The conjecture of Birch and Swinnerton-Dyer
for Jacobians of constant curves
over higher dimensional bases over finite fields

L GLEL U

e

I

..:S:
.i‘:'

...1..

2 <¥t— i
ﬁ -

5

Le
ANy
o. &
X

%

DISSERTATION ZUR ERLANGUNG DES DOKTORGRADES
DER NATURWISSENSCHAFTEN (DR. RER. NAT.)
AN DER FAKULTAT FUR MATHEMATIK DER UNIVERSITAT REGENSBURG

vorgelegt von
Timo Keller
aus Clausen

2013



Promotionsgesuch eingereicht am: 5. Juli 2013
Die Arbeit wurde angeleitet von: Uwe Jannsen

Vorsitzender: Prof. Dr. Felix Finster

1. Gutachter: Prof. Dr. Uwe Jannsen
2. Gutachter: Prof. Dr. Walter Gubler

weiterer Priifer: Prof. Dr. Giinter Tamme



Contents

CONTENTS

ALEDTAl . . . . e e e e e e e e s e e

[3.3  The Tate-Shatarevich group|

[3.4  Appendix to the proot of Le

mma[3.3.0 . . .. ...

[3.5 Relation of the Brauer and Tate-Shatarevich group, . . . . . ... ... ... ..

[4 The special L-value in cohomological terms|

[4.2.1  Heights| . ... ..
[4.2.2  The special L-value

[References|

12
12
14

18
18
27
29
39
41

42
42
51
52
59

64



4 1 PREFACE

1 Preface

Diophantine equations, i.e. polynomial equations
f(Xy,...,X,) =0, feZX,...,X,]

with f a polynomial with integer coefficients, and their integer or rational solutions constitute
a central subject of number theory. Hilbert asked in his famous speech on the International
Congress of Mathematicians 1900 if there is an algorithm which decides if a given diophantine
equation is solvable in the rationals. This question was in general answered negatively by
Matiyasevich in 1970.

One can restrict the question to certain classes of diophantine equations, for example to
diophantine equations in two variables. Geometrically seen, these are curves and can again be
separated by their genus, which depends on their degree (and their singularities). For curves
of genus 0 there is the theorem of Hasse-Minkowski from which one can derive an algorithm
deciding if there are rational solutions. By a theorem of Faltings, curves of genus > 1 have only
finitely many rational solutions (but the theorem does not lead to an algorithm). It remain the
curves of genus 1. If such a curve is smooth and possesses a rational point, it is called an elliptic
curve (the rational point belongs to the datum). One special feature of these curves is that one
has a natural law of an Abelian group on £(Q), the set of rational solutions of the Weierstraf3
equation together with a point 0 at infinity.

Algebraic number theory is about global fields: On the one hand number fields, i.e. finite
extensions of Q, on the other hand function fields, i.e. finite extensions of Fy(T'). Their theories
fertilise each other, but the function field side is commonly easier, e.g. since there are no
archimedean places and since it is more geometrical. For example, for global function fields the
holomorphic continuation and the functional equation of the L-series of an elliptic curve follows
from the existence of a Weil cohomology theory, whereas over Q it is only known since the proof
of modularity of elliptic curves. In the function field case, one has the possibility to pass to the
algebraic closure of the finite ground field; in the number field case, a replacement for this is
Iwasawa theory.

In the following, let K be a function field and A/ K be an Abelian variety, a higher dimensional
generalisation of elliptic curves. By the theorem of Mordell-Weil, the group A(K) is finitely
generated and therefore (non-canonically) isomorphic to Tor A(K') @ Z" with the finite torsion
subgroup Tor A(K). It turns out that the torsion subgroup is easily computed, so it remains
to determine the rank r € N (if r is known, one can calculate generators of A(K)). Now,
the Birch-Swinnerton-Dyer conjecture provides information about r: One defines the
L-function of the Abelian variety as

LA/K,s)= ] Lo(A/K,q¢ )

v place

with the Euler factors L,(A/K,T) € Z[T)] given by certain polynomials depending on the number
of rational points of the reduction of A at the places v. The L-function converges and can be
continued to the whole complex plane, where it satisfies a functional equation relating L(A/K, s)
with L(A/K,2 — s).
The weak Birch-Swinnerton-Dyer conjecture states that the rank r is equal to the vanishing
order of the L-series at s = 1:
g)Ecll L(A/K,s) =1k A(K)
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The full Birch-Swinnerton-Dyer conjecture further describes the leading Taylor coefficient at
s = 1 in terms of global data of E (“L-series encode local-global principles”). This is due to
John Tate in [Tat66b]. Let X/F, be the smooth projective geometrically connected model of
K and let o/ /X be the Néron model of A/K. For the leading Taylor coefficient at s = 1, one
should have the formula

o HA/K5) A/ BT,
s—1 (s —1)r |Tor A(K)| - |Tor AV (K)|

Here,

is the regulator of the canonical height pairing h: A(K) x AY(K) — R. The factors
¢y = | (K,) | (K,)|

are the Tamagawa numbers (¢, = 1 if A has good reduction at v, which is the case for almost all
v), and finally

III(A/K) = ker <H1(K,A)—> 11 Hl(KU,A)>

v place

the Tate-Shafarevich group, which is conjecturally finite. It classifies locally trivial A-torsors. A
famous quote of John Tate [Tat74], p. 198 (for the conjecture over Q) is:

“This remarkable conjecture relates the behavior of a function L at a point where it is not at
present known to be defined to the order of a group III which is not known to be finite!”

From the finiteness of the Tate-Shafarevich group as well as from the equality rk A(K) =
ords—1 L(A/K, s) one would get algorithms for computing the Mordell-Weil group A(K).

In his PhD thesis [Mil68], Milne proved the finiteness of the Tate-Shafarevich group and
the Birch-Swinnerton-Dyer conjecture for constant Abelian varieties, i.e. those coming from
base change from the finite constant field. Work of Peter Schneider [Sch82b] and Werner
Bauer [Bau92], which was completed in the article [KT03] of Kazuya Kato and Fabien Trihan in
2003, proved that already the finiteness of one (-primary component (¢ prime, ¢ = char K allowed)
of the Tate-Shafarevich group of an Abelian variety over a global function field implies the
Birch-Swinnerton-Dyer conjecture. For these investigations, one considers the unique connected
smooth projective curve C' with function field K, as well as the Néron model 7 /C of A/K.

The obvious generalisation of the weak Birch-Swinnerton-Dyer conjecture to higher dimen-
sional function fields K = F,(X), namely that

g)i(liL(A/K, s) =rk A(K), (1.0.1)

was already formulated by Tate in [Tat65], p. 104, albeit for the vanishing order at s = dim X,
which is equivalent to (|1.0.1)) by the functional equation. For the leading coefficient, there is no
conjecture up to now. Note that the vanishing order depends only on the generic fibre.

by now proven for elliptic curves over Q
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The main results. The aim of this paper is to formulate and prove an analogue of the
conjecture of Birch and Swinnerton-Dyer for certain Abelian schemes over higher dimensional
bases over finite fields.

Given an Abelian variety A over the generic point of a base scheme X, one would like to
spread it out over the whole of X as an Abelian scheme. It turns out that this is not always
possible, e. g. over the integers Spec Z, there is no non-trivial Abelian scheme at all. But if one
drops the condition that the spread out scheme is proper, there is such a model, called the
Néron model, satisfying a universal property, called the Néron mapping property, if dim X = 1:
For an Abelian scheme o/ /X | there is an isomorphism

A = g.9" A (1.0.2)

on the smooth site of X. Here g : {n} < X is the inclusion of the generic point. Intuitively, this
means that smooth morphisms to the generic fibre can be spread out to the whole of o/ /X .

In our situation where dim X € N is arbitrary, we prove that if there is an Abelian scheme
o/ | X, then it satisfies a weakened version of the universal property alluded to above, called the
weak Néron mapping property, in the sense that the isomorphism only holds on the étale
site.

Theorem 1 (The weak Néron model). Let X be a regular Noetherian, integral, separated scheme
with g : {n} — X the inclusion of the generic point. Let o/ /X be an Abelian scheme. Then

o = g.q"
as étale sheaves on X.

In the following, let £ = F, be a finite field with ¢ = p™ elements, ¢ # p a prime, X/k a
smooth projective geometrically connected variety, /X a smooth projective relative curve
admitting a section and B/k an Abelian variety.

One important invariant of an Abelian scheme that turns up in the conjecture of Birch and
Swinnerton-Dyer is the Tate-Shafarevich group. This group classifies (everywhere) locally trivial
A-torsors.

Theorem 2 (The Tate-Shafarevich group). Define the Tate-Shafarevich group of an Abelian
scheme <7 | X by
(e /X) := HY(X, ).

Denote the quotient field of the strict Henselisation of Ox , by K", the inclusion of the generic
point by j : {n} — X and j, : Spec(K]") < Spec(0%',) = X. Then we have

(X&%)——%ker(HlKj )= [[H' (K" ot )).

zeX

One can replace the product over all points by
(a) the closed points

H' (X, o) =ker | H(K, j*o/) - € H(K}", j;)

z€|X|
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or (b) the codimension-1 points if one disregards the p-torsion (p = chark) (for dim X < 2,
this also holds for the p-torsion), and if one considers the following situation: X/k is smooth
projective and € /X is a smooth projective relative curve admitting a section, and </ = Pic%/X:

H'(X,Pic), ) = ker | H'(K, j*Pic) ) - @) H'(K}", jiPic),y) | |
zeX )

One can also replace K" by the quotient field of the completion é’j’(hw in the case of x € X,

Next, we partially generalise the relation between the Birch-Swinnerton-Dyer conjecture and
the Artin-Tate conjecture to a higher dimensional basis. The classical Artin-Tate conjecture
for a surface S over k is about the Brauer group of S and its invariants like the (rank of the)
Néron-Severi group NS(S) and its intersection pairing.

Conjecture 1 (Artin-Tate conjecture). Let S/k be a smooth projective geometrically connected
surface. Let Pi(S/k,T) be the characteristic polynomial of the geometric Frobenius on H'(S, Qy),
where the Frobenius acts via functoriality on the second factor of S = S xj k. Then the Brauer
group Br(S) is finite and

_ [Bx(9)] |det(D;. D;)

Py(S,q°
5(S,q7%) ¢*(S) | Tor NS(S)|?

(1-— ql_s)p(s) for s — 1,

where
a(S) = x(S, Os) — 1 + dim Pic’(9),

NS(S) is the Néron-Severi group of S, p(S) =tk NS(S) and (D;)1<i<p(s) 5 a base for NS(S)
mod torsion. The symbol (D;.D;) denotes the total intersection multiplicity of D; and Dj.

Conjecture (d) in [Tat66b], p. 306-13, concerns a surface S which is a relative curve € /X
over a curve X over a finite field. It states the equivalence of the Birch-Swinnerton-Dyer
conjecture for the Jacobian of the generic fibre of ¥’/ X and the Artin-Tate conjecture for €
The rank of the Mordell-Weil group should be related to the rank of the Néron-Severi group
of the surface, the order of the Tate-Shafarevich group to the order of the Brauer group of ¥,
and the height pairing to the intersection pairing on NS(%). For the equivalence of the full
Birch-Swinnerton-Dyer and the Artin-Tate conjecture for the base a curve, see Gordon’s PhD
thesis [Gor79].

Let X be smooth projective over k of arbitrary dimension. We prove the following partial
generalisation, concerning the finiteness part of the conjecture.

Theorem 3 (The Artin-Tate and the Birch-Swinnerton-Dyer conjecture). Let €' /X be a smooth
projective relative curve over a regqular variety X/k. The finiteness of the ((-torsion of the)
Brauer group of € is equivalent to the finiteness of the ((-torsion of the) Brauer group of the
base X and the finiteness of the ((-torsion of the) Tate-Shafarevich group of Picyx: One has
an exact sequence

0 — Ky = Br(X) 5 Br(%) — I (Picyx/X) — K3 — 0,
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where the groups K; are annihilated by 6, the index of the generic fibre C/K, e.q. § = 1 if
€ /X has a section, and their prime-to-p part finite, and K; = 0 if m has a section. Here,
HI(Picy,x/X) sits in a short exact sequence

0 = Z/d — II(Picy, /X)) — I (Picgx/X) — 0,
where d | 4.

Now we come to our first statement on the conjecture of Birch and Swinnerton-Dyer
for Abelian schemes .7 /X over higher dimensional schemes X/F,. The proof we give is a
generalisation of the methods of Peter Schneider [Sch82a] and [Sch82b] which assume dim X = 1.
The theorem relates the vanishing order of a certain L-function at s = 1 to the Mordell-Weil rank,
and the leading Taylor coefficient at s = 1 to a product of regulators of certain cohomological
pairings, the order of the /-primary component of the Tate-Shafarevich group and the torsion
subgroup, for each single prime ¢ # p. A main problem was to find the “correct” definition of
the L-function: One has to throw out the factors coming from dimension > 1 since these cause
additional cohomological terms in the special L-value which cannot be identified in terms of
geometric invariants of the Abelian scheme.

Conjecture 2 (The conjecture of Birch and Swinnerton-Dyer for Abelian schemes over high-

er-dimensional bases, cohomological version). Set X = X Xy k. Define the L-function of the

Abelian scheme < | X by

Pl (@{/X7 q—s)

Ld/X,s) = ————F—=
WIS = Pl (X )

where

Py(«/ /X, t) = det(1 — Frob, 't | H'(X,R'T.Q)).

Here m: o/ — X is the structure morphism. Let p be the vanishing order of L(</ /X, s) at s =1
and define the leading coefficient ¢ = L*(o/ /X, 1) of L(<&/ /X, s) at s =1 by

L( /X, s) ~c-(logq)’(s—1)" fors—1.
Define pairings on cohomology groups modulo torsion

()t HYX, Ty ) pors X B2 HX, Ty(2Y)(d — 1)) tors — H*H(X, Zy(d)) P H?Y(X, Zy(d)) = Zy,
(-, ) s HA(X, Tod? ) ors x H2HX, To(7V)(d — 1)) 1ors — H*TH(X, Zy(d)) = Zy.

Then the pairings are non-degenerate, 111(o/ /| X)[€>°] is finite, and one has the equality for the
leading Taylor coefficient

det <'7 '>€
det(-, -)g

- LI« /X)) [0]]
¢ |Tor o (X)[¢=]| - |H*(X, T,/ )" |

e, =

where o (X) = A(K) with A the generic fibre of &/ /X and K = k(X)) the function field of X.

Our conditional result is:
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Theorem 4 (The conjecture of Birch and Swinnerton-Dyer for Abelian schemes over high-
er-dimensional bases, cohomological version). In the situation of Conjecture 2, the following
statements are equivalent:

(a) p = tky 7 (X)

(b) (-,-), and (-,-); are non-degenerate and (<o /X)[(>]| < oo

(¢) Conjecture 2 holds.

In the case of a constant Abelian scheme, i.e. where & = B X, X for an Abelian variety
B/k, we can improve this result by replacing the cohomological height pairing with geometric
pairing which is given by an integral trace pairing.

Theorem 5 (The height pairing). Let X/k be a smooth projective geometrically connected
variety with Albanese A such that Picx, is reduced. Denote the constant Abelian scheme
B xy X/X by o/ /X. Then the trace pairing

Homy (A, B) x Homy,(B, A) = End(A) = Z

tensored with Zy equals the cohomological pairing

*

() s HYX, Tod )ons X HXY (X, Ty(7V ) (d — 1)) 1ors — H2(X, Zy(d)) = H*(X, Zy(d)) = Zy.
If X/k is a curve, this equals the following height pairing

V()
VB X5 AS A S BY,
(7(@), 7 (8))m = degx (—(ap, B cp)” Pp),

X5 A5 B,

where ¢ : X — A is the Abel-Jacobi map associated to a rational point of X and c: A — A
the canonical principal polarisation associated to the theta divisor, and this is equal to the usual
Néron-Tate canonical height pairing.

Finally, building upon work of Milne [Mil68], we give a proof of the conjecture of Birch and
Swinnerton-Dyer for constant Abelian schemes over certain higher dimensional bases which
works for all primes, including the characteristic, at once. Again, one important step was to
find the “correct” definition of the L-function of a constant Abelian scheme. As in the first
theorem on the Birch-Swinnerton-Dyer conjecture, one has to throw out the factors coming
from dimension > 1 of the base X.

Theorem 6 (The conjecture of Birch and Swinnerton-Dyer for constant Abelian schemes over
higher-dimensional bases, version with the height pairing). Assume X = X x; k satisfies

(a) the Néron-Severi group of X is torsion-free;

(b) the dimension of Hy (X, 0%) as a vector space over k equals the dimension of the
Albanese of X /k.

Let o/ = B xy X. Define the L-function of the constant Abelian scheme </ /X as the
L-function of the motive

W'(B) ® (h'(X) & h'(X)) = h'(B) & (h'(B) @ h'(X)),
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namely

L(h'(B) ® h'(X), s)
L(h'(B),s)

L(B xj, X/ X, s) =

with L(h(X) ® h'(B),t) = det(1 — Frob, 't | H/(X,Q,) ® H'(B,Qy)). Let d = dim B and
g = dim Alb(X) and Rios(B) the determinant of the above height pairing multiplied with logq.
Then one has </ (X) = A(K) with A the generic fibre of &/ and K = k(X)) the function field,
and the following holds:

1. The Tate-Shafarevich group (<7 /X)) is finite.

2. The vanishing order equals the Mordell-Weil rank: og(liL(szf/X, s) =rk A(K).

3. There is the equality for the leading coefficient

(g-1ya| (7 / X)| Riog(B)
| Tor A(K))|

L* (7 /X,1) = q

For the question when (a) and (b) hold, see Theorem [4.2.10] Remark |4.2.11} Example [4.2.12
and Example [1.2.25]

For a constant Abelian variety &/ = B xj; X/X, the two definitions of the L-function
in Theorem 4 and Theorem 6 agree. For a motivation for the definitions of the L-functions,
see Remark [4.2.31] below.

Combining the two results on the conjecture of Birch and Swinnerton-Dyer, one can identify
the remaining two expressions in Theorem 4 under the assumptions of Theorem 6: One has

[det(-,-)el, " =1,
|H2(X7T£d)r‘ = 17

(-,-), and (-,-), are non-degenerate and III(.e//X)[¢>] is finite.

Structure of the thesis. In section 2, we collect some basic and technical facts.

Section 3.1 is concerned with the proof of a cohomological vanishing theorem Ri7,G,, =0
for ¢ > 1. In section 3.2, we introduce the notion of a weak Néron model and prove that an
Abelian scheme is a weak Néron model of its generic fibre, see Theorem 1. Section 3.3 contains
the definition of and theorems on the Tate-Shafarevich group in the higher dimensional basis
case, see Theorem 2. In section 3.4, we give an alternative proof of a statement in the previous
section. In the final subsection 3.5, we relate the Tate-Shafarevich and the Brauer group, see
Theorem 3.

Section 4 is about the Birch-Swinnerton-Dyer conjecture: In section 4.1, we define the
L-function of an Abelian scheme and state a cohomological form of a Birch-Swinnerton-Dyer
conjecture and give a criterion under which conditions this theorem holds, see Theorem 4.
We specialise to constant Abelian schemes in section 4.2. The height pairing, Theorem 5, is
treated in section 4.2.1, and the Birch-Swinnerton-Dyer conjecture for constant Abelian schemes,
Theorem 6, in section 4.2.2.
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2 Preliminaries

Notation. Let A be an Abelian group. Let Tor A be the torsion subgroup of A, Atys =
A/ Tor A. Let Div A be the maximal divisible subgroup of A and Ap;, = A/DivA. Denote the
cokernel of A ™% A by A/n and its kernel by A[n], and the p-primary subgroup hﬂn Alp™] by
Alp>].
Canonical isomorphisms are often denoted by
If not stated otherwise, all cohomology groups are taken with respect to the étale topology.
We denote Pontryagin duality, duals of R-modules or /-adic sheaves and Abelian schemes by
(—)Y. Tt should be clear from the context which one is meant.
The Henselisation of a (local) ring A is denoted by A" and the strict Henselisation by A",
The (-adic valuation | - |, is taken to be normalised by |¢|, = ¢~*.

“__»

2.1 Algebra
Lemma 2.1.1. Given a spectral sequence EY'? = E™, one has an eract sequence
0— By’ — B' = By — By — ker(E? — E3?) — Byt — E5°.
Proof. See [NSWO00], p. 81, (2.1.3) Proposition. O
We have the following properties and notions for Abelian groups.
Lemma 2.1.2. Let f : A— B, g: B — C be homomorphisms. Then
0 — ker(f) — ker(gf) — ker(g) — coker(f) — coker(gf) — coker(g) — 0
15 exact.
Proof. Apply the snake lemma to the commutative diagram with exact rows

AL, —— coker(f) ——0

gf ig l

0 o 0.

]

Lemma 2.1.3. The tensor product of an Abelian torsion group A with a divisible Abelian group
B is triwvial.

Proof. Take an elementary tensor a ® b. There is an n > 0 such that na = 0, so, by divisibility
of B there is an V/ such that nt/ =b,soa®@b=a®nb =na®b =0 = 0. O

Lemma 2.1.4. Let A be an Abelian (-torsion group such that A[l] is finite. Then A is a
cofinitely generated Zy-module.

Proof. Equip A with the discrete topology. Applying Pontryagin duality to 0 — A[¢{] — A LA
gives us that AY /¢ is finite, hence by [NSWOQ0], p. 179, (3.9.1) Proposition (A" being profinite
as a dual of a discrete torsion group), A is a finitely generated Z,-module, hence A a cofinitely
generated Z,-module. O]
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Definition 2.1.5. Let A be an Abelian group and ¢ a prime number. Then the £-adic Tate
module T;A of A is the projective limit

TZA:I'£1<...£>A[£”“]£>A[€"]£>...—Z>A[€]—>O).

The rationalised ¢-adic Tate module is defined as V,A = T;A ®z, Q.

Lemma 2.1.6. One has TyA = Hom(Qu/Z, A).

Proof. One has Hom(Q/Z,, A) = Hom(lign +Z|Z,A) = Jm Hom(£Z/Z, A) = l‘glnA[E”].
O

Lemma 2.1.7. Let A be a finite Abelian group. Then T,A is trivial.

Proof. There is an ng such that A[¢"] is stationary for n > ng, i.e. {™A = 0, so there is no
non-zero infinite sequence (..., a,, Gp_1,...,ao) with fa; 1 = a; since no non-zero element of A
is infinitely ¢-divisible. m

Lemma 2.1.8. Let A be a non-finite cofinitely generated Zy-module. Then Ty A is a non-trivial
Z,-module.

Proof. Since A is a cofinitely generated Z,-module, A = B®(Q/Z,)" with B finite, so T,A = Z}.
As A is not finite, n > 0. U

Lemma 2.1.9. Let A be an Abelian group and TyA = lim A[l] its (-adic Tate module. Then
T,A is torsion free.

Proof. Let a = (..., am,...,a1,a9) € TyA with {"a = 0. Then there is a ny € N minimal
such that a,, # 0. Denote the order of a,, by ¢, m > 0. If there is an ¢ > 0 such that
ord(a,, i) < ™, then 0 = (mTi-1q, ., =™t "2q, ., | = ... ={""'q,,, contradiction. Hence
for i > 0, we have ("*! | ord(a,,;) | ord(a), contradiction to ¢"a = 0. O

Remark 2.1.10. Note that, in contrast, for an /-adic sheaf .%,,, @n HY(X,.Z,) need not be
torsion-free.

Definition 2.1.11. For a profinite group G, a G-module M 1is discrete iff

M:@MU
U

for U running through the open normal subgroups of G.

Lemma 2.1.12. Let G be a profinite group and M a discrete G-module. Then HY(G, M) is
torsion for ¢ > 0.
In particular, Galois cohomology is torsion in positive degrees.

Proof. We have an isomorphism

lig H(G/U, M") — HY(G, M),
U

the limit taken over the open normal subgroups U of G. As HY(G /U, MY) is torsion for ¢ > 0
because it is killed by |G/U| < oo, the result follows. O
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Definition 2.1.13. A homomorphism of Zy-modules f : A — B is called a quasi-isomorphism
if ker(f) and coker(f) are finite. In this case, define

|coker(f)]
[ker(f)]

Lemma 2.1.14. In the situation of the previous definition, one has:

q(f) =

14

1. Assume A, B are finitely generated Abelian groups of the same rank with bases (a;)!;
and (b)), and f(a;) = 3_; zi;b; modulo torsion. Then f is a quasi-isomorphism iff
det(z;;) # 0. In this case,

| Tor B

det(z,-j)

¢
2. Assume given f: A— B and g: B — C. If two of f,q,9f are quasi-isomorphism, so is
the third, and q(gf) = a(g) - a(f)-

3. For the Pontrjagin dual f¥ : BY — AV, [ is a quasi-isomorphism iff fV is, and then
q(f) -a(fY) =1.

4. Suppose U is an endomorphism of a finitely generated Zy-module A. Let f be the homo-
morphism ker(9) — coker()) induced by the identity. Then f is a quasi-isomorphism iff
det(T' —¥q) = T?R(T) with p = rkg, (ker())) and R(0) # 0. In this case, q(f) = |R(0)],.

Proof. See [Tat66b], p. 306-19-306-20, Lemma z.1-z.4. ]

2.2 Geometry

Definition 2.2.1. A projective morphism X — Y is a morphism that factors as a closed
immersion into a (possibly twisted) projective bundle X — P(&) — Y.

Lemma 2.2.2. Let f: X — Y be a smooth projective morphism of locally Noetherian schemes.
Then the following are equivalent:

1. One has f.Ox = Oy (Zariski sheaves).
2. The fibres of f are geometrically connected.
If these hold, G,y — fGm.x as Zariski, étale or fppf sheaves.

Proof. Since f is smooth, having geometrically integral fibres is equivalent to having geometrically
connected fibres. Hence:

1 = 2: See [Liu06], p. 200f., Theorem 5.3.15/17.

2 — 1: See [Liu06], p. 208, Exercise 5.3.12.

If 2 holds, the last statement follows since the fibres of a base change of f are also geometrically
connected if the fibres of f are so. m

Lemma 2.2.3. For a morphism of schemes f : X — Y, the edge maps HP(Y, f.. %) — HP(X, %)
in the Leray spectral sequence are equal to f*.
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Proof. Choose an injective resolution .# — J* and an injective resolution f,.# — I°*. Apply
the exact functor f* to the latter to obtain f*f..# — f*I°, and we have the adjunction
composed with the first injective resolution f*f,.% — % — J*. Since f*I°® is exact and J*® is
injective, one gets a map f*I* — J*, and an adjoint map I* — f.J°®. Taking global sections
HY(Y,I°) — HO(Y, f.J*) and cohomology yields the edge map HP(Y, f.. %) — HP(X,.Z). O

Now we construct a Leray spectral sequence for étale cohomology with supports.

Theorem 2.2.4. Ifi: Z — Y 1is a closed immersion and 7 : X — Y s a morphism,
A e
7ty
there is a Ey-spectral sequence for étale sheaves F
H? (Y, Ri7,.7) = H (X, .F),
where i 1 Z' — X s the fibre product pry : Z Xy X — X.

Proof. This is the Grothendieck spectral sequence for the composition of functors generalising
the Leray spectral sequence [Mil80], p, 89, Theorem I11.1.18 (a)

since

We have to check if 7, (—) maps injectives to H% (Y, —)-acyclics. Then [Mil80], p. 309, Theorem B.1
establishes the existence of the spectral sequence.

Injective sheaves .# are flabby (defined in [Mil80], p. 87, Example I11.1.9 (¢)) and 7, maps
flabby sheaves to flabby sheaves ([Mil80], p. 89, Lemma III.1.19). Therefore, it follows from the
long exact localisation sequence [Mil80], p. 92, Proposition I11.1.25

0— HY(Y,m..7) = H(Y,7..7) = H(Y \ Z,7,.%)

— H,(Y,7.7) —» H(Y,7n..%) - H(Y \ Z,7..7)

— HL (Y, n.%) = H2(Y,m.7) - H2(Y \ Z,7,.9) — ...
and H?(Y,7..#) = 0 = H/(Y \ Z,n..%) for p > 0 that H}(Y,7..#) = 0 for ¢ > 1. For
HL(Y,m..#) = 0, it remains to show that H*(Y,w..#) — H(Y \ Z,m..#) is surjective. For
this, setting j : U = X \ Z/ — X, apply Hom(—, .#) to the exact sequence 0 — 5,0y — Ox
(U=X\2") and get

J(X) =Hom(Ox, ¥) - Hom(5, 0y, &) = Hom(Oy, I |y) = S (U),

the arrow being surjective since .# is injective. [
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Lemma 2.2.5. Let I be a filtered category and (i — X;) a contravariant functor from I to
schemes over X. Assume that all schemes are quasi-compact and that the transition maps
X; < X, are affine. Let X = l'ngi, and, for a sheaf F on Xg, let F; and F, be its inverse
images on X; and X, respectively. Then

lim H((X))er, F3) — HP((Xoo)et, Foo)-

Assume the X; C X are open, the transition morphisms are affine and all schemes are
quasi-compact. Let Z — X be a closed subscheme. Then

@HZﬂXi((Xi)éhgi) — HZQXOO((XOO%MEOO)‘

Proof. See [Mil80)], p. 88, Lemma I11.1.16 for the first statement. The second one follows from the
first, the long exact localisation sequence (note that the morphisms (X \ Z)NX; + (X \ Z) N X
are affine as well since they are base changes of affine morphisms) and the five lemma. n

Now we construct a Mayer-Vietoris sequence for cohomology with supports.

Theorem 2.2.6. Let Y; and Y; be closed subschemes of X and % a sheaf on X. Then there is
a long exact sequence of cohomology with supports

oo HY (X, F) = HY (X, F) @ Hy, (X, .7) = Hy, Ly, (X, ) — .
Proof. Let .# be an injective sheaf on X. Consider the diagram

0 0 0

O—)FY1QY2(X, j)—)FYI(X, f) @F}@(X, j)—)rylu}@(X, j)—)O

0—TI(X,.%) I'(X,7)&T(X,.7) T(X,S)——0

0——=T(X\ (YiNYs), #)——=T(X\ Vi, #) & T(X\ Vs, #) —=T(X\ (Y1 UYs), #) ——0

0 0 0

The maps are induced by the restrictions, the two maps into the direct sum have the opposite
sign and the map out of the direct sum is induced by the summation.

Since . is injective, by the same argument as in the proof of Theorem the columns are
exact. The second row is trivially exact and the third row is exact since .# is a sheaf and ¥ is
injective. Hence by the snake lemma, the first row is exact.

Applying this to an injective resolution 0 — .# — #°, we get an exact sequence of complexes

0— FyleQ(X, f.) — Pyl(X, f’) @PYQ(X, j') — Fylqu(X, j') — 0

and from this the long exact sequence in the usual way. O
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Lemma 2.2.7. Let f : X — S be a morphism of schemes. Then f is locally of finite presentation

iff
Mors(liier? T, X) = lim, | Morg (73, X)

for any directed partially ordered set I, and any inverse system (T;, fir) of S-schemes over I
with each T; affine.

Proof. See [EGAIV3], p. 52, Proposition 8.14.2. O

Theorem 2.2.8 (Lang-Steinberg). Let Xo/k be a scheme such that Xy %y, k is an Abelian
variety. Then Xy has a k-rational point.

Proof. See [Mum70], p. 205, Theorem 3. ]

Theorem 2.2.9 (Zariski-Nagata purity). Let X be a locally notherian regular scheme, U — X
open with closed complement Z of codimension > 2. Then the functor X' — X' xx U of the
category of étale coverings of X to the category of étale coverings of U is an equivalence of
categories.

Proof. See [SGA1], Exp. X, Corollaire 3.3. ]
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3 The Brauer and the Tate-Shafarevich group

3.1 Higher direct images and the Brauer group

All cohomology groups are with respect to the étale topology unless stated otherwise.

Lemma 3.1.1. Let X be a scheme and ¢ a prime invertible on X. Then there are exact
sequences . ‘ ’
0— HYX,Gp) ®z Q/Zy — H'(X, ) — H(X, G,,)[(*°] = 0

for each v > 1.

Proof. This follows from the long exact sequence induced by the Kummer sequence (which is
exact by the invertibility of /)

1= pin — Gy 5 Gy — 1
and passage to the colimit. O

Definition 3.1.2. A variety over a field k is a separated scheme of finite type over k.

Recall the definition [Mil80], IV.2, p. 140 ff. of the Brauer group Br(X) of a scheme X as
the group of equivalence classes of Azumaya algebras on X.

Definition 3.1.3. Br'(X) := Tor H*(X, G,,) is called the cohomological Brauer group.
Theorem 3.1.4. Br'(X) = H3(X, G,,) if X is a reqular integral quasi-compact scheme.

Proof. See [MilI80], p. 106 f., Example 2.22: We have an injection H*(X, G,,,) — H*(K, G,,) and
the latter is torsion as Galois cohomology by Lemma [2.1.12] O]

Theorem 3.1.5. There is an injection Br(X) < Br'(X), where Br(X) is the Brauer group of
X.

Proof. See [Mil80], p. 142, Theorem 2.5. ]

Theorem 3.1.6. Let X be a scheme endowed with an ample invertible sheaf. Then Br(X) =
Br'(X).

Proof. See [dJ]]. O

Corollary 3.1.7. Let X/k be a smooth projective geometrically connected variety. Then
Br(X) = Br'(X) = H*(X, G,,).

Proof. The first equality follows from Theorem since X /k is projective, and the second
equality follows from Theorem [3.1.4] O

Theorem 3.1.8. Let X be a smooth projective geometrically connected variety over a finite field
kE=F, q=7p".

(a) H(X, G,,) is torsion fori # 1, finite for i #1,2,3 and =0 fori > 2dim(X) + 1.

(b) For { # p and i = 2,3, one has H(X, G,,)[(*] = (Qu/Z;)"* & C; 4, where C; 4 is finite

and = 0 for all but finitely many £, and p;y a non-negative integer.
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Proof. See [Lic83|, p. 180, Proposition 2.1a)-c), f). O

Corollary 3.1.9. Let X be a smooth projective geometrically connected variety over a finite
field k =F,, ¢ =p". Let { # p be prime. Then one has

fori # 2.

Proof. This follows from Lemma and Theorem by Lemma since H (X, G,,) ®z
Q¢/Z, is the tensor product of a torsion group (for ¢ # 2) with a divisible group (Lemma [2.1.3]).

]

The following is a generalisation of [Gro68], pp. 98-104, Théoreme (3.1) from the case of
X/Y with dim X = 2, dimY = 1 to X/Y with relative dimension 1. One can remove the
assumption dim X = 1 if one uses Artin’s approximation theorem [Art69], p. 26, Theorem (1.10)
instead of Greenberg’s theorem on p. 104, 1. 4 and 1. —2, and replaces “proper” by “projective”
and does some other minor modifications; also note that in our situation the Brauer group
coincides with the cohomological Brauer group by Theorem |3.1.8] and Theorem [3.1.6] For the
convenience of the reader, we reproduce the full proof of Theorem [3.1.10] and Theorem [3.1.16
here.

Theorem 3.1.10. Let f: 4 — X be a smooth projective morphism with fibres of dimension
<1, %€ and X regular and X the spectrum of a Henselisation of a variety at a prime ideal with
closed point x, and 6y — € the subscheme f~(x). Then the canonical homomorphism

H2(C57 Gm) — HZ(%(% Gm)
induced by the closed immersion €y — € is bijective.

Proof. Let X = Spec(A), X,, = Spec(A/m™), 6, =€ xx X,.
Note that for ¢ and X, Br, Br' and H*(—, G,,) are equal since there is an ample sheaf

(Theorem [3.1.6) and by regularity (Theorem (3.1.4)).
There are exact sequences for every n

0= = Gneg. — Gng, =1 (3.1.1)

with .# a coherent sheaf on %: Zariski-locally on the source, ¢ — X is of the form Spec(B) —
Spec(A) and hence %, — X,, of the form Spec(B/m"™) — Spec(A/m™*!). There is an exact
sequence

1= (14+m"/m"™) — (B/m™")* — (B/m™)* — 1.

The latter map is surjective since m"/m"*! C B/m"*! is nilpotent (deformation of units: Let
f: B — A be a surjective ring homomorphism with nilpotent kernel. If f(b) is a unit, so is
b: this is because a unit plus a nilpotent element is a unit: Let f(b)c = 14. Then there is a
¢ € B such that bc — 15 € ker(f), so b¢ is a unit, so b is invertible in B). By the logarithm,
(1+m™/m"*1) — m"/m"*! is a coherent sheaf on Spec(B). The sequences for a Zariski-covering
of %o glue to an exact sequence of sheaves on %, (3.1.1)), equivalently, on %, for any n since
these have the same underlying topological space.
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Therefore, the associated long exact sequence to (3.1.1]) yields
H2<(go, JOZ) — HQ(%Q, Gm,%n+1) — HQ((KO, Gm,‘@”n) — H3(Cg0, g)

Now, HY (%o, #) = HY, (%0,.7) since .# is coherent by [SGA4.2], VII 4.3. Thus, since

dim %, < 1, H* (%, ¥ ) = H3(%,, #) = 0. Thus we get an isomorphism
H2 ((507 Gm,(€n+1) ;> H2 ((507 Gm,‘ﬁn)

Next note that 6, <— %, is a closed immersion defined by a nilpotent ideal sheaf, so there
is an equivalence of categories of étale %j-sheaves and étale %,-sheaves by [Mil80], p. 30,
Theorem 1.3.23, so we get

H?(6,41, Gp) — H2(%,, G ).

Taking torsion, it follows that Br'(%,41) — Br'(%,), and then Theorem yields that the
Br(%,+1) — Br(%,) are isomorphisms (in fact, injectivity suffices for the following). Therefore
the injectivity of Br(%) — Br(%,) follows from the

Lemma 3.1.11. Let f : € — X be a projective smooth morphism with X the spectrum
of a Henselisation of a wvariety at a reqular prime ideal. Suppose the transition maps of
(Pic(%,))nen are surjective (in fact, the Mittag-Leffler condition would suffice). Then the
canonical homomorphism

Br(%) — lim Br(%;,)
neN
18 injective.
One can apply Lemma [3.1.11}in our situation since the transition maps Pic(%,,+1) — Pic(%),)
are surjective by

Theorem 3.1.12. Let A be a Henselian local ring, S = Spec(A) with closed point sg, f: X — S
separated and of finite presentation, and X := f~1(sq) of dimension < 1. Then for every closed
subscheme X/, of X with the same underlying space as Xo and of finite presentation over S, the
canonical homomorphism Pic(X) — Pic(X]) is surjective.

Proof. See [EGAIV,], p. 288, Corollaire (21.9.12). O

Proof of Lemma|3.1.11 Let A be an Azumaya algebra over ¥ which lies in the kernel of the
map in this lemma, i.e. such that for every n € N there is an isomorphism

up : A, = End(V,) (3.1.2)

with V., a locally free 0y -module. Such a V, is uniquely determined by A, modulo tensoring
with an invertible sheaf L, :

Lemma 3.1.13. Let X be a quasi-compact scheme, quasi-projective over an affine scheme.
Assume A € HY(X,PGL,) is an Azumaya algebra trivialised by A = End(V) with V. €
HY(X,GL,) a locally free sheaf of rank n. Then every other such V' differs from V. by tensoring
with an invertible sheaf.
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Proof. Consider for n € N the central extension of étale sheaves on X (see [Mil80], p. 146)
1—- G, —GL, - PGL, — 1.

By [Mil80], p. 143, Step 3, this induces a long exact sequence in (Cech) cohomology of pointed
sets
Pic(X) = HY(X, G,,) & HY(X,GL,) & H'(X,PCGL,) L H*(X, G,,).

Note that by assumption and [Mil80], p. 104, Theorem I11.2.17, H(X, G,,) = H (X, G,,) =
Pic(X) and H?(X, G,,) = H*(X, G,,,). Further, Br(X) = Br/(X) since a scheme quasi-compact
and quasi-projective over an affine scheme has an ample line bundle ([Liu06], p. 171, Corol-
lary 5.1.36), so Theorem applies and Br'(X) — H?*(X,G,,). Since A is an Azumaya
algebra, f(A) = [A] € Br(X) < H*(X, G,,). Therefore f factors through Br(X) — H*(X, G,,).

Assume the Azumaya algebra A € H'(X, PGL,) lies in the kernel of f, i.e. there is a V such
that A = End(V). Then it comes from V € H'(X, GL,) by [Mil80], p. 143, Step 2 (h is the
morphism V — End(V)). So, since G,, is central in GL,, by the analogue of [Ser02], p. 54,
Proposition 42 for étale Cech cohomology, if V! € H'(X, GL,) also satisfies A =2 End(1), they
differ by an invertible sheaf. ]

Because of surjectivity of the transition maps of (Pic(%),))nen, one can choose the V. . u,
such that the V and w, form a projective system:

Kn = Kn—‘,—l ®ﬁ<€n+l ﬁfn (313)

and the isomorphisms (3.1.2)) also form a projective system: Construct the V  , u,, inductively.
Take V) such that

One has
A, = AR, Og,

and by Lemma [3.1.13] there is an invertible sheaf .%, € Pic(%,,) such that
KnJrl ®ﬁ<€n+l ﬁ(bpn —N_> Kn ®ﬁ(€n Zn

By assumption, there is an invertible sheaf .Z, .1 € Pic(%,.1) such that %, .4 R0y, ,, Og, = 2,
so redefine V,,y as V, ) ®a,, Z-1. Then (3.1.3) is satisfied.

Let X be the completion of X, and denote by ?,A, ... the base change of %, A,... by
X = X.

Recall that an adic Noetherian ring A with defining ideal .# is a Noetherian ring with a
basis of neighbourhoods of zero of the form .#" n > 0 such that A is complete and Hausdorff in
this topology. For such a ring A, there is the formal spectrum Spf(A) with underlying space

Spec(A/.7).

Theorem 3.1.14. Let A be an adic Noetherian ring, Y = Spec(A) with . a defining ideal,
Y'=V(S), f: X =Y a separated morphism of finite type, X' = f~H(Y"). Let Y =Yy =
Spf(A), X = X/x: the completions of Y and X along Y’ and X', f : X = Y the extension

of f to the completions. Then the functor F ~ F;x1 = F is an equivalence of categories of
coherent Ox -modules with proper support on Spec(A) to the category of coherent O -modules
with proper support on Spf(A).
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Proof. See [EGAIIL], p. 150, Théoreme (5.1.4). O

According to Theorem [3.1.14] to give a projective system (Vn, Un )neN ON (6, )nen as in (3.1.2))
and (3.1.3] - is equivalent to giving a locally free module V on % and an isomorphism

a: A "5 End(V). (3.1.4)

If X = X, we are done: A = A is trivial.

In the general case, one has to pay attention to the fact that one does not know if with the
preceding construction V comes from a locally free module V' on €. However, there is a locally
free module & on % such that there exists an epimorphism

& V.

Indeed, choosing a projective immersion for € (by projectivity of %/ Spec(A)) with an ample
invertible sheaf 0, (1), it suffices to take a direct sum of sheaves of the form 0 (—N), N > 0.
Now, for N > 0, there is an epimorphism ﬁgk S Z(N ) for a suitable £ € N, so twisting with
O;(—N) gives

Oi(—N)* >V

(“there are enough vector bundles”). Set & = Oy (—N)®*.

Now consider, for schemes X’ over X, the contravariant functor F' : (Sch/X)° — (Set) given
by F(X’) = the set of pairs (V',¢'), where V' is a quotient of a locally free module & = & @ x X’
and ¢/ A' = A®x X'~ End (V).

Since f is projective and flat, by [SGA4.3|, p. 133 f., Lemme XIII 1.3, one sees that the functor
F' is representable by a scheme, also denoted F', locally of finite type over X, hence locally of
finite presentation since our schemes are Noetherian (what matters is the functor being locally of
finite presentation, not its representability). By assumption of Lemma [3.1.11] and (3.1.4)), (2 w)
is an element from F(X). By Artin approximation (the following Theorem [3.1.15)), F(X) #
implies F'(X) # 0:

Theorem 3.1.15 (Artin approximation). Let R be a field, and let A be the Henselisation of
an R-algebra of finite type at a prime ideal. Let m be a proper ideal of A. Let F' be a functor
(A—Alg) — (Set) which is locally of finite presentation. Denote by A the m-adic completion of
A. Then F(A) # 0 implies F(A) # 0: Given £ € F(A), for every integer c, there is a ¢ € F(A)
such that

£=¢  (mod m°).
Proof. See [Art69], p. 26, Theorem (1.10) resp. Theorem (1.12). O

This proves that A is isomorphic to an algebra of the form End(V) with V locally free over
%, so it is trivial as an element of Br(%). O

The surjectivity in Theorem is shown analogously: Take an element of Br(%),
represented by an Azumaya algebra A,. As Br(%,) — Br(6)), see above, there is a compatible
system of Azumaya algebras A,, on ‘5 Therefore, as above, there is an Azumaya algebra A A
on €. Choose a locally free module & on ¢ such that there is an epimorphism & — A and
consider the functor F': (Sch/X)° — (Set) defined by F(X’) = the set of pairs (B',p’) where B’
is a locally free module of & ®x X’ and p’ a multiplication law on B’ which makes it into an
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Azumaya algebra. Then F' is representable by a scheme locally of finite type over X (loc. cit.),
and the point in F'(x) (recall that z is the closed point of X) defined by A, gives us a point in
F (X' ), so by Artin approximation Theorem it comes from a point in F'(X), which proves
surjectivity. O

As a corollary of Theorem [3.1.10] we get

Theorem 3.1.16. Let 7 : € — X be projective and smooth with € and X regular, all fibres of
dimension 1 and X be a variety. Then

Rin,G,, =0 forq>1.

Proof. By [SGA4.2], VIII 5.2, resp. [Mil80], p. 88, I11.1.15 one can assume X strictly local and
we must prove H (%, G,,,) = 0 for ¢ > 1. By the proper base change theorem [Mil80)], p. 224,
Corollary VI.2.7, one has for torsion sheaves . on ¥ with restriction %, to the closed fibre %
restriction isomorphisms

Hi(€, F) — H (%, Fo).

Since dim %, = 1, the latter term vanishes for ¢ > 2 and for i > 1 if .# is p-torsion, where p is
the residue field characteristic. Therefore

cd(¥¢) <2, and ¢d,(¥¢) < 1.

The relation H(%,G,,) = 0 for i > 2 follows from the fact that these groups are torsion
by Theorem [3.1.§)(a) and from

Lemma 3.1.17. Let X be a scheme, { a prime number and n an integer such that cd,(X) < n.
Then H(X, G,,)[(°] =0 if i > n+1, resp. i > n if £ is invertible on X.

Proof. If ¢ is invertible on X, the Kummer sequence
1—>Wr—>Gmﬁ>Gm—>1
induces a long exact sequence in cohomology, part of which is
0 =H"(X, ) = HYY(X, Gp) D HY(X, Gp) = HFA(X, i) = 0,
for i > n, i.e. multiplication by ¢" induces an isomorphism on H*™ (X, G,,) for i > n. If
c e HY(X, G,,)[¢"] € H(X, G,,)[f>], then 0 = ("¢, therefore ¢ = 0 by the injectivity of ", so
HY(X, G,)[¢>] =0 for i > n.

If / = p, one has an exact sequence
1 = ker(£") = G 5 Gy, — coker(0) — 1

of étale sheaves which splits up into

1 —— ker(4") G, a G coker({") —— 1

~N

im(¢")
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By the same argument as in the case ¢ invertible on X, one finds HY(X, G,,) — H!(X,im(¢"))
for i > n, and, since " coker(¢") = 0, H/(X,im({")) — HY(X, G,,) for i > n + 1. So, altogether

rHY(X,G,,) = HY(X,im(/")) = H(X,G,,)
is injective for i > n + 1, and therefore H'(X, G,,,)[(*°] = 0 for i > n + 1. O
It remains to treat the case i = 2, i.e. to prove
H*(%,G,,) = 0.

If 7 is invertible on X, then
HA(%, G, (%] = 0

follows as in the case i > 2. From the Kummer sequence Lemma 3.1.1/ and the inclusion 65 — %,
one gets a commutative diagram with exact rows

0 —— Pic(€) @ Qu/Zy —— H*(EC, o) —— H2(€, G, ) [(°] —— 0

l b |

0 —— Pic(%)) @ Qv/Zy —— H (6, o= ) — H2(6o, G ) [(>°] —— 0,

and the middle vertical arrow is bijective by proper base change [Mil80], p. 224, Corollary VI.2.7,
and the first vertical arrow is surjective by Theorem [3.1.12] and the right exactness of the tensor
product. Hence, by the five lemma, the right vertical morphism ist bijective.

Lemma 3.1.18. Let C/K be a projective reqular curve over a separably closed field. Then
Br(C) = Br'(C) = H*(C, G,,) = 0.

Proof. One has Br(C) = Br'(C) = 0 since C' is a proper curve over a separably closed field
by [Gro68], p. 132, Corollaire (5.8). Moreover, Theorem implies Br'(C) = H*(C, G,,). O

Thus the diagram gives us H*(¢, G,,,)[(>] = 0
For ¢ = p, one uses Theorem [3.1.10, which gives us

H*(%, G,,) — H* (%), G),

and H%*(%,, G,,) = 0 by Lemma [3.1.18] O

Remark 3.1.19. Note that the difficult Theorem [3.1.10] is only needed for the p-torsion
in Theorem

We now draw some consequences from Theorem [3.1.16¢

Corollary 3.1.20. In the situation of Theorem assume we have locally Noetherian
separated schemes with geometrically reduced and connected fibres. Then one has the long exact
sequence

0 —-HY(X,G,) > H(¢,G,,) —» H(X,R'".G,,) —
H2(X,Gp) 5 HX(C, Gn) — HY(X,R'7,Gy) —
H?(X, Gp) 5 H3(C, Gr) — H2(X, R'7,Gy) —
HY(X,Gp) 5 HYE, G) — H3(X, R'1,Gy) — ..
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Proof. This follows from the Leray spectral sequence and Theorem combined with [Wei97],
p. 124, Exercise 5.2.2 (spectral sequence with two rows; here for a cohomological spectral
sequence). One has 7,G,, = G,, by Lemma[2.2.2] The edge maps H?(X, G,,,) = HP (X, 7. G,,) —
HP(¢, G,,) are identified as 7* by Lemma [2.2.3| O

Lemma 3.1.21. Let m : ¢ — X be a proper relative curve with X integral and let D be an
wrreducible Weil divisor in the generic fibre C' of m. Then mp : D — X is a finite morphism.

Proof. Take D an irreducible Weil divisor in C, i.e. a closed point of C. Then D/X is finite of
degree deg(D): D/X is of finite type, generically finite and dominant (since D lies over the
generic point of X) and D (as a closure of an irreducible set) and X are irreducible, € and X
are integral, hence by [Har83|, p. 91, Exercise I1.3.7 there is a dense open subset U C X such
that D|y — U is finite. Since 7|p : D — X is proper (since it factors as a composition of a
closed immersion and a proper morphism D < % = X), it suffices to show that it is quasi-finite.
If there is an # € X such that 7|;'(z) is not finite, we must have_7r|]_j1 (x) = €, i.e. the whole
curve as a fibre, since the fibres of 7 are irreducible. But then D would have more than one
irreducible component, a contradiction. O

Corollary 3.1.22. If in the situation of Corollary|3.1.20}, © has a section s : X — €, one has
split short exact sequences

S*

e

0 — H'(X,G,) — H(?¢,G,) — H ' (X,R'n.G,,) — 0
T

fori>1.

In the general case, denote by C /K the generic fibre of € /X, and assume that for every Weil
divisor D in C', D C € has everywhere the same dimension as X with no embedded components,
and denote by § the greatest common divisor of the degrees of Weil divisors on C'/K, i.e. the
index of C/K. Then one has an exact sequence

0— K, — HX(X, G,) 5 H2(%, G,) — H(X,R'1,.G) — K3 — 0,
where K; = ker(H (X, G,,) U H(€,G,,)) are Abelian groups annihilated by & whose prime-to-p
torsion is finite.

Proof. The first assertion is obvious from the previous Corollary and the existence of a
section.

For the second claim, take an irreducible Weil divisor D in C. Then 75 : D — X is a finite
morphism by Lemma [3.1.21] We have the commutative diagram

D¢

N

X.

By the Leray spectral sequence, we have that H(D, G,,,) = H'(X, 7|5.G,,) as 7|p is finite,
hence exact for the étale topology, see [Mil80], p. 72, Corollary 11.3.6. If 7|5 is also flat, by
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finite locally freeness we have a norm map 7|p .G, — G, whose composite with the inclusion
G,, = m|p.Gyy, is the §-th power map. If not, there is still a norm map since f is flat in
codimension 1 since D has everywhere the same dimension as X with no embedded components,
so one can take the norm there, which then will land in G,,, as X is normal.

We have 7|p, 0i* o 1" = 7|p, o 7|} = deg(D), so ker(7* : H*(X, G,,) — H*(¢,G,)) is
annihilated by deg(D) for all D, hence by the index 0. Now the finiteness of the prime-to-p part
of the K; follows from Theorem [3.1.8 O

In the following, assume 7 is smooth (automatically projective since ¢, X are projective over
F,), with all geometric fibres integral and of dimension 1, and that it has a section s : X — %.
Assume further that 7,04 = Ox holds universally and 7 is cohomologically flat in dimension 0,
e.g. if 7 is a flat proper morphism of locally Noetherian separated schemes with geometrically
connected fibres (Lemma [2.2.2)).

We recall some definitions from [FGIT05], p. 252, Definition 9.2.2.

Definition 3.1.23. The relative Picard functor Picy/s on the category of (locally Noethe-
rian) S-schemes is defined by

Picx/g(T) := Pic(X xgT)/ prj Pic(T).
Its associated sheaves in the Zariski, étale and fppf topology are denoted by

Picx/szars,  Plcxsse, Picxystppf -
Now we come to the representability of the relative Picard functor by a group scheme, whose
connected component of unity is an Abelian scheme.

Theorem 3.1.24. Picg,/x is represented by a separated smooth X -scheme Picg,x locally of
finite type. Pic%/X is represented by an Abelian X -scheme Pic%/X. For every T/ X,

0 — Pic(T') = Pic(¢ xx T') = Picy/x(T) = 0
18 exact.

Proof. Since 7 has a section s : X — % and 7,04 = Ox holds universally, by [FGIT05], p. 253,
Theorem 9.2.5
Pich/X —Z—> Pic%/X,Zar —:—> PiC%)/X’ét —Z—> Png/Xfppf .

Since 7 is projective and flat with geometrically integral fibres, by [FGIT05] p. 263, Theorem 9.4.8,
Picy,x exists, is separated and locally of finite type over X and represents Picy/x . Since X
is Noetherian and ¢ /X projective, by loc. cit., Picy/x is a disjoint union of open subschemes,
each an increasing union of open quasi-projective X-schemes.

By [BLRO0], p. 259f., Proposition 4, Pic%/X/X is an Abelian scheme (this uses that ¢’/ X
is a relative curve or an Abelian scheme).

The last assertion follows from [BLRI0|, p. 204, Proposition 4. ]

Theorem 3.1.25. Let w: X — S be a smooth proper morphism. Then R'm,G,, = Picy/s, the
higher direct image taken with respect to the fppf or étale topology.

Proof. See [BLRI0], p. 202f. O

Theorem 3.1.26. Let o7 /X be an Abelian scheme over a locally Noetherian, integral, geomet-
rically unibranch (e. g., normal) base X. Then <7 /| X is projective.

Proof. See [Ray70], p. 161, Théoreme XI 1.4. O
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3.2 The weak Néron model

Theorem 3.2.1 (The weak Néron model). Let S be a regular, Noetherian, integral, separated
scheme with g : {n} — S the inclusion of the generic point. Let X/S be a smooth projective
variety with geometrically integral fibres that admits a section such that its Picard functor is
representable (e.g., X/S a smooth projective curve admitting a section or an Abelian scheme).
Then

PiCX/S ;> g*g*PiCX/S
as €étale sheaves on S. Let o/ | X be an Abelian scheme. Then

o 5 g.q"
as étale sheaves on X.

We call this the weak Néron mapping property and o/ a weak Néron model of its
generic fibre, while a Néron model of A/K in the usual sense is a model 7 /S which satisfies the
Néron mapping property &/ — ¢.g*</ for the smooth topology.

The main idea for injectivity is to use the separatedness of our schemes, and the main idea
for surjectivity is that Weil divisors spread out and that the Picard group equals the Weil divisor
class group by regularity.

Proof. Let f : Picx/s — g.g"Picx,s be the natural map of étale sheaves induced by adjointness.
Let 5 — S be a geometric point. We have to show that (coker(f))s =0 = (ker(f))s.
Taking stalks and using Lemma [2.2.7] we get the following commutative diagram:

PicX/S(ﬁgf’s) D SN PicX/S(Quot(ﬁgf’S)) —» (coker(f))s

T T

Pic(X xg OF) —— Pic(X xg Quot(0%))

T T

Div(X xg 0") — Div(X xg Quot(£gL))

Note that ﬁgf; is a domain since it is regular as a strict Henselisation of a regular local ring

by [Full], p. 111, Proposition 2.8.18. By Lemma one has (Picx/g)s = Picx/s(0%") and
(9+9*Picx/s)s = Picx/s(0% @4, K(S)). But for a regular local ring A, A*" ®4 Quot(A4) =
Quot(Ash):

Lemma 3.2.2. Let A be a regular local ring. Then

A" ® 4 Quot(A) = Quot(A"),
A" ® 4 Quot(A) = Quot(A*").

Proof. By [Mil80], p. 38, Remark 4.11, A®" is the localisation at a maximal ideal lying
over the maximal ideal m of A of the integral closure of A in (Quot(A)*P)! with I C
Gal(Quot(A)**P/ Quot(A)) the inertia subgroup. Pick an element a € A*". It is a root of
a monic polynomial f(7T") € A[T], which we can assume to be monic irreducible since A is
a regular local ring and hence factorial by [Mat86], p 163, Theorem 20.3, and hence A[T] is
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factorial by [Mat86], p. 168, Exercise 20.2. Since A is factorial and f € A[T] is irreducible,
by the lemma of Gaufl [Bos03|, p. 64, Korollar 6, f is also irreducible over Quot(A). Hence
Ala] ®4 Quot(A) = Quot(A)[T]/(f(T)) is a field, and A" ® 4 Quot(A) is a directed colimit of
fields since tensor products commute with colimits, and hence itself a field, namely Quot(As").
Now note that localisation does not change the quotient field.

The proof for A" is the same: Just replace the inertia group by the decomposition group. [

By [Har83], p. 145, Corollary I1.6.16, one has a surjection from Div to Pic since S is
Noetherian, integral, separated and locally factorial. By Theorem [3.1.24] the upper vertical
arrows are surjective (under the assumption that X/S has a section)

But here, the lower horizontal map is surjective: A preimage under ¢ : X xg Quot(& ;f;) —
X x5 Og of D € Div(X x5 Quot(€gL)) is D € Div(X xg 0g"), the closure taken in X xg 0.
In fact, note that D is closed in X x g Quot(& g’;) since it is a divisor; the closure of an irreducible
subset is irreducible again, and the codimension is also 1 since the codimension is the dimension
of the local ring at the generic point np of D, and the local ring of np in X Xxg Quot(ﬁgf”‘s) is the
same as the local ring of np in X xg & g’g as it is the colimit of the global sections taken for all
open neighbourhoods of np. Hence (coker(f))s = 0.

For (ker(f))s = 0, consider the diagram

Spec Quot(ﬁg’fg) —— Picyys

7/
7/
/7
/

Spec O, ——— S.

We want to show that a lift Spec ﬁg}; — Picy/s of Spec Quot(ﬁgfg) — Picx/g is unique. As
Picx/s/S is separated, this is true for all valuation rings & C Quot(& g*;) by the valuative crite-
rion of separatedness [EGAII], p. 142, Proposition (7.2.3). But by [Mat86], p. 72, Theorem 10.2,
every local ring (€g,), is dominated by a valuation ring & of Quot(&g"). It follows from the
valuative criterion for separatedness that the lift is topologically unique. Assume @, ¢ are two
lifts. Now cover Picy,s/S by open affines U; = Spec A; and their preimages ¢~ (U;) = ¢~ 1(U;)
by standard open affines {D(fi;)};-

Or;

It follows that ¢ = ¢'.

Lemma 3.2.3. Let S be a locally Noetherian scheme, f : X — S be a proper flat morphism
and & a locally free sheaf on X. Then the Euler characteristic

Xe(s) =Y (=)' dim H'(X,, &)

i>0
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1s locally constant on S.
Proof. See [EGAIIL,], p. 76f., Théoréme (7.9.4). O

For the statement about Picg(/s for curves: Restricting the isomorphism to Pic’ gives a
well-defined homomorphism since a line bundle being of degree 0 can be checked on geometric
fibres by [Con|, p. 3, Proposition 4.1 and [Con], p. 1, Theorem 2.2. Injectivity is immediate.
Surjectivity follows since if .Z is a preimage in Pic of a line bundle lying in Pic’, it must already
lie in Pic® since, again, being of degree 0 can be checked fibrewise.

Now we prove the last statement of the theorem not only for curves, but also for Abelian
schemes, so one can deduce the statement for Abelian varieties by noting that o = (&¥)¥ =
Png{V/S.

We want to show that

Pic% 4(S") — Pick,s(S)) (3.2.1)

is bijective for any étale S-scheme S'P|

First note that such an S’ is regular, so its connected components are integral, and S;] is
the disjoint union of the generic points of the connected components of S’, so we can replace
X — S with the restrictions of the base change X’ — S’ over each connected component of S’
separately to reduce to checking for S’ = S.

For any section S — Picyys, since S is connected and Pic ¢ is open and closed in Picx/s
by [SGAG], p. 647f., exp. XIII, Théoreme 4.7, the preimage of Pic’; s under the section is open
and closed in S, hence empty or S. Thus, if even a single point of S is carried into Pic’ /s under
the section, then the whole of S is. More generally, when using S’-valued points of Picy/g for
any étale S-scheme S’, such a point lands in Pic ¢ if and only if some point in each connected
component of S’ does, such as the generic point of each connected component S;.

This proves the statement in for Pic% /s replaced by Pic’ /g, and hence for Pic% /s
in cases where it coincides with Pic g (i.e., when the geometric fibers have component group
for Picx/s—i.e., Néron-Severi group—that is torsion-free, e.g. for Abelian schemes or curves,

see Example (4.2.25 below). O

3.3 The Tate-Shafarevich group

Proposition 3.3.1. Let X be integral and </ /X be an Abelian scheme. Then HY(X, ) is
torsion for i > 0.

Proof. Consider the Leray spectral sequence for the inclusion ¢ : {n} < X of the generic point
HP(X,Rig.g"a/) = H'"(n, g" ).

Calculation modulo the Serre subcategory of torsion sheaves, and exploiting the fact that Galois
cohomology groups are torsion in dimension > 0 by Lemma [2.1.12 and therefore also the higher
direct images Ri¢g.g*.</ are torsion sheaves by [Mil80], p. 88, Proposition I11.1.13 (the higher
direct images are the sheaf associated with the presheaf “cohomology of the preimages”), the
spectral sequence degenerates giving

HP(X, g.g" /) = EP° = EP = HP(n, ¢* /) = 0

2The following argument has been communicated to me by Brian Conrad.
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for p > 0. Because of the weak Néron mapping property we have HP(X,.o7) — HP(X, g.g*o/),
which finishes the proof. m

This gives a necessary condition for the existence of a weak Néron model:

Remark 3.3.2. In [MB]|, Moret-Bailly constructs, using [Ray70], XIII, A-torsors of infinite
order over the affine line with two points identified, and even over normal two-dimensional
schemes.

Definition 3.3.3. Define the Tate-Shafarevich group of an Abelian scheme <7 /X by
HI(e//X) = HY(X, o).

Theorem 3.3.4. Let o/ /X be an Abelian scheme. For x € X, denote the quotient field of the
strict Henselisation of Ox . by K", the inclusion of the generic point by j : {n} — X and let
Jz : Spec(K}") < Spec(0Y',) — X be the composition. Then we have

HY(X,.o/) = ker (H1 (K, ") — [ H' K;r,j;ﬂ)> .
zeX

Proof. By Lemma [2.1.1] the Leray spectral sequence HP (X, R, (j*<7))) = HPTI(K, j*of) yields
the exactness of 0 — Ey° — E' — Ey' | i.e.

H'(X, j.j* /) = ker (H'(K, j*o/) = H(X,R'j.(j* %)) .
Since
H(X, RY. (")) = [ R (" o)z
reX

is injective ([Mil80], p. 60, Proposition 11.2.10: If a section of an étale sheaf is non-zero, there is
a geometric point for which the stalk of the section is non-zero) and

Rl]*(]*d)g@ — Hl(Km",jx%)
by Lemma [3.2.2] the theorem follows from Lemma and the weak Néron mapping property
HY (X, o) —= HY(X, j.j"). O

Theorem 3.3.5 (The Tate-Shafarevich group). In the situation of Theorem one can
replace the product over all points by

(a) the codimension-1 points if one disregards the p-torsion (p = chark) (for dim X < 2,
this also holds for the p-torsion), assuming X/k smooth projective and let </ | X be an Abelian
scheme such that the vanishing theorem Lemma below is satisfied:

H'(X, o) =ker | H\K, j*o/) —» @ H"K}",j:e) |,

qjeX(l)
or (b) the closed points
H'(X, o) = ker | H(K, j*o/) - €D H'(K}", j;/)
z€|X|

One can also replace K™ by the quotient field of the completion ﬁ}hz in the case of x € X,
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Proof. We first establish some vanishing results for étale cohomology with supports.

Lemma 3.3.6. Let X/k be a smooth variety and w: € — X a smooth proper relative curve
which admits a section s : X — €. Let Z — X be a reduced closed subscheme of codimension
> 2. Assume dim X < 2. Then

HY(X,Picy/x) =0 fori<2.
For dim X > 2, this holds at least up to p-torsion.

We use the following lemmata.

Lemma 3.3.7. In the situation of the previous lemma, one has
H,(X,G,,) =0 fori<2,
and for i = 3 at least away from p.

Proof of Lemma[3.3.7. See [Gro68], p. 133ff.: Using the local-to-global spectral sequence
(IGro68], p. 133, (6.2))

By =W (X, 7 (Gm)) = HY (X, Gry)

and [Gro68], p. 133-135

HR(G,,) =0 [Gro68], p. 133, (6.3)
H,;(Gp) =0 [Gro68], p. 133, (6.4) since the codimension of Z in X is # 1
H3(G,,) =0 [Gro68], p. 134, (6.5)

H3(Gp)P) =0 [Gro68], p. 134f., Thm. (6.1),

(even #3(G,,) = 0 for dim X = 2; if not, we have to calculate modulo suitable Serre subcategories
in the following), we have E¥? = 0 for ¢ < 3, and hence the result E" = 0 for 0 < n < 3 follows
from the exact sequences

0— Ey’ — E" — Ey"

forn=1,2,3. O]

Proof of Lemma|3.3.6,

Lemma 3.3.8. If f : X = Y is a flat morphism of locally Noetherian schemes and Z — 'Y 1is a
closed immersion of codimension > ¢, then also the base change Z' :== Z Xy X < X is a closed
immersion of codimension > c.

Proof. Without loss of generality, let Z' = m be irreducible. Since all involved schemes are
locally Noetherian and f is flat, by [GWI0], p. 464, Corollary 14.95 (f : X — Y, y = f(z), then
the codimension of {x} is > the codimension of {f(z)}), we have codimy Z’' > codimy f(2/).
But f(z') C Z = Z, so codimy f(z') > codimy Z > ¢, hence the result. O
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By Theorem [3.1.16| and the Leray spectral sequence with supports Theorem [2.2.4] we get a
long exact sequence

0B, FE' - E' B 5 B2 5 By - B 5 B2 5 E2' 5 EYY 5 B (3.3.1)

by [Weid7], p. 124, Exercise 5.2.2 (spectral sequence with two rows; here for a cohomological
spectral sequence). But By’ = H,(X,G,,) = 0 for i < 3 by Lemma (for i = 3 at least
away from p). Therefore the long exact sequence (3.3.1)) yields isomorphisms

i i—1,1
E' — E,

for i <2, but E' = H,(¢,G,,) = 0 for i < 3, again by Lemma and Lemma |3.3.8) hence
H%, (X, R'7,G,,) = Ey "' = 0 for i <2 from (3.3.1)). For the vanishing of E5" note that

0=FE — Ey' - E* — B4

is exact by (3.3.1]), but by Lemma the latter map is 7* : H} (X, G,,,) — H%, (¢, G,,), which

is injective as m admits a section. O

Now for the proof of Theorem at least for prime-to-p torsion:

First note that the map H*(X, ) — ker(...) in Theorem is well-defined since if
z € HY(X, o) is restricted to H' (K, &) via g : {n} — X, its pullback to K" = Spec(Quot(O¥',))
factors as

H'(X, o/) — H' (Spec(0%',), ) — H'(Spec(Quot(0%,)), &),
but the étale site of Spec(0¥,) is trivial:

Lemma 3.3.9. Let S = Spec(R) be the spectrum of a strictly Henselian local ring. Then the
global sections functor on the étale site for Abelian sheaves is exact, so all cohomology groups in
positive dimension vanish.

Proof. See [Tam94], p. 124, Lemma (6.2.3). O

Lemma 3.3.10. Let X be a normal scheme and € /X a smooth proper relative curve. Then
there is an exact sequence

0 — Picy, x — Picg/x = Z — 0.

Proof. Without loss of generality, assume X connected (as all schemes are of finite type over
a field, so there are only finitely many connected components all of which are open: Every
connected component is closed, and they are finite in number, so they are open). Let g = 1— x4,
be the genus of ¢’ /X (well-defined because of Lemma [3.2.3)). Consider

deg : Picy/x — Z,
Pic(¢ xx Y)/pry Pic(Y) 2 £ = x2(y) — (1 —g), y€Y;

this is a well-defined morphism of Abelian sheaves on the small étale site of X because
of Lemma [3.2.3
Now the statement follows from [Conl, p. 3f., Proposition 4.1 and Theorem 4.4. O
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Lemma 3.3.11. Let X/k be a smooth variety and € /X a smooth proper relative curve. Assume
dim X < 2. Let Z — X be a reduced closed subscheme of codimension > 2. Then

HY (X, Picy,x) =0 fori<2.
If dim X > 2, this holds at least up to p-torsion.

Proof. Taking the long exact sequence associated to the short exact sequence of Lemma [3.3.10
with respect to HY (X, —), by Lemma [3.3.6] it suffices to show that H (X, Z) =0 for i = 0,1, 2.
For this, consider the long exact sequence

.= HY(X,Z) - H(X,Z) - H(X\ Z,Z) — ...

It suffices to show that H (X, Z) — HY(X \ Z,Z) is an isomorphism for 7 = 0,1 and an injection
for ¢ = 2.

Lemma 3.3.12. Let X be geometrically unibranch (e.g. normal) and i : U — X dominant.
Then for any constant sheaf A, one has A — i,i*A as étale sheaves.

Proof. See [SGA4.3], p. 25f., IX Lemme 2.14.1. ]

Lemma 3.3.13. Let X be a connected normal Noetherian scheme with generic point n. Then
H?(X,Q) =0 for all p > 0 and HY(X,Z) = 0.

Proof. Denote the inclusion of the generic point by ¢ : {n} < X. Since X is connected normal,
by Lemma |3.3.12
A" g g% A.

As Rig,(g*Q) = 0 for ¢ > 0 (since Galois cohomology is torsion and Q is uniquely divisible;
then use |[Mil80], p. 88, Proposition II1.1.13), the Leray spectral sequence

HP(X,R%.9°Q) = H™(n, Q)

degenerates to H?(X, Q) = HP(n, Q), which is trivial as, again, Galois cohomology is torsion and
Q is uniquely divisible.

Similarly, as R'g.(¢*Z) = 0 (since Z carries the trivial Galois action and homomorphisms
from profinite groups to discrete groups have finite image, and Z has no nontrivial finite
subgroups; again, use [Mil80], p. 88, Proposition 1.13), the Leray spectral sequence gives
HY(X,Z)=H'(n,Z) = 0. O

Remark 3.3.14. If X is not normal, H(X, Z) # 0 in general ]| Consider X = Spec(k[X,Y]/(Y?—
(X® 4+ X?))), the normalisation morphism 7 : A} — X and the inclusion i : {z} < X of
x = (0,0). There is a short exact sequence of étale sheaves on X

0—Zx — mZA’lc — 1y — 0.

Taking the long exact cohomology sequence yields H! (X, Zy) = Z.

3http://mathoverflow.net/questions/84414/etale-cohomology-with-coefficients-in-the-integers
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For i = 0, this map is Z — Z.
For ¢« = 1, both groups are equal to 0 by Lemma |3.3.13|
For i = 2, this map is H*(X,Z) — H?(X \ Z, Z). Consider the long exact sequence associated
to
0-Z—-Q—Q/Z—0.

Proposition 3.3.15. Let X be a connected Noetherian scheme and X a geometric point. Then
H'(X, Q/Z) = Homon(17(X, T), Q/Z)

and
HY (X, Zy) = Hom o (74X, T), Zy).

Proof. This follows from [Fulll, p. 245, Proposition 5.7.20 (for a connected Noetherian scheme
X and a finite group G, one has H(X, G) = Hom o (7¢*(X, %), G)) by passing to the colimit
over GG, = %Z /Z, or passing to the limit over G,, = Z/{™, respectively. ]

In the following, we omit the base point. Now, X being normal because smooth over a field,
H2(X,Z) = HY(X,Q/Z) = Homn: (7¢(X), Q/Z). (For the first equality, use the long exact
sequence associated to 0 - Z — Q — Q/Z — 0 and H?(X,Q) = 0 for p > 0 by Lemma
For the second equality use Proposition 3.3.15) Since 7¢'(X \ Z) — 7$*(X) is an isomorphism
because Z is of codimension > 2 (by Theorem [2.2.9)), H*(X, Z) — H?*(X\ Z, Z) is an isomorphism:

H2(X, Z) —— Hom o (75(X), Q/Z)

| :

H2(X \ Z,Z) — Hom o (r{(X \ Z),Q/Z)

Lemma 3.3.16. We have
lim HY (U, 7 |1)) < W/ (K, 7,).
U

the colimit with respect to the restriction maps, where U runs through the non-empty standard
affine open subschemes D(f;) of an non-empty affine open subscheme Spec(A) C X.
Proof. Corollary to Lemma [2.2.5] O]

Let () ## U — X be open with reduced closed complement Y < X. Then one has the long
exact localisation sequence [Mil80|, p. 92, Proposition I11.1.25

0— HY(X, o) = H (X, o) = H (U, &) = Hy (X, o) - H(X, &) - H (U, &) — ....

Because of the injectivity of H*(X, ) < H°(U, &) (If two sections of <7/ X coincide on U open
dense, they agree on X since o7 is separated and X reduced), the exactness of the sequence
yields H).(X, &) = 0, and hence a short exact sequence

0— Hy (X, o)/« (U) - H'(X, &) — ker (H' (U, &) — H} (X, &) — 0. (3.3.2)
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Lemma 3.3.17 (Excision of codimension > 2 subschemes). One can ezcise subschemes Z — 'Y
of codimension > 2 in X:

ker (H'(U, ) — HY(X, o)) = ker (H'(U, ) = H} ,(X \ Z, | x\2)) - (3.3.3)

Proof. From the long exact localisation sequence for cohomology with supports [Mil80], p. 92,
Remark I11.1.26, and from Lemma [3.3.11] one gets the injectivity

0— HYH (X, o) — HQy\z(X \ Z, | x\z), (3.34)
hence by Lemma [2.1.2] the claim. O

Lemma 3.3.18. Let Y < X be a closed subscheme with open complement U = X \'Y and with
all of its irreducible components of codimension 1 in X. Denote the finitely many irreducible
components of Y by (Y;)I_,. Then

ker (H'(U, &) — H} (X, o)) = ker (Hl(U, o) — é HY.\ 7, (X \ Z;, d)) (3.3.5)

i=1

with certain closed subschemes Z; — Y;.

Proof. Excise the intersections Y; NY; for i # j (they are of codimension > 2 in X since our
schemes are catenary as they are varieties by [Liu06], p. 338, Corollary 8.2.16 and

2=1+1<codim(¥;NY; = Y)+ codim(Y — X) = codim(¥; NY; — X)).

Now, by a repeated application of the Mayer-Vietoris sequence with supports Theorem [2.2.6),
one gets the claim. O

Lemma 3.3.19. One has

i=1

ker (H'(U, &) — H} (X, o)) = ker (Hl(U, ) — é HY, (X \ Z, d)) (3.3.6)

with the x; € X\ ZZ closed points and generic points of the Y; and Z, — X certain subschemes.

Proof. This follows basically by excising (using ) everything except the generic points of
the Y; in (3.3.5). The only technical difficulty is that for applying Lemma one has to make
sure that the transition maps are affine.

Fix an irreducible component Y; of Y and call it Y with x its generic point. We have to
construct an injection

HY (X \ Z, ) = Hiy (X \ Z, o). (3.3.7)

Lemma 3.3.20. Let X be a reqular variety over a finite field and x € XV, Then there is an
open affine subscheme Spec A = Xy C X containing x such that A is a unique factorisation
domain.
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Proof. The class group CI(X) = Pic(X) (using that X is regular) is finitely generated since
NS(X) is so by [Mil8(], p. 215, Theorem IV.3.25 and Pic’(X) is the group of rational points
of the Picard scheme and the ground field is finite. Excise the finite set of generators of the
Picard group using [Har83], p. 133, Proposition 11.6.5. (If {z} is one of the generators, replace it
by a moving lemma.) Then the rest of the variety has trivial class group. Now take an open
affine subset of the remaining scheme containing x. It is normal and has trivial class group, so
by [Har83|, p. 131, Proposition I1.6.2 it is a unique factorisation domain. ]

Using Lemma , choose an affine open Xy := Spec A C X \ Z containing the point z
such that A is a unique factorisation domain. One has HY, (X, &) — H{ -y, (X0, &): X \ X
is a closed subscheme V' < X such that VNY < Y is of codimension > 1 and hence (since
varieties are catenary by [Liu06], p. 338, Corollary 2.16) V NY < X of codimension > 2, so we
conclude by excision (3.3.3]). We construct a sequence (X;)°, of standard affine open subsets
X; = D(f;) C Xo, Xi11 C X;, all of them containing the point = such that

ker (H'(U, ) — H} (X, o)) = ker (H'(U, &) — Hy 1y, (X;, o)),

and such that @j X;NY = {z}. Then (3.3.7)) follows from Lemma [2.2.5

Construction of the (X;),. Since X is countable, one can choose an enumeration (Z;)2,
of the closed integral subschemes of codimension 1 of X not equal to XoNY.

Given X; = D(f;), take f € Spec Ay, such that V(f) = Z;+1. (By the converse of Krull’s
Hauptidealsatz [Eis95], p. 233, Corollary 10.5, since Z; 4 is of codimension 1 in Xy, there is an
f € A such that Z;,; C V(f) is minimal. Since X is a unique factorisation domain, one can
assume f prime, hence Z;,; = V(f) by codimension reasons.) Then V(f) N (XM NY) = () and
V(f)NY C Y has codimension > 1 in Y, hence (again, varieties being catenary) V(f) NY has
codimension > 2 in X. Therefore one can apply to yield an injection

H?mxi(Xi, o) < H?YmXi)\V(f) (Xi\ (Y nV(f)), ).
Now, by excision ([Mil80], p. 92, Proposition I11.1.27) of V(f), one has
Hey rxonv oy (Xi \ (Y NV (), &) —— Hiyaxgwin (X \ V), ).
Set Xiy1 = Xi \V(f) = D(fif), fixa = fif-

Apply this to the direct summands in (3.3.5)). O

Conclusion of the proof I, surjectivity. Applying excision in the form of [Mil80], p. 93,
Corollary I11.1.28 to (3.3.6]) (using that the x; € X \ Z; are closed points), one gets

ker (H'(U, o) — H2(X, /) = ker (HI(U, o) D, (X, %)) .

i=1
Now (r;) factors as

ro s HY(U, o) S HY(KE o) 5 12, (XD, ),



3 THE BRAUER AND THE TATE-SHAFAREVICH GROUP 37

where the latter map is the boundary map of the localisation sequence associated to the discrete
valuation ring ﬁ;‘m (X is normal as it is smooth over a field, z; is a codimension-1 point, and

the Henselisation of a normal ring is normal again by [Fulll], p. 106, Proposition 2.8.10, and
normal rings are (Ry))

X;}i = Spec(Quot(ﬁfg,ri)) U {x;}

(2 is the closed point [Henselisation preserves residue fields], and Spec(K?” ) is the generic point
of X). One has H' (X, o) = H'(k(x;), ) and the inflation-restriction exact sequence

0 — HY(X!, o) S H (K, o) S HY (KD, o).

Since 0 §<th is a discrete valuation ring (as above; the strict Henselisation of a normal ring is
normal again by [Full], p. 111, Proposition 2.8.18), the valuative criterion of properness [EGAII],
p. 144f., Théoréme (7.3.8) gives us &/ (K") = o/ (X:"). Hence one can write j; = inf as the
inflation

HY (k(:), o (X31)) = H(K,, ),

so the cokernel of j; injects into H'(K}", ¢7) and in H}, (X}, 27), so we get

ker (Hl(U, ) - P coker(jmi)> 5 ker (Hl(U, o) — @ HE, (X2, m)
i=1 =1

ker (Hl(U, o) — é coker(jmi)) — ker (Hl(U, o) — é HY(K)", d))

i=1 =1
and hence

ker (H!(U, o) — H2 (X, 7)) = ker (Hl(U, o) é HY(K?™, g{)) .

=1

Conclusion of the proof II, surjectivity. Taking the limit over all Y (choose an enumera-
tion (Y;)72, of the integral closed subschemes of codimension 1 of X [X is countable]) yields

by Lemma [3.3.16| and the fact that (Ab) satisfies (AB5)

ker (Hl(K, o) — lim Hy (X, d)) =ker | H'(K, o) » € H'(K}", o)

xeXx(®)

Now ({3.3.2)) gives us

0 — lim Hy (X, )/« (U) = H'(X, ) — ker | H(K, /) = @ H(K}",«/) | —0.

zeXx @)
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Injectivity. But the latter, surjective, map factors as (with the isomorphism from Theo-

rem 31)

HY(X, o) = ker <H1(K, )] H%K;T,ﬂ))

zeX

— ker | HY(K, &) - @ H(K}", o) |,

zex @)

so the claim follows.
Now one has to check that the isomorphism is in fact the one induced by the natural maps.
We skip this. O

Alternative proof of Theorem[3.3.5. The injectivity: For ¢g : {n} < X the inclusion of the
generic point, consider the Leray spectral sequence

H?(X,Rig.g" /) = HT(K, g* ).

Because of &/ — g,.g*</ as étale sheaves (the weak Néron mapping property for o7 = Picl, / %)
the low term exact sequence yields the exactness of

0— H'(U, &) — HY(K,g"</) — H (U R'g.g" ) (3.3.8)

for all ) # U — X open. Therefore, the map in question is injective. Since Galois cohomology
is torsion in positive degrees, H' (U, &) is also torsion.

The surjectivity (we only give a very rough sketch since this is not needed): Now let
a € ker(HY(K, o) = @,cxoyH (K", 4/)). Then for a suitable U < X containing all
codimension-1-points of X, a maps to 0 in H(U, R'g,g*«/) in (3.3.8)). (We claim this here
without proof.) Therefore it comes from an @ € H(U, ).

So take & € H, (U, 7). Since /X is a smooth, projective (by Theorem[3.1.26]), commutative
group scheme, by [Mil80], p. 114, Theorem I11.3.9, the canonical map H (U, &) — H}(U, &) is
an isomorphism. Since H% (U, &) is torsion, there is an n > 1 such that na = 0. By the long
exact cohomology sequence associated to the exact sequence

0= N — o> —0
of flat sheaves, & comes from an element of
Hy (U, o/[n]) — Hy(U, «)[n].

Since &/ [n|/X is finite (n > 1), hence affine, by [Mil80], p. 121, Theorem II1.4.3, a sheaf on
Xp that is an o7[n]-torsor is representable.

Now, the o7 [n]/U-torsor & spreads out to a o7 [n]/X-torsor a: Since X is regular, this follows
from [MB85b], p. 490, Lemme 2, which is stated there without proof. Hence v comes from
H. (X, /), so the map in question is surjective. ]

Remark 3.3.21. For generalising the previous Theorem from Jacobians to arbitrary
Abelian schemes, it would be desirable to have a generalisation of the crucial Lemma [3.3.11]
which depends on Theorem [3.1.16] It seems that with the different approach of the second proof
this could be circumvented.
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Closed points suffice in Theorem [3.5.5. In the proof of Theorem [3.3.4] even

H(X, RY. (")) = [] R o)z

z€|X|

is injective by [Mil80], p. 65, Remark 11.2.17 (b): If a section of an étale sheaf is non-zero, there
is a closed geometric point for which the stalk of the section is non-zero. This is because X/k is
a variety and hence Jacobson. O]

One can replace the strict Henselisation &', of Ox , by its completion 0 %, (respectively by
their quotient fields) in the case of z € X™M: (The following is a generalisation of [Mil68], p. 99
to higher dimensions, replacing Greenberg’s approximation theorem by Artin approximation.)

Lemma 3.3.22. Let (A, m) be a discrete valuation ring of a variety. Let Z be a smooth proper
scheme of finite type over A*". The following are equivalent:

1. 7 has a point over Quot(A*").

2. 7 has a point over A",

3. Z has points over A" /m"Ash = ASh fm" A5t for all n > 0.

4. Z has a point over Ash,

5. Z has a point over Quot(A").

In 3, the equality A*"/m™A%" = Ash /m" As" holds by [Eis95], p. 183, Theorem 7.1.

Proof. One has 1 <= 2 and 4 <= 5 by the valuative criterion for properness [EGAII|,
p. 144f., Théoréme (7.3.8), note that we are in codimension 1.

2 = 3 and 4 = 3 are trivial.

3 = 4 is trivial since smooth implies formally smooth [EGAIV,], Définition (17.1.1).

4 = 2 follows from Artin approximation, see Theorem [3.1.15] applied to the functor
T +— Z(T) locally of finite presentation. O

3.4 Appendix to the proof of Lemma [3.3.6]

We give here an alternative, more geometric than cohomological proof which works only for
i < 1. We will only sketch it since we do not need this: Let /X be an Abelian scheme over
X/k smooth. We have the long exact localisation sequence

oo HY(X, ) - H(X, ) - H(X\ Z, ) = HJ N (X, o) — ...,
so for i = 0, the claim H% (X, &) = 0 is equivalent to the injectivity of
H(X, o) — H' (X \ Z, o),

which is clear from [Har83], p. 105, Exercise 11.4.2 since <7 /X is separated, X is reduced and
X\ Z — X is dense.
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For i = 1 the claim H% (X, &) = 0 is equivalent to
HO(X, o) — HO(X \ Z, o)

being surjective and

HY(X, o) — HY(X \ Z, o)
being injective. The surjectivity of H(X, &) — H*(X \ Z, &) follows e.g. from

Theorem 3.4.1. Let S be a normal Noetherian base scheme, and let u : Z — G be an S-rational
map from a smooth S-scheme Z to a smooth and separated S-group scheme G. Then, if u is
defined in codimension < 1, it is defined everywhere.

Proof. See [BLR90], p. 109, Theorem 1. O

For the injectivity of H'(X, .«/) — HY(X \ Z, &): If a principal homogeneous space P/X for
o/ /X is trivial over X \ Z, then it is trivial over X. This is true because X is smooth. The
trivialisation over X \ Z gives a rational map from X to the principal homogenous space and
any such map (with X a regular scheme) extends to a morphism. The reason for this is that
Abelian varieties do not contain rational curves by [Mil86], p. 107, Corollary 3.8, but all positive
dimensional fibres of a birational proper morphism X’ — X are covered by rational curves:

Theorem 3.4.2. Let X,Y be normal, excellent schemes and f : Y — X a birational morphism
of finite type. Let E CY be the exceptional set

E(f)={y €Y | f is not a local isomorphism at y}

of f. Assume X is reqular. Then E has ruled components over X.
Proof. See [Kol95], p. 286, Theorem 1.2. ]

For the surjectivity of H' (X, .«/) — H'(X\ Z, &/): This means that any principal homogeneous
space P/(X \ Z) extends to a principal homogeneous space P/X. If P € H(X \ Z, &) has finite
order prime to the characteristic, it comes from an element of H' (X \ Z, &/ [n]) for some n prime to
the characteristic. By [Mil80], p. 123, Corollary 111.4.7, we have PHS(&/[n]/X) — H'(Xg, o/ [n])
(Cech cohomology) since .7 [n]/X is affine. Since @/[n]/X is smooth because n is invertible on
X, [Mil80], p. 123, Remark I11.4.8 (a) shows that we can take étale cohomology as well, and
by [Mil80], p. 101, Corollary I11.2.10, one can take derived functor cohomology instead of Cech
cohomology. By Zariski-Nagata purity Theorem , one can extend this to a P/X, for which
we have to show that it represents an element of H'(X, «7[n]), i.e. that it is a &/[n]-torsor, and
then we get the desired element of H' (X, o).

Now we need to show that if P/(X \ Z) is an & |x\ z[n]-torsor and P an extension of P to a
finite étale covering of X, then P/X is also an &/ [n]-torsor. For this, we use the following

Theorem 3.4.3. Let S be a connected scheme, G — S a finite flat group scheme, and X — S a
scheme over S equipped with a left action p: G xg X — X. These data define a G-torsor over S
if and only if there exists a finite locally free surjective morphism'Y — S such that X xgY —Y
is tsomorphic, as a 'Y -scheme with G xgY -action, to G xgY acting on itself by left translations.

Proof. See [Sza09], p. 171, Lemma 5.3.13. O
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That P/(X \ Z) is an &/|x\ z[n]-torsor amounts to saying that there is an operation
A\ x\z[n] xx\z P — P
as in the previous Theorem [3.4.3] Since this is étale locally isomorphic to the canonical action
A x\z[n] xx\z | x\z[n] = | x\z[n]

which is finite étale, by faithfully flat descent the operation defines an étale covering, so extends
by Zariski-Nagata purity uniquely to an étale covering H — X, which by uniqueness has to be
isomorphic to &[n] x x P — P. Now one has to check the condition in Theorem .

For the injectivity of H*(X, &) — H*(X \ Z, &), I do not have a geometric proof.

3.5 Relation of the Brauer and Tate-Shafarevich group

From the above, one gets the “finiteness part” of the relation of the (generalised) Artin-Tate and
the Birch-Swinnerton-Dyer conjecture:

Theorem 3.5.1 (The Artin-Tate and the Birch-Swinnerton-Dyer conjecture). Let m: %4 — X
be projective and smooth with € and X reqular, all fibres of dimension 1 and X be a variety.
Then one has an exact sequence

0 — Ky — Br(X) 5 Br(%) — II(Picy/x/X) = K3 — 0

in which the groups K; annihilated by &, the index of the generic fibre C/K, e.g. § = 1 if
€ /X has a section, and their prime-to-p parts are finite, and K; = 0 if m has a section. Here,
HI(Picy,x/X) sits in a short exact sequence

0 — Z/d — HI(Picy,y /X) — II(Picy/x /X) — 0,
where d | 4.

Hence the finiteness of the ({-torsion of the) Brauer group of € is equivalent to the finiteness
of the ({-torsion of the) Brauer group of the base X and the finiteness of the (¢-torsion of the)
Tate-Shafarevich group of Picy,x.

Proof. Combining Corollary (here the theory of the Picard functor and the exactness of
the sequence still works [we claim this here without proof] if we do not have a section, but étale
locally a section; and the latter is the case since a smooth morphism factors locally into an étale
morphism followed by an affine projection) with Theorem and Theorem yields the
exact sequence

0 — Ky — Br(X) 5 Br(%) — H'(X, Picy/x) — K3 — 0

with the prime-to-p part of the K; finite, and K; = 0 if 7 has a section.
Now the long exact sequence associated to the short exact sequence in Lemma [3.3.10| yields
the exact sequence

H(X, Picg/x) — HO(X,Z) — H'(X,Pic% ) — H'(X, Picy/x) — H'(X,Z) =0,

and H'(X,Z) = 0 using Lemma . Now, choose a Weil divisor D on the generic fibre C'//K
of /X with degree § the index of C'/K. By Lemma and [Con], p. 3, Proposition 4.1, D
is a Weil divisor on € of degree 4, and its image under H°(X, Picy,x) — H°(X,Z) = Z (here
we use that X is connected) is 6. Hence coker(H"(X, Picy,x) — H(X,Z) = Z) is a quotient of
Z/5. O
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4 The special L-value in cohomological terms

4.1 The L-function

Let k = F, be a finite field with ¢ = p™ elements and let £ # p be a prime. For a variety X/k
denote by X its base change to a separable closure k of k.
Denote by Frob, the arithmetic Frobenius, by I' the absolute Galois group of our finite base
field kK = F,, by n the dimension of the base scheme X and by X the base change X x, k.
Let X/k be a smooth projective geometrically connected variety.

Definition 4.1.1. Let 7 : &/ — X be an Abelian scheme of (relative) dimension d. Then its
L-function is defined as

L(e7/X,s) = [] det (1 — ¢~ Frob;" | (R'm.Q)s)

z€|X|
Here, Frob, ! is the geometric Frobenius and (R'7,Qy)z = H' (2, Q,) by proper base change.
Proposition 4.1.2. One has

2d .
L(/ /X, s) = [[ det (1 — q* Frob, " | H'(X,R'7.Q)) V",
i=0
where the Frobenius acts via functoriality on the second factor of X = X x k.
Proof. This follows from the Lefschetz trace formula [KWO1], p. 7, Theorem 1.1. H

Definition 4.1.3. Let
P/ /X, s) =det (1 —q *Frob,' | H'(X,R'1.Q)).
and define the relative L-function of an Abelian scheme <7 /| X by

Pl (%/Xa q—s)
Lo /X, s) = —F——F—=.
I = R X )
For our purposes, it is better to consider the following L-function:
Definition 4.1.4. Let
Li(#/ /X, s) = det(1 — ¢ *Frob,' | H'(X,V,«)).
Remark 4.1.5. Note that
P/ /X, s) = det(l — ¢ *Frob, " | H(X,R'm,.Qy))
= det(1 — ¢~* Frob, ' | H'(X,Vy(«"))(-1)) by ({#I1) below
=det(l — ¢~ qFrobq | H'(X,V,e?)) by Lemmam 4.2.21] below
=Li(/X,s—1),

so the vanishing order of P,(.2/ /X, s) at s = 1 is equal to the vanishing order of L;(</ /X, s) at
s = 0, and the respective leading coefficients agree.
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Definition 4.1.6. A Q¢[I']-module is said to be pure of weight n if all eigenvalues v of the
geometric Frobenius automorphism are algebraic integers which have absolute value ¢™'? under
all embeddings ¢ : Q(a) — C.

We often use the yoga of weights:

Theorem 4.1.7. Let f : X — Y be a smooth proper morphism of schemes of finite type over
F, and F a smooth sheaf pure of weight n. Then R f..F is a smooth sheaf pure of weight n + i
for any i.

Proof. Apply Poincaré duality to [Del80], p. 138, Théoreme 1. ]

The following is a generalisation of [Sch82al, p. 134-138 and [Sch82b], p. 496-498.
For the definition of an (-adic sheaf see [FKS8§|, p. 122, Definition 12.6.

Lemma 4.1.8. Let (G,)nen be a Barsotti-Tate group consisting of finite étale group schemes.
Then it is an (-adic sheaf.

Proof. By [Tat67], p. 161, (2)

0= ker[l] = Gy LG, =0

is exact. But ker[(] = ¢"G,,y,. Furthermore, G,, = 0 for n < 0 and (""'G,, = 0 by [Tat67],
p. 161, (ii). Finally, the G, are constructible since they are finite étale group schemes. O]

Corollary 4.1.9. For { invertible on X, T/ = (A [0"])nen is an L-adic sheaf.
Proof. This follows from Lemma since £ is invertible on X, so &/ [("]/X is finite étale. [

Theorem 4.1.10. Let K be an arbitrary field and A/K be an Abelian variety. Then we have
an isomorphism of ((-adic discrete) Gk -modules, equivalently, by [Mi80], p. 53, Theorem I1.1.9,
of ((-adic) étale sheaves on Spec K,

Proof. Consider the Kummer sequence
1—>Wn—>Gmﬁ>Gm—>1
on A. Taking étale cohomology, one gets an exact sequence of G g-modules
0 — G (A)/ 0" — HYA, ) — H' (A, G,,)[f"] — 0.

Since I'(A, 0;) = K is separably closed and ¢ # char K, G,,(A) is (-divisible (one can extract
¢-th roots), and hence

HY(A, jun) — H' (A, G,,)[("] = Pic(A)[("] = Pic’(A)[("],

the latter equality since NS(A) is torsion-free by [Mum70], p. 178, Corollary 2. Taking Tate
modules @n yields

HY(A,Z,(1)) = T, Pic’(A), (4.1.1)
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so (the first equality coming from the perfect Weil pairing (4.2.4))

Hom(T,A, Z,(1)) = T,(AY) = H' (A, Z,(1)),

SO
(TZA)V = HOHl(TgA, Zg) = H1 (A, Zg),
SO
T,A=HYA,Z)".
Alternatively, (A, 0) =[], 7¢(A) by [Mum70], p. 171, and H'(4, Z;) = Hom(m (A, 0), Z/)
by Proposition [3.3.15 [

Remark 4.1.11. Note that both Ty(—) and H'(—, Z,)" are covariant functors.

Lemma 4.1.12. Isogenous Abelian varieties over a finite field k have the same number of
points.

Proof. Let f: A— B be an k-isogeny. Take Galois invariants of
0 — ker f(k) — A(k) — B(k) = 0

and using Lang-Steinberg Theorem in the form H'(k, A) = 0 = H'(k, B) and the Herbrand
quotient h(ker f(k)) = 1 (since ker f(k) is finite) yields |A(k)| = |B(k)|.

Alternatively, use that A(Fgn) = ker(1 — Froby) and f(1 — Froby) = (1 — Froby)f and
deg f > 0 is finite, and take degrees. O

Lemma 4.1.13. Let (Z,)nen, F = lgln F, be an L-adic sheaf. For every i, there is a short
exact sequence

0—HYX,Z)r - H(X,7) = H(X, %) —o0. (4.1.2)
The following argument is a generalisation of [Mil8§|, p. 78, Lemma 3.4.

Proof. Since T' has cohomological dimension 1, we get from the Hochschild-Serre spectral
sequence for X /X [Mil80], p. 106, Remark I11.2.21 (b) short exact sequences for every n and i

0— HYX,Z)r - H(X, %, = H(X,Z,)" —0.

Since all involved groups are finite (because the two outer groups are finite by [Mil80], p. 224,
Corollary VI.2.8 since X /k is proper and .%, is constructible by definition of an f-adic sheaf),
the system satisfies the Mittag-Leffler condition, so taking the projective limit yields an exact
sequence

0— @(Hi_l(X, F)r) — H(X,7) = @(Hi(X, F)') — 0.

n

Write M|[n] for H'(X,.%,). Breaking the exact sequence

1

0 — M[n]" = Mn] ™" Mn] —» Mn]r — 0
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into two short exact sequences and applying I'&nn, one obtains, setting Q[n] = (Frob —1)Mn],
two exact sequences

0 = Ym(M[n]") — (M n] e 217(@”) Jm (M [n]") (4.1.3)
0 = Ym(Qln)) — hm(M[n]) — Jm(Mnlr) — Jm ' (Qfn]) (4.1.4)

Since the M [n], and hence the M [ ] are finite (argument as above), they form a Mittag-Leffler
system, and hence one gets from (| an exact sequence

0 — lim(M(n]") — lim(M{n])
Similarly, the Q[n] C M|[n] are finite, and hence

0~ lin(@(n]) - Yim(M[n]) — Lim(Mnlr) - 0

is exact from (4.1.4)). Combining the above two short exact sequences, one gets the exactness of

0~ fm(Mln]") = bm(Mfr)) " (M) = hm (M) > 0

n

which shows that for all ¢

lim (H' (X, Z,)") = lim(M[n]") = ker(lim(M(n]) """ lim(M[n])) = H'(X, )"

n n n

lin (H'(X, F,)r) = Lim(M [n]r) = coker(Jim(M(n]) "= Jim(Mn})) = H'(X, #)r.

which is what we wanted. O
This implies
H*Y( X, Ty )p — H*™ (X, T).of) (4.1.5)

since H2+ (X T,.o7) = 0 for dimension reasons. Because of H (X, T;o/) = 0 for i > 2d, it
follows that H*(X,T;</) = 0 for i > 2d + 1. Furthermore, one has

Zo = (Zg)r = B*(X, Zy(d))r — H**(X, Ze(d)),
the second equality by Poincaré duality [Mil80], p. 276, Theorem VI.11.1 (a).

Lemma 4.1.14. Let Frob be a topological generator of I' and M be a finitely generated Ziy-module
with continuous I'-action. Then the following are equivalent:

1. det(1 — Frob | M ®z, Q) # 0.
2. HY(T, M) = MV is finite.

3. HY(T', M) is finite.
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If one of these holds, we have HY(T', M) = Mr and

_HYT,M)| M| Jker (1 — Frob)|

det(1 — Frob | M = - -
| e ( TO | Kz, Q€)|€ |H1(F,M)| |MF| |Coker (1 — Fl"Ob)|

= ¢(1 — Frob).

Proof. See [BNT§|, p. 42, Lemma (3.2). If M is torsion, H'(T', M) = Mr by [NSW00], p. 69,
(1.6.13) Proposition (i). For the last equality, see Lemma [2.1.14] ]

Since Tye? = H'(A,Z)" (see Theorem has weight —1, H/(X, T,/ ) has weight i — 1.
So the conditions of Lemma are fulfilled for the I'-module M = HY(X,T,o/) and i # 1.
Therefore infinite groups in the short exact sequences in (4.1.2) can only occur in the following
two sequences:

0—— HY(X, b )r 2 HA(X, Tyt ) —— H2(X, T;7)T —— 0 (4.1.6)
- =

—
—
—

f \\\\\
0— HYX, Ty.o/)r — HY (X, Ty ) —= HY (X, Tp. )t —— 0

Here, f is induced by the identity on HY(X, T;.«7). Since H3(X, T;o/)' and H*(X, T,/ ) are
finite (having weight 2 —1# 0 and 0 — 1 # 0), « and /8 are quasi-isomorphisms, i. e. they have
finite kernel and cokernel.
Recall that
Li(/ /X, t) = det(1 — Frob, ' ¢ | HY(X, V).

Define L;(</ /X ,t) and p by
Ly X, t) = (t —1)" - Li(o7 )X, 1),
p= ?SlLl(%/X, t) € N.
By writing Frob;1 in Jordan normal form, one sees that p is equal to
dimgq, U ker(1 — Frob, )" > dimgq, ker(1 — Frob, ') = dimq, H'(X, V)",
n=1

i.e.
p > dimg, H(X, V,&)",

and that equality holds iff the operation of the Frobenius on H(X, V,.%7) is semi-simple at 1, i.e.
dimg, U ker(1 — Frob;l)" = dimg, ker(1 — Frob;l),
n=1

i.e. the generalised eigenspace at 1 equals the eigenspace, which is equivalent to fq, in (4.1.6)
being an isomorphism, i.e. f being a quasi-isomorphism. From (4.1.6]), since H*(X, T,/ )r is
finite, one sees that

dimg, H' (X, V,o/ )" = 1kg, H'(X, T,/ )" = rkg, HY (X, T).o7).
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Corollary 4.1.15. Ifi # 1, one has

_ HZ(X7TE%)F
Lt /X g = R TT]
|H(X, T, )r|
Proof. This follows from Lemma [4.1.14]1 if i # 1 since H(X, V,.«7) has weight i — 1. ]

Lemma 4.1.16. p = rkz, HY(X, T,«7) iff [ is a quasi-isomorphism. In this case,

. k

L /X, ) = a(f) = ﬁ and

; iyt [H(X, Toe)r| | Tor H*(X, T, )|
|L1(v®{/X7 q )lE - Q((/Bfoé)Tors) . {HQ(X’ Te | |T0r Hl X TZVQ{”

The idea is that for infinite cohomology groups H' (X, T;<7), one should insert a regulator
term q(f) or q((Bfa)Tors)-

Proof. From the discussion above, the first statement follows. Assuming this, one has

|(Frob, —1)H!(X, Tyt )

)

|(Frob, —1)H!(X, Ty )r|
B |(Frob, —1)H{(X, Ty.e/ )" |

| (Frob, —1)Hi(X, Te?) : (Frob, —1)2Hi(X, T,/ )|

_ kerf| ~1
_|cokerf]_q<f> '

L /X, q7")| =

For the second equation,

% q((Bf)Tors) by Lemma 2.1.14]2

. 1 ) |TOI‘ HQ(X, Tgﬂ)ﬂ )
= ’HQ(X,TKQ/)W ‘TorHl(X,Tgéy)q q((ﬂf)Tors)
B |HO(X, Ty )r| | Tor HA(X, Tye?)|

Q((ﬁfOé)Tors)' ‘HZ(X,TMZ/)F| ) |TOI"H1(X, TZ«Q{M

q(f) =

since coker(a) = 0. O

Lemma 4.1.17. Let { # p be invertible on X. Then the sequence

0— o (X)®Qu/Z — H (X, F[(>]) = H' (X, &)[(*] = 0
15 ezact.
Proof. The short exact sequence of étale sheaves

0> AN > A - —0

induces
0— o (X)/0" — H (X, F[("]) — H(X, o) [("] — 0. (4.1.7)

Passing to the colimit lilgn yields the result. O]
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Lemma 4.1.18. Let ¢ be invertible on X. Then the Zy-corank of 1(o7 / X)[(>] is finite.

Proof. From (4.1.7)), one sees that H!'(X, 7)[(] is finite as it is a quotient of H!(X, &/[(]) and
2/ [0]/ X is constructible. Hence III(o/ /X )[¢*°] is cofinitely generated by Lemma [2.1.4] O

Lemma 4.1.19. Let X/k be proper and ¢ be invertible on X. There is a long exact sequence
.= H(X, T,/ (n)) = H(X, Tue (n)) ®z, Q¢ = H(X, Z[(*](n)) — ...
which induces isomorphisms
H™ (X, . [0>](n))piy — Tor H{(X, Tp.o? (n)).
Proof. Consider for m, m’ € N the short exact sequence of étale sheaves
0 — [m] — & mm'] = o/ [m'] — 0.
Twisting with Z,(n) gives the exact sequence
0 — o [m)(n) — & [mm'|(n) = o [m'](n) — 0.
Setting m = ¢*,m' = ¢”, the associated long exact sequence is
o= HY(X, A [0#])(n) — HY(X, [0 (n)) — H(X, Z[("](n)) — ....

Passing to the projective limit @u and then to the inductive limit ligy yields the desired long

exact sequence since all involved cohomology groups are finite by [Mil80], p. 224, Corollary VI.2.8
since X /k is proper and our sheaves are constructible.
For the second statement, consider the exact sequence

H™Y(X, Tye/ (n)) ®z, Qo ER H X, & [>](n)) A HY(X, T,/ (n)) 5 B (X, T/ (n)) ®z, Q.

Since HY(X, T,/ (n)) is a finitely generated Z,-module (since (& [("]),en is an f-adic sheaf)
and ¢ is induced by the identity, we have ker g = Tor H'(X, 7)</ (n)). Since H (X, T,/ (n))
is a finitely generated Z,-module and H'™' (X, &7[¢*>°](n)) is a cofinitely generated (-torsion
module, we have im f = Div H" (X, &7[¢(*](n)). The claim follows from the exactness of the
sequence. ]

Lemma 4.1.20. Assume ¢ is invertible on X. Then one has the following identities for the
étale cohomology groups of X :

H(X,Tye/) =0 fori#1,2,...,2d+1 (4.1.8

Tor H (X, Ty.e?) = HY(X, & [(*°])piy = Tor H*(X, o) [£>] (4.1.9

Tor H*(X, Ty.o/) = HY (X, [(*])piv (4.1.10

HY (X, o [0°])piy = TI(/ /X)) [€>] if UI(oZ /X)[0>°] is finite (4.1.11

Proof. (£.1.8): For i > 2d+1 this follows from (4.1.2)), and it holds for i = 0 since H(X, &7 [¢"]) C

Tor o7 (X)) is finite (since o/ (X) is a finitely generated Abelian group by the Mordell-Weil theorem)
hence its Tate-module is trivial by Lemma [2.1.7]
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({4.1.9) and (4.1.10) From Lemma {4.1.19, we get

| Tor H'(X, Tp.e? )| = [H™ (X, &[] )piv

The desired equalities follow by plugging in i = 1, 2.
Further, one has H°(X, & [>])p;, = Tor HY(X, &)[¢>°] in (4.1.9) because HY(X, &7 [¢(*]) is
cofinitely generated by the Mordell-Weil theorem.

Finally, (4.1.11]) holds since by Lemma 4.1.17, H'(X, &/ [(>])p;, = H' (X, &)[¢>] if the latter
is finite, and this equals II(.%7 / X )[¢*]. O

Now we have two pairings

r*

() HY (X, Toe )pors x H2 U X, Ty(a?Y)(d — 1)) 1ors — H* (X, Z(d)) N HY(X, Z(d)) = Zo,

(-, ) s HA(X, Tpe ) ors x H2H X, To(/V)(d — 1)) 1ors — H*TH(X, Zy(d)) = Zy. (4.1.13)

Lemma 4.1.21. The regulator term q((Bfa)tos) s defined iff f is a quasi-isomorphism and
then equals
-1

det <'7 '>€
det(-, ~)g

i
where both pairings are non-degenerate.

Proof. Using H41(X, Z(d)) = Z,; and H?4(X, Zy(d)) = Z;, there is a commutative diagram of
pairings

H2(X, Ty ) Toys X H21(X, Ty( V) (d — 1)) rors — Zo

; =

(H'(X, o)) tomsx (BN X, T () (d = 1) Vtors = Zs

(HY(X, Ty )T ) tors X (H2H( X, Ty(?V)(d — 1)) pors — 7

o= NT

HY (X, Ty ) Toys X H21(X, Ty( V) (d — 1)) rors — 7

f

By Poincaré duality (using that T,/ is a smooth sheaf since the &7 [¢("] are étale), the pairing
in the second line is non-degenerate, hence the pairing in the first line is too (8 is a quasi-
isomorphism). (The upper right and the lower right arrows are isomorphisms since their kernel is
(H24=2(X, Ty(«/V)(d—1))1ors = 0 for weight reasons: (2d—2)+(—1)—2(d—1) = —1 # 0; the lower
left arrow is an isomorphism since « is a quasi-isomorphism.) Hence if f is a quasi-isomorphism,
all pairings in the diagram are non-degenerate, and then the claimed equality for the regulator

Q((Bfa)Tors) = |C0kel"(ﬁfa)TorS’ follows. ]

Lemma 4.1.22. Let ¢ be invertible on X. Then one has a short exact sequence

0 — o (X) ®z Z¢ > H'(X, Toe/) — lim(H' (X, #7)[("]) = 0.
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Proof. Since ¢ is invertible on X, the short exact sequence of étale sheaves
0= A" > oS o -0
induces a short exact sequence
0— o/(X)/0" S HY(X, Z["]) — HY(X, o) [("] = 0
in cohomology, and passing to the limit @n gives us the desired short exact sequence. O]

Lemma 4.1.23. One has p > rkz, H(X,T;«/). Then 1 <= 2 <= 3 and 4 <= 5 in the
following; further 3 <= 4 assuming p = rkg o7 (X).
(-,+), and (-,-)¢ are non-degenerate.

2. f is a quasi-isomorphism.

3. Equality holds p = kg, HY(X, T, ).

4. The canonical injection o/ (X) ®z Zy KN HY (X, T,o) is surjective.

5. The C-primary part 