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Abstract:
In this thesis we rigorously prove that the Cahn-Larché system with mobility con-
stant m(e) = const. converges to a modified Hele-Shaw problem as ¢ ~\, 0 where
€ describes the thickness of the interfacial region. For the proof we construct an
approximate solution of the Cahn-Larché system by the method of matched asymp-
totic expansions. Then we can show that the approximate solutions of Cahn-Larché
system converge to the solution of the modified Hele-Shaw problem as € 0.
For the modified Hele-Shaw problem we prove the existence of a classical solution in
a sufficiently small time interval [0, 7]. By reducing the system to a single evolution
equation for the distance function, we show the assertion. Furthermore, we prove an
existence result for classical solution to a linearized Hele-Shaw problem used in the
higher order expansions.
By the same methods as for the Cahn-Larché system we show the sharp interface
limit of a convective Cahn-Hilliard equation with mobility constant m(e) = € to an
evolution equation for the interface I'(¢). Here and for the Cahn-Larché system the
main problem is the construction of the approximate solutions.
Finally, we obtain that the surface tension term —ediv (Ve @ V) in the “model H”
with mobility constant m(e) = €, # > 3, does generally not converge to the mean
curvature of the interface.
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1 Introduction

The subject of the present work is the study of sharp interface limits of so-called
diffuse interface models. Diffuse interface models describe phase separations and
allow a partial mixing of two separated phases in a thin interfacial region on a small
length scale € > 0. Sharp interface limit means sending € ~\, 0, that is, the region of
mixing becomes arbitrarily thin. More precisely we consider the Cahn-Larché system
and a convective Cahn-Hilliard equation with different mobility constants m(e) where
the mobility constant is the inverse of the Peclet number and controls the strength
of the diffusion. We rigorously prove that the Cahn-Larché system with mobility
constant m(e) = const. and the convective Cahn-Hilliard equation with mobility
constant m(e) = € converge to certain sharp interface models. In sharp interface
models the phases are separated by a surface of lower dimension. If the mobility
constants tends to 0 too quickly as € \, 0, we can even show a non-convergence
result. This is the case for mobility constants of the form m(e) = ¢/ with 6 > 3.

Diffuse Interface Models: The Cahn-Larché system is a Cahn-Hilliard equation,
which takes the elastic effects of the material into account. This model describes
phase separation in binary alloys. For example, a different lattice structure of the
mixture is a reason to consider elasticity in the Cahn-Hilliard model. We assume that
the alloy consists of two components with concentration difference ¢ : 2x (0, 00) — R.
Here Q) C R?, d > 1, is always a bounded domain with smooth boundary 9. The
elastic effects are described by the deformation vector u : Q x (0,00) — R?. For
small deformations it is sufficient to consider the linearised strain tensor

£(u) = % (Vu + (Vu)T) .

In our case the elastic free energy density is described by

W(e, £ () = % (E(u) — £%¢) : C (E(u) — £*¢),
where C = (Cyjirj)ijirji=1,..q4 is the elasticity strain tensor and £*c is the stress free
strain for concentration ¢ with constant matrix £* € R4 We require that C is
symmetric and positive definite. This form of the elastic free energy is based on the
work of Eshelby [31] and Khachaturyan [45]. Then the total energy of the system is
given by E(c,u) = Ei(c) + Es(c,u), where

Bi(c) — g/vac(x)FdH%/ﬂF(c(x))dx (1.1)
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is the Ginzburg-Landau energy and

Es(c,u) = /S)W(c(a:),g(u(az)))da: (1.2)

is the elastic free energy. Here F'(c) is a suitable “double-well” potential taking its
global minimum 0 at +1, for example F(c) = (1 — ¢?)%. The chemical potential y :
2% (0,00) — R is introduced by the first variation of the total energy. Consequently,
we consider the following so-called Cahn-Larché system

O = Aus in  x (0, 00), (1.3)
pt = e f(cf) — eAct + W (e, E(u)) in  x (0, 00), (1.4)
divS =0 in © x (0, 00), (1.5)
S =Wge(c, E(u)) in  x (0, 00), (1.6)

where S¢ is the stress tensor. Here we can assume that the equation for the mechanics
is time independent because the mechanical equilibrium is attained on a much
faster time scale than the concentration changing by diffusion. To close the system
we require the following boundary and initial values

Det=2p =0 on 08 x (0, 00), (1.7)
u =0 on 092 x (0, 00),
g = €6 in 2, (1.9)

where n denotes the unit normal of 9€). For a derivation of the Cahn-Larché system
we refer to Garcke [35]. Existence and uniqueness results can be found for example
in [35] and [36].

Another interesting task is the rigorous understanding of the sharp interface limit of
the so-called “model H”. This model consists of the Navier-Stokes system coupled
with the Cahn-Hilliard equation and has the following form for fluids with the same
density

Ot +v° - Vot — div(v(c) Do) + Vp© = —ediv(Vce* ® Vo) in Q x (0,00), (1.10)
dive® =0 in Q x (0,00), (1.11)

Opct + - Vet = Apc in 2 x (0,00), (1.12)

pe = —€eAc +e 1 f(cF) in Qx (0,00), (1.13)

where v° is the velocity field and p¢ the pressure. It describes the flow of two viscous
fluids like oil and water. Abels et al. [4] showed a convergence result by formally
matched asymptotic expansions. But to our knowledge there are no rigorous results
known so far for the sharp interface limit. The coupling term in the Cahn-Hilliard
equation is of the form v¢ - V¢, Therefore a first step to handle the convergence



problem is to study the sharp interface limit of the convective Cahn-Hilliard equation

Ot +v - Ve =m(e)Aus in 2 x (0, 00), (1.14)
=€ 1f(c) — eAc in Q x (0,00), (1.15)
De=2p =0 on 0N x (0, 00), (1.16)

g = ¢§ in Q, (1.17)

where v : Q x [0,00) — R? is a given smooth velocity field. In the following we
investigate the sharp interface limit for mobility constants m(e) = ¢ for # = 1 and
0 > 3. Kwek [46] showed the existence of classical solutions to the convective Cahn-
Hilliard equation. For the existence of weak solutions and strong solutions locally in
time for the “model H” we refer to the results of Abels [1-3].

Sharp Interface Models: In the classical model the components of the alloy or the
immiscible fluids fill two disjoint domains Q*(¢), Q2 (t) C Q for all times ¢t > 0. We
assume that the two domains are separated by a (d—1)-dimensional surface I'(¢) such
that I'(t) = 0Q~(t) and I'(¢) C 2 at least initially, that is, we do not consider contact
angles. Therefore we obtain Q = Q(¢)UQ ™ (¢) UT'(t). Then the corresponding sharp
interface model to the Cahn-Larché system is a modified Hele-Shaw problem

Ap =0 in Q*(t),t >0, (1.18)
divS =0 in Q*(t),t >0, (1.19)
V=—3[Vidpy v on I'(t),t >0, (1.20)
p=ok+ " [WId - (Vu)TS]F(t) v on I'(¢),t > 0, (1.21)
[SV]ry = [lpey = [1lpe =0 on I'(t),t > 0, (1.22)
Lp=u=0 on 0§, t > 0, (1.23)
T'(0) = Tog for t = 0. (1.24)

Here the corresponding elastic energy densities have the form W_(&) := W(—1,¢)
and W, (&) := W(1,£). Always v is the unit outer normal of JQ~(t), whereas n
denotes the unit outer normal of 9. The normal velocity and the mean curvature
of I'(t) are denoted by V' and &, respectively, taken with respect to v. The constant
o > 0 describes the surface tension of the interface and [.].,) denotes the jump of a
quantity across the interface in direction of v, i.e., [f]p,) (2) = limpo(f (2 + hv) —
f(z — hv)) for x € I'(t). In Section [4.1| we prove the existence of classical solutions.
For the classical Hele-Shaw problem one finds classical solution results in Chen et
al.[22] and Escher and Simonett [29]. The global existence of classical solutions and
the convergence to spheres are shown in Escher and Simonett [28], provided that the
initial value is close to a sphere.

The corresponding sharp interface model to the convective Cahn-Hilliard equation
with mobility constant m(e) = € is the evolution equation

V—-v-rv=0 on I'(t),t > 0, (1.25)



That means the motion of the interface I'(t) is independent of p. Here p is the
solution to the following parabolic boundary problem

O = f'(£1)Ap—v-Vp in QF(t),t >0, (1.27)
p=0K on I'(t),t > 0, (1.28)
2p=0 on 09Q,t > 0, (1.29)
o = oo in Q. (1.30)

For m(e) = 1 we expect a coupled corresponding sharp interface model, see Section
. In the case m(e) = €’ for § > 3 we prove a non-convergence result.

Sharp interface limits: In the case of the Cahn-Hilliard equation, there are two
kinds of results for the sharp interface limit. Chen [20] showed the convergence
of weak solutions to a varifold solution to the corresponding sharp interface model
globally in time. He proved that the family of solutions {c*, ji},_ ., is weakly com-
pact in some functional spaces. Then he obtained the existence of a convergent
subsequence. Garcke and Kwak [37] used this method to show the convergence of
the Cahn-Larché system (1.3)-(L.6) to the modified Hele-Shaw problem ([1.18))-(1.22)
with Neumann boundary conditions on 02 and an angle condition for the interface
['(t). Abels and Roger [6] also applied this method to the “model H”. Recently Abels
and Lengeler [5] extended this result to fluids with different densities. On the other
hand, there is the method Alikakos et al. [10] used in their paper to show the con-
vergence of the Cahn-Hilliard equation to the Hele-Shaw problem. They assumed
that the Cahn-Hilliard equation and the Hele-Shaw problem have smooth solutions
at least in a sufficiently small time interval (0,7"). By formally matched asymptotic
expansions they constructed a family of approximate solutions {c, t1$ }o..; for the
Cahn-Hilliard equation and showed that the difference of the real solution (c¢, u°)
and approximate solutions converge to 0 as € N\, 0 , provided the initial value cf
of the Cahn-Hilliard equation is chosen suitably. Since the zero order expansion of
the approximate solutions is based on the solution to the Hele-Shaw problem, they
were able to prove the convergence of the Cahn-Hilliard equation to the Hele-Shaw
problem as € N\, 0. Let us mention that Carlen et al. [19] introduced an alternative
method to construct approximate solutions to the Cahn-Hilliard equation. Based on
Hilbert expansion they used the ansatz ¢(z,t) =~ S, €ci(z, F,EN)), where I'™ is the
Nth order approximate interface. For the Cahn-Larché system a formally matched
asymptotic expansion was already done in Leo et al. [48]. One can find some re-
sults about the formally matched asymptotic expansion for the quasi-incompressible
“model H” in Lowengrub and Truskinovsky [49] and for the incompressible “model
H” with different densities and mobility constants m(e) = 1,¢ in [4]. In our work
we use the method of Alikakos et al. [10]. By a simpler version of this method we
can also show a negative result for the convective Cahn-Hilliard equation with mo-
bility constant m(e) = €? for # > 3. This means we construct approximate solutions
{c4}o<ecq and show that the difference of real solutions and approximate solutions
converge to 0 as € \( 0 in certain norms. But the approximate solutions ¢ converge

4



to the “wrong” function. A similar result was obtained by Abels and Lengeler [5] for
certain radially symmetric solutions in the case of the “model H”.

Outline of the text: In Chapter 2] we recall the definitions of some function spaces
and results from semigroup theory. Moreover, we collect useful inequalities and prove
some uniqueness and existence results for ordinary differential equations. Finally, we
mention some spectral analysis results proven by Chen [21]. We use these results
to prove that the difference of approximate and real solutions for the Cahn-Larché
system and convective Cahn-Hilliard equation tends to 0 as € N\, 0. In Chapter [3]
we rigorously prove the sharp interface limit for the Cahn-Larché system. More pre-
cisely, we show that the solutions for the Cahn-Larché system - converge
to the solution for the modified Hele-Shaw problem — as long as smooth
solutions exists for the limit system. For that we require suitable initial values cf. We
follow the method of Alikakos et al. [10] where the main task is to construct suitable
approximate solutions. In Chapter [d we prove the existence of classical solutions
to the modified Hele-Shaw problem - by using the results of Escher and
Simonett [29]. They reduce the system to a single evolution equation for the distance
function and prove the existence of a smooth solution for this system. We show that
the new appearing differential operator has lower order such that we can apply the
same techniques to show the existence of a smooth solution to the new evolution
equation for the distance function. Furthermore, we prove an existence result for
classical solutions to a linearized Hele-Shaw problem used in the higher order expan-
sions. The proof is based on Alikakos et al. [10], that is, we again reduce the system
to a single evolution equation for the distance function. Since the equation is of third
order, we add the fourth order differential operator eA? to get a solution by known
results. Then we verify that the solutions to the new equation converge to a solution
to the original equation as € ™\, 0. For that we use an energy method. In Chap-
ter B, we consider the convective Cahn-Hilliard equation with the mobility constant
m(e) = € for > 3. In the case § = 0,1 we expect that the surface tension term
—ediv (V£ ® Vo) of the “model H” (see (1.10])) converges to the mean curvature
functional of the interface. For # > 3 we show that the term —ediv (V¢ ® V¢©) does
generally not converge to the mean curvature of the interface, where c¢ is here the
solution for the convective Cahn-Hilliard equation. The reason is that the convection
term v - V¢ dominates the motion of the interface I'(¢). Therefore we can show that
the approximate solutions do not have the form 6y(d(z,t)/e) where d is the signed
distance function to I'(t) and 6y(x) is the “optimal diffuse interface profile”, that is
the solution to
—w" + f(w) =0in R, w(0) =0, lim w(z) = £1.
z—+oo

Finally, in Chapter [6] the sharp interface limit of the convective Cahn-Hilliard equa-
tion with mobility constant m(e) = € is proven rigorously for suitable initial values

cq, that 1s the solutions to (|1.14))-(1. converge to (|1. -(/1. . For the proot we
6. that is the soluti (T-14)-([T17) ge to (T.25)-(I30). For the proof

use the same techniques as in Chapter 3.1} In particular, we construct an approx-
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imate solution by formally matched asymptotic expansions. The mobility constant
m(e) = € especially changes the inner expansion for the approximate solutions. By
different compatibility conditions for the inner expansion we realize why the motion
of the interface I'(¢) is independent of p.
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2 Mathematical Background

2.1 Notation

When we write (x.y a), we mean the first line of equation (x.y) and analogously for
(x.y b) and so on. In our work the natural numbers including 0 are denoted by N.
Moreover, we denote a ® b = (aibj)zjzl for a,b € R and A : B = Zijzl A;;B;; for
A, B € R4 The symmetric part of a matrix A € R?? is denoted by sym(A), that
is, sym(A) = $(A + A"). We denote

1 0 - 0
diag(xy,...,Xq) = O 2 e Rixd

:o . .0

0 - 0 a4

forz; € R, i =1,...,d. The cofactor matrix is denoted by cof(A) for A € R¥?. The
vector spaces R and R%? are endowed with the Euclidean norm. By Id we denote
both the identity matrix and the identity mapping. The function |.]| defines the floor
function, that is, |z] = max{k € Z: k <z}. We write X’ for the dual space of a
Banach space X and denote the duality product by

<fag>E<fag>X/7X:f(g) vfGX/,QEX.

We denote the open ball around = € X with radius » > 0 by B,(z). The set of
all real analytic functions on a given set D is denoted by C¥(D). For a sufficient
smooth domain Q C R? and an interval (0,7), T > 0, we define Qp = Q x (0,7)
and 0r) = 0Q x (0,7). Moreover, n denotes the exterior unit normal on Of.
For a hypersurface I' C Q without boundary such that I' = 9Q~ for a reference
domain Q= C €2, the interior domain is denoted by Q™ and the exterior domain by
Qf = Q\(QUT), that is T separates 2 into an interior and an exterior domain. The
exterior unit normal on 02~ is denoted by v. The mean curvature of I" is denoted
by x with the sign convention that x is positive, if I' is curved in direction of v. For
a signed distance function d with respect to I', we assume d < 0 in 2~ and d > 0 in
QF. By this convention we obtain Vd = v on I'. Finally, let us mention that we use
the Einstein summation convention.



2.2 Basic Assumptions

Unless specified otherwise, 2 C R, d > 1, is a bounded domain with smooth bound-
ary 02 and unless noted otherwise, the Landau symbols O are with respect to the
C° norm. The “double-well” potential I : R —> R is a smooth function taking its
global minimum 0 at £1. For its derivative f(c) = F'(c) we assume

f(£1) =0, f /f ds-/f Jds >0 Yue (—1,1). (2.1)

In Chapter [3] and [6] we need an additional assumption
cf’(e) >0 if |e| > Cy (2.2)

for some constant Cy > 0. This assumption is not necessary in Chapter 5] The
constant elasticity tensor C = (Cijirj)ijir.j'=1,... Mmaps matrices A € R%*? in matrices
by the definition

.....

d
= E Ciji’j’Ai’j’ .
i,j'=1

In addition, we assume the symmetry properties

CZ]’L’]’ f— Cl]]/’Ll f— C]”,]/ and Cz]l/]/ == C’L’j’l‘]

for all i, 5,47',j' = 1,...,d. An important assumption is the positive definiteness of C
on symmetric matrices, that is, there exists some constant ¢y > 0 such that
A:CA> ¢y lsym(A)]° VA e R (2.3)

An important consequence of the positive definiteness is the following lemma.

Lemma 2.2.1. Let the tensor C be defined as above. Then it holds for all a,b € R?
1
(a®b):C(a®b)2§cg|a®bl2 : (2.4)
Proof: Let a,b € R? be any given vectors. It follows by definition

1
lsym(a ® b)]> = Z(a®b+b®a):(a®b+b®a)

1 1
= §|a®b|2+—(a®b):(b®a).

2

We show that the second term on the right-hand side is not negative

(a®b): (b®a)= Zaibjblaj: (a-b)°>0.

ij=1

Hence the assertion of the lemma follows. O
In the following we also use the constant ¢, instead of %cg.
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2.3 Function Spaces

In this section we want to recall some definitions of particular function spaces which
we need in the following.
We start with the introduction of Sobolev spaces by Fourier transform. The Schwartz
space S(R?) is defined by

S(RY) := {f € C®°(RY) : sup (1 + |z))V [0%f(z)| < 00,¥YN € N, a € Nd} :

zER4

Then the L?-Bessel potential space of order s € R is defined by

H'RY) = {f € SRY) : ()" f(§) € L*®RY |

endowed with the norm || f| . gay = [[(€)° 7l r2(ray- Here f is the Fourier transform
of f and (£) = 1/1 + [£]2. For any non-empty set  C R% we define

H(Q)={feD(Q): f=F|, for some F € H*(R")}.

In the present work we always consider bounded domains Q C R? with smooth
boundary. Hence we obtain H*(Q) = Wk (Q) with equivalent norms for all k € N,
cf. [53, Theorem 3.18]. The definition of Sobolev spaces by Fourier transform can be
found for example in [53, 56].

Next we introduce Sobolev spaces on the boundary. Let k£ be any positive integer.
First we assume that Q C R? is a C*¥~b! hypograph, that is, there exists a C*~ !
function ¢ : R~! — R such that

Q={zeR’: 2y <((2)V2' = (z1,...,34-1) ERT}.
For u € L*(09) we define
uc(z') = u(a’,¢(2')) Va' € R
Then, for 0 < s < k, we set
H*(0Q) = {u € L*(8Q) : uc € H*(R*™)},
and equip this space with the inner product
(u, ) (o) = (g, Ve) rara-1) -

Moreover, we set for 0 < s < k and u € L*(99)

uc\/1+ |V

Y

H_S(]Rd_l)

HUHH—s(aQ) -



and then define H=*(99) to be the completion of L*(0Q) in this norm.
If © is not a hypograph, then we use an open cover {U;},.,; and a partition of the
unity {¢;},.; such that ¢; € C5°(U;) for all ¢ € I and define an inner product by

(U U)Hs(aQ Z(¢zu ¢z )Hs(aQﬁUi) .

el

It can be shown that H°(J€) is independent of the choice of {U;},.; and {¢;},.;-
For more details see Mc Lean [53]. More general, for the definition of Sobolev spaces
on Riemannian manifolds, we refer for example to Aubin |16] or Hebey [40].

We continue with the introduction of Holder spaces. Let 0 < # < 1 be any number,

then we define the Hélder space C?(Q2) and the little Holder space h?(Q) by

@) = {f €C@): [flo— sup LU IWL oo},
z,y€Q,x#y |l’ - y|
[flleemy = Iflle@ + [fleo
Q) = {f c C?(Q) : lim sup M = 0} .
T—0 z,yeQ,0<|z—y|<T |$ - yl
If0>0,60¢N, we define
C’'@) = {fecf@):0°f e C"1(@Q),v |6 = [0]},
Hf”ce(ﬁ) = HfHC[G y T Z a f co—[0]
1Bl=
@) = {fed’@): 8ﬁf6h9 (@), V18 = 0]},

where [0] is the greatest integer smaller than 6. One can find the definition of the
Holder space C?(Q2) in many books, for example see Evans [32] or Alt [11] and the
definition of the little Hélder space h?(Q) in Lunardi [50]. Note that C?(Q) is a
Banach space, cf. [32], and h(Q) is a closed subspace of C?(€).

One can show that h?(Q) is the closure of C*(Q) in C?%(Q) for every k € (6, 0], cf.
[50].

Let M be an m-dimensional sufficiently smooth submanifold of R?. Then the spaces
C?%(M) and hP(M), 6 € R, \N, are defined by means of a smooth atlas for M, see
Triebel [62].

Little Holder spaces have been studied by several authors in context with analytic
semigroups and maximal regularity, cf. [26, 27, [29] 30, 47].

Furthermore, we define Holder spaces on the set [a,b] x Q, a < b. For o > 0 we set

C*Y([a,b] x Q) = {f € C([a,b] x Q) : f(.,x) € C*([a,b]), Yz € Q, || fll g < oo},
endowed with the norm

[fllgao = sup [1F (@)l o rag) -

el
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Similarly, we define the space C**([a,b] x Q) with the norm .| o... Moreover, we
introduce the space C*?([a,b] x Q) as follows

CH*([a,b] x Q) = {f € C([a,b] x Q) : 30, f,0;;f € C([a,b] x Q),i,j =1,...d},
endowed with the norm
1l crzapxay = Ifllco + Z 10:fllco + [10cf | co + Z 1035 fll o »
7,7=1

where 0; = 0,,, 1 =1,...,d. For 0 < a < 2 the so-called “parabolic” Holder spaces
are defined by

C%%([a,b] x Q) = C*([a,b] x Q) N C**([a,b] x Q),

[fllgerzaaenxa = Ifllcerzoqapxa + 1fllcoaanxa)

and

/e ((q, b x Q) = {f € 01’2([a b x Q) : 30, f,0i,f € Ca/la([a b x Q),Vi,j},

[fllgrsarzaraqapm = [flloo + Z 10:fllco + [10uf oz + Z 193 fll sz -

2,7=1

For more information about parabolic Hélder spaces we refer for example to [50].
In the following we often write || f{| (g, instead of || f||ongy for f € C"(), n € R.

2.4 Useful Inequalities

In this section we recall some inequalities which we often use. In the whole section
let Q C R? be a bounded, connected, open subset with smooth boundary.

Theorem 2.4.1 (Poincaré’s inequality). For fired 1 < p < oo there exists a constant
C, depending only on d,p and €2, such that

1
Hf‘@/Qfdx

for each function f € W}(Q).

< OV £l
Lr(Q)

Proof: For example, see [32, Chapter 5.8, Theorem 1]. O

Moreover, we have a certain interpolation result between the Sobolev space W} (1)
and the Lebesgue space L%((2).

11



Theorem 2.4.2 (Gagliardo-Nirenberg inequality). Let 8 € N, k € N, r,q, and p
satisfy

18| 1k 18]
=A== 1-\N=, E<a<i <8 <k-—1
= a(-g)ra-n s Heast o<k,

then there exists a constant C > 0 such that
A -2
1f lwisr @) < C s 1 2oy

provided k — |B| — £ is not a negative integer (otherwise it holds for A = ).

Proof: We refer to |57, theorem 1.24]. O

In Chapter |3 and {4 we often use the Korn inequality for the strain tensor £(u).

Theorem 2.4.3 (Korn inequality). Let 1 < p < oo. Then there exists a constant
C = C(p, Q) such that for any v e W, ,(Q)%, it holds

HvHWP{O(Q) <C ||5<"’>||Lp(9) :

Proof: We refer to [57, Theorem 1.33]. O

2.5 Interpolation Spaces

One can find a good introduction to the theory of interpolation spaces in Lunardi
[52] and Bergh and Lofstrom [18]. In the following we explain how we construct real
interpolation spaces by the K-method and we present some examples, which are used
frequently.

Let X,Y be two real or complex Banach spaces. Then (X,Y) is said to be an
interpolation couple if X,Y are continuously embedded in a Hausdorff topological
vector space Z. In this case the intersection X NY and the sum X + Y are linear
subspaces of Z. For every x € X +Y and t > 0 we define

Kb, X,Y) = il (lally+bly).

From now we write K (¢, z) instead of K(t,z,X,Y). For 0 <6 < 1,1 <p < oo the
real interpolation spaces are defined by

(X,Y),, ={zeX+Y tt"YPK(tx) € LF(0,00)},
endowed with the norm
90—
HxH (XY)op Ht YKt @ HLP (0,00)
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where we use the convention % = 0 for p = oo. Due to this definition, it can be

verified that for 0 <0 <1, 1 < p; < py < o0 it holds
XNY C(X,Y),, C(X,Y),, CX+Y.

Theorem 2.5.1. Let (X1,Y)),(Xo,Ys) be interpolation couples. If T € L(X1, X2) N
L(Y1,Ys), then T € L((X1,Y1)oyp, (X2, Y2)s,) for every 8 € (0,1) and p € [1,00].
Moreover, it holds

1-6 0
HTHE((Xl,Yl)g,p,(XQ,YQ)gyp) S ”TH£(X1,X2) HTHE(Yl,Yz) :

Proof: See [52, Theorem 1.6.]. O

A consequence of this theorem is the next estimate which is often used.

Corollary 2.5.2. Let (X,Y) be an interpolation couple. For 0 <0 <1,1<p< o0
there exists a constant C = C(0,p) > 0 such that

1-60 110
1Yl xy,, < Clwllx ™ llylly
forallye XNY.

Proof: We refer to [52, Corollary 1.7.]. O

Now we give some examples for real interpolation spaces. For the rest of this section
let Q C R? be a bounded domain with smooth boundary 9. For s = (1—6)sq+0s,
S0,81 € R, and 0 < 6 < 1, it holds

(HSO(Q)a Hsl(Q))eg = HS(Q> (2-5)
with equivalent norms, cf. [53, Theorem B.8]. Moreover, we have
(H*(09Q), H*'(09))y, = H*(0Q) (2.6)

with equivalent norms, cf. [53, Theorem B.11].
This yields the following elliptic regularity result. Denote by Ayq the Laplace-
Beltrami operator on 0f2.

Theorem 2.5.3. Let Q C R? be as above and r € R, r > 0, be any fized number.
Then the operator
—Apq +1d : H™2(0Q) — H"(09)

s an isomorphism.

Proof: For r € 2N the assertion directly follows form [17, Bemerkung 1.7.6]. For
r € R\2N, r > 0, we choose k € 2N and # € (0,1) such that £k < r < k + 2

13



and 7 = (1 —0)k + 0(k 4+ 1). Since (H**(8Q), H*(09)),, = H™™(9Q) and
(H*(0%), H*2(092)),., = H"(09), it holds due to Theorem [2.5.1

—Npg +1d € L(H™2(09), H"(09)) and (—Agq +1d)™" € L(H"(02), H™2(09)) .

Furthermore, (—Apq + Id)™!|,. is the inverse of —Ayg + Id| ;-2 because we already
know that (—Agq + Id) ™!, is the inverse of —Ayg + Id|uso. Thus the assertion
follows. O

In Section we also use the complex interpolation method. Here we omit a
detailed definition of the complex interpolation space (X,Y )y for 6 € [0,1] and
complex Banach spaces X,Y. We refer to |18, |52] for a good introduction of the
complex interpolation spaces.

2.6 Some Uniqueness and Existence Results for
ODE'’s

In this section we prove some uniqueness and existence results for ordinary differential
equations which we need for the inner expansion of the approximate solutions. For
the inner expansion it is important that the solutions are bounded. Therefore we get
some conditions on the right-hand side of the ordinary differential equations.

Lemma 2.6.1. Let f € C®(R) be given such that the properties hold. Then
the problem

—w" 4+ f(w) =0 in R, w(0) =0, lim w(z) = £1 (2.7)

z—+o0

has a unique solution.
In addition, the following properties hold

w'(2)
|

[w?(2) — 1] + |w™(z)

>0 VzeR, (2.8)
< Cpe ! Vz € R, n € N\ {0} (2.9)

for some constants C,, > 0, n € N\ {0}, and where « is a fized constant such that

0<a< min{\/f’(—l), \/f’(l)} .

Proof: All solutions to the ordinary differential equation —w” + f(w) = 0 fulfill the

equation
= E ’ d
:l:\/Q( +/_1f(s) s),
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where F is an appropriate constant, for example see [33] Chapter 2 §14 ]. Since
fjl f(s)ds =0and lim, 4. w(z) = %1, it follows that F = 0 and we have a positive
sign. Therefore all solutions to ([2.7)) satisfy the ordinary differential equation

w':1/2/jf(s)ds, w(0)=0. (2.10)

So we can deduce uniqueness and local existence of . Since +1 are stationary
solutions to the ODE in with initial values +1, we conclude that the solution
to (2.10) exists globally and satisfies —1 < w < 1. Since w grows monotonically,
lim, 1. w(z) exists. By contradiction we get lim, ,4. w(z) = £1, otherwise there
exists a constant ¢ > 0 and 2y such that w'(z) > cfor all |z > 2y since [, f(s)ds >0
for all w € (—1,1). Since [% f(s)ds > 0 for all z € R, it is not difficult to verify that
the solution to (2.10]) is a solution to (2.7]). Hence has a unique solution.

It remains to show the inequalities and . Due to the mean value theorem,
we obtain for s < 1

fls) = f(D)

flo) = 22—

(s=1)=f()(s—1)

for some & € (s,1). Since f'(1) > 0, there exists some constant ¢ = ¢(s) € (0, 1) such
that cf’(1) < f'(§) for all £ € (s,1), provided 1 — s > 0 is small enough and such
that ¢(s) — 1 as s — 1. Therefore there exists some zy > 0 such that for all z > 2,

w(z)
(1= w(2)) = —2w(=)w(2) = —2w(z)\/ ) /1 £(s) ds
w(z)

< —2w(z)\/2c(w(z0))f’(1)/1 (5 — 1) ds

since w(z) > 0 for all z > 0 and w grows monotonically. We continue with calculating
the integral and use the convergence property of ¢(.)

(1—w?(z)) < —2—”C(w(zo))w\/f’(1) (1 — w2)

- 1+w

< —(1 = e(20))V/F'(1) (1 = w?(2))

for some constant €(zp) > 0 such that €(z9) — 0 as zy — oo. Here we have used that
lim, o w(z) = 1. Therefore Gronwall’s inequality yields

1—w?(z) < Ce ™ Vz e (0,00)
for some C' > 0 and some fixed 0 < a < 1/ f'(1). Analogously, we can show

1 —w’(z) < Ce Pl vz e (—00,0)
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for some C' > 0 and some fixed 0 < a < /f'(—1).
Using the equation w' = /2 flw f(s)ds and the same estimates as above, we can

show
0<w <O —w) <Ce™l VzeR\[-2, 2],

for some C' > 0. The statement for w™, n > 2, follows by induction. We use the
following equation

— f(£1 21
W) = B ey = o1
where € € (w(z),1) and £ € (—1,w(z)), respectively. O

From now on we denote by 6y the unique solution to (2.7) and « > 0 is the constant
given by Lemma [2.6.1]

Lemma 2.6.2. Let U C R? and let A(z,2), (z,2) € R x U, be given and smooth.
Assume that there exists A*(x) such that A(+z,2) — A% (x) = O(e™**) as z — oo.
Then, for each x € U, the system

w..(z,x) — f(0(2)) w(z,x) = A(z,2) Vz€R,

w(0,7) =0, w(.,z)€ L®(R) (2.11)

has a solution if and only if

/ A(z,x)0y(2) dz = 0. (2.12)

In addition, if the solution exists, then it is unique and satisfies for every x € U
“(z)

f'(£1)
where « is given as in Lemma m Furthermore, if A(z, x) satisfies for every x € U

D! {w(iz,x) + } =0Ee ") asz—>o00, 1=0,1,2,

DI'D! [A(%z,2) — A¥(2)] = O(e™™) asz— o0

forallm=0,1,.... M and 1l =0,1,...,L, then

m A (l’)
Da; Di w :|:Z,£I§' + =0(e* as z — o0

forallm=0,1,.... M and 1 =0,1,..., L+ 2.

Proof: Let z € U be given. For simplicity we often write (w(z), A(z)) instead of
(w(z,x), A(z,z)). By using the method of variation of constants, we determine all
solutions to the ordinary differential equation w,.(z) — f'(6o(2))w(z) = A(z) with
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initial value w(0) = 0, that is, since 6} is a solution to the associated homogeneous
equation, we set w(z) = 0;(2)u(z) for some function u : R — R. Then we obtain the

equation
0o (=) 0o(2)

Note that (6))~2 is a solution to the associated homogeneous equation. Hence we get
due to [33, Kapitel II. § 11, Satz 3]

u’(z) +2

i) =02 (e [ o)A as).
0
where ¢ = ¢(x) is an arbitrary function independent of z. Therefore all solutions to

the ordinary differential equation w,,(z) — f'(6o(2))w(z) = A(z) with initial value
w(0) = 0 have the form

w(z) = 6’6(2’)/ {(«96)_2(7“) {c—i—/ 05 (s)A(s) dsH dr. (2.13)
0 0
Due to Lemma [2.6.1) we conclude that w(z) is bounded for z — oo if and only if
c(r) = —/ 0 (s)A(s, ) ds. (2.14)
0
This can be seen as follows. If ¢ satisfies the equation above, then w(z) converges to
AT(x)/f'(1) as 2 — oo (see below). In particular, w(z) is bounded for z € [0, 00).
Supposing ¢ # — [ 0)(s)A(s) ds yields

c+/06(S)A(s)ds—/»O as r — 00,
0

and by ’'Hospital’s rule we get
Jo (6)2(r) dr
(66)~ (=)

— 00 as z— 00,

6 2) / (0) ) dr =

and therefore |w(z)| — 0o as z = 0.
Analogously, w(z) is bounded for z — —o0o if and only if

o, t) = — /0 () A(s) ds.

Therefore the system has a bounded solution if and only if holds. Ad-
ditionally, the solution is unique.

It remains to show the convergence properties. First we assume that A(z,z) only
depends on x € U. Then we obtain

wle) = A(:) [ YH

02 -
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Using Taylor expansion gives us

= £00) = £ )6 - 1) + L1 0, -1y (2.15)

for some £ = £(0y(2)) € (Ao(z) — 1,1). Replacing the numerator 6, — 1 by
0% f"(€)(—1)*

7~ ey vields
wiz) = 2 gy 7 W) A(x) o [ F1(E(R)) Bply) — 1)
(=) ff(l)‘%”/o G ><y>dy 2f<>9”/0 GEO
AW ([ 6e)) [ PER)) (Boly) — 1)
(1) (1 es<o>) 9 / GO

Since 0)(z) = O(e~°), it is sufficient to show that 0)(z) [ f(€) (6o — 1)* /(6))? =
O(e~@l). As in the proof of Lemman we can show (0))2(2) Z cf'(1)(0(2) —1)2
for all z > zp, where ¢ and zy are given as in the proof of Lemma [2.6.1 Also we
can follow from the proof of Lemma that 0)(z) = O(e~%) for some a > a.
Therefore we obtain for all z > z;

//

e [ LEDBO-1
< 00y(2)z < Ce ¥z < Ce™*

(65)*(y)

for some constant C' > 0. We obtain the same statement for z negative with an
analogous procedure, too.
For general A(z, x) it is sufficient to consider the case A(z, ) = O(e~*l) by linearity.
Then we get for z > 0 by with constant ¢ as in ([2.14))

—ay

) | [war?m {— | s d” i) < coye) [ o

We estimate the right-hand side. Note that 5_% (e‘o‘z — e‘ﬁz) is the unique solution
to

w(z)] =

V(z)=—po(z)+e ¥ inR, v(0)=0

for any 8 > a. Dueto [63, II. § 9 IX. Satz], it is sufficient to verify that 6)(z) [, & (m; dy

satisfies for all z > zy the inequality
V'(2) < —pu(z) +e 7

for some 8 > « and for some zy > 0. An easy calculation gives us

(0 [ mr ) = 5 (s [ ) e
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So it is sufficient to show

05(2)
05(2)

since o < min {\/f’(—l), \/f’(l)} We apply "'Hospital’s rule to obtain

f(1) asz— o0 (2.16)

G _ L RERE L FOEGE
ey B e o g W

Since 6"(z) < 0 and #'(z) > 0 for z > 0, (2.16) holds. We can apply the same
argumentation for z — —oo.

Equation (2.11)) yields

w,, = O(e”*),
and together with ([2.16)
w, = O(e™**).

This shows the first convergence property. Differentiating the differential equation
for w with respect to z and x, one can verify that the last statement of the lemma is
valid for all m =0,1,...,M and [ =0,1,..., L. O

Lemma 2.6.3. Let U C R" be an open subset and let B(z,x) be a given smooth
function defined on R x U which satisfies B(+z,x) = O(e~**) as z — oco. Then for
each x € U the problem

w,, =B VzeR, w(,z)e L*R) (2.17)

has a solution if and only if

/ B(z,x)dz=0. (2.18)

R

In addition, if w.(z,x) is a solution, then all the solutions can be written as
w(z,x) = we(z,x) + c(z),

where c(x) is an arbitrary function. Furthermore, if [ B(z,x) dz =0 for allz € U
and
DD B(4z,2) = O(e™™) as z — 00

for allm = 0,1,....,M and | = 0,1,...,L, then there exist functions w*(z) and
w™(z) such that as z — o0

DD [w(+z,2) — w*(z)] = O(e™)

forallm=0,1,...,.M and 1 =0,1,..., L+ 2.
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Proof: Assume that the problem has a solution. Let x € U be given. First
we show by contradiction that lim, ,4., w,(z,x) = 0. Assume there exists a constant
C1 > 0 and a sequence (2,)neny C R such that z, — oo as n — oo and |w,(z,)| > C}
for all n € N. W.lLo.g. assume that w,(z,) > C;. Then it follows from w,(z) =
[ B(s)ds 4 w.(z,) that

1
U)Z(Z) Z —(Ce=%*n + Cl > 501

for n € N large enough and for all z > z,,. By integration this leads to a contradiction
to the boundness of w. Analogously, we this holds for = — —oo. Therefore we
conclude

z

/B(Z,Qf) dz _/wzz(zax) dz = lim wz(sax”zztz =0.
R R —00

On the other hand assume that (2.18) holds. Then for any constant c(x)
w(z, ) ::/ / B(s,z)dsdr — z/ B(s,z)ds + c(x)
o Jo 0
is a solution to ([2.17)) since

w,(z) = /OZ B(s,z)ds — /OOO B(s,x)ds = O(e™*) as z = 400, (2.19)

where the last equality follows from [~ B(z,z)dz = [;° B(z,z)d=.

Let w, be a solution to . Then all solutions to the equation w,, = B have the
form w, +b(x)z + c(z) for any constants b(z) and ¢(x), that is, all bounded solutions
have the form w, + c¢(x). The convergence properties for z — too follow as in ([2.19))
and by differentiating with respect to z and . O

2.7 Some Results from Semigroup Theory

In Section and below, we prove some estimates for the concentration ¢ in
higher norms by semigroup theory. Good references for a systematic treatment of the
basic theory are |50, 55, 56]. In this section we only consider the Laplace operator
with Neumann boundary conditions in a bounded domain Q C R? with smooth
boundary 0f).

Let X be a complex Banach space with norm ||.||, and A : D(A) C X — X be a
closed linear operator with dense domain. We say A is of the type (¢, M), ¢ € (5, 7),
M > 0, if and only if

Sp:={AeC:N#0,larg\| < ¢} C p(A),

|(dd — A)Y]| < |M_| YAE S,
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where p(A) is the resolvent set of A and Id is the identity operator. The operator A
is said to be sectorial if there is a constant 7 € R such that A — 71d is of the type
(¢, M) for some ¢ € (5, 7) and M >0

Provided A is a sectorial operator with o(A) C {\ € C: ReX < 0}, we set D(A%) =
im(A™®) for o > 0. Here D(A®) is endowed with the norm ||.| 5 4a) = [|[A%.[| and
o(A) is the spectrum of A, that is, o(A) = C\p(A).

From now let X = L?(2), 1 < p < oo, be endowed with the usual norm |.|[,,.
Define A, : D(A;) — X by A, = —A 4 71d for 7 € R, with domain D(A;) =
{ceW2(Q): %C’ag = 0}. Then due to [50, Section 3.1.1], there exists A € R such
that — A, is a sectorial operator for all 7 > A. Later we will apply the results of the
following lemma.

Lemma 2.7.1. Let A, be defined as above. Then there exists T € R such that —A?
is sectorial with D(—A2) = {c € WH(Q) : Zc|,, = ZAc|,, =0}. Furthermore, it

holds W, () = D(A%—) with equivalent norms.

Proof: Since (A —1d) C R, it follows from Denk et al. [23] 8.2. Theorem] that for
every ¢ € (%, ), there exist constants 7 = 7(p,¢) > 0 and M = M(p, $) > 0 such
that A — 71d is of the type (¢, M). In particular, we can choose ¢ > %W. Since

(M — (—(A — 71d)?)) = — (i\/XId (A - TId)) <—¢\/de (A - rId))

and {
argj:i\/X‘ =35 larg A + 7/,

it follows that £iv/A € S, for [arg | € [0, Z+] and § > 0 small enough, and therefore

—(A—71d)? is also sectorial with D(—A2) = {c € W(Q) : Zc|,, = ZAc|,, =0}
1

Since A, is invertible, it follows D(A?) = (LP(2), D(AT))[%], cf. Seeley [59, Theorem

3], and due to Theorem 4.1 in Seeley [58], it holds W, () = (LP(2), D(Ar)) ) =
1

D(A?) with equivalent norms. ]

2.8 Spectral Analysis

In this section we summarize some results proven by Chen [21].

Let f be the derivative of a double-well potential having global minima 0 at +£1,
that is, we assume that f € C=(R) satisfies (2.1)). Let v C Q be a smooth (d — 1)-
dimensional manifold without boundary and let r = r(x) be the signed distance
function satisfying » < 0 inside v and r > 0 outside 7. Let s = s(x) be the projection
of  on 7 along the normal of . Then there exits dy > 0 such that v(2dy) :=
{z €R?:|r(z)| <200} C Q and such that 7 : y(28) — (—28,2d0) x v defined by
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7(x) = (r(z), s(x)) is a smooth diffeomorphism where dy only depends on 7 and 02,
cf. [42, Kapitel 4.6]. Let ¢ : Q© — R be a given function with the expansion

o(0) = ¢(42) (80(52) + ep(s(2))tr (12) + ()
+(1-¢(52)) @ @xwsn + - @xpwm) . (220)
where ¢ € C§°(R) is a cut-off function such that
C(z)=11if |2] < %, ((z)=0if |z] > 1, 2¢('(2) <0in R, (2.21)
0y is the unique solution to
—00+ f(6) =0 in R, 8o(0) = 0, Bo(E00) = £1, (2.22)
6, € C*(R) N L*(R) is any function satisfying
[ eeryrien) =0, (2.23)
R

and p(z), ¢°(z), ¢, and ¢_ () are smooth function satisfying

sup |p°| + 2 lg] < in y(do), (2.24)
e€(0,1] | ‘
sup |V7¢¢| < C, in (o), (2.25)
e€(0,1]
+¢F >0, f'(¢7) >1/C, inQ (2.26)

for some constant C, > 0 where V7 = V — Vr(Vr - V) is the tangential gradient
along v. With these conditions we obtain the following proposition.

Proposition 2.8.1. Assume that (2.1) and (2.20)-(2.26) hold. Then, for any given
v1 > 0, there exist constants ¢g > 0 and C' > 0 which depend only on f, 01, C,, 2,
v1, and the C® norm of v such that for every e € (0,¢], w € H 0 (SV\ {0}, and

U € H*(Q) with —AV = w and %\Hag =0, the following mequalzty holds

/Q (e|Vw* + e f/(¢)w?) > =CIVE|[7210 + M€l 72(q) - (2.27)

Proof: Let v, be any positive constant and let w and ¥ be any given functions as
above. First we consider the case [, €|Vw|? + e 1 f/(¢9)w? < yie HwHiz(Q). Then by
[21, Theorem 3.1.], there exists a constant C' = C(+,) and ¢; > 0 such that for all
€€ (0,€]
2 2
ellwllzzy < ClIVL2q,) -
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Due to the spectral estimate |21, Theorem 1.1.], there exist a constant C; depending
on f, 01, C,, Q, and the C® norm of v such that

/Q (e[ Vwl + 1 (6W?) > —Cr [V,

2 2
> —(Cl + C%) HV\I’HLz(Q) + e ||wHL2(Q) :

Hence together with the other case [, e IVw|® + e 1 f/(¢)w? > yie ||w||iQ(Q)7 the as-
sertion of the lemma follows. O

Remark 2.8.2. The C? norm of v is defined as follows: Let r be the signed distance
function to v and M = sup,., |D*r(x)|. Then r is smooth in v(1/M), cf. [42,
Kapitel 4.6]. So we define ||v][cs = M + |[rl|cs(, sy where § =min{1,1/2M}.

To estimate the difference between true solutions and approximate solutions for
the diffuse interface models, we need the following lemma.

Lemma 2.8.3. Assume that f € C*(R) satisfies . Then, for any p € [2,3],
there exists a positive constant C, depending only on p, Hf”o2([730073co]); and Cy such
that the quantity N'(c, R) := f(c+ R) — f(c) — f'(¢)R satisfies

RN(C, R) > —Cp ’R|p Ve e [—Co, Co], ReR.

Proof: The assertion follows by the mean value theorem and property (2.2). For
more details see [10]. O
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3 Sharp Interface Limit for
Cahn-Larché System

In this chapter we consider the Cahn-Larché system

Ot = Apuf in Q% (0,7), (3.1)
pt = e f(cf) — eAct + W (e, E(u)) in Qx (0,7), (3.2)
div 8¢ = 0 inQx(0,7), (3.3)
S =Wge(c, E(u)) in Q% (0,7), (3.4)

where Q C R? is a bounded domain with smooth boundary 99 and T > 0 is a fixed
constant. We close the system with the following boundary and initial conditions

Det=2p =0 on 092 x (0,7, (3.5)
u =0 on 092 x (0,7, (3.6)
e = €6 in €. (3.

In the whole chapter we assume that the system ({3.1))-(3.7) admits a smooth solution
for every € € (0,1]. Provided we choose an appropriate family of initial values
{c6}o<c<1» we prove that the solutions for the Cahn-Larché system converge as € 0
to the solution to the Hele-Shaw problem coupled with linearized elasticity

Ap=0 in QF(t),t >0, (3.8)
divS =0 in Q*(t),t > 0, (3.9)
V=3[Vl v on I'(t),t >0, (3.10)
p=ok+ " [WId - (vu)TS]m) v on I'(t),t > 0, (3.11)
[SVre = lrgy = lulpe =0 on I'(t),¢ >0, (3.12)
o)
ol =u= on 09,t > 0, (3.13)
F(O) = FOO for t = 07 (314)

where I'gg C € is an (d — 1)-dimensional smooth hypersurface without boundary. For
the proof we use the same techniques as Alikakos et al. [10], that is, we construct
approximate solutions for the Cahn-Larché system by formally matched asymptotics.
Then we show that the difference of the true solutions for the Cahn-Larché system
and the approximate solutions converges to zero and finally that the approximate
solutions converge to the solution for the elastic Hele-Shaw problem as € \, 0.
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3.1 Convergence of the Difference of Approximate
and True Solutions

In the first part of this chapter we want to show that the difference of approximate
solutions having certain properties and true solutions converges to zero as € “\ 0.

In this section we additionally assume for the double well potential F' that |s|”
CF(s) for all |s|] > Cy where C,Cy > 0 are some constants large enough. For
example this is valid for F'(s) = (s — 1)%. Later we will see that this assumption is
not necessary because we will show ||c*[|coq,) < Co for all € > 0 small enough. Let
the total energy of the system be given by E(c,u) = E;(c) + E2(c,u) where Ey(c) is
the Ginzburg-Landau, see , and Fs(c,u) is the elastic free energy, see.

We start with an energy estlmate which we will need later for the convergence proof.
We compute for a sufficiently smooth solution (¢, u, u®) to —

%E(c u) = /Vc - VO dx + - /f loNex dm—f—/W <, E(u)) 0 dx
/Wg ¢, E(u)) : E(Ou) d
= —E/Aceﬁtc dx + - /f )0y d:L‘+/W )0yt dx

= /ugﬁtcgd:ﬁ:/uEAuedw:—/|V;f| dzx
0 0 Q

where we have used the Neumann boundary conditions for ¢¢ and p on 92 and
div(We (e, E(u))) = 0 and therefore [, We(c, E(u)) : £(9uc)dx = 0. Integrating
over (0,t) yields the following a priori estimate

t
t —I—/ /|V;f|2dxdt = E(c,u)(0) (3.15)
0o Ja
for all t > 0. The additional assumption for F' yields

/Q PP de < C (/Q F(c) dx + 1) (3.16)

for some constant C' > 0. Since C is positive definite
1 1
g [ ) — e < 5 [ () - e e e - o
Q
= / W(c, E(u (3.17)

From (3.15)-(3.17) and the Korn inequality, cf. Section
i) < ClUEM) 2y Yu € Hy(Q),
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it follows
€ 2 € 2 € 2 € 2
sup (e Ollza@) + € IV + 10 Ole) + IV 0 ravsion

< O (B(c*,u)(0) + 1)

for some C' > 0 independent of . Since we later use the initial condition (¢, u)(.,0) =
(c%,u9)(.,0) for every e € (0,1] where (¢5,u9) is an approximate solution to the
Cahn-Larché system, we can verify that E(c%,u®)(0) < C for some C' > 0 indepen-
dent of €. Using equation yields

€ 2 € 2
e sup [lu(t)|[yz) < Ce sup [lc(t)|lyq) < C-
0<t<T 0<t<T

For an exact verification of the first inequality see Claim 1 in the proof of Theorem
below. Therefore we obtain the following energy estimate

€ 2 € 2 € 2
sup || (t)[|72¢q) +€ sup [V ()[72q) + sup [[u(f)]ly; q)
0<t<T 0<t<T 0<t<T

€ 2 € 2
+¢€ sup [ju (75>||w22(9) + Vi ||L2(0,T;W21(Q)) <C, (3.18)
0<t<T

for some constant C' = C(c(0), u°(0),u(0)) > 0 independent of e. With the help of
Proposition [2.8.1 we can prove the following theorem.

Theorem 3.1.1. Let {c5, 1%, U o<y e a family of functions in the function space
C>®(Qr) x C=(Qr) x C=(Qp; R?) satisfying the system of differential equations

(c%)e =Aus in Qr, (3.19)
pa = —€Achy + € () + Welcy, () + 7%y in Qr, (3.20)
divWe(ch, E(uy)) =84 in Qr, (3.21)
Les=L2us=0 on 0rQ, (3.22)
uy =0 on 0rQ, (3.23)
where ry = r5(x,t) and s = s5(x,t) are functions such that
€ € 1
HTAHiQ(QT) + HSAH2L2(QT) < §€pka (3.24)
p =22 "and k € N such that
(4d + 10) (d + 2)
k> 3.25
4(d+4) (3:25)
Also assume that ¢ satisfies the boundedness condition
sup HCSLXHLOO(QT) < Co (3.26)
0<e<1
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for some Cy > 0, the energy densily [ satisfies and , and
¢i(-) == cal,t) (3.27)

has the form . Let (¢, p°, ue) be the unique solution to (3.1)-(3.7) with c§(z) =
¢4 (2,0) in Q. Then there exists a constant €y = €o(Co, T, k,d) € (0,1] such that,
if e € (0,€), then

[ = CZHLI)(QT) + |[u = Iu’i\HL?(O,T;WQl(Q)) < Cér

for some C' > 0 independent of €.

Proof: Let R = ¢ — ¢ and u = u® — uf be the remainder functions.
It holds for all ¢ € [0, T]

8
R(.,t)dx = // %) dx ds
e o Joot
= //A(ue—uz)dxds
0o Ja

t
d
= — (uf — u) dH* T ds = 0.
/0 8Qan (:u :LLA)

Hence there exists a unique smooth solution W(x,t) to the Neumann boundary Prob-
lem
0

—AU( ) =R(.)in Qo

99 #) =0 on 09, /\I!(.,t)dx:()
Q
for all ¢ € [0,7]. This can be seen as follows. Applying Poincaré’s inequality and
the Lax-Milgram theorem, we obtain a unique weak solution W(.,¢) in the space
{ceW3(Q): [,cdr =0}. An easy calculation shows that ¥(.,) is also a weak
solution in W3 (92). Then by applying the usual regularity theory, we prove that
U(.,t) is smooth, cf. [53, Chapter 4]. Smoothness with respect to time ¢ follows from
the smoothness of R.
Multiplying the equation 9,R — A (u — u) = 0 by ¥ and integrating over 2 yields
0 = [wOR-A0 - )
Q

= / (—A0W) — AW (uf — py) dz

_ m/ VP d —/ (AR — L (f(¢) = F(c5)) — Wo(R, w) +75) da

_ th/ Vo dm+/ VR + e () R da

+/ e 'N(cy, )R+ W (R, u)R — r4Rdx, (3.28)
0
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where we have used the Neumann boundary conditions for ¥, R and pu€ — u$ on 052,
the expressions for p¢ and p$ and —A¥ = R. Here N(.,.) is defined as in Lemma

2.83
Applying Lemma yields

_ / N (5, R)Rdz < ORI 0 (3.29)
Q

for some constant C' = C(p) > 0. By integration by parts and using (3.3]) and (3.21} -,
and the symmetry of C, we obtain

/5 S*R)da;:/v-s;dx Vv € Hi(Q)".
Q

For v = u € H}(Q)? this equation yields since W.(R,E(u))R = —E*R : C(E(u) —
E*R)

| Wik )R
_ /Q(S(u)—é’*R) . C(E() — £°R) dx—/ﬂu-s;dx

&2 1€(w) = £ R sy — (1€(w) = £ Rll oy + 1€ Rll ey ) 8 150
c * € * €

> ZE@) = E Rllia — C Iiliae = 1€ Rl I8z (3:30)
2

v

where we have used the Korn and triangle inequality in the first estimate and Young’s
inequality in the second estimate. Holder’s inequality gives us the estimate

[ raide < 15l | Bl - (3.31)
By Proposition there exists some constant C' > 0 such that
/ €|VRP + ()R do 2 =C VU720 + 2¢ | Rl 2 - (3.32)
Q

Therefore equation (3.28]) together with (3.29)-(3.32)) and Young’s inequality provide
us

d c .
1d / VU dr + €| Rl + 2 1E) — E*Rl2agq

C (IV1 a0y + ¢ IRI gy + € Il + € liage) - (3:3)

for all ¢ € (0,7] and some C' = C(f,Co,p). Note that R(.,0) = 0 and therefore
U(.,0) = 0. Then applying Gronwall’s inequality yields

2 - € (12
sup VU)o < O (€ Irillfaa,
_ €112 _
e 8l 0y + € IR ,) - (334)
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Integrating inequality (3.33|) over (0,¢), t € [0, 7], and using (3.34)) yields
2 €2 * (2
€l|Rl 720, + 5 [€(a) — E°R|[12(q,
—_ € 112 —_ € 112 —_
< O (T WAy + ISy + IR y)  (3:39)

for some constant C; = C(T') > 0 independent of € and ¢t € (0, 7). Integrating (3.28))
over (0,t) yields

2 € (|12 € 12 — 2 _
IVRI 0y < C (e lralia + Ial320y + € IRz + € IRIEaq, ) (330

Since fQ R(.: 0, the Gagliardo-Nirenberg inequality and a Poincaré’s inequality
2.4

(see Section implies for p = 295 and for all ¢ € [0, T]

12110 ) < CIIRH‘”Q IIVRHM

To estimate [|R| 2 on the right-hand side, we use integration by parts to get

uRmﬂm=~1LRAww:1£VR-VWszmnwpmwvwmmn,

where we have used the Neumann boundary conditions for ¢® and ¢ on 0€2. Therefore
it holds

IRl Zo) < /IIV‘P II%) IVR(. )72y d7

< C sup [[VI(, )Ild” JIVRIz2q,) - (3.37)

0<7<t

In order to treat the term [|R|[}2q,, in (3.36), we define two sets
Ay = {te 0,11 ellRIaq, > 200 IR R0, |
Ay = {te 0,71 ellRIa,) <200 IR,

where (] is the same constant as in (3.35)). Furthermore, we set

T := sup {t € (0,T] : | Rll ey < ek} .

1st case: “T“ € A{”
Then the definition of A§ and (3.35)) yield

€ 2
IR0y < 50 1Rlsge) < 5 (Irlsare + 130350 + IRl )
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Therefore we get

, (3.38)

er—t

1Rz o ey < M7l zepe) + 1851720 <

where we have used (3.24). Hence we conclude 7¢ = T' by definition of T*.
2nd case: “T° € AS”
We use inequality (3.37)) and apply (3.34)), (3.36]), and the definition of A§ to obtain

2

_ _ d+2
1Bl 0y < 0( s ape) + € IS ) + € IR I

HTAHL2 (Qpe) T€ - ||SA”L2 (Qpe) T € - HRHLP (Qre) )
)

Applying (3.24) and || B[, q,.) < €*, yields
4(d+4)< _(4d+10)(d+2))

oty < O PR g APk < Cerkclara? (@)
Lp QTE

Y

where we have used the definition of p in the second inequality. By assumption we
have k& > %. Therefore there exists ¢y € (0, 1] such that for all € € (0, €], it
holds

Y

I\UIH
2

IR T (o)

provided 7 € A5. As in the 1st case, it follows T° =T
The estimate for u follows from

* * pk=L
1€ 20y < NEMW) = E Rl 20y + 1€ Rl 20y < Ce 7+ Cet < O

by (3.35]) and since pk — 1 > 2k (use the definitions of p and k). Thus the assertion
follows due to the Korn inequality. O

We even get assertions in stronger norms.

Theorem 3.1.2. Let the assumptions of Theorem hold. Let m > 0 be any fixed

integer and assume || ||ymerer o) + |l 16 lymen o) < e ) for

[ > d“, some integer K(m), and all small e > 0. If k in is large enough, then
| — Cf4”cm(QT) + ||lu = :LLSLXHCW*Q(QT) + [u = uil”cm“(QT) <e

for all sufficiently small € > 0.

Proof: We show the assertion in the same way as in |10, Theorem 2.3.].
Since for every m € N

. d+1
WP (Qr) = C™(Qr) if 1> %
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and since

2 ml+1 _ rrrmel o om+l
(L (QT), W2 (QT))G,Q = W2 (QT) for 0 = m s
cf. Section [2.5] it follows
[ = 4 cman < C [l = CfélHi?(QT) e = CAHWm+l+1(QT) (3.39)

for some C' > 0. Therefore it is sufficient to show

—K(m)

(225 1o <e

W7IL+Z+1(Q ) =
for some integer K (m) if k in is large enough The estimate for u¢— uS follows
from the equations for the chemlcal potential (3.2)) and - see end of the proof).
We replace f by f such that f = fin (—2Cp, 2 C’O) and f(c) is linear when |c| > 2C)
where Cj is the same constant as in ([3.26)). Denote by (¢, u¢) the solution to the
modified system with f. Define A : D(A) — LP(Q) by A = —A +1d with D(A) =
{ceW2(Q): 8—8710‘89 =0}. W.lo.g. we assume that in Lemma [2.7.1] the constant
7 = 1 since we only consider a finite number of different p’s. Otherwise we replace
A by —A + cId for some ¢ € R. Therefore —A? is sectorial with domain D(—A?) =
{ceWHQ) : Zc|,, = ZAc|,, =0} and W}(Q) = D(Az) with equivalent norms,
see Section 2.7

Since in general ¢© ¢ D(—A?) (this is the main difference to [10, Theorem 2.3]), we
add a function ¥ such that c°+e W € D(—A?). Define ¥(x, t) as the unique solution

to the Neumann boundary problem

CAU(LE) = W&, E(@))(., |Q|/W (@ E(@) () de  nQ, (3.40)
aan‘ll( t)=0 on 09, /Q\If(:v,t)d:v:O. (3.41)

For the rest of the proof, we use the following estimates for W.
Claim 1: For all p > 2 and for all £,n € N, it holds

085 30, < € e

06030 < C 27

058 |y 120, < C 07

060 g0y < € e

HL2(Q)’ ”W;“(Q) ’

HLQ(Q) ’ ”W;H(Q)

for some constant C' = C'(p, k,n) > 0.
Since u = dFu‘(.,t), t > 0, is a solution to

div (C&(n)) = div (CE*0fe (., t)) inQ,
u=>0 on 0f),
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(see (3.3) and (3.4))) and since C is positive definite and C;jir;y = Cjiivjr, We obtain

| @Fac < o / £(0F) : CE(OFa) d = c / £(0Fac) : CE* ke da
Q Q

Wi

IN

C ||&(@kuc)

L2(Q) |07 e L2(Q) -
Dividing both sides by ||€(dfu
first assertion follows.

The differential operator div (CE(.)) is strongly elliptic since C is positive definite.
Then due to to Agmon et al. [9, Theorem 10.5], there exists some constant C' =
C(p,n) > 0 for all n € N and p > 1 such that

6)H L2) and by Korn inequality, cf. Section , the

|oFa < C (|lore (3.44)

@t |0fu

eHWI;““Q(Q) wptt LP(Q)> '

To estimate the term H(‘?fﬁEH Lr(@) for p > 2 on the right-hand side, we use Ehrling’s

Lemma, cf. |56, Theorem 7.30]. Since W*2(Q)? is compactly imbedded in LP(£2)
and LP(2)? is continuously imbedded in L*(Q)¢, we obtain that for all § > 0 there
exists a constant C'(9) > 0 such that

[ull Loy < C0) [l 2y + 0 l[ullyrraq) -

for every u € W,*?(Q)?. Using this estimate on the right-hand side in ([3.44) and
choosing ¢ > 0 small enough, we have

98 gy < € (108 gy + 1980

< Cllofe

L2(9)) Wy (@)

where the last inequality follows from the first assertion in Claim 1. Thus the second

assertion follows.
Multiplying (3.40) by W, integrating the resulting equation over €2, and using a
Poincaré’s inequality, cf. Section [2.4] yields

[¥lis) < ClIVEae) < CIWAE E@)) ooy
C (18 gy + 1 p2@y) < € 1oy

Since 0 = 0f [, V(. t)dx = [,0fU(,t)dx for k € N, the function 9/¥ can be
estimated in the same way.
In addition, we obtain due to Agmon et al. [8, Theorem 15.2.] for all k,n € N

IN

IN

loF C (IWe(@ke, E@FaN s @y + 19|

C (102 iy + 1959 o)

v | ’ W3 (Q)

IN
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for some constant C' = C'(n,p) > 0.
We treat the term H@fllfHLp(Q) in the same way as above. Again by using Ehrling’s

Lemma for p > 2, there exists for all 6 > 0 a constant C'(6) > 0 such that
108Uy = CONOFE] oy + 01079 |yp,0
< OO 05| oy + 0107 Y|y -

Choosing ¢ > 0 small enough Claim 1 follows.
We set © := ¢ + ¢ 1W. Then the Cahn-Hilliard equation can be written as

00 +eA’0 = A(20 - ' f(E)) + e 1 f(E) + € 0T — €O
e TAf(E,0) + e L fo(e,0) + 10, (3.45)
where fi(c,©) := —f(c) + 2620 and fy(c,0) := f(c) — €20, and where we have used

(3.40). Since

0 0 0

—~— 0 =__— el =
8n@ 8nc + on 0,
and
2A@— 2 —Ac + 1I/V( ,E(0) e /W (c5,E(u))(x)d
o T o\ o T 19 v
a —€ —2 r/=€
= D (et - e =0,

it follows © € D(—A?). Therefore we get by semigroup theory
o) = e “*'O(0)
t
et / A0 [Af(,0)(7) + o, 0)(7) + AU (r)] dr . (3.46)
0

Sinceae €A?(t—T) _€A2 —eA2(t—T)

by integration by parts

, cf. Pazy [55, Chapter 2, Lemma 4.2], we derive

T=t

=0

¢ ¢
/ e*GAQ(t*T)ﬁt\II(T) dr = e*EAQ(t*T)\II(T) —/ EAQe*EAQ(t*T)‘II(T) dr .
0 0

We denote by .||, the norm of operators from LP(Q2) to LP(Q2).
If we apply AY/2t® o > 0, to both sides of (3.46)), then we get

|4l
< swp e ([AEEO) |, + T AR ,) + AR,
/>0
t
v (sup eyt ) [ iete - oy (4 e )0l
/>0 p 0

A (@ O) D), + €[4 v ()], |dr

I
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Note that for 5 € [0, 00), there exists a constant C' = C(€, p, #) such that

<,

p

sup
7>0

’(TA2)66_A2T

cf. [55, Chapter 2, Theorem 6.13]. Therefore we obtain the recurrence inequality

1450 oo 7,00

< o[ 0)],, + e AR, + T (1AAE O o)
AR O o + 1A o) (3.47)

where we have used ||AY*ew(t)||,, < ClJAF*U(t)],, for some C > 0 since

D(Az) = W(€). Since f has linear growth, there exists a positive constant C
such that for any p € [1,2d] and any ¢ € LP(2)

1£1(e,0) oy + 1£2(e, O)ll oy < € (14 lell oy + 1O0lney) - (348)

We use 3.4?) and (3.48) to estimate [|¢°|| ;o (-
Claim 2: There exists some p > d, an integer kg, and a constant C' > 0 independent

of e such that

B e —k
16 oo 0,720y + 1€ ||Loo(o,T;W;) 1Ol Lo o7:10) + H@HLoo(o,T;W;) <Ce ™.

For the proof we use a bootstrap method. We set p = pg := 2. Then we already
know from the energy estimate ((3.18))

2 2
el HLoo(o,T;Wl) + H@HLOO(O,T;Wl) <C. (3.49)
2 2

We set a = 0 in (3.47)) and p; = dc?;?o if d > 3 (in the case d = 2 we set p; = 3).
Then it holds

14201 1 o 718
< (|70, + [ A0 )10y + € (1 o
+ H@HLOO(O,T;Lm) + HA‘I’”Loo(o,T;Lm) + 1)) ,

where we have used (3.48)). For estimating the right-hand side we use Sobolev’s
imbedding and (3.43) to get

1l zos oy + 1€l sy + 1A%l 0y < € (1€Thwzcay + 1€1hwzie + ¥ gy

C (e Nz + 10Nz )

IN
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Therefore there exists some integer ky and some constant C' > 0 such that

420] gy <

0,T;LP1)
1
Since D(Ag,) = W, (Q), it holds

(15303 < € 4726 oy < O

0,7;LP1

where A, is the realization of the differential operator A in LP*(Q2). Hence by
definition of ©, we get

IN

H@|’Loo(o,T;W;1) +e ! H‘I’HLoo(o,T;ng)

< |18l rmwy,) + ! I oo o2y < Ce o,

| HLW(O,T;Wl}l)

where the last inequality follows from (3.43). (For better clarity we again write ko,
although kq is possibly larger than ky above.) Again we apply Sobolev’s imbedding

1O/ L 0,7502) < C H@HLOO(O,T;WZ}I) s el oripry < C HEEHLoo(o,T;WZ}I) ’
AV oo o 72y < C IV Lo vy ) < CE N ooy )

where p; = - (in the case d > p;). Repeating the same procedure ste step,
here p d_p;l‘th d > p1). Repeating th p d tep by step

d
we can show that ||E€||L°°(0,T;W;}i) + ||@||LOO(O,T;W&) < Ce % where p; = ddf’;:l, until

p; > d for some finite integer i = i(d). By Sobolev’s imbedding Claim 2 follows.

To get estimates in stronger norms we set a = %, 1, %, ... in (3.47) where we can
control the terms on the right-hand side. To do this, we have to show some regularity
estimates. For any f € %N there exists a positive constant C' = C(3, k, 1, p) such

that for all ¢ € WE (0, T; W2PH+2(Q) n W2+ (Q)), k1 e N
[A%0; Afi(c, ©) HLoo(o,T;ng(sz)) +[|A79; fa(c, ©) HLoo(o,T;W,g(Q))
28+k-+H1+1
< C|(Helornasn) (1+ Il oz
+ ”@ngo(o,T;W]fﬁ““) } ) (3.50)

2B+k-+I+1
where we get the term ||CHW§O(0,T;W§OB+Z+1(Q))
By definition of A the function ¢ = A"O, n € N, is the solution to the elliptic

Neumann-boundary problem

by chain rule.

Ac—c=—-A""O0 inQ,

Le=L2(A"0) on dQ.
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Therefore 8, Theorem 15.2.] yields
A" O |2y < C(Q,p,m) ( HA"“@HW,;n(Q)

+ ||An@||Lp(Q) + HB% (An®>“W:+l_(3Q))

for all m € N. Therefore for all m € N there exists a constant C' = C'(m) > 0 such
that

m—1

1Ollwzm) < CHA’”@HLP(QWZHMA@H niaich o (3.51)
=0

1©llyzmig < CIA™O g +Z||8A’@|| . (3.52)

where we use the convention that if the upper limit of the summation is less than
the lower limit, then the summation is zero. To estimate the boundary terms aa A'O,
we use the boundary conditions 8 50 = 8 5- A0 = 0. We apply 5) |i/2]-times to
obtain

AO = (—1)l/2eli gim2liglilg
li/2]-1 o o
+ Z (—1)-767J*1A272J*28_t7 (EilAfl(Ee, @) + 671‘](.2(56,@) + Eflat\ll) .

J=0

Since 29;0 = 2A0/© = 0 for all i € N, we can neglect the first term on the
right-hand side. Hence we can follow

HBnA®|| 2m—1- 21—5(09)
L2/2J 1 A
< et 9 A2729) (Afy (5,0 c,0) + o
<2 AR 0) + £, 0) + 00| asay
< Ce 2% |A=257207 (Af1(,0) + fo(,0) + 00)|yam i
J:
We can estimate the right-hand side by inequality (3.50]) as follows
I3 HL°°(0,T~W2m 35 o))
li/2]-1
—1 —€112m—37—3 —€
< G ) [(HHC ”wg;(o],T;wfom*‘*ff”(m)) (HHC ||W&<07T;W3m‘4f‘2<ﬂ>>>
j=0
+ 101w, oz~ + 1l o rawgm-s-ay - (3.53)
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We set m = 2n in (3.51)) and apply (3.47) with o = 2n — %, (3.50) with g =2n — 3,

k=1=0, and (3.53). Then we get for n € N\{0}

||@||Loo(o,T;W;1n(Q))

_ _T —e(|4n—
< C ||@(0)ngn(sz) +Ce! H‘I’(O)ngn(ﬂ) +Ce 4 [(1 + [le Hioo(%;r;wgonﬂ))

X (1 + ||5€||Loo(0,T;W;}"—1)> + ”®|IL°°(O,T;W§”_1) + ||\I’||Loo(0,T;W§"+1)]

n—2
—2n An—3j—3 .
e S (1 Il s ) (141 s o)
7=0
101w o rawn-5-2) + Wl o rawn--1) - (3.54)

We set mm = 2n in (3.52) and use that [|[A>"¢ |y, < C'[|A>F1/2¢ ||Lp(Q Then we
can apply (3.47) with a = 2n and (3.50) with g = 2n— 1, k =1 = 0. Hence it follows

with (3.53)

H@HLOO(U,T;W,?"“(Q))

_ _7 _eidn
< CUOO) lyyinss gy + Ce [T(0)pans gy + Cc s [(1+|| [Fmy— 1))

X <1 + ||E€||L°°(O,T;WI;1")> + ||@||LOO(O7T;W;177‘) + ||Q||L”(O,T;Wén+2):|
n—2

—2n —e||4An—3j—2 .
H, [<1 Tlle ”Wé;(tJ),T;W;‘o”“‘f‘Q)) (1 +lle ”Wé;(o,T;Wé"*‘“*l))
j=0
+ 1101l o rpan—ti-1y + 19l (QT;Wgn,M,S)] . (3.55)

Repeating the same procedure for m = 2n + 1 in and (| - yields

H@HLoo(o,T;wg”*?(Q))
_ _T e
< CIOO) sz + C WOz + CeF [ (141 giraran))

x (1 + Hﬂ‘Lw(o,T;W,ﬁ*”“)) + H@||Loo(o,T;W;1”+1) + ”\D“LOO(O,T;W;}"+3)}
n—1
_ —¢|14n—35—1 —€
O3 | (L e sy ) (14 1 g o)
=0

+ ||®||W&(O7T;W§n—4j) + ||W||W&+1(O7T;W§n—4j—2)i| , (3.56)
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and

||@||Loo(o,T;W;‘”+3(Q))

— _r —€ dn+1
< ClO(0)[gpanssy + Ce ™ [W(0)ynsagy + Cet [(H [& HLJ(O,T;W&M))

X (1 + ||5€HLO<>(0,T;W§"+2)> + ||@||L<>o(o,T;W§”+2) + ||\Il||L°°(O,T;W§”+4)}

n—1
—2n —e14n—3J —€
O S (U el i) (1 1€ g o1 )
=0
+ H@”Wg;(O,T;Wﬁnfqﬂ) + H\IjHngl(O’T;W;Ln—M—l)} . (357)

With the last four estimates we can prove the assertion of Claim 3.
Claim 3: Let p > d be as in Claim 2. Then for all m € N there exists an integer k,,
and a constant C' > 0 independent of € such that

m
21 g o rawgon-1 ) + 1 g o zawson=o
=0

7km
+ H@||W&(07T;W;(m—i)+1(ﬂ)) + |’@||W30(0,T;W§o(m_i)(ﬂ)) < Ce .

We proof Claim 3 by induction.
The base case “m = 0": See Claim 2.

The inductive step “m — m + 17: We set n = m in (3.56)) and use the induction
hypothesis to obtain

H@HLoo(o,T;W;*m”(Q))
m—1
7
S Ce—k‘m+l + CG_Z H\IJHLOO(O’T;W;}erg) + C€—2m Z H\D’|W&+1(0,T§W1§M74j72)
7=0

< O 4 O | oty + O 1 wgoirany)

m—2
+C€_2m Z ||é6 ||W£'1(O,T;W§m_4j_4)
=0

< (e hm

for some integer k,,+1 and where we have used (3.43). Using the definition of O, we
also get the following estimate for ¢

-1
< ||9||Loo(o,T;W§"L+2(Q))+€ ||\I/||L°°(O,T;W;1"‘+2(Q))

< Qehmit et 120 oo 0 om0y < et

1€ o (0,73 +2 ()

(For better clarity we again write k,, 1, although £, is possibly larger than above.)
By Sobolev’s imbedding it holds

1€ oo 0. mwzm+1 () F 11Ol Lo o mawrm+1(0y) < CeFmtr,
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Now we set n = m in ([3.57]) and use the estimates above and the induction hypothesis.
Then the same calculation as above yields

||EE||LOo 0,7 WA™3(Q)) + ”@HLOO 0,T;WA™+3 () < Cle Fm+ (358)
( p () ( p ()
and
||EE”L°°(O,T;W§O’"+2(Q)) + ||@HLoo(o,T;W§om+2(Q)) < Cefmin, (3.59)
In order to estimate |||, s (g 7ppam 3.0y, We need estimates for 9ic¢, i = 1,...,m, in
Lo (0,T; WA +3(Q)) t

stronger norms as in the induction hypothesis. To get higher time regularity, we use
the Cahn-Larché equation

1962 [| oo 0w am 162,

< ]| -A% + TAFE) + AW, E@))|| o iy

IN

— — —en4 —
Nl imoramamsy + € (1IN ozaram ) (1+ 16N oo ey

Cle Pm+1 (3.60)

due to (3.58) and ({3.59)). By definition of © and (3.43) we conclude

19601 o 0 gty < N0 | oo rawgrn=ry + € IO e o igwypm—ry < CeF7(3.61)

IN

and by Sobolev’s imbedding we have
1Ol 0. wam—2y + 1w (o 7wam—2) < Cehmit, (3.62)
x ( ) o )

If m > 2, we differentiate the Cahn-Larché equation with respect to time ¢ and use

E0)-G5D) to et

2 —¢
H@tc

IN

|—€0; (A% + e TAF(E) + AW (¢, E()))

Ce Fm+1

HLOO(O,T;W;}’”’S) HLOO(O,T;W;}’"’S)

IN

and as above

1©llwz o waz—=) + 1wz . rwam—o) + [1Ollwz o war—e) < Ce Fm+1 |

Repeating the same procedure step by step, we obtain

m

Z ”Eeuwgo(o,T;W;(m‘“”) T HEGHW&(O,T;W;(T"_“H)
i=0

1Ol ozwen-+3) + 1Ol o rwaem-o+2) < Cetmet (3.63)

for some integer k,,,1 and some constant C' > 0.
Now we use (3.54) and (3.55) for n = m + 1 and repeat the same procedure as at the
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beginning of inductive step. Instead of the induction hypothesis we consider (3.63)).
Note that we even get estimates for 9" and 9;"*'©. Then it follows

m+1

2 &M ooy + 1€y orams-ogay)
=0

T H@||Wg'o(o,T;W;‘((m“)*")“(Q)) + ||@HWé'O(QT;W;l(E(val)—i)(Q)) < Qe Fma

for some integer k,, 1 and some constant C' independent of €. Thus Claim 3 follows.
Since [|6°]| () < €41l poo () + 16° = Call e () < 3y for € small enough, we conclude
¢ = ¢ and u® = u‘ by uniqueness of the solution to the Cahn-Larché system.

This shows the assertion of the theorem for ¢© —c%. It remains to show the estimates
for u® — u9 and pu — p§. As in there exists some number § € (0,1) and a
constant C' > 0 such that

0 1-6
[u® — uf4||cm+1(QT) < Clu - uf4||L2(QT) [u® — uf4HW2m+l+2(QT)
1-6
< C = willzay (e i ap + llmizgy ) s
( T) 2 ( T) 2 ( T)

where we have used (3.42) in the second inequality. We can control the second and
the third term as above and the first term is smaller than C'é* due to Theorem B.1.1]
Choosing k large enough the assertion follows for u® — u%. To estimate u® — u we
use the equations for the chemical potential and . Then we conclude

I = lomaiany < €IACE — s + € IFE) = £ lonsay
Q) Q) Q)
FWele — ¢ E@° = 0Dl lomsagy + 175z -

We already know that the first and the third term are smaller than ie for k in ((3.24))
large enough and for all € > 0 small enough. We use the chain rule to estimate the
second term on the right-hand side. Then for every n € N and a € N¢ such that
n+ o) <m — 2, it follows

10707 (f () = F(ca)lleo

< | _max ) = 1O | engan (a5 0y +1)

i=1,...,n+|c|

a0 oo, - czuwmﬂ}

< QR [ — CZHCO(QT) +C e - CEAchHal(QT)

for some €' = C(a,n) > 0 and since [|c — ¢ |lcm-2(q,) < € <1 and || cm-2q,) +
il gm-2(0,) < Ce= 50 for some constant C' > 0 and some integer K (m). Since we
even get || = ¢4 llam g,y < € and [|l¢° = ¢4l o,y < €€UMF2 for kin (3.24) large

enough, it holds
1

A = FEomaqapy < 16
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for all € > 0 small enough. For the rest term r§ we again apply an interpolation
estimate

1
||TA”Cm 2(Qr) < CHTAHLQ (Qr) || A”Wm-H YQr) = < Z

for k in (3.24)) large enough and for all € > 0 small enough and where we can estimate

175 lyysi-1 (0 DY 1} and by the estimates for ¢, pu%, and u§.
This shows the assertion of the theorem. O

3.2 Asymptotic Expansion

In this section we use a matched asymptotic expansion as in [10] to construct a family
of approximate solutions {c§, 5, uG }o .o, satisfying —.

For a good introduction to the method of matched asymptotic expansions we refer
to the books of Nayfeh [54], Kevorkian [43], and Kevorkian and Cole [44]. Away from
the interface I'* = {(z,t) : ¢*(z,t) = 0} we use the original variables to determine
the expansion of the solutions (c¢, u¢,u¢). This is called the outer expansion. Near
the interface I'“ we expect that Vd¢ - V¢ ~ % for some constant C' > 0 and where
d° is the spatial signed distance function to the interface. Therefore we introduce
the new variable z = @ to describe the sharp change near the interface. This is
called the inner expansion. We also use a boundary-layer expansion to satisfy the
boundary conditions. By the so-called matching conditions we connect the inner
and outer expansion and the outer and boundary-layer expansion to obtain suitable
approximate solutions (¢, u4,uy) for all € € (0, 1].

We use the same convention as in [10], more precisely that means the notation y .-,
is formal and should be understood only as a finite sum Zfio plus an error term of
order O(eX*1) where K is a large integer depending on the order of approximation
needed. Also the word “smooth” should be understood to mean that all the needed
derivatives exist and are continuous. Similarly, the phrase “for all natural integers”
should be understood to mean “for all integers needed”.

In the following we use the symmetry assumption C;;y; = C;j;» for all 4,7, j',i" €
{1,...,d}. Therefore we obtain CA = CAT for all A € R¥? and in particular,
CE(u) = CVu. For the sake of clarity in the asymptotic expansion we use CVu
instead of C&E(u).

3.2.1 Representation of the Interface
Assume that (cf, uf, u) is a solution to (3.1)-(3.7) and that

I = {(x,t) € Qr: (a,t) =0} = | J (T§x {t})

o<t<T

41



is a smooth hypersurface. I'“ is called the interface. Let () be the interior of I'
and QF := Qp\ (I U Q7). Furthermore, let d*(x,t) be the spatial signed distance
function to I'{ such that d° < 0 in Q. Then d° is a smooth function and |Vd¢| =1
in a neighborhood of I'; which depends on the curvature of I'*. Also we assume that

d® has the expansion
(0]

d(z,t) = €éd'(x,t),
i=0
where d° is defined in Q7 and d, i > 1, is defined in a neighborhood of I'*. Since d’
is independent of € for all i > 0, the equation |Vd¢| = 1 is equivalent to

1 if k=0,
vd'-vd* =< 0 if k=1, (3.64)
—LASMIVd - vdE itk > 2,

where all the equations are satisfied in a neighborhood of I'“. Then we can assume
that d° is a spatial signed distance function, and we define

I’ = {(z,t) € Qr : &(x,t) =0} , (3.65)
I°0) = {(z,t) € Qr: |d(x,t)] <6}, (3.66)
Q7 = {(z,t) €Qr:d(x,t) >0}, (3.67)
Qy = {(z,t) € Qr:d(x,t) <0} (3.68)

for some constant > 0.

Remark 3.2.1. Only to motivate the construction of the approzimate solutions, we
need the assumptions that I'C is a smooth hypersurface and d° has a series expansion.
But these assumptions are not necessary to show the convergence of the Cahn-Larché
system — to the modified Hele-Shaw problem @—. More precisely,
in Theorem [3.1.2, [3.2.21], and[3.3.1] these assumptions do not occur. Moreover, the
assumption that for all € € (0,1] the solution (¢, u, u®) has a series expansion near
the interface T'°, near the boundary OS2, and away from the interface I'C and the

boundary 02 (see Subsection cmd 15 also not necessary for the

proof of the convergence.

3.2.2 Outer Expansion

We assume that T° is known. Then so are d°, Qf and Q. Also we assume that
away from the interface I'* the solution functions ¢ and p¢ have the expansion

(z,t) = coi(x, t) + ecf(x,t) + EQCQi(m,t) + ... in Q(j]E\FO(g) ,
P, t) = py (2, ) + epi (z,t) + €y (2, 1) + .. in Qp\I"(3) ,
ut(r,t) = ug(z,t) + euf (v, t) + Eug(w,t) + ... in Q(jf\l“o(g) ,
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where c ,ul and u are appropriate functions defined in QO and § > 0 is a fixed
constant 1ndependent of € which is to be determined later.

We substitute the expansion for (¢, u¢, u®) into (3.1)-(3.4) and match the terms with
the same power of e. We require for (z,t) € QF

(c)e = Al (3.69)
N +1 ifk=0
o = W e e )HERC(VuE &t ) +AcE, fE>1 (3.70)
(eq) =
div (CVuy) = div (CE*¢;) (3.71)

where ¢*, = 0 and f? is defined such that

oo

o
fleo+eci+eca+...) = fleo) + f(co Zezcz—|—Zeifi’1(c0,...,ci,1).
[ =2

i=1

We obtain this expression by a Taylor series expansion around the point c¢y. For
example, for f(c) = ¢ — ¢ we get

<. 1A . <. ?
flco+eci +€eca+...) = flco) + f'(co) Zzl €c;+3 (co + 3 Zzl elcz-> (lzl ezcz») :
Therefore we set
e f!(co,c1) = €¥3cocy, € f*(co,c1,02) = € (6cocica + ),
and so on.
Remark 3.2.2. For the outer expansion let us mention the following points.

1. When k = 0 we only obtain f(cg) = 0. But as in [10] we require c; = £1 for
definiteness.

2. In order to construct an approximate solution we have required that all outer

expansion equations (3.69)- are satisfied in QF instead of QE\I'°(5/2).

3. Because of we can not require boundary conditions for ¢; on drQ. To
avoid this problem, we use a boundary-layer expansion. For details see Subsec-
tion [32.0.

4. To determine ,uf and uf uniquely, we need boundary conditions on 02 and
% We obtain these conditions by the boundary-layer expansion and the inner
expansion, see Subsection|3.2.7 and|[3.2.8.
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5. For the inner expansion it is necessary to define (cf,,u,f, u; ) not only in the
domain QF, but also in T°(0)\QE. But it is sufficient to choose any smooth

extension of (cf, ™, w) from Q7 to Qi U T(6).

For the extension of ¢

we can use equation . We can extend ,uf and uf i the following way.
We use the ansatz pif = Zfio (do(x,t))iC’]ii(So(a:,t)) in TO(\QZE for some
functions Cki’i where S° is the projection of x on TY along the normal of T?.
We determine the functions Cki’i such that all the normal derivatives of u* up
to order K match from each side of T. Here K is an integer depending on the
order of approzimations needed. Because it is sufficient that u*= € C*(T°(5)),
this is an appropriate extension. We can extend 'u,f analogously.

In order to have bounded solutions in the inner expansion, we need the following

definitions

Oii (x,) = (e ) — D,

Py (z,t) == div (CVuf) — (CEY) Vi,

O* = ZeiOf
Pt = Zein

in Qg UT(9),

=0
00

in QF UTY(6).

=0

Due to the definition of (¢, yi-, ui), it holds that PF =0 and Of =0in Q_§ for all

k> 0.

3.2.3 Inner Expansion

As above we assume that d°(z,t) is known. To understand the behavior of the solu-
tion (c¢, pu€, u) near the interface I'?, we assume that in I'°(§) the solution (¢, u¢, uc)

has the expansion

(1, 1) = & (de(a:,t)

€

pe(w,t) = e (dﬁ(x’ J

€

u(z,t) = <d€(x,t)

€

7$at)7
—,I',t),

,,I?t),

K

c(z,z,t) = €'c'(z,x,t),
i=0

A (z,z,t) = Z eu(z,m,t),
i=0

u(z,x,t) = Z eu'(z,z,t),

Il
o

(]

where ¢, i, ¢, ¢’, u* and u’ are appropriate functions defined in R x T'°(4).
To construct a solution in the whole domain {27, we require some matching conditions

for the inner and outer expansion. Since

S 5 00 as € — 0 in @, we require the



following inner-outer matching conditions as z — co

DI'D}DL [F(£z,2,t) — ¢ (z,t)] = O(e™™), (3.72)
DrDPD. [ (5, 3,1) — piE(w,1)] = O(), (3.73)
DI'DpD. [uf(tz,2,t) — uj(z,t)] = O(e™™) (3.74)

for all (z,t) € T°9) and all k,m,n,l € {O,...,[_(} where K > 0 depends of the
order of expansion. Here o > 0 is the same constant as in Lemma [2.6.1]

Remark 3.2.3. In Subsection[3.2.9 we glue together the outer and inner expansions.
Then it is necessary that the matching conditions holds for m,n,l € {0,1,2} for
each order k. Since the equations for (Cf,ck,uf,uk,uf,uk) depend on space and
time deriwatives and deriwatives with respect to z of functions of lower order, it is
necessary and sufficient that m,n,l € {0, ey I_(} where K is a constant depending
on the order of expansion. To verify the matching conditions we consider the inner
expansion equations for (¢/, u?, w), which we obtain below, and then we use the results
of Section [2.0. One can even verify that the matching conditions are true for all
m,n,l € N.

Since ¢ = 0 on I'¢, it is natural that we require in our construction
F(0,2,t) =0 V(z,t) € T°(0)

for all £ > 0.
As above we substitute the expansion of (¢, uf, u¢) into (3.1f), which yields

€ 1Ed + & = e 20, + 2 VIS - Vd + e T EEAd + AR,
into (3.2), which yields
¢ = e (f(E) — &) — EAdS — 2VE - Vd© — e A&
—e 1 C(RE @ V) — £ C(Va — £*¢)
and into (3.3), which yields
€2 (C (S, ® V) Vd* + e (Cijiryr 9;(05).0,0d ),
+ e (Cigory (05)20550d ),y g+ € (CVRE) VA A+ (Cijirgr 03505,y 4
= 1 (CEY) Vd + (CEX) VE
for (z,z,t) € S¢ := {(z,2,t) e RxT0) : 2 = d°(x,t)/e}. We can consider these
equations as a system of ordinary differential equations for (¢!, i, u’) with indepen-
dent variable z € R, whereas (z,t) are considered as parameters. Of course, it is
not clear that the solutions to these ordinary differential equations satisfy the inner-

outer matching conditions. Note that these equations have to be satisfied only on S°.
So we can add any terms which vanishes on S¢ to enforce the inner-outer matching
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conditions. We denote these terms by ¢¢, k¢, h¢, L, 1, j and K. We will determine
them later. Additionally, let n(z) € C*°(R) be an arbitrary fixed function satisfying

0 itz<~-1
i ={ 57 ez0 wer e

and /R(n(z) —3)0(2)dz = /Rzn'(z)%(z) dz =0, (3.76)

where 6 is the unique solution to ([2.22]).

Remark 3.2.4. If 0} is azisymmetric, then we choose n such that n — 1/2 is point
symmetric and n' is axisymmetric. So both equalities of are fulfilled. This
holds for example for f(c) = ¢ — c.

Furthermore, we set
ni(z) =n(—=N+2), zeR, (3.77)

where N > 0 is a constant to be determined.
From now we consider the following modified equations for (¢, i, u)

&, — f(&) ==& :C(u® Vd)
— e (i + AdE +2Vd° - VE + £ : C (Vi — £%F))
— ENE + g (d° — €2) + k' (d° — €2), (3.78)
fil, = € (¢d; — 2V - Vd° — iEAdS) + € (¢ — A
+ (k" + L) (d° — e2) — € (O + O ny) (3.79)

=1,...,

-+ E&Z (Cg*) Vde - 62 (Ciji/j’ ajj/ﬁ;)izl 77777 d
+ e (CENVE + M (1" + K9 (d° — €2)
+in" (d° —ez) + € (PTnf + P ny) (3.80)

for z € R and (x,t) € I'°(§) and

d

ii'=1"

We have added the terms (O}, + O™ny) and (P}, + P7ny) to satisfy the
compatibility conditions for g’ and u’. We will see more details in Subsection [3.2.4]

Remark 3.2.5. It remains to fiz the constant N such that the terms ¢2(OTni +
O~ny) and (P i + P ny) do not affect the equations needed for i“(<, x,t) and
u (L, z,t). For that we will see in Subsection that we can determine d° and d*
independent of (0% + O™ ny) and (Pnj + P ny). So we can set

N = Hdl

HCO(FO(é)) +2.
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The so-defined N satisfies the required property. This can be seen as follows. Assume
that |z — %‘ <1 and d°(z,t) > 0 for (x,t) € T°(8). Therefore (x,t) € Qf and
so O (z,t) =0 and P*(z,t) = 0. Furthermore, it holds

d(z,t
zz—iﬁl+d%uw—1zd%uw—1z—N+1,
€
and so ny(2) = 0 by definition of ny, that is, (O nf + O ~ny) =0 and (P i +
“ny) = 0. Similarly, this holds when d°(z,t) < 0 and ‘z - @’ < 1. In Subsec-
df _ dO4ed' | 1

tion|3.2.94 we set z = dX e := S8 é71d" for some K € N and so

for all € < €y, where ¢g > 0 is small enough.

Moreover, we assume that for (z,t) € T°(d) the terms g¢¢, L¢, h¢, 1I°, and K have
the expansion

g (x,t) = tlgi(a,t), (. t) = €k (x,t),
=0 =0

L(x,t) = Y et Li(x,t), he(zt) =) _€eh(x,t),
=0 1=0

I(z,t) = > €l(a,1), (1) =) €i'(z,1),
i=0 =0

K (z,t) = ) eT'K'(x,1).
=0

As for the outer expansion we substitute these expansions and the expansions for ¢,

ac, u, and d€ into (3.78))-(3.80) and match the terms with the same power of €. Note
that C (02, ® Vd°) Vd® = Mu?,. We show that M is an invertible matrix. Let v # 0

be an arbitrary vector, then it holds for all (z,t) € T°(¢)
v (Mv) = (vaVvd’):C(ve Vd) > ¢|ve Vd| >0,

due to Lemma So we get the following ordinary differential equations

(u® —1°%";) =0 ,
(b — (a0 + 1) ) = DF1 (2,2, t), k> 1 [ 2 € R (@D ETH0), (3:82)
A, — f(P)=Ez, 2.t
- f/(£§)02:<E15 +Ak)_1)(z o), k> 1 }Z €R, (z,t) €T°(5), (3.83)
0 _ hOdO :0
= (s 10y ) B 21 | SR D ST, (380
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where in R x I'°(§) D° E°, A° and B° have the following form

D = M7 [-(C(ud @ V) Vi — (C (), ® V) V'
- (Ciji/j/a'< 0) 8' do) ..... d (Cm] (uo) aj]’do) =1,...,d

— (V) Vd® + 2 (CE*) Vd + (j'd° + j°d") " — 2i°"]

—21%" + K", (3.85)
EY = —&:C(u)eVd)+kdr, (3.86)
A = —p' = AL —2Vd’ -Vl — £ C(Vu’ = &£¢)

+¢°d’n' — 2k’ (3.87)
B = &' — Ad°u° —2vd® - Vil — 2hy" + L0y, (3.88)

and where E* for k > 1 and D¥!, A¥=1 B*=1 for k > 2 have the following form

D+! = (C(u), ®Vd")) Vd’ — (C (ul, ® Vd’)) Vd*
(c (it @ vd’)) vd' — (C (vt ' @ Vd')) Vd°
—(C(ul,®Vd" ")) Vd’ — (C(ul, ® V")) Vd*
—(C(ul,® le)) vd* = (C (ul, ® Vd* 1)) vd'
—(c W,a ):0pd”) _ = (Cijiryr 05(u).0pd" ") _
-(C

(

JJ’dO) =1,nd (Cm] (u7)- aj]’dk 1)1=1 d

........

ii’ 5’
CVu’; 1) Vd — (CVu?) Vd* ! + &1 (CEF) v

+2 (CE) VA o (3§ ) — ]

I (lk_ldl X llqu) i — Zlk—ln// X (Kk—ldo 1 K()dkfl) i+ D2, (3.89)

Ef = —&:C (0@ Vd +ub e Vd) + (kd + k0d*) »f (3.90)

AR o R (AR 4 AGED)

_2 (Vd() . vcgfl + de,1 . vc(z)) + flc—l(CO, . ’Ckfl)

& C(@Vd ! +ub Tt @ Vd) — € ¢ (Vub !l — g5

+ (g5 + g°d ) o+ (KPR RN o — 2R+ AR, (3.01)
B = (& d)el) = (AT + AT D)

_9 (Vdo ) vlul;—l L vakt. vug) 4 (dlhk—l 1 dk—lhl) 7"

—zhF "+ (LR + LOd* 1) + BF 2. (3.92)

48



Here D¥=2, A*=2 and B*~2 have the following form

k—2
Dt | S (e o v v

2,7=0
2<i+j<k

_Z ww’a ' adk - 1)2:1 d

77777

— Z [ iji'j! u, jj/dkflfl)i:1 ..... — (CVulZ) dequ}

+ZKldk 1-1 /

+Z Cg* de1l+ZJldkl//

=2 =1
k—2
+ ledk—lnﬁ . sz_27]' . M—l (Cz‘jz"j’ 8jj’uf/_2>i:1 ..... .
1=2
M= ((CEN V) + M~ (Pi_onk + Pr_any) (3.93)
-2
Ak’—? _ Z Adz k 1—1 Qde . vclz—l—i _l_digk—l—in/)
=1
k—2 k—2
ZE* C u ®defz) _i_zkldkfzn/
=2 =2
— A% — 2gF (3.94)
k—2
Bk—2 — Z(_dicg_l_i_Adi,ul;_l 1 QVdZ Vluk 1- z)
i=1
+Zdsz 1— Zn/—i_zdlhk i1 Lk 2 /
+ ( AV Ol—:—277N — Or oy - (3.95)

Here we have used the conventions that if the upper limit of the summation is less
than the lower limit, then the summation is zero, that D~! = A~! = B~! = 0, that
a1t + a'v*! = a'b! when k = 2, and that a* '8! + @'’ = a'b°c! when
k = 2. We also use these conventions in the following.

Observe that D¥~! depends on d* and j*. This would result in difficulties in the
construction of d*. To avoid this, we set

5. [0 if k=0, 3.06)
P21 (e vd) v + (c(° @ vd)) Vds itk >1. (3.

Actually, we obtain in 1% the equation (u®— lodon)&Z = M~'(;°d""). But by
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the definition j° = 0, equation ((3.82h) is valid. Since u?, = d°1°", we obtain

D’ = M7= (Cijry 05(uq):0pd°) _, 4= (Cijiryr (03).055d°) _,

77777

— (CVu)) Vd° + & (CE) V| — 210" + K%', (3.97)
and since u¥;! = (d*11° + @°1"1)y” + D*2 for k > 2, we obtain for k > 2
DMt o= M [— (Cijiry 05 (u™1).0d") _

—(Cvui ) vd — (cval) Vd ! + ETH(CE) VA + & (CEX) V!

—d’(Cc ("' @ Vd)) vd'y" —d° (C(1* " & Vd")) Vd*y"

_dO (C (11 ® vdk—l)) Vdon/l o dO (C (11 ® Vdo)) de—l,r/l/

_dO (C (10 ® le)) deflnll o dO (C (10 ® de*l)) lenll

_ij—ln//] i (lk—ldl i lldk—l) i — Ly 1 (kaldo 4 Kodk_l) i

—-M! [(C (Dk*2 ® Vdo)) vd' + (C (Dk*2 ® le)) Vdo}

~M ' [(C (D@ Vd" ")) Vd® + (C(D°® Vd")) Vd* '] + D*2,(3.98)
where D=2 is defined as in (3.93)).
To get bounded solutions we will see in the next subsection that it is necessary to
require DF=1 = O(e=*#) and B¥! = O(e=@Fl). This is the reason why we add
e (0Otnl + O ny) and € (P™ni + P ny) to handle the terms ¢ 2 — Ap*~2 and

N N N

—(Cijirjr0jul™2) + (CE*) V=2 in B2 and DF? (see Lemma [3.2.6/and [3.2.9)).

l/

3.2.4 Compatibility Conditions

In this part we study the compatibility conditions of the ordinary differential equa-
tions — in order to have bounded solutions. Additionally, we investigate
the behavior of the solutions as z — +o00. It will come out that there exists bounded
solutions (c*, u*, u¥) for every k € N. All the assertions of this subsection can be
shown as in [10].

Lemma 3.2.6. Let D*! and D*=2 be defined as in (3.97), (5.98), and (3.93). Then
(5.83b) has a bounded solution for k =1 in T'°(8) if and only if for all (x,t) € °(6),
it holds

7;/

0 = — (Ciﬁ’j’ [aju?’] 8j/d0)i:1 ..... d i=1,..d
— (€ [Vd]) Vd’ + ["] (cE€*) Vd° + MP + MK'd°, (3.99)

— (Cijiryr [up] 9;5d°)
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and for k > 2 it has a solution in T°(8) if and only if for all (ac,t) € T°(5), it holds

MDF2 = — (Cz'ji/j' [8"“]?_1} a"do) Lod

( iji'j' [ Uy } ’do) ..... d- (Ciji’j’ [“z'} 8jj’dk 1)1‘:1 ..... d
— (C[Vu*]) Vd® — (c [Vu']) Vd* " + [71] (€€ Vd°
+ [ (cenvd Tt + T+ METT + M (K + KOdFTT) | (3.100)

‘z —+00
Z=—00

where [.] = and

DF2(g,t) = —/Dk_Q(z,:v,t) dz .
R

Furthermore, for k = 0 every bounded solution to a) has the form

W(z,2,t) = W (z,t) + Uz, t)d(z,t) (n(2) — 1), (3.101)

and if is satisfied, then for k > 1 every solution to (3.89b) has the form
u(z,2,t) = @z, t) + (Fd° + Pd¥) (2,t) (n(2) = 3) + uf (2, 2,8),  (3.102)

where W (x,t), k >0, is an arbitrary function and ut~'(z,z,t) is a special solution
depending only on functions of order lower than k and is uniquely determined by the
normalization

/ A (2,2, )0(2) dz = 0 V(w,t) € TO(5). (3.103)

In addition, there exists some uf(kfl)(x, t) depending only on functions of order lower
than k such that

D™D D! <u’j’1(iz, x,t) — uf(kfl)(a:,t)) =0(Ee*) asz— (3.104)
for all m,n,l >0 and for all (z,t) € T°(8) provided ( LG
satisfy the matching conditions and (-)

Proof: The first assertion of the lemma follows from Lemma [2.6.3] and the identities
Jpzn"dz = — [gn'dz = =1 and [p 0" dz = 0 and the fact that all terms involving
the derivatives with respect to z tend to zero exponentially fast.

The second assertion of the lemma follows from the second assertion of Lemma [2.6.3]

the inner-outer matching conditions (3.72) and (3.74), and the definition of P,
(therefore D™ DD DF-2 = O(e=?Fl) as z — F00). O

U’ 'u,i) 1=1,....k—1,

From now we set

kk(gjt)::{g*:c(l()@w(’) if k=0,

g c((FeVd) + (00 Vd)) ifk>1 (3105)

51



for all (z,t) € T°(§). By equation (3.101)) and (3.102)) it is not difficult to obtain for
all k>0

Ef(z,2,t) = =€ C (™), @ Vd°) (3.106)

for all (z,z,t) € R x I'%(§) and where u;! = 0. In particular, it holds E° = 0. Thus
AP(z,z,t) = y(2) is the unique solution to (3.83R) satisfying lim, ., ’(+z) = +1
and the initial condition °(0,z,t) = 0.

Lemma 3.2.7. Let k > 1 be any integer and E*, A¥=', and A*=2 be defined as in

, , and . Then the system
& (z,,t) — f(00(2) F (2, 2,t) = (B¥ + A1) (2,2,t) Vz€R,

= 3.107
0,z,t) =0, (., 2,t) € L®(R) ( )

has a unique solution for k =1 in T°(8) if and only if
0 = -’ —0Ad" =& :C (VW) +nog’d® inT°(3), (3.108)

and it has a unique solution for k > 2 in T'°(8) if and only if for all (z,t) € T9()

le“k—z _ _ﬁk—l —oAdF Y —gF . evah! + 1o (gk:—ld() + godk—l)
+nod’E* :C (M [(C (e Vd)) Vd' + (C (' @ Vd")) Vd°
+(C(Pevd ")) Vd+(C(I'eoVd))vd "+ (C(PeVd))Vd!
+(C(Pevd ) Vd'|eVd -1I'eVd ' - I""'@Vd), (3.109)

where
1
"z, t) = —/,ukl(z,ac,t)t% (2)dz,
2 Jr
1
=3 [ G
2 Jr
1
" (x,t) = —/ w2, 1, 1)0)(2) dz,
2 Jr
]' / /
=y [ () dz.
R

~ 1
A2 (1) = 5/ [A°E +2Vd - Vet — N ) = e et
R

— A6y — [ e ((CENVd @ Vd') — € : C (D2 & Vd°)
+(CV(ul?),)Vd’ + (C (D" ? @ Vd")) Vd'
+(C (D@ Vd)) Vd] @ Vd°) + £*: C (D" ? @ Vd')] by d= .
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In additz’on, if forkzlorfork>2is satisfied and
(e 1 g i (e wh L uE ) satisfy the matchi
o 1y, w0 ug) (e Crp ¥ ,,uk 1! w,_,) satisfy the matching

conditions - then the unique solution c* to (Eb ) satisfies the matching
condition where ¢ is defined by (3.70).

Remark 3.2.8. In the proof we verify that [, D°(2)0y(2)dz = 0. Hence A s

independent of d* for k = 2. Note that A*=2, k > 2, also depends on ¢*~1. But later
we will see that ¢*~1 can be considered as a quantity only depending on functions of
lower order.

Proof: We prove the first assertion only for £k > 2. For £ = 1 one can apply the
same techniques as in the case & > 2. Due to Lemma the system (3.107) has a
unique solution if and only if

0= %/}R (E*(z,2,t) + A (2,2, 1)) 6(2) dz

for all (x,t) € T°(4). Using the equation (3.106) and integration by parts yields

3 | P

g . c (D 1®Vd0)60dz——€*‘0(( ). @ Vd) 6|

N | —

I
N | —
%\%\

E*:C(D*'(2) @ Vd°) by(z) dz

since lim, 4o (uf™1),(2) = 0. For computing the right-hand side we use (3.98)). It

*

holds for all £ > 1

/ 0 ()00 (2) dz = / (02), (=)0 (=) d= |
R R
where we have used (3.102]) and

/R 7(2)00(z)dz = (- 1) 6, =H / (n(=) — 1) B(z) dz = 0

due to (3.76). Furthermore, we apply the integrals

/R (2)60(2) dz — /R 6(=)60 (=) dz = 0, /R 0(2)00(2) dz = —2np

/R 2" (2)00(2) dz = 0, /R D°(2)0(2) dz = 0,
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where the third identity follows from integration by parts and (3.76) and where the
last identity follows from (3.97)) and the identities above. Therefore we get

1 / B (2)0(2) d
2 Jr
= nd’& :C (M [(C (1" @ Vd))Vd' + (C(1F @ Vd')) Vd
+C(le@Vvd ")) Vd+ (C(I'®Vd))Vd "+ (C (1" Vad')) Vd*!
+(C(1PeVd ")) Vd']|@Vd) - C (1" 'd" +1'd" ") @ Vd)

1 1
+3 / &t dzEF: C((CENVA @ V") + 55* :C (/ D20y dz @ Vdo)
R R

1
—5&7:C /R (M [(Cijirye 05 (0l 57)205d)iza, o + (Cijirgr (05 52)20;50d° i1,
+(CV(uf7?),)Vd’] ® Vd°] 0y(2) d=

1

—5&":C (M—l /R (¢ (DF? e vd)) vd'

+(C (D@ Vd)) Vd] by dz @ Vd°> :
To compute the integral 3§ [ A*'0) dz, we use the identity (3.91). We apply the
definition (3.105) and the identity (3.102) to simplify A*~!
—&:C(ueVd " +ul @ Vd') + (K + K d )
= —&:C((u).®Vd" "+ u7?),eVd)
—d°¢*:C(I'eVvd ' + 1" o Vvd') 1y
+E4:C (A1 @V +d ' @ Vd°) 7.

As above we can show that

= / £ :C((0)), ® V&' + (uF2), @ Vd') 6y dz = /5* .C (D" 2@ Vd') b, d=.
R R

Hence we get by definition of ¢ and 7,

/ AR (2) ds
R
= g —oAd =g ievatT = pd’E  C ('@ Vd T + 1M @ V')
+7705* - C ((lk—ldl + lldk—l) ® Vdo) + o (gk—ldO + godk—l)
1 1
+5 / E:C(DF e Vd') bydz + 3 / (—AdE —2vd’ - Vi
R R

DO | —

+EHE, T E L CE T + AR 6 dz
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This shows the first assertion for k& > 2.
For all £ > 1 the second assertion of the lemma follows from the second assertion of
Lemma [2.6.2] and
EF(£2) + A HE2) = —pF N (E2) + U (£2), ., FTH(2))
& C (VU (zx2) — & (£2))
+ AR (42) + O(e™*?)
- _Mi—l + fk_l(cf)t7 cee 7C§—1)

—E 1 C(Vu, — E¢y) — Ay,
as z — 00, since all the terms involving the derivatives with respect to z tend to zero
exponentially fast and

d(£2) =c; +0(e), 1 (£2)=p; +0(e*), w(tz)=u +0(e*),

as z — oo and for all j € {0,...,k — 1}. Using the outer expansion (3.70) completes
the proof. O

Lemma 3.2.9. Let B¥' and B¥=2 be defined as in and (3.95). Then, for
k > 1, the ordinary differential equation (3.84b) has a bounded solution if and only
if for all (z,t) € T9(9)

—vdt [V + %hk—l + % (L 4 a1 = B2, (3.110)

z=+00
Z=—00

where [.] = . | and

~ 1 1
B2 (o0) = —yfat) [P wt)] - 5 [ Bt
R

if k> 2 and B1t=0.In addition, every bounded solution to a) can be written
as

pl(z, 2, t) = iz, t) + d°(z, )W’ (z,t) (n(z) — 1/2) , (3.111)
and if is satisfied, then every solution to (3.84b) can be written as
Wy, ) = (o, 8) 4 (B d R0 (2, 8) (n(2) — 1/2) + i 2, ), (3.112)

where ji*(x,t) is an arbitrary function and pu*=1(z,z,t) is a special solution depending
only on (cjt,ci,u;t,ui,di,hi,gi) for v < k —1 and is uniquely determined by the
normalization

/ufl(z, v, )0 (2)dz =0 V(x,t) € T°(6). (3.113)
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Furthermore, there exists some ,u*i(k_l) depending only on (cgt, ci,ufc,ui, d',h',g") for
1 < k—1 such that

DDy D. ™ (2, w.1) = iy (1) = O(™™) as z = o0

for allm,n,1 >0 and for all (z,t) € T°(8), provided (¢, ¢, u', ), i=1,..., k—1,
satisfy the matching conditions and .

Proof: The first assertion of the lemma follows from Lemma 2.6.3] and the identities
Jebhdz=2, [n"dz=0,and [, zn"dz=— [0/ dz=—1.

The second assertion follows from the second assertion of Lemma [2.6.3] the inner-
outer matching conditions (3.72) and (3.73), and the definition of O;-, (therefore
DmDrD BF2 = O(e=@l) as 2 — +00). O

3.2.5 Boundary-Layer Expansion

Let dp(z) be the signed distance function from z to 02 where dg < 0 in © and
Sp : {a: eRe:|dp| < 5} — 02 the projection of x to 92 along the normal of 0f).
Furthermore, we define 0rQ(6) = {(z,t) € Qr : = < dp(z) < 0}.

As for the inner expansion we assume that near the boundary 0rf) the solutions
(5, uf,uc) have for every e € (0,1] the expansion

ds(x,t
c%x,t)zc%(M,x,t), (2, x,t) —1+Zechxt

€

€ (2,2, 1),

Amg

dg(z,t .
/f(fv,t)zufg( B )717,75)7 pp(z, @, t) =

€
0

7

¥
mm
8

eiufg(z, z, 1),

Il
.Mg

I
o

€

t
u‘(z,t) = uy < ),x,t) , uy(z,x,t)

where (x,t) € 0r€2(J) and z € (—o0,0].
To match the boundary-layer and outer expansion, we require as z — —00

DIDpDL [y (z,2,t) — ¢f (x, )] = O(e™), (3.114)
DyDPD. [pp(z,2,t) — i (x,8)] = O(e*), (3.115)
DIDpDL [ufy(z,2,t) —uf (z,t)] = O(e™) (3.116)

for all (z,t) € 9rQ(6) and all k,m,n,l € {0,..., K} where K depends on the order
of the expansion.

Similarly to the inner expansion, we define Mpg(z) = (Cijij 0jdp(z) Oydp(x ))“ .
where an analogous proof shows the invertibility of Mpg. Since 0f2 is known, we do
not require a series expansion for dg. Also note that dp is time independent. We
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substitute the expansion of (¢, u¢, u®) into (3.1)-(3.3). Then a calculation similar to
the inner expansion gives us

uf (2,3, 1) = Al (2,1, 1), >0, (3.117)
choa(zat) = f (1)l (z, 2, 1) = B (2,2,1), k> 1, (3.118)
(2, 2,8) = CF N (z,2,), k>0 (3.119)

for all (x,t) € 0rQ(J) and z € (—o0,0) where

A = My [~ (Cijiry 05 (W ):0pdp)imr,..a — (Cijiry (W ):0j5dp)im1,...a
—(C : Vul; Vdp — div (C : Vul;?)

+cp HC: E)Vdp + (C: ENVE?] (3.120)

Bl = & C(uRZ ® Vdp) — £ : C(Vuly ! — &% k’l) —
f’“*l(c%, G - 2VdB V) — Adpdiy | — Ad?, (3.121)
Cy' = —Adpply} —2Vdp -Vl — Al + 57 (3.122)

-2 _ -1 _ -2 _ -1_ ,—2_ —1_ 0 _
where we have assumed that ug" =uy =cz”°=cp =pug”"=pup =0and cz = 1.

Remark 3.2.10. Due to equation in Lemma below, we will see that
Bff{l is independent of functions of order k. More precisely, we get the identity
u’g’z = ffoo A%_I(y) dy. So it is possible to construct c& by functions of order lower

than k.

Since Vdp is the unit outer normal to 02, we obtain
dp(z)

a%‘aa - _18 :tVdp - V.
, T, t) = (0, z,t) for all (z,t) € OrQ2 (analogously for u%

and u$). Therefore to satlsfy the boundary conditions on 9r(2, we require

Also observe that ¢ B<

(0, 2,t) =0 Y(z,t) € 0rQ, k >0, (3.123)
. (0,2,t) = =Vdp - V' (0, Sp(x), 1) V(x,t) € 0rQ6), k > 1, (3.124)
1 (0,2, 1) = =Vdpg - Vi (0,2, 1) V(z,t) € 0k > 0. (3.125)

Remark 3.2.11. The boundary condition is necessary only for x € Orfl.
We use the same boundary condition as in [10]. The boundary condition has
the advantage that we obtain a unique smooth solution in (x,t) and if for all k =
0,...,7—1, anck ‘a q=0and Az, x,t), uh(z,2,t), and uly(z, 2,t) are independent
of z (therefore A= (z,x,t) is independent of z), then so is ciy(z,x,t). For iy and
ufg we do not require uniqueness since we specify ,ufg and ufg directly.

Now let us show that the ordinary differential equations (3.117] m with 1n1tlal
values m ) have bounded solutions. For convenience we define F!
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G?=G'=0and
0 z
F(z,t) = —/ / AL (w, 2, t) dwdz, (3.126)
0 z
G*(z,t) = (Adg(z)+ Vdp(z) - V)/ / Ch(w,z,t) dw dz

0
o @b (3.127)

—0o0

for all k > 0 and (x,t) € 9rQ(9).

Lemma 3.2.12. Let j > 0 be any integer. Assume that for all i = 0,...,5 — 1,

the functions ¢, u; , . Wy are known, smooth, and satisfy the matching conditions
y Y By YB p) )

and and the outer-expansion . Let F'~! be defined as in

and assume that u;“ satisfies the boundary condition

wf(z,t) = F~(x,t) V(z,t) € 0rQ. (3.128)
Also assume that ug® = uz' = cz* =c3' =0, and vy, i =0,...,7 — 1, are defined
by
. Z y .
us(z,x,t) = u (1) —|—/ / AN w, x,t) dw dy (3.129)

for all z € (—00,0] and (z,t) € 0rQ(6), and where A" is defined as in .
Then for known smooth u;L the function ufg defined by (3.129) (with i = j) satisfies
for k = j the boundary-expansion equation , the boundary condition ,
and the matching condition .

Proof: First let us show that F/~' and ul, i = 0,...,j, are well-defined and

smooth. Since (¢, u;, ciz, uly) satisfy the matching conditions (3.114) and (3.116])
and the outer-expansion equation (3.71)) for i =0,...,j — 1, we obtain

|div (C: Vuj) — (C: ENVy| < Ce™ Vz € (—00,0], V(z,t) € 0rQ(6),

and therefore one concludes by definition of A% and the fact that all terms involving
the derivatives with respect to z tend to zero exponentially fast

|AL| < Ce™ Vz e (00,0, V(z,t) € 0rQ6)

fori =0,...,5 — 1 and some C' > 0. Therefore the integrals defining F/~! and uj,
i=0,...,J, are well-defined and smooth. The same arguments as above and the def-
inition of u} yield the matching condition (3.116) for k = j. By an easy calculation

we obtain (3.117) for & = j. Finally, the boundary condition (3.123) immediately
follows from the condition ([3.128)) and the definition of F/~! in (3.126]). a
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ud (x,t) for all (z,t) €

Remark 3.2.13. Since Az' = 0, it follows uB(z,x,t) U
) for all (z,t) € 0rQ(0) since

Or§2(0) and therefore it holds ub(z,m,t) = uf (x,t
(z,z,t) = 1.

Lemma 3.2.14. Letj > 1 be any integer. Assume that for all i = 0,...,7 —
1, the functions ¢, ut, c, pis, u, uly are known, smooth, and satisfy the matching
condztwns (3.114)-(5.116)). Then for k = j, the boundary-layer expansion equation
d?.]lﬁ) subject to the boundary condition has a unique bounded solution cfg for
z € (—o0 O] and all (z, t) € 0rQd). In addz’tz’on the solution satisfies the matching

condition where c 1s defined by (3

Proof: We can write the boundary-layer expansion equation (3.118|) subject to the
boundary condition ((3.124)) in the form

X'(2) = Ax(2) + g(2)

with initial value
x(0) = xq,

where x;(2) = cy(2), X2(2) = x|(2), A = (rlyo). 8z) = (Bé—ol(z))7 and xo =

(—v d;g;g_l(o)) (co is an arbitrary constant). An easy calculation gives us that ++/f/(1)

are the eigenvalues of A. Let T € R?*? be the transformation matrix such that

By setting w(z) = T~'x(z) we obtain
w'(z) = Dw(z) 4+ h(z) (3.130)

with initial value
w(0) = wq,

where h = T !'g and wy = T~ 'xy. Then the ordinary differential equation (3.130)
has the general solution

w(z) = cre VI Wze, o creV ' (Dzg,

+/ diag(e~ VIDE=9) oV I DE=)h(s) ds
0

where e; and ey are the standard unit vectors and c¢q,c; € R any constants. Since
h(s) is bounded for z € (—o0,0], it is not difficult to verify that the solution w is
bounded for z € (—o0, 0] if and only if

¢ = —/ eV Wshy (s) ds
0
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To prove uniqueness of the bounded solution, we consider the initial value
c1€e1 + Co€9 = W(O) = W = T_l (0081 + (—VdB . c]]f-;l(()))eg) .

Hence ¢y and ¢y are uniquely determined by the equations

G = e o+ (Ve 0) e (T70es).

¢ = coer- (T 'er) — (Vdp - c5(0) er (T 'es).

Here the first equation is well-defined since e; - (T"'e;) # 0. This can be seen as
follows

-1 -1
e - (T_lel) _ e (DT 'ey) __®e (T~ Aey) - V/F(De - (T_leg).
f1() f1(1)

Since T is invertible it is not possible that e; - (T 'e;) = e; - (T 'ey) = 0. It remains
to verify the matching condition (3.116]). First we consider w(z). Assume that there
exists some vector h_,, € R? such that ||h(z) —h_,| < Ce** for 2z € (—o0,0] and
some C' > 0 and a € (0,4//'(1)) where ¢; is given as above. Here ||.| denotes the
Euclidean norm of the vector space R?. We show that

[ w(2) = diag(1//F(1), =1/ VP D) bw | < Ce (3.131)
for all z € (—o0,0]. Since lim,, ., eV Pz =0, we get

L _ /e / VT s g

f()
e = O [ S
f/(1> 0 f/(l)

Using these two equations and the expressions for w and ¢y, we obtain
HW z) —diag(1/+/ f'(1),—1/+/f'(1)) h_ooH
< [leaeal| VD% 4 Jlem VL2 / VIS (hy (5) — h_se) ds e

4 ||V IOz / ) (hy(s) — h_ss) ds e

—00,2

VT2 (3.132)
f'(1)

+

€9

A similar calculation as above gives us

\/f(1Z/ f(l)s h ( )—h—oo,1) ds e,

\/f’_ sas _ C az
/ VT
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and

fr)= hz( ) h—oo,2) dS €9

. w—/ VN i RS
-«

S
By using these estimates, inequality (3.131]) follows from (3.132).
Now we come back to ci(2). Since (¢, i, ¢y, pig,uf uly), i = 0,...,j — 1, satisfy
the matching conditions (3.114))-(3.116|) and due to the definition of c;r, it follows
i—1
—f’(l) Gl1=

for some constant C' > 0. Since A~ = 1/f’(1)(f,(()1) (1)), the equation

By '(2)
—f'(1)
follows due to the definition of g and h. Altogether, we obtain

e = —A_lTh(Z>

[h(z) ~h_| < Ce™

with h_o = —¢/T7' Ae; and some C > 0. Due to 1/4/f'(1)(§ %) = —D~" an easy
calculation gives us 1/4/f'(1))(§ %) = —=T*A7'T. Because of this, we can prove
the matching condition (3.116f) as follows

() — ¢t < ||x(2) - ¢ e]| = ||T (W) + T A Th_)

= ||7 (wz) - diag(1/ VP (D), ~1/v/F0) hs) |

S Ce®?

for some C' > 0 and where we have used (3.131]). The assertion for higher derivatives
with respect to z,t, and z can be proved in the same way. O

Lemma 3.2.15. Letj > 0 be any integer. Assume that for alli = 0,...,5 — 1,

the functions ¢, ui, ¢, piy are known, smooth, and satzsfy the matching condztwns

(13.114) and (|5’ 115]) and the outer-expansion equation . Let G771 be defined as
m 45’.1221) and assume that th1 satisfies the boundary condz’tz’on

%ujl(x,t) = G2 (x,t) Y(x,t) € 0rQ). (3.133)

2

Also assume that ,u§2 = ugl =ci=cg =0and uy,i=0,...,7—1, are defined by

st t) =il @)+ [ [ €yt dudy (3.134)
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for all z € (—o0,0] and (z,t) € 0rQ(8) and where Clg ' is defined as in .
Then for known smooth ,uj the function ,ufg defined by (3.134)) (with i = j) satisfies
for k = j the boundary-expansion equation , the boundary condition ,
and the matching condition .

Proof: We can show that G/=2 and p, i = 0,...,7, are well-defined and that s,
and g satisfy the matching condition (3.115) in the same way as in the proof of
Lemma [3.2.12] By direct calculation (3.119) immediately follows. Hence it remains
to prove the boundary condition 1' We use the definition of ,ufg to get

. 0 .
pp . (0,2,t) = / CL Mz, 2,t) dz

—00

0
— —Adg M%—l‘z;gw —2Vdg -V M%—IE;(iOO o / AM%—Q _ C%?tZ dz

= —Adpp(0) — 2Vdp - Vil (0) + Adppi_ | +2Vdp - Vi),
0
— | Aup?—dpldz (3.135)

—00

since lim,_, ooyl (2, 2,t) = 1, (z,t). Equation (3.134) for i = j — 1 gives us

) 0 y )
uJB_1<Oax7t) _/'L;_—l(m7t) - / / CJB_2<U),I',t) dw dy

Substituting this relation into (3.135)) and using the boundary condition (3.133)), we
get

103 ,(0) + Vdp - Vg 1(0) = =G + Vdp - Vi, =0,

where the last equation follows from (3.133)). O

Note that for the required boundary conditions (3.128)) and (3.133]), we only need
functions of lower order. Provided the functions of lower order are known, we have
given boundary conditions for p; and u; .

3.2.6 Basic Steps for Solving Expansions of each Order
As in [10] we define the unknown functions
VJ = (C;l:7 077 CyB? /"L;t7 /’LJJ /"LJB7 u;‘:J uJJ uJB? dj? 9]7 LJ? hj? 1j7 K])

for each j > 0 recursively. We call V7 the jth order expansion.

We assume that V* are known for i = 0, ..., j—1, and the corresponding outer, inner,
and boundary-layer expansion equations, the inner-outer matching conditions, and
the outer-boundary matching conditions are satisfied for : = 0,...,5 — 1. Moreover,
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we assume that the compatibility conditions 9) if j = L or (3.100) if j > 1, (3.108)
if j=1or if j > 1, and (3.110) are Satlsﬁed for k = = J- In the followmg we
derive the equatlons for V7. As in [10] we first construct (¢/, c¢F, ¢j;). Then we con-

Y ] )
tinue with (u’, u;-t, uj,) and (;H,,uj ,i1%) and finally, we show how to find &/. More
precisely, we carry out the following steps:
Step 1: After determining u/~! by the known quantities Vi, i < j—1, we can
determine (¢’ ,c]i, cl). Therefore we can consider (¢ ,cf, cl;) as known quantities de-
pending only on V¢, i < j — 1.
For Steps 2-9 we assume that @’ is known.
Step 2: We obtain u’/ by equation (3.102)).
Step 3: By the matching condition (3.74)), we determine @ and I in T'°(5).
Step 4: The compatibility condition if j=0o0r ifj>0fork=j5+1
yields the boundary condition for u]j.E on I'°.

Step 5: The outer expansion (3.71)), the boundary condition (3.128]), and Step 3 and

4 give us an elliptic boundary problem for u;—L. So we can determine uT uniquely.

Step 6: By solving the compatibility condition (3.108]) if j = 0 or if 7>0
for k = j +1 on I', we can determine 7 on I'°,

Step 7: We obtain i/ = @/ in I'°(6). Then by equation (3.112)), x4/ is uniquely
determined on I'°.

Step 8: The matching condition yields the boundary condition for [L;-t on I'’. To-
gether with the boundary condition on 0rf) and the outer expansion ,
we can determine /LJ uniquely.

Step 9: Again the matching condition and equation (3.112] m prescribe how to define
@/ and 7 in T°(§). Therefore g/ is uniquely determined. Tt is not difficult to see
that the identity for 7z on I'° in Step 6 is satisfied.

The following step determines d’.

Step 10: By the compatibility condition (3.110)), we obtain an evolution equation
for d’ on I'°. For j = 0 we require that d° is a signed spatial distance function and
for j > 1 we require . Now we have a system of equations which determine
(uj", 47, d’) uniquely.

Step 11: Note that the compatibility conditions ([3.99)) if j = 0 or (3.100) if j > 0,
(3.108]) if j =0 or 9) if 7 > 0, and (3.110) are satisfied on I'® only. We are able
to determine ¢7, L7, and K’ such that these compatibility conditions are satisfied in
r°(9).

Step 12: Finally, by and (3.134) we get ufg and ;ﬂé. This completes the
construction of V7.

After motivating the construction of V7 in the Steps 1-12, we verify that 17 sat-
isfies all the corresponding outer, inner, and boundary-layer expansion equations,
the inner-outer matching conditions, and the outer-boundary matching conditions
for £ = j. In addition, we show that the compatibility conditions if j=0o0r

(3.100)) if 5 > 0, (3.108)) if 7 = 0 or (3.109)) if j > 0, and (3.110)) are also satisfied for
k=j+1.
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In the next two subsections we carry out Steps 1-12 in detail.

3.2.7 The Zero-th Order Expansion

In this subsection we solve for V°.

Step 1: We already know the leading order term of the outer and boundary-layer
expansion for ¢¢. Since EY = 0 we also know the inner expansion. More precisely,
it means that ¢t (z,t) = +1 for (z,t) € QF UTY(6), ¢}(z,z,t) = 1 for (z,m,t) €
(—00,0] x rQ(0), and (2, x,t) = Oy(2) for (z,z,t) € R x T9(§).

Now we assume that I'° and therefore d° are known. We obtain the construction of
d° below.

Step 2: Since the compatibility condition is satisfied for ), equation (|3.101]
yields

w(z,z,t) = 0%, t) + d°(z, )%z, t) (n(2) — 1/2) V(z,t) €T°6), (3.136)

where we define t° and 1° later.
Step 3: From equation (3.136)) we get the condition

lim (2, 2, ) — @z, £) + %do(a:,t)lo(x,t) Wz, ) € T(3).

Z2—r 00

In order to satisfy the matching condition on I'? (note that d° = 0 on I'?), we get the
condition

ug (z,t) = lim u’(z,2,t) = @°(z,t) = lim u’(—z,2,t) = vy (z,t) V(z,t) €.
Z—00 Z—00

To satisfy the matching condition in T'°(§)\I'?, it is necessary and sufficient to define

@(a, 1) = % (ug (e, ) + up (2,1)) V(z, 1) € T),
(2, 1) = m (ui(et) —ug(e,t)  Wot) €PN, (3.137)

The natural way to define 1° on I'? is

| =V (uf (z,t) —ug (2,t) - Vd° = % (uf (z,t) —ug (z,1)), (3.138)

where Vd" = v is the unit outward normal of T'Y.
Step 4: We consider the compatibility condition (3.99) on I'° for £ = 1. One gets

0 = — (Ciji/j’ (8] (ug)i/ - @-(ug)i/) 0j/d0)i:1 d (C (Vuar - Vua)) Vdo

.....

+2(CE*) V' + M (d,uf — d,uy), (3.139)
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where we have used the definition of 1° on T and [u’] = 0 on I'’. We can simplify this

equation for (z,t) € T'°. Let {ry,...,74_1} be an orthonormal basis of the tangent
space of I'?. Then it holds for all u € C*(Q; RY)

d—1
Vu= (0,u@v)+ ) (0 ,u®m). (3.140)
=1
Since uar = u; on I'’, we obtain (O,uf ®7) — (9,uy ®7) = 0 on I for all
1=1,...,d—1, and therefore we have

Vuf — Vu; = (Ouf @ v) — (duy ®v) on I’ (3.141)
Using this property, we obtain on I’
(Cijiryr (05(ug)i — 0(ug)w) Opd’) _,
it ( (0, uS“ ®v), — (Oug @v), ) 8j/d0)i_

- ( .y
- ( iji'y’! ( — Oy(ug); )ajdoaﬂ"d0>i=1 ,,,,, d
= (C ((3‘13@”) (Oug @v))) v
= ( (VuO —Vuo))
By the definition of M (see (3.81))), we have

M (ayuar - ullo_) = (Ciji’j’ (GV(U(J)F)Z" - al/(ua)i’) ajdoaj’do)z‘:l
= (¢ (Vui — V)
where the second equation follows as above. So equation ([3.139)) turns into
= (2¢c&*—C(Vuf —Vug))v onI”.

Step 5: Note that F~' = 0. Hence we get the boundary condition ug } o0 = = 0 due

to m Moreover, we require div (Cuo) = 0 in QF due to the outer expansion.
Therefore we can determine uniquely ui by solving the elliptic boundary problem

div (CVug) =0 in QF,
[(CVuy — CE*cy)V] ro = [uoj[]Fg =0 on IV te(0,7],
ul =0 on 0N x [0,77].

Step 6: Due to the definitions of u® in Step 2 and u’ in Lemma and the
property [; (7 —1/2) 6} (z)dz = 0, we can conclude that a” =’ in T'°(§). Then the
compatibility condition (3.108]) on I'° for k& = 1 is equivalent to
1
%z, t) = —oAd® — 55* :C(Vug +Vuy)  V(z,t) eI,
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It is a known fact that
Ad® = divpor = —kyo
t t

where ko is the mean curvature of I'9 cf. [24]. Then we get
1
1(x,t) = orpg — 55* :C(Vuf +Vuy)  V(z,t) eT°.

Step 7: Since the compatibility condition is satisfied for (3.84a), equation (3.111)
yields

oz, x,t) = @z, t) + d(x, )h° (z,t) (n(z) — 1/2)  V(z,t) € T°(0), (3.142)

where we define i° and h° later. As above we obtain i° = i°. Note that d° = 0 on
', and therefore we obtain

1
Wz, z,t) = Okpo — 55* :C(Vuf +Vuy)  V(z,t) eTI”.
Step 8: The equation above and the matching condition lead to

1
ps(z,t) = lim p’(£2,2,t) = okpo — 55* :C(Vui +Vuy)  V(z,t) eI,
z—00 t

Since G~ = 0, we obtain B%MEH(‘?TQ = 0 (see (3.133)), and since ¢ = +1, the outer

expansion for k = 0 reads Aug = 0 in QF. Together with the boundary condition
on 'Y, we can determine uniquely ,uat by solving the elliptic boundary problem

A,ua—L =0 in QB—L,
pE = OKpo — 1&*:C(Vuf + Vuy) on TV t€0,T],
2us=0 on 99 x [0,77].

Step 9: From equation (3.142) we get the condition

lim (2, 2, 8) = 1z, ) + %do(a:,t)ho(:c,t) V(z, ) € T(6).

Z—00

So in order to satisfy the matching condition lim,_,o pu’(£2,2,t) = pZ(x,t), it is
necessary and sufficient to take

R, 1) = e 1) o= 5 (i (1) + g () V(r,t) € 1°(5),
B (2, 1) = m (1) — iy (2,0)) V(x,t) € TOGNIO.  (3.143)

The natural way to define h° on I'° is

o o= V- (1 1) — i3 (0.1)) = o (i, 0) = i (2,0)) . (3.144)
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Note that the definition of ii° satisfies the identity for i° in Step 6.
Step 10: On I'° the compatibility condition ((3.110)) for k = 1 reads

d(z,t) = %Ado (k0] +Vd° - [Vu°] - %ho

170, o .
- (a,/‘o _ay’“‘O) Wz, t) € O,

where we have used the equations [u°] = (ud — pg) = 0 and Vd° - [Vu'] = Vd° -
(Vug —Vug) = h° on I'°. Note that the normal velocity of I'} is given by —d
and the unit outer normal v by Vd". Therefore I'°, pg := ME]i_erOZO} + Ho X{ao<0} 5
and ug := UBLX{dOZO} + ug X{40<0y satisfy the problem - 3.14). Equation ((3.11])
is satisfied since v7 [WId — V(ug)"S] o v = — (Vug + Vuy ) : CE* on I'Y. We will
show this in the proof of Lemma below.

Step 11: Until now we fulfill the compatibility conditions ,, and

for k =1 only on I'°. To satisfy the compatibility conditions in T'°(§)\I'® we set

P (z,t) = 2 (ud + 1o +20Ad° + £ : C (Vud + Vuy)), (3.145)
0
[0 t) = _% (2 — (Ad + 2V - ) (g — ) + 1), (3.146)
1
Ko(x, t) = EM_I((Ciji’j’ 8]' (113_ — ug)i/ Gj/do)izl ..... d
+ (Ciji/j’ (ua“ — ug)z, ajj/do)izl 77777 d
+ (C (Vuf — Vuy)) Vd® — 2(CE*) Vd® — M1°) (3.147)

for (z,t) € T°(§)\I'. Since the numerators of ¢°, L°, and K vanish on I'’ we can
extend ¢°, L°, and K° smoothly to ' by

(x,t) = %Vdo -V (ug + pg +20Ad° + € C(Vug + Vuy)), (3.148)
0
Lo(z,t) == —=Vd" -V (2d) — (A’ +2Vd" - V) (uf — pg ) + 1°), (3.149)
K0<£L‘, t) = M71Vd0 . V((Ciji’j’ 8j(u6r - ua)i/ aj/do)l.zl .... d
(Ciji’j’ (u() — ua)l/ (3jj/d0) i=1,...d
(C(Vuf — Vuy)) Vd° —2(CE*) Vd° — MT°) (3.150)

for (z,t) € T°.

Step 12: Observe that Az' =0 and C5' = 0. Then Lemma |3.2.12| and [3.2.15 yield
ul(z,z,t) = ug (z,t) and p§(z, 2, t) = pg (z,t) for all (z,t) € 97rQ(6).

After motivating the construction of V°, we obtain the following result.

Lemma 3.2.16. Let I'og CC ) be a given smooth hypersurface without bound-
ary and assume that the Hele-Shaw problem (@- admits a smooth solu-
tion (u,w,T) in the time interval [0,T]. Let d° be the signed distance from x to
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Iy such that d° < 0 inside of Iy, and let & be a small positive constant such that
dist (T'y,0Q) > 26 for allt € [0,T], d° is smooth in T'(20) := {(x,t) € Qr : |d°| < 25}
and p* = ,u\Qg and u* = u]Qg: have a smooth extension to Qi U I'(25) where
QF = {(x,t) € Qp : £d° > 0}. Define the hypersurface T by

r’=r,
the outer expansion functions (cg, ug, us) in QF UT(8) by
co (x,t) = £1, po (2,) = p (2, 1), ug (1) = u*(x,1),
the inner expansion functions (c°, u° u°) in R x T°(4) by
Az, @, t) = 00(2),  p(z 2,t) = p (2, t)n(2) + p~ (2, 8)(1 = n(2)),
uo(%fﬁaf) = ' (x,t)n(z) + (fﬂ,t)( —n(2)),

and the boundary expansion functions (¢%, u%, u%) in (—oo, 0] x 9rQ(8) by

Gleet) =1, wh(zat)=pi(et),  dh(zat) = ut(al).

Furthermore, define h°(x,t) by M and (3.144) t) by (3.149) and (3.148 ,
Loz, t) by (9. 145‘) and 3.149 (x,t) by (5. 13 and 3.138), and K°(x, t ) by
(15’ 14Z|) and (3. 15{]) (z, t by (-) and KO (z,t) by (15’ 104)). Then for k=0, the

outer expansion equations , the inner-expansion equations (3.82 -(-),
the boundary-layer—expansion equatz’ons , , the inner—outer matching

conditions (3.79)- , the outer boundary matching conditions (3.114)- ,

and the boundary conditions (3.123)-(3.123) are all satisfied. In addition, the com-
patibility conditions (3.99), (5.108), and (3.11() for k =1 are also satisfied.

Proof: We verify all the properties by direct calculation.

To (3.69)-(3.71)): The outer expansion equations (3.69)-(3.71]) are satisfied by def-
inition of (¢f, u5, uf) and the equations for (u*, u®).

To ((3.82)): We consider I''(§)\I'"” and T'° separately. Then we obtain
(u® = 1d%)_, = (ugn+ug (1 —n) — (ug —ug)n)_,
= (uf),. =0 in T9(6)\I'?,
(uo — lodon)zz = (uarn +ug (1 — n))zz =(ug —uy)n" =0 on T'°

since uj = uy on I
To (3.83)): The definitions of ¢ and 6, yield

A — f() =6 — f(By) =0=E" inT°0).

To (3.84)): The proof for u° is analogous to u’.
To (3.117)),(3.119): The assertions immediately follow from the definitions of u%
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and u%.
To (3.72]): It follows from Lemma [2.6.1]
To (3.73)): Since for z > 0

MO<+Z,Q3,t) o Mar(mat> = (1 - 77(’2)) (ME(%Q o Mar(xvt)) )
po(=z,2,t) — g (2, 1) = n(=2) (ug (2, 1) = pg (z,1))
the assertion follows from (3.75) for all (z,t) € T°(6).
To ([3.74): The proof for u’ and uf is analogous to p° and pZ .
To (3.114)-(3.116)): The assertions immediately follow from the definitions of %,
0 d u?
p%, and u%.
To (3.123)-(3.125]): The assertions immediately follow from the definitions of %,
0 d 0
p, and u'y,.
To ((3.99)): Due to the definition of K we have for all (z,t) € I'°(6)\I"°
— (Cijuy [0p0] 0yd”) 4= (Cigwyr [03] 0jpd”)
— (¢ [Vu’]) Vd’ + ["] (c€*) Vd® + M1° + MK d"
= — (Cljz’]’ a] (118_ — ua)zf aj/do)i:l ..........
— (€ (Vug = Vug)) Vd* +2(CE*) Vd® + M1’ + MK"d" = 0.

On I'Y we obtain

= (Cijiry [0303] 0pd®) ., = (Cjoryr [W2] 0yped”) .y,
— (¢ [Vu’]) Vd’ + ["] (c€*) Vd’ + M1° + MK d"
= = (Cijiy 95(ug =g ) 0pd”) _, = (Cijuryr (05 —ug),, 0jpd’)
—(C(Vuy = Vug)) Vd’ +2(CE*) V" + M (O,uf — d,uy)
= (2¢&*—-C(Vuj —Vuy))r =0,

where the second equation follows in the same way as the calculation in Step 4 since

ug = u, on I'” and where the last equation follows from [Sv]e = 0.

To ((3.108)): In T'°(6)\I'° we obtain
—° —oAd’ - E&*: C (Vﬁo) + nod°g°

1 1
—~ ——ué/n% dz——uo/(l—n)% dz — o Ad’
277 Jr 277 Jr

1
——E*:C(V (ua“/n96d2+ug/(1—n)9(’)dz))
2 R R

0
+ thod (g + pg +20Ad° + & : C (Vuf + Vuy))

2770d0
1 1 1., N 1
= —5/5—5/%0 —55 3C(vug+vuo)+§ﬂg+§ﬂo

3£ C (Vg + Vug) =0,
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where we have used the the definitions of 7 and u" in Lemma the properties
of By, and (3.76). On I'° we get

i’ —oAd’ — & C(Vu’ =€) + nod’g”
1 1 1
— —§u3 — gho ok = 5E°:C (Vug + Vuy)

1 1
— —éyT [(WId — (Vuy)''S] po ¥ = 55* :C (Vug + Vuy)
since Ad® = —kro and d’ = 0 on I'° and where we have applied the boundary
condition - Let us show that the term on the right-hand side vanishes. First
note that

I Widpgr = = (C(Vuf —£) 5 (Vug — &) = (Vug + &) : (Vug + &%)

N~ N

1
CVuy : Vuj — §CVug :Vu, —CVug : & —CVu, : E*.
Due to the definition of S we get
T(Vu)' S| v = vI(Vu)" (CVug)r — v (Vuy)" (CVug v

—vT(Vud) (CE Y — v (Vuy ) (CE
= (Ouf ®v):CVuf — (du; ®v) : CVuy

— (6,,u5’ ® 1/) - CE* — (ayug ® V) :CE*
= Vu§ : CVuj — Vu, : CVuy]

+ (Oyuy @ v) : CVuf — (du; @v) : CVuy

— (6,,uar ® 1/) - CE* — (&,ug ® V) :CEX,

where the last equality follows from since [uo]rg =0 on I'). Together we have
T [WId = V(ug)"S] roV
= —=(Vu{ —Vu;) :C(Vuj — Vuy) — (0,uy ®@v) : € (Vuf — Vuy)
— (Vuf + Vug) : CE€* + (Ouf @v) : CE + (uy @v) : CE
—= ((Oyud +0uy) ®v) : C(Vuj — Vug) — (Vug + Vuy) : CE*

+ ((8oug +0uy) @v) : CE
= —(Vug + V) : CE*,

where we have used (3.141)) in the second equation and [S I/]F(t) = 0 in the last equation.
Therefore we fulfill the compatibility condition (3.108]) on I'°.
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To (3.110)): In I'°(6)\I'* we directly obtain by the definition of L°
d? — %Ado (1°] = vd - [Vi'] + %ho + %dOLO

= d?—%AdO (1 = 1g) = Vd* -V (g — g +%h°

5 (2 — (A 4 2V V) (1§ — i) + 1) =0

On I'% it holds due to the interface condition ([3.10)

d? — %Ad‘) (1°] = vd° - [V] + %ho + %dOLO

- o ., 0 N 1[0 . 0 \_
= -V (g,uo @No)‘Fi(%Mo @Mo)—o

since d? = —V on I'?. This completes the proof. 0

3.2.8 The Higher-Order Expansions

Let 7 > 1 be an integer. Assume that V°,... V7~ are known and that the matching
conditions for £k = 0,...,5 — 1 and the compatibility conditions of Lemma [3.2.6|
[3.2.7, and [3.2.9] are satisfied for k = j .

Step 1: After determining u/~!, we can calculate ¢/ in R x I'°(§) by equation (3.107)).

Equation (3.70) gives us ¢; in Qy directly. The proof of Lemma [3.2.14] shows how

we can obtain ¢j in (—oo, 0] x 7Q(0). So we know that ¢/, ¢&, and ¢}, are known

; ) 7 Y
functions which only depend on V°, ... Vi~L,
For Step 2-9 we assume that d’ is known. The construction of d’ is shown below.

Step 2: Equation (3.102)) yields for all (z,t) € T'°(4)

w(z,z,t) = (z,t) + (Vd® +1°d) (2, 1) (n(2) — 1/2) + vl (z,2,t), (3.151)

where we define @’ and V later.
Step 3: Due to the definition of 7, we obtain from equation (3.151)) and Lemma
9.2.0l

Z—00 *(j=1)

lim v/ (£z,z,t) = @/ (x,t) & 5 (P’ +1°d) +u, | (2,t) V(z,t) €T(6).

By the inner-outer matching condition we get on I’

uji(:c, t) =10'(z,t) + §lod3 + uf(j_l)(:c, t). (3.152)
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For satisfying the inner-outer matching condition on T'°(6)\I'?, it is necessary and
sufficient to define

p 1 )
w(z,t) = 3 (u;r +u; — uj(j_l) = u;(j_1)> in T°(6),
1 10 - .
b — 1 ® <—dﬂl ul —uy -l g, 1)) in [0(5)\[
’ Vd° -V <—dj10 +u —u; — u:(jfl) + u;(j71)> on I'°.

Note that the numerator in the definition of I/ vanishes on I'°. So the definition of
I is natural on I'°.

Step 4: On I'° the compatibility condition reads for k =7+ 1

MBI = (oo [o0]] 00, (Cone [o0] 00),_,
= Caie [ Owd”) = (Cawwr [05] D) _,
— (C[vu]) Vd® - (c [Vu°]) vd + [¢] (c&*) Vd°

+ ("] (c&) Vdf —l—_] + MV + MK°d’

( zlz’l’( l( )al’ ) =1

( il (31( al (ug); )al’ )

— (cm,l,li,a”,d )Z.:1 77777 L= (Cw ((u;*(j_l))w - (u;(j_l))w> 3zzfd°)i:1

—(C (Vu;r — Vuj_)) Vd+ (C(1’e@Vd))Vd + (¢f — cj_) (cevd°

+2(CENVd — M (8,1°d)) + M (O,uf — d,u;)

~M (Bul; ) = Dy ) ) + MK (3.153)

77777

-----

where v = Vd" is the unit outward normal of I'? and since [u/] = 1°d’ +u*+(j W
on ' uf =uy on ' and

—(C V) V& +j = (C(1"®Vd)) Vd
due to , , and . To simplify this equation for (z,t) € TV, we

use an analogous calculation as in Step 4 in Subsection [3.2.7] Let 7y,...75_1 be an
orthonormal basis of the tangent space of T'?. Then equation (3.152)) yields for all
1=1,...,d—1

(00} @ 7) = (O ©7) = 0y, (0wl )~y ) @7

and therefore by equation ((3.140f) we get

Vul —Vu; = (duf @v)— (du; @v)
d—1
30 (Pl g )@ (3154)
=1
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We define the matrix B(d’) € R%*4 by

d—1

B(d') =)0, (lodj ) —ug 1>> @
i=1

Using (3.154)), we obtain on I'Y
(Care (O~ A5)) o),
= (Cur Q0] @ )iy — (D @ )in) Opd®),_
+ (Catrv B(d)in0rd”) _,
— (Canr (00D — ) ALOD) _,+ Cam Bl ),
= (C ((aVUj_ X V) - (8 11_ X V))) v+ (Cili’l’B(dj)i’lal’do)izl 77777 d
= (C (Vu+ — Vuf)) ( zlz’l’B dj /lal/do) A
Due to the definition of M (see (3.81])) and m, we get on I')
M (ayu;r - 3Vuj_) = (Cuin (0u( - 6,,(u;)i/) 8ld08l/d°)i:1
= (@@ V) — (05 ®v)))v
= (C (Vu - Vu; ))v—(CB(d)) v

-----

-----

So we obtain

(Canvr (Di(w) )ir = Oi(wy )ir) Bd®) _,

+ (C(Vuf —Vu;)) Vd’ — M (d,u] — d,u;)

= (C (Vu;r — Vu;)) (Czlz’l’B d] /lﬁl/do) (3155)

i=1,...,

Furthermore, we use the definition of B(d’) and M (see -) o obtain

(Catie B(d)in0pd”),_,  ,+M (0,(°d")) + M (aVu*(j—l) - avu*_(j—l))

d—1
- Z adej (Cilz’/l’(lo ® Tk)i/lalldo)izl ..... d + a’/dj (Cili’l’(lo ® Vd0>i’lal’d0)i:1 ..... d
k=1
d—1
+ Z d'] (Clllll/ (aTk 10 ® Tk?)l/lal,do)lzl 77777 d + dj (C”Z/ll (al/lo ® VdO)Z,lal/do)Zzl ..... d
k=1
d—1
k=1 o
+ ( ili’l’ u ,7 —u (.71)) ® Vdo)i,lal/d())i:l ]
= (e Vdo)) V& + & (Capr (VI)indpd’),_,
+ ( i ( *(J B u’:(j*l))>i/l 81/(10)1:1 ..... d (3.156)



since v = Vd® on I'’. Altogether, the compatibility condition (3.153]) turns on I'°

with (3.155)) and (|3.156|) into
(C (Vu; — Vu]_)) vV = Bj_1Vdj + bj_ldj + cj—l on FO,

where Bj—l = Bj_l((lf,t) c RdXd, bj—l = bj_l(l',t) € Rd, and Ci—1= Cj_l(l’,t) c Rd
only depend on the known functions VO, R VX

Step 5: Let F/~! be defined as in . Then equation (3.128)) gives us a boundary
condltlon for the outer expansion u on Orfl. Together Wlth the outer expansion
and the conditions on I'?, the functions u j satisfies the following boundary
value problem for each ¢ > 0

div (CVu;) = div (CE*¢)) in Qf
[(CVuf)y} = j,1Vdj + bjfldj + Cji—1 on F?,t > O,
[uﬂro = 1% + [ (G- 1)}F0 on F?,t >0,
u;r:Fj_1 on 00, t>0.

In Section we show the solvability of this system.

Step 6: We consider the compatibility condition ) for Kk = 7 + 1. Since
Jo (n—1/2)0ydz = [, ul"'0)dz = 0, we get due to the deﬁmtlon of W; in Lemma
13.2. 7| and (3. 151|) in T9(9)

B e ! 1
uj(gj’t) = é/Ru](z)%dz:uJ:§(u;L+uj)—§<ui'(j_1)+u(] 1)) )

where the last equation follows from the definition of @’ in Step 3. Then the com-
patibility condition (3.109) for k = j + 1 reads on I'°

w(x,t) = —cAd’ — 55* :C(Vu) +Vuy) +nd g’ — 2471, (3.157)
where we set for (z,t) € T'(9)
Wlat) = W lat)— 26 (Vut, 4V (2,1)
z,t) = z, S ul u ;) ().

Note that 277! only depends on the known functions V°,... V1
Step 7: Lemma [3.2.9) gives us an equation for x4/ in R x T'(6)

W (z,x,t) = i (2, t) + (d°h7 + dh°) (2, 1) (n(2) — ) + pd~(z,2,t), (3.158)

where 771 only depends on V°, ..., 177! and satisfies (3.113]) with k = j. We define
i/ and A/ later. As in the construction of the zero order functions, it follows

i (2, 1) = %/Rm(z)e'( Ve = (@ t) V(x,t) € TO6).
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The restriction of (3.158)) on I'’ and equation (3.157) give us
4 o1, B .
W(z,x,t) = —cAd — 55 :C (Vu;r + Vu; )+ d (nog® +R° (n—1))
— 4t V(2. t) € TY, (3.159)
So p/ is uniquely determined on I'?,

Step 8: We consider z — 400 in (3.159)) and use the inner-outer matching condition
to get on I

”ﬂro = lim //(z,.) = —oAd —3&*:C(Vu/ +Vu;)

z—to0o
+d (0g” £ 3h%) =W 4l (3.160)

where 7(z) = 1 and 7(—2) = 0 for 2 > 1. Then the function ,uj-[ is uniquely deter-
mined by the outer expansion (3.69|) and the boundary condition (3.133]), that is, ,u;t
is the solution to the elliptic boundary problem

Auj[ = (9,56;t in Q(jf ,
;= —oAd — 1% : C (Vul + Vu;)
+d (—77090 + %ho) — w4 ﬂ*i(jq) onI? t>0,
a%u;r:Gj*l on 002,t > 0.

Step 9: Sending z in (3.158)) to 00 and using the matching condition yields
B 1 -
,ujt(:v, t) =1 (x,t) £ 5 ("W + &7h°) (z,t) + ,uf(jfl)(a:,t) V(z,t) € T(6).

Hence it is necessary and sufficient to take h? and i/ as

T | _ _ .
W= = (uj =y — u*@,l)) in T°(5),

2
e S I T T

B = ,
V-V (—thO b =y =y + u;(j_l)> on TO.

Consider to recognize that the numerator in the definition of h? vanishes on
'Y So the definition of A/ is natural. Note that this definition of 777 coincides with
(3.157]). To see this use again.

By Steps 2-9 we can determine p/, uf, uw, uj-[, hi, and ¥ depending on d’. The next
step shows us how we can determine d’.

Step 10: We consider the compatibility condition (3.110)) on I'° for k = j + 1. Note
that [u°] = 0 and d° = 0 and use the definition of 2/ on I'". Then we have

H = AP )4V (V) 4V - [V
—%Vdo v (—djho T AP u;(j_1)> . %djLO B

. 1 .
(AR 4+ Vd* - VB = L) &’ + o () — go05) + i

DN | —
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where v = Vd’ is the unit outward normal of I} , [i] = %@ + puf; 1) — iy,
Vd® - V] = Zpf = s, VA - V] = Vd - Vdh® on T, Vd - Vd° =
—1SVTIVd - Vdii, and
&z, t) = 1Ado( PNy )—lvczo-v( NPT )
« Y=g Fai—1) T Hsi-1)) T 5 Fi—1) = Ha(i-1)
3 - .
% j—i7,0 —1
—ZZVd V&R 4 B

Here we can see that d’~! only depends on the known functions V°, ..., V71
Altogether, (d’, ,ujc, u;t) satisfies the problem

AMJ =a5 in QF, (3.161)
,uj —O'Adj —3&:C (Vu;r + Vu;)
a’td + alt) on IV, (3.162)
L= &?_1 on 0rf), (3.163)
div (CE(uy)) = a5 in QZ, (3.164)
(c [Vuﬂro> vro = a_ V& +a_d + af_, on I, (3.165)
[uﬂrﬂ = a?_ldj + ajl-o_1 on I'?, (3.166)
uf = ajly on O0rf2, (3.167)
Od = al d + 5 [Zp] +a?, on I'?, (3.168)
Vd’-Vd =ajt, in T9(6), (3.169)
d(z,0) =0 in Ty, (3.170)
where a’_;, i = 1,...,12 only depends on the known functions V°,...,V7~'. In

Chapter 4.2 we show that this problem has a smooth solution.

Assume that (d7, ,uj, j) solve problem (3.161)-(3.170). Going through Step 2-9

again, we obtain g/, u/, h/, and V. In Lemma [3.2.17 below we verify that u] 7, a ji,

and u’ satisfy the matchlng conditions (3.73)) and (3.74) and the compatibility con-
ditions and for k =75+ 1.

Notice that in the derivation of — we need the inner expansions only
for (x t) E I'% where O ; = O;_; = 0 and P;_ | = P;; = 0 by the definitions
of cj 1,,u] 1 U 1,O]jE 1, and PjE . Therefore the solution d' of — is
independent of the terms e (OarnN + Oy ny) and E(Pgnk + Pyny) which we added
in (3.79) and - In particular, d' is independent of the constant N. So we can
define N := ||d1||00(1“0(5)) +'2, see Remark

Step 11: We can define ¢’ in I'%(§)\I'’ in a unique way such that the compatibility

condition (3.109) is satisfied for & = j+ 1. Since (3.109) already holds on 'Y we can
extend ¢/ smoothly to I'’. Similarly, we can define uniquely K’ and L’ to satisfy the
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compatibility conditions (3.100)) and (3.110)
Step 12: By Lemma 3 2.12)and Lemma 3 2 15| we immediately get uB and ,uB
After going through Step 1-12, it holds.

Lemma 3.2.17. Let j > 1 be an arbitrary integer and assume V°,..., VI71 are

giwen and satisfy the matching conditions - and (3.114)-(3.116]) for all

k=0,...,5— 1. Furthermore, let the compatibility conditions (3.99), (3.108), and
3.110}) if j = 1 or the compatibility conditions (3.100}), (5.109), and (3.11() for

k=7 if 7 > 1 be satisfied. Then there exists

Vj = (C;tacjvc]é7uztaﬂjaujéau?:7uj7ujB7djagj7Lj7hj7 ljaKj)

satisfying, for k = j, the outer expansion equations (3.69 (u (-) the inner e:z;pan—

sion equations (3.89)-(3.84), the boundary-layer expansion equations (3.117)-(3.119
y-vay

and - , the mner-outer matching conditions (5.79)-(3. . the outer-
boundary matching conditions (3.117))-(3.116), and . In addition, the compat-

ibility conditions (3.100), (5.109), and (3.11(}) for k = j + 1 are also satisfied.

Proof: We choose (,uj ) i ,d’) as the solution to the linearized Hele-Shaw problem

m m Then we deﬁne ( ./, ) as in Step 1, w/ as in Step 2, (@, V) as in
Step 3, 1/ as in Step 7, (ji/, h7) as in Step 9, (¢7, L7, K’) as in Step 11, and (p, ul)
as in Step 12. Then we can verify the required conditions. Furthermore, we can
verify i/ = 7/ and & = W where i/ and W are defined as in Lemma [3.2.7. By the
interface condition (3.160)) we conclude that the identity for 7/ in Step 6 coincides
with the definition in Step 9.

To ? - The outer expansion equations are satisfied by definition of
(e 15 s

To ﬁ - The inner expansion equations are satisfied by definition of
(¢, 17, 0’) and Lemma[3.2.6]- [3.2.9]

To (3.117)-(3.119)) and (|3 123))-(3.125)): The assertions immediately follow from
the definitions of (¢}, 17, uj;) and the results of Subsection

To (3.72]): Due to Lemma ” the inner-outer matching condition is satisfied.

To (3.73)): Since

07,7 10 - - .70 0
AW = —d'n° + i — p; — ﬂj(jq) gy I TU(OND
by definition of A/, the assertion follows from the definition of ;7 in Step 7, the

definition of &/ in Step 9, and Lemma [3.2.9, On I'° the matching condition follows
from (3.159) and the interface condition ([3.160). In both cases we use n(£z)—1 = +3

for 2 > 1 and D™ DD’ [;ﬂ Y(+z) — G| = 0(e7*) as z — oo for all m,n,l >0

and (x,t) € T'°(§) due to Lemma '
To ((3.74): Due to the definition of ¥ and @/, the assertion immediately follows from
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Lemma in T°(6)\I'°. On T it holds for z > 1

w(z,z,t) —uf (z,t)

1 - - Lo, i—1
=5 <uj +u; — u:(jq) — u*(j71)> + 51 & +ul — uj
1 1 1o ..
_ + - + - 0 -1
= -3 (uf —uy) — 3 (u*(j_l) + u*(j_l)) + 51 & +ul
= —wy tul’

since [uﬂro =1 + [uf(j_l)}r?. For z < —1 we obtain an analogous result. Then
the assertion follows from Lemma 3.2.6]

To (3.114))-(3.116]): Due to Lemma [3.2.12(- [3.2.15] the assertions hold.

To (3.64]): The equation is satisfied by definition of d”.

To (3.100): By definition of K’ the compatibility condition holds in T'°(§)\I'°. On

' the assertion follows from the interface condition [(CVuji) V] o = 1 Vdl+bj_y

and the same calculation as in Step 4.

To m In TO(§)\I'? we satisfy the compatibility condition by definition of ¢.
On I'Y the compatlblhty condition is satisfied by the definition of &/ = 7 in Step
9, the interface condition for ,u;t, and the definition of 277! in Step 6. Here
note that W = @’ (see Step 6).

To m In T9(§)\I'° we satisfy the compatibility condition by definition of /.
On I'° the compatlblhty condition is satisfied by the interface condition ([3.168|) where

a121 and al3, are defined by Step 10. Also we apply the inner-outer matchmg con-

dition 3.73. |

As consequence we obtain recursively.

Theorem 3.2.18. Let (1, uw, ') be a smooth solution for the Hele-Shaw problem (@—
. Then, for any fized integer K > 0, there exist V°,... VE such that the outer

expansion equations (3.69 (m (-) the mner expanswn equatzons (3-8 —, the
boundary-layer expansion equations and (3.125)- m the inner-

outer matchmg conditions - 3. 74 , and the outer-boundary matching conditions

(3.114)-(5.116) are satzsﬁed for k =0,...,K. In addition, (u,us,T°) coincides
with (u, u, F)

Remark 3.2.19. In Theorem we only consider a fized K > 0 because the
extensions of ,ulf and 'ukjE from QF to Q(jf UT%6) only lie in CK when we use the
ansatz of Remark[3.2.2. For smooth extensions this restriction is not necessary.

3.2.9 Construction of an Approximate Solution

By using the inner, outer, and boundary-layer expansions we construct approximate
solutions. Our aim is to keep the error term 74 in Theorem [3.1.1]as small as possible.
Let (y1,u,T') be a smooth solution for the Hele-Shaw problem (3.8))-(3.14) for given
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smooth hypersurface I'gg and some 7" > 0. Let K > 3 be an arbitrary fixed integer
and V°, ..., VE be defined as in Theorem [3.2.18]

Define
df(x,t) = Y ddi(x,t), V(x,t) €T0), (3.171)
s = ?(:c,t)ero(é):df(x,t):o}. (3.172)

We obtain that d¥ is a K-th order approximate distance function. This means that
d¥ vanishes on T'K and

VdE|" =1+ Y €V - Vd W(x,t) € T°(0), (3.173)
1<ij<K
i+j>K+1
where we have used (3.64)).

Now we are able to define a suitable inner, outer and, boundary-layer approximate
solution (cf, €, uf), (cfS, uf, ), and (cff, i uf§) by

K

cK(x,t) = Zei c(z,x, t)}z:dg/e V(z,t) € T°(4),
=0
K . .

W) = 3 ) e, V(o 1) € T(6)
=0
K

uf () =Y @z, 0)] e, Y(x,t) € T°(5).

I
o

(2

We define the outer approximate solution by

K

cS(z,t) == Zei ( H(, t)X@—I—ci_(x,t)XQg) V(z,t) € Qr,
1=0
K

us (x,t) :ZZ</J1 :thQ++,uZ(:1:t)X ) V(z,t) € Qr,
1=0
K

ul (z,t) : Z’( xtXQ+—|—u(xt)X > V(z,t) € Qr

1=0
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and the boundary-layer approximate solution by

K
ey (@) =) ¢ cylzat)] . — < eg(0,a,1) Y(x,t) € 0rQ(9),
=0
K . —_—
pp (x,t) =Y ¢ gz, 0|, — €S us (0,2,1) V(z,t) € 0r 2(d),
=0
K
uf (z,) =Y e uplzz,t)] _, V(x,t) € 0rQ(9) .

Il
=)

7

The next step is to combine the inner and outer approximate solutions. For that we
choose a smooth cut-off function ¢ € C§°(R) as in (2.21)) and define

ck in 8T9(5/2)
C?C(d3/5) +e5(1—C(dp/d)) i 0rU6\OrQ(5/2),
chi=1q & in Qr\(0rQ)UTO(S)),  (3.174)
KC(dO/5) c5(1=¢(d@/s)) inTO\IM(6/2),
ck in Y°(6/2),

where dp is the signed distance function to 9Q. We similarly define u% and uf.
Since the cut-off function ¢ is smooth this also holds for (¢, uff, uff).
An important question is how good our approximate solution (cﬁ‘( ) ,uﬁf , uIA( ) is. For

that we consider (c&, pf uk), (¢, u5,ul), and (&, uk, uk) separately. Notice that

% — dO*—:dl = ‘Zl , €71d"| <1 for all € small enough, and hence by Remark [3.2.5]
O;rn]f, —i—O;?y;,‘Z:dg{/ = 0 and P] 77N —i—Pj_?y;,‘z:dg(/e =0,for j=0,..., K —2. By
the inner expansion equations (3 we obtain for all (z,t) € ['°(6) and 2 = d¥ /¢

((er)e = Apr ) (=, t)

MAEET U i+j (i T e
—E—szzﬁg > €T (cld] - 2Vl - Vd — L Ad)
i=0 0<i,j<K

S K

K
i (0 i - 1 i+j gip g
+ ZK: E (Ct_AM) _ K thdon//+e_2 Z €+thj77//

i=K—1 0<i<K

0<j<K-1
i+j>K+1
1 o
—e LA = T éHd Ly V(. t) € T°(5), (3.175)
€ 0<i<K
0<j<K-2
i+j>K
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where we have used (3.173)). Furthermore, we have by the inner expansion equations
(3.83) for all (z,¢) € FO((S) and z=dN/e

(ur +eley — e fler) = Weler, £(uy ) (x, 1)

K 2 K
i 1= |vdE] .
o K K i i € i1
= *pu —FE‘Z €'Ac — Zeczz
i=K—1 =0
+ Y €T (2Vel -V + EAd) — KR, )
0<3,j<K
i+j>K
+ Y dVTEC(ul @ V) + FEr evu — Fercerc
0<i,j<K
i+j>K+1
—I—EK_ng_ldOn'— Z €i+jgidjn/+€K—1de077/
0<i<K-2
0<j<K
+j>K
= Y ey Y(at) € TO(0) (3.176)
0<i<K-1
0<j<K
i+j>K+1

and by the inner expansion equations (3.82) for all (x,t) € T°(d) and z = d¥ /e
(div (CVu}) — div (CE* ¢} ))(, 1)
= Yo @ o V) Vd + Y e Crpr ()00 d )

..... d
0<i,j k<K 0<ij<K
i+j+k>K+1 +j>2K
i . 4

+ g N Crar (W) 20w d? V=1, a + E e (Cvuy) Ve

0<i,j<K 0<i <K

i+j>K i+j>K
+ E Y(Cripr Oy ) g=1,...a — E el (cen)vd

i=K—1 0<i,j<K

+j>K

K

§ E(CENVCE — § eI 2 MVn" + X200 M5y

i=K—1 0<i<K

0<j<K-1
iti>K+1

— Y ETTA MK + K2 MK Yy

0<i<K

0<j<K—2

it >K
. § : z+] 2dzJ 77 —|—6K 2d0 K // V(fL’,t) €F0(5). (3177)

0<i<K

0<j<K-1

i+j>K+1
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By definition we obtain for the outer expansions in Qf U Qg

(c5)e = Apg =0, (3.178)
1o + e — e 1 f(eg) = Weleg, E(ug)) = € pic = € f¥ (g, i)
K
+eKEF L C(E(ug) — Er ) + Y €T A, (3.179)
i=K—-1
div (CE(ug)) — div (CE*F) = 0. (3.180)

Finally, we get for the boundary-layer expansion in 92(0) x (0,7) and z = dg/e
((c5)e = Ay ) (2, t)

K
= N (ef.dpy —2Vpg - Vdp — ply Adp) + Y € (cy, — Aply)
i=K—1

—" (c54(0) = Apg(0))  V(z,t) € 9Q(6) x (0,T), (3.181)

where (cB(0), u55(0)) = (c&, u5)(0,x,t) for all (z,t) € 9Q(d) x [0,T]. For the chem-
ical potential equation we get in 9Q(0) x [0,T] with z = dp/e

(1 + ey — e fley) — Weley, £(ug)))(@, 1)

K+1
= fulf + eKQchZ -Vdp + echvadB + Z e Acl!
=K
—eB R, el — cB(0)) 4 fE  CVuly — K ErcEF ek

—" (g (0) + eApgs (0) — e f'(60)cis (0) — E* : CE* e (0))  (3.182)

for all (z,t) € 0QJ) x [0,T]. For the equation of the stress tensor we obtain in
0Q(9) x [0,T] with z = dg/e

(div (CVuy) — div (CE*ch))(z, 1)

= " (Cijiy0;(uf).05dp) + e (Cijiry (ug )05 dp)

i=1,..d i=1,...d

i=K-1

— 3" (CEN) Vs + (CENVES(0) V(a.t) € 905) x [0,T]. (3.183)

i=K—-1

Additionally, we check the boundary conditions on 92 x (0,7"). Consider the bound-
ary conditions (3.123))-(3.125|) and note the extra terms €% ¢ (0, z,t) and €* 5 (0, x, t)
added in the definitions of c5 (z,t) and uX (x,t). Then we obtain

0 , 0

uf =0 and 9,00 = %,ug =0 on 092 x (0,7).
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It remains to show how good the approximate solutions (cf, uX, uf{) are in the do-

mains ['°(§)\I'°(6/2) and 9rQ(6)\drQ(5/2) where we have glued together the inner
and outer approximate solutions and the boundary-layer and outer approximate solu-
tions. By definition |d°(z,t)| € [6/2,4) for (x,t) € T9(§)\I'°(§/2). So for sufficiently
small € the property |dX| = ’Zfia €'d'| > /4 is valid for all (x,t) € T°(6)\I'°(5/2).
Applying the matching conditions (3.72)) yields

Hcf - Cchz(FO(d)\FO(a/z))

K
= |[C(d/0) Y € (¢(dE e, x.t) = ¢ (1))
=0 C2(I0(6)\I°(6/2))
= O 2 i), (3.184)
and analogously we get
9 _as
H/Li(_N[O(HC2(FO(5)\F0(5/2)) = Ole %e i), (3.185)
K K _ -2, —od
|ul} —uOHCQ(F%)\FO(é/QD = Ofe e ). (3.186)

By using the outer-boundary matching condition (3.114]), a similar statement holds

Hcf —Co HC2(aTQ(5)\aTQ(5/2))

((dp/d) (Z € (cy(dpfe) — cf) — el (0))

i=1

C2(OrQ8)\0rQ(6/2))
)+ O(") . (3.187)

_ad
2¢

= Ofe %

A similar relation holds for (%5, u%) and (u5,uk). Since the equations (3.1)-(3.3)
contain second space derivatives and a first time derivative, we have used the C?-
norm. Therefore by (3.173)-(3.187) the approximate solution (c, %, uf) fulfills the
following equations

() — Apk = ex(w,t f2) in Qx(0,7),
pa +eAck — e f(eh) = Weleh, E(ul) = O("™)  inQx(0,T),
div (CE(u)) — div (CE*cly) = O("7?) in Qx (0,7),

=0

Dl =2uh = on 02 x (0,7,
i 0,7).

u,; =0 on 0f) x
Here and in the following the Landau symbols are with respect to the C°-norm unless
noted otherwise. In the same way as in [10], we modify ¢ and pf so that the error
term eg vanishes. We set ¢§ = cf — ﬁ Iy Joex(&,7)dédr and pSy = pX — éx(,t)

)
)
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where ég (x,t) is the solution to the elliptic problem

Aég(z,t) =eg(x,t) — ’ﬁl| /Q ex(&,t)d¢  in Qp,
0

—éKZO on 8TQ, /éK<€,t>d€:O VtE[O,T]
on Q

Note that éx = O(eK72) since e = O(ef72). In addition, we define uy = uf.
Therefore (¢, u4,uy) satisfies

(%) —Aups =0 in Qr, (3.188)

ps 4 €Ay — €1 f(c5y) — We(chy, E(uG)) = O(F3) in Qrp, (3.189)
div (CE(uy)) — div (CE*,) = O(X72) in Qr, (3.190)

Ly =2p5=0 on Orf2, (3.191)

(3.192)

uy =0 on Orf).

Remark 3.2.20. With (3.24) and (3.25) we can specify the size of K.

k
K—32%>d+2,5.

In particular, it is sufficient to calculate the 8th order term of the expansion in two
dimensions and the 9th order term in three dimensions.

We summarize the results of this subsection in the following theorem.

Theorem 3.2.21. Let I'gqg C € be a given smooth hypersurface without boundary
and let (ug, ug, T°) be a smooth solution to the Hele-Shaw problem (@— for
t € [0,T] with initial value Tog such that T C Qx [0, T]. Then for every K > 3, there
exists a positive constant eg such that for every e € (0, o] there exists an approximate

solution (%, 1%, uS) satisfying - . Additionally, it holds as € 0
154 — MOHCO(QT) = O(e),

HC;([E,t) _QO(dO(x7t)/€+dl(xvt))H(jO(FO((g)) = O(E),
1% F Uleogivropey = Ol6),
|y — UOHCO(QT) = Ofe).

Proof: The construction of an approximate solution (c%, u%,u%) satisfying (3.188])-

(13.192)) is described above.
Due to the construction of 4 and ([3.185]), it follows as € N\, 0

1154 = Bollco@r o 2araisay = O€)-

So it remains to consider the domains I'°(§/2) and 9r€(6/2). By triangle inequality
it holds

1654 — kollcogrogs 2y < HNZ - 'LLOHCO(I‘O(é/Z)) + H”O - MOHCO(FO(6/2)) :
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By definition it follows ||ug — u0||co(ro(5 oy < Ce. To estimate the second term,
Lemma 3.2.16| gives us the exact definition of u°. Therefore we have

0

|10 — ;LOHCO(FOWQ)H%) = [0 =n(df/e))(ug - ua)HCO(FO(é/Q)ﬂQ(J{)

= |Ixqax<a (kg — ua)HC’O(FU(zS/Q)OQS')
< Ck,

where the second equality follows from (3.75)) and the last inequality from pud = g
on I' and {d¥ < e} C {d® < Ce} for some C' > 0. The proof for I'°(6/2) N Qy is
done in the same way. Since u% = ug in 97Q(5/2), the construction of u yields

1154 — ol coapas ) < C€

for some C' > 0 independent of e. We analogously show
Jufy — uOHCO(QT) + ¢ F 1HCO(Q3E\F0(6/2)) =O(e) .

To estimate the last term, we again consider the domains T'°(§/2) and T°(§)\I'°(5/2)
separately. We use that ¢ = ¢ — c§ + c&f and apply ¢§ = ¢l in T°(6/2) and the
triangle inequality to obtain

¢ — Op(d°Je + d"

)”00(1“0(5/2))

K
< el - CfHCO(rO(a/z)) te Z el
i=1 CO(ro(5/2))
dO K ] ) dO
+ {160 (— +d' + 62 e”cf) — 6 (— + d1>
‘ i=2 ‘ CO(r0(6/2))
< Cef 2+ Ce+Ce (3.193)

since 6 is a Lipschitz function. In T9(§)\I'°(§/2) we write the difference ¢ —0y(d°/e+
d') as

& — Op(d°Je + dV)
C(d"/6) (Bo(dE [€) — Oo(d" [ + d"))

+ (4 = S /0)00(d5 ) + (1= C(d/6) @xgp — 1))
(1= (d/8)) ((2xg5 — 1) = bold®fe+d")) .

On the right-hand side the first term can be estimated as in (3.193)). For the second
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term we use the definition for ¢ in T?(6)\I'°(§/2)

¢y = [Cd/8)80(dE f) + (1 = (/) 2xgp — V)|

COTO(6)\I(6/2))
= HCEA - Cf”oﬂ(rﬂ(a)\row/z))

+ e = [c(d/0)60(d o) + (1 = ¢(d/8)) 205 — 1)
< Cef72 4 Ce.

COTO(8)\I(6/2))

To estimate the third term on the right-hand side, we use that |d° + ed'| > §/4 in
I'°(6)\I'°(6/2) for all € small enough. Then applying the property (2.9)) yield

< Ce’%f

2x ot — 1) — Op(d° d'
H( Xoi =1 = Oo(d'/etd) CO(TO(§)\TO(5/2))

for some constant C' > 0. This completes the proof. O

3.3 Convergence Result

Theorem 3.3.1. Let 2 be a smooth domain and gy be a smooth hypersurface in

Q without boundary. Assume that the Hele-Shaw problem (5.5)- has a smooth
solution (u, u,I") on a time interval [0,T] such that I'y C Q for all t € [0,T] where
[ = Upcicr(Te X {t}). Then there exists a family of smooth functions {c§(x)} <

which are uniformly bounded in € € (0,1] and x € Q, such that if (ct, u¢) satisfies the
Cahn-Larché equation

¢; — A (—eAc 4+ €7 f(c) + We(c5, E(u))) =0 in Qr, (3.194)
divWe(c5, E(u)) =0 in Qp, (3.195)
Dot = 2 (—eAc + e f(c) + We(c E(u))) =0 on OrS, (3.196)
u =0 on OrfQ, (3.197)
g = 6 on ), (3.198)
then
li_r)% c(z,t) = {_11 ZE Eﬁ:g E g; uniformly on compact subsets,

lir% (—eAc + €7 f() + We(c5, E(w))) (2, 1) = p(z,t) uniformly on Qr,

lin% u(x,t) = u(z,t) uniformly on Qr,
€E—

where Q1 and Q~ are respectively the exterior (in Q) and interior of T.
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Proof: Let (¢, 1%, u) be the approximate solution constructed in Theorem [3.2.21]
Then by Theorem [3.1.2| and [3.2.21] we obtain

lim lc¢“ F Uloo@t\rey = 0,
P_{% [ — NHCO(QT) = 0,
im 0" — e,y — O

for every 0 > 0 small enough, as long as ®§(.) = (., ) has the form (2.20).

Hence we have to check that ®¢(.) = ¢5(.,t) has the form (2.20) where r = ()
is the signed distance function to I'f* = {z € Q:d¥(z,t) =0}. Observe that
Vd¥ = Vd® + ¢ K, é7'Vd'. Therefore by implicit function theorem (¥ is a
smooth hypersurface for all ¢ > 0 small enough since Vd° = Vro on I'%. Moreover,
the C? norm of T'f can be bounded independent of € € (0,1] and ¢ € [0,7] (for
the definition of the C® norm, see Remark . This can be seen as follows. Let
g:U CR¥ = Rand U C R? such that T°NU = (U, g(U")), that is the manifold
% is locally (possibly after rotation) the graph of g. As in Section there exists
a > 0 such that 7 : I'% x (—a,a) — im(7) defined by 7(xg,7) = zo + rvr,(70) is a
smooth diffeomorphism. Furthermore, define the function F' : U’ x (—a,a) — R by
F(',r)=r+ K, édi((2', g(z) + rvn, (2, g(z'))). Since

0

@) =1+ ZEini((fC@g(ﬂf')) + vy (2, g(2"))) - v (2, g(27)) > 0

for all (2/,r) € U’ x (—a,a) and for all € > 0 small enough, we can apply the implicit
function theorem and obtain f : U" — (—a,a) such that F(z/, f(2’)) = 0. Here
we can define f in the whole space U’ since we find for every ' € U’ a number
r such that F(z/,r) = 0 provided ¢ > 0 is small enough since F(z',—a) < 0 and
F(2',a) > 0 for every 2’ € U’ and for all € > 0 small enough. So it holds (z/, g(z’)) +
f(@vry (2!, g(2)) € TEX for all 2/ € U’ due to d°((2/, g(z')) + f(2")vr, (2, g(2'))) =
f(z'). Since

K

fla') = = éd((a, g(a") + f(@ vy (2, g(a')))
i=1

and

v
O F(2', f(2'))

we can verify by direct calculation that || f|| s < Ce for some C' > 0 independent
of €. As above there exists some a > 0 such that 7 : U’ x (—a,a) — im(7) defined by

Vo f(2') = (Vo F) (@', f(2')),

F(@',r) =+ rvpex (2) for @ = (2, g(2")) + f(2")vr, (2, g(2')) .
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is a smooth diffeomorphism. Since

1

k(] ¥ )

for x = (2, g(2")) + f(a')vr, (2, g(2)) and for all x € U’, we can conclude by (3.173)

<C
c3(U)

o (@ 92 + £ a0, g 0))

for some C' > 0 independent of €. Hence it follows that there exists some C' > 0 inde-
pendent of € such that [|7(2",7)||cs @i (_aa)y < C- So we can conclude ||| s sy <
C since r¢(x) = (771(x))q and 7o 771 (x) = z for all z € im(7). Since there is an
integer L > 0 such that 'Y C Ui:1 Uyand T°NT;, s = 1,...,L, can be described
by a graph, the C? norm of I'‘¥ can be bounded independent of . We set dy = 6/2
where ¢ is as in Section [3.2 Hence T (dy) C I'%(d) for every e small enough. The

construction of ¢ in Section [3.2| yields for all (z,t) € Qr\Or2(9)

a

4 = cf—i—Ri‘
= ((ri(2)/d0)e + (1= C(ri(x)/80)) 65
+ (C(d(x, 1) /8) = C(re(x) /00)) (ef —¢5) + R4

for some function R4 (t) such that |RS(t)] < Cef=2 for some C' > 0 and for all
€ [0,T]. Since ((r¢(z)/do) — C(d°(z,t)/d) = 0 in TK(55/2) NT(5y) = T (50/2)
(for € small enough) and due to the inner-outer matching condition, we obtain

[(C(d*(,1)/0) = C(r(x)/00)) (e1 = €5) | perc sy < €
for all € > 0 small enough. Moreover, note that cf(z,t) = 1 + Z Led (e, x,t)
(#,.,.)‘ < C for all i = 1,..., K. Hence in order to satisfy
C0(0rQ(9))
(2.23))-(2.26)), we can replace ¢ by
C(re(x)/do)er (x,) + (1 = ((re(w) /80)) ¢6 (w, 1)

for all (z,t) € Qp and for K > 4. Obviously, we set qﬁfﬁ = cg in 27. Due to the
construction of ¢& in Section condition ({2.26)) is satisfied for C, large enough. So
it is sufficient to verify that ¢ satisfies (2.25)) and that for all (z,t) € T'*¥(5,) C T'°(9)

2,t) = 0o (") + ept(Si(x), )01 (") + €27 (x, t)

€

such that 6, satisfies (2.23)), and p®(z,t) and G°(z,t) satisfy (2.24). Here Si(x) is the
projection from z to I'{" along the normal of T'¢¥.
Before we verify these three conditions, we estimate 7, — d¥(.,t). For x = Sy(z) +

co(g,x,t) +ecl(d§,




ri(x)vpec € TER(09) we obtain

re(x)
2ry(x) — d¥(2,1) — / 2 — 2.Ld5 (Sy(x) + rvpe, 1) dr
0

re(x)
= / 2 = 2Vry(Sy(x) + Tvpex) - VdX (Sy(z) + TUpex, t) dT
0

/rt(:p)
B 0

2
Vr(Se(x) + Tvper) — VdX(Sy(z) + Tupe, t)| dT

ri(x) 2
—/ (‘Vdf(st(x) + TVF§K>‘ — 1) dr (3.199)
0
since Vry(Sy(x) + Tvrec) = Vri(Si(x)) = vpex on K. Using VI dX = 0 on [K
and “Vdf}g — 1‘ < Cef+1 we get
COI<K(d0))
\vFinf (cc,t)‘ < Cryz) in DK (3,) (3.200)
and

|Vdf< - Vrt‘ < Cefon TER

for some C' > 0 and where V" = V — Vry(Vr, - V) is the tangential gradient on
<K, Hence it follows from the estimate above

}Vdf(x, t) — Vrt(x)’ < Ory(z) + Ce¥Fin TR (8))

for some C' > 0 independent of € and ¢ € [0,7]. Applying this estimate to (3.199)
yields for all z € T¢% ()

Ire ()]
ry(x) — dX(x,1)] < C/ 2 dr 4+ Cef* = C'|ry(2)]P 4+ CeKF1. (3.201)
0

By using this estimate, one can conclude another useful property for all (z,t) €
FGK (50)

@) < a0+ i) — d )] < [ ()] + C @)+ C
< |dE(z,t)| + C& ()] + Ce

Choosing &, small enough yields for all (z,t) € T (&)
()] < C|dE(z, )] + Ce™ T (3.202)
for some C' > 0 independent of € and (x,t) € T¥ ().

Using (3.200), we can verify (2.25) as follows. Since °(z,z,t) = 0y(z), we get for all
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(z,t) € TK(4y)

cx Lo ) 9]
v cf((a:,t)‘ = <[Vrt —1—;( A )a]Zelczzxt>

S C+ ’rt‘(sx” gé(df(m,t))

] o
€

where we have used ([3.202)) and the fact that the function A : [0, 00) — R defined by

h(z) = ze~** is a bounded function (h takes its absolute max1mum at z = & =)

We continue with condition (2.23). To this end we solve for ¢!. For (z,t) € TV the
equation for ¢! in (3.83)) reads

< crolfl = <o, (3.203)

cl — (b))t = =& :C((1)), ® Vd°) — u°’ — Ad°2

—&*:C(Vu° — £*0y) — 2k

= =& :C((u)). ® Vd’) + 0 Ad’ + 1&* : C(Vug + Vuy)
—Ad°Gy — E*: C(Vugn + Vug (1 —n) — E*0p)
—2&*:C(1° @ Vd )

— & (), ® V) + oA — A,
+3&:C(Vuf —Vuy ) — & : C(Vuy — Vuy )y
+&*: (CENGy — 2% : C(1° @ V), (3.204)

where we have used the definitions of (¢, u° u® k%). To handle the term on the

right-hand side, we calculate (u?),. Here we use the ordinary differential equation

(3.82) on T°. By (3.104) we obtain lim,_, ., d.u%(z) = 0, and therefore we get
). = [ (s ds

= M o0y~ (G ()05 )i
—(CVu )Vd0 + 05(CEN)VA] — s1°9" ds.

The matching condition limz_> o (00(2),u%(2)) = (=1,ug) (see (3.72) and (3.74))
and the equation [*_ sn"(s)ds = z1/(z) — n(z) yield
(). = M~ [ (Cijiry05(ugn +ug (1= 0))i0pd)izi..a
+< zyzg’auola d)z 1,....d
—(Cijiryr (uo77+uo (1 )i 0y d°)i-t,...d
+(Ci
+(

.....

CVuO )Vdo + eo(cg*)wo + (CENVA] — 201”4+ q1°,
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where we have used the definition of u®. Since [S Vpy = [uy] ro = 0, we can conclude
t

(u)). = M [=(Cijij/(Vug — Vug)i;0yd’)iz1,..an
—(C(Vuf — Vuy))Vd'n + 16,(C(Vug — Vuy))Vd’
+1(C(Vuf — Vuy))Vd’] — zn1° +91° on I,

- (%(uar—ua)@{)VdO on

So we obtain

The interface condition [uo] = 0 also yields Vug — Vu,
I'°. Furthermore, note that M= (Cijirjr0;d°0;d°)¢

i,0/=1"

(W) = ~20(2) (g —ug) + 50(=) (g — ug)
yaug —ug) 2 () gl

where we have used the definition of 1° in the last equation. We insert this equation
into (3.204) and use Vuj — Vuy = £ (uf — uy) ® Vd° on I'’ to obtain

ez, — ['(0)c' = oA’ — A" + 0y (E* = (CE) — L& : C(Vu — Vuy)) .

Since [Sv]ry = 0 and divS = 0 in Q7 , we obtain CE* — 1C(Vuf — Vug ) = [S]re = 0.
Therefore ¢! satisfies the following ordinary differential equation on I'°

cl — f(0o)c! = o Ad® — G A",
and so c'(z,x,t) = Ad°(z,t)0,(z) on I'° where 0, satisfies
07 — f'(0)0r =0 — 0y in R, 6,(0)=0, 6 €LR).

Since [, (0 —6})0; = 0 by definition of o, Lemma yields that 6; exists and is
unique. By integration by parts we show that 6; satisfies the property ([2.23)

_ / 00— 0) dz — / 6 (07 — £(00)0,) d=
R R
—4%@#¢%W@+4W%WW&M=AW%WW%M-(M%>

It is natural to set for all (z,t) € TK(5y)

)) et (cl <%,az,t> — p(S(z),t) 01<”£x))> .
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Then due to construction, it holds in T (&)
co<d§K, , ) —|—ecl(dz ) =6, ( ) + ep(S;(x), )9%@) + g (z, 1) .

It remains to verify condition (2.24). We denote by SP(z) the projection from z
to 'Y along the normal of T'Y. By geometric arguments we estimate S;(z) — SP(x)
for all (z,t) € IK(8). Let (z,t) € T*(dy) be any point. W.lo.g. we assume
d®(x,t) > 0. By definition of T¥ there exists some C' > 0 independent of (x,t)
such that Bgo(ypice(z) NTE # 0. Moreover, there exists some y € €f such that
By (y)NIY = {SP(x)} and d°(y, t)—d°(x,t) > & for 0y small enough. In particular,
Bz (2) C Baogy)(y) and 0By (y) N OBaousy (x) = { Sy (x)}. Again by definition
of ' there exists some C' > 0 independent of (z, t) such that By, 1y—c.(y) NI = 0.
Then it holds SP(z), Si(x) € Bao(zt)+ce()\Bao(y1)-ce(y). As shown below, we obtain

|Sy(z) = SP(z)| < Ce V(x,t) € T () (3.206)

for some C' independent of € and (z, ).

Let us prove the estimate (| m Let 2 € Byo(zp)+ce(®)\Bao(y,n)—ce(y) and let p € Q
be the orthogonal projection of z onto the line {x + ¢(z — y) : t € R}. For convenience
we right ab instead of |a —b| for a,b € R%. By the construction of By, (z) and
By (y), it holds d°(y,t) = Ty+d°(x,t). By the Pythagoras’ theorem we can follow

Pz +prt =720 < (d(x,t) + Ce)? (3.207)

and

P2+ Py =72 = (d°(2,t) + 7Y — Ce)?
since 2 € Byogt)1ce(T)\Baoy,t)—ce(y). Using these estimates, we get
(d°(x,t) + Ce)* + 75* + 2Ty pT
pz* +pa° + Ty + 23y T = Pz + (pT + TY)* = P2’ + By’
(d°(z,t) + Ce)® + 2(d°(z,t) + Ce)(Ty — 2C¢€) + (7Y — 2Ce)*.
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Hence we obtain
27y px > 2d°(x, )Ty — 4C€ (do(x, t) — x_y) ,
and therefore
pT > d°(z,t) — % e(d(z,t) — 77) .
Since p € Byo(zp)+ce(r) and Ty > dp by definition of y, we conclude
pz — d°(x,1)| < Ce, (3.208)
for some C' > 0 independent of €. Applying , one can conclude
pz < Ce

for some C' > 0 independent of e. Hence by triangle inequality it holds for all
2, W € Baogpy+ce(1)\Baoy,t)—ce(V)

|z — w| =Wz < Ppw + P22 + Pups < Ce

for some C' > 0 independent of € and where p,, and p, are the orthogonal projection
of w and z onto the line {z + t(x —y) : t € R}. Here we have used p,p, < Ce due

to the inequality (3.208]).

For all (z,t) € I'“K(8y) we can conclude by triangle inequality

(£)-H()] + o (£200) (200
et cl<”(x) a:,t) —cl(&f),s,?(x),tﬂ

(M2, 89(2), 1)~ (Sulw), ) 0y (22 (3.:209)

We apply the mean value theorem to the first term on the right-hand side to obtain

00 (22) — 00 ()] < e [ 1) — o) 0y (2200
1.3 —olnl ’Tt|2 alrsl
< Ce 677:C€—Q€*Te|rt\

for some © = O(x,t) € (0,1) and where we have used ([3.201)) and }dﬂ < Clr| +
CefF1 see (3.202)). Since the function A : [0,00) — R defined by h(z) = 227 is
bounded (it takes its absolute maximum at z = 2), it follows

90@) - eo(ﬁ)‘ < Celr| in T (6)

for some C' > independent of ¢ and (z,t) € % (4y).
We obtain the same result for the second term in (3.209) by the same arguments

cl<£> - c%@)‘ < Celry| in TH(8)

€

93



for some C' > independent of € and (z,t) € % (4;).

Again applying the mean value theorem to the third term in (3.209)), yields for all
(z,t) € TK(dy)

ct (@, T, t) — (”ix) ,S(x), t> ’

Cla— 5P(z))

|re(z)| + ‘do(:v,t) — rt(:r)‘
Clri(z)| + Ce,

INIA A

where we have used |d° — d¥| < Ce and (3.201)).

For the last term in (3.209) we use that ¢'(z,z,t) = Ad°(z,t)0;(z) on T'°. Then we
conclude for all (z,t) € T%(dy)

\C%@»S?(w),t) — p*(Si(x), 1) el(rtgr))
< A8 (@), t) — Ad(Sy(x),1)] ‘91<rt£af)>‘
< C|Si(z) = S)(w)] < Ce,

where the last inequality follows from ((3.206)). Altogether, we get the estimate

T (z,t)| < C(L+ et r(a)]) V(x,t) € DH(5).
Hence p¢ and g¢ satisfy (2.24]). This completes the proof. O
Remark 3.3.2. The initial value c§(x) = ¢(x,0) is independent of the solutions
for the modified Hele-Shaw problem and the linearized Hele-Shaw problem. This can
be seen as follows. By solving the first order partial differential equation with

Cauchy data d*(z,0) = 0 on Ty, we can directly determine d* for all k € N. Hence
one can find V¥ for t =0 and for all k € N.
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4 Classical Solutions of Sharp
Interface Models

We show that the Hele-Shaw problem - and the linearized Hele-Shaw prob-
lem — have smooth solutions. For the proof we transform these problems
to fixed domains. To this end we apply the Hansawa transformation. In the follow-
ing we describe the construction of the Hansawa transformation and summarize some
facts about it.

We assume that the domain @ C R? has a smooth boundary 9. Let ¥ C Q be a
smooth (d— 1)-dimensional reference manifold without boundary such that ¥ = 09~
for a reference domain Q= C Q. We set QF := Q\Q, that is, ¥ separates € into an
interior domain 2~ and an exterior domain Q%. Denote by vx, the unit normal of X
that points outside €27. We observe that the function

N ¥ X (—ag,a9) = R (2, \) = = + Avg(z)

is a smooth diffeomorphism onto its image B, (2) := im(N) C Q provided 0 < ag <
dist(X, 0Q2) is small enough where ay depends on the maximal curvature of ¥ and
dist(X,09), cf. [41] Kapitel 4.6]. For the inverse of NV we have the decomposition
N=1 = (S,ds) where dx(y) is the signed distance from y to ¥ and S(y) is the
orthogonal projection of y onto 3. For some “height function” h : ¥ x [0,7] — R,
we define the map

Op X x[0,T] = Q: (x,t) — x4+ h(z, t)vs(z).

Then for every ¢ € [0, T] the function (., t) : ¥ — Q is injective provided |h(z,t)| <
ap for all (x,t) € ¥ x [0,T], and we define for ¢t € [0, T]

Fh(t) = {Qh(l’,t) S Z} .

Then I') separates €) into an interior domain Q;(t) and an exterior domain QZ(t)
such that Iy = 89;(

p and Q= Q\Q, . Furthermore, we use the definitions

Doy = |J Tuy x{t}) and Q= (] (@5, x{1}).

te(0,T] t€(0,7]
Note that for fixed t € [0, 77, ['y4) is the zero-level set of the function

Byt Bay(2) % [0,T] = R : (2,8) — ds() — h(S(x),1) .
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To transform the Hele-Shaw problem (3.8)-(3.14) and the linearized Hele-Shaw prob-
lem (3.161)-(3.170) to fixed domains, we extend for fixed ¢ € [0, T the diffeomorphism
On(.,t) : ¥ — im(0,(., 1)) to Q by the so-called “Hansawa transformation” that was
first introduced by E. I. Hanzawa [39] for multi-dimensional Stefan problems. One
can apply the Hansawa transformation not only for the Stefan problem, for example
see [28] or [7]. We choose a € (0,ap/4) and fix some x € C*(R,[0,1]) such that
X(A) = 1if |A] < a, and x(A) = 0 if |A| > 3a and such that sup |x'(\)| < 1/a. Then
we define

On(x,t) =+ x(ds(z))h(S(z), t)vs(S(z)) . (4.1)
Since N : ¥ X (—ag,a9) — By (X) is a smooth diffeomorphism and the function
(A= A+ x(A)h(s,t)] is strictly increasing for all s € ¥ x [0, T provided ||A(.,t)||q0 <
a for all t € [0,T] (note that sup |x'(\)| < 1/a), we can conclude that

O (., 1) € Diff’ (2, ) N DIl (QF, 5,)) V€ [0,7)
if h(.,t) € C°(X), 6 € [1,00]. Furthermore, it holds for all ¢ € [0, T]

Onlsxor =0 and  On(.,1)[p, 90) = Ids,00)
for some sufficiently small b > 0 where B,(0Q2) = {z € Q : dist(z,0Q) < b}.

4.1 Classical Solution of the Modified Hele-Shaw
Problem

Our proof is based on a paper of Escher and Simonett [29].

We consider a smooth domain Q C R? which is divided into two parts Q*(¢) and
Q7 (t) with a common interface I'(t), ¢ > 0, that is, 9Q~(t) = I'(¢), 092~ () N9 = 0,
and 001 (t) = 0QUT(t) for all ¢ € [0, T]. Then we seek for a solution to the problem

Ap=0 in Q*(t),t € (0,7T), (4.2)
divS =0 in QF(t),t € (0,7), (4.3)
V= =5Vl v on I'(t),t € (0,T), (4.4)
p=ok+ " [WId - (Vu)TS]F(t) v on I'(¢),t € (0,7, (4.5)
[Sy]r(t) = [u]r(t) = Mr(t) =0 on I'(t),t € (0,7), (4.6)
Lp=u= on 082,t € (0,7), (4.7)
I'(0) =Ty for ¢ = 0. (4.8)

As above let ¥ C 2 be a smooth (d — 1)-dimensional reference manifold without
boundary such that 3 = 9Q~ for a reference domain 2~ with a smooth boundary
sufficiently close to Q7(0). We define Q* := Q\Q~. For some sufficiently small
0 < a < ap/4 and given o € (0,1) let

A:={heC?*X): |hl|m <a}, (4.9)
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where ag and a are given as above. In the sequel we need the spaces
Vi=hT2)NA and U= h*P(X)NA

for some fixed ag, 8 € (, 1), f < ap, and where the little Holder spaces are defined
as in Section 2.3l
We assume that

F(t) = Fh(t) = {Qh(t)(l') X € E}

for some h : [0,7] — 2 and fixed T" > 0.
Then for given hg € 2 we can reformulate the Hele-Shaw system (4.2))-(4.8)) into

Ap =0 in O, (4.10)
divS =0 in (4.11)
V - _% [V/’L]F(t) -V on Ph,T, (412)
p=ok+ v [Wid— (Vu)'S], v on I'yr, (4.13)
[SV]ry = [)pgy = [ulpe =0 on I'yr (4.14)
Lp=u=0 on O0rf), (4.15)
h(.,0) = hg on %, (4.16)

where Q,jfT and I';,  are defined as above. As main result of this section we obtain:

Theorem 4.1.1. Let hg € V be given. Then, for sufficiently small T > 0, the
problem — possesses a unique classical solution (u,u,h), i.e.

:U’("t) = (M+(.,t),ﬂ_(.,t)) € COO(%) X Coo(Qh(t))’ te (O’T]’
u(,t) = (uh (1), u (1) € C¥(Qf ), RY) x C°(Qy, RY), € (0,T],

h e C(0,T],V)NC>®(2 x (0,7)).
Moreover, the interface depends analytically on the time variable.

We want to express the normal velocity V' of I'(t) and the outer unit normal v
by h. Since I'(¢) is the zero-level set of the function ®4(., %), the normal velocity V'
of I'(t) at the point y = 0, (z,t) = Op(z,t) is given by

atq)h(y7t) o ath(xu t)

V(iz,t) = — —=———— T J
V@ (y, t)] y=0 (z,t) Vy@n(y, )] y=On(z,t)

and the outer unit normal field on I'(t) is given by vry = V,@4(., 1)/ |VyPu(.,1)|.
As a consequence equation (4.12)) takes the form

1
8th('r7 t) = _5 (vu+(y7 t) - v:u_ (y7 t)) ) qu)h(y7 t)‘y:@h(z,t) : (417)
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To describe u* as a function of h, we introduce the following operators. For a function
ut € C*(QF) N CHOQE) and h € A we define the transformed differential operators

AF(h)u* = (A(u*06;1) 06y,
BE(hyu* = y*((V(u* 0 6;1) - V&) 0 O4),

where v denotes the restriction operator from Q* to ¥, and we define for a function
wt € C2(QF)L 0 CLOF)
£ = (div(CV(wF06,1))) 06y,
DE(h)w* = 7= (((CV(WF 0 0, 1))V, / [VPs]) 0 O4)
Ef(h)w* = & :Cy5(V(wF00;,1)00y),
F(h) = 2((CE)VP,/ |[VPp|) 0 O

Note that we again use the symmetry of C, that is, CE€(w) = CVw. Furthermore, we

set for u = (u™,u”) € C*(QF) x C?(Q~) and w = (w™ ,W:) C?(QH)? x C?(Q-)?
A(h)u = (AJr(h)u+ A*(h uw),  B(h)u:=B"(h)u" — B~ (h)u",
C(h)yw := (CT(h)wr,C~(h)w™), D(h)w:= DT (h)w" — D~ (h)w~,  (4.18)

)
h)yw := ET(h)w™' + E (h)yw™ .
The transformed mean curvature operator is defined by
H(h):=kpo©O, onXx

for h € A and where &}, is the mean curvature of I',. Assume that 'y = I'j,, for some
ho € . Then we are able to express the motion equation (4.17) by an evolution
equation on X

1
O+ 5B(R)u(h) = 0, h(0) = ho. (4.19)
where u(h) is the solution to the transformed Laplace equation
A(h)u =0 in QF, (4.20)
u=ocH(h)— E(h)w on X, (4.21)
Lu=0 on 0f), (4.22)

where w(h) is the solution to the transformed equation to linearized elasticity

C(h)w =0 in QF, (4.23)
D(h)yw = F(h) on X, (4.24)
W]y =0 on X, (4.25)

w=0 on 0f). (4.26)
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Remark 4.1.2. As in Subsection[3.2.7 (see Step 10), one can show that

-2

T [Wld — (Vu)TS]F(t) v=—1:C(Vu' +Vu)
on I'(t). This explains the construction of the operator E(h).

Now we want to reduce the coupled equations (4.19)-(4.26) to a single evolution
equation for the height function function h. First we summarize some results of
Escher and Simonett [29].

Lemma 4.1.3. There exist functions
P e C¥U, LR*T(X), (X)) and K € C*U,h' (X))
such that
H(h) = P(h)h+ K(h) for heh* (%),

Proof: We use a localization system {(U, ¢;) : 1 <1 < L} for &, that is, ¥ = /-, Uj
and ¢; : (—a,a)?"! — U is a smooth parametrization of U; for a > 0 small enough.
Then one can show that H(h) has a local representation P(h)h + K(h) such that
P(h) and Q(h) have the required properties. For more details see [29, Chapter 3] or
[28, Lemma 3.1]. O

Lemma 4.1.4. Let h € U be given and let o € [, 5] be fixred. Then the elliptic
boundary value problem

AF(R)yu* =0 in QF,

=g on3,

%u =0 on o2
has a unique solution u* = T*(h)g € h'*°(Q%) for each g € h**7(X) and

[h = T(h)] € C¥(U, L(M(Z), L' (QF))).
Moreover, it holds

[h = B*(h)] € C¥(U, LW (QF), h7(%))).
Proof: First one shows that

(AF, BY) € C¥(U, L(W'T(QF), h7H(QF) x h7(%))).

Then for given h € U, we prove that

(A=, v7) € TIsom(h'7(Q), h7HQ™) x A7 (D)),
(AT, 4", 2) € Isom(R'7(QF), A7 H(QF) x BT (Z) x 7 (D).
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For s < 0 one can find the definition of ~*(§2) in [62]. Finally, it holds
[h— T%(R)] € C*(U, L(B'T(D), K (QF))) .
We can show these assertions as in Lemma [4.1.5] - below or see Lemma 2.2 and
2.3 in [29). O
The following lemmas describe the properties of the new operators C*, D*, B+,

and F.

Lemma 4.1.5. Let (C*, D, E*, F) be defined as above. Then we have the following
properties

1. (C*,D* E*) € CU, LKA (QF)E hP(QF)? x h1HB(X)d x pIHA(E)7)).
2. F e CU,hHP (X)) .

Proof: To 1.: The proof works similarly as Lemma 2.2 in [29]. It is generally known
that for differentiable functions v : Q — R and v : Q — R?

(Vu)oOn = ¢78i(uoc©)9;6,
(divv)o O, = ¢78,(vo©y)-9;0;,

where
(9){,_, = G := DOI DO}, = (0,04 - 9;0);,_,
and o
(gw)z‘,jzl =G
The mappings
[(u,v) = wv] = R°(Q) x h°(Q) = r*(Q), (4.27)
[(u,v) = wv] = R(Z) x (X)) — (%) (4.28)

are bilinear and continuous for all § € Ry \N, cf. [47] (using the definition in (2.3)
of h%(€2), one can easily verify this property by direct calculation). Hence it follows
gij € h'P(Q) and therefore g € h'+F(Q) as well. The fact that

[h = 64] € C¥(U, WP (Q)Y),

see [29, proof of Lemma 2.2.], yields that [h — gi;] € C¥(U, h'*#(Q)), and since ma-
trix inversion is analytic as well, it holds [h — ¢¥] € C“(U, h'*#(Q)). Furthermore, it
is not difficult to see that [h — V®;] € C* U, P (2)%). So with (4.27) and (4.28)),
we can conclude that

CE(h) = Ci;(h)9:0; + Ci(h)d;, D*(h) = Di(h)y*0;,

(4.29)
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for some Cy;(h) € MHA(Q)*4 C;(h) € h#(Q)?™4, D;(h) € h1*P(X)¥4 and E;(h) €

h'*8(£)44 and where the coefficient matrices satisfy

[h = (Cij(h), Ci(h), Di(h)), Ei(h)]
e C’“J(L{, hl—&—ﬁ(g)dxd > hﬁ(ﬁ)dxd % hl-i—ﬁ(z)dxd % hl—&-ﬁ(z)dxd)‘

Applying (4.27) and (4.28)) again, the assertion follows from (4.29).
To 2.: Since [h — V®,] € C¥ U, hP(X)?), the assertion for F follows immediately.

O
For better clarity we define the following function spaces
X6 = p2RQH) x 2B (Q)?
YP = BPOF) x BP(Q7)Y x hTA() x h2HA(2)? x h2HP(00)?
Then the following lemma holds.
Lemma 4.1.6. Let h € U be given. Then it holds
(C(h),D(h),[.]s,7(.)) € Isom(X?"? Y7). (4.30)
Proof: We can transform the elliptic boundary value problem
Chyw=f inQ*F, (4.31)
D(h)w=m on X, (4.32)
Wl =g onX, (4.33)
w=k ond2 (4.34)
by the Hansawa transformation back into the system
divCVw* =, in Q, (4.35)
v-C[Vw®]. =my, onTy, (4.36)
[Wi]rh =g, onl}, (4.37)
wh =k, ondQ, (4.38)

where (£, my, g, k;,) := (ff00,'  mo0;' g0o0," koO;"). Since ©, = Id near
the boundary 0€2, we know k; = k on 0f2.

First we show that the boundary value problem has a weak solution wi* € H'(Q3)?,
that is,

/ CVw; : Vudx—l—/ CVw, : Vudz
ot

h Q,

= —/ f,f~ud:c—/ f, -udr— [ my-udH*!
QF Q

h Lh
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for all u € H}(Q)¢, and [Wfﬂrh =g, and wy|,, = k.
We choose functions W= € H'(QF)? such that
[Vvﬂrh =g, only and w =k onof.

Then we define a bilinear functional a(.,.) : H} ()% x H} ()¢ — R by
a(v,w) = / CVv:Vwdr Yv,we H}(Q)".
Q

Due to the positive definiteness of C (see (2.3)) and Korn’s inequality, a(.,.) is a
coercive continuous bilinear form. Next we define ' € H~1(Q)¢ by

(Fow) g g = —/ f,f-udx—/ f, -udr— [ my, -udH"?
QF Q, Ly

—/ CVVNV+:Vudm—/ CVw :Vudz.
Q

&

The Lax-Milgram theorem gives us a unique solution v € Hg()? to the problem
a(v,w) = (F,w) VYw e H}(Q)*.

It is not difficult to verify that wi := v 4+ w™ € H'(QF)% is a solution to

CVw} :Vudz + [ CVwj, : Vudz
o 2,

= —/ f,j-udx—/ f, -udr— [ my-udH*!
Q;F Q

n Tn
for all u € H}(Q)? In addition, it holds
[W,ﬂrh =g, onl} and wi =k ondf.
Since h € C%(X) and therefore 'y, is C?, we obtain by [53, Theorem 4.20]
wi € H*(QF)".
Since O, € C**A(Q)?, it also follows
wr = wy 00, € H*(Q%)*.

Then an easy calculation gives us that w = (w*, w™) is the unique solution to (4.31)-
[@34).

It remains to show that w* € h?*#(QF)? for (f5,m,g k) € h?(QF)? x h'*8(0)¢ x
2B () x B2 (O0)°.

For the solution wj to the transformed system (4.35)-(4.38), it directly follows
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from Theorem 5.21 in [38] that wi¥ € C**#(QF)? Since ©), € C*7, it also holds

wt = wi 00, € C*F(QF).

To get boundary regularity we apply some results for parabolic boundary value prob-

lems in |25]. For that we extend the elliptic problem to a parabolic problem. We as-
sume that there exists open sets G; & G2 C €2 such that X NGy C {x eRY:xy = 0}
and QT NGy C {x eRY:x, > O} Otherwise we replace the reference manifold
Y, Gy, and G5 by E Gl, and G2 such that 3 N Gg is a hyperplane, that is,

YN Gy C {x € R?: ZZ L 01T = c} for some a;,c € R, i = 1,...,d, and such that
the new height function i : ¥ — R also satisfies ||A]|cx < a for some sufficiently
small @ > 0 (see (4.9)). We fix two cut-off functions ¢ € C§°(R) such that ¢ = 0

in R\(0,7) for some T"> 0 and ¢ #Z 0 and A € C5°(R?) such that A = 1 in G; and
A =0 in RN\Gs. For vEi(z,t) == p(t)\(z)wE(z) € C5°(0, 00; H2(QF)9), it holds

CH(h)v® = eACT (h)w™ + (CF(h)v" — pACF(h)w™)

= pMF + (CH(R)VE — pACH(h)w™) in QF x (0,00),
D(h)v = oAD(h)w + (D(h)v — @AD(h)w)
= m + (D(h)v — pAD(h)w) on ¥ x (0,00).

+

Therefore v* is a solution to the parabolic boundary value problem

OvE+CER)VE=F  in OF x (0,00),
D(h)v=m; on X x (0,00),
s =8 onXx(0,00),
vt = on 9 x (0,00),
vi_,=0 inQ,
where
fi = OAWE + OAF + (CE(h) (pAW™) — pACE ()W) |
m; = pAm + (D(h)(eAw) — pAD(h)w)
g1 = pAg.

Note that the operators C*(h) and D(h) are time independent since we consider a
time independent height function h. Define u € C§°(0, 0o; H*(R%)??) by

ule,20.0) = (

where we extend v* to the half space RZ by zero. Then by definition of A, u is a
solution to the parabolic boundary problem

+ (! t
V(2 a,t) Vo' e R W, >0,
v (2!, —xg,t)

du+Lu=£f in {zeR':z;>0}x(0,00), (4.39)
Bu=m, on {z€R?:z;=0} x (0,00), (4.40)
u,_,=0 inRZ, (4.41)
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where

b= (mo( A Cd0<h>) P (D+1<h> —D_d1<h>> ’
(e 0 1) — <f?+<f;',xd,t) ) ma(a 1) (gl(l’,,t)>’

) —xd,t) m1<$,,t)

where C (h) is defined as C~(h) except 0,, is replaced by —0,,. D; (h) is defined
analogously. Note that L is strongly elliptic for h = 0 since C is positive definite. For
h # 0 the principal part of L stays strongly elliptic since the Hansawa transformation
is a diffeomorphism. One can find a detailed explanation at the end of the proof.
Due to (4.29), we can apply Theorem VI.21. in [25]. We verify the complementing
conditions at the end of the proof. Then we get the estimate

||u||cl+ﬁ/2,2+ﬁ(9;) < C (H(fﬁ fl_)HcB/M(Q;xQ;)
+ Hg1H01+B/2,2+ﬁ(ZT) + Hmch(1+B>/2,1+B(ET))

for some C' > 0 independent of ff[, g,, and m;. Here we write Q¥ instead of R% since
all occurring functions have support in Q. An easy calculation gives us

Hci(h)(W\Wi) - SOACi(h)WiHCﬂ(Qi) <C HWiHoHﬂ(Qi) ;
[ D(h)(pAw) — SDAD(h)WHclw(z) <C <||W+H01+B(Q+) + HW_HCHﬁ(Q*))
for some constant C' = C'(¢, A, ©;). Hence we get by definition of ff, g, and m,
lallgsearzsany < € (1E losn + 1 ooy + 19 lersoan

+ HwiHclJrB(Qf) + ||g||c2+6(2) + “ch1+/3(2)>

for some constant C' = C(yp,\,0;). Due to (C(ﬁ),CQ(ﬁ))#’oo = C1*A(Q) (see

[52, 1.4.3 Exercises]), the continuous imbedding W, () — C(Q) for p > d, and the
Gagliardo-Nirenberg inequality (see Section , it holds

1-8
9|y < C Il 195 ks < I sy 95 1ot
for some v € (0, 1). Therefore by definition of u, we obtain
[ lener) < € (1 lesan + I lesay = 19 Do 197 ety
+ HW_HZn( [w _HC2(Q )+ lI8llears(s) + Hm||cl+6(z)> ,

where G = G1 N Q*. Note that, if we have to replace ¥, Gy, and Gy by 3, G,
and Gy as described above, then this estimate is also valid for G7. The reason for
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this is as follows. We can choose a smooth height function h: Y — R such that
0;(X) = 2. W.Lo.g. we also assume O;(G;) = G. Then it holds for every smooth
function f: 2 — R and every 6 > 0

Hfo@?: ‘ <C||f||ce SCHfo@;’
for some constants C' = 0(97 h, G1) >0and C = 0(97}}7@1) = 0.

On the boundary 02 we get analogous estimates by [25, Theorem VI.21.]. Then by
partition of the unity and transformation, we obtain

||w:|:HC’2+5(Qi) < C (HerHoﬁ(m) + ”f_Hcﬁ(Q—) + HW+HH1(Q+) + ||W_HH1(Q—)

C9(Gr) C9(Gh)

+ ligemsa + Imllcras) + Illgarson )
where we have used Young’s inequality
+ + + +
9 By 195 leagas, < CO W ey + € W oo
for any € > 0. We refer to Theorem 4.20 and Theorem 4.16 in [53] or see the
calculation above to estimate ||Wi|\H1(Qi) < C(HfiHLQ(Qi)—i-||gHH1/g(Z)+||m||H1/2(2)+
[kl z71/2(50))- Hence we obtain
+
HW ||02+B(Qi) < C <Hf+||0ﬁ(g+) + Hf_HCﬁ(Q—) + ||g||CQW(E)
+ s + Illzrson ) (4.42)
where C is independent of ¥, g, m, and k. In particular, we conclude
wE € CHH(OE)

It remains to show that w* € h?T?(QF)4. For the proof we use an approximation
argument. Since h?(€2) is the closure of C*(Q) in C?%(Q) for every k € (0,00), see

Section there exists a sequence (£, my, g, kn), , C C7(QF)* x C'T(£)? x
C*(2)4 x C?H1(9Q) for v € (B,1), such that

= — f in CP(QF)?, m, — m in C' ()¢,

g, — g in C*P(xn)¢, k, — k in C?P(0Q)¢,

as n — oo. First assume that we have more regularity for h such that h € C'*7(3),
that is, Cj; € C™/(Q)>4, C; € C7( Q)™ and D; € C(2)> in ([1.29). Let
w2 be the solution to — with right-hand side (£, mn, g, k,) instead of
(f*,m, g, k). Then the same arguments as above yield w* € C?+7(Q%)? for alln € N,

and by we obtain
[w* —w < C(Hf-'—_f:l_HCB(QJr)_’_Hf__f?;HCB(Q
+llg = 8ullczrars) + [Im —my | cavs s,

[k — kn||c2+ﬁ(aQ)> -0,

" Hc%ﬁ(gi)
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as n — oo since w — w,, is the solution to (4.31))-(4.34)) with right-hand side (f —
f,,m—m,, g—g, k—k,). Therefore we have

wt e p2th (ﬁ)d

provided Cy; € C1(Q)4 C; € C7(Q)4*?, and D, ect ().
Now consider the original case, that is, C;; € h'7(Q)™, C; € BP(Q)™?, and D; €
RHHO()4 i (4.29), then there exists a sequence (Cf, Cf, Dy) € CH7(Q)¢ x

ij
C Q)4 x CH7(X)4%4 such that

Clt — Cyy in C"P(Q)™4 O — C; in CP(Q)™,

4.43
D! — D; in CTP(2)dxd (4.43)

as n — 0o. Let w be the solutions to - 4.34) where (C;;, C;, D;) are replaced
by (CZ,Cr, D}). As above we can show that wr € h2P(QF)? and

K

Hwincﬂﬁ(ﬂi) < C (Hf+||cﬁ(g+) + HFHC’B(Q—) + HgH02+ﬁ(E)

s + Kllozrson) ) (4.44)

for some C = C(HCZHCHB(Q) NCHl sy HD?HCHB(E)) > 0. Due to the convergence

properties (4.43)), we can choose the constant C in 4)) independent of n € N.
Observe that o = w* — w is the solution to the boundary value problem

C*(h)o* = (C Z])aljw +(C} = Ci)oyw,, in QF
D(hjo = (D7 — Dy) [y*(0rw)], on 3,
[oi - =0 on X,

of =0 on 99

Therefore it holds
< C (H(Cg — C3)0wE + (CF = C)orw

nHCﬁ(Q—)
+[(DF = Di) [v*(@wi)] || 1.0 2)>

Where C’ is the same constant as in (4.42)), in particular independent of n € N. We

use and - to obtain

[w* —w

+ +
[w™ — WanHﬁ(

%) ;r“cﬁ(Qﬂ

+
nHCQW(Qi) — 0 asn— o0,

and in particular, it holds
wt € hB2HP(QF)
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since h2+#(0F) is a closed subspace in C2+8(QF).
In the following we show that the operator L also is strongly elliptic for i # 0. For
a function u € C1(QH)4NC2(QT)4, it holds for the principal part (C*(h))P of C*(h)

(C’+(h))pu = 8k (Cu/&@g}{ o @h&-/@g} o @h) 8[11,
where C;; = (Cl-ji/j/);lj,:l. Thus for all £, € RY, it follows

_ _ _ 2
Cijirjy 0O} © Onds O} | 0 OR&Emmy = ¢2 | DO, 0 O, | In* > C ¢ )

for some C' = C(h) > 0 and where we have used that O is a diffeomorphism. For
(C (h))? an analogous result is valid.
Finally, we show that the parabolic system (4.39)-(4.41)) satisfies the complementing
condition. Denote by LP, B?, (C*(h))?, and (C (h))? the principal parts of the
operators L, B, C*(h), and C (h). We have to verify that the system
L’'w=0 in {z eR?: 24> 0}, (4.45)
B'w=0 on {z €R?:zy=0} (4.46)

has no solution of the form
w(z) = eif/'(wl_%)(u(a:d), v(zq)), (4.47)

where x = (2/,24), & € R4 is nonzero, zf, € R4 is a fixed arbitrary vector, and
u,v : R — C? are arbitrary functions such that (u(z,), v(z4)) tends to 0 exponen-
tially as z4 — oo. In the following we set z(; = 0. For zj, # 0 we only have to
replace €% by €€"(@'~%) in the calculation below. We can assume that in (4.1)
the cut-off function x = 1 in G. Since for the solution u to (4.39)-(4.41), it holds
suppu C Go x (0,00), we can use the Hansawa transformation
On(z) =2 — h(x)eq, ©O;'(z)=x+h(z')eq Vo eR?,
where e; = (0,...,0,1) € R% Therefore it holds

DO; M (x) = (8 + 8iadsh(a’))]

ij=1

Hence we obtain for the principal part of C*(h)
(CH ) = (Crandh(O) 0 0,90,071)
= (Cjklm(akmwl + 8kdwl8mh + (8dmwl -+ 8ddw18mh)8kh))j:1 ,,,,, d (4.48)

for w € C?(R?,R?). We have an analogous result for (C; (h))?w where h is replaced
by —h and J, and 0,, are replaced by —d, and —0,, when k,m = d.
Since I'y, C Gy is given by {(2/, —h(z')) : (2/,0) € Gs}, the unit outer normal has the

f
orm ( ,) B 1 Vg;/h($,)
VIn\T) = ‘(Vx/lll(z’))‘ 1 ’
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Thus the operator DT (h)w can be written as

D*(h)w(z)
= \(Vm/hl(x/),_1)| (Cirtm (Om Wi + Ogwi0mh) O + Ciaim (O Wi + OawiOh)) .y 4 (27).

For the operator D~ (h)w, it follows

D~ (h)w(x)

= |(Vz/h1(x’),1)| (Cjklm<amwl - 3dW10mh)8kh + delm((?mwl — 8dw10mh))j:1w d ((E/),
where we replace 0, by —0d,, when m = d. Note that (D" (h))? = D*(h) and
(D7 (h))P = D7 (h). Assume that we have a solution to (4.45) and (4.46)) of the form
(4.47). We multiply (4.45) by W and integrate over (0, c0) with respect to x4. Since

(u(zq),v(z4)) tends to 0 exponentially, the following integrals are well-defined. Then
we obtain

0 = /OOO (Lp(eig/'x/(u,v))> —ig-w ’( V) dzg
= /OOO ((C”r(h))l’(eié’-w/u)) e~ TG 1 ((C’;(h))p(eigl'x,VD e duy. (4.49)

where (U, V) is the complex conjugate of (u,v). We use the relation (4.48]) and apply
integration by parts

| (€ myres=w) e e,

o d—1
/ > Z Cikim (8’%( ) + Opa(€ W) O h) — g drg
k= 1jlm 1
/ Z CJcllm (€77 ) + 0a(e ™ )0, h> Oa(e™""W;) dg
jlm 1

/ Z CJklm( (€77 0) + @d(eigl'mlul)am@ Ophda(e™"w;) daq

= |<vz,h<as ), 1) (D (M) u(0)) ) e *'(0), (4.50)

where we have used lim,, o, u(z;) = 0. By direct calculation we obtain for the first

integrand on the right-hand side of (4.50)

d—1 d
D2 D7 Comn (e ) + s )b ) T,

— _@e(E.0): Cus (€.0) + e (¢ 0): Cu @ )
+i(@® (£,0)) : C(u' ® Vh), (4.51)
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for the second integrand on the right-hand side

d
- Z Cidim <8m(€i§l'xlul) + 3d(€i€/'x/ul)amh) Oa(e™" ;)

i@ @) Cus (€0) — (@ @) O @ )
—(W ®ey): C(u' ®@Vh), (4.52)

and for the third integrand on the right-hand side

d
- Z Cjkim (am(eig/m/ul) + ad(eigl'z/uz)am@ Ohda(e’ " u )

4.k, l,m=1
= —i(@®@Vh):Clu® (£,0)) — (W @ Vh) : C(u @ ey)
—(@ ®Vh):C(u' @ Vh). (4.53)

We insert (4.51)-(4.53)) in (4.50) and use the symmetry of C to get
0

= —/ (u® (£,0) —iu' ® eq —iu' @ Vh) :
0

C(U®(E,0) —in ®eq —iw' ® Vh) dig
~[(Varh(a), D] (DF () (€ u(0)) ) < *'5(0) (4.54)
An analogous calculation yields
| (€Camres=v) e va,
= —/Oo(v®(5’,0)+z‘v’®ed+z’v’®Vh) :
0: C(V® (£,0)+iv ®eq+ iv' ® Vh) dxy
FI(Voh(a), D] (Dg (1) ¥(0))) e '(0) (4.55)

Since B(e®"* (u(0),v(0))) = 0, it follows u(0) = v(0) and D*(h)(e*"*u(0)) =
Dy (h)(e"*'v(0)), and therefore we conclude

(DJF(h)(eig,'xlu(O))) €% u(0) — (Dg(h)(eigl'l’lv(o))) e
By the positive definiteness of the tensor C and by (4.49) together with (4.54))-(4.56]),

it follows

/

v(0) =0. (4.56)

0 < —02/ [|sym(u ® (£,0) —iu' ® eq — iv’ @ Vh)|*
0
+ |sym(v® (£,0) +iv @ eq +iv' @ Vh)ﬂ dzg .
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Since h is independent of x4, it follows d;h(x) = 0. Hence we conclude u); = 0 due to
(sym(u® (¢,0) —iv' ® eg — i’ ® Vh))gg = —iu),. By u(0) = 0, it holds uy; = 0
Therefore (sym(u® (£',0) —iu' ® eg —iu' ® Vh))y = —iu); for all j =1,.

Thus it follows u = 0 and analogously v = 0. Hence the system and -
has no non-trivial solutions with lim,, . w(zg) = lim,, e v(z4) = O

This completes the proof of the theorem. O

Lemma 4.1.7. Let h € U be given. Then the elliptic boundary value problem

CE(h)w* =0 in QF,
D(h)w=m onX,
wi]zzo on X,

wt =0 on 0N

has a unique solution w* = U*(h)m € h**3(QF)? for each m € h'TP(X)4, and
[h = U=(h)] € C¥(U, LW TP (Z)?, B*F(QF)Y)).
Proof: It follows from Lemma that there is a unique solution
£ =U"(h)ym = (C(h), D(h),[.]s,(.)7"(0,m,0,0)

in A2t%(QF)?. Then the rest of the proof is done the same way as Lemma 2.3 in [29)]
since

(U*(h), U (h)) = e o (C(h), D(h), [.]5,7(. )"

where e is the evaluation map, i.e. e(V)(g) := V(0,g,0,0), for V e L(Y? X*F).
O

Now we are able to reduce the coupled system (4.19))-(4.26) for (u, w, h) to a single
evolution equation for the height function h. We define the operators

AU L), h9(S) : h s 2o BT (h)P(h)

2
and
F:U—h () h —EJB(h)T(h)K(h) + %B(h)T(h)E(h)U(h)F(h),
where

(4.57)
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It follows from Lemma that the operators A and F are well defined.
Moreover, the principal part A is a quasilinear non-local operator of third order.
Therefore we consider the nonlinear evolution equation on h*(3) for given hg € V

Oh + AWk = F(h), h(0) = he. (4.58)

We use the theory of abstract quasilinear evolution equations of parabolic type devel-
oped by Amann [14] to solve equation (4.58)). Before we do this, we have to investigate
the principal part A. For this reason, let Ey and F; be Banach spaces such that F;
is densely injected in Ey and let H(E,, Ey) denote the set of all A € L(E}, Ey) such
that —A is the generator of a strongly continuous analytic semigroup on Ey. Then
we obtain the following result:

Theorem 4.1.8. Let h € U be given. Then it holds
A(h) € H(B*(S), h(5))
Proof: One can find the details of the proof in |29, Theorem 4.1]. O

With the help of Theorem |4.1.8, we can prove Theorem [4.1.1]

Proof of Theorem Let hg € V be given. Then the existence of a unique
solution
h e C([0,T],V) N C((0,T], h**(2)) N CH((0,T], h%(%))

is a consequence of Theorem 12.1 in [14]. Also we get from [14, Chapter 12] that the
semiflow (¢, z) — h(t,x) is analytic for ¢ > 0 since
(A, F) € C*U,H(W(R), h* () x k(%))

in particular, we conclude h € C¥((0,T),h3T*(X)). It remains to show that h €
C>(2 x (0,7)). Since h(1) € h3T*(X) for all 7 > 0, we can start with the more

regular initial value hy := h(7). Then we get for the initial value h; a new solution
h(., hy) such that

h(. ha) € C([r, 1], V1) N C((r, 1], B () N CH((r ], ™ (8)

where a; € (0,a), Vi, = VNA**(X), and [7,¢]] is the maximal interval of existence.
Here we have used that

(A, F) € C*(U N ATP(D), H(hTo (D), hIT1(R)) x ATF(R))

for a; < 1 < a. We show by contradiction that ¢{” > T. Assume that ¢t < T Since
h(.,hy) = h(.)on [1,t]), Theorem 12.5 in [14] leads the assumption to a contradiction.
Now we can apply a bootstrapping argument to show h € C*(X x (0,7T)).
Therefore (p*,u*, h) = (i* 0 ©, ', 4= 0O, ' h) is the desired solution where

£ = UHh)F(h),
= oTH(WH(h) — E(h)(@*,0).

o

=
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For more details see [29, Section 4]. For that observe that the operator F' in [29] has
the same properties as our operator F and the operator ® in [29] coincides with A
in this section. O

4.2 Classical Solution of the Linearized Hele-Shaw
Problem

In this section we show that the linearized Hele-Shaw problem (3.161)-(3.170) has a
smooth solution provided the interface I'’ and the boundary 9 are smooth. Note
that T is given in contrast to Section where the interface is unknown.

For the proof we use an energy method as in [10]. First we transform the system to
the fixed smooth hypersurface I'yy and then reduce it to a single evolution equation
for &, j > 1.

For better legibility we only write in the following (d, T, T, Q%(t), Q) instead of
(d7,T9 T, QE (1), Q).

We choose the reference manifold ¥ = I' since I' is smooth, and we assume that

['(t) = They = {z + Mz, t)vry(2) - 2 € T}

for all t € [0, 7] and for some height function h with h(.,0) = 0. Since I'(¢) is smooth
for all ¢ > 0, we can assume that h € C*°([0,T]; C*°(I'y)). Furthermore, we assume
that [|A(., )],y < afor all t € [0,T] where a is given as in Section . Obviously,
it holds

OF(t) = Qypy VEE[0,T).

For the Hansawa transformation ©; we obtain the following properties
On(.,t) € Diff°(Q, Q) N Diff*(QF, Q*(t)) and O,(To,t) = I'(t)

for all t € [0,7]. As in Section we define the transformed differential operators
for a function u* € C%(Q5) N CH(QF)

AE(hu* = (A(uF06,1)006,,
BE(hyu™ = 45 (V0 6;1) - V&, / [VBy]) 0 Oy)

where 4% denotes the restriction operator from QB—L to I'g. (Here we add the factor
1/|V®y| in the operator B*.) Note that the outer unit normal field on T'(#) is given

by vr@w () = Va®i(., 1)/ [Ve®h(.,t)|. For a function w* € C*(Q5)4N CHOT) we
define

CER)wE = (div(CV(WF 06;1))) 0Oy,
DE(hyw* = y*((CV(W* 00, 1)VE;/[VE|) 0 Oy)
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and for a function d € C?(Ty) the operator P by

P(h)d = A[‘(t)(d o @;1) 00y,

where Apg denotes the Laplace-Beltrami operator on I'(t).

Since h(.,t) € C>(I'y) is given for all ¢t € [0, T, we get the following properties
AE(R(., 1) € L(H™(QF), H™2(Q3)) Vm e N,m > 2, (4.59)
BE(h(.,t)) € LH™QE), H"3/%(T) vmeNm>2, (4.60)
CE(h(.,t)) € LH™QE), H™2(QF)4) vmeNm>2, (4.61)
DE(h(.,t)) € LIH™(QE)Y, H™3/2(Ty)9) Vm e N,m > 2, (4.62)

P(h(.,t)) € L(H™ V*(T,), H"5/*(Ty)) Vm e N,m > 3. (4.63)

Here we have used that the trace operator % is a linear operator from H™(QF) —
H™Y2(Ty) for all m € N\ {0}, cf. [56, Theorem 7.40]. We define A(h), B(h),C(h),
and D(h) as in (4.18). Now we reduce the system (1.2)-(4.8) to a single evolution
equation by the same technique as in Section 4.1}

Lemma 4.2.1. Let m > 2 be any integer and t € [0,T] be given and fixed. Then the
elliptic boundary value problem

A% (h)u fi in QF |

+
ut = g% on Ty,
aﬁ T=0 ondQ

has a unique solution u* = S*(h)f* € H™QF) for each f* € H™%(QF) and
gt =0 and

SE(h) € LIH™2(Q5), H™(05)) -
Moreover, it has a unique solution u™ = T*(h)g* € H™(QF) for each g* € H™/2(Iy)
and f* =0 and

T*(h) € L(H™V*(To), H™(2%)) -
Proof: Let m > 2 be any integer and f* € H™ 2(QF) and g* € H™ Y/2(Ty) be any
functions. First we consider the domain QF. For the proof we use similar techniques
as in Lemma We transform boundary value problem back into

= fifin Q* (1), (4.64)
T =gfonT(t), (4.65)
Zut =0 on 09, (4.66)

where (f;7,g7) = (ft0©;', g7 00;"). To get a unique weak solution, that is

Vul - Vudr = —/ fifvde Yo e HL(Q'(t)) and uﬂp(t) =g,
Q*(t)

Q+(t)
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we define the continuous bilinear functional a(.,.) : H5(QF(t)) x H5(QF(t)) — R by

a(u,v) := Vu-Vvdr,

Q+(t)
where

HL (O (1) = {v € H(QH () : vlpy = o} .

Since HAY(T'(t)) > 0, we can apply Poincaré’s inequality

[0l gy < CIVOl L2+ oy

for all v € H},(Q(t)), cf. [57, Theorem 1.32]. Hence af.,.) is coercive. Furthermore,
we choose a function o™ € H*(Q"(t)) such that

e
u |F(t) = 9n>

and we define F € (HL(Q2*(t))) by
(F,0) gy ::—/ fifvdx — Vit - Vodr.
v (1) 2+ (1)

Then the Lax-Milgram theorem gives us a unique solution w™ € H}(QT(#)) to the

problem
a(wt,v) = (F,v) Yve HLHQ ().

It is not difficult to verify that u; := wt +at € H'Y(Q*(t)) is a weak solution to

(50)-(50).

To get higher regularity up to the boundary, we refer to Theorem 4.16 and Theorem
4.18 in [53].

We can tread the domain 27 (¢) analogously or we apply the standard regularity
results of Evans [32] or Renardy and Rogers [56] since we have a Dirichlet problem
in Q(¢). Finally, we obtain that (u™,u™) = (u; 0Op, u;, 00,) € H™(QT) x H™(Q27)
is the unique desired function. O

Lemma 4.2.2. Let m > 2 be any integer and t € [0,T] be given and fized. Then the
elliptic boundary value problem
CE(h)w* = £ in QF
D(h)w=m on Ty,
+
['w }Fo =g only,
w =k on 0N
has a unique solution w* = U*(h)(fF, £, m, g, k) € H™(Q)? for each (f7,f,m, g, k) €

Hm—2(9(—)&-)d X Hm_Q(Qa)d % Hm—3/2(ro)d x Hm—1/2(ro)d X Hm_1/2(89)d.
Moreover, U (h) is a linear bounded operator.

114



Proof: We obtain a unique solution w* € H?(QF)? in the same way as in in the
proof of Lemma m To get higher regularity, we refer to [53, Theorem 4.20].
O

We define the operators B(h), S(h), T(h), and U(h) as in (4.57).
Note that

Ad = div(Vd) = div(Vigd + Oy, dvrg)
= din(t)(vF(t)d) + diV((VdO . Vd)VdO) ,

where we have used that vry) - Vi) (0

Yr(t)
CH(T'(t)). Using (3.169)), we obtain
Ad = Arpd +a}?

d) = 0 since Vpp f € T,I'(t) for f €

where a}°, only depends on the known functions Vo, ..., V;_1.

As in [10] we can reduce the coupled problem (3.161)-(3.170) to a single evolution
equation for p(z,t) = d(Op(z,t),t) on I'y. Since

Op = O(d o Oy) = (0id) 0 O + 0,0y, - (Vd) 0 Oy,
we obtain
1
O + 50A(h)p = F(h)(p) onTy, p(0)=0 (4.67)

for all ¢ € [0, 7] and
Vd’-Vd=aj, inT(s).

Here

A(h) = B(h)T(h)P(h) € L(H™ Y*(Ty), H" *(I'y)) ¥Ym e N,m >4

1
Fp) = 000 Vip+ap+ 0y, — 5o BWT (R,

j—

S BT, 2y0) + 5 BONT(R) (@200, )

L BOT(R)(E  CTUR)0,0, 0%y, Vip + al_y 1p. a1, 0))

— BONT()E : CMUMN A 07 0 0l 021 ))
o BB)SRYa, 0 aly ). (4.68)

where Vyu = V(uo©,") 00, for u € C*(Q) and a'_, ,, = a’_, 0O, for i > 1. For
a function ¢ € C'(Ty), we define V;q by

Vg = (Ve (go©,") 0 On +afty .
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This definition is natural since for p(x,t) = d(On(x,t),t), it holds
Vip = (Vrwd) 0 O + ajty ), = (Vd) 0 Oy,

when d is a solution to (3.161f)-(3.170]).
We seek for a smooth solution p € C*°(T'y x [0,7]) to (4.67)).

As main result of this section, we obtain the following theorem.

Theorem 4.2.3. For given h € C*([0,00),C*®(Ty)) with h(.,0) = 0 there exists a
unique classical solution p € C*(Iy x[0,T1]) to on a sufficiently small interval
of existence [0, T].

The evolution equation (4.67) is of third order. Thus we add an fourth order
operator to get a smooth solution by standard arguments. For all ¢ > 0 we consider
the parabolic evolution equation

" + €A S + 50 A(0)pS =

€

p:

a(A0) — Ah))p + F(h)(p) in Ty x (0,T), (4.69)
onTYy. (4.70)

O =

By semigroup theory one can show
pe € COO(FO X (OaT])

for all e € (0, 1], cf. [61, Chapter 15.1, Exercises 5 and 6]. Since we have no boundary
conditions for p¢, we even get

p- e C(Ty x [0,T])

for all € € (0,1], cf. Lunardi [51, Corollary 2.3]. In the following we will see that
the solutions p°, € > 0, converge to a solution to as € — 0. Hence we want
to control the norm of p¢ independently of €. This is the reason why we expand the
operator A(h) to A(0) + (A(h) — A(0)). The details are explained below.

Lemma 4.2.4. Let g € C*(Iy x R) be an arbitrary function and let A be defined as
above. Then it holds for all t > 0

/Ot /F (A(0) — A(h))qAr,q dH*" ds

2
< O( 51[10% Hh(-aT)Hcs(ro)) HQHLQ(O,t;H5/2(FO)) (4.71)
7€|0,

for some continuous C(.) > 0 with C(0) = 0 that is independent of q.

Proof: For the proof we use the definition of the operator A(h) = B(h)T'(h)P(h)
and apply integration by parts after coordinate transformation.
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By change of variables and definition of B(h), we obtain for an arbitrary function
qc COO(FO X R)

/ B(h)T(h)P(h)qAr,qdH

_ / (B(WYT(h)P(h)g) o 05 (Aryq) 0 05 |det(d, 051 - 8, ;1)1 |* i
T(t)
-/ eV [T P00 0 61 — (T (1) P(k)a) 0 ;)
Tt
X (Ar,q) 0 03" |det (8,0, " - 0-, 0, )54 |7 dH,
where {7(z),...,7q—1(z)} is an orthonormal basis of T,I'(t). We continue with

integration by parts and use the Neumann boundary condition for 7% (h) on 02
(note that ©, = Id in an open neighborhood of 02). Furthermore, we use that
A ((T*(h)g) 0 ©,") =0 for all g € H/*(T) to get

/ B(h)T(h)P(h)qAr,qdH®™!
— V((T*(h)P(h)q) c ©;1)

Qt(t)
Y [(T+(0)Apoq)o@;lydet L0 0, 071

231

%] dx
- Q(t)V((T(h)P(h)Q)O@hl)

Y [(17(0)Ar,0) 0 07 [det(0,, 05" - 0,071)i5 l] dz

2]1

where we use a smooth extension for the orthonormal basis {r(z),...,7q_1(2)}.
Again we change the variables to obtain

/ BT (h)P(h)qAr,q dH'"
o
=~ [ wirtmPwa (T[@40n0 067
QyuUQy
|det (8,05 - 0, 0, 1)4:2 11) o Oy |det DOy da,

where fQSUQE T+ = ng T + fQO_ T~. Since h(.,0) = 0 and therefore O(.,0) = Id,
we obtain for a smooth function f = f(x,t)
(Vi = V) [z, 8)] < CUIAC Dl ey IV (@, 8)]
9 [det(9,6;" - 0,07 T4 | (2,6)] < CUIRG ) coqry)
||det DO (z, 1ﬁ)l — 1 < CUAC Dl erry))
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for some continuous C(.) > 0 independent of f and ¢ such that C'(0) = 0. Hence we
conclude

/0 t /F B(R)T(h)P(h)qAr,qdH* " + V(T*(R)P(h)q) - V(T*(0)P(0)q) dx ds

+ —
fua;

< C( SUP] ||h<-77)||02) <||T+(h>P<h>qHL2(0,t;H1) HTJF(O)P<O)QHL2(0,t;H1)

T€[0,t
+ HTi(hJP(h)qH[ﬂ(O,t;Hl) ”Tﬁ(O)P(O)q}|L2(0"5;H1)>

for some continuous C(.) > 0 such that C'(0) = 0. Due to Lemma {4.2.1| and (4.63)),
there exists a constant C' > 0 independent of ¢ € [0, 7| such that

[T=(AC VPR 1)aC )| o) < CllaG Dl sy -

Hence we get

t
/ / BT P(h)gAr,qdH' + | V(T*(h)P(h)q) - V(T*(0)P(0)q) dx ds
0 JTIp QiuQy
e L T Y @)
7€]0,

for some continuous C(.) > 0 such that C'(0) = 0.
Now we show an analogous estimate for B(0)7(0)P(0). As above we obtain by
integration by parts

/ B(0)T(0)P(0)qAr,qdH™ = — / [VT*(0)P(0)q|” da .
I'o QTuQy
Therefore using integration by parts again, we have
/ B(0)T(0)P(0)qgAr,qdH*™ + / VT=(h)P(h)q- VT*(0)P(0)qdx
o

QTuQy
- / V((T=(h)P(h) - T*(0)P(0))q) - V(T*(0)P(0)q) da
= [ (PO) = P, - (T PO}
- [ PO = P, 2 (TTOPO)) a1
since AT#(0) = 0 in QF, ZT+(0) = 0 on 99, and v*(T(0)f) = v*(T*(h)f) = f

on Iy for any f € HY?(Ty).
Since it holds for all u,v € HY2(Iy)

/ wvdH?
To

<C ||u|lH1/2(FO) ||U||H—1/2(F0)
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for some C' > 0, cf. [53, page 98], and since the Steklov-Poincaré operator
vr, - v(VTE(0)) : HY*(Ty) — H~V2(Ty)

is bounded, cf. [53], page 145f], we obtain

/ B(0)T(0)P(0)qAr,qdH* " + / VT*(h)P(h)q-VT*(0)P(0)qdx

QFuQy
< [I(PO) = P(h))all z/2rg) 120Vl gr1/72r) - (4.73)
By definition of P(0) we have
1PO)a( Dll gz < CllaC )l sy (4.74)

for some C' > 0 independent of ¢, and as above there exists some continuous C(.) > 0
with C'(0) = 0 such that

1(P0) = P(M)q (s O)ll gr72ryy < CURC Dl oo 4G Oll o2y - (4.75)
Thus the assertion of the lemma follows from (4.72)-(4.75]). O

In the next lemma we investigate the commutator of A(h) and 0,.

Lemma 4.2.5. Let {r(z),...,74_1(x)} be an orthonormal basis of T,I'y, o € N¢~1
be given, and q € C*°(I'y xR) be an arbitrary function. Then it holds for allt € [0, T]

t
/ / (A(R)OE — 02 A(h))q Ary0q dH* ds
0 To

< Cllall pego,mz+ioiroy 191 p2(0,6:m572+ 101 (1)) (4.76)
for some C' = C(a) > 0 independent of t and q and where 9% = 921 ... 97"

Proof: We fix any ¢ € [0,7]. First we consider the case || = 1. Let T € C§°(f2)
be a smooth extension of a tangent vector 7(x) € T,I'g. Then for u € H3(QZ) we
obtain by product rule

8, B*(h)u = 0: [vr@ 0 On -7 (V(uo©,") 0 6,)]
= BF(h)(T - Vu) — vpp 0 O, - v (DO, 0 0,)(DT) ' Vu)
+ur © O -y (T - V(DO T 0 Or)i5)i -, Vu)

+0-(vr@) © Op) - 'yi((D@,_LT 0 Op)Vu).
Hence it follows

0B (W~ B=0)(T V) | o) < € gz - (4.77)
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where we can choose C' > 0 independently of w and ¢ € [0, T, since [0, T] is a compact

interval.
Let p € H%?(T'y) be an arbitrary function. Then w = T - VT*(h)p — T*(h)0,p is
the solution to

AT (h)yw = AT(h)(T -VT*(h)p) inQf,
w =0 on Iy,
%w =0 on 0f)

due to the properties of TF(h). Hence there exists a constant C' > 0 independent of
p such that

|7 - VT (h)p = T* (1)l o
To estimate the right-hand side, we use A*(h)T*(h)p =0 to get

AT (h)(T - VT (h)p)
= AT(W)(T -VT*(h)p) = T - V(AT ()T (h)p)
= (A(T-VT*(h)p) ©©,") 0Oy = (T 06, - VA ((T"(h)p) ©©}")) © O

By product rule the right-hand side contains terms which only depend on first and
second order partial derivatives of T (h)p. Thus by definition of TF(h), we get the
estimate

HT' VT (h)p - T+(h)arPHH2(Q§) <C ”pHH3/2(F0) , (4.78)

where we can choose C' > 0 independent of p and t € [0, 7] since [0, T] is a compact
interval. We get an analogous result for 7 - VT~ (h) — T~ (h)0,

|7 9T 0p = T~ (03] g < C 2l - (4.79)

In addition, we get for an arbitrary function p € H%?(I'y) by using charts for Iy and
the definition of P(h)

|0-P(h)p — P<h)<a7'p)”H3/2(F0) <C HPHH7/2(FO) (4.80)

for some C' > 0 independent of ¢ € [0, 7] and p.
Since we have the relation

A — AR, = 8. B(WT(h)P(h) — B(h)(T - VT (h))P(h)
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it holds due to (4.60) and Lemma [4.2.1]

/F (A(R)D, — 0, A(h))q Ar,rq dH
< ICA®)D: — B A all ey 1 Dre0ndl o
< C|l0-B(h) = BT - V)T () P(h)all v,
(T - VT () — T(0)2) P(h)all 2 e ez
110, P (k) = P4l o] s
< CHQHH?/z(rO) Hq”H3(I‘O) (4.81)

for C' > 0 independent of ¢ € [0,7] and ¢ and where we have used ([4.77)-(4.80) in
the last inequality.

It is not difficult to prove the case |a| > 1 by induction where we use the same
estimates as above. O

Lemma 4.2.6. Let {r(x),...,7q_1(x)} be an orthonormal basis of T,I'y, o € N1
be given, and p,q € C*(Ly xR) be arbitrary functions. Then it holds for allt € [0, T]

t
/ O°F (h)p 0%qdH " ds

0 Jro

< O(||p||L2(0,t;H5/2+\a|(r0)) ||Q||L2(0,t;H\al(Fo)) +1) (4.82)
for some C = C(a) > 0 independent of t and p,q and where 0F = 02* .. Ot

Proof: It is sufficient to estimate the terms of F(h)p in (4.68) which depend on p.
The other terms can be estimated by some constant C' > 0 independent of ¢ € [0, T']

since [0,77] is a compact interval.
For arbitrary o € N1 p g € C®(I'y x R), and ¢ € [0, T}, it holds

t
/ 9%(8:0n - Vip + al? | ,p)3%q dH ds
0 T'o

< ClIpll 204 m1+101mg)) 19l 2200411101 (1)) - (4.83)

where we can choose C' = C'(«) > 0 independent of ¢ € [0,7] and p, q.
Due to the property (4.60) and Lemma we get

¢
/ 8fB(h)T(h)(a?J_r17hp, a?:th) O%qdH* ™ ds
0 Jro

< HGSB(h)T(h)(a?—thp» ai:l,hp)HLz(Ojt;Lz(Fo)) ”C]HLZ(O,t;HIa\(PO))

< C ||p||L2(0,t;H3/2+\al(ro)) ||Q||L2(0,t;H\aI(F0)) (4-84)
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for some C' > 0 independent of ¢ € [0, 7] and p, q.

/0 t /F 9 B(h)T(h)(E* : CV,

U(h) (07 07 G?,Lthp + a;’fl,hp7 a’?fl,hpa O)) 8fq de_l ds
< CllUR)(0,0,05 ,Vip +aj_y yp, a5y ,p.0) HL2(o,t;H3+|a\(Qg)xH3+|a\(Qg))
X HqHLZ(O,t;HIOt\)
< Clplepmsrz+ieiroy 19l 2204 m101rg)) (4.85)

for some C' > 0 independent of ¢ € [0, 7] and p. Therefore the assertion follows from

Lemma 4.2.7. For allt € [0,T), A(h)(t) is a linear bounded operator from H°/?(T'y)
to H_1/2<F0) .

Proof: By definition P(h) : H*/?(I'y) — H'?(I'y) is a bounded linear operator. It
remains to show that B*(h)T*(h) : H'/?(Ty) — H'/%(Ty) is a well-defined bounded
linear operator. Let g € H'/%(Ty) be arbitrary. Then by chain rule w = T+ (h)g is
the unique solution to the elliptic boundary value problem

Pw=0 inQf,
w=g¢g only,

%w =0 on 0N,
where

Pw = div (Ath) — div Ah -Vuw + A@lzl o @h . Vw,
A, = DO,'00,DO;T00,.

Since ['(t) is the zero-level set of d° o ©,, it follows that

DO, v, 00t
‘D@;TVFO o 9;1‘

= Vr@)

and
1

Bt (h)w =~* - ARV
=gz s A7)

for any w € H?(Q)). Therefore the operator B*(h)T+(h) : HY/?*(Ty) — H~Y/%(Ty)
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defined by
<B+(h)T+(h)w, u>

H71/27H1/2

_ _/Q+ (A VT (hyw) -V (T*(0)u/ | DO, Tvry 0 ©;Y]) da

- / (div Ay - VT* (h)w — AO; ' 0 ©,, - VT* (h)w)
o
xTT(0)u/ | DO} vry 0 0, da (4.86)

is for all u,w € HY/%(Ty) well-defined, bounded, and linear since A;, = Id on 9 and
2T+ (h)w = 0 on 9.

Since T~ (h) is the solution operator for a Dirichlet problem, we obtain that B~ (h)T~ (h)
is a Steklov-Poincaré operator and therefore B¥(h)T+(h) : HY/?(To) — HY%(Ty) is
well-defined bounded linear operator, cf. [53, Theorem 4.21]. Of course, we can also
prove the assertion for B~ (h)T~(h) in the same way as above. O

Using the lemmas above, we can show that p© is uniformly bounded for all e € (0, 1].

Theorem 4.2.8. Let p¢ be the solution to and . Then there exists some
T > 0 such that for every m € N, it holds

sup [|p° (o, )l g (rgy + 1P p20, 0 rm+372(00)) < € (4.87)
0<t<T

for some constant C' = C'(m) > 0 independent of €.

Proof: The proof is based on energy estimates. Multiplying both sides of (4.69) by
p° and integrating over I'y and (0, ¢) yields for all ¢ € [0, T

1 € 2 ¢ €2
) oy + € / N

2
1 ' € € ' €€ d—1
= —=0 <A(h)p y P >H*1/2 H1/2 dt + ./T"(h)p p dH dt,
2 Jo ’ 0 JTo
where we have used integration by parts and p¢(.,0) = 0. By Lemma we obtain

<A(h)peap€>H—1/2,H1/2 <C ||p€||H5/2(F0) Hp€HH1/2(F0)

for some C' > 0 independent of €. Due Lemma with p = p¢, ¢ = p¢, and a = 0,
it follows

t
/0 . F(h)pp dH*dt < C <||p6HL2(O,t;H5/2(FO)) HP€HL2(0,t;L2(FO)) + 1)
0

for some C' > 0 independent of . Hence we conclude

€ 2 € €
Sl[l(R] lp ('77—)||L2(F0) <C <||p ||L2(O,t;H5/2(I‘0)) lp ||L2(o,t;H1/2(Fo)) T 1) (4.88)
T7€|(0,
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for some C' > 0 independent of e.
Since div(VT*(0)Ar,q) = 0 in Q5 and a%T*(O)P(O)q = 0 on 02, it holds for every
q € COO(F())

- / A(0)gAr g dH™ = — / vry - [VTT(0)(Aryq) — VT7(0)(Areq)] AryqdH™
To o
- /+ ‘VT+(O)<AFOQ)‘2CZ$ —i—/ ‘VT’(O)(AFOq)‘de
Q 05
> C ||AF0C]||§{1/2(FO) (4.89)

for some C' > 0. Here the last inequality can be shown as follows. For all u € H'(QF)
there exists a constant C' > 0 independent of u such that

lulliozy < € (IVul 2oy + hlw)

where

h(u)—/ wdH*!,
o

cf. Frohlich [34, Korollar 2.3]. Now choose u = T*(Ar,q) and note that h(T*(Ar,q)) =
0. Then due to the continuity of the trace operator v* : H'(QF) — HY?(Ty), the
last inequality follows in @
Multiplying both sides of ([£.69) by —Ar,p® and integrating over I'y and (0,t), we
obtain

0= /t/ —piAr,p° — EA%OpeArope — %UA(O)]?EAFOPE dH¥ 1 ds
— [ 5eA©) — A A+ F ) At ar s
o
= [ I g + / 198 oy = 50 [ [ A arr ane
- [ o)~ A A+ F 00 At s,

where we have applied integration by parts and the fact Vp, f is perpendicular to the
mean curvature vector kp,vr, for every f : I'y — R smooth enough. By inequality
(4.89) with ¢ = p° and p®(.,0) = 0, we get

t t
€ 2 € 2
sup ey + € | 190800 ey ds + [ 1800 ey ds
0 0

0<r<

1
—o(A(0) — A(h)p*Ar,p° + F(h)(p°)Ar,pt dH " ds|
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where C' > 0 is independent of e.

Applying Lemma with ¢ = p¢ and with p = p%, ¢ = Ar,p%, and a = 0
yields

t t
€12 €2 €112
sup [|Vr,p ||L2(FO) + €/ IV, Argp ||L2(r0) ds +/ |Ar,p ||H1/2(F0) ds
0 0

0<r<t
. 2
< C( 31[1& ||h(-a7'>||c3(r0)) [P ||L2(07t;H5/2(F0))
T€|0,
FC M r2 0,152 m0)) 1P N 2204, m12(r)) + € (4.90)

for some continuous C(.) > 0 with C'(0) = 0 and independent of ¢ . For the left-hand
side we use the elliptic estimate

€ 2 € 2 € 2
[ el (VN R [ A B (4.91)
see Theorem [2.5.3] and for the right-hand side we apply the interpolation

(H'(Ty), H5/2(F0))§72 = H*(T),
see (2.6). Altogether we obtain by (4.88) and (|4.90))

t t
€112 €12 €12
sup (19 sqryy + € / IV Argp [y s + / 151272y
0<r<t 0 0

N o2
< C( Sl[l& ||h(-:7'>||03(ro)) lp ||L2(o,t;H5/2(F0))
T€|0,

5 1
+C Hp6|’22(07t;H5/2(F0)) ||p6||22(0,t;H1(F0)) + C (492)

for some continuous C(.) > 0 with C'(0) = 0 and independent of e.

We choose t > 0 such that C’( sup-co 10 Tl sy ) < 4. Sucht > 0 exists because
h € C>([0,T];C>*(I'y)). Furthermore, we apply Young’s inequality. Then we can
find some constant C' > 0 independent of € such that

t
€2 €12 €2
s I e + [ 15N 45 < € (19 sy +1)-

By Gronwall’s inequality, we conclude

t
€ 2 € 2
sup 1N ) + / 15 ooy s < (4.93)
0<r<t 0

To obtain higher space regularity we apply Vr, to the differential equation (4.69)),
multiply both sides by —Vr,Ar,p¢, and integrate over I'y and (0,¢). Then we get by
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integration by parts

2 €
th/ “AFop ||L2 (To) +€/ HA HLQ(FO) / /Fo VFOP AFovf‘op

:50 / Vo (AR)) - (Vo Ary — Ar Vi )pt dH" ds
0 T'o

1 t
450 [ (Tr A~ AR)Vr,p) - B, Vg dH ds
o
1 t
+ 50’/ / (.A(h)VFO — A(O)Vpo)pﬁ . AFOVFOpe de_l ds
1)
t
+ / Vi, F(h)pS - Vi, Ar,p dH 1 ds .
0 JIg

By (4.89) with ¢ = 8,,p°, i =1,...,d — 1, Lemma [4.2.4] Lemma [4.2.5] Lemma [4.2.6]

and the elliptic estimate (4.91]), we obtain

t t
€12 ell2 cl12
SUP Ip ”H?(FO) + 6/ HA%OP L2(To) ds +/0 [Vrep ||H5/2(F0) ds

€2
< C( sup |h(, ) llesqrg) ) VoD 200052 (00

T€[0,t]

€ € 2
+C [|Ipf ||L2(0,t;H7/2) lp ||L2(o,t;H3) + Coiugt lp ||L2(F0) +C

for the same C(.) > 0 as in (4.92). Therefore we can choose the same t as above
such that C’(SupTe[M ||h(.,T)||03(FO)) < % Since (H2(I‘0),H7/2(F0))272 = H3(Ty), it
holds

3

1 2
lell sy < C Nl fraqrgy el ey ey

for any u smooth enough and some C' independent of u. Hence by Gronwall’s and
Young’s inequalities and (4.93)), it follows

t
€ 2 € 2
s Iy + [ 151y <€

for the same ¢ as in (4.93) and for some C' independent of e.
Next, we apply Ar, to the differential equation (4.69) and test with A p°. Applying
this procedure again and again, the assertion of the theorem follows. ]

Similarly, we can obtain higher order time estimates for p® independent of e.

Corollary 4.2.9. Let p° be the solutions to (u and (-) Then there exists
some T > 0 such that for every m,n € N, it holds

HpEHH” 0,T7;Hm—1/2(T <C (4.94)
( )

for some C' = C(m,n) > 0 independent of € € (0, 1].

126



Proof: By definition F(h(.,t)) : H*?(Iy) — HY*(T,) is a bounded operator for

all t € [0,T], A(h)(t) : H5/2(F0) — H~Y2(Iy) is bounded by Lemma for all
t €[0,7], and Af : H*(I's) — L*(Ig) is bounded. Therefore equation (4 69 yields

|0p° ||L2 0,T3H-1/2(T)) <C

for some C' > 0 independent of e.

Getting higher order space estimates for 0;p®, we use the properties A(h)(t) €
L(H™Y2(Ty), H™"/2(I'y)) and F(h(.,t)) : H™Y2(Ty) — H™5/%(Ty) is bounded
for all t € [0,7] and all m € N, m > 4, and Theorem [4.2.§] Then it follows

100"\l 20,75 m-1/2(rg)) < € (4.95)

for all m € N and some C' = C(m) > 0 independent of e.
Differentiating equation (4.69)) with respect to ¢t and using estimate (4.95)), we obtain

|07

<C

L2(0,T;H™=1/2(T))

for all m € N and some C' = C'(m) > 0 independent of e.
Repeating this procedure any number of times, the assertion follows. O

Now we are able to show that the solution functions p¢ converge to a weak solution

to (4.67) as e \, 0.

Lemma 4.2.10. There exists
pe HY(0,T; HV*(y) N L*(0,T; H*(Ty))

such that p is the unique weak solution to in the sense of D'((0,T); H~Y/2(Ty)),
that s

<—/ p() ()dt f>H 1/2 H1/2+ U/ .A ) (t) dt, f)H*l/Q,Hl/Q

/ F dt f)H 1/2 H1/2

for all o € CF(0,T) and f € HY/*(T'y), and we require p(0) = 0.

Proof: Since L?(0,T; H*?(I'y)) is a Hilbert space, there exists a function p €
L*(0,T; H°/?(Ty)) such that p¢ — p in L?*(0,T; H?(Ty)) as € \, 0 (actually for
a sequence (€, )nen such that €, — 0 as n — 00). In the following we show that p is
a weak solution. Let f € H'/2(I's) and ¢ € C§°(0,T) be arbitrary. Then it holds

T T
- /0 <p6<t)7 ()0/<t)f>H—1/2’H1/2 dt + E/[) <A%Op6(t), Qp(t)f>H—1/2’H1/2 dt

+ %U/O (AP (), () f) r-1/2 /2 dt :/0 (FR)p (), o) f) gr-1/2 /2 dt
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since

T T
- / BE0, 9 (O gyt = / (O (6), 9(E) F) 270 g .

Sending € \, 0 and using p¢ — p in L?*(0,T; H>*(Iy)), we get

T
€ / . dl
/0<p ), &' O ) gp-rs2 e dt = //F (t)f dHdt

— // (t)f dH* 't

- / ROREIOT e

0
as € \, 0. By using Corollary [£.2.9] we obtain

T T
6/0 <A%‘0pe(t)7 Qo(t)f>H—1/2’H1/2 dt < 5/0 HA%‘ope(t>HH—1/2 ||90(t)f||H1/2 dt
< € ||p€||L2(O,T;H7/2) ||‘PfHL2(0,T;H1/2) —0,

as € \, 0. Let A(h)(t) € L(HY?(Ty), H5/%(Ty)) be the adjoint operator of A(h)(t)
for all ¢ € [0, 7). Then it follows

[ 0008 0,0 st = [ GO OAD ) g
— /0 (p(t), (&) AR (E) ) grss_gg—sse dt

- /0 (AR (E)P(E), () F) jrr/2 gz dt |

as € \, 0. We split the term F(h) into two parts Fi(h) and Fy(h) where Fi(h)
consists of all terms which contains p¢, and Fy(h) = F(h) — Fi(h). It is not dif-
ficult to show that Fj(h(.,t)) is a linear operator for all ¢t € [0,7]. We treat the
term Fi(h)p© as well as the term A(h)p®. Note that the adjoint operator Fi(h)" €
L(HY2(y), H5/2(Ty)). Since Fy(h) does not depend on p, we obtain

/0 (FP (), (0 ) grosso gyt — / (FE), 0(0) ) ysse s i

as € \( 0. Therefore it follows
T
= [ POF O )iy + 50 / ARG s F) 1001
/ .F dt f>H 1/2 H1/2 .
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That is (4.67) holds in the sense of D'((0,T); H~'/*(Ty)) and dyp = —3oA(h)p +
F(h)(p) € L*(0,T; H/2(I'y)). Next we show p(0) = 0. Since

H'(0,T; H-'/(T)) N L*(0,T; H'/?(T'g)) € C([0, T]; L*(Ty))

cf. [56, Lemma 11.4], the initial condition p(0) = 0 is well-defined. For all ¢ €
CY([0,T]) with o(T) =0 and f € H?(Ty), it holds

(p(()), (:0(0>f)L2(F0) = - /0 <atp(t>, (p(t)f>H—1/2,H1/2 dt

N /0 <p(t)’ S01(25)=}C>H*1/271-11/2 dt.

Therefore the following relation is valid
T
OO0 Dy = = [ FOO O oo
0

tao / CAMIP(E), (0 g1 g

- \/0 <p(t)7 S0l(t)f>H*1/2,Hl/2 dt .

Using p¢ — p in L?*(0,T; H*/?(Ty)), we show as above

0O izwy =t |~ [ OO PO

1

+§J/0 <~A(h)p€(t)7 Sp(t)f>H*1/27H1/2 dt

_ /OT D), & (O F) /2 e dt]

T
= lim {_6/ (AFP (1), L)) 1o o
eN0 0 7

+(p6(0)7<p(0)f)m<ro>] o,

Since the embedding H'/?(T'y) < L?(I'y) is dense and f € H'/?(I'y) is arbitrary, the
statement p(0) = 0 follows.
It remains to show uniqueness. Assume that p; and p, are two weak solutions to

(4.67). We set p := p; — po. First we show
2 2
IVrop(., t)HL?(FO) = [[Vryp(., S)HL?(FO)

t
_2/ <atp('77—)7Arop('aT)>H71/27H1/2 dT (496)
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for all s,¢ € [0,T]. Due to [13| Chapter I1I, Theorem 4.10.2], we have the continuous
embedding

H'(0,T; H'*(Ty)) N L*(0, T; H**(Ty))

— C’([O,T];(H_1/2(F0),H5/2(F0)) ):O([O,T]QHI(FO))’

11
where the last equations holds due to . Hence the relation is well-defined
(possibly we have to redefine p on a measure zero set of [0,7]). We approximate p
by a sequence of smooth functions (p,)nen. Then we show that holds for all
Pn, n € N, by integration by parts. Finally, we send n — oo. For more details see
proof of Theorem 3 of Chapter 5.9 in [32], which works analogously.

We multiply both sides of by Ar,p and integrate over I'y and (0,t¢). Using
([.96)), p(.,0) = 0, and the definition of A(h)p € H~Y*(T,) in (4.86), we obtain in
the same way as in the proof of Theorem

t
2
sup ||p(‘aT)||H1(F0)+/ ||AFop(-a7')||H1/2(FO) dr
0

T€[0,¢]

<

t 1 t
| 5o A©) = AW Srypye st [ [ F)Arpdrds|.
0 0 JTo

where Fj(h) contains all terms of F(h) which depend on p. We can estimate the
first term on the right-hand side by Lemma m (Possibly we have to approximate
p by smooth functions (py)ney such that p, — p in L(0,¢; H*/?(Ty)) as n — oo.
Then Lemma |4.2.4] is valid for all p,, n € N. By sending n — oo, we can also apply
Lemma to p.) The second term on the right-hand side can be estimated by
Lemma[4.2.6l Note that we only consider F;. Moreover, we use the elliptic estimate

(4.91) to get

t
2
sup [1p( )2 eny, + / 160 ™) sy 7
T€[0,t] 0

~ 2
< C( 51[10%] ||h(-77')||c3(r0)) ||p||L2(0,t;H5/2(FO)) + ||p||L2(0,t;H5/2(FO)) ||p||L2(O,t;H2(F0))
T7€|0,

. ) 5 1
< C( Sel[l()%} ||h(-v7')H03(FO)) HpHL2(O,t;H5/2(F0)) + ||szz(0,t;Hs/2(r0)) Hszz(o,t;Hl(ro))

for some continuous C(.) > 0 with C'(0) = 0. Choosing t > 0 such that
C (supTe[O’t] Hh<-=7')||c3(r0)) < : and applying Young’s and Gronwall’s inequality
yield
t
2
sup [ Dy + | W)y dr <0
T7€[0,t] 0

Therefore it holds p; = ps. O
Now we are able to show the main theorem of this section.
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Proof of Theorem [4.2.3} It remains to show higher regularity of the solution p,
which we obtain in Lemma [£.2.10] By Corollary we get a uniform boundness
of the solutions p¢ in H"™(0,T; H™ /2(Iy)) for any given integer n, m, and therefore
it holds

p-—p in H"(0,T; H" '*(Iy)),

as € — 0, since H™(0,T; H™~/2(T'y)) is a Hilbert space. Possibly the convergence is
only valid for a sequence (€,),en such that €, — 0 as n — oo. O
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5 Nonconvergence in the Case of
Small Mobility Constants

As before we assume that Q C R? is a bounded domain with smooth boundary 95
and 'y C Q2 is a smooth hypersurface without boundary. Let §2; be the interior of
[y and f = Q\QJ. Let d° denote the signed distance to Ty such that d° < 0 in
2y . Moreover, we assume that there exists some constant Cy > 1 such that F(c) is
monotonically increasing for ¢ > C (that is f(c) > 0) and monotonically decreasing
for ¢ < —Cq (that is f(c) < 0). For example, this holds for F(c) = ¢ (1 — )’ We
consider the convective Cahn-Hilliard equation

O +v - Ve =m(e)Aus in 2 x (0,00), (5.1)
pe = —eAct + e 1 f(c) in Q x (0,00), (5.2)
D=2y =0 on 02 x (0, 00) (5.3)

for a given velocity field v € C(R; C#(Q)) with dive = 0 and v - ngq = 0 on 9.
Here the mobility constant m(e) has the form m(e) = € for some 6§ > 0. To close
the system, we choose the special initial value

oo =C(5)0(2) + (1-¢(%)) @ruwzn -1 9, (54

where 6 is the unique solution to the problem ([2.7)) and ¢ is the same cut-off function
as in (2.21)). The constant 0 > 0 is determined later.

5.1 Motivation

First we give some motivation for this chapter. We consider the so-called “model H”

O +v° - Voo —div(v(c?) Do) + Vp© = —ediv(Vee ®@ V) in Q x (0, 00),
dive® =0 in 2 x (0, 00),

Oict + - Vet = Aps in  x (0, 00),

pe = —eAct + e f(cf)  in Q x (0,00),

together with Dirichlet boundary conditions for v¢ and Neumann boundary conditions
for ¢ and p°. Here v€ is the velocity field, Dv® = %(Vve +(Vv)T), p° is the pressure,
and v(c) > 0 is the viscosity of the mixture.
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Using the method of formally matched asymptotic expansions, Abels et al. [4] showed
that the solutions to the “model H” converge to the solutions to the following sharp
interface models

O +v - Vo —div(r=Dv) + Vp =0 in Q*(t),t >0,
divo =0 in Q*(t),t >0,
Ap=0 in Q*(t),t >0,
[v]p@ =0 on I'(t),t >0,
- [VF(t) - (v*Duv — pId)}F(t) = OKRVr(1) on I'(t),t >0,
V—vpg v =—[vrg - V,u}m) on ['(¢),t >0,
[ = OKr() on I'(t),t >0,
when 6 = 0 and
O +v - Vv —div(r*Dv) + Vp =0 in QF(t),t >0,
dive = 0 in Q*(t),t >0,
[W]p@ =0 on I'(),t >0,
— [vre - (v*Dv — pId)}p(t) = OKVr(y) on I'(¢),t >0,
V—vrg-v=0 on I'(t),t >0,

when 6 = 1. Here v > 0 are viscosity constants and V' denotes the normal velocity
of I'(¢).

In this chapter we want to investigate what happens for “large” 6. For that we
consider the simplified diffuse interface model —. In particular, we consider
the limit € — 0 of the surface tension tensor in the Navier-Stokes equation of the
“model H”. More precisely, we calculate for ¢ € C*([0, T]; D(Q)%)

T
lim (H, ) dt,

e—0 0
where

(H, p) := e/ Ve @ Ve : Vpdr.
Q
For § = 0,1 we expect for ¢ € Cg5, that

(HE o) — 20/

Ve ® vrgy : Vo dH = _20/ Kvpa - dH
I(t)

L(t)
as € — 0 since vpy) @ vy @ Vo = —divpye due to divp = 0. Here and in the
following o € R is defined as
1
o= -/ (04(2))* dz .
2 Jr

Note that this definition coincides with the definition of ¢ in Chapter [3|
But for sufficiently large 6 we obtain a different result.
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5.2 Nonconvergence Result

First we investigate the flow of the velocity field v and prove some properties which
we will need later.

Lemma 5.2.1. Let v : Q x R — R? be a given smooth velocity field such that
v-n|yq =0. Then there exists a unique global solution y to the problem

d

Y Ew) = v y(tye) 1), y(090) = o

for all yo € Q. In particular, the flow X(.,t) =: X, : Q — Q defined by X (yo,t) =
y(t;yo) 1s a Cl-diffeomorphism for all t € R.

In addition, if dive = 0 n €, then it holds

det (DX (z)) =1 in Qyp (5.5)
and
DX, 0 X, V| = det(9,,X; - 0, X)%L, on Ty, (5.6)
where {11(x),...,17qa—1(x)} is an orthonormal basis of T,T.

Proof: By the Picard-Lindelof theorem, there exists a unique solution y(.;yo) :
Lnaw — R? for every yo € Q where I,,,4, is the maximal interval of existence. Since
v - n|yo = 0, there exists a unique global solution y(.; yo) such that y(¢; yo) € 0 for all
t € R when yo € 092, cf. |15, § 35. 4. Bemerkung]. By the uniqueness of the solutions,
it follows y(t;yo) € Q2 for all t € I, when yo € Q. In particular, every solution
y(.;90) is bounded for yo € Q and therefore it holds I,,., = R. Since v(.,t) € C*(Q)
for all t € R, it follows from [63, III. §13 XI. Corollar] that X; € C*(2)?. Let us show
that X; is invertible for all ¢ € R. Let t; € R be any time. Define thl Q1 — Q by
X, 1(x) = j(—to; 2) where §j(.;z) is the solution to

7 (t)=v(g(t),t+ty) inR, g(0)==z.

Claim: X, (X,;,'(z)) =z for all z € Q.
By definition of X ! it holds

Xeo (X5 (@) = y(to; §(—to: 2)) -
Since y(. + to; y(—to;z)) : R — R and § are both the solution to
y'(t) =o(y(t),t+to) in R, y(—to) =7(—to; x),
it follows 3(t; x) = y(t + to; y(—to; x)) for all ¢ € R by uniqueness of the solutions. In

particular, it follows y(to; ¥(—to; ¥)) = (0; x) = z. This shows the claim.
Analogously, one can show X, (X, (z)) = z for all z € Q. Hence X, " is the inverse
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of X;, and X' € C*(Q)? by the same arguments as for Xy,
Due to [24} Satz 5.2], it holds

d
pr det(DX:(x)) = div v(X, t)| y_x, () det(DXy(z)) .

Since dive = 0 and X, = Id, we obtain
det(DXy(z)) =1 V(z,t) € Qr.

Using this property, we can verify the last assertion of the lemma. Since X, ' (X,(z)) =
x for all x € Q, it follows by differentiating with respect to x

Id= DX, o X,DX, in.

Due to Cramer’s rule and the last equation, it follows

_ 1
DXt T o) Xt = W COf(DXtT)T = COf(DXt) .

Therefore we get in a neighborhood of I'(0)

|IDX; " o X,Vd°

? = Vd- (cof(DXT)cof(DX;)) Vdl°
= Vd- (cof(DXDX,)) Vd°.

Let @ be the change-of-basis matrix taking the orthonormal basis {7, ..., 741, vr,}
to the standard basis {ey,...,eq} in R%. Then Cramer’s rule yields
1
QT =Q!' = 4ot 0 cof QT = cof Q7

and therefore it holds on I’

Vd’ - (cof(DX]DX,)) Vd’ = (Qeq) - (cof(DX]DXy)) (Qeq)
= eq- (cof QTcof(DX] DX;)cof Q) eq
= (cof(Q"DX/'DX,Q)),,
= det(0, X, 0-, X))

i.j=1>

where the last equality follows due to the definition of the cofactor matrix. This
completes the proof of the lemma. O

As main result of this chapter, we obtain:

Theorem 5.2.2. Let Q C R? be a bounded domain with smooth boundary 09, Ty C
Q a smooth hypersurface without boundary and let (¢, u) be the solution to the
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convective Cahn-Hilliard equation — with initial condition . Then, for
every T > 0 and for all ¢ € C*([0,T]; D(Q)?), it holds

T T
/ (HE, o) dt — 20—/ / V(A (X, )| vre ® vy« Vo dH T dt,
0 0 JIT(t)

as € \, 0 and where the evolving hypersurface T'(t) is the solution to the evolution
equation

V(z,t) = vrp(z,t) - v(z,t) onT'(t),t € (0,T), T(0)=T,,
where V' is the normal velocity of I'(t). Moreover, it holds
e = @xqr — DlZaayy = O,

as € N\ 0.

Remark 5.2.3. In general |V (d°(X;"))| = |DX;"Vd o X; | # 1. This can be
shown as follows. By choosing a suitable interface Ty, it is sufficient to show that
in general DX; T is not length preserving. We show this by a counterevample. Let

Q C R? be the interior of the ellipse defined by the equation % + % = 1. For the
velocity field v : Q@ — R, we set v(xy,15) := (13, —2x). Note that dive = 0 in
and v -ngg = 0 on O since (2x1,x2) for (x1,x2) € 2 is a normal on 0. Then the

function y : R — Q defined by y(t) = (sin(v/2t), V2 cos(v/2t)) is a solution to
y'(t) =v(y®)) in R, y(0) = (0,v2).

Since the velocity field v is independent of the time t, it follows X; ' = X_, where X,
is the flow of the ordinary differential equation y' = v(y). Differentiating the identity
X ;0o X; = Id with respect to t, yields

0=DX_(Xy(2))v(Xy(x)) —v(z) Vrel
since 0, Xy = v(Xy). Using our special solution above, we obtain X%(O, V2) = (1,0).
Hence we conclude
— _ - 0 V2
0= DX*%(LO) U(LO) - U(Oa \/5) - DX%(L 0)(—2) - ( 0 ) ’
Thus there exists a vector w € R? and (z,t) € Q x R such that |DX; " (z)w| # |w]
and therefore DX, (x) is also not length preserving.

The strategy of the proof of the theorem is the following: First we construct a
family of approximate solutions {c%},. ., and estimate the difference V(c® — c5).
Then we show that H¢ converges to an approximate functional H9 as € N\, 0 when
6 > 3. Finally, we prove the assertion of the theorem for H¢.

We start with the observation that I'(t) := X;(I'g) is the solution to the evolution
equation.
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Lemma 5.2.4. Let I'y C ) be a given smooth hypersurface without boundary. Then
the evolving hypersurface T'y :== T'(t) := Xy (Iy) C Q is the solution to the problem

V(z,t) =v(z,t)-v(z,t) onTyt>0, T'(0)=T,,
where V' is the normal velocity and v the unit outward normal to T'y.

Proof: The initial condition I'(0) = T’y is satisfied since X,(x)|,_, = = for all z € Q.
Let zy € Ty, to € (0,7), be arbitrary. Then there exists &, € I'g such that xy =
Xy, (Z0). By definition of the normal velocity, we obtain

d -
V(ZL'(), to) = —Xt( ) . V(ZE(), to) = U(Xto (ZL’()), to) . I/(ZEQ, to)
dt (2:6)=(G0.t0)

= v(xo,tg) - v(xo,to) -

This completes the proof. O

Let d : © x R — R be the signed distance to I'; satisfying d(.,t) < 0 inside T
and d(.,t) > 0 outside I';. Note that d°(z) = d(z,0) for all x € Q. Let Sp(x) be the
projection of x on I'y along the normal of I'y. As in Section [2.8there exists a constant
d > 0 such that Tg(d) := {z € Q:|d°(2))] <} € Q and 79 : To(6) — (—6,8) x Ty
defined by 79(x) = (d°(z), So(z)) is a smooth diffeomorphism. Furthermore, we define

I'(6), and QF as in (3.65)-(3.68).

Lemma 5.2.5. Fore : U,cjoq Xe(Lo(8)) x {t} = R defined by e(x, t) := & (X (2))
the following properties hold:

1. Le(x,t) = —v(z,t) - Ve(z,t) for all (z,t) € Usepory Xe(To(0)) x {t}.

2. e(x,t) is a level set function for Ty, that is, e(x,t) = 0 if and only if x € T'y.
Proof: By definition of 9, the function e is differentiable with respect to x in
X:(To(9)) for all t € [0,T].

To[1} Tt holds for all z € Q
XX (2) = 2.

Differentiating with respect to t and x, we get the identities

0= DX;(X; ' (2)3: X, (2) + 0, X, (X, (2)) (5.7)
and Id = DX, (X (2)) DX, (2). (5.8)

Hence we get by the definition of e

d d 0 1 _ 0 -1
Ee(m,t) = 7 (@ (X, (o )_Vd (X¢ (@) -

) - (x)
= —Vd'(X;'(x))
()

@
<



where we have used (5.7) and (j5.8]) in the third equation.
To [2} The following equivalence transformations hold since X; : Q — Q is a diffeo-
morphism
X 2) =0 X;H2)eToye Iy clyst. X, Hz)=y
< Jyelyst. v =Xi(y) &z e Xy([y).

This shows that e is a level set function for I'. O

As in Chapter let 6y be the solution to (2.22)) and let ¢ be a cut-off function as
in (2.21)). Then we define

+1 n QTN U X(To0) x {1},
te[0,7
() =4 C(5) 0o(E) £ (1=¢(5)) in @F N te[LOJT] Xi(To(9)\I'o(3)) x {t},
90(%) in tGHT] Xt<ro(g)) X {t}

Note that ¢§(.,0) = ¢*(.,0) since e(.,0) = d° and 9y + v - V5§ = 0 in Qp since
dre +v - Ve = 0 (this is the reason why we use ¢(£) instead of ((£) as we have used
in Subsection [3.2.9). Moreover, ¢ and Ac satisfy Neumann boundary conditions
on 012, since ¢ = 1 in a neighborhood of the boundary 0.

Furthermore, we define for all ¢ € D(Q)¢ the functional HS : D(2)¢ — R by

(HY, ) = 6/ V@ Ve, Vodr.
Q

Lemma 5.2.6. Let ¢, be defined as above. Then there exists some constant C > 0
independent of € and €y € (0, 1] such that the estimates

IN
Q
ml
[N}
=
Ne)

A O 2q)

Vs (., t)HL?(Q)

(Gt L2
€4 ( 1) = xor (58) — 1)

hold for all t € [0,T] and € € (0,¢€).

ININ A
QA
N[ [N |
- N[

e
(@ ot (@3
— = =
[\ — (@]
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Proof: We obtain for all (2,t) € U, X:(To(8)) x {t}
Ach(a,t) = 2 [Vel 05 (£) + ¢ Aet(€) -

Hence there exists some constant C' > 0 independent of € and ¢t € [0, 7] such that

1A Dl 2oty < € (€2 166(2) +e)

(To(6/2)))
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Using 0} (z) < Ce @l (see Lemma [2.6.1)) for all z € R and for some C' > 0, we

conclude

—2a|d®(X; " (2)) /e
”0//(6/6)”2 S C/ e 2 ‘d( t dx
0 L2(X¢(T0(5/2))) X1 (Do(8/2))
_ C/ 6—2a|d0(z)/e| det |DXt(:E)| dx
T'o(6/2)

- e—2a|d0(:c)/e| dl’,
T'o(6/2)

where we have used |) Using the identity fFo( i (z)dx = [° o 22 frT x) dH" "t dr

for all integrable functions f where I'y = {x € Q 1z = s+ rvp,(s ) s € Fo} forr e R
(we will show this identity at the end of the proof), one gets

2 —2a|dO /e n—
165 e/t < / : [ et et ar
0

— C/ —2ar/6|/ 1d7_ln—1d,r
—5/2 r

< Ce

for some C' = C(T'y) > 0 independent of € and ¢ € [0,7]. Again using Lemma [2.6.1]
we obtain in (J;co p X (To(0)\Lo(2)) x {t}
Ady(w,t) = € [Ve[05(2) C(5) + e A (£) C(5) +2¢705(2) Ve - V (<(5))
+ (40(2) - 2xgr = 1) A (¢(5))
= O(e 26_%5).
Altogether, this shows for all € > 0 small enough.

The second estimate can be shown by the same arguments.
Using f(41) = 0 and the Taylor expansion, it follows

F(e) = F'(2xgr — 1) + O(ch — 2xgr + 1)) (¢4 — (2xgr — 1)

for some © = O(z,t) € (0,1). For all (z,t) € U, Xi(To(2)) x {t}, there exists
some constant C' > 0 independent of x and ¢ such that

alel

e = 2xgr = 1| = |60 (2) — (2xgr — 1)| < Ce %

due to Lemma In Ucom X(To(6)\Io(2)) x {t} we get due to the definition

€
of ¢

ch — (2xgr — )‘ <Ce + .
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In U,com Xe(€\Lo(8)) x {t} we have ¢ = 2xgw — 1. Then we can apply the same
estimate as above to prove the third and also the forth assertion.

It remains to show the integral identity [. o2 /(@) do = fJgQ frr dH" 1t dr. We

choose an relatively open set U C I'y such that U can be descrlbed as a graph, i.e.
(possibly after rotation) there exists an open set D C R4~ and a function g : D — R
such that U = {(y,g(y)) : y € D}. Define the sets U(0) and U,, r € (=4,9), by

U@)={x+rvp,(x):xeUre (=40}, U ={z+rvp,(z) :x€U}.

Then the function ® : (=9, ) x D — U(J) defined by ®(r,y) = (v, 9(y))+rvr, (v, 9(y))
is a smooth diffecomorphism. Let f : R — R be an arbitrary integrable function. By
coordinate transformation, we obtain

fayde = [ [ (1o @) et (DO )| dydr

U(s)

’ 1
= /6/L;(f0q’)(r, y) [det(D®(r, y)" DD(r,y))|* dy dr .

We continue with calculating det(D®(r,y)T D®(r,y)). For all i € {1,...d — 1}, it
follows

0, @(r,y) - 0, (r,y) = vro(y, 9(v)) - [(€i, 0ig(y)) + 9i(vr, (y,9(y)))] =0,

where e; € R is the i-th standard unit vector. Here we have used that

o 0:9(0) + (€0:9(0)) = e (‘fg) - (89 ) o

and vr, (y, 9(y)) - 0i(vr, (y, 9(y))) = 0. Hence we get

T _ 1] 0 _ T
det(D(I)(Ta y) D(I)(T, y)) - det ( 0 ‘ qu)TDy(I) - det(Dy(I) (Tv y)Dy(I)(Ta y)) .

Therefore we obtain the identity

) 1
/U s = / 5 /D (f 0 ®)(r, ) |det (D, ®(r, 5)7 D, ®(r, y))|* dy dr

1)
= / fz)dH* dr,
—6 J U,

where the last equality follows from ®(r, D) = U, for all r € (—§,6), that is,
®(r,.) : D — U, is a chart for U,. Using partition of the unity, the assertion
follows. This completes the proof of the lemma. O
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Lemma 5.2.7. Let ¢ be defined as above and let ¢ be the unique solution to —
with initial condition . Then, for 8 > 3, there exists some constant C' > 0
independent of € and e > 0 such that

€ €2 0-3
e|IV(c - CA)||L2(QT) <Cez, (5.13)
and ||c¢¢ — cf4||iQ(QT) < Ce? (5.14)

for all € € (0, €).

Proof: Let R = ¢ — ¢ be the remainder. Since 0;c% + v - V¢ = 0 in Qp, it holds

/R( )dx—/ /8thxdt //v VRdxdt+ ¢ / /Ay dx dt
Q
//leURdl’dt // v-nRAH dt
a0
+// —pfd%‘“dt:o
0 Joa On

for all ¢ € [0,T]. Hence we can find a unique solution ¥ : Q7 — R to the problem

CAU(, ) = R(.,t)in O, aa W(.t) = 0 on 002, /\If(.,t):o
n Q

for every t € [0,7]. We multiply the difference of the differential equations for ¢¢ and
¢, by U and integrate the resulting equation over 2. Then we get for all ¢ € (0,t)

0 = /Q\IJ[atRJrv-VR+e9+1AQR+69+1A2c;—69—1Af(c6)} dzx
_ /Q\IJ(—A&\I!) — VU uR+ HAVAR
+ /Q ETTAVAC — AV () dr
— Zdt/mp\ dx+/ —VU - vR+ VR dx
—I—/Q—GQHRACEA + @ TRF() da

where we have used the Neumann boundary conditions a A = 8 7V = % (cf) =0,
n=0and ZAc"=—e'Zu +e?2f(c )—Oon@Q anddlvv:()inQ.

By the assumptlons flef) = 0for et > Cy>12> ¢ and f(c) <0 for ¢ < —Cj <

—1 < ¢, we obtain

/ f()Rdx > 0.
{zeQ:|cc(z,t)|>Co}
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Hence Holder’s and Young’s inequalities yield

1d 2 0+1 2 0-1 e
—— [ VY| dx + ¢ IVR|"dx + € f()Rdx
2dt Jq Q {2€Q: | (x,t)|>Co}

< /V\I/~dex
Q

+ TR 20y 1A ()

/ f()Rdx
{zeQ:|ce(x,t)|<Co}

We estimate the right-hand side. By integration by parts and due to v-n = 0 on
0L, the identity

+ 1 : (5.15)

/@J\I/U]&\Ifda:: —/&\Ilc?]v](?l\lfd:z:—/@\I/U]@J\I/ dr = —/81\I/UJ8U\I/CZ£C
Q Q Q Q
yields

/W- (D*Wv)de=0.

Q

Therefore we obtain the following estimate for the first term in (5.15)) on the right-
hand side

/V\I/-dex:—/V\I/-UA\Ifdx:/V\If~(D2\I/v)+Vv:(V\II®V\I/)dI
Q Q Q

- /vi (VU © V) do < V0| o) [V 2egqy (5.16)

for all ¢ € [0,7] and where we have used the boundary condition 2 ¥ = 0 on 9.
Using Taylor expansion yields for the last term in (5.15]) on the right-hand side, we
get for all € € (0, €)
/ f()Rdr = / f(COR+ f'(c + OR)R* dx
{zeQ:|ce(z,t)|<Co} {zeQ:|ce(z,t)|<Co}

1f (D 2y 1Bl 2y + € ||R||%2(Q)
Ce2 ||R]l 12y + C | Rl 20 (5.17)

IN

IN

for some © = O(x,t) € (0,1) and some constant C' > 0 independent of ¢ and
t € [0,7]. Here we have used inequality (5.11)) with the same constant ¢y > 0.

Therefore estimate ((5.15]) turns with (5.16[), (5.17), and (5.9)) into

t Ja 0
2 _1 _1 — 2
< G (HV‘I’HLZ(Q) + 72 |R] ooy + €7 | Rll 2y + € ||R||L2(Q)>
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for some C; > 0 independent of € and ¢ € [0,7]. Since
IR == [ RAVds = [ VR-T¥do < [V R] 0 [90 0

we obtain by Young’s inequality
O+

6_7 ||}%||L2 <€ 160

IVRI 720

and
0+1

_ 2 € 2 - 2
" Rl72 () < sC, IV Rl 20y + C 2 IV 2 -

Using the last two inequalities and 0 > 3, we get

360—3

for some C' > 0 independent of €. Since R(.,0) = 0, it follows ¥(.,0) = 0. Then the
Gronwall inequality yields

sup [ U() [y < %

0<t<T
for some C'= C(T) > 0 independent of e. Integrating (5.18) over (0,7"), yields
TRy < C (IV0]2aq,, + 5 ) < O™
for some C' > 0 independent of €. Furthermore, it follows
2 30—-3 6-5 _
1Rl 2200) < IV ¥ 20r) [VRI 20y < O e = Ce2.

Hence the assertions of the lemma follow. O

Now we can show that H¢ converges to H¢ as € goes to zero.

Lemma 5.2.8. Let H® and HS be defined as above and let 6 > 3. Then it holds for
all € C=([0,T}; D(2)7)

T
/ (HE — Y, o) dt| — 0,
0

as € \ 0.
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Proof: We choose any p € C*°([0,T]; D(2)¢) and set R = ¢ — ¢§. Then it holds by
triangle inequality

€

/ (Ve @ Ve =V, ®@Vey) : Vedr
Qr

< € + €

/ (VEERVR) : Vpdr
Qr

/ (VR®Vcy) : Vedx
Qr

< eIVl IV RN 0n (19N ) + 19l 2 ) -
Due to Lemma [5.2.6, we have
€ (12 -
||VCA||L2(QT) < Ce!
for some C' > 0 independent of €. Since
IVl 1200 < IVE 2000 T IVR 20
and due to Lemma [5.2.7], it follows

3

T
/ (H°— HY, p) dt‘ <CeT (1 —i—e%)
0

for some constant C' = C'(¢) > 0 and for all e small enough. Since 6 > 3 the assertion
follows. O

Lemma 5.2.9. Let Hq and ¢ be defined as above. Then it holds for all p € D(2)4
and t € [0,T]

(HY, ) — 20 / V(@ (X7 )| vrwy @ vey - Ve dH,
()

as € \ 0.

Proof: Let p € D(Q)? and t € [0,T] be arbitrary. Observe that

ald

(%) 00(2) Ve + (0(2) — (27— 1)) V(C(5)| S Ce e

in Uep.n Xi(To(0)\Io(2)) x {t} and V5 =0 in Usepor) Xe(@2\T'0(9)) x {¢}. Hence

Vel =

we can replace ¢ by 6p(¢) in the whole domain €7 since the remainder decays
exponentially as e — 0.
Since X; : 2 — Q is a diffeomorphism, we obtain by coordinate transformation

(Hy, @) = 6/VCf4®VCf4:Vgodx
Q

— 5/ Vo X, ®@ Ve o0X,: Voo Xy |det(DXy)| de.
0

144



Due to Lemma [5.2.1} it holds
det(DXy(x)) =1 V(x,t) € Qp,
and the identity (5.8)) yields
Vo Xy = DXt_T o X; V(¢ 0Xy).
By equations ((5.19) and (/5.20]), we conclude
(HS, ¥) :e/ MV(c40X) @MV (c0Xy): Voo Xydu,
Q
where M = M(z,t) := (DX; T o X;)(x). Using ¢, = 0p(d° o X; ' /e) yields
2
(HY, ) = 61/ (95(%)) MV @MV : Vo X, dr.
Q

Now we consider the limit € ™, 0.
Claim: Let f € C''(Q) be an arbitrary function. Then it holds

e1/9(96<§>>2fdx—>20/rofd7—1d1,
as € \ 0.

Proof of the claim: Since there exists some constant C' > 0 such that

_ a]d%()|

eo(d—”)( <ce ™ vreq,

€

(5.19)

(5.20)

(5.21)

(5.22)

it is sufficient to consider the domain I'y(d) instead of 2. Hence we have the identity

5

o 60 = [t [

where I'f = {zx € Q 1z = s+ rvp,(s),s € I'o}, see at the end of the proof of Lemma

5.2.0| Define ¥;: R — R by

f Jo M i r € (6,0)
Vi(r) = { 0 if r € R\(=0,4),
p:R— R by .
p(r) = 5 (66

and ¢, : R — R by



for € € (0,1]. Then ¢ is a one-dimensional mollifier. Therefore we obtain

et /Fo(a) (96(%))2]‘%& = ZU/Rgoe(T)\I/f(T’)dr

= QJ/RQOE(T)\IJ]?<—(O—7")) dr
= 200 % Vs (0),

where U;(r) = ¥(—r) and ¢, * ¥;(0) denotes convolution of ¢, and ¥(0). To show
the convergence, it is necessary to estimate |W(r) — W¢(0)| for » < 6. By definition
of U, we obtain

[Wy(r) — W (0)] = Fantt— [ fane

ry To

= | [ For|det(@.r, 0L |P — fdHA

o

/ (f o Ty — f) |det(8nr,, . aTJTT)Z] L 2 de 1
To

3,7=1

IN

+

/ (1 — |det O0r, Ty GTJTT)” 1 %> dH!
To

where we have used the transformation 7, : I'g — I'fy defined by 7,.(x) = x + rvp, ()
and where {7(z),...,74_1(z)} is an orthonormal basis of T,I'g, cf. [12, Aufgabe
53]. We separately estimate the two terms on the right-hand side. The fundamental
theorem of calculus yields

/ (for — f)|det(dy,7. - O- T,n)z; 1 2d’;‘-[d !
o

;

(/ Vf(x+ svr,) - l/FOdS) |det (8,7 - O, Tr)“ NP antt
< C|7”|Hf|fcm

for some C' = C(I'y) > 0 independent of 7. We continue with the second term. Note
that
871.7; . 87],7; = 51-]- +r (Ti : 8Tj1/p0 + Ty Gnypo + r@riypo : aijpo) .

Hence we can conclude
}det(ann . (%.TT e 1| =1+0(r),
and therefore it follows
11— |det(d,7 - Op 7y )it

2 = LW — O(r).

1
1+ |det(6TiTT . GTJTT)f] Nk

1 — |det(0r7 - 07, 7) 52,
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Thus we get the following estimate

/ (1—’det8n an)”ﬂ) dH*?
o
for some C' = C(I'y) > 0 independent of r. Hence we obtain

Wy (r) =W 0)] < Clrll[ fllon ey

Applying this estimate, we can prove the assertion

! /w) (96(§))2fdx — % /F FdH

= 20 |oe Us(0) - ¥4(0)|

= 20| [ sy - \Iff<0>'

< Clrilflloo

IN

= 20| [ ) (010 - 10)) 0y
Ve _ -
20 / ﬁsoe(y) (—y) - ‘I’f(O)‘derZa /R v @e(y) [ Vr(—y) — Vs(0)| dy

O Iflesgy | o)y +Clileny [ty

2ay|

1 1 _ 2oyl
< CH flexmy + Cll oo / ey

1 4 2
< Ce | fllerm + Clifllcom € eV

IN

for some C' = C(I'y) > 0 independent of € and where we have used [, ¢c(2)dz =1
for all € € (0,1]. Hence the claim follows.

The relation ((5.21]) and the property (5.22) yield

HS 0) — 20 [ MVd® @ MV : po X, dH*™",
AP ¥
To

as € N\ 0.
We apply coordinate transformation to the right-hand side. Note that due to Lemma

it holds

IM|)> = |DX;T o X, Vd°|” = det (0, X; - 8, X:)41, on T.
Then we obtain
20 [ DX;ToX,Vd°® DX; T o X,Vd": po X, dH*!
To
1 Ve Ve
— det(0, X, - 0-, X X7 =—® : Vi dH™
/F(t)| ¢ t t)” vo X \Ve\ Vel - v
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since X;(Ty) =T'(t) and DX; "Vd" o X; ' = Ve. Since Ve/ |Ve| = vr@) and
1
|det(0-, X, - 0-, X)) 0 X712 = | DX,V o X7 = V(X))

the assertion of the lemma follows. O

Proof of Theorem The first assertion of the theorem immediately follows

by Lemma (52.8) and (5.2.9).
The second assertion is a consequence of Lemma [5.2.6| and Lemma [5.2.7] since 6 > 3.

|
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6 Sharp Interface Limit for
Convective Cahn-Hilliard Equation

We assume that Q C R? is a bounded domain with smooth boundary 9€2. In the
whole chapter let v : Q x R — R? be a smooth velocity field such that dive = 0 in
QxR and v = 0on 9N xR. Asin Chapter [5| we consider the convective Cahn-Hilliard
equation. But here we choose the mobility constant m(e) = ¢, that is, = 1

O +v -V =eAp’ in Qx(0,7), (6.1)
pt = —eAc + e 1 f(c) in Q x (0,7), (6.2)
Dee=2pu =0 on 092 x (0,7, (6.3)
lieo = €5 in . (6.4)

We assume that this convective Cahn-Hilliard equation has a smooth solution (¢, u°)
for all € € (0,1] and for some T € (0,00). By the same techniques as in Chapter
we prove that for an appropriate family of initial values {cf},_.., the solutions to
the convective Cahn-Hilliard equations converge as € \, 0 to the geometric evolution
equation

V—-v-rv=0 on I'(¢),t >0, (6.5)
F(O) = FOO fort = 0, (66)

where I'gg C €2 is a given smooth hypersurface without boundary. Hence the motion
of I'(t) is independent of  where p is the solution to the parabolic boundary problem

O = f'(E1)Ap—v-Vpu in Q*(¢),t >0, (6.7)
=0k on I'(¢),t > 0, (6.8)
%M =0 on 09, t > 0, (6.9)
il =0 = Hoo in (2 (6.10)

for some given initial value ppo. Here V = V(x,t) denotes the normal velocity of the
interface I'(t).

Remark 6.0.1. We can assume that the system (6.5)- admits a smooth solu-

tion (u,I"). This can be seen as follows.
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1. Since the velocity field v is smooth, we already see in Lemma and [5.2.]]
that T'(t) = Xi(Too) is a global smooth solution to and where Xy =
X (., 1) : Q — Q satisfies
d

ZX( ) = o(X (1), X(,0) =1d.

Let us also mention that T'(t) C Q for all t € R.

2. Moreover, we can assume that the parabolic boundary problem - ad-
mits smooth solutions p* = pilg+ ) and p= = plo- . in the time interval [0,T7.
This can be seen as follows. By Lagrangian coordinates u(x,t) = u(X(z),1t)
we transform the system to the fized domains Q2+ (0) = Qdy and Q7 (0) = Q.
Then we obtain a parabolic problem of the form

o+ A (u = f(t) in Q5 t >0,
= g=(t) on Lo, t >0,
Bt)u=0 on 0Q,t > 0,

where A*(t) is an elliptic second order differential operator and B(t) is a first
order differential operator acting on the boundary 0S). We choose the ini-
tial value u|,__, = 0 and a smooth extension of (AX(t), f£(t),g%(t), B(t)) to
[~1,00). Then by [14, 14.7 Corollary], we get u* € C®(QF x (-1,T)), if
gt = 0. Setting poo = u(.,0), we get vt € C®°(QF x [0,T)). In the case
gt # 0 we choose smooth extensions G* of g* to QOF, such that Gt = 0 in
a neighborhood of Q) and replace f*(t) by f*(t) — (0, + A(t))G=(t). Now

w* = ut + GF is the required solution where u* is the solution with new right-

hand side f(t) — (0, + A(t))G*=(t) and g* = 0.
In the whole section we assume that poo is an given initial value such that the

solution p to — satisfies p* € C°(Q*(t) x [0,T7).

3. Since we later set c§ = ¢(.,0), we will see in the construction of approzimate
solutions {c }o.<; that the initial values cf depend on Loy and poo or for given
cg the initial value poo depends on cf. But the leading order term of cf is
independent of poo. For more details see Subsection |6.2.60 and|6.2.7 below.

6.1 Convergence of the Difference of Approximate
and True Solutions

We start with an energy estimate. Now we assume that there exists a constant Cy > 2
such that

lc|> < CF(e) V¢ > Cy (6.11)
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for some C' > 0. Later we will see that [|c||coq,) < 2 for all € > 0 small enough,

and therefore this assumption is not necessary since we can modify F(c) for |¢| > 2

such that (6.11)) holds and since ¢¢ is also the unique solution for the modified F'.
Let E(c) be the Ginzburg-Landau energy, that is,

Ele) = %/Q]Vc(a:)Ide—l—%/ﬂF(c(x))d:c.

By differentiating the Ginzburg-Landau energy with respect to ¢ and integration by
parts, we conclude

1
iE(ce) = e/VcG-Vcidx—i——/f(f)cfda:
€Ja

dt o
1
= — /Ac%ida:%——/f(ce)c;dx
Q €Ja

= / pec de = e/ uEANS dr — / v-Vcusde, (6.12)
Q Q Q
where we have used the boundary condition 8%06 = (. To handle the second term on
the right-hand side, we use equation (|6.2))
/ v-Veutdr = —e/ v- Ve A do + ¢ / vV f(cf)de
Q Q Q

= E/V(U-VCE)'VCCd.T—FEI/U-Vf(ce>d$
Q 0

= E/vvi(VCE(X)VCE)d.’L‘—l-E/U-V(|VCE’2)CZLU
Q 2 Ja

= E/VUZ(VC€®VCE)CZ[L',
Q

where we have used the Neumann boundary condition 9. c¢ =0 on 09, divo = 0,

an

and v = 0 on ). Hence there exists some constant C' > 0 such that

/ v-Veude
Q

Using this estimate, we conclude by (/6.12])

< O”V’U”Lw(QT) E(c).

d € € €
SE(C) + €V ) < C IVl gy B(E) (6.13)

We can apply Gronwall’s inequality to get

sup E(c(1)) < CE(c(0))

T7€[0,T
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for some C' = C(T,v) > 0. Integrating (6.13)) over (0,7") and using the previous
estimate, we obtain

€ ||V#€||i2(QT) < CE(c(0))

for some C' = C(T,v) > 0. Finally, by using (6.11)), we conclude by definition of the
Ginzburg-Landau energy F/(c°)

sup (“CE(wT)Hi?(Q) te HVCS(-J)”;(Q)) +e Hvlfui?(m) < C(E(c(0)) +1) (6.14)

T€[0,t]

for some constant C' = C(T,v) > 0 independent of e. In the following we consider
the initial condition ¢(.,0) = ¢5(.,0) for every € € (0,1] where ¢ is an approxi-
mate solution to the convective Cahn-Hilliard equation. Then it is possible to verify
E(c5(0)) < C for some C' > 0 independent of e.

Now we prove that the difference of approximate solutions and true solutions con-
verges to zero as € \ 0.

Theorem 6.1.1. Let {c%, u4}ooc<; be a family of functions in C>®(Qr) x C=(Qr)
satisfying the system of differential equations

()t +v- V5 =eAus in Qp, (6.15)
1Sy = —€eAcy + e f(c) + 15 in Qrp, (6.16)
Lo =2p5=0 on Or§2, (6.17)

where 14 = r5(x,t) is a function such that

I74lz2 0y < € (6.18)
= 24D and k € N such that
(d+2)?
k> . 6.19
d+4 (6.19)

Also assume that ¢ satisfies the boundedness condition

sup HCzHLoo(QT) < Co (6.20)
0<e<1
for some Cy > 0, f satisfies and , and
¢;(-) == (1) (6.21)

has the form . Let (¢, pu©) be the unique solution to (6.1)-(6.9) with c§(z) =
c4(2,0) in Q. Then there exists a constant ey = €9(Co, T, 2, k,d) € (0,1] such that if

€ € (0,¢), then

[ — CZXHL?(QT) <
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Proof: Let R = ¢ — ¢ be the remainder function and let W(xz,¢) be the unique
smooth solution to the Neumann boundary problem

0

—AV(.,t) = R(.,t) in
(O =R(HmO, S

—W(.,t) =0 on 01, /\I/(.,t)d:E:O

Q
for all t € [0, T]. The existence and uniqueness of W follows as in the proof of Lemma
627

Again as in the proof of Lemma [5.2.7] it follows by testing the differential equations
for ¢ and ¢ with R

th/ VU |? dx+e/ €|VR)* + e 1f/(¢5)R? dx
= /QV\I’ -vRdx — /QN(C;, R)R — erRdzx, (6.22)
where N (¢5, R) = f(c§ + R) — f(¢%) — f'(¢3)R. Due to (5.16), we obtain
/quf.mdx < V0l ey V0 g (6.23)
Applying Lemma [2.8.3| yields
- [ N BiRds < Gy 1Rl (6:24)
By Holder’s inequality, it holds
e [ 4Rz < el | Rl - (6.25)
and due to Proposition [2.8.1] we obtain
e/ﬂe VRP + e ()R do > —Ce [V 2y + 22 | R0y - (6:26)
Hence using — and Young’s estimate, equation implies
7 19 o+ IRl < € (IV91 )+ 11 ey + [Rl) (627

2dt

for some C' = C'(v) > 0. By Gronwall’s inequality, it follows

Sup [V, )220 < Ce% (Il + 1B, ) (6.28)
0<r<t
since R(.,0) = W¥(.,0) = 0. Integrating ([6.27) over (0,t) and using (6.28)) yields
ENIR 20 < Cr (150520 + IR0, (6.29)
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for some Cy = C1(T,v,p) > 0 independent of € and ¢ € [0, T]. Integrating (/6.22) over

(0,%) and using ((6.23])-(6.25) yields
ENVRI e < C (1R + 1R + IV 90 + € 1)
C (IBI2q0) + IRl + € ||rz||L2(Q>) (6.30)

for some C' = C(v) > 0 and where the last inequality follows by (6.28). As in the
proof of Theorem it holds for all ¢t € (0,7

IR0y < € stp IV IV Ry - (631
Define the sets A{ and A§ by

Ay = {te 0,71 @RI, > 201 1RG0, |-

Ay = {te (0,71 ¢ IR0, < 261 1Bl )
where (] is the same constant as in . Moreover, we define

T* .= sup {t € (0,T] : | Rll ey < ek} |
1st case: “T* € A{”
Then the definition of A¢ and (6.29)) yields
2 1
P € 2
||R||LP(QT6) S Q_Ctl ||R||L2(QT5) S 5 <||TA”L2 QTe + ||R||LP QTG > ?

and thus we conclude

€ (12 1
IR b 0pe) < NPall2ipey < 56 (6.32)
2

It follows T =T by definition of T*.
2nd case: “T° € AY”

Here we use the estimate (6.31]) and then (6.28]), (6.30), and the definition of A$§
2
a+2 _ € 12
1R, < C (Iralian + 1RIE@) ™ (IR g + Il )

< C’edT?(—:pk_4

. 4(d+42) (k— (dd+2)2)
= (Pleta+2) )

In the last equality we have used p = QSZI; Since k > ‘i;_ﬁ){z, there exists ¢ € (0, 1]
such that for all € € (0, ¢y}, it holds
1,
HRHLP (Qpe) < 5 )
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provided T € A5. Also in the 2nd case, it follows 7° = T'. This shows the assertion
of the theorem. O

We even get estimates in stronger norms.

Lemma 6.1.2. Let the assumptions of Theorem hold. Let m > 0 be any fized
integer and assume || ||y + G llymri-1 o) < e K for | > 4L some

2
integer K(m), and for all small e. If k in is large enough, then

[ — Cf4||cm(QT) + ||lp = MTAHCM*?(QT) <e
for all sufficiently small e > 0.

Proof: We show the assertion in the same way as Theorem [3.1.2
As in (3.39)), there exists some 6 € (0, 1) such that

0 1-60
1 = allomagy < Clle” = callzziop 1€ = callyyminay -

for some C' > 0. Therefore it is sufficient to show

||Ce||W£”+H—1(QT) S E_K(m) ,

for some integer K(m) if k in is large enough. As in Theorem the
estimate for u¢ — p§ follows from the equations for the chemical potential and
(6.16)).

We replace f by f where f = f in (=2C,2Cy) and f(c) is linear when |c| >
2Cy where () is the same constant as in (]m . Denote by ¢ the solution to the
modified system with f. Define A : D(A) — LP(Q) by A = —A + Id with D(A) =
{ceW2(Q): 8%0‘89 =0}. W.lo.g we assume that in Lemma the constant
is 7 = 1 since we only consider a finite number of different p’s. Otherwise we
replace A by —A + cId for some ¢ € R. Therefore —A? is sectorial with D(—A?) =
{ceW}Q): 2 Ac|,, =0} and W}(Q) = D(Az) with equivalent norms,
cf. Lemma

Then the convective Cahn-Hilliard equation can be written as

4 @A = A(—f(E) +26°¢) + f(&°) —v - VE — ¢

a%c‘em -

= Afi(&) + f2(2), (6.33)
where fi(c) := —f(c) + 2¢%¢c and fy(c) := —v - Ve + f(c) — e
Since
9 —e__a —€ a—e_ —18—6 —28_—6_
a_nAC %Ac +8nc < on () =0,

it follows ¢© € D(—A?). Hence the following proof is a bit simpler than in Theorem
3.1.2l Then by semigroup theory, we obtain

&) = e e (0) + /0 e~ AT AR (E(7)) + folE ()] dr . (6.34)
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In the following we denote by |||, the norm of operators from LP(2) to LP(Q2).
We apply AY?t o > 0, to both sides of (6 - and obtain

HA1/2+0¢% HLP

< (sup e )
/>0 p

<[ @e=m)" QA se @l + 4 2 @)),,)] dr

7A27_/

‘(T/A2)3/467A27/

p> HAI/%aée(O)HLp + (Sup

7'>0

Note that for 5 € [0, 00), there exists a constant C' = C(€, p, §) such that

<,

p

sup
7>0

(A2t

cf. [55, Chapter 2, Theorem 6.13]. Therefore we obtain the recurrence inequality

||A1/2+a5€ HLOO(O,T;LP

;< e, + e (14 A eorn

T [|Aet (e HLOOOTLP)H (6.35)

Since f has linear growth, there exists a positive constant C' such that for any p €
[1,2d] and any ¢ € LP(Q2)

i)l < C 1+ lell) - (6.36)

For estimating the term A~!fy(c%), we first consider A~ (v - V&) (this is the main
difference to Theorem and |10, Theorem 2.3]).
Claim 1: For all p € [2,00) there exists a constant C' = C(p,v) > 0 independent of
€ such that

HA_ VC le S C||€€('at)”Lp(Q) )

for all t € [0, 7.
Since divv = 0, we obtain v - V& = div (¢°v) and therefore by definition of A

/Q Ao V&) de = / AAN v - V&) + div () da

/ (v-V&E)+cv-ndH*™ ' =0  (6.37)
aQ

since a%Afl( .) =wv-n =0 on 0. Hence there exists a unique smooth solution to
the Neumann boundary problem

—AU(.,t)= A v V&) (., 1) in Q,

(6.38)

0
8n\11( t) =0 on 09, /Q\P(x,t)dx—o
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for all ¢ € [0,7]. Multiplying (6.38a) by ¥, integrating the resulting equation over
), and using a Poincaré’s inequality yield

1913y < C IV 22 < C[lA 0 - ) | gy 1] 20 -
and therefore we get
H\IJHW21(9) <C HAil(U ) Vﬁ)“m(g) : (639)

To get an estimate for W in LP-norm, we apply |8, Theorem 15.2.] to (/6.38))

”\IJHWZ}(Q) <C (HA_l(” ' vae)”LP(Q) + ”\IJHLP(Q)>

for some C' = C(p) > 0. To estimate the second term on the right-hand side, we
use Ehrling’s lemma, cf. [56, Theorem 7.30]. Since W, (£2) is compactly imbedded in
LP(Q2) and LP(Q) is continuously imbedded in L?*(f2), we obtain

el < CO) el 2y + 0 Nl

for every ¢ € W, (2) and some constant C(§) > 0. Choosing § > 0 small enough, we
get

IN

C (147 @ Vo) ooy + 19050
< C HA_l(v -Vee

193

)HLP(Q) (6'40)

for some C'= C(p) > 0 and where the second estimate follows from (6.39). Applying
this estimate, we can show Claim 1 as follows. Since A~!(v - V&) = —div (V¥) and
A = —A+1d, the function ¢ = A~ (v - V&) solves the following Neumann boundary
problem for all ¢ € [0, T]

—Ac = div (¢v) + div (V) in Q, 826 =0 on 0 (6.41)
n

since v - Vé© = div (¢“v). Due to Simader and Sohr [60, Theorem 1.4], we conclude

VA (v- V&)

@ = C<||Ee||Lp(Q)+||V‘1’HLP(Q))
< (10w + 1470 9| i)

for some C' = C(p,v) > 0 and where we have used (6.40)) in the second inequality.

Due to (6.37)), we can apply a Poincaré’s inequality to obtain

A7 @ V) ) < € (Héﬁl!m) +A @ W)Hm(m)
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for some C' = C(p,v) > 0. To handle the second term on the right-hand side we
apply the Ehrling’s lemma in the same way as above. This yields

A~ (v VE) <C (||6€||LP(Q) +[| A (v- VEE)HLQ(Q)> : (6.42)

(s

To estimate the second term on the right-hand side, we use the energy method. We
multiply the equation (—A + Id)A~ (v - V&) = div (¢°v) by A~ (v - V&), integrate
the resulting equation over €2, and apply integration by parts to conclude

VA= (v - V&),

o T ||A_1(v - Vo)

2 —€ — —€
Q) = —/QCU'V<A Y- Ve)) dx
S ||EEUHL2(Q) HVAil(U . VEE)

L2 (Q) Y

where we have used the boundary conditions a%Afl( .)=wv-n=0on d. Thus it
holds

A7 (- V2@ < C N

Mz

for some C' > 0. Therefore we can estimate the second term on the right-hand side

n (6.42). Thus Claim 1 follows.

Due to Claim 1, estimate (6.36)), and the definitions of f,, there exists some constant
C > 0 such that

1@ oy + 14712 | gy < € (14 lellogey) (6.43)

for all p € [2,2d]. We use (6.35]) and (6.43)) to estimate ||| ;.
Claim 2: There exists some p > d, an integer kg, and a constant C' > 0 independent

of e such that
HE€”L°°(07T;L°°) + HEE”LW(O,T;WZ}) S Cﬁiko .

For the proof we use a bootstrap method. First we set p = pg := 2. Then we already
known from the energy estimate ([6.14])

—€ 2
elle HL‘X’(O,T;WZl) <C. (6.44)

Then we set a = 0 in (6.35) and p; = j_% (in the case d = 2 we choose p; = 3).
Then it holds

(B P

IA

C (IO g+ (1w g + 1))

(HAW HLpl +e3? <||5€||L°°(07T;W21) * 1>> ’

where we have used (6.43) in the first inequality and Sobolev’s imbedding in the
1
second inequality. Since D(Ap,) = W, (€), it holds

IN

e e 0w ) < C A2 o imy
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where A, denotes the realization of the differential operator A in LP*(2). Hence by
Sobolev’s imbedding, we have

||EE||L°°(O,T;LP2) <C ||5€||L°o(0,T;W;1) <C HAl/QESHLOO(O,T;Lpl) ’

where p; = dd_Lpll (in the case d > p;). Repeating the same procedure step by step, we
dpi—1
d—pi—

can show that [|€°(| e 7,zn) < Ce %0 where p; = , until p; > d for some finite

integer @ = i(N). Then by Sobolev’s imbedding we obtam 1€ o 0,700y < Ceho,
This shows Claim 2.

To get estimates in stronger norms we set a = 2, 1, g, ... 1n where we can
control the terms on the right-hand side. To do this, we need some inequalities.
For any 8 € %N there exists a positive constant C' = C’(ﬂ, k,l,p) such that for all
c € WE(0,T; W2PH2(Q) n WZHHH(Q)), k,l e N

HAﬁafAfl(c) , ||A56£“f2(c)

HL°° 0,T5WE(Q HL°°(07T;W1§(Q))

2B+k+1+1
< o ((1+lelry ;;WWH(QD) (1+ lelwg oranzoizgy) ) (6:45)

2B+k+1+1
Wk (0,7;W3 T ()
By definition of A the function ¢ = A"¢‘, n € N, is the solution to the elliptic

Neumann boundary problem

where we get the term ||c|| by chain rule.

Ac—c=—A"1E in Q,

aanc = 5% (A"¢) on 0} .

Then [8, Theorem 15.2.] gives us the estimate
4 < OO pm) (A1

A N ey + ]| (A7)

w,f”_zl’(ag)>

for all m € N. Therefore for all m € N there exists a constant C' = C'(m) > 0 such
that

||EE||ng(Q) < C ||Améf||Lp(Q) + z:: H%Aic{}}wjmilfmi%(ag)’ (646)
m—1

||E€||ng+1(g) S C ||A C ||W1(Q) + Z H anAZCEH . 2175(89) (647)
=0

where we use the convention that if the upper limit of the summation is less than the
lower limit, then the summation is zero. To estimate the boundary terms B%Aiée, we
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use the boundary conditions 8%65 = a%Aéf = 0. We apply (6.33)) [i/2]-times to get

Aige — (_1)Li/2j6—2Lz‘/2jAi—2Lz‘/2jatLi/2Jc%
li/2)-1 S
+ 3 (1 H AU (AS () + fo(€))

=0

where |.] defines the floor function. Since Z8ic° = ZA9jcc = 0 for all i € N, we
can neglect the first term on the right-hand side. Hence we get

A'E 1
e e
li/2]-1
< et AT27290 (A + fa(c 1ol
<< X% AR+ PN aeroscp
2l
< Cei ZO | A=%720] (A1 (%) + fol ||W2m 210 -
=
We can estimate the right-hand side by inequality (6.45]) as follows
Al—e g
I LW H T (a0
li/2)-1
—i i—2j—2
S CG Z; HA / ag (Afl( ) + f2 HLoo OTWQm QZ(Q))
]:
li/2)-1
—q —€(12m—35—3
s Ce 2% [(H e 3(9)))
=
(1 + ||EE||W§§(O,T;W3m74j72(ﬂ))>] . (648)

We set m = 2n in (6.46)) and apply (6.35) with o = 2n — 1, (6.45) with 8 = 2n — 2,
0.48

k=1=0, and (6.48). Then we get for n € N\ {0}

121 oo 0,708 (2))

< CAE ()| gy + CeF (L I a2y

n—2

¢ —2n —€ 4in—35—3
X (1 + lle ||Loo(o,T;W;‘”*1(Q))> +Ce? Z [(1 + e HWJ (j)TW4" 4= (Q))>

=0

3 (RN Ep— (6.49)

Moreover, we set m = 2n in (6.47) and use that [|A*"¢||y ) < C | A2t/ 2 @
Then we can apply (6.35) with a« = 2n and (6.45)) with 5 =2n—1, k =1 = 0. Hence
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it follows with (/6.48|)

||5€HLO<>(0,T;W§"+1(Q))
n —5 —e([4n—1
< Cfjarmtie HLP +Ce 2 <1 +le HLoo(o,T;W;‘;H(Q))>
n—2

B Zom _ejAn—3j—2
X (1 + [le ||Loo(o,T;wgn(Q))> +Cey [(1 +lle ”Wgo(c]),T;W;‘o"*“j*"’(ﬂ)))
=0

X (1 T [ —— (Q)))} . (6.50)

Repeating the same procedure for m = 2n + 1 in and - 6.47)) yields

|cf ||Loo(0,T;W;‘“+2(Q))

_3 i
O)HLP(Q) + Ce> (1 + [le HL°° OTW4"(Q))>

n—1
—€ —2n —5 4n 3 1

7=0
% (4 1w oo ) (6:51)

and

1211 s (0,T; Wi +3(Q))

< C HA2n+3/2é€("O)HLl’(Q) +Ce 2 (1 + ” ‘|4LT§BTW47L+1(Q))>

n—1

—€ —2n —€ 4n—3j7
(L I ooy ) + € D | (1418 pavenscay)

7=0

With the last four estimates we can prove the assertion of the lemma.
Claim 3: Let p > d be as in Claim 2. Then for all m € N there exists an integer k,,
and a constant C' > 0 independent of € such that

m

Z HC{HWéO(O,T;W;W*““(Q)) Iy o rawaeno gy < Cc
1=0

—km

We proof Claim 3 by mathematical induction.

The base case “m = 07: See Claim 2.

The inductive step “m — m + 17:

The induction hypothesis applied to with m = n yields

121 Lo 0 w2 () < Cetrtr

161



for some integer k,,,1 and some constant C' > 0. Using this estimate and again the
induction hypothesis for (6.52)) with m = n yields

HEGHLOO(O,T;W;}’"*?’(Q)) < Cehmit (6.53)

for some integer k.1 (for better clarity we again write k,,.1) and some constant
C > 0. Since p > d we can apply Sobolev’s imbedding to get

||E€||Loo(0,T;W§OM+2(Q)) < Ce Fmr (6.54)
In order to estimate [|c°|| o (g 7.yyam+3(q))» We need estimates for dicc,i=1,...,m, in

higher norms as in the induction hypothesis. To get higher time regularity, we use
(6.33]), which yields

||até€||Loo(o,T;W3m*1) < ¢ HA25€HLOO(0,T;W§"H)

HAE) + f2(E) | oo o am-1) < Ceomet,(6.55)
due to , , and the induction hypothesis. By Sobolev’s imbedding it holds
HEGHWC}O(O,T;W;‘O’"*% < Qe
In the case m > 2 we differentiate ((6.33)) with respect to time ¢ and use , ,

and the induction hypothesis to conclude
2 e 2 2-€
H(‘?tc < € H&A ¢ HLOO(U,T;W;“"*)
T 10:AS1(2%) + 00 fo ()| oo (o rpwrim—1) < Ce bt

and by Sobolev’s imbedding we have

HLO@(O,T;W;}’"*S)

—km
H5€||W020(01T;W;10m—6) < Ce fimtt |

Repeating the same procedure step by step, we obtain

Z ||5€||W;O(O,T;W§‘m‘“+3(g)) + HEE|’wgo(o,T;W§§m‘“+2(Q)) < Qe (6.56)
i=0

for some integer k,,,; and some constant C' > 0.
Now we use (6.49) and (6.50) for n = m + 1 and repeat the same procedure as at
the beginning of the inductive step. Instead of the induction hypothesis we consider

(6.56). Then it follows

m+1
_ —km

Z ||C€||W&(O’T;W;((m+1)*i)+1(Q)) + ||E€||W&(0’T7W£(m+l)*z)(9)) S CE +1

i=0
for some integer k,,.1 and some constant C' independent of €. Thus Claim 3 follows.
Since [ ooy < €4l Loy 1167 = Call Lo () < 3y for € small enough, we conclude
c® = ¢ by uniqueness of the solution to the convective Cahn-Hilliard equation. This
shows the assertion of the lemma. O
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6.2 Asymptotic Expansion

As in Section we apply matched asymptotic expansion to construct approximate

solutions {c, 1} <, satisfying (6.15))-(6.17)).
U de

We use the same assumptions and nitions as in Subsection [3.2.1] In particular,
we assume that

I = {(x,t) € Qr: (a,t) =0} = | J (T5x {t})

o<t<T

is a smooth hypersurface and the spatial signed distance function d¢ has the expansion

o)

d(x,t) = ed'(x,t)

1=0

where d° is defined on Q7 and d’, i > 1, is defined in a neighborhood of I'*. Therefore
we get the following conditions

1 if k=0,
Vd’ - Vd* =14 0 ifk=1, (6.57)
—AyMIVd Vv ik > 2,

where all the equations are satisfied in a neighborhood of T'. Observe that only
for motivating the construction of the approximate solutions these assumptions are
necessary.

6.2.1 Quter Expansion

We assume that ¢ and p¢ have the same expansions as in Section [3.2.2] that is,
(x,t) = g (x,t) + eci (w,1) + 25 (z,1) + ... in Q%\Fo(g) ,
pf(z,t) = pE (o, t) + epf (o, ) + s (z,t) + ... in Q5 \I'"(%),

where c;-t and ,uj-t are appropriate functions defined in QB—L and 0 > 0 is a fixed constant
independent of € which is to be determined later. Then by substituting it into (6.1]),
we require

() +v-Vei = A, in QF, (6.58)
and into (6.2)), we require
N +1 fk=0
o = ‘ukiilffk—l(C(T,_,£cki71)+Acki72 fp>q B Qy (6.59)
f/(co ) ) -

where u*, = ¢*, = 0 and f? is defined as in Subsection m
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Remark 6.2.1. To construct ,uf, we later insert the expression for c,irl into
and obtain a parabolic equation for pf. To get a unique solution it is natural to
require for the initial value

,ua—L(x, 0) = poo(x) in Qgto.

For k > 1 we choose any initial values such that the solution ,uf 18 smooth, that 1s,
wE € C®(Q*(t) x [0,T]). Due to Remark this always is possible. Note that
different initial values i (.,0) induce different initial values c§ = ¢5(.,0). But the
leading order term of ¢5(.,0) is independent of the choice of the initial values, see

Subsection |6.2.0| and |6.2.77.

As in Subsection we need an extension of (ci, ) from QF to QF UTY(4).
We can handle this as in Remark [3.2.2
For the compatibility conditions we need the following definitions

Of(z,t) = (cf)t +v-Vef, OF = ZeiO;ﬁ in QF UT(9),
i=1

PE(x,t) = Apf, P* = Z ¢P* in QFUTY(6).

7
=1

Obviously, for all k > 0 it holds Of — P, = 0 in Qf where P%, = 0.

6.2.2 Inner Expansion

Again we assume that ¢¢ and p€ have the same expansion in I'°(4) as in Section m,
that is,

de Ead
c(z,t) = ¢ ( (x’t),a:,t> , (z,x,t) = Zezcz(z,x,t),

€ -
=0

dé(xz,t <
e (o) = i ( (@, >,x,t) | B t) = 3 ez, 1),

€ -
=0

where ¢, ji¢, ¢ and u' are appropriate functions defined in R x T'°(4).
We require the same inner-outer matching conditions as z — oo

DID}DL [F(+z,2,t) — ¢ (z,t)] = O(e™),
D DR [ (&5, 1,1) — i (2, )] = O(e™) (6.61)

for all (z,t) € T°(§) and all k,m,n,l € {O, e ,K} where K depends on the order of
expansion. Also it is natural that we require

F(0,2,t) =0 V(x,t) € T°6), Vk > 0.
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Substituting the expansion of (¢, u) into (6.1)), we obtain

e te,d +¢& 4+ e tew-Vd - VE
= e(e e + 26 'V, - Vd + € A+ AR

and into (6.2)), we get
fi=—€e 1 (C.. — f(0)) — GAd° — 2VE, - Vd° — €AC

for all (z,2,t) € S€:={(z,2,t) € R xT°(0) : z = d*(z,t)/e}. Let n,nx € C=(R) be
defined as in (3.75))-(3.77)) with the same constant N. For satisfying the compatibility
and matching conditions, we consider the modified equations

C. — f(6) = e(—fi—Ad¢, —2Vd - Veé,) — €Ac
+9n' (d° — e2), (6.62)
fi.. = (C.di+¢v-Vd)—e(2Vi, - Vd + fi,Ad")
+e (& +v-Vé) — e (Afi) + (hy" + L) (d° — €2)
—e (O + O™ ny) + € (Ptnly + P ny) (6.63)
for z € R and (z,t) € T°() and where ¢¢, L€, and h have the following expansions
in I'°(0)

gz, t) = etlgi(a,t), L(x,t) = €Li(x,t),
=0 =0

he(z,t) =Y 'h'(x,t).
=0

We get the following ordinary differential equations by equating the €* terms

ng - f(CO) =0
k= Ok = A (2 t), k> 1 z € R, (6.64)
(MO B hodon)zz :BO(Z7$7t)
(i — (B + 10d") ) = BH(za ), k=1 €K (6.65)

for all (z,t) € T°(6) and where for & > 0

ANz t) = —pit - (Adoc’z“_l + Adk_lcg)
—2(Vd® -V 4 vd T vel) 4 S E
+ (gkfldo + godkfl) T]l + Ak72 7 66)
B*(z,x,t) = &4 v-Vd) + E(df +v-Vd*) 4+ (LFd® + L°d*)n' + B, (6.67)

z
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where

k—2
A2 (2 xt) = (—Adicg_l_i —2Vd' - VT digk_l_in')
i=1
— AT — 2gh (6.68)
k-1
Bz, 2,t) = (dyc™ +v-Vd'™)
i=1
k—1
+3 0 (—Ad T = 2vd - b
=0
k-1
+ Z (dszfznl + dihkfinll)
i=1
—zLF 7y — b T e VT - ApRT?
Oy — Oy + Bony + Pony (6.69)

for all (x,t) € T°(). We have used the convention that if the upper limit of the
summation is less than the lower limit, then the summation is zero, that A=! =
¢! = =t =0, that a¥0° +a°* = a°0° when k = 0, that a*~10° + a1 = a°0° when
k =1, and that a*~1b* + a't*~! = a'b! when k = 2.

Since we require °(0,z,t) = 0 and lim,_,, ®(£z,2,t) = &1, we immediately see
that °(z,z,t) = 0y(z2) for all z € R and (z,t) € T'°(§) where 6 is the unique solution
to (7).

By the terms O; | and P, the right-hand side B* is O(e=*!) as z — 400 provided
the inner-outer matching conditions are satisfied for all functions. This is necessary
to get bounded solutions, see Lemma [2.6.3|

Remark 6.2.2. 1. Note that the right-hand side of depends on terms of
order k. More precisely, B¥ depends on c* and d*. But it is shown later that
c* and d* can be expressed in terms of order lower than k. Therefore we can
solve for . We do not write B*~! instead of B* because by the compatibility
condition for u* and therefore by B*, we obtain an equation to solve for d*.
For more details see the next subsection.

2. In contrast to the outer expansion, we can not choose the initial values for p*
because we also solve the ordinary differential equations for t = 0 with given
right-hand side.

6.2.3 Compatibility Conditions

In this subsection we verify that the ordinary differential equations (|6.64)) and (6.65])
have bounded solutions provided some compatibility conditions are satisfied.
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Lemma 6.2.3. Let k > 1 be any integer and A*~' and A*=2 be defined as in
and . Then the system

& (z,x,t) — f1(00(2)) (2,2, t) = Az, 2,t) VzeER,

CZZ(O,x,t) =0, (,z,t)e L>R) (6.70)
has a unique solution for all (z,t) € T°(6) if and only if
A2 = gt AT g (6P + g0dE ) i T0(6),  (6.71)
where
) = g [ e () ds.
o= 5[ Gere.
m o= 5 [,
A2z 1) = % /]R (ALE +2Vd’ - Vit — O, FT

— A0, (2) dz

where in the last definition there is no term involving d° when k = 1.

In addition, if is satisfied and (°, ¢, 0 15 ) .-, (Y ey, Pt i) sat-
isfy the matching conditions (6.60) and (6.61), then the unique solution c* of (6.64b)

satisfies the matching condition (6. 6{]) where cf 15 given by .
Proof: The proof is a special case of Lemma or see [10]. O

Lemma 6.2.4. Let k > 0 be any integer and let B¥ and B¥~' be defined as in
and . Then has a bounded solution for k =0 in T°(8) if and only if

d} +v-Vd® + %Lodo =0 nI%0), (6.72)
and for k > 1 it has a bounded solution if and only if
df +v-Vd* + %(L’“do + L0d%) = B in T0(5) (6.73)
where

~ 1 1
Bz, t) = —5 (] (d) +v-Vd°) — 3 / Bt dz  inT90),
R
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where [] = . |7, In addition, if for k=0 or for k > 1 is satisfied,
then every solution to can be written as

p(z, @ t) = (2, 1) + (d'h°) (@, 1) (0(2) — 5) + Ha(2, 7, 8) if k=0,
(n

1,2, t) = () + (dORF + dFRO) (2, 8) ((2) — 3) + pb (2,2, t) if k> 1 (6.74)

for all (x,t) € T°0). Here i°(x,t) and i*(z,t) are arbitrary functions, p°(z,z,t)
is a special solution depending only on (°,d°, L°), and pf(z,x,t) is a special so-
lution depending only on (¢, ¢, u, i, d', b, g*, L") for i < k —1 and (c*,d*, LF).

Furthermore, u*, k > 0, is uniquely determined by the condition

/ (2, )0 (2)dz = 0 V(z,t) € TO(5). (6.75)
R
Moreover, p¥, k > 0, satisfies

D™D? D! [u’j(iz,w, t) — ,uf(k) (x,t)} =0(e™ ™) asz— o0

for some u x depending only on ( A,d° LYY if k=0, or (c&, ¢, i, ut, d', he, gt) for
i<k-—1 and(c;f, Bodb, LF) if k> 1.

Proof: We can use the same argumentation as in Lemma |3.2.9] or see [10]. O

6.2.4 Boundary-Layer Expansion

Let dp, Sp and 0rQ(6) be defined as in Subsection [3.2.5. Near the boundary 072
we assume that the solutions (¢, u¢) have for every e € (0, 1] the form

ds(z,t -
ce(a:,t):cEB< B(, >,x,t>, cy(z,x,t) =1+ E e'cy(z,x,1),
€
i=1

dsy(z,t =
pe(x,t) = p (M,x,t), S(z,2,1) Ze’u (z,2,1),

1=

where (x,t) € 0r€2(J) and z € (—o0,0].
Also we require the outer-boundary matching conditions

DDy D, [ep(z,2,t) = cf =
Dy DPD; [z, 2,t) — i (x,8)] = O(e™),

as z = —oo and for all (z,t) € 0rQ(0) and all k,m,n,l € {0,...,K} where K

depends on the order of expansion.
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To satisfy the convective Cahn-Hilliard equations (6.1) and (6.2) near 07, it is

sufficient to require that

cgzz(z,x,t) — f’(l)clfg(z,x,t) = A%‘l(z,x,t), kE>1, (6.78)
W oo (z,2,t) = By (2,2, 1), k>0 (6.79)

for all (z,t) € 0r§2 and z € (—o0,0) where

A%_l(Z, r,t) = _M,;g_l + fk—l(c%, ce 7@%_1) — 2Vdp - vc’]?zl

—Adpey ) = Acy (6.80)
By (sa,t) = v Vdsch, o+ o Vel - Adgdy]

~2Vdg - Vi — A (6.81)

where we have assumed that ¢;* = c3' = pz® = pz' =0 and ¥ = 1.
To enforce the boundary conditions 2-¢¢ = a%,ue = 0, we require as in Subsection

on
[3.2.5 that

c’fB,Z(O, x,t) = —Vdg - c]]g_l((), Sp(z),t) V(x,t) € 0rQd), k > 1, (6.82)
1 (0,2, t) = —=Vdpg - (0,2, t) Y(z,t) € 0pQ, k > 0. (6.83)

Lemma 6.2.5. Let 7 > 1 be any integer. Assume that for all i = 0,...,5 — 1,

the functions ¢, u", ¢, uls are known, smooth, and satisfy the matching conditions

and . Then for k = j, the boundary-layer equation subject to

the boundary condition (6.84) has a unique bounded solution ¢l for z € (—o0,0] and
all (z,t) € 0r2(9). In addition, the solution satisfies the matching condition
where cj 15 defined by )

Proof: It is the same proof as for Lemma [3.2.14] or [10, Lemma 4.5]. O

We set for all £ >0
0 z
Gl(zt) = (Adp(z) + Vd(z) - V) / / BE Y (w, . ¢) dw d-

0
—/ (chy+v- Vs — Al (z,2,t) dz (6.84)

—0o0

for all (z,t) € 0rQ2(9).

Remark 6.2.6. Observe that BE ™' and G*=' depend on c%. It is shown later that
% can be expressed in terms of order lower than k. Therefore we can consider B]k;1
and G*=1 as functions depending only on terms of order lower than k. In addition,

it follows Bg' = G™1 =0 since ¢y = 1.
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Lemma 6.2.7. Letj > 0 be any integer. Assume that for all i@ = 0,...,j — 1,
the functions cl i c il and ¢y are known, smooth, and satisfy the matching
conditions and (6.77) and the outer expansion ¢, +v-Vef — Apf, = 0. Let

G~ be deﬁned as in (0.84) and assume that p), satisfies the boundary condition

%uj_l(x,t) = G2 (x,t) Y(x,t) € 0rQ). (6.85)

Also assume that pz' = cz' =0 and ply, i =0,...,5 — 1 are defined by

po(z, 2, t) = pi (z,t) + / / B5 ™ (w, z,t) dw dy (6.86)

for all z € (—00,0] and (x,t) € 8TQ(5) and where BY is defined as in Then
for known smooth i the function py defined by m (with i = j) satzsﬁes for

k = j the boundary-expansion equation , the boundary condition , and
the matching condition .

Proof: We only prove that u, satisfies (6.83). The other assertions of the lemma
can be shown as in the proof of Lemma [3.2.15] Observe that v - Vdg = 0 on 0712,
and hence we obtain for all (x,t) € 072

0
,ufg,z(o,x,t) = / BjBfl(z,x,t)dz

—00

0
= / —Adppl;, —2Vdp - Vg, + gy +v- Ve — Al dz

o0

= (Adp+ Vdp - V) (i =y (0,2, 1))
. 0 ) ' ‘
+Vd - V(,uj_l - NgB_l(Ov ,t)) + / CJB_,tl +uv- ijB—l - AH%_Q dz

—00

since lim,_,o0 gty (—2,2,1) = ) (z,t). From (6.86) with i = j — 1, we get

iy (z,t) — Y0, z,1) / / B (w,z,t) dwdy

and we have .
Vdg - pf = &pf =G on9rQ.
Hence it follows

A 2(0,2,1) + Vdp - Vit (0,2, 1)

. Y .
= G~ (Adp + Vdg - V)/ / B (w, z,t) dw dy

0 . . .
+/ 073}1 +v-Vey ' = Aplydz =0

—00

by the defintion of G2, O
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Remark 6.2.8. As in the inner expansion the functions (¢, u%) are also determined
fort =0, that is, we cannot choose an initial value for u% as for the outer expansion.

6.2.5 Basic Steps of Solving Expansions of each Order

For each 7 > 0 we recursively define the jth order expansion

VI = (e, g i 10 s, M g? 1 L)
We carry out the same steps as in [10] and Subsection but in another sequence
due to the mobility constant m(e) = e. More precisely, we carry out the following
steps:
Step 1: We determine (¢/, cj[, c). Therefore we can consider (¢/, cji, cl) as known
quantities depending only on V', i < 7 — 1.
Step 2: (Step 2 corresponds to Step 6 in [10].) By the compatibility conditions
and (with k& = j), we obtain an evolution equation for d’ on I'’. Then we can
uniquely determine d® and T'° with the initial condition I'°(0) = I'yg since we require
that d° is the signed distance function to I'°. For j > 1 we get a unique d’ together
with and the initial condition d@(x,0) = 0 on T'°(0). Hence we can consider d’
as known quantities depending only on V¥, i < j — 1.
Step 3: We determine L7 such that the compatibility conditions and
(with k = j) are satisfied on T'°(6).
Step 4-7 corresponds to Step 2-5 in [10] and to Step 6-9 in Subsection , that is,
we determine ;7 and u;»t. Note that for u;»t we have to solve a parabolic differential
equation with initial value pgo instead of an elliptic differential equation.
Step 8 and 9 corresponds to Step 7 and 8 in [10] and to Step 11 and 12 in Subsection
This means that we determine ¢’ to satisfy the compatibility condition (6.71])
in T°9(8). Moreover, we solve for yf,. Observe that we have already determined L.
After motivating the construction of V7 in the Steps 1-9, we verify that V7 sat-
isfies all the corresponding outer, inner, and boundary-layer expansion equations,
the inner-outer matching conditions, and the outer-boundary matching conditions
for £k = j. In addition we show that the compatibility condition or is
satisfied for k = j and the compatibility condition for k=7 +1.

6.2.6 The Zero-th Order Expansion

We carry out Step 1-9 for j = 0.

Step 1: We already know that ¢ (x,t) = £1 for (x,t) € QEUT?(0), (2, 2,t) = Oy(2)
for (z,z,t) € R x T°(4), and c%(z,x,t) =1 for (z,z,t) € (—o0,0] x IrQ(J).

Since we require ¢ (., 0) = ¢, one sees that the leading order term of ¢ is independent
of pgo and vice versa.

Step 2: The compatibility condition ((6.72)) reads for all (z,t) € T

d)(z,t) +v(z,t) - Vd’(x,t) = 0.
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It is known that the normal velocity of 'Y is given by —d; and the outer unit normal
of T by Vd°. Hence I'? is uniquely determined by the evolution equation

Vi(x,t) = vpo(x,t) - v(z,t) V(z,t) € %  T°0) = Iyp.

Note that due to Lemma the hypersurface I'? exists globally and T'Y C 2 for all
t € R. More precisely, 'V is given by I'? = X;(Tg) for all £ € R where X, is defined
by Lemma [5.2.1

So from now d° and I'° are known quantities.

Step 3: To satisfy the compatibility condition (6.72) in T'°(5), we set

— 2 (d? + v - Vd) in TO(S)\I?

L(z,t) := { OV -V (0 + - Vd) on TP, (6.87)

Since the numerator vanishes on I'’, L? is smooth.
Step 4: The compatibility condition (6.71]) for k = 1 and for all (z,t) € T is
i(z,t) = —oAd’(z,t) = okpo(x,1) (6.88)

where fpo is the mean curvature of T
Step 5: By equation (6.74) we obtain for all (x,t) € T'°(§)

pl(z,z,t) = @z, t) + d(z, t)h° (z,t) (n(2) — 1/2) + pd(2, , 1), (6.89)

where we define fi’ and h° later. Due to the definitions of ° and x? in Lemma [6.2.3]
and and due to the fact [ (n —1/2)6)(z),dz = 0, it follows that 4° = 7° in
I'°(5). By Step 2 equation ([6.65)) reads for all (z,t) € T°

pd (z,2,t) =0.

Since all solutions for this linear differential equation have the form ¢ (x,t)z+co(x, t)
for some constants ¢ (x,t), co(x,t) € R, all bounded solutions are constant functions
with respect to z, in particular u%(z,z,t) = cy(x,t) for some cy(x,t). By and
since 0y(z) > 0 for all 2 € R, it follows p%(z,z,t) = 0 for all (x,¢) € I'°. Therefore
we require p%(z,x,t) = i’(x,t) = okpo for all (z,t) € T,
Step 6: The equation

pE(x,t) = lim p°(£z,2,t) = okpy V(z,t) €I’

Z—00

follows from the matching condition (6.61)). The outer expansions ([6.58|) and (/6.59)
yield for k =1

Ocf +v-Ve& = Apf and ¢ = _—i in Q. (6.90)

So we obtain the parabolic equation

Oy = f'(FE)Apy —v- Vg in Q. (6.91)
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In the construction of V' we define ¢f by the second equation in . Hence
the first equation in and are equivalent. Therefore the initial value
c§ = ¢5(.,0) depends on 11y and vice versa.

Note that G~' = 0 due to Remark [6.2.6, With the boundary conditions s

}rg B

okro and %,ug | P G~ = 0, we determine pZ uniquely by solving the parabolic
equation
Oty = f'(EFD Ay —v- Vg in Qg
ps = Ok on IVt € (0,7,
2u=0 on 09 x (0, T],
/Lg:’t:o:uoo in Q.

Therefore 'Y together with pg := g X{ao>0} + Ho X{do<o} satisfies the sharp interface

problem (63)-(5.10).
Step 7: Since i’ = @° in T'Y(¢), equation (6.89)) gives us the relation

tim (2, 1) = 7, 1) & 5o, OB, 1) + iy Vi t) € TO(6),

Z2—00 *(0)

where ,u*i(o)(x, t) = lim, o p(+z, z,t) for all (z,t) € T°(4). To enforce the matching

condition lim, ., p°(d2, 2, 1) = pg (z,t), it is necessary and sufficient to define

N 1 _ _ .
B (x,t) = [(x,1) = 5 (u(T + g — By — M*(o)> in T°(9), (6.92)
1 ( +_ =t - . T0 0
o Mo — 1o — Koy T 1 ) in T(6)\T
WO(z,t) = { @0 T0 O O (6.93)

Vd® -V (,ug — Uy — ,uj(o) + u;(())> on I'%.

Note that the so-defined ji° = 71° satisfies 1) by definition of x5 and since :”it(o) =0
on I'°.

Step 8: To satisfy the compatibility condition (6.71]) in T°(4), it is necessary and
sufficient to take

P(x,t) = 2n(1>d0 ('“3 +po — Nj(()) — Hyoy T QUAdO> in T0(5)\I" 600
| VAV <“ 0 o~ o) ~ i)t 20Ad0> on I°.

Note that the numerator vanishes on I'° since :“j(o) = Iy = 0 and pE = Okro =
—oAd® on T'Y.

Step 9: Since Bz' = 0 in 97Q(9), it follows from that c%(z,2,t) = ug (z,1)
for all z € (—o0,0] and (z,t) € 0r2(9).

This determines the construction of V°, and we obtain the following result.

Lemma 6.2.9. Let I'og CC 2 be a given smooth hypersurface without boundary and
let poo be a given smooth initial value. Assume that the parabolic boundary problem

173



(6.7)- coupled with the evolution equation (6.5)-(6.6) admits a smooth solution

(i, T) in the time interval [0, T]. Let d° be the signed distance from x to Ty such that
d® < 0 inside of Ty, and let 6 be a small constant such that dist(Ty,0Q) > 25 for
all t € 10,7, d° is smooth in T'(20) := {(z,t) € Qr | |[d°| < 26}, and p* = plox has
a smooth extension to QF UT(26) where QF = {(z,t) € Qp | £d° > 0}. Define the

hypersurface T° by
=r,

the outer expansion functions (cg,ud) in QF UTO(5) by
o) = +1 and (e, t) = 1, 1),
the inner expansion functions (°, u%) in R x T°(8) by

Az, x,t) = 0o(2),

/LO(Z7 x>t) = (M(T o M:(()))(x>t) 77(2) + (ME o M;(o))(x>t)(1 B 77(3)) + ui)(Za :L',t) )

and the boundary expansion functions (¢%, u%) in (—oo,0] x Or(d) by

Az, x,t) =1 and p%(z,2,t) = pd (x,1),

where ,ufo and 2 are defined by Lemma m Furthermore, define L° by ,
h° by , and ¢° by (6.94).

Then, for k = 0, the outer expansion equation , the inner expansion equa-
tions and , the boundary-layer erpansion equation , the inner-
outer matching conditions and , the outer-boundary matching conditions

0.76]) and , the boundary conditions and and the compatibility
condition are all satisfied. In addition, for k = 1, the outer expansion equa-

tion where ¢ is defined by (with k = 1) and the compatibility condition
are also satisfied.

Proof: Since L° only depends on d° the functions p? and u*i(o) are well-defined by
Lemma [6.2.4] in particular, u° is also well-defined.

By direct calculations we verify the claimed properties.

To (6.59)): It is satisfied by definition of cf.

To (6.64)): Since °(z,z,t) = Oy(z) for all z € R and (x,t) € T9(§), the assertion
immediately follows.

To (6.65)): For all (x,t) € T°(§)\I'? it follows due to the definition of x° and h°

(1° = h'd’n) __(z,2,t) = (pg (1) — Iy (@, 8) + p(z,2,1)).. = Bz, 1,t),

where the last equation is satisfied by definition of u2. On I'° we obtain since d° = 0

on I'?

(1 =n°dn)  (z,2,1) = (uo(2,t) + pl(z,2,1))
= BYz2,t),
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where we have used the identities y; = pg and M) = :“j(o) = 0 (see Step 4) on I'°
in the first equality and the definition of £ in the second equality.

To (6.79): Since By = 0, the assertion follows from the definition of u% since p%
is independent of z.

To (6.60]): Since ® = 0, the assertion holds due to Lemma .

To (6.61)): It holds for all z >'1

Pz t) — g (,t) = (g —pg) (1=n(2)) = pgn(2)
—Hoy (1= 1(2)) + p(2, 2, 1)
= TH, (0)(x t) + (2, 2,1),
po(=z,2,t) = pg (@,t) = (g — po ) n(— ) ! o)n( 2)
by (3.75). Then the matching conditions follow from Lemma [6.2.4]
To (6.76]), (6.77): It is a direct consequence of the definitions of ¢ and u%.
To (/6.82), (6.83)): Since ¢} and u% are independent of z, the initial conditions are
satisfied.

To (6.72)): In I'°()\I'"* the compatibility condition is satisfied by definition of L°.
Note that d° = 0 on I'°. Hence we conclude

1
O’ +v-Vd' =S L = 9d’ +v-Vd’ =0 onT”
due to the definition of the hypersurface T").
To (6.58)): The definition of ¢ yields
1
f'(#£1)

where the last equation follows from uf = p* in QF.
To (6.71)): Due to the definition of 7 in Lemma we get in T9(§)\T™

A = OE — v VE = ApE = (O — 0 ViE) =0 i QF .

—1°(x, t) — oAd(z,t) + nodo(x t) (;E,t)

= 5 (= wto) [0 == 5 (g~ g)) [ (=) 852

—i—l/uo(z z,1)04(2) dz — o Ad® + o
2 g0 2n0d°

(M(T +Ho = Mgy — Hago) T 20Ad0>

1 1, 1 - _
= -3 (MJ - u:f(o)) b (uo — u*(o)) +3 (ué + g — M) — u*m)) =0

where we have used

/Rn(z)eg(z) dz = /R (n(z) — 2)64(z) d= + % /RH’O(;;) dz =1
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and

[t [ G-nene s+ [ o=

2
due to (3.76) and lim, . 0p(£2) = £1.
On T we use that d° = 0 and Loy (@, T) = :“j(o) (x,t) = 0 (see Step 4). Hence we get

1
—1%(z,t) — o Ad’(z,t) + nod’(z,1)g° (2, ) = —3 (g + 1) + okro =0 on r°

since Ad” = —rpg and pg + p1g = oy on I
This completes the proof. O

6.2.7 The Higher-Order Expansions

Let 5 > 1 be an integer. Assume that V° ... V=1 are known and the inner-outer
and outer-boundary matching conditions for £ = 0,...,j5 — 1 and the compatibility
condition for k = j are satisfied.

Step 1: Since the compatibility condition (6.71)) is satisfied, we can determine ¢’ as
solution to the system in I'%(§). By equations , , and we
obtain c;-t in QF and ¢}y in (—o0,0] x 9rQ(J). So we can assume that ¢/, cjt, and )y
are known functions depending on the known quantities V°,..., V1,

Note that (cj,cj[,cj) depends on (uj_l,ﬂf_l,ugl). Hence the initial value ¢ =
(-, 0) depends on .

Step 2: The compatibility condition for k = j reads for all (z,t) € T

! +v - Vd + %Lodj — B, (6.95)
By the initial condition
d’(.,0) =0 on Iy, (6.96)
we can determine d/ on I'Y uniquely. By the equation
V. Vi — — 1 ]i Vd -Vd~" in T°() (6.97)
23 7

one can solve for d in T°(§). A detailed description to construct @’ is given in the
following. Therefore d’ can be considered as a known function depending on the
known quantities V°,..., VI~

Since ¢g = +1inT°(4), it holds Of = Oy = 0in T'°(§), in particular, Of n5+O0g ny =
0 in T°(4). That is V° and V! are independent of N, in particular, d' is independent
of N. Therefore once we find d', we can fix N = ||d"|| co(po(s), +2 (see Remark [3.2.5)).

One can construct d’ satisfying (6.95))-(6.97) as follows. Let X, be defined as in
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Lemma 1| (observe that T'Y = X;(T'gg)). For every fixed x € T'gy we solve the

ordinary dlfferentlal equation

%p(x t) = —%LO(Xt(x),t)p(x,t) + gj_l(Xt(:p),t) in [0,7], p(z,0)=0.

Once we obtain p on I'gg x [0,77], we fix any ¢ € [0,7] and use p(x,t), © € Ly, as
Cauchy data for the linear first-order partial differential equation

7j—1

5 _(Vd' - V&) (X(), 1)

=1

(DX (Xi(2)) VA (Xy(2), 1)) - Vp(z,t)

l\.’)lr—\

to get p in Uy Xe Y(T9(8)) x {t}. Note that Ty is non characteristic for all
t € [0,T]. This can be seen as follows. Since I'? = X;(T'yo) for all ¢ € [0, 7], it holds
d°(X;(z),t) = 0 if and only if z € Tgy. Hence (DX;)TVd°(X;,t) = V(d°(Xy, 1)) is
parallel to vp,, for all ¢t € [0, 7. Then it follows

(DX X))V (X, 1) - (DXy)T VA (X, t))
= VX4, t) - (DX DX, (X)Vd (Xy,t)) = VA" (X4, 1) - VA (X t) = 1

since Id = D(X; *(X;)) = DX, '(X;)DX, for all t € [0,7)]. Therefore Foo is non-
characteristic for all ¢ € [0,T]. After constructing p in Uycp Xy HT0(8)) x {t},
we set d(x,t) = p(X; '(x),t) for all (z,t) € T°(5). Indeed the so-defined d’ is the

desired function. By chain rule we obtain for all (z,t) € I'°

OP(et) = LpXw).0) = 0N 0 + 0K VR
_ %L (2 ) (2, 8) + B (2,1) — v(, ) - (DX ) Vp(X (2), 1)
= %L (z,)d (2, 1) + BNz, 1) — v(z,t) - Vd (z, 1),

where the third equality follows since —v(x,t) = DX,(X; '(2))9, X, (z) by (5.7),
and therefore we get

—DX; Yx)v(x,t) = 0, X; ()

since DX, *(z) is the inverse of DX,(X; *(z)) by (5.8). Hence d& is a solution to
(6.95). Since X, = Id, the initial condition is also satisfied. It remains to
verify (6.97)). We get for all (z,t) € T°(4)

Vd®(z,t) - Vd(z,t) = VdO-V( (X, Mz),t) =Vd"- (DX, )" Vp(X; 1))
7 (Vd" - Vd’ ") (x,t).

1

<.

h)l»—l

%
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Therefore d’(z,t) = p(X; '(x),t) is a solution to (6.95)-(6.97).
Step 3: To satisfy the compatibility condition (6.73)) in T°(§), it is necessary and
sufficient to define L’ by

2 (Ej—l —d — vV — %Lodk) in TO(§)\[®

L x,t) = - A
(@.2) 2Vd® -V (Bj’l —d} —v-VdF - %Lodk) on I°.

Since the numerator vanishes on I'°, L7 is smooth.
Step 4: Since d° = 0 on I'?, the compatibility condition (6.71]) reads for k = j + 1
on I'°

(1) = —oAd (2, 1) + no(d¢°) (x,t) — A~ (x,t) on I (6.98)
Step 5: By Lemma 1’ has the following form in R x T'°(4)
(s t) = 7 (0,0) + (W + ) ,t) (o) — 1) + (1), (699)

where we define 17 and h/ later. Here p/ only depends on the known quantities
VO ..., VI71 (observe that (¢/,d’, L7) only depends on V° ... V7! and therefore
B, t00) and satisfies the condition . As for the zero-th order expansions, it
follows i/ = % [ 46 = 1 in T°(6). Restricting on I'’ and using yields

1 (z,2,t) = —oAd + & (nog” + h° (n(z) — 1)) — A4 (2w, t) (6.100)

for all (z,z,t) € R x I'°,
Step 6: Sending z in (6.100)) to 00 and using the inner-outer matching condition,
we obtain on I

,uzc(:v,t) = lim //(z,2,t) = —0Ad + & (nog” £ 1h°) — A~ + uf(j), (6.101)

z—+o0

where lim, ., n(z) = 1 and lim,_,,, n(—z) = 0. The outer expansion equations reads
for k=j+1in QF

Oy +v-Ve, =Ap; and ¢y = b= Pl — j;c;t) - Acf_l. (6.102)
f'(cq)
Hence for uf we obtain the equation
Oy = f(E1)Ap —v- Vi +a;-, inQp, (6.103)
where a:_ = (0, +v - V)(fi(cy,....¢;) — Ac;_;). In the construction of VT we

define ¢, by the second equation in (6.102). Hence the first equation in (6.102) and
(6.103) are equivalent. Therefore the initial value cfj = ¢4(.,0) depends on p; (.,0)
and vice versa.

Note that G/~" only depends on VO, ..., V=" and ¢}, which we already known. With
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the boundary conditions on I’ given by (6.101)) and 2 if| b = = (71, we determine
,uj-[ as solution to

O = f/(ED)Ap: —v- Vi +a;, in QF, (6.104)

pi=—oAd +d (nog” + 30°) = A+l on TPt e (0,T],  (6.105)

Lt =Gt on 9Q x (0,T],  (6.106)

|,y = il in Q, (6.107)

where we choose the initial value 1 such that the solution p* o satisfy i € C=(Q%(t)x

0,77), see Remark [6.2.1]

Step 7: Sending z in (6.99)) to £o0o and using the inner-outer matching condition
lim, o0 p? (22,2, 1) = pii (2,t) yields

,ujt(x,t) = [/ (z,t) £ 3 ("W + 1) (z,t) + u*(])( t) in I'%(0).

Hence it is necessary and sufficient to define ji7 and A/ by

(2, t) = [ (2,t) == % (uj + G = gy — u;@) in T°(6),
Wz t) + (—djho + uj — ;= gt u;(j)> in T9(§)\I°
V-V (—dﬂho bt =y — g, + M;(j)) on TO.
Note that the numerator in the definition of A’/ vanishes on I'’. We can verify this by
equation (6.101]). Therefore h’ is smooth. Moreover, the so-defined ji¥ = i/ satisfies

(6.98]) where we have used ((6.101)) again.
Step 8: We can define ¢/ for all (z,t) € T°(6)\I'° by

g (z,t) == nod’¢° + cAd + i/ + A7) in TO(6)\I”

Modo (=
such that the compatibility condition (6.71) for £ = j + 1 is satisfied . Note that
(6.71) is satisfied on T (see (6.98))), and therefore we can extend ¢’ to 'Y such that
g’ is smooth in T°(4) by

¢ (z,t) = —Vd° - (—ngdjgo +oAd + [ + Aj_l) on I'’,
Tlo

Step 9: By equation ([6.86)) we obtain ;ﬂé.
In summary the following lemma holds.

Lemma 6.2.10. Let j > 1 be an arbitrary integer and assume that V°, ..., Vit
are known and satisfy the inner-outer matching conditions and (-) the
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outer-boundary matching conditions (m and (-) 0.77) for all k = 0,. — 1, and
the compatibility condition (m 0.71)) for k = j. Then there exists

Vi = (cE, &,y uE, i iy, & g L)

satisfying, for k = j, the compatibility condition , the outer expansion equation

, the inner expansion equations and , the boundary-layer expansion
equations 6.78), (6.79), (6.89), and (6.83), the inner-outer matching conditions
and (-) and the outer-boundary matching condztzons (m and (-)

]n addition, for k = j 4+ 1, the outer expansion equation where ciJrl 15 defined
by (6.59) (with k= j + 1) and the compatibility condztwn are also satisfied.

Proof Deﬁne c , ¢/, and 073 asin Step 1, &’ as the unique solution to problem (|6.95))-

, and u as the unique solution to (§ m . Furthermore, define L7 as in
Step 3 i/ as in Step 5, i and i’ as in Step 7, gJ as in Step 8, and ,uB by (6.86)). By
definition of x4/ and @’ in Lemma | one concludes i/ = [, /() dz =7 in F0(5)
Using Step 1-9, it is not difficult to show that V7 satisfies the requlred conditions.
Details are omitted. |

As consequence we obtain recursively.

Theorem 6.2.11. Let (p,T) be a smooth solution to (6.5)-(6.10). Then, for any
fized integer K > 0, there exist V°,..., VX such that the outer expansion equations

— , the inner expansion equations — , the boundary-layer expan-

sion equations (3.117)-(3.119) and (3.123)-(3.125), the inner-outer matching condi-

tions (3.79)- , and the outer-boundary matching conditions (3.114))- are

satisfied for k =0,..., K. In addition, (uZ,T°) coincides with (pu,T).

6.2.8 Construction of an Approximate Solution

The construction of an approximate solution is done in the same way as in Subsection
that is, we connect the inner, outer, and boundary-layer expansions.

Let (1, ") be a smooth solution to the parabolic boundary problem — cou-
pled with the evolution equation (6.5)-(6.6)) in the time interval [0, T'] for given smooth
hypersurface 'y without boundary and suitable initial value pgg. Let K > 2 be an
arbitrary fixed integer. We define d¥ and ' by

df(x,t) = > dd'(x,t), Y(xt)€T0),

X = {(x,t) €I%0) : d¥(z,t) = 0}.

€
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Furthermore, we construct an approximate solution cf by

ck in 07Q(6/2),
CKC(dB/5) +c5(1=¢(dp/d)) in 0rQ(6)\IrQ2(8/2),
(@, t) =1 K in Q7\(0rQ(0) UTO(9)),
C(d0/5) co(L=¢(d/6)) in T )\F0(5/2),
ck in TY(6/2),

where dp is the signed distance function to 92 and ( is a smooth cut-off function as
in (2.21) and where

K
S (o, t) = >0 (e (o, g + o (. Dxg; ) V(1) € O,
1=0
K
i (@) =) €z t)] Y(x,t) € 1°(09),
=0
K
cX(x,t) = Zei iz, t)‘z:dB/e (0,7, V(z,t) € 0rQ2(6) .

Il
=)

)

We define X similarly. By the same calculation as in Subsection [3.2.9, we obtain

the following the error terms. In T'°(6/2) we use equation (6.65) and set z = % to
get

(e )e v+ VC?-EA#f)(l“,t)

o K
: Wd 53 Zem N7 @ cd] v Vel — 2V - Vdl — i AdY)

0<i,j<K
i+ > K41
K
+e (e v V) — e AL — KKy + Z eI g Iy
i—K—1 0<i<K
0<j<k—1
i+ > K41
—f LRy Y e L = 0K ) V(x,t) € T(9).
0<i<K
0<j<K-1
i > K41

Here we have used that

Vi< =1+ Y Vv
1<i,j<K
i >K+1

ameJr N+ 05 nN‘ dg(/—OandPJnN—l-Pj_n;,‘Z:dg{/e:0forj:0,...,K—1
dK

€
€

and for all € > 0 small enough (see Remark [3.2.5). Equation (6.64) with z =
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yields

(a1 +eAci — e f(er)) (z, t)

K, K SN ‘VdK|
= e pu +e Z eAct — Z
i=K—1
+ ) e (2Vc§~VdJ+cZAdJ)—erK(co,...,cK)
0<i,j<K
i+j>K
+e g0y — Z eHg'din' = O™ Y(x,t) € T°09).
0<i<K—2
0<j<K
i+j>K

For the outer expansion we use equations ((6.58)) and - to obtain in Qf U Qg

BT — el = K~ 0,
K
Ng + EACg - eflf(CIO() = EK,LL:IE( _ erK(Coi7 o ,Cf) + Z EiHAcf _ O(GK) ’

i=K—1
For the boundary-layer expansion we consider equation and set z = d?B
((c5 )e +v - Ve — eApy)(x,t)
= ¥ (cf, +v- Vel =2V - Vdp — ps Adp) — Y e A
—" (c5.4(0) +v- Ve (0) — eAcy(0)) = O(€%)  V(z,t) € 09(0) x (0,T),

where (5 (0) uB(0)) = (cB(0,2,t), u5(0,z,t)) for all (z,t) € 92(5). Equation (6.78)
with z = <& yields

(1 +eAcy —e ' f(cp))(z,1)
K+1

= "y +€°2Vey - Vdp + iy Adp + Z e Ac!
i—K
—erK(c%, . ,cg — X(0)) + eK_lf'(Go)cg(O) — K (ug(()) + eAcg(O))
= O("™Y) V(z,t) € 0Q(6) x [0,T).

Note that for ¢ = 0 the error estimate is also valid for the chemical potential equations,
that is, in each case the second equation.
By construction of ¢5 and pf, we get on the boundary 9

Ll (xt) = Zph(x,t) =0 V(z,t) € 0rQ.

182



For the regions where we glue together the inner and outer expansions and the
boundary-layer and outer expansions, we obtain the same estimates as in Subsection

More precisely, this means

= O(c i),

ad

= O(c?e 1)+ O(") .

HCK - CgHCQ(FO(a)\FO(a/z))

K K

HCA — ¢ HC’2(8TQ(5)\8TQ(6/2))
For pf§ the analogous estimates are valid. Hence (¢, u) are approximate solutions
to the convective Cahn-Hilliard equation with error terms O(eX~1). Additionally, we

can modify (cf, %) in the same way as in Subsection such that (¢, %) is a
solution to

(cy)e+v-Ve§ —eAus =0 in Qrp, (6.108)
ps + €Ay — e Hf(cy) = O(F7?) in Qrp, (6.109)
Doy =2p5=0 on 0. (6.110)

Remark 6.2.12. Now we can specify the order of expansion which we need. From

and we obtain the condition
k
K—2> % >d+2.

In particular, it is sufficient to calculate the 7th order term of expansion in two
dimensions and the 8th order term in three dimensions.

In summary, the following theorem is valid.

Theorem 6.2.13. Let I'yg C 2 be a given smooth hypersurface without boundary and
oo : 2 — R be a given smooth function. Assume (ug,T°) is a smooth solution to
- with initial values pog and Loy in the time interval [0, T]. Then for every
K > 1, there exists a positive constant €y such that for every e € (0, €] there exists

an approximate solution (¢4, 15) satisfying -(6.110}). Additionally, it holds

HME—MOHCO(QT) = 0O(e),

ch‘(aj, t) — O(d°(z,t) /e + d*(x, t>)HCO(FO(6))

i 1||00(Q§\r0(5/2)) = 0O(e),

as € \ 0.
Proof: We can proof the assertions in the same way as in Theorem [3.2.21| or see |10,
Theorem 4.12]. O
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6.3 Convergence Result

As main result of this chapter, we obtain the following theorem.

Theorem 6.3.1. Let €2 be a smooth domain and I'gg C €2 be a smooth hypersurface
without boundary and let ,u00|9i Q — R andv:Q xR — R? be smooth functions
with divo =0 in @ X R and v =0 on 002 x R. Assume that the parabolic boundary
problem (6.7)-(6.10) has a smooth solution y in the time interval [0,T) where T'(t),
t € [0,7T] is given by -. Then there exists a family of smooth functions
{c§(2)}gceeq which are uniformly bounded in € € (0,1] and x € Q, such that if c
satisfies the Cahn-Hiliard equation

¢ +v- Ve —eA (—eAc+ €' f(c) =0 in Qr,

%ce = 02 (—eAc 4+ € f(c)) =0 on OrQY, (6.111)
g =c¢ in€,
then
L. -1 if(x,)EQ_ .
11_1}(1)0 (x,t) = { L if(et) € uniformly on compact subsets,
lirré (—eAc + e f()) (z,t) = p(z,t) uniformly on Qr,
e—

where Q1 and Q~ are respectively the exterior (in Q) and interior of T.

Proof: Let (c A, I A) be the approximate solution constructed in Theorem [6.2.13]
Then Lemma [6.1.2] and Theorem [6.2.13] yield

i (| F 1| gogerrrzy = 05
15%”# —MHCO(QT) = 0

for any 6 > 0 small enough, as long as ®(.) = ¢5(.,¢) has the form where
r = r(z) is the signed distance function to I'i¥ := {z € Q:d¥(z,t) =0}. Asin
Theorem it can be shown that T'¢® is a smooth hypersurface for all € > 0 small
enough and the C® norm of T§¥ is independent of e. We set §y = §/2 where § is
defined as in Section [6.2l By the same arguments as in the proof of Theorem [3.3.1],
we can replace ¢ by

C(re(x) /do)er (x,) + (1 = ((re(w) /80)) c6 (@, 1)
for all (z,t) € Qr and where ( is defined as in (2.21). Then we can show as in
the proof of Theorem that the conditions (2.25) and (2.26)) are satisfied (see
(3.203))). So it is sufficient to verify that for all (z,t) € ['%(55) C T9(§) (for all € > 0
small enough) the following identity holds
P4, 2, ) + ec (5, 2, ) = Op("E) + ep(Sy(x), )01 (") + € (2, 1), (6.112)

€ €
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where 6 satisfies and p®(z,t) and g°(z,t) satisfy (2.24). Here Sy(z) is the
projection from z to I'“® along the normal of T'{¥ and ¢ and ¢! are the functions
obtained by the inner expansion in Section [6.2]

For (z,t) € T the equation for ¢! in reads

el — f'(B)c' = —p° — A’ = o Ad° — Ad°0),
and therefore we obtain c!(z,z,t) = Ad°(x,t)0,(z) where 0, satisfies

0 — f(Oo)r =00 R, 6,(00=0, 0 €L*R).

Now we can prove that 6 satisfies (2.23)) as in the proof of Theorem 3.3.1 (see (3.205)))
or [10, Theorem 5.1].
We define p¢ and ¢ by

p(z,t) = Ad° z, 1),

(
et = (%) o)
+et (Cl<d§,x,t> — p*(Si(z),t) 9&@))

for all (z,t) € T*(8y). Then the identity (6.112)) holds due to the definitions of p°
and ¢°. Finally, one can verify condition 12.24) again as in the proof of Theorem

or [10, Theorem 5.1]. O
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