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Abstract

We show the short-time existence and uniqueness of solutions for the motion of an evolving
hypersurface in contact with a solid container driven by volume-preserving Mean Curva-
ture Flow (MCF) and line tension effect on the boundary. Difficulties arise due to the
non-local nature of the resulting second order, nonlinear PDE, which will be overcome by
a perturbation result from semigroup theory. In addition, we prove the same result for
the Willmore flow with line tension, which results in a nonlinear PDE of fourth order. For
both flows we will use a Hanzawa transformation to write the flows as graphs over a fixed
reference hypersurface. We finish the thesis with an application of the generalized princi-
ple of linearized stability to prove stability of spherical caps under the volume-preserving
Mean Curvature Flow with line tension.
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1 Introduction

1 Introduction

During the last three decades there has been a growing interest towards the field of cur-
vature flows and evolving hypersurfaces. In the late 1970s Kenneth A. Brakke in [Bra78]
was the first to study surfaces driven by the geometric evolution law Vpr = Hpr, meaning
that the motion of a point on the surface in normal direction Vr is equal to the mean
curvature of the surface in that point. This is known as the Mean Curvature Flow (MCF)
and with the additional condition of volume conservation, this flow is a simplified model
for the motion of soap bubbles or liquid droplets. In the 1980s several results related
to this flow were proved, for example by Gage and Hamilton [GH86|, Grayson [Gra87]
as well as Huisken |[Hui86]. One year later it was also Huisken and in 1998 Escher and
Simonett [ES98b|, who provided noteworthy results concerning the generalization to the

volume-preserving MCF.

Following the remarkable research progress concerning the MCF other curvature flows
were brought in the focus of general mathematical interest. In the last decade of the 20th
century and the first years of the 21st century the Willmore flow was studied by several
mathematicians such as Simon [Sim93| and Riviére [Riv06]. Very productive researchers
in terms of the Willmore flow were Kuwert and Schétzle, who proved several results
elucidating various aspects of this flow (cf. [KSO01], [KS02|, [KS04], [KS12], [KS13] and
[BKO3]). In the Willmore flow the motion of a surface Vr is not only proportional to its
mean curvature, but to the Laplace-Beltrami operator of the mean curvature plus some
lower order curvature related terms. This flow is a simplified model for the evolution of

biomembranes.

This thesis is devoted to 2-dimensional surfaces in R? that are brought in contact with a
fixed solid container and the rules that govern their movements. Modeling a drop of liquid
or a soap bubble physics suggest that the air-liquid-interface or the soap layer, which both
can be viewed as an evolving hypersurface, tends to minimize its area. If such a surface
gets into contact with some fixed impermeable boundary layer the mass conservation law
makes it necessary to demand a constant volume condition. The occurring contact angle is
mainly determined by the material constants and thereby the wettability of the container.
But in particular on small length scales a second effect is entering the scenery, namely
the line tension (cf. Section 1 of [BLKO0G6]). This effect penalizes long contact curves and
forces the drop or bubble to roll off more from the boundary. All these phenomena will

control the motion of such an evolving hypersurface, which is schematically illustrated in
Figure

During this motion it seems unnatural to prescribe the boundary curve or the contact an-
gle, since an arbitrary drop or bubble, which is brought in contact with a solid container,
will not instantly have a boundary curve or contact angle that is energetically minimal.
Prescribing the contact curve or the contact angle would correspond to Dirichlet or Neu-

mann boundary conditions, respectively. Instead of doing so, we will impose boundary
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Figure 1: Evolving hypersurface I'(¢) in contact with a container boundary 02

conditions of relaxation type to allow the contact angle to change and the boundary curve
to move. We will prove that for a sufficiently smooth initial droplet there is a small time
interval in which we can guarantee that the initial droplet can evolve following the rules

of this motion.

Biomembranes or lipid bilayers, such as the surface of a red blood cell, however, are related
to the so called Helfrich energy (cf. |[Can70] and |[CV12]). The Willmore energy can be
viewed as the simplest example of the Helfrich energy. Although the first considerations
into this direction can be backtracked to Sophie Germain in 1831, the Willmore functional
was dedicated to Thomas J. Willmore after his publication in 1965 (cf. [Wil65]). Instead of
minimizing their areas these hypersurfaces try to minimize their bending energy. Including
the wetting and line tension effect on the boundary we will again show wellposedness for

short times.

The remaining part of this introductory section will be spent on a brief overview concerning

the structure of this thesis.

In Section [2] we describe the general setting and introduce the notation that will be used.
Moreover, we provide useful results that we will need in later sections, such as the vari-
ational formulas for area, volume and length. After presenting the preliminaries we will
move on to investigate the volume-preserving MCF of an evolving hypersurface with line
tension effects on the contact curve. We will motivate this flow by introducing the energy
that will be minimized and deduce equations that have to hold for stationary surfaces.
This motion will be governed by nonlinear PDEs of second order, which we will linearize

around a fixed reference hypersurface in the final subsection.

Section [3|is devoted to the first goal of this thesis, this is to show the existence of solutions
of the MCF for sufficiently short times. We will achieve this goal by first considering
the short-time existence of solutions of the linearized flow and then apply a fixed point
argument to prove the same statement for the original nonlinear flow. The non-local
nature of the volume-preserving MCF will give rise to some technical difficulties, which

will be overcome by utilizing semigroup theory and a perturbation argument.
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After the intensive consideration of the MCF, we will study the Willmore flow in the
same context in Section [l The setting of the evolving hypersurface in contact with a
static container remains the same as before, but now the rules governing the motion of the
hypersurface will be given as the Willmore flow. Again we will include line tension effects
and boundary conditions of relaxation type. The resulting nonlinear PDE will be in one
way more difficult, since it will be of fourth order, and in another way easier, because
it will not contain any non-local terms. At the end of the section we will consider the
linearization of the PDE, where we will see that it is not even necessary to linearize each

and every single term, which will cause the calculations to be much shorter than those for

the MCF.

Following the same strategy as for the MCF we will prove the short-time existence of solu-
tions for the motion driven by the Willmore flow in Section [5] The semigroup arguments

will not be of interest here due to the purely local nature of the flow.

Finally, in Section [6] we will come back to the volume-preserving MCF with line ten-
sion. Yet, rather than proving short-time existence results we will consider the stability
of spherical caps, which are the easiest stationary surfaces of the given flow. After some
elementary relations that are useful to describe spherical caps, we will introduce the gener-
alized principle of linearized stability which the stability analysis will rely on. We will use
the middle part of this section to introduce the abstract setting concerning the involved
operators and spaces. In the last part we indicate how the principle is applied in our given
situation by checking the four assumptions that are needed to formulate our final stability

result.
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2 The volume-preserving MCF and its linearization

This section is devoted to the studies of the volume-preserving MCF with line tension
effects on a boundary contact curve. We will first present the basic setting in which
we will work. Followed by the introduction of the MCF in Subsection this is only
to set up the notation and provide elementary definitions and tools like the Transport
Theorem. The last part of this section deals with the linearization of the MCF, which we
will intensively study in Section

2.1 Preliminaries

Here we introduce the setting which we want to consider throughout the whole thesis. We
will not define each and every term that appears and instead only fix the notation that
will be used in the present work. For a complete and extensive review of curvature terms
and all the definitions related to evolving hypersurfaces we refer the reader to the book of
Bér [Barl0] and Chapter 2 of [Depl0].

Let @ # Q C R? be an open, connected domain with smooth boundary 9. Furthermore,
let I' C Q be a connected, smooth hypersurface with boundary such that 'UOI" is compact
and @ # JI' C 0Q2. With V C Q we want to denote the region between I' and 92 and D
shall be defined as D := 0V N IN. In particular, we have 0D = OT'.

For a point p € I' we denote the exterior normal to I' in p by nr(p), where the term

“exterior” should be understood with respect to V. Analogously, for the normal nsq(p)

for p € 99, which coincides with np(p) if p € D C 9. Furthermore, for a point p € 9" we

want to denote by ngr(p) and ngp(p) the outer conormals to OT' and 9D in p. In addition,
c(t)

we define the tangent vector to the curve OI' by 7(p) := Q] and its curvature vector by

#(p) == m (%),, where ¢ : (t —e,t +€) — OI" is a parametrization of OI' around
p € OI' with ¢(t) = p. Moreover, we define for p € 9I' the angles a(p) := <t(nr(p), np(p)),
B(p) := <(np(p), nor(p)) and v(p) := <(nap(p), nor(p)), for which we assume

O0<alp) <w for all p € OT'. (2.1)

The whole situation is shown in Figure

Remark 2.1: (i) By definition of the conormals and 7, we have two orthonormal bases
of R? in every point p € AT, namely {7(p),nr(p), nor(p)} and {7(p), np(p), non(p)}-
W.lo.g. we can assume the parametrization ¢ from above to be oriented such that
(T(p), nor(p),nr(p)) and (7(p),np(p),ngp(p)) form a right-handed coordinate system.
Moreover, {7(p),nar(p)} and {7(p),nop(p)} are orthonormal bases of T),I" and T),D, re-

spectively. We will use these bases frequently.
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np

nar

Figure 2: General situation and notation

(ii) On the one hand we obviously have o = § — 3, which shows
cos(3) = cos(—f) = sin (g — B) = sin(a),
sin(8) = —sin(—f) = cos (g - ﬁ) = cos(a)

and on the other hand § + 3 = «, which gives

cos(y) = cos <g + ﬁ) = —sin(f) = — cos().
Since all vectors have unit length one gets the following angle relations

(np,np) = cos(a)
(np,nar) = cos(f) = sin(«)

(ngp, nar) = cos(y) = — cos(w),

which will play an important role later on.

non

Before we can come to our main problem we have to present some variational results.

To this end we need the so-called transport equation. We assume that we are given a

fixed reference hypersurface I'* C Q that is smooth up to the boundary I'* C 992 and an

arbitrary function

O:[0,T]xI* — Q:(t,q) — O(t,q),

10



2 The volume-preserving MCF and its linearization

with ®(0I'*) C 912, which we have to specify later on. For fixed ¢t € [0, 7] we set
[(t) := Im(®(¢,e))

and obtain with I" := |J {t} x I'(¢) an evolving hypersurface.
t€[0,T

Definition 2.2: Let I' = (I'(¢))tes be an evolving hypersurface in R”.
(i) For a fixed time (to,p) € I', i.e. p € I'(¢p), we define the normal velocity Vi (to,p) of

the evolving hypersurface I" at (¢g,p) by choosing a curve
c:(to—eg,to+e) — R": 7+ ¢(7)

with ¢(7) € I'(7) and ¢(tg) = p and set
Vr(to, p) := nr(to, p) - ——¢(7)

(ii) For fixed (tg,p) € OT', i.e. p € O'(ty), we define the normal boundary velocity var(to, p)
at (to,p) by choosing a curve

c:(to—e,to+e) — R": 7+ ¢(7)

with ¢(7) € OI'(7) and ¢(tp) = p and set
vor (to, p) := nor(to, p) - ——c(7)

(iii) For a fixed time (to,p) € I', i.e. p € I'(¢p), we define the normal time derivative
0L f (to, p) of function f: ' — R at (¢g,p) by choosing a curve
r

c:(to—e,to+e) — R": 7+ ¢(7)
with ¢(7) € T'(7), ¢(tg) = p and
() = Vo(r, e(r))nr(r, ¢(7))

and define

R f(top) = Lfrer)| 0

dr T=1o

It is clear that these definitions only make sense, when the two velocities and the nor-
mal time derivative are independent from the chosen curve c¢. We will not prove this in
general and refer to Section 2.2 of [Depl0]. Yet, for the situation described before, where
['(t) is given as the graph of ® over a reference hypersurface I'*, we can express the nor-
mal (boundary) velocity as given in the following lemma, which immediately shows its

independence of the chosen curve.

11



2 The volume-preserving MCF and its linearization

Lemma 2.3: (i) The normal velocity Vi at a point (t,p) € T' with p = ®(t,q) for some
q € I'* is given by

Vr(t,p) = np(t,p) : atq)(t7 Q)'

(ii) The normal boundary velocity var at a point (t,p) € O with p = ®(t,q) for some
q € OT'* is given by

var(t,p) = nar(t,p) - 02 (¢, q).

Proof: (i) Can be found in [Depl0] as Lemma 2.40.

(ii) First we choose a curve in the boundary of the fixed reference surface
c:(t—et+e) — I 15— €(s)

with ¢(t) = ¢. Remark that ¢(¢) is linearly dependent to 7*(¢). With this auxiliary curve

we can define
c:(t—et+e) — R3:s5— c(s) := B(s,e(s)),

which is a curve as in the definition of the normal boundary velocity, since ¢(s) € 9I'(s)
and c(t) = ®(t,¢(t)) = ®(t,q) = p. Then we get

¢ (s) = D,0(s,2(s)) + (9= (5. 2(5))) @ (5)),
which reads in s =t as
d(t) = 0, ®(t, q) + (0,2(t, 9)) (@ (1)),

where (9,®(t,¢))(¢'(t)) has only a contribution in 7(¢, p)-direction. Multiplying this with

nor(t, p) gives

var(t,p) = nor () Joels) = nor(t,p) - 3(t.0) + nar(t,) - (2,2(,0) (1)

=0
= n@f‘(tap) ’ 8tq)(ta Q)v

where the second summand vanishes since nar(t,p) L (9;P(¢,q)) (€ (t)). [

For more results concerning these velocities and the normal time derivative we refer once
more to Section 2.2 of [Depl0]. Now we will introduce the basic tool for the calculations

to follow, namely the Transport Theorem.

Theorem 2.4 (Transport Theorem): For a smooth function f : T — R we obtain

% / f(tap) dHQ = / 8?‘f(t7p) - f(tap)vf‘(t7p)HF(t?p) dH2 + / f(tapWaF(t,P) dHla
T'(¢t) I'(¢) o (t)

where Hr(t,p) shall denote the mean curvature of I' in (t,p).

12



2 The volume-preserving MCF and its linearization

Proof: A proof can be found in the appendix of [GWO06]. |

For later purposes we need the area and volume functional as well as the line energy and

their variations.

Definition 2.5: (i) We define the area functional A of a 2-dimensional hypersurface I" by

:/_um?.
T

(ii) For a 2-dimensional hypersurface I' as in Figure [2| and its enclosed domain V' the

volume functional Vol is defined as
Vol(V) := / ldz.
\%
(iii) For the curve OI the line energy is defined as

L(OT) := [ 1dH'. O
or

Now we specify the way how to vary I'. We want to consider
Y Rx T —R*: (t,p) — 9(t,p) == p +1(p) (2.3)
with a vector field
¢ € F(D) = {f € C¥(I;RY) | flor - np = 0}. (2.4)

Basically ( is the direction in which we want to vary. The condition (2.4) makes sure that
on JI' there is only tangential movement to D. This guarantees that regarding I' as the
surface of a liquid droplet, we vary in a way such that the drop neither drains away nor

detaches from 0€2. Then we get a family of hypersurfaces by

In this special case one can express the normal velocity Vr and the normal boundary

velocities vgr and vgp in terms of ¢ due to Lemma In fact one has

Vilp) = ne(p) - C(p),
var (p) = nar(p) - ((p), (2.5)
vap(p) = nap(p) - C(p).

Theorem 2.6: As the first variation of area and volume we get

(i) (SA(T))(¢) = jt/ 13?2 /Hp VWi (p) dH? +/ vor(p) dH!

t=

/ Hr(p) (nr(p) <<p> ) dH? + / nor(p) - C(p) dH".

(i) (GVl(V))(Q) = & /V R / Vep)dH2 = [ nrlp) - <o) dr

t=

13



2 The volume-preserving MCF and its linearization

Proof: (i) Follows immediately from Theorem by setting f =1 and (2.5)).
(ii) First we observe
3Vol(V (1)) = / 3da — / div(Id(x))dz
V(t) V(t)

= [ peno@d+ [ ponc(tp)dn?
D(t) I'(?)

=:I; =:Is

by using Gauss’ Theorem. A closer look at I, while keeping Lemma 2.38 from [Depl0] in

mind, shows

d d
—I = — . dH?
p 1 i /D(t)p nD(P) H

— [ (- np®) - (o no®) Vo(e) Hp(p) dH?
D(t) R:B—/

[ (o mn(e)ean(t,p) i
aD(t)

= [ Vo)) o) +p- Fpnoe) a2+ [ (- nplp)an(t,p) di!
D)~ — ar(t)

= (p- np(p))vap(t,p) dH', (2.6)
A (1)

where we used Theorem and the fact that Vp = 0 since D does not move in normal
direction, which also gives d7,np(p) = 0.

An analogous calculation for Is in combination with Lemma 5.2 from [Depl0| gives

d d

2= — . 2
dt 2 dt /F(t)p nf(tap) dH

= /F(t) R (p-nr(t,p)) — (p-nr(t, p))Vi(t, p)Hr(t, p) dH2

+ (p *nr (tap))val—‘(t)p) dHl
oT'(¢)

= /F(t) VF(tap) (nr(t,p) . ’I’Ll"(t,p)) +p . 819np(t,p) —(p . nF(tvp))VF(t,p)Hr(t,p) dHQ
=1 ==VrVr(t,p)

+/ (p - nr(t,p))var(t, p) dH'
ar(t)
= /F(t) Vr(t,p) = p- VrVe(t,p) — (p- nr(t,p))Ve(t, p) Hr(t, p) dH?

+ (p - nr(t, p))var(t,p) dH'. (2.7)
ar(t)

Using Gauss’ theorem on hypersurfaces (Theorem 2.29 in [Depl0|) with f(t,p) = Vr(t,p)p

14



2 The volume-preserving MCF and its linearization

we obtain

—/ P VrVir(t,p)dH? = divr(Id(p)) Vi (t, p) dH? —/ divr (Vi (t,p)p) dH>
T'(t) F(t)T F(t)

= [V drt [ (et p) Hr(p)Vi(p) K2
I'(t) ()
= [ 0 mor(t.p) Ve (tp) d.
ar(t)
Inserting this into equation ([2.7)) yields
= [, sVt + / (b et p))vor (t.9) = (b mor(t.p) Ve (p) A (2:8)

Combining equations (2.6]) and ( shows

%3V01(V(t)): / (p-np(p))vap(t,p) dH' + / 3Vi(t,p) dH?
ar(t) I'(t)
+ [ - net.p)vor(t.) = (- nor (t.p) Vit p) i
ar(t)

. /3Vp (t,p) dH?

+ / (vor(t, p)nr(t, p) — Vi(t, p)nar (t, p) + vap(t, p)np(p)) dH".

Finally, due to ( . ) this leads to

d

—3Vol(V _3/nF dH2+/ p- Wi(p)dH',
dt or

where Wi (p) := (nor(p) - ¢ (p))nr(p) — (nr(p) - ¢(p))nor(p) + (nap(p) - C(p))np(p). If we
prove that W = 0, we can divide the whole equation by 3 and finish the proof.

To show that W; = 0 we drop the argument p for convenience. With the help of (2.4)) we
get

¢ ={¢,;nop) nop + ((, 7) T
Therefore, we obtain by Remark

nar - ¢ = (¢, nap) (nar, nap) = (¢;nap) cos(y) = — cos(a) (¢, nap) = — (¢, nop) {nr,np)
nr - ¢ = (¢;nap) (nr,nap) = cos(B) (¢, nap) = (¢, nap) (nor,np)
nop - ¢ = (¢, nap) ,

which gives

W1 = (nar - Q)nr — (nr - Onar + (nop - ()np
— (¢, nap) (nr,np) nr — (¢, nap) (nar, np) ner + (¢, nop) np

= (¢,nop) (— (nr,np) nr — (nar,np) ner +np) = 0.

=—np

This proves the claim. |

15



2 The volume-preserving MCF and its linearization

Theorem 2.7: The first variation of the line energy reads as

(BLED)CQ) = R

= [ ) ) ant
or

t=0
Proof: For a parametrization

c(t,®) : [0,1] — OL'(t) : s — c(t, )
of OI'(t) with ¢5(t,s) # 0 and ¢(0,s) = p € OI" we get

d

d 1
e / Lant| =
dt Jor(t)

t=0

=~ [ #w)-c)art,
or

where the boundary terms of the partial integration vanish, because OI'(t) is a closed

curve. [ |

2.2 The Mean Curvature Flow

After these first basic facts we will now introduce the MCF as the most efficient way to
decrease the area functional. This motivates the interest in the MCF, because it directly

shows that each stationary surface will be a candidate for a local minimizer of this energy.

For this we want to consider the energy
:/1d7—[2—a/1d7-[2+b 1! (2.9)
r D ar

for a,b € R with b > 0. Under the additional constraint that the enclosed volume of V'
remains constant we search for conditions that a local minimizer of this energy has to

satisfy.
Remark 2.8: This constraint of constant volume is physically reasonable if we look at V'

as a drop of liquid in contact with a nonporous membrane 0f2. ]

We want to bring this volume constraint into the energy with the help of a Lagrange
multiplier. To do this we first have to show that such a Lagrange multiplier exists. To

this end we vary our hypersurface I' by

Y iRxR xR — R?: (t,5,p) — ¥(t,s,p) == p+t{(p) + sE(p), (2.10)

16



2 The volume-preserving MCF and its linearization

where we have to impose the condition
(,§ € F(R?) := {f € C°(R*R?) | floq - noq = 0} (2.11)

as before to ensure that the drop neither drains away nor detaches from 02. The new
family of hypersurfaces is then given by I'(t,s) := Im(t(t, s, e)) and it encloses regions
V(t,s) C Q. Obviously we have I'(0,0) =I" and V(0,0) = V. Moreover, we denote by

F:RxR-—R:(ts)— F(t,s) = Vol(V(t,s)) — Vol(V) (2.12)

the side constraint function. Here we have F'(0,0) = Vol(V (0,0)) — Vol(V) = 0. We want
to apply the implicit function theorem, for which we need the condition 0sF'(0,0) # 0.
To achieve this we fix an arbitrary function ¢ € C°°(R%R) with 0 < ¢(p) < 1 and
@ # supp(p) € 2 and supp(p) NT" # @ and define £(p) := @(p)nr(p). We see that the
vector field £ € F (R?) since €|spn = 0 and especially we also have &|gr = €|spp = 0. Then

we obtain

0.(0,0) = [ ¢w) me@) i = [ pp)(nr() - nr(p) dH?
r supp(p)Nl’ ‘—:/1—"

= / o(p) dH* # 0.
supp ()Nl

Therefore we know due to the implicit function theorem that there is an open interval
(—to,t0) and a function s(t) with s(0) = 0 and F(¢,s(t)) = 0 for all t € (—to, o).
In particular, we can simplify (2.10]) to

) (—to,tg) x OV — B3+ (t,p) —> (t,p) == p + t{(p) + s()E(p)

and T'(t) := @(t,F) = Y(t,s(t),I') = I'(¢,s(t)). By construction all these hypersurfaces
have constant volume during the variation. Moreover, by differentiating the equation
F(t,s(t)) = 0 with respect to t we have 9,F(t, s(t)) + 0sF(t, s(t))s'(t) = 0, which can be

rearranged to

B s(1)
)= =5 Ft,50))

where the denominator is not zero at least in a small neighborhood of ¢t = 0. Utilizing the
fact s(0) = 0, we get for t =0

§(0) = CaF(0,50)  8F(0,0) _gC(p) -nr(p) dH?
~ OsF(0,5(0))  9,F(0,0) J ) () T2

Due to Lemma [2.3|the normal velocity in this case reads as Vr(p) = ({(p)+5'(0)¢(p)) -nr(p)

17



2 The volume-preserving MCF and its linearization

and for stationary solutions of our energy (2.9) with the volume constraint we see
d ~

0= ZEC®O)|
= - / ((¢(p) + $'(0)E(p)) - nr(p)) Hr (p) dH* + | (C(p) + 5'(0) £(p)) - mor(p) dH!
I or \;zo-/
+ a/D((C(p) +5'(0)&(p) - np(p)Hp(p) dH* — a/aD(C(p) +5'(0) £(p)) - nap(p) dM'
=0 because (,éEf(R3) =0

b [ () + 50 €p) - Fp) !
or ~—~—

=0

— - [ neo)He) aH? + [ ) nor@)dH —a [ c(p)-mop(p) di!
r or oD
J ¢(p) - nr(p) dH?

I r
Oy SO DI [€0) - ne ) He(p) ar
B J(€(p) - nr () Hr (p) dH? ;
= OB [ <) nr(o) am
==X

= (SE(I))() = A Vol(V))(0),
where the Lagrange multiplier

[(&(p) - nr(p))Hr (p) dH? [ o(p)Hr(p) dH?

_ T _F
VT T e [0 a2 (213)

is constant with respect to the variation in ¢ and hence the desired Lagrange multiplier,

because
(ET))(C) = A(S Vol(V))(C).

After showing the existence of an Lagrange multiplier A we can combine the energy func-

tional (2.9) and the volume constraint to obtain a new energy functional

E(D) ::/1d’H2—a/ LdH* +b 1d7{1+>\</ 1dx—V0> (2.14)
I D or 14

where a, b, Vi € R are given constants with b > 0 and V{; > 0. We will vary our hypersurface
by with a vector field ¢ € F(I') as defined in (2.4). For a more convenient notation
we drop the argument “p” again and then the first variation of the energy functional
reads due to Theorem and Theorem [2.7] as

(GE(T))(C) = —/FHp(np-C) d’H2+/aFnap-gdH1+a/]DHD(nD-C)dH2

—a/ naD~Cd’}-[1—b/ %-Cd?—[1+)\/nr'fd%2
oD or I

_ /()\ — Hp)(np - €) dH2 +/ (nor — angp — b7) - CdH!  (2.15)
T or

18



2 The volume-preserving MCF and its linearization

for all ¢ € F(I).

We want to find necessary conditions for a stationary solution Igtat, i.e. (0E(Tgtat))(¢) =0
for all ¢ € F(I'). For that we first choose (; € F(I') such that (i1|or = 0 and obtain

0= GEW)(G) = [ (A= Hr)(nr - G) i,
The fundamental lemma of calculus of variations shows (A — Hp)np = 0 and hence
Hp = )\ = const. on I (2.16)

Now we know that every stationary solution satisfies (2.16]) and therefore ([2.15]) simplifies

to
(B(Taa))(©) = | (nor — anap ~b7) - i,

Unfortunately, we are not completely free in the choice of (, since we have to ensure
¢ € F(I'). But we can perform a trick in order to choose an arbitrary ¢ again. The
condition (|gr - np = 0 means that (|sr has no contribution in np-direction. This can be

achieved for every ¢ € C*°(I";R?) via the orthogonal projection
P:R® —R?: v+ P(v):=v— (v,np)np. (2.17)

Since every orthogonal projection is symmetric one can write

~

(nar — angp — b3, P(C)) = (P(nar — anop — b))
and hence the second necessary condition can be written as
0= /(nap —angp — bz) - P (E) dH' = /ﬁ(nap — angp — b#) - C dH!
ar ar

for all E € C°(T';R?). Again via the fundamental lemma of calculus of variations we get
P(nor — angp — b#) =0 on OI. (2.18)

Now we want to rewrite this condition. Obviously, P is linear and f’(na D) = ngp, because
/ / /

(ngp,np) = 0. Remember that we defined 7(p) = % and #(p) = |c,%t)| (‘E,gg') , where

c: (t—e,t+¢e) — OT is a parametrization around p = ¢(t) € 9. Therefore we obtain

e d) 1 AGORY _ 1 MOBEAGRY
%) <\c'<t>r’rc'<t>\ (jo t>r>> 20 <|c'<t>r’(|c'<t>r>>
£) > 1 d . 1 d

_ 1 d< dt) d( _ L
2[c/()] dt \ | (@®)]" |/ ()] 2|c(t)| dt 2|c(t)| dt

which shows that 5 = (3, np)np + (#,nsp) ngp and hence P(3) = (3,nyp) ngp. Com-

—~|—

bining these facts we can rewrite (2.18]) as follows

0= ﬁ(nap —angp — bi) = p(nap) —angp — bﬁ(ﬁ) = ﬁ(”c’?l‘) — (a+b(3%,n9p))nop
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2 The volume-preserving MCF and its linearization

and hence

~

P(nor) = (a+ b (3, nop))nop- (2.19)

Multiplying (2.19) by ngp, we obtain <ﬁ(’l’b5p),naD> = a+ bxyp, where sxyp = (%,n5p)

is the geodesic curvature of I in the hypersurface 2. But we can still transform this

equation some more by observing that

~

— {np,np) = —cos(a) = cos(y) = (nar, nop) = <P(nap) + (ngr,np) nD,naD>

= <f’(nar),nap> + (nar,np) <nD;ZBD> = <13(n8F)7n8D> :

Finally we derived the two necessary conditions for a stationary solution:

Hr = )\ = const. on I’ (2.20)
0=a+ bsxyp + (nr,np) on OI. (2.21)

In the following we want to linearize these two equations. The condition , which
we imposed at the beginning, is sufficient for the existence of a “curvilinear coordinate
system” as invented by Vogel [Vog00]. We introduce this coordinate system now because
with its help we can write an evolving hypersurface as a graph over a fixed reference

surface I'*.

For g € oI and w € (—eg,&0) with €9 > 0 sufficiently small there is a smooth function
t: 00" x (—eg,e0) — R : (q,w) — t(q, w)

such that

q + wnr=(q) + t(g,w)nar+(q) € 0N YV w € (—ep,€p)-

Obviously, t(q,0) = 0 since g + Onp«(q) already lies in 9I'* C 99 without adding some

multiple of ngr«. We can extend ¢ smoothly to a function
t: " x (—e9,e0) — R: (q,w) — t(q,w)
such that t(q,0) = 0 for all ¢ € T'*. Next we will use a special coordinate system
U T x (—e0,e0) — Q: (q,w) — V(q,w) := ¢+ wnr«(q) + t(q, w)T(q), (2.22)

where T : T'* — R3 is an arbitrary tangential vector field, that coincides with ngr« on
OI'* and vanishes outside a small neighborhood of 0I'*. By construction this curvilinear
coordinate system satisfies U(q,0) = ¢ for all ¢ € T and ¥(q,w) € 99 for all ¢ € OT*
and all w € (—ep,e09). Moreover, we can choose £y > 0 small enough so that ¥ is a

diffeomorphism onto its image. All technical details can be found in [Vog00].
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2 The volume-preserving MCF and its linearization

Let D* C 0N) be the analogous region for I'* as D is for I". Moreover, let ¢ € OI'* = 9D*
be fixed, U C R3 be an open neighborhood of ¢ and assume that F' : R? — R is a smooth

function describing U N 0N as zero-level-set, i.e.
UNnoQ = {pecR®| F(p) =0}

Then VF L T,0Q and w.l.o.g. we assume % = np+ on D* - otherwise replace F' by
—F'. By the choice of ¥ we obtain for all ¢ € 9I'*

0=F(¥(q,w)) = F(q+ wnp«(q) + t(q, w)nar=(q)) Y w € (—eo,€p).
Differentiating this equation with respect to w and setting w = 0 gives
0=VF(¥(q,0)) - 0w¥(q,0) = VF(q) - (nr+(q) + tw(g, 0)nor-(q))
= (IVF|np+(q),nr+(q)) + tw(q,0) ([[VF || np-(q), nor-(q)) -

Keeping the assumption (2.1) in mind one can rewrite this identity with the help of ([2.2)
to get

_IVF (@ (@) __eosla®(a) __eos(a’(@) _
w00 = i (@) o (@) o (@)  sintar(a)) D)

Hence we can write the vector 9,,¥(q,0) as

0wV (q,0) = nr«(q) — cot(a”(q))nar=(q) vV qeor. (2.23)

Utilizing (2.2]) this leads to the following identities on the boundary OI'*, where we skip

the argument ¢:

(0w¥(0), T*) = (np«, T*) — cot(a™) (ngr=, 7°) = 0 — cot(a™)0 = 0,

(0w¥(0),np+) = (np«,np+) — cot(a™) (ngp+, np+) = cos(a™) — (Sm sin(a™) =0,
(90T (0), ngp+) = (nre, ngp+) — cot(a*) (nar-, nop+) = sin(a*) — :fjég)) (— cos(a*))
_sin(a*)? 4 cos(a*)? 1
sin(a*) ~ sin(a*)’

This shows that on the boundary OI'* the vector 9, ¥(0) has the following coordinates
with respect to the two orthonormal bases introduced in Remark

<aw\1’(0)77:’*> =0 <aw\11(0)77_:*> =0
(0w¥(0),nor+) = —cot(a™) (0¥ (0),np=) =0 (2.24)
(0w (0),np+) =1 (0w¥(0),ngp) = ﬁ

We note that the relation (0, ¥(0),np«) = 1 does also hold in T'* since

(0¥ (0), np+) = (nps + ty(w)Tynps) = (nps, np«) +ty (w) (Tynp«) = 1, (2.25)
=1 =0
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2 The volume-preserving MCF and its linearization

which is a fact used in Lemma 2.10] below.

As said before with the help of the curvilinear coordinate system ¥ we can write the
evolving hypersurface as a family of graphs over the fixed hypersurface I'*. To this purpose
we recall that we assumed our reference hypersurface I'* to be smooth up to the boundary

0% and for T € (0, 00) we choose a function
0:[0,T] x I'™ — (—€0,€0) = (t,q) — o(t, q), (2.26)

where we assume that g is smooth enough such that all later terms are well-defined. We
set I'p(t) := Im(W(e, o(t,®))), which is why we will refer to p as a “distance function” from
I'* to I'y(t). This name is motivated by the fact that o(¢, ¢) measures how far ¢ € I'* has

moved along the w-coordinate line at time ¢, which is also illustrated in Figure

Figure 3: The distance function o

Observe that by our construction of ¥ we have I'g(t) = I'* for all ¢ € [0, 00). Define
®:[0,00) x " — Q= (t,q) — @(t,q) := Vg, o(t, 9)) (2.27)

and for fixed t we set ®f(q) = ®(t,q), then |o(t,q)] < e¢ ensures that ®f is a local

diffeomorphism onto its image.

So far we set up all the necessary notation and relations to establish the flow that we
want to consider. Inspired by the Ls-gradient flow of the energy (2.14) we demand the

equation
V=09 -np =(—V,E) -np=(Hpr — A)(np-np) = Hp — A inT,

where we used Lemma to show the first equality. Additionally, there are several

reasonable choices of boundary conditions. We will impose the boundary condition
vop = a + bsxgp + (nr,np) on O (2.28)

for all times t € [0, 00). Hence we consider the flow

V(¥ (q, o(t,q))) = Hr(¥(q, o(t, ) — H(o(t)) in I'* (2.29)
van(¥(g; e(t, q))) = a+ bxap(¥(q, o(t, q)))
+ (nr (¥ (g, ot 9))), np (¥ (g, e(t, 4)))) on JI*, (2.30)
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2 The volume-preserving MCF and its linearization

where H(po(t)) is the mean value of the mean curvature, defined as
_ 1
H(o(t ::]1 Hr (¢, d’HQ::7/ Hp o (t,p) dH2.
(o(t)) o) Fg(t)( ) T 1dH2 o0 Fg(t)( p)
To(t)

One immediately sees that for Vi = vgp = 0 a solution of (2.29)-(2.30|) is a hypersurface
that satisfies the necessary conditions for a stationary solution (12.20))-(2.21)).

Remark 2.9: (i) H(o(t)) is exactly the right choice for A (cf. (2.13)) since

d _
& Nol(T, (¢ :/ Ve oy dH2 = Hr o — H dH?
7 VolTe()) b e o e
= [ Hpd - [ vaw
Tyt o)
— Hp o dH? — Hp (ndH? =0,
/Fg o a0 o et

which shows that (2.29)-(2.30]) is volume preserving.

(ii) Observe that this term causes the flow (and also the resulting PDE later) to be non-

local, since H contains information from the entire surface T',(t). O

2.3 Linearization of the Mean Curvature Flow

In this subsection we want to linearize the volume-preserving MCF as given by the equa-
tions ([2.29)-(2.30) around ¢ = 0, which corresponds to a linearization around I'*. This

result will be distributed over several lemmas.

Lemma 2.10: For all ¢ € IT'* and all t € [0,00) we have

divpmq,sg(t,q))) = dro(t, q)-
13 e=0

Proof: First we observe by Lemma [2.3]

Ve (W(q,oft,0))) = nr(¥(a, o(t,))) - - ¥(a 0(t,0)
= (nr(¥(q, o(t,9))) - 0w¥(q, o(t,q)))0ro(t, q) (2.31)
and with the help of the product rule this gives
d%Vr(‘P(q,w(t,q))) = di(nr(‘l’(q,eg(t,q») - 0w¥(g,0(t,q)))deo(t, q)
e=0 € e=0
= L (W(a,olt.0))) - 00 W(a<0lt,0)| Dieolt, @)
e=0 Y——~———
=0
+ (nr(¥(g,e0(t,q))) - 0w (q,c0(t, q)))l.—o Dro(t, q)
= (nr+(q) - 0w¥(q,0))0o(t, q) = dio(t, q),
where we used in the last line. [ |
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2 The volume-preserving MCF and its linearization

Lemma 2.11: For all ¢ € T* and all t € [0,00) we have

d

—-Hr(¥(g,0(t,q))) - Ar-o(t,q) + |o*[*(q)olt, q)

+ (Vr+Hr-(q) - P (90¥(q,0))) o(t, 9),
where Ap+ denotes the Laplace-Beltrami operator and Vy« the surface gradient of T'*,
|o*|? is defined as |0*|? := (3¢})% + (3¢5)? with the principal curvatures s, > of T* and P

denotes the projection onto the tangent space of I'* given by
P:R? —R3: v+ P(v) :=v— (v,np:) np-.

Proof: Exactly the same as in Lemma 3.5 of [Depl0]. The difference to the proof there is
that we do not use Hp= = const. in the last step, because we did not assume I'* to be a
stationary solution of the energy . This generalizes the result and leaves us with the
additional term (Vr«Hp- - P(9,¥(0))) o(t). [

Remark 2.12: For a boundary point ¢ € 0I'* we express the term P(9,¥(q,0)) using

as follows
P(aw\];/(% 0)) = <8w\]':l(q? 0)7 iﬁ(Q)) 7 (Q) + <8w\11(q, 0), nyr= (q)> ner- (q)
).

= —cot(a(q))nsr+(q

Lemma 2.13: For the linearization of the mean value of the mean curvature we get

LH(co(t)

= ][F (A + 0" (q) — Hre () + H(O) Hr- (q)) elt, g) dH?

1

[ 1dH?
1“*

/ap* (HF*(‘J) — H(0)) cot(a(q))o(t, q) dH",

where Q denotes the function o = 0.

Proof: Here we rename the surfaces I'y(¢) in a way that makes the following calculations

easier. We fix a time ¢ and for € € (—gq,g9) we set
P(e) = Tm(W(e, 20t #))).

Obviously, these new hypersurfaces [ are just renamed versions of the previous I',(t),
because I'(e) = I'cp(t), but now ¢ can be considered to be the time parameter of the
evolution. We will write Hf(s)’ Vf(s)’ etc. for the terms of the evolving hypersurface
(f(g))ee(—e(),so)' In particular, an expression related to T evaluated for £ = 0 will result
in the respective expression on I'*, because I'(0) = Ty(t) = I'*.

With this new notation (cf. Lemma 3.5 from [Depl0]) we write

-1
H(co(t)) = ( /F o 1d7—l2> ( - flf(e)(s, ) d’H2> .
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2 The volume-preserving MCF and its linearization

Then we get
9 H(co(t)) —( 1d7-l2)_1 d/ b, (e, p) dH?
de ¢ E:O_ r= de F(5) T P e=0
—( 1d7-[2) ( /~ 1 dH2 ) ( Hr-(q) d’H2>
I de JT(e) o I
—(/ 1d’H2)1 d/ f- (e, p) dH?
- * de F(E) F(E) ’p =0

With the help of Theorem [2.4] the derivative of the area integral can be written as

d

it 2 ~ _ 1
de /f(s) Lan Uiy (5:P) AH

2
= _/( )VF(E)(E p) I‘( )(€,p)d7'[ +/~

oT'(e) =0

/ Ve ) (0-0) Hr- () dH? + / Uy (0.0 dH (2.33)
and we observe

s (6 W(a,<0(t,0))) = i (= W(a,<o0lt,0))) - W(a,<o(t, )
= (Ao (& W(a 20t 0)) - 0w ¥(a: 20t 0)) ) olt:q).
Evaluated in € = 0 we get using
Vi0)(0,0) = Vi) (0, (g, 0)) = (7 ) (0, (4, 0)) - 0¥ (g, 0))lt, 9)
= (nr+(q) - 9w¥ (g, 0))o(t, q) = o(t. ). (2.34)

Exactly the same calculations with 75 instead of ng show v, o0 )(0 q) = —cot(a(q))ol(t, q)
for all ¢ € OT'*. Hence (2.33)) can be rewritten as

d /~ 1dH?
de JT(e)

With the help of Lemma 5.1 from [Depl0] the derivative of the curvature integral reads

=— | Hr-(q)o(t,q) dH —[ cot((q))o(t, q) dH".
=0 I'* or=

as

ds/ H (5 p) de / 80H~ (e,p) — ( )(5 p)V T(e )(E,Z))ﬁf(e)(ﬁ,p) d?

T ~ 1
+ /Bf(s) HF(e) (5ap)vap(5) (e,p)dH

e=0
_ 7 ~|2 7 2
= »/l:(s) Af(a)vf(a) (e,p) + o] (5ap)Vf(6) (e,p) dH

_ 7 277 2
/F(a) Hy(6,0) V5, (e, p) dH
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2 The volume-preserving MCF and its linearization

+/~ He (e,p)0.~ (e, p) dH"
ot () F(e)( p) @F(g)( p) .

= | Areolt,q) + 10" F(a)elt,q) — Hr-(a)%o(t,q) A
= | e (@) cot(al(g)e(t, q) dH.
Using these variations we can continue with equation (2.32)) as follows

= H(0) (/ 1 d;l.[2> -1 i He-(q)olt.q) dH?

0) < . lde) B /BF* cot(a(q))o(t, q) dH?

+
o

-1
w([ @) [ Arotta)+ | Plalelt o) - He-(0)elt o) ar?

_ (/r 1d7-[2>_1 /(ar* Hy-(q) cot(a(q))o(t, q) dH*
(

or*

ﬁ 1
_ ( . 1 d?—[2>_ Hr-(q) cot(a(q))o(t, q) dH*
1

(A 10" () = Hr-(0)° + H(O)Hr-(a)) olt, 4) dH*

" ( . “”*2)_1 ( /ap(H (0) — Hr-(g)) cot(a(q))o(t, 4) d%l) o=

The Lemmas - show how the linearization of equation (2.29)) looks like. We
continue with the linearization of the equation (2.30)).

Lemma 2.14: For all ¢ € OT* and all t € [0,00) we have

d%vaD(‘I’(q,sg(t,Q))) = L&e@(t q)-

e=0  sin(a*(q))

Proof: First we observe by means of Lemma [2.3]

von(¥(q, olt, ) = non(¥(g, o(1,)) - - ¥(,o(t,0)
= (nop(¥(g, e(t,q))) - 0w¥(q, e(t, 9)))dro(t, ) (2.35)

and with the help of the product rule this leads to

d%vap(‘ll(q,eg(t,q))) :di(nap(‘l’(q,eg(t,q»)-%\II(q,e@(t,q))) deo(t,q)l.—g
e=0 € EZOT

+ (nap(¥(q,€0(t,q))) - 0w (g, €0(t,q)))|.—y Oro(t, q)

= (nap~(q) - 0w¥(q,0))%o(t,q) = m&@(t, ),
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2 The volume-preserving MCF and its linearization

where we used ([2.24) in the last line. [ |
Lemma 2.15: For a vector v(e) = (vi(g),...,v,(e)) € R™ depending on one parameter

€ € (—¢e0,e0) with v € CY((—eo,20)) and ||v(0)|| > 0 one has

_0(0)-2/(0)
o PO

"0
=P w0 ( o1 )
0 r1 \|[v(0)]]

where P, : R" — R" : . —— P,(z) := x — (z,v) v denotes the projection along v.

) el

4w
@ @I

Proof: (i) An easy calculation shows

d d

= lv(e) » == v1(e)? 4+ ...+ vy(e)? »
— NG +1 — (6)22(111 (e)vi(e) + ... +vu(e)v,(e))
TS 0
_ v(e) -v'(e) _ v(0) - v'(0)
vl Tezo ()]
(ii) Using (i) we obtain
R CI ROIRROR A
de o) ey OIk
_ (0 ( v'(0)  v(0) ) v(0)
[v(0)]| EOIREOIPAROI
_ v'(0)
B Pn T <HU(0)||> ' -

Lemma 2.16: Let G C @ be relative open (i.e. G is open in the subspace topology of
R% C R?) and let F : G — § be the parametrization for a part of T'* U O'* with the

properties

O1F(w0),02F (x0)  form an orthonormal basis of Tr(z,)l™
81F(:1;0) X 82F(:1;0) = nr= (F(x())) (236)
O F(xo) =T (F(x0)) and 0O2F(x0) = ngr«(F(xo)) on O

for a fixed xg € GN 8]1%3_. Then we have for all F(x) =q € I'*
(i) V(F(x),0) = F(x) and 0V (F(x),0) = 0;F(x)
and for all F(z) = q € OI'*

(ii) DU (F (x),0) = np-(F()) — cot(a(F(x)))nar- (F(x)).
(iii) (0. U(F(x),0),n0-(F(x))) = cot(a(F(x))) (@imp- (F(x)), nor- (F(x))
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2 The volume-preserving MCF and its linearization

and for the fized F(xz9) = qo € OT'*

(iv) (01¥ x 02¥)(qo,0) = nr=(qo),
(v) (Ow¥ x 02V)(g0,0) = =7 (qo),
(vi) (01 x 9u¥)(qo,0) = —nar-(qo) — cot(a(qo))nr=(qo),
(vii) (01¥ x 9;00¥)(q0,0) = (9;0w¥(qo, 0), nor+(qo)) nr=(qo)

— cot(a(qo)) (Dinr=(qo), nar=(q0)) nor-(qo),
(viii) (0:0 ¥ x 02¥)(qo, 0) = (0:0w¥(q0,0), 7 (q0)) 71+ (q0)
— cot(a(qo)) (Dinr+(qo), nar=(q0)) 7" (q0)-

Proof: (i) The first equation is a property of the curvilinear coordinate system as we

constructed it. The second claim we obtain by differentiation.
(ii) Equation ([2.23]) for ¢ = F(z) € oT™.
(iii) Using (ii) and (2.25) we get

0=0;1=09; <8w\IJ(F($), 0)7”1"* (F(f)»
= (0;0,V(F(x),0),np«(F(x))) + (0 VU (F(x),0), dinr«(F(x))) .

Since O;np+ lies in the 7*-nyr+-plane we see

(0i0w ¥ (F(2),0),np«(F(z))) = — (nor=(F(z)), Oinr+ (F(z))) (0¥ (F(z),0), nor= (F(z)))
—— cot(a(F(x)))
— (T (F(2)), Oinr=(F(z))) (0¥ (F(2),0), 7 (F(z)))

=0
= cot(a(F(z))) (nor=(F(x)), dnr-(F(z))),

where we used -

(iv) Using (i) and ( we obtain
(1Y x W) (F(x0),0) = (01 F x 02F)(xg) = np«(F(z0))-

(v) By (i), (ii) and (2.36) we have

(aw\l’ X 82‘1’)(}7(1‘0), 0) = ((’I”LF* o] F) X 82F)(m0) — cot(a(F(xo)))(ﬁgF X 82F)(x0)
= =7 (F(20)).

(vi) Similar to (v), where we use (iv) in addition, we get

(01V X 0y V) (F(0),0) = (01 F x (npx o F))(xg) — cot(a(F(x0)))(01F x 0o F)(x0)
= —nor+ (F(z0)) — cot(a(F(zo)))nr- (F(z0)).
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2 The volume-preserving MCF and its linearization

(vii) Using the previous equations one observes

(D10 x 8;0,0)(F(x0),0) = (O F x ({9,000 (F(z0),0), 0, F) O, F
+ (9,00 U(F(x0),0), 0 F (0)) 9o F
+(5'3 U(F(20),0), (nr+ o F)) (nr= o F)))(z0)
4 (9,000 (F(0),0), 0 F(20)) (91 F x 85F) ()
(aa Y (F(20),0), nr=(F(20))) (O F x (nr= o F)) (o)
= (0i0u, ¥ (F(20),0), nor+(F(z0))) nr«(F(zo))
— cot(a(F (20))) (Oinr+(F(z0)), nor+(F(z0))) nor+(F(zo)).

,0
0

)

xo),

(viii) Analogously to (vii) one can prove the final claim of the lemma

(0i0w¥ x 0 W)(F(x0),0) = (((0:0w¥ (F(20),0), 01 F) O F

+ (030w ¥ (F(10),0), 02F (x0)) 0o F

+ (0;00, ¥ (F(x0),0), (np= o F)) (np= o F')) x 2F)(x0)
= (0i0w¥(F(10),0), 01F (x0)) (01 F x 92F)(x0) + 0

+ (0i0w ¥ (F(20), 0), np+(F(0))) ((nr+ o F) x 02F) (o)

= (0i00¥ (F (20),0), 7" (F(x0))) nr- (F(x0))

) 0)

)
— cot(a(F (z0))) (Dinr= (F(x0)), nor«(F(x0))) 7 (F(x0)).

This finishes the proof. |

Lemma 2.17: For the linearization of the angle condition we have

4 (nn( ¥(q.20(t,0)),mp(¥(a. ot,0)| = =sina(e))(Vr-a(t0) - nor-(0)

+ cos(a(q)) I Ir+(nor+(q), nar+(q))e(t,q) — IIp-(nap+(q), nap+(q))e(t, q),

where I+ and IIp+« are the second fundamental forms of I'* and D* with respect to the

normals np+ and np~, respectively.

Proof: By the product rule we get

L (W(g<0(t,0)) np(V(a,cot, )| = Lor(Wa.colt.0)| - npe(a)
13 e=0 € e=0
Fore(a) - Snp(U(gcolta)| (230
=(3) e=0

and the normal can be written as

01(¥(q,e0(t,q) q
101(¥(q,e0(t, ) x D2(¥(q,e0(t,q)))|

S~—
~—
X
&
—~
=
—
R
™
)
—~
~—
N—
S~—

nr(¥(q,e0(t, q))) =
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2 The volume-preserving MCF and its linearization

For the vector

))020(t, q)
))010(t, q)
Q))) 81Q(t7 Q)82Q(t7 Q)

=0
= (01V x 02¥)(q,<0(t,q))
=:(1)
+ (0w¥ x 02V)(q,e0(t, q))ed10(t, q) + (01¥ x 9, V)(q,c0(t, q))eD20(t, q)
=:(2)

we get using Lemma ii)

d

£nr(\1’(q,6e(t, q)))

_ V(0) ) ,
A (yu(o)||> = P () (v(0)), (2.38)

because due to Lemma [2.16|(iv) we have v(0) = (01¥ x 92¥)(q,0) = nr+(g). Inspired by
[Dep10] we decompose the term v'(0) as

d

d
= %(1)

_ + %(2)

d

(e) (2.39)

e=0 e=0

Now we consider the terms (1), (2) and (3) separately. With Lemma [2.16]vii)+ (viii) we

first observe

d%u) - i(alxp x W) (q,c0(t,q)) L

= (0104,¥(q,0) x 32¥(q,0))o(t, q) + (91 ¥(g,0) x 020,,¥(g,0))o(t, q)
= ((010w¥(q,0), 7*(q)) nr+(q) — cot(a(q)) (Or1nr=(q), nor-(a)) 7 (q))o(t. q)
+ ((020,¥(q, 0), nor+(q)) nr+(q) — cot(a(q)) (Oanr=(q), nor+(q)) nor+(q))o(t, q)
= ((0100¥(q,0), 7*(q)) + (020,,¥(q,0), nar-(q))) o(t, ¢)nr=(q)
— cot(a(q))({O1nr+(q), nar=(q)) 7 (q) + (92nr=(q), nar+(q)) nor+(q))o(t, q)
= divr«(9w¥(q,0))e(t, g)nr=(q)
+ cot(a(q)) (L I+ (7(q), nor+ (q))7* () + LIr=(ngr=(q), nor-(q))nar-(q)) o(t, q).
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2 The volume-preserving MCF and its linearization

Now consider the second term. With Lemma [2.16v)+(vi) one can show

d d
dfg@) T dfef?leg(t,Q)(aw‘l’ x 02W)(q,e0(t,q)) + Daco(t, ) (01¥ x 0, ¥)(q,€0(t, q)) i

= 010(t,q)(0w¥(q,0) x 02¥(q,0)) + 0+ d20(t,¢)(91¥(q,0) x ¥ (q,0)) +0
= —o(t, 9)7"(q) — G20(t, q)(nar=(q) + cot(a(g))nr-(q))
= —(010(t, q)T"(q) + Da20(t, @)nar=(q)) — 20(t, q) cot(a(q))nr-(q)

= —Vr«o(t,q) + d10(t, q) (0w¥(q,0),7(q)) nr+(q)
=0

+ 020(t, ) (0w¥(q,0), nor=(q)) nr=(q)
= —Vr-o(t,q) + (0w¥(q,0), 010(t, 9)7*(q) + D20(t, ¢)nar-(q)) nr-(q)
= _VF* Q(t7 Q) + <8w\IJ(Q7 0)7 VF* Q(tv Q)> nr= (Q)

Inserting this into (2.39)) we get

d

Zv(e)] = dive(9.%(q,0)e(t, g)nr-(9)
3 e=0

+ cot(a(q))(IIr+(7(q), nor+(q))7 (q) + IIr+(nor+(q), nor+ (q))nar-(q)) o(t, q)
— Vreo(t, q) + (0w ¥(q,0), Vr-o(t, q)) nr+(q)

= —Vr-o(t, q) + divr« (9w ¥(g,0)o(t, ) )nr=(q)

+ cot(a(q))(LIr+ (7 (q), nor+(q))7 () + LIr=(nar-(q), nor+(q))nor-(a))o(t, q).

Due to (2.38]) we have to project this vector along the normal np« to obtain

Lon(¥(a,<olt,0))

- —Vr=o(t,q) + cot(a(q)) I Ir+(7*(q), nor=(q))7*(q)o(t, q)

+ cot(a(g)) I Ir+(nor+(q), nor=(q))nar=(q)o(t, ).

Multiplied by np«(q) this reads due to Remark as

2

(a(q))IIr=(nar=(q), nar=(q)) (nar=(a), np-(q)) o(t, q)
q))nr+(q) + sin(a(q))nar+(q)))
,nar+(q))o(t, q)
= —sin(a(q))(Vr-o(t, q) - nor+(q)) + cos(a(q)) I Ir+(nor+(q), nar- () o(t, q)

~—

and hence we have
(W, co(t.a))| _ nor(6) = =sin(a(a) (Ve-(t.q) - nor-()

+ cos(a(q)) I Ir+ (nar=(q), nar-(q))o(t, q). (2.40)

Finally for part (3) we use the curve

c:]0,e0) — Q:e—c(e) :== V(g e0(t, q)).
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2 The volume-preserving MCF and its linearization

Then we have c(e) € 99 for all € > 0, ¢(0) = ¥(q,0) = ¢ and (0) = 9,¥(q,0)0(t,q).
Since the vector 9,,¥(q,0) = mnam(q) € T,D* and due to 1’ we get

d d
d*€(3) T dfgnp(‘lf(qm(t,q))) »
= 09, w(q,0)0(t,q)"D*(q) = 0 ono+(@)o(t, q)

1

1
St "oD* (

= Manam(q)nm (@)o(t,q).
Therefore we obtain
d 1
me(a) 20)] = ey (@ Onp e (@) el )

Writing np« = sin(a)ngp~ + cos(a)np~ and considering the fact that d,, .o np~(q) lies

in the ngp+-7"-plane shows

(nr+, On,p.np+) = sin(a) (nop+, On, . p+ ) + cos(a) (np«, On, e D* )

=0
= —sin(a)IIp«(ngp+, nop)-
In combination this leads to
d
nr+(q) - —=(3) . —IIp+(nap=(q),nap=(q))e(t, q). (2.41)
6:

Coupling ([2.40)-(2.41)) as in (2.37) we finally arrive at

d% (nr(t, ¥(g,c0(t,q))),np(¥(g,c0(t, q)))) e sin(a(q))(Vr=o(t, q) - nor-(q))

+ cos(a(q)) I Ir+(nar=(q), nor+(q))o(t,q) — IIp=(nap=(q), nap=(q))e(t, q),

which is the desired statement. [ |

Lemma 2.18: For the linearization of the geodesic curvature we have

d

£%ap(\1’(q,60(t, q))) T 000 (t,q) + 2p+(q) [ Ip~(nap~(q), nap~(q))eo(t, q)

— »9p+(q) (7" (q), (nap+)o(q)) o(t, q)
— (nap+(q), (np+)o(9))” o(t, @),

where IIp~ is the second fundamental form of D* with respect to the normal np«, »xp« is
the normal curvature of OI'* in D* defined as »p+(q) := (32*(q),np+(q)) and o denotes
the arc-length-parameter of OT'* = 0D*.

Proof: First we denote by

c:[0,1] — T : s+ c(s) with ¢(0) = ¢(1)
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2 The volume-preserving MCF and its linearization

a parametrization of OI'* and with

¢:[0,60) x [0,1] — R®: (¢, 8) — (e, s)
with ¢(e,0) =¢(e,1) and ¢(0,s) = ¢(s)
and (0, ) = o(t, ¢(s))nap-(c(s)) =: ((s) Vs €[0,1]

we denote a parametrization of dT(¢), where I'(¢) is the evolving hypersurface from the
proof of Lemma If we choose the orientation of the parametrization ¢ appropriately,

we have the relation

Cs(e, s)

m = T(e, c(s)) Vee0,e0)Vse[0,1]

and particularly

Therefore we have

1 cs(e, s
el (e, = 0 & 600 el o)

The weak formulation of this reads as

o aes®)  AG)
/aae) et so) 2 e,s<p>>|| "

c p -

af(6)( <<s< >>> <,<s<p>>>

250 (& C(S(p)))ng(s) (e, c(s(p))) ) - 7(s(p)) dH,

where 5(p) shall be given by s(p) := (&(c,))"!(p) for p € AT (¢) and 77 : [0,1] — R3 is an
arbitrary vector field. Shortly we denote this by

Cg 1 . 1
- 5 5 =) : 2.42
/af(a) 1] HcsH e dr()(%8[’(5)”6[’(5)+%D(E)nD(a)) dH (2.42)

Before we can differentiate the equation with respect to ¢ we have to do some auxiliary

calculations:

1. Let a(e, s) be a quantity smoothly depending on € and s. Using Lemma [2.15(i) we
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2 The volume-preserving MCF and its linearization

have

d
- dH!
T oo

_ j/a(e,s) (e, s)lds) -
— /aE(s s) ||les(e, s)| ds . +/ a(e, s) (c (8‘]2(;5;)([’8)) ds

_/%OSMSH®+/ QQEH@U)

e e ] alsl) Glse)
= Jop. @O s@ A f a0 s(@) | T Tes )]
—_———

=7*(c(s(9)))

e=0

dH?,

where s(q) is the abbreviation for s(q) := ¢~!(q) with ¢ € 9T*.

2. If we denote with P the projection onto the ngp+-np+-plane, which is also the ngpr+-

npr«-plane, we get by Lemma [2.15((ii)
535(0 3)) < CS(S) > N( CS(S) >
:P%S< = Pre(y(s =P :
o T \les(s)]] )\ Jles(s)]] les(s)]

3. Using the second auxiliary calculation we obtain

4 Gles)
de [[és(e, s)

d s(e,s(p)  7s(s(p)) 1
dE /8F (e) “68(578(17)) ‘ ||ES(575 p))H " e=0

|
- & ey i = [P () e

_ 5 Gs(s(a) \ 7s(s(q) o0
= /.7 <ucs<s<q>>u) Tes(s(an 7

Using these auxiliary calculations we can differentiate the equation (2.42)) with respect to
¢ and derive

0= /M*((%aD*)snaD* + s¢9p+(nop+)e + (3¢p*)enp+ + sep(np+):) - 77 dH

+ (%8D*7’La[)* —l—%D*nD*)-ﬁ(i-'*. Cs ) d'Hl + ﬁ( Cs ) R/E dHl
o e or= llesll /- les|

for ¢ = 0. Choosing 7j(s) := &(s)ngp~(c(s)) with an arbitrary function ¢ : [0,1] — R we
get

0= / (390+ )€ + #p+E((nD*)e - nop+) dH

o [t (7o) s [P (o) S
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2 The volume-preserving MCF and its linearization

due to (ngp+)e - nopx = np+ - ngp= = 0 and nyp~ - ngp~ = 1. Integration by parts yields

the rewritten equation

[ Gaoncart = [ (P( ) &

= sep+&((np+)e - ngp~) dH'
o

- sgp+€ (?*- & ) dH'. (2.43)
or- les]]

We will now investigate the first integrand step by step. Starting with

(s = osnop+ + o(nap+)s (2.44)

we project onto the ngp+-np+-plane and obtain

> Cs ) Os 1
P( = nop+ + ——0{(nap=)s, np*) Np*.
sl lles|] lles|l ’

Another differentiation with respect to s gives

(15 (HZHDS = (Hizulna[)* + H%H(%D*)S + (Hclsué)((nap*)s,np*>>snz)*

1
+ HQ ((nop+)s,np=) (Np*)s

and this finally leads to

(15< Cs ))S'fna[)* 1 ( 0s >S£+Hcf”Q<(naD*)S,nD*><(nD*)8,naD*>g.

s llesl llesll \les|
Since ((nop+)s, np+) = d% (nop+,np+) — (ngp+, (np+)s) = — (ngp+, (np+)s) we have
=0
5 Gs )) §nap+ 2
P( 2 = 000€ — 0{(nD*)gs naD*)” €.
( lesll /s llesll

In addition, (2.44]) shows that the third integrand in (2.43)) reads as

=k CS _ s Q o .
(T ' ’QSH) B Qau@—km <T 7(”8D*)s> = <7' 7(n3D*)U> Q-

Inserting these two facts into (2.43) we obtain

/ (%8D*)a€ dHl = / Qaag —0 <(n’D*)O'7 naD*>2 5 dHl
or* or*

= Jop 7P {(np)e,nap+) & + 39p+0 (7%, (nap+) o) € dH .

Since £ was chosen arbitrarily we can again apply the fundamental lemma of calculus of

variation to end up with

(%9D+)e = 0o — (D= )y nop+ ) 0 — 3D+ (ND*)z, NaD) — %D+ (75, (Nap+ o) 0.
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2 The volume-preserving MCF and its linearization

We want to have an equation where g is contained in every single term, therefore we

rewrite the third term as

(nD*)e = 8gn3D* np*x = QanaD* np~*,

which leads to

((np*)esnop+) = (Ony D= Nap+) 0 = —IIp=(nop+, nap+)0.
Finally, we have the desired expression

%
’

(%9D+)e = 000 — ((ND*)osnop+)? 0 + 3p+IIp-(nap+, nap+)o — #op+ (7%, (Ngp+)o) 0.

Combining the results from Lemma to Lemma the linearization of ([2.29))-([2.30))

is given by

deo(t) = Ar-o(t) + o™ [*o(t) + (Vr-Hr= - P (9,%(0))) o(t)

- ][F*(AF* |02 — HE. + H(Q)Hp)o(t) dH?
1

- [ 1dH? /ap* (HF* B F(@)) cot(a)o(t) dH' in [0,T] x T (2.45)
=4

dro(t) = —sin(a)?(ngr+ - Vr=o(t)) — sin(a) I Ip+(nop+,nap+)o(t)
+ sin(«) cos(a) I I+ (ngr=, nor+)o(t) + bsin(a) 050 (t)
+ bsin(a)sep+IIp-(ngp+,nop+)e(t) — bsin(a)»pp+ (7°, (ngp+)s) 0(t)
— bsin(a) (ngp+, (np+)s)? o(t) on [0,T] x or* (2.46)
0(0) = 0o in I, (2.47)

where we have dropped the argument ¢ for a more convenient notation and introduced an

initial condition.

This linearization will be the starting point for the short-time existence of solutions of the
MCF in the section to follow.
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3 Local existence of solutions of the volume-preserving MCF with line tension

3 Local existence of solutions of the volume-preserving MCF

with line tension

In this section we will show that the flow - has a unique strong solution for
short times. Throughout the whole section we assume b > 0. The case b = 0 is treated
similarly, but will not be considered. Some difficulties will arise due to the non-local nature
of the flow. Our goal will be achieved by first considering solutions of the linearized flow
— and then apply a fixed point argument to transfer the short-time existence

to the non-linear flow.

3.1 Short-time existence of solutions for the linearized volume-preserving
Mean Curvature Flow

In a first step we want to show that for fixed 7" > 0 the flow

dro(t) = Ar-o(t) + [0*?0(t) + (Vr«Hr - P (3,%(0))) o(t)  in [0,T] xT*  (3.1)
ro(t) = —sin(a)?(ngr+ - Vrwo(t)) — sin(a) I Ip-(ngp+, ngp+)o(t)

cos(a)IIr(nor+, ngr+)o(t) + bsin(a)sq(t)
a)xp+1Ip«(ngp+,ngp+)o(t) — bsin(a)sgp= (7*, (ngp+)s) 0(t)

@) (nop+, (np+)s)? o(t) on [0,7] x oT'* (3.2)

0(0) = oo in I'", (3.3)

which is (2.45)-(2.47)) without the non-local part, has a unique solution. To derive such a
result we follow the work of [DPZ0§].

Remark 3.1: In our first step we will not consider the non-local terms of (2.45), which

are given by the operator

P(o) = 7[ (Ap- + |o*|? — HE + H(O)Hy-) » dH?
JI*
1

p

Later we will show that P is only a lower order perturbation of the original differential

operator and does not effect the result. ]
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3 Local existence of solutions of the volume-preserving MCF with line tension

As a starting point we want to adopt the entire notation of [DPZ08] such that (i3.1])-(3.3)

is turned into a problem of the form

Do) + Alt,q. Dyut) = (1) in J X T
jt (t) + Bo(t,q, D)u(t) + Co(t, q, Da)p(t) = go(t) on J x oI'*
Bi(t,q, D)u(t) + Ci(t,q, Da)p(t) = g1(t) on J x oI'*
u(0) = ug in '
p(0) = po on OI'*,

which can be solved with the results of [DPZ08|. Although the authors only consider
domains in R™ the results carry over to smooth manifolds. We would have to use a
partition of unity and local coordinates several times, but for the sake of notation we skip

these technicalities.

If we define D := —iVp+ and Dy := —id, and drop the argument ¢, the operators and

functions in our case read as

A(t, D) i= —Ar- — 0"} — (V- Hre - PO, 9(0))
By(t, D) := sin(a)?(ngr« - V) + sin(a) I Ip«(nap+, nap+)
— sin(a) cos(a) I Ir=(nar+, nor+)
Co(t, Dp) := —bsin(a)d? — bsin(a)sp+IIp-(ngp+, nop+)

+ bsin(a)%ap* (T*, (nop+) o) + bsin(a) (ngp+, (nD*)a>2

Bi(t, D) :=
Ci(t, D) = —1
u(t) := o)
p(t) = o(t)|or--

We note that the required condition “all B; and at least one C; are non-trivial” is satisfied.
Moreover, in our case we have F := F := R, which are obviously of type H7 since the
Hilbert-transform is continuous on La(R;R). The interval we want to consider is [0, 7]

denoted by J as in [DPZ08|]. For a given 1 < p < oo the involved numbers are

m:= 101"d(A) =1,

2
mo := ord(By) = 1, my = ord(By) =0,
ko := ord(Cp) = 2, ki == ord(Cy) =0,
mo 1 1 1 mq 1 1
w=1--—-"—==-——, wp=l-c——c—=1--,
2m  2mp 2 2p 2m  2mp 2p
lo := ko —mo +mg = 2, Iy := ki —mi+mo =1,

l:= max{lg, ll} =2.
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3 Local existence of solutions of the volume-preserving MCF with line tension

Because of [ = 2 = 2m we have to consider the setting that is called “case 1” in [DPZ08].

In our situation the required function spaces simplify to

X = Ly(J; L, (T R)),
Zy = W)(J; L,(T*;R)) N Ly(J; W2(T*; R)),

922
w2y =Wy P(I'";R),
11 -1
Yo : =Wy *(J; L,(0T;R)) N L,y (J; W), 7 (0T R)),

1

Vi = Wy (J; L(OT*sR) N Ly(J; Wo (9T R)),
Zp = Wi (3 L@ R)) (1 Ly(J; W) 7 (975 R),
"Z, = Wy (91" R),
12, = W, * (9% R), (34)

where we have to assure for the trace spaces that % ¢ N and s > ;1), i.e. p> 3. As the

principle parts of the operators we obtain

Ab(t, g, —iV+) = —Aps = (—iVps) - (=iVps)
Bi(t.q. —iVr+) = isin(a(q))*(nar+(q) - (—iVr+))
Ci(t.q, 180): in((q))(—i8,)?
B 1(t,q, ZVF*) =
Ci(t,q,—id,) =

To apply the theorems of [DPZ08| we have to check the respective assumptions. We
remark that we can ignore the assumptions (LS3)) and (LSZ)) due to the case [ = 2m and
furthermore we can also ignore assumptions (SD), (SB) and (SC), since we have assumed
all involved surfaces and operators to be smooth enough. Now we only have to revise the

ellipticity assumption (E) and the Lopatinskii-Shapiro condition (LS).

To prove that condition (E) is satisfied we let t € J, ¢ € T'* and ¢ € R? with [|¢]| = 1.

Then we see
o(A(t,0,€) = (N C| A~ A(t,0.6) =0}
={pec|r=¢e=llglP =1} ={1}ccy,
where C; := {A € C | R()\) > 0}.

In order to check condition (LS), the finite dimension of E = F' = R allows us to prove

the equivalent condition that the desired ODE given by

o
Bi(t,q, &, —idy)v(0) + <A+co<t 4,&)
Bi(t.q. €, —idy)v(0) + C(t,q, €

O‘Zho

oc=m

39



3 Local existence of solutions of the volume-preserving MCF with line tension

has only the trivial solution in

Co(Ry;R) x R := {v :[0,00) — R

v is continuous and lim v(y) = O} x R
Y—00

for hg = hy = 0, instead checking that there is a unique solution for arbitrary hg and h;.
Thus let £ € R, A € C; with |¢] 4 |A| # 0 then we get

A (14,6, -i0,) = € + (=i9,)* = & - 5,
Bi(t,q. & —i0,) = isin(a(9))? (nor-(a) - (€, —i0,)")  Bi(t,q.€ —id,) =1
Ch(t,q,€) = bsin(a(q))E” ci(t.q.8) = -1
and the ODE to be considered is

D M)+ Eu(y) —v"(y) =0
(II) isin(a(q))? (nap* (q) - (fAv(O), —iv’(O))T) + Ao+ bsin(a(q))?a =0
(III) v(0) —o = 0.

Equation (I) immediately shows that v(y) = c1e¥ + coe ™ with p:= /A + 52 = (. Since
@ and —p appear in v we can w.l.o.g. choose for y the complex square root that satisfies
R(p) > 0. There is no chance that R(x) = 0, because this would mean that A + &2 € R_,
which is not possible due to the choice of A and E Since we require v € Cy(Ry;R) one

can see that ¢; = 0 due to
oo if R(u) >0
R i R i R .
|| = Ry +iSy| — | Ry | |Sy| = Ry » 41 if R(u) =0.

y—>00
0 if R(u)<O0

>0 -1

So far we know v(y) = coe™™ and now (III) shows ¢z = v(0) = 0. As demanded in
condition (LS) we identify the positive part of the last coordinate axis with the inner
normal to OI'*, i.e. —ngr= = ({). With this identification (II) reads as

i 0 . EU(O) o sin(a So
0 = isin(a(q))? (_1) (—z’v'(O)) + Ao + bsin(a(q))¢

= —sin(a(q))?0'(0) + (X + bsin(a(q))E)o.
This shows that we have
(A -+ bsin(a(q))&)o = sin(a(q))'(0) = —po sin(a(q))2e ™ = —asin(a(q))?\/A + &,

which is either the case for ¢ = 0 or if

A+bsin(a(g)

sin(a(q))®\/ A + I -
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3 Local existence of solutions of the volume-preserving MCF with line tension

In the case 0 = 0 we would also have v = 0, which would be the desired condition
(LS). Therefore we only have to show that is not possible. This is trivial, because
A + bsin(a(q))€2 has non-negative real part since b, sin(a(q)), &2 € Ry and A € C,. This
can be written as arg(A+bsin(a(q))€2) € [—%, %] In addition, we know A+£2 has positive
real part, which is equivalent to

arg (sin(a(q))z\/r?) — arg <m> = arg(p) € <—Z, D :

Remember that we have chosen R(u) > 0, which causes arg(u) € (%T”, %ﬁ) not to be an

option. Together we get the contradiction

o= o (S ) <[5 (5:9) - (%)

Upon having proved all assumptions from [DPZ08|, we can state our first theorem.

Theorem 3.2: Let 3 < p < oo, J := [0,T] and the spaces be defined as in . Then
the problem

%u(t) + A(t, g, D)u(t) = f(£) inJxT*  (3.6)
d
gp(t) + Bo(t,q, D)u(t) + Co(t,q, Da)p(t) = go(t) on J x oI’ (3.7)
Bi(t,q, D)u(t) + Ci(t,q, Da)p(t) = g1(t) on J x oI (3.8)
u(0) = ug in I'* (3.9)
p(0) = po on OI'* (3.10)
has a unique solution (u,p) € Z, x Z, if and only if
fGX, uoeﬂ-Zua pOEﬂ-Zpa gOEYvOa g1 EYiv

go(()) — B()(O)UO — Co(O)po e 7T1Zp, Bl(O)UO + Cl(O)po = gl(O).

Proof: Follows from Theorem 2.1 in [DPZ08] adapted to our specific case. |

From this theorem we deduce a corollary that gives us the existence and uniqueness of
solutions of the flow (3.1)-(3.3) on each finite interval.

Corollary 3.3: Let 3 < p < oo, J :=[0,T] and the spaces be defined as in . Then
— has a unique solution o € Z, with olor- € Z, if and only if oo € ©Z, and
QO|8F* c 7TZp-

Proof: Follows from Theorem [3.2] if we choose f =0, go = 0 and g = 0. Then we have
exactly the right-hand sides of the flow (3.1))-(3.3]) and can obviously drop the conditions
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3 Local existence of solutions of the volume-preserving MCF with line tension

f e X, g0 €Yy, g1 €Y7, because they are trivially satisfied. Also B (0)up+C1(0)po = g1(0)
is valid since ug|ar+ = 0olgr= = po. Finally, the condition

1-3
90(0) — By(0, 8, —iVr+) g9 — Co(0, ®, —i0y) 00|or= € mZ, = Wy, " (0I'";R)

3_3
can be ignored since on the one hand golor- € 72, = W, ” (OF*'R) and Cp is a second
order differential operator and on the other hand 00 €E L, = Wp (F*; R), By is of first
order and the trace operator 79 maps from Wp (F* R) to Wp P(Or*;R) forp>3. W

Now we want to move on to the more important considerations about the non-local part
P, which we ignored in (3.1)-(3.3)), but has to be considered for the flow (2.45)-(2.47).
The basic ingredient will be a particular pertubation result of semigroup theory and the

time-independence of the operators A, By, Bi, Cy and Cy.

We remark that [DPZ08| also state some results in case that all operators are time-
independent. Although in the above considerations we have written A(t, ¢, D) to fully
adopt the notation we see that these operators are actually all time-independent. Hence

we state another useful theorem from [DPZ08|] for which we have to define the operator

| o A(q, —iVrp+) ) 0
A:D(A) — W(A): <§> — (Bo(q, —iVr+) Colg, —i80)> (Z’) ,

where the domain and codomain are
3-1 ~
D(A) = {(g, ) € WZ(F* R) x W, ”(HF*;R)‘ olor+ = g}

_1
W(A) := L,(T*;R) x W, ?(9I"*;R).

1—-1
Remark 3.4: Note that the condition By(e,—iVr«)o + Co(e, —ids)0 € W, T (IT*;R)

from the original domaln in [DPZ08]| is automatically satisfied since this time on the one

hand we have g € Wp (8F*, R) and Cp is a second order differential operator and on

the other hand p € Wﬁ(F*;R), By is of first order and the trace operator vy maps from
1—1
Wpl(I’*;]R) to W, 7 (oT*;R). O

Definition 3.5 (Maximal L,-regularity): We say that a closed linear operator
AD(A)QXl —)Xo

has maximal L,-regularity on the interval J € {[0,T], R, } if for each f € L,(J; Xo) there
is a u € Wy (J; Xo) N Ly(J; D(A)) that satisfies
d
%u( ) — Au(t) = f(t) VteJ
u(0) = 0. O
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3 Local existence of solutions of the volume-preserving MCF with line tension

For this new operator A we get the following statement from [DPZ0§].

Theorem 3.6: Let 3 < p < oo. Then the operator —A defined as above generates an
analytic semigroup in W(A), which has the property of maximal Ly-regularity on each
finite interval J = [0,T]. Moreover, there is w > 0 such that —(A + wld) has mazimal
Ly,-regularity on the half-line R .

Proof: Adapt Theorem 2.2 from [DPZ08]| to the given situation. |

As a byproduct theorem we additionally get the following theorem, which is an improve-

ment of Corollary concerning the regularity of the involved spaces.

Theorem 3.7: Let 3 < p < oo and the spaces be defined as in . Then —
has a unique solution o € Z,, with

1-1 1_1
olore € Wy, (J; Wy 7(OTR)) VW' ™ (J; W (9T R))

_ L 31
AW, 2 (J; Ly(@% R)) N Ly(J; Wy ? (9T R))

if and only if oo € TZ, and oolor- € TZ,.
The same statement is true for J = Ry if O is replaced by 0y + wld for some sufficiently
large w > 0.

Proof: Follows from Corollary 2.3 from [DPZ08| adapted to the given situation. [ |

Remark 3.8: For the same reason as in the proof of Corollary we were allowed to
erase the three conditions
1—1
Bo(', —ivF*)Q + Co(', —iag)g‘ar* c Lp(J; Wp P (8F*; R))
Bo(e, —iV+)oo + Co(e, —i0s)00|or+ € m1Z,
Bi(e, —iVr+)eo + Ci(®, —i05)00lor+ = 91(0)

from the original theorem in [DPZ0§]. O

Now we use a perturbation argument for generators of analytic semigroups taken from

[Paz83] to treat the non-local part P. This is the essential ingredient needed to proof the

existence of solutions for the flow (2.45))-(2.47)).

Lemma 3.9: Let A be the generator of an analytic semigroup on X. Let P be a closed
linear operator satisfying D(P) 2 D(A) and

|Plx <elAz]x + Mzllx ¥ 2eD(A). (3.11)

Then there is a g > 0 such that, if 0 < e < &g, then A+ P is the generator of an analytic

semigroup.
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3 Local existence of solutions of the volume-preserving MCF with line tension

Proof: Can be found in [Paz83] on page 80. [

In our case the perturbation operator P reads as follows

PW2TR) x Wy (0T R) — B x {0} <9> — (Pl P2> <Q> |
0 O O

where the operators P; and P» are defined as

Pi(e) == (Ar- 10" = HE. + T(©) Hr-)o i

1

2@ = /8 (e~ H(©) cotla)zan’,
)

Due to the fact that I'* is bounded we can embed the space R into L,(I'*;R). Therefore,

we can consider P as an operator
1—1
P:D(P) — L,(I';R) x W, 7 (0I'";R)

with D(P) := Wg(F*;R) X W;_%(BF*;R) D D(A) as required in Lemma The argu-
ment R — L,(I"*;R) also shows that P is a closed linear operator. Now our goal is to
prove that equation is valid with arbitrarily small e. Hence we would see —A + P
is also a generator of an analytic semigroup. The necessary steps to achieve this aim will

be distributed to several lemmas. For a more convenient notation we define the spaces V'
and W to be

V= W2(T%;R) x Wy ? (90" R)
W = L,(I'*;R) x W;_%(af*;R).
Lemma 3.10: For all z € D(A) one has the estimate
1P|l < cllz]y |zl ° (3.12)
for some 6 € (0,1).

Proof: First we see

1
1Pl = ([ 1Prel ane)”

— A(r*)%—l

/F* Ar«o + |U*]2Q - ng*g + F(@)Hp*Qd%Q

Due to the compactness of I UOT™ and the smoothness of I'* up to the boundary we have

|Hp<| < ¢1, |0%]? < ¢z and H(Q) < ¢3. Hence we continue with the estimate from above

1_
1Pl 0y < AT

Ap*gcm?‘ + c/ o] dH2>
I* I*
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3 Local existence of solutions of the volume-preserving MCF with line tension

where we used Gauss’ theorem on manifolds (cf. Remark 2.30(ii) of [Dep10]) in the second
line. For every finite measure space (€2, ;) one has L,(Q, u) <= L1(£2, ) - in particular for
(Q, p) = (T*, dH?) and (Q, p) = (OT*, dH'). Therefore, we get

1 1/
|Proll,, ey < AT (2] V-0

<&(IVr-ell,or + el o, ) -

‘Ll(ar*) +c HQHLl(F*))

For every ¢ > 0 one has Wy (£2) < Lp(£2) and thus we obtain
1Prell ey < & (190 ell g, orey + el o)) <2 <|vr*@||wg<ar*> " ||@||W;+;+E(F*)> .

_1
Furthermore, the trace operator 7 is linear and bounded from W (€2) to W; 7 (09) for

every s > }D and we have

1Pl <2 <HVF*Q wgtore) + ngwﬁﬂ(m)

P

<ellll rpes (3.13)

Analogously for the operator P, we get the following

<d|IVreoll 1.. +lo 1.,
(H IIWP+ ) [ HW;+p+ )

1
» sl _ _
1Pl ey = ( [ 1Pog? ar?)" = a3~ | [ (e = H(0)) cot(a)an!

oo )

Due to the compactness of OT* we see |Hr«| < ¢1, H(0Q) < c3 and with assumption ([2.1)

we arrive at |cot(a)| < c¢4. Hence we continue with

Hp+ cot(a)g dH?

or ™ '/ar* H(0) cot(a)gdH'

+ H(0) cot(a) g dH!

or*

I1Padl 1y oey < ¢ (| [ - cot(@)an ) <elels, o

For the same reasons mentioned above we get
1Paall ey < 212l orey < 12l 0me) < € I@llpree ore -
Since we only consider z = (%) € D(A) we know g = y90 and hence we gain
P20l re) < ¢ Nelhageorey = ¢ Ioelhygesory Sl v - (319
p

Finally, we are in the position to have a look at the operator in focus. For P we obtain
with (3.13) and (3.14) the following estimate

(or-)
< I1Piell oy + P8l ey < Ellel vy
P

[Pzlly < [[Pro+ Poll, ) + |00+ @§||W17%
P

=)
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3 Local existence of solutions of the volume-preserving MCF with line tension

Example 2.12 from [Lun09] shows that W) EJFE(F*) is an interpolation space of exponent
0 = l(l + 5 11 ¢) € (0,1) with respect to (LP(F*),WI?(F*)), where we assume w.l.0.g.
e<l—= ThlS leads to

Pz <cllo 1., <cllo « |lo -
I1Pally < 2lellvopoe,,, < elleliza el o

0 1-6
< (ol + 18] 51 ol +llell .1
(H lgiee) + 121, ;m) (H [P L (ar*)>

=c|lz|}, [l ’
and shows the desired result. [ |

Lemma 3.11: For all g € W there is some w > 0 such that for all \g > w the equation
Mot + (A4 2wl)x = g has a solution x € D(A). Moreover, we have ||x||,, < c(Xo) |lglly -

Proof: The maximal regularity stated in Theorem [3.6]shows there is some w > 0 such that
for all h € Ly(Ry; W) the equation

W' (t) + (A +whu(t) = h(t) in R, x W
u(0) =0 in W (3.15)

has a unique solution u € Wpl(RJr; W)NLy(Ry;D(A+ wl)). Let g € W and A\g > w be
arbitrary. We define

h(t) :=2(\g — w)e~ Mot e L (Ry; W)

and denote the unique solution of equation 1' by u € I/Vp1 (Ry; W) N Ly(Ry; D(A)), in
which we used D(A + wl) = D(A). Now we can define

x = /OOO e~ o=ty () dt € D(A).
As a result we see
(Mo + (A +wl))z / OO(AO — w)em Pty (1) 4 Ae™ o=ty (1) dt
- / ( ~(o— wﬁ) u(t) + e~ o= Aqy(t)dt
4+ /Ooo e~ Qo= (4 (1) + Au(t)) dt
—0+4 /0 e oW ((t) — wult)) dt

:/ e~ Qo= () dt — wa
0

=2\ — w)/ e 2ot g — wa
0

et

:[ e 20— “’)} g—wr=(—0+1)g—wr=9g—wldz.
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3 Local existence of solutions of the volume-preserving MCF with line tension

Therefore we know that = € D(A) solves (Ao + (A + 2wl))z = g. For the norm estimate
we have

1
ol

1
> —(No—w)t > —(No—w)t 4 P o p P
lally < [0 )l ae < ([ (0 ) ([T ol )

1
~ ~ [ —Oe—)t\P P
<cllullz,®,peay < bl @ mw) =2(ho —w)e (/0 (6 (o )t) dt) llgllw
=c|lgllw

where the fourth estimate follows due to the maximal regularity of (3.15) and the closed

graph theorem. This proves the desired statement. |
Lemma 3.12: For all z € D(A) one has the estimate

1Pzl < e (IAzlfy 2l + =l (3.16)
for some 6 € (0,1).

Proof: If we assign o := Ao+ 2w € R C C we get the solvability of pox + Az = f in D(A)
for every f € W and |z||;, < c||f||y from Lemma This can be used to show

lzlly < cllfllw = cllpor + Axlly < cluol lzlly + cllAzlly < ezl + [[Azllw) -
Using Lemma we finally arrive at
0 1-6 ~0 0 1-6
1Pzl < cllzlly ey < e (lzllw + [[Azlly)” <]y
~ 0 0 1-6 -~ ~ 0 1-6
<& (lallfy + 1Al ) 2l = ezl + el Az]f 2l
where we used (a + b)? < (a? + v%). [ |

Theorem 3.13: Let 3 < p < oo. Then the operator —A + P generates an analytic
semigroup in W(A).

Proof: We will use Lemma [3.9] Because of Theorem [3.6] we know that —A generates

an analytic semigroup. As stated immediately after the definition of P, the assumptions

“D(P) O D(A)” and “P closed” are satisfied and therefore only remains to be

proven. For # € (0,1) as in Lemma we define p’ := % and ¢ := ﬁ, which gives

1<9p,¢ < oo and 1% + % =60+ 1—60=1. Young’s inequality with epsilon leads to
1Pzl < cllAzly Nz’ +clely

Lo gy o\
<ee (Jaslp) +e(2) @=6) (lalli?) ™ +elaly

= ce||Azlly + M(0,¢) [[z]ly

in which we used Lemma [3.12]in the first inequality. Since € > 0 can be chosen arbitrarily
small, we get the desired statement (3.11]) of Lemma [
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3 Local existence of solutions of the volume-preserving MCF with line tension

Theorem 3.14: Let 3 < p < co. Then the flow - has a unique solution
0 € W, ([0, T]; Lp(I; R)) N Ly ([0, T]; W7 (I'*; R))
with boundary regularity

_1
p

1-1 3
olor- € W, ([0, T]; W, 7 (T*5R)) N Ly([0, T|; W, 7 (9T R))

31
if 00 € W2(T";R) and golor- € W, * (97" R).

Proof: Because of Theorem [3.13] we know that —A + P generates an analytic semigroup.
Assuming 29 € D(—A + P) = D(A) we obtain due to Theorem 12.16 in [RR04] that the
mild solution of the abstract Cauchy-problem

2'(t) — (—A+ P)z(t) =0 (3.17)
z(0) = xo, (3.18)
which is given by x(t) := e(=A+P) g is already a classical solution, i.e.

z € CH[0,T]; W) N C°([0, T); D(A)).
Since
CH([0,T]; W) <= W, ([0,T]; W) and  C°([0,T}; D(A)) < Ly([0,T]; D(A))

we obtain the existence of a solution 2 € W, ([0,T]; W) N L,([0,T]; D(A)). Conversely, by
the same arguments as in the proof of Theorem 12.14 of [RR04] every strong solution is

also a mild solution and hence we get uniqueness. As a solution
z € W, ([0, T]; W) N Lyp([0, T]; D(A))
of (3.17))-(3.18) corresponds to a solution

(8) € W (0,7 W) 1 Ly(0.T): D(A))
Y

of the problem

< o(t) + Alg, D)olt) ~ Polt) = 0 in [0.7] I
7;2(8) + Bolg, D)e(?) + Colg, Do)o(t) =0 on [0, 7] x oI
Bi(q, D)o(t) + C1(q, Da)o(t) = 0 on [0, 7] x ar*
0(0) = 0o in '
3(0) = on ar*

the claim follows, because we can erase the third line if we replace g by g|sr+ due to

(%ﬁg) € D(A) for all t € [0,T]. Furthermore, we can delete the last condition, as we have

imposed the condition zg = (’5“2) € D(A). [
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3.2 Short-time existence of solutions for the volume-preserving Mean
Curvature Flow

Now we want to prove the short-time existence of solutions of the non-linear flow

Vi(u(t)) = Hr(u(t)) — H(u(t)) in [0,7] x T (3.19)
vap(p(t)) = a+bxap(p(t)) + (nr(u(t)), np(u(t))) on [0, T] x or* (3.20)
u(t) = p(t) on [0,7] x o™ (3.21)

u(0) = ug in I (3.22)

p(0) = po on OI', (3.23)

where we have changed the notation to a more convenient one and have adopted the
structure of the linearized PDE in Theorem Inspired by [DGHSS10] we will use the
contraction mapping principle to prove the desired short-time existence. We define the
functions ® := (u, p) and @ := (ug, po), the spaces

E:=2,x 2,

F:=X x Yy x {0}

I:= {(uo, po) € 72y x ©Z, | uolor= = po}

with their norms

19]e = llull 7, + lell,
— || £ 2

1l = {|7]  + £,

1@olly = llwollz, + llpollz,

and the operator L : E — F x I as the left-hand side of (3.6)-(3.10). Additionally, for
the right hand side of the contraction mapping principle we define the non-linear operator
N:E—Fas
Hr(u) — H(u) = Vr(u) + %u+ A(g, D)u
N(®):= | a+bxap(p) + (nr(w),np(u)) — vap(p) + Fp + Bolg, D)u + Co(q, Da)p
0

In order to solve the equation L® = (N®, g) by the contraction mapping principle we

need the following technical lemmas.

Lemma 3.15: (i) Let 1 <p < oo and s,a,3 >0 and r > 0. Then for each o € [0, 1] one

has
s+af 1. 1777 (). s(T1. 17T +8(0O. stoa/ 7. 17177 +(1=0)B (0.
Wt W (4 R)) N W (J; W (s R)) < Wtoe(J; Wit 1=o8 (q; R)),
where Q € {T'*,0T*}. Especially we get for p > 3

o . 2(1—0o *
Zy — W (J; W29/ R))

o 3_ 1 —0 _1
Zy = Wy w0 o))

(-2, o (1-o)(1-1)

Yoo Wy 2 P (LW, 7 (00" R)).
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(ii) Let 1 < p < oo and s1,S2,71,72 € R. Let k € Ny be such that
1 1 1
max<0,k—1+—-»><s1<k+-<so<k+1+-—.
p p p

Then we have the following embedding

s L TAT . s LTI . k = ’Y(]H_
W2 (J; W22 (5 R)) N W2 (J; W (4 R)) — BUCH(J; Wy

where v := =2 and Q) € {T*,0T*}. Especially we get for p > 4

S1

_2
Zu s BUC(J; W, ?(T*;R)) < BUC(J; BUCY(I™; R)).

") (@ R)),

(3.24)

Proof: First we note that it is not necessary to distinguish between W7 (J; W, (I'*; R)) and
W}f(J Wy (K;R)) for some open K C R? with compact K. Since we have assumed I'* to

be smooth up to the boundary 02 we have local C'°*°-diffeomorphisms between subsets of

' and K. To simplify the notation we assume to have one global C*°-diffeomorphism ¥
between K and I'* U OI'* and can define ® := ¥~!. Then for any » > 0 the pullback

* WI(K) — W) : f e @*(f) :=fod

is an isomorphism between W (K) and W, (I'*). For all r = n € N this can be seen via

induction with respect to n. The case n = 0 follows from
9" (DI, 0oy = 1 01Ty = [ 107 0 ®)(a) " aF®

= [ V@710 ¥ % 01,0 da

< (e 00,0 x 0,91 ) [ 17(0)Pde < 1, )

<c (%

where in () we used ¥ € C*°(K) C BUC!(K) since K is compact. The converse estimate

follows by exchanging to roles of ® and W. Due to a cumbersome notation in the case

n > 2 we only show the case n = 1 using the statement for n = 0. The general case,

which is proving the claim for n = k + 1 using the case n = k, follows exactly in the same

manner. For n =1 we get
12" (D) yy ey = 12D, 0oy + D2 ID*(f 0 DT e
|a|=1

<clflf, )+ D2 1(Vf)o®)- D@} ¢

laf=1

<l oy + 32NV 0 @IL o IDDIL
—_——

laf=1 ~

< cP
=clflI}, )+ 2 [(VF) 0 @ oy
= cllfII}, ) 22 12 (VI
< cllfll, ) + eIV, k) < CIIfII
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3 Local existence of solutions of the volume-preserving MCF with line tension

where we used ® € C®(I'* U 9I'*) C BUCHT™* U ar*), |z -y| < ||z| |ly|| and Holder’s
inequality in the third step. Now in the case » > 0 we can again prove the statement
for r =n+ s withn € Nand s € (0,1) in the same manner as the case r = 0 + s with

s € (0,1) - only the notation becomes more involved. The case r = s € (0,1) can be seen

as follows
: : (f 0 ®)(a) ~ (fo D)@
|@mewm=c<@<ﬁﬁmﬂ+/;/* T dﬂwﬂﬁ
<A1,
@@ (126) = X@IN e
~/*/L Tl v M
<c

p — f(@(@)P
c<\|f|| +// H<I> T d”,'-[?d?-m)

<c(IFI% )

n / M (02, ¥ X Dy U) ()| [| Oy ¥ X D, U)(3)]| dov dT
K

|l — 2|+

—~
< c as above

SEQMMWQ+A,KﬁfLw;éd d)=duwﬂm

where we used ® € C°(I'* U 9T'*) € BUC(I'* U 9T'*) in the first and third inequality.
Exchanging to roles of ® and ¥ yields the converse inequalities. Due to the bijectivity of
®* we have the desired isomorphism.

(i) The main statement can be found as Lemma 4.3 in [DSS08|. The three additional
embeddings are a direct consequence of the general embedding with s =0, a =1, r =0
andﬁonrs:O,a—%—Tp,r—()and,@—S fors—O a—%—gip,r—()and
S=1-— ;1), respectively.

(ii) The main statement can be found as Lemma 4.4 in [DSS0§|. The first part of the first
additional embedding is obtained by the general embedding with £ = 0, s; = 0, s = 1,
r1 = 2 and ro = 0, whereas the second part follows from the usual Sobolev embeddings

and our assumption p > 4. |

Remark 3.16: The embedding (3.24)) is only valid for p > 4 and will be crucial in the
considerations to follow. This is the reason why we are forced to restrict the range of p
from p > 3 in Theorem [3.2] and to p > 4 in our final Theorem [3.22] O

Later in our most important technical lemma we will deal with quasi-linear differential
operators. For this purpose it is helpful to know that the spaces containing the second

highest derivatives are Banach algebras.

1
Since due to Lemma [3.15(i) with o = 1, we get Z, — W (J; W, (I'*;R)) and see

1
Vreu € Wi (J; Ly(T*;R)) N Ly (J; W, (T*; R)).
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3 Local existence of solutions of the volume-preserving MCF with line tension

Again because of Lemma [3.15(i) with o = 3173 7, we get Z, — Wp " (J; W, (0I'*;R)) and

arrive at

1

dop € W;_"’” (J; Lpy(dT*R)) N Ly(J; W;_%(é)F*;R)).
Therefore,

V12, = Wi (J; Ly(D%5 R)) 1) Ly(J; W (T R))

ViZ, = Wy P (J; L@ R)) N L, (J; Wy (31" R)

are the spaces containing the first spacial derivatives of u and the first arc-length derivatives

of p, respectively.

Lemma 3.17: Let 4 < p < co. Then each of the spaces
(i) V2, = Wi (J; (T R) 1 Ly(J; W (I B))
(ii) V2, = Wi % (J; L (O R)) 1 Ly(J: W %(81“*;]12{))

1s a Banach algebra up to a constant in the norm estimate of the product.

Proof: (i) First we use Lemma [3.15(ii) to obtain

2

VZ, — BUC(J; W,}’E(r*;R)) — BUC(J; BUC(T'*;R)),

where we have used p > 4 in the second embedding.
Now let f,g € V'Z, and define (6;,f)(t) := f(t + h) — f(t) to obtain

Hfg”wg <c HfHLoo ||g||W; + ||9||Loo ||f||W;

by (0r(f9))(t) = (nf)(t)g(t + h) + f(t)(dng)(t) and straight forward estimates. This fact

will help us to show

p2(J§ P

T-h [|(0n(f9)) DT e
Ifall” F*))<||ngLpJLp +/ / e L) gtdn

S W1z 2oy 1902, iy

T T=h [ (0nf) (gt + DT e
ok

)
P dtdh

/ /T h Hf 5h9 ( )HLp ) ddh

|h|1+p
< cllfln 2, 1911, sz, 0y

T T ||(5ng) (DI (T*)
(AT B

+c HfHZz,p(J;Lp(r*)) ”g”%lzu
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3 Local existence of solutions of the volume-preserving MCF with line tension

T |G SO,
+ 19l iz ooy / / !h!”p 2 dtdn
- T—h || 5hg HL I*)
<ellfl2.y, <|g|erJLp ) / / e
- T—h || 5hf HL (r*)
+ellgliZ <Hf|LpJLp ) / / Wpr ) dtdh

= fI%1z, gl 4 AP 91151 2 >
( "t W (L () Wi (SiLp(T) "

<cllflgz, 9l 2,

and in addition
T T
1590, vy = [ NEDOWyeey dt < [ 15O, ey + 1T SO, ey
T
< It 9O, ey
+ / IV FOGON, ooy + I FOVEeg B} oyt
<o / L% oy + V-0 (O ro

19l oy [ SO, ooy + V0 FOI )

<c ”f”Loo(J Loo(T%) ||g||Lp(J;WI}(I‘* + CHQHPOO J;Loo(T'%) HfHLp W)

< 5”f”vlzu HgHleu :

Combining both estimates one can see

||f9||vlzu < EHvalzu ||9||vlzu )

which proves the first claim.
(ii) Consider Lemma [3.15(ii) to obtain

_3
vz, BUC(J; W,f (9% R)) < BUC(J; BUC*(dT*;R)),

where we used p > 4 in the second embedding. Now let f,g € VlZp and obtain

T—h [|(6r(fg) ()HL (8T*)
gl o <1591 onorey / / 2O gy,
W, % (L, (or) Fol i O1) p (- 5)p
< ||fHLOO(J Loo ”gHLp(J;Lp(BI‘*))
T—h 5hf t+ R
/ / 1 )g( )HL”(aF)dtdh
B[ P2

/ /T h Hf (Ong)(t )HLp ar*)dtdh

b3

< cllflRz, I911%, (51, or))
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3 Local existence of solutions of the volume-preserving MCF with line tension

T—h H 5hg HL (8T*)
+ AT (g o )/ / WHP;: L dtdh
+ellflT, r.n, 00 191151 2,

T—h ” 6hf HL (8T*)
+ ”gHLoo(J Lo (8T%) / / |h|1+l’*i ) dtdh

. T=h [|(0ng)(t HL (or
<Cllfl% 4, (HgHLpJLp ar+)) / / o )dtdh>

IR
T—h ” 6hf HL (8r*)
. )
+ellgly, (HfHLp eyt | [ 2 dtdh)
=5<Hf|! ol ISP ||g||%lzp>
Wp % P (J;:Lp(0T)) Wp Rz P (J;Lp(0T™))

<c ”prvlzp HgHvlzP

and in addition

T
lrale oy = GO,y

Lp(JsWp 7 (1)) Wp (3F*)

=

T
S/O 1F @B gD 5y orey + 105 (FON DI -

< F9IL, i ore)

<c||valzp||gHvlz as in (i)

+ [Monr) O 1y o+ IO 1y

(ar*) W, P(ar*)

T
<cllflviz, lgller +||8afH” (Lo (07 / lg@I” ,—y ~ dt
viz, 19llviz, o (JiLao(O1)) Wb ey

T
+ HQHIEOO(J;LOO(aF*))/O Ha”ﬂtw;yl_%(ar*)dt
p

T
I rorey [, 10:9@I
W, P (ar+)

T A / o, . d
Wp p(<'9F*)

< E(nfnmp lallgrz, + 1715z lal® s
Lyp(J; Wy p(aF*))

+ A1z, gl 5 s )
Ly(W, 7 (ar*)

P

<2y gy, -
Combining these inequalities we come to the conclusion

Hngvlz,, < EHvalzp ”guvlzp )

which proves the second claim.
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3 Local existence of solutions of the volume-preserving MCF with line tension

Lemma 3.18: Let J :=[0,T] and 4 < p < oo and BE(Q) := {® € E||®|z <r}. Then
there exists an r > 0 such that N(BE(Q)) C F. Moreover, N € C'(BE(Q);F) and
IDN[O)|| g r < T for some q¢ > p, where DN : BE(Q) — L(E,F) denotes the
Fréchet derivative of N.

Proof: The linearization we calculated in Section is indeed the Fréchet derivative as

we will see later in this proof. Our first goal is to show

F(u) := Hr(u) — H(u) — Vp(u) + %u +A(g, D)ue X

G(u,p) 2= a+ baop(p) + {nr (), () —von(p) + & p+ Bola, DYu +Colg, Dolp € Yo

for all u € BZ* (0) and p € B (0). For r > 0 small enough all the terms appearing in F'

and G are weﬁ—deﬁned and the2 linear parts of F' and G can be omitted since
e A(g, D)u € X due to u € Z, C Ly(J; W2 (I'*;R)) and A is of second order in space.

. %u € X due tou € Z, C W) (J; Ly(I'*;R)) and % is of first order in time.

p €Ypduetope Z,C Wp 2”(J L,(0T'*;R)) and % is of first order in time as

well as p € Z, — WI(J Wp (6F ;R)) according to Lemma [3.15(i) with o = —3551

and <& g s of first order in time.

1
e By(g,D)u € Yy due to u € Z, = Wi (J; W, (I'*;R)) because of Lemma [3.15((i) with

o= % and By is of first order in space. This leads to

1
Bola, Dyu € Wi (J; Ly(I*: R)) 1 Ly (J; Wy (I B)
and by (A.24) in [Gru95| the trace operator vy maps as follows

1
Yo : Wi (J; Lp(T*; R)) N Ly (J; W, (T, R)) — Yi.

31
e Co(q,Dy)p € Yy due to p € Z, C Ly(J; W, 7(0I'*;R)) and Cp is of second order
11
in space as well as p € Z, = W, *(J; W2(8T*;R)) due to Lemma [3.15(i) with

o= 33)%11 and Cy is of second order in space.

Next we want to turn our attention to the two velocities in F' and G. We first note

sup sup |np(u) - 0y, ¥ (u)| < sup sup ||nr(u)] ||0w¥(u)]| = sup sup [|0w¥(u)|| =: ¢ < o0
teJ qel'* ted qel'* qel™

since J is compact, 0, ¥ is continuous up to the boundary and because we have assumed
0 < a < . Hence using ([2.31) we obtain

Ve(u)ll x < cllpult, Q)HLP(J;LP(F*;R)) <c ||U(taQ)HWpl(J;Lp(F*;R)) < 0.
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3 Local existence of solutions of the volume-preserving MCF with line tension

Analogously by means of (2.35)) we get for the normal boundary velocity

L < c||dp(t, q)|

vor(p)ll 1 11
H ()”Wp2 2p(J§Lp(aF*§R)) Wp2 2P(J%Lp(8r*§R))
<clpt, ol -1 < o0
Wy P (J;Lp(0T*R))
[var (p) | -1 <cllop(t,q)| -1 <cllp(t q)ll -1
Ly(J;W, P (0I*R)) Ly(J;W, P (0I*R)) WE(J;W, P (8T*R))

<cllp(t,g)llz, < oo

3_1 -1
due to the fact that p € Z, C W * (J;L,(0*;R)) and Z, = W, (J; W, " (9I'*;R)) by
Lemma [3.15[(i). This proves [[var(p)lly, < oo.

Now we consider the angle term and the constant a. Since J, OI'* and I'* are bounded, we

can easily see that || < oo and || ) < 0 for each constant

llwe(rwg oz e rwi @r-m)
function ¢ and all a, 8 € [0, 00). Therefore we can obviously estimate

sup sup |(nr(u), np(w))| < sup sup ||nr ()| [|np(u)l| = sup sup 1 =1 < oo
teJ qel™ teJ gqel™ teJ gel'™*

to conclude [|(nr(u), np(u))lly, < Iy, < oo and [la|y, < oo.

Finally, we look at the remaining curvature terms. Due to Lemma (ii) we see that
lu(t, q)| and |Vp+u(t, q)| remain bounded. This shows that for a maybe even smaller r the
first fundamental form of all the hypersurfaces in the family (I'y()),, ; is not degenerated.
Because of the facts that on the one hand Hr(u) depends linearly on the second spacial
derivatives of u and on the other hand the coefficients, that involve only u and its first

derivatives, are bounded as seen above, we get

1)y < e ([VEal 1) < e (Ml gmzaem) +1) < e (lullz, +1) < oo

For the non-local mean integral we first have a look at the area. Surely, [ 1dH? depends
I(t)
continuously on ¢ € [0, T]. Therefore, we obtain 0 < ¢ < [ 1dH? < C. This leads to
r'(t)

1
<=
C

‘F(u(t) )\ - Hr(u(t)J (u(t), Visu(t)) dH2

Y

/ HF(t) dHZ
I

where J is some determinant term that includes no second or higher order derivatives of u

L
[ 1dH2
rir)

I*

(cf. |Alt08]). Thus, the integrand depends affine linearly on the second space derivatives

of u and the coefficients are bounded. The same argumentation as above finally leads to

el - </J/ [H ()l d’Hth); <Cr </J |H(u)|pdt>i
<< (] ")

< ¢[[Hr(u)J (u, VF*U)”LP(J;Ll(F*;R))
< ¢||Hr(u)J(u, Vr=u)||y < ¢ (HV%uHX + 1) <c (HuHZu + 1) < 0.

/ Hy(u)J (u, V) dH?
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3 Local existence of solutions of the volume-preserving MCF with line tension

_3
?(9T*; R)) if we choose o = 3}%1
in Lemma i). By usual Sobolev embeddings and the assumption p > 4 we get in

addition

1
For the geodesic curvature we observe Z, — Wy’ (J; W)

1 _3 _3
Z, < Wi (J;W, ?(0T%R)) < BUC(J; W, *(8I";R)) < BUC(J; BUCX(8T*; R))

and hence |p(t,q)|, |0,p(t,q)| and |92p(t, ¢)| remain bounded. The continuous dependence

of »5p(p) on p and its derivatives shows the boundedness and we get
200 (P)ly, < sup sup [sap(p)|[[1lly, < ¢y, < oo
teJ qear+

This shows N (BE(Q)) C F. What is left is N € C*(BE(Q);F).

To prove this we note that we have calculated in Section[2.3|the first variations of the parts
of N. We will denote these variations by the prefix §. Assuming the Lipschitz continuity
of d¢ N leads us to the Fréchet differentiability as follows

[N (®2) = N(®1) — 6o N(P1)(P2 — ®1)p

- H/ol S N (1 + £(®g — B1))(Dy — ®1) — 60N (D7) (@2 — 1)t

F

1
< ([ 10N @1+ (@2 21)) BN (@)t ) 82— i

1
< ([ Ll - Bl dt) 22 - i
= L||®; — &7,
where we know that

N(®y) — N(@)) = /01 5 N (1 + t(By — 1)) (D — By)dt

holds almost everywhere due to Section Therefore for N € CY(BE(Q);F) and in
addition DN = dN. The Lipschitz continuity of d¢/N remains to be proven. To simplify
the formulas we look at each term in each component of N separately.

Starting with Hr we know that we can write

Hr(u) = Y aa(u, Vr-u)0®u + b(u, Vp-u)
|a|=2
with aq,b € C3(U) and U C R x R? a closed neighborhood of 0. Linearizing this we obtain
(6uHp(u)(v) = Y (Oraa(u, Vr-u)(0®u)v + 0%u (d2aa(u, Vr-u) - Vp-v)
|a|=2

+aq(u, Vr=u)0®v) + 01b(u, Vr=u)v + 92b(u, Vr=u) - Vpsv.

Due to aq,b € C3(U) the coefficients aq, 0104, O2a4,01b and dob satisfy a Lipschitz condi-

tion on B,.(0) C V!Z,, i.e.

10100, Vi) = D10 (ii, Vi-i)lgiz, < ¢ (lu = illgiz, + 1Vr-u = Vesiillgz, )
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3 Local existence of solutions of the volume-preserving MCF with line tension

for all u,u € B,(0) and some ¢ > 0. This Lipschitz condition can be seen via

1
£ = F @iz, = | [ 5@+ttt

Viz,

_ (/01 F@+ t(u— a))dt> (u— i)

viz,

— /Olf/(ﬂ—l—t(U—a))dtHv1 v — 1|1y,

Zu

<c

<cllu—1lyig,

where we have used Lemma Because of [[e|g1,, < clle] , any two functions

u,u € B-(0) C Z, are also in B..(0) C V!'Z,. Hence for u,u € B,(0) C Z, we get

[0uHr(u) — 6uHF(ﬂ)||L(Zu,X)

< Z [010a(u, Vr<u)0®uld —01aq(t, Vr-u)0®uld| £ 4, x
|ar|=2

+ [[0%u (9200 (u, Vr=u) - V<) = 0% (02001, Vr=u) - V=) £z, x)
+ llaa(u, Vreu)0® — aq (@, V=)0l £ (7, x)

+ [[01b(w, Vreu) Id =01 b(a, Vr+u) Id| 77,

+ [[02b(u, Vreu) - Ve — 92b(w, Vi=t) - Vi< £ (7, x)

< Z (I101aa(u, Vr=u)0%u — O1aq(u, Vr=u)0®u||
|a|=2

+ [|01aa(u, Ve u)0*t — Oraa(t, Vr-@)0"U| x ) [1dl £z, x)

+ ([|0%“ud2a0 (u, Vrsu) — 0%udsaq (u, V=u)|| 5

+ [|0%U02a0(u, Vru) — 00200 (t, V=) x) Ve £z, x)

+ llaa(u, Veeu) — aa(t, Ve-u)| x 10%] £z, x)

+ [[01b(u, Vo) — 01b(a, Vr-1)|| x [[1d] £z, x)

+ [|02b(u, Vreu) — 92b(t, Vet || x [[Vr+ll 22, x) -
Since V1Z, < Loo(J; Loo(T*;R)) we have ol (s:Lo k) < cll®llgiz,. Moreover, in
the same manner as for the linear parts A, By, B1, Co and C; we can prove HId”L(Zu,X) < 00,

HVF*HL(ZM,X) < oo and H@O‘HE(ZWX) < oo for |a] = 2, which enables us to continue the

inequality above as follows

0w Hr(u) — 5uHF(17)Hc(Zu,X) <c Z [01aa(u, VF*U)HLOO(J;LOO(F*)) [0%(u — )|l x
‘Ot|:2 S——

<Coraa(wVrsuw)lgry, <cr)  <[|u—ull 4,

+ [[01aa(u, V) — Oraa(t, Vr=t) |, (g.n.0 0oy 1070l x

<r

<Al 2, <E(lu-l g 5, +IVreu=rT 1, )

+ 10200 (w, Vrw)ll (7,10 (o)) 10% (= 0)[|
~— ——

<CBsaa(u,Vrsw)|grg, <cr) <[l
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3 Local existence of solutions of the volume-preserving MCF with line tension

N———’

<r

SZ”"'”Vlzu Sg(HU_JHvlzu'i_HVF*U_VF*JHVIZ“)

+3c| lu—ilgig, +1[Vru = Vrlgig,

<Eloal <2l

<e(r) lu—1allg, -

This shows the Lipschitz continuity of 6, Hr : B-(0) C Z,, — L(Z,, X) and hence we see

Hr € CY(B,(0), X).

Similar considerations can be made for s»5p. We can write

%op(p) = a(p,0yp)0%p + b(p, Oy p)

with a,b € C*(U). Linearizing this we obtain

(6p700(p)) (v) = Bralp, 8sp)(D2p)v + 83 p (B2a(p, Do p) Do) + alp, Dsp) D
+ 81b(p7 6Up)v + aQb(pv 8Up)aav~

As before a, 01a, 02a,01b and Osb satisfy a Lipschitz condition on B, ( ) C VlZ and due
to ||e HVlZp < clle HZP any two functions p,p € B,(0) C Z, are also in B..(0) C V'Z,.
Hence for p,p € B-(0) C Z, we get

||5p%8D (p) - 6p%8D(ﬁ) Hﬁ(Zp,Yo)

Since V1Z, < Loo(J; Loo(OT*; R

< Hala(p, &,p)agpld —oa(p, 6aﬁ)agﬁldHE(Zp,Yo)

+ |02 (9200, 050)05) — 025 (920(5, 0,7)s)

‘L(ZP,YO)

_|_Ha(p,8gp)a a(p, Upa H L(Z,,Y0)

+ [1016(p, 05p) 1d =01b(p, 96 9) 1d| £z, vy
+ ”8250), 8ap)ao - 82b(ﬁ7 aomacrHE(Zp,Yo)

< (Halam 0op)02p — 1(p. 000) 057,

+ |010(p, 05025 — D10(5, aamaiﬁﬂyo) 11dll ¢z, 30)

(H > pdaa(p, Osp) 33532a(p,3ap)HYO

025020(p, Do p) — 02p02a(p, Do) | )H@ le(z,,%)

2|,

+llalp, 9op) = a(p, 920)lly, || % 1, 7
P

+ [016(p; 0o p) — O16(p, 0PIy, 11l £z, v
11025(6,001) — 355, 857 Iy, 195 22, 35 -

), we have [[o|[;_ ;.1 ormy) < cllellgiz,. Again we
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3 Local existence of solutions of the volume-preserving MCF with line tension

see [1dl 2z, vy) < 005 1061l £(z,,vy) < o0 and ||83_H£(ZWYO) < 00, which brings us to

1805200(p) = 500Dl (7, 31 < € 1010(0. o) 51, 950 = ).
<) <=1l
+cll91a(p, Dop) ~ 010(7, 0:7) v, |957
~ ~ ~ <
Sc(Hp—pHlep+||6ap—8ap||vlzp> ="
+c)|02a(p,000) 517, [95(0 = D),
=) <=1l
+ ¢ 1920(p,00p) — 0205, 267l 7, 037,
<
-

< (lo-lgrs,+0m0-007ll g, ) =

+ 3¢ Hp—ﬁ||vlzp+”8zfp_aal~)||vlzp
<ol <ol

<cr)lp="rlz,

where we have used || fgl[y, < HvalZp l9lly,» which is shown by same arguments as in the
proof of Lemma Again Lipschitz continuity of §,5p : B(0) C Z, — L(Z,,Y)) is

proven and we arrive at »5p € C1(B,(0), Yp).

Also the velocity Vr can be written as
Vr(u) = a(u, Vr=u)oyu + b(u, Vi-u)
with a,b € C3(U). Linearization gives

(6, Vr(w))(v) = O1a(u, Vr=u)(Opu)v + Opu (O2a(u, Vr=u) - Vr«v) 4+ a(u, Vr=u)opv
+ O1b(u, Vr=u)v + dab(u, Vpsu) - Vrs=v.

For u,u € B,(0) C Z, we analogously come to the estimate

[0V (u) — 5uVF(17)”L(Zu,X)
< ||01a(u, Vrsu)dyuld =0y a(a, Vr*ﬂ)atﬁIdHL(ZmX)
+ [0 (82 (u, Vr-u) - Vi+) = 84t (92a(, Vr<tt) - V=) £z, x)
+ lla(u, Vru)0r — a(u, V=)0l £z, x)
+ [[01b(u, Vrsu) Id =01b(w, Vr+a) Id|| £z, x)
+1|02b(u, Vo) - Ve — 09b(T, Vo) - Vi || £z, x)
< ([|01a(u, Vr=u)Opu — O1a(u, Vr-u)optl|
+ [[01a(u, Vr=u) 0yt — O1a(u, Vr-u)opul| i) HId||£(Zu7X)
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+ (|0rudra(u, Vru) — dyudza(u, Vr=u)||

+ [|0¢udaa(u, Vr-u) — Opudza(@, Vr-u)l x) (Ve £z, x)
+ lla(u, Vreu) — a(@, Ve-u)|| x 0]l £z, x)

+ [[01b(u, Vreu) — 01b(t, V=) x [[1d]| £ (7, x)

+ [|02b(u, Vreu) — 92b(t, Vr=tt) || x [Vl £ 2, x)

< clldva(u, Vew)l (o ooy 190 — W)

<eora(u,Vrsu)llgr, <ctr)  <[lu=ull,,

+ [[01a(u, Vreu) — Ora(@, V@)l (y.p.o ooy 1008 x

~ ~ ~ - <r
SC”"'HvlzuSC(H“_“Hvlzu+HVF*“_vF*“”vlzu>

+ [[02a(u, V) (g;0 ooy 106w — W)l x

<20 (u,Vrsu)lgry, <ctr)  <[lu=ull,,

+ [[02a(u, Vr-u) — O2a(u, V-t (yro ooy 080 x

~ ~ ~ ~ <r
<Al 2, < ([lu=llga g, +| Fre =] g1, )

+3c | lu—tllgizg, + IVru— Vru

viz,

<clfu—ull ,, <ef|u—ull,

< (r) [lu = llg, -

Hence 0, V1 : B,(0) C Z, — L(Z,, X) is Lipschitz continuous as well, which shows the
desired fact Vi € C1(B,(0), X).
The claim vgp € C1(B,(0),Yy) can be seen in the analogous way as for Vi replacing Vi

by vap, u by p, 0y by 6,, Vr= by 05, Z, by Z, and X by Yy, respectively.

As seen before the integral mean of the mean curvature has the form

1

TT _ 2
ult) = 4 gz /  Hre 4

r(t)
~ [ J(ult) Vlr*u(t))dHQ - Hr(u)J (u(t), Vr-u(t)) dH?,
o

where J is some determinant term. Hence we can write

H(u) :/ > aa(u, Vreu)0®u + b(u, Vp-u) dH?

I aj=2

with a, and b similar to the considerations for Hp, simply including the terms J(u, V=)
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3 Local existence of solutions of the volume-preserving MCF with line tension

-1
and (f (u(t), Vr=u(t)) d’H2> . With the same estimates as for Hp we obtain
F*

S (w) = 8, @), << [ el fu—l, a

< (/F o(r) d?-l2) lu—ill,, < &) llu—l,

showing 6, H : B,(0) C Z, — L(Z,, X) is Lipschitz continuous and H € C*(B,(0), X).

Finally, the angle term is left to be considered. Here we can write

W(u) := (nr(u),np(u)) = b(u, Vr-u)

with b € C3(U) implying the Lipschitz continuity of d1b, 32b on B,.(0) C Z,. As before we

estimate for u,u € B,(0) C Z,

|60 W (u) — 5uW(ﬁ)”c(zu,vlzu) < [|onb(u, Vr«u) Id —01b(u, V) Id”z:(zu,vlzu)
+ ||02b(u, Vrsu)
< [|01b(u, V=u)
+ ||02b(u, Vsu)

- Ve = 02b(, Vi) - V|l 22, w12,
— 01b(u, Vreu)lgrz, Mdll 2 2, w12,

9b(, V1)1 7, Vel 22, v12.)

<2¢ | |lu—dllgig, +[IVru = Vil g1z,

TR <G,

<cllu—ally,.

Therefore, Lipschitz continuity of §,W : B,.(0) C Z, — L(Z,,V'Z,) is proven and we

obtain W € C*(B,(0), V!Z,). Taking equation (A.24) from |Gru95| into account we have

for the trace operator

1

1 1_ 1 1—-1
Yot W (5 Ly(T) 0 Ly(J; WAT™)) — Wi~ (75 L,(00)) 1 L (; Wy * (31™)),

which is equivalent to 7y : V!Z, — Yy and proves Yoo W € Cl(m, Yp).

All of these continuity statements show N € CY(BE(Q);F) if we choose the radius r
appropriately.

Now we consider the remaining statement [[DN[O]|| ;g g < ¢T's. First we remark that
without the H-term in N we would obtain DN|[Q] = 0. Therefore, it suffices to consider
HDH . We estimate with the help of Lemma [2.13

o

1 —
T @ 1o B H(O)Hr

r* Ing

| DH[O)(u,p)|| , <

independent of the space variable X
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3 Local existence of solutions of the volume-preserving MCF with line tension

1 IT 1
T* or+
independent of the space variable || 5
< ATy ! L/(AF* + |o*|> — HE. + H(Q)Hy-)u dH?
’ Lp(J)
+ A(F*)%f1 L/ (Hp- — H(Q)) cot(a)p dH?
r Lp(J)
<c L/Ap*udHQ + /(ya*P—Hﬁ* + H(Q)Hrp-)u dH?

Ly(J) * bounded Lyp(J)

4 / (Hp- — H(0)) cot(a) p dH"
r* bounded Ly(J)

L/ Ap*u dHQ L/ u deZ

Using Gauss’ theorem for hypersurfaces (cf. Theorem 2.29 in [Depl0]) we can write the

<@ + +

[

1"*

Lp(J) Ly (J) Lp(J)

first integral as a lower order boundary integral. Choosing ¢ > p arbitrarily and r» > p

such that 1% =14 % and utilizing Holder’s inequality we can continue the estimate above
as follows
+

q
/ wdH? )
: Ly(J) Ly(J)

/ wdH?

+
Lp(J)

/ pdH!
or*

Lp(J)

ool <(

A

+ H pdH!
ar*

ApudH?
F*

VF*U s Nor= dHl

oar*
Lp(J)>

< 5<”1HLq(J) /ar* Vr-u - nor+ dH'

/ pdH? )
or+ L. (J)

1
< cl'a (”VF*UHLT(J;Ll(BF*)) +llullz, (g0, @y + HPHLT(J;Ll(aF*))) .

+
Lp(J)

/ wdH?
F*

+ |1
o 1z,

L.(J)

+ 1z, 0

As seen before we have Vr-u € V!Z, and by Lemma (1) with 0 =1 — %, the trace
operator g and 7 > p > 0 we obtain the embeddings

1 1_1 2
VZy = Wi (J; Ly(T) N Ly(J; Wy (T%)) = W' 7 (J; Wy (T))

1_1

1
— W, P(J; W (0r")) < L,(J; L1(oT*)),
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3 Local existence of solutions of the volume-preserving MCF with line tension

which shows [[Vr-ull, (7.1, or+y) < cllVreullgiz, < €llullz,. Without using the trace
operator in the above estimate we can prove ||ull, (.1, ) < [[ullgiz, < llulz,. Finally

HPHLT(J;Ll(aF*)) < CHPHZP, because of
3_1 3_1 3_1
Zy =Wy (T Ly(0T") N Ly(J; W, 7 (T%) S Wy 7 (J; Ly(OT")) < Ly(J; L1(IT™)).
Using these three facts we see

S 1
| DEIO)(, p) | < 17 (IVr-ullz, 000y + Il 2.0 ey + 1ol 000

1 1
< el (2lfully, + lpll5, ) < T [|(u, p)llg

1

proving the desired estimate HDﬁ[@] HL(E X) < cTa.

Remark 3.19: (i) An important fact for the following considerations is that L is an
isomorphism. We do not need to consider the condition go(0) — Bo(0)ug — Co(0)po € ™12,
in Theorem [3.2] since due to the same argumentation as in proof of Corollary [3:3] we see
—By(0)ug — Co(0)po € m1Z, and by (A.25) in [Gru9s| we see that for gy € Yy one has
g0(0) € W;_%(E?F*;R) = mZ,. Moreover, the condition Bi(0)ug + C1(0)po = ¢1(0) can
be dropped, because g1 = 0 and (ug, pp) € I. Due to Theorem L is an isomorphism
between E and F x I.

(ii) Although we have not indicated this dependence so far, the spaces E and F actually
depend on T and should have been better denoted by E; and Fp. The same is true for
the operators L and N. The justification for this notational inexactness will be given in
the following lemma. This will be the first and also last segment where we will use the

exact notation to indicate the dependence on T. O

Lemma 3.20: Let Ty > 0 be fized and T € (0,Tp) arbitrary.
(i) There ezists a bounded extension operator from Fr to Fr, with norms uniformly bounded
inT <Tp, i.e. forall f € Fr thereisa f € Fr, with fv’[o = f and Hf” < c(To) || fllg, -

(i) The operator norm of L;l Fp x T — Ep is um’formly bounded in T.
(iii) There exists a bounded extension operator from Er to Er,, i.e. for all ® € Ep there
is a ® € B, with ® oy = & and H@H < o(Tp) |||, -

) Ty
(iv) The uniform estimate | DN7[®] — DN[O)||z g, 5, < (To) [@llg, < oo holds for
® ¢ BET(0).

Proof: (i) Let (f1, f2,0) € Fr. To define the extension we solve

d

() = 959(t) = 0 on [0, Tp) x oL

9(0) = f2(T) on I,

where the trace in ¢ = T of a function fy € Yj is an element of 71 Z, (cf. (A.25) of [Gru95|).

We obtain a unique

11 _ 1
GEYT = W0, To; W, 7 (1" R)) N Ly([0, Tp]; W, ¥ (OT%; R))
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3 Local existence of solutions of the volume-preserving MCF with line tension

with
81l 30 < e(To) (101 + 1520y, ) = e(T) 12T, 5,
We define the extension ( f1, fo, 0) € Fp, by

(flaf?? ) for t € {O,T]

(f1, f2,0) = {
(0,g(t —T),0) forte (T,To

and have the estimate

|71 7220)||, < 101 F2: Ol + 1108, 0) sy, = 1A o, Ol + 10
< 1(f1: fo: Ol + e(T0) 1 £2(T) |, 7, < ET0) (1, F2,0) e,
N————

SCHszYOT

where the uniform estimate Hf2(T)HmZp <c ||f2HYOT follows from Theorem II1.4.10.2 of
[Ama95| and Lemma 7.2 of [Ama05|.

(ii) We know that for (f, @) € Fr x I there is a unique solution ® € Ep of Ly® = (f, ®o).
We use the extension f € Fg, from (i) to obtain a unique solution ® € Eg, such that
LTO<I> = ( 1, ®y). Comparing ¢ and ® we see by the uniqueness that <I>‘ = & holds.

Therefore we obtain the following estimate

27 (.20, = 1@l < 2] = (|27 (7 @)

E,

o) (7], +190li) < &m) (171, +190li)

This proves

e |27,

Tp) <
Te(0,To] (]FTX“ZT)_ o) < oo,

where it is important to note that ¢(7j) only depends on the fixed T but not on 7.

(iii) For ® € Er we define (f, ®g) := L7P € Fr x I and use the extension from (i) to
obtain (f, ®y) € Fr, x I. Solving L7, ® = (f, ®o) on [0, Tp] leads to a unique € Er,. Due
to the uniqueness on [0,7] we have @‘[O’T] = ®. Moreover, we use HfH]FTO < e(To) 1 f Il

from (i) to end up with
2], = eTo) (I5leg, + 12olls) < 2T) (17l + 12ol;)
= &(10) 1(f, ®0) st = ET0) | L1, x < ET0) L] |9,

where || Lp|| < ¢ follows from direct estimates, since the coefficients are uniformly bounded.

(iv) Via the extension from (iii) we see

Nr(®) = Nt (EIV)’[O’TJ = Ng (ff)) ’[O,T}
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3 Local existence of solutions of the volume-preserving MCF with line tension

and hence DN7[®](v) = DNp,[®](D)

estimate

. Therefore we get for the norms the following

‘[O,T]

| DN7[®)(v) = DN7[0](v) |z, < | DN7,[8](3) — DNz, [0)(3)

Fr,

< |[pNnf@) - Do) o 10,

< o(To) [ DN, (8] = DNz [0 ol

< ¢(To)e(To) H‘T)HETO [vllg

< o(To)*e(To) | ®lg, [1v]g, -
=e(Tp)
This leads to [[DNr[®] — DN7[Ol|| £ g, 5, < €(T0) ||, < oo [ |

The two recently proven lemmas are the main tools for the application of the contraction

mapping principle.

Lemma 3.21: Let 4 < p < 0o and J := [0,T] where T > 0 must be chosen sufficiently
small. Then there exists some € > 0 such that for each ®qg € I with || Pol|; < € there exists
a unique solution ® = (u, p) € E of the equation L® = (N (®), Dy).

Proof: The equation L® = (N(®), ®p) is equivalent to the fixed point problem K (®) = &,

where

K(®):= L7Y(N(®),®;) V& cBE0).

We set X, := {Cb c BE(0) | ®(0) = @y } By Lemma [3.20|(iv) we can choose r > 0 inde-
pendent of T" such that

sup [[DN[V]|| gp < ————5—7
WeBE(0) LB 4T€S[1[1)pT | 121
340

+ [DNO]| £ @) -

Then we see that for all T € [0, Tp] we have

1
sup |[DN|W¥ m < ——F + |[|[DN|O Y -
YeBE(0) H [ ]HE(E,]F) 4 HL_l ” H [ ]H[)(IE,IF)

Before stating the main estimate we have to look at | N(Q)||p. Here we see

IN©)[lg = || Hr- - F(@)HX + lla + brpp+ + (npe, nps)

v,

1
+T% ||a+ bsxpp+ + (nr<,np+)||

1
= T P _1 )
Lp(T'*;R) W, P(or+R)

Hr. — H(0)|

because all the terms Hp«, H(Q), a,bxgp+ and (np«,np+) are time-independent. Hence
IN(O)|g 750 0. This fact and Lemma (3.18| show that for a sufficiently small time
—
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3 Local existence of solutions of the volume-preserving MCF with line tension

interval [0,T] we get [|N(O)[|p < & and |DN[Q] ;g < € for arbitrary small £ > 0. We

use these facts in the estimate
1K (@)l < | L] (IN(@)llg + 1@oll) < | L7| (1N (@) = N(©)]lg + [N (©)]lz + | @oll;)
< ||z~ < sup | DN[]l|zap) 12l + IV (O) | + ||<1>0HH>
TeBE(O)
< 312l + |27 IDNION oqesey 12l + |27 IN O + |27 ol
<l rer 2]z

for every ® € X,.. By choosing

(r) < mi 1 r
g(r) < min
- 4 sup [L7Y|"4 sup [IL7Y
Te[0,To] T€[0,To)
independent of T', we get
(r) < { ! i } VT € [0, T
e =¢(r) < min —, — 4o
A LM 4L

and hence ||[K(®)|| < 7+ 7+ 5 =r, ie. K(X;) CX,. To see that K is contractive, we
use Lemma again and observe that for all &1, ®5 € X, the following holds
| K (®1) = K (@2)llg < ||L7| [N (@1) = N(®,)]lg

HL H \PES];EP DN ]| £ gp) 121 — P2llg

| /\

121 = @l | L IDNO] i 181 — Pl

IN

1121 @2l + e [27 78 21 - @l

Choosing T" smaller than (my we see || K (®1) — K(®2)||g < 3 ||®1 — ®2||g and hence
K : X, — X, is a contraction and the assertion follows from the contraction mapping

principle. |

Transforming this statement into our original situation we can establish the following

theorem.

Theorem 3.22: Let T > 0 be sufficiently small and 4 < p < co. Then there exists an
e > 0 such that for each oo € wZy with golor € 7Z, and ||gol| .z, + ||Qo‘aF*Hﬂ_Zp < ¢ there
exists a unique solution o € Z, with olor= € Z, of the system

Vi (o(t)) = Hr(o(t)) — H(o(t)) in [0,T] x T*
vap(o(t)) = a+ bsgp(o(t)) + (nr(e(t)), np(e(t))) on [0,T] x oI
0(0) = 0o in T*.
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3 Local existence of solutions of the volume-preserving MCF with line tension

Proof: Rewriting Lemma [3.21|in terms of p instead of ® immediately leads to the result.ll

This theorem is the result of all the considerations of Section [2] and [3| and completes the
first part of this thesis. In the next two sections we will examine the Willmore Flow with

the same strategy to prove the analogous result.
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4 The Willmore flow and its linearization

4 The Willmore flow and its linearization

This section is devoted to the Willmore Flow with line tension effects on the boundary,
where we will perform the analogous steps as in Section [2| for the MCF. The difference is
that this time there is no need to take care of non-local terms, but instead we will have

operators of higher order.

4.1 The Willmore Flow

As the MCF the Willmore Flow will also be introduced as the best way to minimize
an energy functional, namely the Willmore energy. Here stationary surfaces are called
Willmore surfaces and are possible local minimizers of the Willmore energy. Determining
the shape of such a Willmore surface is in general very difficult, but will not play any role

in our considerations.

Definition 4.1: The Willmore functional of a 2-dimensional hypersurface I' is defined as

1
W(T) := Z/Fhrg dH>. O

Again our first step is to calculate the first variation of that energy, where we assume the

way of varying to be the same as in (2.3))-(2.4]).

Theorem 4.2: As the first variation of the Willmore functional we get

1 2 1
(W (I))(C) = 5/1* (AFHF +Hp ) s — 2H1§> (nr - ¢) dH?

=1

+ % /8F %H%(nar -¢) + Hr(Vr(nr - ¢) - nar) — (VrHr - nar)(nr - ¢) dH'.

Proof: We apply again Theorem 2.4 and obtain

d1

= —= HE dH?
dt 4 Jrg) r

OW(I))()

1 1 1
= / —Hprd°Hr — ~HEVr dH? + f/ Hivgr dH*.
g Jr2 4 4 Jor

By Lemma 5.1 of [Depl0] we can write

1 2 1 1
(W(I))(C) = 3 /r Hrp (AFVF +Vr Zﬁ) - §H§VF dH? + 1 /ar Hpvgr dH'.
=1

Applying partial integration twice yields
/ HrArVi dH? = / He(VeVi - ngr) dH — / VrHp - ViV dH?
r ar r
= / H[‘(VFVF . nap) dHl — / (VFH[‘ . naF)VF d/Hl
or or

+ / (ArHp)Vr dH?,
I
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which leads to
1 2 1
(W (I))(C) = 5/(AFHF)VF + HoVp > s — §H1§VF dH?
r i=1
1 1
+ 5 /8F ing'UaF + HF(VFVF . nar) — (VFHF . nap)VF d?‘[l.
Hence the claim follows from the formulas ({2.5)). |

Again our first aim is to find necessary conditions for stationary solutions of the Willmore

functional with contact area functional and line tension, therefore we consider
1
WE(T) := 7/ H? dH? - a/ 1dH?> +b | 1dH. (4.1)
4 Jr D ar

Due to Theorems and the first variation of the energy W FE reads as
1 2 2 1 3 2
(GWEM)©) =5 [ (ArHr + He Yo = S ) (nr - ) an
i=1

+ ;/ %Hﬁ(nar -¢) + Hr(Vr(nr - ¢) - nor) — (VrHr - nr)(nr - ¢) dH'
or

+a/ HD(nD-C)d%Z—a/ naD-cdﬂl—b/ 2.cdm
D \T/ oD or

1 2 1
= */ <AFHF + HFZ%Z‘Q — 2H1§> (TLF . C) dH2

2Jr i=1
5 [ 3HEmar Q)+ Hr(Ve(ir -¢) - nar) = (VeHr - nor)(nr - ¢) d#!
or
~ [ atnan )+ bz O i, (42)

Before we derive necessary conditions for stationary solutions we should have a closer look
at the second term in the boundary integral. The surface gradient Vr is defined via an
orthonormal basis. Due to the fact that we are on dT' we use {7, ngr} from Remark [2.1f1)

to obtain
Vi(nr - ¢) = 0z(nr - Q)T + Oy (nr - Q)nar
and multiplying this equation by ngr one arrives at
Vr(nr-¢) -nor = Onor (nr-Q) = <8narnl“) “C+nr- <8narC)
due to 7-ngr = 0 and ngr - ngr = 1. It becomes apparent that can be written as
1 2

(BWED)©O) =7 | (AFHF FHRY ;H3> (- C)

i=1

+ ;/ %ng(nél“ “¢) + Hr ((Ongpnr) - ¢ +nr - (Onyr()) dH'
or

- /6r %(VFHF ~nar)(nr - ¢) + a(nap - () +b(3- () dH. (4.3)
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4 The Willmore flow and its linearization

First we assume with the same F(I') as in (2.4) that ¢; € F(I') satisfies (1|ogr = 0 and

OnorCilor = 0 in order to see

2
0= (0 WE))(¢1) = ;/F (AFHF +HrY - ;H1§> (nr - G1) dH?,

=1

which gives by means of the fundamental lemma of calculus of variations

1 2 2 1 3
5 (AFHF + Hl" ;%Z — 2HF> nr = 0.

Multiplied by 2nr we get as first necessary condition

2
1
ArHr + Hr Z st — §H§! =0 on T, (4.4)
i=1

which is known as the Willmore equation.

Remark 4.3: Note the different version of the Willmore equation given by
ArHp + %Hp (H% - 4Kp) =0,

where K is the Gauss curvature of I'. This is equivalent to because

% (ng — 4Kp) = % ((%1 + %2)2 — 4%1%2) = % (%% — 2301300 + %%)

— 5 (828 - Ga b)) = d 4o - 30 0
Stationary solutions therefore satisfy and hence simplifies to
(FWETa))(O) = 5 [ 5HRar ) Hr(@ngenr) € + - (000C)) !
- /ar %(VFHF -nar)(nr - ¢) + a(nap - ¢) + b(5 - ¢) dH'.
Using this we see that for a stationary solution furthermore
0= /ar %Hg(nar <) + Hr((Ongpnr) - €+ nr - (Gngr€)) — (Ve Hr - nor) (nr - ¢) dH
~2 [ a(nan )+ b5 ) dr!

has to hold for every ¢ € F(TI).
Now we want to construct a (2 € F(I') with (2|sr = 0 and arbitrary nr - Oy, C2|or. Let
[0,1] x [0,&0] =: D C R? and

w:D —T:(s1,82) — ¢(s1,82)

be a parametrization of a neighborhood of 9T' with ¢(e,0) one such of 9I'. Moreover,
Ds,0(51,82) - Os,p(51,82) = 0 and s, (51, s2) # 0 # Os,0(s1, s2) shall hold. Then ¢! is

a chart of I and we have

05,¢(51,0) = a1 (s1)7(p(51,0)) and  Os,¢0(s1,0) = aa(s1)nar(p(s1,0))
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4 The Willmore flow and its linearization

for two scalar functions g, as : [0,1] — R that vanish nowhere. We define our desired

function ¢ : I' — R3 as

Ca(p(s1,52)) = sag(s1)nr(e(s1, s2)),

where g : [0,1] — R is an arbitrary function. Then we obviously have (2|sr = 0 since a
point p € 9T is obtained by p = ¢(s1,0) for an appropriate s; € [0,1]. In addition, this
shows (alar - np = 0 and hence (» € F(I'). Moreover, we have

(Onor€2)(9(51,0)) = sy (C2 0 ) (51, 82) 5, @2(s1) ™"
= (g(s1)nr(p(s1, 52)) + 529(51)0s, (nr © ©) (51, 52))| 5 @2 (51) "
= (9(s1)nr(e(s1,0)) +0) az(s1) ! = aa(s1) " g(s1)nr(e(s1,0)).

-1

Hence with g also nr - Op,.C2lor = aa(s1) ™ g(s1) is arbitrary.

Now we use this particular (o € F(I') to get the next necessary condition for stationary

solutions
0 = (§ WE(Tatat))(G2) = /8 e (e - (0uyr2) !

Again by the fundamental lemma we obtain the condition Hr = 0 on OI'. Therefore, we

can simplify (4.3) for stationary solutions even more to

1

~5 (VFHF nor)(nr - ¢) + 2a(nap - ¢) + 2b(5% - ) dH',

(5 WE(Fstat))(C) ==
which shows that
0= / ((VrHy - ngr)nr + 2angp + 2b3) - ¢ dH*
or

has to hold for all ¢ € F(I'). The same projection trick as in Section and a final use

of the fundamental lemma gives the vector identity
P ((VrHr - ngr)nr + 2angp + 2bx) =0 on OT.
Again we can rewrite this equation to

0 = P ((VrHr - ngr)nr + 2angp + 2b3%)
= (VFHF . nap)ﬁ(nr) + 2&15(7131)) + 2()?(}?)

= (VrHr - ngr) sin(a)ngp + 2angp + 2bxspnap.

Multiplying by %naD gives the scalar equation %sin(a)(VpHp -ngr) + a + bxgp = 0 on
or.

So we have derived the necessary conditions for stationary solutions to be

1
(a) ArHr+ 5 Hr (HE - 4Kr) =0 in T (4.5)
(b) Hr=0 on OI' (4.6)
(c) %sin(a)(Ver ‘ngr) +a+ bxgp =0 on 0T, (4.7)
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4 The Willmore flow and its linearization

where we used Remark

With the same curvilinear coordinate system ¥ and distance function o as in Section

we consider a flow that tends to minimize the energy (4.1)), which reads as
1
VF = 815(1) ‘nr = (—VL2 WE) snr = —AFHF — §HF (HIQ, - 4KF) inT.
Furthermore, we impose the boundary conditions
HF =0 on JI'
and
1.
vop = 5 sin(a)(VrHr - nar) + a + bsxspp on JOI'. (4.8)
Hence the flow considered is given by

Ve (U (g, oft. 0))) = —ArHp(¥(q, ot 0))) — = Hr(¥(q. o(t. 0))

2
(Hr(¥(g, ot 0)))* — 4Kr(¥(q, o(t, 0)))) n " (49)
Hr(¥(q,0(t,q))) =0 on 8T (4.10)
vap(¥(q, o(t,q))) = % sin(a(q)) (Ve Hr(¥(q, o(t, q))) - nor (¥ (g, o(t, q))))
+a+ bsxgp(¥(g, o(t, q))) on 9r'*. (4.11)

4.2 Linearization of the Willmore Flow

We have already linearized some parts of this flow in Section[2.3]and will now only calculate
the highest order derivatives of the remaining parts as we have seen in Section that
only these are important for short-time existence. Therefore, we will not compute the

lower order terms exactly, only their structure matters.

Lemma 4.4: The linearization of Kt contains only first and second order derivatives of

o, i.e.

d

TKr(V(g,c0(t.0)| =K (g.0(t). Vr-olt.q). Vio(t,0))

e=0

where K is a smooth function.

Proof: Using (5.9) of [Bar10] we see that the linearization of the Gauss curvature is given
by

2 2
20.Kr = Y ¢7"g" (0;040:gj1 — 0:010:g;) — 2K Y 9" 0:gi5,
ijkl=1 ij=1
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4 The Willmore flow and its linearization

where g;; := (9; P, 0; P) are the entries of the first fundamental form and g% are the entries
of its inverse. For an orthogonal parametrization P (i.e. g;; = 0 = g for i # j at one

fixed point) this formula simplifies to

2 2
20.Kr = Y g7 g" (8;0;0-gj; — 0;0:0-gj;) — 2Kr > _ 9" 0-gii-

ij=1 i=1
Looking at the first sum only and using the permutability of the derivatives we see

2 2
> 979" (80;0:gji — 0:i0i0eg55) = Y 97 9" 0 (89 (5P, 0, P) — 9;0; {0; P, 9; P))

ij—1 ij—1
2
=Y 79" 0. ((0:0;0; P, 0;P) + (0;0; P, 9;0;P)
ij—1
+ (0;0; P, 0;0; P) + (0; P, 0;0;0; P)
(320, P,0,P) — (90, P, 9;0,P)
(0,0, P, 0,0;P) — (9, P, 0,0:0; P))
2
= Z gjjgiiﬁe (<82838JP, 81P> + <8j8jP, 8182P>
ij=1

— (30, P,0,0;P) — (9; P,0;0:0; P)) .

The cases ¢ = 5 do not contribute to the sum, which leads to

2
Z gjjgii (aiajasgji — aiaiaggjj) = g2291185 (<618282P, 81P> + <8282P7 a161P>

ij=1
— (8105 P, 0,02 P) — (92 P,0,0,0:P))
+ gM 9720, ({82010, P, 92 P) + (8101 P, 0202 P)
— (8201 P, 020, P) — (91 P, D050, P))
= 291 %0, ((010, P, 0205 P) — (0105 P, 0,02 P)) .

Hence for K1 we get the expression

85KF = 91192285 (<8181P, 8282P> — (8182P, 8182P>)
— Kr‘gllag <81P, 81P> — KF92285 <82P, 82P> .

This proves that the highest order derivatives in the linearization of K are second order
space derivatives of the parametrization P. If F': G C R? — Q : x +— F(z) denotes the
parametrization of I'* then I';,(¢) is parametrized over G via P(z) := ¥ (F(x),eo(t, F(x))).
Obviously, first and second order space derivatives of P result in derivatives V«p(t, ¢) and
Vi.o(t, q). n

For the next linearization of ArHr we need to indicate the dependence of the operator Ar

on p. Following the notation of [Depl0] we transform the surface gradient Vr, ) and the
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4 The Willmore flow and its linearization

Laplace-Beltrami-Operator Ar ;) onto the reference surface I'* using the pullback metric
g(e,e) := (dg®f(e),d;P{(®))ps, where ®f is defined after (2.27). The operators then read
as
Ar, i Hr,1)(¥(q, o(t,q))) = AL H,(t, q) (4.12)
Ve, 0/ Hr, ) (¥(g, o(t,0))) = dg®f (Vi H,(t,q)) . (4.13)

where H,(t,q) := Hp,1)(¥(q, o(t, q)))-

Lemma 4.5: The linearization of ArHr has the form

DA H(W(g, 20(t, )

7 = Ar-Areo(t,q) + G1 (g, 0lt, ), Vi-olt, ), V-0t 0))

e=0

where G1 is a smooth function.
Proof: By the product rule we obtain

~ d ~
Ho(t,q) + AD. —H,,(t,q)

d
7A5‘-i
r e=0 de

d ~
AP H.,(t,q =
I 5@( ) o d€

de

e=0

For ¢ = 0 we obviously see A%* = Ap+ and f]o = Hrp«. In combination with Lemma,

we have
d

A Ly(t,q)

d e
. = £AF€ . Hr- (Q) + AF*AF*Q(ta Q)
e= =

+ Ar- (Jo*2(@)e(t, q) + (Vo= Hr-(q) - P (92%(g,0))) o(t, q) ) -

What is left to show is that the linearization of the Laplace-Beltrami operator applied to

Hrp« contains at most second order derivatives of p.
To see this we use the well-known local coordinate representation of the Laplace-Beltrami
operator (cf. (6.15) in [AEO§]) to obtain

Ar« = det )8k>

S bl
= 5 a0+ @0+ 2 (ala)) 0

jk—l
- Z 9% 0;0), + (9;9™)0) + ng’“g”ajgzzak,
Jk=1 zl 1

where we have used

1

det(g) 8] < det(g)> = 2det(g) @(det(g)) = 5 Spur a]g zlz:lg ajgzl

(cf. page 247 of [Barl0] for the third equality). After renaming the indices several times

and using

2
= ¢ (0-9u) ¢

il=1
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4 The Willmore flow and its linearization

from Lemma 5.2.4 of [Bar10] this leads to

2 2
A =" ¢%(o) <3j3k - Zrzk(g)@) ,
i—1

jk=1
where Ffj are the Christoffel symbols. Using Lemma 5.2.4 from [Barl0| again we see

12 2
agfi-} =3 > 9™ (9;0=gjm + 0;0-Gim — Om0=gij) — > Fﬁgklasgzm.
Parameterizing I'c,(t) over G via P(z) := V(F(z),e0(t, F(x))) as in proof of Lemma
we see that 0.¢; contains only first order derivatives of p. Hence 9.¢7% and 88Ffj contain

at most first and second order space derivatives of g, respectively. The desired expression

d 2 . 2 2. ,
AR Hre(q) = (Z O:g7* (ajak - ZF;,@-) - > g]kael";k&-) Hr«(q)
e=0 jk=1 i=1 ijk=1
therefore includes no third or higher order derivatives of ¢ and the claim follows. |

Lemma 4.6: The linearization of VT Hr - ngr s of the form

SV H (W, 0(t,0)) - nar (V(a: c0(t,0))

, = Vr+Ar+0(t, q) - nor-(q)
e=

+ G2 (g, 0(t,q), Vr-0(t,q)),

where Ga is a smooth function.

Proof: First we decompose the desired expression using Vr ) Hrys = Vr«Hp- and

nory(t) = nor+ as follows

d

d
2z Ve Hreo(t) - More, (1)

= de Ve Hre

d
| nor + V- Hp- - 72 =0(®)

£e= E= e=0

While the linearization of the conormal contains ¢ and its first derivatives, a closer look

).
e=0

where we have used equation (4.13), V% = V-, Hy = Hp- and d,®) = Id. Here 9.d,®;°

contains ¢ and first order derivatives of g, hence we only have to look at

d ~
Vi,

at the first term shows

d

d
e Ve Hreo(®)

= 24,05

d ~
—ViZH
=0 de I €e

de

(VI‘*H]_"*) + Id (
0

e=

d
= Ly
=0 de r

d ~
OHF* + VF* %HEQ

e=! =0

Using the well-known (cf. page 280 of |[AE(06]) local coordinate representation of the

surface gradient given by

2
Vi =" g*(0)0k
k=1
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4 The Willmore flow and its linearization

and once more Lemma 5.2.4 from [Barl0] we see that 9.V also includes no second or

higher order derivatives of p. Using Lemma [2.11] again we see

d ~
Vi THe| =V (Arg |0 o+ (Ve-Hpe - P (00%(0,0))) o)
€ e=0
This proves the desired statement. |

Combining Lemmas [£.4] - [£.6] and the results of Section [2.3] we obtain the linearization of
the flow (4.9))-(4.11) as

Drot) = —Ar-Areo(t) + Fi(o(t), Ve o(t), V. o(1)) i [0,7) xT° (4.14)
0= Ar-o(t) + |o*[*0(t) + (V= Hps - P (8,%(0))) o(t) on [0,T] x oI'*  (4.15)
1
Oro(t) = 5 sin(a) (V- Ap-o(t) - nar-) + bsin(e)d; o(t)
+ Fy(o(t), Vr=o(t)) on [0,T] x o' (4.16)
0(0) = 0o in T, (4.17)
where F7 and F3 are smooth functions and we have suppressed the argument ¢ again.

In the following section we will use this linearization for the short-time existence of solu-

tions of the Willmore flow.
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5 Local existence of solutions of the Willmore flow with line tension

5 Local existence of solutions of the Willmore flow with line

tension

Now we will do the same considerations as in Section [3| to show that the flow (4.9)-(4.11])
has a unique strong solution for short times. Again we assume w.l.o.g. b > 0 and follow
the work of [DPZ08| by considering first the linearized Willmore flow from (4.14])-(4.17)).

5.1 Short-time existence of solutions for the linearized Willmore Flow

First we adopt again all the involved notation from [DPZ08|. Skipping the argument ¢

the operators and functions in our case read as

A(t, D) :== Ap-Ap« + LOT
By(t, D) := ——sin(«a)(ngr+ - Vr=Ar-) + LOT
Co(t, Dy) := —bsin(a)d? + LOT
Bi(t, D) := Ap« + |0*|* + (V= Hp= - P (9,7(0)))
Ci(t, Dy) =0
By(t, D) =1
Ca(t, Dy) := —1
u(t) := o(t)
p(t) = o(t)|or+,

where LOT stands for some unspecified lower order terms that will not play any role,

because we only consider the principle parts of all operators later on.

We note again that the required condition “all B; and at least one C; are non-trivial” is
satisfied. We still have F := F := R of type H7T and the interval we want to consider is
[0,T] denoted by J. For a given 1 < p < oo the involved numbers are

m:= lord(A) =2,

2
mo = ord(By) = 3, my = ord(B;) = 2, my = ord(Bz2) = 0,
ko := ord(Cp) = 2, ki := ord(C;) = —o0, k2 := ord(Cs) = 0,
1 1 1 1 1 1
) == — — — = = — — = _——
0 4 4p7 ] 2 4p7 n2 4p7
lo := kg — mg +mg = 2, l1:=ki —m1+myg=—00, lo := kg — mo +mg = 3,

l .= max{lg, ll, lg} = 3,

g;i — ﬁ Because of [ = 3 < 4 = 2m we have to consider the
P

where we define s :(= 1 —

setting that is called “case 2”7 in [DPZ08]. Now the required function spaces simplify in
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5 Local existence of solutions of the Willmore flow with line tension

our situation to

X = L,(J; Ly(T*; R)),
Zy = Wy (J; Ly(T*; R)) 1 Ly (J; Wy (T R)),

44
w2y =W, (I R),

Yy = Wpi’ﬁ(J; L,(0T*;R)) N L,(J; Wp (ar* R)),
Y; = Wffﬁ(t}; Ly(OT*;R)) N L,(J; Wp p(aF*,R))
Ya = Wy (J; L (AT R)) N Ly(J; Wi ? (9T R)),
Zy = Wi P (L, (0T R) N W (U Wp’%r* R)) (L, (J; W, 7 (01" R)),

4—4
nZ, =W, "(0I'";R),
1—-5
mZ, =W, "(0I'';R), (5.1)

where we have to assure for the 7-spaces that 2 gﬁ N and s > %, ie. p > 5. As the

principle parts of the operators we obtain

Al(t,q, —iV+) = Ap«Aps = ((=iVr+) - (—iVp-))?

Bi(t,q,~iVr) = %n( (@) (nar-(q) - (—iVp+) ((=iVp+) - (—iVp)))
Ch(t, q,—idr) = bsin(a(q))(~id,)*

Bi(t,q, sz*): ((=iVpe) - (=i )
Cl(ta q, _Zacr) =

Bi(t,q, zvm:
CA(t, g, —i0,) = —

Again we have to check some assumptions to apply the theorems of [DPZ08]. Due to the
case [ < 2m this time we can only ignore the assumptions (LST), (SD), (SB) and (SC),
but have to check the assumptions (E), (LS) and henceforth (LSZ).

For assumption (E) we let t € J, ¢ € I'* and ¢ € R? with ||¢]| = 1. Then we see

o(AH(t,,€) = {A e C| A= Ai(t,¢,6) =0}
= {dec|r=(- 9=l =1} = {1} cCs.

For checking the condition (LS) the finite dimension of £ = F' = R makes it equivalent to
prove that the desired ODE given by

(A + A¥(t, q,&, —i0y)u(y)

BA (0. € —idy)0(0) + (A +C5(t, 0,))o = ho
Bg(t, q,ﬁ, —i0y)v(0 )—I—C%(t, q, )O‘ =M
Bg(t,q,g, —iﬁy)v(O)—l-Cg(t,q, &)o = hy

Il
o
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5 Local existence of solutions of the Willmore flow with line tension

has only the trivial solution in Cy(Ry;R) x R for hg = hy = hy = 0, instead checking
that there is a unique solution for arbitrary hg, h1 and hs. So we let E € R, A € Cy with
€]+ |A| # 0. Then we get

Ai(t.q.E ~i0,) = (& - 3)" = & — 2802 + o)
Bi(1,0., i) = gisin(a(@)) (nor- (a) - (€ ~i0,)" @ ~ 32))
Ci(t,4,€) = bsin(a(q))€2
Bi(t.q, €~ y>=—e + 07
Ci(t,q,6) =
Bi(t,q,€, —id,) =
Ch(t,q,€) =

and the ODE to be considered is

M Moy + () — 280" (y) + 0" (y) =0

(I1) — %sin(a(q)) (521/(0) —0"(0 )) + Ao + bsin(« (q))gza =
1) —&%(0) +"(0) =0
(IV) v(0) — o =0,

where we have identified ngr« = (91) as before. Now we will look at these equations step

by step.

Via the ansatz v(y) = e/ equation (I) transforms into pu? — 26242 + (A + &) = 0. Sub-
TR _ 2 : _ 2 _ : — &2 _

stituting » = p° we obtain s/, = §& £ +/—A. This shows py5 = \/§* £ V- and

p3/4 = —\/52 + V=X = —pyp for A # 0, while in the case of A = 0 one ends up with the

two distinct double zeros p /5 = :|:|g |. Hence the function v has the form

c1eM1Y 4 coe MY 4 c3eM?Y 4 cyeH2Y if A#0
v(y) = ~ ~ o Sy :
Cl€‘£|y + 02€7|£|y =+ C3y€‘£|y -+ C4y€7|§‘y lf )\ =0

We remark that we can again choose w.l.o.g. the roots that satisfy R(u;) > 0 for i € {1,2}
since p; and —p; both appear in v and there is still no possibility that $(u;) = 0 since
this would mean that é’z + /=) € R_. But this is not possible due to the assumptions
€ €R, A e Cy with |¢] + |\ # 0. Furthermore we require v € Co(R4;R), which leads to

¢1 = ¢z = 0 for the same reason as in Section [3.1]

So far we know that

coe Y 4 cqge™H2Y if A #£0
v(y) = - -
02€7|§|y _|_ C4y€7|£‘y lf )\ e 0
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5 Local existence of solutions of the Willmore flow with line tension

and now (IV) shows

co+cy if ANF£O
o=v(0)= 2T 7 ,
C2 it A=0

which leads to

W) coe HY 4+ (0 —cog)e M2 if N#£0
v(y) = ~ Iy .
oe & 1 cqyelEly if A=0

Now equation (III) given by v”(0) = £2v(0) transforms into
{cw% +(0—co)pd = 2€ + (0 — 2)E2 if A#0

05272|§A|C4:0€2 if A=0

Using p?2 = 52 ++v=Xand p3 = ? — v/ —AX we see that these conditions transform into
c2 =% if A#0and cqy = 0if X =0 (since E: 0 is not allowed for A = 0). We therefore

know so far

g (eMY fe7h2Y) if X#0
v(y) = ~ .
e lEly it A=0

Equation (II) is the only remaining and can be written as

Z sin(a)vV—=A(p1 — p2) = Ao + bsin(a(q))&20 if A#£0
bsin(a)€%0 = 0 if A=0

because £2v'(0) — v”(0) = vV —=A(p1 — p2) as one can easily calculate. In the case A =0

we have b, sin(a), €2 € R, which proves o = 0 and hence v = 0, which shows (LS) in this

case. In the case A # 0 we either have 0 = 0 which would mean that (LS) is satisfied or

4

1sin(a)\/—i)\(,ul — 112) = A+ bsin(a(q))€% . (5.2)
R

=:L

To prove condition (LS) completely we only have to show that is not possible. First
we remark that we can assume w.l.o.g. 3(v/=X) > 0 since the other choice would change
the roles of ;1 and j9, but also causes v/—A to bring an additional “—” into the left hand
side. Therefore both sides are independent of the choice of v/—\. Now we distinguish two
cases, that are visualized in Figures [4] 5] and [6]

Case 1 (3(A) > 0): Due to our assumptions F(A) > 0 and I(v/—A) > 0 we see that
arg(v/—\) € [g, 371, Denoting ¢ := R(v—=X) <0 and d := I(v/=X) > 0 we can write the
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R
I

R}

Figure 4: Location of A and v/—\

f
3

Figure 5: Location of p; and s

Figure 6: Location of p; — g
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5 Local existence of solutions of the Willmore flow with line tension

square roots 1 and ps as follows

) 2 4 2 2 ) 2 4 g2 _ (€2
o (YETPIELE@LO @y oy | YEF L@
=1
22 2 &2 2 \2 2 (£2

=—1

Due to ¢ < 0 we see that R(u1) < R(u2), which gives us R(u1 — p2) < 0 and the imaginary
parts obviously satisfy $(p1) > 0 and S(u2) < 0, leading to (u1 — p2) > 0. This proves
arg(py — p2) € [5,m). Hence we get
T 3T m T

arg(V—A(pu1 — p2)) = arg(vV—A) +arg(u — p2) € [2, 4} + [2,7r> = [m 4> :
Therefore the whole left-hand side satisfies arg(L) € [7[‘, %’r) . The right-hand side obviously
fulfills arg(R) € [0, 5] instead.
Case 2 (3(A\) < 0): Because of the assumptions (A) < 0 and (v —A) > 0 we see
arg(v/—X\) € [, 5]. Denoting again ¢ := R(v/—\) > 0 and d := J(v/—\) > 0 we can write

the square roots pu; and po as in case 1 as

iy = (€2 +¢)? +2d2 +(§2+¢) L isgn(S@ 4 VR \ V(E2+0)? +2d2 —(&2+¢)
=1

2 _ )2 2 2 . 2 _ )2 2 _ (€2 _ ¢

o (VEZTHETE 0 g oy (VP E @0

=—1

Due to ¢ > 0 we get this time R(u; — p2) > 0 and as in case 1 we have (up — p2) > 0.
This proves arg(u; — p2) € (0,%]. Hence we now obtain

arg(V A — u2)) = arg(V) + argn — o) € | 1.5 |+ (0] = (o]

Therefore we see arg(L) € (§,n|. The right-hand side obviously fulfills arg(R) € {37“, 27r}

instead.

In both cases we get arg(L) # arg(R) which proves that (5.2)) is not true in either case.
This completes the proof of (LS).

Next we prove the validity of assumption (LSZ)). First we have to show that the system

Bg (t7 q, é\, —Zay)’U(O)
Bg (tv q, g? —Zay)’l)((])

0
0
0
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5 Local existence of solutions of the Willmore flow with line tension

only has the trivial solution in Co(R,;R). So we let £ € R, A € Cy with |¢] + [A] # 0.
Then the ODE to be considered is
M Aoly) +E(y) — 280" (y) + 0" (y) = 0
1) —&%(0) 4+ 0"(0) =0
(III) v(0) = 0.
The same arguments as before show that the function v has the form
( ) Cle'uly + 0267#1?} + 036N2y + 0467”’2:‘/ 1f )\ % 0
v(y) = ~ ~ ~ ~ :
Cle‘gly + C2€_|£|y _|_ cgye‘ay + C4ye_|£‘y lf )\ — O
where we again choose w.l.o.g. R(u;) > 0. The condition v € Cy(R4;R) leads to
coe MY 4 cqe™H2Y if A H£0
u(y) = 5 3
C2e_|£|y + C4y€_lf‘y 1f )\ e O
due to the same reason as before and now (III) shows that
catcg if AXF#O
0=wv(0)={" """ 70
C2 if A=0
which leads to
co(e™HY —emH2Y) if X0
v(y) = - .
caye 8y if A=0
Now equation (II) given by v”(0) = £2v(0) transforms into
ol — oy = 282 — 2 =0 if A#0
—2|€les =0 if A=0
Using u? # p3 this gives c3 = 0if A # 0 and ¢4 = 0 if A = 0. Hence we have shown
v=0.
The second statement to prove in (LSZ) is that for |¢] = 1
Al(t, q,€,—idy)v(y) = 0
Bi(t, 0.6, —i0,)o(0) + (A +Ci(t,¢,6))o = 0
Bi(t, 4,6, —i0,)v(0) +Ci(t, ¢, €)0 = 0
BS(t,q, €, —i0,)v(0) + C(t,q,€)o = 0
only has the trivial solution in Co(R,;R) x R. So we let £ = +1, A\ € C,. then the ODE

to be considered is

M o(y) = 20"(y) + 0" (y) =0
(II) - %sin(a(q)) (v'(0) — 0" (0)) + Ao + bsin(a(q))o = 0
(II1) —v(0) +"(0) =0
(IV)  v(0)—0c=0
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5 Local existence of solutions of the Willmore flow with line tension

due to £2 = 1. Equation (I) transforms into p* — 2u? 4+ 1 = 0, which has two double zeros
p1/2 = £1. Hence the function v has the form

v(y) = c1e¥ + cae Y + c3ye? + cqye Y.

Since v € Cy(Ry;R) is required, we get ¢; = c¢3 = 0 for the same reason as above.
Equation (IV) shows that o = v(0) = c2, which leads to v(y) = ce ¥ + cqye . Now
equation (III) reads as 0 — 2¢4 = o, hence ¢4 = 0. We end up with v(y) = oe V.
Computing v'(0) — v"(0) = 0 we see that (II) simplifies to (A + bsin(a(g)))o = 0. Since
A # —bsin(a(q)) € R we get 0 = 0 leading to v = 0. Finally this completes (LSZ).

Now we have proven all assumptions from [DPZ08] and can state the following theorem.

Theorem 5.1: Let 5 < p < oo, J := [0,T] and the spaces be defined as in . Then
the problem

d
%u(t) + A(t,q, D)u(t) = f(t) in J xI* (5.3)
d *
D p(t) + Bo(t.a. D)ut) + Co(t.0. Do)o(t) = o(®) onJ x0T (5.4)
Bi(t,q, D)u(t) + Ci(t,q, Da)p(t) = g1(t) on J x oI (5.5)
Ba(t,q, D)u(t) + Ca(t, q, Do) p(t) = ga(t) on J x oT'* (5.6)
u(0) = ug in T'* (5.7)
p(0) = po on oI’ (5.8)
has a unique solution (u,p) € Z, x Z, if and only if
feX, Uy € T2y, po € Ly, 9o € Yo,
g1 € Y1, g2 € Yo, 90(0) = Bo(0)ug — Co(0)po € m1Z,,
B1(0)ug + C1(0)po = g1(0), B2(0)ug + C2(0)po = g2(0).
Proof: Follows from Theorem 2.1 in [DPZ08] adapted to this specific case. [ |

Corollary 5.2: Let 5 < p < 0o, J := [0,T] and the spaces be defined as in . Then

— has a unique solution o € Z, with olor+ € Z, if and only if oo € 727, and
oolor- € 7Z, and Arsgo + |0*[?00 + (V= Hr+ - P (0,%(0))) 0o = 0.

Proof: Follows from Theorem if we choose f =0, gg = 0, g1 = 0 and ¢go = 0.
Then we have exactly the right-hand sides of the flow — and can obviously
drop the trivially satisfied conditions f € X, go € Yp, g1 € Y1 and g9 € Ya. Also
Ba(0)ug 4+ C2(0)po = g2(0) is valid since ug|or= = 0olor+ = po. Finally the condition

1—-5
90(0) — By(0, 8, —iVr+) g9 — Co(0, ®, —i0y) 00|or- € mZ, =Wy, *(0T'";R)

q4—4
can be ignored, because on the one hand go|or- € 72, = W), *(9I'*;R), Cy is of second or-

9_4 1—-5 4—4
derand W, *(0I'*;R) — W, 7 (0I'*;R) and on the other hand oo € 72, =W, *(I'*;R),
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5 Local existence of solutions of the Willmore flow with line tension

1—4 1—-5
By is of third order and the trace operator maps from W, 7 (I'*;R) to W,, ?(9I'*;R). Fi-
nally B1(0)ug 4+ C1(0)po = ¢1(0) simplifies to B1(0)ug = 0, where ug = go and

B1(0) = A+ + |0*|* + (Vp«Hps - P(9,%(0))). |

Since all the involved operators are time-independent we gain two byproduct theorems
from [DPZ08|. The first is a semigroup formulation of the given problem and the second

is an improvement of Corollary in terms of the involved spaces.

Defining the operator

A:D(A) — W(A) : (") — (A(q’ —iVr) 0 ) <Q>
0 Bo(g, —iVr+) Co(q,—i0,)) \&)’

where the domain and codomain are
4-1 _ ]
D(A) == {(07 0)" € W, (I';R) x W P(ﬁF*;R)’ olor= = 0,B1(q, —iVr+)o = 0}

W(A) := L,(T*;R) x W, * (8T R).

l—l

Remark 5.3: Note that the condition By(e, —iVr+)g + Co(e, —id,)0 € Wp P (0% R)
_1

from the original domain in [DPZ0§| is automatlcally satisfied, since g € Wp P(or*;R),

Co is a second order differential operator and Wp ?(O0*;R) — Wp ?(9r*;R) and fur-
thermore ¢ € W;(F*, R), By is of third order and the trace operator maps from Wpl(F*; R)

_1
to W, 7 (9% R). O

Theorem 5.4: Let 5 < p < oo. Then the operator —A defined as above generates an
analytic semigroup in W(A) which has the property of mazimal L,-regularity on each
finite interval J = [0,T]. Moreover, there is w > 0 such that —(A + wI) has mazimal
Ly,-regularity on the half-line J = R.

Proof: Adapt Theorem 2.2 of [DPZ08] to the Willmore situation. [

This leads to the improvement of Corollary [5.2], which reads as follows.

Theorem 5.5: Let 5 < p < oo, J := [0,T] and the spaces be defined as in . Then

-(4.17) has a unique solution ¢ € Z, with
1-1 11
olors € Wy (J; Wy *(IT%R)) VW, (J; Wy (T R))
-+ 41
N Wp 4p (J, Lp(ﬁF*’R)) ) Lp(J, Wp p(aF*’R))

if and only if oo € 72y, 0olor~ € 7Z, and Bi(q, —iV+)go = 0.
The same statement is true for J = Ry if Oy is replaced by 0y + wl for some sufficiently
large w > 0.
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5 Local existence of solutions of the Willmore flow with line tension

Proof: Follows from Corollary 2.3 of [DPZ08| in the Willmore situation.

Remark 5.6: For the same reason as in Remark [5.3 and the proof of Corollary [5.2] we

were able to erase the three conditions

1—1
BO(., —ivF*)Q + CO(., —iag)g‘ar* € Lp(J; Wp P (8F*; R))
Bo(e, —iV+)oo + Co(e, —i0y)00|or+ € m1Z,
Ba(e, —iVr+)oo + Ca(e, —i0s) 00|or+ = g2(0)

from the original theorem in [DPZ0§].

5.2 Short-time existence of solutions for the Willmore Flow

Now we want to prove short-time existence of solutions of the non-linear flow

Vﬂwﬂ%=—AﬂﬂWG»—%HﬂMﬁNHMMWV—4KﬂMﬂD in J x I
wm@@>=%mﬁMVﬂﬁwwwnmww»+a+w@mmw> on J x OI'"
0 = Hp(u(t)) on J x OI'*
0 = u(t) — p(t) on J x dr'*

u(0) = up in I'*

p(0) = po on OI'*,

where we have changed the notation and adopted the structure of the linearized PDE

in Theorem again. To prove short-time existence we follow the same strategy as in

Section We define functions ® := (u, p), ®¢ := (ug, po), spaces
E = Z,x Z,
F:=X x Yy x Y, x {0}
I:= {(uo,po) € 7Zy X ©Z, | uglor+ = po}
with their norms
1@l = llullz, + ol
— || £(@) 2 3)
1l = {| 7O + £, + )7

1@olly = lluoll,z, + ool

Y1

and the operator L : E — F x I as the left-hand side of (5.3))-(5.8)). For the right hand

side of the contraction mapping principle we define the non-linear operator N : E — F

as
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5 Local existence of solutions of the Willmore flow with line tension

where

F(u) = —AFHF(’U,) - %Hp(u) (HF(’LL)Q - 4Kp(u>) — VF(U) + %U + A(q,D)u

G(u,p) = %sin(a)(VpHp(u) -ngr(u)) + a + bxap(p) — vap(p)

d
top Tt Bo(q, D)u+ Co(q, Da)p

H(u, p) := Hr(u) + Bi(q, D)u + Ci(q, D)p.

In order to solve the equation L® = (N®, () by the contraction mapping principle we

have to prove a technical lemma again.

Lemma 5.7: (i) Let 5 < p < oo and o € [0,1]. Then one gets

o . 4(1—0o *
Zy = WE(J; Wpll=9) (I R))

o(3-L o

2, w0 o wy)
o(l 1 o)1l

vo o Wy W w0 (arwy).

(ii) Let 6 < p < co. Then we have

_4
Zu s BUC(J; W, ?(T*;R)) < BUC(J; BUC}(I™;R)) (5.15)

_4
Z, <5 BUC(J; W, ”(d*R)) < BUC(J; BUC*(8*;R)).

Proof: As in the proof of Lemma we do not diiinguish between W(.J; Wpﬁ (I';R))
and W*(J; Wf(K; R)) for some open K C R? with K compact.

(i) The three embeddings follow from Lemma [3.15(i) with s =0, « =1, r =0 and =4
ors:O,azg 4p,r—0andﬁ—4 fors:O,a:% 4p,r—0and5—l—%,
respectively.

(ii) The first parts of the embeddings are obtained from Lemma 3.15(ii) with k£ = 0, s; = 0,

82:1,r1:4andr2:038wellask:0,81:0,32:1,r1:4—%andr2—1—7

p?
whereas the second parts follow from the usual Sobolev embeddings and our assumption
p > 6. |

Remark 5.8: The embedding (5.15) is only valid for p > 6 and will be crucial in the
considerations to follow. This is the reason why we are again forced to change the range
of p from p > 5 in Theorem [5.1] to p > 6 in our final Theorem O

Follovvlng the strategy of Section We use Lemma (1) with o = % and o = % to get
Zny, — Wp (J;W(I'*;R)) and Z, — Wp (J; W™ )) respectively. This shows

1

Vivu € Wit (J; Lp(T™*; R)) N Ly (J; W,y (T*; R))
1

Vieu € Wi (J; Ly(T*;R)) N Ly (J; W (T*; R)).
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5 Local existence of solutions of the Willmore flow with line tension

2p—1

11 on the one hand

Next we get by the same lemma with ¢ =

5_ 1 41
Wy P (J; Ly(OT*;R)) N Ly(J; Wy * (0T R)) — WpT(J; WPQ((?F*;]R)),
where 7 := w and on the other hand
(dp—1)4p
2

_1 _1 2_ 1
WL Wy 7 (015 R) N Ly(J; Wy 7 (AT R)) < Wyl ¥ (J; W2(A%; R)),

—2_1 g 2_ 1
where we used o = 3 3 Since 7 < 3 3, We get

1

2p € W) 7 (J; LT R)) N L, (J: Wo* (97" R)).
Hence

V32, = Wyl (J: L(T* R)) 1 L, (J; W) (T R))
R))
(Or" R))

1
V2 Zy = Wi (J; Lp(T*;R)) N Ly (J; WE (I
2_ 1 2
V2Z, =W, *(J; Ly(OT*;R)) N L,y (J; W,
are the spaces containing the third and second spacial derivatives of u and the second

arc-length derivatives of p, respectively.

Lemma 5.9: Let 6 < p < co. Then the spaces

(i) V3 Zy = Wyt (J; Ly(T*;R)) N Ly(J; W, (T R))
(i) V2 Zy = Wi (J; Ly(T*;R)) N Ly(J; W™ R))
2_ 1 _1

(iii) V2Z, = Wy ¥ (J; L(0T%R)) N Ly(J; Wy " (9T R))

are Banach algebras up to a constant in the norm estimate of the product.

Proof: As we saw in Lemma [3.17] the crucial ingredient is the embedding into the space of
bounded uniformly continuous functions. Therefore we will only prove these embeddings
and the rest will follow in exactly the same manner as in Lemma [3.17]

(i) Lemma [3.15(ii) gives the embedding
1—4
V3Z, < BUC(J;W, ?(*;R)) < BUC(J; BUC(I'*;R)),

where we used p > 6 in the second step.
(ii) Here Lemma [3.15((ii) gives the embedding

_4
V22, — BUC(J; W; ?(I'*;R)) — BUC(J; BUCY(I'*; R)),

where again we have used p > 6 in the second step.

(iii) The same lemma as in (i) shows
44
V%7, BUC(J;W, ”(0I'*;R)) < BUC(J; BUC?(dT*;R)),

where we used p > 5 in the second embedding. |
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5 Local existence of solutions of the Willmore flow with line tension

Lemma 5.10: Let J := [0,T] and 6 < p < oo and BE(Q) := {® € E||®|z <r}. Then
there exists an r > 0 such that N(BE(Q)) C F. Moreover, N € C'(BE(Q);F) and
DNI[O] = O, where DN denotes the Fréchet derivative of N.

Proof: The fact that DN[O] = O is obvious due to the structure of the linearization in
Section .2l The linearization we calculated in Section [£.2]is indeed the Fréchet derivative
as we can see by the same argument as in the proof of Lemma [3.18 Only the Lipschitz
continuity of d¢ /N is needed, which we will see at the end of the proof.

Our first goal is to show that F(u) € X, G(u,p) € Yy and H(u) € Y; for all u € B%* (0)
V3

and p € IB%ZL” (O). For r > 0 small enough all the terms appearing in ', G and H are
V)
well-defined and the linear parts of F', G and H can be omitted since

e A(g,D)u e X due tou e Z, C Ly(J; W;(F*;R)) and A is of fourth order in space.
. %u € Xduetoue 7, C Wpl(J; L,(I'*;R)) and % is of first order in time.
5.1
. %p €Yy duetope Z, CW, “(J;L,(0T*;R)) and % is of first order in time as
1—1
well as p € Z, C W) (J; W, 7 (0I*;R)) and % is of first order in time.

1
e By(g,D)u € Yy due to u € Z, — Wy (J; W2(I'*;R)) because of Lemma (1) with
o= % and By is of third order in space. This leads to

1
Bo(q, D)u € Wyt (J; Lp(T*;R)) N Ly (J; W, (T*; R))
and by (A.24) in [Gru95| the trace operator vy maps as follows

1
Y0 : Wit (J; Lp,(T*;R)) N Ly (J; Wpl(r*;R)) — Y5

4—1
e Co(q, Dy)p € Yy due to p € Z, C L,(J; W, "(0I'*;R)) and Cy is of second order in

space and

-1 1
Ly(J: Wy #(OTR)) < L(J: Wy * (9T R))

4p

11 4—
as well as p € Z, = W, ¥ (J;W, P (JI*R)) by Lemma 5.7i) with o = 2%

and Cp is of second order in space and

4p 1

11 9 _4p_ 11
Wy (I W, PTHOTHR)) = Wy P (J; Ly(0T*; R))
since p > 6.

1
e Bi(g,D)u €Y1 due to u € Z, — Wi (J; WZ(I'*;R)) because of Lemma [5.7(i) with

o= % and By is of second order in space. This leads to
1
Bi(g, D)u € Wi (J; Lp(T*;R)) N Ly(J; W (T R))
and by (A.24) in [Gru95| the trace operator vy maps as follows

1
Yo : Wi (J; Lp(T*;R)) N Ly (J; WS (T R)) — V1.

90



5 Local existence of solutions of the Willmore flow with line tension

L Cl(Qa Da)ﬂ =0¢€ Y1 since Cl(q, Da) =0.

Next we want to turn our attention to the two velocities in F' and G. We first note that

sup sup |np(u) - 0, ¥ (u)| < sup sup ||np(u)]] ||0w¥(u)|| = sup sup ||, ¥ (u)|| =: ¢ < oo,
teJ qel'* teJ qel'* teJ qel'*

since J is compact, 0,V is continuous up to the boundary 0I'* and we assumed 0 < « < 7.

Hence using (2.31]) we obtain
IVe()llx < cllfeut; Dl L, .0, @0em)) < Cllult Dl gz, memy) < oo

Analogously we get with (2.35]) for the normal boundary velocity

vor(p)ll 1-1 <cllOp(t,q)|l 1 1
| ()IIW; S [10ep( )IIW; S
<clotall 5 4 <o
Wy “P(J5Lp(0T*R))
[[var (o) ) < cl|lOp(t,q)

1
Ly (J;Wp P (8T%R))

< cllp(t. 9|l -1
Wy (J;Wp 7 (9T"R))

1
Ly(J;W, P (8r*R))

< 00

due to the fact that
1

5_ 1 41 11 1
pEZ, CW, (I L0 R) N Ly(J: W, * (0T R)) = W (J; W, (9T R)
< CT%(J; BUC'(0I*; R)).

This proves that [[var(p)lly, < oo.

Since J, OI'* and I'* are bounded ”CHW;(J;WZ?(F*;R)) c”W;(J;Wﬁ(@F*;R
every constant function ¢ and every a, 8 € [0,00). By Lemma [5.7|(ii) we see that |u(t, q)|,
\Vr=u(t,q)|, [VE.u(t, q)| and |Vi.u(t, )| stay bounded. This shows that for a maybe even
smaller 7 the first fundamental form of all the hypersurfaces in the family (I',(¢))

< oo and || ))<oofor

ter 18
not degenerated. Because of the fact that ApHr(u) depends linearly on the fourth space
derivatives of w and that the coefficients, involving only w and its first to third derivatives,

are bounded, we get

|arHr @)l < e[|V +1) < e (Bl gapaemy +1) < e (lullz, +1) < oo

Because of the fact that |u(t,q)|, |Vr-u(t,q)| and |VZ.u(t,q)| stay bounded and Hp(u)

and K (u) depend continuously on w and its first and second space derivatives, we obtain

[Hr(u)|| x < sup sup [Hp(u)| [[1][x < c[l1][x < oo
ted qel'™*

2
| Hr()?] < (supsup [He@)] | 1]y < efl1ly < oo
X teJ ger+

1K (u)llx < sup sup [Kp(u)| [[1]|x < c[]1f[x < oo.
ted qel'™*

91



5 Local existence of solutions of the Willmore flow with line tension

The same argument holds true for [|Hr(u)|ly, and ||VrHr(u)|ly,, because also |Vi.u(t, q)l
stays bounded.

For »pp(p) we observe by Lemma (ii) that Z, — BUC(J; BUC3(0I'*; R)) and hence
lp(t, )|, 10-p(t,q)| and |02p(t,q)| stay bounded. In the same way as for Hr(u), the con-

tinuous dependence of »gp(p) on p and its derivatives shows the boundedness and thus

2200 (p)|ly, < sup sup [>ap(p)| |1y, < |1y, < oo
teJ qedl*

This shows N(BE(Q)) C F. What is left is the fact that N € C'(BE(Q);F), for which it is
enough to show Lipschitz continuity of the several parts of V.
Again we start with the highest order terms included in ApHyr. We know that we can

write

ArHr(u) = Z ao(w, Vreu, Vi, Vi) 0% + b(U)
|a|=4

=U

with an,b € C3(U) and U C RxR? xR2*2 xR?%2x2 3 closed neighborhood of 0. Linearizing

this we obtain
(DuArHr(uw)(v) = Y (8au81aa([U)v + 0%Udsaq (U)(Vrev)
|a|=4
+ 0%u03a0,(U)(Vr=v)(Vr+v) + 0“u04a6(U)(Vr+v) (V) (V=v)
+ a(0)0°0) + O1b(U)v + 0ab(U) (Vr-v)
+ 836(U)(Vp*v)(Vp*v) + 84b(U)(VF*U)(VF*’U)(VF*’U).

Again by the smoothness of a and b the coefficients 0;a,0;b with i € {1,2,3,4} and
aq satisfy a Lipschitz condition on B,(0) C V3Z,. Because of [|e|/gs, < c|e]l, , two
functions u, % € B,.(0) C Z, are also in B.(0) C V3Z,. Analogously to Hr in Lemma
we use this time ||VE. £(Zu,X) < for i € {0,1,2,3,4} and the embedding V37, — X
to prove for u,u € B,(0) C Z, the estimate

HDUAFHF(U) - DuAFHF(@)Hc(ZH X)

< Y (1010l (gp 107w =D
|a|=4

O10a(0) = haa(O), o 0%l

Lo (giLoe ey 10% (w — W) x

— Dyaq(U) ) 197l x

n
.

* Loo(J3Loo (I
+ 10500 (O)ll g 1oy 197 = u)HX
. !
‘

0%l x

Leo(J;Loo (T%))
U)”LOO(J;LOO(F*)) [0%(u — )| x
| R ————

<0iaa(V)llgs 5, <c(r)  <[lu=ull,,
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+[or0a(0) ~ ds0a )|, 10°T)

<r

<. ||stu<cZHV2*u Vivtll g,

3
+5¢ Y |Vhou - Vi@ < o(r) u—1l 4, -
=0

V3Zy

<dfju—ull,,

This shows the Lipschitz continuity of D, ArHr : B.(0) C Z,, — L(Z,, X) and hence we
see ArHr € C(B,(0), X).

The lower order terms given by
HE (u) = Hr(u) (Hr(u)? = 4Kt () = b(u, Vreu, Vi)

with b € C3(U) can be treated exactly as the non-linear lower order terms in ArHr(u)
leading to HK € C*(B,(0), X).

Due to the higher regularity of Z, the considerations for »yp this time are even easier
than in Lemma [3.18f We can write

%3D(p) - b(ﬂ? ao’pv 83'p)
with b € C(U). Linearizing this we obtain
(Dpap(p))(v) = 01b(p, Bop, D p)v + D2b(p, Do, D p) v + D3b(p, D, D) Dov.

Here we can treat »xyp as a non-linear operator, because the second order arc-length

derivatives of p are still elements of the algebra V?Z,. Therefore

IDp500(p) = Dyap (D)l 2z, vy < |[01(p, 0 p, 02p) 1d —01b(5, 0 5, 027) dH

L(Z,,Y0)

+H82b(p,8gp7agp)3a—52b( 9 7e(z,,v0)
2 \a2 ~ 2552

+H83b(p,8ap,3ap)8a 95b(p, 0o, 050) 05 L(Z,Yo)

Halb (p, Oop, 02p) — O1b(P, Osp, O ﬁ)H 11dl (2, vo)
+ || 02b(p, 0 p, 02p) — D265, Do, 02p) H 1951l 22, 0)
+ || 2sb(p, 00, 02p) — D5b(5, Do %Py,

C(ZINYD)
Since V?Z, < Yp as well as 1]l 27,v0) < 005 195l 2(z,,v) < o0 and HagHL(ZP,YO) < 00
we conclude using the smoothness of 0;b

HD,O%BD(p) — Dy»pp (m”g(zp,yo)

<3¢ llo = dligaz, + 1070 ~ Ooillay, + 020 — 020

viz,)

<[le=rll, <lle=rll,, <lle-7ll,

<clp—7lly, -
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This shows that D,spp : B,(0) C Z, — L(Z,,Yp) is Lipschitz continuous and thus
sop € C(B:(0), Yo).

The calculations for Vi and syp do not change significantly compared to Lemma [3.18]
leading to Vp € C1(B,(0), X) and vgp € C*(B,(0),Yp).

From the first boundary condition the third order term remains unconsidered. Here we

can write
VH(u) := VrHr(u) - ngr(u) = b(u, Vi, Vi, Vi)

with b € C3(U) implying the Lipschitz continuity of 9;b for all i € {1,2,3,4}. We estimate

| DUV H(u) = DuVH (@) (7, 757, < || 016(U) 1d ~1b(T IdH

L(Zy,N32Zy,)
+ [ 02b(U) (V) = 226(0) (V)

L(Zu,V32Zy)

+ H(agb(U) - 335(6))(VF*)(VF*)HL:(ZH,V?’Zu)

+|(D1b(U) = ub(0)) (V1) (V=) (Ve

L(Zu,V3Zy)

b(U) — ,b(D)|

(A
V37, : Hc(zu,wzu)

<4y |Vieu - Via
1=0

ooy, < Ellu—ll,

<c]|u—u
<c|lu=uf|

proving VH € CY(B,(0), V3Z,). Using equation (A.24) of |Gru95| gives 7o : V37, — Yj
leading to v o VH € C*(B,(0), Yp).
The last thing to consider is the second boundary condition including the mean curvature

Hr. Here we can write
Hr(u) = b(u, Vr=u, Vi.u)
with b € C*(U) implying the Lipschitz continuity of 9;b for all i € {1,2,3}. We estimate
| DuH (w) = DyH (@) (7, 72, < ||216(U) 1d ~1b(T IdH

L(Zy,V22Zy,)
+ | 02b(W) (V) = 22b(0) (V1)

L(Z4,NV2Zy,)
+[|osb W) (Vr) () = B3OV (Vee) [ o
2 N
b(U)‘ v22Z, : Hﬁ(zu,WZu)

1=0

<cllu— 17||Zu

2
< 362 HV}*u — Vir-u w2y
i=0 2

<l

proving Hr € C*(B,(0),V2Z,). Taking into account equation (A.24) from |Gru95| once
more 7o maps as follows 7o : V2Z, — Y] leading to v o Hp € C'(B,(0),Y7).
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All these continuity statements show that N € C'(BE(Q);F), where we have chosen the
radius r appropriately. |

After proving this technical lemma we can again apply the contraction mapping principle

in the following lemma.

Remark 5.11: Again it is important that L is an isomorphism. We do not need to con-
sider go(0) —Bo(0)uo—Co(0)po € m Z, from Theorem [5.1] since by the same argumentation
as in proof of Corollary [5.2] we see —By(0 )uo Co( )po € m1Z, and and by (A.25) in [Gru95|

we see that for gy € Yj one has go(0) € Wp (QI‘*, R) = mZ,. Moreover, the condition
B2(0)ug + C2(0)po = g2(0) can be dropped, because g2 = 0 and (ug,pg) € I. Finally
B1(0)ug + C1(0)pg = g1(0) reduces to B1(0)ug = g1(0). Due to Theorem [5.1| the operator

L is an isomorphism between the spaces E and

Fox1:= {(f,go,gl,O,U(),po) eFxI | 81(0)u0 = 91(0)} x I. O

Lemma 5.12: Let Ty > 0 be fized and T € (0,Ty) arbitrary.
(i) There exists a bounded extension operator from Fr to Fr,, i.e. for all f € Fr there is

a f € Fp, with ﬂ[o, = f and Hﬂ’ < c(To) | fllg,.-
(it) The operator norm of L. LFr >< I — Er is uniformly bounded in T.

(iii) There exists a bounded extension operator from Er to Eq,, i.e. for all ® € Er there
is a ® € Eq, with :I;’[O =& and HCIJH < c(To) | ®llg,-

(iv) The uniform estimate || DN7[®]|| - 1ET,JFT) < c(Tp) [|®[|g, < oo holds for @ € BE7(0).

Proof: (i) Let (f1, fo, f3,0) € Fp. To define the extension we solve
d

() = tG(t) =0 on [0, Ty] x OI*
9(0) = f2(T) on oI,
and
%ﬁ(t) — 94h(t) = 0 on [0, Ty] x Or*
R(0) = f5(T) on AT,

where the trace in ¢ = T' of a function f; € Yy is an element of m1Z, and for f3 € Yj it is

an element of m 7, := W;ig(af’*;R) (cf. (A.25) of |Gru95]). We obtain unique
G YT = WO, Tl Wy 7 (O R)) 1 Ly((0, Tols Wy * (0T R))
hoe Y = W0, Tols Wy * (0775 R)) N Ly((0, Tols Wy * (9T R))
with
Illym < e(To) (00 + 1£2(T)llr, 2,) = e(T0) [ £2(T)

[0 < (o) (100 + 15(Dleyz,) = ETo) (D)l 7, -
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5 Local existence of solutions of the Willmore flow with line tension

We define the extension ( f1, fo, fs, 0) € Fg, by

(Fr, 2, 0) = {(fllf2,f3,0)A for ¢ € 0,7
(0,§(t = T),h(t = T),0) for t € (T, Ty

and have the estimate

[ for PO, <1 L2 f3 Ol + 0.3 R. 0,
=101 f2: J3. Ol + 18y + [[2] 1,

< |1(f1s f2, £3, 0)llg, + e(To) 1f2(T) I, z, +E(To) [1f3(T) 7, 2,
—— ——

<l follyr <clfallyr

< /C\(TO) ||(f17 f2> f37 O)H]FT

where the uniform estimates || f2(T)||,,, < ¢ HfQHYOT and || f3(7T")|
from Theorem I11.4.10.2 of [Ama95| and Lemma 7.2 of [Ama05|.
(ii) - (iv) Can be shown in the same way as in Lemma where in (iv) we use DN|[O] =

0. |

Iz, < €l fslly;r follow

Lemma 5.13: Let 6 < p < oo and J := [0,T] where T > 0 must be chosen sufficiently
small. Then there exists some € > 0 such that for each oy = (ug, po) € I with | Poll; < €
and Hp(up) = 0 there exists a unique solution ® = (u,p) € E of L& = (N(P), D).

Proof: We set X, := {® € BE(0)| (0) = @ }. The equation L& = (N(®), do) is equiv-
alent to the fixed point problem K (®) = ®, where
K(®):= LTY(N(®),d;) V& eBE0).
For the invertibility of L we have to make sure that (N(®),®q) € Fy, which means
Biug = Bl@(()l) = N(3)(<I>0) = Hr(up) + Biug + Cipo = Hr(up) + Biug. This is equivalent
to the condition Hr(ug) = 0.
Due to Lemma [5.12iv) and Lemma we can choose r > 0 independent of T" such that
1
sup [|DN[V]| pmp) < 5————7 =7
Y £E0 =3 sup L]
TE[O,T()}

Before we can state the main estimate we have to take a look at | N(O)||p. Here we see
1
INO)l = |Ar-Hr () + 5 He-(0) (He-(u)? - 45 () |
b

+ ([ Hr- (u)]ly,

Yo

+ H; sin(a) (Vs Hp«(u) - ngr=(u)) + a + bsgp=(p)

— T || Ape Hie () + %HF* (w) (Hr-(w)? — 4K (u))

L,(I'*;R)

1.
+T>r 5 sin(a)(Vp«Hp=(u) - ngr=(u)) + a + bsxgp+(p)

1—1
W, P(or+R)

1
+ T [[Hp=(u)[| 5 1 :
W, P (ar+R)
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5 Local existence of solutions of the Willmore flow with line tension

because all the terms Arp«Hp«, Hp«, K+, a, xgp+ and ngr+ are time-independent. Hence
IN(O)||g 750 0 and for a sufficiently small time interval [0, 7] we get || N(O)|lz < e. We
[N

use this fact in the estimate

IK@)lg < |27 (IN@) g + [ @0lly) < |27 (IN(@) = N(©)llg + IN(©)]lg + [|o]l;)

IN

(12l ( sup || DN ¢(ge) 12l + IV (O) g + ||<I>or|u>
UeBE(O)

IN

12l + 27 IN @) + 7] 1ol

IN

R I b
for every ® € X,.. By choosing

r

E G —
— 4 sup [IL7Y|
TG[O,TQ]

e(r)

independent of T, we get |K(®)|| < §+§ = r, ie. K(X;) C X,. To see that K is
contractive, we observe that for all ®;, ®5 € X,. the following holds

| (®1) = K (@2)llg < ||| IV (@1) = N(®2)]l5

<||z7] sup IDN[W]l|pge (@1 - Dol
VeBE(0)

IN

1

—||®1 — D]z .

5 121 = P2lg

Hence K : X, — X, is a contraction and the assertion follows from the contraction
mapping principle. |
Transforming this statement to our original situation we end up with the following theo-
rem.

Theorem 5.14: Let T > 0 be sufficiently small and 6 < p < oo then there exists an € > 0

such that for each oo € mZy with golor+ € 72, |00l zz, +l€olorlz, <€ and Hr(eo) =0

on OI'* there exists a unique solution o € Z, with o|lor+ € Z, of the system
1

Vilo(t)) = ~ArHr(olt)) — - Hr(e(t)) (Hr(et))? ~ 4Kr(e(t)) in [0.7] x T*
vap(o(t)) = %sin(a)(VFHp(g(t)) “nar(o(t))) + a + bsxgp(o(t)) on [0,T] x oT*
0 = Hr(o(t)) on [0,T] x oT'*
0(0) = 0o in T'*.

Proof: Rewriting Lemma [5.13] in terms of p instead of ® immediately gives the result. W

This second short-time existence result finishes the sections concerning the Willmore flow
and also the short-time existence considerations itself. In the last section of this thesis we

will turn our attention to stability questions for the volume-preserving MCF.
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6 Stability of spherical caps under the volume-preserving MCF

6 Stability of spherical caps under the volume-preserving MCF

In this section we want to prove the stability of spherical caps on a flat surface, in the
following only named SCs, under the volume-preserving MCF with line tension. Our first
step in this direction will deal with the existence of stationary spherical caps - henceforth
called SSCs - and the relations that have to be satisfied for an SC to be stationary.

6.1 Spherical Caps

Before we start with the existence of SSCs we need some relations of terms that describe

spherical caps.

nor

np

Figure 7: Spherical caps and the involved notation

Let  be the upper half space R3 := {(z,y,2) € R® | z > 0}, then 99 is the x-y-plane.
The radius of the SC shall be denoted by R and the height of its center by H. Our
convention will be that an SC whose center is above OS2 has a positive H and if the center
is below the z-y-plane we declare H to be negative. The contact curve OI' = 9D in this
case is obviously an ordinary circle whose radius will be denoted by r and the angles shall

be as in Figure [/l Remark that all angles - especially « - are constant in this situation.

Both cases and our sign convention for H lead to

H = rcot(a) and R=—"

. 6.1
sin(«) (6:1)
By Remark [2.1[i) the triple (7,np,ngp) was supposed to be a right-handed orthonormal
basis, hence we have to parametrize the contact circle clockwise looking down from the
north pole. This causes the arc length derivative of 7, which is the curvature vector 2, to
point inwards and away from ngp. Therefore the geodesic curvature of the contact curve

is negative, which means »yp = —%.
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6 Stability of spherical caps under the volume-preserving MCF

Looking at the equations for stationary solutions we see that (2.20)) is trivially satisfied
for SCs. Hence an SSC only has to satisfy ([2.21]), which simplifies to

cos(a) = g —a (6.2)

and additionally we will prescribe a given volume V).

To calculate the volume of an SC we use the well-known formula for the volume of solids

of revolution. Our SC is a solid of revolution generated by rotating the function
f:|[-R,H — R:z+— f(x):= VR? — 22

around the z-axis, which also explains our sign convention for H. We can calculate

H H
Vol(V) = w/ f(z)?dx = 7r/ R? —2%dr =7
-R -R 3

H
3
x
R ]
-R

E+R3fR73

=7 |R?’H —
W( 3 3

) - %(2}23 +3R2H — H3),

where V' is the domain enclosed by I" and D as in Figure [/} Making use of (6.1) we can

express this in terms of o and r as follows

Vol(V) = grg (2 +3cos(a) — COS(a)3> ‘

sin(a)3

Now we know that an SSC fulfills (6.2) by which we can express its volume depending

only on r as

Next we answer the questions “Given any parameters a € R, b > 0 and V > 0, is there
an SSC?” and if not “For which values of a, b and Vj are there SSCs?”.

Looking at equation 1' we immediately see that —1 < g —a < 1 has to hold. We can

therefore distinguish the following cases:

1. Case (a < —1): Here we should have a — 1 < 2 < a+ 1 <0, which is not possible
since b > 0 and r > 0.

2. Case (—1 < a < 1): Here the left inequality of a — 1 < % < a+ 1 is always satisfied

and we have to ensure r € (a—f’rl, oo).

3. Case (a > 1): Here both inequalities contribute to the restriction of r and we obtain
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6 Stability of spherical caps under the volume-preserving MCF

This shows that there are definitely no SSCs if a < —1 and therefore from now on we

restrict ourselves to a > —1 and r € I, with

B (%oo) if —1<a<l
IT'_{(ZLWL) . . (6.4)

A close look on the function V' from (§6.3) shows that V has the following properties:
1. V is continuous on I,.

2. V(r) > 0 for all r € I, because of

7r cos(a) — cos(a)?
V(r) = §T3 (2 3 Si(n()oz)?’ (a) ) > 7d (2 + 3cos(a) — cos(a)3)

>3 (2 + 3cos(m) — COS(?T)3> =0.

Here we used that 2 + 3 cos(a) — cos(a)? is strictly decreasing for a € (0, 7).

3. For the limit in the left boundary point of I, we obtain

3
. b\ [3(E—a)—(t-a) +2
lim V(r)=-(——=) lim 3 = 00,
T*Lail 3\a+1 g—aTl

because the numerator converges to 4 and the denominator to 0.

4. Consider again the case —1 < a < 1, where r — oo is allowed. Then we get

lim V(r) = lim Ty 3(%*a> _ (%*a>3+2

r—00 r—oo 3

5. Turning our attention to the case a > 1, where r — % has to be considered, we
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6 Stability of spherical caps under the volume-preserving MCF

get with 'Hépital’s rule

lim V(T)—W( b )3 lim 3(£—a)_<?—a)3+2

b
TTa—l

ol

w3

3 2
:W( b ) lim 1—(b—a) = 0.
3\a—1/ mt. r

From properties 1 to 4 we see that in case of —1 < a < 1 there is some ¢ > 0 such
that V(r) > ¢ for all » € I,. So we can conclude that on the one hand there are no
SSCs if Vy € (0,¢) and on the other hand there is at least one SSC for Vy > ¢. The
existence of SSCs can only be guaranteed for a > 1. Here properties 1 to 3 and 5 justify
the intermediate value theorem which proves the existence of a solution of V(r) = V} for
arbitrary Vg > 0.

In the following considerations we assume
a>—1 and b> 0. (6.5)

We will drop the given volume Vj and answer the question “What are the possible angles
a that an SSC can attain?”. Note that ¢ < —1 has to be excluded, since the stability
analysis of an SSC would not make much sense if there is no SSC. As we already saw
while answering the previous questions the feasible range for r is I, from (6.4). SSCs

satisfy cos(a) = g —a and g — a is obviously strictly decreasing in r. Thus

b b
=-—atl fi
cos(a) . a?t or r¢a+1
and in case a > 1 we furthermore have
b b
s(a) = - —al —1 fi —
cos(a) " al or TTa—l’
which shows that all contact angles v € (0, ) are possible.
Looking at the case —1 < a < 1 we obtain the limit
cos() = - —al —a for r — oo
r
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6 Stability of spherical caps under the volume-preserving MCF

and therefore only a € (0,arccos(—a)) can appear as contact angle of an SSC. So we

obtain the interval

- {(O,arccos(—a)) if —1<a<1 66)

(0,7) ifa>1
as the feasible range for a.

After we know which conditions have to hold for the contact angle a and the radius r, we

can now start with the stability analysis of SCs.

6.2 The Generalized Principle of Linearized Stability

To prove the stability of SCs we assume that the reference hypersurface I'* from the
previous chapters is now an SSC and we want to prove the stability of the zero-solution
o = 0 for —. To this end we will use the Generalized Principle of Linearized
Stability (GPLS) as presented in [PSZ09] and start by setting up the abstract framework.

We begin by transforming the equations (2.29)-(2.30) into an abstract evolution equation

of the form

dw(t) + Al)v(t) = F(v(t))  teR, (6.7)
v(0) = vg (6.8)

as given by (2.1) in [PSZ09]. As in (2.31) we can separate Jio from Vi and transform

[2:29) into

Vr(o(t,q)) = Hr(e
(nr(o(t; q)) - 0w¥(q, o(t,q)))0o(t, q) = Hr(o

dio(t,q) =

Analogously we transform ([2.30)) using (2.35]) into

vap(o(t,q)) = a+ bsxap(o(t,q)) + (nr(e(t, q)),np(g, o(t, q)))
(naD(Q(ta Q)) : 8w\:[](q7 Q(ta q)))atg(tv Q) =a+ b%aD<Q(t7 Q)) + <nF(Q(t7 Q))7 nD(Q(ta q )>
Bro(t,q) = 2 0xoplet9) + (nrlelt, @) nolet 9)))
e nop(o(t,q)) - 0w¥(q, o(t, q)) '

Similar to the considerations in Section [3.I] we set for 4 < p < oo

X, :=D(A) = {(u, p) € W2(I'*;R) x W;_%(OF*;R)

ulors = P}

_1
Xo := W(A) := L,(T*;R) x Wp1 " (O™ R),
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6 Stability of spherical caps under the volume-preserving MCF

where X1 — X as demanded in [PSZ09] and we immediately see that

Hr(u(t,q))
nr(u(t, q)) - 0w¥(q, u(t,q))
_a+bsxp(p(t,q) + (nr(u(t, q)), np(ult, 9)))
nap(p(t,q)) - 0w¥(q, p(t,q))

Ai(u, p)(u, p) == —

A2 (U, p) (uv P) =

are autonomous quasilinear operators. The nonlocal part H has to be included into F

via
H(u(t,q), p(t,q))
Fi(u,p) = —
10 P) = =l 0)) - 0w (g, u(t, )
Fs(u,p) :==0.
If we define
v = (u,p) vo = (uo, po)

[ Ar(v)v V) i Fi(v)
Aw)o = (AQ(W) ) <F2<v>>
we exactly have a problem like -.

By interpolation results as in Theorem 4.3.1/1 and Definition 4.2.1/1 of [Tri7§|] we obtain

* * 2-2 *
(Lo W),y =Wy 7()
1—1 31 ’ 3_3
(Wp b (are), Wi (ar*)) — W o).
1—%,;)
Corollary 1.14 of [Lun09] shows that functions (u, p) belonging to (Xo, X1),_1 , are traces
at t = 0 of functions v € W} (Ry; Xo) N Ly(Ry; X1) < BUC([0, 00); (XO7X1)1—%,p)' This

proves that the trace condition u|gr= = p carries over from X; to the interpolation space
and we have

_2
p

2 3-2
X, = (X0, X0, 1, € { (p) € WS () x Wy 7 (or)

ulgr+ = p} .

For V := B.(0) C X, we can show A € C*(V,£L(X1,Xo)) and F € CY(V, Xy) by exactly

the same arguments as in Lemmas - since the new terms Wm and

WM only contain zero- and first-order derivatives of u and p, which are bounded

for (u,p) € V.

As already stated before we want to prove stability of SSCs, which means that we consider

v* =0 € £ parametrized over the SSC I'*, where £ is the set of equilibria
E={veVnX;|Aw)v=F(v)} CVnX. (6.9)

Clearly £ is at least 2-dimensional since we can shift any stationary surface in x- and

y-direction without changing the curvatures, surface area and contact angle. That we
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6 Stability of spherical caps under the volume-preserving MCF

consider v* = 0 also explains why our notation differs slightly from that of [PSZ09|. In
our special case there is no difference between what is called v and w in [PSZ09]. Hence

we could use v for the same function as in Section 311

The crucial assumption for applying the GPLS is “A(v*) = A(0) has the property of

maximal L,-regularity”. First we remark that

(GAW 0" (w) = %A(v* +ew)(v* + ew)

_ d% (") + A/ (0") () + O(2)) (0" +2w)

— %A(v*)v* + (A (v*) (w)v* + A(w*)w) + O(e?)

= A'(v")(w)v* + A(v*)w + 0(5)‘5:0
— A ) + AW,

e=0

e=0

e=0

which simplifies for v* =0 to (JA(0))(w) = A(0)w. If we call

nr(u) - 0¥ (u) 0 )
0 nop(p) - 0w¥(p)

1 0
5(0) = (0 1 ) :
sin(a)

Utilizing the fact that v* parametrizes an SSC, i.e. (4 — F)(0) = 0, we see

aw:awmz(

we have using ([2.24))

(0A)(0) = 6(S(A = F))(0) = (65)(0)(A — F)(0) + S(0)(6(A — F))(0)
= S(0)(6(A = F))(0) = S(0)(A(0) — F"(0)) = S(0) Ao,
where —A := —S(A — F) is the operator of the right-hand side in (2.29)-(2.30) and

Ap := A(0) — F’(0) is the operator from (2.5) of [PSZ09] adopted to our case v* = 0.
Hence we see that we already calculated the linearization operator Ag = S~1(0)(6A)(0)
as the right-hand side of —. In Section we have shown in Theorem |3.6
that A(0), which is Ay without the non-local part F”(0), has maximal L,-regularity. This

enables us to use Theorem 2.1 of [PSZ09] which in our situation reads as follows.

Theorem 6.1 (GPLS): Let 4 < p < oo and suppose that v* = 0 is normally stable, i.e.
(a) near v* the set of equilibria € is a C'-manifold in X1 of dimension m € N,

(b) the tangent space of € at v* is given by N (Ay),

(¢) 0 is a semi-simple eigenvalue of Ay, i.e. N(Ag) ® R(Ao) = Xo,

(4) 7(Ao) \ {0} C C..

Then v* = 0 is stable in X, and there exists § > 0 such that the unique solution v(t) of

— with initial value vo € Xy satisfying |lvol|x <& ewists on R™ and converges at
an exponential rate in X to some v € E.
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6 Stability of spherical caps under the volume-preserving MCF

6.3 Application

In the process of using the GPLS, it will be necessary to make use of a better suited
parametrization of the SSC I'*. We will assume w.l.o.g. that the center of the SSC I'* lies
on the z-axis and has height H* € (—R*, R*) over or under the x-y-plane. The perfect fit
for SCs are spherical coordinates shifted in z-direction by H*, which will be introduced

now.

Let a and b be given as in (6.5). Then we know by the previous considerations that for

arbitrary o* € I, there is some r* € I, such that

as well as R* € (0,00) and H* € (—R*, R*) to satisfy

7,,>l<

R =

and H* := R" cos(a™).

sin(a*)
Then the parametrization of I'* reads as

R*sin(yp) sin(v)
P(p, ) :== | R* cos(p)sin(V) with ¢ € [0,27] and 9 € [0, 7 — a™]. (6.10)
R*cos(9) + H*

The first and second derivatives of P are given by

R* cos(ip) sin(1?) R*sin(p) cos(v?)
Py(p, V) = | —R*sin(p) sin(v) Py(p,0) = | R* cos(p) cos(V)
0 —R*sin(v)
—R*sin(yp) sin(?9) —R*sin(y) sin(¥)
Poy(p,9) = | —R* cos(yp) sin(¥) Pyy(p,0) = | —R* cos(p) sin(19)
0 —R* cos(V)
R* cos(p) cos(19)
Poy(p,0) = Pyy(p,9) = | —R*sin(¢) cos(9)
0

We can use this to calculate the special form of the following quantities in the case of I'*
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6 Stability of spherical caps under the volume-preserving MCF

being an SSC as follows

R*?sin(p) sin(d)? sin(¢p) sin(¥))
S wapﬁ _ 1 R*QCOS( )sin(ﬁ)Q = COS( )sin(ﬁ)
=R x Pl B Zsin() | N ! |

R*“sin(19) cos(¥) cos(v)

G:C%ﬁﬁ<%ﬂﬂ_<m%mw2o>
<P<P7P19> <P19,P19> 0 R*Q ’

g = det(G) = R**sin(9)?, Vg = R sin(0),

11 21 1
G ! = <g g ) _ | R*?sin(v)? 0
912 922 0 ﬁ

IIF _ <<P<P<P7nr*> <P19Lp7nr*>> _ <—R* Sil’l(’ﬁ)Q 0 )
(Pog,nr=) (Pgg,nr=) 0 —R*)’

1
— 5 0
W=G—1Hr*:< 0 )

R*
i Ry o*]" = ek Hp» = BTE Kp+ = ek
P sin(p) cos(19) —sin(p) cos(a*)
nor+ = HPZH = | cos(y) cos(¥?) = | —cos(p) cos(a™®) |,
= —sin(?) P — sin(a*)
P cos(¢p)
T = ”P(P” = | —sin(y) |,
Pl Yg=mr—a* 0
O 7_:* X N p* Sln(%p)
np«=10 [, nops = 2 = cos(¢) | »
-1 0
o i B ) :sm((gp)) B . :smig@i
P ~ R*sin(v cos\p ~ R*sin(a* costel [
%2 *
J=r—a 0 0
Y=mr—a*
ngp+ = (3", ngp+) = o
obr = AF L RODT T T sin(a*)’
. cos(p) sin(¢) cos(19)
. = 11P 22P — s T
Vi« =g Py0, + g PyOy R sin(0) sin(p) | 9, + T cos(¢) cos(9) | Oy,
0 — sin(9)
Br = == (v89"9,)+ = (V3500), = s (g Ove + G1n(0)00),)
v e /g 9~ RZsin(9) \sin(9) *? 9
1

1
S R— L SR

1
2
R*2 sin(z?)z ) R*2 81919 + W COt(’lg)aﬁ.

Before we can check the assumptions of the GPLS it will be necessary to determine the
nullspace of the operator Ap. The first step is to fit the equations (2.45)-(2.46) to the
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situation of I'* being an SSC with the above parametrization. Here we see that the first

component of —Agp simplifies to

—(Ap0)V = Arco + 0% 20+ Vr«Hrp= P (0,%(0)) | 0
———

=0 as Hprx is constant

_][ (Ar- + 0" — H2. + TT(O) Hp-)odH?
= N——

—Hp«
+1/ Hp- — H(O) | cot(a)odH!
fld%2 or* - N—— o OZQ
I* :Hl"*
:AF*QHU*\QQ_][F (Are + |0*[2)o dH2. (6.11)

Searching for solutions of 0 = —(Ago)(!) we immediately see that Ap«p + |o
has to hold, since f(Ar« + |0*|?)odH? is constant. And vice versa if Ao + |0%|?0 is
F*

*|?0 = const.

constant we get

~(Ao0)" = Areo + 0" 0 - ][F*(Ar* +o[*)edH?

—Areg+ oo~ (Ar- +l0"Pe 13 =0,

Therefore it is equivalent to solve ¢ = Ap«p+|c*|?0 instead of 0 = —(Age)M). Transforming

the equation with respect to the parametrization from above we have to solve

1 . *
— W&W + 099 + cot(F)oy + 20 in (0,27) x (0,7 — a¥), (6.12)

where the missing R*? is included into the constant on the left side. For the boundary

component we get

—(Aog)(Z) = — sin(a*)Q(nap* - Vrx0) —sin(a™) IIp«(nop+,ngp+) o
=0 as D is flat

+ sin(a*) cos(a™) [ I« (nar+, nor+) e
+ bsin(a*) s + bsin(a®) sp+ I1p+(ngp, ngp+)o
~—~—
=0
—bsin(a*)spp+ (7, (nop+)s) 0 — bsin(a*) (naps, (np+)s)” o
—_—————
=0 as np= is constant

= — sin(a*)Q(nap* - Vr+0) + sin(a™) cos(a™) I I« (nap+, nor+) o

+ bsin(a™)goe — bsin(a™)sgp= (T*, (nogp+)s) 0- (6.13)
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6 Stability of spherical caps under the volume-preserving MCF

Using the calculations above we have

ngrs - Vr=0 = —-09
R* Y=m—a*
Py Py
I« (nor+,nor+) = I+ ( T )
HPﬁH V=r—a* ”P19” I=m—a*
1 1
= o lIr (P, Py) = — 5 (6.14)
1 0y 1
0o = 0, = —5 30
77 I, S0<|!P<p|!> g e R¥Zsin(a*)2777
(7. (nop)s) = <T (”8D*>¢>
1Pl /|y o
_ (7 (nop+)g) __ (6.15)
R*sin(¥) |y_,_,» R*sin(a*)

and plugging this into the equation for —(A4y0)® we end up with

—(AOQ)(Q) = — sin(a*)2(n5p* - Vr+0) + sin(a™) cos(a™) I I« (nap+, nor+) 0
+ bsin(a*)0se — bsin(a*)sxgp- (7, (nop+)o) 0
_ sin(a)
=

(_ sin(a*) oy — cos(a™)o + R* sin(a*)2 Opp + R*sin(a*)? Q) '

We divide by Sm}gf*) # 0 and obtain the first boundary condition for the nullspace to be

b

0= ————= ———— 0 — si * — * 0,2m|. (6.16
@72 a0 —coslat)e| on 020, (610
Because we transformed Aj into spherical coordinates (p,9) € [0,27] x [0,7 — o], we
still have to impose four more boundary conditions. These represent the compatibility
conditions on the “new” boundaries ¢ = 0, ¢ = 27 and ¥ = 0 that have not been present
as we parametrized over I'*. The second and third boundary condition represent the

periodicity in ¢ namely

0 = 0|p=0 — 0lp=2r on [0,m — o] (6.17)
0 = 0plp=0 — 0p|p=2n on [0, — a™]. (6.18)

The fourth boundary condition shall guarantee continuity in the “north pole” of the SSC.

Here we demand

const. = o|y=o on [0, 27]. (6.19)
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6 Stability of spherical caps under the volume-preserving MCF

Combining the equations (6.12)) and (6.16))-(6.19)) we have to solve the system

1
c= WQW + 099 + cot(F)oy + 20 in (0,27) x (0,7 —a*) (6.20)
b
0= R sin(a")? (0pp + 0) —sin(a™)py — cos(a™)p  on [0,27] x {m —a*} (6.21)
0 = olp=0 — 0lp=2r on [0, — a] (6.22)
0= ng|<p:0 - ng|<p:27r on [0, T — Oé*] (623)
const. = p|y=o on [0, 27] (6.24)

to get all elements in the nullspace of Ay.

First we find a special solution of the inhomogeneous system by an educated guess. The
function
0°(p, V) := 1+ ¢4 cos(V) (6.25)

with
o R* cos(a*)sin(a*)? — b
“ " Rrsin(a*)? — bcos(a*)

is what we are looking for. Obviously, this is only possible if R*sin(a*)? # bcos(a*). We
claim that for R*sin(a*)? = bcos(a*) there exists no function that satisfies (6.20))-(6.24)
with a ¢ # 0 and will prove that fact later on in Lemma It is an easy calculation to

verify that ¢° satisfies the conditions (6.22)-(6.24) and we only check (6.20) and (6.21).

For the interior equation we obtain

1
W@fw + 05y + cot(V) o + 20° = 0 — ¢4 cos(V) — cq cot(P) sin(?) + 2(1 + ¢, cos(P))

= —2¢q co8(0) 4+ 2 4 2¢4 cos(P) = 2.
Now we will consider the equation (6.21)). Differentiating ¢ we obtain
Qi@(@,ﬂ' - Oé*) =0
oy(p,m—a*) = —cosin(V)|y_,_ o« = —Casin(a™)
0°(p,m— ™) =1— ¢, cos(a”),
which simplifies (6.21]) to

S

b . * *
7(0[*)2 (wa + 0%) —sin(a™)g§ — cos(a™)p

R*sin Y=m—a*
= R*Sirllj(a*)2(0 + 1 — cq cos(a™)) + sin(a™)cq sin(a™) — cos(a™)(1 — ¢4 cos(a™))
b

- m(l — cq cos(a”)) 4+ cq — cos(a)

b —beq cos(a*) + co R sin(a*)? — R* cos(a*) sin(a*)?
B R*sin(a*)?
_ b— R*cos(a*) sin(a*)? + co(R* sin(a*)? — beos(a*))
N R*sin(a*)?

=0.
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6 Stability of spherical caps under the volume-preserving MCF

A separation ansatz o(p,?) = f(¢)g(¥) is common practice to solve such a homogeneous
system (6.20))-(6.24). But before we start with that, we want to justify this separation of
variables following the ideas from Lecture 4 and 11 of [Sai07].

The operator AB : X; — X is defined as

—Arps oM — |5%[2 o)
sin(a*)2(nar- - Vo) + Siﬂ(a*}%wg@) _ bsin(a*)g((fa) _ mg@)

and is symmetric with respect to the inner product defined by

1
Y IR 2)4(2 g1
o), = [ 1 ar +/8F*Sm(a*)2f g dn

ABp .=

as one can see from

<ABu,v> L = / <—AI‘*U(1) — |a*|2u(1)) oW an? + (ngr- - VW)@ dHl
L2 r or*

cot(a”) (z) b (2 b @) . @) g1
ik Sl - . d
* /HF* ( R sin(a*)uw R*? sin(a*)3u v

— [ Vreu® Vo ® o P g242
F*

cot(a”) b @), (2) b2y gyt
_ 7 aH
+/6F* ( R* R*? sin(a*)3> o sin(a* )

— [ Vreu® . Vo ® o P g2y2
F*

cot(a”) b @), (2) b2y gyt
_ _0 aH,
* ar*( R R*2sin(a*)3>u U ) e

where we have used 0(0I'*) = @ in the last step. Therefore all eigenvalues are real due

to

A (u,u>L~2 = <)\u,u>L~2 = <ABu,u>L~2 = <u,ABu>L~2 = (u, Au>L~2 = X(u,u)i2 (6.26)

and the eigenfunctions corresponding to different eigenvalues are orthogonal, because of
()\1 — )\2) (u,v>L~2 = /\1 (u,v>L~2 — /\2 (u,v>L~2 = <)\1u, 1))52 — (u, )\2U>172
_ B _ B _
= <A u,fu>L~2 <u, A v>52 =0.

Hence we have shown: All eigenvalues are real and all eigenfunctions corresponding to

different eigenvalues are orthogonal with respect to the fg—inner product.

Remark 6.2: This Z;-inner product will also play an important role later on, while

proving the solvability of -. O

In (p,)-coordinates AP is given as

1 1 1 1 1 1 2
R rr e L UL ST
A70= Lsin(a)? (1) | sin(a®) cos(a) ) b @, 0
oy +——5— 09 = o5 ————(0pp +0)
R* R* R** sin(a*)
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6 Stability of spherical caps under the volume-preserving MCF

where have to we impose the boundary conditions g|,—0 = 0|p=2x and 9y|p—0 = 0p|p=2x-
We will decompose this operator into a part corresponding to differentiation with respect
to ¢ and another part corresponding to differentiation with respect to ). For a function
f:00,21] — R?: o — (fW(p), fP(p)) the p-part shall be given as

1%
Rof =1 _"0
—foé

with its boundary conditions f(0) = f(2m) and f,(0) = f,(27). It is easy to see that the
eigenvalues of this operator are k% for k € N. We use these eigenvalues of A, to define the
Y-part of AP as
L oo 1 m_ 1 K |
R*2 97979 — ﬁ COt(ﬁ)gﬁ — W 2 — W g( )
sin(a*) cos(a* b(1 — k2 ’
(a7)cos(a) ) O ) @

Sin(a*)2g(1)
R* v R* R*2 sin(a*)

Akg = (6.27)

(m—a*)+

where ¢ is in R and g(!) is a function g™ : [0,7 — o] — R with ¢()(7 — a*) = ¢®@.
Assume that we have an eigenpair (k?, fi) of A, and for this k € N an eigenpair (yu, gx)
of AE. Then (u, frgx) is an eigenpair of AB, since

1 1 1 I .1, a
—m(ﬁg ))sosogl(c ) R*Qflg )(gl(q ))1919
cot(19)

1, (1 2 .1 «a
Rl g - o e
sin sin(a*) cos(a*
O 19 g0t — o) 4 B2l eos(e) >f,52’g§3)
B b @) o@D 4 @

k2 1 1 1 1 1 2 1
(el it ot )

AP (frar) =

- sin(a*)? , (1) . sin(af)cos(a*) (2 b(1—K?) (2)\ L@
( R* (g o (m — ™) + R* Tk R*? Sin(a*)gk T
e 1)
= [ k (2) = 1k [k k- (6.28)
i

The next step in our separation ansatz justification is to show that there is an orthogonal

basis of eigenfunctions of Af; in a certain space. We define a weighted Lo- and W3 -space

via
(u,0) ~ = R* / — L) Sin(9)di) + — 2@
Y sin(a*)
L= {f:[0,m—a’] = B2|Ifl5 = /(. ), < oo}
w— Oé k
. NG _
<u,v>W21 / vﬂ Sm( d19+/ sm(z?) d19+<u,v>L2
Wy = {f € Lz |09f € Lo, |1l o = J{f: )iy < 00, f (= a*) = £ }
2 2
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6 Stability of spherical caps under the volume-preserving MCF

and a bilinear form B : @ X 17[/; — R by

T—o* 2
B(u,v) := /0 ug)vél) sin(¥) — (2 - s1nk(19)2> uM oM sin(9)dv

. b(1 — k?
+ (COS(OZ ) — Rfsu’l(a*))2> U(2)U(2).

Then we obtain

T—a* ) k2 .
<A§g, h>LA = /0 —gé?h(l) sin(d) — cos(ﬂ)gg)h(l) — (2 — sin(’ﬂ)2> g(l)h(l) sin(9)dv

2

2
+ sin(a*)gfgl)(ﬂ — o) 4 (cos(a*) - b(lk)2> gPn?

R*sin(a*)
_/7r ) ) nW — (2 - K D RM gin(9)dy
sm )9y )19 sin(9)? g sin(v)

2
(™) (r — a*)h® S Sk 0 N DECIPRC)
+ sin(a™)gy (7 — a™)h'? + (cos(a ) R sin(a)? 9‘“h

=— [Sin(ﬁ)gél)h(l)r_a*

- /  sin(@)gPrM o
0

oo k2 . NG "
“ o (2 - nw)) gMrD sin(9)d9 + sin(a*)g{ (r — a*)h®)

+ <Cos(a R* Sin(a

/ sin(9)g D <2 >(1)h(1)sin(19)d19
Sln

[en]

= B(g,h (6.29)

for all g, h € @ This bilinear form is bounded with respect to the norm defined on @

Moreover, the modified bilinear form

BC:@ x@ — R: (u,v)n—>B(u,v)+c<u,v)LA2

is also bounded and in addition positive definite for

2 b(1—-k?) cos(a*) sin(a*)
5 5 — " > 0.
R**" R**sin(a*) R

c>max{

Therefore B, satisfies all assumptions for the Lemma of Lax-Milgram and there exists a

bounded operator
—1 — —
(Af+cld) i Ly — W)

corresponding to a weak solution operator for (A% + cId)g = f with f € Ly. Will show in
Lemma that regardless of our modified definition of the L2 and W2 -space the compact
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6 Stability of spherical caps under the volume-preserving MCF

embedding @ < Ly holds true as usual. Therefore
(A +cId) B—)@‘—)l//;

is a compact operator. By the spectral theorem for compact operators we know that
-1

(AS + cId) has countably many eigenfunctions (g% )men, that form an orthonormal

basis of 1/1\2 The eigenfunctions are invariant under inversion and shifting, hence also the

eigenfunctions of Af; are an orthonormal basis of I//\Q as well.

Remark 6.3: The spectral theorem for compact operators also states that the eigenvalues
of (Af; + cId)_1 form a sequence converging to zero. In particular, the eigenvalues have
no accumulation point other than 0. Therefore the eigenvalues of the uninverted operator
have no accumulation point. The shift of the eigenvalues by ¢ does not change this fact.

Thus all eigenvalues of A§ and with them also the eigenvalues of A are isolated. O

It is well-known that also the eigenfunctions (fx)ren of Ay, given by sin(ky) and cos(kyp),
form an orthogonal basis in Ly([0, 27]) (cf. for example Chapter V.4 in [Wer07]).

Now assume that there is an eigenfunction u of AP corresponding to the eigenvalue A
that is not in the span of all functions that are in product form. Since we know that all
eigenfunctions corresponding to different eigenvalues of AP are orthogonal with respect
to the Lo-inner product and frgk, is an eigenfunction of A® we see that for arbitrary

k,m € N we would obtain
T—o* 27
2
+ )2/0 (2)( )f;i )(W)gfn( )R sin(a™)de
2 [T () M L
=k /0 (/0 u (@, ) i, (@)dSO) Gn,(0) sin(9)dv
R* 2 . )
*)(/0 u(l)(cp,ﬂ—oe)f()( )d(p) L (2)

sin(a

= </027r u(@:ﬁ)fk(W)d¢,gT€1>I:; .

For each k the eigenfunctions (g¥ ).en are complete in L, and so we get

o- [ o, 9) @)

for all k¥ € N and almost every ¥ € [0, 7 — a*]. Since (fi)ken is complete in Ls([0, 27])
equipped with the usual Lo-inner product, we end up with u(p, ) = 0 almost everywhere.
Therefore we arrived at a contradiction to our assumption that u is an eigenfunction. This
proves that all eigenfunctions are in the span of functions in product form and justifies
the separation ansatz. The last missing ingredient is the proof of the compactness of the

embedding W < l/)\g, which we will present now.
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6 Stability of spherical caps under the volume-preserving MCF

Lemma 6.4: The embedding @ — I//; is compact.

Proof: To this end let (uy)nen C ﬁ/g be bounded. Then we obtain for ¢,s € [0, 7 — o]
t t 1
/8 ul, (x)dx /S \/Sin(x)u;(x)mda:
t 1
/. /
S /s Sln(x)un(x) ‘\/m

< (/St sin(m)]u@(x)ﬁdx)

<ec since (un)nen C W21 in bounded

|un(t) — un(s)| = <

dx
(/: sinl(x) d:1:> 5 ’

Since sin(m — a*) > 0 we can still find a linear function below sin(z) to continue the

N

estimate as follows

[NIES

- (6.30)

1
lun(t) — un ()] < 5(/ d:c) Y e(n(t) — In(s))
s

The fact that the right-hand side is independent of n immediately shows that (up)nen
is equicontinuous on every compact interval [a, 7 — a*] C (0,7 — a*]. Also on each such
compact interval we have equivalence of the @— and W -norms due to 0 < ¢ < sin(¢9) < C.
Therefore the usual compact embedding @([a, T — a*]) < La([a, ™ — a*]) holds. Here
we define @([a,ﬁ — «*]) and Ly([a,m — *]) in the same manner as @ and Ly just
the domain for the first component changes to [a, 7 — ] instead of [0, 7 — a*]. Hence
the bounded sequence (u,)nen has a subsequence converging in Lo([a,m — «*]), which
for simplicity shall be called (uy)nen again. Since Lo-convergence implies the pointwise
convergence of a subsequence, we obtain a pointwise limit of (u,)nen on [a, 7 — a*] for
each a > 0.
Let (a;); € N be a monotone decreasing sequence converging to 0. Then we have for i = 0
a subsequence (u?) jeN converging pointwise on [ag, 7 —a*|. For i = 1 we can again extract
a subsequence (uj)jen C (u})jen that converges on [a;, 7 — o*]. Continuing this process,
we find a diagonal sequence (u!);en, which converges pointwise on (0, 7 — ] to a function
that we call u. For the sake of simplicity we name this subsequence (uy,)nen again.

The estimate also shows
[un ()2 < ¢ (Jun(x — a*) + | In(®)])
or by considering u,, — u instead of u,,, we see
fun(®) = u()? < ¢ (Jun(m — a*) = u(r = a*)2 + [In(®)])
Therefore

/ T sin(0)|un (9) — u(9)2d0 < @ / sin(9)| In(9)|dd
0 0

and since %iné sin(9¥)|1In(¥)| = 0 we found a dominating function, which is still integrable.
—

By dominated convergence theorem we get the I//\g—convergence of (up)nen. This finally
shows that the embedding Wy < Ly is compact. u
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6 Stability of spherical caps under the volume-preserving MCF

After knowing that all solutions of the homogeneous system (6.20))-(6.24)) will be in the
span of functions with product structure o(p,9) = f(¢)g(?), we can perform a separation
ansatz to transform (6.20) with ¢ = 0 into equations for f and g. Since we are only

interested in non-trivial solutions for ¢ we can assume f # 0 and g #Z 0. We get

1

0= — t (0 2
Sin(ﬁ)ggw-i-gw—l—co (V)09 + 20

= sin(lﬁ)Q f"g+ fg" +cot(¥) fg' +2fg. (6.31)

This is equivalent to

1" g// gl
7 = sin(9)2Z— + sin(0) cos(9) = + 2sin(0)?,
g g

where the left hand side is independent of ¥ and the right hand side is independent of .
This justifies

1 2 /

-7 = sin('ﬁ)Q% + sin(?9) Cos(ﬁ)% +2sin(9)? =X eR (6.32)

This leads to the ODE f” + Af = 0 for f and a second ODE for g that we will examine

later.

Remark 6.5: The fact that f or g could be zero in some points does not play any role for
(6.32). For a fixed ¥y € [0, — a*] with g(Jg) # 0 we definitely get the ODE f” +\f =0
on the set U := {p € [0,27]|f(p) # 0}. Assuming that @9 € U® we see f(pp) = 0 and
going back to 1) we get 0 = Wf”(goo)g(ﬁo). Since we assumed ¢(vg) # 0, this
leads to (o) = 0 and therefore f” + Af = 0 is also valid for this ¢g. Interchanging the

roles of f and g leads to the same result for g. O

The equations (6.22]) and (6.23)) translate into boundary conditions for f namely

6-22) <« 0=[f(0)g()—f2m)g(¥) VIe[0,m—a’] <« [f(0)=f(2m)
623) <« 0=f(0)g(¥)~ f(2m)g(¥) VI [0, m—a"] & [f(0)=f(2n).
The solution of f” + Af = 0 is obviously given by
c1eV A 4 cpemV AR if A <0
(o) =qc1+ep ifA=0.
c1cos(VAp) + casin(vAp)  if A >0

If A < 0 the boundary conditions f(0) = f(27) and f'(0) = f/(27) show ¢; = ¢2 = 0,
which would give rise to the trivial solution f = 0 that we wanted to ignore. If A = 0 the
boundary conditions only require co = 0, which leaves f = ¢; as a solution. And in the

last case A > 0 the boundary conditions simplify to

¢1 = ¢1 cos(2mV ) + ez sin(2nV/N)
oV A = —c1VAsin(2nVA) + eaVA cos(2mVN).
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Dividing the second equation by v/A and adding these two equations we can compare the

coefficients and arrive at

1 = cos(2nV\) — sin(27V/\)
1 = cos(2mV\) + sin(27V\).

This shows cos(27v/\) = 1 and sin(2mv/A) = 0, which is only possible if VA =k € N,. In
this case we see f(¢) = c1 cos(ky) + casin(ky) with k£ € N4. Also the solution in the case

A = 0 can be written in this form if we allow for £ = 0. So we end up with the solutions
fr(p) = c1 cos(ky) + casin(ky) with k& € N. (6.33)

We saw that we get non-trivial solutions only if A = k? € N. Hence from ((6.32)) we get the
following ODE for g

kQ
0= g” + cot(ﬁ)g’ + (2 — W) g. (6,34)

So far we have not considered the boundary equations (6.21]) and (6.24]). Looking first at
(6.24)) we see

const. = gly=o0 = f(¢)g(0),

which means that either f(p) is constant and 11;\1&]1 g(0) exists or otherwise g(0) = 0. Since
f is only constant if & = 0, we obtain the condition g(0) = 0 for all £ > 1 and “¢(0) exists”
for k = 0.

Last but not least transforms into

b(1 — k?) e ay * * «
= R*T(a*)Qg(ﬂ —a”) —sin(a®)g'(m — o) — cos(a”)g(m — ™).
Hence and now read as
0 =g(0) ifk>1 (6.35)
lﬁiﬁl) g(0) exists ifk=0 (6.36)

12
" (M - Cos<a*>> g(m —a) —sin(a’)g/(n —a”) ifk>0. (637)

For solving the system (6.34])-(6.37)) we have to distinguish the cases k = 0, k = 1 and
k> 2.

1. Case (k = 0): Here the general solution of (6.34) is

go(¥) = c1 cos(¥) + c2 <; cos(?) In <EZZ$E) _ 1>
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as one can easily check by differentiation and (6.35)) does not have to be considered. Due
to (6.36]) we must have ca = 0 and the solution reduces to go(9) = ¢1 cos(?9). The equation

(6.37)) is then given by

0= (Frsmaye — 08(0")) (—ex cos(a”)) = sinfa”) (—er sin(a’)

But this means that for R* sin(a*)? # bcos(a*) this equation is only satisfied for ¢; = 0 and
we do not have any contributing functions from the case k = 0. If R*sin(a*)? = bcos(a*)
one can choose any ¢; € R and obtain go(?) = ¢; cos(?) as the solution for £ = 0. The
significance of this special case will be clarified in Remark below.

2. Case (k =1): Again it is an easy but time-consuming calculation to check that now

91(0) = ¢y sin(9) + ¢ (—; sin(?) In (COS(ﬁHl) — cot(z?))

cos(¥) — 1
/
is the general solution of (6.34). Due to %ln (Egzgzgﬂ) = Si;(lﬂ) we get with I"'Hopital’s
rule
1 cos(¥)+1 1
1 9 1 sIn — —
lﬁim 5 sin(?) In (C()s(ﬁ)+1> = 19i]rn 2<Cols(l9)1> = lﬁim :Z;((z)) = lgm tan(d) =0
10 cos(¥) — 10 =) 10 S 10

and thereafter

lﬁi% g1(¥) = 1191?8 (—cl sin(¥) + c2 (—; sin(¥) In <ZZ§E§;—E1> — cot(ﬁ)))

=0+0- %ﬁ} cacot(V) = —c 1191% cot(¥).

Hence the boundary condition (/6.35) requires ¢ = 0. Hence the solution so far is g1 (¥) =
¢1 sin(¥). The boundary condition (6.36)) does not have to be considered and ([6.37)) is now

always valid, because
(0 — cos(a™)) (e sin(a™)) — sin(a™)(—e¢q cos(a™)) = 0.

This shows that g1 (¢) = ¢ sin(¢¥) is the solution for k£ = 1.

3. Case (k > 2): Here we note the close relationship between the operator A% from
(6.27)) and the operator given by the right-hand sides of and . We see that a
solution of and would correspond to the eigenvalue 0 for the operator .
Therefore it is enough to show that there is no eigenvalue 0 for k > 2 of Ag. We assume

that we would have an eigenfunction g of Ag corresponding to the eigenvalue 0. Using
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we would obtain
T—a* (o . k2 (2
= /0 (g9 ') sin(¥) — |2 — ()2 (g")” sin(9)dv

+ <Cos(a*) b(l_k2)> (9(2))2

T—ao™ 2
= /0 (g5”)2 sin(9) + (Sink( b 2) (gM)? sin(9)dv

N ( b(k2 —1)

R*sin(a*)?

+ cos(a*)> (g?)?

3b *
= R* sin(a*)Q +COS(& )

*

> /0 7 (gD)2 sin(9) + 2(gW) sin(0)dd + (Rijw + Cos(a*)) (@) (638)
For b > Cepiy := —3R*sin(a*)? cos(a*) = —3 H* sin(a*)? this is a contradiction, because

the last term is strictly positive. Therefore we do not get any additional solutions from
the cases k > 2.

Remark 6.6: (i) If cos(a®) > 0, or equivalently H* > 0, the critical constant Cipis is
negative or zero and hence b > C..;; is always satisfied. Therefore we have no nullspace
elements for k > 2 in this case.

(ii) What we have done in the considerations for k& > 2 above is actually much more
valuable than it seems at the first glance. If we modify the calculations a little and
assume that g is an eigenfunction of A§ corresponding to an arbitrary eigenvalue A\. Then
(6.38)) reads as

Mg, 9)p, = <A§g,g>f2 = B(g,9) > 0.

Yet, this shows that all eigenvalues py of AZ; and due to 1' thereby also the eigenvalues
of AB are all positive for k > 2. O

Now we want to close the gap in our argument that occurred from ignoring the case

R*sin(a*)? = beos(a*) so far.

Lemma 6.7: In the case R*sin(a*)? = bcos(a*) the system — has no solution
if ¢ # 0.

Proof: We note that it suffices to consider cos(a*) > 0, since R*sin(a*)? = bcos(a*) can

not occur if cos(a*) < 0. Moreover, we can ignore b > C,p; in this case, since Cepiy = 0.
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6 Stability of spherical caps under the volume-preserving MCF

Then we rewrite (6.20)-(6.24]) for this particular situation and get

1
c= W@gpgp + 099 + Cot(ﬁ)gﬂ + 20 in (0, 27‘(‘) X (0, m— a*) (6.39)
1
0= m(gw + 0) — sin(a™) oy — cos(a™)p on [0,27] x {m —a*}  (6.40)
0= 0]p=0 — 0lp=2r on [0,7 — o (6.41)
0 = 0y|p=0 — Oplp=2r on [0, — o] (6.42)
const. = p|y=o on [0, 27] (6.43)

The ideas for this proof are taken from [Nar02]. The periodicity from (6.41)-(6.42) in ¢

justifies an ansatz of the form

[e.e]

olp,0) = Y m(9)e™?.

m=—00

Using this in (6.39) we obtain

ime _ 9
E cOmoe c <sin(0)2 Opp + Ogy + cot(0)y + ) 0

m=—0o0
(e}

~1 95 m’ ~ imp
- Z Qm+COt( )Qm+ Q_W Om | € )

m=—0Q

where d;; denotes the Kronecker delta. Interchanging the operator with the summation as
well as the convergence of the sum is justified by the smoothness of p on [0, 27| X [0, 7 —a*].
The same ansatz in (6.40) and (6.43) gives

) . m2 '
0= Z ((ios(a*) — cos(a*)) Om — sin(a*)g’m> elmy

m=—00

o0 .
and const. = > 0,(0)e"?, respectively. Since the Fourier series is unique we can
m=—0oQ

equate the coefficients and this leads to the following two ODEs

¢ = gy (V9) + cot(19) gy (V) + 200(V) (6.44)

0 = sin(a*)go(m — o) — cos(a®) gy (m — a*) (6.45)

lﬁii% 00(¥) exists (6.46)

and
0= 6, (9) + cot(9) B (9) + (2 - I%) B (9) (6.47)
1—m?
0= <cos(a*) - cos(a*)> Om(m — a*) —sin(a*) g, (T — a*) (6.48)
0= 0m(0) (6.49)
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6 Stability of spherical caps under the volume-preserving MCF

for m # 0. We start by investigating the second system. Assuming that we have a solution
for it, we would get
2

m* 1 . N\ ~
ng ) (sin(D)al,)" + 20m.-

Multiplying with sin(9)g,, and integrating over [0, — a*] gives

m—ar 1 T—a*
2 ST POV .
" /0 sin(g) om0 = /0 (sin(9)@,)' B + 202, sin(9)dd
= [sin(ﬁ)ﬁmﬁm]g_a* _/ - Q 3111(19 d19+2/ Sln(ﬁ)dﬁ
0
< sin(a )Qm(ﬂ—a) (m—a* +2/ -, sin(9)dd

cos(a*)

—m?2 T—a*
= <1 — COS( )) gm(ﬂ' —a* + 2/ Sll’l(’&)d?&l

<0
<2 / 2 sin(9)d.
0

2

Yet, this leaves us with an upper bound for m®, namely

[ @2 sin(9)dv
m? <22 <2.

’ 1
sin(¥) @%Ldﬁ

1
o
"‘Q

This shows that the system (6.47)-(6.49) only has to be considered for m? = 1. This

reduces - ) to

0 = /(8) + cot(9) 3, (B) + (2 _ 5111(119)2) 61(9) (6.50)
0 = —cos(a™) g1 (m — a*) — sin(a™) g (7 — o) (6.51)
0=21(0). (6.52)

The general solution of (6.50) is given by

01(9) = —cysin(F) + co (—; sin(¥) In (ii:gg;) - cot(ﬁ)) .

For g1 to solve ([6.52)) we require co = 0 and (6.51)) is then immediately satisfied. Hence
01(¥) = —cy sin(¥) is the complete solution of (6.50))-(6.52)).
Now we consider the system ((6.44))-(6.46[). The general solution of (6.44]) is given by
1 1 Y
00(0) = g + ¢1 cos(V) + co (2 cos(?) In <1+ZZZE§§> - 1) .
If ¢o # 0, the function would have a singularity in 9 = 0, which makes it necessary for
(6.46)) that co = 0. Therefore we know that so far the solution gq is of the form
c

00(V) = 3 + ¢1 cos(V).
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6 Stability of spherical caps under the volume-preserving MCF

The boundary condition (6.45)) is only satisfied for ¢ = 0 as one can see from
0 = sin(a™)go(7 — ™) — cos(a™) gy (7 — a¥)
= sin(a*)g — ¢1 sin(a™) cos(a™) + ¢1 cos(a™) sin(a™) = sin(a*)g.

This is the contradiction that we are looking for. |

Remark 6.8: (i) We continue the considerations from the previous proof one step further:

Since € and e~% can be transformed into sin(¢) and cos(¢) we end up with the solution
o(p,0) = c1 cos(V) + c2 cos(p) sin() + ¢3 sin(yp) sin(V),

which is exactly what have obtained in the cases k =0, k =1 and k > 2 above.

(ii) Lemma explains why we found for R*sin(a*)? = bcos(a*) an additional function
while considering the case k = 0 above. This particular function compensates the missing
special solution if R* sin(a*)? = bcos(a*), so that we always find three linearly independent

functions in N(Ap) if we restrict ourselves to b > Cipiz. O

If b > Cepit then

c1(1 + cq cos(¥))

+ ¢ cos(¢p) sin(¥) + ¢z sin(y) sin(1})
1 cos(1)

+ ca cos(p) sin(1) + ¢z sin(yp) sin(V)

is the full solution to the inhomogeneous system ((6.20))-(6.24)).

Transforming (6.53) back to the usual z-y-z-coordinates, where z can be expressed by x

and y as
2(2,y) = H" £/ R? — a2 — 2,

one can see that the last two linearly independent summands that (6.53)) consists of, are
the expected shifts in - and y-direction. In fact, using (6.10) we have

if R*sin(a*)? # bcos(a*)
. (6.53)

if R*sin(a*)? = bcos(a*)

Q(‘Pv 19) =

x Y

1
sin(p) = ——, cos(p) = ——= and sin(¥) = —/22 + 32,

which shows

x 1 7 x
Ql(way) \/WR* T+ y R* ( )
~ Y 1 Y
Q2($7y) = \/m EE\/Z'Z +y2 = ? (655)

These g; with i € {1,2} are obviously C°°(I'*) and hence in W2 (I'*;R). Furthermore,
~ ~ ~ ~ . . . 37;

01lor = 01].=0 = = and Q2|or+ = 02|.=0 = 7= are trivially in W}, *(9I'™).

The first linearly independent summand in (6.53)) transforms using

z(x,y) — H*

cos(¥) = i
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6 Stability of spherical caps under the volume-preserving MCF

into
*— CYH* ) . .
R Ri + Caz(;*y) if R*sin(a*)? # bceos(a*)
oo(w,y) = - (6.56)

2(2,*y) 3 Z* if R*sin(a*)? = bcos(a”®)

This is a combination of a radial expansion and a shift in z-direction, which is also in

C>°(I'*) and @aor- = 2|.—0 = E=5e is in C°°(9"). Thus

v; = ( . ) ceVnX; for each i € {0, 1, 2}. (6.57)

Therefore we have N (Ag) = span{vg, vi,v2} and especially dim(N(Ap)) = 3 whenever
b > Ccm't-

Since the 3-dimensionality of N (Ag) will play a crucial role in all the considerations to
follow, we assume from now on

1
b>Ceoit = _§R* sin(a*)? cos(a*) = 3 sin(a™)”.

(6.58)
Now that we studied Ay and its nullspace intensively, we still can not start checking
the assumptions (a)-(d) from Theorem [6.1] For proving assumption (a) we first have to

investigate the solvability of

—Ap-v) — |o’*|2v(1) +][ Ar-o® + ’U*‘%(l) dH2 — f(l) i T (6.59)
F*
sin(a™)2(ngr+ - Vo) + SIH(O‘;;OS(O‘)U(U
b

—bsin(a*)v?) — v = ) on oI (6.60)

R*?sin(a*)
for a right-hand side f = (f(, f?).

First we will need the notion of a weak solution and later use semigroup arguments to

show higher regularity of these solutions.

Definition 6.9 (Weak solution): We call

u=(uM u?)eH = {Wg(r*) x WH(Ar*)

u(l)‘ar* = U(Q), U(l) dH2 = O}
I_‘*

a weak solution of 1' for f = (fO, @) e Ly with

][ P o}
F*

% £ 4@ gt

Ly:= {f € Ly(T™) x Ly(O0*)

(Foov, = [ fDgV a4 [
I* 0

r= sin(a*)
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if we have
Vreu® - Vo gH2 - / 0" P @32
F*
b cot(a*) b
(2) (@) g1 _ (2) (@) g!
+/8F* Sin(a*)uU vy dH" + 8F*< T R*sin(a*)3>u v dH
— [ 0,0 d?-l2+/
F*

F*

f(2) ) dH!

or+ sin(a

for allve H. OJ

This definition is motivated by the following calculation. If we assume that we would have

a solution u € C? of (6.59)-(6.60)) then

f Dan? = / (—Ap*u(l) — ¥ Pu® + ][ Apeu) + |o*2ul d’H2) oM d3?
F*

/ (Ar-u®) o® a3? - / 0% PuMu® 32
F*
+<][ Ar-u® + |o*2ult d?-L2>/ oM dH?
I'* I'*
_ / Veeu® - Vo gy — / o 2o q3?
r*
/ (nor- - Ve-u®) o 3!
or*
- / ) VoM gy — / 0% 2o 242
/ 2@ qp!
or* Sln

Cot( )<1> b o b @) @
+/BF*< T U sin(a*)u(w R*2sin(a*)3u v\ dH

- vp*uU Voo dH? — /|cr 2uMy® g3
F*

b
_ o® aul 4 / (2),(2) gyl
/ar* sin(a* )2f " or- sin(a*) ¢ "
COt(O[ ) b (2),.(2) 1
— dH".
- 8F*< R* R*Qsin(a*):”) T A

For using the Lemma of Lax-Milgram we define the bilinear form B : H x H — R and
the functional F': H — R by

B(U,’U) = VF*U(I) . VF*U(I) d’H2 _/ ’O.*’2u(l)v(1) dH2
I* T*

b cot(a*) b
(2),2) g1 _ (2),2) g1
- /6F* sin(a*)u” o * o™ ( R* R*? sin(a*)3> o

F(v) = {f.0),
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B and F are bounded because for all u,v € H we see

P
IB(u,v)IS/ |VF*U(1)-VP*U(1)|dH2+W/ Dy g2
I'* T*

+ b / |u(2)v(2)|d7-{1+ COt(a*) B b
sin(a*) Jor=' 7 7

[u@o@] dt

R RZsin(a*)?| Jore

<7 o 1900 |y [ oy [P
Sl A PP L ) s ey L P
L P T B Tl e T ey
[ve-], H P T M) Tl Ay
- (H W;<r*>+H W (or )(H W§<F*>+HU(2) Wé(am)
= cu ull ol

F) < [ OO+ o [
= membmﬁ5wmhmHmbﬁm
= (Hf(l) Loy F I Lg(am) (H O L2<ar*>>

<6 || fllz, 1]l

by usage of Holder’s inequality. Moreover, we have the energy estimate

2
LQ(F ) R*2 Hu Lo (I'*)

<cot(a*) B > H
Ly (0T™) R*? sm

B(u,u) = HV[‘*U(U

ol ki

Lo(0r*)
If ¢ > 0, we can drop this summand to obtain
B(u,u) + ¢ Hu HV 2 +c H @]
’ 7 Ly(T - L2(r “s Lo (8T)
and thus we see
o > (2) > 2
Bluw) +C s, 2 eo (o, o+ 6@ oy ) 2l

for some C,c > 0. Should ¢ < 0 hold, then we can absorb this last summand into ||u||i~2
on the left-hand side and still arrive at the inequality B(u,u) + C ||qu:~2 > c|lull3-
This shows that for ¢ > C' the modified bilinear form

By:HxH — R:(u,v) — By(u,v) := B(u,v) + p (u,v) -

satisfies all the assumptions that are necessary to use the Lemma of Lax-Milgram (cf.

Section 6.2.1 in [Eval0]). Therefore we know that for each f € Ly there exists a unique
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6 Stability of spherical caps under the volume-preserving MCF

weak solution u € H of the modified equation

—Ap-vM — %20

—1—7[ Arcv® 4 020 an? + po® = (Luu)(l) =5 in I'* (6.61)
I‘*

sin(a*)z(nap* . VF*U(1)> + W)R(jf)s(a)v(l)
bsin(@ )@ — — 0 @ ® = (L)@ = FO onart.  (6.62)

77 R*Zsin(a*)

This unique solution u shall be denoted by u = L;l f- A weak solution u € H of the

original problem |) for a right-hand side f € Ly is equivalent to a weak solution
of (6.61)-(6.62)) with a right-hand side pu + f, i.e. a u € H satisfying

By(u,v) = (pu+ f,v) - VveH.

Using the weak solvability we obtain u = L;l(/m + f), which can be transformed into
(Id —K)u = g with g := L;lf and K := ,uL;l. Note that K : Ly — H is bounded due

to

2
cllul? < By(u,u) = {g,u), < llglly, lullz, < llgllz, Nl

which shows
cIKgly = cn|[Latg|, = cnlully < wlgll, -

Regarding K as an operator K : Ly — H < Ly it is compact as a composition of a
bounded operator and the compact embedding H < L. Fredholm theory as it is used in
Theorem 6.2.4 of [Eval0| shows that u — Ku = ¢ has a solution if and only if (g, v>f2 =0
for all v € H with v — K*v = 0. This condition can be rewritten as (f,v) = 0 for all
v € H with v = K*v, because of

_ 1 1 N 1
0= <g7v>[’72 = <Lﬂlf,’l)>52 = ; <Kfav>[72 = ; <f7K 'U>[72 = ; <f,’0>[’72 .
The condition v — K*v = 0, however, is equivalent to B(v,u) = 0 for all u € H due to the
symmetry of B on H. Note that B(u,v) = 0 for all uw € H is the same as finding solutions

of

— Ao — [o*]20M) = const. in I'*

sin(a*)?(ngp - Vp-o) + Mv(l)

R*
—bsin(a*)v{?) — %v@) =0 on oI’
R**sin(a*)
/ oM dH? = 0,

which we already did as we determined N (Ap) and found these equations to be satisfied
exactly for v; and ve from (6.57). The nullspace element vy is omitted, since its first
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component is not mean value free as required for H. Summing up we proved —
has a weak solution u € H if and only if f € L, satisfies (f, Ul)fz = (f, U2>E2 =0.

The next step is to show that the weak solution is actually a strong solution. Let f € X
such that Ff* fOdH? =0 and (f, v1>52 = (f, vg)L~2 = 0. Then we know by Theorem [3.13

that — Ay generates an analytic semigroup and hence there exists some pg > 0 such that
o+ Agu = f has a unique solution u € X;. The weak solution u,, € H of Agu,, = f also
solves gty + Aglty = Moty + f =: fweakly. We see that fA'E E; due to u,, € H C E;
and the choice of f. Thus we obtain another us € X1, which also solves pous + Agus = f
But since this ug is also a weak solution and hence is unique, it has to coincide with ..
Thus the solution u,, of Agu, = f is not only in H, but even an element of X; N H. So far

we have seen that (6.59))-(6.60) has a solution v € X; with [ u® dH? =0 for all fe Xo
1—‘*

that satisfy [ f0)dH? =0 and (f,v1) 7 = (f,v2) 7, =0.
l_‘*

These considerations regarding the nullspace and the solvability of 1) put us
into the position of finally start proving the assumptions (a)-(d) from Theorem

We turn our attention to assumption (a). We will enclose the set of equilibria £ between
a smaller set € and a bigger set & that are C'-manifolds of dimension 3 and hence & is a

Cl-manifold of dimension 3 as well. The arguments will rely on Theorem 4.B in [Zei85].

To this end define
/ o) g2 — 0}.

Then X and Z are Banach spaces and Y as well, because N (Ap) is finite dimensional and

X :=R3, Y = Xl/N(AO) and Z = {UEXO

hence closed. We consider the function

(oD — F(u®
F:XXY—>Z:(t0,t1,t2,w)>—>( F(’U ) (U ) ),

a-+ b%aD(v(z)) + <np(v(1)), nD>

where v = (v(l), 0(2))T shall be given by v := tgug + t1v1 + tavs +w with w € Y. Then the
set of equilibria as given in can be written as £ = {v e VN X; | F(v) =0}. We use
the orthogonal projection P : Xy — span{vl,vg}L, where the orthogonal complement

has to be understood with respect to the Lo-inner product, to define
E:={veVnX;|PF@)=0}.
Then trivially £ C & and PF maps as follows
PF: X xY — span{vy, v}t N Z C Xy : (to, t1,t2, w) — PF(v)

for v = toug + tiv1 + tovg + w. The first partial derivative of F' with respect to w in
0 := (0,0,0,0) € X x Y, which corresponds to the linearization operator —Ay, is given
by the calculations done in Section and equations (6.11)), (6.13)-(6.15]) as

(DuF©@)@)® = Ao + jo ol = Apw® 4 0" 20D a2
F*
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and

sin(a*) cos(a*) o)

(DuF(0)(@)* = —sin(a”) (npr- - VroV) = ===

bsin(ao® + 7
+ bsin(a™)vsg + R sin(a")

Now we will show that
D, (PF)(0) : Xl/N(AO) — span{vy, v}t N Z 1w — Dy (PF)(w)

is bijective. First remark that D, (PF) = PD,F, since P is linear. The injectivity
might seem trivial after factorizing out all the functions in N(Ap). Yet, for the sake of

completeness we calculate

Du(PF)@w=0 <« P(DuF(Q)w)=0 & PAw=0
& Agw € ./\[(A()) & we N(A%) = N(A())
& w=0¢eX1/N(A),

where the fact V' (A4g) = N(A3) follows from the upcoming Lemma and the consider-

ations that follow in the proof of assumption (c). The surjectivity is proved by the facts

concerning the solvability of 1) from above. Let f € span{vi,va}+ N Z. Then
obviously (f, v1>L~2 = (f, vg)LvQ = 0 and we know that there is a solution v € X; with

[uM) dH? = 0 of D,F(Q)u = f and P((Dy,F)(Q)u) = P(f) = f. Clearly this u is in
F*

X1 /N(AO), since contributions of vy, v1 and ve do not affect D, F(Q)u = —Agu = f.
Moreover, PF(0Q) = P(0) = 0 because v* = 0 corresponds to an SSC. By the same calcu-

lations as in Lemma [3.18] we see that F and F,, are continuous in a small neighborhood
U(0) C X xY of O and so are PF and PF,,. Therefore

PF:U(Q) C X xY — span{vi, v}t NZ

satisfies all assumptions of Theorem 4.B in [Zei85]. So we see that there exist g, 7 > 0 such
that for every t € R? with ||| < 7y there is exactly one w(t) € Y for which [|[w(t)|ly < r
and PF(t,w(t)) = 0. Hence

U : B, (0) CR? — £ :t = (to, 11, ta) — U(t) := tovg + t1v1 + tave + w(t)
is the desired parametrization of Eina neighborhood of v* = 0. Due to the fact that
DW¥(0) = (vo + (9w)(0), v1 + (O, w)(0), v2 + (O, w)(0))

has full rank, because vy, v and v are linearly independent and w(t) belongs to Y, which
is complementary to N(Ag), we see that € is a C'-manifold with dim(&) = 3.

Next we try to find a 3-dimensional manifold & that is contained in €. We define

£ :={u e VNX]|u parametrizes an SSC} .
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Then € C £ is obvious since for SSCs F(u) = 0 holds. For |z|, |y|, |H — H*| and |R — R*|

small enough any u € £ is given implicitly as the solution of

2
T

V(gul@)— |y || =R VgeI, (6.63)
H

where ¥ is the curvilinear coordinate system as introduced in (2.22). And since this SC
is also stationary, u has to satisfy 1' The term cos(«) can be replaced by % and r can
2
be replaced by r = Rsin(a) = Ry/1 — (%) =V R? — H? and so we obtain
H b
R VRZ_ 2

which is an equation that specifies the relation between R and H. Therefore there is some

a,

way of expressing H in terms of R via a C'-function H(R) and this reduces the degrees of
freedom in to three. It is again useful to write the curvilinear coordinate system in
spherical coordinates. For ¢ = P (¢, 1) as in we use the tangential correction terms
T(q) and t(q,w) defined by

sin(p) cos(19)
T(q) := | cos(y) cos(¥9) and t(g,w) := —wn(I) cot(a™),
— sin(¥)

where 1 : [0,7 — a*] — R : 9§ — n(¥¥) is a mollifier function that satisfies |n(9)| € [0, 1]

and n(m — a*) = 1. These choices guarantee that

U(q, w)|pp- = g + wnr«(q) + (g, w)T(q)

= +w| ... | +tqw)

R*cos(V) + H* cos(19) —sin(d) ) |,___ .
= —w —wn(m — a*) cot(a™) :
—R*cos(a*) + H* cos(a™) —sin(a*)
= +w € 0N
0 0
as required. Moreover, we see
sin(y) sin(19) sin(y) cos(19)
0wV (q,0) = nr«(q) + tw(q,0)T(q) = | cos(p)sin(?) | + n(?) cot(a™) | cos(y) cos(¥)
cos(1) —sin(?)
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Calculating the derivative of (6.63) in w = 0, which corresponds to the parameters
(0,0, R*) € R3, we get

2(¥(qu)—| y (0w¥(qyu)] =2 W(g,0)— [ 0 || 0uw¥(q,0)
H(R) u=0 H
0 sin(¢) sin(¥) sin(p) cos(19)
=2[g¢g—-10 | | cos(¢) sin(9) | + n(9) cot(a™) | cos(p) cos(V)
H* cos(¥) —sin(¥)
sin(y) sin(19) sin(¢) sin(¥)
=2R" | cos(p)sin(9) | - | cos(p) sin(19)

cos(9) cos(1)

sin(y) sin(¥) sin(¢) cos(19)
+ 2R n(¥) cot(a™) | cos(p) sin() | - | cos(p) cos(V)
cos(1) —sin(¥)

=2R* 4+ 2R*n(9) cot(a™)0 = 2R* # 0.

By the implicit function theorem and the fact that all the terms appearing in (6.63)) are
smooth, there exists a three parameter family of C''-functions u(z, y, R) that parametrizes
SSCs. For |z|, |y| and |R — R*| sufficiently small all these functions lie inside £. Hence we

found a parametrization
o (—61,61) X (—82,52) X (R* — 63,R* + 83) - R?) — g: (m,y, R) — u(x,y, R)

for sufficiently small e; > 0 with ¢ € {1, 2,3}, provided that D¥(0,0, R*) is not degener-
ated. The fact that F'(u(x,y, R)) = 0 leads by differentiation to

0 = DyF(u(0,0, R*))uy (0,0, R*) = DyF(0)uy (0,0, R*) = — Aguy (0,0, RY),

which proves u;(0,0, R*) € N(Ap). Similar we show u,(0,0, R*),ur(0,0,R*) € N(Ap).
This suggests that u,(0,0, R*), uy(0,0, R*) and ug(0,0, R*) coincide with the functions
v1, vy and vy from (6.57). In fact, this can be calculated by differentiating

2

with respect to x, y and R and evaluate it in (0,0, R*). If we use spherical coordinates
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again, the differentiation with respect to x leads to

0=2|Y(g,0)—] 0 | 0w¥(q,0)u, — [ 0O
H* 0
sin(y) sin(¥) sin(y) sin(¥)
=2R" | cos(y)sin(9) | - [ ux(0,0, R*) | cos(¢) sin(d))
cos(1) cos(1)
sin(p) cos(v9) 1
+ug (0,0, R*)n(¥) cot(a™) | cos(p)cos(d) [ — ] 0
— sin(¥) 0

= 2R"u;(0,0, R*) + 0 — 2R* sin(¢) sin(v)
= 2R*(u(0,0, R*) — sin(y) sin(¥))

and hence u,(0,0, R*) = sin(p) sin(?). Analogously we obtain u, (0,0, R*) = cos(y) sin(¢})
as well as ur(0,0, R*) = H'(R*)cos(¥) + R*. These functions are known to be linearly
independent and therefore the rank of DW(0,0, R*) is three. Hence D¥(0,0, R*) is non-

degenerated and thus the proof of assumption (a) is complete.

Remark 6.10: Actually we even proved a little more than assumption (a). We know by
— that there are three ways to transform the SSC I'* into another SSC - namely
an z-shift, a y-shift and a radial expansion with a simultaneous shift in z-direction. Know-
ing dim(&) = 3 we see that in a small neighborhood of v* = 0 the manifold of equilibria
only consists of SSCs. And since we started with an arbitrary SSC I'*, we obtain the
following result: “Around an SSC the set £ only consists of SSCs”.

Unfortunately, this does not mean that SSCs are the only equilibria of —. Pos-
sibly there could be equilibria that are no SSCs, which are isolated or even form a manifold
itself. But such equilibria will not lie arbitrary close to an SSC.

This leads to an open question, which we formulate as a conjecture: “SSCs are the only

equilibria of (2.29)-(2.30))”. O

Assumption (b) is an easy comparison of dimensions. We can see in (2.8) of [PSZ09] that
we always have TpE C N (Ap). This shows that

3= dlm((‘:) = dim(Tog) S dlm(N(Ao)) = 3,

which leads to Tp€ = N (Ap) and thus proves assumption (b).

We continue with the proof of assumption (c¢). To this end the following two lemmas will
be helpful.

Lemma 6.11: Let P : Xo — R(P) = N(4o) be a projection and PAy = AgP(= 0),
then N'(Ag) = N'(A3).
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Proof: The inclusion N (Ag) C N(A32) is trivial. Hence assume v € N'(A2), then A%v =0,
which means Agv € N(Ag). P applied to an element of AV(Ag) is the identity and we
obtain Agv = PAgv = AgPv = 0, which shows v € N'(Ay). [

Lemma 6.12: Assume N(Ag) = N(A3). Then Xo = N (Ao) ® R(Ag), which means 0 is

a semi-simple eigenvalue of Ag.

Proof: Let u € (0,00) satisfy p ¢ o(—Ap) and define
B := (pld+A4p) 7t : Xg — Xo.

The proof is divided into five steps.
1. step: We start by showing that % is an eigenvalue of B.

Let v be an eigenvector of Ay corresponding to the eigenvalue 0. Then we see

1 1 1
Bv=—v & (nId+Ag) o = —v & —(pld+Ap)v =
[ [ [
1 1
& v+ —Agv =0 & —Agv =0,
7 [

which shows that % is an eigenvalue of B with the corresponding eigenvector v.
2. step: The same lines as in step 1 show that A/ (% Id —B) = N (A).

3. step: Now we show A (L1d~B) =N ((i Id —B)2>.

The inclusion N (i Id —B) CN ((i Id —B)2> is obvious, so let v € N ((ild —B)Q).

Then we obtain

2
0= (11(1—3) v = (121d—23+32>v
p p p

1 2
= (2 Id——(puId —i—A())_l + (p1d +A0)_2) V.

7 u

Applying the operator (pId+Ag)? gives
1 , 2
2 1 2 1
= <Id +=Ag+ —AF—21d—=Ap + Id) v=—Adv.

7 7 7 u

This proves v € N(A3) = N(Ap) and with step 2 we get v € N (% Id —B).

4. step: Here we show R (% Id —B) = R(Aop).
Let v eR (% Id —B). Then there exists u € X such that (i Id —B) u = v. This can be
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transformed into

1 1
( Id —B) u=0v & —u—v=(uld+Ag) u
[ [
1
& u= (uId+Ap) <Mu - v)
1
& u:u—l—;Aou—m}—on
<1 )
& v =Ap | —u—v
L
1 1
& v:A0<2u—v)7
w2 p

which proves v € R(Ap). The converse inclusion can be shown analogously.

5. step: Due to the compact embedding of X; < X the operator
B = (uld+A40)™': Xo — X1 = X

is compact as a composition of a bounded and a compact operator. The spectral theorem

for compact operators (cf. Theorem VI.2.5 in [Wer07]) shows
1 1
Xo :./\/<Id—B) SR (Id—B)
[ [
and due to step 2 and 4 we get Xog = N (Ag) & R(Aop). [

Remark 6.13: In Theorem of Section we saw that —Ag = —A + P is the
generator of an analytic semigroup, which means that this operator is sectorial. Hence
by definition of a sectorial operator (cf. Definition 2.0.1 in [Lun95]) there exists w € R
and 6 € (§,7) such that o(—Ag) 2 S, := {z € C | z # w,|arg(z —w)| < 0} (see
Figure [§). Especially this shows o(—Ap) contains the interval (w, c0). Therefore one can
always find p € (0, 00) which satisfies u ¢ o(—Ap) as required in the proof of Lemma
by choosing p € (w,00) C o(—Ap). And also by the sectoriality of —Ay we know that
| (re1d +A0)_1||£(X0) < % for all 1 € S, 9, which justifies the boundedness of B in the

5th step of the previous proof. O

Figure 8: Spectrum of a sectorial operator
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By Lemma and and Remark we see that it is enough for 0 to be a semi-
simple eigenvalue to find a projection as in the assumptions of Lemma [6.11} Indeed we

can find such a projection, which is given by
P:Xg— N(4p) : v =W, 0?) — Pv) := ag(v)vy + a1 (v)v1 + az(v)va,

where the coefficients a; are defined as follows

[ oM dn?

S/ U(Q)UP dH!
or+*

+ oy [ oD a
or+*

1 1
>L2(F*) + sin(a*)?

< >L2(I‘*)

(1) (D 1 2),.(2) 19,1
(o057}, oy + T S v
< > +sin(i*)2 f ’U§2)’U§2) dHl

oT*

Lo(T*)

with vg, v; and v as the elements from spanning the nullspace. This projection
has the desired properties, which we will prove next.

Obviously R(P) = N(Ap) since vy, v1 and vy span the nullspace of Ag. Moreover,
Pln(ag) = Idpra,) or equivalently P? = P, because a;(v;) = 055 for i,j € {0,1,2} as
we calculate now.

First we consider ag, where ag(vg) = 1 is obvious and ag(v1) = ag(v2) = 0 follows from

T—a* 2w
/ vﬁl) dH? = R*/ / sin (i) sin(9)?dpdd
r* 0 0
T—o* 2T
= R*/ (/ sin(go)dgo) sin(9)2dd = 0
0 0

=0

T—a* 2w
/ vél) dH? = R*/ / cos(ip) sin(0)2dpdy
r* 0 0
T—a* 2m
— R*/ (/ cos(tp)dcp) sin(9)2dd = 0.
0 0

=0

Next, we trivially have a1(v1) = a2(v2) = 1 and a1 (vg) = a1(v2) = az(vg) = az(v1) = 0 is

due to
T—ot 27
<v(()1), v§1)> = / v(()l)vgl) dH? = R*/ / (1 + cq cos(¥9)) sin(y) sin(9)2dpdy
La(T'*) I 0 0

e /0 "1+ o cos(9)) ( /0 7 Sin(cp)dgp) sin(9)2d9 = 0

=0

T—o* 27:
<v(()1), v§1)> = / v(()l)vél) dH* = R*/ / (1 + ca cos(¥9)) cos(y) sin(9)2dpdy
La(T¥) r 0 0
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= R* /Owa*(l + cq cos(V)) (/027r Cos(cp)dcp) sin(9)%dd = 0
=0

T—ot 27
: :/ vg)vél) dH* = R*/ / sin(¢p) cos(p) sin(9)>dpdd
I+ 0 0

e /0 H“* ( /0 7 (o) COS((p)d(p) sin(9)%dd = 0

=0
<v§1)’v§l)>L2(r*) - <v§1)’v£1)>L2(F*) =0

as well as

2
/ U(()2)v§2) dH' = / (1 4+ co cos()) cos(¢) sin(¥) R* sin(a™)dp
or* 0

Y=m—a*

= R*(1 — ¢4 cos(a™)) sin(a*)? /02Tr cos(p)dp =0

2m
/ v((]Q)vg) dH' = / (1 4+ cq cos(¥)) sin(y) sin(P) R* sin(a™)de
or* 0

Y=r—a*

21
— R*(1 — ca cos(a®)) sin(a*)? /0 sin(p)de = 0

2T
/ v§2)v§2) dH! = / cos(¢p) sin(?) sin(yp) sin(J9) R* sin(a™)dy
or* 0

Y=mr—a*
2
= R" sin(a*)3/ cos(y) sin(p)dp = 0.
0
Furthermore, PAg = 0 as one can see by

AgvM dH? = / (ABv(l) — 4 AByD d?-LQ) dH?
1"*

*

F*

= [ AByWan? ( AByD d?-t2> 1dH2 =0
I'* I I'*

(A ®.0f), = [ Ay D an®
= / * <ABU<1> 1. ABy™) d?-l2> oM a2

— [ (aBsM)pM) dH2—<][ ABU(I)dH2> / o 432
l“* * *

=0

= [ Vpol. Vr*vg) - !0*!2v(1)v§1) dH?
I‘*

=0
+ (nar* . VF*U§1))U(2) dHl
or
= [ (mare - Vreof" o — (nor- - Vreo W) an!
or
* 2 b 9
N /BF* (COt(a M Ip- (ngr-, nop-)oi” + sin(a*) (V) oo
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b%aD*

(7 (9 )a) o) o2 M1

sin(a*)

1
+ —— / (A()’Ul)(Q) ’U(z) dHl
sm( ) O N ——r

b
- V[ Ips . AVHIC) A )
/ar* (Cot(a ) I+ (nar+, nar+)v'< + sin(a*)vw
b%@D*

ok . )\ ,,(2) 39/1
sin(a") (7", (nop*)o) v >v1 dH

1
- An) @2 1
SR o (o) 7

b @)\, (2) gyl b 2@ 1
= — o d _ od
/ar* Sim(oz*)(v1 Jovs dH + o0+ sin(oz*)v” (7)o dH
1
- - A @02 g1
ey 40010
= _ —1 / (on)@)v?) dH*
or*

sin(a*)?

and the analogous calculation <A0v(1),vél)> AL f (on)@)v(?) dH'. This

L2(1“*) = sm a*
shows PAy = 0(= ApP) and having found this projection We completed the prove of

assumption (c).

The last assumption we have to check for Theorem is (d). Here we will see that the
eigenvalues of Ay can be traced back to the eigenvalues of the operator AP. Since we
want to show that o(Ap) \ {0} is contained in the complex right half-plane, we can ignore
eigenfunctions corresponding to the eigenvalue 0. Assume that (A, u) is an eigenpair of
Ap with X # —% = —|0*|2. Then we first remark that it is not possible for u") to be
constant, since otherwise

(Apu)® = ABLO — ][ ABuD a1 = ABy® Z ABO L a2 — 0
xS r*
constant ——
=1

and v would correspond to the eigenvalue 0, which is not considered.
Due to A # —|o*|? the constant

1

ABuM g2
C(A,U) = )\‘i“O’ ‘QJC

0

is well-defined and the function % := u + ¢(\,u) # 0 is an eigenfunction of A as one can

see from

ABTM = APy 4 ABe(X u) = ABPu — Apee(\, u) —|o*2c(\, v)
N————

=0
|o*|?
=AByW - 2L ABy(M g2
A+ |o*]? Jr-
A A
A AB (l)d 2 AB (l)d 2
+>\—|—|a*|2 - U H 7)\+|0*|2 - U H
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= AP — L ABy® aH? 4+ Ae(A )
F*

= Agu™ + Ae(X, u) = A 4+ Ae(,u) = Aah.

Obviously, the second component of AP% does not change compared to APwu. This argu-

2

7z Therefore we have shown

ment does not work for A = —

o(Ag) C o(APYU {—R2*2}. (6.64)

Remember that we have already proven some statements concerning the eigenvalues of
AB. For example we saw in 1) that all eigenvalues of AP are real. Since also — RzQ
is in R, all eigenvalues of Aj are real. With this knowledge the proof of assumption (d)

relies on the following argument:

If one real eigenvalue of Ay would change its sign while varying the parameters (a,b), it
would also become 0 at some point. But this would cause N'(Ag) to be higher-dimensional
than before. We have already seen that independent of the choice of a > —1 and b > Ci5¢
the nullspace N(Ap) is always 3-dimensional. For this reason o(Ap) \ {0} C Ry C C;
has to hold as long as the varied parameters do not violate the condition a > —1 and

b> Ccrit-
So the strategy to prove (d) will be as follows:
1. Show that the eigenvalues of Ay depend continuously on the parameters a and b.

2. Find a particular parameter setting (ag,bp), where we can easily show that the

spectrum of Ay is contained in [0, 00).

3. Starting from the particular setting (ag,by), vary the parameters to cover a wider

parameter range.

We start by showing the continuous dependence of the eigenvalues on (a,b). Obviously,
cos(a*), sin(a*) and R* depend continuously on the parameters a > —1 and b > 0 and so

do all coefficients appearing in Ay and hence also Ag itself. Therefore we can show

Ao(@,b) ——— Ao(a,b) in £(X1,Xo),

(a,b)—(a,b)

where X is equipped with the graph norm [|Aoz|| x, + [|z[|y,. Lemma A.3.1 from [Lun95]
shows that

(AId—A(a, b)) ™" ———— (AId —A(a,b))™* in £(Xo).

(a,b)—(a,b)

Using Theorem 2.25 of [Kat95] we see that Ag(a, b) ——— Ag(a,b) in the generalized

(a,b)—(a,b)
sense (cf. IV-§ 2 in [Kat95]). In doing so it is important to remark that Ag is closed,
because the resolvent set is not empty. Section IV-§ 3.5 of [Kat95] shows that each finite
system of eigenvalues depends continuously on (a,b). We saw in Remark that all

eigenvalues of AP are isolated and one possible new eigenvalue does not change this fact
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for Ag. After every eigenvalue of Ay is isolated, the one-element set {)\;} forms such a
finite system and therefore depends continuously on the parameters (a,b). This completes

the first part of our strategy towards assumption (d).

Now we search for a situation, where we can easily compute the eigenvalues of Ayg. We
find this in the halfsphere. We choose an arbitrary ag > 0. By we know that for this
choice of ap an angle cos(a*) = 0 is always possible. For the moment the parameter by > 0
could be chosen arbitrarily since cos(a*) = 0 simplifies by > C¢pit to by > 0, but for later
purpose we choose by € (0,1). We set r* = Z—g and obtain a stationary halfsphere. The
reason why we choose I'* to be the halfsphere is that by its reflection along the z-y-plane,
called —I'*, the resulting surface I'* U —I'* is smooth.

Due to (6.64]) the eigenvalue problem we have to solve is
1 m_ 1 o 1 (1 _ 2

— o290 T 5z — Tz oty — 3 o
)\Q _ ABQ _ R Slf(l(’lg)2 R R R , (665)
1 o b0 @) (9
R (W—@)—R*Q(Q¢¢+Q )

where we have to impose 2m-periodicity in ¢ and continuity for 9 = 0. To avoid unneces-

sary terms we multiply by R*2, add 2o and obtain

1 (1) (1) 9 (1)
oY) cot
(R*z)\ —+ 2)Q — Sin(ﬂ)z ¢ Qﬁﬁ ( )Qﬁ

R (r — %) = bo(0f) + o) + 20

Then we substitute p := R*2\ + 2 and search for all values p can attain. Having a re-
flectional symmetric I'* is important but not enough. We also need smoothly reflectable
eigenfunctions, i.e. eigenfunctions with gy|y—r_o+ = 0. To achieve this we have to intro-

duce one more parameter d € [0, 1] and solve

1

) _ M) D ot(d) o™

(“9 >: sin(9)229% ~ Cw ey = A% (6.66)
R*o

2 .
dpe WD — a*) — dbo(62) + 0@) + 2dp®
on the halfsphere I'*, where the domain of A? is given by Xi. For d = 0 this reads as

1
1) _ 1 1) (1)
,UQ( ) — _sin(ﬂ)z Qs(osc)v — 0y — cot(P)oy

with the boundary condition 91(91)(77 —a*) = 0. Together with the 27-periodicity in ¢ and

the continuity for ¢ = 0 we see that any solution of this problem on the halfsphere I'* can

be smoothly reflected to a solution of

(1 _ 1 (1) 1 _ cot(ﬁ)g(l)

HE T Tain(@)2 e T O v

on the full sphere I'* U—I"*, with periodicity in ¢ and continuity for ¥ = 0 and ¥ = 7. Yet,
this eigenvalue problem for the Laplace operator on the sphere is already well studied by
different authors - for example by [CH68|, [Tri72] or chapter XIII in [Jan01]. As each of
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these sources shows, the eigenvalues of this equation are given as k(k+1) for £ € N. Thus
pr = k(k 4 1) and for A\, we have the equation (R**\; +2) = k(k + 1), which leads to
k(k+1)—2
R*2
Obviously, we see A\ > 0 for k£ > 1 and the only eigenvalue that could cause a problem is

A = for every k € N. (6.67)

Ao = R*Q We will see later that although Ao = — Rﬂ is a possible eigenvalue of AB it
is not possible as eigenvalue for Ag.

Now we want to increase the parameter d from 0 to 1. We will need the continuous
dependence of the eigenvalues on d to argue that while increasing d no eigenvalue can
change its sign. This is again due to the three dimensionality of the nullspace. Although we
have not included the weight d into the considerations concerning the nullspace previously
in this section, the calculations do not change dramatically and we also get that the
nullspace is always 3-dimensional for all d € [0,1]. Therefore the continuous dependence
of the eigenvalues on d is the next ingredient that we are going to prove.

With
(A? 4+ ¢Id)~! : H(d) := Lo(T*) x Ly(8T*) — H(d)

we denote the inverse operator of A% 4 c¢Id, where H(d) shall be equipped with the inner
product (u,v) Hd) = <u(1) v > + d<u(2) U(2)>L (or)’ Moreover, we assume that c
is large enough to guarantee that a(ll eigenvalues are pgsmve Since we only want to show
the continuous dependence of the eigenvalues, we do not care for shifts of the operator and
the resulting shift of the spectrum. We consider the inverse operator since its spectrum

is bounded, which will be important later on. Assuming that we have a solution ¢ of the

equation we get

i <Q( ) Q(1)>L2(F*)

Lo (8F*)

= [ eV s+ [ (e Vreo) + dbool2) +d =050 ) 6 art

I ar*
2 bo
= [ ||Vp- g<1>H a2 — / dbo(0P))? + d—25 (0®)? dH. (6.68)
I or* R*
If we denote the eigenvalues of A~% by v, this can be rewritten as
A%, 0
= <>H“) (6.69)
(0,0) H(d)

This representation is all we need to apply Courant’s maximum-minimum principle (cf.
chapter VII §1.4 in [CH68|) to see that for a fixed d the eigenvalues vy (d) can be written
as

<A_dQ’ Q>H(1)

vi(d) = ma; min ————
k( ) Wegk QEWI\{O} <Qv Q>H(d)
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where ) denotes the set of all k-dimensional subspaces of H(d). Now we want to sketch
the continuous dependence of vi(d) on d. With Ei(d) = span{pi(d),...,0r(d)} as the

span of the first k£ eigenfunctions, we estimate

A~"g, 0 A™%g,0
ve(di) — vg(d2) > min < >H(1) —  min < >H(1)’

T 0eB(d)\{0} (0, 0) pyay) 0B (d2)\{0} (0, 0) pr(4y)

since the second maximum is attained exactly for Fy(d2) and the first summand gets
smaller if we consider this particular choice. Then we are able to choose p € Ej(d2)
with

(o, §>H(d1) =1 (6.70)

such that the first minimum is attained and get

IR <A_d2§’ §>H 1
vp(dy) — v (da) > <A &, Q>H(l) G §>H(d2)( g
This can be rewritten to
—dy~ A
() = () = (A™8.8) <A<§, ;7 Q(ij(l)
—{ap, §>H(1) +(Aa~*5,p .
= (@™ —a)eg) o+ <1 - <A/Q\>1H(d2)> (87%2.2)

The appearing denominator can be written as

(2 0) () = <5(1)’ §(1)>L2(F*) i <§2)’ §<2)>L2(8F*)
+d <§(2)’ /Q\(Q)>L2(8F*) e <§(2)’ Z)(2)>Lg(aF*)
- (0247,
and hence we end up with
wildr) = m(dr) > (A~ —A™=)5.2)
1 PO
+ (1 Tir (da — d1) (2@, 5 )>L2(ar*)> A%, Q>H(1).

If we consider the limit dy — d1, we first of all observe that the first term on the right-
hand side converges to zero which can be see similar as in Chapter 2.3.1 of [Hen06]. It
might be noteworthy that the proofs of Theorem 2.3.1 and Theorem 2.3.2 in [Hen06]
contain two little mistakes: In the proof of Theorem 2.3.1 the minimum and maximum
must be interchanged and in the proof of Theorem 2.3.2 equation (2.22) should estimate

the norm [ Ap ||z (g1 HY) 88 this is used in the last line of the proof, but instead it estimates
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[ Anll£(L,,1,)- But the argument previous to (2.22) also justifies this modification and the

result remains unchanged. Then we immediately see that

lim vg(d1) — vi(d2) = 0

d2 —)dl

as long as <§(2), §(2)> J(6T) remains bounded independent of d. In fact, for an eigenfunc-

L
tion o that satisfies (6.70]), the equation shows that

—d o .
<A IQ7Q>H(1)_V<QMQ>H(d1)_V§C<Oov

because the eigenvalues of A~ are bounded. Yet, controlling <A*d1 0, g> is due to

H(1)
1) equivalent to controlling the H'-norm of o(!), given by

J.

1
WHI*) 2% W2 (OT*) < Ly(8T%)

vp*gﬂ)\f dH?

for all d € [0,1]. Since

this also controls the Ly(8T*)-norm of y90") = ¢(?), which is what we need. Interchanging

the roles of dy and dsy, we also get the converse inequality

lim vg(dz) — vi(di) > 0.

do—dy

Thus dlig}l 1 vi(d2) = vk(d1) and we obtain the continuous dependence of v, and therefore
also of uy on d.

We know that for d = 0 all but two eigenvalues are positive and independent of d and the
nullspace is always 3-dimensional. If we now increase d from 0 to 1, which leads to AZ, no
eigenvalue can change its sign. Hence all eigenvalues of AP except 0 and )\ are positive
in this halfsphere case.

We still have to exclude A\g for Ag. If we assume \g € o(Ap) and gy to be an eigenfunction

corresponding to Ag, we obtain

2
(AOQO)(I) = T Re? Q(()l)
2
N APV _][ AR g2 = - - oV
r* R
2 2
= —Ar*gél) T 2 Q((]l) - ][F ABQél) dH* = 2 Q(()l)
= Ar- Q(()l) = - ]£ ABQE]U dH? = const.
2
= AF* Q(()l) :][ AF* Qél) + 2 le) dHQ
r* R
2
= AF* Q(()l) = AF* Q(()l)][ 1 dH2 +ﬁ 7[ Q(()l) dHQ
r . r
2
M jre ]ﬁ o dH> =0
= /F 08 dH? = 0.
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6 Stability of spherical caps under the volume-preserving MCF

This shows that an eigenfunction gg would satisfy Arx le) =cand [ Qél) dH? = 0. This
F*

can be used to calculate

0— c/ Q(()l) dH? — / QéUAI‘* Q(()l) dH2
I* I*
=_ /F Vi ol - Vol dn? + /8 . (nar+ - Vr- ool dm?.
This can be written as
% _ , Wy (1) 57,2
[vr-of HLz(F*)_/ar*(nar* Vo) ol an?.

Utilizing the so far unused second component of Aggy we get

2
72 08" = —(Me0)® = —(Ao00)®
b
—(nar+ - Vr=p (1 )) +bo(o (2))00 + RS2 962)
or equivalently
2 b bo —
(nor- - V-0§')) = e ot + bl )ow + R%QQ(()Q) = 73%* ot +bo(et )ow
This can be used to transform the calculation before into
% _ 1 (02)00 0 d!
|Vr-of HLZ(F*) . /ar* R*Q )2 dH +/ Joo 0l dH

= b(}%:f HQO HL2(8F*) — by /c‘)r (o (2)) dH!

and finally end up with

2 by — 2 (2)
- H H (or+)

+ bo H(Q(()Z))U‘ Lo (07" R+2

HVF* oV (6.71)

2
o

Here we reached the point where the choice by € (0, 1) is paying off. Since the numerator
is negative, the right hand side itself is negative. This leads again to a contradiction and
shows that \g = — R*

where every non-zero eigenvalue of Ag is positive and can come to the last step for proving

2

—=5 is not an eigenvalue of Ag. Thus we found the “easy” situation,

assumption (d).

Now we can vary the parameters starting from (ag, bg) to cover a wide range, where the
eigenvalues are positive. We start by noting that all the coefficients appearing in Ay will
not degenerate, because R* # 0 and sin(a*) # 0. As we said before the only important
restriction comes from the 3-dimensionality of the nullspace N'(Ap). We saw that we can

guarantee this dimension as long as

1 i b /(b
b> Coit = —gR* sin(a*)? cos(a*) = i < — a) <* _ a) '

This varying process will require several steps and Figure [J] is visualizing the upcoming

situation.
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6 Stability of spherical caps under the volume-preserving MCF
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Figure 9: Critical parameter set

First we consider the set corresponding to SSCs with cos(a*) = 0 given by

a>0,b>0,b*:a}:{(a,b,b> eR3
r a

Let (a1,b1) € (0,00) x (0,00) be arbitrary and consider the variation

So == {(a, b,r*) € R3

a>0,b>0}.

(a(t), b(t)) : [0, 1] — (0,00) X (0,00) 1t (a() + t(a1 — ao),bo + t(bl — bo))

We know that for (ao, bo, 2 a ) € Sy as above the eigenvalues of Ag(ag, by) are all positive

and Sy does not intersect the critical set
Serit 1= {(a, br) eR3|a>—1,b>0,r* € I,,b < Cm-t}.

Thus the eigenvalues remain positive for all (a(t), b(t)) with ¢ € [0, 1].

Now we consider the SSCs corresponding to cos(a*) > 0 given by

Sy = {(a,b,r*) €R3

b
a>—1,b>0,*>a}.
r

Now let (a1,b1,71) € St be arbitrary and use by := by and ag := % as a starting point.

Then (ag, bo,71) = (ao, bo, 2—‘3) € Sp and therefore the eigenvalues of Ag(ag, bo) are positive.
While decreasing ag to a; - which is equivalent to increasing cos(a*) from 0 to some positive
value - it is still not possible to intersect Sepit, since Sei¢ only allows for cos(a*) < 0. Hence
the eigenvalues remain also positive for this variation. This especially covers all cases where
a <0.

Finally we want to cover all the cases that are left over. For this define the set of all

surfaces with cos(a*) < 0 as

S_ = {(a, b,r*) € R3

b
a>0,b>0,*<a}
r

and let (ag,be,r2) € S_ be given and satisfy
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6 Stability of spherical caps under the volume-preserving MCF

Again we try to find a path that connects (ag, be,r2) € S— with a configuration, where we
know that all eigenvalues are positive. We remark that due to (ag,b2,72) € S_ we know
that ro > Z—i. Decreasing 3 to Z—z brings us to a configuration in Sy, where we have only

positive eigenvalues. During this decreasing process it is not possible that

) bg 2 bz 1 b2 2
22 %2 — g1 (2 _
b2 > 3 (7“2 (12) (7”2 a2) 3\/ <7“2 a2> (a2rz = b2)

/ 2
gets violated, since 4/1 — (% — (12) > 0 and a9ro — by is decreasing with ro. This shows

that the positivity of the eigenvalues is also valid for (ag, be,72). Hence assumption (d) of
Theorem [6.1] is satisfied for all SSCs and parameters (a,b) € (—1,00) X (0, 00) that satisfy
b > Cerit.

After we checked all assumptions required for the GPLS, we finally apply Theorem

and obtain the last result of this thesis.

Theorem 6.14 (Stability of spherical caps): Let a > —1, b > 0 and 4 < p < oo.
Moreover, assume I'* to be a stationary spherical cap with radius R* and contact angle o*
that satisfies b > —% R* sin(a*)? cos(a*). Then 9 =0 is stable in

2

~ 22 3-3
X = {ge W ?(T%) |olor- € W, P(ar*)}

and there exists 0 > 0 such that the unique solution o(t) from Theorem of the system

2.29)-(2.30) with initial value oo € X satisfying ||loo| -2 =+ |leolor+|l sz <9
W, P(I') W, P(or*)

exists on RT and converges at an exponential rate to some 0o, which parametrizes a

stationary spherical cap as well.

Proof: Reformulating the statement of Theorem|[6.1]to the specific case of SCs as presented

in this section. [ |
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