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We discuss quantum correlations in systems of indistinguishable particles in relation to entanglement
in composite quantum systems consisting of well separated subsystems. Our studies are motivated by
recent experiments and theoretical investigations on quantum dots and neutral atoms in microtraps
as tools for quantum information processing. We present analogies between distinguishable particles,
bosons, and fermions in low-dimensional Hilbert spaces. We introduce the notion of Slater rank for
pure states of pairs of fermions and bosons in analogy to the Schmidt rank for pairs of distinguish-
able particles. This concept is generalized to mixed states and provides a correlation measure for
indistinguishable particles. Then we generalize these notions to pure fermionic and bosonic states in
higher-dimensional Hilbert spaces and also to the multi-particle case. We review the results on quantum
correlations in mixed fermionic states and discuss the concept of fermionic Slater witnesses. Then the
theory of quantum correlations in mixed bosonic states and of bosonic Slater witnesses is formulated.
In both cases we provide methods of constructing optimal Slater witnesses that detect the degree of
quantum correlations in mixed fermionic and bosonic states.  © 2002 Elsevier Science (USA)
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1. INTRODUCTION

The understanding and characterization of quantum entanglement is one of the most fundamental
issues of modern quantum theory [1, 2], and a lot of work has been devoted to this topic in recent
years [3—6].

In the beginning of modern quantum theory, the notion of entanglement was first noted by Einstein
etal. [7] and by Schrodinger [8]. While in those days quantum entanglement and its predicted physical
consequences were (at least partially) considered as an unphysical property of the formalism (a
“paradox”), the modern perspective on this issue is very different. Now quantum entanglement is
seen as an experimentally verified property of nature, that provides a resource for a vast variety of
novel phenomena and concepts such as quantum computation, quantum cryptography, or quantum
teleportation. Accordingly there are several motivations to study the entanglement of quantum states:

I. Interpretational and philosophical motivation. Entanglement plays an essential role in
apparent “paradoxes” and counterintuitive consequences of quantum mechanics [7-10].

II. Fundamental physical motivation. The characterization of entanglement is one of the most
fundamental open problems of quantum mechanics. It should answer the question: What is the nature
of quantum correlations in composite systems [1]?

III. Applied physical motivation. Entanglement plays an essential role in applications of quan-
tum mechanics to quantum information processing, and in particular to quantum computing [11],
quantum cryptography [12, 13], and quantum communication [14] (i.e., teleportation [15, 16] and
super dense coding [17]). The resources needed to implement a particular protocol of quantum infor-
mation processing are closely linked to the entanglement properties of the states used in the protocol.
In particular, entanglement lies at the heart of quantum computing [2].

IV. Fundamental mathematical motivation. The entanglement problem is directly related to
one of the most challenging open problems of linear algebra and functional analysis: characteri-
zation and classification of positive maps on C* algebras [3-5, 18-20] (for mathematical literature
see [21-24]).

While entanglement plays an essential role in quantum communication between parties separated
by macroscopic distances, the characterization of quantum correlations at short distances is also
an open problem, which has received much less attention so far. In this case the indistinguishable
character of the particles involved (electrons, photons, . . .) has to be taken into account. In his classic
book, Peres [1] discussed the entanglement in elementary states of indistinguishable particles. These
are symmetrizations and antisymmetrizations of product states for bosons and fermions, respectively.
It is easy to see that all such states of two-fermion systems, and as well all such states formed by two
non-collinear single-particle states in two-boson systems, are necessarily entangled in the usual sense.
However, in the case of particles far apart from each other, this type of entanglement is not of physical
relevance: “No quantum prediction, referring to an atom located in our laboratory, is affected by the
mere presence of similar atoms in remote parts of the universe” [1]. This kind of entanglement between
indistinguishable particles being far apart from each other is not the subject of this paper. Our aim here
is rather to classify and characterize the quantum correlations between indistinguishable particles at
short distances. We discuss below why this problem is relevant for quantum information processing in
various physical systems. Perhaps the first attempt to study such quantum correlations in macroscopic
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systems was done by Legett [25]. More recently he has formulated the concept of disconnectivity
[26] of quantum states which is somewhat related to the concepts developed in this review.

This paper is organized as follows: In Section 2 we illustrate the consequences of indistinguisha-
bility. In Section 3 we describe analogies between quantum correlations in systems of two indistin-
guishable fermions, bosons, and two distinguishable parties where we concentrate on the lowest-
dimensional Hilbert spaces that allow for non-trivial correlation effects. We derive the fermion and
bosons analogues of recent results by Wootters [27], Kraus and Cirac [29], and Khaneja and Glaser
[30]. Our results shed new light on a question posed recently by Vollbrecht and Werner: Why two
qubits are special [31] (see also [32]). In Section 4 we report further results on quantum correlations
in pure states of indistinguishable fermions in higher-dimensional cases. Results on mixed fermionic
states are summarized in Section 5, and in Section 6 we report further results on identical bosons.
We conclude in Section 7.

2. QUANTUM CORRELATIONS AND ENTANGLEMENT

2.1. Physical Systems: Quantum Dots and Neutral Atoms in Microtraps

Semiconductor quantum dots [33] are a promising approach to the physical realization of quantum
computers. In these devices charge carriers (e.g., electrons) are confined in all three spatial dimen-
sions. Their electronic spectrum consists of discrete energy levels since the confinement is of the
order of the Fermi wavelength. It is experimentally possible to control the number of electrons in
such a dot starting from zero (e.g., in a GaAs heterostructure [34]).

When one wants to use quantum dots for quantum computation it is necessary to define how the
qubit (i.e., the basic unit of information) should be physically realized; e.g., the orbital electronic
degrees of freedom or the electron spin S can be chosen to form the qubit. An advantage of the
latter approach is that the decoherence time is much longer for the spin than for the orbital degree of
freedom (usually three orders of magnitude [33, 35]).

The implementation of quantum algorithms needs single qubit and two qubit quantum gates [36].
For the spin degree of freedom the former can be achieved by the application of a magnetic field
exclusively to a single spin [37]. It is well known [38] that arbitrary computations can be done if,
apart from single qubit rotations, a mechanism by which two qubits can be entangled is available (the
entangling gate /SWAP, together with single qubit rotations, can be used to produce the fundamental
controlled-NOT gate). It was proposed in [37] to realize this mechanism by temporarily coupling
two spins in two dots. The coupling, described by a Heisenberg Hamiltonian H(¢) = J(¢)S 1S,
can be turned on and off by lowering and raising the tunnel barrier between neighboring quantum
dots.

Another interesting type of physical implementation possibilities is neutral atoms in magnetic
[39] or optical [40] microtraps. Here each single neutral atom is trapped in a harmonic potential and
their collisional interaction can be controlled by temporarily decreasing the distance of the traps or
by state-selective switching of the trapping potential.

2.2. Consequences of Indistinguishability

We will use a schematic view of two electrons located in a double-well potential to illustrate
the consequences of indistinguishability for entanglement. This description applies to the discussed
examples of quantum information processing in quantum dots and in optical or magnetical microtraps
(replacing electrons by atoms). For this illustration we will assume that the qubit is modeled by the
spin degree of freedom, which we will denote by |1) and || ). Furthermore we have two spatial
wavefunctions labeled |¢) and |y), initially localized in the left and in the right potential well,
respectively. Then the complete state-space is four dimensional: {|¢)[1), |x)|1), [®)I4), X))}
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FIG. 1. The initial state |¥inic)as = |9)|1)a ® |x) )5, i.e., the case of separated wells. |¢) and |x) denote the spatial
part of the wavefunction localized in the left and in the right well, respectively.

We start with a situation where we have one electron in each well. Even if they are prepared
completely independently, their pure quantum state has to be written in terms of Slater determinants
in order to respect the indistinguishability. Operator matrix elements between such single Slater
determinants contain terms due to the antisymmetrization of coordinates (“exchange contributions”
in the language of Hartree—Fock theory). However, if the moduli of (#|#), (F|x ) have only vanishingly
small overlap, these exchange correlations will also tend to zero for any physically meaningful
operator. This situation is generically realized if the supports of the single-particle wavefunctions
are essentially centered around locations being sufficiently apart from each other, or the particles are
separated by a sufficiently large energy barrier. In this case the antisymmetrization has no physical
effect and for all practical purposes it can be neglected.

Such observations clearly justify the treatment of indistinguishable particles separated by macro-
scopic distances as effectively distinguishable objects. So far, research in quantum information theory
has concentrated on this case, where the exchange statistics of particles forming quantum registers
could be neglected, or was not specified at all.

Under these conditions we write an initial state | Vi) ap = |@) [ 1) 4 ® |x) |1 ) 8 where A (Alice) and
B (Bob) are (physically meaningful) labels for the particle in the left and the right dot, respectively.
The situation is shown in Fig. 1.

Now we want to analyze the situation when the two wells have been moved closer together or the
energy barrier has been lowered. In such a situation the probability of finding, e.g., Alice’s electron in
the right well is non-vanishing. Then the fermionic statistics is clearly essential and the two-electron
wavefunction has to be antisymmetrized and reads |y (¢;)) = (1/ﬁ)[|¢) M) 2— X)) ®
|$)11)2]. The indices A and B are changed to 1 and 2 here to stress that the enumeration of the
particles is completely arbitrary since these labels are not physical: because of the spatial overlap
of the wavefunctions the individual particles labeled 1 or 2 are not accessible independently. The
situation is shown in Fig. 2.

FIG.2. Illustrationof |y (#1)),1.e., after lowering the tunnel barrier. The electronic wavefunctions are no longer completely
localized in one of the wells.
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Note that not only the labeling of the particles but also the notation suggesting a tensor product
structure of the space of states is misleading because the actual state space is just a subspace of the
complete tensor product [41]. As a consequence of this fact the antisymmetrized state |1 (¢;)) formally
resembles an entangled state although it is clear that this entanglement is not accessible, and there-
fore cannot be used as a resource in the sense discussed above for distinguishable particles. To
emphasize this fundamental difference between distinguishable and indistinguishable particles, we
will use the term quantum correlations to characterize useful correlations in systems of indistin-
guishable particles as opposed to correlations arising purely from their statistics (thereby following
[33D).

Quantum correlations in systems of indistinguishable fermions arise if more than one Slater deter-
minant is involved, i.e., if there is no single-particle basis such that a given state of N indistinguish-
able fermions can be represented as an elementary Slater determinant (i.e., a fully antisymmetric
combination of N orthogonal single-particle states). These correlations are the analogue of quan-
tum entanglement in separated systems and are essential for quantum information processing in
non-separated systems.

As an example suppose it is possible to control the coupling J(¢) of the electrons such that at
time 1

1
(@) = U @ DO = AN @ @) T2+ 1)) @ )12 — Dolth @164 )a]

which is illustrated in Fig. 3.

In the given single-particle basis, |{(2,)) is written in terms of two elementary Slater determi-
nants (and evidently there is no basis in which it can be written as a single one). This state contains
some useful correlations beyond the required permutation symmetry as can be seen through lo-
calizing the particles again by switching off the interaction, i.e., raising the tunneling barrier or
moving the wells apart (here we neglect the effects of non-adiabaticity, see [33] for a more de-
tailed study of these effects). This corresponds to a partition of the basis between Alice and Bob,
such that Alice’s Hilbert space is formed by {|¢)}|1), |¢)|{)} and Bob’s by {|x)|1), |x)I{)}. Then
again the electrons can be viewed as effectively distinguishable, provided that none of the dots

VAVAAVR
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FIG. 3. Illustration of |{(12)).
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Alice Bob Alice Bob

FIG. 4. The final state |{/final) op. Raising the tunneling barrier localizes the wavefunctions again.

is occupied by two electrons. This does not happen here because the final state is |Vfina)ap =
(1/ﬁ)[|¢)|¢)A QX))+ 10)1d)a ®1x)11) 5], where new labels A and B are attributed to the
particles, corresponding to the dot in which they are found after separation; i.e., the electron found
in the left (right) dot is named A(B). |¥final) ap 1s shown in Fig. 4.

The final state |¥/gna) a5, sShown in Fig. 4, is the Bell state |W'), i.e., a maximally entangled two
qubit state (thus the operation performed in this example is the entangling gate +/SWAP). In this
sense it is reasonable to call |y (f,)) a maximally correlated state of two indistinguishable fermions in
a four-dimensional single-particle space and to view it as a resource for the production of entangled
states of distinguishable particles.

Motivated by these considerations in [43] we have developed a classification of states of two
fermions with 2M accessible single-particle states. This question was also addressed very recently
by Li et al. [44] and by Paskauskas and You [45]. In these papers two-boson systems are exam-
ined and analogues to earlier results about two-fermion systems [33, 43] are derived. However,
Refs. [44, 45] differ in detail about which two-boson states should be considered as analogues of
entangled states (in a bipartite system) in a certain limiting case.

Zanardi [41, 42] discusses another approach, ignoring the original tensor product structure through
a partition of the physical space into subsystems. The entangled entities then are no longer par-
ticles but modes. This approach may be seen as complementary to the one followed here. For
completeness we present the corresponding formalism in Appendix A. It is reasonable to con-
sider both kinds of quantum correlations—which one is more useful depends on the particular
situation, for instance on their usefulness for concrete applications, e.g., cryptography or telepor-
tation.

3. ANALOGIES BETWEEN BOSONS, FERMIONS, AND DISTINGUISHABLE
PARTICLES IN LOW-DIMENSIONAL HILBERT SPACES

3.1. Pure States: Schmidt Rank and Slater Rank
3.1.1. Schmidt Rank of Distinguishable Particles

The “classic” examples for quantum entanglement were studied in systems composed of separated
(and therefore distinguishable) subsystems. The most investigated case involves two parties, say
A(lice) and B(ob), having a finite-dimensional Hilbert space H 4 and H g, respectively. This results
in a total space H ="H 4 ® Hp. An important tool for the investigation of such bipartite systems is
the bi-orthogonal Schmidt decomposition [1]. It states that for any state vector |) € H there exist
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bases of H 4 and Hp such that

W= ulla) @), u>0 and Y Z=1, 0
i=1

i=l1

where the basis states fulfill that (a;|a;) = (b;|b;) = §;;. Thus, each vector in both bases for H 4 and
‘Hp occurs at most in only one product vector in the above expansion. The expression (1) is an
expansion of the state |y) into a basis of orthogonal product vectors with a minimum number r of
nonzero terms. This number can take values between one and min{dim /4, dim 7} and is called
the Schmidt rank of |Y). |) is entangled if and only if r > 1.

3.1.2. Slater Rank of Fermionic States

Let us now turn to the case of two identical fermions sharing an n-dimensional single-particle
space H,. The total Hilbert space is A(H,, ® H,) where A denotes the antisymmetrization operator.
A general state vector can be written as

lwy="Y_" wi; £ £]10) 2)
ij=1

with fermionic creation operators fl.T acting on the vacuum |0). The antisymmetric coefficient matrix
w;; fulfills the normalization condition

tr(w*w):—%. 3)

Under a unitary transformation of the single-particle space,
i ufiut = fl, 4)
w transforms as
wi> UwU", )

where U7 is the transpose of U. For any complex antisymmetric n x n matrix w there is a unitary
transformation U such that w’ = UwUT has nonzero entries only in 2 x 2 blocks along the diagonal
[43, 46]. That is,

0 =z
w' =diag[Zy, ..., Zr, Zo]  with Z; = [ i)} , (6)
—Zi
where z; >0 fori e{l,...,r}, and Z; is the (n — 2r) x (n — 2r) null matrix. Each 2 x 2 block

Z; corresponds to an elementary Slater determinant. Such elementary Slater determinants are the
analogues of product states in systems consisting of distinguishable parties. Thus, when expressed
in such a basis, the state |w) is a sum of elementary Slater determinants where each single-particle
basis state occurs at most in one term. This property is analogous to the bi-orthogonality of the
Schmidt decomposition discussed above. The matrix (6) represents an expansion of |w) into a
basis of elementary Slater determinants with a minimum number r of non-vanishing terms. This
number is analogous to the Schmidt rank for the distinguishable case. Therefore we shall call it
the fermionic Slater rank of |w) [43], and an expansion of the above form a Slater decomposition
of |w).
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3.1.3. Slater Rank of Bosonic States

Similarly, a general state of a system of two indistinguishable bosons in an n-dimensional single-
particle space reads

V)= vibjb}l0) (M

ij=1

with bosonic creation operators b;[ acting on the vacuum state. The symmetric coefficient matrix v;;
transforms under single-particle transformations just the same as in the fermionic case,

vi> UvUT. (®)

For any complex symmetric matrix v there exists a unitary transformation U such that the resulting
matrix v’ = UvUT is diagonal [44-46], i.e.,

v =diag(zy, ..., 2-,0,...,0) 9)

with z; #0 for i {1, ..., r}. In such a single particle basis the state |v) is a linear combination
of elementary two-boson Slater permanents representing doubly occupied states. Moreover Eq. (9)
defines an expansion of the given state |v) into Slater permanents representing doubly occupied states
with the smallest possible number r of nonzero terms. We shall call this number the bosonic Slater
rank of |v).

An expansion of the form (9) for a two-boson system was also obtained very recently in Refs. [44,
45]. Moreover the fermionic analogue (6) of the bi-orthogonal Schmidt decomposition of bipartite
systems was also used earlier in studies of electron correlations in Rydberg atoms [47].

Regarding Slater determinant states in fermionic Hilbert spaces we also mention interesting earlier
work by Rombouts and Heyde [48] who investigated the question of under what circumstances a
given many-fermion wavefunction can be cast as a Slater determinant built up from in general non-
orthogonal single-particle states. Since a wavefunction of this kind can in general not be written as
a single Slater determinant constructed from orthogonal single-particle states, i.e., has non-trivial
quantum correlations beyond simple antisymmetrization effects, the criteria obtained in [48] do not
address the issues here.

As we saw, elementary Slater determinants in two-fermion systems, i.e., states with Slater rank
one, are the natural analogues of product states in systems of distinguishable parties. One needs
at least a fermionic state of slater rank two to form a quantum correlated state corresponding to a
Schmidt rank two state of separated particles. In contrast, in the bosonic case one needs at least a
state of Slater rank four to perform the same task. This can already be seen from the fact that for
distinguishable particles entangled states need at least a 2 x 2 dimensional Hilbert space.

In the following we shall refer to the Schmidt rank or Slater rank of a given pure state also as its
quantum correlation rank.

3.2. Magic Bases, Concurrence, and Dualisation

One of the most important issues in quantum information theory is the qualification and quantifi-
cation of entanglement between several subsystems in a given state p. For the case of two distin-
guishable parties, a useful measure of entanglement of pure states is the von Neumann-entropy of
reduced density matrices constructed from the density matrix p = |¢) (| [49],

E(|Y)) = —tra(pa log, pa) = —trp(pp log, pp), (10)
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where the reduced density matrices are obtained by tracing out one of the subsystems, ps =trgp
and vice versa. With the help of the bi-orthogonal Schmidt decomposition of |yr) one shows that
both reduced density matrices have the same spectrum and therefore the same entropy, as stated in
Eq. (10). In particular, the Schmidt rank of |y) equals the algebraic rank of the reduced density
matrices. A pure state is non-entangled if and only if its reduced density matrices are again pure
states, and it is maximally entangled if its reduced density matrices are “maximally mixed,” i.e., if
they have only one nonzero eigenvalue with a multiplicity of min{dim H 4, dim Hp}.

3.2.1. Two Distinguishable Particles

The lowest-dimensional system of two distinguishable particles having non-trivial entanglement
properties consists of just two qubits, i.e., dim H 4 = dim H g = 2. For this system, the entanglement
measure (10) takes a particularly simple form if the state [¢) is expressed in the so-called magic
basis,

1
xn) = —=Ut) =)

V2
1
Ix2) = —=UtH) + 1)
ﬁ (11)
l
|x3) = \72(|N>+IH>)
i
Ix4) = ﬁ('m =N,

ie., |¢) = Z?:] o;| xi), where an obvious notation has been used. With respect to this basis it holds
[27, 50]

(12)

1+/1=C(y))?
E(|w))=h(+ 2(|1/,))>7

where h(x) = —x log,(x) — (1 —x)log,(1 — x) is the binary entropy function and the “concurrence”
C(|yr))isdefinedby C(|¢r)) = |Z?: 1“;’2 |. Thus, a state is fully entangled if and only if all its coefficients
with respect to the magic basis have the same phase. What is furthermore “magic” about this basis
is the fact that its elements are (pseudo-)eigenstates of the time reversal operator D [27],

Dlxi) =1x) (13)
with
D=((io}) ® (io}))K. (14)

Here 0 , are Pauli matrices in the basis used in the construction of the magic basis (11), and K is the
operator of complex conjugation which acts on a product state of basis vectors as IC|uv) = |uv), where
w, v € {1, |}, and on a general vector as K ZM'V Yulpv) = Zu,v xp/ju |;ev). These relations are part
of the definition of /C. D is invariant under arbitrary SU(2) transformations performed independently
on the two subsystems, due to the relation Uo>UT = o for any U € SU(2). It was pointed out in
Ref. [31] that this property is particular to the 2 x 2 matrix ¢ and does not have a true analogue
in higher dimensions. However, in the following we will encounter similar invariance relations
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in higher-dimensional spaces where the manifold of transformations is restricted to a physically
motivated subgroup of the unitary group.

Using the time reversal operator D, the concurrence can be written as C(|Y)) = |(¥|/)| with
|¥) = D|yr). Moreover, since the entanglement measure E(|3)) is a monotonous function of C(|/))
with both functions ranging from zero to one, one can equally well use C(|1/)) as a measure of
entanglement [27, 51], as we shall do in the following.

The definition of the magic basis (and as well of the complex conjugation operator K) refers
explicitly to certain bases in the two subsystems. However, using the above invariance property,
it is straightforward to show that switching to different local bases has only trivial effects with-
out any physical significance. In particular, the concurrence is invariant under such operations.
This can be seen from writing |¢) in the computational basis as [¢/) = > pw=t.1 Yuwlpv). Then
C(|¥))* = 4|det(y)|? and in this context it has been named “tangle” by Wootters [28].

3.2.2. Two Fermions

Let us now turn to the case of two fermions. The lowest-dimensional system allowing a Slater
rank larger than one has a four-dimensional single-particle space resulting in a six-dimensional
two-particle Hilbert space. This case was analyzed first in Ref. [33] where a fermionic analogue of
the two-qubit concurrence was found. It can be constructed in the following way: For a given state
lw) = Z?,j:l w;; fl.T f;|0) defined by its coefficient matrix w;;, define the dual matrix @;; by

~ 1 . ijkl
wij:ikglgj wlfl’ (15)

with /¥ being the usual totally antisymmetric unit tensor. Then the concurrence C(|w)) can be
defined as [52]

C(lw)) = [{w|w)| = gkl

ijki=1

Wi Wi | = 8|(wipws4 + wizwa + wigwos)l. (16)

Obviously, C(|w)) ranges from zero to one. Importantly it vanishes if and only if the state |w) has the
fermionic Slater rank one, i.e., is an elementary Slater determinant. This statement was proved first
in Ref. [33]; an alternative proof can be given using the Slater decomposition of |w) and observing
that

1 2
detw=<§(w|w)> . (17)

This relation is just a special case of a general expression for the determinant of an antisymmetric
(2K) x (2K) matrix w,

2K 2
1 .
detw;(zm 2 8ww) (18)

which is known as the Pfaffian representation and can be proved readily by the same means. Note
the formal analogy to the definition of the tangle of two qubits [28].

Moreover, it is straightforward to show that the concurrence is invariant under arbitrary SU(4)
transformations in the single-particle space. More generally, for any two states |w;), |w,) being
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subjected to a single-particle transformation U/, |w;) — |u;) =U|w;), i € {1, 2}, it holds
(fi2|uy) = detU (wa|wy). (19)

In summary, the concurrence C(Jw)) constitutes, in analogy to the case of two qubits, a measure
of “entanglement” for any two-fermion state |w). It ranges from zero for “non-entangled” states
(having Slater rank one) to one for “fully entangled” states which are collinear with their duals. In
this case the Slater decomposition of |w) consists of two elementary Slater determinants having the
same weight.

From the occurrence of the complex conjugation in the definition of the dual state (15) it is
obvious that the dualisation of a two-fermion state is an anti-linear operation. In fact, as we will
illustrate below, the dualisation of a state |w) again corresponds to time reversal. As another physical
interpretation, it can be identified with a particle-hole transformation,

U iUl =i UplO)= £ £ £ £]10), (20)
along with a complex conjugation. The operator of dualisation D, |) = D|w), can be written as
D=-U,K, 21

where /C is the anti-linear operator of complex conjugation acting on the single-particle states and
the fermionic vacuum as

Kflk=fl, KfKk=f., Kl0)=10). (22)

As a further analogy to the two-qubit case one also has a magic basis, i.e., a basis of (pseudo-)
eigenstates of the dualisation operator (21):

) = =LA £ EDI0)
V2
) = (AL £ EDI0)
\/E 3 B
IX3) = J%(fﬁfj + £ fhioy
. (23)
l '
|Xa) = 7§<fif; — £ rhioy
Ixs) = \%(fff? — £l hio)
) = —=Cf £l = £ £hio).
ﬁ 3

Expressed in this basis, the concurrence of a state |w) = Zle a;|xi) justreads C(|w)) = |Z;6=1 ozl.2|.
Therefore, |w) has a concurrence of modulus one if and only if all its coefficients with respect to the
magic basis have the same phase.

Like in the two-qubit case, the definition of the complex conjugation operator X and the magic
basis refers to a certain choice of basis in the single-particle space. However, due to the invariance
properties described above, this does not have physically significant consequences.
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A four-dimensional single-particle space can formally be viewed as the Hilbert space of a spin-
%—object. Having two indistinguishable fermions in this system means coupling two spin—% states to
total spin states that are antisymmetric under particle exchange. This leads to the two multiplets with
even total spin, i.e., S =2 and § = 0. When the single-particle states labeled so far by i € {1, 2, 3, 4}
are interpreted as states of a spin-% particle with S* = % — (i — 1) (h=1) these multiplet states read
explicitly

2,2) = £, £110)
2,1) = £ f10)

1 .
ﬁ(fffi + f2 )10y

2, —1) = ff r110)
2, -2) = £l o)

%(ffff — £ hHio).

12,0) =
(24)

0,0) =

The phase of the last singlet state has been adjusted such that the dualisation operator reads in this
ordered basis

00 0 0 10
0 0 0 -1 00
0 0 1 0 00
P=1o -1 0 0 o0 of* (25)
1 0 0 0 0 0
0 0 0 0 0 1

which is nothing but the time reversal operator acting on the two multiplets S =2 and § = 0. Thus, the
operation of dualisation can also be interpreted as a time reversal operation performed on appropriate
spin objects. However, this interpretation is not necessarily the physically most natural one: the notion
of dualisation and entanglement-like quantum correlations between indistinguishable fermions was
first investigated for the case of two electrons (carrying a spin of %) in a system of two quantum dots
[33]. There the interpretation of D as the anti-linear implementation of a particle-hole transformation,
rather than time reversal of formal spin objects, seems clearly more appropriate. Therefore we shall
retain the general term dualisation for such an operation in the two kinds of systems investigated so
far, and also in the case of a bosonic system to be explored below.

3.2.3. Two Bosons

Having established all these analogies between two qubits and a system of two fermions sharing a
four-dimensional single particle space, it is natural to ask whether similar observations can be made
for a system of two bosons. The bosonic system showing properties analogous to those discussed
before consists of two indistinguishable bosons in a two-dimensional single-particle space. This is
the smallest-dimensional system admitting states with a bosonic Slater rank greater than one. It can
be viewed as the symmetrized version of the two-qubit system, and its two-boson space represents
therefore the Hilbert space of a spin-1-object.
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A general state vector of this system reads |v) = 24 Vjj b; bj |0) with a coefficient matrix

ij=1

A B
v:(B C> (26)

being subject to the normalization condition 2| A|> 4+ 4| B|?> 4+ 2|C|?> = 1. The appropriate dualisation
operator is

D=RK, 27

where K is the complex conjugation operator with analogous properties as above, and the operator
‘R acts in the single-particle space as

2
bl RR =" —io) bl (28)
b=1

i.e., R exchanges the state labels inferring a sign. When expressed in the ordered basis (( 1 /ﬁ)bIbT |0),
b',rb; |0}, (1 ﬂ)b;b; |0)) the dualisation operator reads

0 0 1
p=(0 -1 o]k (29)
1 0 0

which is, as natural, just the time reversal operator for a spin-1-object. Now the concurrence C(|v))
can be defined as the modulus of the scalar product of |v) with its dual |) = D|v) and expressed as

C(Jv)) = (D]v)| = [4(AC — B?)| =|4det]. (30)

The last equation makes it immediately obvious that C(|v)) is invariant under SU(2) transformations
in the single-particle space and is zero if and only if |v) has bosonic Slater rank one. Therefore this
quantity has properties that are completely analogous to the two other cases before. A magic basis
of the two-boson space is given by

1 .
[x1) = 5 (bib] +b3b))0)
Lot pipt
[x2) = E(b‘bl — b,0,)|0) (31
|x3) = i(b]b})|0).
Again, the concurrence is maximal, i.e., C(|v)) = 1, if and only if the coefficients of |v) in the magic
basis have all the same phase.

3.3. Mixed States and Unified Correlation Measure: Wootters” Formula and Its Analogues

We now turn to the case of mixed states characterized by a density matrix p. For a general bipartite
system (not necessarily consisting of just two qubits) the entanglement of formation of a state p is
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defined by the expression [53, 54]
Er(p) = infyp, 1y { ZpiE(lwi))}, (32)

where E is the entanglement measure (10) for pure states, and the infimum is taken over all de-
compositions p =), p;| ;) (¥;| of the density matrix p in terms of normalized but in general not
orthogonal states |1/;) and positive coefficients p; with ), p; =1.

In the case of two qubits an equivalent entanglement measure is, following Wootters [27], given
by

C(p) = inf(p, ) { Zpic(|¢i>)}» (33)

where the concurrence C enters directly instead of via the entropy expression (12). This possibility
relies on the fact that E(|y)) for a pure state |i/) is a monotonous function of the modulus of its
concurrence, and the infimum in (32) is actually realized by a decomposition of p where each state
|¥) has the same concurrence, such that the summation becomes trivial [27].

Furthermore C can be given by a closed expression avoiding the minimization entering (33),
namely

C(p) = max{0, Ay — Az — A3 — A4}, (34)

where A, Ao, A3, A4 are, in descending order of magnitude, the square roots of the singular values
of the matrix pg with § =DpD~". The singular values of the (in general non-hermitian) matrix pp
can readily be shown to be always real and non-negative.

The formula (34) was first conjectured and proved for a subclass of density matrices by Hill and
Wootters [50], and it was proved for the general case shortly afterwards by Wootters [27].

The expression (33) can obviously be read as a unified correlation measure for all of the three cases
discussed above, namely two qubits, two indistinguishable fermions in a four-dimensional single-
particle space, and finally two indistinguishable bosons in a two-dimensional single-particle space.
This unified measure ranges from zero to one and vanishes for pure states with correlation rank one.
Moreover this quantity is invariant under “local unitary transformations,” i.e., independent SU(2)
transformation in the two qubit spaces, or, for indistinguishable particles, unitary transformations of
the single-particle Hilbert space. Moreover, in all three systems, the dualisation operation has the
property that for any two pure states |1/), |x) and their duals |/), | %), the identity (/| x) = (¥|¥)
holds.

These three properties are sufficient to take Wootters’ proof [27] over to the other two cases.
Therefore, the correlation measure C(p) of a general mixed state of two fermions sharing a four-
dimensional single-particle space can be expressed as

Cr(p)=max{0, A — Xy — A3 — A4 — A5 — A¢}, (35)

and the analogous expression for the two-boson system reads
Cs(p)= max{0, Ay — A — A3}. (36)
Again, in full analogy to the two-qubit case, the A; are, in descending oder of magnitude, the square

roots of the singular values of pg with g = DpD~! being the appropriately dualised density matrix.
As in Ref. [27] one can show that the singular values of pp are always real and non-negative.
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In Ref. [43] we have given a somewhat alternative proof of Egs. (34), (35), (36) by discussing the
matrix

Cij = (Yily)) (37

which arises from the decompositions p = ) ;[1;)(1;| of a given density matrix in terms of (in
general non-normalized) states [1;).

3.4. Invariance Group of the Dualisation and General Unitary Transformations

To simplify the notation we shall in the following denote analogous quantities referring to the
three systems above, namely two qubits, two fermions, and two bosons, in the form [-, -, -]. As an
example, the unified correlation measure reads

d
C(p)= max{O, A — Z)‘i}’ (38)
i=2

where d = [4, 6, 3] is the dimension of the full Hilbert space of each system.

Let us denote the group of (special) unitary transformations of the appropriate total Hilbert space
by G =[SU#), SU(6), SU(3)], and the group of “local transformations” (acting on the qubit spaces,
or on the appropriate single-particle space) by H = [SU(2) ® SU(2), SU(4), SU(2)]. In the following
we do not distinguish between H and its [4, 6, 3]-dimensional representation in the full Hilbert space.

For a given state |\) expressed in the magic basis, |¥V) = Zfl: 1 | xi), the action of the dualisation

operator is
d
D)= o} lx)- (39)
i=1

Therefore, within the magic basis, the dualisation operator D acting on the coordinate vector with
components ¢; is just D = 1,,,K. We now investigate the subgroup M of G consisting of all unitary
transformations I/ that leave scalar products of the form (¥ |W,) invariant, i.e., (®|®,) = (¥ |¥,)
for |W;) — |®;) =U|V;), i € {1, 2} with two arbitrary states |\¥;). Such transformations must leave
the dualisation operator invariant,

UDU' =D (40)
which means in a magic basis
uu' =1. (41)

It follows that ¢/ is, in a magic basis, real and orthogonal, U € O(d), d =[4, 6, 3], and, since
detld =1, U € SO(d). In a general basis U is an element of the corresponding equivalent repre-
sentation of SO(d). Thus, M is just the special orthogonal group SO(d). Moreover, since H is
certainly contained in M, and SO(d) is in all three cases a representation of H, we have M = H.
This result can of course also be achieved by a straightforward construction of M in terms of its
generators.

The fact that the group of “local transformations” is in all three cases identical to the unitary
invariance group of the dualisation operator is peculiar to these small systems studied here. As an
example, consider a system of 2n qubits. The generalization of the operator D is obvious, and, since
the number of qubits is even, one also finds magic bases. Then the argument leading to the condition
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(40) can be repeated in a straightforward way, with the conclusion that the invariance group of D
is essentially SO(2"), containing 2"~ !(2%" — 1) independent parameters. In contrast, H consists
just of copies of SU(2) and has 6n parameters. Thus only for n =1 we find M = H; for larger n,
H is a proper subgroup of M. Similar arguments can be made for the generalization of the other
two-particle systems to larger Hilbert spaces.

As we saw, H contains in all of the three cases above all unitary transformations which turn the
states of a given magic basis into another magic basis. This result is the key ingredient to prove a
recent result by Kraus and Cirac for the two-qubit case [29] (also derived independently Khaneja
and Glaser [30]). Here we shall just state the general result: Any unitary transformation U € G of
the full Hilbert space can be written in any magic basis as

U=V, 42)

with V;, V, € H and U; € G diagonal. Thus, U; contains d — 1 =[3, 5, 2] independent parameters
in the phase factors on its diagonal. Since the operations V, V, do not change the concurrence of
any state, Eq. (42) constitutes a decomposition of a unitary transformation into parts which preserve
“entanglement” and a part that does not. Therefore this decomposition is very helpful in the study
of generation and deletion of entanglement in the course of a unitary transformation [29].

The proof of the statement made in Eq. (42) for all three cases is completely analogous to the
one given in the appendix of Ref. [29] for the two-qubit case. For all systems the dimensions of the
groups involved on the r.h.s. of Eq. (42) add up to give the dimension of the L.h.s. For analogous
systems with larger Hilbert spaces such a decomposition of unitary transformations is in general not
possible, as one can see from similar dimensional arguments as given above.

3.5. Summary
In this section we have studied three different two-body systems:

e Two distinguishable qubits with a four-dimensional total Hilbert space.

e Two indistinguishable fermions with a four-dimensional single-particle Hilbert space. The
total two-particle space is six-dimensional.

e Two indistinguishable bosons in a two-dimensional single-particle space. The total two-
particle space is three-dimensional.

These three systems share a series of properties:
e They represent the smallest systems (regarding the dimensions of the Hilbert spaces) which
allow for nontrivial correlation effects, i.e., a correlation rank larger than one.

e [Inall three cases there is a correlation measure, the concurrence, related to an appropriately
defined time reversal operator (dualisation). In the fermionic case this operator can be also interpreted
as the anti-linear implementation of a particle-hole-transformation.

e In all three cases a magic basis exists that consists of states being invariant under the
dualisation operator. Maximally correlated states (with a concurrence of one) have real coefficients
(up to a common phase factor) when expressed in the magic basis.

e In the fermionic and bosonic case there are perfect analogues of Wootters’ formula [27] for
the correlation measure of mixed two-qubit states.

e In all three systems a general unitary transformation U of the full Hilbert space can be
written (in the magic basis) as

U=V U Vs, (43)
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where U, is diagonal and V), V, are appropriate single-particle transformations. The result for the
two-qubit case was derived recently in Refs. [29, 30].

e In all three cases the group of single-particle transformations and the group of unitary
invariance transformations of the dualisation operator coincide. In higher-dimensional cases the
invariance group of the dualisation operator is larger than the group of single-particle transformations.

Recently Verstraete et al. derived an explicit expression for a global unitary transformation which
maximizes the entanglement of a given mixed state of two qubits [55]. Given the analogies derived
above, we conjecture that the results of Ref. [55] can be applied to the other two systems studied
here.

In fact all these analogies can be derived from the following observation: as explained a two-
fermion system in a four-dimensional single-particle space can be realized by two electrons on two
neighboring quantum dots, taking into account only the lowest orbital states and the spin degree of
freedom. After a projection onto the subspace where each dot contains one and only one electron a
two-qubit system remains. Finally we arrive at a system of two bosons in a two-dimensional single-
particle space by symmetrization. In this sense the system of two fermions is the most general one.
Therefore, the question of “why two qubits are special,” posed recently by Vollbrecht and Werner
[31], can be formulated more generally: What is special about two fermions in a four-dimensional
single-particle space?

4. QUANTUM CORRELATIONS OF PURE FERMIONIC AND BOSONIC STATES
IN HIGHER-DIMENSIONAL HILBERT SPACES

4.1. Two-Fermion States

As shown above, correlations of pure states of two fermions with a four-dimensional single-particle
Hilbert space are characterized by the concurrence C(|w)). In particular this quantity vanishes if
and only if |w) has Slater rank one. As soon as larger Hilbert spaces are considered there is no
straightforward extension of the concurrence. However, performing the Slater decomposition is
always possible and thus correlations of a two-fermion system can be characterized by the Slater
rank. Here we introduce criteria for pure states in a single-particle space of arbitrary (even) dimension
d =2K that allow us to specify the Slater rank without explicitly performing the decomposition.

To begin, notice that in the case of 2K =4 the concurrence vanishes if and only if the general
expression (18) for the determinant of an antisymmetric 2K x 2K -matrix is zero. Using this for
general dimension 2K together with the block structure of w in the canonical form it is clear that
|w) has Slater rank <K if and only if

e wwg i, =0 (44)
Let us first turn to the case of 2K = 6. Here it only remains to distinguish Slater rank one from
Slater rank two/three. This can be done by

Lemma 4.1.  Let |w) = Z?,j:l w;j finjT|0) be a two-fermion state in a six-dimensional single-
particle space. Then |w) has Slater rank one if and only if Yo, B, with1 <a < <6,

6
> wijwe P =0, (45)

ijko =1
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The proof is given in Appendix B.1.

For 2K > 6 this result can be generalized to classify the Slater rank of an arbitrary pure state of
two fermions. The quantities to be calculated have an analogous structure: Slater rank two or higher
is distinguished from Slater rank one by contraction of two w-matrices with the e-tensor. Slater rank
one and two can be distinguished from Slater rank three and above by contracting three w-matrices
and so on until finally states with maximal Slater rank are identified by the full contraction of K
matrices. This is collected in the following lemma (see the Appendix for the proof):

LemMAa 4.2. A two-fermion state |w) = Zl = wuf leO Y € A(Hox @ Hok ) has Slater rank <N
if and only if Yay, ..., ayk—ny, with 1 <o) <--- <oyg—n) <2K,

i) doNO .0k —
E w,l,z...wimfl,-me' VAL OAK=N) = (), (46)

4.2. Three- and Multi-Fermion States

Three identical fermions in a 2K-dimensional single particle space Hg live in a total Hilbert
space A(Hax ® Hakx ® Hak). In the usual notation a general pure state is written

2K

wy= " winf ] £110). (47)

ijk=1

where w is completely antisymmetric and fulfills the normalization condition

2K 1
> whwie= < (48)

i,jk=1

Because every single-particle state for fermions can only be occupied once, a particle-hole trans-
formation Uy, (cf. Eq. (20)) allows us to treat the cases d =2K =4 and d =5 more easily: three
fermions acting in a four-dimensional single-particle space are mapped by U, onto one fermion
(and thus such a state is never correlated) while a five-dimensional three-fermion state is mapped
onto two fermions in five dimensions. This five-dimensional state can then always be embedded into
a four-dimensional single particle space because the rank of the coefficient matrix is always even.
Thus for d =4 a state of three fermions is always non-correlated; for d =5 the concurrence from
Section 3.2 can be used. The lowest non-trivial systems of three fermions act in a single particle
space of dimension 2K =6.

In the case of distinguishable particles it is well known that a straightforward generalization of the
bi-orthogonal Schmidt decomposition to systems of more than two parties is not possible [56-58].
Not every three-quantum-bit state can be transformed via local unitary transformations into a sum
of tri-orthogonal product states; i.e.,

[¥) =dol0)a ®10)8 ® [0)c +dil1)a ® 1) ® [1)c (49)

is not always possible.

Counting of dimensions shows that also for three fermions a canonical form consisting of a sum
of elementary Slater determinants cannot exist. In the case of 2K =6 this would mean finding a
unitary transformation U of the single particle space such that

2K
! Imn456 123Imn
Wypnp = E Wik Ui Upj U = 216 + 226 , (50)
ij k=1
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ie., Jw) Z1f1Tf2Tf3T|0) +22fjf;fg|0), where by adjusting the phases of the basis states the z;
can be chosen real and non-negative. In general such a form depends on [2K /3] real numbers (| x|
is the largest integer <x), while a general three-fermion state has

3 2
2{(21{)}:(21() 3Q2K)? +4K 1)

3 3

parameters (including normalization and an overall phase). A unitary transformation ¢/ of the 2K -
dimensional single particle space has (2K )? real parameters. For the case of 2K = 6 this means that
a general state is described by 40 parameters while the desired Slater decomposed form only has two
parameters. But then the 36 real numbers that can be chosen for the unitary transformation are not
enough in general to solve the corresponding set of linear equations.

Itis interesting that questions on multi-fermion pure states can be answered by projecting them onto
pure states of fewer particles. For this purpose let us define an operator R, with |a) =), a; f |0),
which projects the three-fermion state |w) on a two-fermion state |W) supported at most on the
single-particle space orthogonal to |a) and which is defined through the equation

2K 2K 2K
D)= Rig|w) =Ry > wipcf; f] £10) = Z > wiar £ £]10). (52)
i,jk=1 =1 k=1

The first thing to be noticed is that a decomposition of |w) into elementary non-overlapping Slater
determinants only exists if there is a set {|e*)}o=1... 2k, (€*']€*?) =6%'*? and H,x = span {|e®)} such
that R|.«y|w) has Slater rank one or is zero and R‘ea |w) is orthogonal to Rjesy|w) if o # B. In the
basis where |w) has the desired block form this set is given by the set of basis vectors.

Following the definition of non-correlated states for two-fermion systems a three-fermion state is
non-correlated if and only if it can be written as

lw) = £, £5 £110) (53)

in some basis. This is simply a Slater decomposable state with Slater rank one. These are also the
states called “separable” in Ref. [44]. We first remark that here the particle-hole transformation does
not help to identify or even to quantify quantum correlations as it did via the concurrence in the two-
fermion case, because for a three-fermion state |w) we have |(@|w)| = |(w|UK) |w)| = 0. This is
analogous to three distinguishable qubits where (y|(ic}) ® (io}) ® (io2)K|y) = 0 (cf. Eq. (14))
[31].

Instead of a direct translation of the concurrence there is a necessary and sufficient criterion for
three-fermion pure states having Slater rank one, by using the projection defined above (the proof is
given in Appendix B.1).

LemMA 4.3. A three-fermion state |w) = Zf_?kzlw,-jk f;ffjT f,j |0) € A(Hax @ Haok ® Hak) is not
correlated (has Slater rank one) if and only if ¥|a) € Hyk,

2K 2K

Rialw)=3 "> wia f; £]10) (54)

ij=1 k=1

has Slater rank one or is equal to the 2K -dimensional zero.

This lemma can be combined together with Lemma 4.2 (which allowed us to calculate the Slater
rank of two-fermion states) to give
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LEMMA 4.4. A three-fermion pure state |w) = Zzljkzlw,jk fiT f;ff]j |0) has Slater rank one if and

i

OI’lly lf Yoy, ..., 0K —-2)» 1<a;<--- <0k -2) = 2K, and Na G.CZK,
2K i
Z Wi jxa; wlmnalgjkmmxl...otz(K72) —0. (55)
i,j.k,l,m,n=1

As an example consider
N 1 . "
) =xf{LB10)+ 3 A0 wipe= 504 ye20j0), P yP =1 (56)

By Lemma 4.3, |w) does not have Slater rank one because for a = (0, 0, 1, 0, 0, 0)F

Riylw) o xf, £10) + yfd £110) (57)

has Slater rank two. Also evaluation of Lemma 4.4 shows that |w) does not have Slater rank one
because it gives rise to the five conditions

a32xy =0, ajasxy =0, aazxy =0, azasxy =0, azagxy =0 (58)

which are obviously violated by some choices of @ as long as x and y are nonzero. Notice that also
|w) cannot be written by a transformation of the single-particle space as a sum of orthogonal Slater
determinants as

[w') o< 21 (FOTFLFNN0) + 22 FODIENE0),  de, w'ocz £ £ A10) + 2o £l £ £110), (59

because Rjy|w’) # O for all |b) but Ry|w)=0 for |b)= f4Jr|O) (or, equivalently, rank(w’) >
rank(w)). All the comments and results for three-fermion states can be carried over to systems
consisting of N identical fermions in a Hilbert space A(Hzx ® - - - ® Hyk ). Here the lowest non-
trivial dimension of the single-particle space is 2N since otherwise a treatment through a particle-hole
transformation is easier. A general pure state reads

2K . . 2K 1
wy= Y wii fi ... f110), D Wi Wi = (60)
i,..,iy=1 i1,..iy=1 :

where w is antisymmetric in all indices. Again for N > 2 a decomposition into orthogonal elementary
Slater determinants is not possible in general, but a state equivalent to a pure separable state of
distinguishable particles can be said to have Slater rank one if, by a transformation of the single-
particle space, it can be cast into the form

lw)y=f ... £}10). 61)

This is a Slater decomposable state with Slater rank one and the definition again coincides with the
definition of “separable” in Ref. [44]. The operator R, can be generalized to a projector from a
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system of N to N — 1 fermions as

2K
Rlw)=1|d)  withiy, ;=N Y wi, i a, (62)

in=1

and it is clear that the necessary criterion for the existence of a decomposition into orthogonal Slater
determinants given above for three fermions also holds for more particles. Furthermore Lemma 4.3
can be translated as follows:

LEmMMA 4.5. A pure N -fermion state has Slater rank one if and only if

N-1

2K
Via)e Mok,  Rwlw)=N Y wi_saf ... f 10) (63)

iyeniy=1

has Slater rank one or is zero.

The proof can be found in Appendix B.1. The lemma is maybe easier to handle if it is given in the
following form:

LEMMA 4.6. A pure N-fermion state has Slater rank one if and only if Va;, with 1 <o <--- <
axk—2 < 2K,andforalla',...,a"=? e C°K,

2K
| N=2_ . 1 N=2 iN—1iNJN-1]N@1. -0k -2)
E Wiy iy @y - Gy W)y oA TE =0. (64)
inin=1
Jisejn=1

Here Lemma 4.5 is simply used several times, thereby reducing the number of fermions in the
system to N — 1, N — 2 and so on until Lemma 4.2 can be applied to the resulting two-fermion state.

As an example illustrating this lemma and showing that the straightforward extension of the
two-fermion concurrence using the particle-hole transformation fails, let

2K
lw) = Z Wikl fﬁf}f;:fmoh Wik = xglMI678 | 1) ij34kIT8 | o o 12ijKIT8 (65)
ijkl=1

To see that this is a correlated state take d = (0, 1,0, 0, 0,0, 0,0)" to get Ry, |w) =xf11'f3TfI|O) +
y flT f; fg |0), which after some permutation of the basis is proporational to the three-fermion corre-
lated state from Eq. (56). Thus also |w) does not have Slater rank one. Nevertheless

2K

W) =UppKlw)y= > emorwr, £1 el £l £110) (66)
i,k l=1
m,n,o,p=1

and therefore (W | w) =0 although |w) contains correlations.

4.3. Two-Boson States

Next we will apply the concept of assessing correlations by identifying the Slater number to
bosonic pure states. Given a two-boson state [v) = > v; jbjbj with v;; =vj;, a distinction between
maximal and non-maximal Slater rank is provided by the vanishing of det v in the latter case, i.e.,
by considering the full contraction of K v-matrices with two K-dimensional e-tensors. For a finer
distinction in the case of a three-dimensional single-particle space we have.
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LemmA 4.1. Let |v) = Z?] 1v,jb b ;10 be a two-boson state in a three-dimensional single

particle space. Then |v) has Slater rank one ifand only if V1 <« < 3,

3
E Vij Uklé‘tkaé‘ﬂa =0. (67)
i,j.k,l=1

This can be extended to higher-dimensional single-particle spaces essentially as for fermions. The
result is the following lemma which is the bosonic equivalent to Lemma 4.2 (the proof is sketched
in Appendix B.2):

Lemma 4.2.  Let |v) be a two-boson state in A(Hx ® Hy). |v) has Slater rank <N if and only
l.fVOll, o ag_N,withl <oy <ag_y <K,

K
T . . oliize N1 000K N pDig. N0 KN
E ViyiyVisiy - - - Vigy_1ian € e =0. (68)

4.4. Three- and Multi-Boson States

For three bosons in a two-dimensional single-particle space a general state |v) has 8 real param-
eters while a unitary transformation of the single-particle space has 4. This shows that, similar to
the fermionic case, a straightforward generalization of the two-boson Slater decomposition is not
possible, i.e., |[v) cannot always be written as |v) = (zlbIbJ{bI +z2b;b;b;)|0). The same holds for
N-boson states with N > 3.

A special case of N-boson states that indeed are Slater decomposable are non-correlated states
that we are going to define now by generalizing the definition for two-boson systems:

DeriNTION 4.1, A pure N-boson state |v) is non-correlated (is Slater decomposable and has Slater
rank one) if in some basis it can be written

1 . R
|v>=J—NbI...b{|0), ie., vi i, :ﬁl [ 6:1- (69)
=1

It is worth noticing that this definition differs slightly from the one in Ref. [44] where |v) is also
called non-correlated if it can be written |v) = (1/+v/N )b'{' .. .ij|0) in some basis where the bj are
orthogonal.

If we define an operator Ry, for |a) =), aibj|0) that projects from a system of N to a system of
N — 1 bosons (cf. Egs. (52) and (62)),

K
) =Rylv)= Y wiiabbl ...bl10)=N Z Vi iy @iyl .. bl 10 (70)

Iyenes in,j=1 i...iy=1

(here the result is not necessarily only supported on the single-particle space orthogonal to |a)), then
an identification of non-correlated states is possible.

LemmA 4.3. A pure N-boson state |v) has Slater rank one if and only if the N — 1-boson state

Ralv)=N Z Vi, iva@iybl .. b |0) (71)

IN—-1
..... lN_

has Slater rank one or is zero V|a) € Hyk.
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It is worth noticing that this lemma is also valid if, instead of Definition 4.1, the definition from
Ref. [44] is used. However, concentrating on Definition 4.1, it is possible to iterate Lemma 4.3 until
a two-boson state is left and Lemma 4.2 can be applied. Thus we have

Lemma 4.4, An N-boson pure state has Slater rank one if and only if Vo; with 1 <o) <--- <
ax 2 <K,andforalla',...,a"2eC,

K
()] N=2) (D) (N=2) jin_ijn—10 .otk —2 pin jNot .0k —2
E iy iy, Gy ) Vg gy T 3 =0. (72)
ir,...iy=1
Jisedn=1

5. QUANTUM CORRELATIONS IN MIXED FERMIONIC STATES

In this section we repeat for the completeness of the present paper the main results of Ref. [43]
concerning mixed states of two identical fermions. Part of these results, concerning the two-fermion
system with a four-dimensional single particle space, has been already discussed in Section 2. In
this case the question of the Slater rank of a given mixed state can be answered exactly. Here we
concentrate thus on the general case, for which no exact answers are known in general.

5.1. Slater Number of Mixed Fermionic States

Let us now generalize the concepts introduced in Section 2 to the case of fermionic mixed states
with a single-particle space of arbitrary dimension. To this end, we define formally the Slater number
of a mixed state, in analogy to the Schmidt number for the case of distinguishable parties [59, 60]:

DeriNiTION 5.1. - Consider a density matrix p of a two-fermion system, and all its possible convex
decompositions in terms of pure states, i.e., o= Y, p:|¥); (¥|"', where r; denotes the Slater rank
of |1/f)?; the Slater number of p, k, is defined as k = min{r,x}, where ry.x is the maximum Slater
rank within a decomposition, and the minimum is taken over all decompositions.

In other words, there exists a decomposition of p that uses pure states with Slater rank not exceeding
k, and there is no construction that only uses pure states with Slater rank smaller than k.

Many of the results concerning Schmidt numbers can be transferred directly to the Slater number.
For instance, let us denote the whole space of density matrices in A(C*X ® C?X) by Sik, and the
set of density matrices that have Slater number k or less by Sl;. SI; is a convex compact subset of
Slk. A state from SI; will be called a state of (Slater) class k. Sets of increasing Slater number are
embedded into each other, i.e., SI} C Sl C ...Sly... C Slk. In particular, SI; is the set of states
that can be written as a convex combination of elementary Slater determinants; S/; is the set of states
of Slater number 2, i.e., those that require at least one pure state of Slater rank 2 for their form-
ation, etc.

The determination of the Slater number of a given state is in general a very difficult task. Similarly,
however, as in the case of separability of mixed states of two qubits (i.e., states in C> ® C?), and one
qubit—one qutrit (i.e., states in C2®C?) [61], the situation is particularly simple in the case of small K.
For K = 1 there exists only one state (a singlet). For K =2 we have presented in Section 2 a necessary
and sufficient condition for a given mixed state to have a Slater number of one. We have also defined the
Slater correlation measure in analogy to Wootters’ result [27], relating separability to a quantity called
concurrence, and to eigenvalues of a certain matrix. One should note, however, that in the considered
case of fermionic states there exists no simple analogy of the partial transposition, which is essential
for the theory of entangled states of distinguishable particles. In fact, the Peres—Horodecki criterion
[61,62]in 2 x 2 and 2 x 3 spaces says that a state is separable if and only if its partial transpose is
positive semidefinite. The results of Section 2 can be formulated as the following theorem:
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THEOREM 5.1. Let the mixed state acting in A(C* ® C*) have a spectral decomposition p =
i 1) (W1 |, where r is the rank of p, and the eigenvectors |\V;) belonging to nonzero eigenvalues
A; are normalized as (W;|WV;) = A;5;;. Let |¥;) = Za’h wibfjf,jlm in some basis, and define the
complex symmetric r X r matrix C by

Cij= Z e wl,wl,, (73)
abcd
which can be represented using a unitary matrix as C =UC, U, with C;=diag[ci, ca,...,c/]
diagonal and |ci| > |ca| = - - - > |c,|. The state p has Slater number 1 if and only if
r
el <> leil. (74)
i=2

The above theorem is thus an analogue of the Peres—Horodecki—Wootters result for two-fermion
systems having a single particle space of dimension 2K < 4. The situation is much more complicated,
when we go to K > 2; this is similar to the case of the separability problem in C¥® CY with M N > 6.
These issues are ivestigated in the next subsection.

At this point it is worth stressing that our formalism can also be used for odd dimensions, i.e.,
formally for half-integer K. Here the situation is again particularly simple for K = 1.5 2K =3). All
states have obviously the Slater number one and can thus be written as a convex sum of projectors onto
states equivalent to the single state |0)|1) — |1)]|0), which implies that the entanglement of formation
of any antisymmetric mixed state (treated as a state of two distinguishable particles) is 1 ebit.

5.2. Fermionic Slater Witnesses

We now investigate fermionic systems with single-particle Hilbert spaces of dimension 2K > 4.
In this case, a full and explicit characterization of pure and mixed state quantum correlations, such
as given above for the two-fermion system with K =2, is apparently not possible. Therefore one
has to formulate other methods to investigate the Slater number of a given state. We can, however,
as in Ref. [43] follow here the lines of the papers that we have written on entanglement witnesses
[63, 64], and Schmidt number witnesses [60]. In the following we skip the proofs, which are discussed
in detail in Ref. [43].

In order to determine the Slater number of a fermionic density matrix o we note that due to the
fact that the sets SI; are convex and compact, any density matrix of class k can be decomposed into
a convex combination of a density matrix of class k — 1, and a remainder § [65]:

ProposiTiON 5.1.  Any state of class k, px, can be written as a convex combination of a density
matrix of class k — 1 and a so-called k-edge state &,

pr=0—=p)p—1+ps, 1=p>0, (75)

where the edge state § has Slater number >k.

The decomposition (75) is obtained by subtracting projectors onto pure states of Slater rank smaller
than k, P = |y <F) (¥ <¥| such that p; — A P > 0. Here | <) stands for pure states of Slater rank r < k.
Denoting by K(p), R(p), and r(p) the kernel, range, and rank of p, respectively, we observe that
o o p — A|Y) (| is non-negative if and only if [) € R(p) and A < (¥|p~" )" (see [65]). The
idea behind this decomposition is that the edge state § which has generically lower rank contains all
the information concerning the Slater number & of the density matrix p.



112 ECKERT ET AL.

As in the case of the Schmidt number, there is an optimal decomposition of the form (75) with
p minimal. Alternatively, restricting ourselves to decompositions px = Y. p;|¥)! (Y| with all
r; < k, we can always find a decomposition of the form (75) with § € Sl;.. We define below more
precisely what an edge state is.

DEFINITION 5.2, A fermionic k-edge state 8 is a state such that § — e[y <¥) (¥ <¥| is not positive,
for any ¢ > 0 and [y <Ky,

The edge states are thus characterized by the following

Criterion 5.1. A mixed state § is a k-edge state if and only if there exists no |1/ <¥) such that

¥ =) € R(S).
Now we are in the position of defining a fermionic k-Slater witness (k-SIW, k > 2):

DEriNITION 5.3. A hermitian operator W is a fermionic Slater witness (SIW) of class & if and only
if Tr(Wo) > 0 for all o € SI;_;, and there exists at least one fermionic p € SI; such that Tr(Wp) < 0.

It is straightforward to see that every SIW that detects p given by (75) also detects the edge state
§, since if Tr(Wp) < 0 then necessarily Tr(W§) < 0, too. Thus, the knowledge of all SIWs of k-edge
states fully characterizes all p € SI;. Below, we show how to construct for any edge state a SIW which
detects it. Most of the technical proofs used to construct and optimize fermionic Slater witnesses are
practically equivalent to those presented in Ref. [63] for entanglement witnesses.

All the operators we consider in this subsection act in AC*QC* ). Let s be a k-edge state, C
an arbitrary positive operator such that Tr(§C) > 0, and P a positive operator whose range fulfills
R(P)=K(5). We define ¢ Einf‘¢<k)(1ﬁ<k|P|1//<k) and ¢ =sup(y|C|y). Note that ¢ >0 by con-
struction and & > 0, because R(P)= K (8) and therefore, since R(8) does not contain any |y <¥) by
the definition of edge state, K (P) cannot contain any |y <¥) either. This implies:

LeEmMMA 5.1.  Given a fermionic k-edge state §, then
e

W=P—--C (76)
c

is a fermionic k-SIW which detects §.

The simplest choice of P and C consists in taking projections onto K (§) and the identity operator
on the antisymmetric space 1I,, respectively. As we will see below, this choice provides us with a
canonical form of a fermionic k-SIW.

PROPOSITION 5.2.  Any fermionic Slater witness can be written in the canonical form,
W=W —el,, 77

such that ROW) = K(8), where § is a k-edge state and 0 < & < infjy-«, (Y |W ).
It is useful to consider also

DEerINITION. 5.4. A k-Slater witness W is tangent to Sl;_; at p if 3 a state p € Sl;_; such that
Tr(Wp) =0.

Similar methods to the ones used in Ref. [43] allow us to prove Proposition 5.2 and to observe that

Observation 5.1. The fermionic state p is of Slater class k — 1 if and only if for all fermionic
k-SW’s tangent to Sl;_;, Tr(Wp) > 0.
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5.2.1. Optimal Fermionic Slater Witnesses

We will now discuss the optimization of a fermionic Slater witness. As proposed in [60, 63] an
entanglement witness (Schmidt witness) W is optimal if there exists no other witness that detects
more states than it. The same definition can be applied to fermionic Slater witnesses. We say that
a fermionic k-Slater witness W, is finer than a fermionic k-Slater witness W, if W, detects more
fermionic states than W;. Analogously, we define a k-Slater witness W to be optimal when there
exists no finer witness than itself. Let us define the set of |y) pure states of Slater rank k — 1 for
which the expectation value of the k-Slater witness W vanishes,

Tw ={|¥) such that (y|W|y) =0}, (78)

i.e., the set of pure tangent states of Slater rank <k. W is an optimal k-SIW if and only if W — ¢ P is
not a k-SIW, for any positive operator P. If the set Ty spans the whole Hilbert space A(C?X ® C2K),
then W is an optimal k-SIW. If Ty does not span A(C*K® C?X), then we can optimize the witness
by subtracting from it a positive operator P, such that PTy = 0. For example, for Slater witnesses
of class 2 this is possible, provided that inf),)¢c2¢ [Pe_l/ 2 W, Pe_l/ 2]min > (. Here for any X acting on
AC* ® C* ) we define

X, = [{e, .| X|e,.) — (e, .|X].,e) — (., e|X]e, .) + (., e| X]., )], (79)

as an operator acting in C?X, and [X ], denotes its minimal eigenvalue (see [63]). An example of
an optimal witness of Slater number k in A(C*X ® C?X) is given by

W=I, - — P, (80)

where P is a projector onto a “maximally correlated state,” |W) =(1/ VK ) Zlel f;i f;l. +110). The
reader can easily check that the above witness operator has mean value zero in the states szi f;l 410
fori =1, 2, but also for all states of the form gI g;|0) where

g}L — f;feifﬂu _i_f;ei‘ﬁlz +f3Tei‘”z‘ +fjei(p22, (81)
g-2r — _flfe—iﬁﬂlz _i_fz'['e—i(ﬂl] _ ﬂ'e—iwzz +f4Te_i(p21, (82)

for arbitrary ¢;;,i, j =1, 2. The set Ty spans in this case the whole Hilbert space A(C*X® C*X),
ergo W is optimal.

5.2.2. Fermionic Slater Witnesses and Positive Maps

It is interesting also to consider positive maps associated with fermionic Slater witnesses via
the Jamiotkowski isomorphism [18]. Such maps employ W acting in Ho® Hp =C** @ C?X and
transform a state p acting in Hx ® Hc = C*¥ ® C?K into another state acting in Hg® Hc = C*X ® C2K,
via the relation M(p) = Tr4(Wp*). Obviously, such maps are positive on separable states: When p
is separable, then for any | W) € Hp® Hc, the mean value of (V|M (p)|¥), becomes a convex sum of
mean values of W in some product states |e, ) € Ha® Hg. Since W acts in fact in the antisymmetric
space, we can antisymmetrize these states, i.e., le, f) — (le, f) —|f, e)). Such antisymmetric states
have, however, Slater rank 1, and all SIW of class k > 2 have thus positive mean value in those states.
This class of positive maps is quite different from the ones considered in Refs. [63, 64]; they provide
thus an interesting class of necessary separability conditions. The particular map associated with the
witness (80) is, however, decomposable; i.e., it is a sum of a completely positive map and another
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completely positive map composed with the transposition. This follows from the fact that WT+ = Q
is a positive operator and from M(p) =Try(Wp'*) =Trs(Qp) = MQ(,oTA) =(Mg o Tx)(p) where
Mo(X)=Tra(QX") is a completely positive map because Q is a positive operator.

6. QUANTUM CORRELATIONS IN MIXED BOSONIC STATES

Here we present new results that generalize the previous section to the case of bosons. The case
of a two-boson system with a two-dimensional single-particle space, where the Slater number of a
given mixed state can be calculated directly, has already been discussed (cf. Section 3). The concern
of this section is thus a single particle Hilbert space CX with K > 2. We discuss also the relation of
the Slater number and positive definiteness of the partial transpose.

6.1. Slater Number of Mixed Bosonic States

Following the results from the previous section we may define formally the Slater number & of a
bosonic mixed state.

DeriNiTION 5.1°. Consider a density matrix p of a two-boson system, and all its possible convex
decompositions in terms of pure states, i.e., p= Y, p;|¥); (Y[, where r; denotes the Slater rank
of [)'; the Slater number of p, k, is defined as k = min{rmax}, where rmax is the maximum Slater
rank within a decomposition, and the minimum is taken over all decompositions.

Most of the results concerning Slater numbers for fermions can be transferred directly to the Slater
number for bosons. If we denote the whole space of density matrices in S(C*¥ ® C*) by Slk, and
the set of density matrices that have Slater number k or less by SI, then S/, as in the previous
section is a convex compact subset of Slk; a state from S/; will be called a state of (Slater) class k.
Sets of increasing Slater number are embedded into each other, i.e., SI} CSL, C... Sl ... C Slk.
In particular, SI; is the set of states that can be written as a convex combination of elementary
Slater permanents. There exists, however, one very basic difference between bosonic and fermionic
systems; in the latter case, namely, the concept of partial transposition seems to be completely
inappropriate. On the other hand, since in bosonic systems S/ is the set of separable states, partial
transposition provides here a necessary condition for a state to belong to S/;. For bosonic systems
it is thus reasonable to ask questions of the sort: Do bosonic entangled states with positive partial
transpose (PPTES) exist?

For the case of K =2 anecessary and sufficient condition for a mixed state to have a Slater number
one is given either by the Peres—Horodecki criterion, i.e., by the positivity of the partial transpose, or
by the Wootters approach as discussed in Section 3. The latter result we state again in the following
theorem:

THEOREM 5.1'.  Let the bosonic mixed state acting in S(C*® C?) have a spectral decomposition
p = |Wi)(W;|, where r is the rank of p, and the eigenvectors |W;) belonging to nonzero eigen-
values A; are normalized as (V;|V;) = A;8;;. Let |W;) = Za’bvibblb;m) in some basis and define
the complex symmetric r X r matrix C by

cobd i
Cij= Y _e“e"vl,vl, . (83)
abed
(e = —£'9=1, and £°* =0 otherwise) which can be represented using a unitary matrix as C =

UC,UT, with Cy =diag[ci, cs, . .., c/]diagonal and ||| > |ca| > -+ > |c,|. The state p has Slater
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number 1 if and only if

r

el <> lail. (84)
i=2
6.2. Bosonic Slater Witnesses

We now turn to the more difficult case of K > 2 where as for fermions no complete characterization
of pure and mixed state quantum correlations can be given. Again the concept of witnesses turns out
to be useful here and we can directly translate most of the fermionic results from Section 5.2. We
will only list the theorems here and skip the proofs which are discussed in detail in [43].

ProposITION 5.1, Any bosonic state of class k, py, can be written as a convex combination of a
density matrix of class k — 1 and a so-called bosonic k-edge state §,

P =1 — p)pr—1 + pd, 1>p>0, (85)

where the edge state & has Slater number >k.

This again follows from the convexity and compactness of the sets Sl;. As in the case of fermions,
there is an optimal decomposition of the form (85) with p minimal. Alternatively, restricting ourselves
to decompositions px =Y, p; |¥) 7 ([} with all r; <k, we can always find a decomposition of the
form (85) with § € S;. This allows us to define k-edge states and k-Slater witnesses as in the fermionic
case.

DEFINITION 5.2". A bosonic k-edge state § is a bosonic state such that § — g|y <) (v <¥| is not
positive, for any & > 0 and |y <¥).

Criterion 5.1'. A bosonic mixed state § is a bosonic k-edge state if and only if there exists no
[ <k such that | <k) € R(8).

DEeriNITION 5.3". A hermitian operator W is a bosonic Slater witness of class k (k-SIW, k > 2) if
and only if Tr(Wo) > 0 for all o € Sl;_;, and there exists at least one bosonic p € Sl such that
Tr(Wp) < 0.

With the same definitions as in the paragraph before Lemma 5.1 in Section 5.2 (but now all the
operators act in the symmetric space S(C¥ ® CX)) we have

Lemma 5.1, Given a bosonic k-edge state §, then
e
W=P—-C (86)
c

is a bosonic k-SIW which detects §.

Similarly as in Section 5.2, the simplest choice of P and C consists in taking projections onto
K () and the identity operator on the symmetric space 15, respectively.

ProposITION 5.2".  Any bosonic Slater witness can be written in the canonical form,

W=W —e¢l,, (87)

such that ROW) = K (8), where 8 is a bosonic k-edge state and 0 < & < inf} <) (WIWr).
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6.2.1. Optimal Bosonic Slater Witnesses

We will now discuss the optimization of bosonic Slater witnesses, applying the same definitions
of finer and optimal as for fermions. Again we have that if the set Ty of pure tangent states of Slater
rank <k,

Tw ={l¥) such that (y|W|yr) =0}, (88)

spans the complete Hilbert space S(CX® CK), then W is an optimal k-SIW. Otherwise we can
optimize the witness by subtracting from it a positive operator P, such that P Ty = 0. For example,
for Slater witnesses of class 2 this is possible provided that inf},yccx [Pe_l/ 2 W, Pg_l/ z]min > (. Here
for any X acting on S(CX® CX) we define

X, =[(e,.|1X]e,.)+ (e, .|X]|.,e) + (., e|X|., .) + (., el X]|., e)], (89)

as an operator acting in CX, and [X],i, denotes its minimal eigenvalue (compare [63]). An example
of an optimal bosonic witness of Slater number k in S(CX ® CX) is given by

K
W=I,— —P, 0
=P (90)

where P is a projector onto a “maximally correlated state,” | W) = (1/+/K) Z[Ile blbl |€2). That this
witness is optimal can be seen as in Section 5.2.1.

Finally we only want to mention that it is again possible to relate positive maps to bosonic Slater
witnesses, leading to another interesting class of necessary separability conditions. As for fermions
(cf. Section 5.2.1) the map associated with the witness (90) is decomposable.

6.3. Bosonic Entangled States and Positive Partial Transpose

In the case of distinguishable particles there are strong indications that the Schmidt rank of
entangled states with the PPT property is not maximal, and rather low. This has been conjectured for
the states in a 3 x 3-dimensional space in Ref. [60], and for the states in a N x N-dimensional space
in Ref. [66]. We expect that similar situations take place for the Slater rank of bosonic states. In fact
we have not been able to find a two-boson mixed state that would have the PPT property and would
be nevertheless entangled; i.e., it would have Slater rank strictly greater than 1. For bosonic 3-qubit
states as well as for bosonic N-qubit states of rank <N we were even able to prove that such states
do not exist.

Our findings are summarized in the following two theorems. The first one deals with the case
of K =3, i.e., three-dimensional single-particle space, but can be easily generalized to arbitrary K.
The second one deals with bosonic systems of N qubits, i.e., N bosons in a two-dimensional single
particle space.

THEOREM 6.1.  Let a bosonic mixed state p acting in S(C? ® C3), which we treat as a symmetrized
space of Alice and Bob, have a positive partial transpose with respect to, say, Alice. Then

(D Ifthe rank of p, r(p) =3, then the Slater rank of p, Sl(p) = 1; i.e., p is separable.

(1) If the rank of p, r(p) =4, then generically there exist exactly 4 product vectors of the
form |e;, e;) in the range of p, and the Slater rank of p, SI(p) =1, i.e., p is separable, provided
(e;, eilp™! lej, ej) = pibij, where the inverse is taken on the range. In such case p Z?:] pilei, e;)
(e, eil.



CORRELATIONS OF INDISTINGUISHABLE PARTICLES 117

Proof. This theorem is a simple generalization of the result of Ref. [67]. In particular from
Theorem 1 of that paper it follows that any (symmetric or not) PPT state of rank 3 is separable,
which proves (I). To prove (II), we observe that the vector |e, e) is in the range of p if it is orthogonal
to vectors which span the kernel of p. There are two such vectors |¢;), j =1, 2, since the whole
space S(C* ® C?) is 6 dimensional. Since in a convenient basis up to normalization we can write
le) =(1, z1, z2), the equations (¢,|e, e) =0 constitute a system of two quadratic polynomials in z;
and z;. Such a system of equations has generically 4 solutions |e;, ¢;),i =1, ..., 4. From that it
follows that p is separable if and only if p = Z?:] pilei, ei){e;, e;|. Using this equation, we observe
that if p~'|e;, e;) = |v), then |e;, e;) = p|v) and from the linear independence of |e;, ¢;) we get that
(ej,ejlvy=0for j # i, and (e;, e;|v) = 1. This implies that (e;, e,-|,0’1|ej, ej)=pidj;. m

THEOREM 6.2.  Let a bosonic mixed state p acting in the symmetric N -qubit space S(C*Q - - - @ C?),
which we treat as a symmetrized space of Alice, Bob, Charlie, etc., have a positive partial transpose
with respect to, say, Alice. For N >3 let r(p) < N. Then p is separable.

Proof. Let us consider first the case N = 3. The state p is bosonic, i.e., has a maximal rank 4,
which is the dimension of the space of totally symmetric vectors. Suppose that the state p is, however,
also a PPT state with respect to Alice. We can treat it then as a PPT state in a 2 x 4 dimensional
space of Alice and Bob and Charlie grouped together. Such a state of rank 4 is necessarily separable
and can be represented as p = Z?:l pilei, ;) {(e;, ¥;|, where the projectors onto the vectors | ;)
are in general entangled pure states of Bob and Charlie [68]. Since they belong to the range of the
reduced density matrix Tr,, they must belong to S(C> ® C?). Obviously, the vectors |e;, W;) belong
to the range of p, and thus to the symmetric space S(C*> ® C> ® C?). Direct inspection shows that the
only vectors of this from are |e;, ¢;, ¢;): writing the Schmidt decomposition |¥;) =a|00) + b|11),
and expanding |e;) = «|0) + B|1) in the same basis, we immediately see that both ab and fa must
be equal to zero.

The proof for higher N is analogous. We assume that p has rank <N and a positive partial
transpose with respect to Alice. Since p, regarded as a matrix acting in a 2 x 2V~!-dimensional
space, is supported in reality in C>® S((C*)®V~1), i.e., in a 2 x N-dimensional space, the results of
Ref. [68] hold and p must be separable with respect to the partition Alice — the rest, and therefore
have a form p = Z,N=1 pilei, ;) (e;, ¥;|. But then, using the analogous argumentation as above, we
see that |e;, ¥;) = le;, e, ..., €;).

7. CONCLUSIONS

In conclusion, we have studied and characterized quantum correlations in systems of (i) two
distinguishable particles, (ii) two fermions, and (iii) two bosons. As an equivalent to the well-known
Schmidt decomposition and rank for distinguishable particles we introduced the concepts of Slater
decomposition and rank, i.e., writing fermionic and bosonic pure states as sums of orthogonal Slater
determinants or permanents, respectively.

For the case of the smallest non-trivial Hilbert space we were able to identify interesting properties
shared by all these systems: an appropriate time reversal operator allows us to define a correlation
measure, the concurrence, which can also be expressed through the coefficients of a state in the
so-called magic basis. This also allows for perfect analogues of Wootters’ formula [27] for the cor-
relation measure of mixed two-qubit states. As we noted, these analogies follow directly if the system
of two fermions in a four-dimensional single-particle space is considered as the most general one
from which the other two can be derived.

Subsequently we analyzed systems of fermions or bosons in higher-dimensional single-particle
spaces and systems of more than two indistinguishable particles. There is no straightforward extension
of the results obtained for low-dimensional Hilbert spaces. We gave necessary and sufficient criteria to
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identify the Slater rank of pure two-particles states by contractions of the e-tensor with its coefficient
matrix. These results are sufficient to classify quantum correlations of pure states in arbitrary-
dimensional single-particle spaces. For the case of three or more indistinguishable particles it was
first established that a general state cannot be written as a sum of orthogonal Slater determinants,
which demonstrates yet another analogy to distinguishable particles. We showed that non-correlated
pure states can be identified through projections of the multi-particle state onto states of two fermions.

For general two-fermion mixed states we reviewed the concept of witnesses of Slater number k and
introduced a similar concept for bosons. In both cases we showed how to optimize these witnesses
and gave an example of an optimal witness.

Finally we explored the role of the PPT criterion in bosonic systems. We gave separability criteria
for low-rank two-boson mixed states in a three-dimensional single-particle space having a positive
partial transpose. We also showed that there are no bosonic three-qubit states that have a positive
partial transpose and nevertheless contain quantum correlations. The same is true for bosonic N-qubit
states of rank <N.

APPENDIXES

A. Mode Correlations

Here we discuss briefly the rather complementary concept to deal with fermionic correlations
introduced by Zanardi [41]. Again consider the quantum dot example and suppose the system evolves
to a state (here we neglect interaction of the particles)

3 1
Yy = §[|¢>>IT>®|¢>>|¢)+|X)|T)®|X>|¢)+|¢>>|¢)®|¢>>IT)+|X)|¢) Q [x)IM)] 91)
| bt
= ULyt LA FN0, (92)

If the tunneling barrier is raised in this state then either Alice or Bob finds two electrons in their
dot; i.e., there is no particle entanglement present here. But if we forget about the spin and map the
two particle basis state fl.T f JT|0) onto |n4)® |n,), where ny and n, are the occupation numbers of
the left and the right dot, respectively, then the result is a state o |2)® |0) 4 |0)® |2). This is an
entangled state, but now the entangled entities are not the particles themselves but “modes.” Each
mode is associated with (in this case more than one) creation operator flT

This is the concept of mode entanglement. In [41, 42] correlations are analyzed not by looking at
the particles themselves but by partitioning the state space into different modes. In the simplest case
these modes are associated with the 2K single particle basis states such that the occupation number
is either O or 1 in the case of fermions. These 2K modes are then mapped onto the space of 2K
qubits such that the kth qubit is in state |1) (state |0)) if the kth mode is occupied (not occupied).

More formally this mapping is describe for the basis states of N fermions as [41]

A:HEA(N) = (cHPK (93)
i £10) = @K xR in) (94)
(fori; < --- <iy) and linearly extended to the complete Hilbert space. The characteristic function
x is defined as
1, kE{i],...,iN}
X(k;il,-n,iN):{ , , 95)
0, ké{iy,...,in}
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The mapping is not bijective in this form as not all possible K-qubit states are realized, i.e.,
Hi, (N) is not isomorphic to this space. An isomorphism can be formed by not fixing the number
of fermions in the system, i.e., by considering

A:HE — (C)®K, (96)

where HY = @K | HI (N) is the total Fock space of 0, ..., 2K fermions. Notice that this point
might raise problems in concrete applications as it requires sources and drains to adjust the number
of particles.

B. Proofs (Quantum Correlations of Pure Fermionic and Bosonic States
in Higher-Dimensional Hilbert Spaces)

Here we give proofs of some of the lemmas on indistinguishable particles in higher-dimensional
Hilbert spaces from Section 4.

B.1. Fermionic States

First notice that according to Eq. (6) for any complex antisymmetric 2K x 2K coefficient matrix
w there is a unitary transformation ¢/ such that

w), = UWUT);j = 716773 2K) 7 p120/56QK) 4 4 7y 12, (97)

where g2 is the totally antisymmetric unit tensor in 2K x --- x 2K and z; > 0.

Proof of Lemma 4.1. [=] Consider the case « =5, § = 6. In the sum all terms with at least one
i, j,k,1 € {5, 6} vanish, and thus

6 4
i k156 ikl
Z wijw e’ = Z w;jwi e’ = C(|v)), (98)
il il

where |v) =v;; fiT ij|O) € A(H4® H4) and v;; is constructed from w;; by deleting the last two
columns and rows.

Because by assumptions |w) has Slater rank 1 also |v) has to have Slater rank 1 unless |v) =0.
In both cases C(]v)) has to vanish. The same argument can be repeated for every combination of «
and B (only deleting different rows and columns from the coefficient matrix w).

[<] We will show the negated claim: there is at least one sum that does not vanish if |w)
has Slater rank > 1. The two possible cases to be distinguished are Slater rank three or Slater rank
two. If the Slater rank is three then w has full rank and thus det(w) # 0. Using the expression for the
determinant of an antisymmetric matrix from Eq. (18) it holds

6 6
A8detw)= > wep Y wywue’M £0, (99)

wf=1  ijki=1

xob

implying that at least one x*# # 0.



120 ECKERT ET AL.

If |w) has Slater rank 2 then r{w} =4 and we can find a unitary transformation ¢/ such that

6
w,f,j, = Z U,-/,»w,jUj/j (100)

i,j=1

contains only zeros in the last two rows and columns. |w) has Slater rank 2 if and only if |w’) =
Zi'j w;j(f’)j(f/)} |0) has Slater rank 2 and it follows (w’ is a4 x 4 matrix only and thus it is possible
to use the concurrence from Section 3 which does not vanish if and only if |w’) has Slater rank 2)

4
0+ C(lw')) = Z w);w),, &7 (101)

i,j,m,n=1

6
= Y wjw,,s™ (102)

i,j,m,n=1

6
= Ui wir j U it Upp Wy Uy €956 103
7=

i,j,m,n=1
i’ jm' \n'=

6
E ijmn56
= Wi’ j' W' n! Uii’Ujj’Umm’ Unn/s / . (104)

i,j,mn=1
i',jm'\n'=1

e
It is easy to verify that &/™" is also antisymmetric in all indices so it has to have the form

xi'j'm'n’ i'j'm'n'56 i'j'm'n’46 i'j'm'n'12

g =Eseet + &s68"’ + o +Epet (105)

(where some but not all £,4 may be zero) and then

6
0% 3 Wiy (Eses™ "5 4 Ege! MO L g T2 (106)
i, j.m' \n'=1
6 6 o
0 7é Z ‘S;:Otﬂ Z 81 J klaﬂu)irj/wkr]/ (107)
af=1 i k=1
xop

such that again at least one x*# £ 0.

Proof of Lemma 4.2. If N = K then the claim is that |w) does not have maximal Slater rank if
and only if

2K o
Z Wiiy « - - wi2K71i2K811m12K =0. (108)

iyeniag =1

This is the statement of Eq. (18) so Lemma 4.2 surely holds for all cases [K = N, N]. This is the
starting point for giving the proof by induction. For a combination [K, N](N < K) the assumption
will be that the lemma holds for [K, N + 1], [K — 1, N] and [N, N] (Fig. 5 illustrates the induction
process).
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K
2 3 4 5 6 —
™S

2 ®¢—»0—0 o
T/_T_\g

3 e —»0—>0
P

4 ®e—»0
T

®

FIG. 5. Construction of the proof of Lemma 4.2 by induction. Black dots mark the combinations [K = N, N] where
Eq. (18) can be applied.

[=] Introduce a two-fermion state |v) € A(H2x-2® Hakx—2) by constructing its coefficient
matrix v from w by deleting the rows and columns ok —n) and aax—ny—1. Since |w) is assumed
to have Slater rank <N also |v) has to have Slater rank <N (because its mathematical rank cannot
raise when some rows and columns are deleted). Then it follows

E wlllz L. wiZN_liZNEll...lp_NOll...Otz(K,N) (109)
..... iry=1
2(K-1) o
= E Vijiy « - - vizN—lizNgl]NJZNO(IWO(Z(K_I_N) = 07 (1 10)
Iyenny i2N=1

because by assumption the lemma holds for K — 1 and N.

[<] We will show that there is at least one non-vanishing sum if the Slater rank is >N. Then
if all terms vanish the Slater rank has to be <N. Again there are two cases to be distinguished:

Case 1. |w) has Slater rank > N. By assumption the lemma holds for [K, N 4 1] and thus

0 # E Wiyiy - -+ wi2N+1izN+28“JZNH&IW&Z(K?N?]) (111)
i,eian2=1
for at least one combination of &, ..., @yx—n—1). But then
2: 2: i1 oA N1 2N 4201 o O2(K N —
O # w12N+112N+2 wlllz .. wi2N71i2N8 1 AND2N+12N4200 2K—-N—-1) (] 12)
DNt1slavg2 e,

X2N+12N 4291 02K ~N~1)

such that at least one x/2v+12v+201-0k-N-1) £ (),

Case2. |w)hasSlaterrank N.Thenr{w}=2N and thereis aunitary transformation U € SU(2K)
such that

2K
wl{,j/Z Z U,'f,‘wijUj/j (113)
i,j=1
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contains zeros in the last (2K —2N) columns and rows. |w’) also has to have Slater rank N and
because the lemma is assumed to be valid for [K = N, N] it holds

2N
/ / iy...I2N
0 # E Wiy e Wi iy & (114)
T]yeeny ipy=1
2K
_ Z wf W i @NEDL2K) (115)
12 LN-112N
[T on=
2K
= E Cowae U . . LT ., el an@N4D..(2K)
- Ull/] w![Jz U‘ZJZ e UIZN—IJZN,] w/z[vf[JZN UlZNJZNg (1 16)
iyoioy=1
jl/"'jéNzl
2K 2K
_ . L o il @NAD.L2K)
= E Wiy e Wi oo E Uiji o - Unyjsn € . (117)
o=l ity =1

Efl’ ...jz'N @2N+1)...2K)

gli-Jn@N+D.-CK) has to be antisymmetric in all indices so it has the form

2K
EJIHJZN(ZN-‘-])...(ZK) — 2 : ‘i:al...az(K,N)gjlAH}ZNO{IMO{Z(K?N) (1 18)
ap,...,og-n=1
(some but not all £ might be zero) and then
2K 2K
. L pdieedan 02K N)
0# 2 : Eay.ctxk-m) 2 : Wjijg e Wiy oy €72 ’ (119)
ay..ayg-ny=1 JI,JZ,NZI

XO-22AK=N)

where at least one x*!%2k-M =£ () is necessary.

Proof of Lemma 4.3. [=] |w) has Slater rank one so there exists U, UU t =1, such that
wz{jk = Wi Ui Upj Ung = zg! /302K (120)

Then, for arbitrary |a) and writing |a) = U'|a), we have

2k 2K
V)= Raylw')  withv; =3 wjai= Y ze"*5Kq Ut = (A @ 0); (121)
k=1 k,l=1

with the 3 x 3 antisymmetric matrix A and 0 as the (2K — 3) x (2K — 3)-dimensional zero. A has
rank zero or two and thus there exists unitary V such that

(VU/VT)I']' — Bgli345.-2K) (122)
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for some fS. Inserting Eqs. (120) and (121) shows that |v) = R|,y|w) indeed has Slater rank one
@if B #£0):

2K
,38”345"'(2[() = Z Vim Wopq Umo Unp qual U/j] an (123)
l,m,n,0,p,q=1
2K
= Y (UV)oitopgag(UTV),;. (124)
o,p,q=1

[«<] Here we make use of the fact that an N-fermion state |w) (coefficient matrix w) in a
2K -dimensional single-particle space has Slater rank one (it can, after some transformation of the
single-particle basis, be written as a single Slater determinant) if and only if there exists a set of
orthonormal vectors {¢®},—; g with e® - &# =8% suchthatforay, ..., ay €{l,...,2K}

,,,,,

wijke;'n . eI(:N — Zectl...ctN(N-&-l)...(ZK). (125)

These vectors are the columns of the matrix U that transforms the single particle space.

Choose an arbitrary €', |¢'| =1, such that vjy = >, w;jxe] is not the 2K x 2K -dimensional zero.
The resulting two fermion state |v) by assumptions has Slater rank 1 and thus there exist €2, &7, . . .,
¢*X such that e%¢# = §*f and

S vnete = 3 upelelel =zelrh2h), (126)
j.k=1 i,j,k=1

But we furthermore claim that |w) has Slater rank one:

Z w;jkes el i€ Y — 7g®Pr4-2K) fora, B,y €{l...2K}. 127)
i,j,k=1

Because of Eq. (126) this is obvious if («, 8, y) is a permutation of (1, 2, 3) and otherwise if « = 1.
So further attention has only to be paid to the cases where | <o < <y.

Consider |v¥) with v‘j"k = > wjjrey for 1 <a <3. By assumption the two-fermion state [v*) has
Slater rank one (or is zero) and thus there is at most a two-dimensional subspace M such that
for any two a € M and beM,ai+b, > wjjkefajbr #0. Because of Eq. (126), /\/l is spanned by
éh,e” where {B, y} ={1, 2, 3}\{a}. The &’s are orthogonal and thus Wjjrey ef ek =0ifl<a<4
anda < f <y

For3<a<f<vy ﬁxed suppose > w; jke"eﬁ ej #0. Then there exist a two-dimensional sub-
space M spanned by ¢ and & and an orthogonal subspace N spanned by ¢# and &” such that
» w,jk[e +eflajbr #0 for @ and b both in M or both in A and ad # b. This contradicts the as-
sumption that Rj.1y4e«)|w) has Slater rank one.

Proof of Lemma 4.5. [=] |w) has Slater rank one; i.e., we can find el, ..., &% such that
Z Wi, ive a] . O(N Zeal...aN(N-Fl)...(Zk)' (128)
..... lN 1

Now consider v;, i, , = > wj, , %;, for arbitrary X. If X = then |v) has Slater rank 1 if & < N
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or is zero if & > N. Otherwise it holds that

2K 2K
> vl =0 fora>N  and D Vi iy Xiy, =0 (129)

ivo1=1 in-1=1

and we can choose b* =& for a > N s N = X, and the remaining b for & < N such that b b =
541 to get

2K
D Wiy BB =g N CR (130)

tYIN-
Iyenny in_1=1

which means that |v) has Slater rank one if Z # 0 and is zero otherwise.

[«<] This is similar to the three-fermion case.

B.2. Bosonic States

Proof of Lemma 4.1. [=] Let |v) have Slater rank one and for any 1 <« <3 let v’ be the
2 x 2-matrix that results from deleting the row and column «. If |v) has Slater rank one then also

[v') = Z?J:l v jbjbj |0) has Slater rank one (unless it is zero) and the claim follows from Eq. (30).

[<] We will show that at least one sum in Eq. (67) does not vanish if |v) has Slater rank larger
than one. The two possible cases are Slater rank three and Slater rank two. If the Slater rank is three
then v has full rank and det v # 0. There exists a unitary transformation U of the single particle space
such that

3
/
V=Y UivppUjy (131)
ij=1
is diagonal. In this basis
3 3
r_ ’ roo ikm jikm
030 detv' = > v} Y vy}, "e (132)
i=1  km=1
3 3
/ ikm ik
= Zvii Z Ukk’vk’l’Ukl/Umm’vm’n/ mn’gl gt (133)
i=1 k,m=1

k' m' ;n'=1

3 3
=D v D EEL Y vrv e e £0 (134)

i=1 a,f=1 kU m'\n'=1

xop

and thus at least one x®® £ 0. To show that this implies that at least one x** #£0, let {«, 8} € {1, 2, 3}
and let y be the remaining index. Then

|| = 2|V PV vy v, + Y P05 0., | (135)
= 2|8"‘ﬁysﬂwv5avw - eaﬁyeﬁayvﬁva| (136)
2
! 2 VB
= 2|vpaVyy — Uy Vpal =0 & =), ———. (137)

ya Uy
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On the other hand if & € 1, 2, 3 and B, y are the remaining two indices, then

x| = 2] PV vggu,,, + P e P03 | (138)
!
= |2vpvyy — U?;y =0<% véy =Vggly,y (139)
and thus if x'' =0, x?>=0, and x** =0 then v3; = vy v33, v, =v)1v33, and v, =vivx. Then

Eq. (137) is fulfilled and x*# =0 for all choices of o and B. Thus at least one x*# %0 implies
that at least one x*“ 0.
If the Slater rank is two then there exists a unitary transformation U such that

3
’ . / ’
Uy = E Uiivp Uy =diag(vy, vy, 0), (140)
i,j=1
and thus
2
0 # § U[/gkv;;1m83km€3km (141)
k,m=1
3
3km . 3km
= E Ui vier Uy Uy Vg Uy € & s (142)
k,m=1
k' ,m' \n'=1

such that the above arguments can be repeated. Using this, Lemma 4.2 can then be proven by
induction.

Proof of Lemma 4.3.  'We will give the proof for the case N = 3. [=] |v) has Slater rank one and,
following Definition 4.1, there exists a unitary transformation U such that

K
Vi = Z Vimn Uit U jm Ugn = 28i18 1811« (143)

I,m,n=1

Then for arbitrary |a) it is obvious that R, |v) has Slater rank one (unless it is zero), because (here
a; =Uyap)
k

K
3> v =3a12818;1. (144)
k=1

[«<] Notice that if a K x K-matrix v has rank one and (normalized) eigenvector ¢, then if the
normalized vector ¥ maximizes ||vx|| then X = . Now let X and y be normalized vectors varying over
the unit sphere and maximize ||3_;;, vijrx; y;|l. A maximum exists because the product of two unit
spheres is a compact space and || - || is a continuous function. Let the maximum occur at ¥ =" and
y. Now y is the eigenvector of ), v;j efl), which by assumption has rank one, because y maximizes
||Zl.’jv,'jke§1)yj || Similarly &V is the eigenvector of Y, v;;xy;. Then we have

3 3
2 : 1 z : 1 Y 1

vijkel(» )yj = )"lyk and v,-jkyie; ) :)\,162 ) (145)
i,j i,j
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and by comparing both equations

3
y=e¢ A, Z vijrey e =iy (146)
j.k

where A| can be chosen real and positive by adjusting the phase of ¢V, Furthermore Z V; Jke( V2= =
0 forany 7 Le™,
Now repeat this maximization, but this time restrict ¥ and ¥ to the space perpendicular to ¢. If

the result is called €, then Z, Vi ]ke(2)€§2) @ _ =X, and X < A;. In this way a complete basis is

constructed. If v is written in this basis then

v’=vi(5<”+- +e®) = Ldiag[xl... Akl M>A> - >Ag >0, (147)
VK VK - T

By assumption |v") has to have Slater rank one; i.e., v’ has to have rank one, and it follows that
Ap=---=Aig =0. Thus

Y vije Ve’ = 1181481461, (148)
i,j.k

and |v) has indeed Slater Rank 1.
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