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ABSTRACT. The causal perturbation expansion of the fermionic projector is per-
formed with a contour integral method. Different normalization conditions are an-
alyzed. It is shown that the corresponding light-cone expansions are causal in the
sense that they only involve bounded line integrals. For the resulting loop diagrams
we prove a generalized Furry theorem.
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1. INTRODUCTION

The causal perturbation theory as developed in [5, [12] gives a perturbative descrip-
tion of the Dirac sea in an external potential (see also [8, Chapter 2]). It is the starting
point for a detailed analysis of the fermionic projector in position space [0, [7], which
forms the technical core of the fermionic projector approach to quantum field theory
(see [I0] and the references therein). More recently, the reformulation in terms of
causal fermion systems [I3] and the non-perturbative construction of the fermionic
projector in [I5] 16, [17] shed a new light on how the fermionic projector should be
normalized. Moreover, the spectral methods used in the non-perturbative construction
motivated that the perturbation expansions should be described more efficiently with
contour integrals. Finally, the systematic treatment of perturbative quantum field the-
ory in the framework of the fermionic projector in [I1] showed that fermion loops are
to be described in a specific formalism involving integral kernels L; to be formed of
the contributions to the perturbation expansion in an external potential. This raises
the question which of these integral kernels vanish in analogy to Furry’s theorem in
standard quantum field theory. The goal of the present paper is to treat all these issues
in a coherent and conceptually convincing way, also giving a systematic procedure for
all computations needed in future applications.

The paper is organized as follows. In Section [2] we recall the definition of the
fermionic projector in the Minkowski vacuum and explain the different methods for
its normalization, referred to as the mass normalization and the spatial normalization.
In Section [J] we perform the perturbation expansion with contour integral methods,
both with mass and spatial normalization. In Section [ the perturbation expansions
are described by the so-called unitary perturbation flow, which is particularly useful if
particle and/or anti-particle states are present. In Section [5] we analyze the retarded
expansion and the expansion with the Feynman propagator as alternative perturbation
expansions. Section [0]is devoted to the light-cone expansion of the resulting Feynman
diagrams. It is shown that the light-cone expansions of all diagrams is causal in the
sense that it only involves bounded line integrals. In Section [7] we analyze the resulting
loop diagrams and prove a generalized Furry theorem which states that certain classes
of loop diagrams vanish. Finally, in Appendix [A] we list the leading orders of the
relevant perturbation expansions.

2. THE NORMALIZATION OF THE VACUUM FERMIONIC PROJECTOR

We let (M, (.,.)) be Minkowski space (with the signature convention (+———)). In
the vacuum, a completely filled Dirac sea is described by the distribution (for basics
see [8, Chapter 2] or [14])

Prn(k) = (K +m) 8(k* —m?) ©(=k7).

Taking the Fourier transform, we obtain the distribution

d4k —ik(x—
Pu(z,y) :/W Pr(k)e k(z=y) )

referred to as the kernel of the fermionic projector of the vacuum.

2.1. The Mass Normalization and the Spatial Normalization. The fermionic
projector is normalized in two different ways. First, considering the mass m as a
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variable parameter, one can multiply the fermionic projector with itself,

Py (k) Py (k) = (F +m) 6(k* —m?) ©(=k°) (k +m’) 6(k* — (m')?) ©(—K")
= (k:2 + (m+m') f + mm') s(m? — (m)?) 6(k* — m?) 0(—k°)

(k* + (m+m/) f + mm') % S(m —m') §(k* —m?) O(—k°)
=d(m —m/) (F+m) §(k* —m?) 0(—k").

We thus obtain the distributional identity
Py, Py =6(m—m') Py, . (2.1)

This resembles idempotence, but it involves a J-distribution in the mass parameter.
We refer to (2.1]) as the mass normalization.

Alternatively, one can integrate over space. This can be understood from the fact
that for a Dirac wave function 1), the quantity (17%)(to, Z) has the interpretation as
the probability density for the particle at time ty to be at position Z. Integrating over
space and polarizing, we obtain the scalar product

(@l6)io / Wlto, T (to, 7) dy . (2.2)

It follows from current conservation that for any solutions v, ¢ of the Dirac equation,
this scalar product is independent of the choice of ty3. Since the kernel of the fermionic
projector is a solution of the Dirac equation, one is led to evaluating the integral

in 22) for ¢(y) = P(y, 2) and ¢(y) = P(z,y).

Lemma 2.1. For any t € R, there is the distributional relation

o / P(x. (t,9) 2° P((t.5),2) Py = —P(z,2) (2.3)
R3

Proof. The identity follows by a straightforward computation. First,

/P( (6, 9)) A P((t,9), 2) dPy

d k —ik( y)/ d'q —igq(y—=z) 0
1 ZC 7 z Pm k Pm
[ e (k)" Pu(@)
d*k d)\ —ikatiqy 0
tkx+1i P, P, .
/ (2m)4 / o € (k) v (q)‘q:(A,k)

Setting k = (w, E), we evaluate the J-distributions inside the factors P,

Sk = m?) 6(q* —m?)| _ gy = 5w = kP = m?) §(\* — [k]* — m?)
=0\ —w?) §(w? - k|? — m?) .
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This shows that we only get a contribution if A = +w. Using this fact, we can simplify
the Dirac matrices according to

(K +m)7° (f +m) = (wr° + k7 +m) 7" (£ + k7 + m)
= (" + k7 + m) (£’ — kY + m)°
- <(j:w2 PR +m) A%+ (1) w k) + (1< 1)mw>

| 2w(¥+m) in case +
- 0 in case — .

Hence we only get a contribution if A = w, giving rise to the identity

S(A? —w?) = ﬁ S\ —w).

Putting these formulas together, we obtain
/R P (0.9) 2 P((1,3),7) 'y

_ [ d'k AN i) 50\ ) §(K2 — m2) 22 ) O(— k0
= [ [ 5 T 6 =) 600 — ) 2 () ()

4 .
- _% / (;lﬂ’; e~ k@) §(k2 —m?) (f +m) O(—k°) .

This gives the result. U

We refer to (2.3]) as the spatial normalization of the fermionic projector.

2.2. Discussion of the Normalization Method. Before moving on to interacting
systems, we now discuss the normalization methods in general terms. First of all,
we point out that in an interacting system, it is in general impossible to keep both
the spatial and the mass normalization. Therefore, one must decide whether to use
either the mass normalization or the spatial normalization. Historically, the fermionic
projector was first constructed using the mass normalization in [5 [12]. The spatial
normalization was introduced later when extending the construction to space-times of
finite life-time for which the mass normalization cannot be used (see [15]). There are no
compelling physical reasons for working with one or the other normalization method.
Instead, it is an open question which normalization method should be used. Ultimately,
this question can only be answered by physical experiments (for differences between
the normalizations see Section [ below). Nevertheless, there are a few arguments in
favor of the spatial normalization:

(a) The spatial integral in (23] is closely related to the probability integral for
Dirac wave functions. More precisely, the condition 2.3l can be understood by
saying that all the states of the fermionic projector should be normalized (up
to the irrelevant factor of 27) with respect to the integral over the probability
density

[ @t . (2.4

Therefore, the spatial normalization condition seems to be adjusted to the
probabilistic interpretation of the Dirac wave function.
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(b) In the framework of causal fermion systems (as introduced in [13]), the mass
normalization is implemented if one chooses the scalar product on the particle
space equal to the (suitably rescaled) space-time inner product

<Plp> = /M@qb)(x) iz, (2.5)

restricted to the occupied fermionic states of the system. However, this proce-
dure only works if the inner product (2.5 is negative definite on the occupied
fermionic states. Since it is not clear why this should always be the case, the
mass normalization does not seem compatible with the framework of causal
fermion systems.

(c) If the image of the fermionic projector is negative definite with respect to (2.9]),
one can construct a corresponding causal fermion system (at least after intro-
ducing a regularization). But this leads to the complicated situation that there
are two different scalar products: First, the inner product —<.|.> restricted
to the image of the fermionic projector (which coincides with the scalar prod-
uct (.|.)g¢ on the particle space H of the corresponding causal fermion system).
Second, the scalar product (2.2) obtained by polarizing (2.4) which is needed
for the probabilistic interpretation.

Working with the spatial normalization, on the other hand, it suffices to
consider only the scalar product (2.2]).

(d) The mass normalization only makes sense in space-times of infinite life-time.
The spatial normalization, however, can be used on any globally hyperbolic
space-time (for details see [15] [16]).

In view of these arguments, the authors consider the spatial normalization as being
more natural and conceptually more convincing.

3. THE CAUSAL PERTURBATION EXPANSION WITH CONTOUR INTEGRALS

We now give a convenient method for deducing all the contributions to the causal
perturbation expansion including the combinatorial factors. The method is to intro-
duce a resolvent and to recover the fermionic projector as a suitable Cauchy integral.

3.1. Preliminaries. In preparation, we fix our notation and recall a few constructions
from [5] [12]. We consider the Dirac equation in an external potential

(1 @+B—-—m)yY(x)=0. (3.1)
Here B(z) is a matrix-valued potential which we assume to be smooth and symmet-
ric with respect to the spin scalar product, i.e. ¥(B¢) = (Bi)¢ (where ¢ = 1p*4°
is the adjoint spinor). Starting from the plane-wave solutions of the vacuum Dirac
equation, the equation in the external potential ([B.I]) can be solved in a perturbation
expansion in B. In the language of Feynman diagrams, this is an expansion in terms
of tree diagrams. These diagrams are all well-defined and finite, provided that the
potential B is sufficiently regular and has suitable decay properties at infinity (for
details see for example [8, Lemma 2.2.2]). With this in mind, all our perturbation
expansions are well-defined on the level of formal power series in B. The questions of
convergence of the perturbation expansions can be answered by using non-perturbative
constructions (see [I5] [16] [17]). Here we shall not consider such convergence questions,
but instead we focus on working out the properties of the resulting expansions. For
notational simplicity we always restrict attention to one family of Dirac particles of
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mass m. The generalization to systems of several families or generations of particles
is straightforward using the methods in [8, §5.1] and [9, Section 4].

We always denote the objects in the presence of the external field by a tilde. The
solutions of the vacuum Dirac equation on the upper respectively lower mass cone are
described by the distributions

Py :%(pm:tk‘ ), (3.2)
where
pm(q) = (¢ +m) 8(¢* —m?) (3.3)
km(q) = (¢ +m) 8(¢* —m?) e(¢) (3.4)
where € denotes the step function e(x) = 1 if z > 0 and €(x) = —1 otherwise. Moreover,
we denote the advanced and retarded Green’s functions by
+ -
Sl = A )= (35)

q® —m? —ieqo g% —m? +ieqy

Using the formula

im (2 — L) o)
( ) (2)

e\O\x —1e x+1€E
one immediately verifies that the distribution k,, can be expressed in terms of these
Green’s functions by

Loy _gny (3.6)

Fon = 2 - ™™
In particular, the distribution k,, is causal in the sense that it vanishes identically for
spacelike separated points. Moreover, the symmetric Green’s function s,, is defined
by
1
sm = 5 (s 4 sM). (3.7)
In the presence of an external potential B, the perturbation expansion for the ad-
vanced and retarded Green’s functions is unique by causality,
o o
~\/ \Vi \V ~A\ A AN
Sm = Z(_Smg)nsm ) Sm = Z(_Smg)nsm : (38)
n=0 n=0
Using (B.6]), we also have a unique perturbation expansion for the causal fundamental
solution,

o = —— (5% — 5. (3.9)

Using the identities

5V = Sy + ik SN = 8y — ik, (3.10)

one can write the above perturbation series as operator product expansions. More

precisely,
o0

ki = Y (i) b, Koy (k)2 b7, (3.11)
B=0
where the factors by, are defined by

(e} o [e.e]

b= (=smB)",  bn= (-Bsp)"B,  bn=> (-Bsy)".  (3.12)

n=0 n=0 n=0
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In the following constructions, we need to multiply the operator products in (B.11]).
These products have a mathematical meaning as distributions in the involved mass
parameters,

DPm Pt = ki by = 5(m - m/) Pm (313)
o b2, 05, Koy = 6(m — ) (pm 4 72 ke by P b k:m) . (3.15)

Since these formulas all involve a common prefactors §(m — m’), we can introduce
a convenient notation by leaving out this factor and omitting the mass indices. For
clarity, we denote this short notation with a dot, i.e. symbolically

A-B=C stands for Ap By = 8(m —m') C,, . (3.16)
With this short notation, the multiplication rules can be written in the compact form
pp=k-k=p, pk=k-p=k, kb” bk = p+ mpbpbp . (3.17)

In all the subsequent calculations, the operator products are well-defined provided that
the potential B is sufficiently smooth and has suitable decay properties at infinity (for
details see [8, Lemma 2.2.2]). However, all infinite series are to be understood merely
as formal power series in the potential B.

3.2. The Fermionic Projector with Mass Normalization. Writing (3.11)) as
k=Y (im)* b=k (bk)*’ b~ (3.18)
3=0

powers of the operator k with the product (BI6) are well-defined using the multipli-
cation rules (8.I7). This makes it possible to develop a spectral calculus for k. In
particular, in [12] the operator P is constructed as the projection operator on the
negative spectral subspace of k. We now give an equivalent construction using contour
integrals, which gives a more systematic procedure for computing all the contributions
to the expansion.

We introduce the resolvent by

Ry=(k-)N"1. (3.19)

We choose a contour I'_ which encloses the point —1 in contour-clockwise direction
and does not enclose the points 1 and 0. We set

1 -
P = Ry d). 3.20
res 2mi Jr A ( )
This formula is to be understood as an operator product expansion, as we now explain.
We write k as

k=k+ Ak,
where k is the corresponding distribution in the vacuum. Then R, can be computed
as a Neumann series,
Ry=(k—A+Ak) ™ = (1+R\Ak)™ Ry =) (~R\AkK)"-Ry. (3.21)

n=0
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According to ([B.I7), the operator k has the eigenvalues +1 and 0 with corresponding
spectral projectors (p £+ k)/2 and 1 — p. Hence we can write the free resolvent as

_p+tk 1 p—k 1 _1-p
=" (1—>\>+ 2 (—1—>\> A

Substituting this formula in ([B21), to every order in perturbation theory we obtain a
meromorphic function in A having poles only at A = 0 and A = £1. Thus the contour
integral (320 can be computed with residues, and the result is independent of the

choice of I'_. In this way, we obtain a perturbation expansion for P;S*.

Proposition 3.1. The perturbation expansion P has the properties

(i + B —m) P = 0 (3.22)
(P2)" = Pz (3.23)
P& Prs = Pres' - (3.24)

In view of our notation of omitting the factors 6(m —m’) introduced before (317, the
idempotence relation (3.:24]) agrees precisely with the normalization (ZII). Therefore,
P2 is the fermionic projector with mass normalization. The notation for the
index “res” has evolved historically and has a twofold meaning. It was first introduced
in [7] to denote the operator p"* obtained by applying to k the so-called residual
arqgument (see also the proof of Theorem [6.4] below). In [12], the index “res” denoted
the operators obtained by rescaling the Dirac sea. Using the same notation with
a different meaning was motivated by the fact that the residual argument and the
rescaling procedure gave rise to very similar operator product expansions. What was
then considered a surprising coincidence can in fact be understood systematically by
the symmetry consideration in Section 3.4

In preparation for the proof of Proposition B.I], we prove a spectral calculus for con-
tour integrals which generalizes ([8:20]). To this end, we let f should be a holomorphic
function defined on an an open neighborhood of the points £1. We define f(p**)
by inserting the function f(\) into the contour integral (B:220) and integrating around

both spectral points 41,
1 -
f(p) = —— fA) Ry dX, (3.25)
2me Jp, or_
where T'; is a contour which encloses +1 in counter-clockwise orientation (and does
not enclose —1 or 0).

Theorem 3.2. (functional calculus) For any functions f, g which are holomorphic
in discs around 1 which contain the contours I'L,

(i@ +B—m) f(p") =0 (3.26)
f(ﬁros)* ?(ﬁres)* (327)
F)-9(") = (f9)(5) - (3.28)

Proof. Since the image of the operator & lies in the kernel of the Dirac operator, we
know that

(i@ + B —m) Ry = (i + B —m) (—A71).
Taking the contour integral ([3.25]) gives (3.26]).
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The operators py,, km and s, are obviously symmetric (see ([B.3), (34) and (37)).
According to (3.11]), the operator Ky, is also symmetric. Hence the resolvent Ry defined

by ([BI9) has the property
The relation ([B.27) follows by taking the adjoint of (8.25]) and reparametrizing the
integral.

The starting point for proving (3.28)) is the resolvent identity

Ry Ry = Ry — RX) . (3.29)

1
A= N (
We set I' = I'y UT'_ and denote the corresponding contour for X' by I'. Since the
integral ([B.25]) is independent of the precise choice of the contour, we may choose

I'= 835(1) U aB(g(—l) and I = 6325(1) @] 8325(—1)

for sufficiently small § < 1/2. Then I" does not enclose any point of I, implying that

fA)
Y dA=0 for all N € T”. (3.30)
On the other hand, I'” encloses every point of I, so that
) g(\) )\R)‘)\/ d\ = —27i f(\) g(\) Ry forall A eT. (3.31)
I/ -

Combining (3.29) with (330) and (3.31I]), we obtain
~res) | ~res _ / / 1 Ry — IR
£ - g(57) = 42y§f dAy§ () dA A_X(RA Ry)

R dA ~Tres
g B FO ) B dh = (£9) (7).
This concludes the proof. O

Proof of Proposition [31. Follows immediately from Theorem B.2)if we choose the func-
tions f and g to be identically zero in a neighborhood of 41 and be identically equal
to one in a neighborhood of —1. O

3.3. The Fermionic Projector with Spatial Normalization. We now turn at-
tention to the spatial normalization integral in (2.3]). For convenience, we introduce
the short notation

(C1 ] Co)(z,2) = 277/3 Ci(z, (t,7)) 7" Ca((t,9), 2) &y . (3.32)
R
We define )
Pt= s (N Rydr. (3.33)

with I'_ and Ry as in (3:20).
Proposition 3.3. The expansion P*? has the properties
(i@ +B —m)P** =0 (3.34)

277/ P (z, (,9)) 7" P ((t, §), 2) d°y = —P**(x,2) . (3.35)
R3
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The remainder of this section is devoted to the proof of this proposition. For the
spatial integral in (3.35]) we introduce the short notation |, i.e.

(Al B)a,)i=2r [ e (6.9) 2" B(0.).2) . (3.36)
We begin with a preparatory lemma.

Lemma 3.4. For any ty € R, the distribution (3.9) has the property

m‘to ];m :km

Proof. Clearly, it suffices to prove the relation when evaluated by a test function f.
Then ¢ := ky, (f) is a smooth solution of the Dirac equation with spatially compact
support. Therefore, it suffices to show that for any such solution,

307) =2 [ Fn(t.5t0.92° G0(3) &'y

Since ¢ and km satisfy the Dirac equation, it suffices to prove this equation in the
case t > to. In this case, the equation simplifies in view of (3.9) to

) =i [ 5o 00 -

where we set x = (t,&). This identity is derived as follows: We choose a non-negative
function n € C*°(R) with n[y, 4 = 1 and n_s¢,—1) = 0. We also consider 7 as a
function on the time variable in Space-time Then

o(x) = (nd)(x) = 5, (i + B —m)(nd)) = 5, (11" 1 9)) ,

where we used the defining equation of the Green’s function § pEd, +B—m) =1

together with the fact that (b is a solution of the Dirac equation. To conclude the
proof, we choose a sequence 7; such that the sequence of derivatives 1; converges
as | — oo in the distributional sense to the J-distribution d;, supported at ¢5. Then

m (1701 )) (x) 2/<§%(x,y)(i7°ﬁ(y°)¢3(y))> d*y

—>/ @) (D) |0y 0
giving the result. 0

Proof of Proposition[3.3 The relation (3.34]) follows similar as in Proposition 3.1l In
order to prove (3.30)), we integrate the relations

Ra-(k =N =1=(k-N-R.

%Rx-l}d)\:ngA)\dA:yg/}Rxd)\.
T T T

1
42

and applying Lemma B4 for ¢ty = ¢ gives
1 .
P3|, Pt = 2 %d)\ d\N Ry-k-Ry = ——%AdA}ﬁ dN Ry- Ry .
I_‘/

to obtain

As a consequence,

psea ’t psea — _ d)\% d)\’ R)\ k ‘t k R)\/
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Now we can again apply (3:29) and (3:30]) (which remains valid if the integrand involves
an additional factor \) as well as (3.31]). We thus obtain

1 -
psea |t psea — ——,%)\R)\ d\ = _Psea,
2mi Jp

concluding the proof. d

The resulting perturbation expansion agrees with the expansion given in [5], Section 3]
(although at that time the spatial normalization property was not considered).

3.4. A Symmetry between the Mass and the Spatial Normalizations. We
now want to compute the spatial normalization integral ([8:32) for general operator
products involving py,, kn, and s, (see B3), B4) and B7)). If both operators in
the product map to solutions of the Dirac equation, it follows from the conservation
of the Dirac current that the integral is independent of the time ¢. If the operator
product involves a Green’s function, however, the product will in general depend on t.
For example, the integral

o /R ol (6,37 5 (1,5, 2)

depends on whether ¢ lies to the future or past of the space-time point z. As a
convenient notation, we write |_o if the time ¢ at which the integral ([8.32]) is performed
lies in the past of x and z. Similarly, |1 denotes the inner product if the time ¢
in ([B.32) lies in the future of both = and z. With this notation, we have the following
computation rules.

Lemma 3.5. For allt € R,

Fm |t km = kp = Pm [t Pm (3.37)

K |t Pm = Pm = Pm |t kom (3.38)

Thm |00 Sm = 4T km = £5m |00 km (3.39)
FPm |too Sm = T P = £Sm | £oo Pm (3.40)
Sm |00 Sm = T km . (3.41)

Proof. The first equation in (3.37) coincides with Lemma B.4l In order to prove the
second equation in (B.37)), we write
Pm = km €,
where €(p) = €(p°) is the operator which multiplies the upper and lower mass shell
by +1 and —1, respectively. Then
P |t Pm = €k |t b € = €k € = ki, .
The relations ([3.38)) follows similarly.

In order to prove the remaining rules (3.39)-(341l), one uses BI0) to rewrite s,, in
terms of k,, and a causal Green’s function. We then arrange that the causal Green’s
function vanishes by using that ¢ lies in the future respectively past of x and z. For
example,

Em |00 Sm = Em | 100 (815 — iTkm) = —iT km | 100 km = —i7 ki,
Pm ‘-i—oo Sm = €k ’—l—oo Sm = —iT €k = —iT Py

S |400 Sm = (82 4 iTkm) | 400 (Y — iTkm) = 72 km |00 km = T2 ki -
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The other relations are derived similarly. d

Lemma 3.6. For allt € R,

Proof. Since the operator product bfn, km is a solution of the Dirac equation in the
external potential B, it follows from current conservation that the product on the left
of (342) is independent of ¢. In particular,

1
o b 105 Ko = 5 i B, <y+oo + \_oo) b, i - (3.43)

Computing the operator products in this way, the contributions by (8.39) and (3.40)
drop out. Thus we only get a contribution if the factors b, and by, either both contain
no factor s,, or both contain at least one factor s,,. Using the computation rules (3.37])

and (B.41)) gives the result. O

Comparing the computation rules [B.37), (338) and ([B3.42]) for the spatial normal-
ization integrals with the corresponding rules for the operator products in (3:I7]), one
obtains agreement when applying the following replacement rules:

|t — - (3.44)
Pm — km (3.45)
Em — pm (3.46)
Sm — Sm (3.47)

(where the dot in (3.44) again refers to the short notation ([B.I6]). The replacement
rules (3:45)-([B47) were already used in the so-called residual argument to introduce
the operator p;es (cf. [5, eqs (3.16) and (3.17)]). We write symbolically

km — Dy . (3.48)
Combining the rule (3:44]) with Lemma [3.4] one finds that

~res ~sres ﬁres

pp

(being a short notation for prespret = §(m — m/) pies). Thus p™ has the correct

m pm’ -
mass normalization. This explains why it coincides with the corresponding operator
introduced in [12] by a rescaling procedure for the Dirac sea. It can be written similar

to (B:20) as the contour integral
1 .
P = —— Ry dX. 3.49
Pm oi T, U A ( )

Next, we introduce the operator p,, similar to ([8.33)) by

ﬁmz—ﬁ <y§r+_§é>ARM)" (3.50)

Repeating the computation in the proof of Proposition B.3], one sees that it satisfies
the spatial normalization condition

ﬁm ’tﬁm = ];m .

res
m

Prn — kS (3.51)

Again applying our replacements rules, we obtain an operator k
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which satisfies the mass normalization condition
];,res . ]z:res — ﬁres )

It can be written similar to ([3.20]) as the contour integral

7res _i o D
B = - <§é+ 51%) Ry d\ . (3.52)

Finally, we can write the fermionic projector with mass and spatial normalization

as
1 ~ 1 -
Pd =5 (0w —ky?)  and P = o (P — k) (3.53)
This shows that our replacement rules also transform these fermionic projectors into

each other; more precisely,
P> — — P (3.54)

res

We have thus found a symmetry in the perturbation expansions with mass and spatial
normalization: If in the operator expansions we exchange all operators according to the
replacement rules ([3.45)—(3.47)), then according to (B.54]) the fermionic projector with
spatial normalization is transformed up to minus the fermionic projector with mass
normalization. This symmetry was already observed in [12], but without understanding
the underlying reason (3.44)).

4. THE UNITARY PERTURBATION FLOW

4.1. The Unitary Perturbation Flow with Mass Normalization. In [12) Sec-
tion 5] it is shown that there exists an operator U which transforms the vacuum
operators p,, and k,, to the corresponding interacting operators with mass normaliza-

tion pi° and /::ﬁ,f;s For a consistency, we now denote this operator by U,es. Then

5 m km *
P& = Ures (pT> “Ures -

(4.1)

The operator U, maps solutions of the vacuum Dirac equation to solutions of the Dirac
equation in the potential. This mapping is invertible, and it is an isometry with respect
to the indefinite inner product ([2.5]). For simplicity, we say that Uyes is unitary with
respect to the indefinite inner product (2Z.5]). In applications, one considers a family
of potentials B(7) (in the simplest case the family B(7) = 7By which “turns on” the
interaction) and considers the corresponding family of unitary transformations Uses(T).
Then Uses(7) defines a one-parameter family of transformations, the so-called unitary
perturbation flow. We now give a systematic procedure for computing the unitary
perturbation flow to any order in perturbation theory.

Lemma 4.1. The operators k' and pi® defined by B52) and BA9) satisfy the
relations

(id+B —m)p™ =0 (4.2)

(ﬁreS)* — ﬁres — ﬁres _ﬁres (43)

(]'%I‘CS)* — ];:ros — ];:ros 'ﬁros — ﬁros . ];:ros . (44)

Proof. Follows immediately from the functional calculus of Theorem O
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Our method for computing U,e is to “turn on the perturbation adiabatically.” Thus
for a parameter 7 € [0,1] we let p"(7) be the spectral projector corresponding to the

perturbation operator 7B. We define U () by
* : ~Tres ~Tres T ~Tes (N B 1) T ~Tes
Ui(7) = Jim 5(0)- 5 () - 5™ (o) F() . (4)

(1) satisfies the differential equation
d U;‘kes( ) li Ures (T —"_ E) Ures( )
dr e\0 £

N prCS(T + E) _ ﬁrCS(T) N i res

- ll\IJIl Ures( ) Ures( ) (dTp (T)) :

3

Then U

res

Noting that U} (0) = pres(0) (as is obvious from (A5]) and (43])), we can solve this

differential equation with an ordered exponential,

Uialr) = 7(0)-Pesp [ 75 ds). (46)
so that

Ures(T) = p*(0) + 5°(0) - /0 5 (s) ds

7 0)- [ [ 7 (s2) - (7 (s0) - (47)

— ﬁrCS(O) I‘CS( ) +pr05(0) / dSl ( res(sl) o ﬁros(o)) i (ﬁrCS)/(Sl) I
0
We now verify that the resulting operator U,es has the required properties.

Proposition 4.2. The one-parameter family of operators defined by (A3 satisfy the
Dirac equation and are unitary,

(Z@ +7B — m) Uros(T) =0 (48)
U(r)-U(r)=1=U"(7)-U(r). (4.9)

Moreover, they map the free fundamental solutions and spectral projectors to the cor-
responding interacting objects,

Ures(7) k- Upes (1) = K'(7) , Uses(7) - p- Uys (1) = 5(7) . (4.10)

Proof. The Dirac equation (48] is obviously satisfied in view of (2] and (£3) as
well as the fact that the operator U () in (&5]) involves a factor p™*(7) at the very

right. In order to show unitarity, it suffices to prove the second equality in (4.9I).
Differentiating the first equation in (£.3)), we know that

) (1) = @) (1)",
so that we can omit the stars of p**® and its derivatives in all calculations. Next,

differentiating the last relation in (£3)) gives

(B (1) - "5 (7) + 575 (7) - (") (7) = (") (7) -
Multiplying from the left and right by p** and using (4.3]), we obtain the identity

ﬁrCS(T) '(ﬁI‘CS)/(T) .ﬁrCS(T) — O .
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(1) involves a factor p*®(7) at the right, it follows that
Ures(7) (") (1) - Ures(7) = 0.

Since the operator U,

Thus p
—(Ukal) - Ures(7)) = 203 (1) -(5") (7) - Ures() = 0. (4.11)
For 7 = 0, it follows from (4.5]) that

Ures (0) - Ures(0) = p*(0) - p"(0) = p-p =p, (4.12)
where in the last step we used the calculation rules ([B.I7). These rules also show
that p acts on the free solutions as the identity. Therefore, we can also write (£.12])
as U*(0)-U(0) = 1. Integrating (A.I1]) gives the unitarity (£9).

The first equation in (£I0) follows similarly from the fact that

Ur*es(o) 'ﬁres(o) : Ures(o) =1 and

O (U3alr)5(7) Urea(7)) = B U (7)) () - Ureal) = 0.

In order to derive the second equation in (£I0]), we differentiate (4.4]) to obtain
(B () -7 () + B () - (7' () = ()’ (1)
= (Y ()R () 4 ) - (R (7).
Multiplying from the left and right by p"*, we can apply (£3]) and (£4) to get
K (1) (5" (1) - 5"(7) = 0= p'(r) - () () - (1) = 0.

As a consequence,

L (Upalr) F=(r) - Vras())

= U (1) ((F) () - B (1) - 5 (7) + 5"(7) - B"(7) (5" (7) ) - Ures(7) = 0.

Using that UZ%_(0) - k5(0) - Uyes(0) = k, the result follows. O

res

4.2. The Unitary Perturbation Flow with Spatial Normalization. We now
want to construct an operator V' which introduces the interaction in the case of a
spatial normalization, i.e. in analogy to (4.1])

r m_km *
Psea:U|t(p 5 )|tU ’

where the adjoint again refers to the indefinite inner product (2.5]). Since the fermionic
projector with spatial normalization will in general violate the mass normalization
condition (i.e. in general P3¢ Psea £ psea) the operator U will in general not be unitary
with respect to (2.5]). But it is unitary with respect to the scalar product (2.2)), in the
following sense: The scalar product (2.2]) is time independent on the solution space
of the Dirac equation. The operator U maps solutions of the vacuum Dirac equation
to the solutions of the Dirac equation in the external potential. Therefore, we have
two different solution spaces, and the scalar product (2.:2]) on these spaces should be
considered as two separate objects. By unitarity of U we mean that U is an isometric
bijection of the solutions of the vacuum Dirac equation to the solutions of the Dirac
equation in the external potential. The simplest way to construct U is to use the
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symmetry between the mass and spatial normalization of Section 3.4l Applying it to
Proposition gives the following result.

Proposition 4.3. The operators U(t) obtained from the operator U™(T) by the re-
placement rules (343)-(B4T) satisfy the Dirac equation

(ig+7B—-—m)U(r) =0.

Moreover, they map the free fundamental solutions and spectral projectors to the cor-
responding interacting objects with spatial normalization,

UM ekl U(r) =k(r), U@l U*(r) =5(r).
The operators U(T) are unitary with respect to the scalar product (Z2l), meaning that
U [ Ur)" =1=U(r)"[:U(r)
(where the star always denotes the adjoint with respect to the inner product (2.5])).

4.3. Geometric Phases. We finally note that the operator Uyes[B] := Uyes(1) is not
uniquely determined by its properties (A8)—(I0). In particular, for a given poten-
tial B, we could have chosen more generally an arbitrary curve B(7) with 0 <7 <1
in the space of all smooth potentials with B(0) = 0 and B(1) = B and could have
replaced the definition (4.6 by

U*_ = 7°5(0) - Pexp ( /O 0 (7 B(5)) ds) .

This alternative definition of U,es also has all the desired properties. However, it
does depend on the choice of the curve B(7). This non-uniqueness can be understood
in analogy to the well-known Berry phase [I] as a geometric phase picked up when
changing the system adiabatically around a closed circuit. More precisely, in the
description of the Berry phase one changes the potential in a Schrodinger operator
adiabatically and continually projects onto a specific bound state (which clearly also
varies adiabatically). Similarly, in (£5]) the potential B(7) is varied adiabatically. One
difference is that in our setting the potential is given in space-time, and 7 parametrizes
a family of space-times with different potentials. More importantly, in (&5]) we do not
project continually onto a bound state, but onto the whole solution space of the Dirac
equation. As a consequence, our holonomy is not only a phase of a bound state, but
it is a unitary endomorphism of the solution space of the Dirac equation. In view
of (@I0), this endomorphism also respects the splitting into generalized positive and
negative energy solutions.

In order to illustrate the holonomy, we consider the simplest possible example.
Let B(7) a closed loop with B(0) = B(1) = 0. Then it is shown in Appendix [A] that
in second order perturbation theory,

1
Uis(1) :p+7r2/0 pB'(s)pB(s)pds+ O(B3). (4.13)

The integral does not vanish along general loops, giving a non-trivial holonomy. Note
that U™ (1) maps the solution space of the vacuum Dirac equation to itself. The
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integral in (£I3)) is anti-symmetric because

(/Olpﬁ'(s)pﬁ(s)pds)* = /Olpﬁ(s)pgf(s)pds

s=1

1 1
— pB(s)pB(s)p —/0 pB(s) pB(s) p ds = —/O pB(s) pB(s) p ds,
which means that UZ*

(1) is indeed unitary to second order in perturbation theory.

One can also verify by explicit computation that Uj(1) is unitary to higher order.

s=0

5. OTHER PERTURBATION EXPANSIONS OF THE FERMIONIC PROJECTOR

As an alternative to the causal perturbation expansion, one can also consider a
retarded expansion in which the potential B at a space-time point x influences the
fermionic wave functions only in the causal future of x. Such a retarded perturba-
tion expansion is physically questionable because it distinguishes a direction of time.
Nevertheless, it is useful in certain applications when the system (including all the sea
states) is in a fixed configuration in the past. Another possible method is to perform
the perturbation expansion exclusively with the Feynman propagator. This method
is again physically questionable, this time because it works with the notion of posi-
tive and negative frequency which in curved space-time has no observer-independent
meaning.

In this section we work out these alternative perturbation expansions from a math-
ematical point of view and collect some of their properties. This is instructive in
comparison with the causal expansion with mass or spatial normalization.

5.1. The Retarded Perturbation Expansion. For a Dirac wave function 1, the
retarded perturbation expansion is obtained similar to (B.8]) by iteratively applying
the retarded Green’s function, i.e.
o
b= (=spB)" Y.
n=0
In order for our notation to harmonize with that for the perturbation flow, we write

[o¢]
b=Un-¢  with  Un= (=spB)" pm .
n=0
Thinking of the fermionic projector as being composed of bra and ket states, its per-
turbation expansion is given similar to (41]) by

=, (2 En) oz

where the adjoint U} (taken with respect to the indefinite inner product (2.5))) involves
the advanced Green’s function,

Ui= pm(=Bs))" .
n=0

Proposition 5.1. The retarded perturbation expansion of the fermionic projector ]S/s\ea
has the representation

psea __
P =

(]5;7\1 - %m) (5.1)

N —
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with ky, according to (33) and
Py = Un-pm - U5
The spatial normalization condition is satisfied; i.e., using the notation (3.36]),

Psea), Pes — P forglit € R. (5.2)

Proof. From (B.6) we have

R '
U kUi = 5= > (=5, ’B)”(s,vn - sﬁn>(—33yn)" .
n,n'=0
Using that the sums are telescopic, we obtain
[o.¢] (o.]
Un b Uf = 5 3 s (=Ba)” = 3°(=shy BYs
n’/=0 n=0

1
2

1 -
= %(%—gﬁz) = Fkm ,
where in the last line we used ([B.8) and (B.9). Hence for the operator k,, the re-
tarded perturbation expansion coincides with the causal perturbation expansion. This
proves (B.1)).

The spatial normalization condition can be verified in two different ways. The first
method uses the fact that, again due to current conservation, it suffices to prove (5.2])
for any ¢t. In the limit ¢ — —oo, P3*® goes over to the vacuum fermionic projector,
so that we can use (2Z.3]). The second method is to verify the spatial normalization
condition directly using the computation rules of Lemma Since PR satisfies the
Dirac equation, exactly as in (3.43]) we may take the mean of the computation rules
at t = +00. We use the short notation

(’-I—oo + ’—00)'

DO | =

Decomposing the Green’s functions according to (B.I0]), we obtain the computation
rules

(Pm — km) | 3;,\1 = (Pm — km) | (5m — imkm) = =i (P — ki)
SXz | (Pm — km) = (8m +i7km) | (Pm — km) = 97 (Pm — ki)

s sh = (Sm 4 iTkm) | (8 — iky) = 270 Ky
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Hence
4 (p/s\ea | ﬁ)/s\ea N p/s\ea) = Up - (pm _ km) . U/"{ | Up - (pm — k;m) . UX _ 4ﬁ)/s\ea
= > Un+ (pm =) | (=50 B)" (P — ) - U
n=1

+ > Un- (om = km) (=B 55)" | (—5p B)" (pm — km) - U
n,n’'=1
= —ir > Un- (pm — k) [zs (—sh B)" — (—Bs¥)" 3} (P — ko) - U (5.3)
n=0
+202 > " Un (Pm — k) (=B 535)" Bl B (=, B)"(pm — km) Ui . (5.4)
n,n'=0

The differences of the series involving the advanced and retarded Green’s can be rewrit-
ten with the help of (3.0 as a telescopic sum,

> (s B)" = (—spB)") =2mi Y (=5, B)" (ki B)(—s), B)" .

n=0 n,n’'=0

Using this relation, the summands in (5.3]) and (5.4]) all cancel, giving the result. O

5.2. The Expansion with Feynman Propagators. We finally remark that, similar
to the retarded Green’s function in the retarded perturbation expansion, one can also
perform the perturbation expansion with any other Green’s function. As an example,
we consider the perturbation expansion with the Feynman propagator s}, where

F+m

+ .
k) :=lim ————. .
Sm (k) Ly (5.5)
Then -
p=U_-¢ with U_=) (-5,B)"pm. (5.6)
n=0
Consequently,
B = U ( > ) U*
where

U = ipm (—=Bst)m.
n=0

Proposition 5.2. The perturbation expansion with Feynman propagators of the fer-
mionic projector PR has the representation

D 1 ~res 7.
=5 (B — F) (5.7)

with pres according to (3.49) and
kS =U_ k- U (5.8)
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Moreover, Pp* satisfies the mass normalization condition, i.e.
psea  psea __ psea
Pp* - Pp*® = PR

Proof. Using the relations

st =85y £ iTPm, (5.9)
we have
x 1 G — n( .+ — +\n/
Uopm - UZ = o Z_ (=5 B)" (5, = 5 ) (= Bsp)™

Using that the sums are telescopic, we obtain
* 1 ¢ + +3yn’ - — n,— 1 =+ = ~res
U+ “Pm - U+ = 5 Sm(_BSm) - Z(_Sm B) Sm = —(Sm - Sm) =Pm >

27ri 2
7TZn/:0 =0 YiwA

where in the last step we used (3.8]) and (3.9)) together with the replacement rules (8.45])—
(348). This proves (5.7]).

The mass normalization condition can be proved in two ways. One method is to
verify it by explicit computation very similar as in the proof of Proposition [E.1] by
using (5.9) together with the multiplication rules (8:17]). Alternatively, one may relate
the mass normalization of P directly to the statement of Proposition 5.1l by using
the symmetry between the mass and the spatial normalizations shown in Section [3.41

Namely, comparing (3.10) with (5.9), one sees that the rules (3.44])—(3.47) give rise to
the replacement

P — — PR (5.10)
Hence the spatial normalization of P3® corresponds to the mass normalization of FP3®®.
O

Combining (5.)) (5.7) with the replacement rules (3.48]) (5.10]), one obtains
ph — kb (5.11)

6. CAUSALITY OF THE LIGHT-CONE EXPANSION

We now work out a few properties of the fermionic projector in position space.
We generalize concepts introduced in [7] and compare the results for the different
perturbation expansions.

In general terms, each perturbation expansion expresses the fermionic projector as
a sum of operator products of the form

00 Omax (k)
Pr=3%" % caCiaBCoaB - BCiiia,

k=0 oa=0
where the factors Cj, are the Green’s functions s,, or fundamental solutions p,, kn,
of the free Dirac equation, and the ¢, are combinatorial factors. Provided that the
potential B is smooth and has suitable decay properties at infinity, any such oper-
ator product is a well-defined tempered distribution on M x M (for details see [7,
Lemma 1.1] or [8, Lemma 2.2.2]). For the following analysis, it is preferable to ex-
press p,, and k,, in terms of the distribution P, so that we have sums of operator
products of the form

Ci1BCyB - BCyiq with C) e {Sm,P+,P_}. (61)
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Definition 6.1. An operator product of the form (G.1)) is a low-energy contribution
if the factors Cy are all in the set {sm, P+} or are all in {sm, P_}. Conversely, if
the factors C; involve both Py and P_, then the operator product is a high-energy
contribution.

Proposition 6.2. Every high-energy contribution is a smooth function on M x M.

Proof. The proposition is obtained by a straightforward adaptation of [7, Proof of
Theorem 3.4]. More precisely, following the arguments at the beginning of [7, Proof of
Theorem 3.4], it suffices to consider an operator product of the form

P, BC,1B---BC;BP_.
Now one can proceed inductively as explained after |7} eq. (3.28)]. O
Hence the singularities of the fermionic projector in position space are determined

exclusively by the low-energy contributions. The singularity structure is described
efficiently by the light-cone expansion (for details see [6] [7] or [8 §2.5]).

Definition 6.3. A distribution A(z,y) on M x M is of the order O((y —x)?"), p € Z,
if the product

(y — )™ A(z,y)
is a reqular distribution (i.e. a locally integrable function). An expansion of the form

zy) =y Al(z,y) (6.2)
Jj=g

with g € Z is called light-cone expansion if if the distributions Al (x,y) are of the
order O((y — x)¥), and if A is approzimated by the partial sums in the sense that for
allp = g,

Abl(z, y) is of the order O((y — z)*72) . (6.3)

M@

j=g
The parameter g gives the leading order of the singularity of A(x,y) on the light cone.
We point out that we do not demand that the infinite series in (6.2]) converges. Thus,
similar to a formal Taylor series, the series in (6.2 is defined via the approximation
by the partial sums (6.3).

The following theorem makes a general statement on the structure of the light-cone
expansion of the fermionic projector.

Theorem 6.4. Every contribution to the perturbation expansions of P, P52, P
and P has a light-cone expansion of the form ([6.2). These light-cone expansions

are causal in the following sense:
(i) Every AUl is smooth away from the light cone,

Al e ¢ ({(x,y) € M x M | (z —y)* #0}) . (6.4)
(ii) Every AUl can be decomposed into a singular and a smooth part,

AUl = AV Al with AU e (M x M),

sing reg reg

(5]

where the singular part Asmg

the line segment

(x,y) only depends on B and its derivatives along

Tg={1+7n)zx+71y|0<7<1}.
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In order to explain this notion of “causality,” we first point out that if z and y are
causally separated, then the above line segment is inside the “causal diamond”

CRPATIGREAY (6.5)
where J;” and J/ denote the closed future and past light cones centered at =,
Tl ={yeM|(y—x)’ >0, (y° -2°) >0}
Ji={yeM|(y—x)*>0, (y° —2°) <0}.

On the other hand, if z and y are space-like separated, then AUl (z,y) is smooth
according to (6.4]). Thus the above theorem states that the singularities of the fermionic
projector propagate on the light cone and depend causally on B.

Proof of Theorem [6.4 The perturbation expansion for the advanced and retarded
Green’s functions, ([B.8]), is strictly causal in the sense that it depends on B only
inside the causal diamond (6.5]). By ([39), the same is true for the causal fundamental
solution ky,. The light-cone expansion of these distributions can be carried out most
conveniently with an iterative construction which involves an expansion in the mass
parameter (see [0, Lemma 3.1] and [7, Section 2]). The clue for getting the connec-
tion to the light-cone expansions of other operator products is to perform a suitable
expansion in momentum space (as worked out in first order perturbation theory in [6l
Section 3]). Then the so-called residual argument (cf. [7, Section 3.1]) shows that the
distribution p'® obtained from %, by the replacements (846) and (347 is also causal
in the sense that it has the properties (i) and (ii) in the statement of the theorem. Our
task is to show that all the other operators have the same light-cone expansions as
either k,, or pres. In view of Proposition [6.2] it suffices to show that all the expansions

kRS — Ky, kb, — km
Pm = Py s P = Dy

only involve high-energy contribution in the sense of Definition
We next show that the expansions ki — ki, and pp, — py,,° only involve high-energy

contributions. To this end, we consider the contour representation of p/-° and k‘res

(cf. B.23) and (BED

~res __ rres __ _i _ D
e = o (51% %)R,\d)\ = (ﬁ 51%) Rydr.  (66)

In order to compute the low-energy contributions, we first substitute the Neumann
series (3:2I). Then we only take into account the contributions where either for all
factors Ry we consider the poles at A = 0, 1 (giving the operator products involving Py )
or for all factors R) we consider the poles at A = 0, —1 (giving the operator products
involving P_). In view of (68]), the low-energy contribution of k' is obtained from
that of pi°® by flipping the sign of those operator products which involve P_. Next,
since the operator p;o° is symmetric and every factor p,, or k,, comes with a factor i,
we know that the above operator products all involve an odd number of factors P_.
Hence the low-energy contribution of k‘res is also obtained from that of p;.° by flipping
the sign of each factor P_. This Shows that under the replacements k,, +— p,,, the
operator p,o° transforms to

~res ];:ros

Pm — + (high-energy contributions) .
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The claim now follows because under the same replacements, we have the transforma-
tions (348]) and (B51)).

It remains to consider the expansions l;:,l;l — Ky, and ph — P, These expan-
sions are obtained from each other by applying the replacement rules (B.45)—(3.47])
(cf. B48) and (BII)). In view of this symmetry, it suffices to consider the expan-
sion /::51 — /~<;m; the proof for p), — pr® is then immediately obtained by applying the
replacements p,, <— k;,. Using the definition (58] together with the explicit for-
mulas (5.0), we can substitute (5.9) and multiply out to obtain operator products
involving factors s,, and p,, as well as one factor k,,. More precisely,

o
kb= (im)® (—im)? by, (Pmbm)® km (bmpm)” b7, (6.7)
a,=0

where the factors by, are again given by ([B8.12]). Computing modulo high-energy con-
tributions, we may replace pairs of factors p,, by pairs of factors k,,. If a4+ 5 is odd,
this can be done iteratively until we end up with operator products involving exactly
one factor p,,, i.e. which are of the form

(im) (=im)® b (kmbm)® P (bmkm)® b2, with o/ 4 ' odd. (6.8)

Moreover, again computing modulo high-energy contributions, we may exchange two

factors p,, and k;,, which means in (6.8]) that the factor p,, can be brought to an

arbitrary position. Taking the adjoint of (6.8) and bringing the factor p,, back to the

old position, we obtain minus (6.8]). This shows that all terms with a4+ 8 odd cancel.

In the remaining case when a + 8 is even, we may replace all factors p,, in (6.7
by k.. We thus obtain
[o¢]

ko= > @m)* P (=1)P b5 k(b ) 7,

m

a,B=0
a+ (8 even

+ (high-energy contributions) .
For fixed 2p := a + 3, we need to sum over the combinations

(o, B) = (0,2p), (1,2p — 1),...,(2p,0) .
Of these 2p + 1 combinations, p + 1 contribute with a plus sign, whereas p of them
give a minus sign. Adding up, we obtain precisely the formula BI1]) for k,. O

It is quite remarkable that all our perturbation expansions have causal light-cone
expansions. It is not known whether there is a simple criterion to decide which operator
products have a causal light-cone expansion. Instead, we finally give a simple example
for a perturbation expansion that has a light-cone expansion which is not causal in the
above sense. To this end, we consider the perturbation series

(o.]
Pt = 3" (=5, B)*P_(~Bs;,)" . (6.9)
a,=0

This perturbation series differs from our expansion with the Feynman propagator (5.7])
in that we are using the same propagator s, on the left and on the right. As a
consequence, the operator pgea is not symmetric. But if we are willing to give up
symmetry, then the above series is another possible perturbation expansion for the
fermionic projector. To first order in B, we get the contribution

—s, BP_ — P_Bs, .
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Using (5.9), this can be rewritten as
( — SmBP_ — P_Bsm) + z'ﬂ'(meP_ + P_ﬁp;l) .

The terms in the first bracket coincides precisely with the first order perturbation of
the fermionic projector with mass or spatial normalization. The terms in the second
bracket, however, are a consequence of the specific form of the perturbation expan-
sion (€.9). As worked out in detail in [8, Lemmas F.3 and F.4], its light-cone expansion
involves unbounded line integrals which violate the property (ii) in Theorem [6.4]

7. FERMION LooPs

As explained in [I1]], fermionic loop diagrams are obtained in the fermionic projector
approach by considering the fermionic projector P(x,y) for = y after subtracting
suitable singular contributions (see [I1], eq. (2.13)])

P(x,z) — (singular contributions) . (7.1)

Here we do not enter the analysis of the singular contributions (for details see [9]
Section 6 and 7]). Instead, we merely consider the contributions to P(z,z) with a
simple ultraviolet regularization. Our goal is to show that certain contributions to
the perturbation expansion vanish by symmetry, in generalization of Furry’s theorem
in standard quantum field theory. We anticipate that this symmetry argument also
applies to the singular contributions in (7.I]) (independent of the detailed regularization
method), implying that the corresponding diagrams do not contribute to the fermion

loops ().
7.1. A Generalized Furry Theorem. Recall the definitions of the following Green’s
functions (see (£.0) and (B.5), (B1)):

+ o k‘i‘ m

sm(k) = iI\I}) k2 —m? Fie (7.2)
Vi o %_‘_ m

sm(k) = ;I\I}%) k? —m? — ick0 (7.3)
Ay kF+m

sm(k) = 21{% k? —m? + ickV (7.4)

sm(k) = S (5% 4 D) (k) = £ (s + 52 (k) = (k4 m) o (7.5)
m 2 m m 2 m m k2 — m2 . .

Taking differences of these Green’s functions, we obtain the fundamental solutions

(cf. B4), B.G) and B.3), E.9),

pn(k) = 5= (5 — 572 (0) = (K m) 6(R2 — ) (7.
() = 5= (53— 5p) () = (- m) 60K — m) (k") (7.7)

Thus we may decompose any Green’s function in terms of s,, and a fundamental

solution,
S, = Sm T 1T P
S = Sm + 1Tk,

S = S — Tk, -

3> 3I< 3K
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We consider products involving of the form
Co(zo, 1) B1 C1(21,22) - -+ Cne1(Tn—1,2n) Bn Crn(2n, 20) ,

where the factors Cy,...,C, represent any of the above distributions, and the fac-
tors Bq,... B, stand for an odd combination of Dirac matrices, i.e.

By = A, +7°By, .

In order for these products to be well-defined, one should consider the regularized
distributions, in the simplest case by taking the above formulas for fixed ¢ > 0. All
our arguments apply just as well to the regularized product. For ease in notation, we
prefer to work with the unregularized distributions.

Proposition 7.1. If the factors Cy,...,C, are all the advanced Green’s functions,
then the operator product vanishes:

s¥(xg,x1) By sY (x1,22) - 8V (wp_1,2n) Bp s’ (xp,z0) =0.
The same holds if all the factors are retarded Green’s functions.

Proof. The advanced Green’s functions are non-zero only if x; lies in the future of x,
T9 lies in the future of x1, ..., and z¢ lies in the future of x,,. This is impossible. We
note that the causality of the Green’s function also holds with regularization, as one
sees by taking the Fourier transform of (k? — m? + ick®)~! with residues.

The argument for the retarded Green’s functions is similar. O

The following result generalizes Furry’s theorem in standard quantum field theory (see
for example |2, p. 331ff]) to more general distributions than the Feynman propagator.

Theorem 7.2. Suppose that the factors Cy,...,C, are a selection of any of the dis-
tributions s, Sy, Pm 0T k. Then

Tr(Bo Co(xo, 1) By Cr (a1, 22) -+ Cpe1(@n—1,2n) Bn Cn(2n, 20))
= (=1)""* T (Cr (20, 70) By Cre1 (T ¥n—1) + -+ C1(w2,21) B1 Co(21,70) Bo)

where k denotes the number of factors k.

Proof. Exactly as explained in [2, p. 331], in traces of products of Dirac matrices we
may transpose all matrices according to the transformation

Y= =T Yas - (7.8)

From a more abstract point of view, this transformation can also be understood as fol-
lows. Obviously, the matrices vT again satisfy the anti-commutation relations. Hence
they form a representation of the Clifford algebra. Since in dimension four all irre-
ducible representations are equivalent, there is an invertible matrix S such that

v = —SWTS_l .

Using this identity for all Dirac matrices, all factors S and S~' cancel each other in
the trace of operator products.
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Applying the transformation (7.8]), each factor By gives a minus sign. In the fac-
tors Cj we transform the Fourier integral to obtain

4 .
C(x,y) 2/% (F+m) f(k) e *@=y)

4
= [ e (ke m)T (ke

d'k T ik(z—y) d'k T —ik(y—=x)
=] Gap (k+m)” f(=k)e =] G (k+m)" f(=k)e :
Using the explicit formulas (7.2)), (7.5)), (7.6)) and (7.7]), one sees that the corresponding

function f is even for si, s,, and p,y,, but is odd for k,,. This gives the transformations

sm(@,y) = sm(y.x) " sm(@,y) = sm(y,x)"
P, y) = Py, )" ki (2, y) = —km(y,2)" .
It follows that
Tr(Bo Co(zo, 1) By Cr(1,22) -+ Cpe1(@n—1,2n) Bn Cn(2n, 20))
= ) (Bo)aos Co(®0, 1) gg.0n (B1)ar s C1 (21, 22) 10
Boe B o O 1(Tn—1,Tn) By 1am (Br)anBn Cn(@n, T0) g, a0
DS (B) gm0 Col@ts 20)ar,o (B Cr (@2, 1)y
BoreBn  Cne1(@ns Tn-1)anpn-1 (Bn)guan Cn(T0, Tn)aosn
= (1) Ty (C’n(:no, Zn) By Cp—1(xn, 2p—1) -+ C1(x2,21) B1 Co(x1, 0) 130),
where in (%) we substituted (7.8]) and (7.9). This concludes the proof. O

(7.9)

We now apply this theorem to perturbation expansions of the fermionic projector.

Corollary 7.3. Consider the fermionic projector in the presence of an external po-
tential B which is odd, i.e.

B=A+~"B. (7.10)

Let AP™FK) be the contribution to the perturbation expansion of the projector of a fized
order n which involves k factors ky,. Then for any any odd matriz U = 4 + 7>,

Tr (U APMF) (g, z)) =0 if n+k is even.

Proof. Since the perturbation expansion is symmetric under transpositions of the fac-
tors, it follows that AP(™K) can be written as a sum of operator products of the form

CoBCy - Cp,_1BC,+C,BC,—1 --- C1BCy .
We now apply Theorem to obtain the result. O

7.2. First Order Loop Diagrams. We now compute the one-loop contribution in
an external potential B and simplify the formulas with the help of Furry’s theorem.

Proposition 7.4. Consider the fermionic projector in the presence of an external
potential B which is odd (CI0). Then to first order in the external potential, the
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vectorial and axial one-loop contributions are the same for all considered perturbation
expansions. More precisely, for any odd matriz U = 4 + v°,

Tr(U APSCa(x x)) = Tr(WAP**(z,z)) = Tr(UAP(x,z)) = Tr(UA PR (x, x))

=3 Tr <gﬁ (pmﬁsm + smem)(x,x)).
Proof. To first order in the external potential, we have
AP = AP = —5,, BP_ — P_Bs,,
AP = —sN BP. — P_Bs) = —(sm —imkp) B P — P_B (s +im k)
= AP** +ir (kp B P- — P_Bky,)
APF* = —5;, BP. — P_Bs! = (s — imppm) BP_ — P_B (81, +i7 pim)
= AP +im (pm BP_ — P Bpm)
(with P_ according to ([3.2])). As a consequence, applying Corollary [7.3]

Tr(UAPSH(z,2)) = Tr(WAP*(z,2)) = —% Tr (u (Pm B $m + Sm Bpm) (, m))

res

Tr(U AP (2, z)) = Tr(U AP (2, z)) + im Tt (u (km BP_ — P_ By,

= Tr(UAP**(z,x)) ——Tr km Bky — ki Bk )

Tr(U AP (z, x) + "

5.2)

(1 )

Tr(U APz, 7)) = Tr(U AP (z, ) + im Tr( (pm BP- — P_Bp,)(x )
( (Pm B Pm — Pm B pm) (w, )

This gives the result.

It is worth noting that this contribution differs from the first-order loop diagram in
standard quantum field theory obtained using the Feynman propagator.

Lemma 7.5. Under the assumptions of Proposition [7.4,

Te(U(s, B so)(z, @) = —2mi Tr <u AP (g, x)> (7.11)
2Ty (u (D B i — km‘Bkm)(x,x)>. (7.12)
Proof.
S Bs, = (Sm — impm) B (S — 17 pm)

= Sm B sy —im (pm33m+3m3pm) _W2pm3pm
SN B sl = (8 — i k) B (8 — i k)

= S B $m — 17 (ki B S + 8 B ki) — 7° ki, B ko
Subtracting these identities, we obtain
5., Bs,, — S%BS% = —27Tz'(P_Q38m +smBP_) — 2 (mepm — k:mBk‘m) .

Evaluating the operator products on the diagonal (x, z), the operator product involv-
ing s,/ vanishes according to Proposition [Z.Il This gives the result. O
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The term on the right of (7.II]) was discussed by Dirac [3], Heisenberg [18] and com-
puted by Uehling [19] in the static situation. The term on the left of (7Z.I1]) was first
computed in [4]. We point out that the term (7.I2]) is a high-energy contribution,
which clearly vanishes in the static situation.

7.3. Second Order Loop Diagrams. To second order, the contributions to the loop
diagram depend on the considered perturbation expansion. Only for P%? we get zero
(in agreement with the usual loop computation using the Feynman propagator). In all
the other perturbation expansions we get non-trivial high-energy contributions. More
precisely, we have the following result.

Proposition 7.6. Consider the fermionic projector in the presence of an external
potential B which is odd (CI0). Then for the contribution of second order in the
external potential and any odd matriz U = 1k + v, one obtains

Tr(UAP**(z,2)) =0
2
Tr(U AP (z,2)) = — % Tr (u (B b B k. — D B o B iy,

—l—pmﬁkmﬁpm—km’Bmepm)(a;,a:))
Tr(UAP(z,2)) = — Z%TTI (u (K B pm B s + km B 51 B Dy — Din B ki B 51
—mesm’Bkm—Fsm’Bkmﬁpm—smﬁpmﬁkm)(m,x)>
Tr(UWAP(z,2)) = — Z%TTI (U (K B pm B s + km B 51 B Dy — Dim B ki B 51

_mesm’Bkm—i—sm’Bkmem—smemBkm)(x,x)>

7T2
- ST (u (B Fon B ki, — Kin B P B prm

— Pm Bk Bom +pm‘Bpm‘Bkm)($v$))'

Proof. We begin with P5°®, The contribution of second order in the external potential
is given by (cf. the formula for ¢ in [12] Appendix A]),

2
AP — (P_33m33m+smiap_ﬁsm+smBsmBP_> +%km3km3km

2
—I—%(k’memBk‘m—k‘mBk:mem—mekmBk‘m—pmﬁmepm> .

Applying Corollary [73], in the loops all contributions involving an even number of
factors k,,, vanish. Thus

Tr(U AP (2, ) = —% Tr (u (B S B 5+ 5m B kn B 5y + 5 B 530 B i) (3, x))

7T2
+ o (u (kmgkmmm)(g;,x)). (7.13)



PERTURBATIVE DESCRIPTION OF THE FERMIONIC PROJECTOR 29

On the other hand, Proposition [Z.1] yields
0= (sp,Bsp, Bsp, — s, Bsy, Bsy)(x,z)
= —ZiW(kmﬁsmBsm + 8$m Bk, B sy, + SmﬁsmBk‘m)(x,x)
+ 207 (K B ki B ki) (2, ) -

Using these relations, all the terms in (Z.13)) cancel.
The result for AP follows similarly from the formula (see [12, Appendix A]),

res

2

AP = (P_Bsm33m+sm’BP_Bsm+sm’BsmBP_> — 7T710,,1’8]),”’819,”
2

+%(km3km3km +pm‘Bmekm_pm‘Bk’m‘Bpm"i'km‘Bpm‘Bpm) .

The computation for AP and AP is analogous. O

APPENDIX A. THE LEADING ORDERS OF THE PERTURBATION EXPANSIONS

We now give explicit formulas up to third order of the perturbation series with
spatial and mass normalization. All explicit computations were carried out with the
help of the Mathematica package BasicCausal.ml.

We first give the expansions of the fermionic projector with spatial and mass normal-
ization. These formulas were first given in [12] Appendix A] (albeit without analyzing
the spatial normalization), and we here restate them for the sake of completeness. The
operators k and p in (3IR) and B50) have the expansions

k=k— sBk — kBs + kBsBs + sBkBs + sBsBk — m2kBkBk
— kBsBsBs — sBkBsBs — sBsBkBs — sBsBsBk

+ (si%k:Bki%k + kBsBEkBE + kBkBsBk + k:i%k:Bk:Q%s) +O(BY

p=p—8Bp—pBs+ pBsBs + sBpBs + sBsBp
2
+ 5 (— pBEBE + kBpBl — kBRBp — pByBp)

— pBsBsBs — sBpBsBs — sBsBpBs — sBsBsBp
2
+ % (si%poi%p + pBsBpBp + pBpBsBp + pBpBpBs
+ pBsBkBk — sBkBpBk + sBkBkBp + kBsBkBp — kBpBkBs
+ pBkBsBk + pBkBkBs — kBpBsBk + kBkBpBs + sBpBkBk

— kBsBpBk + kBkEsBp) +O(BY).

The operators $' and k™ in (3.49)) and (3.52)) are obtained by the replacements (3.45)
B47), (3:48) and (B.5I). The fermionic projectors with spatial normalization and mass
normalization are given by (3.53).

We come to the computation of the unitary perturbation flow. Before stating
our results, we point out to a complication when computing products in (£5]): The

IThis package is available as an ancillary file on the arXiv.
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factors p' in (4] involve different external potentials. As a consequence, instead

of (315 we need the more general computation rule

K by [B) by [B] ket = 6(m — m) (pm + 7% K, by [B) Dy, b B] k:m) (A.1)
+ mI:Pm/ kem (1= b, [B]) (B —B) (1 —b5/[B]) ki » (A.2)

where the square brackets clarify the dependence on the external potential and “PP”
denotes the principal value (this rule is obtained by a straightforward computation
using the multiplication rules in [I2, Lemma 2.1]). The summand (A.2]) exhibits the
fact that the solution space for the potential B and mass m is in general not orthogonal
to the solution space for another potential B’ and a different mass m’ # m. In the usual
description of adiabatic processes in Hilbert spaces, the corresponding contributions
to a product of the form (4.3 decay like 1/N and thus vanish in the limit N — oo
(this is precisely the reason why (45]) is unitary). In our perturbative description,
the terms (B — ’B) in ([(A2) also gives the desired factor 1/N. However, since we are
here working in an indefinite inner product space, proving that the summand (A.2l)
vanishes in (4.5) in the limit N — oo requires methods which we do not want to
enter here (more precisely, one would have to use “completeness relations” obtained
by integrating the mass parameter on a contour C; as introduced in [12 Section 5]).
Instead, we simply make the summand (A.2)) vanish by working in addition to (.17
with the multiplication rule

s-s=m2p (A.3)

(which corresponds to and harmonizes with (3.41]) if a spatial normalization is used).
Then the unitary perturbation flow with mass normalization (cf. (435])) can be com-
puted in a straightforward manner. One obtains the expansion

2
Ues = p — sBp + sBsBp — % (k’BkBp — pBEBk + 2 p3p3p>
2
+ % <I<:Bp23323k — kBsBpBk + 7pBpBsBp + 5 pBsBpBp + 6 sBpoBp)
7T2
+ (kBkBsBp + kBsBEBp + s%k’BkBp)

2

- Z< BABsBE + pBsBEBE + sBpBABE ) + O(B) .

As is verified by a straightforward computation, the formulas of Proposition all
hold, giving an a-posteriori justification of the rule (A.3). The perturbation flow with
spatial normalization U (see Proposition [£3) is obtained by applying the replacement
rules (3.43)—(B.41).

We finally derive ([4I3]). For a closed loop (B(7))o<r<1 with B(0) = B(1) =0, the
Dyson series (4.7)) simplifies with the help of the rules (8.I7) and the fact that p*(0) =
p=7p""(1) to

1 S1
Ures(1) =p+p-/ d81/ dsy (") (s2) - (5" (51) + O(B?) .
0 0
Now we insert the first order expansion

(7") (1) = —sB'()p — pB'(7) s + O(B?).
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Again using the rules ([BI7) as well as (A.3]), we obtain

1 S1
U(1) =p+p- /0 dsy /0 dsy (pB'(3)5) - (5B'(51) p) + O(B?)

1 S1
:p—|—7T2/ dsl/ dsy pB'(s2) pB'(s1) p+ O(B?).
0 0

Carrying out the integral over so and using that B(0) = 0, we obtain ([AI3]).
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