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Abstract: We prove a new upper bound for the first eigenvalue of the Dirac
operator of a compact hypersurface in any Riemannian spin manifold carrying a
non-trivial twistor spinor without zeros on the hypersurface. The upper bound
is expressed as the first eigenvalue of a drifting Schrédinger operator on the
hypersurface. Moreover, using a recent approach developed by O. Hijazi and
S. Montiel, we completely characterize the equality case when the ambient
manifold is the standard hyperbolic space.

1 Introduction

Let M™ < M"*! be an oriented, compact (without boundary) and con-
nected hypersurface of an (n+1)-dimensional Riemannian manifold (M™, g)
equipped with the induced Riemannian metric also denoted by g¢.

It is by now a well-known approach to use the min-max characterization of
eigenvalues to derive upper bounds for the spectrum of differential operators
on M in terms of extrinsic geometric data. For example, if we consider the
first positive eigenvalue \i(A) of the Laplace operator A := —try(Hess,)
where Hess, denotes the Hessian of M, a famous result of R.C. Reilly [23]

states that if M is the Euclidean space R™*! then

A(A) < \mfgm/M H2dv, (1)
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where H denotes the normalized mean curvature of M. The proof of this re-
sult uses in an essential way the Rayleigh characterization of A;(A) by choos-
ing a modification of the coordinates functions as test functions. Moreover, it
is a straightforward observation to see that equality occurs if and only if M
is a totally umbilical round sphere. As observed in [§], this method directly
applies for hypersurfaces in the unit sphere S"*! leading to the counterpart
of in this situation

A1(A) < VOI?M) /M (H? +1)dv,. (2)

If the ambient manifold M is the standard hyperbolic space, there is also an
optimal upper bound proved by A. El Soufi and S. Ilias [8, Thm. 1] which
improves a previous result of E. Heintze [15] and which states that

n

M) € s [ (02 =y, 3)

with equality if and only if M is a totally umbilical round sphere. All three
estimates above follow actually from a much more general one, valid for
submanifolds of any codimension and also proved by A. El Soufi and S. Ilias
in [8], assuming solely that the ambient manifold is conformally equivalent to
an open subset of the sphere of the same dimension: under that assumption,
they prove [8, Thm. 2]

n

M) < ot [+ R, ()

where R(¢) is the normalized trace of the ambient sectional curvature on the
tangent planes, see precise definition below .

Now if we assume the existence of a spin structure on M (which is the
case for most classical ambient spaces), it induces a spin structure on the
hypersurface M and so we can define the spinor bundle XM over M as
well as the associated Dirac operator Djs (see Section [2f and the references
therein). When the ambient space M is the space form of constant sectional
curvature € {0,1,—1}, C. Bér proved in [2] that

n2
M(D3)) € x| (H*+k)d 5
1( M) = 4V01(M) /M( +H) Vg ( )
if k =0,1 and
n2
A(D3y) < —sup (H? +1) (6)
4 M
for k = —1. Here A\1(D3%,) denotes the first non-negative eigenvalue of the

square of the Dirac operator Dys of (M, g). Those estimates are consequences



of the min-max characterization of A;(D?,) and the fact that the space forms
RSP+l and H ! carry respectively parallel spinors, real and imaginary
Killing spinors. In fact, taking the restriction of such a spinor field to the
hypersurface as a test section in the Rayleigh quotient of Al(DZQM) gives im-
mediately the previous inequalities. Note that these upper bounds hold for
more general ambient manifolds since the proof only relies on the existence
of one of such particular fields. For example, Inequality with x = 0 holds
for compact oriented hypersurfaces in Calabi-Yau manifolds, hyper-Kéhler
and some other 7— and 8—dimensional special Riemaniann manifolds. It also
appears that both inequalities in are sharp since round geodesic spheres
in the Euclidean space R"*! and in the round sphere S**! satisfy the equal-
ity case. If kK = 0, it has been recently proved by O. Hijazi and S. Montiel
[17] that those are the only hypersurfaces for which equality is achieved. The
limiting case for hypersurfaces in the sphere seems to be out of reach at this
time and could be considered as a spinorial analogue of the Yau conjecture
about the first eigenvalue of the Laplace operator of minimal hypersurfaces
in the unit sphere. However, let us mention that there are non-minimal hy-
persurfaces in the sphere that satisfy the limiting case in (5)), see e.g. [13] [14].

Regarding the proof of Inequality @, it is not difficult to observe that
there are no hypersurfaces which satisfy the equality case. Modifying the
computation of the Rayleigh quotient for A\;(D3,), the first named author
improved this estimate into (see [12, Thm. 1])

n2

Al(D%)SZS}\l/[p (H2—1)’ (7)

where equality occurs for totally umbilical round spheres in H"t!. As we
will see (Corollary [4.2)), those are in fact the only hypersurfaces for which
Inequality is an equality.

In this paper, we prove a new upper bound for the first eigenvalue of the
Dirac operator of M when the ambient manifold M carries a twistor-spinor
(Theorem . This bound coincides with the first eigenvalue of an elliptic
differential operator of order two whose definition depends among others
on the norm of the twistor spinor along the hypersurface (see ) and
which belongs to a particular class of operators: the drifting Schrodinger
operators, that is, of the form drifting Laplacian plus potential (see Remark
[3.2). It is important to note that this estimate contains all the (up to date)
known upper estimates a la Reilly (see Remark . In a second part, we
adapt the approach developed by O. Hijazi and S. Montiel [17] to prove
that, assuming the existence of imaginary Killing spinors for two opposite
constants on M, the only hypersurfaces satisfying the equality case in our
previous estimate are the totally umbilical ones (Theorem . In particular,



only the geodesic hyperspheres satisfy that limiting case in the hyperbolic
space (Corollary [4.2). We also examine the setting of pseudo-hyperbolic

spaces (see Corollary [4.7).

2 Preliminaries and notations

In this section, we briefly introduce the geometric setting and fix the no-
tations of this paper. For more details on those preliminaries we refer for
example to [2I], [9] or [10, Ch. 1].

We consider M™ <% M™+! an oriented n-dimensional Riemannian hyper-
surface with n > 2, isometrically immersed into an (n + 1)-dimensional
Riemannian spin manifold (]\7 n+lg) with a fixed spin structure. We denote
by v the unit inner normal vector field induced by both orientations, that
is, such that (E4,---, Ey,v;) is an oriented basis of T, M),  if and only if
(E1,---,Ey) is an oriented basis of T, M for x € M. We endow M with
the spin structure induced by the one on M and let M — M denotes the
associated spinor bundle. Setting

5 XM if n is even
Tl M @XM if nis odd,

the bundles ¥ and the restriction EJTJ/‘  to M of the spinor bundle of M
can be identified such that

e both natural Hermitian inner products — that we hence denote by (-, -)
— coincide,

e the Clifford multiplication “-” on M and “M” on M are related by

X =X v~

: v (3)

X - if n is even
X - &—X - ifnisodd,
M M
forall X e TM,

e the spin Levi-Civita connections V on £M and V on ¥ are related by
the spin Gaufl formula

~ A(X
chpzvxcp+(2)'v‘% 9)
for all X € I'(TM) and ¢ € I'(X). Here A := —Vv denotes the

Weingarten map of the immersion.



The extrinsic Dirac operator of M is the first order elliptic differential op-
erator of order one acting on sections of ¥ locally given by

n
D ::Zej-l/-vej.
j=1

It is a well-known fact that it defines an essentially self-adjoint operator
with respect to the L2-scalar product on ¥ so that if M is compact, its
spectrum is an unbounded sequence of real numbers. By convention and in
the whole article, the spectrum spec(P) with multiplicities of a given elliptic
self-adjoint operator P will be denoted by a sequence (A (P)),~,, with the
convention that A1 (P) is the smallest eigenvalue if spec(P) is bounded below
and is the smallest nonnegative eigenvalue otherwise.

With respect to the previous identifications, the Dirac operator D is nothing
but the Dirac operator Dys of (M, g) if n is even and Dy; @ —Dyy if n is
odd, so that studying the spectrum of the intrinsic Dirac operator Dy, for
the spin Riemannian structure induced on the hypersurface M is equivalent
to study the spectrum of the extrinsic Dirac operator D on the hypersurface
M. Tt is also relevant here to recall that the commutator of D and D? with
functions are given by

D(fe)=fDo+Vf-v-p (10)

and
D*(fp) = fD*p = 2V + (Af)e, (11)
for all f € C*°(M) and ¢ € I'(X). Here H := (1/n)tr(A) denotes the mean

curvature function of M in M.

Another operator of particular interest in this work is the Dirac-Witten
operator D on M. It is also a first order elliptic operator acting on the
restricted spinor bundle ¥ and locally defined by D = Z?Zl ej - Ve, It is

related to the extrinsic Dirac operator by the following formula

~ H
Dy=—v Dy+ %cp (12)
and to its squared by
N 2H2
D2¢:D2g0+n4 cp—I—gVH-lwgo, (13)

for every p € I'(X).



3 Upper bounds in terms of a Laplace-type oper-
ator

In this section, we prove a new upper bound for the smallest eigenvalue of
the squared Dirac operator D? when the ambient manifold M is endowed
with a twistor spinor. Recall that a fwistor spinor on a Riemannian spin
manifold (M™!, g) is a section 1 € I'(XM) satisfying

- 1
=—— X - D 14
iy =~ X Dy (14)

for all X € F(T]TJ/ ). Here D represents the Dirac operator of M. Non-zero
twistor-spinors have a discrete vanishing set and only exist for particular
conformal classes (see for example the standard reference [6] or [I0, App.
A] for a short account). It should also be pointed out that parallel spinors,
real and imaginary Killing spinors are twistor spinors which are, in addi-
tion, eigensections for the Dirac operator D7 respectively associated to the
eigenvalue zero, or to real or purely imaginary eigenvalues. They exist on
each simply connected complete space form of constant curvature. Assume
now that such a spinor field v is given on M and also assume that it has no
zero on the hypersurface M. We define the differential operator L, acting
on smooth functions on M by

n?

Lyf:=Af—=29(VIn[y[,Vf)+ 1

(H> + R(1)f. (15)

for f € C°(M). Here R(1) := ﬁ <§—21Tc(1/, I/)>, S and ric are re-
spectively the scalar curvature and the Ricci tensor (seen as a symmetric
2-tensor) of the manifold M. Although this operator is not symmetric with
respect to the L2-scalar product on (M™,g), we observe that it has the
following interesting analytic properties:

Proposition 3.1 The operator Ly, is elliptic and if M is closed, it is self-
adjoint with respect to the L?-scalar product on (M™,g := |w|% g).

Proof: Since Ly, is of second order and its leading part is the scalar Laplacian,

it is clearly elliptic. Because of g = |¢]% g, we have dvg = [¢|? dv, and we
can write for any f,h € C*°(M):

n?
/ (Lyf)hdvg = / <Af —29(VIn|y|, Vf) + —(H? + R(L))f) Rl dv,.
M M 4

Performing a partial integration, we have for the first term

/ (AR Pdv, = / o(V L. VR + gV £, V([ [2))hdv,
M M

- /Mgwf,vmw+2g(Vf,v1nw\>hrw2dvg-

6



Therefore, the first-order term in V In || simplifies and we obtain

[ otndos = [ (o(V5.90) + 5 (12 + B 10) oo,

which is clearly symmetric in (f, k). This implies that Ly, is formally self-
adjoint with respect to the metric g. Since M is closed, we conclude that L,
is essentially self-adjoint in L2(M). O

Remarks 3.2

1. The operator L, defined in is of the form drifting Laplacian (also
called Laplacian with drift, Bakry-Emery Laplacian, weighted Lapla-
cian or Witten Laplacian in the literature) plus potential, this is the
reason we refer to these operators as drifting Schrodinger operators.
Indeed, a drifting Laplacian is an operator of the form

Co(M) 2 0%(M)
/ = Af—g(Vh, V)

for some function h € C*°(M). It is elliptic and self-adjoint with re-
spect to the measure ehdug. Actually, a drifting Laplacian is always
unitarily equivalent to a Schrodinger operator: in the notations above,
the operator Ly, is unitarily equivalent to A — AR + %|Vh|3 (see for
example [24], p.28)]).

2. Note that if || is constant on M (which is the case if 1) is either a
parallel or a real Killing spinor on M), then the operator

2
Ly = A+ (H?+ R())
does not depend on 1.

Proposition implies that the spectrum of L is purely discrete. We will
denote by Ai(Ly) its first eigenvalue, which satisfies the following min-max
characterization

A (Ly) =

ﬁJ@WM%) 1)

inf
fece=(M)\{0} ( S F2dvg
We are now ready to give the precise statement of the first main result of

this paper, namely:

Theorem 3.3 Assume M is a closed oriented hypersurface isometrically
immersed in a Riemannian spin manifold (M™*, g). If there exists a non
trivial twistor-spinor ¥ on M with 1, # 0 for all x € M then we have

A (D7) < Ai(Ly). (17)



Proof: We apply the min-max characterization of A;(D%,) = A1(D?) using
fv as a test-section, where Ly f = Ai(Ly)f. The following computations
rely on a large extent on those in the proof of [I0, Thm. 5.2.3].

First, if f € C°°(M) is an arbitrary smooth function on M, then using ,
, @) and the fact that 1 is a twistor-spinor on M , one obtains

D2(fy) 2 £D%p - 2Vgpy + (Af)
© f(ﬁg¢+n252¢+";v[{.y.w) — 2Vt + (Af)
8 f(ﬁ2w+”2fz¢+ZVH~V'w>
—2(Vy 1 — A(Zf) vey) + (Af)Y
— AP+ S §VH )+ VT Dy
+AVS) v+ (Af)p. (18)

Next we compute ﬁ2¢, using again the fact that 1 is a twistor-spinor, fact
which implies in particular the following identity (see e.g. [L0, Prop. A.2.1]):

n—+1
n—1

V(D) = "2 (= SRie(X) v+ X ), (19)

for every X € I‘(TM ) and where Ric denotes the Ricci tensor of (M ntlg)
(seen as an endomorphism of the tangent bundle of M). Thus we have

D% = DO ej-Vet)

j=1
@ n N
= 31O
= n ? 1 j=1 (- 2 Ricle;) - ¥+ an G ¥)

n § 1 §
= (G gy Riew) v - )

1 __

= - . : (”(”4 ) R() + 2v - Ric(w)T 1/1)
_ i Ric(v)T 20
- Z ([’)u} + 2(n — 1) v lC(I/) wv ( )



where /P%(V)T =D ric(v, ej)ej denotes the tangential projection of

/1):1-6(1/) on T'M. Combining with , we deduce that

2

D*(fy) = %(H2+R(L))f1/)+%VH- )+ 30n fl)u Ric(v)™ -4
2

VI D+ A(Vf) v+ (Af)y. (21)

Using again that v is a twistor-spinor on (M nt+1g), we obtain that for every
feC>(M),

Re(D2(F0), 03) B (2 4 RO) P+ 2 eV D)
AN
= (H2+R NP = g(FV £V (1)
+f(Af)|¢!2
= J(AF = 20(V,VIn ) + ’f(HZ + R(1)) )P
= f@ehlwl

The min-max principle for A;(D?) implies that, for any f € C>(M)\ {0},

Jur Re((D2(f), f))dvg [y f(Ly f)dvg

(D) < Jar 1912 dvg - Jog FPdvg
therefore,
M(DY) < inf <IM (Lyf) d“)
Trec(MRN0} \ [y frdvg
which from gives the inequality . U
Remarks 3.4

1. The estimate contains all known upper estimates a la Reilly for
A1 (D3)). Indeed, we observe that by taking f = 1 in the Rayleigh
quotient of L, we have

TL2
M (Ly) < Vol(3l) /M (H? + R(¢))dv,

if [¢| is constant and



otherwise. Those give exactly the inequalities by C. Bér in [2] and
in [12] by the first named author. On the other hand, for f = || 7!
(w.r.t. the metric g defined above) we deduce that

n?

A(Ly) < W /M (H2 + R(L))dvg + \7011]\4) /M ‘dln |¢H2dvg

which was proved by the first-named author [11, Thm. 1].

2. It is interesting to compare with . On the one hand, we do
not obtain in the spinorial setting the exact analogue of for M
conformally equivalent to an open subset of the sphere S"*1. Of course,
this must be expected since otherwise in dimension 2 this would mean
that the Willmore functional bounds A\; (D3,)-Area(M?, g) from above;
but there is no conformal upper bound for the smallest positive Dirac
eigenvalue on unit-area-metrics, as shown in [I, Thm. 1.1]. Note that
this does not prevent the analogue of to possibly hold true for the
Dirac operator, which is still an open question. On the other hand, our
assumption on M in Theorem is much more general since not only
open subsets of spheres with conformal metrics allow twistor-spinors.
We refer to [20] for the classification of Riemannian spin manifolds
with twistor-spinors.

We now look at the equality case of the previous estimate in the case of
the twistor spinor is also an eigenspinor for the Dirac operator of M. More
precisely, we prove:

Proposition 3.5 Under the same assumptions as in Theorem [3.3] assume
moreover that equality is achieved in . Then

1. if ¢ is a parallel spinor on M"Jrl, one has
A(VIn|f]) = —%VH

for any eigenfunction f of Ly associated with \i(Ly);

2. if1 is a real (resp. imaginary) Killing spinor on M = Srt! (resp. M=
H"t1), the mean curvature H is constant and in particular A\ (D3,) =
(5 4 ).

Proof:

1. If is an equality and % is a parallel spinor, then the min-max
principle yields D?(fv¢) = A\ (D?)f1 for any eigenfunction f of Ly

10



associated with Aj(Ly) = A1 (D?). But together with Ric = 0 and
Dy = 0 (both provided by Vi = 0) implies

27172
o = gy Yon AV vk

4
= Lo+ (AVH + Yy vew.
With A;(D?) = A\ (Ly), we deduce that

(A(Vf)Jr%fVH) =0

which, since @ # 0, gives A(V f) + %fVH = (. Since any eigenfunc-
tion for Ly, associated with the eigenvalue Ai(Ly) is either positive or
negative, we easily conclude.

. Assume first M"+1 carries real Killing spinors and let ¢ be a non-zero
(¢/2)-Killing spinor for some ¢ € {£1}, that is, Vxi = (£/2)X - 9
for all X € F(TM). Again, one obtains D?(f1) = A1 (D?)fv for any
eigenfunctions f € C°°(M) associated to A;(Ly). Fixing such an f,
the identity yields

MDAy = (Lof)v + (A(Vf) n %fVH) v —eV -,

With A;(D?) = A\i(Ly), we deduce that

(A(Vf)+7;—fVH)-u-w—sz~¢:0.

In particular, denoting Y; := —eVf and X := A(Vf) + %fVH, we
have (Yz + X Av) -1 = 0. At this point, we need the following claim:

Claim: Let o € A*R*""' ® C. If n is odd, then &,1(a) = 0 if and only
ifa = 0. If n is even, then the same equivalence holds for a« € A*R"®C.

Proof of Claim: Recall that the spinor representation d; : Cl, —
End¢(Xg) of the complex Clifford algebra in dimension & is a complex-
linear isomorphism for k& even (but obviously not for k£ odd). So if
n is odd, the claim follows directly from this fact. If n is even and
a € MR" ® C, then ¥, & ¥,41 and it is a simple trick to rewrite
Op+1(c) under the form d,(&) for a form & € A*R™ ® C having the
same coefficients as a in the canonical basis of A*R” ® C up to sign
and some power of 7. Namely, write

_ . . * *
o = E Qjy .1, €y VANIAN €
1<1<...<jk<n

11



where (e1,...,en, eny1) is the canonical basis of R"*!. Let wf denotes
the complex volume form on R™ as defined in the proof of Proposition
which acts on X, via 0, (wS) = Idg,+ ©—Idy,—. Since Gp41(ien41) =
Sn(wE) and 6, (v) = 0p11(v) 0 dpy1(ent1) for all v € R, we have after
some calculations

ont1(e) = Z Wy, On(€ji) © .. 0 On(ejy,)

1<j1<...<jp<n
k even

i Y ajgdnleg) 0.0 dn(ej,) 0 On(wh).
1<j1 <. <jp<n
k odd

Now it is an elementary computation to show that, for any 8 € A*R",
k(k+1)

one has 6, (8)odn(efA...N€}) = (=1)" 2 0,(xf), where * : A*R" —
A*R™ is the Hodge-star operator. Therefore, we obtain

5n+1(a) = Z O‘jh.--,jk(sn(ejl) 0...0 6n(ejk)

1<51 <. <jp<n
k even

+Cn k Z O‘jh---,jk(sn(*(e; ARTRA e;k))

1<j1<...<jp<n

k odd
= (),
n k(k+1)

where we let ¢, 1, == i2t1(=1)" 2 and

x oL . . * * . . * *
Q= E Qjy g € N\ - AES, ek E ajy k(e A A ).

1<j1 <. <jp<n 1<j1<...<jp<n
k even k odd

As a consequence, if d,41(a)o = 0 for all 0 € ¥, 41 = X, then
0n(@&) = 0 and the fact mentioned above implies & = 0; since n is
even, each form *(ej, A ... Aej ) is of odd degree when k is odd and
therefore o, j, = 0 forall 1 < j; < ... < jp < n, that is, a = 0.

This concludes the proof of the claim. vV

If M7+ is isometric to the standard round sphere S"*1, then it carries
a mazimal number (that is Q[nTH]) of linearly independent (¢/2)-Killing
spinors, then (Yz + X Av) -1 = 0 holds pointwise for every ¢ € M.
If n is odd, then the claim yields Y; + X A v = 0, which implies
X =Y. =0, that is, f and H are constant. If n is even, one may
rewrite

Yo+ X -vp=iYVe-iv-v-p+ X -v-p= (X —iVeuw) v 1h,
where w§, = i[nTH]ef A...Ne € T(A"T*M ® C) is the complex
volume form on M. Again, the claim yields X — z'Ya_nw% = 0. If

12



n > 2, then comparing the degrees yields X = Y. = 0, that is, f
and H are constant. If n = 2, then an elementary computation gives
Z WS, =iJ(Z) for every Z € T(TM), where J is the Kiihler structure
associated to the metric and the orientation on (M2, g). In that case,
one obtains X + J(Yz) = 0. However on the standard sphere S, both
spaces of %— and —%—Killing spinors have maximal dimension 2, there-
fore X + J(Yz) = 0 for both € € {£1}, which implies X =Y. = 0 and
hence f and H are constant.

The case of imaginary Killing spinors is much the same up to replacing
e by ie. One obtains at the end (:Yz: + X Av) -4 = 0 for all (ie/2)-
Killing spinors ¢ on M"+1, The same arguments as above lead to
X =Y, = 0. Remark that in the case n = 2, one does not need the
existence of maximal spaces of £-Killing spinors for both & € {£1}
since X and Y are real vector fields on M.

O

Remark 3.6 It is quite surprising that in the case where v is a parallel
spinor we cannot conclude that the mean curvature of M must be constant.
In fact, we are left to prove that if there exists a smooth positive function
f € C>®(M) such that

n2H?
4

Af + f=xM(D)2f and A(Vlnf):—%VH

then f (or, equivalently, H) is constant on M.

4 Equality case in presence of imaginary Killing
spinors

In this section, we focus on the equality case of our estimate when
the ambient manifold M carries an imaginary Killing spinor. According to
Proposition it also corresponds to the equality case of the inequality .
It is obvious to check that totally umbilical round spheres in the hyperbolic
space H" ! satisfy the equality in this estimate, however, it is still unknown
if they are the only ones. In fact, if the hypersurface is embedded, this
result easily follows from the Alexandrov theorem in the hyperbolic space
(see [22]). However, if the hypersurface is only assumed to be immersed the
question is still open. In order to settle this problem, we adopt a method
introduced by O. Hijazi and S. Montiel in [I7] which relies on the fact that
such hypersurfaces are critical points for some eigenvalue functional asso-
ciated to some Dirac-type operator on M. The main result of this section

13



concerns the case when M = H"+! but actually we will prove the following
more general statement:

Theorem 4.1 Let M" be an oriented, compact and connected hypersurface
immersed into a Riemannian spin manifold (M™*, g). If M carries a (ic/2)-
Killing spinor for some ¢ € {£1}, then (as well as (17)) holds and if
equality holds then the mean curvature H s constant. Moreover, sz also
carries a (—ie/2)-Killing spinor, then equality holds if and only if M is
totally umbilical with constant mean curvature.

Since the standard hyperbolic space H"*! has both (i/2)- and (—i/2)-Killing
spinors (see e.g. [0]), the previous result immediately implies

Corollary 4.2 The only oriented, compact and connected hypersurfaces im-
mersed into the hyperbolic space H" satisfying A\1(D3,) = (n?/4)(H? — 1)
are the totally umbilical round spheres.

In Section [4.4] we will discuss the case of pseudo-hyperbolic spaces.

4.1 The Hijazi-Montiel approach in presence of imaginary
Killing spinors

Assume that the ambient manifold M carries a (1/2)-Killing spinor ¥ €
I'(XM). After restriction to M, it is a straightforward computation to show
that W satisfies the modified Dirac equation

D,V = gH\II (22)

where D is a zero order modification of the extrinsic Dirac operator defined
by

n.
Dip:=Dyp— Sy (23)

for ¢ € I'(X). Note that we do not assume that the mean curvature H is
constant for the moment. Suppose however that H is positive everywhere
on M and consider the metric conformally related to g on M defined by
g := H?%g. It is a well-known fact (see [I8,[16]) that under a conformal change
of the metric, there exists a bundle isometry ¢ +— @, ¥ — 3, between the
two extrinsic spinor bundles ¥ and X over (M™, g) and (M™,g). Under this
identification, the extrinsic Dirac operators D and D associated to g and
g and acting respectively on ¥ and ¥ are related by

DG = H"5 D(H"T ¢) (24)

for all ¢ € T'(X). Now consider on ¥ the zero order modification of the
extrinsic Dirac operator D given by

n._._ _
Dz .= DH¢—§H 17,5
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where Z,, is the Hermitian endomorphism of ¥ defined by 7,5 = iv- ¢
for all ¢ € I'(X). Notice that DY is an elliptic and self-adjoint differential
operator of order one which, since M is assumed to be compact, has a
discrete spectrum. In the following, we will denote by A;(D) the first non-
negative eigenvalue of Df . Now for every ¢ € I'(X), consider the spinor field

oH = H7%¢ € I'(¥) which is easily seen to satisfy

_n+l1

DMGy =H """ Diy

using the conformal covariance of D. Taking the (i/2)-Killing spinor
v e I‘(EM ) in the previous identity and using give that Df@H =
2. This immediately implies that A;(D#) < Z. Furthermore, if the mean
curvature H is constant, it is an easy computation using { D, iv-} = 0 to show
that

Spec((DF)2) = {A((DF)?) = H™2(\(D)*+(n?/4)) / (D) € Spec(D) },
so that A\;(D¥) = 2 if and only if A(D?) = %2 (H? —1). Thus we have
proved

Proposition 4.3 Let M be an orientable, compact and connected hyper-
surface immersed in a Riemannian spin manifold (M"*1 g) admitting a
(i/2)-Killing spinor and suppose that the mean curvature of M, after a suit-
able choice of the unit normal, satisfies H > 0. Then the first non-negative
etgenvalue of Df satisfies )q(Df) < 5. Moreover, if H is constant, equality
occurs if and only if equality occurs in .

From this proposition, we deduce that any immersion for which (or
equivalently ) is an equality realizes a mazimum for the map

Fi € Imm™t (M, M) M(DEY e R

where Imm™ (M, M ) denotes the space of isometric immersions of M in M
with non-vanishing mean curvature H,. This characterization of hypersur-
faces satisfying the equality case in leads to the study of the critical
points of the functional .7-"fr )

Remark 4.4 It is important to note that if the manifold M carries a (—i/2)-
Killing spinor, then Proposition is true with the operators D, and Df
replaced respectively by

and

DH .— pH 4 %H‘ll,, T(E) - I(E). (25)



In this situation, the corresponding functional is defined by
Fiiues A (DH)

where A\[ (D) is the first non-negative eigenvalue of D,

4.2 Derivatives of the functional Fj-

As explained in the previous section we are led to study the first derivatives
of the functional .Fli at least in a particular situation. As above, we start
with an immersion ¢ = 1o : M — M with positive mean curvature (not
necessarily constant) and such that A (D) = %. Note that here we do not

assume the existence of imaginary Killing spinor fields on M.

Now we deform the immersion ¢ along normal geodesics, that is, we con-
sider, for € > 0 sufficiently small, the map F :] —e,e[xM — M, (t,z) —
exp,(z)(tvz). Note that, choosing e > 0 sufficiently small, the map F' is

smooth and F(t,-): M — M is an immersion such that F(0,-) = ¢. In fact,
the map t — F(t,x) is the geodesic starting from ¢(x) with speed vector v,
and so it is analytic. For each t €] — ¢,¢[, we denote by g; := F(t,-)*g the
induced metric on M, by v; the unit normal field inducing the orientation
of M, by Hy := —(1/n)tr(Vy;) the mean curvature of F(t,-) — which, up to
making e > 0 smaller, may be assumed to be positive on M for all t €] —¢, ]
—and by g, := H?g;. We also denote by Dt the Dirac operator associated
to the metric g, and let Df" = Dt — %H{lI,,t : T(2) — IT'(%), where
Z,, is the Hermitian endomorphism of 3; defined by Z,, % := iv; - . Here ¥
denotes the extrinsic spinor bundle over M endowed with the spin structure
induced by M and the Riemannian metric g;. Since we perturb the im-
mersion analytically, the family (th) with t €] — ¢, is an analytic family
of unbounded closed self-adjoint operators with compact resolvent, there-
fore the spectrum of th can be written as a sequence (u (t))gen, Where
each eigenvalue ,u;(t) depends analytically on ¢ and where corresponding
eigenvectors can be found to also depend analytically on ¢ (see [19]). We
denote by A (t) any branch of that spectrum with A} (0) = (D), the
smallest non-negative eigenvalue of DY = Dfo. Following [3], we denote by
7t Y9 = ¥ — ¥ the parallel transport along the curves s — (s, ) in the
so-called generalized cylinder (] — &,e[x M, dt* ®g,), for all t €]—¢,e[. Then
for any analytic family (®;); of eigenvectors associated to A (¢), differenti-
ating the identity

Ai’_(t)/ ‘Etpdvgt = / %€<th$t7$t>dv§t
M M
at t = 0 yields

d)\+ 12 d 0H = =
Y (0) /My<1>0| dvg, = /M Re( 2| (7PD1AEo) Bo)dug,
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Now we have 7, DHiTO = 70DHe7f — "H{ITPIWTS and, since the variation
of ¢ is a geodesic normal one, the vector field v; = % is parallel along the
curves s — (s,x), so that 77,7t = 7, = Z, for all t €] — ¢,e[. With the
formula for the first variation of the Dirac operator by J.-P. Bourguignon
and P. Gauduchon [7] (see also [3]), we deduce that

d/\+ 1 [ _ g
O [ [uldes, = —2/5%(Qwé;m0dwo

H o
/H 20H; t §Re<ZV<I>0,<I>0>dv§0,
where
1 _ _
T5,(X,Y) = §%e<X;qu>o + Y VxP, D)

is the so-called energy-momentum tensor associated to ®y. Here ; is the

Clifford multiplication on ¥ defined by and V is the spin Levi-Civita
connection with respect to the metric g,. Note that we kept the same nota-
tions for the Hermitian scalar products on ¥ and . Now fix an eigenvector
Py e T(X) for the Dirac-type operator D associated with )q(Df) and let

+
Ty = H"T ). We compute W(O) in terms of ¥y € I'(X) and of geometric

quantities attached to ¢. First, since %f (0,-) = v, we have on the one hand

(see e.g. [22])

9 gy 9 20y — 2H (142 4 9 H%g(A-.
SL0) = | (HEg) = = (JAP +1ie(,v) ) g — 2H7g(A-, ).

On the other hand, using the isomorphism ¥ — ¥, we may write (see e.g.
[10, Sec. 1.3])

T5,(X,Y) = H Ty, (X,Y),

forall X, Y € I'(T M), where Ty, is the energy-momentum tensor associated
to g defined by

1
Tq;O(X,Y) = §%€<X E VyV¥o+Y E Vx Vo, \110>.

Therefore, assuming without loss of generalities that | M @0]2dv§0 =1, we
compute:

d)\+ 1 _ - n .
d—tl(O) = /M H! (|A[2 + ric(v, 1/)) (?Re(w Wy, ¥g) — g(T\pO,g)> dvy

n

+/9U%AM%
M
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But since (T, g) = try(Tw,) = Re(D Vg, ¥y), we obtain

d\f 1 . 5 =
TLoy=—— [ H (\A| + ric(v, u)) Re(D Vo, Wohdvy + | g(Tw,, A)dv,.
M M

However, since ®; € T'(X) is an eigenspinor for DI associated with the
eigenvalue A{ (0) = 2 and from the equivalence

DTy = 2% = DW= HY, (26)

one concludes that
d\ 1
—L(0) = —/ (]A‘Q + ric(v, 1/)) || 2dv, + / 9(Ty,, A)dvg.  (27)
dt 2 Ju M

To compute the remaining term 9(Tw,, A), we define a new covariant deriva-
tive by V .= Vx — (i/2)X- on . Then a lengthy but direct calculation
using the spin Gaufl formula @D yields that for any ¢ € T'(X),

Vel = er ]2

ere] A o Lo ol

AP +n . nH
= Vel ("4) (ol2 = o(Ty 4) — Reliv - (Do - "2, ).

For ¢ = ¥, we deduce using the right-hand side of that
= Al? —n
9(Tw,, A) = |VT|* — |[VTT[* + ("4) Dol

Now integrating over M this identity with the help of the famous Schrodinger-
Lichnerowicz-formula

DQ:V*VJrg

gives

2 S 2 St 2 ‘A|2 —-n 2
g(T\yo,A)dvg = gFE€<D \Ilo, \Ifo> — f‘\:[/0| — |V \I/0| + — ‘\I/0| d’Ug.
M M 4 4

Here S stands for the scalar curvature of (M"™, g). On the other hand, from
(10), and the anti-commutativity rule {D,iv-} = 0T, we check that
2
D2V, = %(HQ 1) + gVH v,
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so that Re(D?*¥g, ¥y) = %Z(HQ — 1)|¥p|? and hence

1 ~
/ 9(Ty,, A)dvy = / (4 (n?(H? —1) — S+ |A]* —n) [¥o|* - v+xy0|2> dvg.
M M
The Gaufl formula for the scalar curvature provides
S =8 —2ric(v,v) + n2H? — | A,

from which

_ 1 Q _} 2, i 2
[ atuaae, = = [ (5 (5+ntnt0) =5 (148 +55e040)) ) 1o,
—/ |§+‘1’0‘2dvg
M

follows. Inserting this identity in , we finally deduce that

drF . S+nn+1
—L(0) = —/ VT2 + S+nln+l) )|\1:0|2 dvg.
dt v 4

It is worth noticing that this formula holds if we assume that it is the
first non-negative eigenvalue A\;(D¥) of D¥ which satisfies A;(DH) = 2
instead of A\; (DI7); in this situation, V™ has to be replaced with the covariant
derivative defined by 6)_( = Vx + (i/2)X .

From this computation, it is now straightforward to give a necessary condi-
tion for an immersion ¢ to be a critical point of .chz

Theorem 4.5 Let M be an oriented, compact and connected hypersurface
isometrically immersed in a Riemannian spin manifold (M™*1, g). Assume
that the scalar curvature S ofM is greater or equal to —n(n + 1) and that
the mean curvature H of M with respect to a suitable choice of the normal
is positive. If M (D) = 2 for some e € {£1} and it is critical for all the
variations of the hypersurface M in M, then S = —n(n+1) and Vxl =
(ie/2)X - ¥ for all X € T(TM) for all ¥ € T'(X) satisfying

DU — gH\IJ

4.3 Proof of Theorem [4.1]

If M carries a (te/2)-Killing spinor for some ¢ € {£1}, then from Theorem
and Remark the inequalities and hold. Moreover, if equality
holds in , Proposition implies that the mean curvature is constant
and then \;(D)? = % (H? - 1).

Assume now that M carries a (i/2)- as well as a (—i /2)-Killing spinor. From
Proposition [£.3] we deduce that such an immersion is a maximum for the
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+
functional F;" and thus %(O) = 0. Let ® be a non-zero (—i/2)-Killing

spinor on M so that D_® = 5H®. From this equation and since H is
constant, a direct computation shows that the spinor d = H® —iv-®
satisfies D, ® = "HCID On the other hand, since the existence of an (£i/2)-

Killing spinor on M implies that M is an Einstein manifold with scalar
curvature S = —n(n+1) (see [6] for example), Theorem |4.5 applies and we
get that Vx® = (i/2)X - @ for all X € I'(T'M), that is

%X-(H(I)—iu-cb) = Vx(H® —iv- @)

= H(iX-<I>> +iA(X) D —iv- (;X@)

= (AX )@—EX <I>—7X iv-®.
2 2
This implies that (A(X)—HX)-® =0 for all X € I'(T'M), and since ® has

no zero, M is totally umbilical. This concludes the proof of Theorem

4.4 The case of pseudo-hyperbolic spaces

In this section, we examine the case of other complete ambient manifolds M
carrying imaginary Killing spinors. These manifolds have been classified by
H. Baum [4, 5] and are known as pseudo-hyperbolic spaces. For the sake of
completeness and since we need an additional argument for our purpose, we
recall the result of [4, [5] and give a sketch of the proof:

Proposition 4.6 Let (]\7”“,5]) be a complete Riemannian spin manifold
admitting a non-zero (ic /2)-Killing spinor for some e € {£1}. Then (M"*1, g)
s isometric to either the real hyperbolic space of constant sectional curva-
ture —1 or to the warped product (R x N, dt> @ e*gy), where (N", gn) is a
complete non-flat Riemannian spin manifold carrying at least one non-zero
parallel spinor. In the latter case, denoting by Ko(N, gn) (resp. K§(N,gn))
the space of parallel spinors on (N™, gn) for the induced metric and spin
structure (resp. its projection onto the half-spinors bundle X.N if n is even),
the map

K§(N,gn) if n is even
Ko(N,gn) if nis odd

{226 — Killing spinors on M}

Y =

m\w w\«*

® if n is even
( @Ei% <) if n is odd,

is a well-defined monomorphism. If moreover N is compact, then this is
actually an isomorphism.
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Proof: Let ¢ be a non-zero (ic/2)-Killing spinor on the manifold (]\7"*1, g).
As H. Baum showed (see [4] and references therein), if (M, g) is not isometric
to the hyperbolic space, then there must exist an unit smooth vector field £
on M with i§ - ¢ = ep on M. From this relationship, the foliated structure
of M can be elementary deduced as follows. First note that £ = (eV)/|V]|,
where g(V, X) := (X ¢, p) forall X € F(TM) and in particular V = eV/|y|?
has no zeros on M. Since VyV = el¢|?X (that is V is a closed conformal
vector field on M), one deduces that Vx& = X —g(X, €)¢ forall X € F(TM)
and as a consequence, the flow of £, which is well-defined and complete since
(M, g) is complete, preserves the level hypersurfaces of |¢|? = |V]. On the
other hand, the second fundamental form of each such hypersurface with
respect to £ is —Id, the Lie derivative of the metric in the direction of & is
given by L¢g = 2g|€lel and hence, setting

N = {x e M, |p|*(z) = 1} c M,

the flow of £ provides a diffeomorphism R x N — M identifying £ with
% and pulling back the metric g onto dt?> @ e*' gy, where gy is the metric
induced from g onto N. This done, the spin Gauf3 formula @D implies that,
for any X € I'(T'N),

1€ ~ X 1€
FX p=Vxp=Vi"p- T 0o=Vi"p+ X g,

from which V=V ¢y = 0 follows: the restriction of ¢ onto any level hyper-

surface of ||? is a parallel spinor. Here V=V

stands for the spin Levi-Civita
connection on ¥ := XM|y. In case n is even, the condition £ - ¢ = ep
actually imposes ¢ € I'(X.N) since i&- coincides with the Clifford action of
the complex volume form of (N, gy). In case n is odd, the spinor ¢, can
be rewritten in the form ¢ = ¢o ® 62‘% -0, where ¢ € T'(XN) is parallel.
The dependence in t of ¢ is easily computed thanks to

dyp < i€ 0 1

E: oY= -7 P =3¢

from which ¢(¢,-) = e%go((), -) follows. This gives the formulas for the above
map, which is obviously a right inverse to the “restriction” map

(-~ . ~ K§(N,gn) if nis even
{ 5 Killing spinors on M} — ‘ Ko(N,gn) i n is odd

PN Plroyxn if n is even
§0+’{0}><N if n is odd.

In case N is compact, this restriction map is surjective, a remark missing
in [5]. To show this, let ¢ be any further non-zero (ic/2)-Killing spinor
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n (M”“,g). Then, again, v splits (M"Jrl,g) as a warped product (R X
P" ds®> @ e?*gy), where (P", gp) is complete, spin and carries a non-zero
parallel spinor. Now, using the work [22] of S. Montiel, the latter split-
ting must “coincide” (in a sense that is made precise below) with the for-
mer. Namely, for all £ € R the hypersurface {t} x N is a totally umbili-
cal compact hypersurface of M with constant mean curvature. Therefore,
by applying [22], Lemma 4] to the foliation of M induced by ¢ (whose
leaves are not assumed to be compact), we easily conclude that for each
t € R, there exists an s € R such that {t} x N = {s} x P; in partic-
ular, P itself must be compact. The same argument shows that, for each
s € R, there exists a t € R with {s} x P = {t} x N. This yields that,
if ®: Rx P — R XN, (s,z) — (¢1(s,2),0n(s,x)), is the isometry
induced by both splittings, then the component map ¢; already only de-
pends on s. By ®*(dt? @ e?'gn) = ds® @ e**gp and the existence of an
inverse map for ® of a similar form, one deduces on the one hand that
ad)N (s,7) = 0 and hence (¢ (s))? = 1 for all s € R, and on the other hand
that e*gp = €210 (¢n)*gn holds for all s € R. This in turn implies the
existence of an sop € R with ¢1(s) = s — sp and gp = €725 (¢n)*gn. Thus,
up to homotheties on the metrics gp and gy, the Riemannian manifolds
(P,gp) and (N, gn) are isometric and, up to translations in s, the splittings
R x P and R x N coincide. By the first part of the proof, ¢» must come from
a parallel spinor on N and hence lie in the image of the map of Proposition
This concludes the proof. O

From the previous result we deduce a characterization of hypersurfaces for
which Inequality (|17) is an equality when Misa pseudo-hyperbolic space in
several situations. In fact, as we will see, we are left with the case n is even,
the manifold (N™, gn) has only positive (or only negative) non-zero parallel
spinors and M is only immersed in M. Indeed, we prove

Corollary 4.7 Let (M™! g) := (R x N, dt*> @ e?gy), where (N™, gn) is a
closed non-flat Riemannian spin manifold endowed with at least one non-
zero parallel spinor and assume that M carries the induced spin structure
(in particular, (M,g) admits an imaginary Killing spinor for at least one
of the constants (+i/2)). Let M™ < M be any immersed closed orientable
hypersurface carrying the induced metric and spin structure and suppose that
one of the following supplementary conditions is fulfilled:

a) n is odd;

b) n is even and (N™, gn) has non-zero positive as well as negative pa-
rallel spinors;

c) n is even and M™ bounds a domain in M.
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Then M satisfies the equality case in (and so in ) if and only if
M ={t} x N for somet € R.

Proof: From Proposition we have that if M™ — M"+! satisfies the equal-
ity case in then its mean curvature H must be constant. If either a) or
b) is fulfilled, then by Proposition the manifold (M , g) admits non-zero
imaginary Killing spinors for both constants (£i/2), therefore Theorem
implies that M is totally umbilical which, combined with [22] Lemma 4],
yields M = {t} x N for some t € R. If ¢) is fulfilled, this time [22] Theorem
10] applies and yields again M = {t} x N for some ¢ € R. This shows the
“only if” part of the corollary. The “if” part is easy to see since A\;(Dpr) =0
because of parallel spinors on N, and on the other hand |H| = 1 by the
explicit form of the metric. This concludes the proof. O
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