Universitat Regensburg
Mathematik

Homogeneous Clifford structures

Andrei Moroianu and Mihaela Pilca

Preprint Nr. 22/2012
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ABSTRACT. We give an upper bound for the rank r of homogeneous (even) Clifford structures
on compact manifolds of non-vanishing Euler characteristic. More precisely, we show that if
r=2%-bwith b odd, then r < 9fora=0,r<10fora=1,r <12 fora =2 and r < 16
for a > 3. Moreover, we describe the four limiting cases and show that there is exactly one
solution in each case.
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1. INTRODUCTION

The notion of (even) Clifford structures on Riemannian manifolds was introduced in [5],
motivated by the study of Riemannian manifolds with non-trivial curvature constancy (cf.
[3]). They generalize almost Hermitian and quaternionic-Hermitian structures and are in
some sense dual to spin structures. More precisely,

Definition 1.1 ([5]). A rank r Clifford structure (r > 1) on a Riemannian manifold (M", g) is
an oriented rank r Euclidean bundle (E, k) over M together with an algebra bundle morphism
¢ : CI(E, h) — End (T'M) which maps E into the bundle of skew-symmetric endomorphisms
End —(TM).

A rank r even Clifford structure (r > 2) on (M™, g) is an oriented rank r Euclidean bundle
(E,h) over M together with an algebra bundle morphism ¢ : C1°(E, h) — End (T'M) which
maps A?F into the bundle of skew-symmetric endomorphisms End ~(T'M).

It is easy to see that every rank r Clifford structure is in particular a rank r even Clifford
structure, so the latter notion is more flexible.

The classification of Riemannian manifolds carrying parallel (even) Clifford structures (in
the sense that (E,h) has a metric connection making the Clifford morphism ¢ parallel) is
given in [5]. It turns out that the rank of a parallel Clifford structure is bounded by above if
the manifold is non-flat: Every parallel Clifford structure has rank » < 7 and every parallel
even Clifford structure has rank r < 16 (cf. [5, Thm. 2.14 and 2.15]). The list of manifolds
with parallel even Clifford structure of rank r > 9 only contains 4 entries, the so called
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Rosenfeld’s elliptic projective planes OP?, (C ® O)P?, (H® Q)P? and (O ® Q)P?, which are
inner symmetric spaces associated to the exceptional simple Lie groups Fy, Eg, E7 and Eg (cf.
[6]) and have Clifford rank » =9, 10, 12 and 16 respectively.

A natural generalization is then to look for homogeneous (instead of parallel) even Clifford
structures on homogeneous spaces M = G/H. We need to make some restrictions on M in
order to obtain relevant results. On the first hand, we assume M to be compact (and thus
G and H are compact, too). On the other hand, we need to assume that H is not too small.
For example, in the degenerate case when H is just the identity of G, the tangent bundle of
M = G is trivial, and the unique obstruction for the existence of a rank r (even) Clifford
structure is that the dimension of G' has to be a multiple of the dimension of the irreducible
representation of the Clifford algebra Cl, or CI°. At the other extreme, we might look for
homogeneous spaces M = G/H with rk(H) = rk(G), or, equivalently, x(M) # 0. The main
advantage of this assumption is that we can choose a common maximal torus of H and G
and identify the root system of H with a subset of the root system of G.

In this setting, the system of roots of G is made up of the system of roots of H and
the weights of the (complexified) isotropy representation, which are themselves related to
the weights of some spinorial representation if G/H carries a homogeneous even Clifford
structure. We then show that the very special configuration of the weights of the spinorial
representation Y, is not compatible with the usual integrality conditions of root systems,
provided that r is large enough.

The main results of the paper are Theorem 4.1, where we obtain upper bounds on r depend-
ing on its 2-valuation, and Theorem 4.2, where we study the limiting cases » =9, 10, 12 and
16 and show that they correspond to the symmetric spaces F4/Spin(9), Eg/Spin(10) - U(1),
E-;/Spin(12) - SU(2) and Eg/(Spin(16)/Z,).

We believe that our methods could lead to a complete classification of homogeneous Clifford
structures of rank r > 3 on compact manifolds with non-vanishing Euler characteristic, even-
tually showing that they are all symmetric, thus parallel (cf. [5, Table 2]), but a significantly
larger amount of work is needed, especially for lower ranks.

2. PRELIMINARIES ON LIE ALGEBRAS AND ROOT SYSTEMS
For the basic theory of root systems we refer to [1] and [7].

Definition 2.1. A set R of vectors in a Euclidean space (V, (-, -)) is called a system of roots
if it satisfies the following conditions:

R1: R is finite, span(R) =V, 0 ¢ R.
R2: If o € R, then the only multiplies of o in R are +a.
R3: 228) ¢ 7 for all o, 3 € R.

(e, )

R4: s, : R — R, for all @ € R (s, is the reflection sq : V — V, so(v) := v — 222 q),

(o, a)
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Remark 2.2 (Properties of root systems). Let R be a system of roots. If a, 5 € R such that
B # +a and [|B]* = [laf*, then

(1) N B) ho a1y,

(B, B)
If (a, B) # 0, then the following values are possible:

o) (L 26e.

el (e, )

) € {(1,41),(2,42), (3, £3)}.

Moreover, in this case, it follows that

(a, a)

(3) ﬁ—sgn(M>kaeR, fork;EZ,lgkg‘
(a, )

We shall be interested in special subsets of systems of roots and consider the following
notions.

Definition 2.3. A set P of vectors in a Euclidean space (V, (-, -)) is called a subsystem of
roots if it satisfies the conditions R1 - R3 from Definition 2.1.

It is well-known, that any subsystem of roots P is included into a minimal system of roots
(obtained by taking all possible reflections), which we denote by P.

Let P be a subsystem of roots of (V, (-, -)). An irreducible component of P is a minimal
non-empty subset P’ C P such that P’ L (P \ P’). By rescaling the scalar product (-, -) on
the subspaces generated by the irreducible components of V' one can always assume that the
root of maximal length of each irreducible component of P has norm equal to 1.

Definition 2.4. A subsystem of roots P in a Euclidean space (V, (-, -)) is called admissible
if P\ P is a system of roots.

For any ¢ € Z, ¢ > 1, let &, denote the set of all g-tuples € := (e1,...,&,) with g; €
{£1},7 =1, q. The following result will be used several times in the next section.

Lemma 2.5. Let ¢ € Z, ¢ > 1 and {B;};_1; be a set of linearly independent vectors in a

q
Euclidean space (V, (-, -)). If P C {>_€;B;}ece, is an admissible subsystem of roots, then
j=1
any two vectors in P of different norms must be orthogonal.

Proof. The main idea is to use the vectors of different norms in order to construct two roots
in P\ P whose sum is a root in P, thus contradicting the condition on P to be admissible.
More precisely, suppose that o, o’ € P, o # «, such that («, o) > 0 (a similar argument
works if (a, o’) < 0) and ||/|* > ||a]|?>. From (2), it follows that either ||o/||* = 2||a||* and
(a, ) = |laf? or [&/||* = 3]la||? and (a, o’) = 2||a|*>. In both cases ‘%| > 2 and (3)
implies that o — a, o/ — 20 € P.

We first check that o/ — a, o’ — 2o ¢ P. The coefficients of §; in o/ — a and in o/ — 2«
may take the values {0, 42}, respectively {£1,£3}, for all j = 1,...,q. Since {;},_75 are
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q q
linearly independent, it follows that o' —a & {>_¢;8;}ece,. Moreover, o' —2a € {> "¢, }ece,
j=1 j=1

iff the coeflicients of each ; in o and « are equal, i.e. & = «, which is not possible.

On the other hand, (o/ — a, o/ —2a) € {||a|?, 3/la[?} and from (3) and the admissibility
of P, it follows that o € P \ P, yielding a contradiction and finishing the proof. OJ

Let G be a compact semi-simple Lie group with Lie algebra g endowed with an adg-invariant
scalar product. Fix a Cartan subalgebra t C g and let R(g) C t* denote its system of roots.
It is well-known that R(g) satisfies the conditions in Definition 2.1. Conversely, every set of
vectors satisfying the conditions in Definition 2.1 is the root system of a unique semi-simple
Lie algebra of compact type.

If H is a closed subgroup of G with rk(H) = rk(G), then one may assume that its Lie
algebra b contains t, so the system of roots R(g) is the disjoint union of the root system R(h)
and the set W of weights of the complexified isotropy representation of the homogeneous space
G/H. This follows from the fact that the isotropy representation is given by the restriction
to H of the adjoint representation of g.

Lemma 2.6. The set W C t* is an admissible subsystem of roots.
Proof. Indeed, W\ W = WNR(h), whence W\ W C WNR(H) = WNR(H) =W\W. O

We will now prove a few general results about Lie algebras which will be needed later on.

Lemma 2.7. Let b; be a Lie subalgebra of a Lie algebra bo of compact type having the same
rank. If a, 8 € R(b1) such that o + 5 € R(b2), then a+ B € R(bhy).

Proof. We first recall a general result about roots. Let hh be a Lie algebra of compact type
and t a fixed Cartan subalgebra in h. For any a € t*, let (h), denote the intersection of the
nilspaces of the operators ad(A) — «(A) acting on b, with A running over t. By definition, «
is a root of b iff (h), # {0}. Moreover, the Jacobi identity shows that [(h)a, (h)s] € (h)ats. It
is well-known that in this case the space (h), is 1-dimensional. Moreover, by [7, Theorem A,
p. 48], there exist generators X, of (), such that for any «, 8 € R(bh) with a + 8 € R(b),
the following relation holds: [X,, Xs] = £(q + 1) X445, where ¢ is the largest integer k such

that 8 — ka is a root. In particular, if a + 8 € R(b), then [(h)a, (h)s] = (h)a+s-

Let now t be a fixed Cartan subalgebra in both h; and hs (this is possible because rk(h;) =
rk(h2)) and let «, 8 € R(h1) € R(h2), such that o + 5 € R(bhy). The above result applied

to by implies: {0} # (h2)a+s = [(h2)a: (h2)s] = [(B1)a: (h1)s] € (B1)a+s, Where we use that
(h1)a = (h2)a for any a € R(h1) € R(bha). Thus, (h1)ars # {0}, i.e. a+ 5 € R(hy). O

We will also need the following result, whose proof is straightforward.

Lemma 2.8. (i) Let k > 2 and let b be a Lie algebra of compact type written as an orthogonal

k
direct sum of k Lie algebras: h = & b; with respect to some ady-invariant scalar product (-, -)
i=1



HOMOGENEOUS CLIFFORD STRUCTURES 5

k
onby. Then, identifying each Lie algebra by; with its dual using (-, -) we have R(h) = [JR(h;).
i=1
In particular, every root of b lies in one component b;.
(i1) Let o and 8 be two roots of b. If there exists a sequence of roots ag := a, 0y, ..., = f3
(n > 1) such that ( a;, ;1) # 0 for 0 < i < n—1, then o and (8 belong to the same component

b

3. THE ISOTROPY REPRESENTATION OF HOMOGENEOUS MANIFOLDS WITH CLIFFORD
STRUCTURE

Let M = G/H be a compact homogeneous space. Denote by h and g the Lie algebras of H
and G and by m the orthogonal complement of b in g with respect to some adg-invariant scalar
product on g. The restriction to m of this scalar product defines a homogeneous Riemannian
metric g on M. Since from now on we will exclusively consider even Clifford structures, and
in order to simplify the terminology, we will no longer use the word “even” and make the
following;:

Definition 3.1. A homogeneous Clifford structure of rank r > 2 on a Riemannian homoge-
neous space (G/H,g) is an orthogonal representation p : H — SO(r) and an H-equivariant
representation ¢ : so(r) — End™ (m) extending to an algebra representation of the even real
Clifford algebra C1Y on m.

Any homogeneous Clifford structure defines in a tautological way an even Clifford structure
on (M, g) in the sense of Definition 1.1, by taking E to be the vector bundle associated to
the H-principal bundle G over M via the representation p:

E=Gx,R".

In order to describe the isotropy representation of a homogeneous Clifford structure we need
to recall some facts about Clifford algebras, for which we refer to [4].

The even real Clifford algebra C1° is isomorphic to a matrix algebra K(n,.) for r 0 mod 4
and to a direct sum K(n,) ®K(n,) when r is multiple of 4. The field K (= R, C or H) and the
dimension n, depend on r according to a certain 8-periodicity rule. More precisely, K = R
forr=0,1,7 mod 8 K=Cforr =2, 6 mod 8and K=H for r =3, 4, 5 mod 8§,
and if we write r = 8k + ¢, 1 < ¢ < 8, then n, = 2% for 1 < ¢ < 4, n, = 2%+ for ¢ = b5,
n, = 2%+2 for ¢ = 6 and n, = 2**3 for ¢ = 7 or ¢ = 8.

Let 3, (resp. ©F) denote the irreducible representations of C1° for r # 0 mod 4 (resp.
r =0 mod 4). From the above, it is clear that ¥, (or ¥¥) have dimension n, over K.

Lemma 3.2. Assume that M = G/H carries a rank r homogeneous Clifford structure and
let v : H — Aut(m) denote the isotropy representation of H.

(i) If v is not a multiple of 4, we denote by £ the spin representation of so(r) = spin(r) on
the spin module 3, and by u = & o p, its composition with p,. Then the infinitesimal isotropy
representation t, on m is isomorphic to y Qg A for some representation \ of b over K.
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(ii) If v is multiple of 4, we denote by £ the half-spin representations of so(r) = spin(r)
on the half-spin modules ¥ and by pus = £ o p, their compositions with p.. Then the
infinitesimal isotropy representation v, on m is isomorphic to py Qg Ay ® pu_ Qg A_ for some
representations Ay of b over K.

Proof. (i) Consider first the case when r is not a multiple of 4. By definition, the H-equivariant
representation ¢ : so(r) — End™ (m) extends to an algebra representation of the even Clifford
algebra CI? ~ K(n,) on m. Since every algebra representation of the matrix algebra K(n)
decomposes in a direct sum of irreducible representations, each of them isomorphic to the
standard representation on K", we deduce that ¢ is a direct sum of several copies of X,.
In other words, m is isomorphic to ¥, ®k KP for some p, and ¢ is given by p(A)(¢Y @ v) =
(€(A)Y) ® v. We now study the isotropy representation ¢, on m = %, ®x KP. Note that
when K = H is non-Abelian, some care is required in order to define the tensor product of
representations over K.

The H-equivariance of ¢ is equivalent to:
t(h) o p(A)ou(h)™! = @(p(h)A), VA € so(r),Vh € H.
Differentiating this relation at h = 1 yields
t(X) 0 p(A) = p(A) 0 1 (X) = p(p.(X)A), VA €so(r),VX €b.
On the other hand,
P(p«(X)A) = o([p«(X), A]) = [2(p(X), p(A)] = [1(X), p(A)],

(4) [t(X) — (X)), p(A)] =0, VA € s0(r),VX € b.

We denote by A := ¢, — u. If {v;} denotes the standard basis of KP we introduce the maps
Xij b — Endk(%,) by

M)W @ w) = 3 A(X)(W) @,

The previous relation shows that A;;(X) commutes with the Clifford action £(A) on 3, for
every A € so(r), so it belongs to K. The matrix with entries A;;(X) thus defines a Lie algebra
representation A : h — End g (KP) such that

LX) @) = X)) v+ @ANX)(v), VX €h Ve, Vel

This proves the lemma in this case.

(ii) If » is multiple of 4, the even Clifford algebra C1° has two inequivalent algebra repre-
sentations XF. One can write like before m = X @x KP & X~ @k K? for some p,p’ > 0, and
@ is given by p(A) (YT @ v+~ @) = (ET(A)YT) @ v+ (£ (A)Y™) @ v'. The rest of the
proof is similar, using the fact that every endomorphism from ¥F to ¥F commuting with the
Clifford action of so(r) vanishes. O
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Let us introduce the ideals b; := ker(p,) and by := ker(\) of h. Since the isotropy repre-
sentation is faithful, h; Nhy = 0 and it is easy to see that h; is orthogonal to by with respect
to the restriction to h of any adg-invariant scalar product. Denoting by b the orthogonal
complement of h; @ by in h we obtain the following orthogonal decomposition:

(5) h="hoDh ®hy

and the corresponding splitting of the Cartan subalgebra of h: t =t3 & t; & .

Lemma 3.2 yields further a description of the weights of the isotropy representation of
homogeneous spaces with Clifford structure. We assume from now on that rk(G) = rk(H)
and choose a common Cartan subalgebra t C h C g. The system of roots of g is then
the disjoint union of the system of roots of h and the weights of the complexified isotropy
representation. Since each weight is simple (cf. [7, p. 38]) we deduce that all weights of
m ®g C are simple.

If 7 is not multiple of 4, Lemma 3.2 (i) shows that the isotropy representation m is isomor-
phic to p ®x A for some representations p and A of h over K. In order to express m Qg C it
will be convenient to use the following convention: If v is a representation over K, we denote
by v© the representation over C given by

¢ =v®RC, ifK=R
vC =, ifK=C
vC =, if K=H

where in the last row v is viewed as complex representation by fixing one of the complex
structures. Using the fact that if 4 and A are quaternionic representations, then there is a
natural isomorphism between (1 ®g A\)© and u® ®@c A®, one can then write

(6)

m®p C = u® @c AC, if K=Ror H
m g C=p @c \C @ i¢ @c AC, if K=C

If  is multiple of 4, then m = p; ®g Ay @ p— ®x A_ by Lemma 3.2 (ii), and the field K is
either R or H. Consequently,

(7) m @ C =4S @c A @ u @c A

Let us denote by A := {ay,...,q,} C t* the weights of the representation A€, defined when
r is not a multiple of 4. For r = 2¢+ 1 A® is self-dual, so A = —A. Moreover, K=Hif ¢ =1
or 2 mod 4, so p = f4 is even, whereas for ¢ = 0 or 3 mod 4 p might be odd, i.e. one of the
a;’s may vanish.

For r = 2¢ with ¢ even, we denote by A := {aq,...,a,} and G := {71, ...,y } the weights

of the representations A\§. Since they are both self-dual we have A = —A and G = —G and
we note that K = H for ¢ =2 mod 4, whence p and p’ are even in this case.
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Recall now that for 7 = 2¢ + 1, the weights of the complex spin representation ¥ are

q
= {Zajej, Sj = :tl} y
j=1

where {e;} is some orthonormal basis of the dual of some Cartan subalgebra of so(2¢ + 1).
Similarly, if r = 2¢ with ¢ odd, the weights of the complex spin representation :¢ are

= {isjej, g5 = :I:l,ﬁaj = 1} ,
j=1 7=1

and for r = 2¢ with ¢ even, the weights of the complex half-spin representations (3*)¢ are

{Zeje], g;j ==1 Hej = 1}
q q
= {Zajej, 5j:j:1>H€j:_1}-
j=1 j=1

We denote by §; € t* the pull-back through s, of the vectors %ej, for y =1,...,q. Since
p=Eop, (resp. pur = & o p, for r multiple of 4), the above relations give directly the
weights of u© or u$ as linear combinations of 3;’s. Taking into account Lemma 2.6, Lemma
3.2, (6)-(7) and the previous discussion, we obtain the following description of the weights of
the isotropy representation of a homogeneous Clifford structure:

Proposition 3.3. If there exists a homogeneous Clifford structure of rank r on a compact
homogeneous space G/H with tk(G) = tk(H), then the set W := W(m) of weights of the
isotropy representation is an admissible subsystem of roots of R(g) and is of one of the
following types:

(I) If r = 2q + 1 then there exists A = {aq,...,a,} C t* with A = —A such that
W=A+ {E&‘]ﬁ]}gegq and tW = p-2%. Moreover, if ¢ = 1 or 2 mod 4 then p is
even, So oy ;é_O for all i.

(IT) If r = 2q with q odd, then W = {(Hej)ozz + ZQBJL Tpece, and W =p- 27,

(III) Ifr = 2q with ¢ = 2 mod 4, then there exzst.A ={o,...,ap} and G :=={7,..., %}
in t° with A= —-A and G = =G such that

q q q q
weas St} U (Sl
j=1 j=1 c€&, 7=t =1 e€€

and W = (p +p') - 2971, In this case one of p or p' might vanish, but p and p' are
even, so the as and 7.s are all non-zero.
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(IV) If r = 2q with ¢ = 0 mod 4 (in this case the semi-spinorial representation is real),
then there exist A = {aq,...,ap} and G = {y,..., vy} in t* with A = —A and
G = —@G such that

q q q q
W:A+{Z€j6j|H€j:1} Ug—F{Z&jﬁj‘H&j:—l}
J=1 J=1 €&y J=1 J=1

and W = (p+p') - 2971 In this case one of p or p' might vanish, as well as one of
the /s or v.s.

€&y

In order to describe the homogeneous Clifford structures we shall now obtain by purely
algebraic arguments several restrictions on the possible sets of weights of the isotropy repre-
sentation given by Proposition 3.3.

Proposition 3.4. Let A := {ay,...,a,} and B := {p,...,5,} be subsets in a Euclidean
space (V, (-, -)) with 8; # 0,7 = 1,q. The following restrictions for q hold:

() If A=—-A and Py := A—I—{Zejﬂ]}geg is a subsystem of roots, then ¢ < 4. Moreover,
j=
if g =14, thenal—Oforalll<z<p

(I) If q is odd and Py := {(H&tj)aZ Zsjﬁj}z_lpseg is a subsystem of roots, then q¢ < 7.
=

j=
Moreover, if g =5 orqf7 thenaz#()for all 1 <i <p.
(II1)-(IV) If q is even, A= —A and

q q
Pg = A+ {Z€j5j| HEj = 1}
=t e et
or

q q
P4 = ./4+ {Zéjﬁjl ng = —1}
=t = et

s a subsystem of roots, then q < 8. Moreover, if g =8, then a; =0 for all 1 < i < p.
Thus, if there exists some «; # 0, it follows that g < 6.

q
Proof. (I) If there exists ¢ € {1,...,p} such that o # 0, let §y := a; and § := Y f;. B

j=0
changing the signs if necessary, we may assume without loss of generality that § has the
largest norm among all elements of P; and ||3]|> = 1. From (1) it follows that

q
We then have (g + 1) > Z( —20;) = q — 1, which shows that ¢ < 3. If a; = 0 for all

ie{l,...,p}, it follows by the same argument that ¢ < 4.
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q
(II) If there exists 7 € {1,...,p} such that a; = 0, then {> ¢;8;}.ce, C P2 and it follows
=1

from (I) that ¢ < 4. In particular, this shows that if ¢ € {5, 7}, then a; # 0, foralli =1,...,p.

q
Otherwise, if a; # 0 for all ¢ = 1,...,p, then by denoting fy := a4, we have {([]¢;)a1 +
=1

J

q q q
> €iBjitece, = {2°€B85] [1e5 = 1}eee,,, € P2. This subset is of the same type as the ones
j=1 =0 j=0

] =
considered in (II1)-(IV) with ¢ + 1 even and with all a; = 0. It then follows from (III)-(IV)
that ¢+ 1 <8,s0¢ < 7.

q/2
(IIT)-(IV): If we denote by 3} := Ba; 1+ o, for j = 1,..., 4, then A"_{Zlgjﬁj/'}gegq/Q C P3
i=

is a subsystem of roots. It then follows from (I) that ¢ < 8 and the equality is attained only
if ; =0, foralli =1,...,p. The same argument holds for P, if we choose 8] = f; — B2 and
ﬁ; Zzﬁgj_l—i‘ﬁzj,fOI‘jZZ,...,%. O

We now give a more precise description of the subsystems of roots that may occur in
the limiting cases of Proposition 3.4. Namely, we determine all the possible scalar products
between the roots.

q
Lemma 3.5. (a) Let P := {) €;8;}cce, be a subsystem of roots with §P = 29.
j=1

(i) If ¢ =4, then the Gram matriz of scalar products (( fi, B;))i; is (up to a permutation
of the subscripts and sign changes) one of the following:

1
(8) Zid4 or M =

o o ol
N e ]
Slro5l= ©
wig-5= ©

Moreover, if P is admissible, then only the first case can occur, the Gram matriz is
((Bi, B;))ij = 5ids and P = R(s0(8)), P\ P = R(s0(4) ® s0(4)).

(ii) If ¢ = 3, then the Gram matriz of scalar products ({ i, B;))ij is (up to a permutation
of the subscripts and sign changes) one of the following:

1 1 1 3 1 1
1 0 A
00 1 L0 L 11 7

4 6 12 16 16 8

Moreover, if P is admissible, then only the first two cases can occur. For the Gram
matriz ((Bi, B))i; = My the subsystems of roots are P = R(s0(6)) and P\ P =
R(so(4)) and for ({Bi, Bj))i; = Ma, P =R(g2) and P\ P = R(s0(4)).
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q q
(b) Let P := {> e;B;| [1e; = 1}eee, be an admissible subsystem of roots with P = 29. If
=1 j=1

q = 8, then the Gram matriz ((5;, 5;))i; is (up to a permutation of the subscripts and sign
changes) equal to %idg.

q
Proof. (i) As in the proof of Proposition 3.4, we denote by 5 := ) f; and, up to sign changes,
=0

we may assume that § has the largest norm among all elements of P and that this norm is

equal to 1. We consider the Gram matrix of scalar products ((3;, 5;)):;. Since (5;, 5) = i

1

for all j = 1,4, the sum of the elements of each of its lines is 1

Since ||8]|* = 1 is the largest norm of the roots in P, it follows that the square norms of
the other roots may take the following values: {1, 1, %}, so that

111
- 12 — 2 12 —_ <3< 4.
(10) |8 = 26:||F = 4]|5:|I° = 1|5 € {4, 5 12}, forall 1 <i<4
Let 4,7 € {1,...,4}, ¢ # j and assume that ||5]|* > ||5;|>. As (8 —28;, B — 26;) =
4( B;, B;), it follows by (1) that (8;, B;) € {0, 15[}

The case ( f;, ;) = —1||8;||* can not occur, because it leads to the following contradiction:
0 <118~ 28, — 26, = 45 + B> — 1= 4|5,F — 1< 0.

Assume that there exists 4,5 € {1,...,4}, i # j, such that (5;, 5;) = %H@HQ It then
follows ||3; + B3;11* = 2||8:|1* + ||155]1* € {3, 2,35}, which combined with the restrictions (10)
yield the following possible values: either |32 = ||5;]> = & or |B:]? = L 18)]> = 5. In

1

both cases (f;, B;) = %. Hence, all non-diagonal entries are either 0 or {5 and since the
1 1

sum of the elements of each line is equal to 1, the case ||3;]|* = 15 is excluded. It follows

that each line of the Gram matrix ((5;, 5;))i; either has all non-diagonal entries equal to 0
and the diagonal term is % or two of them are %6, one is 0 and the diagonal term is %. In
particular, ||5;]|* € {3,4}, for all 1 <4 < 4. Up to a permutation of the subscripts we may

assume that [|5;]|? > [|5;]|? for all 1 < < j < 4. The following two cases may occur: either
18112 = 11B2]1* = § or [I2]” = § and [|Bs]1* = &
1

In the first case at most one non-diagonal term may be 75, showing that they must all
be equal to 0. This contradicts (3;, 8;) = 1[|:]|* # 0. In the second case, since we have
one non-diagonal term equal to 1, we must have another one and then ||3]]* = ||64]|* = 3.

8
Hence, the corresponding Gram matrix is equal to My defined by (8).

The subsystem of roots corresponding to the matrix M, is not admissible, since the nec-
essary criterion given by Lemma 2.5 is not fulfilled: the set {/3;},_77 is linearly independent
(since the Gram matrix is invertible) and 3, 8 — 23, are two roots of the subsystem, which

have different norms [|8 — 2,|> = 1 = 1{|8]|* and are not orthogonal: (3, 8 —26,) = 3.

The only case left is when {f;},_17 is an orthonormal system. In this case the new roots
obtained by considering all possible reflections are the roots {+23;},_77, which are of the
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same norm and orthogonal to each other and thus build the system of roots of su(2) ®su(2) ®
_ 4
su(2) © su(2). Then the minimal set of roots is P = {+) ¢;8;} U {£28;},_74, which is the
=1

system of roots of s0(8), proving (i).

(ii) If ¢ = 3, we assume as above that § := f; + B2 + (3 is the element of P of maximal
norm and |3 = 1. From (1) it follows that (3, 5 —26;) € {0, £3}, for all i = 1,3, yielding
that (8, ;) € {3,5,2}. Since 1 = ||]]* = S (B, B), the only possible values (up to a
permutation of the subscripts) are (£, 8) = & and (3, 8) = (B3, B) = +. Then, from

2 1
18 —28:1* € {1, 5,3}, it follows that

1 31 111
11 2 - - 2 2 -z -4y
( ) Hﬂlu 6{27873}7 HﬁQH 7Hﬁ3H 6{478712}

Since (B, 8 —201) = 0 and (B, 8 —2B,) = (5,5 —2063) = %, we obtain the following

expressions for the scalar products:

(12) 2 B, 65) = NP~ 1520 ~ 13517,
(13) 2B, ) = 5+ 1817~ 181 ~ 13al,
(14) 2B, ) = 5 + 1B — 18117 ~ 15l

The other conditions for the scalar products of roots in P obtained from (1) are: (f —
26;, B —28;) € {0,5 max(||8 — 26| 1|8 — 25;]*)}, for all 1 <i < j <3, which imply

(15) (2. 32} € {5 max(l |l |
1 1 1
(15 (51 6) € {3 % gumasllAll — 11817 | i = 2.3

We may assume (up to a permutation) that ||5:||* > ||83]|>. By substituting (12)-(14)
in (15)-(16) we obtain the following conditions: ||31|> — [|52]|* — |183]|* € {0, %[5>} and
182112 = 18111 = 118s]1* + & € {0, £[|B5]|*}, which together with the restrictions (11) for the
norms yield the following possible values:

111 111 311
st s < { (3 51) (311) (B53) b

We thus obtain that the Gram matrix ({ 5;, 5, ))i; must be equal to one of the three matrices
M;, i = 1,3, defined by (9).

By Lemma 2.5, the subsystem of roots corresponding to M3 is not admissible, since the set
{Bi}i=13 is linearly independent (its Gram matrix is invertible) and there exist two roots 3,

B—2p5 of different norms || 3—20,||> = 3 = 1||8||%, which are not orthogonal: (8, 8—23,) = 1.
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The subsystem of roots corresponding to the matrix M; is admissible and in this case the
minimal set of roots containing P is obtained by adjoining the roots +28, and 4203, which
also have norm equal to 1, showing that P = R(s0(6)) and P \ P = R(so(4)).

For the Gram matrix Ms, it follows that 8; = 203 and {1, B2} are linearly independent.
The roots in P have the following norms: ||3||*> = ||8—206:||* = 1 and ||—26:]]* = ||B—51])* =

% and the roots added by all possible reflections in order to obtain the minimal system of

roots P are {£1, £26} with [|81]|> = 1, [|26]|* = 1 and (31, 28, ) = 0. It thus follows that
P\ P =R(su?2) @su(2)) and P = R(g2) (cf. [2, p. 32)).

4
(b) If we denote by (3} := (aj 1+ 25, for j = 1,...,4, then {} ¢;8]}cce, C P is a subsystem
j=1

of roots. From (i) it follows that the Gram matrix ({3;, 3} )); is (up to rescaling, reordering
and sign change of the 3’s) either }lid or the matrix My defined by (8).

We claim that the second case can not occur. Indeed, if this were the case, then || 31+ ||* =

i, "52];1 —|—62jH2 = % for j = 2,3,4, and

(17) (B + Bo s+ o) = 7c.

For every j, k with 3 < j < k <8, there exists [ € {2,3,4} such that {21 — 1,21} N {j, k} = 0.
Let {s,t} denote the complement of {1,2,7,k,2l —1,2l} in {1,...,8}. The Gram matrix of
{61+ B2, Ba—1 + Pau, Bj — Br, Bs — Bt} has at least two different values on the diagonal. Again
from (i), it follows that the remaining diagonal terms ||3; — S ||* and || s — 8;]|* must be both
equal to §. Thus, [|8; — G| = § for all 3 < j < k < 8. By the same argument we also obtain
18; + Bel? = & for all 3 < j <k <8. Thus, (8, ) =0forall 3<j <k <8, contradicting
(17).

This shows that the $}’s are mutually orthogonal. Applying this to different partitions of
the set {1,...,8} into 4 pairs we get that 5; + [ is orthogonal to §; + f; for all mutually
distinct subscripts j, k, s,t. This clearly implies that (5;, ;) = 0 for all ¢ # j. It then also
follows that [|8;[|* = &, for j =1,...,8, proving (b). O]

4. HOMOGENEOUS CLIFFORD STRUCTURES OF HIGH RANK

A direct consequence of Proposition 3.3 and Proposition 3.4 is the following upper bound
for the rank of a homogeneous Clifford structure:

Theorem 4.1. The rank r of any even homogeneous Clifford structure on a homogeneous
compact manifold G/H of non-vanishing Euler characteristic is less or equal to 16. More
precisely, the following restrictions hold for the rank depending on its 2-valuation:

(I) If r is odd, then r € {3,5,7,9}.

(IT) If r =2 mod 4, then r € {2,6,10}.
(ITT) If r =4 mod 8, then r € {4,12}.
(IV) If r =0 mod 8, then r € {8,16}.
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Proof. We only need to show that in case (II), the rank r is strictly less than 14. This will
be done in the proof of Theorem 4.2 (II) below. O

We further describe the manifolds which occur in the limiting cases for the upper bounds
in Theorem 4.1.

Theorem 4.2. The maximal rank r of an even homogeneous Clifford structure for each of
the types (I)-(IV) and the corresponding compact homogeneous manifolds M = G/H (with
tk(G) = 1k(H)) carrying such a structure are the following:

(I) r =9 and M s the Cayley projective space QP?* = Fy/Spin(9).
(IT) » = 10 and M = (C ® O)P? = Eg/(Spin(10) x U(1)/Z,).
(1) r =12 and M = (H® Q)P? = E;/Spin(12) - SU(2).
(IV) r =16 and M = (0 ® O)P? = Eg/(Spin(16)/Z,).

Proof. Let M = G/H (rk(G) = rk(H)) carry a homogeneous Clifford structure of rank 7.

(I) If r is odd, r = 2¢q + 1, then it follows from Theorem 4.1 (I) that r < 9.

By Proposition 3.3 (I) and Lemma 3.5 (i), the set W := W(m) of weights of the isotropy
representation is W = {ilgjﬁj}gegq with W = 27 and R(s0(8)) C R(g). In particular the

J:
representation A is trivial, so h = by and R (g) > 24.
Since p, : ha — s0(9) is injective and b = by, it follows that rk(h) < 4.

If rk(h) < 3, then R (g) < 18 by a direct check in the list of Lie algebras of rank 3. This
contradicts the fact that fR(g) > 24.

Thus, rk(h) = 4 and p, is a bijection when restricted to a Cartan subalgebra of h. On the
other hand, from Lemma 3.5 (i), it also follows that the Gram matrix ({ 5;, §;))i; is equal to
%id4. The new roots obtained by reflections given by (3) are the following: £28; = te;0p, €
R(h), for all i = 1,4. As rk(h) = 4 = rk(s0(9)), we may apply Lemma 2.7 for h C s0(9)
and get that {£e; £ ;|1 <i < j <4}, which are roots of s0(9), are also roots of . Thus,
h = s0(9). The Lie algebra g, whose system of roots is obtained by joining the system of
roots of §0(9) with the weights of the spinorial representation of spin(9), is then exactly f4
(cf. [2, p. 55]). We notice that we can not extend f4, since there is no other larger Lie algebra
of the same rank. Using the fact that the closed subgroup of F, corresponding to the above
embedding of $0(9) in f4 is Spin(9) (¢f. [2, Thm. 6.1]), we deduce that the only homogeneous
manifold carrying a homogeneous Clifford structure of rank 9 is the Cayley projective space
OP? = F,/Spin(9).

(IT) By Theorem 4.1 (II), r < 14. We first show that there exists no homogeneous Clifford
structure of rank r = 14.

Let r = 2¢ = 14. In this case, by Proposition 3.3 (II), the set of weights of the isotropy rep-
7 7
resentation is W := W(m) =< ([[ &) + D ¢i5; with fW = p-27. Proposition 3.4
j=1 j=1

i=1,p,ec&y

(IT) yields that a; # 0, for all 1 <i <p.



HOMOGENEOUS CLIFFORD STRUCTURES 15

We claim that the following inclusion holds: R(50(16)) C W\ W. This can be seen as
follows. Denoting by 50 = a1 and B := [y + --- + (7, the set W contains the following

subsystem of roots {Ze’:‘jﬁjl HEJ = 1}ecge- From Lemma 3.5 (b) it follows that the Gram
J=0 J=
matrix ((Bi, 55 )); =07 18 equal to gids. Then, for all 0 < i < j < 7 we have (3, § —206; —

26;) = %, implying by (3) that there are new roots +2(3; + ;) € W\ W. Similarly, for any
0 < k < 7 distinct from ¢ and j, (5 —28; — 26, B — 26, —20k) = % yields the new roots
+2(8; — B;) € W\ W. It thus follows that R(s0(16)) = {£2(8; £ 3;)|0<i <7} CW\ W.

Since R(s0(16)) € W\ W C R(b), it follows that s0(16) is a Lie subalgebra of h. Recall
the splitting (5): b = bho @ b1 @ ba, where by @ bha C s0(14). As s0(16) is a simple Lie algebra,
it follows that so(16) C bh;. In particular, this implies p > 8.

On the other hand, we show that p = 1. Assume that p > 2. By Lemma 3.5 (b), the
Gram matrix of both subsystems of roots {ay,S1,..., 57} and {ag, f1,..., 07} is equal to
%idg. Denoting by a := («, ay), we obtain the following values for the scalar products
between the roots containing oy and as: {a+ %,a+2,a—£}. From (1), we know that these
values must belong to {0, :I:l} It then follows that the only possible value for a = (aq, as)
is —3. This leads to a contradiction by computing the following norm: ||a; + as||* = =4 < 0.

Thus the case r = 14 is not possible.
Now, for rank » = 10 = 2¢, by Proposmon 3 3 (II), the set of weights of the isotropy

representation is W = W(m) = {(]—[6])04Z + 26]5]}2 Tpeces With IV = p-2°. From

Proposition 3.4 (II), it then follows that a; # 0, for all 1 < < p. We will further show that
p =1 and the following inclusions hold: R(spm(lO) @u(l)) CWA\W, R(es) CW.

Let By := oy and B} := By; + Bajy1, for j = 0,1,2. Then {Z?ZO gjB;} C W is an admissible
subsystem of roots. By Lemma 3.5 (ii), the Gram matrix B’ := (( 3], £} )); j—g3 is one of the
three matrices in (9). We may assume that ) is of maximal norm and equal to 1, so that
the possible Gram matrices B’ are normalized as follows:

100 101 1%%

(18) Mi=[0LYo | M=020] M=|111
00 1L 19 1 A

2 2 4 6 6 3

We first notice that the norm of § := Z?:o B, which is equal to the sum of all elements of

the matrix B’, may take the following values: [|3]|? = 2 for My, ||B||* = 3 for My, ||)|> = &
for M3. We will show that the last two cases can not occur.

Let us first assume that B’ = M,. In this case 8 = 20, i.e. [o+ 1 = 2(Bs + Bs).
Considering now another pairing by permuting the subscripts 2, 3,4, 5, we get a Gram matrix
which must also be equal to M, since ||3]|> does not change. We may thus assume that
Bo + B1 = 2(P2 + B4) and is furthermore equal either to 2(f8s + 85) or to 2(83 + f4). In both
cases it follows that there exists i # j € {2, 3,4, 5}, such that 5; = §;. Then, for any k # 1, j,
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the roots 8 — 28; — 26y, 8 — 28; — 28, € W are equal, which contradicts f¥V = p - 2°. Thus,
B’ # M.

Let us now assume that the Gram matrix B’ is equal to Ms. Then [|]|* = § and since this is
the maximal norm, it follows that for any other possible pairing of the 3;’s, the corresponding
Gram matrix is either M; or M3 (because the sum of all elements of M, is 3 > %)

We consider as above other pairings by permuting the subscripts {2,3,4,5}. Again by
Lemma 3.5 (ii), it follows that the corresponding Gram matrix is one of the matrices in (18)
and, since ||3]|? does not change, it must also be equal to Ms. In particular, we have:

(19) I6:+ 531 = 5,

1
(20) <Bi+ﬁj76k+ﬁl>:6a
for any permutation (i, , k, [) of (2,3,4,5).
Consider now the following pairings of j3;’s:

By = Bo+ b1, B = £(Bi — B5), By == (B — B),
where (i, 7, k, 1) is any permutation of (2,3,4,5) and in each case the signs for g} and /3 are
chosen such that
185 + BY + B ||* = max{[| 55 £ B £ By |*}.
Then {Z?:o e } is a subsystem of roots of W and by the same argument as above its Gram
matrix B” := (( 8}, B} )); -0z is either M; or M.

Since [|8)]]* = 1, it follows that in both cases the norms of the other two vectors are equal:
IBYIP = WIB311%, dce. 1B: = BilI> = 1Bk — BilI* € {3,5} By (19), we then obtain for any
i,j € {2,3,4,5} that (3;, 8;) = (18 + B; 11> — I8 — B;11*) € {0, —5;}. It then follows that
(Bi+ By, B + B) < 0, for any permutation (4,7, k,1) of (2,3,4,5), which contradicts (20).
Thus, B’ # Mj.

The only possibility left is B’ = M;. Then ||3]|> = 2 and since it is the element of maximal

norm, it follows that for any other pairing of 3;’s, the corresponding Gram matrix is also
equal to M;. We then have B’ = B” = M, which implies:

(21) (Bo+ B, Bi£B;) =0,
(22) 16+ Bl = 18— B2 = .
(23) (Bi+ Bj, B+ Bi) = (Bi — By, B — Bi) =0,

for any permutation (i, j, k,1) of (2,3,4,5). From (21) it follows that {8y + £1, 8;) = 0 for
all 2 < i < 5. From (23) it follows that (3;, §;) =0, for 2 < i < j <5 and then from (22)
we obtain [|8;]|? = §, for 2 < i <5.

For pairings of the following form Sy — f1, B — B;, Bk + B, where again (i, 7, k,1) is a
permutation of (2,3,4,5), the corresponding Gram matrix must also be equal to M;. Since
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18; £ Bj||> = 1, for all 2 < i < j < 5, it follows that |[By — Ai> = 1, so (B, B1) =
0. By the above argument applied to this pairing, it follows a similar relation, namely:
(Bo— P, BixpP;) = 0, which together with (21) yields ( 8o, 5;) = (b1, ;) =0, for 2 <7 < 5.
Thus, the Gram matrix ((3;, 3;))o<ij<s is diagonal with ||8o]|* + [|51]|* = 1 and ||3;]|* = 1,
for 2 <7 <5.

The second element in the decreasing order of the set {||8; + 3;]|*10 < i < j < 5} must
be, up to a permutation of 0 and 1, of the form Fy + [, for some 2 < k < 5. By taking now
for instance a pairing with first element equal to By + S, it follows that its Gram matrix is
equal to M; and by the same argument as above ||51]|* = 1 and, consequently, [|5,|*> = 2.
Since we allowed permutations, we have to consider two cases: ||a1]]? € %, }l .

If [y ||* = 1, we may assume that ||;]|> = 2 and ||3;||> = 1, for all 2 < ¢ < 5. Since the
Gram matrix is now completely known, we compute the scalar products between the roots
in W and by (3) we obtain: {2(a; & ), £2(8; £ 8)|2 <i < j <5} C W\ W C R(h).
Considering the orthogonal decomposition (5) of b, it follows by Lemma 2.8 (ii) that there is a
k € {0,1,2} such that {£2(ay £ 5;), £2(5; £ 5:)|2 < i < j <5} C R(bg). Since oy € ho® by
and f3; € hodbho, for 1 < i < 5, the only possible value is £ = 0. This implies that so(10) C b,
and thus p > 5. We show that this is not possible.

Assuming that p > 2 and computing the scalar products between aq + 81 + - -+ + B5 and
as + B1 £ (B2 + Bs) £ (B4 + B5), we get the following values {a + %,a + %,a — Z—i}, where
a:= (o, az). By (1), we know that {a+ I,a+ 3,a — 1} C {0, +1}. Hence, a = —3, which
implies that ||y + as||?> = —1. Thus, the case ||os]|* = § may not occur.

We then have [Jaq||? = 2 and ||3;]|* = 1, for 1 <@ < 5. Again by computing all possible
scalar products, we produce by (3) the new roots {£2(8; £ 5;)|1 <i < j <5} C R(h). By
Lemma 2.8 (i) and (ii), there exists a k € {0,1,2} such that {£2(5; £ 3;)|1 <i < j < 5}
are all roots of one of the components b of the orthogonal splitting h = ho ® b B by given
by (5). As B; € ho @ by for 1 < i < 5, it follows that £ € {0,2}. Thus, R(hy) contains the
whole system of roots of s0(10). On the other hand, ho @ ha C s0(10). Hence, there are two
possibilities: either by = s0(10) and by = 0 or hp = 0 and by = s0(10).

Let us first notice that if p > 2, then (¢, ;) = —1, for all 1 <14 < j < p. By computing
the scalar products between the different roots containing o, respectively a;, we obtain the
following values: a := (a;, o) € {a+ 2,a+ §,a — 3}, which by (1) must be contained into
{0, £1}. Hence, the only possible value is a = —

In the first case, ho = s0(10) implies that p > 5, which by the above remark leads to the

I,

following contradiction: [ja; + -+ + as[? = =2 < 0.
Thus, the second case hy = s0(10) and by = 0 must hold. We show that p = 1. Assuming
p > 2, we compute (a; + 1+ -+ f5, ag + 1 — o — -+ — B5) = —1, which by (3) yields

the new mixed root oy + as + 25, € R(h), contradicting Lemma 2.8 (i) (since oy + oy € by
and 1 € bh3). Thus, p =1 and h; = u(1)

Concluding, it follows that h = s0(10) ® u(1). Moreover, W U R(s0(10) @ u(1)), which is
exactly the system of roots of eg ( ¢f. [2, p. 57]), is a subsystem of roots of R(g). Hence g = ¢,
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since there is no larger Lie algebra of the same rank. From [2, Thm. 6.1], the Lie subgroup
of Eg corresponding to the above embedding of s0(10) @ u(1) in ¢ is Spin(10) x U(1)/Zy,
showing that the only homogeneous manifold carrying a homogeneous Clifford structure of
rank r = 10 is the exceptional symmetric space (C ® Q)P? = Eq/(Spin(10) x U(1)/Z,).

(III) By Theorem 4.1 (III), the maximal rank in this case is r = 12. For r = 12 = 2¢, from
Proposition 3.3 (III), there exist A := {ay,...,a,} and G :={y,...,y} in t* with A = —A
and G = —@G such that the set of weights of the isotropy representation is given by:

W(m) = A+ {Z%ﬂﬂ H%‘ = 1} Ug+ {Zﬁjﬁj\ H€j = —1}

with WV = (p+p')-2°, where one of p or p’ might vanish, but the /s and ~/s are all non-zero.

€& €&

Assume p # 0 (otherwise the same argument applies for p’ # 0 by changing the sign of ;)
and denote by

6 6
WI:A—F{ZEij‘H&‘j:l} ,
j=t J=1 €€

which is an admissible subsystem of roots as in Proposition 3.4 (IIT), with W = p - 25.
We claim that the following inclusions hold: R(s0(12) @ su(2)) C W\ W, R(e7) C W.

Let us consider all the subsystems of roots of the following form {Z?zl ;B3 C W, where
B1 = o, By = 1% Pa, By = Bs £ Ba, By = B5 £ Bs and such that the number of minus signs in
B4, 8% and f3) is even, as well as all the other subsystems obtained by permuting the subscripts

{1,...,6} of the j;s.

By Lemma 3.5 (i), the Gram matrix ({3}, £));; is either }idy or the matrix M defined by
(8). We further show that the second case can not occur. Indeed, if this were the case, then at
least two of the norms || 35||%, || 85> and || 3;]|* are equal and after reordering, rescaling and sign
change of 8;’s we may assume 3y = S+ B2, B3 = B3+ Ba, B) = B5+ B and || 55]* = [|84]1* = 5,
(B, B,) = &. If we denote by 3/ = 3, j = 1,2 and 3 = fs — Bs, B} = fis — fs, then
{Z?Zl g;B]} C W is also a subsystem of roots. Since {||5721185]*} = {3, 5}, it follows
again by Lemma 3.5, (i), that the Gram matrix ({8}, 57 )); is equal to M, defined by (8),
so that [|B7[* = [I85]1* = § = 185]1* = lIB4lI*. Thus, [|81 + Bo|l* = 5, [|Baj—1 + Bull* = § for
J=2,3,4, and

1
(24) (B3 + Ba, B5+ Bs) = —=

16
For every 3 < j < k < 8, there exists | € {2,3,4} such that {2l — 1,21} n {j,k} = 0.
Let {s,t} denote the complement of {1,2,7,k,2l —1,2l} in {1,...,8}. The Gram matrix of
{B1 + B2, Bar—1 + Bau, Bj — Br, Bs — Bt} has at least two different values on the diagonal. By
Lemma 3.5 (i) again, the remaining diagonal terms ||3; — Bx||* and ||8s — B¢||* are both equal
to 5. Thus [|3; — Bk[|? = § for 3 < j < k <8, and similarly [|8; + B[ = § for 3<j <k <8.
Thus (G;, Br) =0 for all 3 < j < k <8, contradicting (24).
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It then follows that the Gram matrix of any subsystem of roots {E?Zl g;jB;} as above is

({8, B5))ij = 7ids. In particular, this shows that for any 1 < i < j < 6, || + B]]* =

18 — BjlI* = }L, and (o, B + B;) = (o, fi — p;) = 0, implying that (f;, ;) = 0 and
(Bi, on ) = 0. For any k # i,j we also have ||3; + Bil|* = |55 + Bxl|* = 1, which then yields
18:|1> = é for 1 < i < 6. Denoting by ' := Zj‘zl Bi, we compute (' — 23!, ') = %, for
1 <i < 4. By (3) we obtain the new roots +23, € W\ W. Since the argument is true for any
such subsystem of roots, we have the new roots {#2ay, £2(3;+8;)|1 <i < j <6} C W\ W,
which, by the above orthogonality relations, build the system of roots of so(12) @ su(2). It
thus follows that s0(12) @ su(2) C . Furthermore, R(s0(12) @ su(2)) UW = R(er) (c¢f. [2,
p. 56]), showing that e; C g.

We claim that p = 1. Assuming that p > 2, we consider ap € A\ {£a;}. The previous
argument also shows that (3;, ag) = 0 for all 1 < ¢ < 6. Denoting by a := (a1, as), the
scalar products between 3 := a; + Z?Zl B; and oo £ (51 + f2) £ (Bs + Ba) £ (85 + Bs) take 4
possible values: {a+ %, and a }l, thus contradicting (1), which only allows 3 different values
for these scalar products. Hence, p = 1, and similarly p’ < 1.

We further prove that p’ = 0. Assuming the contrary, there exists v; # 0 in G. The
same arguments like before show that (3;, 71) = 0 for 1 < i < 6 and || ||* = 1. Denoting

by a := (aq, az), the set of scalar products between the unit vectors a; + Z?Zl B; and
Y1+ B — Bo £ (B3 + B1) £ (85 + B6) equals {a,a £ 1}. By (1), one has necessarily a = 0, i.e.
a1 L ;. We then denote by 7 := %(041 + (1) and B = %(al — B1). The above relations
show that (;, 8;) =0, [|5;]|* = % for 1 <i < j < 8 and

W(m) = {Z%ﬂﬂ H%‘ = 1}

Let 5 := Zle Bi. Since (8, B—25,—20;) = % for i # j and (8—28,—20k, B—20;—20k) = %
for i # j # k # i, by (3) we obtain that {£2(8; £ 3;)|1 <i < j <8 € W\ W C R(h).
This is exactly the system of roots of s0(16). Thus, s0(16) C h. Since s0(16) is simple, the
restriction to $0(16) of the Clifford morphism p, : h — s0(12) must vanish. Moreover, the
restriction to s0(16) of the representations AL from Lemma 3.2 vanish, too. Indeed, p =p' =1
and K = H so their complex dimensions equal 2. Thus the isotropy representation of G/H
would vanish on s0(16) C b, a contradiction.

c€lsy

As p’ = 0, Lemma 3.2 shows that the isotropy representation can be written m = iy @A,
so like in (5) we can write

(25) h="hoDh D h

with b, := ker(p,), b := ker(\,) and by = (b @ bhy)+. Since p = 1 it follows that by & h; C
su(2). On the other hand, ho®hy C s0(12) and we have proven that so(12)@su(2) C . Hence,
we obtain hs = 50(12), hp = 0 and h; = su(2). In particular, we have b = s0(12) ® su(2), and
R(g) = W(m) @ R(h) is isometric to the root system of e; (¢f. [2, p. 56]). We conclude that
M = E;/Spin(12) - SU(2) by [2, Thm 6.1].
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(IV) For r = 16 = 2q, it follows from Proposition 3.3 (IV) and Proposition 3.4 (III)-(IV)
(for the extremal case ¢ = 8) that (up to a sign change for one of the §;’s) p =1, p’ = 0 and
the set of weights of the isotropy representation is given by:

W(m) = {Z%ﬂﬂ Hffj = 1}

By Lemma 3.5 (b) it follows that the Gram matrix ((;, §;)); is equal to gids. Thus, all

roots in W have norm 1 and (f, 5;) = %, where (§ := Z?:1 B;. This yields the following
values for the scalar products for all 7, j, k mutually distinct : (3, 5 —28,—20;) = (8 —206;—
26, B—208; —20) = % and all other scalar products of roots in W are 0. The new roots
we obtain by (3) are then {£2(5; = 5;)|1 < ¢ < j < 8}, which build the system of roots of
50(16). Thus, s0(16) Ch. Asp =1 and p’ = 0 and s0(16) C b, it follows with the notations
from (25) that s0(16) C bhy. On the other hand, p. maps by @ ha one-to-one into s0(16) and
thus we must have equality: ho@bhs = s0(16). Consequently, R(g) = R(s016) UW is isometric
to the system of roots of e (c¢f. [2, p. 56]), showing that g = es and M = Eg/(Spin(16)/Z,)
by [2, Thm 6.1]. O

ce€s

As already mentioned in the introduction, similar methods could be used to examine the
remaining cases r < 8. However, the arguments tend to be much more intricate as fast as
the rank decreases. In order to keep this paper at a reasonable length, we have thus decided
to limit our study to the extremal cases of Theorem 4.1.
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