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Preface

This is an almost unchanged version of my 1988 Habilitations-
schrift at Regensburg. My original plan was to completely rewrite it for
publication; in particular I wanted to make it more readable for the
non—expert. Finally I chose to rather publish it like it is than turn it
into a long range project. So I have only made some minor corrections
and added three appendices. The first one reproduces a letter from S.
Bloch to me and the second one consists of an example by C. Schoen. I
thank both for the permission to publish this material, and the latter
for the effort of rewriting the example, which also figured in a letter to
me. The third appendix contains some remarks and complements
written in 1989.

Uwe Jannsen
Bonn, November 1989






Introduction

This text consists of three parts. In part I we define a
category of mixed motives in the setting of absolute Hodge cycles.
In part II we investigate, as general as possible, relations between
algebraic cycles, algebraic K-theory, and mixed structures in the
cohomology of arbitrary varieties. In part III we present some
conjectures on Chern characters from K-theory into f-adic cohomology
for varieties over finite fields or global fields, and prove these

in some (very) specific cases.

Background The concept of motives [Ma] ,[Kl1] , [SR] was introduced
by Grothendieck to explain phenomena in different cohomology theories
of algebraic varieties in a coherent way, in particular those re-
lated to algebraic cycles and weights. For example in both the
¢-adic and the Hodge theory the cohomology Hi(X) of a smooth
projective variety is pure of weight i, the class of an algebraic
cycle of codimension j can be interpreted as a morphism from the
trivial structure into sz(x)(j), and the parallel formulation of the
conjectures of Hodge and of Tate is that the functor sending a
motive to its cohomological realization is fully faithful.

All this only concerns cycles modulo homological equivalence and
does not cover singular or non-compact varieties, which oéften arise
in algebraic geometry. Concerning these, Deligne shows in [.D5 ]
§10 that cycles homologous to zero give rise to non-trivial ex-
tensions of pure structures of different weights - this is called
a mixed structure ~ and in his treatments of Hodge theory and
L-adic cohomology [D5] , [D9] shows that the cohomology of arbitrary

varieties gives rise to mixed structures, too. Indeed, both facts
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are directly related, and one expects a description of the whole
Chow group and a satisfactory treatment of arbitrary varieties in
the setting of a category of mixed motives [Bei 4] , [D10] . Finally,
work of Beilinson suggests that mixed motives are related to higher
algebraic K-theory, like cycles are related to Ko (Bei 1] , [Bei 2].

Grothendieck's definition of motives is‘'quite simple, but only
gives a satisfactory theory together with the so-called standard
conjectures. Deligne has given a "working definition" of motives for
absolute Hodge cycles (the latter ones replacing the algebraic cycles
in Grothendieck's definition), which often suffices for the appli-
cations [DMOS] . An algebraic definition of mixed motives is

problematic, since Grothendieck's methods (algebraic correspon-

dences and idempotents) neither apply nor extend in an obvious way.

Part I In §1 we start with the simple but crucial observation that
- in the language introduced later - a subrealization of the reali-
zation of a motive for absolute Hodge cycles (AH-motive) is a direct
factor and hence a submotive. As a corollary we show that there are
natural AH-motives associated to modular forms, having as f£-adic
realizations the representations constructed by Deligne [D1] (Re-
cently, Scholl [Sch 1] constructed these motives algebraically).
Another application is the construction of direct factors in the
£-adic cohomology.

In §2 we make a precise definition of a category Bk iq which the
realizations of AH-motives over a field k live, by defining a bigger
category ng of mixed realizations, in which also mixed structures
are allowed. These obviouslv are Tannakian categories, and we study
some of their formal properties.

In §3 we prove that for a smooth variety U over a field

k of characteristic zero its 2-adic, deRham and Betti cohomolo-
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fgies define an object H(U) in ggk . The techniques applied here are

éall taken from papers of Deligne, the main point consisting in
?showing that one has a weight filtration in each theory which is
compatible with the comparison isomorphisms, and that the pure quo-
tients are AH-motives.

In §4 the category MM, of mixed motives over k is defined as the
Tannakian subcategory of ggk generated by the H(U) . We prove
that Deligne's category M, can be identified with the Tannakian
subcategory generated by the realizations of smooth, projective
varieties, and can be identified with the full subcategory of pure
objects in ggk . This gives a simpler definition of Mk than the ori-
ginal one, avoiding the processes of taking the pseudo-abelian
hull, inverting the Lefschetz object and changing the commutation
constraints. If G and MG are the associated "Galois groups" of
the neutral Tannakian categories Mk and gﬂk (for some fibre
functor given by Betti cohomology), then the embedding gﬁ»ggk
defines a homomorphism MG - G , and the above is reflected in an
exact sequence of pro-algebraic groups

1 >U0U->MG~»G~> 1,

with connected, pro-unipotent U, identifying G with the maximal

pro-reductive quotient of MG .

Part II §5 is, except for theorems 5.13 and 5.15 (comparing O(X)x
with Deligne cohomology H;(X,z (1)) or étale cohomology H;t(x,z&(1))),
mainly motivational. The conjectures stated here for the smooth
case are contained in those formulated later for arbitrary varie-
ties.

In §6 a very important tool appears, the notion, due to Bloch
and Ogus [BOJ],of a twisted Poincaré duality theory, axiomatizing

the aspects of a cohomology theory and an associated homology theory.
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In this setting the "Poincaré duality" is an isomorphism

(0.1) H'(X,3) » H (x,d4-3) , 4 =dim X ,

2d-i
between cohomology and homology for smooth X . We define a version
with values in a tensor category, also introducing the concept
of weights modeled after the situation for mixed Hodge structures
or mixed f-adic sheaves. After discussing 2-adic, deRham and Betti-
cohomology we prove - extending the results in part I - that
there is a Poincaré duality theory with values in ggk .

In §7 we propose how to extend the conjectures of Hodge and
Tate to arbitrary varieties. The basic observation is that the right
setting is the homology, the classical formulations being reobtained
by (0.1). We show that this Hodge conjecture is true if and only
if the classical Hodge conjecture is, and that the same is basically
true for the Tate conjectures.

In §8 we recall some properties of Chern characters and Riemann-

Roch transformations assuring that the maps

2 G
(0.2)  Hh(x,@(6))80, » K- (xx,K,0,(6)) X, chark s £,
M
(0.3)  H,(X,@(b))> T,H (X(C),@()) , k=¢C,
!

(where H is the motivic homology defined by Beilinson via Kj (X)
and FH denotes the group of Hodge cycles), satisfy all functoriali-
ties of morphisms of Poincaré duality theories. We state conjectures
on the surjectivity of (0.2) and (0.3) and extend theorems 5.13 and
5.15 to arbitrary varieties, thus proving the conjectures for curves.

In §9 we discuss relations between extensions of realizations
and algebraic cycles homologous to zero. As a consequence we show
why a naive extension of the conjectures of Hodge and Tate to the
surjectivity of (0.2) and (0.3) for arbitrary a,b € Z 1is false. In
particular, this disproves a Hodge-theoretic conjecture by Beilinson
{Bei 2] . We deduce the counterexample from examples of Mumford on
the non-injectivity of the Abel-Jacobi map

23-1 23-1

cwd 0, » 87N x,0/m0 7 x,z () +
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Then we extend everything to the f%-adic Abel-Jacobi maps
cul 0~ ! 6, 8 xa K, 2 ,(5)))
by using results of Bloch (Bl 1]

In §10 we extend Bloch's results to higher-dimensional varieties
and show that Abel-Jacobi maps are non-injective quite principally,
for any reasonable Poincaré duality theory - provided the base
field contains too many parameters. The main theme of our conjectures,
and of several conjectures of Bloch and Beilinson, is that the si-
tuation is different for finite fields, global function fields,
and number fields.

In §11 we recall some ideas of Beilinson on mixed motives [Bei 4].
We stress the fact that his philosophy of mixed motivic sheaves would
imply some quite explicit conjectures - extending earlier ones by
Bloch - on the structure of Chow groups of smooth projective
varieties over arbitrary fields. I think these should be regarded
as an extension of Grothendieck's standard conjectures to the whole
Chow group. We remark that they would follow from the injectivity
of some cycle map.

Part III Our basic conjecture for varieties over finite fields

is that here (0.2) is an isomorphism. In §12 we prove it in some
cases and show that it would follow from several "classical" con-
jectures on smooth, projective varieties, at least if we assume

a weak form of resolution of singularities. The conjecture would
imply a description of motivic homology of arbitrary varieties X
over arbitrary fields of positive characteristic, by writing

X = 1lim Xa , with varieties Xa over E‘p and flat transition maps,
sinceaHg(X,Q(b)) = lim HZ&XG,Q(B)) . We explain this in more detail
for the case of a glgbal function field k . Note that we need
non-proper Xa even for a smooth, projective X , and observe

the similarities and the differences to the approach of Artin and

Tate in [D.E.] .



We don't have a similarly general conjecture for number fields,
but in §13 we discuss a conjecture on the bijectivity of
M ~et
(0.4) Ha(XIQ(b))eQz nd Ha (erz(b)) !

(where ﬁit

is a certain modified étale homology) in the "stable
range” a > dim X + b . This is related to certain Galois cohomolo-
gical investigations in [J3] .

The extreme counterpart of pure structures are mixed structures
whose pure pieces are as simple as possible, i.e., Tate objects, so
that only mixed phenomena remain. In §14 we define a class of
varieties (containing those stratified by linear spaces, like
Grassmannians or flag varieties) with this property, and prove most

of our conjectures for these varieties.

Final remarks and acknowledgements

I learnt about motives for absolute Hodge cycles in inspiring
lectures by G. Anderson (Harvard 1983/84), and my own investigations
were started by a question of N. Schappacher whether the realiza-
. tions for modular forms come from such motives (see §1). A. Scholl
brought my attention to the paper by Bloch and Ogus, and communi-
cated to me some ideas on K-homology and extension classes (cf.
§6). It is a pleasure to thank them for this inspiration and the
latter two for further discussions.

The first four chapters exist in this form since end of 1985
and were communicated to a few mathematicians. It should be noted
that a construction similar to our category ggk also appears
in a recent paper by Deligne. It will be clear to the reader how
much parts II and III are influenced by work and ideas of Bloch
and Beilinson, but I would also like to stress the influence of
Deligne's work on 1-motives [D5] and his reinterpretation of
Beilinson's ideas in [D10] .

I would like to thank J. Neukirch heartily for his constant
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enthusiasm and encouragement, and all friends in Regensburg for
their interest and support. Also I thank the Max-Planck-Institut
at Bonn, where this program was started and where the final part
was written. Special thanks go to K. Deutler, M. Grau and H. Wolf-
Gazo from the MPI, and in particular to M. PYertl from Regensburg

for a phantastic typing under big pressure of time.
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PART 1

MIXED MOTIVES FOR ABSOLUTE HODGE CYCLES

§1. Some remarks on absolute Hodge cycles

Let k be a field of characteristic zero, which is em-
beddable in € . Fix an algebraic closure k of k and let
Gy = Gal(K/k) . In the following we deal with motives for ab-
solute Hodge cycles as defined by Deligne in [D6], see also
[DMOS]II §6, in particular we use similar notations as in
these references. Then a motive M over k has realizations
HDR(M) - a k-vector space with a descending filtration FP
Hl(M) - (for each prime number 1) a Ql-vector space, on

which Gk acts continuously,

Ho(M) (for each embedding o0: k<= €) a Q-vector space
with a Hodge structure on HG(M) ® R, i.e., a Q-
Hodge structure,

all of the same finite dimension. Furthermore, there are com-

parison isomorphisms

I : HO(M) ® C C

®,0 )

1

Hpr M) ®

and

I, - HO(M) ®

1,0 0 2

4

o]
[

S

Y
for each extension 0 : k= ¢ of o
If X is a smooth projective variety over k and n 20

an integer, the motive M = h(x) is given by the realizations

_ N _ N0

Hpp (M) = HDR(X) = HDR(x/k) (de Rham cohomology)

Hy(M) = H](X) =H (xxK,0) (l-adic cohomology)

H (M) = HNx) = Hn(Xx c,Q) (singular cohomology) .
o o k,o



The comparison isomorphisms are obtained from the canonical

ones between the cohomology theories of the variety oX =

X - i i
xk'0¢ over (€ . Namely Il,o is given by
n can_.n c* n -
H (Xxk,Gc'Ql) -0 Het(xxk,OC'Ql) ""‘N—’Het(x"kerl)
and leo is induced by
HT (0X,¢) <25 H] (0% /C)
dim X n
If we let h(X) = @& h (X) , any motive M is a direct
n=o

summand of h(X) (m) , the m-fold Tate-twist of h(x) , for some
smooth projective X and some m € Z
The following lemma, which describes the possible summands,

is rather easy but very important for the following.

1.1. Lemma Let M be a motive over k . Suppose given a

- H -
k-subspace Uy, < DR(M) » for each 1 a Q,-subspace U, ¢
Hl(M) , which is a Gk-submodule, and for each o0: k< € a
O-subspace UCr c HO(M) , which is a sub-0-Hodge structure,
such that these subspaces correspond under the comparison iso-

morphisms. Then there is a decomposition M =M, @ M in mo-

1 2
tives such that Ua = Ha(M1) < Ha(M) where o runs through

the indices DR, 1 and o

Proof As the subspaces Ua are compatible with the weight
gradings (this is implicit in the statement that the U0 are
sub-M~-Hodge structures), we may assume M pure of weight r ,

say. Then there exists a morphism of motives
Y : Mo M(-1) (M = dual of M)

giving rise to non-degenerate pairings for o € {DR,1l,0}

k = DR
by H (M) @ Ha(M) > H (1(-r)) = @l(-r) a =1
0 (-r) =0



which are compatible with the various structures like Gk—action
for o =1 and Hodge structure for o = o etc., and correspond
under the comparison isomorphisms. Moreover, the wc induce

polarizations of real Hodce structures.
Hy (MR © H (M)@R - R(-r)

In fact, to fix ideas we may assume - by twisting with powers

of the Tate motive and adding other motives - that M is

hr(X) for a smooth projective variety X of dimension d

over k . Then by using a very ample divisor and the hard Lefschetz
2d-r

theorem one constructs an absolute Hodge cycle in CAH (XxX)

giving a homomorphism
o : 0" (x) - n9T(x) @,

the motivic version of the "*-operator" in Hodge theory, see
[DMOS] II 6.2. The pairings wa above are then obtained by
combining with the Poincaré pairings

2d-r d tr

r 2
H (X) @ H~ ~(X)> H "(X) 3 H,(1(-d))

and twists by d-r . Or: the Poincaré pairings give an iso-

morphism h297T (%) (a-r) > h*(x)V(-r) , whose composition with
$ is VY
Let VDR ’ Vl and Vc be the orthogonal complements of

UDR B Ul and Uc , respectively, with respect to the pairings

wDR ’ wl and wo . By the compatibility of the wa these spaces
then correspond under the comparison isomorphisms. Also the
Va are substructures of the Ha(M) like the Ua : the G, -

k
invariance of Vl follows from the Gk*invariance of Ul and

wl , and V0 is a sub-0®-Hodge structure, as wc is a polariza-
tion of ®-Hodge structures. This also shows that Uo n V0 =0
(compare Deligne's argument [D4] p. 44, that any sub-structure
of a polarized ®-Hodge structure is a direct factor): one has

(2ni)rw0(x,cX) >0 for all O+ x € H (M) @ R , where C is



the Weil operator: C =i € S(R) = c” acting on every R -

Hodge structure, see [D4] (2.1.14). As C respects the sub-

1
Hodge structure U0 ® R we conclude U0 ® nzn(Uce R) =0 as
claimed. By the comparison isomorphisms we also get Ul n Vl =0
and UDR n VDR = O . The decompositions Ha(M) = Ua -] Va then

induce endomorphisms

. projection
Py @ H () PPRIECEEOR 4y L )
for o € {DR,1,0} , which are compatible with the various

structures and the comparison isomorphisms, as this is the
case for the U- and V-spaces. Therefore the family of the Py
gives an element p € End(M) (see [DMOS]II 6.7 (g) or 6.1
for M = h(X) , note that Ppr resnects the Hodge filtration
as it is compatible with 28 and P is a homomorphism of
Hodge structures), which is a projector and gives the wanted
decomposition by taking M, = Im p and M, = Im(1-p) ; for

M = h(x) we have M, =(h(X),p) in the notation of [DMOS].

1.2. Corollary If X,Y are smooth varieties over k with X

projective, then for any morphism f: Y - X and g: X = Y the
kernel of

£x: Hz(x) - Hz(Y) o € {DR,1,0}

is represented by a motive Kerf* c hr(X) and the image of
r r
gk : H_(Y) = H_(X) a € {DR,1,0}

is represented by a motive Im g* < hr(x) , and these are direct

factors of hr(X)

Proof The cohomology groups Hg(Y) have mixed Q-Hodge structures,
and f; and g; are morohisms of mixed @®-Hodge structures

[D4] . So Ker fg and Im g; are (pure) sub-0O-Hodge structures



of the pure, polarized Q®-Hodge structures Hg(x) . Ker f& and
Im ga in the other realizations correspond to Ker fg and

Im g; under the comparison isomorphisms, as these are functo-
rial and also exist for Y , and of course in the l-adic reali-

zations one gets Gk—invariant subspaces. So we can apply the

lemma (with U = Ker f* or Im g* )
a a o
In particular we get a result which should be true more
generally by a conjecture of Grothendieck-Serre on the semi-

simplicity of the action of Gk on the l-adic cohomology.

1.3. Corollary In the situation above, the kernel of

x . ugt T
fl : Hl(x‘) - Hl(Y)

and the image of
* . gt r
g} : Hy(Y) - H;(X)

are direct factors of Hi(x) as Gk-modules

0f course, similar considerations apply to other natural

maps like Gysin maps or the canonical map

r

Hz(u) - HY(X)

of the cohomology with compact support of an open subvariety
U of X into the cohomology of a smooth projective variety

X . This is needed in the proof of the next corollary.

1.4. Corollary The realizations attached to an elliptic

modular form f by Deligne ([D6] §7) belong to a motive
M(f)

Proof Let f be a new form of weight k+2 (k 2 0) , conductor

N and character ¢ for




*
a b ! ) mod N}

_ (@b -
r1(N) = {(cd) € SL,(Z) | (¢ g = (o 1

There is a smooth projective curve X1(N) over ® and an
open subvariety
e Y1(N) N x1(N)

such that the C-valued points can be identified with

\ﬂi ‘\éz = compactification by
r1(N) Ty adding the cusps

where {} is the Poincaré upper halfplane.

Let N = 3 ; then there is the universal elliptic curve
g:E-'Y(N):

and Deligne describes the realizations of M(f) as parts of

the "universal cohomology"
1 .
H (%, (), 3,5ym" (R1g,0))

(i.e., one has to form the l-adic,de Rham and singular versions
of this cohomology), namely as kernel of T, ~ a, for all n
prime to N , where the Tn are the Hecke correspondences acting
on the cohomology and f(z) = E anqn , Q= e ' . If the
a, are not in @ , one has ton;;ke the kernel in the following
sense: Let T be the Q-algebra generated by the Tn and E =
Q(a1,a2,...), then we have a morphism T % E by T, Pa, - If
0t is the kernel of this morohism, define the realizations of
M(f) as the part annihilated by

By the commutative diagram

1 (v, 0, sym* (R1g,@)) —»u’ (x, ), 3,5yn" (R'g,@)

N |

N

]

H' (v, 0, sym* (R1g,0))

in which H; denotes cohomology with compact support and the



maps are the canonical ones, one can also define the realizations
of M(f) to be the kernel of the T, a, in the parabolic
cohomology

1 k, 1 1
HL (Y, (N),Sym" (R'g,@)) = Im(H (Y, (¥),...) % H (Y, (N),...)).

1 . .
Symk(R g,0) is a direct factor of (R1g*Q)°k which in turn is

a direct factor of Rk(gk)*Q , for

E =E x

% Bk T E vy, B N

the k-fold fibre product of g (relative version of the Kiinneth
formula), where by definition Eo = Y1(N)
Finally the spectral sequence

HP (v, (1), RY(gy) ,0) = 8779k, ,0)

degenerates and moreover, as remarked by Lieberman, identifies
Hp(Y1(N),Rq(gk)*Q) with the subspace of Hp+q(Ek,Q) , on which

m idE induces the multiplication by md , compare [D1]

k
p. 168. The same is true for the cohomology with compact support.

Altogether the realizations of M(f) are direct factors
of the cohomology

K+ Kk+1

_ k+1
D (Eer) = Im(HC (Eka) - H

(E,+0))

which are defined as the kernel of several algebraic correspon-

dences: the Tn are also defined as correspondences of E

k+1

see [D1] (3.16), the subquotient of HY

and so of E (Ek,Q)

k ’

which corresponds to
1 1 ®k 1 k
Hp(Y1(N),(R g«®) ) ¢ HP(Y1(N)'R (gk)*Q)

via the spectral sequence can be identified with the subspace
of H:+1(Ek,Q) where the morphism m1idEx...xmKidE (mi € )
induces the multiplication by My e M, and the part correspond-
ing to SymS(R'g,®) in (R'g,0) % can be identified by the action
of the symmetric group SK on EK .

If one likes - and in particular if one does not like to




elaborate the de Rham versions of the above steps - one can take

this as the definition: the realizations of M(f) are obtained

k+1 _ k+1 ®a _k+1
in Hp,a(Ek) = Im(Ha,c(Ek> - Ha (Ek)) , for o € {DR,1,0} ,

as the kernel of the Tn - an , (m11dEx...xmKidE)*- m,. ..M for

sufficiently many my € Z, and o*-1 for all o¢ € Sk c Aut(Ek).
k+1

Gk—submodules of Hy (Ey)

1(Ek) etc., and correspond under

They are substructures, i.e.,

k+

sub-Q-Hodge structures of Ho

the comparison isomorphisms, as these also exist for the coho-
mology with compact support Hi,c(EK) and are compatible with
the 9, - A definition of algebraic de Rham cohomology with
compact support and the comparison isomorphism to singular
cohomology can be found in [HL] .

To get a motive we still have to replace E, by a
smooth projective variety. Now there exists a smooth com-
pactification Ek of Ek , i.e., a smooth projective variety

Ek containing Ek as an open subvariety (either by Hironaka's
resclution of singularities or by Deligne's direct construction
[D1] 5.5, which also works in positive characteristic), and by
the commutative diagram

K+1 v K+1 =
Ha,c(Bx) > Hy  (Bp)

™

~ L

k+1
Ha (Ek)
k+1 . K+1 =
Ha,p(Ek) appears as a subquotient of H (Ek) . We remark

that by the commutative diagram from Poincaré& duality

k+1 = k+1 = 2(k+1) =

H (Ek) x H (Ek) - H (Ek)
WT lo T,f
k+1 k+1 2(k+1)

Hy (Ek) x H (Ek) - H_ (Ek)

we have Im y = (Ker p)l (orthogonal complement). This shows



that we could express the subquotient entirely in terms of p
k+1

HD (Ek) = p(Im y) = Im ¢/Im ¢ N Ker p = (Ker p)l/(Ker p)l n Ker op.

These subguotients for all o € {DR,1,0} define a motive
by lemma 1.1 (applied twice), and the realizations of M(f)
give compatible substructures in all its realizations and so

again by lemma 1.1 define a motive, which we now can call M(f).

More explicitely: let H(M(f)) be the realizations of
M(f) in Hk+1(Ek) , then 0-1(H(M(f))) gives a motive by
lemma 1.1, (Ker p)' n Ker p is a motive, and so 5 (H(M(£)))/
(Ker p)l N Ker p 1is a motive, which we define to be M(f)

For N = 1,2 one gets the motive M(f) from a motive
with bigger N' wvia taking the fixed part under a finite

subgroup of SLz(E /N'Z ) 1like in [D1] p. 158. This again

gives a motive, compare ([DMOS] p. 206.

§2. The category of mixed realizations

The considerations of the previous section suggest to define
a category that contains the realizations of motives with all
their extra structures and that also covers the cohomology of
(smooth) non-proper varieties, which in general gives rise to
mixed structures. We do this by formalizing the properties of
the realizations and replacing the weight graduation of motives
by a weight filtration.

Let again k be a field, which is embeddable in ¢ , k

an algebraic closure of k , and G = Gal (k/k)

2.1. Definition The category ggk of mixed realizations (for

absolute Hodge cycles) over k consists of families
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H = (Hpp Hy Hgs Iw,o’Il,E)l prime number
0: k==C¢
\ \ \ \ \ \ 1 \ \ \ \ \ \ \L-‘J:\EQ»C
where
a) HDR is a finite-dimensional k-vector space with a de-
creasing filtration (Fn)nEZZ (the Hodge filtration) and an
increasing filtration <wm)m€2 (the weight filtration).

b) Hl is a finite-dimensional Ql—vector space with a con-

tinuous Gk-actlon and an increasing filtration (wm)m€2

(the weight filtration), which is Gk-equivariant.

c) Hy is a mixed Q-Hodge structure, i.e., there is an in-

creasing filtration (wm)mEZ

and a decreasing filtration (F

(the weight filtration) on H

c

)nEZ (the Hodge filtration)

C , which induces a (Q)-Hodge structure of weight m

on H0 ®

®

W . \{ P.q
on GrH =WH /W _H_ , that is Gr H ® C = o H”

m o m o’ "m-1"0 m o p+g=m a

1 1
with HE'Y = u¥'P ana FPor'n e c= o ®D 'Y |
o} m o ' o]
P =p

d) Im,o : Ho ®Q¢ 2 HDR ek,oc is an isomorphism identifying

the filtrations induced by the Hodge filtrations (respectively,

the weight filtrations) on both sides.

e) 11,5 H, ®QQ1 - Hl , for o =0 x ¢ is an isomorphism

transforming the weight filtration of H; into the weight fil-

tration of Hl » such that for p € Gk
- 5 1
Il{g//,
/
H Q(D(‘Dl p
~_
T~
Il,op ™~ &



11

commutes.

The Im,0 and 11,5 are called the comparison isomorphisms.

A morphism f: H - H' of mixed realizations is a family

(fDR’fl’fo)l prime number
0: ko
where
1.y £ : H - H! is k-linear and of degree zero for the

DR DR DR
filtrations W and F

. . s 1 _ . .
2.) fl : Hl - Hl is a Ql linear Gk morphism which respects

the weight filtrations.

3.) f0 : H0 - Hé is a morphism of mixed Q)-Hodge structures,

i.e., compatible with the filtrations W and F

4.) fDR'fl and f0 correspond under the comparison isomor-

phisns.

2.2. Remark Assuming 3.) and 4.) , we only have to require
. . 1

1.) fDR is k-linear.
, . s - .

2.) fl is a Ql linear Gk morphism.

This follows from the properties of the comparison isomorphisms.

2.3. Proposition MR, is an abelian category.

Proof This is clear from the remark above and the fact that
mixed Hodge structures form an abelian category [D4]. In
particular the morphism fDR ' f1 and fO are strictly compatible
[(D4]1(1.1.5) with the filtrations W and F , and kernels and
cokernels are the obvious. (componentwise) ones with the induced

filtrations and comparison isomorphisms.
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2.4. Remark Of course we could separately define categories
of 3e Rham realizations Hyp and l-adic realizations Hy
and then combine these with the category of mixed Q-Hodge
structures (containing the Hodge realizations Ho) . Note how-
ever that in general categories of vector spaces with filtrations

do not form abelian categories.

2.5. If H 1is a mixed realization, we define the subobject

WwHEMR by

W H = (W Hop W Hy  WHGT, 0 5,5 " '1,0,5
m m
where I OIW stands for the restriction
4
m

W H ®®¢ - meDR X, 0
of Iw,c and Il'akq is the restriction
m
W_H

m o QQl ~ m 1l

2.6. Definition i) A mixed realization H is pure of weight m,

if WmH = H and wm—1H =0 .

ii) The category of realizations Bk is the full subcategory

of ggk , whose objects are direct sums of pure realizations.

We see that in general any object H in Egk is a

successive extension of the pure realizations GrXH
H .
wm /wm—1H

2.7. There is a natural tensor law on ggk by defining

H® H' = H®H';I er' ,I —QI'

' 1
(HDRekHDR'HlteHl' 00 o' ®,0 w,0’ 1, 1, o)l 0,0

and taking the natural structures on the components, namely
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the induced filtrations (cf. [D4] 1.1.12)
W_(H ®H' ) = T W_H ® W H'
m DR DR r+s=m r DR s DR
n ) q
F (H ® H' ) = z F"H ® F H'
DR~ DR T on DR DR

and similarly for the other realizations, and p € G acting

k
. Furthermore, by taking

Al
Hl @ Hl

the natural commutativity and associativity constraints for

by p(x ® x') px ® px' on

vector spaces it is clear, that MR, gets the structure of a

tensor category, cf. [DMOS] II 1.1, 1.2, with identity object
l = (k, Qll o ; ld°°,0 ’ idl,E)

pure of weight zero (Fok =k , F1k = 0 , trivial action of

Gk on Ql » ® the unique Q-Hodge structure of type (0,0) ,

the comparison isomorphisms induced by Q < C Zox  and

Qe 0, =0,) .

2.8. Definition For H, H' € ggk define Hom(H,H') € ggk
(the "internal Hom") by
1] — ] 3
a) HDR(Hom(H,H )) = Homk(HDR,HDR) with
' - P D+
FnHomk(HDR,HDR) = {(£|£(FPu ) < PP for all p) ,
1 -— Al
WmHomk(HDR,HDR) = {flf(erDR) < W, Hpg for all r} ,
t —_ ' . - .
b) Hl(Hom(H,H )) = Hole(Hl’Hl) with Gk action
(pf) (h) = pf(o—1h) for p € Gy and h € Hy o and similar
weight filtration,
c) HO(Hom(H,H')) = Homm(Hc,H&) with the induced mixed @Q-Hodge

structure, i.e., with Hodge and weight filtration like

above, cf. [D4] ,
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d) the obvious comparison isomorphisms induced by the ones %

of H and H'
Then we have a natural (functorial) isomorphism
(2.9) Hom(T, Hom(H,H')) = Hom(T ® H , H')

2.10. For H € MR, define the set of absolute Hodge cycles of H by

r(H) = {(XDR,Xl:Xc)l’0€HDRxTJHlxI]HOIImlo(xo) =Xpp

and I G(Xo) = X

1, 1 for all o:k—=C and G&:kKescC

o o
restricting to ¢ , xpp € F Hop 0 WOHDR}

This is a finite-dimensional Q-vector space, as one sees by pro-

jection to one Hy; . Note that by properties d) and e) of

Cx
1 1 n WOHl and X €

FO(HO® © N WH  for x € I'(H) . From the definition of

the comparison isomorphisms x, € H

Hom(H,H') we see

(2111) Hom(H,H') = T (Hom(H,H'))

In particular, (2.9) implies functorial isomorphisms
(2.12) Hom(T,Hom(H,H')) - Hom(T ® H,H')

for T,H,H' € ggk , i.e., the contravariant functor
T ~>Hom(T ® H,H') 1is represented by Hom(H,H'). With this

we easily obtain

2.13. Theorem ggk is a neutral Tannakian category over @
(see [SR] and [DMOS] II 2.19), namely a rigid abelian @-linear

tensor category with exact faithful @-linear tensor functors

(fibre functors)
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category of finite-

Hy + MR, = V€S, = gimensional Q-vector spaces
H [ HO

for each o0: k& C

The proof is routine and rather straightforward, as the
axioms of a Tannakian are modeled after the properties of
vector spaces and we are dealing with vector spaces (with some
additional structure), where all functorial maps are the ob-
vious ones. We only note that the dual H of H € ggk
is given by

\4

H" = Hom (H,1)
= (Hom, (H__,k),H , T LR e LS -
my (Hype ). Ole(Hl Ql),HOmQ(HO,Q )’(Im,o)'(Ilﬁ) )I,c,o
where (I-1 )V and (I-1—)v are the transposes of Im1 and
©,g 1,0 = ©,0

1115 , respectively. Hc is exact, as kernels and cokernels are
14
taken componentwise, and faithful, as f € Hom(H,H') 1is comple-

: . '
tely determined by f0 : Ho - Ho

2.14. Remark There is a canonical isomorphism Hom(1,H) > T(H)
by f » (fDR(1),fl(1),fo(1))l'a , in particular T (H) # O if

and only if H contains the object 1 .

2.15. Proposition Ek is a (neutral) Tannakian subcategory

of MR, , which is closed under the formation of subquotients.

Proof Obviously R, is closed under the formation of tensor
products and duals, and it contains the identity object 1 .
The exactness of the inclusion functor follows from the second
statement, which we only have to prove for quotients, as the
case of subobjects follows by applying the exact functor

HrsHY (twice). But quotients of pure objects are obviously
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pure, and the general case follows by induction, as for a
quotient H ® H' » H" of realizations H,H' € Bk with different

weights we must have Im H N Im H' = O

2.16. Definition There are natural base extension and re-

striction functors:

i) For an extension k <= k' of fields as above and H € MR

k
define the base extension H' =H x k' € MR, by
_— ' : . . .
a) HDR = HDR @kk with the induced filtrations,
1 = 1 1 1 i
b) Hl ResG Hl via the map Gk' - Gk given by an inclusion

- k!
k =« k' of the algebraic closures extending k< k' (well

defined up to conjugacy in Gk) , with the same weight fil-
tration.

c) H), =H  for o' :k's¢€ and o =o0'|, , with the same

k
mixed Q-Hodge structure,

d) ;,o' = Iw,o for o' and o as above, via the canonical
' z
isomorphism HDR ek',o'c HDR ek’oc ,
[ - - . T ol e S
e) Il,c' Il,o for o' : k' ¢ and o o' |g -

ii) For a finite extension k'/k define the restriction

p— 1 1
H =R, H' of H' €MR by
a) HDR = HSR (restriction of scalars to k) with the same
filtrations,
G
b) H, = Ind X g , i.e., the representation induced from G, ,
1 Gy 1 k
to G, (we may assume k = k' and G+ € G) , with the
G =
weight filtration 1Ind k W _H!
Gk‘ m'l
c) H_ = © H! for o: ko € , with J_ =
o 1€J0 | g
{t: X' & ¢l T.k = 0} (direct sum of the mixed Q-Hodge
structures),
d I for o0: k<= ¢ 1is given by

®,g

T P VS
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® I'
® H'®@ ¢ —25% @ H'_® C—H'_ ® C
T€J TOQ ~ €T DR k',T DR k{o
g o}
via the canonical isomorphism k' @k GC —~ e k' ek, T¢,
! TEJ !
G o
- ] k|= . [ 1A = !
e I;5;: ® HI 80 > Indg By {f: G, = Hl|f(p 0) 0'£(p)
T€J4 k
for all »p' € Gk,} (with the Gk—action (pf)(oo) = f(ooo))
for 0 : k = k' & € with B‘R = ¢ and a‘k,= o' is given
by
a = (a) ggq HGfa 2 £ (0) = 11,50’1(ao'o'1)’

k

which lies in 1Ind
Gk'

Hi by property e) of the comparison

isomorphism.

2.17. Definition 1) The Tate realization

(1) = (k(),0 (1), Q(1), idm'c(1),id (

1,5 M) 1,6,5

is pure of weight -2 with:

a) k(1) = k with Hodge filtration F°k(1) = O,F 'k(1) = k(1),
b) Q1(1) = 221(1) Qz Ql , where Zzl(‘l) = lim u n and
1 n 1

W, 1is the group of 1"%-th roots of unity in k with the

1

natural Gk-action,
c) @(1) is the ®-Hodge structure 2%i @ , of Hodge type

(-1,-1) (for any o: k< ¢€) ,

d) id_ (1) 4is induced by 27mi Q& € &k ,

oo’o'
e) id; -(1) for 0 : k& ¢ 1is induced by
r
. , - -1 i
21i B - Z l(1) , 2mit b (O (exp E%%E ))n .

ii) For any mixed realization H and n € Z we let

H & 1(n® ndo
H(n) =
®-n
Hom(1(1)®™™, ) n<o ,

the n-fold Tate twist of H .
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2.18. Remarks i) Twisting shifts the weight by -2 so that

W (H(n)) = (W H) (n)

m+2n

ii) The above definition is compatible with the usual notion of
Tate objects and Tate twists in the category of l-adic repre-
sentations of Gk and the category of Hodge structures, see
[D3]. We also obtain a notion of Tate twists in the category

of de Rham realizations: HDR(n) equals HDR as k-vector

space whereas the Hodge filtration is FpHDR(n) = Fp+nHDR

With this we can write H(n) = (HDR(n),Hl(n),HO(n);Iw,o(n),Illa(n))-

The next two sections are very technical and not needed in
the sequel except partially in the proof of 4.7 e), so the reader

is advised to skip 2.19 and 2.20 on a first reading.

2.19. Autk(k') acts on T (H xkk') for H € ggk by
- 1
D(XDR'XI'XO) = (pXDR'pxl'XOD) for p € Autk(k Y where

p acts on Hpp ekk' via k' and on Hl via lifting to
p € Autk(ET) and the projection Aut, (k' note that

) -

k

Gk H
acts trivially on Xy for x

cal(k'/k') = G =

k’

(x Xy X)) € T(H x k'), If k' = k is an algebraic closure

DR’
of k , then the action of Gal(k/k) = G, on T(H xkE)

factorizes through a finite quotient, as the map T (H xki)a
HDR Qki is injective and the image of a basis of T (H xki)

lies in HDR @k k' for some finite extension k'/k . Obviously
G
k

T(H) » T(H x.k)

The above applies in particular to Hom(kak‘,kak‘) =

F(Hom(kak',kak')) = I'(Hom(H,K)x k') for H,K € MR, . Here
p— ] —_—
pf = (prR, pfl, fop) for p € Autk(k ) and f = (fDR'fl'fo) €
Hom(Hx, k' ,Kx k'), with (pf})(x) = pf (o 'x) for x € H,
and similar for f . , and one has Hom(H,K) = Homg (kai,kxkET.

k
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2.20. Proposition Let k' be a finite extension of k .

a) The base extension functor Hlvﬁﬂxkk' is left and right

adjoint to the restriction functor H'w“oRk,/kH'

b) There are canonical functorial isomorphisms

v H'x k' T (H x k')

N kB X K

Rk'/k (R

c) There is a canonical functorial isomorphism

T (R H') = T(H'")

k'/k
for H' € ggk.

d) There are functorial isomorphisms, H € MR

]

X and H' € _@B
[ ' '

k'/kH = Rk'/k(kak ® H')

k' :
i) H ® R

2

ii) _H__om(H,Rk,/kH') = Rk'/k HOIﬂ(Hka' ,B')
s , ~ . ,
iii) Hom(Rk./kH LHJ = Rk'/k Hom (H ,kak )

These isomorphisms - especially the first - will be called

the projection formulas; note that we obtain the familiar

~

form H ® o, H' = @, (9*H ® H') if we write Rk'/k = ¢, and

xkk‘ = ¢* for ¢: Spec k' - Spec k .

e) For the composition of the maps given by the left and

right adjointness in a) we have for H € ﬂgk and H' € ggk.:

H i Rk'/k(H xkk‘) Su is multiplication by [k' : k] ,

w3 (R, H') x k! B H' is the identity.

In particular, H is canonically a direct factor of Rk./k(kak'),

k
3 : ' '
f) There is a natural action of Autk(k ) on Rk,/k(kak ).

and H' 1is canonically a direct factor of (Rk,/kH')x k'

If k'/k 1is a Galois extension, the map

] i ]
(Hx k') SHS3 Rycr /y (Hx k')

(k') = Gal(k'/k)

Ry /x

is the trace under Autk

Proof The maps
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P
(Hx k") H' &—= (Rk,/k!-l')xkk'

i
(2.20.1) H &R
q j

k'/k

such that (i,p) give the left adjointness and (j,q) the

right adjointness of xkk' to Rk'/k are defined as follows:

1pR Ppr
————> 1] ) <—— 1 )
Hpr <€ Hpp &k Hop T  Hpp &k
9pR IpR
h —> hei1 a'*h' &4 h' @ a'
h-trk,/ka «—— h ® a h' —— (h' @ 1)o

where (h' @ 1)o denotes the projection of h' @ 1 to the sub-
space of HI'JR Gkk‘ on which both k'-structures coincide - this is
the projection by the idempotent of k' ®kk' which gives a

section to the multiplication morphism k' ekk’ - k'

H) &= Ind * H) ] & 14 H
h —— f: pp» ph £(1) «——4 f£: Gk——*Hi
-1 Ph', 0€G, ,
T pf(p ) «—— £ Gk - Hl h' +—f: f(p) = o ¢G
peGk/Gk, r P X’
Cx

where the functor Ind(. is defined as in 2.16 ii)e), and
:k'

p € Gk/Gk' means choosing any system of representatives in

Gk for the cosets o - Gk' (the sum is independent of the
choice). Finally, for o¢': k' C , 0 = 0 K and
- . ' = i
Jy = {1: k' o ¢ | T,k o} we define
i Py
o o}
H & e H L — % H'
o T€ET g g j €3,
9 a Igt g
1 .. L}
h 7 M) res, hoo & (hT)TEJO
z h «— (h) h! —> (h!) +h',=h'
TeJo T T TEJG T TEJO g

h_; =0 for T#o0'.
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It is lengthy but easy to check that these maps are compatible

with the comparison isomorphisms, which are given as follows.

1 :
For Rk'/k(H xkk ) . by 2.16 Iw’o is given by
)
(Tég Hc) ®C — (HDR ekk )ek’oc headc
o}
| . E !
TGJ0 ®e0

® (H®F) ———@ H ) C (h@t(a) -c) v
T€JG o TEJO DR “k,0 T

- 5 - k& : (-
and 1,5 for 0 : k= ¢ with o O!k, by

Sk
® (H @p.) - Ind H
ey O 1 Gy 1
g
a = (aT)T o fa: Gk - Hl
f.(p) = 11'60—1(a0.p_1) .
L L ] ' " : . .
For H" = (Rk'/kH )xkk ’ Im,o‘ is determined by the commutative
diagram
I;,c'
1 —— 1 1 Al '
( ®@H!) @C > (Hy® k') 8, € , h'®a'@c

N g I

A wlo 1 1 1 Ll
(Tego H1)®8C —> HDRek,oc h' & o'(a')c
I’ S I
‘ rgJ “et l
o 1 ]
® (H ®C) —> @ HﬁRek',T¢ (h' ® o'(a )c)T '
TEJc TEJO

where on the right side (H'!_  ® k')

br %k ° @k',c'c is mapped iso-

N v : "o s
morphically onto the factor HDR ak',o'¢' while Il,o is
Cx
® (HL. @ Q,) nd Ind H!
g, | * Gpr 1
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- )
(a%)T P fa : Gk - Hl

fa(o) = I',- -1(a

o]
1

with the same notations as above.

Finally it is clear from the definitions (especially using
2.2) that the above maps respect all relevant structures like
filtrations, Galois action etc. . We now prove the claims of
the proposition.

a) Once i,j,p and g are proved to define morphisms of
mixed realizations, the defining properties of adjunction
morphisms may be checked in anyone of the realizations. For

example, the fact that the compositions

g%k pkak'
Hogkt ~EE L mme) gk R ke
iRk'/kH' R v/kp '
k H '
Rk'/k —_— Rk' /k( (Rk'/kH‘ ) "kk') —_— Rk'/kH

give the identities, is easily seen in the de Rham realization:

) 1 A )
HDR @kk ——— (HDR Gkk ) @kk —  Hpp @kk
h ® a' > (h ® 1) @ a' Y¥— (h ® 1)-a' = h ® a'
' — . ' ' '
and HDR - HDR @kk _— Hir
h! F——> h' ®1 ————  h':1 = h'

That the following compositions give the identities

; q '
Ry it Rk'/&ii' Rk (Ryen BT xp k) Rk'/kﬁﬁ Ry /!
ijkk' Ay k' .
H ka' e (Rk,/k(kak'))xkk' ———> H xkk' ,
can be checked in the Hodge realizations:
® j. b
® H' - " A (o Hé) - & H%

T
T€JO TEJ0 p€JO
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h' [ ' = '
(i) b (S ) sy B (i) = ()
ag
I a_,
H, —— ® H g H
T€J o
g
h P (6 ). F—— Th_, =h

b) The first isomorphism is the special case H = lk in 4d)

iii), as lk' = lk xkk' . The second follows from the more

general isomorphism

(2.20.2) Hom(H,K) x k' » Hom(H x k',K x k')
for H,K € M, which is obvious and also a formal consequence
(see [DMOS]IIT 1.9) of the fact that HrwH x k' is a tensor

functor, by the obvious isomorphism

(2.20.3) (H ® K) x k' = (H xkk') ® (K x

k k')

k

which is given by

) ® k' €~ (H

® ! '
(Hpr ®¥pr! %k bR K5 & (Kpp®y k')

DRk

(x ® v) ® a'*b'«<—— (x® a') ® (y ® b')

and the identity in the other realizations.

c) By 2.14, this is a special case of the adjunction; the map

is given by

1 1 1 ] L}
(xDR' S Xo')l,o‘ " (XDR’_EL’ (XT)TEJo)l,O

d) It is easily checked that

i (2.20.3)
H OO H' 3 0,0%(H B0 H') ——> @, (0¥H 8¢*p,H') B o, (o*H ® H')

is an isomorphism; for example
1 L} ] 1 1 1 L 1
Hpr®xfpr * (Hpp®xHpr) Ok’ 2 (Hpp &k')8 ., (Hyp@y k') » (HpO0k )@ Hipy

he h" (h®h') ® 1P (h® 1) @ (h" ® 1) » (h® 1) ® h'
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is obviously an isomorphism. Writing R = Rk'/k we have

Hom (T, Hom (H,RH"') ) Hom (T,R Hom (Hxk',H'))
“1 [Nadjunction
Hom (T ® H,RH’') Hom (Txk',Hom(Hxk' ,H'))
INadjunction It
Hom ( (T ® H) xk' ,H') = Hom ((Txk') @ (Hxk') ,H')
(2.20.3)

for any T € MBk , which gives 1ii). Similarly, we have

Hom (T,Hom (RH' ,H)) Hom (T,R Hom(H',Hxk'))
Hl I\ adjunction
Hom (T © RH',H) Hom(T*k',ﬁgm(H',ka'))
o i
Hom(R((Txk') @ H') ,H) = Hom ((Txk') @ H', Hxk')
adjunction

for any T € mgk '

and therefore iii).

e) The first part is immediately clear from the definition
of the maps. For the second note that gk is a Q-linear cate-
gory and [k' : k] 1is invertible in Q@ .

f) Formally, the action of 1 € Autk(k') on ©,p* is given

by the adjunction id - (Spec 1), (Spec t1)* , inducing

0,0* » ¢, (Spec 1), (Spec T)*0* = 0, 0* . Explicitely,
, .
T Rk'/k(H xkk') - Rk'/k(H xkk ) 1is described by the maps
1 L] ) 1
HBR @kk - HDRGQkk p x® a'ev x® 1(a')
Ind " H, ~ Ind fH , £ "f: TE(p) = t£(t o)
’kv Gk, 1
PET, ¢ ez, ¢ PP pT P

where 1 also denotes a lifting in G, . With this, it follows

k

directly from the definitions that io g = T for

z
T€Gal (k'/k)
k'/k Galois. g.e.d.
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§3. The mixed realization of a smooth variety

Let k, k and Gk be as in the previous paragraphs and

o
let V be the categorv of smooth quasi-projective varieties

k

o}
over k . We want to construct functors Hn : Yk - Mgk for

o
n € Z, associating to each U € V, its n-th realization

k
H'(U) = (HD (U),HY(U) HO(U); I

.

w;o’Il,E)l,o,E

n _ N _ N Cons _
3.1. Let HDR(U) = HDR(U/k) = H (U (zariski-hyper

zar'QU/k)
cohomology of the de Rham complex). Fer the filtrations F and
W we follow Deligne's construction of mixed Hodge structures

[D4]), we only have to show that everything is defined over k

3.2. By Hironaka's result on resolution of singularities [Hir],

there exists a smooth projective variety X over k and an
open immersion Jj: U< X , such that Y = XNU (with the re-
duced subscheme structure) is the union of smooth divisors

Yi , 1i=1,...,N , with normal crossings. Recall that this

means one of the followina eauivalent conditions to hold

a) Each x € X has an affine open neighborhood V such that

V is étale over the affine space Ai , @ = dim X , via "coordi-

nates" XyreeerX € T(V,Ox) ,and V N Y is defined by Xqe-eX

d
for some O € v € min(4,N) , i.e., is the pull-back of the

union of the Vv first coordinate hyperplanes in Ag .

b) If fi is a local equation for Yi at x € X and Jx =
is

(i€ {(1,...,8hH ] f, is not a unit at x} , then (fi)i€Jx

part of a regular system of parameters at x

3.3. The sheaf Q;XY> of differentials with logarithmic poles

along Y 1is defined as the subsheaf of j*Qa generated over

0, by 91 and dlog j*OG , where we write 91 and Q& for the

X X X



]
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1 1 . . .
sheaves Qx/k and QU/k of relative differentials, and

dlog f = %; for a unit £ . Then Q;<Y> is locally free, namely

for an open affine V 1like in 3.2a),Q;<Y>
dx1 dx

. ; )
with basis —;T P —;; ,dxv+1,.

IV is a free 0, -module

.#xy . By defining Bey> =

R Q;<Y>, and taking the differentials d to be the restrictions

of those for j*Qﬁ one obtains the logarithmic de Rham complex

QX<Y>

OX g Q;<Y> g Q§<Y> > L.

Its formation is compatible with base change in k and étale
base change in X .

3.4. Lemma The map Q§<Y> - j,92° induces isomorphisms in the

U
Zariski-hymercohomology

n . n PN n . n
H (X, 0e<Y>) 2 B (X,3,0;) 2 B (U,Q5) = Hpp(U)
Proof As Y is a divisor with normal crossing, j is affine,

and therefore

Rpj*Qg =0 for p > 0 and all q
This implies the second isomorphism.

The first isomorphism follows by base change from the
corresponding fact over € , which can be proved by analytic
methods, see [D3] II 3.14. One can also give a purely algebraic
proof along these lines, by replacing the considerations for a

polydisk by similar ones for the affine space Ad

K’ using the

criterion 3.2 a)

3.5. The weight filtration W on Q.<¥> is defined by
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(o] ’ m < O ,
p - p-m_.m <
WmQX<Y> Qx AQX<Y> , o] m< p
aPcy> , m>p .

The differentials d respect these subspaces, and so indeed

we get an increasing filtration of Q§<Y> by subcomplexes

‘<Y = = ° = *
W 2y<Y> (Note that W_, o, Wy Qg and Wy = Qu<¥>
when d = dim X) . For an integer m > O and indices
1 £ ip <dy <. <dp £ N consider the map

QP —_— wm9§<y> ,

which is locally given by
dx, dx,
1q m
ab— o A ” Avee A ,

where a is a holomorphic (p-m)-form and X5 is a local equation
for Yi. The induced map

22" Ger§<y>

does not depend on the choice of the local equations Xy r as

for other equations xi one has

i
dx dx:! d(x!
— — D = l
1 ’
* i S
X,
i
which is holomorphic. Also it factorizes through (bi i )*ngm .,
1 m igedg
where b, s v Y, . =Y, N...nY, < X is the closed
ig...1 i...1 i i
1 m 1 m 1 m
immersion, as B A dxi and Xx; o are mapped to zero .
v v
We obtain an induced man
oP v (1),0P™ o or¥ oPeys
m m’* Y(m) m X
where Y(m) = ) Yi j 1is the disjoint union of the
1éi1<...<iméN 1"

m-fold intersections of the Y1""’YN B which is also the
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normalization of Y™ = / Y, ; S X, and where
1€i,<...<i €N t1°ip
(m) ! m ()
im HE 4 - X 1is the canonical map (by definition Y = X).
3.6. Lemma The map of complexes
(3.6.1)  p° & (i ),0°,  [-m] - Grig:<y>
e m m’ * Y(m) m'X

is an isomorphism (recall that (K'[n])® = k1" for a complex

K").

Proof By criterion 3.2 a) and étale base change this need

only be checked for the case X = Ag with coordinates Xqree-Xg
and Y the union of the hyperplanes Yi = {xi = 0} for
i=1,...,v . By using the canonical decomposition of both sides

for products X = X, x X2 and Y = Y1 x X2 Ux, xv, (i.e.,

U =10, x UZ) as in [D2] II 3.6 one easily reduces to the
case d = 1 , where in the only interesting case m = 1. and
p = 1 we obviocusly have an isomorphism

(1040, = 9<¥>/0)

via the exact sequence

0 = Oy » Qu<¥>s  (1),0, = 0

corresponding to the exact sequence of k[x] -modules

0 -» k[x]dx » k[x] %? -k >0

This proof also works in characteristic p , while for
characteristic zero the lemma also follows from the corre-
sponding statement about analytic sheaves proved in [D3] II 3.6,

by using base extension to € and the GAGA principle, as the

pﬁ are linear.

3.7. Remark If (1)

. . . : i ltrati
T nem 1S the canonical increasing filtration
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(compare [D4] (1.4.6.)) of a Z -qraded complex K-

T K = cee » k™1 L ker a 4 0 =+ 0 a4 ...
n n
. | [
d d
K _ - Kn 1 n-1 K" n Kn+1 - Kn+2 R
. v
we have TnQX<Y> < WnQX<_>
. n-1
Tan<Y> : ces QX <Y> - Ker dn - 3/ - ...
. n-1 n 1 .n
WnQX<Y> : R QX <Y> - QX<Y> - QXAQX<Y>4 . e

However, in contrast to the analytic case (see [D4] (3.1.8)),
the identity map (Qk<Y>,T) - (Qk<Y>,W) of the algebraic
complexes is not a quasi-isomorphism of filtered complexes in
general: Gr; Qi<Y> = Hn(Qi<Y>) is concentrated in dimension n
which is in general not true for Gr:QQ<Y> = <in)*Q;(n)[-n]
(whereas the complex analytic version of the latter is concen-

trated in dimension n , quasi-isomorphic to (in)* c (n)[-n] ).
: Y

3.8. The "stupid"filtration (cn)n€2Z of Q§<Y> is given by

Ng. n n+1
<Y> .
o] QX Y : ... = O - QX<Y> - Qx <Y> - e
a H
Q. <Y> : e aQ;_1<Y> - Q;<Y> Q;+1<Y> S . .

3.9. Recall that for a decreasing biregqular filtration (Fp)pEZ
of a complex K° of sheaves on X there is an associated spectral
sequence for the hypercchomology ([D 4] (1.4.5.))

Eﬁ"q = mP*a (X,Grgi(') - ®”9 (x,x")
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where the differentials d?’q are the connecting morphisms for

the short exact seacuences

+ . ). . .
0 -~ Grp 'k o FPr /PP 2k o GrgK -0

The filtration (Fp)Dezz on the limit term E" = }fI(X,K‘)

for which GrgEn = Eg,n—p , is given by
FPH" (x,K") = Im(H" (X,FPK") - H" (X,K"))

We apprly this to obtain the weight filtration and the Hodge

filtration on (u) = ®" (X,05<¥>)

n
HDR

3.10. Defintion The Hodge filtration F on HBR(U) is the

filtration induced by the spectral sequence
p,9 _ Ptq Pq- p+g .
(3.10.1) FE1 H (X,GrOQX<Y>) > H (X,QX<Y>)

associated to the filtration (on) i.e.,

nez '

FPm" (X,Qy<Y>) = Im(H" (X,'JPQ}'(<Y>) > " (X,95<Y>)) .

By the isomorphism of complexes

Pq- = P _
(3.10.2) Gron<Y> = QX<Y>[ pl

(where a sheaf K 1is identified with the complex K° such that

K° =K and k' =0 for i % 0) the spectral sequence can be

written as

(3.10.3) P9

q p p+q .
FE1 H (X,QX<Y>) = H (X,QX<Y>)

We also can appnly 3.9 to the increasing filtration W , by passing

to the decreasing filtration W' = w_n)nez and translating

back, but in addition there is a shift involved.

n
DR

tained from the filtration W' induced by the spectral sequence

3.11. Definition The weight filtration W on H__(U) is ob-
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gP/a _ yPta W p+q .
(3.11.1) B3 = H (X,Gr_pQX<Y>) = H (X, 2g<Y>)

of the filtration W of Q£<Y> by an n-fold shift: W =

w'(n} , i.e.,

W

. n . n .
H" (X,05<¥>) = Im(H" (X, W, 0,<Y>) > H' (X,0<¥>))

n+k

3.12. By the isomorphism (3.6.1)

. | ~ . . _
P P BT Qe<Y> = (lm)*QY(m)[ m]
and the fact that im is finite and therefore induces an iso-

morphism in Zariski hypercohomolgy, we have an isomorphism

(3.12.1) mP*d (x,cr‘fpcz;(<y>) T w’Ptd (Y(’P),Q{{(_p))

(there is a misprint in [D4](3.2.4.1)). On both sides there
are natural filtrations F which differ by a shift; in fact
the isomorphism p& is an isomorphism of filtered complexes,

if one takes the filtration induced by o on the left side

and the filtration o(Y(m)H-m] obtained by shifting

(ol-m1* = 6 ™)  from the stupid filtration of Q.(m) . Thus
Y
we can rewrite the spectral sequence (3.11.1) as
FPra _ 2pta (¢ (-P) - p+q .
(3.12.2) wEq = H (Y Q2 (_D))(p) = H (X,QX<Y>) ’

Y

which is compatible with the Hodge filtrations of X and the

Y(-p) , if (p) 1indicates the shift of the filtration as in

2.18: A(m) = A as abelian group, with filtration FP(A(m) =
Fp+mA . It is convenient to renumber E?’q = E2p+q,—p to

W W 2

write the spectral sequence as

(q) Q

.9 _ P
(3.12.3) E = H" (Y y(q)

- p+q .
woa )(-a) = H (X,0,<Y>)

3.13. The filtrations F and W on HgR(U) are independent

of the particular choice of X and are functorial in U ,
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as one sees like in [D4] (3.2.11). This gives the de Rham reali-

zation of U

3.14. For the l-adic realization we let

n _ ,n =
Hl(U) = Het(U xkk,Ql)
(étale cohomology), with the action of p € Gk induced via
functoriality from kaﬁ id,xe xki . Let W' be the in-

creasing filtration induced by the Leray spectral sequence

p,a _ ,P e by P+ = +
(3.14.1) E3'" = Ho, (X x kK, R%3,0)) = Hf iy « k.0 = gP*q

k

s p— 1 n 1] n 1] - : w’ n =
i.e., O = w_1E c on S ... c wnE E with Grq E

E:-q,q . Then the weight filtration W of H?(U) is de-
fined as W'[n] , i.e., O = L

-1
with Gr:+kEn = E:-k’k . It is independent of X and functorial

n n _
E'c WE'c ... cW,E =E

by 3.18 below and the analogous result for Hy(U) ([D4](3.2.11)).

3.15. For oJ: k< C we let

H (U x

[}

He (V) T, )

k,o

(singular cohomology or analvtic sheaf cohomology) with the
mixed Q-Hodge structure defined by Deligne [D4] for the smooth

variety oU = U *x OC over € . If oX = X x
r

(m)

k'0¢ and simi-

larly for Y , Y etc., then by definition the weight filtration

W is obtained as in 3.14. from the Leray spectral sequence

(3.15.1)  EY'Y = wP(ox,rY,0) - P ou,0) ,

and the Hodge filtration F on Hn(cU,Q) ® € is just the one
given by the Hodge filtration F on HSR(aUan) (analytic de Rham
cohomology of the complex analytic space ann associated to gU)

via the isomorphism



(3.15.2)  H'(0U,Q) ®,C = M (oU

_ .n an
" = HDR(OU )

induced from the gquasi-isomormhism ¢ - Q° an ° This Hodge
ou

filtration is defined in the same way as the algebraic Hodge
filtration F defined above and compatible with it under the

GAGA isomorphism

n an n
(3.15.3) Hp o (0U%™) =+ HpL(0U/C)

with the algebraic de Rham cohomology.

3.16. Combining these isomorphisms with the base change iso-

morphism

n n
(3.16.1) HDR(OU/C) = HDR(U/k) @k,oc ’

we obtain the comparison isomorphism

= 1 .oyt n
(3.16.2) Im'0 = Iw,o(U) : HO(U)@QC > HDR(U)Qk,oC .
As mentioned, I . respects the Hodge filtration, and it re-
’

spects the weight filtration by the canonical isomorphism of

spectral sequences (compare [D4] (3.1.7), (3.1.8))

P (ox,r%j,0) - - BP*You,0)
~_
~
b S
™~

mp(cxan,gfwh' <oYan>) = mp+q(oxan,9' <o¥?™s) o Hp+q(cuan)

q oxan chn ~ DR

GAGA LZ GAGA \k GAGAl2

P AL pt+q . p+q

HY (oX, grq Qox<°Y>) - H (ox,Qox<oY>) - HDR (oU) .

The first isomorphism follows from the quasi-isomorphisms

(27 L <o¥?> W) ¥ (o an<oY >, T) & (3,00

,T)
oX oX oudh
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of filtered complexes, as the quasi-isomorphism € - Q an in-
ouU

duces an isomorphism

rY )

. ~ T. 4 _,n . L.
3€ > Gr 3.t plal = HTGL0T o

ou oUu

3.17. The latter combined with the quasi-isomorphisms

Grga' <o¥®™>[q) » (i),0°

: oxan q (oY(q) an

< (i cC
) (1q)*

gives an isomorphism of analytic sheaves
(3.17.1) RYLE 2 (1),0

Deligne shows in [D4] (3.1.9) that this induces an isomorphism

an

3.17.2 d
( ) q

rRY5,0 - (1) 4@ (-a)

of Q-structures, where Q(-q) = Q - (2ﬂi)_q < € . This and the
considerations in [D4] (3.2.7) - (3.2.10) show that we have

a spectral sequence
(3.17.3) o= 8P (oD ,0) (-.q) = #PYI(ou,0)

of mixed ®-Hodge structures, whose complexification can be

identified with the spectral sequence (3.12.3)

)

P/q _ P (q _ p+q . _yP*q
sz = HY (oY 0 ))( a) = H© (oX,QOX<0Y>)—HDR (aU)

ov (@
via the comparison isomornhisms for o©U and those of GY(q)

(regarding the (2mi) 9)

_ _ .n | n = = .
3.18. Il,c = II,G(U) 'HO(U)®Ql = Hl(U) for 0O:k = C is de-

fined to be the composition of the canonical comparison iso-

morphism between complex and étale cohomology
n n
(3.18.1) H (OU,QI) nd Het(GU,Ql)

with the isomorphisms
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(3.18.2) B (oU,@)) = 8% (oU, @) €,0,
n o* _.n = _..n
(3.18.3) HD (U % €0 &8 HD (U X K,0,)=H] (V)
For 0 €G, we have Eik =0 = op x and therefore a commutative
diagram
n n o* n -
Il,O H (O’U,Ql) - Het(UU,Ql) “— Het(kak,Ql)
I, - : i (ou,0,) - H", (oU,0,) (Ge)* 40 (ux & Q,)
1l,0p° =1 ~ et et RS et kT *1

I, 3 respects the weight filtrations as there is an isomorphism
’

of spectral sequences
P,Q _ yP q. p+q
E = H2_(ox,’%3,0)) - uP%0u,e))
; b
gP/d - Hp(OX,qu*Q) ® Ql = Hp+q(OU’Q) ®Ql !

by the comparison theorem between complex and étale cohomology
for constructible sheaves, see [SGA 4] XV 4 . Note that qu*Ql

is constructible by [SGA 4] XV 5.1

3.19. Definition The mixed realization Hn(U) of a smooth

quasi-projective variety U over k is

n _ (un n n . _
HY(U) = (HDR(U) HY(O),BY (W) I, 0Ty 5)y Lo

gtk C

g:k>¢C

where HgR(U) is defined by 3.1, 3.10 and 3.11, H](U) by

by 3.16 and I. = by 3.18

n
3.14, HJ(U) by 3.15 , I 1,5

co,o

Clearly, this assignment is functorial, so we get the desired
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functors (n € Z)

G MR
. ->
DA LN

U m>HT(U)

In the following we write U, j etc. for the base extensions

U xkk ! xidi etc.

3.20. Proposition There are canonical isomorphisms of l-adic

sheaves

(3.20.1) ¢§t : R¥,0; 2 (.0 ()

such that via these the snectral sequence (3.14.1) giving the

weight filtration on H?(U) can be identified with

P/ad _ 4P q) - ptq %
(3.20.2) sz Het(Y ,Ql)( q) = Het (U,Ql)

(note that the fq are acyclic for the é&tale cohomology),

where the differentials

P,9 | LP (q) o) » wyPt2 y(a-1) ey
ay’ s HO (Y75 ,00) (=q) = H_ “(Y ¢+ Q) (=g-1)

are given as follows: Let
(30, = uE (v Do) (- » w22 1T ) (mae)

be the Gysin morphism induced by the closed immersions
] 4 - Y.

N
3 i1 S § i, e il o oald

Then dg'q =

1 ™M.Q

(-1)3'(33.)*

j=1

Proof we closely follcw the arguments of Rapoport and zink in [RZ] §2. Let

+1 .
6§ L y(TFD L (0 , 1 £ 3 <r+1 , be the map induced by

the inclusions

Y. N...n Y, «— Y N...N
1 freq

<>

n...Nn Yi
J r+1
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< 4 i = =
for 1 = i, < ... < lr+1 N . Then we have aréj ar+1 ,

where a_ : Y(r)

r - Y 1is the canonical map. By adjunction

we get functorial morphisms
r r,!
(63.)*(63.) F > F

for any étale sheaf on Y(r) , and therefore morphisms

! !
3. 1 (a  q)4(a F - (a),(a)’F

Jj r+1)

for any sheaf F on Y

3.20.3. Lemma If I is injective on Y , then
t_ 9 ! !
.o »(ar+1)*(ar+1) I~ (ar)*(ar) I»...»(a1)*(a1) I»>I->O0

is exact, where 23 = z(—1)33j

Proof As in [RZ] Lemma 2.5.

Now let I° be an injective resolution of the constant

sheaf ml on X . There is an exact sequence

(3.20.4) 0= 1,i'I" > I > 3,3*1" >0

-1
By applying the above lemma to i°I° and by (3.20.4) we

get a resolution (note im =i am)

(3.20.5)  ...»(I ), (G )1 - L @ Eptn a1 s
ind E*E*I. -0
The total complex sC°° associated to the double complex

- T !
Wiy 1P € -1

Cp'q =

Ip q

]
o
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with the differentials induced from (3.20.5) , is therefore
quasi-isomorphic to 3*5*1' .

Now (1q)'I' = Ii(iq)!QI is quasi-isomorphic to
Ql(-q)[-Zq] by purity, therefore C°° 1is quasi-isomorphic

to the following double complex C°

00 c1.0 c2:0 3.0 c4:0 050
o 0 2 Ve 3 ctt e
o o o o 2 e P2
P,q
As C =0 for p+ 29 < O , we have
ppsc =8 cP9 5 e P9 s sTT
q=-r p+g<r i

T, the canonical and Br the second (increasing) filtration

of s C°° .

3.20.6. Lemma (s C"° , T) ig (s C°" , B) 1is a guasi-iso-

morphism of filtered complexes.

Proof As in [R2] Lemma 2.7.

This induces quasi-isomorphisms

qu*Ql - (Grf 3.3*1) [a)

+ (6rg s T LAl = ((iq)*iél’[q])[q]

- =1 -
(iq)*m iq@l[Zq] - (1q)*Ql(-q)

and therefore the wanted isomorphisms ¢et . Furthermore, the
Leray spectral sequence (3.14.1) can - up to renumbering
gg,q = E§p+q,-p - be identified with the spectral sequence for

the second filtration, where the differentials
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®2 . mdx,c Py - ud (%,c* P

are induced by the morphism c'P C”p+1 . as mY(X,c"'P)

"

q,z ,T - ! ~ - q,3 ,T

HE (X, (i_ )*Ha(l_p) Ql) = H (X,(l_p)*Ql(p)[Zp])

= H2p+q(Y -p),Ql)(—p) , we see that dg'q is induced by
_ o a=z(-1)33j - - \
(iq)*(iq) I B (iq_1)*(iq“1) I

T T4 _ 43 !
Via the quasi-isomorphisms (1r)*(lr) I° = (lr)*ni(lr) 0,
- (ir)*ol(-r)[—Zr] this gives the alternating sum of the

Gysin morphisms as claimed, as iq = 6§_1iq_1
(r+1) r)

, and the Gysin

—»Y(

morphism for 6§ HE 4 is given by the guasi-isomor-

phism

(65),0, (-1 1-2] = (67),® (67 ',
followed by the adjunction

(Eg_)*m (gg) ‘o, » 0,

In more down to earth terms: if J° is an injective resolution

of Ql on Y(r) then the Gysin morphism is given by the

isomorphism
2 .r,!
Ql(-1) > R (6j) @,
the quasi-isomorphism
2, ryt 2, Tt Tyl
R (éj) Ql = H ((éj) J’) - (6j) Jg'l21,
and the canonical map
PE SN N .
(6j)*(6j) J" »J .

In cohomology this corresponds to

P v P, @, (1)

ne

n

p+2 (r) can p+2,,(x)
Hy(r+1) (Y ,Ql) H (Y ,Ql) I;

(the second isomorphism from the spectral sequence for
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> 1
(65)°), at least for r # O . For r =0 , i.e., Y(O) = X

(0) is not a closed immersion, and one has to re-

(D]

the map 6

strict to the Y, c ¥

3.21. Lemma a) The differentials dg,q in the spectral se-
quences (3.12.3) and (3.17.3) are given as alternating sums
of Gysin morphisms as in proposition 3.20.

b) The isomorphism (3.17.2) of analytic sheaves

an |

%q

R3(09) 4,0 > (01) 42(-q)

corresponds to ¢Zt

via the comparison isomorphism for con-
" structible (smooth) sheaves for the étale and the complex ana-
lytic topology [SGA 4] XVI 4.1,

c) There are canonical isomorphisms of spectral sequences

P9 _ 4P q) _ pP+q =
ES = HZ (Y @) (=q) = H  ~(0,0)
z‘a* 25*
P9 _ 4P (q) - p+q
Ez' = Hg, (oY 1@y) (=q) - H (OU,Ql)

i i

B P 0-q1) o0, = H'Gu,0) e 0

p.
E3 1
given by the comparison isomorphism between complex and étale
cohomology, which correspond to the isomorphisms of the Leray

spectral sequences via the isomorphisms ¢§t and ¢3n.

Proof a) seems to be well-known, though I could not find a good
reference. The claim for the de Rham cohomology can be checked
via the definition of the isomorphism (3.6.1) and the explicit
formula for the Gysin morphism given in [Ber] VI 3.1.3. This im-

plies the claim for the singular cohomology, as Gysin morphisms
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correspond under the comparison isomorphisms.

Another approach and probably the most natural proof of b)
is given by the observation that the whole construction in the
proof of lemma 3.20 can be carried out for analytic sheaves
on ox®" . Then we get isomorphisms

-¢3“ : R9(03),0 = (01,)4@(-q)
and a canonical spectral sequence

(3.21.1) Eg’q = #P(ov'? ,0) (-q) = #”*9(ou,0Q)

which is isomorphic to the Leray spectral sequence for o¢j , and
where the differentials dg’qarealternating sums of Gysin
morphisms as in lemma 3.20. Moreover, after tensoring with Ql
and applying the functor €* associating to each étale sheaf
the corresponding complex analytic sheaf (see [SGA 4] XVI 4.1;
strictly speaking, we have to consider Z/ 1"%Z -sheaves and

then pass to limits and Ql-“sheaves"), we can compare the whole
process on each step with the étale construction via the canoni-
cal base change morphisms. As these give isomorphisms for con-

structible sheaves and as €* is exact, we see that '¢3n and

¢§t are compatible under the comparison isomorphism, i.e.,

ot
et €
e*Rq(cje )*Ql ':7j£ e*(oigt)*ol(—q)

base change |f f !base change

.¢an
Rc(ojan)*Ql g l(oia

n
q )

x@, (-a)

is commutative, and there is an isomorphism between the spectral
sequences (3.20.2) and (3.21.1) ® Ql via the comparison (base

change) isomorphisms.

It remains to prove ,¢an = ¢an

q q ° There is an isomorphism
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an)

an
q )

a .
*Q —_ A(Ol1

(oi «0

depending on the fixed ordering of the Yj , and a canonical
isomorphism

q._.an

a 4
R(037 )4® 2 AR (603%™

«Q

given by the cup-product (compare [D4] 3.1). Both ¢gn and
'¢Zn are compatible with these isomorphisms, so we only have
to show '¢?n = ¢?n . The question is local, and we can replace

0X by an open polycylinder pd , with D = {z€c| lz] < 1}

’

A% -
and suppose that oY = \_/ ch with ch = prj1(0) such
—y =1
that o0 = (0°)Y x b9V 7, with D* = D~{O} . Then the fibre
at O of Rq(ojan)*Q is isomorphic to Hq(cU,Q) , and by de-
finition (du?n)_1 maps the class of oY, in the fibre of
dx.
(ci?n)*Q at O to the class of ~§l in H1(OU,Q)(1) , where
3
xj are the canonical coordinates in Dd . In the same setting,
the canonical generator of
w2 (0x,0) (1) o
oY. !
J
is the image under the connecting morphism
1 2
H' (0X~0Y.,Q) (1) —H (oX,@) (1)
j ~ OYj

of the canonical generator aj of

H1(0X\0Yj,m-2ni) = Hom(n1(oX\on),Q-2ni)

which sends the generating path Yj around oY, which has
J

positive orientation (w.r.t. the orientation of ox given by

the choice of i = #C?) to 2mi . Now '¢?n sends the class

of GYj to the image of aj under the restriction map

H1(0X\0Yj,Q(1)) - H'(0U,@(1)) ,

and as

dx.
f —1 = 2m
*3

Y5
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dx.
we see that this image coincides with the class of —;l , i1.e.,
J
we nhave shown '¢?n = ¢?n

3.22. From the above it is clear that we have a spectral se-

quence of realizations
+
(3.22.1) Eb9 - #P (v (¥ (-q) = #P ()

giving the weight filtration on the realization attached to
U , where the differentials dg'q are given by alternating

sums of Gysin morphisms. In particular, Grg+ Hn(U) is iso-

k

morphic to asubouotient of Hn-k(Y(k))(-k) , namely to
Ker dg—k’k/lm dg—k—2,k+1 , as the spectral sequence (3.22.1)

degenerates at the E3—terms. The latter has only to be proved
for one realization, and is proved for the Hodge realization

by Deligne [D4] (3.2.13).

§4. The category of mixed motives

With the notations of the previous section we define the

functor

\ R
. -
H: k M K

by H(U) = & Hn(U) for U smooth quasi-projective over k
N
n=0

4.1. Definition The category ggk of mixed motives (for
absolute Hodge cycles) over k 1is the Tannakian subcategory

of ggk generated by the image of H .

4.2. Proposition A mixed realization H € MR,  is a mixed motive

if and only if it is a subquotient of H(U) ® H(V)v =
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Hom(H (V) ,H(U)) for some smooth quasi-projective varieties U

and V over k

Proof a) We first show that MM

and n € Z .

contains all these sub-
o)
—k
as a direct factor of H(U) , i.e., as kernel

quotients. Let U,V € V
1) BN € My
of an idempotent in End(H(U))

ii) men(U) € Mﬂk for all m € Z by induction on m : for
m>>0 WH'(U) = H'(U) ,and WH'(U) €MM_ implies W__.H"(U) =
Ker(WmHn(U) - erHn(U)) Eygk , as erﬂn(Ln Eyﬁk for all m by
3.22 and lemma 1.1: By 3.22 GrﬁHn(U) is isomorphic to a sub-
quotient of Hn'(Y)(n") for some smooth projective variety Y
over k and some n',n" €%, and we can reformulate lemma 1.1

in the language of realizations:

4.3. Lemma If Y is smooth projective over k , then any

subguotient of Hn(Y)(r) , n,r € Z , is a direct factor.

1
So erﬂn(u) is a direct factor of H" (¥Y) (n") , which is a
mixed motive by the following remark.
iii) If H € Eﬁk , then H(r) € ggk for all r € Z
In fact, 1(-1) 1is canonically isomorphic to HZ(]P1 ) , and

ggk is closed under formation of tensor products and duals.

iv) By the last argument also Wm(Hn(V)v) = (w_mHn(V))V € MM,
and so W (H(U) ® H(V)") € MM for all m € 2

v) If HcH_ =H(U) H(V)” we show H € MM, by induction
over the number of m € Z with erH # 0. Let m=

max {n€z | GrZH # 0 } and consider the cartesian square

2
H' —_—» GrnZH
nt n}

W
W_H —_» GrmHo
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W w Co Ce ,
Then the quotient GrmHo/GrmH is in ggk , as it is a direct

W

factor of GrmHo € ggk by lemma 1.1 or rather 4.3. Namely
)

GrﬁHo is a subquotient of H" (Y)(n") for some smooth

projective Y and n',n" € Z by the same arguments as in ii),

n v 2dimY2—n
as H (Y,) =~ H (Y,) (dim Y,) by Poincaré duality,
2 2 2
n, n, n,+nj
H (Y)) @ H (Yz) c H (Y, x ¥,) by the Kiinneth formula,
Bh(r -1 ¢ 8P v <) anda H*(v) e HM(v) T #"(yuy,) for

smooth projective varieties Y, and niE z .
Therefore H' € MM, , as it is the kernel of the map
W, W, . . . .
WmHo > GrmHo/GrmH . By induction W o_4H is in Mﬂk , and from

the commutative exact diagram

me o —3»>m

— _ N P S
0 - wm—1Ho - Gﬁmﬂ — 0
0 — W _H ——— ———> GriH - 0
- [ T — . .
we see that H = Ker(H' -+ H = wm—1Ho/wm—1H) is in MM

b) Now we have to show that the full subcategory consisting

o
of all subguotients of H(U) @ H(V)V for U and V € Yk is

a Tannakian subcategory of Mgk
i) Let B/A be a subquotient of H € MR ,
A' ¢ B' ¢ H' . Then

AcBcH, and

B'/A' a subguotient of H' € ggk ,

B/A ® B'/A' is (isomorphic to) a subquotient of H ® H' , via

the canonical isomorphism

B @ B'/ 2 B/
A®B' +A' @B A

i1)  (H(U)) ® H(V))") ®{H(U,) ® H(V,)") is isomorphic to

v v v
H(U1 x U2) ® H(v1 x Vz) = H(U1)® H(UZ) ® H(V1) ® H(Vz) .
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iii) If B/A 1is a subquotient of H € ggk , then
(B/a)Y = aY/BY is a subquotient of H' , and (H(U) & H(V)")V

ZaWw e 1Y

Now the full subcategory of MBk formed by the above sub-
quotients is obviously abelian, and the above remarks show that
it is closed under formation of tensor products and duals.

Finally it contains the identity object 1 € MR_ , which can

k
be identified with H(Spec k) , so it is indeed a Tannakian

subcategory of MBk . g.e.d.

4.4. Theorem a) The functor H: M - Bk which to any motive

(for absolute Hodge cycles) over k associates its realization,

is a fully faithful tensor functor and identifies &k with the

full subcategory Mﬁ of gﬂk ; whose objects are direct sums
of pure realizations, i.e., with the categorial intersection

MMy N R in MRy

and V

o
b) If V v, are the categories of smooth projective

k
and smooth quasi-projective varieties, respectively, we have a

commutative diagram of functors

J/
|<o
~

o
N
«—
o
<
~
6___
o

|
,.,i

M H
M —

[
~

where < means a fully faithful functor giving an embedding
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of a subcategory which is closed under formation of subquotients,
and where = means an equivalence of categories.

c) If we identify gk with its image Mi under H , which

we will always do from now on, then the category ﬂk of motives
is also the Tannakian subcategory of ggk which is generated

by the image of

H Yk : Xk - EBk

d) H € MR is a motive if and only if it is a subquotient
of H(X)(r) for some smooth projective variety X over k
and some r € Z . It is then also a direct summand of

H(X) (x)

Proof a) and 4d): H: Ek - gBk is the unique functor making
the left triangle in the diagram of b) commutative, and it
was already mentioned that it is fully faithful (compare
[DMOS] II 6.7 g)). The constraints of the tensor category Ek
are just choosen in such a way (passing from"false motives"
to "true motives", see [DMOS] II p. 203) that H becomes a
tensor functor.

For a motive M over k , the realization H(M) is a
direct factor of H(X)(r) for some smooth projective X/k and
some r € Z , compare [DMOS] II 6.7 b) . In particular, H(M)
is a sum of pure realizations, i.e., lies in Bk , and it is of
the form stated in d) . Furthermore we have

H(x) @ B2 (P! )®!F! r €o

H(X) (r) =

Hx) @ B2 )% rso0,

so H(X) (r) and therefore also H(M) 1lies in MM, Conversely,
any subguotient of H(X) (r) "is" a motive by lemma 1.1/4.3, which

shows d.).
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Finally, let H be an object of MM N Bk , given as a

k
subquotient B/A for A < B < H(U) ® H(V)V , where U, V are
smooth guasi-projective over k . By assumption,

B/A = @ Grﬁ(B/A) ; SO we only have to show Grﬁ(B/A) € H(M)

for alTez; € Z . But Grz(B/A) is a subquotient of

crl (1(0) ® H(VY) = o Grll H(V) ® GrgH(V)V so by using 4.3

as before, we only hgvg_ﬁo show that er(H(U) @ H(V)') € H(gk)

for all m € Z , i.e., that Grg H(U) €M for all smooth quasi-
projective U/k as gk is closed under formation of tensor
products and duals, and Grg(H(V)") = (Gr‘fq(ﬁ(vn" . Choosing

X 2 U smooth projective and Y = &ﬁ} Yi as in section 3 ,

we obtain that GrzH(U) is a direé;1sum of the Grgﬂn(u) ’

and by 3.22 that Gran(U) is a subquotient of HZn—p(Y(p—n))(_p+n)
and therefore a motive by lemma 4.3.

b) and c): Let gﬂ be the Tannakian subcategory generated by

the image of H: Yk - ygk . Then gﬂ contains every direct

summand of H(X)(r) for X € Yk and r€%Z , and so it contains

gk . The other inclusion follows from the fact that Mi is a
Tannakian subcategory. Ek G»ggk is closed w.r.t. subquotients

by 2.15, the corresponding statement for ﬂk:_’ﬂgk is equivalent
to lemma 1.1/4.3, for ggkc—»MRk it follows from 4.2 and the
rest is clear.

4.5. Remark In the proof we have seen, that for any mixed motive
N the subobjects me are mixed motives and the subquotients

W
GrmN are motives. In particular, any mixed motive is a successive

extension of motives, and the spectral sequence (3.22.1)

P.q
G2 = HP D)y gy o Py

is a spectral sequence of mixed motives.
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4.6 By a basic theorem on Tannakian categories, the neutral

Tannakian cateqories Mk and ggk are equivalent to the cate-

gories of representations of certain pro-algebraic groups over Q.
These arise as automorphism groups of the fibre functors giving
a neutralization: For an embedding o: k< C¢ let MG(c) be

the automorphism group of the fibre functor

Hy, : MM, > Vecy

given by the restriction of H0 : MR, - VecL (see 2.13) , and

G(0) the automorphism group of the restriction

Hc : gk - VecL

If Rep G denotes the category of (finite dimensional) algebraic
representations of a pro-algebraic group G/® , we have equi-

valences of tensor categories

M, > Rep G(0)

MM, 5 Rep MG(0) ,

and the inclusion M, < Mgk corresponds to a morphism of pro-

k
algebraic groups Y: MG(o) - G(o) , see [SR] . The inclusion

of the category gﬁ of Artin motives (see [DMOS] II 6.17) in

gk and gﬂk gives morphisms m: G(o) - Gk and Mm : MG(o) - Gk’

as gi 2 Rep Gk (loc. cit.). Finally, the base extension functor

MR, - MRy (see 2.16 i)) induces base extension functors

f— - 3 LIV ]
M - Lk and MM - Eﬂk , as canonically H(U)xklc H(U xkk )
for a smooth quasi-projective variety U over k and a field
extension k'/k . Thus we get homomorphisms i: c%(0) = G (o)

and Mi : MG%(0) » MG(o) , where G°(o) = G(9) = Aute(HalM_) and
-k

Mc® (o) = MG(3) = Ath(Ha'MM_)
—k
the fibre functor Hz on Mg and MM7 respectively, for some

embedding ¢ : kS @ with S’k =0 .

are the automorphism groups of

| Um.-Bib!iothek,
Regonebirg |

b
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4,.7. Theorem a) ¥ 1is an epimorphism, i.e., faithfully flat.
b) Via Yy , G(o) 1is identified with the maximal pro-reductive
quotient of MG(o) ; the kernel U(o} of ¢ 1is connected and
pro-unipotent.

c) With the above notations (involving a choice of o : kes ¢
with 8lk = 0) there is a commutative exact diagram of pro-

algebraic groups

U(o) —_ U(o)
15 M) M ) " 6, > 1

! " |

i m
1 — 5 c%0) —=—35  G(o) —5 G —> 1
d) Go(c) and MGO(O) are connected and the identity components
of G(o) and MG(o) , respectively. Go(o) is the maximal pro-
reductive quotient of MGO(c)
e) For any T € Gk ' (Mﬂ)_1(1) = HomQ(Ha,H
-1 ®
and HEI as functors on M!E , and T (1) = Hom (HE’HET) for

= , regardin H=
5c) ¢ reg g Hy
the restrictions to Mk .

f) For any prime 1 , there are canonical continuous homomor-

phisms sp; : G, = G(O)(Ql) and Msp G, -~ MG(c)(Ql)with

1% %k
To spy = id , Mmo Mspl = id and spy = ] oMsp1
g) There is a canonical section I: G(o) - MG(oc) of ¢y ,

corresponding to the semi-simplification functor

S-S —kK > Mk
N [ 5] er N
mez

One has MmoXf =7 , and I °spy = Msp1 for any 1

Pictorially:



Mn
MG(0) === G
Mspl
(4.7.1) LARRS
™

G(o) —=———2> G

is commutative in all ways with equi-directed horizontal maps.

Proof a) Y is faithfully flat, as §k<h ﬂgk is fully faith-
ful and saturated w.r.t. subquotients by 4.4 b) , see [DMOS]

II 2.21 a)

b) G(9) is pro-reductive, as M is semi-simple, see [DMOS ]
IT 6.22 (here we use "reductive" also for non-connected groups).
Let G(0) be the maximal pro-reductive quotient of MG(0)

Then Rep G(0) < Rep MG(0) = MM, is semi-simple and closed with

respect to subquotients. For N € Rep G(0) we therefore have

~

NZ ® Gr N, i.e., NER and therefore N € MM N R =

mE€EZ - k k
M, = Rep G(0) . We conclude Rep G(0) =Rep G(0) and thus
G(0) = G(o) . With the same arguments, GO(O) is the maximal
pro-reductive quotient of MGO(U) , and by c¢) , U(o) 1is the
pro-unipotent radical of the connected pro-algebraic group
MG° (o)
c) - f) - The statements for G(o0) are proved in [DMOS] II 6.23,
and the proofs for MG(c) are similar:
c) Mi is a closed immersion as any object N of MMp is
a subquotient of an object N xkE with N_ € MM (see the
criterion in [DMOS] II 2.21 b)) . In fact, it suffices to consider
the case N = H(U) ® H(V)' for U,V € §E ; but U and V have
models U' and V' over a finite extensions k' of k , and
we can take N_ = (H(U') @ H(V")") = H(Res,,, U") ®

Ryt /x k'/
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\J V 1] K} ) . .
H(Resk./kv ) , where Resk./kU is the Grothendieck restriction

U' - Spec k' - Spec k , as Noxkk' 1 H(U)SH(V')Y is surjective.

X & MM, is fully faithful and

saturated w.r.t. subquotients, and the exactness of

M3 MG (o) Nr Gk - 1 1is a special case of e) . Finally,

MT is faithfully flat as M

1 - M6° (o)
U(o) lies in MGO(O) = ker Mm , as Mm = 7oy which is clear
from the factorization ﬁ;‘* Mk‘“ gﬁk
d) For the connectedness of MGO(O) we have to show that for
any non-trivial representation X of MGO(O) the category of
subquotients of x" , n =20, is not stable under tensor pro-
ducts, see [DMOS] II 2.22. But such an object N € Rep MGO(O)

= gﬂi must be pure of weight zero, as the weights occurring in
Nn are the same as those occurring in N, and therefore bounded.
In particular N € Mg = Rep c°(0) , and we have reduced to the
connectedness of GO(O) , which is proved in [DMOS] II 6.22.

As Gy is totally disconnected, MG°(0) is the full identity
component of MG(o)

e) We have to associate to any g € MG(0) (R) = Hom®(HO®R,H0®R),
R a OQ-algebra, a canonical element of EQEQ(HE'HET)(R) =
Hom®(H5®R,H6T®R) for T = MT(g) . We write H_(M,R)=H_(M)8R
and M =M xki . Then for M,N € ggk and f € Hom(ﬁ,ﬁ) there
is a commutative diagram

g
- _ M _ _ -
Ha(M,R) = HO(M,R) _— HO(M,R) = Hcr(M'R)
| |
(4.7.2) fa l{ lfaT
- Iy -
HB(N’R) = HO(N,R) ey HO(N,R) = HGT(N'R)

In fact, by applying the functoriality of the Iy to the evaluatic

map M x Hom(M,N) -» N one sees that there is a commutative diagran



53

H_(M,R) B R)
g ‘M > HO(M,
|
(4.7.3) fB gfo
N

H (N,R) > H (N,R)
for any ?0 € Ho(Hom(M,N)) = Hom(Ho(M),HO(N)) , where g = 9Hom (M,N) *
On the other hand, via the action of Gk (see 2.19) Hom(M,N)
can be regarded as an Artin motive, i.e., an object of gi =
Rep G (compare [DMOS] II 6.17 and 6.18) . This depends on
the choice of an extension p : k“ € for any p : ke C ,

and we choose the extension ¢ for o . Then there

of mixed motives Hom(ﬁ,ﬁ) 3 Hom(M,N) such that

- - _Gk
(Hom (M,N) @ k)

HDR(Hom(M,N))

and Hl(Hom(ﬁ,ﬁ) Hom(M,N) ®

!

is induced by the projection to Homi(HDR(M) , HDR(ﬁ

Hom_ (H,(M),H,(N)) , respectively, and on
0, 1 1

HO(Hom(ﬁ,ﬁ)) = Hom(M,N)

is a morphism

j on

)) and

is the projection to Hom(HE(ﬁ),Ha(ﬁ)) = Hom(H_ (M) ,H_(N))

If Mn(g) = T , then by definiton g acts like T
Hom (M,N) < Hom(M,N) . So (4.7.2) follows from (4.7.3
Hs (M) = H (M) = Hs (M)
R £5r
Ho(N) = H (N) = Hg (M)

is commutative.

on

), as

The diagram (4.7.2) shows that, if we define the image of

Iy in Hom(Ha(M,R) , HET(MR)) by the upper line of

(4.7.2),
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we get elements which are functorial in M and R , and
compatible with tensor products. These define elements in
HomQ(Ha ® R, Hz ® R) , as any object in gﬁi is a direct
factor of an object M for M in MM, see 2.20 e) .

So we have defined a map (Mﬂ)-1(T) - EEEQ(HG'HGT) , which
is bijective as one may see by reversing the construction,
looking at (4.7.2) again.

f) Msp; can be defined like sp; in [DMOS] II 6.23 (d), but
it is shorter for us here, just to define it by

Mspl =9y ospy -

g) We only have to note that Mwmvs.s.M 1is a tensor functor,

maps MM, to gk by 4.5, and that for any H € R

X there is

a unique isomorphism

W
[} GrmH
€ Z

jas]
ne

m
inducing the identity on the graded pieces, as Hom(H,H') = O
for pure realizations of different weights. With respect to this
isomorphism,

s.s.

M hd &Ek i Ek

is the identity, and s.s. commutes with HO . Therefore s.s.
induces the homomorphism I and we have Yo ¥ = id .

. . . o e}
As s.s. commutes with the inclusions ﬂk<~ ggk and gkc» &k R

we have Mme ¥ = 7 , and the rest is clear.

4.8. For the description of U(0) we can use Saavedra's results
[SR] IV §2 on filtered Tannakian categories. Namely the fibre

functors H, on Mgk are filtered by the weight filtration

meG = chm , and if

®!
Aut (HO)

is the subfunctor of Aute(Ho) formed by those tensor automorphism:
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of H0 which induce the identity on Gr H0 = & Gr‘:’nH0 R

meEzZ
w -
GrmHO = meo/wm—1Ho , then we have
o ® ®!
4.9. Proposition U(0) = Aut (Ho’ ) = Aut (HG’ ) for
MM MM
o: k= € , respectively G: ke € with 5’ =0 .

Proof From the proof of 4.7 g) it is easy to see that G(0) is

canonically isomorphic to the automorphism group of the fibre

functor Gr Ho = Hoes.s. on Mﬁk . With this identification
we have U(0) = Ker(MG(o) » G(0)) = xer<Aut®(Ho| ) - aut®(GrH_
®! =%
= Aut (HO ).
.ﬂﬂk

The same considerations apply to k, MGO(O) and Go(o) by the

diagram in 4.7 c) .

4.10. It is often inconvenient to restrict to projective or
quasi-projective varieties, and we will show that this is in
fact not necessary.

Let Ek and ﬁk be the categories of smooth separated
and smooth proper varieties over k , respectively . Then we
can define the functors

H: W By

R

H:
in exactly the same way as in section 3, because nowhere the
quasi-projectivity was used. Of course, with the notations of
3, the varieties X,Y,Yj,Y(q) are only smooth and proper and
not necessarily projective then; this corresponds to Deligne's
construction of mixed Hodge structures for smooth varieties

[D4] . We now claim that we do not get new mixed motives or

motives by this.

))
MMy
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4.11. Proposition H : Ek - gk factorizes through ﬂk and

H: W, - ﬂgk factorizes through mﬁk .

Proof Let Uo be a smooth variety over k . By Nagata [N], U

is an open subvariety of a proper variety Xo , and by Hironaka's
result on resolution of singularities we can assume that Xo

is smooth. By Chow's lemma there is a projective variety X

and a proper birational morphism f: X - Xo , and again by

-1
Hironaka we may assume X to be smooth. Let U = f (U))

(o}

Then f: U - UO is proper and birational and therefore the

induced map

£* H(Uo) - H(U)

of mixed realizations is injective - in fact, in all three cohomology
theories there is a left inverse by the transpose under Poincaré
duality of the corresponding map for the cohomology with compact
support. So f* identifies H(Uo) with a subobject of H(U),
i.e., with a mixed motive by 4.2. For Uo smooth and proper

we have Uo = Xo and U = X and can use 4.4 d) , we can also

conclude by 4.4. a) as H(Xo)€ Bk .



PART II

ALGEBRAIC CYCLES, K-THEORY, AND EXTENSION CLASSES

§5. The conjectures of Hodge and Tate for smooth varieties

The common object of the conjectures of Hodge and Tate is
the description of the group of algebraic cycles in the cohomology
of a smooth projective variety. To recall these conjectures, let

k be a field with algebraic closure k, 6. = Gal(k/k), X a

k

smooth projective variety over k, X = X x, K , and CHY(X) the

k

Chow groups of algebraic cycles of codimension r on X modulo

linear equivalence (see, e.g., (K1]§2).

5.1. There is a canonical cycle map for & # char k
2r o 2
c1j =e1* ¢ cu'(x) —> HIL(X,Q,(r) = H{T(X) (x) ,
whose image lies in the fixed part

G

HAE(R,@y(r)) X =: 1y (77 (%) (x))

under Gk . Tate conjectures that the image of clg generates this

group over @, , if k is finitely generated as a field ([T 1]).
5.2. For k =€ there is a cycle map
cl¥ =l X ; cwt(x) —s BT (X(@,Q) |,

whose image consists of (r,r)-classes, i.e., is contained in

12T (x(x),@ n 2 T (x,0) = BT (x(@),@ n FrEST (x,T)
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The Hodge conjecture states that the image of el” generates this

group over @ (cf. [Grl).

5.3. In our setting it is better to renormalize the last cycle

map by powers of 2mi and regard it as a map
clf= cli* a0 — T, (2r1)T) = H2T () ()

into the r-fold Tate twist of the Q-Hodge structure

Hzr(X) s = Hzr(x(c),m) , whose image consists of (0,0)-classes.

B
(Note the formula FO(H(r))® ¢ =rF'H® C for a Hodge structure H )
If one works with Chern classes, this amounts to using the more

natural first Chern class
cll = ¢, : Pic(X) = H (X, 0)) —> H%(X,Z-27i)
]B 1 . 14 X ’ I

which is the connecting morphism for the exact sequence of analytic

sheaves

0 —> Z-27i —> 0 _SXp Ox —> 0

Then no choice of i = V-1 1is involved, and moreover the cycle
maps cli and clg are compatible under the comparison isomorphisms
between complex and étale cohomology.

Finally, for any field k of characteristic zero there is a

cycle map
r _ 4T . 3 4 _ yor
chR —chR : CH (X) > HDR(X/k)(r) = HDR(X)(r)
whose image lies in

0, .2r _ r 2r
F (HDR(X)(r» = (F HDR(X))(r) ’
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and which for any o0 : k<> € is compatible with the map

CLE',O'X

o*

clsf=ck crt (x) <= cuf (oX)

r,X
(o] [¢]

> H%T (0X(T) ,@) (r) = 125 (%) (1)

under the comparison isomorphism Iirc(X)(r)
14

5.4. Thus for chark = 0 we obtain a cycle map

r _ r,X . r - 2r
ClAH "ClAH : CH™ (X) > FAH(H (X) (xr))

into the group of absolute Hodge cycles in Hzr(x)(r) (denoted
F(Hzr(x)(rn in the first part). As a combination and weaker form

of 5.1 and 5.2 one may conjecture that the image of c1t generates

the Q-vector space FAH(Hzr(X)(r)) . In fact, by the inclusions
BE'E(X) nH_(X)( 12T () ( )Gk
o o r) 2 ) (=
2r
(5.4.1) Ty (HT(X) (x))
Parg 25X (1)) 2= me™ X @ g

we see, that this is implied by either the Hodge or the Tate

conjecture. More precisely, we have

5.5. Lemma a) Let ko < k be a finitely generated field such
that X 1is defined over ko . If Tate's conjecture is true for
X and every finite extension of ko , then conjecture 5.4 is
true for X and k

b) If the Hodge conjecture is true for oX for some embedding

0 : K<> € , then conjecture 5.4 is true for X/k .
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Proof a) It is clear that every absolute Hodge cycle over kK is

defined over some finitely generated extension of EO , Since this

is true for every element in HDR(i/E) = H. (X /EO) ® k . By

DR "0 ko

2.19 it is therefore defined over some finitely generated extension

of ko , i.e., it suffices to consider the case that k 1is finitely

generated over k0 . It is then proved in [DMOS]I 2.9 that the

absolute Hodge cycles over k0 and k are the same. By assumption

and 5.4.1, all absolute Hodge cycles over EO are algebraic, hence

the same statement for k , and for k by taking fixed modules
under Gk , see 2.19.

b) It suffices to consider k algebraically closed. By assumption
and 5.4.1, every absolute Hodge cycle is algebraic over some field
k' which is finitely generated over k , and we get an algebraic

cycle over k Dby specialization, see [DV] exp. 0 .

5.6. We note that the above conjectures would imply some other

weaker ones:

a) FAH(Hzr(X)(r))C;~> Hg’r(x) n Hir(x)(r) should be surjective

for k =k and o : k<> @ ; this is Deligne's "espoire" that

every Hodge cycle is absolute Hodge see [D6].
G

b) FAH(Hzr(X)(r)) ] QECL—> Hir(x)(r) k should be surjective for k

finitely generated over the prime field.

2r_ > 2T (X) (r) for & : K<—> @ with
L,0 3

2r
c) I (r) : Ho Xy & @

~

G|, = o should induce an isomorphism

G
(5T (x) 0 H2E(X) (r)] ® @, ~ BT (x) (r) K
fof o] % 2

for k finitely generated and sufficiently big. In general, no
"inclusion" is known, but a) would imply " < " and b) would imply
" > " . In the first case we could conclude Tate = Hodge, in the

second case we had Hodge = Tate.
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d) dimQ(Hz'r(X) n Hir(x)(r) should be independent of o
G
e) dimm [Hir(x)(r)] k should be independent of %
2
f) These dimensions should be equal for k finitely generated

and sufficiently big.

5.7. Remark Deligne has proved a) for abelian varieties X , see
[DMOS]I 2.11; and a)-c) hold for abelian varieties with complex
multiplication by the work of Shimura-Taniyama and Serre, even in
the stronger form stated in [Se 2] § 3, compare also Pohlmann [P].
The results can be extended to the category of motives generated
by abelian varieties, containing for example K3-surfaces and Fermat
hypersurfaces, compare [DMOS] 6.26 and 6.27 .

In fact, conjectures a)-c) have convenient interpretations

in the setting of the associated Tannakian categories. For example,

let MT(ng(X)) be the Mumford-Tate group of the Hodge structure
Hir(x) . It is the subgroup of GLQ(ng(X)) fixing all Hodge cycles
in all products Hir(x)®s @(Hir(XY)@t e @(N® for all s,t em, ,
u € 2 , and thus the "Galois group" of the Tannakian category
generated by the Hodge structures Hzr(X) and @(1) , see [DMOS]
I§ 3.

On the other hand, let G(Hzr(x),o) be the "Galois group" of

2r

the Tannakian subcategory of gk generated by H 7 (X) and 1(1)

(with fibre functor HO ), i.e., the image of G(o) —> GLm(Hir(X))
Then by (5.4.1) for all tensors we have

MT(Hir(X)) < (%) ,0) ;

and a) for all tensors would imply equality.

b) and c) have similar interpretations. However, one does not

k
conjectured by Grothendieck and Serre, so one also has to consider

know in general, whether G acts semisimply on Hir(x) as
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subquotients of the tensor products for Hir(x) ([DMOS] I. 3.2). 1In

any case, c) 1s related to the conjecture that Im(Gk —_—> GLQ (H;(X))
()

and MT(Hi(X))(QQ) are commensurable, see [Se 2]§ 3.

5.8. Similar conjectures for non-proper varieties seem to give
nothing new, at least for k of characteristic zero. In fact, let
U be a smooth quasi-projective variety over k and let X be a
smooth projective compactification. Then there are cycle maps

r

_ r,U | r 2r
ClAH" clAH : CH” (U) —> FAH(H (U) (x))

as before, having components C1;R'Clz and clz with images in

2r _ 2r 0,.2r _ 2r r 2r
PDR(HDR(U)(r)) = WO(HDR(U)(r)) nFr (HDR(U)(r) = WZrHDR(U) nFr HDR(U)

G
2r _ ,2r k 2r
FQ(H2 (U) (r)) = HQ (W) (xr) " q woﬂ%’(U)(rH‘
2r B 2r 0, ..2r
FH(H0 (U) (r)) = WO(HO (U)(r)) N F (H0 (U) (r) ® @)

(5.8.1) = (27ri)rw2rH2r(0U,CD) n Fu?t (ou,a)

respectively (for example by using fundamental classes in the

2r

relative cohomology H, (U) for a prime cycle 7z of codimension

r ). But then cli'U factorizes through
2
Fa(onar(U)(r)) = I',(Im Hzr(X)(r) —> Hir(U)(r))

(see 3.22, or [D4] 3.2.17, for the last equality), and by lemma 1.1,

onzr(U)(r) is a direct factor of Hzr(x)(r) ,+so that the maps
r, B3 (%) (1) —> 1, 825 (U) (x)

are surjective. On the other hand, the restriction CHr(x) —> cHY (V)
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is also surjective, and the diagram

r,X
r Cl?’ 2r

cHT (X) > T, HST(X) (1)
¥ clr,U ¥

cu® (u) 2 > T, ng(U)(r)

commutes. This shows the following.

The only possible formulation of the conjectures of Hodge
and of Tate for U is that for k = @ FH(Hig(U)(r))=
= Ferr(U,G) n WZerr(U,m) and for finitely generated k
FQ(Hi?(U)(r)) = Hiz(U Xy E,Qz(r))Gk should be generated by
algebraic cycles. At the same time, these conjectures are immediately
implied by those for X

The same holds for conjecture 5.4 involving FAH(HZI(U)(r)) ’
and also for the Tate conjecture in characteristic p > 0 , if one

has resolution of singularities and semi-simple action of G on

k
Hir(x) (this will be discussed more generally in § 7). So again, at

least morally, we obtain nothing new.

5.9. However, for smooth non-proper varieties U/k it makes sense

to study the space
i .
Tay (H(U) (3))

and those defined in 5.8.1 for arbitrary i,j € Z . For X smooth

and proper over k, F(Hl(X)(j)) is zero unless i = 2j , because

Hl(X)(j) is pure of weight 1i-2j and in general
(5.9.1) I(H) = T (WyH) S—> T (Gryh)

for any mixed realization H . But otherwise the space above can
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be non-zero for i < 2j , and is indeed connected with interesting

questions.

For example, if X 1is a smooth projective curve over k and

X # y are two k-rational points, we get an exact sequence for

U = X~{x,y}
0 —> B (X) —> H'(U) —> H({x,y}) (-1) =2 w2 (x) —>0 ,

in which ¢6(1) factorizes through the cycle map cll X . Therefore

we get an exact sequence

0 —> H' (X) —> H1(U) —> 1(-1) —> 0 ,
(5.9.2)
weight 1 weight 2
where 1(-1) has a "basis" 1X-1y . It is a non-trivial guestion

whether this sequence splits or not: think of the extension of
Galois representations in the l-adic realization and of the mixed
Hodge structure of H1(U) in the Hodge realization. Since kernel
and cokernel have different weights, a section of 5.9.2 is given

by a non-trivial element in
Hom(1(—1),H1(U)) = Hom(1,H1(U)(1)) = F(H1(U)(1)) p

and we shall show in § 9 that there is such a section if and only
if (x)-(y) 1is a torsion point in the Jacobian of X

This suggests to look for "algebraic elements" in
F(Hi(U)(j)) , and there are indeed some, given by higher algebraic
K-theory. First recall, that the rational cycle maps cl® can also

be described by Chern characters
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ohy : K (V) > T2 W ()

on the Grothendieck group of locally free OU-modules, via the

isomorphism

n
(13

i i
KO(U) @ Q ® GrYKO(U) ® 0 ® CH (U) o Q ,

i20 i20
where YlKO(U) is the y-filtration [SGA 6] exp. 0. Now by results
of Schechtman [Sche] and Gillet [Gi] generalizing earlier work of

Soulé [Sou 1] there are higher Chern characters

(5.9.3) ch

i .
{5 F Kayoq (0 ——> T, (Y (U) (3))

on Quillen's higher K-grouvs such that Cth,j coincides with chj
above. In the cited references the Chi,j are defined for the
singular, the étale and the de Rham cohomology; to get a morphism
into the group of absolute Hodge cycles one has to check that these
are compatible under the comparison isomorphisms. But the Chern
characters are defined by means of Chern classes

e (V) —> T, (),

i,5 ¢ K231
so by reducing to universal Chern classes and using the splitting
principle one only has to show the compatibility for the first
Chern class ch2’1=ch1 = cl1 : Pic(U) —> F?(HZ(U)(1)) , which we
already used in 5.8.

For a generalization of the Hodge and the Tate conjecture we
propose to study the image of the maps 5.9.3 for general i and
j . First we investigate for which i and j the target groups

can be non-zero, by studying the weights of the realizations. Namely,

for each realization H - in the sense of § 3, or an ¢-adic one,
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or a Hodge structure, or a de Rham realization - we have a weight
filtration, and say that the weight w € Z occurs in H , if

W.
erH +# 0 .

5.10. Lemma Let U be a smooth variety of dimension d over k

Then for the weights w occuring in Hl(U)(j) we have

i-2§ < w g 2i-25 , if 0 <1i s d
i-2j € w £ 2d-2j , if d < i g 24

Proof See [D4] 3.2.15 b) and [D9] 3.3.8.

5.11. Corollary One has F(Hi(U)(j)) ¢# 0 at most for

0s3sd and 3§ €4 € 2§.

Proof 1In view of 5.9.1 we must have

i-23 £ 0 £ 2i-23 and 0 £ i £ 4d
or i-2j3 € 0 € 2d-23 and d £ i £ 24
i
57 L
‘1_:2')
(5.11.1)
N AN
L 7

2d
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5.12. For the study of the maps 5.9.3 it is convenient to
consider the action of the Adams operators wk, k 2 1 , on the

K-groups Km(U) (see [Sou 3] for this and the following). If we

set
k(1) 3 = (x € k_(U) e, @vK(x) = kI'x for all k € N}
m m Z 4
then K (U) 8 0 = & K (U)(j) and K (U)(j) is canonically
m 320 m m

isomorphic to the graded term GriKm(U) ® @ for the y-filtration.
. k _uJ .
Since chi'j(w (x)) =k Chi,j(x)’ the map Chi,j vanishes on

sz_i(U)(v) for v # j and it suffices to consider the restriction

ch, . :+ K 1(U)(j)

i .
i, 4 25- > F?(H (U) (3)) .

Following Beilinson [Bei 2] we define the "motivic cohomology"
of U by
() 3

i ; -
Hy(U,@(3)) = Kyy_g

(denoted "absolute cohomology" Hi(U,m(j)) in [Bei 1)), so that

we study the morphisms

ch, . : HL(U,Q(3)) > T, (U) (3)

i,3
from the motivic cohomology to the various other cohomology
theories.

We can describe their image in the following case.

5.13. Theorem Let U be a smooth connected variety over & , then

the Chern class induces an isomorphism

cpq 0(u)* /e = FH(H;(U,Z)(1)) - 2wi'W2H1(U,z) nFlE (U, ,
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in particular,

) (1) 1
Ch1,1 : K1(U) —_— FH(HB(U)(1))

is surjective.

Proof We shall get two proofs of this fact. The one given here
uses the Beilinson-Deligne cohomology H;(U,Z(j)) of U (see

[Bei 1], [EV]); the second one will be given in $.11, is based on

the theorem of Abel-Jacobi, and shows the relation with (5.9.2).

It is shown in [EV] that there is an isomorphism

o) =2 H;(U,Z(H) ,

~

so the claim follows from the commutative diagrams

0 —> €/2(1) —> HY(UZ(1)) —> T, (HL(U,Z) (1)) —> 0
| | T
0 —> ¢ — 0 —— O(U)X/CE>< > 0
and
0(v) "
det jlu
(e}
1,1 1
K1(U) > HD(U,Z(1))
c1,1 v
1
My (Hy (0,2 (1))

together with the fact that det induces an isomorphism

K,I(U)“) —_> O(U)x e Q ,
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compare [Sou 3].

5.14. Remark The proof above is very similar to the proof of

the Hodge conjecture for divisors by using the exponential sequence,
which can be reinterpreted as a quasi-isomorphism Z(1)D = Gm[—1]
for a smooth proper variety. However, for non-proper U as above
this quasi-isomorphism holds true no longer, so we really have to
use the Beilinson-Deligne cohomology instead of the exponential

sequence.

The following generalizes a result of Friedlander [Fr]

Prop. 3.6.

5.15. Theorem Let U be a smooth, geometrically connected variety
over a finitely generated field k . and let ¢ be a prime,

1 # char k . Then the connecting morphism for the Kummer sequences

n
3
0 —> u n Gm > Gm —> 0
2

induce isomorphisms
a) (0" = 1im 0(0) */p® S5 1im H;t(U,u D o= H(U,E (1)

Lo < [} 2

n n
and

X X A X X ~ 1, = Gk

b) (0(U) "/k")" = (0(U) /x) © z2 —> H (0,22(1)) ,

in particular, the first Chern class

K.(U) ® % —> H' (0,2 (1))Gk
1,1 1 3 )

is surjective.
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Proof a) follows by passing to the inverse limit over the exact

sequences
0 —> 0(U) /™ —> H, (U ) —>  Pic(W) —> 0,
3 3

since Pic(U) 1is finitely generated by the generalized Mordell-
Weil theorem for finitely generated k , cf. [La] II 7.6. For

b) we use continuous cohomology and the five term exact sequence

1 res Gk 2
0~ cont(Gk’z (1)) —»H (U,z (1)) >H (UZ (1)) cont(Gk'Z!L“))
ﬂ*
v
2
contuhz (1))

induced by the Hochschild-Serre spectral sequence [J1] 3.5. Here

m 1is induced by the morphism 1w : U - Spec k . If U has a
k-rational point, m has a section and hence 1* 1is injective. In
general, let K/k be a Galois extension with Galois group G . Ther

we have a commutative exact diagram

G
Hz(c,zw) Ky -0
H'  (uxk,z (1))% 5, (u'(T,z (1))GK)G —> 16,1 . (¢ (1))
cont e ) cont ' "K' 2
a1 —E25 s w @, 1))

cont ' Lanl')

G

H (G,E (1) K) =0

' ! = 1j HG ) 2 1im K/ kO Y = R b
Since ont(GK,Z (1)) ;m ( Iuin = %m /( =1 y

Kummer theory, and K / (K ®Z ) 1is uniquely divisible,
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(e, H . (¢ z, n)))ZH1(G,K‘)®zQ=4L so both restrictions are

cont K’
surjective.

We get a commutative exact diagram

G
1 1 res 1,= k
0 —> 1 (G2 (1)) —> (U2 () 222w (@z, (1)) — o0
A
(5.15.1) Td Té
0 > k* > 0~ > A >0 ,

in which A = 0(U)*/k* is finitely generated and torsion free. This

can be seen from the diagram

0 —> k© —> 0(U)" —> ® z
xex Mg

I

0 —> k¥ —> k(U) ¢ —> 8 12
X€EX
d| pr
y v
] Zz = ® Z
xeu '™ ceu)

for a normal compactification X of U . Here k(U) is the function

field of U (and of x ), u'V )

and X are the sets of points
of codimension 1 in U and X , respectively, and d is the
differential of the Quillen spectral sequence ([Q1] 5.4), i.e.,

& or U(1) .

d(f) = Jv (f) where v, is the valuation at x € X
A
Hence A = A 8 22 , and we get b) by passing to the 2-com-

pletion in 5.14.1. The rest follows from the commutative diagram

o)~

reso§

\ v
G
€1,1 k

H1(5,Z£(1)
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note however, that O(U)x ® Zg —> (p(U) )" i1l not be an

isomorphism unless k 1is a finite field.

5.16. Remark a) Like for 5.13 we used a suitable "absolute"
cohomology theory for the proof above and shall get another proof

in § 9, related to extension classes.

b) For smooth U , not necessarily geometrically connected, 5.15 a)

remains true without change, and instead of b) we have

0w/ & kH°

X
x€U(0) x€U

n

G
(ow’>, e k;) ®Z, —> H1(5,Z£(1)) k,

0) L

where kx is the separabel closure of k in x(x) . For this we
may assume that U is irreducible; let X be the separabel closure
of k in the function field of U . Since H¥(U x k,z,(3))

G
= k .4 x . P q 0 .
z Ind;_ H'(U Xﬁk,zl(])) , we have Hcont(Gk’H (U xkk'ZQ(J)))
= HP(G?,Hq(U xii,zn(j))) for all p,q 2 0 , so we may replace Kk

by X in the above considerations.

5.17. Corollary Let U be a smooth variety over a field k which

is embeddable in € . Then the map

. (n __ 1
chy 4 ¢ K (U) > Ty (B (U) (1))

is surjective.

Proof First assume that k is algebraically closed. By 5.13, the
map ch1,1 : K1(U K ¢)(1) —_ FAH(H1(U K €) (1)) is surjective for
a fixed embedding k <> € . On the other hand, every element

x € K1(U K €) 1lies in the image of the restriction

K1(U *x R) —> K1(U XK C) for some finitely generated k-algebra
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R, kcRc T, see [Q1] § 7, 2.2,

Choosing a closed point a, R —>> k&> € 1in the same
connected component as the "generic point" @yiR € € we see that

image of x in T (H'(U %, @ (1)) lies in the image of
1 1
K1(U) -—> FAH(H (U) (1)) —> FAH(H (U ka)(1)) B
since we have

a¥ = oX

1 1
1 3t FAH(H (U XkR)(1)) _— FAH(H (U ka)(1)) '

as can be checked, for example, in the &-adic rcalization via the
Kinneth formula.
If k is not algebraically closed, we may apply the trace with

respect to some finite extension K/k

I want to state and discuss the following

5.18. Conjecture If U is a smooth variety over a number field

k , then for every 1i,j 2z 0

i p
Chi,j : sz_i(U) @ Q —> FAH(H (U) (3))
is surjective.

I also think that the following "Tate version" of it should
be true, replacing T sy by Fg

5.19. Conjecture If k is a finite field or a global field and

U is a smooth variety over k , then for every £ # char(k) and

i,j 2 0 the map
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chy 5 Ky ;(U) 8 Q@ —> H, (U xki,%(j))c"
is surjective.

In view of 5.15 and the discussion in 5.8 it is very tempting
to state conjecture 5.19 (like the Tate conjecture) more generally
for a finitely generated field k , but we shall show in § 9 that
it becomes false in general, if k contains too many parameters.

The same can be said for 5.18.

The obvious " Hodge version" of 5.18 - replacing T by T

AH H

for k = @ - is contained in a conjecture stated by Beilinson in
[Bei 2], but we shall see that this is false in general by the same

arguments as above. I think that the following special case should

be true.

5.20. Conjecture Let U be a smooth variety over (€ that can be

defined over a number field k . Then for all i,j € Z the Chern

character

. ] i j..i - i .
Chi,j : K2j—i(U) ® @ - (2mi) WZiH (U,Q)NF-"H (U,CT) FH(HB(U)(J))
is surjective.

The next statement shows that we may restrict our attention

to the cases k = @ or k = Fp(t) or k = Fp for a prime p

5.21. Lemma Let K/k be a finite separabel extension. Then
conjecture 5.18 (resp. 5.19, resp. 5.20) is true for k if and

only if it is true for K

Proof By applying this to N/K and N/k where N is the normal
closure of K/k , we may consider the case that K/k is Galois with

Galois group G . For a variety U over k 1let U ka be the base
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extension, and for a variety V over K let be the Grothen-

Rx/x
dieck restriction V —> Spec K —> Spec k . Then the claim for

5.18 follows from the commutative diagrams
G

: iy (s N
Kpjoq (V) ——> T, (1" (V) (3)) Kysoi (U 4 K)g => Ty

| H s fs

i . i .
25-1 (Re/i¥) —> Tay (B (R p V) () Kys_ 5 (U] > T,y (HY(U) (3))

(B (0 %K) (3))

K

following from 2.19, 2.20 and the relations Hl(R V) (3)

K/k
- i . i I | .
RK/kH (V) (3) and H (U ka)(j) H™(U) (3) ka . For 5.19 one
uses the corresponding diagrams with FAH replaced by FPv ’
G : G
T . K _ i = . k
(v XKk,QQ(J)) = Het(RK/kV ka,QQ(J)) and
. G . G, G
i - . = .
B (U gk, 0, ) % = (5t v x X x K0, (3)) %)

. i
since H
et

For 5.20 let V be a variety over € , let V be a variety

0
over the number field K such that V = V0 *K 5 C for some
4
0
. I - .
embedding 50 : K > € , and let U, RK/kVO . Then the canonical
C-morphism y : V —> V = U, x cC = I v, x C , which is
0 k,cSO cS:K<=->m0 K,S§
the inclusion of the component VO K6 C , induces a commutative
4
0
diagram
K, ,(U) ————> [ (H:(0) (§))
25-1 H' B J
W*T p* W*T lw*
v
i .
sz_i(V) _— FH(HB(V)(J))

with y*y, = id . Hence, if 5.20 is true for U , it is true for

V . The conclusion from k to K is trivial.

The conjectures above have some remarkable consequences, in

that properties of the K-theory would imply similar ones for the
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realizations. The following argument is copied from Beilinson

[Bei 1); it is based on a fundamental result of Suslin:

5.22. Theorem ([Suz2][Sou 3]3) If F 1is a field, then

a) Hi}(F,Q(j)) 0 for i>3 ,

n

Milnor

i .
b) H,(F,Q(i)) = K}

K (F) ® @ (Milnor K-theory).

Recall that for any presheaf G for the Zariski topology on

a scheme X the filtration by coniveau is defined by

NlG(X) = U Ker (G(X) —> G(U))
U < X open
codimX(X\U) 2 i

In these terms, Suslin's theorem implies:

5.23. Corollary Let U be a smooth variety over a field k ,then

Hﬁ(U,Q(j)) has support in codimension i-3j , i.e.,

v Iulw,eG)) = vhw,ai))

Proof By a result of Soulé ([Sou 3] théoréme 4) the Quillen
spectral sequence in K-theory ([Q1] 5.4) induces a spectral

sequence

(5.23.1) 29Uy = e k____(xxnI® Lx ),
(p) ~pP-q
X€U
where U(p) is the set of points of codimension p of U and
K(x) is the residue field of x . By 5.22 a) we have E?’q(U)(j) = 0
for j-p > -p-q , For -p-g = 2j-i we see that E?’q = 0 for
p < i-j , i.e., the part of 5.23.1 contributing to H;(U,Qﬁ))lives

in codimension 2 i-j

5.24. Conjectures 5.18 to 5.20 predict the same behaviour for
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FAH(Hl(U)(j)), r (H;t(ﬁ,ml(j))) and FH(H;(U,Q(j))) , respectively,

L

which is a highly non-trivial question. In fact, for i = 2j this

property for F2 and FH is equivalent to the conjectures of

Tate and of Hodge, respectively: consider the exact sequence

v* .
> w3 ) (5

. u .
(5.24.1) HiJ(X)(j) ML PN ED)

\Y

for p : Y<—> X closed of codimension j and U = X\Y <> X ,

for the considered cohomology theory. By purity, there is a

canonical isomorphism HiJ(X)(j) R 1 (where 1 is the trivial
yEY(O)
object: QZ with trivial Gk—action in the %-adic case, the trivial

Hodge structure @ for the Betti cohomology). This shows that

5.24.1 induces an exact sequence (T = FQ or PH , respec _tively)

Ty, Tv,

> 123 (x) (9)) > 1% W) (5))

(5.24.2) T(Hij(X)(j))

Hence, if Tv* = 0 , then T(HzJ(X)(j)) is generated by cycles
with support on Y
For general i and Jj the situation is more complicated,

since

Tuy, rv*

(5.24.3) P(H;(X)(j)) > F(Hi(X)(j)) > F(Hi(U)(j))

is not necessarily exact. Nevertheless we get the following rough
picture where we write H§(X,j) for H;(X)(j) . Assume for a moment
that Y is smooth, of codimension 1i-j , then we have an isomorphism

2§-i

Hy(x,3) = 523 (v, 5-(i-9)) = 8237 (v,25-1) and a commutative

diagram
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s T'u .
rud iy, 29-1) ——> ret(x,9)
b
Poy-i,29-1,v T ]Chi,j,x
K (py (2300 vy (x) 3
25-1 29-1i

with the usual Gysin morphism py, in the cohomology and a certain
Gysin morphism yu, for the motivic cohomology (whose construction
involves the Riemann-Roch theorem, cf. 7.1 below). By 5.23 the

surjectivity of chi i, X
17 ’

Of chys ; 55.iy - BY 5.22b), K

reduces to the surjectivity of Ty, and

29-i is strongly related

to Milnor K-theory, in any case we can construct some elements in
this K-group by using symbols and elements in K1(—)(1)

= 0(-)x ® @ . The generic surjectivity of

. (m) m
Chm,m,Y : Km(Y) > TH (Y,m)
is related to the theorem of Merkurjev-Suslin [MS 1] saying that

for any field F and integer n, char(F) [/ n , the Galois symbol

KMllnor

o (F) /n —> Hgt(F,x/n(m))

is an isomorphism for m £ 2 , and to the conjecture of Kato that
this should be true for all m 2 0 . We can incorporate all this

in the following drawing
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j /N
1223
o 1Pe >
i . owettl
H™ (X,3) g ;Qa‘e
e
5039
(2i-3,2i-3
AN
7
i

where the triangle is the area with FHi(X,j) + 0 (possibly).

Of course, this picture is not really true as we remarked
above. First of all, the vanishing of Tv* does not imply the
surjectivity of Tu, . Secondly, the subvariety will in general be

singular, and we cannot argue by Gysin morphisms. Hence it turns out

to be useful to study singular varieties as well, and also the
non-exactness of T = Hom(1,-) , i.e., the derivatives
RPr = ExtP(1,-) of T for p 2 0 . This will be discussed in

the next chapters.

§6. Twisted Poincaré duality theories

A suitable setting for our purposes is the notion of a
"twisted Poincaré duality theory" as introduced by Bloch and
Ogus [BO] 1.3 . We need a version with values in a tensor category,

not just in abelian groups.

6.1. Definition Let V be a category of schemes of finite type

over a field k containing all quasi-projective ones, and let T
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be an abelian tensor category in the sense of [DMOS] II 1.15, with
identity object 1.
1) A twisted Poincaré duality theory on V with values in T is

given by a collection of objects of T

H;(X,j) (cohomology with support in Y )

Ha(X,b) (homology)

for every object X of V and every closed immersion Y &—> X
in V and every 1i,j,a,b € Z such that

a) H;(X,j) is contravariant with respect to cartesian squares

Y&—> X

oo

Y'e—> X'

in V (see [BO] for a more precise description of this property and
the following ones; we concentrate here rather on the necessary

modifications for working with T ),

b) Ha(X,b) is contravariant with respect to étale morphisms

and covariant with respect to proper morphisms in V

’

c) for Z c Y ¢ X there is a long exact sequence

i
Y~Z

e o H%(X,j) > H;(X,j) > HI _(x~2,3) - H;*T(x,j) - e,

functorial with respect to the contravariance in a),

d) (excision) for 2 < X closed and U < X open with 2 < U the
morphism H;(X,j) - H;(U,j) is an isomorphism,

e) if the diagram below on the left is cartesian, with proper f,g
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and étale «o,B , then the diagram on the right commutes

X! 8 > X H. (X,n) B* > H,. (X',n)
ith it
g l £ £, 9%
v v * v
y—2 5y H, (Y,n) CEEEN Hy(Y',n) ,

f) if YCL£—> X 1is a closed immersion and a : XNY &> X 1is the

corresponding open immersion, then there is a long exact sequence

i,

a*
~ Hy (Y,b) > H_(X,b) &= H_(X ¥,b) —> H__ (¥,b) —> ...,

functorial with respect to proper morphisms,

g) there is a morphism (cap-product) for YS—> X closed

j n
H, (X,m) ® H)(X,n) ——> Hy 5 (¥,mon)

compatible with the contravariance for étale morphisms,

h) (projection formula) for a cartesian diagram on the left with

proper of the diagram on the right is commutative

yte—-> X' H, (X',m) @ H%, (X',n) > By (Y',non)
£ l ‘ £ f*l T £* £,

\% \ v

ye—> X H; (X,m) ® H)(X,n) ——> Hy_4(Y,mon)

i) (fundamental class) for each variety X in V , which is

irreducible of dimension d , there is a canonical morphism

Ny € HomT(ljﬁzd(X,d)) =: F(HZd(X,d)) P

which is functorial with respect to étale morphisms,
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j) (Poincaré duality) if X € ob(V) is irreducible, smoaqth of

dimension d and Y<—> X 1is a closed immersion, the morphism

. n
Hid-l(x,d—n) > H; (Y,n)
given by
. . n,®id :
2d-1i N 2d-i X 2d-i _ n
HY (X,d-n) =1 ®HY (X,d-n) ——> H2d(X,d)®Ig{ (X,d-n) - Hi(Y,n)
is an isomorphism,
k) in the situation of j), for 2 < Y closed the diagram

2d-i- . 23~ . 2d-3 . 2d- .
oo Hy\zl (xz,d-3) - sz Y (x,d-3) - Hy J(%,8-3) - HY\ZI(X\Z,d—j) ...

el / l”x n J l“)@ f i”X\zn

v

s> Hy L (WZ,3) > H, (2,3) > H, (Y,3) > H (12,3) —>...
is commutative (this is not postulated in [BO], but will be needed

below) .

2) A morphism of twisted Poincaré duality theories is a pair of
morphism of functors which is compatible with the axioms a)-k) in

the obvious sense.

By definition, we let Hl(X,j) = H;(X,j)

6.2. Remark Since the definition of tensor categories is quite
abstract, we like to remind the reader of the following.

a) In the cases we are interested in, the category T is-usually
a category of "vector spaces with some additional structure" and

the tensor law is given by the tensor product of vector spaces.

b) If T 1is an abelian category with tensor product, i.e., where
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for each two objects A,B the functor

C pe~~—~> Bil (A,B,C) = {bilinear morphisms f : A ® B —> C }

is representable by an object A ® B

Hom(A ® B,C) = Bil(A,B,C) ,

then (A,B) b~~> A ® B with the obvious commutativity and

associativity constraints is a tensor law with constraints AC

[SR] I 2.1.1, so it only needs an identity object 1 to obtain a tensor

category.

6.3. Definition Let F be a field. An F-linear, rigid abelian

tensor category T has a weight filtration, if there is a sequence

wm of exact subfunctors of id : T - T for m € Z such that

a) wm c Wm+1 , and for every object A in T the filtration WmA
is finite, exhausting, and separated, i.e., WmA =0 for m<< 0

and WmA =A for m> 0,
b) for objects A,B of T one has

W(A®B) = | WA®WSB
" p*rg=m d
(note that the sum is finite by a)).
Letting GrzA = wmA/wm_1A , say that the weight m € Z occurs
in A , if erA # 0 , and that A 1is pure of weight m , if m is

the only weight occuring in A

6.4. Lemma The following properties follow from the axioms.
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i) Hom(A,B) = 0 if the weights occuring in A and B are distinct,
e.g., if A and B are pure of different weights,

ii) 1 is pure of weight 0,

1ii) Grlwn(A ®B) = ® Gr'A ® GrVq“B ,

p*g=n

. v
iv) wW_ (A7)

n

(a/W__,A)" (where B is the dual of B ([DMOSIII 1.6)).
Proof i) By induction on the exact sequences

0 —> W C
m-1

> W C ——> erC —> 0
m m

for C=A and C = B it suffices to consider the case that A
and B are pure of weights m # n , say. Since the functors er
are exact, too, we get for a morphism £ : A —> B that

Ker f = erKer f = erA = A, hence f =0

ii) By 6.3 a) and decomposing 1 and T if necessary (cf. [DMOS]
II.1.17) we may suppose that 1 is pure of weight m , say. By 6.3 b)

and the isomorphism 1® 1~1 we conclude m =0 .
iii) This follows from 6.3 b) and the exactness of the tensor product

iv) This follows from the exactness of A hrr~~~> AY and the fact that

a¥  is pure of weight -m , if A 1is pure of weight m : in this

v o . vV ooV v
case we have W_op-1® = 0 , since Hom(w_m_1A JAT) = Hom(w_m_1A ® A,
=0, and X := Av/w_mAv = 0 , since X’ < A"V = a s pure of weight
m and hence Hom(XV,XV) = Hom(xv ® X,1) =0 . g.e.d.

For the following let R be a commutative ring (with unit)
and let T be an abelian, R-linear tensor category. If F 1is the
field of fractions of R , we obtain a new abelian, F-linear tensor
category T ® F , which has the same objects as T , and where the

morphism sets are defined by
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Hom (AF,BF) = HomT(A,B) @R F,

T®F

where Ag is the object of T ® F associated to A € ob(T) . say

that 7T has a weight filtration if T ® F has.

6.5. Definition A twisted Poincaré duality theory with values in

T has weights, if T ® F 1is rigid and has a weight filtration,
and if the following conditions hold.

a) The weights w occuring in Ha(X,b)F satisfy

N
o’
1
o]
I
£

< 2b for a

A

d = dim X ,

N
i
v

IN

< w £ 2b-2(a-d) for a

w
Q

b) For X/k proper the weights w occuring in Hl(X,j)F satisfy

[N

-23 for i

A
)
A
|-

1
N
w

d = dim X ,

2(i-4)-2j

iA
Q

for i

7
)
1A
-

1
[N)
[

6.6. Corollary For X/k smooth the weights w occuring in Hl(x,j)F

satisfy

[
!
N
.
N
)
7N
A
[eN)
"

2i-2j for i dim X ,

A
Q

i-2j £ w £ 24-2j for i

In particular, for X smooth and proper over k, Hl(X,j)F is pure

of weight i-2j

This is clear from 6.5 and the Poincaré duality isomorphisms

6.1 j). We now give some examples.
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6.7. Example Let VUV be the category of all separated schemes of
finite type over a field k with separabel closure ks , let

Gk = Gal(ks/k) be its absolute Galois group, and let £ be a

prime different from char(k) . The category Repc(Gk,ZQ) of

finitely generated xz—modules with continuous action of Gy is

an abelian, Zl—linear tensor category: the tensor law is the tensor

product over Z, , and the identity object is Z with trivial

L L

operation; note that we have

Gy
T'(M) = Hom (ZQ,M) = M

G by ¢ F——> o(1) .
k

We get a twisted Poincaré duality on V with values in

Repc(Gk,Zg) by letting

i P
ét,z

H;(X,j) H (i,zz(j)) for 2<— X closed ,

(6.7.1)

ét =
H, (X,b) = Hj (X,%,(b))

-a, sz _=! £
Hét(X,Rf Zz(-b)) for X ——> Spec k

(2-adic étale cohomology and homology, cf. [BO] 2.1 and [DV] exp.
VIII), where X = X xki —£—> Spec k denotes the base extension to
the algebraic closure kK of k . The category Repc(Gk,Zg) is
equivalent to the category of constructible Zl-sheaves on Spec k

-modules follows from

’
and the finite generation of the above ZQ

!
Deligne's result that in the above situation Rf, and Rf’ respect
(complexes of) constructible sheaves, see [SGA 4%] [finitude] 2.9.
Repc(Gk,ZQ) ® QQ can be identified with the category Repc(Gk,mz)
of finite-dimensional mg—vector spaces with continuous action of

Gy (equivalent to the category of constructible Ql—sheaves on

Spec k ) and is rigid: the internal Hom is given by
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Hom(V,W) = Hom_ (V,W)

Q,

with the G, -action (gf) (u) = gf(g 'v)

6.8. Example Now let k be finitely generated. Say that

V € Ob(Repc(Gk’ml)) has a weight filtration, if there exists an
integral domain A of finite type over x[%] with field of
fractions k such that V extends to a constructible ml-sheaf

F over U = Spec A , which has an increasing exhausting and
separating filtration WmF by constructible subsheaves such that
erF = me/wm-1F is pointwise pure of weight m , see [D9] 1.2.2.
Since F 1is smooth ("constant tordue") on a neighbourhood of the
generic point n = Spec k of U , this amounts to saying that

i) there is a connected, smooth scheme U' over Z[%] (char k = 0)

or Eb (char kX = p > 0) such that the representation of G on

k

V factorizes through Gk _> n1(U',ﬁ), ﬁ = Spec k ,

ii) there is an increasing exhausting and separating filtration
cer S W Ve WVc... ofG -submodules such that for each closed
point x € U' the eigenvalues of a geometric Frobenius Frx at x

W

in ﬂ1(U,ﬁ) on Gr V = me/Wm_1V are algebraic numbers o with

absolute value

[T

la] = Nx° , Nx = #x(x) ,

for every archimedean valuation || . Here the geometric Frobenius
in Gal(k(x)/x(x)) 1is the inverse of the arithmetic Frobenius

a b—> a¥ , and its image in ﬂ1(U',ﬁ) via Gal(k (x)/k(x))

= 1 (k(x) k(%)) —> 7, (U,K(x)) = n1(u,ﬁ) is well-defined up to
conjugacy. For a finite field k we have U' = Spec k , and for a

global field k with ring of integers Ok we have U' = Spec Ok\S

for a finite set of primes S including all primes above & . Then
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n1(U'.ﬁ) is the Galois group GS of the maximal S-ramified
extension of k , and i) means that V is unramified outside S

A filtration as in ii) is called weight filtration for Vv

6.8.1. Lemma a) A weight filtration, if it exists, is unique.

b) Let WRepc(Gk,mg) be the full subcategory of Repc(Gk,QQ) formed
by the representations having a weight filtration. Then every
morphism on WRepc(Gk,Qg) is strictly compatible ([D4] 1.1.5) with
the weight filtrations, and WRepc(Gk,Qﬁ) is an abelian subcategory
of Repc(Gk,QQ) , closed with respect to taking subobjects or
quotients.

c) WRepc(Gk,QQ) is a rigid, abelian, Qg-linear tensor category with

welights.

Proof It follows immediateély from the definitions that there is

no non-trivial Gk-morphism between pure modules of different weights,
hence the same statement for distinct sets of weights. From this one
deduces that every morphism is compatible with the given weight
filtrations and the unicity (look at the identity map). Subobjects
and quotients obtain a weight filtration by the induced and the
quotient filtration, respectively (cf. [D4] 1.1.8), hence
WRepc(Gk,ml) is an abelian subcategory of Repc(Gk,Ql) . Since every
isomorphism is an isomorphism of filtered objects by the above, we
obtain the strictness for every morphism. This in turn implies that
the functors V pre> W V are exact (cf. [D4] 1.1.11 and the

remark after it). The claims in c¢) are now clear: the filtration

on Hom(V,W) is given by

W Hom(V,W) = {f : Vo> Wf(W,V) W, W for all i }

4

and the filtration on V ® W 1is given by the formula in

6.3 b).



89

6.8.2. Lemma Denote by WRepc(Gk,ZQ) the full subcategory of

Rep (G, ,Z,) formed by those objects M for which M ®_ Q@ has a
c k'7e z, L

weigth filtration. Then the functors 6.7.1 have image in

WRepc(Gk,Zl) and form a twisted Poincaré duality theory with

weights.

Proof For a closed immersion 2 S—> X of algebraic k-schemes

there is a smooth scheme U over Z[-] (if <chark = 0 ) or over

1
0 L
F_ (if char k = p > 0 ), with generic point n = Spec k , and a

P
7 Y > X
1’\ /
Yo

closed dimension
of separated Uo-schemes of finite type such that 2<~—> X is

obtained from v by base change to Spec k

By Deligne's generic base change theorem (cf. [SGA 4%]
[finitude] 1.5 and 2.9) the operations Rf,, Rf,, Rf', Rv' and
Rv, respect constructible complexes, and are ccmpatible with
arbitrary base change S —> U for a suitable open subscheme U

of Uy - In particular, H%(i,zz(j)) extends to the constructible

sheaf F = H'(Rh,Rv'E,(3)) , and H_(X,Z,(b)) extends to the
constructible sheaf G = H-a(Rf*Rf!zg(-b)) on U . Moreover, the
associated Qg—sheaves are mixed by Deligne's result [D9] 6.1.11.

This shows the claim for char(k) = p > 0 , since by loc.cit.
3.4.1 every mixed sheaf in this case also has a weight filtration.
The bounds on the weights follow from loc.cit. 3.3.8, since by

the base change property we have

H = H}(X x
C

x ®(x) , Z, (b))

Yo
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(cohomology with compact support) for H = R £ Z and every point

x of U , and since

ét . LA = v
(6.8.3) H (X,Qz(b)) = Hét,c(x'mz(b))

n

(R,-dual) by the duality RHom(Rf,Q,,@,) = Rf*RHom(Qg,Rf!Ql)
]
RE,RE'Q, .

For char k = 0 we cannot argue in this way, since the
concepts of mixed sheaves and weight filtrations are different
here (see the remark below). Instead we shall get the weight
filtration by resolution of singularities, and this will be proved
in 6.11 together with the result for absolute Hodge cycles (note
that we may assume all sheaves as being reduced by the topological

invariance of étale cohomology) .

6.8.4. Remarks i) Let k be a number field, let S be a finite

set of primes including all primes above & , and let
Gg = m,(Spec Ok\S,ﬁ) as above (ramification at infinity is

allowed). Then for n € Z one easily computes

. 1
dlmmchont(GS,Ql(2n+1)) 2 r1+r2 2 1

where r and r, are the numbers of real and complex places

1
of k , respectively (cf. [J3] lemma 2), so by the isomorphism

1 . 1 . I
Hcont(GS'ml(m)) = EXtGS(Ql’QQ(m)) there exist non-trivial

extensions of continuous Gs-representations

(6.8.5) 0 —> @,(2n+1) —> E —> @, —> C .

Since Ql and Q1(2n+1) are pure of weights 0 and =-2(2n+1) ,
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respectively, E corresponds to a mixed sheaf on Spec Ok\s . For
n<0 , however, E cannot have a weight filtration since WOE would
give a splitting of 6.8.5.

ii) Let ES be the group of S-units and ClS be the S-class group

of k , then there are exact sequences

n 1
0 —> Es/l —> H (Gs,uzn) _ anlS —> 0 ,

for all n 2 1 . Since by Dirichlet's theorem ES is a finitely

generated group and ClS is finite, we conclude

1 =
Hcont(GS'x£(1)) = E.®Z2,6 ,

by passing to the limit over n . On the other hand we have

n
1 oM x sz,
Hcont(Gk’zz(1)) = k = iif k" /k .
n
. Ax x .
Since k 3 k" ® lg = lim ES ® ZR , we conclude that
—_
S
. 1 1
(6.8.6) ii? Hcont(GS’m£(1)) i Hcont(Gk’Q2(1)) .
S

This shows that there is a (non-trivial) extension of continuous

G, -representations

k

(6.8.7) 0 —> @, (1) —> E' —> @, —> 0,

which does not come from a Gs-extension for any S . Hence E'
corresponds to a ml-sheaf on Spec k which does not come from
Spec(Ok\S) for any S , this answers the question in [D9] 6.1.1.

The example is the same as Serre's example in [Se 1] III 2.2.
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6.9. Example Let A =%, @ or R , then the category A-MH of mixed
A-Hodge structures is an A-linear abelian tensor category with
weights; the identity object is the trivial Hodge strcuture A

(pure of weight zero), and we have

0

WOH nFr HE =3 FH(H)

n

I(H) = Hom .. (A,H)

f b £(1) .

For the category V of all separated schemes of finite type over

C the Betti cohomology and homology

i A | .
B, (X,3) = HZ(E)(X(G),A)(J)

(6.9.1)

"

Ha(X,b) Ha(X(G),A)(—b)(Borel-Moore homology)

with the mixed A-Hodge structure associated to it by Deligne forms
a twisted Poincaré duality theory with weights. Note that H;(X,A)
has a mixed Hodge structure as relative cohomology Hl(X,X\Z,A)
([D5] 8.3.8), for the Borel-Moore (or Betti) homology we may use

the isomorphism
PR v
(6.9.2) Ha(X(G),Q) = HC(X(E),Q)

(D-dual of the mixed (Q-Hodge structure given by the cohomology with
compact support) and the relation Hz(X,A) = 1% (%X,z,A) for a
compactification X < X with closed complement Z = XX ; see also
[J2] § 2 for a direct approach. The sign (m) denotes the Tate twist
in Hodge theory [D4] 2.1.13, and the compatibility of the mixed

Hodge structures with exact sequences and products follows as in

[D5] 8.1.25 and 8.3.9. The bounds on the weights for a proper scheme

are proved in [DS] 8.2.4, the bounds for homology follow via 6.7.9
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from corresponding bounds for cohomology with compact support, which
are mentioned in [D7] 8 and follow from the fact that the cohomology
in question is the cohomology of a simplicial scheme with smooth
and proper components, and that Hi(U,Z) = 0 for a smooth affine

variety of pure dimension 4 > i .

6.10. Example Let k be a field of characteristic zero, and let
V be the category of varieties (i.e., reduced separated schemes of

finite type) over k . Then

i

iy o0
Hy (X,3) = Hpp o (X/k)
(6.10.1)
_ .DR
Ha(X,b) = Ha (X/k)

(de Rham cohomology with support and de Rham homology) gives a
twisted Poincaré duality theory with values in the category Veck of
finite dimensional vector spaces over k . If X is smooth one may
set

i R | . Cov s
HDR,Z(X’k) = HZ(X,Qx/k) (Zariski hypercohomclogy)
and if X 1is embeddable in a smooth scheme M of pure dimension

N (e.g., if X 1is quasi-projective), one may set

2N-a

DR,X(M/k)

#PR(x/k) = ®
a
In general one has to use resolution of singularities and calculate
the above groups for suitable simplicial schemes with smooth

components (see 6.11 below, but also the approach in [Harts]).

6.11. Example The following generalizes the constructions for
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absolute Hodge cycles carried out in the first part. Let k be a
finitely generated field of characteristic zero, then we define the
category IMRk of integral mixed realizations for absolute Hodge
cycles over k 1like the category ggk in § 2, except for the
following changes: We replace the filtered Qg-representations of

Gy by objects of W RepC(Gk,ZQ) , requiring that the filtration

W. of 2.1 b) is in fact a weight filtration in the sense of
example b) above. Furthermore, we replace mixed Q-Hodge structures
by mixed Hodge structures and postulate that the comparison
isomorphisms of 2.1 e) are integrally defined, i.e., as isomorphisms
Ha @Zzl —~ > H of finitely generated Z

3 L

. . W \1
should exist morphisms Gr HQ ® Grm HQ —_—> lQ( m) for all m € Z

defining polarizations of the real Hodge structures er HO ® R

-modules. Finally, there

It is clear that IMRk is a Z-linear tensor category with

weight filtration, and the following result generalizes 3.19.

6.11.1. Theorem Let V be the category of varieties over k . Then

there is a twisted Poincaré duality theory with weights and values

in IMRk on V

HE O (X,*%), HAR(X,%)

*
AH,Z

such that the de Rham components HDR , the f%-adic components H

and the Betti components H; for o : k<> € are given by the

L

functors in 6.10.1, 6.7.1 and 6.9.1 for oX = X Xk & , respectively,
’

and such that for a smooth quasi-projective variety U over k

HKH(U,O) coincides with the mixed realization H"(U) defined in

3.19 after tensoring with

Proof We define functors H;H Z(X) and HQH(X) and then let
R— ’
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i A § .
HAH,Z(X']) = HAH'Z(X)(J) '
AH _ LAH _
Ha (X,b) = Ha (X) (-b)
The 2-adic and the Betti realizations of H;H z(X) and H?H(X)
’
are
Hi =(X,Z,) and Hét(i Z,)
ét,2' """ a A A
(6.11.2)

Hy,(0X,2) and HiM(GX,Z) ,

respectively, then the claimed compatibilities with 6.7 and 6.9
are clear. The comparison isomorphisms between them are defined
as in § 3, by the canonical comparison isomorphisms

i ~ i
Hoz(cX,Z) ® Z, —> H, (cX,Zz) B

2 ét,02
(6.11.3)

HO(0X,2) 8 T, > Hit(ox,zl) ,
which in fact are integrally defined and also exist for relative
cohomology and homology as indicated (cf. [SGA4] XVI 4.1 and [DV]
VI 2.8.4). For defining the de Rham realizations, the other comparison
isomorphisms, and the weight filtrations compatible with the
comparison isomorphisms we use "simplicial resolutions" as in [D5].
First it suffices and is more general to define homology for
simplicial varieties with proper face and degeneration maps and
cohomology for arbitrary simplicial varieties, since homology of
varieties (as the homology of the associated constant simplicial
variety) and cohomology with support (as relative cohomology for
a morphism f. : X. —> U. and hence as cohomology of the
simplicial variety Cone(f) , see [D5] 6.3) are special cases

of this.
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For a simplicial variety 2. as above we define the 2-adic
AH

and the Betti realizations of HiH(Z.) and H (Z.) by the
simplicial versions of 6.11.2, and the comparison isomorphisms

by the simplicial versions of 6.11.3 (for their existence compare
the arguments below). For a morphism w : U. —> Z. of two such
simplicial varieties this is functorial in a contravariant way for
cohomology, and functorial in a covariant way for homology if =«
is proper.

Now there exists a proper morphism 1w : U. —> Z. inducing
an isomorphism in the étale cohomology and homology (e.g., by proper
hypercoverings, cf. [D5] 6.2 and 8.3) such that U. is the comple-
ment in a smooth and proper simplicial variety X. of a divisor
Y. with normal crossings. Basically, everthing reduces to a
simplicial version of § 3. Namley, by the arguments in [D5] it

H

suffices to define Hl and Hg functorially for U. , since by

AH

the comparison isomorphisms a morphism will induce an isomorphism

of all groups, if it induces an isomorphism in étale cohomology and

homology. In fact, it suffices to define H;H and HQH

for pairs (X.,Y.) as above such that the Betti realizations are

functorially

those of U. , cf. Beilinson's constructions in [Bei 1] § 1.

Thus we define

i _ i . _oai .

HDR(Z.) := HZar(U"QU./k) = HZar(x"QX.<Y'>) ,
(6.11.4)

DR _ 44 v _

Ha (2.) := HDR,c(Z') (k=dual)

where the de Rham cohomology with compact support is defined as

relative cohomology

= .= a
(6.11.5) H (z.) :=H (UG.) := HDR(X.,Y.)



97

by the remark above; one gets quite explicit complexes computing
these groups by a similar approach as in [J2] 2.9. By the comparison

isomorphisms in the smooth case, generalized to the complexes

computing H;n(oU.,Qégn/k) and Hl(OU.,z) , we obtain the comparison
isomorphisms

i i .
(6.11.6) lec : H (0U.,Z) ®z cC —> HZar(U"QU./k) ®k,0 C

If we define the weight and the Hodge filtrations by the formulae
in [D5]) 8.1.12 and 8.1.15, we see that they are respected by the
comparison isomorphisms -by formula [D5] 7.1.6.5 and the results
in § 3 for W. , and by the comparison isomorphisms

i

r..
HZar(x"F QX./

wpgl r.. an
<0Y.>)_Han(OX.,F QOX <gY .>)

.

i r..
k<Y'>)®k,O¢=HZar(OX"F QOX-/G

for F° . If we also use the mentioned formulae to put a weight
filtration on Hit(ﬁ.,zz) , we get a Gk-equivariant ascending

filtration, compatible with the comparison isomorphisms

i i =
(6.11.7) IR,O : H (0U.,Z%) 8% Zl———> Hét(U.,ZQ) .
It is a weight filtration in the sense of b) above, since the

(i+n) -th graded term is a subquotient of

-n-2m,_ (n+m)
t (¥ ’
m

® HY
e

Ql(n+m))
m

after tensoring with @, , cf. [D5] 8.1.19 b).

For obtaining the long exact sequences of definition 6.1
and the capproduct it is convenient to proceed like Beilinson
for the Hodge theory in [Bei 2]. Namely, by the same arguments
as in loc.cit. § 4 one in fact gets much more than just the

cohomology groups above and the comparison isomorphisms between
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them. By Deligne's constructions in [D5] 8.1, now also applied
to the étale and the algebraic de Rham cohomology, one gets for

each object (X.,Y.) as above a diagram

(6.11.8) K' = Ky (X.,¥0) ¢
('K, W) ('K, W)
g oike—sc k9 o:ke—>g T/
B = T8
9
L,0 0 § = 60
ag
a= Ta v =TT
2,0 L0 9
’
TT (kg W) T ®y,w (Xp ,W,F)
4 G:k &>C

called a mixed absolute Hodge complex (MAH-complex), of the

following kind:
i) For each &, Ki is a bounded below, filtered complex of
Zl-modules with continuous Gk-action such that the homology groups

are finitely generated 7Z, -modules.

2

ii) 'Ki,o , for each & and each ¢ : k<> € , is as in i), but

without action of Gk ’

iii) Ké (resp. 'Ké o) , for each o : k<> € , is as in ii),
’

but with zz replaced by Z (resp. C ),

iv) Ki is a bounded below complex of k-vector spaces, with finite
dimensional homology, an ascending filtration W and a descending

filtration F ,

v) for each o0 : k&> C ,
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is a family of filtered quasi-isomorphisms

o (Ki,w) —> ('K, _,W)

2,0 2,0

with o p=ay 2 (homotopic) for p € Gy -

l,ap

vi) for each (o,8) ,

82 (Ké,W) ®, Z, —> ('K,

zZ 72 l,o’W)

0

is a filtered quasi-isomorphism,

vii) for each o0 : k&> C ,

. . e tge
Yoo (KO,W) 8, C > (Km' /W)

ag ag

is a filtered quasi-isomorphism,

viii) for each ¢ : k&> C ,

C —> ('K,

Q,c’w)

8, ¢ (KL W) 8

is a filtered quasi-isomorphism,

ix) Hl(erKi) is pure of weight m+i , and for each

0 : k&> ¢

Yo ¢s

(Ké,W) (KirW,F) ® c

k,o

defines a mixed Hodge complex in the sense of [D5] 8.1.5.
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The topology referred to in i) is the f%-adic one; it is
actually better to consider pro-2-systems ([J1] 6.9) of discrete
Gk~modules instead - and pro-2-systems of abelian groups in ii)
instead of zl-modules. The comparison quasi-isomorphism in vi)
then must be interpreted in an appropriate way, by letting
(Ké,w) ®Z ZQ be a canonical filtered complex of pro-g2-systems
whose components (in the pro-f-direction) are quasi-isomorphic to
K o"z/2" |

Deligne has proved that the 1i-th cohomology of a mixed
Hodge complex with the filtrations induced by F and W[i] is
a mixed Hodge structure. From this it is obvious that the 1i-th
cohomology of a mixed absolute Hodge complex defines an object
in IMRk . We define polarized MAH-complexes by requiring that

the graded pieces H = erHl ® @ for the weight filtration of

these objects are polarizable in the sense that we have bilinear
forms H? ® H, —> Q?(—m) in each realization which are
compatible under the comparison isomorphisms and define polari-
zations of the real Hodge structures H0 . There is an obvious
notion of morphisms between MAH-complexes, of tensor products, a
trivial MAH-complex 2Z , and Tate twists. Following Beilinson's
constructions for polarized mixed Hodge complexes (called 5—Hodge
complexes by him in [Bei 2] § 3), one has a notion of cones,
homotopy, and quasi-isomorphisms for polarized MAH-complexes, and
thus obtains a triangulated category of MAH-complexes up to
quasi-isomorphism.

For a simplicial object (X.,Y.) as above - X. a smooth
and proper simplicial variety and Y. < X. a divisor with
normal crossings - and U. = X.~Y. one obtains the polarized

MAH-complex KAH(X"Y‘) as the diagram

(6.11.9)
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.an
TT(RF L (0U.,Z,) W) TT(RF L (00 0 W)

/\/\

T*(Rr < iE) W) TT(Rr o (0U.,Z) W) ©rQp<Y.>) W, F)

where W and F are defined by the procedure of [D5] 8.1, and

the maps come from the morphisms oU. < 5., Z —> Qégn

the comparison isomorphisms, respectively, the latter ones

, and

extending to simplicial schemes by the standard computation of
their cohomology ([D5] 5.2.7). The careful reader will notice that
the comparison isomorphisms in 6.11.9 are only naturally defined
in the derived category, since they involve quasi-isomorphisms
in the wrong direction. To define them as honest morphisms of
complexes one may proceed as Beilinson in [Bei 2] p. 55, by
replacing the upper complexes by canonical gquasi-isomorphic ones.
By working on the big sites one then obtains the complexes
KAH(X.,Y.) functorial (contravariant) in (X.,Y.) . Starting from
this, one may copy Beilinson's arguments in [Bei 2] § 4 to get
polarized MAH-complexes whose cohomology gives the previously

. i . . . . c s
defined HAH and HQH of varieties, of simplicial varieties, or

versions Hiﬂ,e with compact support, with the required properties.
For example, HiH(Z.) is computed by K (X.,Y.) for

X.\Y. = U. == 7. as above (for a more sophisticated version
giving canonical complexes KAH(Z') one may proceed as in [Bei 1]
1.6.5) . HiH,c(Z.) is computed by Cone(K;,(X.) —> K; (8%.. ))[-1],
where Y.. is the coskeleton of the normalization Y. —> ¥

(cf. [J2] 2.9) and AY.. is the diagonal. H:H(Z.) is computed

by

AH _ .
(6.11.10)  K."(z.) = R Hom(K,, (2.),Z) ,
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where KAH,C(Z°) is a complex computing HiH'c(Z.) - e.g., the
previous one, and R Hom is the obvious derived internal Hom
(replace the complex Z by one with injective components and
take internal Hom for each single complex) .

The long exact sequences required in 6.1 ¢) and f), including
the restriction map for open immersions in homology now come from
carefully chosen simplicial resolutions and exact triangles of
MAH-complexes by the same arguments as in [Bei 1] 1.8, cf. also
[J2) 1.19. This assures that the maps in the exact cohomology
sequences are morphisms in IMRk . For defining a capproduct it

suffices by 6.11.10 to define a pairing

L og: (z) —> K (X)

(6.11.11) K H,Z(X) ®Z AH,c AH,c

A

By the mentioned triangles and the following lemma, applied to

; L. " .
Kau(¥) ® g Ky, o @) > Kay, ¢ (¥)
(6.11.12)
. L '
Kapg (XN2) 8 Ky (Xn2) v, Kagg, e (¥32)

we see that it suffices to define a pairing vy as indicated
functorial in the sense of 6.11.12 for an arbitrary variety X

By (carefully chosen) simplicial resolutions one reduces to the
case that X is smooth, and then one may proceed as Beilinson in

[Bei 2] 4.2; everything carries over to MAH-complexes.

6.11.13. Lemma Given compatible pairings of complexes (of abelian

groups, Gk—modules, ...), v and y' , as indicated, there is a

canonical pairing ¢ making the following diagram commutative
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'al-1] ® 'B'[1) —¥ 5 1c*
| y
Cone(a) [-1] ® Cone(B) —2 5 c
A ®© B L > C
o TB Y
]
A' ® B' Ld > 'C* .
Here V' is the canonical pairing induced by y' : on

2Pt @ g1 it is  (-1)P Ty

Proof Let o((a',a) ® (b.b')) = y(a ® b) + (1P 'y y'(a' @ b")

on Conel(a)[-11P ® cone(8)¥ = ('aP~! & aP) & (8% @ '89*) .|

With these definition it is straightforward to check that
Hiﬁlz(x)(j) and HQH(X)(-b) form a twisted Poincaré duality
theory, except that we have not defined the restriction map for
étale morphisms in homology. Since this restriction map is only
needed for open immersions in the sequel, and since its construction
is somewhat involved, we don't give it here. Let us just remark
that the compatibility of [BO] 1.4.2 holds (this can be checked
in any of the realizations and is known to hold in the étale
theory),hence all results of Bloch and Ogus in loc.cit. apply.

Similarly, the Poincaré duality morphism, defined by the
capproduct with the fundamental class, is an isomorphism since it
is an isomorphism in the f-adic realization. The fundamental class
can be obtained as in [BO] 2.1, by reducing to the smooth case

and then taking the preimage of 1 € F(HgH(X,O)) = Z under
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. 0 0
HZdim X(X, dim X) ® H (X,0) > H (X,0)

~

HZdim X(X, dim X)

All other properties required in 6.1 easily follow from the

case of the 2-adic realizations, via the comparison isomorphisms.

6.12. Example It is indicated in [Bei 1] and proved in [Sou 3]
théoréme 9, that on the category US of schemes guasi-projective
over a regular noetherian irreducible base S (it should also be

universally caténaire) the motivic cohomology and homology

i N (3)
Hy, 7 (X/R(3)) = Kyy 4 (X) ,
(6.12.1)

M - 1 ("b)
Hy (X,@(0)) = Ki_,p (X)

form a twisted Poincaré duality theory, with the restriction that
Ht'z(x,m(j)) with 2 f X is perhaps only defined for smooth X
(In the contrast to the previous examples, this is an "absolute"
theory, without weights). Here K' denotes Quillen's K-theory

(r) is defined as the subspace

for coherent sheaves, and K&(X)
in KE(X) ® @ , where the Adams operators 'wk act by multiplication
with k° for all k (cf. the definition of X_(x) ") in 5.12).
For the definition of the 'wk (called ¢k in [Sou 3] ) we refer
the reader to the cited papers, it involves the embedding of X
into a scheme W smooth over S and then changing the Adams
operators on Kﬁ(w) <« K&(X) by multiplication with cannibalistic
classes of Q&]S to make everything independent of W

Actually, Soulé in his paper defines motivic cohomology and

homology by means of the descending y-filtration on Km and an

ascending y-filtration on Ké ® Q , setting
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i S
(6.12.2)

M _ Y (gt
Hy (X,@(b)) = Gr)(K!_, (X) & Q@)

Both approaches are equivalent, by the canonical isomorphisms

A (r) r
Km(X) > GrYKm(X) ® Q ,

(6.12.3)

(r) ~

' Y '
K (X) > Gr_ (K (X) & @) ,

induced by the inclusions Kﬁ(x)(r) c Yer(X) ® @ and
K&(X)(r) c Y_rK$(X) ® @ , cf. [Sou 3] 2.8 and 7.2. However, one
has to be careful with using this identification, cf. the
discussion in [J2] 3.7.

In lower degrees - for the K-groups - one has the following

calculation of motivic (co-)homology.
6.12.4. Lemma Quillen's niveau spectral sequence ([Q1l§ 7, 5.4)

(6.12.5)  Ej _(X) = xg:( Tp+q(K(X)) = Kl (X)
P

where X(p) is the set or points of X with dimension p and

K(x) 1is the residue field of x € X , induces isomorphisms

M
a) Hy (X,@(b)) = Eg,—b(X) ® @ = CH (X) ® @ , where CH,(X) is

the Chow "homology" group of cycles of dimension b , as defined

by Fulton [Ful,

M 2 X
b) Hopsq (X,Q(0)) = Eb+1,—b(X) ® @ , with E§+1,—b(X) = homology of
® KZ(K(X)) tame ® K (x) " _§12_> ® Z ,
*EX (p+2) XX (be1) *EX (b)



106

where "tame" denotes the tame symbol and "div" the divisor map,

2 . .
Ed'z_d(x) ® @ for d = dim X , with

n

M
c) Hyg_,(X,@(a-2))

E2 (X) = Ker( ® K,(x(x)) Eémg-> ® K(X)X)
d,2-d X€EX 2 x€X
(d) (a-1)

In particular, for X irreducible, smooth of dimension d over

a field k the Brown- Gersten spectral sequence

P.q - yP
(6.12.6) BN 0 = B (XK ) =K (%),

where Km is the Zariski sheaf associated to U }—> Km(U) ,

induces isomorphisms

[t}

o mlxeu) = wlax)ee:adm e,

e) H3 T x,000)

mn

HJ_1(X,Kj) ® @ = @ ® homology of

o Kylc(x)) B, o () 4V, g g

xex (372) xex (31 xex (3

r’

n

£) Hﬂ(x,m(z)) HO(X,KZ) ® @ = @ ® kernel of

Ky(k(x)) 888 o (x)*
eex M

where k(X) 1is the function field of X

Proof The first three statements follow from the spectral segquence
constructed from 6.12.5 by Soulé in [Sou 3] théoréme 8 iv), in view

of the fact that

0 -
Ko(F) = GrIK,(F) = 2
= GrlK,(F) = F*
(6.12.7) K, (F) = GrK (F) = F ,
K, (F) = GriKz(F) = ¥IHIROT (5) (Milnor K-theory)
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for a field F (cf. also loc.cit. théoréme 4 and remarque), and

since d;+1 _, = div and d;+2 o - tame in 6.12.5 (cf. [Q1]§ 7,
’ 1
5.6). For the sawe reason one has
CHp (X) = Coker( @ ki)Y e g) - Ei -p X
’
*X(p1) *X ()

In view of the construction of 6.12.6 from 6.12.5 by means of the

Gersten resolution (see [Q1] § 7, 5.8), i.e., by the formulae

)

(p) _
(X), X = x(d_p) '

Pidy) - gf
B2 = By ag

the statements d), e) and f) are just a reformulation.
M M
ny € Hy (X,@(2)) ,

d = dim X , is defined as the element corresponding to the class

For irreducible X the fundamental class

of X in CHd(X) via 6.12.4 a). In Soulé's description this is

the class of Ox in Grg(Kb(X) ® @) , however, in general the
)(—d)

class in Kb(x corresponding to this will be different.

§7. The conjectures of Hodge and Tate for singular varieties

For a twisted Poincaré duality theory with values in a

tensor category J the fundamental classes induce a cycle map

(7.1.1) cli : Zi(X) —_ FHzi(X,l)
(2] —— image of g under

TH,;(2,1) — TH,; (X, 1)

from the group of cycles of dimension i into the "group of

sections" of the homology group Hzi(x'i)' Here
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Z.(X) = & Z
. X€X .
(1)

is identified with the free abelian group on the irreducible
closed subvarieties 2 C X of dimension i, via

x = Z = {X}. For X smooth, irreducible of dimension d
7.1.1 by Poincaré duality (cf. 6.1 j))

o~ n2d-2i )
Hy (X,1) = H (X,d - i)

reads as
(7.2.2)  c1d : 23 (x) — re?I(x,)

where j =d - i1 1is now the codimension of the cycles. As ex-
plained in &5, the conjectures of Hodge and Tate concern the

image of the last map.

I claim that for an arbitrary variety X the correct
generalization consists in stating similar conjectures for the
maps 7.1.1. Note that for singular varieties there is not even
a reasonable cycle map into cohomology, since the morphism

-2i 1
29 21(X,d - 1) ——524 H,.(X,i) is not an isomorphism in

general.

7.2. Conjecture (Hodge conjecture for singular varieties) If

X 1is a variety (i.e., a separated, reduced algebraic scheme)

over C, then for all i 2 0 the map
cl; 8 @ : Z,(X) ® @ — I (H,, (X,Q)(i)))

= (2wJ:I)'iw_zinzi(x,o) n Flu, (x,€)
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is surjective (the homology being the Borel-Moore one).

7.3. Conjecture (Tate conjecture for singular varieties) 1If

k 1is a finitely generated field and X 1is a variety over Kk,

then for each prime @ # char (k) and every i » 0 the map

et Cx

cl; 8 @, : Z,(X) & @ — H_/(X,Q, (1))

is surjective (where HET(X,@. (b)) = HEY(X,Z. (b)) ®., @., the
a ' a ') ZQ Qr

notations being those of 6.7).

We want to show that 7.2 and 7.3 basically reduce to the
classical conjectures for smooth projective varieties. For
this we more generally study the cycle map 7.1.1 for a twisted
Poincaré duality theory with weights on a category ¥ of

schemes over a field k, as defined in 6.5.

7.4. Remark If for our Poincaré duality theory in addition we

assume (cf. [BO] 1.5):

Q) (principal triviality) If i : D — X 1is a smooth princi-

pal divisor in a smooth variety X, then i*nD = 0,

which is satisfied in the examples of §6, then the cycle map
factorizes through rational equivalence as defined by Fulton,

inducing a map

cli : CHi(X) —_— FHzi(X,i),

cf. [BO] p. 197, step 1.
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7.5. Lemma Let U -%» X be an open immersion. Then the

restriction

*
2b a a(X b)F wzb -a a(U b)F

is surjective.

Proof. Let 2 C X be a closed subscheme with U = X - Z,
then by 6.1 f) and the exactness of W we have an exact
sequence

*

Qa

— W — 0,

Wop-alla (X/P) g 2b-alla (UrP) g

since 2b -a a(z b)F =0 by 6.5 a).

In the following we assume the following property for our

Poincaré duality theory (compare [BO] 7.1.2)

m) If f : X — Y is a proper map between varieties of the

same dimension, then f*nx = (deg f) Ny-

Also we assume that J 1is an F-linear category for the field
F = HO (Spec k,0), which is of characteristic zero. All this
is satisfied for the Hodge theory (F = Q) and the 2-adic

theory (F = QQ).

7.6. Lemma Assume that k is perfect and that all schemes in

Y are reduced. If =7 : X’ — X 1is proper and surjective,

then

m
*
JH (X7 B) —— W H, (X,b)

w2b- 2b-a
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is surjective for all a,b € Z.

Proof. There exists a smooth subvariety U C X, open and dense
in every irreducible component, such that the restriction of

T : U’ = w-l(U) — U is faithfully flat. By treating the
connected components separately we may assume that U is

connected. Then there is a commutative diagram

UI

97
Uh\, l .

U

with h faithfully flat, quasi-finite separated (cf. [Mi] I
2.25). By Zariski’s Main Theorem and possibly making U (and
U’) smaller we may assume that h is flat and finite. Then,
by assumption m),

1

- -1
My = (deg h) h*nuu = (deg h) "*(g*"U")

(note that g 1is necessarily proper), i.e., Ny is in the
image of w,. By the commutative diagram
-1
i . (deg h) g*nuun .
H™(U’,J) sz_i(U’rd'J)
* .
T T, , d=dim U,
. nUﬂ
i . .
H™(U,3) - sz_i(UId-J)

we see that w, has a right inverse, so the claim is true for

T ¢ U/ — U,
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For X we proceed by induction on the dimension. The
case dim X = 0 1is covered by the considerations above.
Otherwise let U be as above, Z = X\U and
z’ = 7 1(2) = X'\U’. Then by 6.1 £) and 7.5 we obtain a
commutative exact diagram
(2’,b) —m W (X',b) — W

’
wzb-aHa 2b—aHa 2b-aHa(U b) — 0

L l L l w*l

’
W oHa(2,0) — Wy H (X’,b) — W, H (U/,b) — 0 .
The left =, 1is surjective by assumption of the induction,
the right =, 1is so by the first step, hence the surjectivity

in the middle.
7.7. Remark Let X’ —— X be proper and surjective with X

proper and X’ smooth and proper. Then by the above

Tk
In (H,(X',b) — Hy(X,b))

= w2b_aHa(x,b).
In particular, in the situations of 6.8 and 6.9, where
vHa(-,b) is the dual of the cohomology with compact suport

HZ(-,b), we obtain
Ker(Hi (X,Q,) — HI (X*,0,)) =W ul (X,0,.)
et e et T i-17et 7m0y

Ker (HY (x(C),0) — HY(X’(C),Q) = W.

{H(X(€),Q)

respectively. The second property is [D5)] 8.2.5, and the first
one generalizes it to étale cohomolgy and arbitrary fields,

without the assumption of resolution of singularities.
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7.8. Now consider a diagram of varieties

xr %, y»
(7.8.1) T l
X

with w proper and surjective, a an open immersion and X"
smooth and proper. Then by 7.5 and 7.6 the composition

*
a w

. * .
(7.8.2) Hzi(X",l) —_— W H2 (X’,i) — Woﬂzl(x,l)

is surjective, and we get a commutative diagram

I'r
. * . .
er (x",1) ————+ FWOH21(X’,1) _ Twoﬂzl(x,l) = FHzi(X,l)
(7.8.3) I cli I c1i I cli
o Ty

Z,(X") @ F —=— 2,(X’) 8 F ——— 2,(X) 8 F

If Tm, o ra* is still surjective, then the surjectivity of
the left cycle map implies that of the right one. Since T is
not exact, it is in general difficult to decide when this will

be the case, but it is obiously true, if

. . * .
(X,i) 1is (via w, o a ) a direct factor of

a) -

0 2i
"
Hzi(x ,1).

In this case we say that 7.8.1 (or X", for short) is a good

proper cover of X (for the considered homology theory H.).

In particular this holds true, if

b) Hzi(X"'i) is a semi-simple object of 7.
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7.9. Theorem The Hodge conjecture is true for arbitrary

varieties, if it is true for smooth and projective ones.

Proof. By Chow’s lemma and resolution of singularities, for a
given X/C there exists a diagram 7.8.1 with smooth and pro-
jective X". Then H,, (X"(C),Q(i)) = y29-21 yu(c),Q(a - 1)),
d = dim X", is a pure polarized Hodge structure, hence semi-
simple. By 7.8.3 the Hodge conjecture for X" implies the

Hodge conjecture for X.
Similarly, we have:

7.10. Theorem a) For a finitely generated field k of
characteristic zero the Tate conjecture 7.3 for arbitrary
varieties is true if the original Tate conjecture 5.1 is true
for smooth projecitve varieties.

b) For a finitely generated field k of characteristic p 2 0
the Tate conjecture 7.3 is true for X, if X has a good
proper cover X" such that the Tate conjecture is true for

X".

Proof b) is clear by the above arguments, so we have to show
the existence of good projective covers in the case

char k = 0. As above, we get a diagram 7.8.1 by Chow’s lemma
and resolution of singularities, with X" smooth and projec-
tive. By a general conjecture of Serre and Grothendieck,

Hy L (X7,0 (1)) = w2321 (X7, q  (a-1)), d = dim X", should be a
semi-simple Gk-module, so that 7.8 b) should apply. Not
knowing this, we can still get 7.8 a) by using absolute Hodge

cycles in characteristic zero. Namely, as we have seen in

lemma 1.1, the map 7.8.2 has a right inverse for the corres-



115

ponding realizations for absolute Hodge cycles and so in par-

ticular for the 02-adic realizations.

So far we have only discussed the first part of Tate’s

conjecture, which consists of the following three parts.

7.11. Conjecture (Tate [T1]) Let X be smooth, projective

over the finitely generated field k and let

. . . G
c1? : 2l (x) — Hﬁ%(x,ﬂa(j)) k

be the cycle map, for 2 # char k. then

A) c1l e QQ is surjective,
B) AJ(X) := Im cl? is finitely generated and
. . G
23,5 . k
ad(x) e @ — HZJ(X,Q,(3)) %,
C) rk AJ(X) = order of pole of L(H.)(X,Q)),s) at

s =3+ dima X.

7.12. Here dima k = tr. deg(k) (+1 if char k = 0) is the
arithmetical (or Kronecker) dimension of k, and "the"
L-function L(V,s) associated to the 0-adic representation

vV = Héi(?,@n) is defined as follows: there exists a smooth
scheme S over Z[%] (if char k = 0) or Fp (if

char k = p > 0) with generic point n = Spec k sucht that V
extends to a pure Qn~sheaf ¥ of weight 2j on S and we

let

L(V,s) = T TS , sec,
ye|s| det(l-Fry(Ny) lsy)
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where |S| is the set of closed points of S, and, for

y € S, Ny 1is the cardinality of the finite residue field
k(y) of vy, Fry € Gal(k(y)/x(y)) 1is a (geometric)
Frobenius, and 3y is the fibre of % at y (meaning the
fibre at a geometric point Spec k(y) — S over y together
with the action of Gal(k(y)/x(y))).

In fact, there is an S as above such that X — Spec k
extends to a smooth, projective morphism f : ¥ — S, and then
we may take % = szf*mg : By the proper and smooth base
change theorem (cf. [Mi] VI 4.2) % 1is smooth and one has a

Gal(k (y)/k(y))-isomorphism

= 23 -
3y - ét(a XS K(Y) IQQ)'

This is pure of weight 2j by Deligne’s proof of the Weil
conjectures [D8]. The property of the weights assures that
L(V,s) converges for Re(s) > dim S + j = dima k + 3j, cf.

(D9] 1.4.6.

This depends on the choice of S, but the pole order at
j o+ dimak doesn’t, because for two choices the quotient of
the L-functions is convergent for Re(s) > dim S - 1 + j (cf.
Tate’s argument loc. cit.).

Part B) and C) can also be generalized to arbitrary

varieties, in the following form.

7.13. Conjecture (Tate conjectures for singular varieties).
Let X be a variety over the finitely generated field k and

let

cl, : Z2.(X) — Hét(f Q (i))Gk
it 2i(X) 21 (X/Qy
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be the cycle map, for 2 # char k. Then

A) cli ® Q; is surjective,
B) Ai(X) = Im cli is finitely generated and
Ai(X) ® QQ_ - HZi(X'QQ(l)) ’

C) rk Ai(X) = order of pole of L(Hil(i,ﬂn),s) at

= 31 + di .
s i d1ma k

7.14. L(V,s) for V = Hzi(Y,QQ) is formed as above, but now
with a mixed sheaf % of weights ¢ 2i extending V over an
S as before. Again this suffices to make L(V,s) convergent
for Re(s) > i + dima k and the pole order independent of the
choice of S. The existence of such a ¥ follows as in the
proof of 6.8.2, by extending X — Spec k to a morphism
f: 94— U, and using Deligne’s generic base change theorem
and his result that for a finite field HZ is mixed of
weights ¢ a. In fact, with the notations there we may take
s=U and 3 =r*f7)]|,.

For smooth and projective X, 7.11 and 7.13 are
equivalent: we may assume that X 1is connected, of dimension

d, then we have
Aj(X) = A (X) sz(fﬂ (j)) =H (X,Q, (d-3))
a-3 % M 13 2d-23 %M (97300

and furthermore

2i o i - o 2d-2i
H2h(X,q)) = u“(X,Qn) x ged-21

(X, (@ - 21))
by hard Lefschetz, hence
L(HZI(Y,QQ),S) = L(Hz(d-l)(i,ﬂg),s + d - 2i). For the singular

case we show:
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7.15. Theorem Assume that X has a good proper cover X"

for Hit (e.g., let char k = 0). If

i) Tate B) is true for X" and dimension i, and
ii) Tate A) is true for X" x X" and 4" = dim X",

then Tate B) is true for X and dimension 1.

Proof Consider the diagram

*
_ G r,(r,a ) _ G
e (G Hy (F0y (i) X 2y (X0 (i) €
' Px
*
-~ 1r*a
E : u A (X") _— A (X) .

By assumption, there is an idempotent e in

End. (H,.(X",Q,(i))) with Ker e = Ker w a*. By the morphism
Gk 21 '} *

m2 (@1 (37,0 (@7 - 1))

End. (H,.(
Gk 21

X",Q) (1)) = Endg

G

2(d"-1) (gv,q ) (@")1 ¥ (Poincare duality )

H21

=(H°7(X",Q;) ® H

G

2d k

c w?d" (X7xx7,q  (a")) (Kinneth formula),

e corresponds to a Tate cycle on X" x X", so by ii) is the

image of a cycle E € Zd"(X" x X"). The algebraic correspon-

dence E on X" operates on CHi(X") (cf. (K1) 3§4), by
construction compatible with e via the cycle map. In parti-
cular, E operates on Ai(X"), and we have

*
m,.a

Ker E = Ker e N Ai(X“) = Ker(Ai(X") = Ai(X)). Since
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*
Ai(X") = Ai(x’) is obviously surjective, and

*
Ai(x’) LN Ai(x’) is surjective by similar reasoning as in

*
the proof of 7.6, we get Im E 2 Im 7,a = Ai(X). If Py ® QQ
is an isomorphism, it induces an isomorphism

G
(Im E) © QQ = Ime = Hzi(X,QQ(i)) k, which shows the claim.

7.16. Remark In short terms, the Tate conjecture for X" x X"

assures that the decomposition of Hzi(X") into WOHZi(x) and
*

Ker 7 _a is algebraic.

*
7.17. Theorem Let X have a good proper cover X" for H
If
i) Tate C) is true for X" and dimension i, and
ii) for no composition factor W of Hil(i",QQ) the
L-function of W has a zero at s = i + dimak (e.g., if

char k = p > 0), and

iii) Tate B) is true for X and X", for dimension i,
then Tate C) is true for X and dimension 1i.

Proof First we remark that condition ii) is generally con-
jectured for the L-functions of motives which are pure of
weight 2i (cf. [D6] p. 319, conj. (a)), and holds for posi-
tive characteristic by Deligne’s fundamental result in [D9]

and Grothendieck’s formula

2_dims _ N R !
T[ — =TT det(lL - Frp slﬂg(s,s))( 1
ye|s] det(l-FryNy |szy) j=0

for a constructible Q,-sheaf 3 on S (see [SGA 4 %]
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F
F ’
p p

to S, and Fr is the absolute Frobenius over Fp. If % is

mixed of weights ¢ w, then by [D9] 3.3.4 Hg(§,§) is mixed

[rapport] 3.1). Here S = S x ¥ is the pull-back of %

of weights ¢ w + j, so that det(1 - Fr p °|u)(5,%)) has at
most zeroes for Re(s) = g, m€Z with m {w+ j (for an
eigenvalue a of weight m of Fr one has ap ° = 1 at
nost for Re(s) = g).

Instead of iii) we shall only assume

G
iiif) A;(Y) 8 @ — Hzi(?,on(i)) K s injective for

Y = X,X".
For a subquotient W of Hgl(i",ﬂg)(i) let c(W) be the
pole order of L(W,s) at s = dimak. Then assumption ii)

implies

c(W) 2 dimeWGk,

where wG is the module of coinvariants. let
k

* T .
KQ = Ker m,a C Hzi(x",on(l)) and

1r*a
K = Ker(Ai(X") —_— Ai(x)), then by assumption we have a

direct sum decomposition of Gk—modules

Hyy (XW,Q (1)) = WoH,, (X,Q) (1)) @ Ky,

and, by dualizing, a decomposition

v

H2H(RT, 0 (1)) = HENR,Qg (3))/W_y ® Ky

By the assumption ii) and iii)’ we get the following system of

equalities and inequalities:
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C(Hii(iﬁ,QQ(i))) c(Hii(i,Qn(i)/w_l) + C(KQ)

\4 \Y4 \4

dim Hil(i,ﬂn(i))ck dim (Hzl(i,mn(i))/w_l)ck + dim(KQ)Gk

i Il If

_ Gk _ Gk GK
. m s — a1 . .
dim Hzi(X ,QQ(l) dim Woﬂzi(X,QQ(l)) + dim KQ
v/ v/ \,
rk Ai(x") = rk Ai(X) + rk K

If Tate C) is true for X" and dimension i, the left
inequalities are both inequalities, hence we also have equali-
ties on the right. Finally,
c?Y(X,a, (i)) = c(H2*(X,Q, (i))/W_.), since the L-function of

c Q [o] Q -1
W_ has no zero or pole at s = dimak by the convergent Euler

1
product formula in this range.

7.18 Remark If is perhaps no surprise that homology is the
right setting for cycles on singular varieties, since the
Fulton Chow groups form a homology theory. One way wonder
whether other theories could work for cohomology, e.g., the
groups H%ar(x,xj). However, in a note to the author
(2/11/87), Bloch has given an argument that there is no
contravariant Chow theory coinciding with CH*(X) for smooth

X and generating all Hodge or Tate cycles in the cohomology

of singular varieties (see appendix A).

§8. Homology and K-theory of singular varieties

8.1. We now proceed to higher K-groups. We fix a field k%, a

category ¥ of varieties over k, a field F of characteris-

tic zero, an F-linear tensor category 9, and a Poincaré dua-
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lity theory (H*( +*),H, ( ,*)) with weights and values in 7.

In the previous section we studied the cycle map

cli : CHi(X) —_— FHzi(X,l)
on the Fulton Chow group CHi(X). If X 1is smooth of pure

dimension d, then there is an isomorphism
chy (x)8@ = c? h(x)e@ = k (x) (1) = w2041 (x,q(a-1))

by the Grothendieck-Riemann-Roch theorem [SGA 6] XIV 4, and
the cycle map can be defined via Chern characters on KO. In

general, we have an isomorphism
3 ('i) = 3
CH{(X) ® Q@ = K/(X) Hy; (X,Q(1)) ,

where gé(XL is the §r?t§en§ich gFo?p_of_cghgrept‘SQegyes on
X, cf. 6.12.4 a). If there is a reasonable theory of Chern
classes for our cohomology theory, cli again can be expressed
by a kind of "Chern character" on Ké, and this can be exten-
ded to Quillen’s higher K’-groups. Namely, Gillet ([Gi] has
written down a set of axioms for a Poincaré duality theory as-

suring the following (cf. also Schechtman’s paper [Sche], and

[Bei 1] 2.3):
a) There is a relative Chern character on higher K-groups

cn? ¢ kKE(x) — @ TH2ITN(x,3),

j20

compatible with the contravariance for morphisms

(X’,2') — (X,Z) as in 6.1 a).
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b) If X is embeddable in a smooth variety M of pure dimen-
sion N (e.g., if X 1is quasi-projective), the map 7t de-
fined by the commutative diagram

,
K’ (X) —T— ® TH _, (X,b)

bez
(8.1.1) f I [ Td (M) N
X .
K<y -2 o ru2d ™, j)
jez

is independent of M and compatible with the covariance
(resp. contravariance) for proper morphisms (resp. étale mor-
phisms) of Ké and homology. Here

Td(M) € ® TH, (M,v) = @ ra?¥=2Y (v, N-v)

VEZ vEZ
is the Todd class of M [SGA 6], and the isomorphism

~

Kﬁ(x) = Kﬁ(M) for smooth M 1is the one proved by Quillen

[Q1l]), it coincides with the cappropduct with [OM] € Ké(M).

c) ch and T satisfy the compatibilities as in the Riemann-
Roch theorem of Baum, Fulton and Mac Pherson, generalized to

higher algebraic K-theory (see [Gi] 4 .1).

In fact, the morphisms of functors
*
(ch,7) : (K,(),K;()) — (TH ( ,*),TH,( ,*))

is compatible with all the functorialities of twisted Poincaré
duality theories, except that the fundamental class of
K-theory, [OX], is not mapped to the fundamental class Ny-
This is closely related to the Riemann-Roch theorem with de-
nominators; for smooth X one has T([ox]) = Td(X).

A compatibility, which is not explicitly stated in [Gi],

but which will be of some importance for us, is the commuting
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of the Chern character with the relative sequence for K-theory
and for cohomology (6.1 c)). Namely, for 2 C Y C X closed

immersions one has a commutative diagram

e ng_l(X) - ng_i(X) - g (x z) -2 ng_i_l(X) -..
(8.1.2) lchz (1) lchy l (3)

... THI(X,3) » THL(X,3) — FHY 5 (X-2,3) —#FH1+1

(X,3) =...
The commuting of (2) is the functoriality 8.1 a) above, and
the commuting of (1) and (3) follows from the fact that chz
is induced by a map between the two homotopy fibrations, whose
long exact homotopy sequences give rise to the top and bottom
sequences in 8.1.2, cf. [Gi] 2.34 1ii).

Similarly, for YC X and U =X - Y C X the open com-

plement, we have a commutative diagram

[

co. > KI(Y) — K (X) — K (U) —2—— K2 (Y) > ...
(8.1.3) 7, l (1)’ Txl (2)' Tul (3)’ TZl
..oTH__, (¥,b)> TH___. (X,b)» I'H__., (U,b) 2, TH___,p (Y, b)..

The commuting of (1)’ and (2)’ follows from 8.1b), and the

commutativity of (3)’ is the commutativity of

K} (V) K1 (Y)
/1 /1
U,.,0 Y
Ky (M) Ky (M)
chY l l chY
0 . [ 2j-m+1 .
e r (M r]) —— & TH (MIJ)
)ez HU jez ¥
n taM°%) l l N Td (M)
5
® I'H__,, (Ub) —>— @ TH . . (Y,b),

b€z b€z
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" which follows from the compatibility of the capproduct with &
(this is implied by [Gi] 1.2 vii)) and the fact that Td(M)
restricts to Td(Mo). Here we have embedded X in a smooth

variety M, and let M’ =MN U = M \ Y.

8.2. Remark Our general setting forces us to apply I for
obtaining abelian groups from the objects of J, and T is
usually not exact so that (FH*(,*),FH*( ,*)) will not form a
twisted Poincaré duality theory. However, in the cases we are

interested in there is an exact, faithful tensor-functor

vig — yggF
into the category of (finite-dimensional) vector spaces over
F (compare remark 6.2a)) with v(1) = F. Then

(VH"( ,*),vH,( ,*)) is a twisted Poincaré duality theory,
and, since T (a) = Homg(l,A) c HomF(F,vA) % vA 1is an injec-
tion, we may regard all elements in T (A) as elements in VA
(the "underlying F-vector space") which happen to lie in the
subspace TA. In particular, we may regard (ch,r) as mor-
phisms into (VH*( +*),vH_( ,*)), and they are morphisms of
twisted Poincaré duality theories, except that the compatibi-

lity between the fundamental classes [Ox] and g is mis-

sing.

8.3. Examples, where these "Riemann~Roch transformations"
exist, are

a) the 0-adic theory (6.7 and 6.8, [Gi] 1.4 iii)),

b) the Hodge theory (6.9, [Gi] 1.4 iv)),

c) The deRham theory (6.10, [Gi] 1.4 i), no weights),

d) realizations for absolute Hodge cycles (6.11, by combining



126

a) - c)).

The fact that the images under ch and 7T 1lie in the
I'-subspaces and are compatible under the comparison isomor-
phisms can be checked for the universal Chern classes

c € Hzl(B.GLn/k,i), where it is clear from the construction

i,n
and the known case of the first Chern class. One may alsoc use
absolute theories (étale cohomology of X over k (instead

of X), Deligne cohomology,...) and the restriction maps into

the geometric theories.

8.4. In the above examples, ch and Tt give rise to actual

morphisms of twisted Poincaré dualities

J—t . i .
r i Hy o(X,Q(3)) — VH;(X,3),
(8.4.1)

r’ : Hi(X,Q(b)) — VH_(X,b),

since, by the properties of Chern characters, chZ restricted

gj_i(X)(j) has the only non-trivial

component in vH%(X,j) and similarly T(Hﬁ(x,ﬂ(b))) c vHa(X,b),

to Hy ,(X,Q(3)) =K

cf. [J2] 3.6b). Moreover, since for smooth X we have

Td(X) = 7((0,]) = n, + terms in e vH, (X,v),
X X v>dinm x 2V

and since there is a commutative diagram

S ® CH, (X)®Q
T —_ i>0 1
(8.4.2) K6(X) l cl

® VvH,.(X,1),
iyo 21

we have r'(nﬁ) = ny for the motivic fundamental class

A

g = [X] € cH (X)® Q = K6(X)(—dim X)g A

2dim X
Here the upper T 1in 8.4.2 is Riemann-Roch transformation for

dim X (X,Q(dim X)) .



127

Chow theory ((Fu) and [Gi] 4.1 and 1.4 ii)), which is known to
induce inverses for the isomorphisms in 6.12.4a).
In generalization of the conjectures in &5 and §7 we pro-

pose to study the images of the maps

(8.4.3) r!

Lp8 F H':(X,Q(b)) ®

of — TH,(X,b).

8.5. Conjecture If k 1is a global or finite field and X is
an algebraic k-scheme, then for a,b € Z the map
Cx

rl

1 ® 0 ¢ HAXQ(b) © @y — HE(X, ey (b))

is surjective, provided 2 # char k.

8.6. Conjecture If X 1is a variety over € that is defined

over a number field, then

r’

Lp ¢ HA(X,Q(b)) — Ty(H, (X(C),Q(b)))

is surjective for all a,b € Z.

8.7. Conjecture If X 1is a variety over a number field k,

then

Tl ¢ Ha(X,@(D)) — Ty (KA (X,b))

is surjective for all a,b € Z.

8.8 Remark As explained above, these conjectures are equiva-

lent to the surjectivity of
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Gy

é -—
®Q : K/ _, (X)@&Q — Hat(X,QQ(b))

b b

Tap®Q K (X)8Q — (2nV-1) "W_, H (X(C),Q) N F~

®Q : K/ (X) 8@ — I (H(X,b)).

The next result shows, that at least for projective X
these conjectures are implied by the conjectures 5.18, 5.19
and 5.20 (for smooth schemes). Since we are interested in the
general principle, we just assume that we have morphisms of
twisted Poincaré duality theories as in 8.4.1, and consider
the surjectivity of ré,b as in 8.4.3, which for smooth X
of pure dimension d by Poincaré duality agrees with the map

2d-a 2d-a

(r =ch) 8 F: H,° %(X,Q(d-b))eF — TH (X,d-b)

studied in §5. Consider the following properties for our

Poincaré duality theory.

n) (projective bundle isomorphism) The capproduct induces an

isomorphism
n o p'n g
® H°"7®72Y (spec k,n-b-v) X — H, (P}, b)
v=0

for a,b € Z, where EU € TH (P:,n-u) is the cycle class

2n-2v
of H’ for a hyperplane H of Pi and p @ Pﬁ — Spec k is

the projection.
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o) (geometric chomology) One has Hl(Spec k,j) = 0 for

i # 0, and TH%(Spec k,0) = F.

Usually n) is one of the conditions needed to obtain a theory
of Chern classes as above, and both n) and o) hold for the

examples in 8.3.

8.9. Lemma Assume that n) and o) are satisfied. Let

X 22— P; be a closed subvariety with open complement

_ on . , .
U = Pk\x, and let a,b be integers. If ra+1,b® F is

surjective for U, then ré b ® F is surjective for X.
’

Proof Step 1 From n), o) and 6.6 we get:

n
Ha(Pk,b) 0 for odd a,

FHa(Pz,b) 0 for a ¥ 2b,

Yop b ® F is an isomorphism for Pﬁ and all b. Here we used
’

n ~ n —
the fact that Hgb(Pk,Q(b)) = o (P]) @ @ for b =

n-b

e
2

0,...,n with the class of H as basis.

Step 2 For even a = 2¢c, 0 ¢ a { 2d, d = dim X, the morphisms

i*
H, (X,b) —— H_(P},b)

are surjective. In fact, by n) every element of Ha(P;,b)
is of the form a N fn-c’ and by the projection formula it

suffices to prove that E"C is in the image of i But one

*°

has a commutative diagram
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i
* n
FHZC(X,C) —_— FHZC(P k,c)

r’ [ e
Hy L (X,Q(c)) — Hy (PR,Q(c)),

C

so we only have to prove that the class of e is in the

image of the map below, which is well known (for c = d one
has i,n, = deg X - (H""%] # 0, and for 0 { c { d one may

use the projection formula again).

Step 3 Let a be even, 0 ¢ a { 2d, then by step 1 we have

an exact sequence
n
0 - Ha+1(U,b) - Ha(x’b) — Ha(Pk,b)
and hence a commutative exact diagram

n
0 — T'H,,, (U,b) —— THy(X,b) ——— T'H_(Py,b)

] Fer/, I Fer) ] For’
i
Feu (uam) »Fe i xam) o re el am),

where either FHa(PE,b) = 0, or else a =2b and F ® r’n is
P

an isomorphism and i is surjective. This implies the claim.

*
Step 4 If a 1is odd, 0 < a < 2d, we get an isomorphism
Ha+1(U,b) —_— Ha(z,b), so the claim is clear by functoriality

of r’. g.e.d

We can extend the theorems 5.13, 5.15 and 5.17 to
arbitrary varieties X. Let X be of (not necessarily pure)

dimension d, and let
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5 N div
Ed _d+1(X) = Ker( ® k(x)° —m & Z)
’ € €
X X(d) X X(d_l)

be the Ez-term of the Quillen spectral sequence 6.12.5 for X.
If X 1is smooth of pure dimension d, we have

2 _ x . :
Ed,-d+1(x) = 0(X) , but in general there is only a

homomorphism

2
0(X)" — By _g4p (X)

which might be neither injective nor surjective.

8.10 Theorem Let X be a variety of dimension d over C,

then there is a canonical isomorphisim

. g2 ~ -
¢t ER _gyp(X) = Hyg ) (X,Z(d-1)),
where H9 is the Deligne homology [Bei 1], [J2]. In

particular, there is a surjection

Tz Ki(X) — Fy(sz_l(X,Z(d—l)))

_ — . -d+1 -d+1
= (2wv-1) Hyy_,(X,Z) N F Hyy_; (X,C)

inducing the map in 8.1.1 for Betti homology, and

T2d-1,d
conjecture 8.6 is true for (a,b) = (0,0),(2d4-2,d4-1),

(2d-1,d-1) and (2d,d), hence in general for curves.

Proof If X is smooth of pure dimensin d, ¢ 1is the

isomorphism



132

IR

a =c : 0(X)" — H;(X,Z(l))

1,1 H) 4, (X,Z(d-1))

2

used in 5.13. For general (reduced) X, there is a smooth open
subvariety U C X of pure dimension d, such that the comple-
ment Y = X \ U has dimension strictly less than d. We ob-

tain a commutative diagram

0 » Hay_ (X, Z(d-1)) » Hyy . (U,Z(1)) = Hyy o (Y,Z(d-1))

2 2 2
(8.10.1) { / ] a f I cl
2 2 div
—_——— —_——
0= Eg, gq+1(X) Eg,-a+1 (Y ® z
X€X (4 1)
xX€Y

inducing the dotted isomorphism we needed, see [J2] 3.1. The

second claim follows from the diagrams

0H, 4 (X,€) /H, g (X,Z(d-1) ) +FN oKD | (X, Z(d-1)) =T H,, ) (X,Z(d-1))-0

2d-1 2d-1
(8.10.2) ] f S ]e ]
X 2 2 X
0 — ® ¢ ——— E; _ (X) — E, _ (X)/ cC" -0
x€X d,-d+1 d,-d+1 XEX

(d) (d)

Ki(X)
—_—
(8.10.3) l 4 Hgd_l(x,l(d—l))
2 %/
By, -a+1 (X
The upper sequence in 8.10.2 is the canonical exact sequence
for Deligne homology (see, e.g., [J 2] 1.18 b)), and the
factorization and bijectivity of the left vertical map can
easily be seen by restricting to U, whereby source and target
do not change, and using 5.13. The vertical map in 8.10.3 is

induced by the Quillen spectral sequence, since E; q(X) =0
14
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for p > d = dim X. It is surjective by lemma 8.11 below, and
if we define T by commutativity of 8.10.3, the compatibility

with is proved in [J 2] 3.4.

T2d-1,d-1

This shows the surjectivity of (cf. remark

¥2d4-1,d-1
8.8), and the remaining claims are obvious: the cases

(a,b) = (0,0), (2d-2,d-1) and (2d,d) amount to the Hodge
conjecture for the known cases of dimension d (trivial),
d-1 (Lefschetz’ theorem), and 0 (trivial), cf. theorem 7.9.

Finally, for curves we have THa(X,b) # 0 at most for

(a,b) = (0,0), (1,0) and (2,1) by lemma 8.12 below.

8.11. Lemma (compare [Sou 3] théoréme 4 iv)) For a variety
X of dimension d over a field k one has
2 o . .
Ed,-d+1(x) = Ed,-d+1(x) in the Quillen spectral sequence
. , 2 .
6.12.5, so that the edge morphism Kl(x ) = Ed,-d+1(x) is

surjective.

Proof We know that all differentials d; from the line

’

p+4q=1 to the line p + q = 0 vanish for r > 2 after
tensoring with @ (Soulé’s result used for the proof of

6.12.4 a)). On the other hand we have

2

Tor (Ed ~d+1(x))
! xX€X

(4)

where By is the group of roots of unity in a field L and
X is the algebraic closure of k 1in k(x). Let X be the

X

normalization of X, then the commutative diagram
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® K (k) —— Kj(X) —————— K{(X)

X(a)
|| | |

2

2
® Eo’l(Spec kx) —_— Ed,-d+

xex(d)

1(>~<) — S E

2
d,-a+1(*) -

obtained from the covariance of Quillen’s spectral sequence
for finite morphisms and its contravariance for flat mor-

phisms, shows that 2] My lies in the image of the right
xex(d) X

vertical map, hence the differentials also vanish on the tor-

: r
sion subgroup of Ed,—d+1(x) for r 2 2.

8.12. Lemma For a twisted Poincaré duality theory with
weights one has FHa(x,b) # 0 at most for a 2 2b 2 0 and

b 2 a=~d, d=dim X, hence in the triangle indicated below:

(8.12.1) | | - a

Proof (compare 5.11) In view of 6.5 we must have

2b ~a < 0¢ 2b and a ¢ d, or

2b - a (0 ¢ 2b - 2(a - d) and a2 d.

Note, that for smooth X of pure dimension d the diagram
8.12.1 is transformed into 5.11.1 via (a,b) = (24 - a,d - b),

by using Poincaré duality.
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8.13. Theorem Let X be a variety of dimension d over a
finitely generated field k, and let Q # char k be a prime.

a) There are canonical homomorphisms for all n > 1

2
d,-d+1

o : E (x)A" — HSE L (x,2/2"(a - 1)),
compatible with the transition maps for different n, such that

the induced map

- A 9 2 n ét _
¢ Eq,_qe1(X) = 1M By g, (X)/07 = Hyg (X2, (a-1))

n

is an isomorphism.

b) The restriction

, G

ét ét < k

sz_l(X,l (da-1)) — sz_l(x;ln(d-l))
is surjective.
c) The induced map

2 et < Cx
’ -
Kp(X) = Eq, _g41 (X) — Hpg_, (X,Qg (d-1))

coincides with T2d-1,d-1"
In particular, conjecture 8.5 is true for (a,b) = (0,0),

(2d-1,d-1) and (24,d), hence for curves in general.

Proof This follows as in 8.10: Choosing U as there, the ¢

are defined by the commutative exact diagram
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o-mSS (X2 (@-1)) = H3E 0,2/a% @) - HGE,(v,2/a" (@)

(8.13.1) | o ] 5.15 ] cl

div ® z,

xey(d-l)

0 — E2

a,-a+1X)

— E

2
a,-a+1(Y)

where we have used that Ho'(Y,Z/2"(b)) = 0 for
a>2d -2 2 2 dim Y (cf. 8.13.3 below). Passing to the
inverse limit over n in the top row and the pro-f-com-

pletions in the bottom row, we obtain a commutative diagram

G ; G G

ét = k ét = k et o _ k
0-Hy g1 (X,Zg (d-1) © » Hyg_ ) (U,Zy(d-1)) © — Hyg_, (¥,Z, (d-1))
] resy T res; / I res,
ét . et _ ét _
O-HS g, (X,Zg(d=1) = Ho g 0 (U,Zy(d=1)) — Hog_,(Y,Zy(d-1))
(8.13.2)] ¢ / ] 5.15a) f ] cl
2 - 2 N
0 > Eg,_g+1(X) ? By, -a+1 (@ ey Zy
(a-1)

with exact tows: the top row is exact by the left-exactness of
taking fixed modules, the middle one by the left-exactness of
passing to the inverse limit, and the exactness of the bottom

row follows from 8.13.1 and the fact that ® Z is
x€Y(d_l)

finitely generated torsion-free. The bijectivity of resy

follows from the fact that Hit(Y,Z/Qn(b)) =0 for

a > 2 dim Y, via the Hochschild-Serre spectral sequence

P/d _ 4P ét = n ét n
(8.13.3) ED'T = HP(Gy K (V,2/07(b))) » HI_ (v,2/07(b)).

The isomorphism

(8.13.4) o z," -SL Hgg(Y,Z/Qn(a)), ‘a y dim Y,

Y€ (a)
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is well-known; via the relative homology sequence (cf. 6.1 f))
and Poincaré duality it can easily be reduced to the statement
that canoincally Z/Qn —_ Hgt(Y,Z/Qn) for Y smooth and connected.
Puttirg this tosether we obtain the statements a) and b), since
res is surjective, as we have seen in the proof of 5.15
(together with 5.16 b)).
The first claim in ¢) follows as in 8.10: by compatibi-
lity of T and the other maps involved with restriction to U

and with Poincaré duality, it suffices to remark that

4 G
K, (v) 285 o)X 223, wlv,z0" (1) — v (T,2/2%(1)) ¥
is the first Chern class €1 For the following, diagram
’
8.10.2 is replaced by the diagram
1 - < Cx
0 = H_ 4 (G Hy g (X,Zg (d-1))-H, 4, (X,Zg(d-1)) = H,y ) (X,Zy(d-1)) "0
(8.13.5) | f e s 1
X, A 2 A 2 X
0 — 8 (k) —— Ey 4,1 (X — (B _4,,(X)/8 Kk )€Z; - 0,
XGX(d) XEX(d)

in which the left vertical map comes form the isomorphisms

1 - Lol
Heont (GkrHagq(XiZy (d-1))) = Hcont(Gk'xeg Zy (1)

(d)

= 1 ~ X, ~
= o8 Hoont Gy Zg(1) <= & (kD)
(@)

X
xex(d)

induced by Kummer theory (cf. 5.16 b); notations as in the

proof of 8.11). The exactness of the lower sequence in 8.13.5

2 X
follows from the fact hat Ed,_d+1(X)/x® kx

X(a)

is a finitely
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generated, torsion-free group, which via the exact sequence

2
(X)/ ©

d,-d+1
x€x(d)

X 2 X
0 — E kx — Ed,-d+1(U)/ ® kx — @ y/A

er(d) xeY(d_l)

follows from the corresponding statement for U, proved in the
proof of 5.15.

Hence the composition

G

Z, (a-1)) ¥

2 -
K{(X) 8 Zg —= E _4,,(X) ® Zy — Hyy (X,

is surjective, and by tensoring with QQ we obtain the claim
of conjecture 8.5 for (a,b) = (2d-1,d4-1). The cases

(a,b) = (0,0) or (2d4,d) again are trivial cases, this time
of the Tate conjecture. Since we do not want to assume resolu-
tions of singularities, we cannot apply 7.10 but proceed
directly instead. The case (2d,d) follows from the isomor-

phism

G

o 1z, < Hgg(i,za(d)) k
Xex(d)

used above. For (0,0) we proceed by induction on d = dim X.
We know the claim for d = 0 (above) and d =1 (by 7.10; we
have resolution of singularities and 7.8 b) for i = 0). For

d > 1, choose U C X as above, and affine. Then we have an

exact sequence

Hy(U,Zg (0)) = Hy(Y,Zg (0)) » Hy(X,Zy(0)) > H,(U,Z,(0))
¥ Hf

#2471 (T2, (a)) = o o = B*4(T,z (a))
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since Hl(ﬁ,ln(j)) =0 for U affine and i > dim U. This

reduces the question to Y and hence to smaller dimension.

§9. Extension classes, algebraic cycles, and the case i = 2j - 1

The interesting feature of mixed structures is the existence
of non-trivial extensions - in particular those belonging to the

weight filtration.

9.0. For example, let as before (H*( ,*) ,H,( ,*)) be a T-valued
twisted Poincaré duality theory with weights, let X be a variety,
and let 2z be a cycle of dimension i on X , supported on a

closed subvariety 2 of the same dimension. If we assume
p) (cf. [BO] 7.1.1) Ha(Z,b) =0 for a > 2 dim 2

(by 6.5 a) this is always true after tensoring with the field F
in the definition 6.5, and it is true for the examples in § 6),
then we get an exact sequence

8

(9.0.1) 0 —H .+1(X,i) —> H i+1(U,i) —> HZi(Z'i) —> HZi(X'i) ’

2i 2

with U = X\Z . The cycle class <cl(z) on Z 1is an element in
FHzi(Z,i) = HomT(1,HZi(Z,i)) , and if 2z is homologically equi-
valent to zero on X , then by definition d6(cf(z)) = 0 . In this
case z via pull-back gives rise to an extension

(9.0.2) 0 — (X,i) — E —> 1 —> 0 ,

Hyie

and thus defines an element cg'(z) in
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1

Ext](1,H (X,i)) =:R'TH (X,1i)

2i+1 2i+1

Let Zi(X)0 be the subgroup of Zi(X) formed by the cycles which
are homologically equivalent to zero, then the above prescription

defines an Abel-Jacobi map

—_—> R1FH (Xri) ’

1 .
(9.0.3) cy' : Zi(X)0 2141

while the cycle map induces a homomorphism
(9.0.4) cg : Zi(X)/Zi(X)0 — FHZi(X,i)

9.1. Remarks a) If X is smooth of pure dimension d , then

by Poincaré duality the above corresponds to the diagram

0 — 82377 x,9) — w3 (,5) — 2 (x,3) — 02D (x,9)
. A P2l
rd
(9.1.1) “ vl Z o,
7
2. 1 7
0 — H7 ' (X,5) — E — 1  —0

~
where j = d-i 1is now the codimension of the cycle and the
fundamental class of 2z is an element of FH%J(X,j) , and the
Abel-Jacobi map can be written as

(9.1.2) e : 23 x)y — R'ra?I7T (x,9)

b) In view of the formula HV(T,F) = Ext;( Z,F) for a sheaf F

on a space (site ...) T , it is sometimes suggestive to write

HV(T,A): = Ext¥(1,A) for an object A of T , while R'T  remind
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of taking the v-th right derivative of T( ) = HomT(1, ) = H (T, ).
If T has enough injectives, one can in fact compute Ext¥(1,-)
by injective resolutions; otherwise we have to take the Yoneda Ext-

groups.

c) The above relation between cycles and extensions (or torsons)

can already be found in [D6] 4.3.
For Hodge theory we recover the classical Abel-Jacobi map.

9.2. Lemma For a mixed Hodge structure H there is a canonical
isomorphism
0

H @z E/WOH<+F W.HS®, C,

1 .
(9.2.1) Exty (Z,H) =W off &g

0
and for a smooth proper variety X over & the homomorphism

(9.2.2) 23, — 8237 %, /w237 (x, 20/ )+ pIp2I

of 9.1.2 coincides with the classical Abel-Jacobi map. (Here

WOH means the preimage of WOH ® @ in H , and the quotient in
9.2.1 1is to be taken either in the sense that H acts on H ® T

or by replacing H by Im(H — H @ T) ; similarly for 9.2.2).

Proof We show how to deduce this from results of Carlson [Cal,

it can also be obtained from Beilinson's papers [Bei 1], [Bei 2].
First note that H = Tor(H) & H/Tor(H) , and Ext&H( Z,H')
= Ext;b( Z,H') = 0 for a torsion Hodge structure H' , hence we

may assume that H 1is a lattice. Then, if we write J(H) for the

right hand side of 9.2.1, we obtain a morphism of functors

1 1 _
(9.2.3) ExtMH( Z,H) — ExtMH( Z,WOH) — J(WOH) = J(H)
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by sending an extension
i i
0~ H—E—Z — 0

to the extension 0 — W.H — W.E — Z — 0 and then to the class

0 0
of TgoSp where Sp is a right inverse of WOE e T > ¢ , pre-
serving the Hodge filtration, and r is a left inverse of

Z
WOH N WoE (cf. [Cal] lemma 4). The first map in 9.2.3 is an iso-

morphism since HomMH( Z,H/WOH) =0 = Ext&H( %,H/WOH) : any extension
0 — H' —> E' — Z —> 0 , WH' =0 ,

is split by WOE' . The second map in 9.2.3 is an isomorphism by

the same arguments as in [Ca].

For the second claim compare loc. cit. 2d ; a complete proof can
be obtained by combining [EV] 7.11, where the Abel-Jacobi map is de-
fined via a method of El Zein and Zucker, which amounts to the com-
position of 9.0.3 and 9.2.3, and [J2] § 1, where the agreement with

the classical Abel-Jacobi map is shown.

9.3. Remarks a) For mixed Hodge structures A and B one has
an exact sequence

0 —> Extj, ( Z,Hom(A,B)) 2> Ext, (A,B) -2 Ext)(A,B) —> 0 ,
and an isomorphism
1 ~ 1
ExtMH(A,B) ® Q — EXtQ—MH(A ® ©0,B ® Q)
The morphism B8 1is obvious, and o maps an extension

0 —> Hom(A,B) — E —> Z —> O

to the push-out of
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0 — Hom(A,B) ® A —> E® A — A —> 0

via the evaluation map Hom(A,B) ® A —> B

b) One has Exty (A,B) = 0 for i 2 2 . This is proved in [Bei 2];
it also follows from the right-exactness of Ext&H(A,B) , which

is clear from the explicit description above.

We now turn to the 2-adic realizations. First let X be

smooth; then we obtain a homomorphism

2 (x), — Exték( z 137N (%, z ,(3))
(9.4.1)

_1 2j-1,3 .
= cont(Gk'H (X, Z,(3)))

9.4. Lemma The map above is induced by the cycle map

23

J s
- (X) > Hcont

(X, Z¢(3))

and the Hochschild-Serre spectral sequence

P9 _ a9, . p+ .
(9.4.1) E'7 = cont(G JHE(X, Eg(]))) = Hcont(x Z (3))
(see [J1] 3.5 b)), i.e., by the edge morphism

2j res 23,3 . 1 29-1,3 .
Ker(Hcont(X, Zz( j)) —= H"- (X, ZQ(])) — Hcont(Gk'H (X, ZQ(])))
(cf. the discussion in [J1) 6.15).

This will follow from the next general fact.
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9.5. Lemma Let A be an abelian category with enough injectives

and let

o B8

00— A" —B" — C" — 0

be an exact sequence of bounded below complexes in A . Let
f : A—> B be a left exact functor into another abelian category
and denote by F'  the decreasing filtration induced on the limit

terms by the hypercohomology spectral sequence
(9.5.1) BB’ = RPeu(x) - RPT gk

for a bcunded below complex K° in A (here Hq(K’) is the

homology of K° at the g-th place).

Fix an n € Z and let X = Ker 3 and Y = Im 0 in the long

exact sequence

e — @) — e 2 WP aY) —> HP(BT) —> .

WY,

(9.5.2)

Let Y' = 061(fY) = a:1(F1imnfB') in the commutative diagram
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0 — F' R%fB" —> R"fB° —> £H(B")

A " N N
Vg o,
\
(9.5.3) 0 — F' RP£A \—\>IRan' p—0> £ (A)
\ A
Ul

\

Y' — fY

with exact rows. As indicated, let 1 be the arrow induced by

ay » and let o, :F BB —> R1an-1(B') be the edge morphism

from the spectral seaquence 9.5.1.
Then the diagram
fy —_ R1fX
, 1
(9.5.4) Y R f(m)

> 'R L r'e™ T (B0

commutes, where § is the connecting morphism for the exact se-

quence
(9.5.5) 0 —> x —> K (') — v —> 0
Proof We may assume that A° , B° and C° have injective

components. Consider the commutative diagram with exact rows



0 — A —> B —> C —> 0
A A N
% % %
(9.5.6) 0—>2a" — 58" —c" —o
A AN
gt g Jar
0 —» An—1 _ Bn—1 — Cn—1 >0

This induces a commutative diagram with exact rows

dn-l
0~ Hn_1(B°) > Bn—l/Im d;_z SN ™ dg_1
I ul ul
n-1 n-2 n-1 -1 n-2 n-
(9.5.7) O = Ker dB /1Im dB > (dB ) "Im o/Im dB - Im o N Im dB
v
v
0 - X +  Ker d:—I/Im dz-z 4

1

>0

We obtain a commutative diagram for the connecting morphisms

n-1
f(Im dB

) S R VB

] I

(9.5.8) f(Ima n Imdl ") S j1E N (m)

fy —> R fX

8
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By the assumption on B® we get a commutative exact diagram

0 - F R"fB" - Rr£B" -~ £ (B")

(9.5.9) T I I

1

0 > £Ima) /Im £(a)"") > Ker £(aD)/Im £(a)"") > f£(ker dO/Im an™h

and a similar one for A° , giving a canonical isomorphism

1 n-1

A

n-1

)/Im £(4 A )

)

n

Y' = £(a) ' (f Im af” £(Im o n In a7")/£(a) (In £(d

So the diagram 9.5.4 is obtained from 9.5.8 via factorization, once

we have seen that

P -
Fl ®RPfB° —» R'EHMT (B

|

n-
f Im dB

is commutative. Let Th be the canonical increasing filtration of

B* , then o is given by the isomorphism
1

1

F' R%fB" = Im(R%fr__.B° —> R"fB") = R"fr__.B"
n-1 n-1
(note that Imn—1f(B'/Tn_1B') = 0) and the morphism
Rc B —> R (8) [-n+1]) = R' e (BY)

induced by



T .B "3 5 ™% 5 ker a%7' — 0 .
n-1 B
can | I
v \ \ N4 Vv
A\
1B )[-n+1) 2 ... 0 —>0 — "1 (@) >0 .

Diagram (9.5.10) is now obtained by applying R"f to the commutative

diagram in the derived category

n-1
T 4B s H (B[ -n+ 1)
A A
! Y
| /
| /
n-1
Im dB [ -n]

obtained from the commutative diagram

Im dg_1[ - nl = 0 — 0 — Im dE” - 0
|
| l I
| v v v
\2
Th-1B - g"2 B! — Im dg_1 - 0 .
can | H
v \2 v
v v
1B ) -n+11 3> ... 0 — 8" /Rer dg-1 — Im dg_1 — 0
where —»> stands for a quasiisomorphism. g.e.d.

9.6. To obtain 9.4, we apply 9.5 to the exact triangle
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*
(9.6.1) Rg*\)*R\)! Z,(3) —> Rgy Z,(3) —> Rg,Ru,M zz(j) —

associated to the diagram

26> X «<DU = X\2Z

Speck

If Zg(j) ©— I' 1is a resolution by injective pro-%-systems of
z,
étale sheaves on X (i.e., injective objects in S(Xet) , see

[J1] 6.9), 9.6.1 is represented by the short exact sequence of

complexes
. . .
(9.6.2) 0 —> g, v,V I —> g, I" —> g, U, u*I" —> 0
Z,
whose components are injective objects in S(Specket) . Identi-

fying noetherian 2-adic sheaves on Specke with objects in

t
Repc(Gk, ZQ) , the long exact sequence 9.5.2 then is

R R NG, ) —> 1K, 2 (5) = HNE, 2,3) —>

zZ
/ /
4
R s
while the continuous cohomology groups over k , Hcont,Z(x’ ZQ(J)) ,

(x, Zz(j)) and H’ (U, zz(j)) , and their relative cohomology

Hcont cont
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sequence, is obtained by applying Rﬂgont(ck,—) to the triangle
9.6.1 (i.e., £ = lim Ho(Gk,-) to the sequence 9.6.2) and taking
n

the associated long exact cohomology sequence.
Now by definition the pull-back of the extension

0 — R — Hn-1(ﬁ, Zl(j)) — S — 0

G
via an element 2z € S k. HomG ( ZQ,S) corresponds to the image
k
of 2z under the connecting morphism

sk o wl  (e.m) - Ext! (Z.,R)
cont "k’ Gy [ !
and by 9.5 this image is obtained via the Hochschild-Serre spectral
sequence (which by definition is the hypercohomology spectral

sequence for Rg, %ﬁ(j)) in the claimed way.

9.7. Remarks a) Similar results hold of course for finite
coefficients E/lr(j) and usual étale cohomology, and the result

above can be deduced from this since one has

1 n,= . . 1 =
(9:7.1) Hogne (G H (R, 2y (3)) = 1im H (G H (X, 2/27(3)))
.1 .0 n,:s r, .
(because lim H" (G ,H (X, Z/%"(3)) = 0 , cf. [J1] 2.1). If
r
i-1 n,g r, . s s e s
H (Gk,H (X, Z2/% (3))) is infinite (e.g., for number fields),
this formula becomes false for H;ont(Gk’_) , 1 > 1, and there

is no Hochschild-Serre spectral sequence for the "naive" 1f-adic
i . . i .
cohomology H™ (X, Z,(3)) = lim Hl(X, %/Zr(j)) (by the non-exactness
r
of the inverse limit). For the same reason, one has to be careful

with passing to the inverse limit in the various exact sequences

of 9.5, so I have preferred to work with 9.4.1.
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b) For possibly singular X a similar statement as in 9.4 holds

for homology, in terms of the Abel-Jacobi map

(9.7.2)  2,(X) ) —> i (G

0 cont (CirHageq (Xr Zo (1))

and the "Hochschild-Serre spectral sequence"

pP,9 _ 4P
(9.7.3) ES H ont

Gy H_g (X, Z,(1))) = Hfg’_‘;(x, Z,(i))

For finite coefficients %/ (i) , étale homology Ha(x, z/%5 (1))

is defined as hypercohomology H-a(X,Rgl Z/Zr(-i)) of the twisted
dualizing complex defined by duality theory (cf. 6.7). Everything

is proved as above, replacing in 9.6 the sheaf zQ(j) by

Rg! zZ/95 (- i) ; the spectral sequence 9.7.3 (for finite coefficients)
is by definition the hypercohomology spectral sequence for

Rg*Rg! Z/%"(-1i) and (the derivatives of) the functor HO(Gk,-) ’
and one uses the relations Rg*v*Rv!Rg! = R(g1)*Rg§ and

| !
Rg,Ru H*Rg™ = R(g,) Ry, .

1
For zl—coefficients one uses a certain complex Rg’ ZQ(- i)
Z
. b 3
in D (S(Xet)

) , whose components in Db(S(Xe , Z/25)) are the

t
1
complexes Rg’ Z/Qr(-i) above, and its continuous étale hyper-

1
cohomology. For the existence of Rg’ ZQ('-i) and a cycle map

cont

cl: Zi(X) —> H2i

. _o-2i ! .
(X, Zl(l)) = Hcont(X,Rf zg( i))

we refer the reader to a future paper [JS].

c) The Hodge theory also fits into the scheme of 9.5. Namely,
Beilinson [Bei 2] has shown that to each variety X over € and

j € Z there is associated a complex
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RL(X, Z(3)) € D°(MH)

of mixed Hodge structures such that its n-th homology Ho
is just the singular cohomology Hn(X, Z) (j) with its mixed Hodge

structures and such that the n-th homology of

(9.7.4) RI,RI(X, Z(3)) : = RHom , ( Z (o) ,RL(X, Z()))
D° (MH)

coincides with the Deligne cohomology H;(X, Z(j)) for n £ 2j
Moreover in this case the exact sequences
1 n-1 n ‘z n

(9.7.5) 0 > R T.H (X, Z2(3)) »~ Hp(X, Z(3)) — T H (X, Z(])) > O
coming from the hypercohomology spectral sequence and the vanishing
of RiFH for i 2 2 (cf. 9.3 b)) coincide with the exact se-
quences coming from the usual definition of Deligne cohomology
([(Bei 1] 1.6 (*) and [EV] 2.10 a)), via the isomorphisms 9.2.1 and
the relation

0

(9.7.6) FHH = HomMH( Z(0) ,H) = WOH NFH®CT

for a mixed Hodge structure H .

There are versions with support, for homology etc., and the

Hodge version of 9.1.1 is induced by an exact triangle
BLZ(X, Z(3)) — RI(X, Z(j)) —> RI(U, Z(])) —>

in Db(MH) and by the cycle class of 2z in H%jz(x, Z(3)) =
’

= FHHZJ(X, Z(j)) . The latter defines a cycle map
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_ ' 23 .
ety 23 (X) —> HDJ(X, z(3)) ,

whose composition with ¢ is the cycle map into singular coho-

Z

mology discussed before. By 9.5 the Abel-Jacobi map fits into a

commutative diagram

0 - zj(x)O > z23(x)
cl' ct
\' v
0 » r'r,u?J

compare [Bei 1] 1.9, [Bei 2] 5.2.

> zj(x)/zj(x)o >0

cl
v

- . 2j . 27 :
AT,z () R x, 2 (5) > TESI X, Z2(9)) >0,

If X 1is no longer smooth, similar

statements hold for homology (loc. cit. and [J2]).

We get the analogy (compare [Bei 4] 3.0):

geometric theories

Hi(?,zg(j)) with Gk-action

absolute theories

i .
Hcont(x' ZQ(]))

connection

Hochschild-Serre

spectral sequence 9.4.1

<>

Hi(X(E), Z(j)) with Hodge structure

H;(x, Z(3))

short exact

sequence 9.7.5
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with the difference that RIT = gt (G,,-) in general does not
Gk cont "k

vanish for i 2 2 , e.g., if k 1is a global field. We shall return

to this point later on (e.g., in 11.4 ¢c) or 12.19).

Now we want to show the connection between extension classes
and the conjectures of the previous chapters. We go back to the
general setting of an F-linear twisted Poincaré duality theory

with weights (F a field of characteristic zero) and transfor-

mations
r =ch, .:HY  (X,0(§)) —> FHI(X,5)

T I T AL J AR

r' =1

M
ap f HalX,@(0))  —> TH_(X,b)

as in 8.4, and we suppose that these are compatible with the cycle

map as in 8.4.2.

9.8. Lemma Let X be smooth and proper of pure dimension d and

let Z <« X be of codimension 2 j, then there is a commutative

diagram
0 — ru?di Y w, — 23 (x,3) S r're?3 N (x,9)
A N
cl (3) c!
(9.8.1) (1) CH) (X)) ® F - Cal(x), ® F
MR h 2 2 2T h
P23, 3 2) "23,3

23-1 : 27 . 23 :
He ' (U,2(3) @ F— B (x,0030), @ F > H2(x,0(3)) @ F ,

where c&' is induced by the Abel-Jacobi map 9.0.3,



155

AO = Ker (A — FHZJ(X,j)) for the various groups A in the diagram,
and the top exact sequence is part of the long exact ExtT(1,—)-
sequence associated to the short exact sequence
0 — w37 x5 — #3705 — w5, — o0 .
25-1 o , 25-1 o .
(Note that TH (X,j) = 0 since H (X,3j) 1is pure of weight

-1)

Proof The commutativity of (1) follows from the compatibility of

ch with the relative cohomology sequences, since <c& o ch

2343
= ch2j 5 by assumption. Similarly, (2) 1is commutative, and § o c?
14
by definition is the Abel-Jacobi map 9.0.3 on CH%(X)0 @ F
=CH, .(2), @ F=( @, Z) @ F (explicit description of the con-
d-j 0 xEX(J)ﬂZ 0

necting morphism ¢§ in the long exact Ext-sequence, compare 9.6 above) .
Hence (3) is commutative once we have seen that the Abel-Jacobi map
factorizes through rational equivalence. But by the bottom exact
sequence and (2) the image of H;j-1(U,Q(j)) @ F in

( o, Z) © F 1is the subgroup generated by cycles linearly
xex (3 nz

equivalent to zero, and by (2) it is mapped to zero under § o ci
Since 2 1is arbitrary, this shows the factorization for all

cycles in ZJ(X)0

9.9. Lemma The middle vertical map in 9.8.1 is an isomorphism under
the assumption p) and the following one (which is satisfied for

the examples 8.3).

q) For irreducible 2 of dimension e the fundamental class

n 1 —> Hze(Z,e) is an isomorphism, and T(1) = F

Z
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Proof We have TH2)(X,3) = TH,, . ..(z,d-3) = @ F
E— z 2(a-3) (0)
xX€Z
<3%— ( @ Z) ® F = CH%(X) ®@ F (by using 6.1 f) and p) one
xex 3 ng

reduces to the case that Z 1is disjoint union of its irreducible

components) .

9.10. Corollary Assume p) and gq). Let X be smooth and proper,

let Z < X be of pure codimension j , and let U = X-2 . Then

23

19 7 w,003)) 8 F —> ru?d

ch - (UIJ)

29-1,3°
is surjective if and only if the Abel-Jacobi map

1,523

crl : cH) (X)) ® F —> R'THI7 (%, 3)

is injective on the subgroup generated by the cycles with support

on 7 .
Proof This follows immediately from diagram 9.8.1 and the bi-
jectivity of the middle vertical map (without restriction X is

connected) .

9.11. Corollary For smooth varieties U over & the Chern

character

23

ch i w,et)) — 1w w,e0)))

25-1,3°

is in general not surjective for j 2 2 (This disproves a con-

jecture of Beilinson, [Bei 2] Conjecture 6).

Proof The complex Abel-Jacobi map is known to be injective for
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j = 1 (this gives a new proof for 5.13, at least Q@Q-rationally),
but Mumford has shown that it is in general not injective for
codimension j 2 2 , not even up to torsion ([Mul) : For a smooth
and proper variety of dimension d over a field k 1let Alb(X)

be the Albanese variety and let
(9.11.1) T(X) = Ker(Ao(X) —> Alb(X) (k)) ,

where AO(X) < CHO(X) is the subgroup of cycles of degree zero.
For k = C one has Alb(X) (C) > Jg(x) , where
23

37V %0

B = 837 x,0 /83 %, 2(5)) + Fln
is the j-th intermediate Jacobian. Hence T(X) is the kernel

of the Abel-Jacobi map, and for d = 2 Mumford shows
(9.11.2) pg(x) >0=T(X) @ # 0

(in fact, T(X) is huge in this case), where pg(X) = dimmﬂz(x,ox)
is the geometric genus of the surface X . This was generalized
by Roitman [Ro 1] to the following result for arbitrary d and

arbitrary uncountable fields k of characteristic zero:
(9.11.3) B%(x,22) + 0 for some pz 2= T(X) 8@+ 0

Now why should conjecture 5.20 be true? The answer is the
following. Mumford's counterexample involves cycles which are de-
fined over fields of higher transcendence degree ("generic cycles"),
and it is expected that the situation is completely different over
number fields. Namely, Bloch and Beilinson have independently

conjectured the following ([Bei 4] 5.6):
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9.12. Conjecture For a smooth, proper variety X over Q@ the

complex Abel-Jacobi map
cud (x) —> 33 (xx_0)
0 (0 Q

is injective up to torsion (here CHJ(X) is the Chow group over

Q).

Since in the situation of 9.10 U 1is defined over @ if X
and Z are defined over @ , conjecture 9.12 is implied by con-
jecture 5.20 for i = 2j-1 , for a converse see 9.18 below.
Actually, Bloch and Beilinson only consider the subgroups of cycles
algebraically equivalent to zero, but from our approach there should
be no difference. Also, by 5.21 it is the same to consider

arbitrary number fields instead of

Let us now consider the &-adic case. Bloch has remarked that
in Mumford's situation Hodge theory and Lefschetz' theorem on 1-
cycles give the equivalence

py(X) > 0 = w2 (x,0) + 0"

< NS(X) ® C # Hz(x,m) ’
where NS(X) 1is the Néron-Severi group of X , and he has proved
the following generalization of Mumford's theorem to arbitrary fields

k .

9.13 Theorem ([B11] 1.24) Let X Dbe a connected, smooth, proper
surface over a field k , with function field K , and let
2 % char k be a prime. If NS(X) ® 0, * Hét(i'mz(1)) , then

T(Xka) ® @0 + 0
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This is not stated in this form in loc. cit., but follows from
the proof. We now investigate the relations between T(X) and the

f2-adic Abel-Jacobi map.

9.14. Lemma Let X be smooth and proper of dimension d , then

T(X) lies in the kernel of the 2&-adic Abel-Jacobi map

cl' 1 24

_ -1

2 # char(k) . If k 1is finitely generated, then the natural map

1
cont

2

Alb(X) (k) @ Z, —> B __ (6, B9 %X, z ()

is injective, so that T(X) @ Z, = Ker cl' ® Z,

Proof First observe that AO(X) = CHd(X)O for the homological
equivalence given by the %-adic cohomology, by the commutative

diagram

cud (x)

24 3
VH (X,Zl(d))
2itr

deg Z <k,

where tr 1is the canonical trace map. It is well-known that the
groups AO(X Xk k) and Alb(X) (k) are divisible, and by a
theorem of Roitman ([Ro 2] 3.1 ) the first vertical map in the
commutative diagram

o

0 — > nAo()_() —_— Ao()'() - > Ao(i) — >0

L

(9.14.1) l l
v

n
0 —> nAlb(X)(]z) —> Alb(X) (k) &——> Alb(X) (k) —> ©
L
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is an isomorphism. Since Alb(X) 1is the dual abelian variety
to Pico(X) , one has isomorphisms

= 1,2 . .,2d-1,2 n
nAlb(X) (k) Hom(H (X, u n),u n) z H (X,Z/2 (4))

L L 2

n

by Poincaré duality, and one easily shows (see [J5]) that the map

G

Ag(X) —> Alb(X) (k) = Alb(X) (K) ® —> lim ' (5, ,8°%7 (x,2/2" (@)

IR

24

1 -1,z
H (X,Zg(d)))

H (G

cont "k’

induced by the Kummer sequences 9.14.1 coincides with cl' . This

shows the statement for T(X) and gives an injection

1
cont

Alb(X) (k) ® := lim Alb(X) (k) /¢"S—> © 2d

& e

n

(6 w4 (&, (@)
If k 1is finitely generated, then Alb(X) (k) 1is a finitely

generated abelian group by the generalized Mordell-Weil theorem,

~

and hence Alb(X) (k) © % > Alb(X)(k)A . We remark that T(X)

2
is uniquely 2-divisible by Roitman's theorem, in particular,
G
AO(X) k > Alb(X) (k) is surjective after tensoring with zl

This shows that the f-adic Abel-Jacobi map can be non-injective,
even up to torsion, for fields k of higher transcendence degree,
while, on the other hand, the conjecture of Bloch and Beilinson
(9.12) (implying T(X) ® @ = 0 for a variety X/k ) would imply

the following conjecture for a number field k and j = d

9.15. Conjecture Let X be smooth and proper over a finite or

global field k , then for & # char k the map
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. cyJ s g
cl' ® @, : CH (X); ® @, > H_ . (G /H

29-1,3 .
(X,QQ(J)))

induced by the Abel-Jacobi map 9.4.1 is injective.

Before we discuss some examples, we investigate the relation-

ship between conjecture 9.15 and the surjectivity of ch more

23-1,3
closely. If in 9.1 we drop the assumption that Z 1is of codimension
j , we get the following refined version.

We place ourselves again in the situation of a general weighted
F-linear twisted Poincaré duality theory ( F a field of charac-
teristic zero), which receives Chern classes and satisfies condition

p ). Let X be a smooth, proper variety of pure dimension 4 , let
Z

c X be a closed subscheme and let U = XNZ . Let

NN (X,3) = Im(HL(X,3) —> BY(X,3) ,

Z ... r _ _ r
NTCH™ (X) = Im(CHy_ (2), —> CHy_ (X) = CH (X)) ,

_ cl .
where now CHm(Z)0 = Ker(CHm(Z) > FHzm(Z,m)) . Since for a cycle

z of codimension j on X with support Z0 c Z we have a

commutative diagram

0 — BN, At — 87w, — x5 — 1,9
0 — 597, - 8 ka9 - B (x5 — v x5
0

we obtain a commutative exact diagram

2371, 5) > TH (X,3) > r'r w37 (x, 5 /8%

h,. . !
Tc 25-1,3 cl Icl

(3) J 3 Z
K, (U) ——>(CHZ(X)0/CHd_j(Z)O)m > (CH” (X) o /N7)

> TH

Q
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9.16. Corollary a) If ch ® F is surjective and

23-1,3

: 3 ‘ 23y -
(9.16.1) Cl ®F : (CHZ(X)O/CHd_jQZ)O) ® F > TH,” (X,3)

is still injective, then

> r'r 371 (x, ) /8%

(9.16.2)  cl' @ F : (cH)(x),/N?) @ F
is injective on the subgroup generated by the cycles supported
on 2

b) Conversely, if 9.16.2 is injective on the subgroup supported

on 2 and 9.16.1 1is surjective, then ch ® F is surjective.

23-1,3
For the following we observe that by definition

V.. i . Z i .
N'H (X,]) = u N"H™ (X,])
ZcX of codimension v

is the coniveau filtration, while

NVend (x) = U NZcnd (x)
ZcX of codimension v

= {z € CH)(X) |3 Z ¢ X of codimension v such that z is

supported on Z and maps to zero in FHz(d_j)(Z,d—j)}

is the filtration described by Bloch and Ogus in [BO] (7.2). We

can now state a refined version of conjecture 9.15.

9.17. Conjecture Let X be smooth and proper over a finite or

global field k and let & # char k be a prime.

a) Let Z c X be a closed subscheme, then for all j 2 0 the

map
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9.17.1) (el /) ® @ —> u!__ (G, ,u°]

-1,3 . Z
cont (X,@, (3)) /N

induced by the Abel-Jacobi map is injective.

b) The Abel-Jacobi map induces injective maps

23-1

AV Y .
(9.17.2) GrNCH (X) ® QQ _ (Gk,GrNH (X,QQ(J)))

Hcont

for all j 2 0 and all 0 < v £ j

9.18. Lemma a) Conjecture 9.17 a) implies conjecture 9.17 b).
b) Conjecture 9.17 b) implies conjecture 9.15.

c) If Tate's conjecture B (see 7.13) is true for cycles of
dimension d - j on (possibly singular) closed subscheme of

X, then conjecture 5.19 for i = 2j - 1 and open subvarieties
of X 1is equivalent to conjecture 9.17 aj; for j and X

d) If Z c X has a good proper cover % -+ 2 (e.g., if char

k =0), if NZsz—1(§,Ql) is a direct factor of H2j-1(§,Q2)
(e.g., if char k = 0), and if Tate's conjecture A is true

for cycles of dimension d = dim X on X «x 7, then conjecture

9.15 for X 1implies conjecture 9.17 a) for X and 2

Proof a) Conjecture 9.17 a) implies the injectivity of

1
cont

(9.18.3) (cu) () /NYye @, —su! (6 ,m 0T (%, 0, (5))/8")

by passing to the limit over all Z <« X of codimension 1y -

note that for the 2-adic cohomology this limit is actually

finite since H23-1:= H23_1(§,Q2(j)) is a finite-dimensional
. G
Ql-vector space. Since sz ! is pure of weight -1, V k- o]

for every subquotient V of it; hence the top row in the com-

mutative diagram
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2] 1 23 v+1 2j-1 v
o= cont(G Gr )= cont( /N cont( /N7)
(9.18.4) Ta\’ T T

\)+1

0+Gr CHI (X) ) ® @, —s (CHI (x) /N o 0, —s (cu) (x) /N") ® 0, —0
is exact, and the map o’ is well-defined (compare [Bl 3]
1.5), and injective if 9.18.3 is injective for v + 1.

b) Using 9.18.4, one shows the injectivity of 9.18.3 for all

v by induction on v

c) Tate's conjecture B for 2 and cycles of dimension

d - j Jjust assures the bijectivity of 9.16.1 for the 2-adic
realization (F = QL)' Thus by 9.16 we only have to show that
conjecture 5.19 for (2j - 1,3) and all U c X implies the
injectivity of 9.17.1. Let a € CHj(X)o . If o 1is supported
on Z, we are done by 9.16. Otherwise let o be supported on
ZO which is of codimension 3j in X, and let Z' =2 U 2
Then obviously we have NZCHj(X) = NZl

(¢}
CHJ(X), and we may apply
9.16 to 2' and U' = X ~ 2'

d) If 2 1 X has the good proper cover AR Z, we have

2,.23-1 2 .
BT (X, 0, (3))
~ . TaT g - )

= Im(Hz(d_j)+1(Z,Ql(d-J))—’Hz(d_j)+1(X,Ql(d’J)), and by
the assumptions this is a direct factor of both the source and
the target of 1,7, (for char k = O the latter follows via
polarizations for absolute Hodge cycles as in §7). Thus there
are sections s and t as indicated,

('z . K? z ¥s = .
,Ql(d—J))—————a N —=>H (X,Ql(d-j))-

Hy(@a-9)+1 2(d-3)+1

ihe composition ts can - via Poincaré duality and Kiinneth

formula - be interpreted as an element in
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~ Gk
H d(z xkx,%(d))

By Tate's conjecture it would be the cycle class of a cycle W
of dimension 4 on 7% . X . As a correspondence from X to
7 it just induces the map ts in the f-adic cohomology, but
it also gives us a map of the corresponding Chow groups. Com-
posing with 1,71, we get the maps w and w' in the com-
mutative exact diagram
1 2y _e gl

1 23—
O—H ,n¢ (G /N7) Heont Hoong (G rH

i Tcl-@% 1

231

(G ) —s T n%y—o0

o—n’cu? (x) 80, —E ¢l (x) @ @, — (crI (x) /n%crd (X)) 9, —0

so that w 1is a section and w' 1is compatible with w
Although we don't know whether w' is a section, its com-
patibility with w suffices to deduce the injectivity of the

right vertical map from the injectivity of cl' @ Qg

Of course,a similar result holds for the Hodge realiza-

tions, and we get

9.19. Corollary Let X be a smooth and proper variety of di-

mension d over a number field. The following statements are
equivalent.

i) Conjecture 5.19 (resp. 5.20) is true for (i,j) = (2d - 1,4d)
and all open subvarieties U of X

ii) The Abel-Jacobi map cl' € Ql (resp. cl' ® @) 1is injec-
tive for zero cycles on X

iii) T(X) ® @ =
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Moreover, conjecture 5.20 is true for (i,j) = (3,2) and all
open subvarieties U of X 1if and only if cl' ® @ 1is in-

jective for cycles of codimension 2 on X

Proof The Hodge conjecture and the Tate conjecture B) are
true for zero cycles, hence 1i) 1is equivalent to 9.17 a) for
j = d . We have to show that this is implied by ii). Since

= v Tend (x)

CHd(x)o o’ one easily reduces to the case

dim 2 = 1. Then we conclude by the absolute Hodge analogue of
9.18 d), since we can choose Z to be a smooth curve, and the
Hodge conjecture is true for divisors. For the equivalence be-
tween 1ii) and iii) observe that in both cases T(X) 1is the
kernel of the Abel-Jacobi map on AO(X) . The last claim fol-
lows from the Hodge analogue of 9.18 c) and the fact that the
Hodge conjecture is true for codimension O and 1 (trivial

for O and Lefschetz' theorem plus (the proof of) 7.9).

9.20 Examples a) The case of a finite field k is discussed

in chapter 12.

b) Let X be a smooth and proper variety over a finitely ge-
nerated field k and let A = Pico(X) be the Picard variety

of X . The exact Kummer sequences

3
o—a,n-A—>A—“—~>A—>o

L

(2 # char k) induce the exact cohomology sequences

g 8. .1 1
A(k) — A(k)—H (k, A)— H (k,A)—O
P g

for all n € W and hence the exact sequence
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n 6 (G

O——)llm A(k)/% cont X

n

, T A)-—)T H (k,A)—>0 ,

where TQB = lim nB is the Tate module of a group B . By the
2
theorem of Mordell-Weil A(k) 1is a finitely generated abelian

group, hence A(k) ® Ez 5 lim A(k)/2™ . Furthermore we have a
n

_ R
A = T Pic(X) = H_, (X,Z

isomorphism of exact sequences

canonical isomorphism T (1)) via the

L

Zn

O—-pHet(X,uzn)-—-) (X G ) = H (X G )—0
s i Lo

0— AR — a(k) —2ak) — 0,
2

and via these identifications, § agrees with the g-adic

Abel-Jacobi map

1 . 1 = . 0 1 1, =
cl' ® Z,Q : CH (X)o © EQ, Pic (X) @ ZQ—’HCOnt(Gk'H (X,ZQ (1)),

see [J 5]. Hence the latter is injective, and the commutative

exact diagram (compare 9.8.1)

G G

1= k 2 .= k 1 1,3
0—H (U,Z,(1)) “—HZ(X, 2, (1) —H_ (6 H (X,Z (1))
c1,1 T ﬁ TCl'ezl
x x 1
00— (0(U) /k") QZZ.Z—-)(G ) ZZQ’)O-—-DCH (X)o ® ZQ, ,
X€X nz

for Z <X closed and U = X ~ Z, gives another proof of 5.15

b), at least in the case that U has a smooth compactification.

c) Let X be a rational variety of dimension 4 (smooth,
projective) over the global field k . Then Pic (X) is a

torsion-free, finitely generated abelian group and hence
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H1(§,Q2/ZQ(1)) = 0. By duality HZd_1(i,ZQ(d)) = 0, so conjec-

tures 9.15 and 9.17 are true for j =d 1if and only if
AO(X) = CHd(X)O is a torsion group. For d4 = 2 Colliot-
Théléne [C] in fact proved that AO(X) is finite, except

possibly for p-torsion for the case that char k = p > O .

d) in [Bl 3] Bloch considers CHZ(X) for a certain threefold
X over a number field to test the generalized conjecture of
Birch and Swinnerton-Dyer (see 9.20.1 below). He exhibits ca-
ses where the L-function of GrgH3(i,Q2) has a zero at s = 3

and at the same time there is a non-zero cycle = in

GrgCHz(X)Q, which is the group of cycles homologous to zero

modulo those which are algebraically equivalent to zero
(tensored with Q), see loc. cit. Lemma 1.1 and below. To

prove that Z 1is non-zero Bloch in fact proves that its image

. 1 0,3,3 . .
in Hcont(Gk,GrNH (X,QQ(Z))) under the Abel-Jacobi map is

non-zero.

e) Bloch [Bl 4] and Beilinson [Bei 4] independently proposed
the following conjecture for a smooth projective variety X
over a number field k, generalizing the conjecture of Birch

and Swinnerton-Dyer

9.20.1. Conjecture rk Gr&CHJ(X) = ords=jL(Gf;H23-1(i,QQ),s).

Bloch proves that Grg_1CHj(X) = Nj-1CHj(X) is the group of
cycles algebraically equivalent to zero and that for this part
the conjecture is strongly related to the original conjecture
of Birch and Swinnerton-Dyer for abelian varieties (which is

the case j = 1). With the same arguments we can prove
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9.20.2. Lemma Assume that the Birch and Swinnerton-Dyer con-

jecture

(9.20.3) rk A(k) = ords 1L(T2(A) QZZQQR,'S)

for abelian varieties A over the number field k 1is true.
Then conjecture 9.20.1 for v = j - 1 is equivalent to con-
jecture 9.17 b) for v =3 - 1, i.e., to the injectivity of
the g%-adic Abel-Jacobi map up to torsion on the subgroup of

cycles algebraically equivalent to zero.

Proof 1In [Bl 4] 1.4 Bloch constructs an abelian variety W

with rational Tate module T,W® Ql = Gr§-1H23-1(§,QZ(j)) to-

gether with a surjection Gr§-1CHJ(X)Q ——»W(k)(D . It follows

from the construction that the diagram

< $ . 1
wk) e @ > Heone (G ,TW © Q)
1 s
=11 cl' 1 j=1,23-1 .
Gry CH (X) ® Q) ————> H_ (G ,Crg 'H (X, 2, (3)))

is commutative, where cl' comes from the Abel-Jacobi map and
§ 1is induced by Kummer sequence for B and hence is injective
(see b) above; for the commutativity see [J5]). As Bloch points
out, under assumption of 9.20.3 for W, conjecture 9.20.1

for v =3j - 1 1is equivalent to the bijectivity of the left

vertical map, so the claim follows.

§10. On the non-injectivity of the Abel-Jacobi map

Let us first extend Bloch's theorem (9.13) to higher dimen-

sions.
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10.1. Theorem Let X be a connected, smooth, proper variety of
dimension d > 2 over the field k, and let K be the function
field of X . If Hd(i,Qz) + N1Hd(§,Qz) for the filtration by co-

niveau N' (£ # char(k)), then T(Xka) @ Q £+ O

Proof We closely follow the arguments in [Bl11] lecture 1, cf. also
[BS]. First we show that, under the assumption made, the class of
the diagonal A c Xx X does not restrict to zero under

i (xx, %)+ e (xx, k) -+ cr? (U %, K) 00
for any non-empty open U' c X

In fact, this would imply that A restricts to zero in
CHd(U‘ka) ® @ for some non-empty open U < X , hence

N-[a]l= [T,) + [T,]

for some N € N, a cycle T supported on D'xX and a cycle T

1

supported on XxD, for some divisors D,D' on X . It is easy to see

that the correspondence induced by T maps Hd(i,ml) to

2
Im(Hy (5,0, (d) » Hy(X,0,(d)) < N8 (X,0,), see loc. cit. . Now let
Z < D'xX be irreducible and in the support of F1 . Let D" be the
image of 2 under LEE Z -» D'xX pi1 D' , let V1 < D" be open,
non-empty, smooth and affine, and let Y.I = D"\V1 . Then Hd(§1,Q2)
= 0 , since dim V1 <d ([Mi] 7.2). If ﬂ2: Z - D'xX Piz X 1is not
surjective, we can conclude as before that the correspondence given
by 2 is zero on Hd(i,QQ)/N1Hd(i,Q£) . If T,y is surjective, let
Y, = n;1(Y1), Yy = m,(Y,) , Vg = XNY, and V, = n;1(v3)
V2,Y2
Z
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Since dim Z = d, we have dim Y3 < d , hence V3 +#+ @ . By the pro-
jection formula, the correspondence given by 2 is the bottom way

in the commutative diagram

/I

g

a, s 2 =
B (7,,0)) —— B ({,,0,(d)

- (@ 5
o = 1@, .0, . T Hy(75,0,)
]\ . #NZ,0) —  Hi(Z,0.@) 1
V \1 *
1% (5,9, Hy (%,0, ()
i+ ] i
1% (X,0,) 1 (%,0,)

hence its composition with Hd(i,Ql) - Hd(§3,Q£) is zero.
We find that T1 maps Hd(i,QQ) to N1Hd(§,QQ), too. Since A acts
as the identity, we would conclude Hd(i,Ql) = N1Hd(§,Ql), contrary
to the assumption.

To prove the theorem choose a smooth proper curve and a morphism
f: C » X such that the composition

Pic®(C) (K) @Q fﬁ A (Xx K)@Q - AL (X) (K)8Q

is surjective, and let n € CHO(Xka) be the O-cycle corresponding

to the generic point Spec K » X . Then there is a ¢ € Pic(C) such

that n - f,(c) is mapped to zero in A2b(X) (k)®Q , and for any
such ¢ the element n-f,(c) € T(Xka)®Q is non-zero, since f,(c)

restricts to zero in CHO(U'ka)®Q for U' = X~f(c) , but n does not,

as the image of A

10.2. Remarks a) If k 1is uncountable and algebraically closed,

then one may replace “T(Xka)GQ # O" by "T(X)®Q # 0", by applying

everything to a model XO of X over a finitely generated field kO

and using the inclusion T(Xoxk KO)QQC» T(X)® induced by an em-
o

bedding Koca k of the function field of Xo into k (cf. [Bl 1]).

b) For a field k of characteristic zero one has
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(10.2.1)  #%x,2d) s+ 0« n'wt X, + 8 (X,0). In fact, by a simi-
lar argument as in a) and specialization of cycles it suffices to
consider the case that k 1is embeddable in ¢, and then k = ¢, where
we may replace Hi(X,Qg) by Hi(X(Q),Q). Then the claim follows from
Hodge theory, as a special case of the investigations in [Gr].
There Grothendieck defines a filtration'N’ by setting
hVoi union of the sub-Hodge structures W, for

N H (X,Q) =

which W(v) if effective ,

where effective Hodge structures are those with p,q > O for the
occuring Hodge types (p,q). Grothendieck then shows the inclusion
NV Squ - which obviously proves 10.2.1 - and states as the genera-
lized Hodge conjecture that NV ='NY - which would imply the converse
of 10.2.1.
c) In [D.E.]VI 10.3 Grothendieck has formulated a generalized Tate
conjecture for varieties over finite fields. This can be extended

to finitely generated fields . Call a constructible , pure Qz-sheaf F

of weight w on a scheme S of finite type over Z [%] effective
if F is entire ([D9] 3.3.2) and if Fv(w) is entire. For £ #char k
call an object V in Repc(Gk,Qz) entire or effective, if it extends
to such a Qz-sheaf over amodelU of k as in 6.8. For X/k smooth, pro-
jective Hi(i,QK) is effective (see [J3], proof of thm. 1), and we let
o union of the subrepresentation W for
‘Nle(i’Ql) _ | ‘ ‘
which W(v) 1if effective
It follows from [D6] 3.3.8 that for a variety Y of dimension e
over k the weight-graded parts of Ha(g,QQ(e))= Hi(?,QQ)V(-e) are
effective (note that a pure Q2~representation of Gal(ﬁ;q/E‘q) is
effective if and only if r,s > O for the occuring p-adic Hodge
types (r,s) as defined in loc. cit. 3.3.7). Hence for Y < X the
Gk—representation

~ H2d—a (X

Im(H, (,@,(d)) - H,(X,@,(d)) X,@,)) (d-e)



173

is effective, for d = dim X, which shows the inclusion NV E'Nv

The generalized Tate conjecture states the equality NV ='nY

10.3 By Roitman's theorem (9.11.3) and theorem 10.1 one gets examples
of non-injective complex or {-adic Abel-Jacobi maps for O-cycles

on varieties of arbitrary dimension d. Several questions naturally
arise.

The examples provided so far always used cycles defined over
fields of higher transcendence degree than the field of definition
for X, and one may ask whether this is essential. However, Schoen
[Schoe] has produced a counterexample, where both the variety and the
cycles are defined over a finite extension of Q@(t) ( see appendix B ),

As far as I know there do not exist examples for cycles of higher
dimension, but I think it should be possible to construct these, too,

for example by the method described in 10.4 below.

Finally, one may wonder whether the Abel-Jacobi map could be
injective for other theories, e.g., for the theory of absolute
Hodge cycles. However, it turns out that the Abel-Jacobi map is non-
injective quite principally in codimension j > 2 (over fields of

higher transcendence degree), in view of the following construction.

10.4. Principle Let X be a smooth projective variety. If z1€CHl(X)o
and ZZECHJ(X)o are cycles which are homologous to zero, then their

intersection z, .2

125 € CHi+](X)0 lies in the kernel of the Abel-Jacobi

map.

We can turn this principle into a theorem in the following two
cases, the first one explaining the idea behind 10.4 and probably

applying for all theories of interest.
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10.5. Assume that the cohomology theory H*(X,j) is obtained as the
homology of some complex RI(X,j) in Db(T) for our tensor category

T (not necessarily equipped with weights), and that the cycle map

factorizes through some "absolute cohomology" - the homology of
(10.5.1) RI;R[(X,j) = R Hom b (1,R[(X,3))

D7(T) z
this is fulfilled for the {£-adic theory (T = S((Spec k)ét) L cf.
9.6) and the Hodge theory (T = MH , cf. 9.7 ¢)) . Then by 9.5

the Abel-Jacobi map is induced by the hypercohomology spectral se-

quence
(10.5.2)  e5'9 = ’RProad(x,5) = u0'x,5)
where by definition H;(X,j) = Extl(1,5£(x,j)) = i-th homology of

10.5.1. If there is a cupproduct compatible with this spectral se-
quence, e.g., if it comes from a pairing
(10.5.3) RL(X,i) @'RT(X,3) » RIL(X,i+3) ,

then one has
(10.5.4) FTHT(X,1) @ FSHT(X,3) » F©'° m+n(x i+3)

for the descending filtration F’' on the limit terms associated to

10.5.2. If now z,.2, are homologically equivalent for H*(X,*),

then by definition cl(z ) € F1H21(X i) and cl(z ) €F H2J(X j) for

the absolute cycle classes. 1If the cupproduct is compatible with

the intersection product, then 10.5.4 implies cl(z -2z )EF quﬁj)

2(i+3) -1

X,1i43)

hence it is mapped to zero in R FTH (X,1+3) by definition of

FY . For the Hodge and the £-adic theory such a cupproduct exists
(see [Bei 2] 4.2 and (J1] §6), and hence principle 10.4 is a theorem
for these. For absolute Hodge cycles one could proceed in a similar
way, by using the absolute Hodge complexes of 6.11; instead we shall

deduce it by a different method, also valid for more general coho-

mology theories.

10.6. To prove 10.4 without using an absolute cohomology theory I
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need the following compatibility for the considered twisted Poincaré

duality theory.

r) For Y c X closed and U = XN\Y the following diagram of natural

maps commutes

Hy (X,b) ® Hy(X,3) > H,_, (¥,b-3)

b T Té

H (U,b) @ B '(u,3) —SH__ ., (Ub-3)

a- i+

s) For X smooth and projective of pure dimension d the cycle
map is compatible with the capproduct in the following sense: For

cycles Z., and 22 of dimension i and j on X intersecting properly

1
the diagram

n
T — 2Ty a-1-9)

+cl +cl +cl
z°(z,) @ z°(z2)mi—ecm%z°(z1nz2)

(z (z.Nz_,d-i-3)

1r2f

. 23, -
FHZ(d—i) d-i) ® Fsz(X,j)

commutes (Here the upper map is induced by the restriction

23 . 23 .
H °(X,3) » H (z,.3)
22 Z1022 1

and the capproduct).

For example, both things hold true for the absolute Hodge theory
6.11: this can be checked in any of the realizations, and is easily
checked for the £-adic theory.

Let z

1772
v = 1,2. Assuming r) and s), and that ® is an exact functor (this

’ 2 be as in 10.4, and let Z, be the support of z_,

\Y

is true, e.g., if T 1is a rigid tensor category [DMOS] II 1.16),

we get a commutative diagram with exact rows
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- 231 4y, 2j- id@sé 23
O = Hy g_yy(2;)@H (X)2Hy (g_5) (2)0H (X\Z ) Hy (3-4) (Z1)OHZ2(X)

¥ ¥ v

25-1 -1 1ags,, 23
0 =+ Hy gy (2)8HI 7 (2 ) H, 4y, (z,)o3 7 (z\2) Hy (qo1)(%1) 9 @)
v
=1
n Hy - l)(Z\z‘aﬂz (Z\2) n
¥Nn
0= Hy g i_4)+1%1) 7 Bygoiog)+1 B8 — Hygoi-y) (2)
¥ ¥ Il
O = Hy goj-g)+1 X > Hy(g-i-g)+1 (X2 > Hy(a-i-3) (2)

where we have omitted the twists and set Z = Z1 n Z2 . Hence we

get a commutative diagram with exact rows

) o2 (x)-m ) (@) @ -1(X\zz)~H ) (2,) oH2I (X) 0

O, (g-1) (3o 2(d-1 2(a-1) %)%z,

(10.6.1)  © iﬁ

-

O-H, (g-i-j)+1 (X) By @i 8 > By @)y > 0

where ( )O means "homologous to zero on X" and the vanishing
of the left maps follows via the projection formula. Thus, the
pull-back of the bottom exact sequence via N is trivial, and,
zz)
€ Hom](1’H2(d—i-j)(z’d-l—3)o) , since by s) it factorizes throughn,

consequently, the same is true for the pull-back via cl(z1

But the pull-back by cl(z1-zz) by definition is the image of z, -z

2i+25-1

1 72

in Ext}(1,H (X,i+3)) under the Abel-Jacobi map, which proves

10.4.

10.7. To deduce the non-injectivity of the Abel-Jacobi map from

2 as there such that 2,2,

is non-zero in CH1+J(X)®Q . First note that cycles in Pico(x) are

10.4 it remains to find elements zy,2

.1omologous to zero, if this is true for all smooth, projective
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curves C = X (use that elements in Pico(x) come from Pic® of curves
via algebraic correspondences). This will be the case for all "geo-

metric" theories; in any case it is true under each of the following

2

conditions: a) H" (U,1)

O for affine curves, b) H*(-,*) is Q-
rational, and HZ(A;,1) =0 = HT(Spec k,0) . Of course, it is true
for the theory of absolut Hodge cycles.

Assuming Pico(x) = CH1(X)O , we may use Bloch's result that

for an abelian surface X over an algebraically closed field k the

map
. O . o
(10.7.1) Pic (X) x Pic (X) - T(X)
induced by intersection is surjective, see [Bl 4] . For char(k) = O

one has T(Xka)OQ + O for suitable field extensions by Roitman's
theorem (9.11.3), since HZ(X,OX) = A2H1(X,0x) # 0 . As an example
in positive characteristic one has T(Xka)QQ = 0 by Bloch's theorem

(9.13) for X = E1xE2 ’ Ei elliptic curves over E‘p , not both of

them supersingular, and K the function field of X, since HZ(Q,QQ(1))
k

s Hz()—('%m)c = Nu? X010 , 2+ p

10.8. Remarks a) Other examples where 10.7.1 is surjective and
pg(x) > 0 are Fanc surfaces, see [Bl 1] 1.7.

b) In [Bl 1] lecture 1 Bloch conjectures that the converse of
Mumford's or his theorem (see 9.11.2 and 9.13) is true, or, equi-
valently, that H2 of a surface X is generated by algebraic cycles
if and only if AO(X) is representable (by Alb(X); note that T (X)
is torsion-free by Roitman's theorem [Ro2 ] ).

c) It is gquite likely that T(X) 1lies in the kernel of every
reasonable Abel-Jacobi map, but I have no proof for this.

d) Using Zarchin's proof of the Tate conjecture on endomorphisms
of abelian varieties in characteristic p > 0 , it is easy to show
the following: If k is a finitely generated field of characteristic

P >0 and X is an abelian surface over k , then HZ(Q,Q£(1)) =
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G
HZ(X,Q2(1)) k if and only if X 1is isogenous to a product of super-
singular ellipticcmm@sdefhwdoverZFﬁHence only in this case one ex-

pects representability of AO(X) and an injective Abel-Jacobi map.

§11. Chow groups over arbitrary fields

In this section we discuss the structure of Chow groups ex-
pected over fields with arbitrary transcendence degree. For a
smooth, projective surface X over €, Bloch ([Bl 1] Lecture 1)

considers a descending filtration F’ on CHZ(X) such that

erd cu’(x) = cr’ /a0 3tz (2)
erl cr®x) = a_ /10 %3 B x,0/m &,z ) + P,
erZ cu?(x) = rler’(x) =T(x) ,

and conjectures a relation between GréCHZ(X) and H2 , cf. also his
conjecture recalled in 10.8 b) above. He shows that the latter one
would be true, if the action of algebraic correspondences on
GréCHZ(X) factorized through homological equivalence.

The following conjecture of Beilinson is a generalization of

this.

11.1. Conjecture ([Bei 4] 5.10) Let k be a field. For smooth,

projective varieties X over k there is a descending filtration

F’ on CHj(X)
coer e () erVend (<. . .arerd (x) = el (x)

such that

a) FYCcHI (x)

b) Flcud (x)

O for v > 0,

CHJ(X)num = {zecnd (x) | z numerically equivalent

to zero} ,
c) FrCHl(X).FsCHJ(X) c Fr+sCHl+](X) under the intersection product,
4d) F¥ is functorial, i.e., respected by f* and f, for morphisms

f: X~>Y ,
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e) (note that by c¢) and d) algebraic correspondences act on
Gr%CHj(X) and that by b) this action factorizes through numerical

equivalence) Gr;CHJ(X)GQ only depends on the Grothendieck motive

w.r.t. numerical equivalence HZJ_V(X)

The last statement is conditional, since the existence of the
motive sz'v(x), as a direct factor of the motive H(X), see [K1l],
depends on Grothendieck's standard conjectures that numerical equi-
valence equals homological equivalence (for f%2-adic cohomology
H*(i,QQ(*)), 2 #char k, say) and that the Kinneth components
A(r,s) of the cycle class of the diagonal A <XxX are algebraic.
Part e) then means that

id , (r,s)=(2d-2j+v,2j-v) ,
alxe) Gr;CHj(X)Q ) o

O , otherwise ,
where d 1is the dimension of X (X connected, without restriction).
The conditions a)-e) are not independent; for example, property e)
automatically implies Gr; CHj(X)Q =0 for v > j:

11.2. Lemma (2Zssuming the standard ccnjectures) Under assumptions

b)-d), 4a(r,s) 1is zero on Gré CHJ(X)Q for s < j

Proof (compare [Bl 1] 1.9) By the hard Lefschetz isomorphism

HS(X) = HZd-S(X)(d-s), the correspondence A(r,s), factorizes as
A(r,s), = I',oT,, with T € ca?97S(xxx) and T' € CHS(XxX); but
then T, has image in CHd—s+](X):

crd (xxx) ——L— 74T (xxx)

Ty pry 7 wrz)*
. N
cHI (X) crd™s+3 (x)

and this group vanishes for s < j
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11.3. There are in fact more precise conjectures on the origin

of the above filtration F° . Namely, Beilinson conjectures that
there should exist a suitable tensor category with weights MM
and complexes RT(X,j) € Ob(Db(MM)) as in 10.5, which together
with versions "with support" gLZ(X,j) and homological counter-
parts RI'' (X,b) satisfy certain axioms (in short, analogues in
the derived category of the axioms of a twisted Poincaré duality
theory, cf. the axioms in [Gi] and [Bei 1) 2.3, in particular
pairings RI(X,1i) @ng(x,j) - RT'(X,i+j) inducing a cupproduct

on the cohomology) so that

i i .
(X,2) moHy, 5 (X,3) := B (RT,(X,3)) € Ob(MM) ,

X > (X, b) H__ (RT'(X,b)) € Ob(MM)

forms a twisted Poincaré duality theory with weights, and such
that for X smooth and projective the following holds:

a) The association XVW$'Q H;M(X,O)eQ € Ob (MM@Q) induces a weight-
preserving equivalence oflignsor categories between Grothendieck's
category of Q-motives over k (w.r.t. numerical equivalence) and
the subcategory of semi-simple objects in MM ,

b) the cycle map induces an isomorphism

cud (x) 3 2 (x,3) = Hm by (TR X3 123D,

c) and the (hyperext) spectral sequence (cf. 10.5.2)
p,d _ pP q : p+q ;
B2’ = R Tyufpf%3) = Hyy™ (X,3)

degenerates after tensoring with @

Then the filtration F° on CHj(X) would be defined by the
spectral sequence c), which assures the properties 11.1 ¢) and 4)
provided the cupproduct is compatible with the intersection of
cycles (compare 10.5). By a) we have F1CHj(X)=Ker(CHj(X)+FH;3(X,j))

CHJ(X)num, hence 11.1 b), and 11.1 e) is clear; in fact, by c¢)

we have the formula

Vand ~ RV 23j-v .
(11.3.1) GrpCH- (X)®Q = R'Ty H 4 (X,3) ® ¢ ,
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which makes more precise how Gr;CHJ(X)QQ depends on the motive sz'v(x)

2=
= }i‘%x,o) (part of the axioms is the existence of a Tate object
1(1) in MM , cf. [DMOS] II §5, such that RI,(X,j) = RI[,(X,0)(3)
and RT'(X,b) = RI'(X,0) (-b); in particular Hii_v(x,j) =

o3 TV (X,0) (3))
A category MM as above could well be regarded as a category

of mixed motives over k, and in generalization of b) above Beilinson

expects a formula

(11.3.2)  Hy(x,0(3) T Hy,(X,3) ® 0 , 1,3 € 2

for the motivic cohomology defined by K-theory, thus justifying

its name. To deduce all this from Beilinson's formulation in

[Bei 4] , let MM = M(Spec k,Z ) and R[(X,j) = Rf*ZM(j) for f:X-Spec k

with Beilinson's notation in loc. cit., so that

Y (X, 2,(3)) = Exty 2 0(Z,(0),2 (3))
_ i oy i .
= EXtMM(1 ,Rf*z M(J)) = HMM(XIJ)

11.4. Remarks a) A similar interpretation of Km(X)(j) in terms
of a category of mixed motives over k was also given by Deligne
[D10]
b) The following axiom would work equally well as 11.3 a):

a') Xvw»'e H;g(x,m(j)) is a Weil cohomology for which

j2o

the standard conjectures are satisfied ( cf. [K1l] ).

Here one has to modify the usual definition in an obvious way

(like in 6.1), so that the Weil cohomology now takes values in a

®-linear, rigid abelian tensor category.

c) Over a finite field k one expects F1Ha(X,Q(j)) = Ha(X;Q(j))O
= O , see §12. Over a global field k one expects Fth(X,Q(j)) = 0,
i.e., that there are "no motivic 2-extensions" up to torsion, a
statement which is implicit in Beilinson's conjectures in [Bei 1],

cf. also [Bei 2] 8.5.1, and explicit in [D10] . Here the spectral
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sequence 11.3 should become a short exact sequence

0 » R'TyyHy (X,2(3)) = Hy(X,0(3)) =Ty Hi (X,0(3)) » 0,
like for the Deligne cohomology, cf. 9.7 c). Since Gk has coho-
mological dimension two, one has to have a vanishing or a truncation
for Hz(Gk,-) to get f-adic cohomology close to motivic cohomology
here, cf. §12 and §13.
d) As Beilinson remarks, formula 11.3.1 can be refined to
(11.4.1)  cryerd ee = RV (e V) 51y
since CHj(Y) = 0 for dim Y < j . Here L° 1is the level filtration
of a motive (called N° in [Bei 4]), and one easily shows
(11.4.2) 13723V (x) 3 w237V (x) IV

for the filtration by coniveau N° ., Thus 11.1 would imply that

2d-v _ Nd—v+1H2d—v s

A_(X) is representable if H (X,0,) for

(i,Qg)
v=2,3,...,d = dim X , in generalization of Bloch's conjectures

and results for d = 2 .

11.5. Up to now there does not exist a definition (not even a
conjectural one) of a category MM of mixed motives with the
properties above, so one defines (absolute) motivic cohomology by
K-theory and studies approximations by various realizations. These
should be given by tensor categories with weights T (e.g.,

T = WRepc(Gk,Qﬁ) for finitely generated k , T = MH for k = ¢,...)
and complexes BIT,Z(X,j) » R['-(X,b) as above together with morphi:

of twisted Poincaré duality theories

Ht(X,Q(j)) 5 H%(X,j) (similar with supports),
(11.5.1)
M

! T
H, (X,@(b)) "> H_(X,b)
into the associated absolute (co-)homology (Ideally, r and r' would
be induced by 11.3.2 and functors of tensor categories ¢:MM > T
transforming the BLMM—complexes into BLT—complexes).

For smooth, projective X the spectral sequence
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(11.5.2) Eg'q = RpFTH¥

should degenerate as in 11.3 c¢), and we are led to study the maps

x,3) = #9x,3)

v i . v i-v .
(11.5.3) GrF(r)HM(X,Q(j)) - R FTH (X,3) R

T
where F(r)' = r 'F° for the filtration on H%(X,j) given by
11.5.2. The first two steps are given by the Chern characters
Hy(X,@(3)) > THL(X,3)
discussed in §5 and §8, and "Abel-Jacobi maps"
HL(X,0(3)) > RTons x5
cf. §9. For a finite or a global field this should suffice, cf.
remark 11.4 c). For fields of higher transcendence degree, however,
one must also consider the maps 11.5.3 for v > 2 , since F2 in general
does not vanish (e.g., F2 CHO(X) = T(X)) . In particular, for k = C
Hodge theory, and hence Deligne cohomology, is not sufficient to
catch motivic cohomology, since RvFH= O for v > 2 (see 9.3 b)).
The non-vanishing of F2 for smooth, projective X over big fields

k has the following consequence for smooth varieties. By 9.10 the

composition res or in the (conjectural) diagram

. ; .
Py (U@ (3)) =2 TrHL(U,3)

(11.5.4) res 4 Ires
i . r . .
Hy (U,@(3)) s H7(U,3)
is non-surjective for certain U ¢ X (and certain i,j). In parti-

cular (look at T = MM) the left restriction map will not be sur-
jective, and the spectral sequence 11.5.2 will not degenerate
for general smooth U/k. It is in this case better to treat the
geometric and absolute theories separately. Note that both T4
and r could be isomorphisms; in any case we should rather regard
the image of T¢ as the subspace of algebraic elements in
I HE(U,5)

In the rest of this section we discuss £-adic and Hodge theoretic

realization functors over arbitrary fields. Note that the existence
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of injective "regulator maps" Hﬁ(X,Q(j)) 3 H;(X,j) together with

the standard conjectures for the associated geometric theory H;(X,j)
would imply Beilinson's conjecture 11.1, by taking the filtration

F(r)" defined above.

11.6. Beilinson conjectures that the f£-adic realization functor is
faithful on MM - this corresponds to the injectivity of T¢ -
and on Db(M(S,Q)) for a scheme S of finite type over Z - this
would imply that

Hy(X,0(3)) » B, (X,0, ()
is injective for varieties over a finite field k , see §12 for
more precise conjectures. For arbitrary fields k é&tale cohomology
is too small (e.g., for k = E), and we use the following constructio:
Write X = lim Xa , with an inverse system (X ) of schemes of

wEA a’ a€A
1
finte type over Z [Z , with affine transition maps. Then

~i v i .
(11.6.1) Hét(x'QK(j)):- i%gl Hét(xa,Qz(J))

is well defined and independent of the choice of (Xa) by [EGA IV

Q€A
8.13.5, and one obtains a regulator map

i . ~i .
(11.6.2) r: HM(XIQ(J)) nd Hét(X'Qf_(J)) 14
since by [Qui 1] §7, 2.2

Km(X) = téﬁ K (X))

and this carries over to the Adams eigenspaces. Beilinson's conjec-
ture amounts to the injectivity of 11.6.2 (in fact, one should even
expect the injectivity of r@QQ) for smooth X . Note that Z .~

or Qz—cohomology does not commute with inverse limits, in contrast
to the case of finite coefficients.

11.7. Remark For extending ﬁé to a satisfactory theory as in 11.5

t

including a treatment of more general sheaves then Qz(j), one may

proceed as follows.
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Let RO be a ring, let R be an Ro-algebra, and let R be

the inductive system of its subrings of finite type over Ro . Let
FT/R be the category of separated schemes of finite type over R,

then for X € ob(FT/R) there is an R1 € R and a scheme X1 of

. : g = = '
finite type over R1 with X X1xR1 R . Let XR' X1xR1R for

R'" € R , R' > Ry and define an Ro—potential £-adic sheaf F

on X/R as an {-adic sheaf (F on the inverse system

R')R'DR

for some R, € R , R, 2 R,

one defines morphisms of these as morphisms of Ind-objects and ob-

(XR')R':Rz By using [EGA IV] 8.8.2
tains an abelian category, fibred over FT/R , such that

i . _ . i
Hét(X/R,Ro,F) = }3m Hcont(x
R 2R2

only depends on X and F , in a functorial way. For Ro = Z:[Z]

xt ¢ Fpo)

we simply talk of potential Z-adic sheaves and obvious have

~i . _ i . .
where the left hand side is defined as in 11.6.1 (R does not
have to be a field for this). From [EGA IV] §8 one easily obtains
the following properties.

a) Call an Ro-potential sheaf F = (F on X/R constructible

R')R':R2

if all F are constructible and there is an R3 =) R2 such that

R
the transition maps p*FR. - FF" for ©p: Spec R" - Spec R' are
isomorphisms for R' > R3 . If k 1is a finitely generated field,
then the constructible potential sheaves on X € ob(FT/k) can be
identified with a full subcategory of the category of constructible
£-adic sheaves on X , by sending F to its limit lé? pﬁ.FR, B
where Pgi X > XR' is the projection.
b) If f: X - Y is a morphism in FT/R and F 1is an Ro—potential
£-adic sheaf on X/R , then there is a spectral sequence

5’9 = WP (v/R;R R, = BPTI(X/RGRLF)
with certain canonical Ro—potential £-adic sheaves on Y/R. If R.o
is a Dedekind ring, qu* respects constructible Ro-potential

sheaves. If R = k is a finitely generated field, qu*Qz(j) can
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be identified with the usual sheaf qu*Qz(j) via a) (Use the ge-
neric base change theorem of [SGA 4 %] [finitudel) .

c) Hgt(_/R;Ro’Ql(*)) is part of a twisted Poincaré duality on
FT/R . (Define homology by

ét . _ . -a ! _
H " (X/RiR,Q (b)) = R}ﬁg Ho (X RETQ,(-b))

where fR,: XR' - Spec R' 1is the structural morphism and the
transition maps are induced by the "base change" morphisms of
[SGA 4 ] 3.1.14.2 ).

For obtaining the Poincaré duality of c¢) as in 11.5, by RI-
complexes in a suitable derived category of potential £-adic sheaves

on Spec k one may use the techniques of [J4] . The spectral sequence

11.5.2 will be the spectral sequence

P9 _ 44 i q.z . p+gq . :
(11.7.1) E2 H (k/k,Ro,H X, (3))) =H (X/KiR_,Q, (3))

from b) above, for Y= Spec k

11.8. Let us briefly discuss the Hodge realizations. As we remarked
above, Deligne cohomology is expected to be a good absolute coho-
mology for varieties over @ , but not for fields k with many
parameters. In view of 11.6 we may try to work with

H(X,0(3)) = Lim HY (Xgu %€ 0(3))
X/k = R, Ro = @ , R' running over the Q-algebras of finite type
in k , and XR,/R' as in 11.7, but it remains the question for

a filtration F° on ﬁ; such that Gr;ﬁ;(X,Q(j)) only depends on the

motive Hl_v(X), or even a category T such that

i-v

Grpfip (X,@(3)) = Ext](1,H™" (X) (3))

for the associated geometric realization H%

This would follow from a suitable theory of a Deligne cohomology
(or absolute Hodge cohomology) for variations of Hodge structures.
Namely, for X smooth and projective over k there is an R' = R1
as above such that Rq(fg.)*Q is a variation of Hodge structures
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for R' 2 R1 , wWhere fg. : Xi, - Sg. is the base extension to
C (over @) of f_,: X - Spec R' =S The theory should give

R' R' R'
a spectral segquence

D9 = wb(st, rUeL,) 0090 = wBYY0E, ey
which would provide the wanted spectral sequence and filtration
for ﬁ%(X,Q(j)) by passing to the limit over R' . The initial
terms should sit in a short exact sequence

1 -1,.¢C g,.C . ¢ g,.C . T cC
RUT P (s RUER) W0 3) o (s RHER ) L0(9)) » TP (sp,  BP(£21),00))

assuming that there is a canonical mixed Hodge structure on the
groups Hr(Sg.,Rs(fg.)*Q(j)) (this has not yet been established in

full generality).

11.9. Let us point out the analogy with the £-adic case. The
spectral sequence 11.7.1 is obtained as the limit over the spectral
seqguences
P9 _ ¥P a : NPtq :
ED By (Sgo /RT(ER0) 4@, (3)) = HE T (X, 00, (5))

Instead of the above short exact sequence there is a spectral se-

quence
r,s_ &r S ,o— 9,27 . ~r+S q .
E2 = Hét(Spec Q,Het(SR'yR (fR')*Qz(J)))aﬂét (SRIIR (fR')*QZ(j)) 1

but a further modification of ﬁz should in fact give short exact

t
sequences, too (cf. remark 11.4 c)). Here ER': XR' - §R' is the
base extension of fR' to @ (over @ )

To make the analogy even more apparent consider the case that k

is finitely generated, that R' has k as field of fractions and

that §R' is connected and an Artin neighborhood of Spec k , hence
an étale K(m,1) . Then

s & q,z _ S = q =
(11-9.1) Hét(sR"R (fR')*Ql) = Hcont("1 (SRI)IH (Xxkk'Qﬂ,)) 1

while

(11.9.2) B5(s§, RAEd . = B8 (nOP(sE,) md(xa 0,0))

where T denotes the algebraic and n?oP the topological funda-
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mental group (with respect to the base points induced by the generic
point Spec k - Spec R') . Note that n1(§R.) is isomorphic to the
profinite completion of n?Op(Sg,) and that this is compatible with
the actions on Hq(XxkE,QQ) and Hq(Xka,Q) via the comparison
isomorphism.

Thus the treatment of parameters (via the SR.) is quite parallel
and produces potential GQ—representations 11.9.1 and mixed Hodge

structures "over Q" 11.9.2, and the mystery lies in the correspon-

dence between the latter two, i.e., in the crucial case k = Q

Of course the solution of this mystery should be that 11.9.1

and 11.9.2 appear as realizations of the same mixed motive

over @ .



PART III

K-THEORY AND £-ADIC COHOMOLOGY

§12. Finite fields and global function fields

Let k be a finite field of characteristic p , let & be
a prime different from p , and let X be a smooth, projective

variety over k. Then one conjectures (seelBei 4] 1.0)

12.1. Conjecture The cycle map induces an isomorphism

. . G
cd(x) 8 @, 5l (X,0,(3)) ¥

for all j >0

Obviously this is equivalent to the conjunction of the Tate
conjecture B) and the conjecture that CHj(X)o , the subgroup
generated by the cycles homologous to zero, is a torsion group.
In fact, one should expect that CHj(X)o is a finite group. This
is known to be true for j = 1 (since for the abelian variety
glgg/k the group g;gg/k(k) = Pico(x) = CH1(X)O of k-rational
points is finite) and for j =4 , if X has pure dimension d
(see [CSS] théoréme 5).

By Grothendieck's isomorphism

k,x) 3 Zendx) e q,
conjecture 12.1 can also be reformulated in terms of K-theory,
or the motivic cohomology sz(X,Q(j)) = KO(X)(j) . For the other

K-groups one has (see [Bei 1] 2.4.2.3)

12.2. Conjecture (Parshin) Km(X) is a torsion group for m # O.

Again, these groups are in fact expected to be finite, since
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by a general conjecture of Bass they should be finitely generated.
This f£initeness is known to be true for dim X < 1 , by results
of Quillen [Q2] and Harder [Har 1].

One can combine conjectures 12.1 and 12.2 into

12.3 Conjecture For all 1i,j € Z one has

Gy

i . ~ i,z .
HM(X,Q(J)) ® 0, » H (X,0,(3))

Here the map is either the zero map or given by the Chern
character on the algebraic K-group. To see the equivalence with
12.1 and 12.2 note that

1,3 Gy
H (X,Qz(j)) =0 for i # 2 j

by the Weil conjectures, and that

{3

(i) _ 2j-m .

320 3>0
see [Bei 1] 2.2.
As in previous chapters we suggest to extend this to arbitrary

varieties Z over k; for smooth varieties this goes back to

Friedlander and Beilinson (see [Bei 2] 8.3.4b)).

12.4 Conjecture a) Let 2 be a variety over k , then
. G
M ~ &t = k
Ha(Z,Q(b))GQZ - Ha (Z,Qz(b))
b) Let U be a smooth variety over k , then
G
k

i . ~ i = .
HM(UIQ(])) ] Qz - Hét(U'QE(J))

Here the map in b) 1is given by the Chern character and in
a) by the "Riemann-Roch transformation" as constructed by Gillet,
cf. 8.3. Of course, b) follows from a) by Poincaré duality,
cf. 8.1 b), and b) trivially implies conjecture 12.3. For a con-
clusion in the converse direction we recall the following well-

known



191

12.5. Semisimplicity Conjecture (Grothendieck/Serre) The action

of Gk on Hl(i,QQ) is semi-simple for X/k smooth and proper.

More generally, one expects

12.6. Semisimplicity Conjecture for arbitrary varieties (cf. [D7])

W -
on GrmHa(Z,QQ)

a) For a variety Z over k, the action of Gk
is semi-simple for all a,m € Z .
b) In particular, for a,b € Z the eigenvalue 1 of the Frobenius

endomorphism on Ha(i,oz(b)) is semi-simple.

12.7. Theorem a) If resolution of singularities holds, then con-
jectures 12.3 and 12.5 (that is, Grothendieck/Serre + Tate + Parshin

+ CH'(X)OQQ = O for smooth, projective X) are equivalent to con-
jectures 12.4 and 12.6. The same holds if one only considers varie-
ties of dimension <d

b) Let 2 be a variety over k , Z' ¢ Z a closed subvariety, and

U = 2~2' the open complement. If, for a fixed b € Z , conjectures

12.4 a) and 12.6 b) are true for two of the varieties Z,Z' and U, they
are also true for the third one.

¢) If 12.4 and 12.6 b) hold for all smooth varieties of dimension

<d over k, they hold for all varieties of dimension <d

Proof b) Assume 12.4 and 12.6 b) for Z' and U, the other cases are

similar. In the following we set I' = G , Ha(§) = Ha(§’ml(b)) , and
HZ(Y) = H (Y, 0(b ))8Q, for short. In the exact sequence

~H, (©)-u (T $u (@) 8 H<6)+H (Z7) -

“*Hat a=1

NN

let Xa = Imgqg , Ya = Im B as indicated. By 12.6 b) for U and 2

the top row in the commutative diagram



r =T = T r
0~y > Ha(U) > Ha_1(Z') > X,.4 > O
+ ) bt
M M M
H (2) » H_(U) - H__,(2")

is exact. By 12.4 for U and Z' and exactness of the bottom row

r

the map Hg(z) - HS(Z)F > Ya is surjective. This shows the exact-

ness of

r =T r
(12.7.1) o - Xa . Ha(Z) - Ya + 0

Hence the top row in the commutative diagram
r

= T =T w5 T .
> Hy (@)~ B (ZD > H () H, (D) Hy_q(27)
4 4s + +3 'S
M Mooy o wMegy o oM LM N
Hy,q (U) > Hy(2') > HJ(2) > H (U) » H__.(2')

is exact, and we deduce the isomorphism Hg(z) 5 Ha(if with the
5-lemma. Conjecture 12.6 b) for Ha(i) follows from 12.7.1 with the
lemma below.
c) now follows by induction on the dimension, the case of dimension
zero being trivial. Given a variety Z , the induction step consists
in applying b) to a smooth, open, dense subvariety U< 2 and Z' =
Z~U . Note that we may take U affine, hence quasi-projective.
a) If one has resolution of singularities, one may use simplicial
varieties as in [J2] §2 to get a spectral sequence converging to
H,(Z,QQ) and identifying erHa(z’Ql) with a subquotient of
H1ﬁ§,Ql(v)) for suitable u,v € Z and a certain smooth and proper
variety Y of dimension < dim Z . By using Chow's lemma one may
even assume that Y 1is projective. Thus one can deduce the semi-
simplicity for 2z from the conjecture of Grothendieck and Serre.
Conjectures 12.4 and 12.6 b) for arbitrary varieties can be
deduced from the conjunction of 12.4 and 12.6 b) for smooth, pro-
jective varieties, again by induction on the dimension. First we
treat the case of a smooth variety U, by applying b) to a smooth
compactification X (resolution of singularities) and Z' = X~U

Then we get the result for arbitrary varieties by c).
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12.8. Lemma Let k be a finite field. Call a (finite-dimensional)
Qz-representation Vof T = Gk 1-semi-simple, if the Frobenius
eigenvalue 1 is semi-simple on V . Let
0O~+A->B~>C~>0

be an exact sequence of Ql-representations of T .
a) B 1is 1-semi-simple if and only if A and C are 1-semi-simple
and the sequence
(12.8.1) o »al =8 > cl >0
is exact. In particular, if

ces > Bl > B > B > ...
is a long exact sequence of QQ-F-representations, with Bm 1-semi-
simple for all m € Z , then

r r r

cee * B, B > B > ...

is exact.

b) If B has a weight filtration (i.e., is a mixed Ql—sheaf on

Spec k) and GrgB is semi-simple, then B is 1-sémi-simple.

Proof a) It is clear that 1-semi-simplicity carries over to quo-
tients and subrepresentations. If Fr € ' is the Frobenius, we have

an exact sequence

o-vli v FEVy Ly so0

r
for any representation V, so the snake lemma shows that
o ~ Ar > By~ CF + 0
is exact if and only if 12.8.1 is. The claim now easily follows

from the commutative exact diagram

A - B - C > 0

r r r
ta +8 t+y
o » Ar - Br > Cr
and the fact that V is 1-semi-simple if and only if VF >V is

r
an isomorphism.
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b) One has a T-isomorphism B= @ GrZB, and the eigenvalue
m

€7
1 only appears in GrgB (note that Ext}(B,B') = Hom (B,B')F ) .

Q£

12.9 Remark Let us singleout the two principles underlying
theorem 12.7:

a) The semi-simplicity conjecture implies that

: G
(X,2) myHE(R,Q, (5)) *

- G
X ryH (X0, (b))
forms a twisted Poincaré duality theory.

b) A morphism between twisted Poincaré duality theories is an
isomorphism in homology if it is an isomorphism for smooth varieties.
If one has resolution of singularities, the last question can be
reduced to smooth and proper varieties.

In b) it actually sufficies to have a weak form of resolution
of singularities: every smooth variety U has to contain an open,
dense subvariety V which has a smooth compactification. Homology
is better behaved than cohomology, since by the relative exact
sequence 6.1 f) one can cut any variety into pieces to study its
homology. For cohomology one encounters the problem that H;(X,j)

in general depends on the embedding of 2 in X 1if X is singular

(besides the problem that Ht'Z(X,Q(j»has not yet been defined
for singular X).

For the application of the 5-lemma it is very important to
have an isomorphism for smooth and proper varieties; if one just
has an injection or a surjection it is not at all clear how this
extends to arbitrary varieties. One encounters this problem,
if one tries to extend Beilinson's conjectures to arbitrary
varieties, since it is not clear how to extend Beilinson's groups
Ht(X/Z ,0(3)) to arbitrary varieties.

From theorem 12.7 we can deduce the following
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12.10. Theorem Conjectures 12.4 and 12.6 are true for dim Z<1 and

for rational surfaces (not necessarily proper or smooth).

Proof For a smooth and proper variety X of dimension <1 Parshin's con-
jecture is true as remarked above, Tate's conjecture is trivially

true, and the finiteness of CHj(X)O , J =0,1, is also known. Further-
more, the conjecture of Grothendieck and Serre is true for Ho and

2 (trivial) and for H1(§,Q2) = TEPic(R)GZ 0, (-1) by Tate [T2]

The case of arbitrary curves now follows wiﬁh 12.7, since one has
resolution of singularities for dim 2<1 .

reg

More explicitely, let 7 be the normalization of Z, let U =2

be the regular locus of Z, T = Z2~U, and T = Z<U. Then the exaxt

sequences
«o.>H_(T) - H_(2) » H_(U) » H__,(T) =~
(12.10.1) a ai 2 a1’
...#Ha(T) - Ha( ) - Ha(U) - Ha—1(T) -+ iy,
where we have set Ha(Y) = Ha(?,QQ) for short, show
Y ~ W ~ I~
Gr_1H1(Z) = Gr_, H (U) = H,(2) ,
W W ~
Gr, H,(2) ¢ GrOHo(U) < H,(T)
Now GrzH1(Z) =0 form % O,-1 and
[ Ql(d)C(Y) , a=d:= dim Y ,
(12.10.2) H_(%,Q,) g, e , a=0,
(0] , a>2d or a < 0 ,
for a variety Y , where C(Y) (resp. Cc(§)) is the set of irreducible

(resp. compact connected) components of dimension d of Y (regarding
the Galois action on these!). This shows the semi-simplicity for 2Z;
for 12.4 and 12.6b) one may just apply 12.7b) to 12.10.1.

A rational surface Z is birationally equivalent to a varigty P =
E’i_u...u_n’i , i.e., there is some dense open subvariety ZgUéP . Since
all conjectures are known for P(see 14.1), and for Y=2~U and Y'=P~U
by the first step, we obtain 12.4 and 12.6 b) for 2z by applying 12.7 b)

twice. For the semi-simplicity look at the exact sequences
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ce. > H (YY) - Ha(Z) - Ha(U) - ... '

i '
<. > H (P) H(U) - H _ (Y') - ... .

We may choose U affine and such that the map j* is zero for a=2,
since HZ(I>§,Q£(1)) is generated by the class of a hyperplane section.

Then Ha(U) = 0 for a<l , and Ha(U) - Ha (Y') 1is injective for a =

-1
2,3,; note that H3(P) = O . We obtain

\% \\
Grmﬂa(Y) - GrmHa(Z) for a=0,1, me€ =,

W. w W '
GrmH3(Z) < GrmH3(U)C» GrmHZ(Y ) for me Z,

\J . W . W ' = -
GrmHz(Z) < GrmHZ(U)- GrmH1(Y ) for m= 0,-1,

) \4
Gr_,H, (Y) = Gr—ZHZ(Z) ’
\
GrmHZ(Z) =0 form # 0,-1,-2 ,
using the bounds for the weights given by the formulae in 6.5a). To-
gether with 12.10.2 we have reduced the question to the known cases

of Y and Y'

12.11. Remark For a variety (resp. a smooth variety) of dimension
d over k , the right hand side in conjecture 12.4 a) (resp.

12.4 b)) vanishes for a < 2b or a > b+td or b < O (resp. i > 2j
or i <3j or j > d), see 8.12 (resp. 5.11). For the left hand
side the vanishing is known for a < 2b or b >d or b > a
(resp. 1 > 23 or j <O or 1i > j+d), by results of Suslin

and Soulé, see [Sou 3] Théoréme 8 - where the condition "j<-n"

has to be replaced by "j > n" (resp. loc. cit. proposition 5).

For any field Beilinson and Soulé conjecture a vanishing for

a > 2d (resp. i < 0), see [Sou 3] 2.9 and [Bei 1] 2.2.2.
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b A jp s
//
a+ \5 ar
” ."b
y 2 Y > -2 /
0 ” x Y
¥ 3% >
” A N7 5
, <
a 2d  a //// a 2d

(resp. a smooth variety) of dimension

12.12. Theorem For a variety

d over the finite field k , conjecture 12.4 a)

is true for (a,b)

(resp.

12.4 b))

(24,4)

14

(28-1,4-1)

or (0,0)

(resp.

(1,3)

(0,0),

(1,1,

(24,4))

Proof

case follows by Poincaré duality. The case (24,4d)

We have only to show the statement for

12.4 a), the other

is clear,

in

fact, the cycle class induces an isomorphism

Zd(Z)QZZZZSL = CHd(Z)QZZZZ

The case (24-1,4-1)

L

we have a commutative diagram

follows from 8.13.5:

> Hya (2,2 (d) » Hyy (2,2 ((d))

Gy

with the notations there

S

1

o - Hcont(Gk,sz(Z,EQ(d—ﬂ)) > Hya(2,2Z (a-1)) ~ HZd_1(Z,z£(d—1)) >0
S +$ +$
x 2 . o (e x .
o~ ( ® k )@Z - Ed,_d+1(4)®zg (Ed,_d+1(z)/® k ) @Z>0,
*X€Z (q) X< (&)

since the groups

an isomorphism
M

x
kX

are finite.

2

For the same reason this induces

Gy

Hoa-1

(Z,®(a-1) )@QQI, = E

d,-d+1

coinciding with the transformation Tt

The case (a,b) = (0,0)

of Bloch and Ogus

follows with the spectral sequence
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1 - R =
Ey,q(0) = x&( | Hopg (X0 2 (0)) = H_ (2,2 (0) ,
P

where by definition
Ha(x,z l(b)) = l%m Ha(U,Z l(b))

the limit running over all open subvarieties U < {x} . Now one

has
EZ
P/q
as follows easily from the smooth case by excision for the Ez-terms

(b) =0 for gq <O

(cf. [Gi] §8), where it holds since Hq(z 2(j)) , the sheaf asso-
ciated to l_Jm>Hq(L—I,ZZ£(j)) , vanishes for q > & by ([Mi] VI 7.1).
Therefore Eg’o(o) is isomorphic to HO(Z,B z(o)) . On the other
hand, Bloch and Ogus show that

2 _ - -
EO,O(O) = ZO(Z)/N1ZO(Z)

with N _Z (z) = {a € ZP(Z)I there exists Y € 2 (z) such that

P p+r

Supp(a) < Supp(z) and cl(a) = O 1in Hzp(Y,ZQﬁp))} (see [BO]
7.2, where in fact the index p+r in (7.2.2) has to be replaced
by p+r-1). I claim that the image of N1ZO(§) in CHO(E) is
torsion. Obviously this has to be checked for d =1, i.e., for
a curve. But then it follows, e.g., from 12.10. We obtain an iso-
morphism

CH_(Z) ® @, > H_(Z,0,) ,
which implies the claim, since

~ - Gy
CH (2) @ @, > (CH_(Z) @ Q)

12.13 Now let k be a global function field, that is, an algebraic

function field in one variable over a finite field E‘q . Without
restriction we may assume that E‘q is algebraically closed in
k . Then there exists a smooth, projective, geometrically connected
curve C over E‘q with function field k

If 2 1is a variety over k , then there exists an open sub-

variety W < C and a flat model l, of 2 over W (that is
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~

f: Zw - W flat, of finite type, with wawSpec k = Z). Two such

models become isomorphic over a suitable open subvariety W' (see

[EGA IV] 8.8.2.5).

12.14. Definition Let & # p = char k be a prime and let k=

k e ﬁ;q . Call a (finite-dimensional, continuous) Qz—representation

vV of Gk arithmetic, if it comes from a smooth Qz-sheaf over some

W as above (that is, if Gk - Aut (V) factorizes through n1(w,Spec k)) .

In this case let

~\) _ . \V} -
E (k,v) = l%m Hcont(n1(U,Spec k) ,v) ,
v o \V = =
(k V) = l%m Hcont(ﬂ1(U,Spec k) .V)

where the inductive limit is over all open U c W , and U = Ux]F ij
q

12.15. Remark In the notation of 11.7, V is just a potential

sheaf on Spec k, and

%Y (x,v) = B’ (Spec k/KGTF V)

ﬁv(km,v) = B’ (Spec kw/km;ifq,v)

12.16. Theorem Let 2 be smooth over k , and for U < W open, with
1

th 1 = = -
e notations of 12.13, let ZU wawU £ " (U)

a) If conjecture 12.4 is true for (i,j) and ZU' for U running through
a cofinal system of open subvarieties of W, then there is an exact

sequence

~1 j~-1 = . : ) r, . s G
0~ (k,, H (20,00 bHgz,eGee, ' wtE,0,0) K,

~

with = Gal(k_/k)

Gal(F /TF
( q/ q)
b) Let U c W be open such that ZU is smooth and le*QZ is

smooth over U . If

i . i 3 . r
HM(ZUIQ(J)) ® Qz g Hét(ZU’Qf_(J))

. . . i 3 . . . . 5
is surjective and Hét(ZU'QQ(J)) is 1-semi-simple (12.8), for ZU =

ZUXJF qIE_‘ q "’ then
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. . G
. 1 . 1 =3 . k
ri,j- HM(ZIQ(j)) ® Qz nd Hét(Z'Qﬂ(J))

is surjective.
c) If for some U as in b) and some closed point x € U
i . i . i 3 .
is injective, Zx = Z.x.k(x) the fibre of f over x and 7x

u'u

= 7 x F , then the same is true for
X I‘q q
i . i . iz .
ri,j‘(HM(Z'Q(J))/HM(Z’Q(J))O) @ Qz ad Hét(Z'QK(J)) '
. . . G
where we set Hy(2,Q(3)) = Ker(ry J:Hy(2,0(3)) = Hz, (Z,0,(3)) ky |

similarly for Zx .

d) In particular, if conjectures 12.4 and 12.6 b) are true for

one ZU and all fibres ZX , X € U closed, then

. : : G
i . i . ~ i 3 . k
ry,yr Hy(2,00))/Hy(2,0(3)) )80, > Hyy (2,0, (3)) and

ats

i . ~ ~1 i-1,z . r
i,j: HM(Z’Q(]))O ® Q[ hnd H (kw'Hét (Z,QK(J)))

are isomorphisms for all i,j € Z , and all Tate conjectures are

true for zZ .

Proof a), b): We may assume that U is affine; then cdl(ﬁ) <1
(see [Mi] VI 7.2) and hence the Leray spectral sequence for f
gives an exact sequence

o-u' (0,8 7 £,0, (3)) -8 (7,0, (3)) ~» (TR E,0,(3)) = O
We obtain an exact sequence

o-u' (0,1 T e,0, 50 Tt (L0, 60T - B0 R L0, 0 T

(12.16.1) Tch

Hy (2,,0(3))

with the Chern character as indicated, where the right vertical
map is surjective if Hi(iu,Qz(j)) is 1-semi-simple.

By Deligne's generic base change theorem ([SGA 4 %][finitude])
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the sheaves va* Q2 are smooth if U is small enough; then they

can be identified with the ﬂ1(G,Spec ky=: ﬂ1(6)-representations

v _ 4V, = . .
(R f*QQ)Spec K= H (Z’Ql) and the diagram 12.16.1 with the following

one (cf. [Mi] V 2.17)

i L (n (@), et Z,e, T - et L0, 60T - BN (E,0 rnﬂ“m
cont T1'F) 1@p 13 ur¥y I TR
(12.16.2) Tch
i .
i (2,,06))

By passing to the limit over the U we get a commutative exact

diagram

G

~1 i k

o-f' (k_,H '1(2,Q£(j))>ra1%m B (7500, -+ BY(E,e,(9))

(12.16.3)Tri,j®cnZ Tch ) //////’ri,jeoz

i . i . i : i .
O+H, (2,0(3)) (@, » Hy(Z,0(3))eQ, -(H,(2,0(3))/H;(2,0(3)) Je, » 0,
using that
J=-1

(3) — 15 (3)
(12.16.4) Kpj-i (2) = l%m Ky (Zy)

cf. [Q1] §7, 2.2. The assumption of a) implies that ch ®Q£ is an
isomorphism, so the statements of a) and b) are clear.

For c) we use the commutative diagram

r.

i . i,3 i 5 .
Hy(Z,.03)  —ds  Hz (Z,,0,(3))
(12.16.5) sp sp
i dl Ti,3 i :r
Hy(z,0(3) 2y Hy (Z,0,(3)) ,

where sp 1is the specialization map in étale cohomology - which can

be obtained as the dual of the generization map for cohomology with
compact support, cf. [DV] exp. O , 4.4 - and where SPy is the speciali
zation map in motivic cohomology. The latter one can be defined as
follows (cf. Gillet's construction and remark on K' in [Gi] 8.6 ff.):
for V c U open, sufficiently small, let t € O(V)x be a local para-

meter at x € U , and also denote by t the corresponding element in
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HL(V,Q(1)) =0(WV)" @@ (cf. 6.12.4 e)). Then t maps to the fundamenta

class of x under 6 in the exact sequence

1 1 5 2 2
+ Hy(U,001) = Hy(V,@(1) 2 Hy ,(U,@(1)) - H{(U,Q(1))

Z = UNV, and one defines a map

spy: Hy (2,00 Y w2 eG4 S ka6
where & comes from the exact sequence
e A E T TE R P DI v S A YERR PR FENCNLICUTIE NP
12
e  Hi(Z,00))
XEUNV

This depends on the ch01ce of t, but the induced map spM on

HM(Z @(3)) = lém HM( vr@(3))
does not. The same construction can be carried out in étale cohomology,
with t replaced by its first Chern class tét
for the commutativity of 12.16.5 it remains to show that
)éo(-Uf*(tét))

€ H, (V Q£(1) , and

i3 i s .
Hy (ZyrQ, (3) Heo (2,00, (3))

\\\8 ///é;
iz .
Hzy (2,25 (3))
commutes. This follows from the compatibility of specialization with

cupproducts, with similar arguments as in [DV] exp. VI, 3.6.

Now c¢) is clear from the commutative diagram

Hy (2, Q) /B2, 0G3)) < Hi (2,,0,(9))
) tsp

HE (2,0(5)) /8E (2,0(5)) — u (Z,0,0(3)

M r J M 1 J o ét I Z j r

in which sp is an isomorphism by the smoothness of le*Qt
d) is now clear from a)-c) and 12.7 b): by induction it follows

that conjectures 12.4 and 12.6b) hold for all VcU, and if in

V I

the diagram 12.16.3 ch 80, is bijective, then f; jQQZ is an isomor-
7

phism if the right vertical map is injective.

12.17. Remarks a) A similar theorem holds for arbitrary varieties
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and homology. The specialization map for étale homology is the dual of
the generization map for cohomology with compact support, and for the

motivic homology one has to use the pull-back morphism f* for the flat

map f(cf. 14.4 below). Formula 12.16.4 becomes
M v M
Hy(2/2(0)) = Lim B, (25,Q(b+1))

and follows from [Q1] §7 (2.4), and everything can be proved by considering
cohomology with supports.

b) If 2 is smooth and proper, then
G

Hi(i,%(j)) k<o for i # 23 ,
1 i-1,= . i<2j-1
| Hoone ™ (B0
oot Tz, N’ =
B oooutT Nz, 1= 23-1,
0 ’ i > 23

In fact, one has a Hochschild-Serre spectral sequence
1 1 Y 1 7es1
ol (0 HTE,0,(50) K 0, T (00,3000 ki @,e, 3900
and HI(E,QQ(j)) is pure of weight r-2j , implying the first claim and

the vanishing of

. G G
1 i-1 5 . Kooy _ i-1 Ke
Hcont(F’H (Z,QQ(J)) ) = (H (z, @, (3)) %
for i-1 # 2j . The map
i o, ut T (E,0,00 B et E,e, 00
! it} cont "k’ et
is injective, and an isomorphism for i #% 2j-1 , see [J3] lemma 4

. . 1 = i-1 _
Finally, for U as in 12.16 b), H__ . (7,(0) , H (z, ®,(3))) =
i (fI,Rl—Tf*Ql(j)) is mixed of weights >i-2j ([D9] 3.3.5),

SO

B, w7z, = 0 for i > 23

The above investigations suggest the following conjecture,
which sharpens and extends the conjectures 8.5 and 9.15 (for a

global function field k).
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12.18. Conjecture a) Let 2 be a variety over %k , and for
G

a,b € @ 1let Hg(Z,Q(b))o = Ker(ré'bzu”;(z,q;(b))»Ha(i,q;(b)) Xy
(cf. 9.4). Then
iz, om)) /5" z,0m)))e H (2.0, (b)) K
a ’ a ' Q‘e ind a 'QI_( ))
~, LM ~1 [T r
ra,bQQQ- Ha(Z’Q(b))o ® QQ, - H (kera+1 (ZlQl(b)))

are isomorphisms.

b) In particular, for X smooth and proper over k ,
~, ol . ~1 i-1 3 .
Chi,j ® Q) HM(X,Q(J))QQ2 - H (k,H (X,QQ(J)))

is an isomorphism for i < 2j , and the Abel-Jacobi map

1 23-1

' . cgd
cl @, :CH' (X) @ @, - H__ .

(G, 807N (X, 0, (1))

is an isomorphism for j > O

12.19 Remark Formally, part b) can be expressed for all i,jeZ

by saying that

1

Hy(X,Q(3)) ) © @, » ' (k,w_ 57 (X,0,(3)))

should be an isomorphism for all i,j € Z . If Hl-1(i,Q2(j))
is semi-simple, one has

1

S.S.
S, (k,Ql)

where Sz’s(k,ol) is the category of arithmetical Qg—sheaves

i-1

# w1 (R,0,(5))) = Ext (@ 1 7 (X, 0, (),

F with weight filtration on Spec k, for which the GrgF are semi-
simple. The motivic interpretation of this (compare §11 ) would
be that the 2-adic realization functor is faithful and that there

are no motivic 2-extensions over k (up to torsion).

12.20. Theorem a) Conjecture 12.18 is true for smooth varieties

X and (a,b) = (2d-1,d4-1) or (24,d) , d = dim X

b) Conjecture 12.18 is true for X = Spec k .

Proof a) This follows from 12.16.3 for (i,j) = (1,1), (0,0):

By 12.12 the middle vertical map is an isomorphism, and for (i,j)
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= (1,1) the right vertical map is an isomorphism by 5.16.

b) This again follows from 12.16.3. With the notations

there we may take ZU = U , and by 12.10 the middle vertical map
is an isomorphism. If i % 0,1 , or if i = O and j *# O , then
all groups vanish. The case (i,j) = (0,0) has been treated above.
For i = 1 we have H1(Spec E,Qz(j)) = O , hence H&(Spec k,0(3))

= H;(Spec k,Q(j))o) and the claim follows.

§13. Number fields

In analogy with the conjecture 12.18b) for global function

fields we conjecture the following.

13.1. Conjecture Let k be a finite extension of @, let X

be a smooth projective variety over k , and let £ be a prime.

Then the map

i-1 3 .
(G H T (X,0,(3)))

i . 1
HM (XIQ(J) )®QQZ nd Hcont

ri'j=
induced by the Chern character is an isomorphism for i < j and in-

jective for i = j , (i,3j) # (0,0)

For further discussion and motivation we refer the reader to
[J3] §2, where this conjecture is stated for i < j . If in analogy

with 12.14 we define

w0, (5)) = B Gk E (R, 2y ()

(13.1.1)

. Y i, s .
l%m Hcom(n1 (U) ,H (x,ng(J))) '

where U runs over all open subschemes of Spec Ok\s , with Ok
the ring of integers and S a finite set of primes of k.containing

all those above 2 or where X has bad reduction, then we have

o ocEt &0, B w] 6.t (R,0,())) for i 251,

see [J3] lemma 4. In that paper we also discuss the following
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13.2. Conjecture For X/k as above one has

#2(k,ut (%, (3))) = 0 for i+l <3

In view of the spectral sequence
59 = W0, n% (X, 0,90 = B x,2, )

(c£.11.7.1) and the fact that

_ Gy
#1(X,@,(3)) “ =0 for q =23,

conjecture 13.2 is equivalent to

13.2'. Conjecture For X as above one has

B e, 0 3 E G T &0, ()

for i <3, (1,3) # (0,0)
Hence we may combine 13.1 and 13.2 to

13.3. Conjecture For X as above the map

i . ~ .
HM(X,Q(])) @QQQ - H (X,QK(J))
induced by the Chern character (cf.11.6.2) is an isomorphism

for i < j and injective for i = j
We want to extend this to arbitrary varieties.

13.4. Theorem a) If 13.2 is true for smooth, projective varieties
of dimension <d then for any variety X of dimension @ over k
ﬁz(k,ﬂa(i,Qz(b))) = 0 for a > d+b+1
b) If 13.3 is true for smooth, projective varieties of dimension
<d, then for any variety X of dimension d over k the map
HY (X,0(b)) @0, > H_ (X/k,0, (b)) =: F, (X,@, (b))
(cf.11.7.¢) is an isomorphism for a > d+b and injective for

a = d+b
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For the proof we use the following lemma.

13.5 Lemma Let X be a variety of dimension d over k, let Y < X

be a closed subvariety such that U = X\Y 1is dense in X

a) If ﬁz(k,GrgHa(f,Qg(b))) =0 for a > d+b+1 and Z = Y and one
of the varieties X and U , then this vanishing also holds for

the other one.

b) If the map in 13.4 b) has the property stated there for Y

and one of the varieties X and U , this property also holds

for the other one.

Proof a) We have a long exact sequence

] bt \ bvd W = W S
..+GrmHa(Y,QQ(b))»GrmHa(X,Ql(b))+GrmHa(b,Q2(b))+GrmHa_1(Y,Ql(b)),
and since this belongs to a sequence of polarizable motives for
absolute Hodge cycles (cf. 6.11.1), it can be split into a series
of split short exact sequences. This shows that the sequence remains
exact after applying the functor Hz(ﬁ,-) . This implies the claim,
since a > d+b+1 1implies a-1 > dim Y +b+1 .

b) We have a commutative diagram of exact sequences
<.=H (Y/K,@, (b)) -H, (X/k,@, () )=H_(U/k,@, (b)) - H__, (¥/k,Q, (b))~...
4 + + +
-8 (v, 0 ) 00,-8" (x,0(0) ) 80,-1" (U, b)) 00, - B (v,00))00,-
tThatt! L a ! £ at ! £ a-1""" L

so the claim easily follows with the weak four-lemma (see [ML]
I. 3.1) and the fact that a > d+b (resp. a = d+b) implies a-1 >

dim Y + b and a-1 > d+b (resp. a > dim Y + b and a-1 > dim Y+b).

Proof of 13.4: With induction on d, the induction claim for

13.4 a) being that

~2 W by —_
H (k,GrmHa(X,Qz(b))) =0
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for every m € Z provided a > d+b+1 . The case d = 0 1is trivial,
and for d > O we first show the claims for smooth quasi-projective
varieties U . Choosing a smooth, projective compactification X o U
and letting Y = X\U, the induction step is given by 13.5, since the
claims coincide with 13.2 and 13.3, respectively, for X , by Poincaré
duality and purity. For an arbitrary variety X we choose a dense,
open smooth quasi-projective subvariety U for which we getthe result

by the first step. The induction from Y = X\NU to X now again

follows with 13.5.

13.6. Remark By the Hochschild-Serre spectral sequence for homology,
statements a) and b) of theorem 13.4 together would imply that

the map

S8 (x,H

M -
H (X,@(b)) € (X,Q, (b))

o%¢
is an isomorphism for a > d+b and injective for a = d+b, (a,b)

a+1

#(2d4,d) . Conjecture 12.18 a) would imply exactly the same in the

function field case.

13.7. At the end of this section, let us discuss the relation with
a general conjecture of Beilinson on K-theory and f%-adic cohomology
([Bei 4] 5.10 D)vi), but note the misprint in the definition of
Héine(s,z/ ln(i)) in the last reference, where Rm,Z /Qn(i) should
be replaced by T<iRn*z /Rn(i))

For a regular scheme X 1let a: Xét - XZar be the canonical
map from the é&tale to the Zariski site of X, and let % be a prime
which is invertible on X . Beilinson notes that the complexes

of Zariski sheaves

A/ (3) = T jRO4Z /2% ()

satisfy Gillet's axioms for a twisted Poincaré duality theory

provided Grothendieck's purity conjecture (s. [SGA 5] I 3.1.4) is
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true. Assuming this one gets Chern classes from K, (X) into
flne(X z /2" (3)) Zal,(x a/2™(3))
factorizing the Chern classes into Hét(x,z /ln(j)) via the
canonical map induced by
T ]Ra z /9" (j) = Ra ZZ/!L (3)
Beilinson conjectures that H*.ne(X,Zl/ln(*)) is the "motivic coho-

fi

mology with Z‘/Qn—coefficients“. The meaning of this statement can
be expressed in three (related) ways.
1) Beilinson conjectures the existence of complexes of Zariski
sheaves Z:M(j) on X satisfying certain axioms (including
Gillet's ones) such that via the Chern characters
(13.7.1)  HE _(X,Z,(3) @ @ ¥ Hy(X,0(})
i.e., Zar(X 7z (j)) can be regarded as an integral motivic coho-
mology. The above conjecture then claims that there are canonical
quasi-isomorphisms

8/27(3) = Cone(Z ,(3) g Z (3))
In particular this would give long exact sequences

n .
(13.7.2) ...oHE (x,m (j))!'-H;ar(X,?Z (3))-BE. (X, /LR (5) ) men .

fine
2) For a variety X over a field k Bloch and iandsburg defined
higher Chow groups CE*(X,*) , and in [Bl15] Bloch gives much evi-
dence for the conjecture that for a smooth variety

(13.7.3)  Hy(X,z (3)) = cu? (x,25-1)

is the correct version of integral motivic cohomology. Bloch in
particular proves that

i . ~ i .
(13.7.4)  HYX,Z (3) 8,0 T Hy(X,0(3))

and that there is a cycle map from the groups 13.7.3 into any
reasonable cohomology theory [BlL 6] . By the same arguments as
in [Bl 6] one gets a cycle map for regular X

Hy (X, /2" (3)) 1= OB (x; /2" 23-1) = B, o (X,2/ 27 (3)

fine

and Beilinson's conjecture can be stated more concretely as the

conjecture that this map is an isomorphism for all n,i,j € Z
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and all smooth varieties X, cf. the statements in [MS 2]
3) One can show that one actually gets Chern classes

x,z M3 5wt x,m G,

2] i flne

and Beilinson's conjecture claims that this map is an isomorphism
up to "small standard factorials" (those necessary to define the
Chern character).

Grothendieck's purity conjecture is unproved yet, but one
can use Thomason's result that the purity conjecture is "almost"
true for reasonable schemes [Th] . It implies that for schemes
X of finite type over Z

(X,0, (3)) = (Lgm v, x,z /2" e

Q
z . 2

is part of a twisted Poincaré duality theory and that there are

flne flne

Chern characters

(x) (X, @, (3))

1
K2j-i Htine

Together with Bass' conjecture on the finite generation of the
K-groups or similar conjectures on the finite generation of inte-
gral motivic cohomology, Beilinson's conjecture (in any of

the three formulations) would imply that the induced map

Hy (X,2(3)) 8.0

2% flne(XQ (3))

is an isomorphism for all i,j € Z and X regular, of finite
type over Z . For a smooth variety X over a field k this would

imply isomorphisms

i . i .
Hy (X,0(3)) 8,2, » gy (X, Q,(9)

where ﬁ (x, Q, (3)) is defined as in 11.6 , as 1lim yt (XMQQG)

fine z fine

for X = 1lim Xu , with Xa of finite type over Z .
a
Now the exact triangle
T jRUZ /2% (5) > Re,z /2" (5) T, §ROLZ /2R (5) -

gives rise to a long exact sequence
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M H%;;(X'R-R&*?Z /2" (3)) > Hy (X, . Ra,@ /2" (3) +

J Zar Jj
| 1f i<j+1 Il
i n,.
0 Hj o (X0 Z /27 (3))
i n,. i n,.
- HZar(X,Ra*Z /2°(3)) ~ HZar(X’T>jRa*z /27(3))~>
1l I[if i<3
i n,.
Hop (X, 2 /27 (3)) 0
Hence the map
i n,. i n,.
Heine (X, Z /27(3)) » Hg (X,2Z /27 (3))

is an isomorphism for i < j and injective for i = j+1 . Concluding,

Beilinson's conjecture suggests the following one, sharpening 13.3.

13.8. Conjecture If X 1is a smooth variety over a field k, and

if £+ char k is a prime, then

i . =i, .

Q
is an isomorphism for i < j and injective for i = j+1

13.9. The relation between H;ine(x’z /ln(j)) and Hit(x,z /En(j))
is highly non-trivial for i > j . Since the hypercohomology spectral
sequence for Ro,Z/ Qn(j) is just the spectral sequence for the
coniveau filtration N°([BOJ]6.4 and footnote), the truncation T<j

in a certain way means to force the condition

(13.9.1)  ®Y(x,9) = v It (x,9)

upon the considered twisted Poincaré duality theory. This should

be compared with the remarks in 5.24: condition 13.9.1 is a necessary
condition to get a cohomology theory close to motivic cohomology.

The various conjectures I made for finite or global fields try

to calculate HEine' i.e., the coniveau spectral sequence, in terms
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of the f£-adic realizations - compare the Tate conjecture and its
generalization due to Grothendieck. In fact, the case of cycles
and i = 2j 1is the extreme case, where Beilinson's conjecture gives

no information at all.

To see this, let Hi(Z /ﬂn(j)) be the Zariksi sheaf associated
to Ub Hi (U,Z/,ﬂn(j)) , then we have (assuming purity)
q n =
Zar(x Hi(z /27 (3))) o, P >q.
P _ P n
Zar(x HE (Zz /K (p))) = CHY(X) /%

by (the proof of) [BO] 7.7, and hence

flne(x z /" (j)) = 0 for i > 23 ,
2] . ~ b) n
flne(X E,/l (3)) = CH (X) /%
as remarked by Beilinson in [Bei 4] . Consequently, Beilinson's con-

jecture (formulation 2)) is "trivially" true for i = 2j, and here

the mystery lies in the map

T3]

23
HED o (X, z /9" (3)) = HZ) (X, z/ 2™ (3))

13.10 Remarks a) If one assumes purity, then one has a Bloch-Ogus
spectral sequence for étale cohomology (this is sometimes referred to
as Gersten's conjecture for étale cohomology). From this spectral se-
quence one easily deduces that Beilinson's conjecture (formulation 2)
is equivalent to having (cf. [MS2])

cud (F3z/ 2", 25-1) T uiE,m/ 0" L 1<,
for all fields F/k (Note that trivially CH (F;jz/2",3) = O =
(F, Z,/Q (j)) for i > j) . In this sense, the conjecture is

flne
of "arithmetic"nature, while the determination of H%ine(x,z,/ln(j))
- Hi(X,ZZ/ln(j)) for j < i < 2j - related to the coniveau filtra-
tion - is of "geometric" nature, cf. the picture in 5.24.
b) Lichtenbaum has conjectured the existence of certain complexes
of sheaves T (j) for the étale topology with certain relations to alge

braic K-theory [Li 1] and constructed candidates for j < 2 [Li 2].

By the triangle axiom (loc. cit.) and the implied sequence
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: n .

i . A i . i n,.
--"Het(xrr(])) nd Het(x’r(J)) - Het(x'z/l (J))" PRI
the groups H;t(X,F(j)) are rather related to étale cohomology (i.e.,
can be thought of as "étale cohomology with Z -coefficients”) and are
quite different from motivic cohomology. But in compatibility with
Beilinson's conjecture Lichtenbaum conjectures quasi-isomorphisms

z M(j) o~ T<jRu*F(j)

and showsthat this together with his "Hilbert 90" axiom would in fact

imply Beilinson's conjecture (formulation 1)).

13.11. Theorem The conjectures stated in this chapter are true

for X = Spec k .

I
(@)

Proof One has ﬁl(k,Qz(n)) for i > 3 ,

Ql(j) Ii=ol

H' (Spec k.@,(3))
0 , 1 +# 0,

and it follows from results of Borel and Soulé that

(0] , n>1,

K (x)e., @ 53142 81 x,0,(m)) , n> 1
2n-1 Z <L ~ <y 4 Z ’

K,nk) @0

iK 1(k)(n)e

1)

o2

2n-

ﬁz(lez(n)) =0 for n > 1,
fcf. [J3] , example 3. Hence conjecture 13.2 is true for Spec k,
;and
i r G

H) (Spec k,@(0))e@, 3'° k
r

Ho(Spec E,Qz) = Qt ’

Hy(Spec k,0(3)) ® 0, '3 H (k0,60 , 321,

~

 Hi(spec k,@(j)) = O , otherwise,

showing conjecture 13.8.
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§14. Linear varieties

In this section we study certain varieties, whose cohomology
groups are successive extensions of Tate objects, and prove most
of the conjectures stated in this paper for them. We start with two

general observations.

14.1. Lemma For every conjecture stated in this paper the following
principle holds: If the conjecture is true for a smooth variety X,

it also holds for every affine or projective fibre bundle over X.

14.2. This is due to the fact that every considered Poincaré duality
theory satisfies the following axioms for a smooth variety X (cf.

[Gi] 1.2 (ix),(x), and 8.9 abdve):

t) (homotopy invariance) If E is a vector bundle on X and
p: V(E) » X 1is the associated affine fibre bundle, then the mor-
phisms

p*: H(X,3) » HY(V(E),J)

are isomorphism for all i,j € Z .

n') (projective bundle isomorphism) If E is a vector bundle

of rank n on X and p: P(E) » X 1is the associated projective fibre

bundle, then
n

® H
V=0

Vv
(x,b+v-n) TXNE g (p(E),b)

a+2v-2n
is an isomorphism for all a,b € Z , where ¢§ € FH2(X,1) is the

Chern class of the canonical line bundle 0(1) on P = P(E)

14.3. Here the pull-back p* 1is defined via Poincaré duality,

i.e., as the arrow making the diagram
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H,_,,(X,b-n) —— H_(P,b)
o ST”P” , d=dim X ,
- * =
2442073y qinlpy PP p2d*+2073 (5 qin-a)

commutative, and Ev is the v-fold cupproduct of & , where the
cupproduct is defined by Poincaré duality, too, by commutativity of

i . i!' . i+i! A
it (x,9) o BY (x,31) —L— ' (x,5+5")

" TS “ ST”x”

. it . n -
HZd-i(X'd-J) ® Hl (XIJ') _—_> sz-i-i'(x'd-]-:") .

Proof of 14.1. The axiams t) and n') immediately give the claim for the semi-

simplicity conjectures in §12 and for Tate's conjecture C), since L(V(r),s)=L(V,r+s).

All other conjectures concerned morphisms between twisted Poincaré duality theories,

their bijectivity, injectivity or surjectivity, and obviously these
morphisms respect the above isomorphisms. The axioms t' and n')

are well-known for the 2-adic theory and then follow for absolute
Hodge theory, and in particular the Hodge and the deRham theory,

by the comparison isomorphisms. For the motivic (co - )homology t)
and n') follow from Quillen's corresponding results for the K-theory

([Qui 1] §7,4), since the maps respect the Adams eigenspaces.

14.4. Remark The above can be extended to singular varieties by
introducing the following concepts: i) a pull-back morphism in

homology f*: Ha(Y,b) - H (X,b+n) for flat morphisms f: X -» Y

a+2n
of fibre dimension <n ,

ii) a cupproduct in cohomology, both compatible with Poincaré
duality as in 14.3. For the considered Poincaré duality theories

these exist, and instead of t) on has:

t') If E 1is a vector bundle of rank n on a variety X and p:
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V(E) » X 1is the associated fibre bundle, then

p*: H_(X,b) - H (V(E) ,b+n)

a+2n

is an isomorphism for all a,b € Z .

Axiom n') holds literally for arbitrary varieties X, with the pull-
back and cupproduct mentioned above (See [Qui 1] loc. cit. for K-
theory, which carries over to motivic homology by the methods of
[Sou 3], and [DV] VIII 5 for f-adic homology) .

The considered Chern characters and Riemann-Roch transformations
are compatible with this, hence one obtains 14.1 for arbitrary va-

rieties, since all conjectures were formulated in terms of homology.

14.5. Lemma For every conjecture stated in this paper the following
principle holds. If, for a variety X over a field k, the conjecture
holds for Xka, for a finite Galois extension K/k, then it holds

for X itself.

Proof All conjectures involved functors with rational Galois descent
i.e., we have canonically

(14.5.1) H, (X,0)®, 0 = (H (Xx K,b)8, ¢ ’

for G = Gal(K/k) . Here we regard Xka as a variety over k so

that we have an action of G on Xka over k and an induced one on
the homology. The property 14.5.1 then follows from the fact that

for the functors

Px
Ha(Xxk,K,b) g*

Ha(X,b)

induced by the étale projection p: X, K > X we have
p,p* = [K:k] - id ,

(14.5.2)

I O
0€G

P*P«

We make the following inductive definition.
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14.6. Definition Let S be a scheme. Call a flat S-scheme 2

O-linear, if it is empty or isomorphic to the affine S-space Ag
for some N > O . Call Z n-linear, for n > 1 , if there is a
tripel {U,X,Y} of flat S-schemes such that Y € X 1is a closed S-
immersion and U € X is the open complement, Y and one of {U,X}
is (n-1)-linear, and 2 is the other member in {U,X} . Call 2
linear, if it is n-linear for some n>0 (and note that n-linear

implies (n+1)-linear).

Examples are S-schemes that are stratified by affine S-spaces,

e.g., Z = n>§ . Over a field k, examples of linear k-varieties are
complements in Pi (or Aﬁ) of a union of linear subspaces, or suc-

cessive blow-ups of I’ﬁ in linear subspaces, Grassmannians, flag

varieties, and varieties stratified by such varieties.

14.7. Theorem a) If X is a linear variety over a finitely ge-
nerated field k and & #char(k), then

(0] B m odd

sumonz(-\))'S, m=2v , veE®B,

as a G, -module, for all m,a € Z . If char(k) = O , then

k

e} , m odd ,
erritf (e, 0 =
sum of 1(-v)'s , m=2v , v € &,
for the realization for absolute Hodge cycles (cf. 6.11) for all
a,m € Z . In particular, the corresponding statement holds for the
Hodge structures Ha(X(c),Q) , if X 1is a linear variety over (.
b) The Hodge conjecture and the Tate conjectures are true for
linear varieties.
c) If X 1is a linear variety over a finite field k, then

M . Gy
T, p HAQ) © Q= H, (X, (b))
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is an isomorphism for & #char(k) and all a,b € Z . Hence in view of
a) and b), all stated conjectures are true for X . Conjectures
12.4 and 12.6 b) are more generally true for linear C-varieties.

C a curve over k

d) If X 1is a linear variety over a global function field k ,

then

L G
T, e m)) /M x,00)) e, 2 #ER(X,@,(0)) ¥ ana

~ . M M1 ét -
Ta,b’ Ha(X,Q(b))o ® Ql » H (kw,Ha+1(X,Q2(b)))
(notations as in 12.18) are isomorphisms for ¢ # char(k) and all
a,b € Z . Hence all stated conjectures are true for X
e) If X 1is a linear variety over a number field k, then all con-
jectures stated in §13 are true for X, namely,
o/ ~ét
ra,b'Ha(X'Q(b)) ® Q2 - Hy (X,Qg(b))
is an isomorphism for a > dim X + b and injective for a = dim X

2

+ b-1 , and ¥ (k,Hzt()_(,Ql(b))) =0 fora>dimX +b+ 1 .

Proof a) It follows from the relative homology sequence (6.1 f))

and the inductive definition of linear varieties that Grgﬂst(i,QQ),

or erH‘:H (X)Q for char(k) = O , have a filtration such that

the graded terms have the wanted property. For char(k) = O we may
use the polarizations for absolute Hodge cycles, like in lemma 1.1,
to see that GrKH:H(X)Q is in fact a direct sum of these graded
terms, and hence get the result. For char(k) = p > O we have to
proceed differently. Again it suffices to show that erﬂit(i, Qg)
is semi-simple. For this we transport Falting's arguments in

[FW] VI §3 to our setting. There exists a smooth, geometrically
irreducible variety U over a finite field E‘q, with generic
point n = Spec k, such that

i) X/k extends to a linear U-scheme f: X - U (this follows

from the inductive definition and [EGA IV] §8),

- 1
ii) R af*Rf’Q2 is smooth over U, commutes with arbitrary base
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change, and has a weight filtration (compare the proof of 6.8.2).
One gets an exact sequence of fundamental groups

T > m (Ux qu) > ™, (U) - Gal(:lf‘q/IFq) + 1

F

(omitting the base points in the notation), and by Faltings' argu-

ments in loc. cit. it suffices to show that 1r1(UxIF E‘q) and the
q
decomposition group Dx of a closed point x of U act semi-
. W.ét - = S s
simply on GrmHa (X,QQ) . For 171(Ux:IF E‘q) this is known by a

fundamental result of Deligne [D9] 3.4.1 iii). On the other hand,
the base change property in 1ii) above gives an isomorphism of
D, = Gal( E‘q/K X)) -representations

W, ét

W ét
roHD D (X,Q,) T GrpH T (X 0,

G
where XX/K(x) is the fibre of X/U over x € U and Xx =
XXXK(X) , kK{x) the finite residue field of x . By i)

XX is a llnear variety over «k(x), so we have reduced the question
to the case of a finite field, which is treated in c)
b) By a) the Hodge conjecture in this case means that
cli®Q: CHi(X) ® Q - WOH2i(X,Q(1))
is surjective for all i > O . By the commutative exact diagram

WoH, (Y, (1)) - W H, . (X,0(4)) - W H,y ;(U0H)) » 0

tcl, tcl, 4+ cl,
i i i

CHi(Y) - CHi(X) - CHi(U) - 0,
for Y € X closed and U = X~\Y (compare 7.5), and the inductive
definition 15.6, we reduce to the case of an affine space Ag, which
is known by 14.1. The Tate conjecture A) is similar, and the finite

Ql et
) and injectivity of Ai(X)®QL i (X @, (1))

generation of Ai(X
follows from the case of a finite field via the commutative dia-
gram
— ét o s
AL (X) Hyy (X0 (1))
spl iﬁ

et .
A (X)) > HST(X .0, (1))

where Xx is as in a) and sp 1is the specialization map (compare
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the proof of 12.16). For a finite field k one shows in fact by
induction starting from Ai , that the groups x&(x) and Eé'q(x)
(from Quillen's spectral sequence 6.12.5) are finitely generated
for a linear variety X/k (use that these are the homology groups

of a Poincaré duality theory, cf. [Gi] for the E2 ). In particular,
4

pP:q
this is true for Eil_i(x) = CHi(X), and a fortiori for Ai(X)
The injectivity of CliQQQ is a special case of ¢)
For Tate's conjecture C), in view of a) and the proved con-
jecture B), we have to show that
ordg=gim_(x) " (@ess) = 1
i.e., the Tate conjecture C) for X = Spec k (Note that L(V(i),s) =

L(V,i+s)). This is well-known for finite or global fields, where

we can replace L(Ql,s) by the zeta function Qk(s) of k , and
follows in general from Grothendieck's formula recalled in the
proof of 7.17. If F is the prime field of k , it implies that
L(Qg,s) = f(s)';F(s—tr.deg(k)) with f(s) holomorphic and non-
vanishing at s = dimak

c) Since the 2-adic cohomology of a linear variety X/k is a
successive extension of representations Qk(n), conjectures 12.6 a)
and 12.6 b) are equivalent in this case. If C is a variety over

k with dim C <1 , then conjectures 12.4 and 12. 6 b) hold for &N

C
by 12.10 and 14.1 (14.3 for singular C), hence for arbitrary linear
C-varieties by 12.7 b) and induction.

d) follows from this by applying theorem 12.16 and remark 12.17 a)
to the linear scheme X/U satisfying properties i) and ii)

above, U now being a curve over a finite field. Note that we have

an isomorphism

M ét o T

Ha(Xx,Q(b)) ® Qz 2 Hy (XXIQK(b))

for every closed x € U by c)

e) By 13.11, 14.1 and induction with the 5-lemma (cf remark 12.9)

we get that
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.M ~fine
ra’b.Ha(X,Q(b)) ® 0, = H_ (X,Qz(b))
for all a,b € Z , where Hflne is the homology theory associated
to H%ine . and ﬁflne is obtained from it as in 11.7. For a gquasi-

projective scheme X over Spec Z , Hflne may be defined by em-
bedding X into a smooth scheme M of pure fibre dimension N

over Spec Z and setting

fine _ ,2N-a _
H (X,@, (b)) = HZar,X(M’TﬁN—bRa*QZ(N b)) .,
for «a: Mét - MZar . The Ql—purity [Th] then shows:
fine ét
Hy (X,Ql(b)) - Hj (X,Ql(b))

is an isomorphism for a > d+b and injective for a = d+b-1 , d the
relative dimension of X over Z . The claimed vanishing of
ﬁz(k,ﬂa(i,Qg(b))) follows from 13.11, 14.1 and induction with

13.5 a), or from 13.11, 6.5 a), and a) above.

M

One may deduce the statement on the map from Ha to ﬁ:t

also without refering to ﬁilne , by using 13.11, 14.1 and induction

as in the proof of 13.5 b), replacing 4 by d-1 in the argument.



Appendix A: A letter from Bloch to the author

2/11/87
Dear Jannsen,

The homological formulation of the Hodge conjecture for singular varieties which you
gave in your talk is the only one possible. In fact, some years ago Mumford suggested to me
that one should look for a counterexample to the corresponding cohomological conjecture.
Here is one.

Let Sp C P® be a smooth hypersurface of degree d > 4 defined over Q. Let z € Sy(C)
be Q-generic and let S/C be the blowup of Sy at z. Let P = BLps(z),s0 S C P. Let
W = P1s P. Since H3(S) = (0), we have an exact sequence of Hodge structures

0 — HY(W,Q(2)) = H*(P,Q(2))®* — H*(S5,Q(2)) — 0.

Note H?(P,Q(1)) has generators e = class of exceptional divisor and h = pullback of
hyperplane from P3. We have

CH*(P)q — H*(P,Q(2) = Q -k ®Q-e® (e-h=0).

Also H%(S,Q(2)) = Q with h%2- S =d, €2 -5 = —1. It follows that H*(W,Q(2)) = Q%
(as a Hodge structure). In particular ((d — 1)h?, d(h? + €?)) € H*(P,Q(2))®? comes
from a Hodge class on W. But on the level of Chow groups, this class restricts to
d(z) — h* - S € CHo(S) & CHo(So.). Because z is Q-generic and p,(So) > 0, this
class is of infinite order. Thus Ker(CH?(P)§* — CH?*(S)) = Q®2.

Remarks 1. This discussion shows that no contravariant Chow group can provide the
extra element needed.

2. I guess the Hodge conjecture is true for divisors on complex projective varieties because
one has the exponential. This presupposes, however, that gr%odgeH %(X,C) — H*(X,0x)
always. Is this 0.k. 7

3. Note the counterexample is for curves on a 3-fold, where the classical Hodge conjecture

is true!

4. With a bit more work, one can get a hypersurface example. Namely take S, =
P23 NTy C P* where Ty is a smooth 3-dim. hypersurface defined over Q. Let

Q =BLps«({z}), T =BLn({z}), P =BLps({z}), S§=BLs({z})

so we have a cartesian square of strict transforms

S - T

! 1)
P — Q@
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Take W = PUT. To show this works, the key point is to show the image of
CH*(To.) — CH*(Soc)

is “small”. One can do this by using cycle classes in H%( ,0? -):

¢/C
CHY(Ty.) —_— CH*(So.)
2 2
Hz(Toc N Q%‘oc /a) _— H (SOC 9y Qsoc /'6)

! !

(0) = H¥(To, Or,.) ®c Qr‘(’:/a ——— H%*(So,, Os,.) ® Q"(’:/a).
Mumford’s differential techniques for showing CH?(S,.) is large can be reinterpreted to
prove that the image of d(z) — k% in H2%(S,,0s,) ® ch/-é is non-zero for ¢ Q-generic.
Best,
Spencer Bloch



Appendix B : An example by C. Schoen

An example is given of the following phenomenon: A smooth projective surface V over a
field k satisfying:

i)  rank (Ker: CHO(V)cleg o~ Alby(k)) =o.
ii) 'V cannot be obtained by base changing a variety V’/k’ for a field k’ Ck with trans.
deg. (k/k’)> 0.

Begin with the elliptic curve E/Q with equation zy2 =x + éza and origin
e=(0:1:0) . The group of cube roots of unity, K3 , acts on E via multiplication on the
x—coordinate. Thus (/.t3)3 acts on E° . The largest subgroup H < (”3)3 which acts trivially on

HO(E3,Q3) ~ HO(E,QI)®3 contains the diagonal By A< pg as an index 3 subgroup. In fact, if
M < H is the largest subgroup which operates trivially on the first factor, then H=M x A .

Projection on the first factor pry E°—E induces a commutative diagram of morphisms

B —— B ——  E%m

9‘11 pry 1 pTy l

E/ﬂ'3 ¢ P! )

E —L B/p, v P!

in which f is the canonical quotient map. Let k = lf(lPl) ~ Q(t) . Write F (respectively T))

for the generic fiber of pr; (respectively 3}_'1) . Then Fy is an abelian surface, and
Tngk/(H/A) is a singular K3 surface whose singularities are resolved by blowing up
(Tk)sing - Let 'V, denote the resulting non—singular K3 surface. Thus Alby, =0.

To check that (ii) is satisfied it suffices to show that Vy is not the base change of a variety
V//Q.Ifsuch V' were to exist, Gal(k/k) would act trivially on H2(VE,QP_) v EA(V' Q) -
We claim however that Gal(k/k) does not even act trivially on the quotient Hz(Fk_,QQ)H/ s

Since the base change of F; by the field extension Q(E)/k yields the constant abelian surface
ExE over Q(E), the Galois action factors through Gal(Q(E)/k) . The natural action of this
group on Fy x, Q(E) is induced by an isomorphism Gal(Q(E)/k) ¥ 4 C Aut(E:I ). Since A acts
non—trivially on  [A%HZ(e x E x Eq,Ql)]M ., Gal(Q(E)/k) acts non—trivially on

H2(FE,Q£)H/ A
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For any variety W/Q write Bl(W) for the group of 1—cycles modulo algebraic
equivalence. Let 7:U — E3/ H be a resolution of singularities such that the generic fiber of

p:= 3?10 7 is isomorphic to V), . It is possible to deduce (i) if one knows that
rank Bl(Uq) = o . In fact,

CHy(V,) =1 i CHl(UQ S T))

as D ranges over reduced effective divisors on pl. Hence, by the commutative diagram with

exact row

lim CH, ( UQ )

l

lim B,(p (D)) —— BI(UQ_)——» Him Bl(U‘—p_l(D))—-)O

one need only to show that the image of ¢ has finite rank. This is true because an open subset of
U is dominated by a constant family of surfaces. More precisely, there are birational morphisms

of non—singular projective Q—varieties ¢ : Z — E2 and 0:Y ——E x Z where

(@) the exceptional locus of ¢ maps to a finite subset of E ,
(B) there is a commutative diagram of morphisms

Y
(idx§)oo I
E

o
Let PC pl be a non—empty Zariski open subset over which P and
~ o
q:=fopr o (idx €)oo =po f are smooth. Denote the base change to P of an object over

o o (o]
pl by adding © to the notation. Thus Y~ E x Z , and restriction B,(U) — B,(U) is
surjective with finitely generated kernel. The vertical maps in the following commutative diagram
are surjective
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%1 c’ 2
limB(q (D))®Q —S— B, (E x ) @Q
(o]

DCP

l l (1°
linB,G D) eQ —— B,(U) ©¢
DCP

o o
(note that (T)° is proper and surjective). Because E x Z/E is a constant family, ¢’ has finite

dimensional image: by the definition of algebraic equivalence, corresponding cycles in different

4
(¢} (o] (o]
fibers of E x Z/E have the same image in BI(E x Z) , and the Néron—Severi group of Z is
finitely generated. Thus ¢ has finite rank image as desired.
Finally, the fact that rank BI(UQ) = o may be deduced from a similar statement for the
elliptic modular 3—fold W(S)Q_ [1, p. 778]. The correspondence between W(3)lj and E;

constructed in [2, § 1] (where W(3) 1is called W ) gives rise to a correspondence

Qe CH3(\7V(3) x UQ) such that

Q" mOU %) — BAW(3) o3
(ir ) (()‘T )

is an isomorphism. Since these vector spaces are not zero (in fact they are one dimensional) [1,
Thm. 4.7] implies that rank Bl(UQ-) =0o.

[1] C. Schoen: Complex multiplication cycles on elliptic modular threefolds, Duke Math. J. 53
(1986), 771794,

[2] C. Schoen: Zero cycles modulo rational equivalence for some varieties over fields of
transcendence degree one, Proc. Symp. Pure Math. 46 (Algebraic Geometry, Bowdoin 1985),
Part 2, A M.S., p. 463—473.
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Appendix C: Complements and problems

C1. I was asked to add some clarifying words on the weight filtration on €-—adic cohomology.
Let U be a smooth variety over a finitely generated field k of characteristic zero. It was not

mentioned but is true that the filtration on Hxélt(U,Q P,) constructed in 3.14 is a weight filtration

n

in the sense of 6.8. Namely, with the notation of § 3, Grgﬁét(U,Qe) is a subquotient of

Hzltl—m(Y(m_nj,Qa(n—m) as a G —module by 3.20, and this is pure of weight m , since
Y(n—m) is smooth and proper.

That Hi(X,QE) is pure of weight i, for X smooth and proper over k , follows as in 7.12:
Choose a smooth and proper extension f: & —— S over a model S of k (an integral scheme of
finite type over T [1/2] , with function field k) . Smooth and proper base change gives a

Gal(k{y)/&(y))—isomorphism

B(X,Q,) ¥ B(Sxg Hy).Q)

forevery ye S.If xeS is closed, then Deligne’s proof of the Weil conjectures for the smooth

and proper variety Fxgk(x) over the finite field x(x) ([D 8] (1.6), as amplified by [D 9]

(3.3.9)) shows that the eigenvalues of Fr_ on the above cohomology group are pure of weight i .
By 6.8.2 there are weight filtrations with the correct weights (i.e., those of 6.5) on

g Z(X,QQ) and Ha(X’QE) for arbitrary varieties X and closed subvarieties Z C X over any
ét

ﬁnit’ely generated field k of characteristic # £ . These weight filtrations are unique and functo-
rial by 6.8.1. In particular, they coincide with the one in 3.14 in the case above. This also follows
from the construction in 6.11.

C2. It is a problem what realizations one has to take to get the good category of mixed motives.
Probably it is not enough to consider smooth varieties as in 4.1. Perhaps one also needs singular
varieties (see C3 below) or other "geometric" realizations like those constructed by Deligne in
[D 11].

The construction of 6.11 attaches "cohomological" and "homological" realizations to arbi-
trary varieties, morphisms of varieties and, most generally (as noted in 6.11), to simplicial varie-
ties. The technique of § 4 always gives Tannakian categories and associated "Galois" groups with
the properties stated in 4.4 and 4.7, provided one takes a Tannakian subcategory of MR, gene-
rated by a class of mixed realizations with the following two properties:

a) It contains all H*(X) for X smooth and projective,
b)  The pure quotients are in M, (and hence polarizable).
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This is still the case for the realizations attached to simplicial varieties.

Recall from 11.3 that for any field k one would like to define a Q-linear tensor category
with weights A A= J(JL‘ such that

i) the pure objects are semi—simple, and the subcategory of semi—simple objects is equivalent
to Grothendick’s category &= 4 of (pure) motives with respect to numerical equivalence over
k,

ii)  there is a twisted Poincaré duality theory with weights (HiZ(X,j),Ha(X,b)) with values in
HAAM , and
iii)  there is a spectral sequence (1 = identity object)

D = Ext®,  (LEYX,)) 2 HPFUX,Q0)

converging to the motivic cohomology defined via K—theory and degenerating for a smooth and
projective variety.
We can add here that iv) for a field k of arithmetical dimension d the cohomological

dimension of 4.4 should be d, i.e., one should have Ext p./{ = 0 for p > d. For a finite field
this would mean that 4.4 coincides with Grothendieck’s category of motives. For a global field
this would imply the short exact sequence

0 — Ext )y (LE7(X,) — B (X,Q(1) — Hom  ,(LE'(X,j)) — 0

mentioned in 11.4 ¢). In contrast to this, for a smooth projective surface X over € one expects a
non—trivial group

2 2
Ext ‘l‘lﬂl (LHY(X,2)) = T(X)
for p g()() # 0 . To deduce this formula from the spectral sequence iii) note that

Ext*, ,(LE'(X,2) = Ext %, ,(1,1(2)) CH % (Spec €,(2)) = CHZ(Spec O =10

and
I‘l = ’ - I\l = ’ - Q )

using a curve C with Hl(X) — Hl(C) .
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For a field k of characteristic zero, the category M, constructed by absolute Hodge cycles
coincides with 4 if (and only if) every absolute Hodge cycle is algebraic (and this would follow
from either the Hodge or the Tate conjecture, cf. 5.4). Therefore the category MM, of 4.1is ex-
pected to satisfy i), but I don’t know if it satisfies ii). Certainly it satisfies ii) (and still i)) after
suitable enlargement, e.g., by adding all mixed realizations in the image of the twisted Poincaré
duality theory of 6.11.1, but it seems hard to guess which enlargement should satisfy iii) and iv).

Of course it would be desirable to have a purely algebraic description of A4 K » €ven a con-
jectural one, and perhaps this is not out of reach: the idea would be to use Beilinson’s filtration on
the Chow groups (cf. § 11) to construct KA i 36 the heart of a certain triangulated category. In
any case one conjectures that the realization functor H to MR, is fully faithful and identifies
A with a Tannakian subcategory of MR, , which makes the construction of § 4 reasonable.
For a characterization of the image of H , i.e., of the motivic realizations, it will be useful to con-
sider further realization functors (e.g., crystalline ones as in Grothendieck’s original approach to
motives) and further comparison isomorphisms (e.g., those conjectured in [Fo] and partly proved
in [FM] and [Fa]). While it seems a complete mystery how to characterize the pure motivic
realizations it may be easier to predict those extensions of given pure motives which are motivic,
cf. [Bei 1] and [BK].

C3. The spectral sequence iii) of the previous section arises the question for the relation between
motivic cohomology and motivic extensions, i.e., extensions in the category MM, of 4.1 (or simi-
lar ones). First consider zero—extensions, i.e., motivic morphisms. The Chern characters give maps

Ch J{(x Q@) — PHAH(X,J) HomMR @ HAH(X:J))

and by definition the target group is HomMMk(l,HAH(X,j)) if Hyp(X,j) isin MM, (eg., if

X is smooth). Hence ch; . can be regarded as the first edge morphism in iii), and the degenera-
tion of iii) for smooth a.nd projective X is related to the surjectivity of ch, i j for i=2j (the

only case where I‘HAH(X,J) # 0) , which was discussed in 5.4.
Now let Hj,(()(,l)(j))0 = ker ch, i The constructions of 6.11 give maps

i . 1 -1
Ch; g H i{(X:Q(J))o — EXtMRk(l H, g (X)) -
I have not shown that these have image in

1 -1 —1
EXthu Hl 0. 8))e EXtMR (L Hl 0.6)) ¥
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at least not in general. Only for smooth X and i = 2j the results in § 9 show that one gets moti-
vic extensions: for the considered Poincaré duality theory the object E in 9.1.1 is in MM, asa

subobject of H2 J_I(U,J) (cf. 4.2). Tt is possible to extend this somewhat to the case i > j.

For example, let X be smooth of dimension d, and let z be an element of H (X,J{ 2) LIt
is represented by a finite family (fi) , with fi #0 in the function field of an irreducible divisor
Y, CX and }3 div(f.) =0 on X (cf. 6.124¢)).If Y= U Y, , then (f.) defines an element in

3
Ed 1d+2(Y) hence an element in H 3(Y Iy(d- 2)) H (X I4(2)) (cf. 8.13). If it is

mapped to zero in Hét(X,l£(2)) , one obtains a motivic extens10n of I, by Hét(X,”p_(2))/ NY

via pull-back from the exact sequence

0 — B2,(X.Z,(2)/NY — B, (R=V,2,(2) — Hzt Y(x,n (),

where NY i the image of B2 (X I,(2)) asin 9.16. This construction amounts to the one
communicated to me by A. Schollt in a letter from September 1985 (cf. the introduction). One can
show that the element in Hét(X’QI.@)) associated to z by the above prescription is ch312(z)
via the identfication  H'(X,%,)®Q=H3,(XQ2) of 6124 ) and that, for
zZe HJ{((X,Q(2))0 , ch’ 2(z) € ExtG (Qt,Hz(X Q,(2))) induces the above extension via push—
out to H (X,Qa(2))/NY (e.g., by using 9.5).

More generally, for i>j every ze H.il(X,Q(j)) comes from an element
z’ € H‘;‘Y(X,Q(j)) for some Y CX of codimension >i—j (cf. 5.23). If Chi,j(z) =0 in

i—1

PHRH(X,j) , then the image of ch;,j(z) in EXtI\IIIRk( Hyg X ,j)/NY) is the class of the pull—

back extension

i—1,4y oY i—1 . i , i .
0— By (XJ)/N" — B (X=Y,j) — By g y(X, §) — Hy (X))

II 4 [+

0— B X)/NY — E — 1 — 0

(where NY = Im(HAElz(X,j) -—-»Hj.‘gl(x,j)) as in 9.16) and hence motivic. The class ob-
viously vanishes if z isin

NYa ) (X,00)) = Im(i Ly (X000 — By (X0
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where

By y(X,Q)gq = Ker(B ' y(X,0(9)) — TH g ,(X.J)) -

We thus obtain maps (for v > 0)
H (KR N — Extygyy (LA (XN,

where N is the coniveau filtration and NY=U NY , with Y running through all closed sub-
varieties of codimension v in X, cf. 9.16 (where NY and N were also denoted NY and

NY, with a risk of confusion). If k is a number field and X is smooth and proper, then one
expects injectivity of

B (XA0)y/ XY — Bxtypy (LEAF()NT)

and the above maps by similar arguments as in 9.16. By using a splitting

H}\EI(X,J') =NYeoH! -l(x,])/N one then has to study if
/.l . 1 i—1 .
chi 5+ B y(XQ() — Bxtyp (LE g y(X.d)

has image in the motivic extensions, but here the above method will not apply in general: For
example, if (i,j) = (4,3) and Y is a smooth irreducible division, then by Poincaré duality iso-
morphism we study

H(Y(2) — Extyp (LHAg(Y.2),

i.e., a situation with i <j.

*
Concerning the case i = j=1 one has H.}{((X,Q(l))0 2 H;(Spec k,Q(1)) for a smooth
geometrically connected variety X —B Spec k , and one may use 1-motives to construct geo-
metric extensions associated to elements in H;(Spec k,Q(1)) = k™ ® Q : One can show that for

x e k™ the 1-motive ([D5] 10.1)

ﬂ——-)Gm

1—xeG (k)=
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gives rise to an extension of realizations

0—-»1(1)——»T(M)Q—-v_1_—-»0,

whose class in EXtI%'IR (L,1(1)) is chi 1(x) . T(M)Q is also obtained as relative cohomology of
_k )
smooth varieties or as cohomology of a singular, non—proper variety, by the isomorphism

T(M)Q o Hl(Gm(x),l) and the commutative exact diagram

1(1) ¥, 1(1)2 — BY@_mod{1,x};1) — BY(G 1) — 0

(a,b)
T f f
a—b
0 —— 1(1) —> Hl(Gm(x),l) — 1 — 0

where G (x) is G = Spec(k [t,t_l] )} with 1 and x glued together. The isomorphism follows
with the methods of [D 5] 10.3. I don’t know if T(M)Q is an object of MM, as defined in 4.1.
Concerning i < j, I do not even know if the extensions of 1 by 1(j) attached to elements in

m! Spec k,Q(j)) by ch! . appear in some kind of cohomological realization for j>1 . In
A 1,] &
[D 11] Deligne has shown that certain canonical extensions appear in the realizations attached to

7r1(lP1\{0,1,m}) , but it is unknown, if they come from some elements in K—theory . It may be

possible to use Bloch’s description of ch; . via cycle maps on higher Chow groups [Bl 6] and a
construction analogous to the one in § 9 to produce geometric extensions from elements in
H/(X,Q(j)) for arbitrary i and j.

Of course, it is as important to study the relation between motivic cohomology and exten-

sions in the single realizations. For example, for a smooth, projective variety X over a number
field k one expects that the map

ch] 1®Q, : By (X,Q());® ¢ — Exték(QvHé{I(X,Qg(J’))) = BY(G, B (X0, (9)

is injective and that its image can be described by explicit local conditions (see [BK] (5.3), and
[J3] § 6 as well as a forthcoming paper; this extends the conjectures in § 13 to all i,j e Z) . This
in turn would imply that the map

Bt g (W) — Bt (@ B (R0 (0)
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obtained by "passing to the £—adic realizations" is an isomorphism, where the "motivic Gk—ex-
tensions" forming the target group are characterized by local properties related to Fontaine’s
theory of p—adic representations.

C4. It may be useful to recall how one can calculate the Yoneda—Ext—groups in a neutral
Tannakian category in terms of group cohomology of the associated "Galois" group: Let G be a
linear algebraic group over a field of characteristic zero, let U be its unipotent radical, and let
Rep G be the category of finite dimensional algebraic representations of G (these are the ratio-
nal modules of [Ho 1]). Then for objects V, W in Rep G one has

Ext—fi{_ep c(V.W) = BY(G Hom(V,W)),
where Hi(G,—) is the cohomology theory defined in [Ho 1], and isomorphisms
B'(G,V) - B(UV)¢/Y,
BY(U,V) - B(u,V),

where u=1Lie U is the Lie algebra of U and Hi(u,—) denotes Lie algebra cohomology
([Ho 2]).

All this extends to pro—algebraic groups and continuous representations by passing to the
limit. Putting this together we obtain the isomorphisms

. M
Ext@k(l,M) — HY(Lie U(e),M ) Glo)

where M_ is a MG(o)—module by definition.
Let me also mention that one may use injectives to calculate the Yoneda—Ext—groups, even
if Mk does not have enough injectives. But for any neutral Tannakian category Rep G the

ind—category has enough injectives and these may be used to calculate Hi(G,—). In fact, these are
the rationally injective modules of [Ho 1].

C5. Let MMk be defined as in 4.1 or as a suitable enlargement. While it seems out of reach to
describe this category. completely, i.e., to determine the whole group MG(s) for one
og:k =< €, it may be possible to describe certain subcategories, i.e., to calculate certain
quotients of MG(g) . By Deligne’s result that every Hodge cycle on an abelian variety A is
absolute Hodge ([DMOS] I 2.11), one can in principle determine the Tannakian subcategory of

description of the category PCMQ of motives of potential CM—type over Q (generated by

M, generated by HI(A) in terms of the Mumford—Tate group of A . In any case, one has a nice
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Artin motives and abelian varieties of potential CM—type) , in terms of Hecke characters and the
Taniyama group ([DMOS] IV).

In the mixed case, Brylinski has proved an analogue of Deligne’s theorem for a 1-motive M
([Br] 2.2.5). However, it is not clear to me whether his theorem is sufficient for the determina-
tion of the quotient of MG(o) corresponding to the Tannakian category generated by T(M)Q
and 1(1) . Brylinski only considers Hodge and absolute Hodge cycles in tensor products

T(M)gp ® T(M)}f‘q ®1(r)

whereas for non—reductive groups one a priori has to consider cycles in subquotients of such
spaces, too ([DMOS] I13.2 (a)).

Another object of interest is the category A= A of mixed Tate motives over k: these
are mixed motives whose pure quotients are sums of pure Tate motives 1(r), r e Z . There are
now several proposals for an algebraic description of such a category ([BMS], [BGSV]). It may
be interesting to compare them with other candidates MT, constructed in MR, by the
techniques of § 4. I don’t know how close the category L_k generated by realizations of linear
varieties (see § 14) comes to such a category Mk .

Suppose KA and AJ exist. What are the properties of the maps

Ext }y{L1(3)) — Ext }y 4 (L1(3)

for j> 17 Will the expected maps

H i{(spec k,Q(j)) — Ext j,, 4(L1(3)

factorize through Ext l{y for i>1 ? In particular, can one associate successive extensions of
Tate realizations (e.g., £—adic ones) to elements in K—groups of k ?
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Notations

I and lﬁ are the rings of rational and £-—adic integers, respectively.
Q, R, C, Qf, are the fields of rational, real, complex, and £—adic numbers, respectively.

IFq is the field with q elements.
R™ is the multiplicative group of a ring R .

AG , for a group G and a G—module A, is the fixed module: AG ={aeA|ga=a forall
ge G}.

If X is a variety over a field k, then X(k) is the set of k-—rational points, X x k’ (or
X % k') is the base extension via a field extension ¢ :k <=k’ , and Pic(X) is the Picard

group of X . If X is smooth, Pic’(X) is the Picard variety, and Pic’(X) = Pic%(X)(k) .

Hi(X,A) = Hi(X(C),A) , for an abelian group A and a variety X over C, is the singular (Betti)
cohomology of the topological space X(C) with coefficients in A . If F is a sheaf for the analytic
topology on X (i.e, a sheaf on the associated complex analytic space X2T), then
Hi(X,F)=Hi(Xa‘n,F) is the analytic sheaf cohomology. Since canonically Hi(Xan,A)=
Hi(X(C),A) for the constant sheaf A associated to A , we mostly write A again for A without

risk of confusion. Hfi;(x,ﬂ)(j) = Hi(X,H(j)) is the jfold Tate twist of the integral (mixed)
Hodge structure given by Hi(x,ﬂ) . '

Hé‘(X,F) denotes étale cohomology of an étale sheaf F on a scheme X (see, e.g., [Mi]). If £

is a prime invertible on X , we let as usual Hét(x,llt(j)) =lim Hét(X,p@g) , where g _ is the
T ¢ ¢t
sheaf of £"—th roots of unity, and put Hét(X,Qﬂ( )= Hét(x,ﬂ P,( ) Q”Q Qt . For these groups

we often omit the index "ét" . Similar notions apply for more general lt- or QQ — "sheaves",
for which we refer to loc. cit. or [SGA 5].

rl(U,?]') , for a scheme U and a geometric point -—— U , is the algebraic fundamental group
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(cf. [Mi] 1§5).

Cone (a) is the cone of a morphism a: A° — B* of complexes, A" [r] is the r—fold shift

of A* (cf. [Mi] p. 167, 174).

As usual, Db(A) is the derived category of bounded complexes in an abelian category A . We

also use other standard notations connected with derived categories (like Riy , Rf! , el ,
RHom, ...), which can be found, e.g., in [SGA 4] XVII and XVIIL

tr. deg(k) is the degree of transcendence of a field k over its prime field.

Other notations are introduced at the following places:

[o]

n n
HpR(X), BDp(U) 1,25 Vv, 25
Hy(X) , Hy(U) 1,32 af ,af<y> 25,26
HY(X) , H(V) 1,32 Y(® (two meanings) 27,76

an

loo 1,10,33 oU 32
I 1,10,34 H"(U) 35
Lo
X ,0U 2,32 UX 36,57
MR, 9 MM, M, 43,46
Hpp, By , H, 10 G(s) , MG(c) , Rep G 49
H 10,43,46 U(o) , spy , Msp, 50

m 10,83,87 CH'(X) 57

w T
Grp , Ry 12 g Ty, Tpp T g 57,62

’ / T I I

H®H’ , Hom(H,H') 12,13 cpgpicly i T o 58,59,62
1 (identity object) 13,80 Km(X) » chy j 65
r 14,81,125 k_ ()9, B (Uqi) 67

v i
H 15 H 9 68

1
Vecp, 15,125 1? tont 70
Hx k', Rys i 16,75 A=1limA/¢" 70,71
—
n
Gk ign
Ind 17 N'H 76,162
k/

1(n), H(n) 17 K(x) 76



RPT
v, I
Hy(X,j) , Hy(X,b)
*
f* &, n ) TIX
B(X,))
Ap
R'epc(ka_)
BEY(X, T, (b))
GS ) WRepc(GkIQQ)

WREPC( kaﬂg)
A—AH¥

Jﬂﬂk

Hag,Hao

K, g(X,Y.)
kAHz) x AmZ)
Kj(x), K, (X))

B 4x.q(0))

X(p) , div , tame

Chy (X)

5XIIJ

j
ZiFX) » Z(X)
i
AY(X), A{(X)
dimak , L(V,s)
KZ(x), cn®
Td(X),ch, 7
r,r’
r;,b ' Ta,b
x .
Z(X), » 2/(X),
4 /

L.
ct ,cJ

CH(X), , CB,(2),
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79 Ay(X) , Alb(X)
79 T(X) , pg(X)
80 nZgl NZcml, NicH)
81 T,B
82 'NY
i
85 H v
86 CHY(X), o
86 A, B B
88 B, ((=Hgfor 5= KA
89 Hlét(xr_) ) Ha(xr_)
92 Hy, (X/R;Ry,F)
~ ~
vV vV
94 H'(k,V) , B (k_,V)
94 ri,j
Ny
98 ra,b .
n,. 1
101 a/e"(), Hﬁne
104 Z ,(j), CH(X,j)
104
105
105,107
106
107,108
115,117
115
122
123
126,154,182
127,128
133
140
140,156
155

157
157

161,162
167
172
174
178
180
180

184,206
185

199
200,205
204
208,209
209



Abel-Jacobi map 140-143, 151, 153—178,
183, 204
absolute Hodge cycle 3, 14, 59—65, 72,
73, 127
absolute (co)homology theory 153, 174,
182, 183
Albanese variety 157-160, 177
Adams operators 67, 104
algebraic cycle 57, 107, 108, 115-121,
139-141, 155, 165, 168, 170,
173—180
arithmetical dimension 115-117
arithmetic Q L—tepresentation,—sheaf
199, 204
Artin motives 49, 53
base change 41, 89, 116, 117, 186,
200, 218
base extension 16, 75
Beilinson
complexes 209
/Bloch conjecture 158, 168
conjecture on Chow groups 178—182
Betti (co)homology 92
Bloch’s conjecture on zero cycles 177
Bloch’s theorem on zero cycles 158
generalizations 170, 182
Bloch—Ogus theory: see Poincaré duality
theory
Birch and Swinnerton—Dyer 168, 169
canonical filtration 28
Chern class, character 65, 67—75,
122-126, 154, 190, 200, 205, 206,
209, 210, 216

Chow group 57-59, 105-107, 109, 118,
121, 122, 154—182, 189, 204, 212,
220
comparison isomorphism 1-5, 11, 14, 33,
34, 40, 41, 58, 59, 65, 97, 126
continuous étale cohomology 70,
149-151, 153
cycle: see algebraic cycle
cycle map 57-59, 107-109, 113, 115, 117,
122, 126, 140, 143, 151—154, 162,
174, 175, 189, 219
Deligne (co)homology 68, 69, 131, 132,
152, 153, 182, 183, 186
de Rham (co)homology 1, 8, 25, 30, 58,
93, 96, 125
de Rham complex 25-31, 96, 97, 101
effective (Hodge structures or £—adic
representations) 172
extension class 139—143, 150, 176,
180-183, 204
fibre functor 14, 49, 125
filtration
by coniveau 76, 162—164, 168—173,
182, 211
on Chow groups 178-182
fundamental class 81, 107, 110, 123, 126
Galois descent 74, 75, 216
geometric cohomology 129, 153, 177, 183
good proper cover 113, 114, 118, 119, 163
Grothendieck
motive 180
— Riemann— Roch 122
/Serre conjecture 5, 61, 191



higher Chow groups 209, 212
homologous to zero/homological
equivalence 139, 140, 168, 176,
179
Hodge conjecture
classical 58, 77
for arbitrary varieties 63, 108,
114
generalized (Grothendieck) 172
Hodge
cycle 60, 61, 121
filtration 10, 18, 30, 32, 33, 97
structure 1, 58, 172
identity object 13, 80, 83
intermediate Jacobian 141, 157
internal Hom 13
intersection of cycles 174—178
K—cohomology 106, 121
K—-theory, K’ —theory 65, 67—79,
104-107, 121128, 131138, 181,
189, 190, 210, 220
g—adic
Chern character 69, 74, 190, 200,
205, 210
(co)homology 1, 4, 32, 36—40, 69,
86, 89—90, 97, 101, 115-117, 126,
149-151, 172, 184186, 191,
215-219
£—adic (co)homology and motivic
(co)homology 127, 184, 189221
level filtration 182
L—function 115-121, 168, 169, 220
Lichtenbaum complexes 212
linear varieties 217—221
mixed
absolute Hodge complex 98-102
Hodge structure 10-13, 32, 34, 64,
92, 93, 100, 141-143, 152, 186—188
£—adic sheaf 89-91, 117, 120
motive 4356, 181—184, 188
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mixed realization (for absolute Hodge
cycles)
abstract 9—24, 43, 94
of a smooth variety 35, 55
of an arbitrary variety 94—104, 115,
125, 175, 177, 217
motive
as defined by Grothendieck 180
attached to a modular form 5-9
for absolute Hodge cycles 1—4, 46—49,
56
motivic (co)homology 67, 104-107, 181,
182, 189, 209213, 215, 216
and £—adic (co)homology 127, 184,
189221
and other (co)homology theories
126—-130, 154—156, 182—184
Mumford’s counterexample 157
Mumford—Tate group 61, 62
numerical equivalence 178—180
one—semi—simple 193, 199
Parshin’s conjecture 189
Poincaré duality 3, 8, 45, 82, 108, 118,
128, 134, 140, 190, 215
Poincaré duality theory (twisted)
79-107, 121-126, 173-176, 182, 186,
194, 208, 210, 214216
with weights 85, 89, 92, 94, 109113,
129, 130, 139, 154156, 161, 180
potential £—adic sheaf 185, 199
projection formula 19, 81, 111, 130, 171
pull back morphism (in homology) 215
pure (of weight m)
Hodge structure 10
£—adic representation/sheaf 87, 116
object 83-85
realization 12, 15, 46, 63, 64
purity 38, 77, 208, 210
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realizations
attached to a modular form 5-9
Betti (Hodge), de Rham, £—adic and
others 1,12, 73, 95, 96, 103,
115, 182184, 186
for absolute Hodge cycles (cf. mixed
realization) 12, 15, 16, 46, 55
regulator map 184
representable AO(X) 177, 182
resolution of singularities 25, 56,
93, 95, 112, 114, 191, 192, 194,
195
restriction 16, 75
Riemann—Roch
theorem 122, 123
transformations 123—128, 154, 190,
204, 206
Roitman’s theorems on zero cycles 157,
159, 160
semi—simplicity (see also Grothendieck/
Serre conjecture) 50, 51, 63,
113, 180, 191-195, 199, 204, 218
simplicial variety 93, 95-97, 100—102,
192
specialization map 201-203, 219
spectral sequence
associated to a filtration 29
Bloch—Ogus 197
Brown—Gersten 106
Hochschild—Serre 70, 143, 150, 151,
153, 203, 206
hypercohomology/ext 144, 151, 152,
180—183, 211
Leray 32, 41, 185—187
Quillen 71, 76, 105, 131, 133, 220

smooth £—adic sheaf 87, 116, 199, 201,
218
standard conjectures 179, 181
Tannakian category 14, 15, 43—56, 61
Tate conjecture
classical 57, 77, 115
for arbitrary varieties 63, 109, 114,
116-121
generalized (Grothendieck) 172
Tate
realization, object 17, 181
twist 2, 17, 18, 58, 92
tensor category 14, 80, 82, 83, 86
with weights 83—85, 88, 92, 94,
180-183
(see also Poincaré duality theory)
Todd class 123-126
twisted Poincaré duality theory: see
Poincaré duality theory
variety 93
weight: see pure of weight m
weight filtration
on a mixed realization 10, 12, 94
on an £—adic representation 87-91
on a tensor category 83, 84
on (co)homology 30-32, 89, 92, 97
weights occurring
in an object 66, 83
in (co)homology 66, 85, 89, 92, 116,
117
weight spectral sequence 30—43
Weil cohomology 181
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Edited by A. Dold and B. Eckmann

Some general remarks on the publication of
monographs and seminars

In what follows all references to monographs, are applicable also to
multiauthorship volumes such as seminar notes.

§1.

Lecture Notes aim to report new developments - quickly, infor-
mally, and at a high level. Monograph manuscripts should be rea-
sonably self-contained and rounded off. Thus they may, and often
will, present not only results of the author but also related
work by other people. Furthermore, the manuscripts should pro-
vide sufficient motivation, examples and applications. This
clearly distinguishes Lecture Notes manuscripts from journal ar-
ticles which normally are very concise. Articles intended for a
journal but too long to be accepted by most journals, usually do
not have this "lecture notes" character. For similar reasons it
is unusual for Ph.D. theses to be accepted for the Lecture Notes
series.

Experience has shown that English language manuscripts achieve a
much wider distribution.

Manuscripts or plans for Lecture Notes volumes should be
submitted either to one of the series editors or to Springer-
Verlag, Heidelberg. These proposals are then refereed. A final
decision concerning publication can only be made on the basis of
the complete manuscripts, but a preliminary decision can usually
be based on partial information: a fairly detailed outline
describing the planned contents of each chapter, and an indica-
tion of the estimated length, a bibliography, and one or two
sample chapters - or a first draft of the manuscript. The edi-
tors will try to make the preliminary decision as definite as
they can on the basis of the available information.

Lecture Notes are printed by photo-offset from typed copy deli-
vered 1in camera-ready form by the authors. Springer-Verlag pro-
vides technical instructions for the preparation of manuscripts,
and will also, on request, supply special staionery on which the
prescribed typing area is outlined. Careful preparation of the
manuscripts will help keep production time short and ensure sa-
tisfactory appearance of the finished book. Running titles are
not required; 1f however they are considered necessary, they
should be uniform in appearance. We generally advise authors not
to start having their final manuscripts specially tpyed before-
hand. For professionally typed manuscripts, prepared on the spe-
cial stationery according to our instructions, Springer-Verlag
will, if necessary, contribute towards the typing costs at a
fixed rate.

The actual production of a Lecture Notes volume takes 6-8 weeks.
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§4.

§5.

Final manuscripts should contain at least 100 pages of mathema-

tical text and should include

- a table of contents

- an informative introduction, perhaps with some historical re-
marks. It should be accessible to a reader not particularly
familiar with the topic treated.

- a subject index; this is almost always genuinely helpful for
the reader.

Authors receive a total of 50 free copies of their volume, but
no royalties. They are entitled to purchase further copies of
thelr book for their personal use at a discount of 33.3 %,
other Springer mathematics books at a discount of 20 % directly
from Springer-Verlag.

Commitment to publish is made by letter of intent rather than by
signing a formal contract. Springer-Verlag secures the copyright
for each volume.
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