Universitat Regensburg
Mathematik

Every conformal class contains

a metric of bounded geometry

Olaf Miller and Marc Nardmann

Preprint Nr. 09/2013




EVERY CONFORMAL CLASS CONTAINS A METRIC OF BOUNDED GEOMETRY
OLAF MULLER AND MARC NARDMANN

Asstract. We show that on every manifold, every conformal class of semi-Riemannian metrics contains a
metric g such that each kth-order covariant derivative of the Riemann tensor of g has bounded absolute
value aj. This result is new also in the Riemannian case, where one can arrange in addition that g
is complete with injectivity and convexity radius = 1. One can even make the radii rapidly increasing
and the functions ay rapidly decreasing at infinity. We prove generalizations to foliated manifolds, where
curvature, second fundamental form and injectivity radius of the leaves can be controlled similarly.
Moreover, we explain a general principle that can be used to obtain analogous results for Riemannian
manifolds equipped with arbitrary other additional geometric structures instead of foliations.

1. INTRODUCTION. STATEMENT OF RESULTS

A classical result due to R. E. Greene [I0] says that every manifold admits a Riemannian metric of
bounded geometry. It is therefore natural to ask a more refined question: Which conformal classes of
Riemannian metrics on a given manifold M contain metrics of bounded geometry? The question is of
course trivial on compact manifolds, because every metric there has bounded geometry. The problem
on open manifolds has been considered by Eichhorn-Fricke-Lang [8], who proved that certain quite
special conformal classes on manifolds of suitable topology contain metrics of bounded geometry. In
the present article, we will show that on every manifold, each conformal class of Riemannian metrics
contains a metric of bounded geometry. We also state and prove generalizations to foliated Riemannian
manifolds and to semi-Riemannian manifolds of arbitrary signature, but let us first discuss the plain
Riemannian case.

L1. Conventions. 0 € N. Manifolds are pure-dimensional, second countable, without boundary, and
real-analytic. (Recall that the real-analyticity assumption is no loss of generality: For r € Nx; U {oo},
every C'-atlas contains a real-analytic subatlas, and every two such subatlases are real-analytically
diffeomorphic; cf. e.g. [I5].) Semi-Riemannian metrics and foliations are C*°. A manifold-with-boundary
may have an empty boundary. A compact exhaustion of a manifold M is a sequence (Kj);en of compact
subsets of M with Ujen K; = M such that each K; is contained in the interior of K;+;. A compact
exhaustion (K;);en is smooth iff all K; are C*° codimension-0 submanifolds-with-boundary of M.

1.2. Definition. Let M be a manifold, let k € N, let £,1 € C°(M,R>(). A Riemannian metric g on M has
k-geometry bounded by (¢, 1) iff

. |ViRiemg|g < ¢ holds for every i €{0,..., k}; and

« for each x € M, the injectivity radius inj,(x) €]0,00] of g at the point x is = i(x).
Here V' Riemg denotes the ith covariant derivative with respect to g of the Riemann tensor Riemg. (It

does not matter whether we consider Riemg as a (4,0)-tensor or (3,1)-tensor; the resulting functions
|ViRiemg|g € CY(M,Rs) are the same in both cases.)

Let # = (K;)ien be a compact exhaustion of M, let & = (£;);en be a sequence in C°(M,Rsq). A
Riemannian metric g on M has (oo, #)-geometry bounded by (&,1) iff
o for every i € N, the inequality |ViRiemg|g <¢; holds on M\ Kj;
. injg =1
According to standard terminology, a Riemannian metric g on M has bounded geometry iff there

exist a sequence & = (€;);en of positive constants and a constant 1 € Rsq such that
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o for every i €N, the inequality |ViRiemg|g < ¢€; holds on M; and
. injg =3

For the relation of our “k-geometry” terminology to notions involving derivatives of the metric
coefficients with respect to normal coordinates, see [7].

1.3. Fact. Let g be a Riemannian metric on a manifold M. The following statements are equivalent:

(1) g has bounded geometry.
(2) There exist a compact exhaustion X of M, a sequence & = (€;)jen of positive constants, and a
constant 1 € Rsq such that g has (co, &) -geometry bounded by (&,1).

Proof. (1)={2)| follows immediately from the fact that every manifold admits a compact exhaustion.
(2)=1(1)| follows from the fact that a function on M which is bounded on the complement of a compact
set K; is bounded on M. O

Now we can state our main result for Riemannian metrics:

1.4. Theorem. Let & = (K;);en be a smooth compact exhaustion of a manifold M, let 1, ug € Co(M,Rs),
let & be a sequence in CO(M,Rsy), let 8o be a Riemannian metric on M. Then there exists a real-analytic
function u: M — R with u > ug such that the metric et g is complete and has (co, &) -geometry bounded
by (8,1).

The statement that the conformal class of gy contains a metric with (oo, £)-geometry bounded by
(&,1) becomes of course the stronger the more rapidly the elements of & decay at infinity and the
more rapidly ¢ increases at infinity. The property u > g can be used for instance to make volumes and
diameters of given compact subsets of M as large as desired.

L5. Corollary. Let M be a manifold. Every conformal class of Riemannian metrics on M contains a metric
of bounded geometry. Every conformal class of Riemannian metrics on M that contains a real-analytic
metric contains a real-analytic metric of bounded geometry.

Proof. We choose a smooth compact exhaustion £ of M, a sequence & of positive constants, and a
constant ¢ > 0. We apply Theorem [L.4| to a metric gy — a real-analytic one if possible — in the given
conformal class. The resulting g = e>*gj satisfies |(2)| from Fact [L.3{and thus has bounded geometry. [

Remark 1. Every manifold admits a real-analytic Riemannian metric by the Morrey-Grauert embedding
theorem; cf. [I5] and the references therein. But not every conformal class of Riemannian metrics
contains a real-analytic one. For instance, on every nonempty manifold of dimension >4 one can
easily construct a metric whose Weyl tensor is not real-analytic.

Remark 2. In the introduction to their article [8], Eichhorn-Fricke-Lang state in passing that it be easy
to endow R” with a metric which is not conformally equivalent to any metric of bounded geometry.
Corollary [L5| disproves that.

1.6. Corollary. Let k€N, let gy be a Riemannian metric on a manifold M, let €,1, uy € Co(M,Rsq). Then
there exists a real-analytic u: M — R with u > uqy such that e** gy has k-geometry bounded by (g,1).

Proof. We choose a smooth compact exhaustion £ = (Kj)jen of M with K; = @ for i < k. We define &
to be the sequence all of whose entries are €. Theorem [L.4| applied to %, &, proves the claim. O

Remark. As stated in [L1} we assume metrics to be C* for simplicity. Regularity C¥*? would suffice for

the Corollary [L.6| on k-bounded geometry, though, as interested readers will have no difficulty to check.

1.7. Remark. Since the standard definition of bounded geometry involves the injectivity radius, we
have used it in the statements above. Replacing inj, by the convexity radius convg in Definition [L.2
yields superficially stronger statements though, because every Riemannian metric g satisfies
convg < inj, (and stronger inequalities hold for complete metrics). However, remain true
with convy instead of injg, as we state explicitly in Theorem [L.8 and prove in Section
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The proof of Theorem [L.4] is similar to Greene’s construction of metrics of bounded geometry [10]
in several aspects: Like us, Greene uses a compact exhaustion (Kj);en, thereby decomposing M into
cylinders Z; diffeomorphic to R x 0K; and “topology-changing” regions Uj; and like us, he modifies
a start metric gy only conformally, the conformal factor being constant on each U;. The extreme
simplification compared to our situation occurs on each of the sets Z;, where Greene can choose g
to be a product metric, namely a very long cylinder, the length depending on the gp-geometry of the
neighboring regions U; and Uj,;. The only information he needs is that the functions ’ViRiemg| ¢ and
injg1 become small when g is multiplied by a large constant, and that they depend continuously on g
with respect to the fine C*°-topology. As we are not free to choose gy, we have to work considerably
harder in the proof of [1.4] both with respect to |Vi Riemg |, and with respect to inj g

One might ask whether Theorem [1.4] could be improved with respect to extensions of metrics. For
instance, says that for every € € Co(M,Rs), every conformal class of Riemannian metrics on M
contains a metric g with |[Riemg|, < &. In Gromov's h-principle language [9, 0], this means that a
certain (open second-order) partial differential relation for functions M — R satisfies the h-principle.
Whenever something like that happens, one should ask whether the relation satisfies even an h-principle
for extensions. In our case, the question is this: Given a closed subset A of a manifold M and a function
£ € CO(M,Rs), is the following statement true?

“Let go be a Riemannian metric on M that fulfills |Riemg, |, < € on A. Then there exists

a function ue C®(M,R) with u|, =0 such that g :=e* gy fulfills |Riemg|g <€ on M.
One can ask analogous questions for weaker relations like scaly > —n(n —1)¢ instead of |Riemg|g <E,
where n=dim M. One can also weaken the statement:

“Let go be a Riemannian metric on M that fulfills Riemg, = 0 on A. Then there exists a
function ue C*°(M,R) with u| , =0 such that g := e*" gy fulfills scalg > —¢ on M.”

Even this second statement is false: On every manifold M of dimension n = 3, for every compact
codimension-0 submanifold-with-boundary A ¢ {@, M}, for every £ € C°(M,Rs), and for every given
Riemannian metric §o on M that satisfies Riemg, = 0 on A, there exists a counterexample gy to the
statement which is equal to gy on A [14]. Hence the h-principle for extensions fails completely here.

It should be pointed out that this problem disappears at least for relations like |secg| < const € Rsg
when we drop the restriction to a given conformal class. Then the h-principle for extensions holds in
the following form: When A is a closed subset of M such that no connected component of M\ A is
relatively compact in M, then for every Riemannian metric go on M which satisfies the relation on A,
there exists a (possibly not complete) metric g which satisfies the relation on M and is equal to gy on
A. (This is a consequence of [9, Theorem 7.2.4]; cf. [12] for details and generalizations.)

Now that we have seen that Theorem [1.4]is the best result one can hope for in the “plain Riemannian”
setting, let us discuss the announced generalizations to foliated manifolds and semi-Riemannian metrics.
The core of our proof of Theorem [L.4] is the construction of solutions to certain ordinary differential
inequalities. This core argument does not involve any geometry. In Section [2| we will axiomatize
the general situation it applies to by introducing the notion of a flatzoomer: a functional that assigns
to functions u € C®°(M,R) — which in our context describe conformal factors — functions ®(u) €
CY9(M,R) that satisfy certain estimates. For instance, for i € N and a Riemannian metric g on M,
the functional ®;: u— |V’ Riemg(y|g( with glu] :=e*“g is a flatzoomer. Leaving some subtleties of
the injectivity radius aside, Theorem [L4] is obtained as a special case of a result about sequences of
flatzoomers (e.g. the sequence (®;);en), namely Theorem below. More generally, one can use this
abstract result to prove the following theorem.

1.8. Theorem. Let & be a foliation on a manifold M, let gy, hy be semi-Riemannian metrics (not neces-
sarily of the same signature) on M which induce (nondegenerate) semi-Riemannian metrics on (the leaves
of) &. Let & = (K;)ien be a smooth compact exhaustion of M, let 1,ug € CO(M,Rsq), let & = (¢;)en be
a sequence in C°(M,Rs). Then there exists a real-analytic function u: M — R with u > ug such that the
metrics g 1= e*" gy and h:=e*"“hy have the following properties:

3



(i) For every i €N, ViRiemg|h < €; holds on M\ K;.

(ii) If go is Riemannian, then g is complete with convexity radius convg > 1.

(iii) For every i €N, |V"Riemgy ’hg < ¢&; holds on M\ K;.

(iv) If (go)# is Riemannian, then for each & -leaf L, gp, is complete with convg, > L| Iz
@) For every i €N, Vin |h < €; holds on M\ K;.

Here V! H? denotes the ith covariant derivative with respect to g of the second fundamental form
(equivalently: the Weingarten tensor) of & with respect to g (cf. for details); for a semi-Riemannian
metric 7 on M, g denotes the field of bilinear forms induced by 1 on (the leaves of) &; for every leaf
L of &, g1 denotes the metric on L induced by g; V? Riemg, is the tensor field on & which assigns to
each x € M the value of ViRiemgL (defined as in at x, where L is the leaf through x (cf. ; and
the absolute value |T|;, of a tensor field T with respect to a semi-Riemannian metric 7 is defined to be

the function ||T|,2] |1/2 (cf. .

Remark 1. Theorem 1.4 is a special case of By taking go = ho to be Riemannian and & to be the
codimension-0 foliation whose only leaf is M, the statements m and become equal, the statements
and |(iv) become equal, and |(v)| becomes trivial because II? =0. In that situation, Theorem [L.4 is the

conjunction of [([{] and [iD] (equivalently: of [Gii)] and [iv)).

Remark 2. The Riemannianness assumptions in Theorem [Lgiij(iv) cannot be avoided in general, as
we discuss briefly in Section [3| below. In particular, not every conformal class of Lorentzian metrics
contains a geodesically complete one, even on closed manifolds.

Apart from Theorem arguably the most interesting cases of Theorem [.8| are those where g is
Lorentzian and h is either equal to g or Riemannian. The first case might be more natural, but one
often wants sharper estimates for instance of Riemg than an indefinite metric 2 = g can provide; cf.
the Remark after [2.4] below. In the second case, one will typically consider not an arbitrary Riemannian
metric h but one that is obtained from g by a Wick rotation around some g-timelike line subbundle of
TM.

The information that the metric g we get from Theorem lies in a given conformal class is
particularly important when we consider metrics which are not Riemannian: then the causal structure
of a metric (which is an invariant of the conformal class) plays a crucial role in almost all considerations.
For example, if the given g is a globally hyperbolic or stably causal Lorentzian metric, then the metric

g provided by [.8 has the same property.

Let us consider the case where gy = hy is Riemannian in Theorem Even if one is not interested
in having a solution metric g in each conformal class, the conformal class construction is probably the
only chance to prove the theorem for an arbitrary foliation %. Since such a foliation does usually not
fit to the structure of any compact exhaustion (K;);eny of M (in the sense that the boundaries 0K; are
not leaves of &), a Greene-style construction would not work, for instance. The problem becomes even
more severe when gy or kg is not Riemannian.

Our method of proof, in particular Theorem [4.1} should be regarded as a construction kit for all kinds
of theorems in the spirit of Instead of a foliation, such theorems might involve other geometric
objects, e.g. bundles, almost complex structures or symplectic forms. Functions built from a metric g
and such objects will often define flatzoomers via conformal change of g; cf. Remark 2.7 The flatzoomer
condition is always easy to check for a given example. Whenever it holds, one gets a theorem of the
form saying that the considered function is small for some (complete) metric g in the desired
conformal class.

Theorem [1.8| might also be useful in the context of conformally invariant field theories on curved
backgrounds, because it allows to choose a background metric convenient for analytic considerations.

The article is organized as follows: Flatzoomers are introduced in Section [2| Injectivity and convexity

radii are discussed in Section [3} Section [4] contains the proofs of our main results.
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2. FLATZOOMERS
In this section, we introduce the notions flatzoomer and quasi-flatzoomer and give several examples.

2.1. Notation (g[u], VgT, |T|2, IRPolyfn). Let (M, g) be a semi-Riemannian manifold. For u € CO(M,R),
we denote the semi-Riemannian metric e?*g by glu]. For i € N, the ith covariant derivative with
respect to g of a C* tensor field T on M is denoted by V;;,T. The function ITli, € C*(M,R) is
the total contraction of T® T via g in corresponding tensor indices; it might be negative if g is not
Riemannian. The function [T, € CO%(M,Rsp) is defined to be ||T|§|1/2. Riem, denotes the Riemann
tensor, viewed as a tensor field of type (4,0). We adopt the Besse sign convention for Riemg [2].

For m,d € N, RPoly? denotes the (finite-dimensional) R-vector space of real polynomials of degree
<d in m variables, equipped with its unique Hilbert space topology.

Remark. Recall that ITlé does not change when we raise or lower indices of T via g. In particular,
functions like |V£,Riemg |§, do not depend on whether we consider Riemg as a (4,0)- or (3,1)-tensor

field. However, when & is another semi-Riemannian metric on M, then in general |V£, Riemg \i depends
on this choice. Nevertheless, the difference is hardly relevant anywhere in this article.

2.2. Definition. Let M be a manifold. A functional ®: C®(M,Rsq) — C°(M,R) is a flatzoomer iff for
some — and hence every — Riemannian metric 7 on M, there exist k,d € N, a € Rsq, 1y € C°(M, Rx)
and a polynomial-valued map P € C°(M, [R%Polyg ,1) such that

|0 ()] < 0 P(x) (), [Thul, (0, .., [VEul, ()
holds for all x€ M and all u e C®(M,R=o) with u(x) > uy(x).

Proof of ‘and hence every”. This is essentially straightforward and similar to but simpler than the proof
of Example 2.5/ below. We omit the details. O

2.3. Example (covariant derivatives of the Riemann tensor). Let (M, g) be a semi-Riemannian manifold,
let k€N. Then ®: C®°(M,Rxp) — C*°(M,R) defined by

D(w) = ’v ?

k .
Riem
glul 8l gy

is a flatzoomer. (This will be proved after Example [2.5 below.)

Remark. Examples of this form, where ® results from a given function like |V§ Riemg |§ by varying
g conformally, motivate the terminology “flatzoomer”: As the “zoom factor” u becomes larger, |®(u)]
becomes smaller (because e™** tends to 0) locally uniformly, provided the derivatives of u are bounded
in a suitable way described by P and 7. For instance, the curvature of g[u] becomes smaller in the
sense that | |Riemg[u]|§[u]| tends to 0; i.e., g[u] becomes flatter.

We can generalize Example

2.4. Example (covariant derivatives of the Riemann tensor again). Let g, h be semi-Riemannian metrics
(not necessarily of the same signature) on a manifold M, let k € N. Then ®: C*®°(M,Rq) — C*°(M, R)

defined by
2

ow):=|vE,,
is a flatzoomer. (This will be proved after Example [2.5( below.)

Riem
glul hlul

Remark. Especially interesting is the case where g is Lorentzian and h is Riemannian. There are

many situations, in particular in General Relativity, where one would like to have a Lorentzian metric

g on a manifold M which makes a certain codimension-1 foliation &% on M spacelike, such that

the curvature of g is controlled in a stronger sense than the absolute value of |Riemg|§, being small:
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Typically, one wants to control certain components Riemg (e;, e;, ek, ;) of Riemg, where (eo,...,e,-1) is
a local orthonormal frame such that ey, ...,e,_; are tangential to the spacelike foliation & (and thus eq
is timelike). However, the terms Riemg(e;, e j,ek,el)z occur with different signs in the sum |Riemg|§.
Thus the condition of |Riemg|§ being small is too weak; one wants that |Riemg|%l is small for some
Riemannian metric h. (When & is already given, it is natural to take the & which one obtains from g
by changing the sign in the direction orthogonal to &. Example [2.4] works with an arbitrary h, though.)

Even more generally than Example [2.4|(in the sense that [2.4] results from considering the codimension-
0 foliation whose only leaf is M), we can consider the curvature of the leaves of a foliation on M instead
of the curvature of the whole manifold M:

2.5. Example (covariant derivatives of the Riemann tensor of a foliation). Let g,k be semi-Riemannian
metrics on a manifold M, let k € N. Let & be a foliation on M such that g and & induce (nondegenerate)
semi-Riemannian metrics gg resp. hg on the leaves of &. (The condition that a metric § on M induces
a semi-Riemannian metric on the leaves of & is satisfied for instance when g is Riemannian; more
generally, when & is g-spacelike or g-timelike.) Then ®: C®°(M,R5p) — C°(M,R) defined by

2

d(u):=1|V
(2t) hg[u]

k .
g () Ri€Mg (1]

is a flatzoomer.

Remark. Note that the signature of g resp. hg is automatically constant on each connected component
of M, for continuity reasons.

Proof of 2.5, and thus of[2.3 and[2.4 We write g’ := g and h':= hg. For r €N, let 7;(F) — M denote
the R-vector bundle of (r,0)-tensors on &; thus the fiber over x € M consists of the r-multilinear forms
on T, %.

For u € C*(M,R), the (4,0)-Riemann curvature of g'[u] is [2) Theorem 1.159b]

. _ 2ufp: ! 1 2
Riemg,) = e (Rlemg/ -g0 (Hessg/ u—-duodu+ 3 Idulg, g )) . 1))
With the notation V8 = V;:,, we have [2) Theorem 1.159a] for all sections X in T% — M and all ve T%:
V8 X = V8 X +du(X) v +du(w) X - g'(v, X) grad u. ®)

Let k,m € N. We consider the (finite-dimensional) R-vector space ch of base-preserving vector
bundle morphisms Jji412m(F) = Tr+4(F) which is spanned by all morphlsms of the form éou,
where 7: Tgr412m(F) = Tkrar2m(F) is a permutation of tensor indices (the same permutation over
each xe M) and &: Tiig10m(F) = Ti1a(F) contracts each of the first m pairs of indices via g’.

We claim that for every k €N, there exist a number py €N and, for each i € {1,..., uc},

e a number ay; €N and a section w; in Tg,,(F) — M,
e numbers Ck;1,...,Ckik+2 EN,
e a number my; €N with ay ; +Z’;;“i‘ VCk,iyv =k+4+2my;,

c& 7

e and a morphism . ; €P e

such that the following equation holds for all u e C*°(M,R):
k X 2u als 1 ®Ck,i,1 k+2 | ®Ckik+2
VE g Riemgry = €Y yii|ogie (Viu) o (VE2u) . ®3)

i=1
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We prove this by induction over k. Equation (I) shows that in the case k=0, () holds with yy =4,

ap,1 =4, ap2 =2, ap3 =2, apy =4,

wo,1 = Riemg/, wo2=g, wo3=¢, wos=g0g,
€,1,1=0, 02,1 =0, C0,31=2, 0,41 =2,
c,12=0, Co22=1, c,32=0, Co42=0,

mg,1 =0, mp2 =0, mo3 =0, mos=1,

. . "F "F
for suitable morphisms v 1, %02, %03 € ch,o and wo4 € ch,l .

Now we assume that (B) holds for some k € N and verify it for k+ 1. Since all elements of PC‘]{’*‘Q

1

are g'-parallel, we obtain (using V gl

u=du= V}g ,u and the product and chain rules)
3

k+1
\ g'lul

g'lul Riemg’[u] = vg’[u]v Riemgr[u]

Rk ®Ck,i,1 ®Ck, i, k+2
:e2u Z Vgl[u] (Wk,i(wk’i®(V(1g/Ll) ®®(v§?—2u) + ))
i=1

Hk ®C,i,1 ®Ck,i,k
2u 1 o k+2 k2
+2e du@i_z1 wk,,-(wk,,@(vg,u) ®.-.®(Vg, u) )

Hk ®Cri1 ®Ckik
2u - 1 o k+2 k2
=e€ Zi wk,i(vg/[u]wk,i®(vg,u) ®~~~®(Vg, u) )
1=
=
Hi k+2 ®Cr i N ®Cri ®Cr
2u 1 k,i,1 j ki, j f+2 ki, k+2
+e Z Z wk,i,j(wk'i®(vg,u) ®"'®vg’[u] ((Vg,u) ®® Vg, u
i=1j=1

~

v~

I:=

RS

L ®&Ck,in+1 ®Ck,i,2 ®Ck, i k+2
+ e2” Yi,i (wk,,- ® (Vé/ u) ® (Vé/ u) ®:--® (vlgc;i—Z u) )

i

N J

1=

Il
—_

for suitable Vi ;, Wi i, i, Wi,i € P87 . Summand III has already the desired form of the right-hand

k+1,my;
side of (3). Now we consider 1. Writing V,,(v, X) := du(X)v+du(v) X - g'(v, X) gradg, u for v, Xe T, M,
we deduce from ) (by applying the product rule twice):
’ ’ Ak, i
(V‘lg, [u]wk,i) (v1,...,va,) = (V‘lg, wk,i) (V1) Va) = 2 0k (V1w Vi1, Va0, 00, V141 - Vay,)
=1

, ak,i
1
= (V§ wk,i) (V1)~-~) Vak_i) - Zwk,i (Ul»-'-) Vi—1H B Ul41y e Uakyl.)Vg,u(lll)
=1

ag,i

Ay, i
1 1
- Z Wi, i (Ul,..., vukyi)Vg,u(l/) + < Z Wi, i (Vl,..., Vi—1) o Vl+1ree o) Vak,l-)y g,(l/, vl)vg/u(._,)> H
=1 =1 /
g

hence

)®Ck,i,l

N 1 +2 ®Ck, i, k+2
Yk,i Vg/[u]wk,,-éb(vg,u ®"'®(V u)

R 1 ®Ck,i,1 k+2 ®Ck,i,k+2
=Yk vg,wk'm(vg,u) ®---®(Vg, u)

Ui ®Ck,in+1 ®Ck,i1 ®Ch, i k+2
+ thk,i,l(wk,i ® (Vé,, u) ® (Vz,,u) ® - ® (V’g‘,”u) )
i=1

Tkt , 1\ ®Ckin+l 5 \®Ckil a2 \BCkiks2
+ Xk,i |8 ®wk,i®(Vg,u) ®(Vg,u) ®'-'®(Vg; u)

=1
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for some ¢; §,; € PCk Ly and ;1 € pceé This shows that also summand I has the desired

k+1 myi+1°
form. A similar formula holds for each summand of

i \®Cki Chig j
Ve'u ((vg’ ”) ) = (Vg’ “

)®V—l
v=1

V ,[u]vj’u® (Vj,u)®ck'i'j_v
8 g g

)

which takes care of term I Thus V¥;!

o/ Ri€Mg' (1 has the required form (3). This completes the proof of

our claim involving (3).

Let u € C°(M,Rxp). To compute ®(u) at a point x € M, we choose an h'-orthonormal basis
(e1,...,en) of Tx&F. Then (e1lul,...,e,lul) defined by e;[u] := e “e; is an h'[u]-orthonormal basis of
T.%. Let €; := hg(e;,e;) € {—1,1}. Thus

O(u)=|V

2
Eal ...gak+4 ( g [ul] Rlemg [u]) (eal [u]"-"e(lk+4[u])
a€fl,...,npk+e

_ _—2(k+4)u k . 2
=e Y Eq..-Eap, (Vg,[u]Rlemg/[u])(eal,...,eaw) .
aefl,..,n}k+4

_ 2
Riemg(y

k =
g'tul R[]

Let 7 be any Riemannian metric on M. For suitable d € N and P € C°(M, IRPolyg +») not depending on
u, we obtain at every x € M, using (3),

|v

'lul Rlemg [u]

2

(x)
hl

< e—2(k+2)u(x)

3 ®Ck,i1 ®Ci k+2
2 Wk,i(wk,i®(Vé,u) @...@,(v?zu) )
i=1

< e~2Uk+2)u(0) p 1y (|v}]u|n(x),...,|V§+2u|n(x)) :

Hence @ is a flatzoomer. O

2.6. Example (covariant derivatives of the second fundamental form of a foliation). Let g, h be semi-
Riemannian metrics on a manifold M, let k € N. Let & be a foliation on M such that g induces
a semi-Riemannian metric gz on the leaves of . Let pr,: TM — T denote the g-orthogonal
projection onto T%; then pré :=idrm —pr, is pointwise the g-orthogonal projection from T.M onto
the g-orthogonal complement of Tx& in T,M. We consider the second fundamental form H? of &
in (M, g) as a field of trilinear forms on M; i.e., for all xe M and v, w,z € T, M, we let

17 (v, w,2) ::g(v;‘fr o (Prgot), pry(2))

where @ is any vector field on M with @(x) = w (the choice does not matter). Thus II? projects the
input vectors v,w € TyM to T,Z, evaluates the second fundamental form of the & -leaf through x in
these projections, and translates the resulting vector (which is normal to T,%) into a 1-form.

Then @: C*°(M,Rx) — C*°(M,R) defined by

1&7

O(u) := |Vg[u1 glul

hlu)
is a flatzoomer.

Proof. Let u€ C*°(M,R). Clearly pr:=pr, = prg, and prt:= pré = pré[u]. All v € TM and vector fields
X on M satisfy [2} Theorem 1.159a]

V8 X = VEX +du(X) v +du(v) X - g(v, X) grad, u. @)
This yields for all xe M and v, w,z€ T, M:

112, (v, w, 2) = glul (vg[ “ (prow), pri(z))

pr(v)
= glu] ( - (prow) —(gf(pr(v),pr(w))gradg u, prt (z)) (5)
= ezull‘?(v, w,z) — ezug(pr(v),pr(w)) du(prl(z)) )



For r € N, we define H§ to be the set of sections in End(T M)®" — M which have the form p;®---®p;
with py,..., pr € {pr, prt, idrp}. Using the notation (T M) and PC‘z:rTnM from the proof of Example
we claim that for every k € M, there exist a number p € N and, for each i € {1,...,uk},

e a number ay; €N and a section wy; in Iy, ,(TM) — M,
e numbers Ck,ilr-++»Ck,i,k+1 € N,

e a number my ; €N with ay; +Z§+1V0k,i,v =k+3+2my;,

g Cg,TM
k+3+2mk,i k,mk,,-

such that the following equation holds for all u € C*®°(M,R):
i ®Ck,i,1 ®Ci k,k+1
Vg[u] H?[u] :ezuZiWk,i((wk,i®(véu) ®...®(V§+lu) )Opk,i)-
i=

This claim is proved by induction over k in a similar way as in the proof of Example with () as
induction start and (@) being applied in the induction step. We omit the details.
Let u e C®(M,R>p). An estimate analogous to the end of the proof of Example [2.5| yields now

e a section py; €Il and a morphism . ; €P

VxeM: |[®w)(x)| < e 2+ Dul® p ) (|V,17u|n(x),..., |V,]§+1u|n(x))

for any Riemannian metric 7 on M and suitable d € N and P € CO(IR{Poly‘,j +1) not depending on u.
Hence @ is a flatzoomer. O

2.7. Remark. When we replace h[u] by h in the definitions of the respective maps @ in the Examples
then these maps are no longer flatzoomers, as one can tell easily from the proofs above.
In contrast, after replacing one or both of the symbols g[u] by g (while keeping h[u]) in one of the
definitions, the resulting map @ is still a flatzoomer. Replacing Vg(,) by V() or an arbitrary fixed
connection V does not affect the flatzoomer property either.

As mentioned in the Introduction, when additional geometric objects — e.g. an almost complex
structure J or a symplectic form — are given on M, one can construct many other examples of
flatzoomers. These will typically be total h[u]-contractions ®(u) of some tensor field T, built from the
additional objects and g[u] resp. hlul; e.g., T, may be the h[u]-covariant derivative of the Nijenhuis
tensor Ny, which has up to a sign exactly one not a priori vanishing total contraction. After lowering all
upper indices of T, via h[u], we may assume that T, is a field of multilinear forms. This T,, will usually
for some c € Z have the form e* times a polynomial in u and its derivatives; e.g.,, ¢ =4 in Example
with T, = VkRiemg[u] ®VkRiemg[u] (cf. @), ¢ =4 in Example |2.6| with T}, = VkH'Zu] ®Vkll‘;u] (cf.
(9)), and ¢ =2 in the Nijenhuis derivative example. If the multilinear form T, has more than ¢ slots —
which is the case in all these examples —, then the functional @ is a flatzoomer.

2.8. Example. Let M be a manifold, let m e N. For i € {1,...,m}, let ®;: C®°(M,Rxq) — CY%(M,R) be a
flatzoomer. Assume that Q € C° (M x (Rxg)™, IREO) is homogeneous-polynomially bounded in the sense
that there exist 7 € Rso and ¢ € C°(M,Rxq) with

Yx€M:Yvy,...,Un €[0,1]: Q(x,V1,..., Um) < () - (V1 +-+ Um)

Then the functional ®: C®(M,Rxq) — C°(M,Rs) defined by
O () = Q(x, |21 ()], .., | @ (1) ()]

is a flatzoomer; cf. the proof sketch below.

This applies in particular to the function Q given by Q(x,v) =X, |v;|. Thus ®:=3%" |®;| is a
flatzoomer. In this way, finitely many flatzoomers can be controlled by a single flatzoomer: if |®(u)| <€
holds for some u € C®(M,Rso) and € € C°(M,Rs¢), then |®;(u)| < € for every i €{l,...,m}.

Another example is obtained by taking m =1 and Q(s) = Is|/2. In the situation of Example the
map ®:= |D[12 1 C®°(M,R=q) — C°(M,Rx() given by

®(w) = [VE, Riemgyy

9

hlu]



is thus a flatzoomer. This generalizes in an obvious way to Example

Sketch of proof of the flatzoomer property. This is completely analogous to the proof of [2.11| below: in the
proof there, just replace every term of the form sup {something(y) | y € K;41\ K;—2} by something(x);
every “u > uz on K;1\Kj_»" by “u(x) > uz(x)”; and the last sentence by “Thus @ is a flatzoomer.”. [

In order to prove Theorem we have to control not only the functions |Vg, Riemg |§, but also the
inverse injg1 € CO%(M,Rsg) of the injectivity radius. However, the functional ®: u — inj(;[lu] is not a
flatzoomer, because ®(u)(x) cannot be bounded just in terms of some k-jet j)’f u of u at the point x;

one has to take the values of u on a whole neighborhood of x into account. The following more general
definition covers such functionals.

For a manifold M and a set I SR, let Fct(M,I) denote the set of all (not necessarily continuous)
functions M — I.

2.9. Definition. Let # = (K;);jen be a compact exhaustion of a manifold M, let K_,:=K_;:=@. A
functional ®: C*®°(M,Rxo) — Fct(M,R) is a quasi-flatzoomer for % iff for some — and hence every

— Riemannian metric 1 on M, there exist k,d € N, a € R, ug € C°(M,Rxg) and P € CO(M, [R?Polyzﬂ)
such that

|0 ()] < sup{e P Py) (uy), |Vhul, ), .., [VEul, ) ’ Y€ Kis1 \ Ko}
holds for all i e N and x € K; \ K;—; and u € C*®°(M,Rxq) which satisfy u> 1y on Kij+1\ Kj—.

Proof of ‘and hence every”. This is analogous to the proof of O

2.10. Example. Every flatzoomer ®: C®°(M,Rxo) — C°(M,R) is a quasi-flatzoomer for every compact
exhaustion of M. O

2.11. Example. Let & = (K});en be a compact exhaustion of a manifold M, let m e N. For i € {1,...,m},
let ®;: C*°(M,Rxg) — Fct(M,R) be a quasi-flatzoomer for £ . Assume Q € CO(Mx (Rx0)™, [Rzo) is
homogeneous-polynomially bounded in the sense of Example Then ®: C*°(M,Rxq) — Fct(M, Rxq)
defined by

O ) 1= Q[x, |01 W W),..., |Om@ ()]

is a quasi-flatzoomer for %

Proof. Let K_y := K_; := @, let n be a Riemannian metric on M. For each i € {1,...,m}, there exist
ki,d; €N, a; € Rso and b;, u; € C°(M,Rxq) such that

ki | di
@i (wx)| = sup{e_aiu(y) bi(y)-|1+) |vilu)n (J’)) Y€K \Kl—z}
=0

holds for all /e N and x € K;\ K;—; and u € C®°(M,R>o) which satisfy u > u; on Kj41\ K. We
consider k := max{ky,..., ky}, d:=max{d,...,dy}, @ := min{a,...,a,,} and the pointwise maxima
Up:=max{uy,..., Uy}, b:=max{by,...,by} in C°(M,Rsq). For every i € {1,...,mj},

k ) d
@] = sup{e‘“”(” b(y)-(1+ > (V£“|,7(y)) y€Kl+1\KZ—2}
j=0
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holds for all /e N and x € K;\ K;_; and u € C*®°(M,Rxo) which satisfy u > ug on Kj41 \ Kj—p. This
implies for all /e N and x € K;\ K;_1 and u > ug:

| (w) ()]

Qx| ®1@@],.... [Pm@W]) = ¢ (|21 ]+ + [P ])

ko d '
m’ c(x) (sup { b(y) e"*4W (1 +y ‘Vi,u|n (y)) y €Ki \Kj_» })
j=0

IA

IA

k ) dr
sup { e—aru(y) m"(;(y)b(y)r (1 + Z |V1]7u’17 (y)) yeEKi11\Kj—2 ¢
j=0
Thus @ is a quasi-flatzoomer for % O

3. LowER BOUNDS ON RIEMANNIAN INJECTIVITY AND CONVEXITY RADII

In this section, we first prove that the inverse convexity radius (and thus also the inverse injectivity
radius) of Riemannian metrics on a manifold M — or, more generally, on a foliation on M — is
a quasi-flatzoomer ® with respect to conformal factors. In Section {4, we will construct a function
u € C™®°(M,Rso) with ®(u) < 1. This yields convg,) =1, so in particular the metric g[u] is complete.
At the end of the section, we explain why this construction cannot be generalized to arbitrary semi-
Riemannian metrics.

The standard lower estimates of the injectivity radius of a Riemannian metric due to Heintze-Karcher
[13} Corollary 2.3.2] and Cheeger-Gromov-Taylor [5, Theorem 4.7] do apparently not imply the desired
quasi-flatzoomer property directly in our situation. But we can just as well argue in a more elementary
way. We use a local version of Klingenberg’s lemma which does not assume completeness:

3.1 Klingenberg’s lemma. Let (M, g) be a Riemannian manifold, let x € M, let §,¢,r € Rso. Assume
o the ball B (x) := {z € M |distg(x,2) < r} (which is closed in M) is compact;
e secg(0) <6 holds for every y € B,g(x) and every 2-plane o < TyM;
o every periodic geodesic in (M, g) which is contained in Bf(x) has length = ¢.
T

Then injg(x) > min{Tg, é, r}.

As we do not know a reference where Klingenberg’s lemma is stated in this local form, let us review
the proof. We need the following two results.

3.2. Lemma (Morse-Schénberg (3, Theorem I1.6.3]). Let &, € Rsq, let y: [0,7] — M be a unit-speed
geodesic in a Riemannian manifold (M, g) such that Riemg (y’ (1), w,y' (1), w) < dg(w,w) holds for all
tel0,r] and we TyyM. If r < \%, then there is no conjugate point of y(0) alongy. O

Recall that the conjugate radius conj g(x) €]0,00] of a point x in a (possibly incomplete) Riemannian
manifold (M, g) is the number inf{p(v) | veT(M, g(v,v) = 1}, where p(v) is the supremum of all
a € Rs¢ such that the maximal g-geodesic y with y'(0) = v is defined on [0, a] and has no conjugate
point of y(0) = x along y|[0’ al

3.3. Lemma. Let (M, g) be a Riemannian manifold, let x € M, let £,r € R>¢. Assume that
e B:= Brg(x) is compact;
e every periodic geodesic in (M, g) which is contained in B has length = ¢.

Then injg (x) = min{conjg(x), 012, r}.

Sketch of proof. Assume injg(x) <r. Because of the compactness of B, the tangent space ball BS.(0):=
{fve T,M | lvlg <} is contained in the domain of exp$. Since injg (x) is the supremum of all s€ R
for which exp® is a smooth embedding on BiS(O), we have inj,(x) = conjy(x) (if exp® has a critical

point at the boundary of B;g;,(O)) or exp? is not injective on Bf’; +(0). In the latter case, there is a point
1



y € interior(B) for which x and y are connected by two distinct length-minimizing geodesics such that
¥ is not conjugate to x along either. Now repeat the proof of the complete case [4, Lemma 5.6] verbatim
to get a periodic geodesic of length 2injg (x). O

Proof of 3.1 By the sectional curvature assumption of [3.1} the curvature assumption of 3.2 holds for every
unit-speed geodesic y: [0,7] — M starting in x (because for every € [0, 7], it holds for all w € Ty M
with g(y'(¢), w) =0 and thus for all we Ty M). Hence implies conjg(x) > min {n/él/z, r}. Lemma
yields inj, (x) = min {r/6'/2, £/2, r}. O

Theorem [L.8] says not only that certain injectivity radii are large, but even that convexity radii are
large. (The convexity radius function on a Riemannian manifold is by definition always pointwise < the
injectivity radius function.) Therefore we recall J. H. C. Whitehead’s lower bound [4] Theorem 5.14]:

3.4. Lemma. Let (M, g) be a Riemannian manifold, let x € M, let 5,1, € Rsg. Assume that
e the ball B := B,‘fg(x) is compact;
e secg(0) <6 holds for every y € B and every 2-plane o < T, M;
* injg(y) = holds for every y € B.
_n_ L
bt
3.5. Corollary (to 3. and B.4). Let (M, 8) be a Riemannian manifold, let x € M, let §,¢,1 € Rsg. Assume
e the ball B := B‘rg(x) is compact;
e secg(0) <6 holds for every y € B and every 2-plane o < T, M;
e every periodic geodesic in (M, g) which is contained in B has length = ¢.

Then convg(x) = min{

Then convg(x) = %min{\%, %, %}

Proof. B’ := Bflz(x) C B is compact. For every y € B/, the ball By := Bflz(y) is contained in B. Thus B),
is compact, secg <6 holds on By, and every periodic geodesic in B} has length > ¢. Hence Klingen-
berg's lemma implies inj, (y) > 1:= min{7/V/§, £/2, r/2}. Lemma 3.4, with r/2 and B’ in the roles of r
and B, yields

T

COan(x)E%min{\/g,t, r}z%min{\%,%,g}, 0

Now we introduce the quantities that feature prominently in Theorem

3.6. Definition. Let & be a foliation on a manifold M. Let g be a Riemannian metric on & (i.e.,
a smooth section in the bundle Sym%r T*% — M, whose fiber over x consists of the positive definite
symmetric bilinear forms on the tangent space T, % of the & -leaf that contains x). For each leaf L of &,

g1 denotes the Riemannian metric on L that is the restriction of g. We define conv? : M —10,00] to be
the function whose restriction to each % -leaf L is convg, € C%(L,10,00]). Analogously, inj‘? : M —10,00]
denotes the function whose restriction to each Z-leaf L is inj g € C°(L,10,00)).

1/ conv‘? and 1/ inj? are defined as functions M — [0,00[ in an obvious way.

3.7. Remark. In the situation of the preceding definition, the functions convff and inj‘? are in general
not continuous. For example, take the foliation & on M := (R x R) \ {(0,,0)} whose leaves are the
sets Lo:= R\ {0,}) x {0} and L;:=R" x {¢} with £ € R\ {0}, and take g to be the metric on & whose
restriction to each L; is the euclidean metric there. At each point of Ly, conv‘? = inj‘? is not continuous,
because it is constant co on Urer\joy L; but finite-valued on L.

This is the reason why we allowed in Definition the ®(u) to be arbitrary functions M — R instead
of continuous ones.

Now we are ready to prove the main result of this section.
12



3.8. Theorem. Let & be a foliation on a manifold M, let g be a Riemannian metric on &, let £ = (K;) jen
be a compact exhaustion of M. Then ®: C*®°(M,Rq) — Fct(M,Rxq) given by

L F
D(u) = 1/convg[u]

is a quasi-flatzoomer for % . The same holds with inj‘gg[ . instead of conv‘; -

Proof. Let of be a foliation atlas for &. We choose a (parametrized) locally finite cover % = (U;)jen of
M by open sets U; each of which has compact closure contained in the domain of some <f-chart ¢;.

For i €N, ¢; induces for each leaf L coordinates on U; N L. For any u € C°®°(M,R), we can consider
the Christoffel symbols & [’”Ll“zb of the metric glu]; with respect to these coordinates. Since U; has
compact closure in dom(¢;), there exists a constant A; € Rs¢ such that

e, | < A (1+]dul )
holds pointwise on U; N L for every & -leaf L and every ue C*°(M,R): for h = g1, we have

1
hlulpe = E;h[ur’"(aah[u]bm +0phlulam — Omhlul ap)

1 hcm
= EZ o e?“(dahpm +0pham — Omhap) +26** (041 iy +0ptt ham — Omtt hap) |-

m

Let n:=dim%. For i € N, we denote the (leafwise) euclidean metric on & | dom(gy)’ obtained via
@;-pullback, by eucl;. There exists a constant C; € R such that

-1
Ci |V|eucli = |V|g = Ci |V|eUC1i

holds for every &-leaf L and every x € U; N L and every v € TxL. We define H; := 4n2A,~C? € Rso.
Since % is locally finite, there exists an H € CO(M,Rs) with Vxe M: VieN: (x eUi=>Hx) = H,-).

The Examples and (with Q(s) = %Isl”‘l) tell us that ®y: C®°(M,Rsq) — CO(M,Rxo) given by

1/2
8

2, .
®o(u) := = [Riemg, u] .,

is a flatzoomer. Moreover, ®;: C®°(M,Rxq) — C°(M,Rx() given by
e Uy,
®1():=e " H- {1+ [dul

is obviously a flatzoomer.
Let K_»:= K_:= @. There exists a (sufficiently large) function u; € C°(M,R) such that for every
i €N, for every leaf L and for every x € (K;\ K;_1) N L, there is a j € N with

B{;[ul]L(x) c U]. N(Ki+1\Kj—2) .

Trivially, also ®,: C®(M,Rsq) — C°(M,Rsq) given by @, (u) := 4e~“e* is a flatzoomer.

By Example Y := @+ D + D, is a flatzoomer; i.e., there exist k,d €N, a € Rsg, uy € C°(M,Rxy),
PeCOM, IRPolyZ 1) and a Riemannian metric 7 on M such that

0= W) < e W Px) (ux), [Vhul, (), .., [VEul, (x)

holds for all x € M and all u € C®°(M,Rxq) with u(x) > ug(x). Without loss of generality, we may
assume that g is = than each of the analogous functions which appear in the flatzoomer conditions
Of (Do, q)l,q)g.

13



We claim that
1/1n]'?[u] (x) < l/COIlV?u] (x) < sup{e—au(y)P(y) (u(y), |v71]u|n(y), o |V1§u|n(y)) ‘ ye Kin1 \Ki—Z}

holds for all i e N and x € K; \ K;—; and u € C*°(M,Rxo) which satisfy © > ug on K;1 \ Kj—p. This
claim implies by Definition [2.9] that the theorem is true.

In order to prove the claim, only the second “<” has to be checked. By Corollary it suffices to
verify that for all i € N and leaves L and x € (K;\ K;—1) N L and u € C®°(M,Rx() which satisfy u > ug
on K;i1\K;_o, there exists an r € R>q such that B;g[uh(x) is compact and the following inequalities
hold (where sup @ := 0):

% ’max{secg[uh(a) ’ zeB§"(x), o€ GrZ(TzL)H”Z <sup {q)o(u) ) ’ y€Kin \K,-_z}, ®)

sup {4/length()/) |y c B;g[u]L(x) is a periodic g[u]L-geodesic} <sup {‘I)l(u) ) ’ V€Ki \Ki_z}, )
4
- =sup{@2()(1) |y € Kivr \Kiaf. ®)

We will show that r:=1/sup {e”l(y)_”(y) | ¥ € Ki+1\ Ki_»} has these properties. It satisfies (8) tauto-
logically. Moreover, with q:=inf{e*“"~"“10) | y € K;41\ K;_»} we obtain

B§[M]L

for some jeN. In particular, (x) is contained in a compact set and thus compact.

Inequality (6) is true: For each z € Bf [u]L(x) and each o € Gry(T,L), we choose a g[u]-orthonormal
basis (e, ez) of o. This yields |secg[u]L(a)| = \Riemg[u]L(el,eg,el,egﬂ < |Riemg[u]L|g[u]L. Since z lies in
K; 1\ Ki_2, the definition of ®¢(u) implies (6).

It remains to check (7). Let y: [0,¢] — B:= Brg[uh(x) be a periodic glu];-geodesic which is param-
etrized by glu]z-arclength. Because of periodicity, we may assume after a change of parametrization
that y satisfies u(y(0)) = minge[o,7) u(y(s)).

Since B is contained in U; € dom(g;), the euclidean metric eucl; is defined on B and we can
regard B as a subset of the vector space R". Again by periodicity of y, there exists a 7 € [0,¢] with
(Y'@,7'(0)) g, <0. In particular, |y (0)|yq, < [¥'(T) =¥ (0)] gy, -

Denoting the components (with respect to the chosen coordinates) of a vector v € Ty L with x € B by
v1,-..,Un, we have the following estimates:

n
-1 1/2
Cj|V|euclj = |V|g = Cj |U|euclj ’ n |V|euclj = Z [val .
a=1

In particular,

n
Vse(0,0]: n'2Cie 0 = 20 Y |y ()] oy = 02 Y 9|2 Y [rale)] -
a=1

Using this and Vc: |ac|eudj =1 and the g[u];-geodesic equation

Vs€(0,0]: ¥ ()= Y Y9 0c(y() == Y. EMITE, (y(9) Ya 97,9 ey (9),
c=1

a,b,c=1
14



we obtain
1= |Y’(O)|g[u] = O |Y,(0)|g
< Cjeu(}’(O)) h//(o)'

eucl;

IA

Cjeu(y(o)) h,/(_[) _ 7/1(0)| _ Cjeu(y(o))

eucl;

T
f Y (s)ds
0

n T
Cie 0O Y fO‘g[uhrzb(ﬂs)”.|Y'u(s)|.|y;j(s)|ds

a,b,c=1

eucl;

IA

IA

a,b,c=1

T n 2
nA;Cje"® f (1+|du|gw(sn)~(2 Iy;(s)l) ds
0 a

=1

I\

T
nzAjC? fo (1 + |du|g(y(s))) . Ur0) o=2uy(s) g ¢

IA

T
nzAjCj.’ fo (1 + |du|g(y(s))) PSR

IA

énzAjC? ||e_”(1+|du|g)|

COWjN(Ki1\Ki2)
and thus
4/¢ < H; ”e‘”(l + |du|g)

COW;N(Ki1\Ki—2))

< ”He_”(l + \du|g)| = sup{CDl(u)(y) |y€ Ki1 \Kl‘_?_}.

CO(Ki+1\Ki-2)
Hence also (7) is true. This completes the proof. O

It remains to explain why the statements ((ii)| and (iv)| of Theorem [.8| cannot be generalized to arbitrary
semi-Riemannian metrics. One problem is that not every conformal class of, say, Lorentzian metrics
contains a complete metric. (Recall that since there is no Lorentzian analogue of the Hopf-Rinow
theorem, the notion of completeness of Lorentzian metrics refers always to geodesic completeness.)

3.9. Example. Let m € N, let M be a manifold which contains an open subset U diffeomorphic to
R x S! x R™; we identify U and R x S! x R™ by the diffeomorphism. Let g, be a Lorentzian metric on
M which has in a neighborhood of the circle L:= {0} x S! x {0,,,} € M the form

01

1x

1
(go)(x,y,z) = . )

1
where x and z are the standard coordinates on R resp. R and where y € S'. Then the conformal class
of go contains no metric all of whose lightlike geodesics are complete: For every g in the conformal
class of gy, the maximal domain I <R of the (lightlike) g-geodesic y € C*°(I, M) with y(0) = (0,0,0)
and 7/(0) = (0,1,0) is bounded from above. (Here we consider 0 € R/Z = S'.) The image of y is L.

Proof. Let u € C®(M,Rsq), let g = ugy. We compute y in the universal covering of R x S! x R™,
where we can use the standard global coordinates (xy, ..., X;+2) (with x = x;, y = x2). The components
Y1,---,Ym+2 solve the geodesic equation

m+2

Vke(l,...,m+2}:Veel: Y1) = —iélrfj (r@)y;y;®,

where
m+2

1
I} = > > g (0igji+0jgi1—018ij) € C°R™,R)
=1

15



are the Christoffel symbols of g.
For k #2, all 1"52 vanish on L := {0} xRx{0,,} € R"™*2: On L, we have (gkl) = %((? (1)) GBdiag(l,...,l))
and thus, for x = 3:

1 1 1
I}, = Ezg” (202821 — 01822) = 5 (202822 — 02822) = Eaz(xu) =0,

- 2u
Iy, = EZg“’ (202821 —01822) = lazgzx - Laxgzz = —iax(xu) =0.
25 u 2u 2u
Hence for all y,r € R, the g-geodesic equation has a local solution y,,, with y,,(0) = (0,y,0,,) and
Y},-(0) = (0,1,0,,) such that all components of y,,, except the 2-component vanish identically. This
implies that the image of the maximal geodesic y with y(0) = (0,0,0,,) and y(0) = (0,1,0,,) is L.
To determine y, we thus have to calculate only y,. On L, we compute

1 20,u—01(xu) 20u—u _Ou 1

1
12, ==Y g?' (20,8, - 0 = — (2029, -0 = = __,
22 2;&’ ( 2821 lgzz) Zu( 2821 1822) o0 ou » 5

With w € C*®(R,R) given by w(y):=1In(u(0,y,0,,)), y2 € C*°(I,R) is the maximal solution of
1
y’z’m=(5—w’(Yz(t)))Y’z(r)2, 72000=0, y50)=1.

Since w is the pullback of a function on S! via the universal covering R> y — [y] € R/Z, it is 1-periodic.
In particular, w — w(0) is bounded from above by some C € R. We obtain

vtel: (Ino ’)’(z‘)—w—l S () —w (y2(0) ’(t)—(l - wo ),(t)
: T2 —Y,z(t)—zYz Y2t Y2t =572 Y2

and thus
!/ f 1\/ 1 1
Viel: ln(yz(t))ZfO (Inoys) (s)ds=zyg(t)—w(yg(t))+w(0)2E)fz(t)—C.

This implies V€ I: v, (1) 2 e Cer20/2 hence

1 (0 ] IO t
) _aremiz _ L _1 2
VieINRsg: 1>1-e 2[0 7z 2 ), ron szzec,
ie., t <2eC. This proves that the domain I of y is bounded from above. O

3.10. Remark. Note that the manifold M in Example can even be compact, e.g. M =T" for some
n=2. It is well-known that some compact manifolds admit incomplete Lorentzian metrics (cf. e.g.
[1]), but we are not aware of a previous proven example in the literature of a conformal class without
complete metric. Besides, as far as we know, it is an open question whether each manifold which
admits a Lorentzian metric admits a complete one. (We are grateful to Stefan Suhr for remarks on
these points.) We will not discuss here to which extent the completeness problem can be avoided by
imposing causality conditions on the conformal class in question.

3.11. Remark. There is no natural useful notion of injectivity radius of a Lorentzian manifold (M, g),
but one can define such a radius via an auxiliary Riemannian metric # on M: the “size” of the domain
of exp? in each tangent space T M can be measured in terms of h. This “mixed” injectivity radius has
been studied by Chen-LeFloch [6] in the situation when & is obtained from g by a Wick rotation around
some timelike subbundle of T M. Unfortunately, this notion has still serious defects for the purposes of
the present article. Even after dropping the completeness claims, the statements ((ii)] and [(iv)| of Theorem
do not become true in general for “mixed” injectivity radii. We will not go into details.
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4. PROOF OF THE MAIN RESULTS
We will obtain Theorem [1.8|as a corollary to the following result about sequences of quasi-flatzoomers:

41. Theorem. Let % = (Kj)jen be a smooth compact exhaustion of a manifold M, let (®;);en be a
sequence of quasi-flatzoomers for %, let (¢;)ien be a sequence in COo(M,Rso), let we CO(M,R). Then
there exists a real-analytic u: M — R with u> w such that

VieN: |®;(w)|<e; holds on M\K;. 9)

We need some preparations for the rather technical proof of 4.1l Lemma [4.3| below is the analytic key
to our argument; see Remark |4.4| for further explanation.

4.2. Definition. As usual, (/)m denotes the ith derivative of a function ¢p € C*°(I,R) on some interval
I <R. For r € Rxg, we define

Climbers(r) := {¢> e C*([0,11,10,71]) | $0)=0, p(1) =7, VieNs;: ¢ (0)=0= ¢”’(1)} )

A sequence (¢p)pen in C*°([0,1],R) is an alpinist iff VreN: ¢, € Climbers(n).
Let keN, let a € R, let ® = (¢py) nen be a sequence in C*°([0,1],R). We define the set

k .
GralO] := Bl FES Y e
k,alO] {tgl[g}]e j;olsbn (0]

4.3. Lemma. Let a€ R, let k € N. There is an alpinist Oy, , such that the set Gy, 4Ok, 4] is bounded.
(Here “bounded” means bounded from above, not away from 0.)
Proof of Lemma[4.3 We let c:=alk if k=1, and ¢:=19.26 if k=0. For n€N, we consider
Gn:=1-e"€[0,1][.

We choose some ¢ € Climbers(1) and define a sequence Oy , = () nen in C*°([0,1],R) by

1
(/)n::—z In(1-g,é). 10)

The ¢, are well-defined because ¢ is [0,1]-valued and hence 1 - (1 —e_”c)f is [e”"*¢,1]-valued. Since
¢ € Climbers(1), we have ¢,,(0) =0 and ¢,(1) = —1In(1-g,) =n and Vi eNz;: ¢} (0) = 0= ¢ (1.
Thus each ¢, lies in Climbers(n), ie., O , is an alpinist.

We claim that for every i € N1, there exists a polynomial P; € R[Xj,..., X;] with
Pi (4289, 4n8")
(1- qnf)i .
We prove this by induction over i. For i =1, the first derivatives ¢/, = % dn€' /(1 - gné) have the

(i)
n

VneN: ¢§;’)=

claimed form. If the ith derivatives ¢;,’ have the claimed form, then the (i + 1)st derivatives

(+1) _ (Pi (an(o),...,qnf(i)))’
(1 - an)l

(1 - an) : f,:o g% (qné(o)»---; an(i)) Qné(w—l) - ian/ -P; (an(o)»---; an(i))
(1 _ qnf)i+l

have the claimed form as well. This completes the proof of the claim.

Since VneN: |g,| <1, there exists for each i € N>; a constant C; € R with

P; (Cinf(o)»---» an(”)
17
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The supremum S := sup{(l +5)/e? | SE Rzo} exists in Rsg. We obtain for all neN and r € [0,1]:

L+ l900 O] _1+[9n0] & |Pi (02600, ant® )]
e(l(bn(t) - ed(bn(t) et (1 _ qnf(t))l e“(Pn(f)
k . k c:-(1- t k k .
<S+) C’l. gy y Collzant )l) <S+) ¢k
i=1 (1 - gné()" ea¢n® =1 (1-qné (D) i=1
Hence the set Gy, [0 4] is bounded by S+Z§‘:1 C;. O

4.4. Remark. If you suspect that the proof of — in particular definition ([0) — is unnecessarily
complicated, the following example might be instructive. Consider any ¢ € Climbers(1) which is for
some § €]0,1[ equal to — e Y% on 10,5]. The sequence O = (¢b;) nen given by ¢, = ne is an alpinist,
but G;,1[0] is not bounded.

Proof of the claim made in Remark There is an ng € N>; with 1/In(ng) < 6. For n e N with n = n,
we consider t, := 1/In(n) €10,5]. We have ¢(t,) = e '/ = 1/n and thus e #(") = 1/e. Moreover,
¢ (tn) = eV /12 = In(n)*/n. Hence e (W) (1+ |, (1,)| + |}, (£n)]) = 2 In(n)*/n. Since this tends
to oo as n — oo, the set G;,1[0] is not bounded. O

Proof of Theorem Let K_ := K_; := @. For every i € N, the boundary X; of the smooth codimension-
zero submanifold-with-boundary K; has an interior collar neighborhood A; € K; \ K;—; which can be
diffeomorphically identified with [0,1] x Z; such that X; is identified with {1} x X;. Let p;: A; — [0,1]
denote the projection to the first factor.

We fix a Riemannian metric 7 on M. For i,k € N, the chain and product rules yield a constant
L; x € R5 such that for all xe A; and f € C*([0,1],R), we have

k . k )
1+Y|v) (fopl-)L7 (X) < Lig- (1 +y |f“)(pl-(x))|) . )
j=0 j=0

For each i € N, the quasi-flatzoomer property of ®; gives us k;,d; € N>; and 0;, w; € C°(M,Rs()
and a; € Rsq such that

ki ; di
|®: (W) ()| = sup{e_“i”(y)ﬂi(y)-(l+ Y |V,]7u’n(y))
j=0

yeKia \Kl—z} 12)

holds for all e N and x € K;\ K;—; and u € C®(M,R5() which satisfy u> w; on Kj11\ Kj_».

For each i, we replace ®; by u— |D; ()| replace a; by a;/d;, replace 6; by Hg/di, and replace
€; by sll./di. After this, we may assume without loss of generality that holds with d; =1.

There is a function i € C°(M,Rsq) with & > w such that for each I €N, @ > max{w, wy,..., w;_,}
holds pointwise on Kj41\ Kj_s.

For i,l €N, we define ; ; € Rsg and ®; ;: C®°(M,Rsg) — Rso by
éi,l = inf{s,-(x) ’ X € K; \Kl—l};

ki .
&, 1 (u) = sup{e_“i”(y) 0:(y)- (1 +y |vgu|17 (y)) yeKi \K,_z} .

j=0
Inequality (I2) implies that, for any u € C*°(M,R>¢) which satisfies u = 1’ (and hence satisfies for every
I €N the inequality LL|KM\KF2 > max {wy,..., W1} |Kl+1\K172)’ the statement (9) is true if

Vi, leN: (lz i+1 > <i>,-,,(u)<éi,,). 13)

(If (I3) holds, then for all i,l € N with [ =i+ 1, we have on K;\ K;_1: |®;(u)| < <i)l-,l(u) <& <E,
because u > w; is fulfilled on Kj.;\ K;_». Thus for all i € N, |®;(u)| < &; holds on M\ Kj; ie., (9 is

true.)
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For [ €N, we define £ € R.g and ®;: C®(M,Rso) — R=q by

5,:=min{é,-,, ie{O,...,l—l}},

&, (u) ::max{cbi,l(u) | ie {0,...,1—1}}.
For any u € C*®°(M,Rx() which satisfies u = 1, the statement (9) is true if
VIieN: ®;(u) <&. (14)
(This follows from (I3), because ([4) implies for all 7,/ €N with /=i +1: <i>l-,l(u) <®;(u)<g < £ 1)
For [ €N, we define a; € Rso and x; €N and 9; € C°(M,R>q) by
a;:=min{a; |i €{0,...,1-1}},
k;:=max{k;|i€{0,...,[-1}}, (15)
9;(x) := max{6;(x) | i €0,...,1 - 1}}.
This yields for all €N and u € C®°(M,Rx):

K|
D;(u) < sup{e—alu(y) 9 (1 +) |V¥,u|n(y)) ‘ ye Ky \Kl_z} .
=0

For [ €N, we define

_ €1

sup{9;(») | y € K1 \ Kj—a}

We choose a monotonically decreasing sequence (1;);en in Rso with VieN: A; < A;.
Due to ([4), for any u € C*°(M,Rx¢) which satisfies u = 1, the statement (9) is true if

/7{/[: €R>0.

Ki .
VieN: sup{e_“i”(y) (1 +) |V¥,u|,7(y))
j=0

yEKHl\Ki_g}S/li. 16)

For each i € N, Lemma yields an alpinist ©; = (@;[n])pen such that the set Gi,,, q,,,[0:] is
bounded from above by some C; € Rsy.
For i € N, we consider L; := L;,,,. We define a sequence b = (b;);en in N recursively by
b;:= min{ BeN | max{l +06, Lif+ C,-Li} <A1 e®nh A
a7

VxeKi\Ki_1: Wx)<B A Vje(0,...,i-1}: b,-sﬁ};
this is well-defined because the set on the right-hand side is nonempty. By construction, b is mono-

tonically increasing. Hence the numbers ¢; := b;1; — b; lie in N.
We define a function u € C®°(M,Rxp) by

() b; ifﬂi€N:x€Ki\(AiUKi,1)

u(x) := .
bi+¢ilcil(pi(x)) ifFieN:xeA;

Obviously u is indeed a well-defined and nonnegative function. It is smooth because all jth derivatives

with j =1 of ¢;[c;] vanish at 0 and 1 and because b; + @;[c;](1) = b; + ¢; = bj41.
Moreover, we have u = i > w, because Vi e N: Vx € K; \ K;_1: u(x) = b; = w(x) > w(x).

Let i €N, let y € Kjy1\K;_». Then for some p € {~1,0,1}, we have either y € K;;;\ (Aj4p UKjpp-1)
or Y€ Ajry. If y€ Kiypy\ (AizpUKjyy-1), then the definition ([7) of b;4, implies

Ki .
1+ |v{,u|n(y) = 14Dy < Ay e¥enlivn < ) 0100 18)
j=0

because (A7);en and (@) en decrease monotonically and u(y) = b;y, = 0.
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If y € Ajyy, we consider £:=p;.,(y). Since Gk vy, ©;4+4] is bounded from above by C;.,

ai+y+1[

Definition [4.2] yields
Kit+pu+1 .
e_aiJr”“(pH”[CH”](t) (1 + Z (Pi+,u[Ci+u](J)(t)|) = sup (GKH;HLQ’H#H [®i+l~1]) = Ci+ﬂ : (19)
j=0

By (I§), the sequence (k;);en increases monotonically, whereas (A;);en and (a;);en decrease monotoni-
cally. Since e®i+u19i+ulCirul() > 1 we deduce from ([7) and ():

Aieaiu(y) — /’lieaibiw ei®isulCivgl (1)
> )li+p+l eai+u+lbi+u eai+u+1(ﬂi+u[ci+u](n
> Li+ﬂbi+ueai+y+l(Pi+y[ci+p](t) + Cl'+yLl'+}t eai+p+1(pi+y[ci+p](t)

Ci+ L: Ki+u+1
pleitp

+
Ci+y Z

(pi+,u[ci+y](j)(t)|)
=0

Kit+p+1

= L,-+“-(1+b,-+u+ >
j=0

(Pi+u[6‘i+u](j)(t)’) .

Applying () to the function f: s— bjyy +@isplcisyl(s), we thus obtain

Kitp+l ( Kitp+1

Ki . .
L+ ) |[Viul,) = 1+ X |[Viul, () = Livp- |1+ bisy+ Y
j=0 j=0 j=0

(Pi+u[Ci+/t](j)(t)|) < 2;e%"Y . (20)

The inequalities ([8) and (20) imply that (I6) is true for the function u with u = i > w we have
constructed. This shows that there exists a function u € C*°(M,R) with u > w such that for every i € N,
the inequality |®;(u)| < &; holds on M\ K;.

There exists a neighborhood of u with respect to the fine (i.e. Whitney) C*-topology on C*°(M,R)
all of whose elements v satisfy v > w and, for every i €N, |®;(v)| < &; on M\K;. Since real-analytic
functions are fine-C*-dense in C*°(M,R) (cf. e.g. [I5) Theorem A]), Theorem 4.1 is proved. O

Now we can prove our main result stated in the Introduction:
Proof of Theorem For i €N, consider the maps ‘Pi,‘P‘?,Yi: C*®(M,Rsq) — C°(M,Rs() defined by

i F
&olul Hgo [u]

Y () = |v

W, (1) = ‘Vﬁ%[u] Riemg ()

holu)’ holu)’

F o |vi :
W7 (u) := ‘Vfgo)g[u] Riemg,) , [u]

(ho)zlul ©

As stated in Example for every flatzoomer Z also u— |Z(u)|"'? is a flatzoomer. Thus the Examples
show that ¥;, ‘I"? , Y; are flatzoomers. By Example they are quasi-flatzoomers for % .
For i € N, we define ®;: C®(M,Rs0) — CO(M,Rs) by ®;(w) := W; () + P (1) + Y; (). Example
(see also tells us that ®@; is a quasi-flatzoomer.

Theorem 4.1} applied to the sequence (®;);en, yields a real-analytic function u: M — R with u > uy
such that for every i €N, the inequality ®;(u) < &; holds on M\ K;. Thus the statements of
Theorem are true. If (gog)# (and thus also gp) is not Riemannian, the proof of [L.8 is now complete.

Otherwise we define a smooth compact exhaustion %' = (Klf)ieN by Kj:=@ and Vi=1: Klf =K;_1,
define (g})ien by £ := % and Vi>1: ¢} :=¢;_1, and define Vi > 1: @) :=®;_;. If (g0)#, but not g,
is Riemannian, then we consider d)’O: u—1/ conv‘i,o)g[ u which is a quasi-flatzoomer due to Theorem

If go is Riemannian, we consider <I>6: u—1/ conv‘é V[l +1/ convgy), which is a quasi-flatzoomer
due to Theorem [3.8] (applied also to the foliation whose only leaf is M) and Example

Now Theorem applied to &’ and ((I);.) ;jen and (E/l.) ;en, shows that all statements of Theorem
are true, because the convexity radii are by construction = ¢+ 1 = 1, which implies in particular

completeness of the metrics. O
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The other results stated in Section [l| follow from Theorem as explained there.

We end this article by stating explicitly, for future use elsewhere, one result about ordinary differential
inequalities that has essentially been derived during the proof of Theorem

4.5. Theorem. Let (g;)jen and (a;)ien be sequences in R, let (m;)ien be a sequence in N, let (P;)jen be
a sequence such that each P; is a real polynomial (whose degree may depend on i) in m;+1 real variables.
Let w e C°([0,00[,R). Then there exists a number p € R such that for every ug € p,00(, there is a function
u e C*([0,00[,R) with the following properties:
(i) u(0) = uy.

(ii) For each i €N, u is constant on the interval [i,i+ %]

(iii)) u> w.

(i) YieN: Vxe[i,i+1]: P;(u(x), v (x),..., u'™ (x)) < g;e% %),
Remark 1. In particular, the ordinary differential inequality |(iv)| can be solved globally with initial values
u(0) and Vi=1: u®(0) = 0 whenever u(0) is sufficiently large. In contrast, the results of [I4] show that
even in simple special cases, the inequality cannot be solved with Vi =1: u?(0) = 0 for arbitrary
initial values u(0) that satisfy Py(u(0),0,...,0) < £0e®4O (the properties do not matter for this
conclusion).

Remark 2. The polynomials P; are assumed to have constant coefficients here, for simplicity. But since
they may depend on the interval [7,i + 1], an inequality of the form

Vx e [0,000: P(x) (u(x), 1 (x),...,u"™ (%)) < e(x)e® ™40

for a polynomial-valued function P € CO([O,oo[, [R%Poly‘,fﬂl) and functions €, a € C°([0,00[,R>(), can
always be strengthened to an inequality of the form ((iv)] and can then be solved using the theorem.

Sketch of proof of Yheorem For M :=[0,00[, consider the smooth compact exhaustion (K;);eny with
K;:=10,i+1]; this M is a manifold-with-boundary, but that does not cause any problem. The maps
®;: C®(M,Rx0) — C®(M,R) given by ®;(u)(x) := e %M P; (u(x),u'(x),...,u(x)) are obviously
(quasi-)flatzoomers. Revisiting the proof of Theorem for our given data (®;)jen, (€i)ien, W, We
choose the interior collar neighborhoods A; = [i+3,i+1]. Clearly there exists a number p € R such
that for every ug € [, 00[, we can choose the sequence b with by = up. The constructed function

u e C®(M,R) then satisfies O
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