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Quantum graphs whose spectra mimic the zeros of the Riemann zeta function
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One of the most famous problems in mathematics is the Riemann hypothesis: that the non-trivial
zeros of the Riemann zeta function lie on a line in the complex plane. One way to prove the
hypothesis would be to identify the zeros as eigenvalues of a Hermitian operator, many of whose
properties can be derived through the analogy to quantum chaos. Using this, we construct a set of
quantum graphs that have the same oscillating part of the density of states as the Riemann zeros,
offering an explanation of the overall minus sign. The smooth part is completely different, and hence
also the spectrum, but the graphs pick out the low-lying zeros.

PACS numbers: 03.65.Sq, 05.45.Mt, 02.10.De

The Riemann zeta function ζ(s), which is the analytic
continuation of the infinite sum over integers

∑∞
n=1

n−s

to Re s ≤ 1, encodes the distribution of the prime num-
bers. In fact its zeros can be used to obtain the prime
counting function with Heaviside steps at each prime.
The famous Riemann hypothesis states that all the zeros,
aside from the trivial zeros at the negative even numbers,
lie on a critical line with real part 1/2. Writing the non-
trivial zeros, which come in complex conjugate pairs, as
sn = 1/2± itn, then tn would all be real if the Riemann
hypothesis is true. Proving the hypothesis remains one
of the outstanding problems in mathematics.
Despite its number-theoretical background, the Rie-

mann zeta function appears in the study of a range of
different physical systems [1] including recently the freez-
ing transition in random energy landscapes [2, 3]. In a
connection dating to Montgomery [4] and Dyson, the ze-
ros are particularly strongly related to the eigenvalues
of random matrices from the Gaussian unitary ensemble.
Along with numerical evidence that they share the same
statistics [5], results from the random matrix treatment
have also been used to obtain conjectures about the mo-
ments of the Riemann zeta function [6].
Here we wish to focus instead on the connection to

quantum chaos [7]. Already Hilbert and Pólya recognized
(as discussed in [4]) that if the tn could be identified
as the eigenvalues of a Hermitian operator, they would
necessarily be real and the hypothesis proved. Hints [7] as
to what kind of system could have eigenvalues that match
the Riemann zeros derive from an analogy starting from
the density of states. Placing a delta function at each
zero along the critical line, the density of states

d(t) =

∞
∑

n=1

δ(t− tn), d(t) = d̄(t) + dosc(t) , (1)

can be considered as consisting of two parts: a smooth
average background d̄(t) overlaid with an oscillating part
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FIG. 1. Solid blue: fluctuating part (3) of the density of zeros
of the Riemann zeta function smoothed with a Gaussian of
width ǫ = 0.4. The sums over p and m are truncated to
ǫm ln p ≤ 3.7. Dotted purple: exact zeros of the Riemann
zeta function. Dashed orange: negative of smooth part (2).

dosc(t). For the zeros of the Riemann zeta function we
have a logarithmically increasing smooth part

d̄(t) =
1

2π
ln

t

2π
+O

(

1

t2

)

, (2)

and a divergent expression for the oscillating part

dosc(t) = − 1

π

∑

p

∞
∑

m=1

ln p

pm/2
cos(tm ln p) , (3)

involving a sum over all primes p and their ‘repetitions’
m. One can enforce convergence by smoothing with a
Gaussian of width ǫ, washing out terms with ǫm ln(p) ≫
2π. Plotting the smoothed sum of the remaining primes
in Fig. 1 we see peaks exactly at the Riemann zeta zeros
along with the overall divergence at t = 0. As t increases,
the zeros come closer according to (2), so with fixed ǫ we
eventually stop being able to resolve them. The mean
part of the density of states can also be seen in Fig. 1
as the lower curve needed to map the gap between the
peaks to the axis.
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The formula in (3) is remarkably similar to Gutzwiller’s
trace formula [8] for the oscillating part of the density of
energy states of chaotic quantum systems

dosc(E) ≈ 1

π~

∑

γ

∞
∑

m=1

TγAγ,m cos

(

mSγ

~
− mπµγ

2

)

.

(4)
The sum is over the classical primitive periodic orbits
γ of the system and their repetitions m. Each orbit has
period Tγ , stability amplitude Aγ , reduced action Sγ and
Maslov index µγ .
If there are quantum chaotic systems which match the

Riemann zeta function, a wide range of properties can be
deduced from this analogy including that the dynamics
should be quasi one dimensional and without time rever-
sal symmetry [7]. Berry and Keating realised that many
of the properties are satisfied by the simple Hamiltonian
H = xp, except that the motion is then unbounded [7].
With a truncation near the origin, the semiclassical mean
density of states is also the same as (2) but the problem
was in finding boundary conditions to give a Hermitian
operator with real eigenvalues. The H = xp Hamiltonian
and variations have been extensively studied and Hermi-
tian operators have since been obtained which keep the
same mean part of the density of states as the Riemann
zeros [9–13]. However these extensions still miss two of
the trickiest properties that the quantum chaotic system
should have and their spectra do not match the Riemann
zeros.
A direct comparison of (4) to (3) highlights these two

properties. Namely that the periodic orbits of the quan-
tum chaotic system should

• only have primitive length ln(p) for each prime p

• all have a Maslov phase of π to obtain the minus
sign in (3).

The Maslov phase is the term mπµγ/2 in (4) so the sec-
ond requirement cannot hold for all m. Overcoming this
contradiction is the aim of this paper.
To enforce that the periodic orbits only have particu-

lar lengths of ln(p) we turn to quantum graphs where
the Schrödinger equation acts on the bonds of a net-
work. Quantum graphs were introduced [14] as a simple
model to capture the essence of the quantum behaviour
of chaotic systems. The bonds are one dimensional so
we directly satisfy one of the properties needed while we
later tune the lengths and connections between the bonds
to obtain the two requirements listed above. Focussing
on the oscillating part of the density of states, we then
construct infinite graphs which match (3). Since the ze-
ros of the Riemann zeta function come in complex conju-
gate pairs with ±tn, they behave more like a wavenumber
spectrum than an energy spectrum which was used in the
analogy with (4). We therefore treat the tn as wavenum-
bers k, especially since the trace formula for quantum
billiards and quantum graphs involves k directly.

FIG. 2. A butterfly graph. Two directed bonds e1 and e2 of
the same length L meet at a single vertex, characterized by a
2× 2 scattering matrix S.

Quantum graphs.—The density of states for a quantum
graph has a mean part given by

d̄(k) =
Ltot

π
, (5)

where Ltot is the total length of the bonds, counting di-
rected bonds with a factor of 1/2. This is independent
of k, unlike for the Riemann zeta zeros in (2), but the
oscillating part of the density of states [15] reduces to

dosc(k) = +
1

π

∑

γ

∞
∑

m=1

LγA
m
γ cos(kmLγ) , (6)

if
∑

mLγ=L LγA
m
γ ∈ R for all possible periodic orbit

lengths L. The length Lγ =
∑

e∈γ Le of the primitive
orbit γ is the sum of the lengths of the edges involved
and Am

γ =
∏

σm
ei+1,ei the product of the scattering ma-

trix elements the orbit passes through with e being the
edges in γ.
One can then construct a quantum graph with periodic

orbits of length ln(p) by simply setting the lengths of the
bonds to the same value, but this gives two problems:
(i) If orbits of length ln(p) and ln(q) connect at the same
vertex, we can have an orbit of length ln(pq) which is
a composite number. (ii) If an orbit corresponding to a
prime p has a negative prefactor Aγ < 0, its repetitions
have prefactors Am

γ giving the even repetitions the wrong
sign.
To avoid problem (i), we can simply only connect or-

bits whose lengths only involve the same prime p. In
particular we can consider butterfly graphs made up of
two identically long directed bonds which meet at a single
vertex. Figure 2 shows such a butterfly graph.
Along its directed bonds the wavefunction admits the

solutions ϕ1(x1) = c1e
ikx1 and ϕ2(x1) = c2e

ikx2 , where xi
are the coordinates along the bonds starting at the vertex
and following the direction of the bond. At the vertex,
the wavefunction has to fulfill boundary conditions

(

c1
c2

)

= S

(

c1e
ikL

c2e
ikL

)

=

(

σ11 σ12
σ21 σ22

)(

c1e
ikL

c2e
ikL

)

, (7)

defined by a scattering matrix S, where L is the length of
each bond. Each element σji is the scattering amplitude
for an incoming wave on bond ei to an outgoing wave
on bond ej . In order to preserve total probability cur-
rent during the scattering process, S needs to be unitary
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which makes the Hamiltonian self-adjoint (since condi-
tion (7) also implies that the first derivatives of the ϕj

are connected by S).
The scattering matrix can therefore be written as

S = U †
(

eiθ1 0
0 eiθ2

)

U , (8)

where U is a unitary matrix and eiθj are the eigenvalues
of S. For a given butterfly graph with scattering matrix
S and bond length L, the wavenumbers k which admit
wavefunctions on the graph satisfy det(1 − eikLS) = 0.
In terms of the eigenvalues eiθj of S, this simply means
k = (2πz − θj)/L for all integer z so we have a periodic
pair of solutions, corresponding to the mean density L/
π (5). To plot the corresponding spectra of the graphs
derived later we subtract the mean part and smooth them
with some width ǫ. Terms with ǫL ≫ 2π can then be
excluded from the calculation.
If TrS is real we have the further simplification that

θ1 = −θ2 (or θ1 = θ2+π for vanishing TrS) and a usefully
simple form of the trace formula for butterfly graphs

dosc(k) = +
1

π

∞
∑

m=1

LTrSm cos(kmL) . (9)

Quantum graphs and the sign problem.—The bigger
problem is the sign problem of creating orbits with the
correct Maslov phase. To overcome this problem we can
view the contribution of each prime p as coming from an
(infinite) family of graphs that together give the required
phase rather than being the result of a single orbit. We
now turn to constructing such a set of graphs.
We start by trying to obtain the contribution to the

trace formula (3) for a single prime, say p = 2 and we
aim to build a graph that mimics the corresponding term:

− 1

π

∞
∑

m=1

ln 2√
2
m cos(km ln 2) . (10)

Comparing the m = 1 term to that of (9), a butterfly
graph with length L = ln(2) and scattering matrix with

TrS = −1/
√
2 would directly give agreement. Labelling

the scattering matrix by the subscripts (p,m) for consis-
tency later, we can simply set it to be

S2,1 =

(

− 1

2
√
2

√
7

2
√
2

−
√
7

2
√
2

− 1

2
√
2

)

, (11)

though a more general form exists. This butterfly graph
then gives a contribution involving TrS2

2,1 = −3/2 when
m = 2 in (9). This is composed of 1/8 from each second
repetition of the bonds of length ln(2) and −7/4 from
the orbit that covers them both (with twice the primitive
length). However, (10) suggests we want a contribution
of −1/2 instead. We can then add a second uncoupled
butterfly graph with two bonds of length ln(4) and their

own scattering matrix of

S2,2 =

(

1

4

√
15

4

−
√
15

4

1

4

)

, (12)

or any unitary matrix with TrS2,2 = 1/2. As ln(4) =
2 ln(2), this effectively gives an additional +1 to the −3/2
contribution from the second power of (11) and therefore
the required value.
For m = 3 and the orbits of length ln(8), we obtain a

contribution of 5
√
2/4 from TrS3

2,1 while we would want

−
√
2/4. If we add a further uncoupled butterfly graph

with two bonds of length ln(8) and with the same vertex
scattering matrix as in (11) they would add an additional

−3/
√
2 to give the required contribution ofm = 3 in (10).

It looks like we could continue this process and define
for each prime p a set of independent butterfly graphs
(p,m) each with two bonds of equal length m ln(p) for all
m ∈ N. Each pair of bonds is coupled by unitary 2 × 2
scattering matrices Sp,m with diagonal entries defined so
that the whole set conspires to give the sum in (10).
The relations that the butterfly graphs need to satisfy

are
∑

d|m
dTrS

m/d
p,d = − 1

pm/2
, (13)

involving a sum over divisors of m so that each matrix
could be obtained recursively:

TrSp,m = − 1

mpm/2
−

d<m
∑

d|m

d

m
TrS

m/d
p,d . (14)

A problem arises however because the sum of divisors of
m (divided by m) is unbounded since

lim sup
m→∞

∑

d|m
d
m

log logm
= eγe , (15)

where γe is the Euler-Mascheroni constant. Thus the
trace of Sp,m might need to be larger than 2 in abso-
lute value. For example this happens for m = 24 for
the primes 3 and 5 (among others) allowing no solution
of (14). However, we may simply add a second identical
copy of the graphs with that length to share the trace
between them and find a solution.
Since the traces of all Sp,m need to be real [as indicated

by (14)], we can replace Sp,m by some unitary matrices
U and real angles ±θp,m as in (8) (in case of vanishing
TrS we are free to choose θ = ±π/2 among others).
The spectra of the graphs only depend on the θp,m and
not on the specific choice of the U so we work with the
angles directly. The following prescription then defines
the eigenvalues of the whole graph including lp,m copies
of the butterfly graph (p,m) recursively:

cos(θp,m) = Tp,m/lp,m , lp,m =
⌈

|Tp,m|
⌉

,

Tp,m ≡ 1

2mpm/2
+

d<m
∑

d|m

d

m
lp,d cos

(m

d
θp,d

)

,
(16)
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FIG. 3. Solid blue: density of exact eigenvalues of the set
of butterfly graphs (16) smoothed with a Gaussian of width
ǫ = 0.4 and the mean part (5) subtracted. The set of graphs
is truncated at ǫm ln p ≤ 3.7. Dotted purple: exact zeros of
the Riemann zeta function. Dashed orange: negative of the
smooth part (2) of the Riemann zeros density.

where ⌈·⌉ denotes the ceiling function. Numerically, in
the range of m and p we explored, the occurence of pairs
(p,m) requiring l copies decays strongly with l. A value
of l = 3 is already very rare [the first occurence was at
(p,m) = (3, 1710)]. With a fixed cutoff m < M and
p < P it is of course always possible to find solutions
of (16) in that range. This prescription then gives an
identical oscillating part of the density of states as (3) up
to the cutoff, and differences thereafter. Figure 3 shows
the fluctuating part of the spectrum of a truncated set of
butterfly graphs constructed in this manner which can be
compared to Fig. 1 involving the primes. The difference
in the damped high frequency oscillations is due to the
truncation and would vanish when sending the cutoff to
infinity. None of the partial graphs (p,m) used for Fig. 3
needed copies to be taken into account.
Although in principle the lp,m could be unbounded,

this only adds additional graphs to an already infinitely
large set. Nevertheless, to obtain better control over the
numbers of copies we could also construct a different set
of butterfly graphs by setting lp,m = m (see Appendix A).
An alternative approach only uses bonds of length ln(p)
for each p (see Appendix B).
Quantum graphs and the Riemann zeros.—We then

have several constructions for each prime whereby infi-
nite sets of graphs (with two bonds each) together match
the oscillating contribution to the density of states that
the prime contributes for the zeros of the Riemann zeta
function. Combining the sets for all primes then leads to
a swarm of butterfly graphs which (like the primes) pick
out the Riemann zeros.
The constructions offer an explanation for the puz-

zling properties that a Riemann quantum chaotic system
should possess – namely that the orbits should only have
length ln(p) for each prime p and their repetitions should
all have a Maslov phase of π. The quantum graphs show

that the Maslov phase of π can actually derive from dif-
ferent orbits of the same length working together.

The possibility of the phase deriving from many orbits
has previously been hypothesised in [16]. There Andreev
reflection automatically provides the dominant periodic
orbits and their odd repetitions with a Maslov phase of
π while the even repetitions would have a phase of 0 and
the opposite sign. However, it was noted that including
orbits of length 2l ln(p) for all l ∈ N could in principle
compensate for the even repetitions. An alternative ex-
planation for the overall minus sign in (3) is that the zeros
correspond to an absorption spectrum [17] although this
removes the necessity for the tn to be real.

Each butterfly graph has a simple periodic pair of
wavenumbers unconnected to the Riemann zeros. The
mean part of the swarm also diverges (although it can
be subtracted in a controlled way) and the spectra of
their wavenumbers become infinitely dense. Nonetheless
correlations between these spectra mean the butterflies
conspire to beat their wings together constructively at
the Riemann zeros.

Along with the divergence of the mean density of
states, a further problem is simply that the Weyl asymp-
totics for quantum graphs (5) is independent of k, unlike
for the Riemann zeta zeros in (2). The H = xp operator,
and its ‘square’, have also been considered on finite quan-
tum graphs [18], with the result that the mean part of
the density of states likewise cannot possibly match (2).
Intriguingly however, infinite quantum graphs can be
constructed with a logarithmic k-dependence like (2) by
adding bonds of decreasing length [19].

Here, for simplicity of the constructions, we only fo-
cussed on separated graphs with bond lengths given by
the primes ln(p). The fact that we constructed several
different systems which match (3) suggests that there are
many more ways to achieve this. For example, connected
orbits of other lengths could also exist as long as their
contribution cancels in the end. In particular to avoid the
infinite families of graphs and to reduce the divergence
in the total bond length, one could imagine connecting
the graphs and reusing the bonds so they contribute to
many different periodic orbits.

Without the same mean part, the resulting composite
spectra cannot prove the reality of tn, but instead we
propose that targeting the oscillating part of the density
of states while trying to reduce the mean part could offer
a possible route to finding a quantum chaotic system that
exactly mimics the Riemann zeros. The trick is then
to find lengths and connections in a quantum graph so
that only the terms in (3) survive, with the hope that a
construction could be found which also shares the same
mean part.

Acknowledgements.—This work is partly supported by
the DFG (within FOR 1483). We thank Gregory Berko-
laiko and Jonathan Keating for useful discussions and
critical comments.
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FIG. 4. Solid blue: density of exact eigenvalues of the linearly
growing set of butterfly graphs (A1) smoothed with a Gaus-
sian of width ǫ = 0.4 and the mean part subtracted. The set
of graphs is truncated at ǫm ln p ≤ 3.7. Dotted purple: exact
zeros of the Riemann zeta function. Dashed orange: negative
of the mean part of the Riemann zeros density.

Appendix A: Increasing the number of copies of

butterfly graphs

If from the start we set the number of copies of the
butterfly graphs to lp,m = m then the corresponding re-
cursion

cos(θp,m) = − 1

2m2pm/2
−

d<m
∑

d|m

( d

m

)2

cos
(m

d
θp,d

)

(A1)

is solvable with real θp,m for all (p,m) since the sum of
squared divisors of m (divided by m2) is bounded suffi-
ciently. One can estimate

d<m
∑

d|m

d2

m2
≤

⌊√m⌋
∑

d|m

d2

m2
+

⌊√m⌋
∑

d|m

1

d2
− 1 (A2)

<
1

3
√
m

+
1

2m
+

1

6m3/2
+
π2

6
− 1 ≡ B(m) .

For m ≥ 4 the bound B(m) is already smaller than 1
[B(4) = 0.957 . . .] and the additional summand in (A1)
is 1/(2m2pm/2) ≤ 1/128. Thus for all m ≥ 4 the RHS
of (A1) is smaller than 1 in absolute value. The cases
m = 1, 2, 3 can be easily checked by direct calculation
of the sum of squares of divisors. They give sufficient
bounds for (A1) for the worst case p = 2 and hence for
all primes p. Therefore, the recursion (A1) has solutions
for all (p,m). Figure 4 shows the fluctuating part of
the exact spectrum of a truncated set of butterfly graphs
with linearly growing number of copies lp,m = m. The
enhancement of the small damped high frequency oscilla-
tions in comparison to the butterfly graphs without linear
growth in Fig. 3 is a direct consequence of the increased
weight of butterflies with longer bonds.

FIG. 5. Setting p = 2 and R = 30 we calculate the shift
∆2,r from equally spaced angles as defined in (B11). The
dotted line is from the exact numerical solution of the 30
simultaneous equations in (B4) while the solid line is derived
from the approximate solutions of (B9).

Appendix B: Sets of butterfly graphs with identical

lengths

The prescriptions (16) and (A1) allow us to construct
a sets of graphs with the same oscillating part of the
density of states as the Riemann zeros, but rely on a
recursive construction to find the graphs. If we perform
the sum over m in Eq. (3) to get

dosc(t) = − 1

π

∑

p

ln p

√
p cos(t ln p)− 1

p+ 1− 2
√
p cos(t ln p)

, (B1)

the resultant terms

doscp (k) = − ln p

π

√
p cos(k ln p)− 1

p+ 1− 2
√
p cos(k ln p)

(B2)

are periodic with period 2π/ ln(p). This is the same pe-
riod as the solutions with m = 1 before. A butterfly
graph of bond length ln(p) contributes to dosc(k) with
this period (and also all fractions of it; the amplitudes of
all the harmonics are determined by the scattering ma-
trix). Thus a set of butterfly graphs, all with bond length
ln(p) could be constructed in a way that together they
produce the correct Fourier coefficients of doscp (k). We
can try to find this set of butterfly graphs for each prime
p so that together they again give Eq. (3). If we label the
scattering matrices of all the butterflies Sp,r, they have
to fulfill the equations

∑

r

TrSm
p,r = − 1

pm/2
, (B3)

or

2
∑

r

cos(mθp,r) = − 1

pm/2
, (B4)

in terms of the positive θp,r < π.
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FIG. 6. The solid line is the density of states of 100 butterfly
graphs of length ln(2) smoothed by a Gaussian function of
width w = π/10 and with the mean part 100/π subtracted.
The dotted line instead is the p = 2 term of Eq. (B1), trans-
formed to θ = k ln(2) and smoothed with the same Gaussian.

With a finite set of graphs r = 1, . . . , R we can find nu-
merical solutions for the first R equations for m in (B4),
but more importantly we can find approximate solutions
for any number of graphs. Assume our discrete pairs of
solutions −π < ±θp,r < π follow a density ψp(θ) then
the limit of infinite solutions would be

2

∫ π

0

cos(mθ)ψp(θ)dθ = − 1

pm/2
(B5)

for eachm. Solving for ψp is just taking the Fourier series
so

πψp(θ) = −
∑

m

cos(mθ)

pm/2
=

1−√
p cos(θ)

p+ 1− 2
√
p cos(θ)

, (B6)

exactly mimicking (B1).
With R pairs of θ solutions, the overall density should

be ψp(θ) +R/π and we want discrete solutions that best
approximate this density. Dividing the overall density be-
tween θ = −π and θ = π into 2R bars of equal (unit) area,
we could expect to find a solution inside each bar and we
approximate by placing it at the centre of mass. Equiv-
alently we are dividing the cumulative function evenly.
From the symmetry, we only need to look at the solu-
tions between 0 and π which should then satisfy

r − 1

2
=
Rθp,r
π

+

∫ θp,r

0

ψp(θ)dθ , (B7)

with

π

∫ θp,r

0

ψp(θ)dθ = − Im

∞
∑

m=1

eimθp,r

mpm/2

= Im
[

ln
(

1− p−1/2eiθp,r
)]

. (B8)

Since the argument of the logarithm in (B8) always lies
in the right half plane of C, we can write

πr − π

2
= Rθp,r + arctan

sin θp,r
cos θp,r −

√
p
, (B9)
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FIG. 7. Solid blue: density of eigenvalues of the set of butter-
fly graphs involving identical bond lengths for each prime up
to p = 181 derived using (B10) and the low value of R = 10.
The result is smoothed with a Gaussian of width ǫ = 0.5 and
the mean part has been subtracted. Dotted purple: exact
zeros of the Riemann zeta function. Dashed orange: negative
of the smooth part of the Riemann zeros density.

or equivalently

tan(π∆p,r) =
sin θp,r√
p− cos θp,r

, (B10)

with −1/2 < ∆p,r < 1/2, where we defined the shift from
equally spaced angles as

∆p,r =
Rθp,r
π

− r +
1

2
. (B11)

For R = 30 we plot the shifts (B11) for p = 2 for both
the exact solutions of the 30 equations in (B4) as well as
the approximate solutions from (B9) or (B10) in Fig. 5.
At the level of the accuracy visible in the graph, these
shifts are essentially identical.

Taking a larger number of approximate solutions by
setting R = 100 we place a Gaussian smoothed delta
function (of width ǫ = π/10) on each of the ±θ2,r and
their periodic repetitions and subtract the mean part
100/π. Plotting the result as the solid line in Fig. 6
we can compare to the (equally smoothed) p = 2 term
of (B1). In terms of angles θ = k ln(2) this is just the con-
volution of ψ2(θ) with the same Gaussian and we overlay
this result as a dotted line in Fig. 6. Again the lines are
indistinguishable in the graph.

Even a small set of graphs is enough to be able to
pick out the zeros of the Riemann zeta function. Setting
R = 10 for example, we plot in Fig. 7 the smoothed oscil-
lating part doscǫ (k) of a complete set of butterfly graphs
with equal bond lengths ln(p) for primes up to 181. The
spectrum corresponds to the approximate solutions us-
ing (B10).



7

[1] D. Schumayer and D. A. W. Hutchinson, Rev. Mod.
Phys. 83, 307 (2011)

[2] Y. V. Fyodorov, G. A. Hiary, and J. P. Keating, Phys.
Rev. Lett. 108, 170601 (2012)

[3] Y. V. Fyodorov and J. P. Keating, “Freezing transitions
and extreme values: Random matrix theory, ζ(1/2 + it),
and disordered landscapes,” (2012), arXiv:1211.6063

[4] H. L. Montgomery, in Proceedings of the Symposium in

Pure Mathematics, St. Louis, Missouri, 1972 (American
Mathematical Society, Providence, 1973) pp. 181–193

[5] A. M. Odlyzko, “The 1020-th zero of the Riemann zeta
function and 70 million of its neighbors,” (1989), (unpub-
lished)

[6] J. P. Keating and N. C. Snaith, Comm. Math. Phys. 214,
57 (2000)

[7] M. V. Berry and J. P. Keating, SIAM Review 41, 236
(1999)

[8] M. C. Gutzwiller, J. Math. Phys. 12, 343 (1971)
[9] G. Sierra and P. K. Townsend, Phys. Rev. Lett. 101,

110201 (2008)
[10] M. Srednicki, J. Phys. A 44, 305202 (2011)
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