0 = meo/wm—1Hc , that is GrmHO ® C = 0_ HG

p+g=m

1 Al
with HE'Y = u¥'P ana FPor'n e c= o ®D 'Y |
o} m g ' o
P =p

d) Im,o : Ho ®Q¢ 2 HDR ek,oc is an isomorphism identifying

the filtrations induced by the Hodge filtrations (respectively,

the weight filtrations) on both sides.

e) 11,5 H, ®QQ1 - Hl , for o =0 x ¢ is an isomorphism

transforming the weight filtration of H; into the weight fil-

tration of H, , such that for p € G

1 k

- 5 1
1,5 -
/
H e@Ql p
~_
T~
Il,op ™~ &
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commutes.

The Im,0 and Il,B are called the comparison isomorphisms.

A morphism f: H - H' of mixed realizations is a family

(fDR’fl’fo)l prime number
0: kocC
where
A , . s
1.) fDR : HDR - HDR is k-linear and of degree zero for the

filtrations W and F

. s 1 _ . .
2.) f1 : Hl - Hl is a Ql linear Gk morphism which respects

the weight filtrations.

3.) f0 : Hy - Hé is a morphism of mixed Q)-Hodge structures,

i.e., compatible with the filtrations W and F .

4.) fDR'fl and f0 correspond under the comparison isomor-

phisms.

2.2. Remark Assuming 3.) and 4.) , we only have to require

? 1.)! fDR is k~-linear.

2.)" fl is a Ql—linear G, -morphism.

k

This follows from the properties of the comparison isomorphisms.

2.3. Proposition MR, is an abelian category.

Proof This is clear from the remark above and the fact that
mixed Hodge structures form an abelian category [D4]. In
particular the morphism fDR ' fl and f0 are strictly compatible
[D4]1(1.1.5) with the filtrations W and F , and kernels and
cokernels are the obvious. (componentwise) ones with the induced

filtrations and comparison isomorphisms.
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2.4. Remark Of course we could separately define categories
of 3e Rham realizations Hyp and l-adic realizations Hy
and then combine these with the category of mixed Q-Hodge
structures (containing the Hodge realizations Ho) . Note how-
ever that in general categories of vector spaces with filtrations

do not form abelian categories.

2.5. If H 1is a mixed realization, we define the subobject

WwHEMR by

W H = (W Hop W Hy  WHGT, 0 5,5 " '1,0,5
m m
where I OIW stands for the restriction
4
m

W H ®®¢ - meDR X, 0
of Iw,c and Il'akq is the restriction
m
W_H

m o QQl ~ m 1l

2.6. Definition i) A mixed realization H is pure of weight m,

if WmH = H and wm—1H =0 .

ii) The category of realizations Bk is the full subcategory

of ggk , whose objects are direct sums of pure realizations.

We see that in general any object H in Egk is a

successive extension of the pure realizations GrXH
H .
wm /wm—1H

2.7. There is a natural tensor law on ggk by defining

H® H' = H®H';I er' ,I —QI'

' 1
(HDRekHDR'HlteHl' 00 o' ®,0 w,0’ 1, 1, o)l 0,0

and taking the natural structures on the components, namely
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the induced filtrations (cf. [D4] 1.1.12)

W _(H ®H' ) = px W H ® W H'
m DR DR r+s=m r DR s DR
n P q
F (H ® H' ) = z F"H ® FH'
DR DR p+g=n DR DR

and similarly for the other realizations, and p € G acting

k
by p(x ® x') = px ® px' on Hl ® Hi . Furthermore, by taking
the natural commutativity and associativity constraints for

vector spaces it is clear, that MR, gets the structure of a

tensor category, cf. [DMOS] II 1.1, 1.2, with identity object

1= (k, @, @ ; 1dm’0 , ldl,E)
pure of weight zero (F%k = k , F1k = 0 , trivial action of

Gk on Ql r ® the unique (Q-Hodge structure of type (0,0) ,
the comparison isomorphisms induced by Q <= C Zox  and

Qe 0 =0,)

2.8. Definition For H, H' € MR

X define Hom(H,H') € MR

k

(the "internal Hom") by

a) Hpyp(Hom(H,H')) = Hom, (H ) with

1
DR'HDR

- P. p+
FnHomk(HDR'HBR) = {f|f(F Hpp) € F nHﬁR for all p} ,
p— ®
Wmﬂomk(HDR’HéR) = {flf(erDR) S W nHdr for all r} ,
L} — ' . - \
b) Hl(Hom(H,H )) = Homml(Hl,Hl) with Gk action
(p£) (h) = pf(p 'h) for o € G, and h € H and similar

k 17

weight filtration,

c) Ho(Hom(H,H')) = Homo(Ho,Hé) with the induced mixed Q-Hodge
structure, i.e., with Hodge and weight filtration like

above, cf. [D4] ,
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d) the obvious comparison isomorphisms induced by the ones

of H and H'

Then we have a natural (functorial) isomorphism

(2.9) Hom(T, Hom(H,H')) = Hom(T ® H , H')

2.10. For H € MR, define the set of absolute Hodge cycles of H by

r(H) = {(XDR,Xl:Xc)l’0€HDquHleHOIIm,0(x0) =Xpp

and I G(Xo) = X

1, 1 for all o:k—=C and G&:kKescC

i
. . o i
restricting to ¢ , xyp € F Hyo N WOHDR} . '

This is a finite-dimensional Q-vector space, as one sees by pro-

jection to one Hy; . Note that by properties d) and e) of

G
the comparison isomorphisms Xq € Hlk nwH and x_ €

ol g
FO(HO® © N WH  for x € I'(H) . From the definition of

Hom(H,H') we see

(2111) Hom(H,H') = T (Hom(H,H'))

In particular, (2.9) implies functorial isomorphisms
(2.12) Hom(T,Hom(H,H')) - Hom(T ® H,H')

for T,H,H' € ggk , i.e., the contravariant functor
T ~>Hom(T ® H,H') 1is represented by Hom(H,H'). With this

we easily obtain

2.13. Theorem ggk is a neutral Tannakian category over @
(see [SR] and [DMOS] II 2.19), namely a rigid abelian @-linear

tensor category with exact faithful @-linear tensor functors

(fibre functors)
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category of finite-

Ho : ﬁﬁk - YEEQ = dimensional Q-vector spaces
H HHO

for each o: k& C

The proof is routine and rather straightforward, as the
axioms of a Tannakian are modeled after the properties of
vector spaces and we are dealing with vector spaces (with some
additional structure), where all functorial maps are the ob-
vious ones. We only note that the dual H' of H € MBk
is given by

HY = Hom (H,1)

-1 Vv -1V
(Homk(HDRrk) lHole(Hl IQl) IHomQ(HOIQ ) H (Iw,o,) ’ (IlB) )1'0,,8

where (I;ZO)v and (Iijs)v are the transposes of I;jo and

1116 , respectively. H0 is exact, as kernels and cokernels are
4

taken componentwise, and faithful, as £f € Hom(H,H') 1is comple-

. . '
tely determined by f0 : Ho - Ho .

2.14. Remark There is a canonical isomorphism Hom(1,H) > T(H)
by f (fDR(1)’fl(1)'f0(1))l,0 , in particular T (H) # O if

and only if H contains the object 1 .

2.15. Proposition Ek is a (neutral) Tannakian subcategory

, which is closed under the formation of subquotients.

of MR,

Proof Obviously gk is closed under the formation of tensor
products and duals, and it contains the identity object 1 .
The exactness of the inclusion functor follows from the secbnd

statement, which we only have to prove for quotients, as the

case of subobjects follows by applying the exact functor

Hr>HY (twice). But quotients of pure objects are obviously
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pure, and the general case follows by induction, as for a
quotient H ® H' » H" of realizations H,H' € Bk with different

weights we must have Im H N Im H' = O

2.16. Definition There are natural base extension and re-

striction functors:

i) For an extension k <= k' of fields as above and H € MR

k
define the base extension H' =H x k' € MR, by
Al -— ] : . . .
a) HDR = HDR @kk with the induced filtrations,
1 = 1 1 1 i
b) Hl ResGk'Hl via the map Gk' - Gk given by an inclusion

k= k' of the algebraic closures extending k< k' (well
defined up to conjugacy in Gk) , with the same weight fil-
tration.

c) Hé. = HO for o' : k'= € and o = ¢' X 7 with the same

mixed Q-Hodge structure,

d) ;,o' = Iw,o for o' and o as above, via the canonical
' z
isomorphism HDR ek',o'c HDR ek’oc ,
[ - - . T pol e
e) Il,c' Il,o for o' : k' ¢ and o o' |g -

ii) For a finite extension k'/k define the restriction

p— 1 1
H =R, ,H of H' €MR by

a) HDR = HSR (restriction of scalars to k) with the same
filtrations,
G
b) H, = Ind X g , i.e., the representation induced from G, ,
1 Gy 1 k
to G, (we may assume k = k' and G+ € G) , with the
G =
weight filtration 1Ind k W _H!
Gk‘ m'l
c) Ho = & H; for o: k= € , with JO =
1€J0
{t: X' & ¢l T.k = 0} (direct sum of the mixed Q-Hodge
structures),
d I for o0: k<= ¢ 1is given by

®,g
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e I'
® H'e. ¢ ——% @ H'_® c=H'_ ®© ¢
€7 T°0Q ~ €3 DR k',T DR kLO
g o
via the canonical isomorphism k' @ c— o k' e , _C,
k,o 1€3 kthT
o
G
- ' k - . ' ' = ]
e) I, ;: @ HI8Q »Ind;" H{ = (f: G, > H{[f(p'p) = p'E(p)
T€J4 k
for all p' € Gk,} (with the Gk—action (of)(po) = f(ooo))
for 0 : k = k' & € with 5‘k = 0 and B!k,= o' 1is given
by
a = (a) ggqt £q 0 £500) = 17 5o-1(a5 =10

G

which lies in Inde

k'

Hi by property e) of the comparison

isomorphism.

2.17. Definition i) The Tate realization

(1) = k), (1), Q(1), idw,cﬂ),id (

1,0 1))l,cs,c-r

is pure of weight -2 with:

a) k(1) = k with Hodge filtration F°k(1) = O,F k(1) = k(1),

b) Ql(1) = ZZl(‘I) @z Ql ., where zzl (1) = lim u n and
1 n 1

u is the group of 1"-th roots of unity in k with the

1

natural Gk-action,

n

c) @(1) is the ®-Hodge structure 2%i @ , of Hodge type
(-1,-1) (for any o: k< C) ,
d) 14, (1) is induced by 2mi 0= ¢ &k ,
’

e) id; -(1) for 0 : k& ¢ 1is induced by
7
) , - -1 i
2mi m » (1), 2mit e (G (exp -2—’1';—" N, -

ii) For any mixed realization H and n € Z we let

H & 1(1® no
H(n) =
Hom (1(1)®™™,m) n<o ,

the n-fold Tate twist of H .
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2.18. Remarks i) Twisting shifts the weight by -2 so that

W (H(n)) = (W H) (n)

m+2n
ii) The above definition is compatible with the usual notion of
Tate objects and Tate twists in the category of l-adic repre-
sentations of Gk and the category of Hodge structures, see
[D3]. We also obtain a notion of Tate twists in the category

of de Rham realizations: H__(n) equals H as k-vector

DR DR

space whereas the Hodge filtration is FpHDR(n) = Fp+nHDR

With this we can write H(n) = (HDR(n),Hl(n),HO(n);Iw,o(n),Illa(n))-

The next two sections are very technical and not needed in
the sequel except partially in the proof of 4.7 e), so the reader

is advised to skip 2.19 and 2.20 on a first reading.

2.19. Autk(k') acts on T (H xkk') for H € ggk by
- 1
D(XDR'XI'XO) = (pXDR'pxl'XOD) for p € Autk(k Y where

p acts on Hpp ekk' via k' and on Hl via lifting to
p € Autk(ET) and the projection Aut, (k' note that

) -

k

Gk H
acts trivially on Xy for x

cal(k'/k') = G =

k’

(x Xy X)) € T(H x k'), If k' = k is an algebraic closure

DR’
of k , then the action of Gal(k/k) = G, on T(H xkE)

factorizes through a finite quotient, as the map T (H xki)a
HDR Qki is injective and the image of a basis of T (H xki)

lies in HDR @k k' for some finite extension k'/k . Obviously
G
k

T(H) » T(H x.k)

The above applies in particular to Hom(kak‘,kak‘) =

F(Hom(kak',kak')) = I'(Hom(H,K)x k') for H,K € MR, . Here
p— ] —_—
pf = (prR, pfl, fop) for p € Autk(k ) and f = (fDR'fl'fo) €
Hom(Hx, k' ,Kx k'), with (pf})(x) = pf (o 'x) for x € H,
and similar for f . , and one has Hom(H,K) = Homg (kai,kxkET.

k
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2.20. Proposition Let k' be a finite extension of k .

a) The base extension functor Ht»qukk' is left and right

adjoint to the restriction functor H‘w“ﬁRk,/kH' .

b) There are canonical functorial isomorphisms

(

WV v v ~ WV
Rk'/k(H ) = Rk'/kH') ;, H x kk' = (H xkk )

c) There is a canonical functorial isomorphism

T (R H') S T(H")

k'/k

for H' € MR,

d) There are functorial isomorphisms, H € MR

1)
X and H' € MR

k' :

s " [ ]

i) H ® Ry, ,H' = Rk,/k(kak @ H")
P 1 ~

ii) Hom(H,Rk,/kH ) = Rk'/k Hom(kak',H')
iii) Hom(Rk./kH',H) = Ry Hom (H' Hx k')

These isomorphisms - especially the first - will be called

the projection formulas; note that we obtain the familiar

form H @ @, H' = ¢, (0*H ® H') if we write Ry /g = ©x and
xkk' = @* for ¢: Spec k' - Spec k .
e) For the composition of the maps given by the left and

right adjointness in a) we have for H € Mgk and H' € ggk.:

. H S Ryt jy (H x k") 9 H is multiplication by [k' : k] ,
1 3 (Rl k' BHY is the identity.
In particular, H is canonically a direct factor of Rk,/k(kak'),
and H' 1is canonically a direct factor of (Rk,/kH')xkk' .
: K3 1] 1]

f) There is a natural action of Autk(k ) on Rk,/k(kak ).
If k'/k is a Galois extension, the map

) i ]
Ryt s (Hx k') Sus Rycr /y (Hx k')
is the trace under Autk(k') = Gal(k'/k) .

Proof The maps
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P
(Hx k") H' &—= (Rk,/k!-l')xkk'

i
(2.20.1) H &R
q j

k'/k

such that (i,p) give the left adjointness and (j,q) the

right adjointness of xkk' to Rk'/k are defined as follows:

1pR Ppr
————> 1] ) <—— 1 )
Hpr <€ Hpp &k Hop T  Hpp &k
9pR IpR
h —> hei1 a'*h' &4 h' @ a'
h-trk,/ka «—— h ® a h' —— (h' @ 1)o

where (h' @ 1)o denotes the projection of h' @ 1 to the sub- !
space of HI'JR Gkk‘ on which both k'-structures coincide - this is
the projection by the idempotent of k' ®kk' which gives a

section to the multiplication morphism k' ekk’ - k'

H) &= Ind * H) ] & 14 H
h —— f: pp» ph £(1) «——4 f£: Gk——*Hi
-1 Ph', 0€G, ,
T pf(p ) «—— £ Gk - Hl h' +—f: f(p) = o ¢G
peGk/Gk, r P X’
Cx

where the functor Ind(. is defined as in 2.16 ii)e), and
:k'

p € Gk/Gk' means choosing any system of representatives in

Gk for the cosets o - Gk' (the sum is independent of the
choice). Finally, for o¢': k' C , 0 = 0 K and
- . ' = i
Jy = {1: k' o ¢ | T,k o} we define
i Py
o o}
H & e H L — % H'
o T€ET g g j €3,
9 a Igt g
1 .. L}
h 7 M) res, hoo & (hT)TEJO
z h «— (h) h! —> (h!) +h',=h'
TeJo T T TEJG T TEJO g

h_; =0 for T#o0'.
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It is lengthy but easy to check that these maps are compatible

with the comparison isomorphisms, which are given as follows.

) .
For Rk'/k(H xkk ) + by 2.16 leo is given by

- 1]
(TE?] Ho) @ C —_— (HDR Okk )ek,cc h®a®c
lo;
| : I !
T€g *s0
e (Hee) —I——@ H__® C (h@t(a)+c)_ ,
r€J0 ) T€J0 DR "k,o T
and 1, 5 for 0 : ke ¢ with o' = 5,k, by
Cx
® (H e0,) - Ind H
T€J0 g 1 Gkl 1
a = (aT)T > fa: Gk - Hl
£.(p) = Il,Ep‘1(ao'p‘1) .
For H" = (Rk,/kH')xkk' , I;,o' is determined by the commutative
diagram
I;,o'
) ——e 1 1 A 1
(Teg HT) ® C e (HDR@kk ) @k',c'c , h' @ a' ®c
| 1'
\ wlc 1 1 1 L}
(Teg HI)®C — ' Hop @ o€ h' @ o'(a')c
o]
I S I
( rgJ et l
o
® (H!®C) ——> & H' ® (4 (h' ® o'(a')c). ,
€3, " reg DRK'T T

[of

. ' ' . e
where on the right side (HDR Okk )o Ok',o'm is mapped iso

. ' : "o :
morphically onto the factor HDR @k,,o,c, while Il,o is

o (M8 Q) - 1nd X w
TGJO
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(ap) ¢ a b "k 1

fa(o) =

o]
1

with the same notations as above.

Finally it is clear from the definitions (especially using

2.2) that the above maps respect all relevant structures like

filtrations, Galois action etc. . We now prove the claims of

the proposition.
a) Once and g

i,j.,p are proved to define morphisms of

mixed realizations, the defining properties of adjunction

morphisms may be checked in anyone of the realizations. For

example, the fact that the compositions
inkk' pkak'
' - ' 1 1
H xkk — (Rk,/k(kak ))xkk — L.y H xkk
ig ! R /P
k'/k ; . k'/k H' .
Rk'/k ey Rkv /k( (Rk'/kH )xkk ) —_— Rk,/kH

give the identities, is easily seen in the de Rham realization:

) 1 A )
HDR @kk s (HDR Gkk ) @kk ——-y HDR @kk
h ® a' > (h ® 1) @ a' Y¥—— (h ® 1)-a' = h @ a'
' — . ' ' '
and  Hpo - HDR ® k —_— Hlo
h! F——> h' ®1 ————  h':1 = h'
That the following compositions give the identities
: q '
R J “R H
] k'/k H' 1 1 k'/k 1
Ryr /xH — R (R B Xy k) — Ryr
Jkakl qukkl
' 1 ] - ]
H ox k —— (Rk,/k(kak ))x k — H x k',

can be checked in the Hodge realizations:

® H!
T€JO

( & HY

p€JO

b2

—— 1
> & H.
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h' [ ' = [
(i) (s ) ) ey T 6 )= ()
ag
I q_,
H, — ® H_ —2 H
1€J ¢
g
h P> (6 ). F—— Ihi_,=h

b) The first isomorphism is the special case H = lk in 4d)
iii), as lk' = 1k xkk' . The second follows from the more

general isomorphism

(2.20.2) Hom(H,K) x k' - Hom(H x k' ,K x k')
for H,K € M, which is obvious and also a formal consequence
(see [DMOS]IT 1.9) of the fact that HerwH x k' is a tensor

functor, by the obvious isomorphism

k")

(2.20.3) (H @ K) xkk' 2 (H xkk') ® (K x

k

which is given by

' -] 1 '
(H )@kké/v—“(H k)@k,(K @ k')

or ®x¥pr DR X pr®k

(x ® v) ® a'*b'<—— (x® a') ® (y ® b')

and the identity in the other realizations.

c) By 2.14, this is a special case of the adjunction; the map

is given by

L 1 ) ] 1]
(Xprr ¥17 Xgi)p g0 P (Xhpe X1 (XT)T€J0)1,0 .

d) It is easily checked that

i (2.20.3)
H 00 H' 3 0,0% (H B0 H') —— > ¢, (0*H 89*@,H') B ¢, (¢*H ® H')

is an isomorphism; for example
1 1] L 1 1 1 L 1
Hpr®xfpr  (Hpr®klipr) Ok’ 2 (Hpp € k'8, (Hyp@ k') » (Hpp0k")& Hipg

he h (h®h') @1 (h® 1) @ (h" ® 1) » (h® 1) ® h'
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is obviously an isomorphism. Writing R = Rk'/k we have

Hom (T, Hom (H,RH"') ) Hom (T,R Hom (Hxk',H'))
“1 [Nadjunction
Hom (T ® H,RH’') Hom (Txk',Hom(Hxk' ,H'))
INadjunction It
Hom ( (T ® H) xk' ,H') = Hom ((Txk') @ (Hxk') ,H')
(2.20.3)

for any T € MBk , which gives 1ii). Similarly, we have

Hom (T,Hom (RH' ,H)) Hom (T,R Hom(H',Hxk'))
Hl I\ adjunction
Hom (T © RH',H) Hom(T*k',ﬁgm(H',ka'))
o i
Hom(R((Txk') @ H') ,H) = Hom ((Txk') @ H', Hxk')
adjunction

for any T € mgk '

and therefore iii).

e) The first part is immediately clear from the definition
of the maps. For the second note that gk is a Q-linear cate-
gory and [k' : k] 1is invertible in Q@ .

f) Formally, the action of 1 € Autk(k') on ©,p* is given

by the adjunction id - (Spec 1), (Spec t1)* , inducing

0,0* » ¢, (Spec 1), (Spec T)*0* = 0, 0* . Explicitely,
, .
T Rk'/k(H xkk') - Rk'/k(H xkk ) 1is described by the maps
1 L] ) 1
HBR @kk - HDRGQkk p x® a'ev x® 1(a')
Ind " H, ~ Ind fH , £ "f: TE(p) = t£(t o)
’kv Gk, 1
PET, ¢ ez, ¢ PP pT P

where 1 also denotes a lifting in G, . With this, it follows

k

directly from the definitions that io g = T for

z
T€Gal (k'/k)
k'/k Galois. g.e.d.
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§3. The mixed realization of a smooth variety

Let k, k and Gk be as in the previous paragraphs and

o
let V be the categorv of smooth quasi-projective varieties

k
o)

over k . We want to construct functors Hn s Yk - Mﬁk for

its n-th realization

)

o
n € Z, associating to each U € V,

B(U) = (HD (0),HY () HO(U); I

DR ®,0'11,3'1,0,5

n _ N _ n Cons _
3.1. Let HDR(U) = HDR(U/k) = H (U (zariski-hyper

zar’QU/k)
cohomology of the de Rham complex). Fer the filtrations F and
W we follow Deligne's construction of mixed Hodge structures

[D4], we only have to show that everything is defined over k .

3.2. By Hironaka's result on resolution of singularities [Hir],

there exists a smooth projective variety X over k and an
open immersion Jj: U< X , such that Y = XNU (with the re-
duced subscheme structure) is the union of smooth divisors

Yi , 1=1,...,N , with normal crossings. Recall that this

means one of the following eauivalent conditions to hold
a) Each x € X has an affine open neighborhood V such that

V 1is étale over the affine space Ag , @ = dim X , via "coordi-

€ F(V,Ox) ,and vV NY is defined by XqeeeX, =0

ates" X,,...,X
nat 1’ ’ \YJ

d
for some O € v £ min(4,N) , i.e., is the pull-back of the

union of the VvV first coordinate hyperplanes in Ag .

b) If fi is a local equation for Yi at x € X and Jx =

(i€ {1,...,8hH | £, 1is not a unit at x} , then (fi)i€Jx is

part of a regular system of parameters at x

3.3. The sheaf Q;XY> of differentials with logarithmic poles
along Y is defined as the subsheaf of j*Q; generated over

0 by 91 and dlog j*Oa , where we write 01 and Q& for the

X X X
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1 1 . . .
sheaves Qx/k and QU/k of relative differentials, and

dlog f = %; for a unit £ . Then Q;<Y> is locally free, namely

for an open affine V 1like in 3.2a),Q;<Y>
dx1 dx

. ; )
with basis —;T P —;; ,dxv+1,.

IV is a free 0, -module

.#xy . By defining Bey> =

R Q;<Y>, and taking the differentials d to be the restrictions

of those for j*Qﬁ one obtains the logarithmic de Rham complex

QX<Y>

OX g Q;<Y> g Q§<Y> > L.

Its formation is compatible with base change in k and étale
base change in X .

3.4. Lemma The map Q§<Y> - j,92° induces isomorphisms in the

U
Zariski-hymercohomology

n . n PN n . n
H (X, 0e<Y>) 2 B (X,3,0;) 2 B (U,Q5) = Hpp(U)
Proof As Y is a divisor with normal crossing, j is affine,

and therefore

Rpj*Qg =0 for p > 0 and all q
This implies the second isomorphism.

The first isomorphism follows by base change from the
corresponding fact over € , which can be proved by analytic
methods, see [D3] II 3.14. One can also give a purely algebraic
proof along these lines, by replacing the considerations for a

polydisk by similar ones for the affine space Ad

K’ using the

criterion 3.2 a)

3.5. The weight filtration W on Q.<¥> is defined by
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(0] , m< O,
wmQ§<Y> = QE—mAQ$<Y> , 0€mc«<p
Q§<Y> , m>p .

L

The differentials d respect these subspaces, and so indeed

we get an increasing filtration of Qi<Y> by subcomplexes

v - - o - 0
W 2y<Y> (Note that W_, o, Wy Qg and Wg = Qo<¥>
when d = dim X) . For an integer m > 0 and indices

1 £ ip < iy < <dp £ N consider the map

EP ™™ —_ wmQ§<Y> ,

which is locally given by
dx, dx,
19 Im
ab— o A ” Aeee A ,

i1 i

where o is a holomorphic (p-m)-form and X5 is a local equation
for Yi' The induced map

Qg—m - erQ§<Y>

does not depend on the choice of the local equations X; » as

for other equations xi one has

*y
dx dx! d(x!
1 ’
8 i Y
X,
i
which is holomorphic. Also it factorizes through (bi i )*Q5Tm .,
1 m igedp
where b, i Yi i = Yi n...nYi < X 1is the closed
i e ! L . 1 m
immersion, as B A dxi and x; o are mapped to zero .
v v
We obtain an induced man
o i (1),0°T o oV oPeys
m m’* Y(m) m X !
where Y(m) = \;/ Y, ; 1s the disjoint union of the

i ...1
1 1 m
m-fold intersections of the Y1"”’YN B which is also the

< L..<i €
1£i,< <1m N
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normalization of Y™ = / Y, ; S X, and where
1€i,<...<i €N t1°ip
(m) ! m ()
im HE 4 - X 1is the canonical map (by definition Y = X).
3.6. Lemma The map of complexes
(3.6.1)  p° & (i ),0°,  [-m] - Grig:<y>
e m m’ * Y(m) m'X

is an isomorphism (recall that (K'[n])® = k1" for a complex

K").

Proof By criterion 3.2 a) and étale base change this need

only be checked for the case X = Ag with coordinates Xqree-Xg
and Y the union of the hyperplanes Yi = {xi = 0} for
i=1,...,v . By using the canonical decomposition of both sides

for products X = X, x X2 and Y = Y1 x X2 Ux, xv, (i.e.,

U =10, x UZ) as in [D2] II 3.6 one easily reduces to the
case d = 1 , where in the only interesting case m = 1. and
p = 1 we obviocusly have an isomorphism

(1040, = 9<¥>/0)

via the exact sequence

0 = Oy » Qu<¥>s  (1),0, = 0

corresponding to the exact sequence of k[x] -modules

0 -» k[x]dx » k[x] %? -k >0

This proof also works in characteristic p , while for
characteristic zero the lemma also follows from the corre-
sponding statement about analytic sheaves proved in [D3] II 3.6,

by using base extension to € and the GAGA principle, as the

pﬁ are linear.

3.7. Remark If (1)

is the canonical increasing filtration

Tn ne€Ez
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(compare [D4] (1.4.6.)) of a Z -qraded complex K~

T_K° : = e Kn—1 - Ker d - (o} - 0 - .
n n
. | L]
d d
K" _ - Kn 1 n-1 Kn n Kn+1 o Kn+2 - e,
. cov

we have TnQX<Y> < WnQX<_>

. n-1
TnQX<Y> : cee QX <Y> - Ker dn - 3/ - ...

. n-1 n 1 .n
anx<Y> : R QX <Y> - QX<Y> - QXAQX<Y>» .o

However, in contrast to the analytic case (see [D4] (3.1.8)),
the identity map (Qi<Y>,T) - (Q£<Y>,W) of the algebraic
complexes is not a quasi-isomorphism of filtered complexes in
general: Gr; Q§<Y> = Hn(Q£<Y>) is concentrated in dimension n
which is in general not true for Gr'i<¥> = (i ),2°, ,[-n]

- n X n Y(n)
(whereas the complex analytic version of the latter is concen-

trated in dimension n , quasi-isomorphic to (i ), € (n)[-n] ).
: Y

3.8. The "stupid"filtration (On)nez of Qi<Y> is given by

ofs<y> R N & - sz;” <¥> o ...
al |
Qu<Y> : e »Q;—1<Y> - Q;<Y> Q§+1<Y> S ..

3.9. Recall that for a decreasing biregular filtration (Pp)peﬂ
of a complex K° of sheaves on X there is an associated spectral
sequence for the hypercchomology ([D 4] (1.4.5.))

XY = P x ek - wPxxn)
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where the differentials d?’q are the connecting morphisms for

the short exact seacuences

+ . ). . .
0 -~ Grp 'k o FPr /PP 2k o GrgK -0

The filtration (Fp)Dezz on the limit term E" = }fI(X,K‘)

for which GrgEn = Eg,n—p , is given by
FPH" (x,K") = Im(H" (X,FPK") - H" (X,K"))

We apprly this to obtain the weight filtration and the Hodge

filtration on (u) = ®" (X,05<¥>)

n
HDR

3.10. Defintion The Hodge filtration F on HBR(U) is the

filtration induced by the spectral sequence
p,9 _ Ptq Pq- p+g .
(3.10.1) FE1 H (X,GrOQX<Y>) > H (X,QX<Y>)

associated to the filtration (on) i.e.,

nez '

FPm" (X,Qy<Y>) = Im(H" (X,'JPQ}'(<Y>) > " (X,95<Y>)) .

By the isomorphism of complexes

Pq- = P _
(3.10.2) Gron<Y> = QX<Y>[ pl

(where a sheaf K 1is identified with the complex K° such that

K° =K and k' =0 for i % 0) the spectral sequence can be

written as

(3.10.3) P9

q p p+q .
FE1 H (X,QX<Y>) = H (X,QX<Y>)

We also can appnly 3.9 to the increasing filtration W , by passing

to the decreasing filtration W' = w_n)nez and translating

back, but in addition there is a shift involved.

n
DR

tained from the filtration W' induced by the spectral sequence

3.11. Definition The weight filtration W on H__(U) is ob-
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&P,q  _ q,pta W p+q .
(3.11.1) LB} H (X,Gr_pQX<Y>) = M (X, Qg<¥>)

of the filtration W of Qi<¥> by an n-fold shift: W =

w'[nJ , i.e.,

w_ . H" (X,0q<Y>) = Im(H" (X,w S H" (X,05<¥>))

n+k k

3.12. By the isomorphism (3.6.1)

. W, ~ . . _
pp t GrpQo<y> = (lm)*QY(m)[ m]
and the fact that im is finite and therefore induces an iso-

morphism in Zariski hypercohomolgy, we have an isomorphism

(-p)’

i

(3.12.1) mP*d (X,Grv_qpﬂ)'(<Y>) T p2P+a (y(-P) o
Y

(there is a misprint in [D4](3.2.4.1)). On both sides there
are natural filtrations F which differ by a shift; in fact
the isomorphism p& is an isomorphism of filtered complexes,
if one takes the filtration induced by o¢ on the left side

and the filtration U(Y(m)ﬂ-nd obtained by shifting

(ol-m1* = 6*™)  from the stupid filtration of Q.(m) . Thus
Y
we can rewrite the spectral sequence (3.11.1) as
~ 2 -
(3.12.2) _EPr9 - °P*a (y(-p) - ) (p) = HPYY (x,0:<v>)
w1 Y(-0) X

which is compatible with the Hodge filtrations of X and the

Y(-p) , if (p) 4indicates the shift of the filtration as in

2.18: A(m) = A as abelian group, with filtration FP(A(m) =

Fp+mA It is convenient to renumber wE?’q = WE§p+q,—p to

write the spectral sequence as

(3.12.3) BP9 - mP (v{D o0 ) (-@) = mPYY (x,00<v5) .
wWT2 Y(q) X

3.13. The filtrations F and W on HSR(U) are independent

of the particular choice of X and are functorial in U ,
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as one sees like in [D4] (3.2.11). This gives the de Rham reali-

zation of U

3.14. For the l-adic realization we let

n _ ,n =
Hl(U) = Het(U xkk,Ql)
(étale cohomology), with the action of p € Gk induced via
functoriality from kaﬁ id,xe xki . Let W' be the in-

creasing filtration induced by the Leray spectral sequence

p,a _ ,P e by P+ = +
(3.14.1) E3'" = Ho, (X x kK, R%3,0)) = Hf iy « k.0 = gP*q

k

s p— 1 n 1] n 1] - : w’ n =
i.e., O = w_1E c on S ... c wnE E with Grq E

E:-q,q . Then the weight filtration W of H?(U) is de-
fined as W'[n] , i.e., O = L

-1
with Gr:+kEn = E:-k’k . It is independent of X and functorial

n n _
E'c WE'c ... cW,E =E

by 3.18 below and the analogous result for Hy(U) ([D4](3.2.11)).

3.15. For oJ: k< C we let

H (U x

[}

He (V) T, )

k,o

(singular cohomology or analvtic sheaf cohomology) with the
mixed Q-Hodge structure defined by Deligne [D4] for the smooth

variety oU = U *x OC over € . If oX = X x
r

(m)

k'0¢ and simi-

larly for Y , Y etc., then by definition the weight filtration

W is obtained as in 3.14. from the Leray spectral sequence

(3.15.1)  EY'Y = wP(ox,rY,0) - P ou,0) ,

and the Hodge filtration F on Hn(cU,Q) ® € is just the one
given by the Hodge filtration F on HSR(aUan) (analytic de Rham
cohomology of the complex analytic space ann associated to gU)

via the isomorphism
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n an -
)

,Q

(3.15.2)  H'(0U,Q) 8C = H
> ou

_,n an
(oU = Hpp (U™

induced from the gquasi-isomorphism ¢ -+ Q° an ° This Hodge
ou

filtration is defined in the same way as the algebraic Hodge
filtration F defined above and compatible with it under the

GAGA isomorphism
n an n
(3.15.3) HDR(OU ) = HDR(OU/G)

with the algebraic de Rham cohomology.

3.16. Combining these isomorphisms with the base change iso-

morphism

n n
(3.16.1) HDR(OU/Q) 2 HDR(U/k) Gk,oc ’

we obtain the comparison isomorphism

= T T
(3.16.2) I =1 0(U) s HO(U)® C - HDR(U)Q

o ko€ -

As mentioned, I_ 5 respects the Hodge filtration, and it re-
’
spects the weight filtration by the canonical isomorphism of

spectral sequences (compare [D4] (3.1.7), (3.1.8))

1P (ox,Rr%j,0) - - #P*9%0u,0)
b S~
™~
m° (oxan,qrzﬂ(;xan<oYan>) - mPYd (axa“,nc;xan<oya">) > Hggq(o(}an)
GAGA J/z GAGA lﬁ GAGAlZ
®P (ox, gr‘;’ Q. (<0Y>) - BP9 (ox,0 <o¥>) » 8P (ou) .

The first isomorphism follows from the quasi-isomorphisms

(" , <o¥?™> W) PLITR an<ova">,r) “ (5,0°

oX oX aU

an’T)
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of filtered complexes, as the quasi-isomorphism € - Q an in-
ouU

duces an isomorphism

rY la) = K (9,2 )

. ~ T. o
SR Gqu*Q an an

ou oUu

3.17. The latter combined with the quasi-isomorphisms

Grga' <o¥®™>[q) » (i),0°

: oxan q (oY(q)

an < lig)aC

)

gives an isomorphism of analytic sheaves
(3.17.1) RYLE 2 (1),0

Deligne shows in [D4] (3.1.9) that this induces an isomorphism

an

3.17.2 d
( ) q

rRY5,0 - (1) 4@ (-a)

of Q-structures, where Q(-q) = Q - (2ﬂi)_q < € . This and the
considerations in [D4] (3.2.7) - (3.2.10) show that we have

a spectral sequence
(3.17.3) o= 8P (oD ,0) (-.q) = #PYI(ou,0)

of mixed ®-Hodge structures, whose complexification can be

identified with the spectral sequence (3.12.3)

)

P/q _ P (q _ p+q . _yP*q
sz = HY (oY 0 ))( a) = H© (oX,QOX<0Y>)—HDR (aU)

ov (@
via the comparison isomornhisms for o©U and those of GY(q)

(regarding the (2mi) 9)

_ _ n .| n - = .
3.18. Il,c = II,G(U) 'HO(U)®Q1 = Hl(U) for O0:k == C is de-
fined to be the composition of the canonical comparison iso-

morphism between complex and étale cohomology
n n
(3.18.1) H (OU,QI) nd Het(GU,Ql)

with the isomorphisms
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(3.18.2) B (oU,@)) = 8% (oU,®) 8,0,
n o* _.n - _..n
(3.18.3) Het(U xk'oc,Ql) < Het(U xkk,Ql)-Hl(U)
For pE Gk we have Elk =0 = ap X and therefore a commutative
diagram
n n o* n =
11,0 H (OU,Ql) - Het(GU,Ql) — Het(kak,@l)
I - :  ®Bou,0) - EY (ou,00) 0% ¥ (ux R0
1l,0p0° =1 ~ et "1 et k1t

I, 5 respects the weight filtrations as there is an isomorphism
!’

of spectral sequences
P9 _ 4P g, p+q
E Het(ax,R ]*Ql) = Hoy (cU,Ql)
; ;
gR’? = HP(OX,qu*Q) ® Ql = Hp+q(0U'Q) @Ql !

by the comparison theorem between complex and étale cohomology
for constructible sheaves, see [SGA 4] XV 4 . Note that qu*Ql

is constructible by [SGA 4] xv 5.1

3.19. Definition The mixed realization Hn(U) of a smooth

quasi-projective variety U over k is
n _ n n n . -

H(0) = (Hpp(U) Hy(U) B0 I, o0y S0y Lrine
gtk C

o:ke—>cC

where HSR(U) is defined by 3.1, 3.10 and 3.11, H]'(U) by

3.14, Hg(u) by 3.15 , I by 3.16 and I, - by 3.18

®, 0 1,0

Clearly, this assignment is functorial, so we get the desired
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functors (n € Z)

G MR
. ->
DA LN

U m>HT(U)

In the following we write U, j etc. for the base extensions

U xkk ! xidi etc.

3.20. Proposition There are canonical isomorphisms of l-adic

sheaves

(3.20.1) ¢§t : R¥,0; 2 (.0 ()

such that via these the snectral sequence (3.14.1) giving the

weight filtration on H?(U) can be identified with

P/ad _ 4P q) - ptq %
(3.20.2) sz Het(Y ,Ql)( q) = Het (U,Ql)

(note that the fq are acyclic for the é&tale cohomology),

where the differentials

P,9 | LP (q) o) » wyPt2 y(a-1) ey
ay’ s HO (Y75 ,00) (=q) = H_ “(Y ¢+ Q) (=g-1)

are given as follows: Let
(30, = uE (v Do) (- » w22 1T ) (mae)

be the Gysin morphism induced by the closed immersions
] 4 - Y.

N
3 i1 S § i, e il o oald

Then dg'q =

1 ™M.Q

(-1)3'(33.)*

j=1

Proof we closely follcw the arguments of Rapoport and zink in [RZ] §2. Let

+1 .
6§ L y(TFD L (0 , 1 £ 3 <r+1 , be the map induced by

the inclusions

Y. N...n Y, «— Y N...N
1 freq

<>

n...Nn Yi
J r+1
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< 3 3 < =
for 1 = i, < ... < 1r+1 N . Then we have aréj ar+1 ’

where a_ : Y -+ Y 1is the canonical map. By adjunction

we get functorial morphisms

(6?)*(6];)!1? - F

(r)

for any étale sheaf on Y , and therefore morphisms

9. + (

! !
3 ar+1)*(ar+1) F= (ar)*(ar) F

for any sheaf F on Y .

3.20.3. Lemma If I is injective on Y , then
' 9 ! !
NN *(ar+1)*(ar+1) I-> (ar)*(ar) I»...»(a1)*(a1) I-I->0

is exact, where 3 = z(-1)Jaj
Proof As in [RZ] Lemma 2.5.

Now let I° be an injective resolution of the constant

sheaf ml on X . There is an exact sequence

(3.20.4) 0= 1,i'I">1I" = 3,3*1" >0 .

-1
By applying the above lemma to 1i°'I° and by (3.20.4) we

get a resolution (note im =1 am)

T = . T - . .
(3.20.5) ...*(im)*(im) I" > ... *(11)*(11) I"->I =~

- 5*3*1' -0 .

The total complex sC°° associated to the double complex
T T ! P e
I € -1
(1_qk(1_q) q
Cplq =
o q=0,
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with the differentials induced from (3.20.5) , is therefore

quasi-isomorphic to 3*5*1' .
- 1
Now (iq)'I' = I{(iq)‘Ql is quasi-isomorphic to
Ql(—q)[-Zq] by purity, therefore C°° 1is quasi-isomorphic

to the following double complex C°

00 c1.0 c2:0 3.0 c4:0 050
o 0 2 Ve 3 ctt e
o o o o 2 e P2
P,q
As C =0 for p+ 29 < O , we have
ppsc =8 cP9 5 e P9 s sTT
q=-r p+g<r i

T, the canonical and Br the second (increasing) filtration

of s C°° .

3.20.6. Lemma (s C"° , T) ig (s C°" , B) 1is a guasi-iso-

morphism of filtered complexes.

Proof As in [R2] Lemma 2.7.

This induces quasi-isomorphisms

qu*Ql - (Grf 3.3*1) [a)

+ (6rg s T LAl = ((iq)*iél’[q])[q]

- =1 -
(iq)*m iq@l[Zq] - (1q)*Ql(-q)

and therefore the wanted isomorphisms ¢et . Furthermore, the
Leray spectral sequence (3.14.1) can - up to renumbering
gg,q = E§p+q,-p - be identified with the spectral sequence for

the second filtration, where the differentials
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3P, q
d1

: m4(x,c' Py » mI (x,c Pt

are induced by the morphism c'P 5 C”p+1 . as mI(X,c'P)

n

- - - 1 ~ - -
HY (X, (I_ )R i) e) = Ha (X, (1_)) 40, (p) [2p])

T g2Pta(y _p),Ql)(—p) , we see that dg'q is induced by

S a=z(—1)jaj } o
(iq)*(iq) I _—_— (iq-1)*(iq~1) I
T Ty _ T Ty !
Via the quasi-isomorphisms (lr)*(lr) I° = (1r)*ﬁi(1r) Ql

- (Ir)*Ql(-r)[-2r] this gives the alternating sum of the

Gysin morphisms as claimed, as iq = 6?_1iq_1 , and the Gysin
(r+1)

)

morphism for é§ HE 4 is given by the guasi-isomor-

phism

(5?),@1(—1)[-2] - (6_§>*JR @)’Ql
followed by the adjunction

(;’J.E)*m (}J?) ‘o, » 0,

In more down to earth terms: if J° is an injective resolution

of Ql on Y(r) then the Gysin morphism is given by the

isomorphism
2,1, !
Ql(-1) 2 R (6j) @
the quasi-isomorphism
2, e, v 2 T Tt
R (6j) Ql =H ((6j) J°) - (6j) Jg'lz1,
and the canonical map
PPN .
(6j)*(6j) J' =»J .

In cohomology this corresponds to

P, (r) _ ~ P, ,(x) 2,.r

HY (Y ’ Ql( 1)) = H (Y » R (éj) Ql)
~ _p+2 (r) can p+2,,(x)
—Hy(r+1)(Y Q) H (Y ,Ql) ’

(the second isomorphism from the spectral sequence for
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> 1
(65)°), at least for r # O . For r =0 , i.e., Y(O) = X

(0) is not a closed immersion, and one has to re-

(D]

the map 6

strict to the Y, c ¥

3.21. Lemma a) The differentials dg,q in the spectral se-
quences (3.12.3) and (3.17.3) are given as alternating sums
of Gysin morphisms as in proposition 3.20.

b) The isomorphism (3.17.2) of analytic sheaves

an |

%q

R3(09) 4,0 > (01) 42(-q)

corresponds to ¢Zt

via the comparison isomorphism for con-
" structible (smooth) sheaves for the étale and the complex ana-
lytic topology [SGA 4] XVI 4.1,

c) There are canonical isomorphisms of spectral sequences

P9 _ 4P q) _ pP+q =
ES = HZ (Y @) (=q) = H  ~(0,0)
z‘a* 25*
P9 _ 4P (q) - p+q
Ez' = Hg, (oY 1@y) (=q) - H (OU,Ql)

i i

B P 0-q1) o0, = H'Gu,0) e 0

p.
E3 1
given by the comparison isomorphism between complex and étale
cohomology, which correspond to the isomorphisms of the Leray

spectral sequences via the isomorphisms ¢§t and ¢3n.

Proof a) seems to be well-known, though I could not find a good
reference. The claim for the de Rham cohomology can be checked
via the definition of the isomorphism (3.6.1) and the explicit
formula for the Gysin morphism given in [Ber] VI 3.1.3. This im-

plies the claim for the singular cohomology, as Gysin morphisms
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correspond under the comparison isomorphisms.

Another approach and probably the most natural proof of b)
is given by the observation that the whole construction in the
proof of lemma 3.20 can be carried out for analytic sheaves
on ox®" . Then we get isomorphisms

wg“ : RI(03),0 2 (01),0(-q)
and a canonical spectral sequence

(3.21.1) Eg’q = 1P (0v'?,0) (-q) = #P I (0u, Q)

which is isomorphic to the Leray spectral sequence for o¢j , and
where the differentials dg’qarealternating sums of Gysin
morphisms as in lemma 3.20. Moreover, after tensoring with Ql
and applying the functor €* associating to each étale sheaf
the corresponding complex analytic sheaf (see [SGA 4] XVI 4.1;
strictly speaking, we have to consider #Z/ 1"Z -sheaves and
then pass to limits and Ql-"sheaves"), we can compare the whole
process on each step with the étale construction via the canoni-
cal base change morphisms. As these give isomorphisms for con-
structible sheaves and as ¢€* is exact, we see that '¢3n and
et

¢c are compatible under the comparison isomorphism, i.e.,

; et
c*d

t q et
)*Ql —_— E"‘(dlq )*Ql("q)

e*Rq(oje

base change |[ [ | base change

an

L
.an "o

1, .a
RY(03%M) .0 —2—> (017" ,@; (-a)

is commutative, and there is an isomorphism between the spectral
sequences (3.20.2) and (3.21.1) ® Ql via the comparison (base
change) isomorphisms.

\,an _ ,an
¢q ¢q

It remains to prove . There is an isomorphism



42

an)

an
q )

1

(oi L — %(oi «0

depending on the fixed ordering of the Yj , and a canonical

isomorphism

q._.an

a 4
R(037 )4® 2 AR (603%™

*Q

given by the cup-product (compare [D4] 3.1). Both ¢gn and
'¢Zn are compatible with these isomorphisms, so we only have
to show '¢?n = ¢?n . The question is local, and we can replace

0X by an open polycylinder pd , with D = {z€c| lz] < 1}

’

v

and suppose that oY = \_/ ch with ch = prj (0) such
g-v 31

x D

that o0 = (D7)" , with D" = D~{O} . Then the fibre

at O of Rq(ojan)*Q is isomorphic to Hq(cU,Q) , and by de-
finition (du?n)_1 maps the class of oY, in the fibre of
(ci?n)*Q at O to the class of i;; in H1(OU,Q)(1) , where
xj are the canonical coordinates inJ Dd . In the same setting,

the canonical generator of

2
Hoyj(GX,Q)(1)

is the image under the connecting morphism

~

Q

2

Sy (9X,@ (1)

H1(0X\0Yj,Q)(1)-:+H
J

of the canonical generator aj of

H1(GX\OYj,Q'2ﬂi) = Hom(n1(oX\on),Q-2ni)

which sends the generating path Yj around oY, which has
J

positive orientation (w.r.t. the orientation of ox given by
the choice of i =+/-1) to 2mi . Now '¢?n sends the class

of GYj to the image of aj under the restriction map

H1(0X\0Yj,Q(1)) - H'(0U,@(1)) ,

and as

dx.
J’ —xl = 2mi

]
Y5
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dx.
we see that this image coincides with the class of —;l , i.e.,

j
we have shown '¢?n = ¢?n

3.22. From the above it is clear that we have a spectral se-

quence of realizations
+
3.22.1) 2B T - WPy V) (—q) = wP*(u)

giving the weight filtration on the realization attached to
U , where the differentials dg'q are given by alternating

sums of Gysin morphisms. In particular, Gr:+k Hn(U) is iso-

morphic to asubouotient of Hn_k(Y(k))(-k) , namely to
Ker dg-k’k/lm dg—k—Z,k+1 , as the spectral sequence (3.22.1)

degenerates at the E3—terms. The latter has only to be proved
for one realization, and is proved for the Hodge realization

by Deligne [D4] (3.2.13).

§4. The category of mixed motives

With the notations of the previous section we define the

functor

o]
H: !k - MR,

by H(U) = & Hn(U) for U smooth quasi-projective over k
N
n=0

4.1. Definition The category Mﬂk of mixed motives (for
absolute Hodge cycles) over k 1is the Tannakian subcategory

of ggk generated by the image of H .

4.2. Proposition A mixed realization H € MR,

if and only if it is a subquotient of H(U) ® H(V)' =

is a mixed motive




Hom(H (V) ,H(U)) for

and V over k

Proof a) We first
quotients. Let U,V
1) BN € My

of an idempotent in

as
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some smooth quasi-projective varieties U

show that MM

€ V.

o]
-k

" contains all these sub-

and n € Z .

a direct factor of H(U) , i.e., as kernel

End (H(U))

ii) men(U) € MM, for all m € Z Dby induction on m : for

n _ 4N n . . n _
m>>0 WH (U) = H (U) , and W H (U) Eggk implies W18 () =

n W.n W.n
Ker(me (u) - GrmH (u)) Eygk , as Grmﬁ (U) Eyﬁk for all m by

3.22 and lemma 1.1: By 3.22 GrﬁHn(U) is isomorphic to a sub-

'
quotient of H" (Y)(n")

for some smooth projective variety Y

over k and some n',n" €%, and we can reformulate lemma 1.1

in the language of realizations:

4.3. Lemma If Y

is smooth projective over k

, then any

subguotient of Hn(Y)(r) , n,r € Z , is a direct factor.

1
So erﬂn(u) is a direct factor of H" (¥Y) (n") , which is a

mixed motive by the following remark.

iii) If HE MM,

then

H(r) € MM, for all r € Z

In fact, 1(-1) 1is canonically isomorphic to HZ(]P1 ) , and

ggk is closed under formation of tensor products and duals.

iv) By the last argument also Wm(Hn(V)v) = (w_mHn(V))V € MM

and so Wm(H(U) ® H(V)

Yy

—k

€ MM for all m € Z

—k

v) If HcH_ =H(U) @H(V)' we show HE MM by induction

—k

over the number of m € Z with erH # 0. Let m=

max {n€z | GrZH # 0 } and consider the cartesian square

Y

Hl

nt

H

W
—_— GrmH

ni

2]
Emm—— GrmHo
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w \) . . . . .
Then the quotient GrmHO/GrmH is in ggl , as it is a direct
W
factor of GrmHO € MMk by lemma 1.1 or rather 4.3. Namely

1]
GrIVg‘Ho is a subquotient of H" (Y)(n") for some smooth

projective Y and n',n" € Z by the same arguments as in ii),

n v 2dimY2-n
as H (Y,) «H (Y,) (dim ¥,) by Poincaré duality,
n n n,+n
H'(v,) on 2(Y2) cH ! 2y« Y,) by the Kiinneth formula,
B (v )(-1) ¢ BM (v xp) and H"(vpe HM(v) T v (yuv,) for

smooth projective varieties Y, and ni€ z .
Therefore H' € MM, , as it is the kernel of the map
W, W, . . : .
WmHO - GrmHO/GrmH . By induction W ._4H is in gﬁk , and from

the commutative exact diagram

=
J |

- ' T — . .
we see that H = Ker(H' - H = wm-1Ho/wm-1H) is in MM, .

R - ' W _—
0 - W _.H - —— GIH — 0
0 —— W _,H —— ———> Gri - 0

b) Now we have to show that the full subcategory consisting

o
of all subguotients of H(U) @ H(V)V for U and V € Yk is
a Tannakian subcategory of Mgk

i) Let B/A be a subquotient of H € MR, ,
B'/A' a subquotient of H' € MR , A' c B' c H' . Then

AcBcH, and
B/A ® B'/A' is (isomorphic to) a subquotient of H ® H' , via
the canonical isomorphism

B ® B' - B
/neB' +A ®B ~ /n® " I

1) (H(U)) ® H(V))") ®(H(U,) ® H(V,)") is isomorphic to

v v v
H(U1 x U2) ® H(V1 x V2) = H(U1)9 H(Uz) ® H(V1) ® H(VZ) .
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iii) If B/A 1is a subquotient of H € ggk , then
(B/a)Y = aY/BY is a subquotient of H' , and (H(U) & H(V)")V

ZaWw e 1Y

Now the full subcategory of MBk formed by the above sub-
quotients is obviously abelian, and the above remarks show that
it is closed under formation of tensor products and duals.

Finally it contains the identity object 1 € MR_ , which can

k
be identified with H(Spec k) , so it is indeed a Tannakian

subcategory of MBk . g.e.d.

4.4. Theorem a) The functor H: M - Bk which to any motive

(for absolute Hodge cycles) over k associates its realization,

is a fully faithful tensor functor and identifies &k with the

full subcategory Mﬁ of gﬂk ; whose objects are direct sums
of pure realizations, i.e., with the categorial intersection

MMy N R in MRy

and V

o
b) If V v, are the categories of smooth projective

k
and smooth quasi-projective varieties, respectively, we have a

commutative diagram of functors

J/
|<o
~

o
N
«—
o
<
~
6___
o

|
,.,i

M H
M —

[
~

where < means a fully faithful functor giving an embedding
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of a subcategory which is closed under formation of subquotients,
and where = means an equivalence of categories.

c) If we identify gk with its image Mﬁ under H , which

we will always do from now on, then the category Mk of motives
is also the Tannakian subcategory of ggk which is generated

by the image of

H zk : yk - ggk .

d) H € MR is a motive if and only if it is a subquotient
of H(X)(r) for some smooth projective variety X over k
and some r € Z . It is then also a direct summand of

H(X) (r)

Proof a) and 4d): H: Mk - ggk is the unique functor making
the left triangle in the diagram of b) commutative, and it
was already mentioned that it is fully faithful (compare
[DMOS] II 6.7 g)). The constraints of the tensor category ﬂk
are just choosen in such a way (passing from"false motives"
to "true motives", see [DMOS] II p. 203) that H becomes a
tensor functor.

For a motive M over k , the realization H(M) is a
direct factor of H(X)(r) for some smooth projective X/k and
some r € Z , compare [DMOS] II 6.7 b) . In particular, H(M)

is a sum of pure realizations, i.e., lies in Ry and it is of

the form stated in d) . Furthermore we have
H(x) ® B2 (@' )®!T! r €0
H(X) (r) =
Hx) @ @2 (@)% 5o,

so H(X)(r) and therefore also H(M) 1lies in MM Conversely,
any subguotient of H(X)(r) "is" a motive by lemma 1.1/4.3, which

shows d.).
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Finally, let H be an object of MM, N R

k k
subquotient B/A for A < B < H(U) ® H(V)V , where U, V are

, given as a

smooth guasi-projective over k . By assumption,

B/A = @ Grﬁ(B/A) ; SO we only have to show Grﬁ(B/A) € H(M)

for alTez; € Z . But Grz(B/A) is a subquotient of

crl (1(0) ® H(VY) = o Grll H(V) ® GrgH(V)V so by using 4.3

as before, we only hgvg_ﬁo show that er(H(U) @ H(V)') € H(gk)

for all m € Z , i.e., that Grg H(U) €M for all smooth quasi-
projective U/k as My is closed under formation of tensor
products and duals, and Grg(H(V)V) = (Gr‘fq(ﬁ(vn" . Choosing

X 2 U smooth projective and Y = &ﬁ} Yi as in section 3 ,

we obtain that GrzH(U) is a direé;1sum of the Grgﬂn(u) ’

and by 3.22 that Gran(U) is a subquotient of HZn—p(Y(p—n))(_p+n)
and therefore a motive by lemma 4.3.

b) and c): Let gﬂ be the Tannakian subcategory generated by

the image of H: Yk - ygk . Then gﬂ contains every direct

summand of H(X)(r) for X € Yk and r€%Z , and so it contains

gk . The other inclusion follows from the fact that Mi is a
Tannakian subcategory. Ek G»ggk is closed w.r.t. subquotients

by 2.15, the corresponding statement for ﬂk:_’ﬂgk is equivalent
to lemma 1.1/4.3, for ggkc—»MRk it follows from 4.2 and the
rest is clear.

4.5. Remark In the proof we have seen, that for any mixed motive
N the subobjects me are mixed motives and the subquotients

W
GrmN are motives. In particular, any mixed motive is a successive

extension of motives, and the spectral sequence (3.22.1)

P.q
G2 = HP D)y gy o Py

is a spectral sequence of mixed motives.
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4.6 By a basic theorem on Tannakian categories, the neutral
Tannakian cateqories Mk and ggk are equivalent to the cate-
gories of representations of certain pro-algebraic groups over Q.
These arise as automorphism groups of the fibre functors giving

a neutralization: For an embedding o¢: k< C let MG(c) be

the automorphism group of the fibre functor

Hy, : MM~ Vecy

given by the restriction of H0 : MR, - Vecl (see 2.13) , and

G(o) the automorphism group of the restriction

Ho : gk 4 Vec[ .

If Rep G denotes the category of (finite dimensional) algebraic
representations of a pro-algebraic group G/® , we have equi-

valences of tensor categories

M, > Rep G(o)

MM, 5 Rep MG(o) ,

and the inclusion M < MM corresponds to a morphism of pro-
algebraic groups Y: MG(o) - G(o) , see [SR] . The inclusion
of the category gﬁ of Artin motives (see [DMOS] II 6.17) in

gk and ggk gives morphisms w: G(0) - G and Mm : MG(o) - G

k k'
as gi 2 Rep G (loc. cit.). Finally, the base extension functor

MR, - MRy (see 2.16 i)) induces base extension functors

- - 3 ] [=3 ]
Mk - Lk and Mﬂk - gﬁk , as canonically H(U)xk]< H(U xkk )
for a smooth cuasi-projective variety U over k and a field
extension k'/k . Thus we get homomorphisms i Go(o) -+ G(0)

and Mi : MG®(0) » MG(0) , where G°(0) = G(3) = Aute(HalM_) and
— Mg

o _ = _ ®

MG (0) = MG(0) = Aut (H°|Mﬁi)

the fibre functor Hs on gi and !ME respectively, for some

are the automorphism groups of

embedding 0 : kS ¢ with B'k =0 .

| um.-amuomek’
Regonehirg |

e o
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4.7. Theorem a) V¥

b) Via v , G(o)

quotient of MG(0) ; the kernel

pro-unipotent.

is an epimorphism,

i.e., faithfully flat.

is identified with the maximal pro-reductive

U(o) of ¢ is connected and

c) With the above notations (involving a choice of ¢ kes ¢
with 8lk = 0) there is a commutative exact diagram of pro-
algebraic groups
U(o) —_—— U(o)
1T — 5 M) M5 me(o) " 6, > 1
J v ll
o, i > s
1 —— G (o) _— G(o) — G —> 1

d) 6°(0) and MG°(0)

of G(o) and MG(o)
reductive quotient of MGO(c)
T€Gk

as functors on MM- ,

k
M-

e) For any
and HEI

the restrictions to

f) For any prime 1 , there are
phisms sp; : G _ - G(0) (@) and
and

Tospy = id , Mro Mspl = id

g) There is a canonical section

, respectively.

;) = Hom® (u,m

and T

are connected and the identity components

GO(O) is the maximal pro-

81) . regarding HE
-1 ®
(T) = Hom (H(_!'HC-ST) for

canonical continuous homomor-

Msp,: G_ - MG(0) (@) with

1% %k
spl = \boMSpl

Z: G(o) = MG(o) of v ,

corresponding to the semi-simplification functor

s-s we > %
N P @ Gry N
me€Z
One has MmoXf =7 , and I °spy = Msp1 for any 1

Pictorially:
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Mm
- — - - k
Msp1

MG (0)

(4.7.1) vz

G(o) —=——2 G

is commutative in all ways with equi-directed horizontal maps.

Proof a) ¥ is faithfully flat, as gk‘h ggk is fully faith-
ful and saturated w.r.t. subquotients by 4.4 b) , see [DMOS]

ITI 2.21 a)

b) G(9) is pro-reductive, as M 1is semi-simple, see [DMOS ]
II 6.22 (here we use "reductive" also for non-connected groups).

Let G(0) be the maximal pro-reductive quotient of MG(0)

Then Rep G(o) < Rep MG(0) = MM, ~is semi-simple and closed with

respect to subquotients. For N € Rep G(0) we therefore have

N = mgz; GrXN , i.e., N E gk and therefore N € Mmk n Bk =

M, = Rep G(0) . We conclude Rep G(0) =Rep G(0) and thus

G(0) = G(o) . With the same arguments, Go(o) is the maximal
pro-reductive quotient of MGO(G) , and by c¢) , U(o) 1is the
pro-unipotent radical of the connected pro-algebraic group

Mc® (o) .

c) - f) - The statements for G(o) are proved in [DMOS] II 6.23,
and the proofs for MG(c) are similar:

c¢) Mi is a closed immersion as any object N of MMp is

a subquotient of an object N xkE with N_ € MM (see the
criterion in [DMOS] II 2.21 b)) . In fact, it suffices to consider
the case N = H(U) ® H(V)' for U,V € §E ; but U and V have
models U' and V' over a finite extensions k' of k , and

we can take N_ = (H(U') ® H(V")Y) = H(Res,,,, U') ®

Ry /x k'/
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\J V 1] K} ) . .
H(Resk./kv ) , where Resk./kU is the Grothendieck restriction

U' - Spec k' - Spec k , as Noxkk' 1 H(U)SH(V')Y is surjective.

M7T is faithfully flat as ﬂi‘b ggk is fully faithful and

saturated w.r.t. subquotients, and the exactness of

M3 MG (o) Nr Gk - 1 1is a special case of e) . Finally,

1 - M6° (o)
U(o) lies in MGO(O) = ker Mm , as Mm = 7oy which is clear
from the factorization ﬁ;‘* Mk‘“ gﬁk
d) For the connectedness of MGO(O) we have to show that for
any non-trivial representation X of MGO(O) the category of
subquotients of x" , n =20, is not stable under tensor pro-
ducts, see [DMOS] II 2.22. But such an object N € Rep MGO(O)

= gﬂi must be pure of weight zero, as the weights occurring in
Nn are the same as those occurring in N, and therefore bounded.
In particular N € Mg = Rep c°(0) , and we have reduced to the
connectedness of GO(O) , which is proved in [DMOS] II 6.22.

As Gy is totally disconnected, MG°(0) is the full identity
component of MG(o)

e) We have to associate to any g € MG(0) (R) = Hom®(HO®R,H0®R),
R a OQ-algebra, a canonical element of EQEQ(HE'HET)(R) =
Hom®(H5®R,H6T®R) for T = MT(g) . We write H_(M,R)=H_(M)8R

and M =M xki . Then for M,N € ggk and f € Hom(ﬁ,ﬁ) there

is a commutative diagram

g
- _ M _ _ -
Ha(M,R) = HO(M,R) _— HO(M,R) = Hcr(M'R)
| |
(4.7.2) fa l{ lfaT
- Iy -
HB(N’R) = HO(N,R) ey HO(N,R) = HGT(N'R)

In fact, by applying the functoriality of the Iy to the evaluation,

map M x Hom(M,N) -» N one sees that there is a commutative diagram
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H_(M,R) B R
oMy > HG(M, )
|
(4.7.3) fE gfo
N

H, (N,R) > H (N,R)
for any ?0 € HO(Hom(M,N)) = Hom(HO(M),HU(N)) , where g = gHom(M,N)'
On the other hand, via the action of Gk (see 2.19) Hom(M,N)
can be regarded as an Artin motive, i.e., an object of Mﬁ =
Rep Gy (compare [DMOS] II 6.17 and 6.18) . This depends on

the choice of an extension p : k= ¢ for any p : ko C ,

and we choose the extension ¢ for o . Then there is a morphism

of mixed motives Hom(ﬁ,ﬁ) 43 Hom(M,N) such that j on

- - - Gk
(Hom (M,N) ® k)

]

HDR(Hom(M,N))

and Hl(Hom(ﬁ,ﬁ) Hom(M,N) ®

o™1

is induced by the projection to Homi(HDR(ﬁ) , H._(N)) and

DR

Hom . (H,(M),H, (N)) , respectively, and on
0,1 1

H (Hom(M,N)) = Hom(M,N)
is the projection to Hom(Ha(M),ga(N)) = Hom(Hc(M),HO(N))
If Mr(g) = 1 , then by definiton g acts like Tt on

Hom (M,N) c Hom(M,N) . So (4.7.2) follows from (4.7.3) , as

Hz(M) = H (M) = Hz (M)
(tf) 5 f5¢
Hs(N) = H (N) = Hz (M)

is commutative.
The diagram (4.7.2) shows that, if we define the image of

Iy in Hom(Ha(ﬁ,R) , HBT(ﬁR)) by the upper line of (4.7.2),
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we get elements which are functorial in M and R , and
compatible with tensor products. These define elements in
HomQ(Ha ® R, Hz ® R) , as any object in gﬁi is a direct
factor of an object M for M in MM, see 2.20 e) .

So we have defined a map (Mﬂ)-1(T) - EEEQ(HG'HGT) , which
is bijective as one may see by reversing the construction,
looking at (4.7.2) again.

f) Msp; can be defined like sp; in [DMOS] II 6.23 (d), but
it is shorter for us here, just to define it by

Mspl = ospy -
g) We only have to note that Mwmvs.s.M 1is a tensor functor,
maps MM, to gk by 4.5, and that for any H € Ry there is
a unique isomorphism
W

[} GrmH
€ Z

jas]
ne

m
inducing the identity on the graded pieces, as Hom(H,H') = O
for pure realizations of different weights. With respect to this
isomorphism,

s.s.

M hd &Ek i Ek

is the identity, and s.s. commutes with HO . Therefore s.s.
induces the homomorphism I and we have Yo ¥ = id .

. . . o e}
As s.s. commutes with the inclusions ﬂk<~ ggk and gkc» &k R

we have Mme ¥ = 7 , and the rest is clear.

4.8. For the description of U(0) we can use Saavedra's results
[SR] IV §2 on filtered Tannakian categories. Namely the fibre

functors H, on Mgk are filtered by the weight filtration

meG = chm , and if

®!
Aut (HO)

is the subfunctor of Aute(Ho) formed by those tensor automorphisms
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of H which induce the identity on Gr H_= @& erH ,
g o meEzZ m-o
Wy
Grch meo/Wm—1Ho , then we have

4.9. Proposition U(0) = Aut ' (H

o: k& € , respectively 0: k< € with o

Proof From the proof of 4.7 g) it is easy to see that G(o0) is
canonically isomorphic to the automorphism group of the fibre

. With this identification

M,

functor Gr H0 = Hoos.s. on Mﬁk

we have U(c) = Ker(MG(o) - G(0)) = xer(&‘”(nol

®!
= Aut (H0 ).

MM

) - Aute(GrH0

The same considerations apply to k , MGO(G) and Go(o) by the

diagram in 4.7 c) .

4.10. It is often inconvenient to restrict to projective or
quasi-projective varieties, and we will show that this is in
fact not necessary.

o)
Let Ek and W be the categories of smooth separated

k
and smooth proper varieties over k , respectively . Then we

can define the functors

x T By

7 MRy

H:

H:

in exactly the same way as in section 3, because nowhere the
quasi-projectivity was used. Of course, with the notations of
3, the varieties X,Y,Yj,Y(q) are only smooth and proper and
not necessarily projective then; this corresponds to Deligne's
construction of mixed Hodge structures for smooth varieties
[D4] . We now claim that we do not get new mixed motives or

motives by this.

))
My
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4.11. Proposition H : Ek - gk factorizes through ﬂk and

H: W, - ﬂgk factorizes through mﬁk .

Proof Let Uo be a smooth variety over k . By Nagata [N], U

is an open subvariety of a proper variety Xo , and by Hironaka's
result on resolution of singularities we can assume that Xo

is smooth. By Chow's lemma there is a projective variety X

and a proper birational morphism f: X - Xo , and again by

-1
Hironaka we may assume X to be smooth. Let U = f (U))

(o}

Then f: U - UO is proper and birational and therefore the

induced map

£* H(Uo) - H(U)

of mixed realizations is injective - in fact, in all three cohomology
theories there is a left inverse by the transpose under Poincaré
duality of the corresponding map for the cohomology with compact
support. So f* identifies H(Uo) with a subobject of H(U),
i.e., with a mixed motive by 4.2. For Uo smooth and proper

we have Uo = Xo and U = X and can use 4.4 d) , we can also

conclude by 4.4. a) as H(Xo)€ Bk .




PART II

ALGEBRAIC CYCLES, K-THEORY, AND EXTENSION CLASSES

§5. The conjectures of Hodge and Tate for smooth varieties

The common object of the conjectures of Hodge and Tate is
the description of the group of algebraic cycles in the cohomology
of a smooth projective variety. To recall these conjectures, let

k be a field with algebraic closure k, G = Gal(k/k), X a

k

smooth projective variety over k, X = X Xy kK , and CHT(X) the

Chow groups of algebraic cycles of codimension r on X modulo

linear equivalence (see, e.g., [(K11§2).

5.1. There is a canonical cycle map for & # char k

c1} =e1j¥ : " (x) — HII(X,@,(r)) = H{"(X) (x) ,

whose image lies in the fixed part

G

A (R,0,(0)) © =2 1y (7T (X) (x))

under Gk . Tate conjectures that the image of clz generates this

group over @, , if k 1is finitely generated as a field (Il 11).
5.2. For k = € there is a cycle map
cl® =c¥ X et (x) —s B (X(D),Q)

whose image consists of (r,r)-classes, i.e., is contained in

12T (x(o),@) n BT (x,@) = BT (x(@),@ n FrE2T(x,T) .
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The Hodge conjecture states that the image of el” generates this

group over @ (cf. [Grl).

5.3. In our setting it is better to renormalize the last cycle

map by powers of 2mi and regard it as a map
clf= cli* a0 — T, (2r1)T) = H2T () ()

into the r-fold Tate twist of the Q-Hodge structure

Hér(X) 1= Hzr(x(c),m) , whose image consists of (0,0)-classes.

(Note the formula FO(
If one works with Chern classes, this amounts to using the more

natural first Chern class
cll = ¢, : Pic(X) = H (X, 0)) —> H%(X,Z-27i)
]B 1 . 14 X ’ I

which is the connecting morphism for the exact sequence of analytic

sheaves
0 —> Z-27i —> 0 _SXp Ox —> 0

Then no choice of i = V-1 1is involved, and moreover the cycle
maps cli and clg are compatible under the comparison isomorphisms
between complex and étale cohomology.

Finally, for any field k of characteristic zero there is a

cycle map
r _ 4T . 3 4 _ yor
chR —chR : CH (X) > HDR(X/k)(r) = HDR(X)(r)
whose image lies in

0, .2r _ r 2r
F (HDR(X)(r» = (F HDR(X))(r) ’

H(r))® C = F'H ® € for a Hodge structure H ).




59

and which for any o : k<> € is compatible with the map

r,oX
r,X | g* CIB

ck§==clc : cET(x) < cH' (0x) > 12T (60X (), Q) (r) = Hir(x)(r)

under the comparison isomorphism Iirc(X)(r) .
4

5.4. Thus for chark = 0 we obtain a cycle map

r _ .r,X | AT _ 2r
cliy —clAH : CH (X) > FAH(H (X) (r))

into the group of absolute Hodge cycles in Hzr(x)(r) (denoted
F(Hzr(x)(r» in the first part). As a combination and weaker form
of 5.1 and 5.2 one may conjecture that the image of c1¥t generates

the Q-vector space FAH(Hzr(X)(r)) . In fact, by the inclusions

G
r,r 2r k
Ho (X) n HC(X)(r) Hy™ (X) (1)
2r
(5.4.1) Ty (HTT(X) (X))
Falg(Hzr(X)(r)) := mcl*'X 8 g

we see, that this is implied by either the Hodge or the Tate

conjecture. More precisely, we have

5.5. Lemma a) Let ko < k be a finitely generated field such
that X 1is defined over ko . If Tate's conjecture is true for
X and every finite extension of ko , then conjecture 5.4 is
true for X and k

b) If the Hodge conjecture is true for o¢X for some embedding

0 : K<> € , then conjecture 5.4 is true for X/k .
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Proof a)

It is clear that every absolute Hodge cycle over

k

is
defined over some finitely generated extension of EO , Since this
is true for every element in HDR(X/k) = HDR(XO/kO) & k By

0

2.19 it is therefore defined over some finitely generated extension

of ko , i.e., it suffices to consider the case that k 1is finitely
generated over k0 . It is then proved in [DMOS]I 2.9 that the
absolute Hodge cycles over EO and k are the same. By assumption

k

over
0

and 5.4.1, all absolute Hodge cycles are algebraic, hence

the same statement for k , and for k by taking fixed modules
under Gk , see 2.19.
b) It suffices to consider k algebraically closed. By assumption

and 5.4.1, every absolute Hodge cycle is algebraic over some field

k' which is finitely generated over k , and we get an algebraic

cycle over k Dby specialization, see [DV] exp. 0 .

5.6.

We note that the above conjectures would imply some other

weaker ones:

a) FAH(Hzr(X)(r))C;~> Hg’r(x) n Hir(x)(r) should be surjective

for k =k and o : k<> @ ; this is Deligne's "espoire" that
every Hodge cycle is absolute Hodge see [D6].

G

k

b) FAH(Hzr(X)(r)) ] QECL—> Hir(x)(r) should be surjective for

finitely generated over the prime field.

c) Iifs(r) H2E(X) © @, —> H.T(X) (1) for & : K< C with
G|, = o should induce an isomorphism
T 0 0 2R 00 (1)) 6 @y~ BEE(X) (x) K
: 2T ()] 8 @y~ BT (X) (x
for k

finitely generated and sufficiently big. In general, no

"inclusion" is known, but a) would imply " < " and b) would imply

"o " In the first case we could conclude Tate = Hodge, in the

second case we had Hodge = Tate.
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d) dimm(Hg’r(X) n Hir(x) (r) should be independent of o .
G
e) dimQ [HEI(X)(r)] K should be independent of % .
2
f) These dimensions should be equal for k finitely generated

and sufficiently big.

5.7. Remark Deligne has proved a) for abelian varieties X , see
[DMOS]I 2.11; and a)-c) hold for abelian varieties with complex
multiplication by the work of Shimura-Taniyama and Serre, even in
the stronger form stated in [Se 2] § 3, compare also Pohlmann [P].
The results can be extended to the category of motives generated
by abelian varieties, containing for example K3-surfaces and Fermat
hypersurfaces, compare [DMOS] 6.26 and 6.27 .,

In fact, conjectures a)-c) have convenient interpretations

in the setting of the associated Tannakian categories. For example,

let MT(Hér(X)) be the Mumford-Tate group of the Hodge structure

2r

Hy (X) . It is the subgroup of GLQ(ng(X)) fixing all Hodge cycles

S

in all products Hfjr(x)Q e(nff(X)V)@t e 0(1® for all s,t €N

0 ’
u € 2 , and thus the "Galois group" of the Tannakian category

generated by the Hodge structures HZr(x) and Q(1) , see [DMOS]

I§ 3.
On the other hand, let G(Hzr(x),o) be the "Galois group" of

2r

the Tannakian subcategory of Mk generated by H 7 (X) and 1(1)

(with fibre functor HO ), i.e., the image of G(g) —> GLQ(ng(X)) .
Then by (5.4.1) for all tensors we have

MT(Hir(X)) < a(H¥T(x),0) ;

and a) for all tensors would imply equality.

b) and c) have similar interpretations. However, one does not

k
conjectured by Grothendieck and Serre, so one also has to consider

know in general, whether G acts semisimply on Hﬁr(x) as
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subquotients of the tensor products for Hir(x) ([DMOS] I. 3.2). 1In

any case, c) 1s related to the conjecture that Im(Gk —> GL (H;(X)))

e,

and MT(Hi(X))(QQ) are commensurable, see [Se 2]§ 3.

5.8. Similar conjectures for non-proper varieties seem to give
nothing new, at least for k of characteristic zero. In fact, let
U be a smooth quasi-projective variety over k and let X be a
smooth projective compactification. Then there are cycle maps

r

_ r,U | r 2r
ClAH" clAH : CH” (U) —> FAH(H (U) (x))

as before, having components C1;R'Clz and clz with images in

P HAS(0) (£)) = Wy 2E (o) () n O (u2E (W) (x) = W, H2E(U) n FTHAL(V)
I H2E () (r)) = HOF(U) (r)Gkn Wy 2T () (1)),

Iy (H25(0) (1) = Wy (H25(0) () 0 FOw2F () () 8 @)

(5.8.1) = (2n8) "W, 817 (ou,@ 0 FTE2T (0U,@)

respectively (for example by using fundamental classes in the

2r

relative cohomology H, (U) for a prime cycle 7z of codimension

r ). But then cli'U factorizes through
2
Fa(onar(U)(r)) = I',(Im Hzr(X)(r) —> Hir(U)(r))

(see 3.22, or [D4] 3.2.17, for the last equality), and by lemma 1.1,

onzr(U)(r) is a direct factor of Hzr(x)(r) ,+so that the maps

r, ng(x) (r) —> T, ng(u) (r) ‘

are surjective. On the other hand, the restriction CHr(x) —> cHY (V)
i
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is also surjective, and the diagram

r,X
r cl?' 2r
CH™ (X) > F? H? (X) (r)
¥ clr,U ¥
r 2 2r
CH™ (U) > F? Hy (U) (x)

commutes. This shows the following.
The only possible formulation of the conjectures of Hodge

and of Tate for U 1is that for k =@ FH(Hig(U)(r))=

= Ferr(U,E) n WZrﬁzr(U,Q) and for finitely generated k
G
2r _ 2T = k
FQ(HQ (U) (r)) = Het(U 1 k,mz(r)) should be generated by

algebraic cycles. At the same time, these conjectures are immediately
implied by those for X .

The same holds for conjecture 5.4 involving FAH(Hzr(U)(r)) '
and also for the Tate conjecture in characteristic p > 0

, if one

has resolution of singularities and semi-simple action of G on

k
Hfr(x) (this will be discussed more generally in § 7). So again, at

least morally, we obtain nothing new.

5.9. However, for smooth non-proper varieties U/k it makes sense

to study the space
i .
Fag (H(U) (3))

and those defined in 5.8.1 for arbitrary i,j € Z . For X smooth

and proper over k, F(Hl(x)(j)) is zero unless i = 2j , because

Hl(x)(j) is pure of weight 1i-2j and in general
(5.9.1) T(H) = T (WyH) S—> T (Gryh)

for any mixed realization H . But otherwise the space above can
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be non-zero for i < 2j , and is indeed connected with interesting

questions.

For example, if X 1is a smooth projective curve over k and

X # y are two k-rational points, we get an exact sequence for

U = X~{x,y}
0 —> B (X) —> H'(U) —> H({x,y}) (-1) =2 w2 (x) —>0 ,

in which ¢6(1) factorizes through the cycle map cll X . Therefore

we get an exact sequence

0 —> H' (X) —> H1(U) —> 1(-1) —> 0 ,
(5.9.2)
weight 1 weight 2
where 1(-1) has a "basis" 1X-1y . It is a non-trivial guestion

whether this sequence splits or not: think of the extension of
Galois representations in the l-adic realization and of the mixed
Hodge structure of H1(U) in the Hodge realization. Since kernel
and cokernel have different weights, a section of 5.9.2 is given

by a non-trivial element in
Hom(1(—1),H1(U)) = Hom(1,H1(U)(1)) = F(H1(U)(1)) p

and we shall show in § 9 that there is such a section if and only
if (x)-(y) 1is a torsion point in the Jacobian of X

This suggests to look for "algebraic elements" in
F(Hi(U)(j)) , and there are indeed some, given by higher algebraic
K-theory. First recall, that the rational cycle maps cl® can also

be described by Chern characters
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27 .
chy : Ky (V) > T, (H I ) (3))

on the Grothendieck group of locally free OU-modules, via the

isomorphism

Ko(U) ® @ = ® GriK (U) @ @ = ® CH (U) ©Q,
izo Y i20
where YlKO(U) is the y-filtration [SGA 6] exp. 0. Now by results
of Schechtman [Sche] and Gillet [Gi] generalizing earlier work of

Soulé [Sou 1) there are higher Chern characters

(5.9.3) ch,

i .
{5 F Kpgoq (U ——> TL(H (W) (3))

on Quillen's higher K-grouos such that Ch2j,j coincides with chj
above. In the cited references the Chi,j are defined for the
singular, the étale and the de Rham cohomology; to get a morphism
into the group of absolute Hodge cycles one has to check that these
are compatible under the comparison isomorphisms. But the Chern
characters are defined by means of Chern classes

c ) —> oW ¢,

i,9 ¢ K241 2
so by reducing to universal Chern classes and using the splitting
principle one only has to show the compatibility for the first
Chern class ch2’1=ch1 = cl1 : Pic(U) —> F?(HZ(U)(1)) , which we
already used in 5.8.

For a generalization of the Hodge and the Tate conjecture we
propose to study the image of the maps 5.9.3 for general i and
j . First we investigate for which i and j the target groups
can be non-zero, by studying the weights of the realizations. Namely,

for each realization H - in the sense of § 3, or an ¢-adic one,
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or a Hodge structure, or a de Rham realization - we have a weight
filtration, and say that the weight w € Z occurs in H , if

W.
erH +# 0 .

5.10. Lemma Let U be a smooth variety of dimension d over k

Then for the weights w occuring in Hl(U)(j) we have

i-2§ < w g 2i-25 , if 0 <1i s d
i-2j € w £ 2d-2j , if d < i g 24

Proof See [D4] 3.2.15 b) and [D9] 3.3.8.

5.11. Corollary One has T(HY(U)(3)) # 0 at most for

0s3sd and 3§ €4 € 2§.

Proof 1In view of 5.9.1 we must have

i-23 £ 0 £ 2i-23 and 0 £ i £ 4d
or i-2j € 0 £ 2d-23 and 4 £ i £ 24
i
57 L
‘1_:2')
(5.11.1)
N AN
L 7

2d
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5.12. For the study of the maps 5.9.3 it is convenient to
consider the action of the Adams operators wk, k 2 1 , on the

K-groups Km(U) (see [Sou 3] for this and the following). If we

set
(3) _ k - 1 J.
K (U) = {x € K (U) 8@y (x) = k’-x for all k €N} ,

then Km(U) Q= & Km(U)(j) and Km(U)(j) is canonically

jz20 .
isomorphic to the graded term Grtkm(U) ® @ for the y-filtration.

. k 3 .
Since chi'j(w (x)) = k Chi,j(x)’ the map Chi,j vanishes on

sz_i(U)(v) for v # j and it suffices to consider the restriction

(3)

ch, . : sz_1(U)

i .
i, > F?(H (U) (3)) .

Following Beilinson [Bei 2] we define the "motivic cohomology"
of U by

o (3)
-1 (U

i . -
HM(U,Q(J)) 1= sz

(denoted "absolute cohomology" Hi(U,Q(j)) in [Bei 1]), so that

we study the morphisms

ch, . : Hy(U,Q(3)) > T (W) (3))

i, 3
from the motivic cohomology to the various other cohomology
theories.

We can describe their image in the following case.

5.13. Theorem Let U be a smooth connected variety over & , then

the Chern class induces an isomorphism

cq 4 ¢ 00 /0" s FH(H;(U,Z)(1)) - 2ni°w2H1(U,Z) nFlE (U, ,
’
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in particular,

. (1) 1
ch b1t K1(U) —_— FH(HB(U)(1))
is surjective.

Proof We shall get two proofs of this fact. The one given here
uses the Beilinson-Deligne cohomology H;(U,Z(j)) of U (see
[Bei 1], [EV]); the second one will be given in $.11, is based on

the theorem of Abel-Jacobi, and shows the relation with (5.9.2).

It is shown in [EV] that there is an isomorphism

o) =2 H;(U,Z(H) ,

~

so the claim follows from the commutative diagrams

0 —> €/2(1) —> HY(UZ(1)) —> T, (HL(U,Z) (1)) —> 0
| | T
0 —> ¢ — 0 —— O(U)X/CE>< > 0
and
0(v) "
det jlu
(e}
1,1 1

K1(U) > HD(U,Z(1))

1,1 v
1
FH(HB(U,Z(1)))

together with the fact that det induces an isomorphism

K1(U)(1) —_> O(U)x e Q ,
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compare [Sou 3].

5.14. Remark The proof above is very similar to the proof of

the Hodge conjecture for divisors by using the exponential sequence,
which can be reinterpreted as a quasi-isomorphism 2(1)0 = Gm[—1]
for a smooth proper variety. However, for non-proper U as above
this quasi-isomorphism holds true no longer, so we really have to
use the Beilinson-Deligne cohomology instead of the exponential

sequence.

The following generalizes a result of Friedlander [Fr]

Prop. 3.6.

5.15. Theorem Let U be a smooth, geometrically connected variety
over a finitely generated field k . and let § be a prime,

1 # char k . Then the connecting morphism for the Kummer sequences

n
2
0 —> yu n > Gm > Gm —> 0
2
induce isomorphisms
X A _ s X, n 8 s 1 o1

a) (0(u) )" = lim 0(U) "/ ——> lim Het(U,u n) = H (U,Z (1))

L <~ [} A

n n
and

X X A X X ~ 1, = Gk

b) (0(U) /x")" = (0(U) /x") ® ZQ —> H (U,Zl(1)) ’

in particular, the first Chern class

c : K. (U) ©Z —> H'(T,Z (1))Gk
1,10 % ) &

is surjective.
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Proof a) follows by passing to the inverse limit over the exact

sequences

0 —> 0(U) /™ —> H, (U ) —>  Pic(W) —> 0,
2
since Pic(U) 1is finitely generated by the generalized Mordell-
Weil theorem for finitely generated k , cf. [La] II 7.6. For
b) we use continuous cohomology and the five term exact sequence

S .

1 2
>HMZ(H) cmd%mﬁ”)

res
0 - cont(Gk'z (1)) "H (Ulz (1))

m*

\4

W e NUR

cont

induced by the Hochschild-Serre spectral sequence [J1] 3.5. Here

m 1is induced by the morphism 1w : U - Spec k . If U has a
k-rational point, m has a section and hence 1* 1is injective. In
general, let K/k be a Galois extension with Galois group G . Then

we have a commutative exact diagram

G
HZ(G,Z£(1) Ky -0
H'  (uxk,z (1))% 5, (u'(T,z (1))GK)G —> 16,1 . (¢ (1))
cont e ) cont ' "K' 2
a1 —E25 s w @, 1))

cont ' Lanl')

G

H (G,E (1) K) =0

' ! = 1j HG ) 2 1im K/ kO Y = R b
Since ont(GK,Z (1)) ;m ( Iuin = %m /( =1 y

Kummer theory, and K / (K ®Z ) 1is uniquely divisible,
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1

1
H (G’Hcont

(GK,ZQ’(1))):H1(G,Kx)®ZQ(=O, so both restrictions are

surjective.

We get a commutative exact diagram

G
1 1 res 1,= k
0 —> 1 (G2 (1) —> o (U2 (1) 2225 w0z, (1)) C — o0
N
(5.15.1) TG Ta
0 > x> > 0(Uu) " > A >0 ,

in which A = O(U)X/kx is finitely generated and torsion free. This

can be seen from the diagram

0 —> k*© —> 0(U) " —> ) z
wex (Mg

]

0 —> k™ —> k(U) " —> @ 1)Z
X€X
dl pr
y v
® Z= @
x€U(1) x€U(1)

for a normal compactification X of U . Here k(U) is the function

(1)

field of U (and of X ), U(1) and X are the sets of points

of codimension 1 in U and X , respectively, and 4 1is the

differential of the Quillen spectral sequence ([Q1] 5.4), i.e.,

d(f) = va(f) where v _  is the valuation at x € M o M

A
Hence A = A ® z2 , and we get b) by passing to the 2-com-

pletion in 5.14.1. The rest follows from the commutative diagram

x
det 0(u)

reso§

\ v
G
€1,1 k

H1(G,%£(1)

K, (U)
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note however, that O(U)x ® Zg —> (p(U) )" i1l not be an

isomorphism unless k 1is a finite field.

5.16. Remark a) Like for 5.13 we used a suitable "absolute"
cohomology theory for the proof above and shall get another proof

in § 9, related to extension classes.

b) For smooth U , not necessarily geometrically connected, 5.15 a)

remains true without change, and instead of b) we have

0w/ & kH°

X
x€U(0) x€U

n

G
(ow’>, e k;) ®Z, —> H1(5,Z£(1)) k,

0) L

where kx is the separabel closure of k in x(x) . For this we
may assume that U is irreducible; let X be the separabel closure
of k in the function field of U . Since H¥(U x k,z,(3))

G
= k .4 x . P q 0 .
z Ind;_ H'(U Xﬁk,zl(])) , we have Hcont(Gk’H (U xkk'ZQ(J)))
= HP(G?,Hq(U xii,zn(j))) for all p,q 2 0 , so we may replace Kk

by X in the above considerations.

5.17. Corollary Let U be a smooth variety over a field k which

is embeddable in € . Then the map

. (n __ 1
chy 4 ¢ K (U) > Ty (B (U) (1))

is surjective.

Proof First assume that k is algebraically closed. By 5.13, the
map ch1,1 : K1(U K ¢)(1) —_ FAH(H1(U K €) (1)) is surjective for
a fixed embedding k <> € . On the other hand, every element

x € K1(U K €) 1lies in the image of the restriction

K1(U *x R) —> K1(U XK C) for some finitely generated k-algebra
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R, kcRc T, see [Q1] § 7, 2.2.

Choosing a closed point oyt R —>> k&> € in the same

connected component as the "generic point" @y iR € € we see that

image of x in T, (H' (U @ (1)) 1lies in the image of
1 1
K1(U) -_ FAH(H (U) (1)) —> FAH(H (U ka)(1)) ’
since we have
1 1

* = * . —_—

o) aj ¢ FAH(H (U XkR)(1)) > PAH(H (U xk¢)(1)) '
as can be checked, for example, in the f%-adic realization via the
Kinneth formula.
If k 1is not algebraically closed, we may apply the trace with

respect to some finite extension K/k .

I want to state and discuss the following

5.18. Conjecture If U is a smooth variety over a number field

k , then for every 1i,j 2 0

i .
Chi,j : sz_i(U) ® @ —> T,y (H7(U) ()
is surjective.

I also think that the following "Tate version” of it should
be true, replacing TaH by Fl

5.19. Conjecture If k 1is a finite field or a global field and

U 1is a smooth variety over k , then for every £ # char(k) and

i,j 2 0 the map
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chy 5 Ky ;(U) 8 Q@ —> H, (U xki,%(j))c"
is surjective.

In view of 5.15 and the discussion in 5.8 it is very tempting
to state conjecture 5.19 (like the Tate conjecture) more generally
for a finitely generated field k , but we shall show in § 9 that
it becomes false in general, if k contains too many parameters.

The same can be said for 5.18.

The obvious " Hodge version" of 5.18 - replacing T by T

AH H

for k = @ - is contained in a conjecture stated by Beilinson in
[Bei 2], but we shall see that this is false in general by the same

arguments as above. I think that the following special case should

be true.

5.20. Conjecture Let U be a smooth variety over (€ that can be

defined over a number field k . Then for all i,j € Z the Chern

character

. ] i j..i - i .
Chi,j : K2j—i(U) ® @ - (2mi) WZiH (U,Q)NF-"H (U,CT) FH(HB(U)(J))
is surjective.

The next statement shows that we may restrict our attention

to the cases k = @ or k = Fp(t) or k = Fp for a prime p

5.21. Lemma Let K/k be a finite separabel extension. Then
conjecture 5.18 (resp. 5.19, resp. 5.20) is true for k if and

only if it is true for K

Proof By applying this to N/K and N/k where N is the normal
closure of K/k , we may consider the case that K/k is Galois with

Galois group G . For a variety U over k 1let U ka be the base
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extension, and for a variety V over K let RK/k be the Grothen-

dieck restriction V —> Spec K —> Spec k . Then the claim for

5.18 follows from the commutative diagrams

. i . LG i i1, G
sz_i(V) —_—— FAH(H (V) (3)) K2j-i(U th)Q > FAH(H (0 xkh)(J))
| | s i
i . i .
K2j—i(RK/kv) —_> PAH(H (RK/kV)(J)) K2j-i(U)Q > Ty (H(UY(3))

following from 2.19, 2.20 and the relations Hl(R

' K/kV)(J)
_ i . i A § .
= RK/kH (V) (j) and H (U ka)(]) = H™(U) (3) ka . For 5.19 one
uses the corresponding diagrams with FAH replaced by FQ '
. G : G
. i T . K i = . k
since Het(v ka,QQ(j)) = Het(RK/kv xkk’QQ(J)) and
. . G, G
i - . k _ i = . K
HO(U .k, @, (3)) = (B7(U x K x k@0 (3)) ™)
For 5.20 let V be a variety over C , let Vo be a variety
over the number field K such that V = V0 K s C for some
"0
. . e - :
embedding 60 : K > € , and let Uy RK/kVO . Then the canonical
C-morphism y : V —> VvV = U, x c = U v, x C , which is
0 k,do 6:K<=->(I:O K,S§
the inclusion of the component V0 XK s C , induces a commutative
14
0
diagram
i .
Kyy_q (U) —————> T (H (V) (3))
‘V*T p* ‘V*T lw*
v
i .
sz_i(V) —_— FH(HB(V)(J))

with y*y, = id . Hence, if 5.20 is true for U , it is true for

V . The conclusion from k to K is trivial.

The conjectures above have some remarkable consequences, in

that properties of the K-theory would imply similar ones for the
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realizations. The following argument is copied from Beilinson

[Bei 1); it is based on a fundamental result of Suslin:

5.22. Theorem ([Suz2][Sou 3]3) If F 1is a field, then

a) Hi}(F,Q(j)) 0 for i>3 ,

n

Milnor

i .
b) H,(F,Q(i)) = K}

K (F) ® @ (Milnor K-theory).

Recall that for any presheaf G for the Zariski topology on

a scheme X the filtration by coniveau is defined by

NlG(X) = U Ker (G(X) —> G(U))
U < X open
codimX(X\U) 2 i

In these terms, Suslin's theorem implies:

5.23. Corollary Let U be a smooth variety over a field k ,then

Hﬁ(U,Q(j)) has support in codimension i-3j , i.e.,

v Iulw,eG)) = vhw,ai))

Proof By a result of Soulé ([Sou 3] théoréme 4) the Quillen
spectral sequence in K-theory ([Q1] 5.4) induces a spectral

sequence

(5.23.1) 29Uy = e k____(xxnI® Lx ),
(p) ~pP-q
X€U
where U(p) is the set of points of codimension p of U and
K(x) is the residue field of x . By 5.22 a) we have E?’q(U)(j) =0
for j-p > -p-q , For -p-g = 2j-i we see that E?’q = 0 for
p < i-j , i.e., the part of 5.23.1 contributing to H;(U,Qﬁ))lives

in codimension 2 i-j

5.24. Conjectures 5.18 to 5.20 predict the same behaviour for
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PagET(U)(3)), T (] (U,0,(3))) and T, (H;(U,@(3))) , respectively,

3

which is a highly non-trivial gquestion. In fact, for i = 2j this

property for Fz and FH is equivalent to the conjectures of

Tate and of Hodge, respectively: consider the exact sequence

v* .
> w23 ) ()

. u .
(5.24.1) B2 (0 (3) > 52730 (3)

v
for py : YS—> X <closed of codimension j and U = X~\Y &> X ,

for the considered cohomology theory. By purity, there is a

canonical isomorphism HiJ(X)(j) R 1 (where 1 is the trivial
y€Y(O)
object: Ql with trivial Gk—action in the f%-adic case, the trivial

Hodge structure @ for the Betti cohomology). This shows that

5.24.1 induces an exact sequence (T = F2 or FH , respec_tively)

Tu v,

> 123 (x) (5)) > 123 W) (4))

(5.24.2) F(Hij(X)(j))

Hence, if Tv* = 0 , then F(HZJ(X)(j)) is generated by cycles
with support on Y .
For general i and j the situation is more complicated,

since

Ty, rv*

(5.24.3) I (HE (%) (3)) > T EY(X) () > 1) (9))

is not necessarily exact. Nevertheless we get the following rough
picture where we write Hé(x,j) for H;(X)(j) . Assume for a moment
that Y 1is smooth, of codimension 1i-j , then we have an isomorphism

25-i

H;(X,j) = Hl-z(i—j)(Y,j—(i-j)) = H (Y,2j-1i) and a commutative

diagram
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s T'u .
rud iy, 29-1) ——> ret(x,9)
b
Poy-i,29-1,v T ]Chi,j,x
K (py (2300 vy (x) 3
25-1 29-1i

with the usual Gysin morphism py, in the cohomology and a certain
Gysin morphism yu, for the motivic cohomology (whose construction
involves the Riemann-Roch theorem, cf. 7.1 below). By 5.23 the

surjectivity of chi i, X
17 ’

Of chys ; 55.iy - BY 5.22b), K

reduces to the surjectivity of Ty, and

29-i is strongly related

to Milnor K-theory, in any case we can construct some elements in
this K-group by using symbols and elements in K1(—)(1)

= 0(-)x ® @ . The generic surjectivity of

. (m) m
Chm,m,Y : Km(Y) > TH (Y,m)
is related to the theorem of Merkurjev-Suslin [MS 1] saying that

for any field F and integer n, char(F) [/ n , the Galois symbol

KMllnor

o (F) /n —> Hgt(F,x/n(m))

is an isomorphism for m £ 2 , and to the conjecture of Kato that
this should be true for all m 2 0 . We can incorporate all this

in the following drawing
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/AN
1223
1308
. etfic
H (X,3) e jrate
4089°
(2i-3,20-3
N
V4
i

where the triangle is the area with FHi(X,j) # 0 (possibly).

Of course, this picture is not really true as we remarked
above. First of all, the vanishing of Tv* does not imply the
surjectivity of Tu, . Secondly, the subvariety will in general be

singular, and we cannot argue by Gysin morphisms. Hence it turns out

to be useful to study singular varieties as well, and also the
non-exactness of T = Hom(1,-) , i.e., the derivatives

RPr = ExtP(1,-) of T for p 2 0 . This will be discussed in

the next chapters.

§6. Twisted Poincaré duality theories

A suitable setting for our purposes is the notion of a
"twisted Poincaré duality theory" as introduced by Bloch and

Ogus [BO] 1.3 . We need a version with values in a tensor category,

not just in abelian groups.

6.1. Definition Let V be a category of schemes of finite type

over a field k containing all quasi-projective ones, and let T
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be an abelian tensor category in the sense of [DMOS] II 1.15, with
identity object 1.
1) A twisted Poincaré duality theory on V with values in T is

given by a collection of objects of T

H;(X,j) (cohomology with support in Y )

Ha(X,b) (homology)

for every object X of V and every closed immersion Y &—> X
in V and every 1i,j,a,b € Z such that

a) H;(X,j) is contravariant with respect to cartesian squares

Y&—> X

oo

Y'e—> X'

in V (see [BO] for a more precise description of this property and
the following ones; we concentrate here rather on the necessary

modifications for working with T ),

b) Ha(X,b) is contravariant with respect to étale morphisms

and covariant with respect to proper morphisms in V

’

c) for Z c Y ¢ X there is a long exact sequence

i
Y~Z

e o H%(X,j) > H;(X,j) > HI _(x~2,3) - H;*T(x,j) - e,

functorial with respect to the contravariance in a),

d) (excision) for 2 < X closed and U < X open with 2 < U the
morphism H;(X,j) - H;(U,j) is an isomorphism,

e) if the diagram below on the left is cartesian, with proper f,g
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and étale o,B , then the diagram on the right commutes

X' 8 > X H, (X,n) B* > H, (X',n)
i ’ i ’
g l f £, (e
v v . v
yr—% >y Hy (Y,n) o5 By (Y',n) ,

f) if Y‘li—> X 1is a closed immersion and a : XNY&—> X 1is the

corresponding open immersion, then there is a long exact sequence

1.

*
.v. > H_(Y,b) > H (X,b) &—> H_(X ¥,b) —> H__,(Y,b) —> ...,

functorial with respect to proper morphisms,
g) there is a morphism (cap-product) for Y&—> X <closed

' n
H; (X,m) ® Hy(X,n) —> Hy_5(Y,mon)

compatible with the contravariance for étale morphisms,

h) (projection formula) for a cartesian diagram on the left with

proper of the diagram on the right is commutative

y'te—-s X' H, (X',m) H%, (X',n) > By 5 (¥',m-n)
el | e |«

v v

Yye—> X H; (X,m) ® B)(X,n) ——> Hy_4(Y,mon)

i) (fundamental class) for each variety X in V , which is

irreducible of dimension d , there is a canonical morphism

ny € Hom(1,H,,(X,d)) =: I(H,q(X,d))

which is functorial with respect to étale morphisms,
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j) (Poincaré duality) if X € ob(V) is irreducible, smoaqth of

dimension d and Y<—> X 1is a closed immersion, the morphism

. n
Hid-l(x,d—n) > H; (Y,n)
given by
. . n,®id :
2d-1i N 2d-i X 2d-i _ n
HY (X,d-n) =1 ®HY (X,d-n) ——> H2d(X,d)®Ig{ (X,d-n) - Hi(Y,n)
is an isomorphism,
k) in the situation of j), for 2 < Y closed the diagram

2d-i- . 23~ . 2d-3 . 2d- .
oo Hy\zl (xz,d-3) - sz Y (x,d-3) - Hy J(%,8-3) - HY\ZI(X\Z,d—j) ...

el / l”x n J l“)@ f i”X\zn

v

s> Hy L (WZ,3) > H, (2,3) > H, (Y,3) > H (12,3) —>...
is commutative (this is not postulated in [BO], but will be needed

below) .

2) A morphism of twisted Poincaré duality theories is a pair of
morphism of functors which is compatible with the axioms a)-k) in

the obvious sense.

By definition, we let Hl(X,j) = H;(X,j)

6.2. Remark Since the definition of tensor categories is quite
abstract, we like to remind the reader of the following.

a) In the cases we are interested in, the category T is-usually
a category of "vector spaces with some additional structure" and

the tensor law is given by the tensor product of vector spaces.

b) If T 1is an abelian category with tensor product, i.e., where
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for each two objects A,B the functor

C pe~~—~> Bil (A,B,C) = {bilinear morphisms f : A ® B —> C }

is representable by an object A ® B

Hom(A ® B,C) = Bil(a,B,C) ,

then (A,B) b~~> A ® B with the obvious commutativity and

associativity constraints is a tensor law with constraints AC

[SR] I 2.1.1, so it only needs an identity object 1 to obtain a tensor

category.

6.3. Definition Let F be a field. An F-linear, rigid abelian

tensor category T has a weight filtration, if there is a sequence

wm of exact subfunctors of id : T - T for m € Z such that

a) wm c W

el and for every object A in T the filtration wmA

is finite, exhausting, and separated, i.e., WmA =0 for m<< 0

and WmA =A for m> 0,
b) for objects A,B of T one has

WI(A®B) = | WA®WSB
" ptrg=m d
(note that the sum is finite by a)).
Letting erA = wmA/wm_1A , say that the weight m € Z occurs

in A , if GrﬁA # 0 , and that A 1is pure of weight m , if m is

the only weight occuring in A .

6.4. Lemma The following properties follow from the axioms.
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i) Hom(A,B) = 0 if the weights occuring in A and B are distinct,
e.g., if A and B are pure of different weights,

ii) 1 is pure of weight 0,

1ii) Grlwn(A ®B) = ® Gr'A ® GrVq“B ,

p*g=n

. v
iv) wW_ (A7)

n

(a/W__,A)" (where B is the dual of B ([DMOSIII 1.6)).
Proof i) By induction on the exact sequences

0 —> W C
m-1

> W C ——> erC —> 0
m m

for C=A and C = B it suffices to consider the case that A
and B are pure of weights m # n , say. Since the functors er
are exact, too, we get for a morphism £ : A —> B that

Ker f = erKer f = erA = A, hence f =0

ii) By 6.3 a) and decomposing 1 and T if necessary (cf. [DMOS]
II.1.17) we may suppose that 1 is pure of weight m , say. By 6.3 b)

and the isomorphism 1® 1~1 we conclude m =0 .
iii) This follows from 6.3 b) and the exactness of the tensor product.

iv) This follows from the exactness of A hrr~~~> AY and the fact that

a¥  is pure of weight -m , if A 1is pure of weight m : in this

v . vV ooV v
case we have W_. ,A" =0 , since Hom(W__ ,A",A") = Hom(W__ .A"® A,1)
=0, and X := Av/w_mAv = 0 , since X’ < A"V = a s pure of weight
m and hence Hom(XV,XV) = Hom(xv ® X,1) =0 . g.e.d.

For the following let R be a commutative ring (with unit)
and let T be an abelian, R-linear tensor category. If F 1is the
field of fractions of R , we obtain a new abelian, F-linear tensor
category T ® F , which has the same objects as T , and where the

morphism sets are defined by
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Hom (AF,BF) = HomT(A,B) ®R F,

T®F

where Ag is the object of T ® F associated to A € ob(T) . Say

that T has a weight filtration if T ® F has.

6.5. Definition A twisted Poincaré duality theory with values in

T has weights, if T ® F is rigid and has a weight filtration,
and if the following conditions hold.

a) The weights w occuring in Ha(X,b)F satisfy

2b-a

IA
A

w £ 2b for a d = dim X ,

2b-a <

IA
£

IA
(Y
Q

< 2b-2(a-d) for a
b) For X/k proper the weights w occuring in Hl(x,j)F satisfy

_23

[N

for i

[T
€
A
-

1
()
w

d = dim X ,

2(i-4)-2j

iA
[oN)

for i

(7
£
1A
-

|
N
[

6.6. Corollary For X/k smooth the weights w occuring in Hl(X,j)F

satisfy
i-23 s w £ 2i-2j for i £d =dim X ,
i-23 < w £ 2d4-2j for 1 4.

In particular, for X smooth and proper over k, Hl(x,j)F is pure

of weight i-2j .

This is clear from 6.5 and the Poincaré duality isomorphisms

6.1 j). We now give some examples.
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6.7. Example Let VUV be the category of all separated schemes of
finite type over a field k with separabel closure ks , let

Gk = Gal(ks/k) be its absolute Galois group, and let £ be a

prime different from char(k) . The category Repc(Gk,ZQ) of

finitely generated xz—modules with continuous action of Gy is

an abelian, Zl—linear tensor category: the tensor law is the tensor

product over Z, , and the identity object is Z with trivial

L L

operation; note that we have

Gy
T'(M) = Hom (ZQ,M) = M

G by ¢ F——> o(1) .
k

We get a twisted Poincaré duality on V with values in

Repc(Gk,Zg) by letting

i P
ét,z

H;(X,j) H (i,zz(j)) for 2<— X closed ,

(6.7.1)

ét =
H, (X,b) = Hj (X,%,(b))

-a, sz _=! £
Hét(X,Rf Zz(-b)) for X ——> Spec k

(2-adic étale cohomology and homology, cf. [BO] 2.1 and [DV] exp.
VIII), where X = X xki —£—> Spec k denotes the base extension to
the algebraic closure kK of k . The category Repc(Gk,Zg) is
equivalent to the category of constructible Zl-sheaves on Spec k

-modules follows from

’

and the finite generation of the above ZQ
!

Deligne's result that in the above situation Rf, and Rf" respect

(complexes of) constructible sheaves, see [SGA 4%] [finitude] 2.9.

Repc(Gk,ZQ) ® QQ can be identified with the category Repc(Gk,mz)

of finite-dimensional mg—vector spaces with continuous action of

Gy (equivalent to the category of constructible Ql—sheaves on

Spec k ) and is rigid: the internal Hom is given by
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Hom(V,W) = Hom_ (V,W)

Q,

with the Gk-action (gf) (u) = of(o_1v)

6.8. Example Now let k be finitely generated. Say that

vV € ob(Repc(Gk,Ql)) has a weight filtration, if there exists an
integral domain A of finite type over x[%] with field of
fractions k such that V extends to a constructible mz-sheaf

F over U = Spec A , which has an increasing exhausting and
separating filtration me by constructible subsheaves such that
GrzF = me/wm_1F is pointwise pure of weight m , see [D9] 1.2.2.
Since F is smooth ("constant tordue") on a neighbourhood of the
generic point n = Spec k of U , this amounts to saying that

i) there is a connected, smooth scheme U' over Z[%] (char k = 0)

or Eb (char k = p > 0) such that the representation of G on

k

V factorizes through Gk _> n1(U',ﬁ), ﬁ = Spec k ,

ii) there is an increasing exhausting and separating filtration
cer SW WVEWVC ... of G, -submodules such that for each closed
point x € U' the eigenvalues of a geometric Frobenius Frx at x

W.

in w1(U,ﬁ) on Gr V = wmv/wm_1v are algebraic numbers o with

absolute value

o
la] = Nx? , Nx = #k(x)
for every archimedean valuation || . Here the geometric Frobenius

in Gal(k(x)/x(x)) is the inverse of the arithmetic Frobenius
a b—> a¥¥ , and its image in ﬂ1(U',ﬁ) via Gall(k (x)/x(x))
= n1(K(x),KIX)) — n1(U.K1x))

n

n1(U.ﬁ) is well-defined up to
conjugacy. For a finite field k we have U' = Spec k , and for a
global field k with ring of integers Ok we have U' = Spec Ok\S

for a finite set of primes S including all primes above & . Then
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n1(U'.ﬁ) is the Galois group GS of the maximal S-ramified
extension of k , and i) means that V is unramified outside S

A filtration as in ii) is called weight filtration for Vv

6.8.1. Lemma a) A weight filtration, if it exists, is unique.

b) Let WRepc(Gk,mg) be the full subcategory of Repc(Gk,QQ) formed
by the representations having a weight filtration. Then every
morphism on WRepc(Gk,Qg) is strictly compatible ([D4] 1.1.5) with
the weight filtrations, and WRepc(Gk,Qﬁ) is an abelian subcategory
of Repc(Gk,QQ) , closed with respect to taking subobjects or
quotients.

c) WRepc(Gk,QQ) is a rigid, abelian, Qg-linear tensor category with

welights.

Proof It follows immediateély from the definitions that there is

no non-trivial Gk-morphism between pure modules of different weights,
hence the same statement for distinct sets of weights. From this one
deduces that every morphism is compatible with the given weight
filtrations and the unicity (look at the identity map). Subobjects
and quotients obtain a weight filtration by the induced and the
quotient filtration, respectively (cf. [D4] 1.1.8), hence
WRepc(Gk,ml) is an abelian subcategory of Repc(Gk,Ql) . Since every
isomorphism is an isomorphism of filtered objects by the above, we
obtain the strictness for every morphism. This in turn implies that
the functors V pre> W V are exact (cf. [D4] 1.1.11 and the

remark after it). The claims in c¢) are now clear: the filtration

on Hom(V,W) is given by

W Hom(V,W) = {f : Vo> Wf(W,V) W, W for all i }

4

and the filtration on V ® W 1is given by the formula in

6.3 b).
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6.8.2. Lemma Denote by WRepc(Gk,ZQ) the full subcategory of

Rep (G, ,Z,) formed by those objects M for which M 8,6 @ has a
c k7 z, L

weigth filtration. Then the functors 6.7.1 have image in

WRepc(Gk,Zg) and form a twisted Poincaré duality theory with

weights.

Proof For a closed immersion 2 S—> X of algebraic k-schemes
there is a smooth scheme U, over z[%] (if chark = 0 ) or over

F_(if char k = p > 0 ), with generic point n = Spec k , and a

p
7 Y > X
l’\‘/
Yo

closed dimension
of separated Uo-schemes of finite type such that 2<~—> X is

obtained from v by base change to Spec k .

By Deligne's generic base change theorem (cf. [SGA 4%]
[finitude] 1.5 and 2.9) the operations Rf,, Rf,, Rf', Rv' and
Rv, respect constructible complexes, and are compatible with
arbitrary base change S —> U for a suitable open subscheme U

of Uy - In particular, H%(i,zl(j)) extends to the constructible

sheaf F = Hi(Rh*Rv!zg(j)) , and Ha(i,zg(b)) extends to the
constructible sheaf G = H—a(Rf*Rf!zz(—b)) on U ., Moreover, the
associated Qg—sheaves are mixed by Deligne's result [D9] 6.1.11.

This shows the claim for char(k) = p > 0 , since by loc.cit.
3.4.1 every mixed sheaf in this case also has a weight filtration.
The bounds on the weights follow from loc.cit. 3.3.8, since by

the base change property we have

H = H®(X x
C

% U K(x) , Zz(b))

0
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(cohomology with compact support) for H = R £ Z and every point

x of U , and since

ét . LA = v
(6.8.3) H (X,Qz(b)) = Hét,c(x'mz(b))

n

(R,-dual) by the duality RHom(Rf,Q,,@,) = Rf*RHom(Qg,Rf!Ql)
]
RE,RE'Q, .

For char k = 0 we cannot argue in this way, since the
concepts of mixed sheaves and weight filtrations are different
here (see the remark below). Instead we shall get the weight
filtration by resolution of singularities, and this will be proved
in 6.11 together with the result for absolute Hodge cycles (note
that we may assume all sheaves as being reduced by the topological

invariance of étale cohomology) .

6.8.4. Remarks i) Let k be a number field, let S be a finite

set of primes including all primes above & , and let
Gg = m,(Spec Ok\S,ﬁ) as above (ramification at infinity is

allowed). Then for n € Z one easily computes

. 1
dlmmchont(GS,Ql(2n+1)) 2 r1+r2 2 1

where r and r, are the numbers of real and complex places

1
of k , respectively (cf. [J3] lemma 2), so by the isomorphism

1 . 1 . I
Hcont(GS'ml(m)) = EXtGS(Ql’QQ(m)) there exist non-trivial

extensions of continuous Gs-representations

(6.8.5) 0 —> @,(2n+1) —> E —> @, —> C .

Since Ql and Q1(2n+1) are pure of weights 0 and =-2(2n+1) ,
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respectively, E corresponds to a mixed sheaf on Spec Ok\s . For
n<0 , however, E cannot have a weight filtration since WOE would
give a splitting of 6.8.5.

ii) Let ES be the group of S-units and ClS be the S-class group

of k , then there are exact sequences

n 1
0 —> ES/R —> H (Gs,uzn) —_ RnC1S —> 0 ,

for all n 2 1 . Since by Dirichlet's theorem ES is a finitely

generated group and ClS is finite, we conclude

1 =
Hoope (GgrE, (1)) = Eg © %),

by passing to the limit over n . On the other hand we have

n
1 AL S X xg‘
Hcont(Gk’z2(1)) = k = iif k" /k .
n
. Ax x .
Since k 3 k™ ® xl = lim ES ® ZQ , we conclude that
—_—>
S
. 1 1
(6.8.6) iif Hcont(GS’Q2(1)) $ Hcont(Gk’m2(1)) .

S

This shows that there is a (non-trivial) extension of continuous

Gk-representations
(6.8.7) 0 —> Qz(1) —> E' —> Q, — o,

which does not come from a Gs-extension for any S . Hence E'
corresponds to a Qg-sheaf on Spec k which does not come from
Spec(Ok\S) for any S , this answers the question in [D9] 6.1.1.

The example is the same as Serre's example in [Se 1] III 2.2.






