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Abstract

We consider the problem of shape and topology optimization in fluid mechanics with a
general objective functional. A phase field approach is introduced and discussed in terms
of well-posedness and first order necessary optimality conditions. The state constraints
are either given by the Stokes or the stationary Navier-Stokes equations. We find that
minimizers of the diffuse interface setting have a converging subsequence as the interface
thickness tends to zero. If this sequence fulfills a certain convergence rate or the total
potential power is minimized in a Stokes flow, we obtain that the limit element is a
minimizer of the sharp interface formulation. Additionally, we can derive in both, the
Stokes and stationary Navier-Stokes setting, optimality conditions of the sharp interface
model which can be verified to be the limit of corresponding optimality systems of the
phase field model. Finally, we also apply this approach to structural optimization, where
we want to find the optimal material distribution of two given elastic materials for a general
objective functional. Using the techniques developed before, we can derive convergence
results of a phase field approach similar to the fluid mechanical setting and discuss both
the diffuse and the sharp interface formulation with regard to well-posedness and necessary
optimality conditions.
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1 INTRODUCTION

1 Introduction

The mathematical problem of shape optimization in fluids is to minimize some objective
functional depending on the solution of a system of partial differential equations describ-
ing the fluid mechanics in an unknown bounded set. The control is represented by the
shape of the set. If the topology of the set is not prescribed in advance, we refer to those
problems as shape and topology optimization. Another application of shape and topology
optimization can be found in structural optimization. There we try to find an optimal
configuration of two different elastic materials in some fixed container, where optimal once
again means that a certain objective functional depending on the behaviour of the elastic
materials is minimized.

Applications of shape and topology optimization reach from optimizing guitars, crashwor-
thiness of transport vehicles and tunnel design to biomechanical applications such as bone
remodelling. Structural optimization has turned out to be helpful in solving automative
design problems in order to maximize the stiffness of vehicles for instance or reduce the
stresses to improve durability. In the context of fluid mechanics, we can find utilizations
in the paper production industry ([HMT99]) or in biomedical engineering such as consid-
ering blood flow or the study of lungs and kidneys ([ABHO05, BBB*12, Bej00]). Moreover,
we find a lot of work done in car design using the ideas of shape optimization in fluid
dynamics, see for instance |[GO05, [DHMO04), [HS93, HH09]. However, it seems that airplane
optimization plays the biggest role in applications, in particular in terms of optimization
of wings and airfoils. A small percentage of a wing’s drag minimization already yields
a large profit for the industry. Just to mention a few works recently done on this topic
we refer to [MPO1, HMTTOO, [IMP98| [Ang83|, [TMPI8, IGISS12] [SSS11] and also to exist-
ing software like [BNS09, [FD12]. In fact, there are many more application fields and we
mention for instance the overviews in [MP04, Ben03, [HMO03, [IT08| Bej00].

Newton already discussed the problem of finding the shape of an object’s surface in a
fluid having the least resistance, which can be considered as a first study of the drag
minimizing problem, see [New63]. Nowadays, applications of this problem may be seeking
the optimal shape of a harbor, while trying to minimize the incoming waves or optimizing
wings or airfoils of an airplane as mentioned above. Another classical example in the field
of finding optimal geometric forms, although not in fluid dynamics, is Plateau’s problem,
which consists of finding a set of least area among all sets with a given boundary and
is motivated by Plateau’s experiments with soap films. One important contribution con-
cerning this problem was made by De Giorgi, see [DG61], by considering this problem in
the context of sets of finite perimeter. He was one main contributor to the theory of sets
of finite perimeter, also known as Caccioppoli sets, see [DG5H4]. Caccioppoli sets define
the framework for our sharp interface model, too. Thus the fluid region, which will be
the control in our problem, is chosen to be a Caccioppoli set. Using Caccioppoli sets as
admissible space in shape optimization is a commonly used approach, see for instance
[DZ01l, [SZ92, [AB93l, BH.J96].

One of the first treatments of shape optimization in a general setting appeared in [CZ73],
where a finite element model is introduced. For a good review of the first approaches
towards shape optimization we refer to [CH81|]. In the context of optimal control the-
ory, thus having partial differential equations as part of the model, the first discussions
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INTRODUCTION

of topology optimization were mainly aimed at structural optimization in elastic bod-
ies, see for instance [BKS8S8| [KS86, [EO01, Ben03, [HP05] and included references. One
of the first approaches of finding the optimal material distribution in presence of two
materials can be found in [Tho92]. But the problem of finding optimal structures in
mechanical engineering dates at least back to the beginning of the 20th century where
Michell [Mic04] considered optimal truss layouts. In the field of fluid mechanics there
are mainly works considering optimal shapes, while fixing the topology. Pioneering
works in this branch were in particular [Pir73l [Pir74l [Sim91), [Sim80] and we refer to
[MP04., [GI04, [DZ01, [HMO03, [SS10, PS10l [JLMO03] for some recent works. Most of those
works concentrate on numerical methods or on local deformation of some given fluid do-
main and calculating shape derivatives. One of the typical examples considered there is
the drag minimizing problem. Regarding the general problem of finding the optimal form
of a fluid region to minimize a given cost functional, the approach of pure shape optimiza-
tion with fixed topology may not be the best choice, since the optimal topology is a priori
unknown. As indicated in our numerical examples in Section it is for instance not
clear how many pipes are optimal to transport a fluid. Thus topological changes should
be allowed to get optimal profiles, which leads to the field of topology optimization in
fluid dynamics.

This is still a young research field receiving growing attention in recent years. One of the
first models for treating topology optimization in fluids has been introduced by [BP03]
and is described below. For some recent results on specific topics of topology optimization
in fluid dynamics we refer for instance to [DLL" 11, I(GHHS05, KMP11, BKWOT7, [Wik0§],
which mainly concentrate on numerical aspects and on the discussion of the model intro-
duced in [BP03|. In the work of [BP03] the Stokes equations describe the fluid and the
minimized objective functional is the drag functional. Moreover, an additional penaliza-
tion term «, which is called inverse permeability, is introduced both in the state equations
and in the objective functional. The Stokes equations then read in the strong formulation

a(p)u—-pAu+vVp=f, divu=0

and the corresponding objective functional is given by

1
5/9()¢(p)|u|2 dx+Lg\Vu|2—f-udx.

This penalization term « should be very small in the fluid region, and very large outside,
so that the velocity w vanishes in the limit outside of the fluid region. The design variable
p is then a function with values between 0 and 1, where 0 corresponds to non-presence of
fluid and 1 to the presence of fluid. We will use a similar approach in this work. In [BP03]
the inverse permeability « is a fixed function, interpolating between two fixed finite values.
We will consider the case, that the interpolation function a. depends on some parameter
€ >0, and as € \ 0 the penalization term will vanish in the fluid domain, and will be
infinite outside of the fluid. If a. is interpreted as inverse permeability of some porous
medium outside the fluid this means that the permeability of the porous material tends
to zero as € N 0. In [Evg05] the finiteness and fixed choice of « is interpreted as “not
allowing real topology changes of the fluid region”, since the permeability of the porous
medium is never zero, thus no “real walls” can appear. In our sharp interface model,
the permeability of the porous material will be zero and so, following the definition of
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1 INTRODUCTION

[Evg05], we allow “real” topology changes. Another discussion of topology optimization
in fluids can be found in [Evg05| [Evg06]. There, the same model as in [BP03] is con-
sidered, but the interpolation function a now interpolates between zero and infinity, and
thus giving rise to “real” topological changes. Moreover, the existence of black-and-white
solutions (thus there exist only fluid or non-fluid regions, and no values in between) is
shown. Yet, there are drawbacks in their work. Using the approach of [Evg05|, it is not
clear if this problem is still well-posed in case of objective functionals other than the drag
functional. Moreover, the convergence of dark-grey-and-light-grey solutions (thus for the
design variable only values close to 0 and close to 1 exist) to black-and-white solutions in
the strong topology can only be shown under some additional assumption. Additionally,
it is indicated in [Evg05] that numerics may pose problems in this setting.

As it turns out, none of the problems mentioned above arise in our approach. Since we
approximate the black-and-white solutions by a diffuse interface problem, namely a phase
field approach, numerics can be carried out with known techniques and existence of the
approximating problem can even be ensured with a general objective functional. The con-
vergence of the diffuse interface solutions to the sharp interface black-and-white solutions
in the strong L!-topology can be shown for the problem of minimizing the total poten-
tial power without additional assumptions. Besides, we can consider a general objective
functional and under certain assumption we can still prove convergence of minimizers.
Moreover, the approach of [Evg05] could not directly be generalized to the stationary
Navier-Stokes equations, see [Evg06], but instead a relaxation of the incompressibility
constraint and a filter have to be introduced in order to get a well-posed problem. Again
this is no problem in our approach and we can handle the nonlinear state equations with-
out major changes in the model.

We suggest a phase field model to describe the topology optimization problem. The
idea is to have a small interfacial layer between the fluid region and the region outside
the fluid, rather than the boundary of the fluid region being a free hypersurface. Phase
field models are currently widely used in different research fields. The diffuse interface
approach was already proposed by van der Waals [vdW79]. Later on, this theory was gen-
eralized by Ginzburg and Landau [GL50], and researches like Cahn, Hilliard and Allen,
see [CH58, [ACT9, [Cah61l, [CH59], applied it to microstructural evolution processes like
spinodal decomposition and domain coarsening kinetics in binary alloys. Recently, appli-
cations of phase field models can be found in fields like phase transformations, solidification
processes, grain growth and lately also in image segmentation, see for instance [BCMO04].
For a good review we refer to [Che(2]. Finally, phase field models were also coupled to
hydrodynamic models and have for example applications in binary mixtures [LT9§|, spin-
odal decomposition, mixing and interfacial stretching or nucleation of droplets. A good
overview can be found in [AMWOS| [LT98].

One of the first researchers using a phase field formulation for topology optimization were
Bourdin and Chambolle in [BC03|, where the compliance is minimized while regulariz-
ing with a perimeter term. After introducing a so-called fictious material relaxation, the
perimeter is approximated by the Ginzburg-Landau energy, and I'-convergence of the re-
sulting energy is shown. In the main part of this thesis, we will consider fluid dynamics,
which already implies a different setting as in [BC03|. Besides, our approach for shape op-
timization in fluid mechanics regularizes the state equations and the perimeter functional
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INTRODUCTION

at the same time. In [BCO3|, I'-convergence of their reduced objective functional was
proven by using the I'-convergence result of Modica and Mortola [Mod87, MM77] and
by showing that their functional is a continuous perturbation of the Ginzburg-Landau
energy. However, this strategy cannot be used in our setting, because we have a problem
in which both the objective functional and the state constraints depend on the phase field
parameter € > 0. In the last part we will apply the techniques developed before to struc-
tural optimization. There, the state equations are independent of the phase field variable
e >0, but in contrast to [BC03|] we consider a general objective functional and in addition
to ['-convergence of the reduced objective functionals we can show that certain first opti-
mality systems of the phase field problem converge to necessary optimality conditions of
the sharp interface formulation. So far, similar considerations have only been carried out
by formal asymptotics, compare [BESGS13|. For further results on applications of phase
field models in topology optimization we refer to [WZ04, BGS™12, [KNT10, BC06]. To the
author’s knowledge, a phase field approach has not been applied to topology optimization
in fluids before.

One major advantage of our phase field approach for topology optimization is the regu-
larity of the phase field variable describing the fluid region, which allows more efficient
numerical calculations and gives rise to better analysis, while providing all relevant geo-
metric properties. Moreover, topological changes can be handled without much effort, as
well as numerics can be carried out quite easily, since we can apply the well-developed
methods for phase field models. Besides, parametrization of a fixed domain by a family
of diffeomorphisms, as it is done for instance in [AJ05, MP04, NPT09, MP01], naturally
limits the admissible solutions. Using a phase field approach we certainly enlarge the
set of possible solutions. Since we can show that the phase field formulation yields an
appropriate approximation for the sharp interface problem, it is a serious alternative in
this setting. In particular, most of the classical shape calculus results cannot be carried
out rigorously, since the lack of regularity of the minimizing sets result in heuristic calcu-
lations and well-posedness, thus the existence of minimizers, is often not guaranteed. Our
results are all verified and consistent without imposing unverified assumptions and give
rise to a more systematic approach to topology optimization in fluid dynamics. But if the
assumptions necessary for deriving the classical shape optimization results are fulfilled,
we can show that our first order optimality condition results are equivalent to those of
the known literature, see for instance [BECLS97, BFCLS96, (GMZ08, MP04, [Pir73l, Pir74]
Sim91l [SS10, [ADDM13| [AJVG11], [HHS13].

In the main part of this study, we will consider a general objective functional depending
on the velocity u of some fluid (Part I and IT), namely

fﬂf(:c,u,Du) dx.

In the third part it can additionally depend on the pressure p of the fluid, thus we minimize

fo(x,u,Du) dx+[gh(p)dx_

We handle this case in a separate part because certain difficulties occur, see also discussion
in Section The state equations are either the Stokes equations (Part I and III), given
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1 INTRODUCTION

in the strong formulation by
—-uAu+Vp=f, divu =0,

or the stationary Navier-Stokes equations (Part IT and discussion at the end of Part III)
which are given by
-pwAu+uw-Vu+Vp=f, divu = 0.

We will show that our phase field approach is a good approximation of the sharp interface
model in the sense that minimizers of the phase field formulation converge to a minimizer
of the sharp interface setting under certain assumptions. In the particular situation of
minimizing the total potential power in a Stokes flow we can even prove I'-convergence
of the reduced objective functionals. The sharp interface formulation is, as already men-
tioned above, a topology optimization problem where the admissible sets are Caccioppoli
sets and the objective functional is penalized by adding a perimeter term Pq(E'), which
is the perimeter of the fluid region F inside the fixed container 2. This perimeter penal-
ization is a typical ansatz to overcome the general ill-posedness of the problem, see for
instance [Pet99, [AB93| BC03, Mur77].

The notion of I'-convergence was introduced by De Giorgi [DG75] and has since been
extended to a broad range of applications. One of the most important results concerning
I-convergence of functionals is certainly the result of Modica and Mortola [MMT77, Mod87],
who proved that the Ginzburg-Landau energy

e 2 1
E-(9) = [ SIvef + 4 (¢) do
Q2 €
I'-converges to some multiple of the perimeter functional

Po({p=1})

in L1(Q2) as € \ 0, compare also the results in [Ste88, [AIb00]. This will be an important
ingredient for our approach, too, since the phase field models presented in this thesis
will have the Ginzburg-Landau energy as a penalization term in the objective functional
and the sharp interface problems contain the perimeter functional. I'-convergence results
have already been discussed for phase field approaches in topology optimization of ma-
terials, where we mainly point out the work of [BCO3, WZ04, [Gar08, PRW11]. In the
last part, where we consider structural optimization, we state comparable results as in
[BCO3l, WZ04] concerning I'-convergence of the reduced objective functionals but with a
very generally formulated problem.

We emphasize that in the fluid dynamical problems considered here, the state equations
depend on the phase field parameter e, which describes the interface thickness. This is
not the case in the cited works above, but changes the mathematical considerations dras-
tically.

In the specific setting of minimizing the total potential power in a Stokes flow we will prove
I'-convergence of the reduced objective functionals. For a general objective functional and
the stationary Navier-Stokes equations, we can show under certain assumptions on the
sequence of minimizers of the phase field problems that those minimizers approximate
a minimizer of the sharp interface problem. We can even show that certain first order
optimality conditions of the phase field model and the sharp interface model converge to

15



INTRODUCTION

each other, both in the fluid dynamical problems and in structural optimization. This is
an important result and has to the author’s knowledge not been shown in a comparable
setting before.

One aim of this work is to show well-posedness of the phase field approach and to show
that it approximates the classical topology optimization problem, which is a sharp inter-
face model. Additionally, we derive first order necessary optimality conditions for both
models and show that the optimality system derived in the diffuse interface model ap-
proximates the optimality system of the sharp interface model.

This dissertation is organized in four parts as follows:

Part I: In the first part, we start by considering a general shape and topology optimiza-
tion problem, where the objective functional depends on the velocity of the fluid
described by the Stokes equations. We first introduce the phase field approach de-
scribing the shape and topology optimization problem on a diffuse interface level in
Section [5] After discussing well-posedness of this problem, we formulate the sharp
interface shape and topology optimization problem in Section [6 discuss its well-
posedness, and show that minimizers of the phase field model have a converging
subsequence if the interface thickness tends to zero. If this converging subsequence
fulfills a certain convergence rate, we find that the limit element is a minimizer of
the sharp interface model and that the minimal functional values converge, too. In
the specific situation of minimizing the total potential power we can even obtain the
stronger result of I'-convergence of the reduced objective functionals associated to
the phase field problems, see Section [6.3] Finally, we discuss in Section [6.4] possible
extensions of the obtained statements and whether a more general result could be
expected.

To discuss first order optimality conditions we first derive the classical variational
inequality for the phase field model in Section by parametric variations. But
we also vary the design variable in Section which is the phase field variable in
this approach, by deforming the domain with a suitable transformation. Thus we
apply the same idea as used in shape calculus. This will lead to suitable optimality
conditions that approximate the optimality conditions of the sharp interface model.
Moreover, we can show that under suitable assumptions those conditions can also
be derived from the variational inequality directly, see Section [7.3

Similarly, we start discussing optimality conditions for the sharp interface model in
Section |8 First of all we calculate shape derivatives in Section while assuming
more regularity on the minimizer than we can actually prove. We remark that those
regularity assumptions are typically imposed in the field of shape calculus. As a
result we see that we arrive in the same results as already known in literature. Then
we generalize this result by calculating first order optimality conditions, that can be
shown without additional assumptions, see Section but are under suitable as-
sumptions equivalent to the shape derivatives calculated before, compare Section 8.3

Finally, in Section [9] we even show that the optimality conditions of the phase field
model derived in Section [7.2| converge, as the thickness of the interface tends to zero,
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1 INTRODUCTION

to the optimality conditions of the sharp interface model derived in Section [8.2] if
the convergence rate on the sequence of minimizers mentioned above is satisfied.
Thus we have obtained a consistent approximation of the sharp interface model by
means of our phase field approach.

Part II: In the second part we consider the stationary Navier-Stokes equations as a sys-
tem describing the fluid motion, while still regarding the general objective functional
depending on the velocity of the fluid that has been considered in the first part. Due
to the fact that uniqueness of a solution to the stationary Navier-Stokes equations
can only be shown under additional assumptions, we have to impose some restric-
tions on the objective functional in Section [11.2] which are for instance in case of
the drag minimization problem equivalent to “smallness of data or large viscosity”,
as in classical results. After that we introduce the phase field model and discuss its
well-posedness, see Section In Section [13] we consider the sharp interface model
and examine the state equations with regard to solvability and uniqueness. Analo-
gously to the first part we show that there exists a subsequence of the sequence of
minimizers of the phase field problems, that converges as the thickness of the inter-
face tends to zero. Assuming this subsequence satisfies a certain convergence rate we
prove that the limit element is a minimizer of the sharp interface model in Section[14]

Then we derive first order optimality conditions for the phase field model in Sec-
tion first in form of a variational inequality, and then again by varying the
domain by means of a transformation, and show thereafter that we can directly de-
rive the latter from the variational inequality, too. Then we calculate classical shape
derivatives of the sharp interface problem in Section while imposing additional
regularity assumptions on a minimizing set, that have not been verified in general.
But we can derive optimality conditions without stating additional assumptions in
Section [16.2] and show that those are equivalent to the results obtained by shape
calculus if imposing the regularity assumptions used in Section [16.1

We complete the discussion in Section [L7] by showing that the optimality system of
the diffuse interface model approximates optimality conditions of the sharp interface
model if the convergence rate stated above is satisfied for the sequence of minimizers.

Part III: In Part III we generalize the objective functional of the previous parts by
adding a pressure depending term. The main discussion is carried out while assum-
ing the Stokes equations as a fluid model, but in Section [22] we point out that we
could also apply the same generalized objective functional to a Navier-Stokes setting
as in Part II.

At the beginning, we discuss the correct formulation of the model in this setting, see
Section Then we examine the phase field model with regard to well-posedness
and optimality conditions in Section The same discussion is carried out for the
sharp interface model in Section 20| where in addition we briefly consider the general
well-posedness of the pressure in measurable sets in Section [20.1]

After discussing both models independently, in Section [2I] we prove convergence of
minimizers of the phase field model to a minimizer of the sharp interface model
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INTRODUCTION

if the interface thickness tends to zero under the constraint that the sequence of
minimizers fulfills a certain convergence rate. Besides, we show convergence of the
optimality system as in the previous parts.

Part IV: In the last part, we will apply the methods and techniques developed before to a
rather general problem in structural optimization. To be more precise, the problem
is to find an optimal configuration in a mixture of two elastic materials. The first
discussions are concerned with the formulation and mathematical considerations of
an appropriate phase field approach for this problem, see Section In Section
we introduce the corresponding sharp interface problem. In contrast to the fluid
dynamical problems examined in the first three parts of this work, we can even
directly show existence of a minimizer for the sharp interface problem. Besides,
we use the ideas of the previous parts to obtain first order optimality conditions
by geometric variations for both the sharp and the diffuse model. The subject of
Section [26] is to connect the phase field formulation to the sharp interface problem.
This is first done in terms of I'-convergence of the reduced objective functionals. We
remark that this is possible here without additional assumptions on the convergence
rate of the minimizers or on the specific form of the objective functionals, as it was
necessary in the first parts. Finally, we also prove that the first order optimality
conditions for the phase field model derived before by geometric variations are an
approximation of necessary optimality conditions in the sharp interface setting. In
particular, we hereby generalise findings from literature where this result has already
been indicated by formal asymptotics for certain objective functionals.
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2 NOTATION AND ASSUMPTIONS

2 Notation and assumptions

We start our discussion by introducing some notation that we will use in the following
and by giving the general assumptions that have to be fulfilled throughout the first three
parts in this work, if not stated differently. In the last part we are considering struc-
tural optimization, thus the general setting changes in comparison to the first three parts
where the problems are based upon fluid mechanics. Thus we will change the setting in the
last part and details concerning this notation and assumptions can be found in Section

First of all we define the fixed domain €2, which will be some container in the following
discussion, and the external forces that are given in this setting.

(A1) QcR%is a bounded Lipschitz domain with outer unit normal n and d € {2, 3},
such that R\ Q is connected.

(A2) External forces:
f € L*(Q) is the applied body force and g € H 3 (092) the given boundary function
such that [, g-ndx=0.

We will propose a phase field model that approximates the sharp interface topology opti-
mization problem. Therefore, we approximate the perimeter functional by the Ginzburg-
Landau energy, where we still have to choose the potential that is used in this energy.
Here we will focus on a double obstacle potential, leading to a so-called “sharp-diffuse”
interface. For further discussions of different potentials we refer to [BE91].

(A3) Potential:
1) is assumed to be an obstacle potential of the following form:

Yo(p), if |pl<1

v R-R, w(w:z{m, it o> 1

where

vo(p) == (1-¢7).

N |

Let us denote by R := R U {+00} the extended real numbers equipped with the standard
order topology together with the usual convention 07! = oo and oo -0 = 0.

Moreover, we introduce an interpolation function «. as in [BP03|], which appears in our
phase field model in the objective functional and in the state equations. This interpolation
function can be considered as inverse permeability, as it will have large values outside
the fluid region (namely a.(-1) = @.) and will be zero in the fluid region (modelled by
as(1) = 0), where we remark that our design variable ¢ will have values 1 in the fluid
region and -1 outside of the fluid. This inverse permeability can be considered, as the name
already indicates, as inverse permeability of some porous medium being located outside
the fluid. Hence, in the pure non-fluid domain, the state equation can be considered as
a Darcy flow through porous medium with permeability 6;1. In the pure fluid phase, we
will obtain the classical Stokes equations or Navier-Stokes equations, depending on the
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model. Moreover, we ensure by adding a term including o, to the objective functional
that the velocity of the fluid is zero outside the fluid domain in the limit case € \ 0. A
more detailed description of the phase field approach can be found in Section [5.1]|

One important property is that «. depends on the phase field parameter € that models
the thickness of the interface, and as ¢ tends to zero, a. will interpolate between infinity
and zero, thus allowing “real” walls and topological changes, compare also discussion in
[BP03, [Evg05], [Evg06].

(A4) Inverse permeability /interpolation function:
Let a : [-1,1] = [0,@.] be a decreasing, surjective and twice continuously differen-
tiable function for € > 0.
Let ap : [-1,1] = [0,+00] be given as a decreasing, surjective, continuous function
with a(0) < +o0.

It is required that @, > 0 is chosen such that lim.\g@. = +c0 and a. converges
pointwise to . Additionally, we impose as(x) > a-(x) if § < e for all z € [-1,1]
and a growth condition of the form @ = o (5_2/ 3) :

Remark 2.1. In space dimension d = 2 one could weaken the growth condition for a.
stated in Assumption . Applying the imbedding theorem H'(2) < LP(Q) for all p <
oo we could establish the same results by only imposing &, = 0(6_1+5) for some 6 € (0,1),

see also Remark[6.3.
We denote R%valued functions and spaces consisting of R%valued functions in boldface.
Let us introduce the following function space:
U = {ueHl(Q) | u =g on 09, divu:O}
and the corresponding homogeneous space:
Vi={ve H{(Q)| divw =0}.
Throughout this work, we will sometimes work with the following auxiliary spaces:

H;(Q)z{ueﬂl(ﬁﬂu:gonﬁﬁ}

and

L2(Q) - {qeL2(Q) | fﬂqu:o}.

We will be considering a general objective functional depending on the velocity of the
fluid and its derivative in the first two parts. Our basic assumptions on this objective
functional are the following:

(A5) Objective functional:
We choose f:Qx R?x R™® - R as a Carathéodory function, thus fulfilling

i) f(-,v,A4):Q - R is measurable for each v e R? A ¢ R™? and
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i) f(z,--) :RYxR¥? > R is continuous for almost every z € Q.

Let p>2 for d =2 and 2 < p < 2d/4-2 for d = 3 and assume that there are a € L'(1),
b1,be € L () such that for almost every z € £ it holds

If (z,v, A)| < a(@) + b (z) P + by(z) |A]*, VoveR?EAe R (2.1)
Additionally, assume that the functional

F:H'(Q)-R

F(u):= [Q f (z,u(z), Du(z)) dz (2.2)

is weakly lower semicontinuous, F'|y is bounded from below, and F' is radially un-
bounded in U, which means

lim [l iy = +00 = lim F () = +o0 (23)
for any sequence (uy) oy CU.
Remark 2.2. Remark that condition implies that
H' () >u~ [Qf(:c,u,Du(x)) dx
is continuous. To be precise, s a necessary and sufficient condition such that
LP(Q)* x LX) 5 (v, A) = f (-0, A) € L(Q)

1s a well-defined Nemytskii operator. If this operator exists as a Nemytskii operator, it is
a continuous operator. For details we refer to [AZ90, [Tré09, |[Sho97].

Remark 2.3. Assume that Fly is bounded from below, where F: H () - R is defined
in (2.2)), and that f:§Q x R? x R4 - R is smooth. Then the convexity of

R¥5 A f(z,0,4) R
is according to [Eva98, Theorem 1, Chapter 8.2] sufficient for the weakly lower semicon-
tinuity of F'.
Besides, the coercivity of Fly, i.e.
dcy,c0>0: F(U) ZCIHDuHiQ(Q)_CQ YueU,
is sufficient for (2.3).

The assumptions stated above are the basic assumptions used throughout this work.
When deriving optimality conditions we need to impose more regularity on the objective
functional and the external force term, such that we can differentiate:
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Additional assumptions necessary for Sections (19.3} [20.3| and [21.2}

(A6) External body force:
Assume f e HY(Q).

(A7) Objective functional:
Assume that = — f(z,v,4) € R is in WH1(Q) for all (v, 4) € R, R and the
partial derivatives Dof (z,-, A), D3f (x,v,-) exist for all v e R?, A e R™? and a.e.
zeQ. Let p>2ford=2and2<p<2d/4-2 for d =3 and assume that there are
a e LY(Q), by, by € L*(Q) such that for almost every x € € it holds

Doy f (2,0, A) <a(x) + by (2) [o ™ +ba(z) 4] VoeR?% Ae R (2.4)
Remark 2.4. Notice, that the exponent p > 2 in Assumption and Assumption

is chosen in dependency of the space dimension d € {2,3} such that such that H'(Q)
imbeds continuously into LP(2).

Notation Here and subsequently, we will use the notation

D23y f (w,v,4)

and
Dif(:L'vUvA) Z€{172a3}

as the differential of
R x R 5 (v, A) » f (z,v, A)

for fixed x € 2 and of
QxRIx R s (2,0, A) » f (2,0, A)
with respect to the i-th variable, respectively, whereas we write

Du.f (z,u,Du)v =Dy 3)f (,u,Du) (v,Dv).

Remark 2.5. We notice that
LP(Q) 500 Dof (v, A) e LP1(Q)  VAe L2 ()P
LX) 5 Ao Daf (v, A) e L*(Q)  Yve LP(Q)?

are well-defined Nemytskii operators if and only if (2.4) is fulfilled. In this case we also
obtain that the operator

LP(Q) x L2( Q)P 5 (v, A) > f (-0, A) € LY(Q)

is continuously Fréchet differentiable. And so, if the objective functional fulfills addition-
ally Assumption|(A7), we find that

F-H' (Q)>uw~ _/Qf(x,u,Du) dz

is continuously Fréchet differentiable and that its directional derivative is given in the
following form:

DF(u)(v) = /QD(273)f (z,u,Du) (v,Dv) dz Yu,ve H'(Q).

For details concerning Nemytskii operators we refer to [AZ90, [Tré09, |Sho97).
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The design variable in the phase field model will be a function ¢ : Q - R having H'(Q)-
regularity in order to have a derivative which is in L?(2). This ensures that the Ginzburg-
Landau energy, given by [, %\V(p|2 + %w(go) dz, which will be part of the objective func-
tional, is finite. We impose additionally an integral constraint, thus f, ¢ dz < 3 for some
fixed constant 3 € (~1,1), where we denote by f,pdz ="' [, ¢ dz the mean value of
@ in . This means, that we prescribe a maximal amount of fluid that can be used in
the shape and topology optimization process. This condition could without much effort
be replaced by a condition of the form £, ¢dx = 8, or by imposing both a maximal and
a minimal value - < {, pdx < B2 with 1, 82 € (-1,1).

Due to the choice of the double obstacle potential in the Ginzburg-Landau energy, we
have additionally the constraint for the phase field variable to be between -1 and 1, and
thus we arrive in the following admissible set for the optimal control problem in the phase
field formulation:

Doy = {(pEHl(Q) | f)cpda:sﬂ, lp| <1 a.e. in Q}

for some fixed constant g€ (-1,1).

Since we will introduce a Lagrange multiplier for the integral constraint, we use the
enlarged admissible set

Dy = {QD e HY(Q)||p| <1 ae. in Q}

for necessary optimality conditions of first order.

To formulate the sharp interface model, we have to introduce some notation. Therefore,
let E c Q) be some measurable set. Then we define

Uf={ueU|u=0ae in Q\E}

where this may be an empty set, for example in the case that H% ! ({g # 0} n (Q\ E)) > 0.
To continue, we denote by

VE={veV|v=0ae in Q\E}

the corresponding homogeneous vector space.
If  is an element in L'(Q), we see that

E?:={zeQ|p(z)=1}
is a measurable set and so we can introduce the notation

U?:=U" and V¥ := VF",

The corresponding admissible sets of the optimization problem in the sharp interface
model are then defined as follows:

0 - {¢GBV(Q,{i1}) | wdusp, U+ @}
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and 0
O, ={peBV(Q,{z1}) |U? +z}.

The additional constraint U¥ #+ @ is necessary, since for a general p € BV (,{+1}) this
space may be empty, for instance if the prescribed boundary data and the condition
u|o.pe = 0 are conflicting, as already mentioned above.

Now we can introduce the functionals that we will be considering in the following and
whose minimization defines the topology optimization problem. In the phase field model
the objective functional, depending on the phase field parameter € > 0, is defined by

J.: L' (Q)x H'(Q) - R

Fw)=y [l drs [ f@uu)des S [vef ) [6() ?x |
2.5

if pe®,y and u=S; (p) and J-(p,u) := +oo otherwise. The solution operator S; for the
penalized Stokes equations is defined in Lemma

Moreover, we will see in Section [6.2) that minimizers of the reduced functionals

Je Ll(Q) -R, Jj (p) = Je (0, 8: (9))

converge as € \ 0 under certain assumptions to a minimizer of

jo: LY () =R, jo(p)=Jo (v, So(¥))

where Jo: L' () x H(Q) - R is defined as

Jo f (z,u,Du) dz +ycoPo (E?) if € @Y, and u = So(y),

Jo (¢, u) = { o (2.6)

otherwise.

We remark that the solution operator for the Stokes equations Sy is defined in Lemmal6.1]

In the second part, we will consider the stationary Navier-Stokes equations instead of the
Stokes equations as state constraints. Analogously, we then define

JN LY Q) x HY(Q) - R
1
Iy =5 [ac@ul dos [ f@uDu)dor T [ 9P des? [ (o) do
(2.7)

if ue SY(p) and ¢ € ®yy, and JN(p,u) = +oo otherwise, where SY is the solution
operator for the penalized stationary Navier-Stokes equations defined in Lemma[12.1] We
will see that those equations may not be uniquely solvable, and so the solution operator
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Sév is in general set-valued. Moreover, we will prove in Section that minimizers of

(JEN )a>0 converge under certain assumptions to a minimizer of Jév as € \ 0, where Jév is
defined by
JY LN Q) x HY(Q) - R
I (o) = Jo f (z,u,Du) dz +vcoPo (E¥) if p e ®°, and we SY (), (2.8)
0 +00 otherwise.

Here Sév is the solution operator for the stationary Navier-Stokes equations defined in

Lemma [I3.1]

As we will derive in Sections and [I6] first order optimality conditions for
minimizers of J. and Jy, or JEN and Jév , respectively, by varying the domain 2 with
transformations, we introduce here the admissible transformations and its corresponding
velocity fields:

Definition 2.1 (V,4, Tads Vad, 7_’ad_). The space Vg of admissible velocity fields is defined
astheset ofall V e C ([—T, T];C (Q, ]Rd)), where 7 > 0 is some fixed, small constant, such
that it holds:

(V1) (V1a) V(t,) e C?*(Q,RY),
(V1b) 3C>0: |V (9) =V (:2)|o(rrmeey < Cla—yl Y,y e,
(V2) V(t,z) -n(z)=0 on 09,
(V3) divV(t,-) =0,
(V4) V(t,z)=0 for a.e. €0 with g(z) #0.

We will often use the notation V' (¢) = V(¢,-).

We say that V is an element in Vgq if V ¢ C([—T,T] ;C(ﬁ, ]Rd)) fulfills
nd (VD)

Then the space 7,4 of admissible transformations for the domain is defined as solutions
of the ordinary differential equation

0T (x) =V (t, Ty (x)) (2.9a)
To(z) =z (2.9b)

for V € V,4, which gives some T': (-7, 7) x Q — , with 0 < 7 small enough.
Similarly, we say that a transformation 7" is in 7 4 if it solves (2.9) together with some
velocity field V' which is an element in V4.

We see then directly that V,q € Vag and Tog € T aa-

Remark 2.6. Let V e Vo and T € Voq be the transformation associated to V' by (2.9).
Then T inherits the following properties:
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T(,z)eCt ([—%,%] ,]Rd) for all x € QQ,

dec > 07 V[E,y € ﬁ? HT(7$) _T("y)Hcl([—f’,f'],]Rd) < C|(I} - y‘7

Vte[-7,7], x> Ti(z) = T(t, ) : Q > Q is bijective,

Vo eQ, T7'(-,z) e C([-7,7],RY),
e 3c>0,Vz,y e, HT‘l (,x)-T71(, y)HC([_%ﬂBd) <clr -yl

This follows from [DZ91, Theorem 2.3, Remark 2.4].

We will discuss the admissible velocities and transformations in more detail in Section [3.3]

Before starting the introduction and discussion of the precise models, we want to give an
example for an interpolation function a. fulfilling Assumption [(A4)]

Example 2.1. Let @. = ¢~ /* and

1 1 x

ag(z) = - - .
«(7) l+z+al 2(2+a7t) 2(2+a7!)
Then a. converges pointwise in (-1,1) to
1 1 =z
@) =177171

as € N 0 and |[(A4)|is fulfilled.

We give now some examples for objective functionals, for which the assumptions above
are fulfilled:

Example 2.2. Typical examples for f would be a tracking-type functional for the velocity
1 2 1 2
fi(z,u,Du) = 5 lu —ug(x)|” + 3 |Du — Dug(x)|

for some given ug € H(Q), or
fo(z,u, Du) = |curl u)?
(see for example [GMZ08]) and
f3(z,u,Du) = [curlul® + [u - ug (z)[*.

To see that fy fulfills (2.3), we use [Tem0O1, Remark 1.6, Appendix I] or [BF13, Chapter
IV], which implies that

lul g1 o) < co() [curluf g2y +c(g,2) Vuel.
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Example 2.3. In the following we will often use the following functional:
f (2w, Du) = ZDuf* - f(2) -u

where f is the external force given by Assumption and p > 0 is the viscosity.

Then minimizing [, (% Vul - f- u) dz can be interpreted as minimizing the total po-
tential power, minimizing the viscous drag or minimizing the dissipated power while max-
imizing the flow velocities at the applied forces. In the special case f = 0, the problem
can in a Stokes flow also be considered as minimizing the average pressure drop (compare
[BP03, Appendix A]).

We will use this example in this thesis to give some explicit formulae for the derived
optimality systems. As this is a typical objective functional used for shape optimization
in fluids, we thus can compare our calculations to known results, such as [Sim80, [SS10,
MPO04, [PS10] et al.

Remark 2.7. Beyond, we give some remarks on why some of the assumptions are nec-
essary and when we can drop them:

1. The condition of R~ Q being connected arises due to technical reasons, in par-
ticular when defining solenoidal extensions of the boundary data, see for instance
Lemma[I1.3 Anyhow, we could establish the same result for any bounded Lipschitz
domain Q ¢ R? by using for instance a generalized version of Lemma which
can be found in [Gallll, Lemma IX.4.2]. But then, we would need additional small-
ness assumptions on [Fi g-ndx, if I'; are the connected components of ), and on
the integral along I'; of the gradient of the fundamental solution of the Laplace’s
equation, to guarantee existence and uniqueness of the equations appearing in this
work. Anyhow, one could transfer our results to this case. On details concerning
this topic we refer the reader to [Gallll.

2. The condition /an -ndx =0 stated in Assumption|(A2)|is the compatibility con-
dition, which is a direct result when stating for uw € H () that divu =0 as well as
ulga = g, since we get due to Gaufs’ theorem

O:fdivudx:f u-ndx:f g-ndx.
Q o0 o0

3. The radially unboundedness of the objective functional stated in 18 not necessary
for the well-posedness of the phase field model. But the sharp interface model won’t
be well-defined without this assumptions, since we cannot guarantee existence of
minimizers if the objective functional does not control the wvelocity, compare also
Remark[6.4)

This property will also play an essential role in the proof of Theorem [6.1], where we
show convergence of the minimizers.
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3 Mathematical background

3.1 Functions of bounded variation

We give here a brief introduction to the theory of functions of bounded variation. For
more details and the proofs of the statements that we use here we refer the reader to the
books [AFP00, [EG92l [Giu77, Pfel2]. We start by stating the basic definitions, which are
taken from [AFPO00].

Definition 3.1 (Functions of bounded variation, BV (Q)). We say that ¢ € L'(Q) is a
function of bounded variation in € if the distributional derivative of ¢ is representable by
a finite Radon measure in €2, i.e. if

/nga@dx:—fgmmgo VoeCO(Q), i=1,....d

for some R%valued measure Dy = (D1, ...,Dgep) in Q.

The vector space of all functions of bounded variation in 2 is denoted by BV (£2).
Functions in BV (Q2) only having the values 1 or —1 a.e. in £ will be referred to by
BV (Q,{£1}).

We denote the total variation of the measure Dy by |Del, thus it holds

Dp| (E) := sup{Z Do(E,)| | En, measurable and pairwise disjoint, E = | J En}
n=0 n=0

for all measurable F c 2.
Moreover we define the norm of a function of bounded variation by
lel By oy = €l (@) + Del (2).
In the following, we remark some properties of functions of bounded variation:

Properties. 1. The total variation of some v € BV (Q) is given by

Dl (@) =sup { [ pdivade] o e (@) ol <1}
and moreover
BV () > ¢ = [Dg| (2)

is lower semicontinuous with respect to the L'(Q)-topology.
For the proof of this statement we refer the reader to [AFPO0, Proposition 3.6].

2. The space BV (Q) equipped with the norm || gy (o) defines a Banach space and the
imbedding
BV (Q) - L'(Q)

is compact. This follows from [AFP00, Theorem 3.23].

28



3 MATHEMATICAL BACKGROUND

3. We say that a sequence (¢n),on S BV (Q) converges weakly-+ in BV (Q) to ¢ €
BV (Q), if (¢n),n converges to ¢ in L'(Q) and

Gim [ 6dDg, = [ ¢dDp Vo eCo().

With this definition, we see that (¢n),n S BV () converges weakly-+ to ¢ in
BV(Q) if and only if (¢n),,y 5 bounded in BV () and converges to ¢ in L'(12),
see [AFPO0, Proposition 3.13].

Now we proceed with defining sets of finite perimeter, which are also called Caccioppoli
sets.

Definition 3.2 (Sets of finite perimeter, Caccioppoli sets). Let E be a Lebesgue-measurable
set in R, For any Q ¢ R? the perimeter of E in , denoted by Po(E), is the total variation
of xg in £, i.e.

Pq(E) := sup{[E divgdz| ¢ e Ci(Q), 9], < 1}'

We say that E is a set of finite perimeter in © (or Caccioppoli set) if Po(FE) < co.

We state some properties of Caccioppoli sets:

Properties. 1. For any set E of finite perimeter in ) the distributional derivative
Dxg of the characteristic function xg is an R%*-valued finite Radon measure in €
with

Po(E) = [Dxel () (3.1)

and it holds
fE diveodx = —/{;VE -¢pd|Dxg| Ve C&(Q)d

where Dxg = vg|Dxg| is the polar decomposition of Dxg given by the Radon-
Nikodym theorem (see for instance [AFP0O0, Corollary 1.29]). Hence, vg: € — R is
a |Dxg|-measurable function such that |vg| =1 |Dxgl|-a.e..

We call vg the generalised unit normal for the Caccioppoli set E.

2. We say that the Caccioppoli sets (Ey,), o converge in measure to E in Q if
gl_)rgo 2N (E,AE)| =0
where the symmetric difference for two sets A, B is defined by
AAB=(A~B)u(B~NA)=(AuB)~(AnB).

This corresponds to L'(Q)-convergence of the characteristic functions. For more
details see [AF'P00, Remark 3.37].

3. It holds: Po(E) = Po(F) if QN (EAF)| =0 and E — Po(E) is lower semicontinu-
ous with respect to convergence in measure in 2, see [AFPO(, Proposition 3.38].
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4. For Lebesgue-measurable sets (Ey), . with

sup Po(FE,) < o
nelN

there exists a subsequence that converges in measure in ), since |Q| < co.
The proof of this statement can be found in [AFP00, Theorem 3.39].

5. For a better understanding of the perimeter of some set E we notice that
Po(E) =H™ (Qnd"E) (3.2)

where O* E is the essential boundary of E and H*' denotes the (d—1)-dimensional
Hausdorff measure. For details we refer to [AFPQO0, Definition 3.60]. We just note,
that for an open set E with OE N e C? it holds 0*EnQ = 0E N, see [Pfeld)], and
thus

Po(E) =H"H (QnOE) (3.3)
whereas for a general set E we only have

Po(E) <HT (OENQ).
For a fuller treatment we refer the reader to [EG92, |[AFPO(].

Further, we will at some point later on need the following trace theorem, which is taken
from [EG92, Theorem 1, Section 5.3]:

Theorem 3.1. Assume U is bounded, open and has a Lipschitz boundary. Then there
exists a bounded linear mapping

T:BV(U) - L' (8U)

such that
()Od'V(bd —_—f(lbdD +f ¢ Tod
f 1 T %) ( V) @Y ar

for all p e BV(U) and ¢ € C*(R%,RY).
The function T, which is uniquely defined up to sets of measure zero, is called trace of

@ on OU.

Another important theorem will be the following, see [AFP00, Theorem 2.39]:

Theorem 3.2 (Reshetnyak continuity). Let p, (itn),,cn be R™-valued finite Radon-measures
in Q; if limy oo [n| (2) = |p| () then

. Lin ~ m
i (i 22 (x)) Aol (2= f 1 (s 0)) a0

n—o00 |,Un|
for every continuous and bounded function f:Qx S™ ! > R.

For proving convergence of minimizers of the phase field model in Section [6.2] and Sec-
tion[I4] we have to approximate Caccioppoli sets by smooth sets. This is done by applying
the following lemma, which is taken from [Mod87, Lemma 1]:
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Lemma 3.1. Let E be a measurable subset of Q. If E and QN E both contain a non-empty
open ball, then there exists a sequence (Ey),  of open subset of Q such that

1. OE, nQ e C? for n large enough,
2. limy, o |[ERAE| =0, lim,,—.0o Po (En) = Po (E),
3. |Eyn| = |E| for n large enough.
Moreover, we get the following convergence rate:
|E,AE|=0(n"). (3.4)

The convergence rate is not stated in the formulation of [Mod87, Lemma 1], but is a direct
consequence of the construction and can be seen for instance in [Mod87, (12)].

We remark that we cannot expect to find a sequence of smooth sets that approximates
some arbitrary Caccioppoli set E from the interior or from the exterior, as stated in
[Pfel2, Section 7.1].

3.2 Crack free Caccioppoli sets

The sharp interface formulations introduced later will deal with functionals that are de-
fined on UF or V¥ for some Caccioppoli set E c Q, thus functions in H'(2), which are
zero almost everywhere in Q \ E. This set 2 \ F will correspond to the part of €, which
models the non-presence of fluid.

One question that arises during these considerations is, if the set {'v e HY(Q) | v|owp = O}
can be identified with H}(int(E)). This can be answered positive in some sense, as the
following discussion shows.

Definition 3.3 (Crack free sets due to [DZ07]). A subset of E of R such that OF # &
is called crack free if int E = int E.

Remark 3.1. [Remarks about crack free sets]
o The following equivalence relations hold due to [DZ07]:
intE=int E <> OE =0FE < RINE=RI\F < bg = by

where bg(x) = dg(x) — drng(x) is the oriented distance function. Here da(x) =
inf {ly — x| | y € A} denotes the ordinary distance function to some subset A + @ of
RY.

o Due to [DZ07, Theorem 6.3] it holds for crack free sets E c §2, that
{veH; ()| (1-xE)¥=0ae}=H)(ntE).
This implies for crack free sets E c §):

{’UEH(l)(Q)|’U=O a.e. inQ\E}z{veH(l)(Q)|(1—XE)'U:O a.e.}:H(l)(intE).
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Figure 1: A set Figure 2: A crack
with cracks free set

Here we are considering Caccioppoli sets, and so we state:

Lemma 3.2. For every set E c Q) of bounded variation there exists a crack free represen-
tative E. (i.e. int E. = int E.) such that |[EAE.| =0 and thus Po(F) = Po(E,).

Proof. We define

B E
Eczlnt*E:{xeRd|llmm = 1}
m™~0 By (z))|

as the measure theoretic interior of E, compare [DZ11, [Pfel2]. Then we have by [DZ11]
Theorem 3.3, Chapter 5] that |[EFAE,| = 0 and hence Py (E.) = Po (E), see Section

Besides, we otain by using the calculation rules of [Pfel2, [DZ11] that int (int*E) c
int (int. F) c int (int*E) and hence int, F is a crack free representative of F. OJ

Remark 3.2. Lemma([3.9 together with the remarks stated before imply for our case that
every Caccioppoli set E has a crack free representative E., for which it holds in particular

{v ceH () |v=0 ae inQ \EC} - H} (intE,.) = H} (intE).

Example 3.1. One example, which is taken from [DZ01) Section 2.3, Chapter 3|, for a
cracked set is shown in Figure 1] Figure [2| shows the crack free set, which would be the
corresponding representative of Figure [1| constructed by Lemma (3.2

Example 3.2. Assume we have a Caccioppoli set E that looks like the interior of the
rectangle indicated in Figure 3| and €2 is some domain that contains the whole rectangle.
Then any function v € H'(Q) with v = 0 in Q \ E would be zero on the outer boundary
of E. But even though the line inside E is not contained in E, we don’t know if v = 0
there, since this is a set of measure zero.

The same holds true for the situation illustrated in Figure d] We notice there, that
cracks can even change the number of connected components of a set, thus a priori the
terminology “connected components” of some Caccioppoli set E is not well-defined.
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Figure 4: Cracks

Figure 3: A set can alter the con-
with cracks nectedness of a
set

3.3 Introduction to shape calculus

The idea of shape calculus is to consider functionals J that depend on some bounded set
FE c R% and map into R. Often, and in particular in our situation, one wants to minimize
the functional J(FE). One idea to obtain some first order and second order optimality
conditions is to vary a set Ey along a transformation 7', for example by some T € T4,
and obtain deformed sets Ey := T;(Fp). Then one sees that for a local optimal shape Ej
it holds J(Ey) < J(FE;) for all t small enough, if T is chosen suitably. This leads to first
order necessary optimality conditions, since we see

Otlt=0J (Ey) = 0.
This motivates the formal introduction of the so called shape derivative

o (L(E0)) ~ J (o)
-0 t

DJ(E()) [V] = 8t‘t:0J(Et) = 1

if V' is the velocity field associated to the transformation 7', see Definition

This method of calculating the shape derivative is often referred to as wvelocity (speed)
method. Another typical approach is the method of perturbation of the identity operator,
where the transformation is simply defined by Ti(z) := 2 + tV(z) and V € C* (R4, RY) is
chosen appropriately. It can be shown that for first order calculus both methods are equiv-
alent if V' DJ(Ep) [V] inherits certain regularity properties, see [DZ91],[DZ01l [SZ92|. In
this case, one can show that DJ(Ep) [V] = DJ(Ey) [V (0)], whereas otherwise the shape
derivative may depend on the acceleration 0oV (t). Besides, the results based on per-
turbations of the identity can directly be recovered by applying the velocity method to
appropriate vector fields. For details concerning this topic we refer for instance to [DZ01,
Chapter 7). Thus we only concentrate in the following on the velocity method.
Moreover, it follows from that the shape derivative only depends on V, and this
justifies the notation DJ(Ep) [V].

For more details and a good introduction to the theory of shape calculus we refer the
reader to [DZ01, [SZ92).

Definition 3.4 (Shape derivative, material (ierivative). Let U be a bounded open set and
choose some admissible transformation T € T 4q. Assume u; = u(T3(U)) € L2(Ty(U)) is a
function depending on the set T;(U), for example as a solution to a partial differential
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equation solved in T3(U). If the limit 0¢|s—¢ (us o T3) exists in some space, for instance in
L?(U), then we call the limit function the material derivative and denote it by

w[V'] = Oli=0 (ug 0 Tt)

if V' is the velocity associated to T'.
If ue HY(U), then we can define the shape derivative by

u' [V]=ua[V]-vVu-V(0). (3.5)
Now we give some general calculation rules:

Lemma 3.3. Let T € T 44 with velocity V € Vad. Then it holds

6t|t:0 det DTt = div V(O), (36)
Oy det DTy = (divV (¢,-)) o Ty - det DTy (t,-) Vte (-7,7) (3.7)

and
Atle—0 (DT}) ™! = =DV (0). (3.8)

Proof. Formula (3.6)) can be calculated as in [SS10, Lemma 3.1]. For (3.8]) we use [SS10|
Lemma 3.10] and get

Atle=o (DT,) ™" = =DTt (8y]4=oDT;) DTy = =D (9y)e=0Ty) = ~DV (0).

Finally, we obtain (3.7) by direct calculations, using in particular (2.9a)) and the chain
rule. O

Remark 3.3. We remark that for V e V,q it holds per definition divV (t,-) =0 for all t
and, due to (3.7), we thus obtain

9, det DT, =0 Vte (-7,7).

In particular, we obtain for any ¢ € L*(Q) and t small enough

&gAgOOTt_ldw=0t[2g0detDTtdx:0

and so a transformation by T; will not change the volume of p. This property will be
important later on.

One important formula in the following will be the shape derivative of the perimeter
functional:

Lemma 3.4. Let T € T ,q with velocity V ¢ Vaq be an admissible transformation and
E cQ be a Caccioppoli set. Then:

DPA(E) [V] = dlieoPa (T(E)) = [ (divV(0) = v-TV(0)) dPxel  (39)

where v is the generalised unit normal on E.
Moreover, if E is an open set such that OE nQ e C?, this can be further rewritten as

DPo(E)[V] = fa KV(0)-vda (3.10)

where k = div ggnqV denotes the mean curvature of OE n €.
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Proof. First we note, that [Glu77, 10.2] implies

DPq(E) [V]:8t|t:0[9d\DXEt\:fQﬁa*Ey-ngdx

with
Ho :=0li-0H (t), H(t):=|det DT} (DT})™*

if By =T;(E). We start reformulating this expression by using (3.2)) and ({3.1):

f V-Houdaz:fy-ﬂol/d|DXE|.
QnoO*E Q

Using the calculation rules of Lemma [3.3] we see
Ale=o |det DT3| (DT}) ™ = div V(0) - DV(0)

and so inserted in the formula above we have

DPQ(E)[V]:fQ divV(0) v-v -V (0)v | d[Dxe]

=1

which proves (3.9).

Now assume that F is an open set with 9F nQ e C2. Then we get with (3.3)

fﬂ(divV(O) —»-VV(0)r) d|Dxz| = [aEnQ(divV(O) —y- YV (0)) dz

and using the definition of surface divergence and the tangential Stokes formula (see for
instance [DZ01, Chapter 8, Section 5.5]) this can be rearranged to

divV(0) - v- V(0 d:f di v0d=f V(0)-vd
/(;EOQ( ivV(0)-v-vV(0)r) dz . ivopnaV (0)dx aEQO (0)-vdzx

which proves (3.10)).

We notice some properties of the admissible transformations T € T qq:
Lemma 3.5. Let T € T 44 with velocity V € Vqq. Then for small t it holds
o T1(02) =9,
o €00 = Ty(x) €09,
o Ti(x) =z if g(x) # 0.

If moreover V € Vyq and thus T € Toq we get

8tf(2g001}_1d1‘=0f0r all p € LY(9). (3.11)
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Proof. The fact, that 7" maps boundary points to boundary points follows from [DZ01l,
Remark 5.1, Remark 5.2|, and this implies then the first statement, see also Remark
Moreover, for a.e. x € 9Q with g(z) # 0 we have per definition of V.4 already V (t,2) = 0
and so Ti(z) = x.

Finally we see from Remark |3.3| that holds for all p € L1(Q) if V € V,q.

For details we refer to [DZ01, Chapter 7] and [SZ92, Chapter 2]. O

Remark 3.4. Using Lemma we obtain for T € Toq directly that ¢ o T; ! € $yq and
woT; ' e (I)gd if o€ Dyg or p € Cng, respectively. Similarly, we find for T € T .4 that
oI e®yy and po Tyt e §2d if pe®yy or @€ Egd, respectively.

In the following, our shape functional will also depend on functions in H 1(Q) Thus we
will quite often use the following special transformation, which is also used in [BHWO6]:

Lemma 3.6. Assume T €T 4.
Let v e H' () with dive =0 and define

vy := (det DTt_l) (DTy)vo T, .

Then it holds divv; =0 and
O [V] = Oyli=0 (v¢ 0 Ty)

is well defined in H'(Q).
Moreover, we have for any Caccioppoli set E ¢ Q with E; := Ty(F) the following inclusions:

veVl — vteVEt,

veUV = vteUEt

and
veU — v, eU.

Proof. Let ¢ € C§° () be arbitrary. Then we can calculate, using change of variables and
the divergence theorem

/Qdiv((detDTt‘l)(DTt)voTt‘l)Cdy:[Tt(ﬂ) div ((det DT} ) (DT}) v o T;1) ¢ dy =
=—fT(Q)((detDTgl)(Dz})vngl)-vcdyz

/ (det DT;") (2) (DT?) (2) v (2) - (VC) (Ti («)) det DT; () da =

= fr@ oy @y de= [ (dive) @)¢ (T () dr =

= [ (aet DT (divo) (17 (1) (v) dy.

Since this identity holds for any ¢ € C5° (Q2), it follows from the fundamental lemma of
calculus of variations that

divoy = (det DT, ) (divw) o T; .
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Due to Ty(x) € Q for every x € Q we deduce

divw; (z) = (det DT{l(x)) (divw) (T{1 (x)) 0

=0

which holds for almost every x € €). Besides, T} maps boundary points of {2 to boundary
points of Q, which implies directly v¢|sn = 0 if v = 0 on 9. On the other hand, using the

special form of T € T o4, in particular property we also get vi|pn =g if v|spa = g.
Now assume that v|o.p = 0 and let E; := Ty(E). We get for every € QN E; = QN By =
T; (2N E) the following identity

vy (z) = (det DT[1 (m)) (DT; (z)) v (Tt_l (x)) =0.
| —
eONE
| S —
=0
This guarantees v; € VE ifve VP and vy e UP if v e UP. Next we calculate
v (T3 (2)) = v (z) = (det DT[l) DTy - v = (det DT, ') DTw - [(det DT, ) DT} ]|e=ov
and so the limit |0 (vs o T}) is defined in H'(Q) which implies the statement. O

Moreover direct calculations give:
Lemma 3.7. Let uw € H'(Q) with diva=0. Then

div (divV(0)u + DuV (0) =DV (0)u) =0 VYV € Vg,
where this identitiy has to be understood in the distributional sense.

Proof. We introduce the notation V' (0) = (V};)g:l and u = (ui)?zl. Then we see:

d
div (diVV(O)’u—DV (0) u) = 81 (akauZ—(?JVZuJ) =
] Lkl ; (3.12)
= Y, (8:0kVi) ui = (0;Vi) (Oiuj) = (9;0;Vi) uj = = - (0;Vi) (Oiuy)
i k=1 i

where we used in particular divu = 0. Besides, we obtain for some arbitrary test function
¢ e C5°(92) that

d d
fQDUV(O)-vgdx 3 /Qaiumajgdxz— 3 Aujaiwajuumaiajgdx:

3,7=1 2,Jj=1
d
= 'Zl -[Qu]a]az‘/;c + u]ajvzalc dz =
1,J=

d
Z L ujajé?zvz( - Bzuj(?]Vz( - ujaz(?]Vz( dx =
3,7=1

d
Z fQ—aluﬁJV;Cdx

3,7=1
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As this identity holds for all ¢ € C3°(£2) we find that
d
div (DuV(0)) = > ;u;0;V;
ij=1
where this identity is to be understood in the distributional sense. Combining this result
with (3.12)) yields then the statement. O]
3.4 Introduction to I'-convergence

A very useful tool when considering minimization problems of a sequence of functionals
is the notion of I'-convergence. This will be the framework that we will use to connect
the phase field model with the sharp interface model in certain situations later on.

The following definitions and statements are taken from [DM93].

Definition 3.5. Assume that X is a topological space which satisfies the first axiom of
countability or X is a Banach space whose dual X' is separable, endowed with its weak
topology. Let (F},), ., be a sequence of functions from X to R. Then we say that (F),)nen
I'-converges to F: X — R if the following two conditions are satisfied:

lim inf-condition :
For every x € X and every sequence (), converging to z in X it is

F(x) <liminf F,,(z,); (3.13)

lim sup-condition :
For every x € X there exists a sequence (z,,),, converging to = in X such that

F(z) > limsup Fy,(zy). (3.14)

n—oo

We then call F' the I'-limit of (F},),,cn-

Remark 3.5. Notice, that an infinite dimensional Banach space endowed with its weak
topology does not satisfy the first axiom of countability. But by [DM93, Proposition 8.10]
the characterisation of the I'-limit by (3.13)-(3.14)) still holds true if the dual is separable.

‘We notice:

Remark 3.6. 1. Because of (3.13) condition (3.14) is equivalent to stating the exis-
tence of some (xn),,n converging to x € X such that

lim F,(x,) = F(z).

2. In the following we will call the sequence (), of condition (3.14) sometimes
“recovery sequence”, and refer to (3.13)) by “lower semicontinuity” .

3. In some sense, (3.13) states that F' is a lower bound on (F},), ., whereas (3.14])
ensures that this bound is optimal.
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We state some properties that will be important in the following and can be found in
[DM93]:

Properties. 1. If (Fy),en I'-converges to F' and G is a continuous function on X,
then (F, + Q) I'-converges to (F +G).

2. Every I'-limit is lower semicontinuous.

The most important point, why I'-convergence is a suitable framework for minimizing
functionals, is given by the following theorem:

Theorem 3.3. Let X be a topological space which satisfies the first axiom of countability
or a Banach space whose dual X' is separable. Assume (Fy,), . I-converges to F in X.
Moreover, let (), be minimizers of (Fy,),on- Then:

o cvery limit point of (xy),n 15 @ minimizer of (Fy),cn;
o if (z5),n COnverges to x, then x is a minimizer of F and lim,,_c Fy,(2y,) = F(2).

Proof. See proof of [DM93, Corollary 7.20]. O
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PART I: STOKES FLOW

Part 1
Stokes flow

In this first part, we consider the shape and topology optimization problem of minimizing
a general objective functional depending on the velocity of some fluid, which is described
by the Stokes equations, by varying the region which is filled with fluid. For the sharp
interface model, we will use a perimeter penalization to overcome the general ill-posedness
of the problem. Moreover, we introduce a phase field approach describing the optimiza-
tion problem. In this diffuse interface setting we use the Ginzburg-Landau energy as
penalization, since this is a diffuse interface approximation of the perimeter functional,
see [Mod&7] and discussion in Section [6] Simultaneously, we relax the non-permeability
condition of the non-fluid region.

We start by reviewing some of the standard facts from fluid mechanics. We then introduce
the phase field model in Section [5| and establish some results on this problem, such as
well-posedness of the state equations, which are given by a penalized Stokes system, and
the existence of minimizers for the overall optimization problem.

After that we propose in Section the sharp interface model describing the shape and
topology optimization problem and show unique solvability of the state equations. We
find that the sequence of minimizers of the phase field problem has a subsequence that
converges as the thickness of the interface tends to zero. If this convergence fulfills a
certain rate with respect to the phase field parameter or if the objective functional is the
total potential power, we find that the limit element is a minimizer of the sharp interface
model.

In Sections [7| and [8] we develop optimality conditions in both the diffuse and the sharp
interface setting, and prove then in Section [9] that certain optimality conditions of the
phase field model are an approximation of an optimality system derived for the sharp
interface model.

4 Important facts related to fluid mechanics

We start by recalling some basic facts from fluid mechanics that will be used frequently
in the following.

The subsequent technical lemma will be needed quite often during our considerations:

Lemma 4.1. Let U be a bounded Lipschitz domain in R and let v, € H: (OU) satisfy

f V.- -ndr=0
oU

where n denotes the outer unit normal on U. Then there exists a vector field V e H(U)
such that

V=0, Viw=ov., Vi) <) lodl gy 00
Proof. This follows from combining [Soh01, Lemma II.2.1.1] and the results on the ex-
tension operator of [SohO1l Section II.1.2] and can also be found for instance in [Gallll
Exercise I11.3.5]. O
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Besides, we will often use the following result, which is taken from [Soh01, Lemma I1.2.1.1]:

Lemma 4.2. Let U ¢ R% be a bounded Lipschitz domain. Then we have: For each
g€ L*(U) with [;; gdx =0 there exists at least one v e H{(U) satisfying

divo =g, [Volzy <CWO) gl 2wy -
One important inequality in the following will be:

Lemma 4.3. Assume U c R? is a bounded Lipschitz domain. Then it holds

~ { pa
o £, pas

Proof. Follows by applying [Soh01, Lemma II.1.5.4] to ¢ := p - f;,; pda. O

<e(U) |Vplgqy Ype LA(U). (4.1)
L2(U)

Considering the pressure in fluid mechanics we will use in general the following result:

Lemma 4.4. Assume U c R? is any bounded open set and let F e H™* (U) such that
(Fo)gqy=0  VoeHy(U),divo=0.
Then there ezists some p e L? _(U) such that
F =vp.

This function p is defined uniquely up to constants, which can be chosen in every connected
component of U.
Moreover, if U is a Lipschitz domain, we even get p e L*(U) and

Hp— ][ pdx
U

Proof. The existence of p in L?(U) and L?O -(U), respectively, is given by [Tem77, Propo-
sition 1.1, Proposition 1.2]. For a Lipschitz domain U, (4.1]) gives additionally estimate

=)}

<c(U)[F| gy - (4.2)

L2(U)

O
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5 Phase field model

In this section, we formulate the phase field model for a general shape and topology opti-
mization problem in a Stokes flow. Thus we introduce the problem formulation and then
discuss its well-posedness by showing unique solvability of the state equations as well as
the existence of minimizers for the overall optimization problem.

5.1 Problem formulation

The overall problem is given by the following optimal control problem:

min J; (¢, u) = ! f e (@) [uf dz + / f(z,u,Du) dz+

VE 2 v
+ 5 fQ|V90| dx+6fﬂw(g0) dx

with
(QO,’U/) € (I)ad xU

s.t.
'[S)ag(w)u-vdx+M/;2Vu-Vvdx:fﬂf-'vdx VoeV. (5.2)

Thus in this approach ¢ € ®,4 = {go e HY(Q) | fpdr < B,lp| <1 ae. in Q} will be the
design variable, where {x € Q| ¢(x) = 1} models the fluid region, and {x € Q| ¢(z) = -1}
the non-presence of fluid. Since we are considering a phase field model, we have in par-
ticular an interface between fluid region and the region without fluid which thickness is
proportional to a small parameter € > 0. As ¢ tends to zero this interface will vanish and
we arrive in a sharp interface setting.

As we will see later, we use a perimeter penalization in the sharp interface model to
overcome the general ill-posedness of the problem, see Section [6] This is a common
approach in shape and topology optimization, see [Pet99, [AB93, BC03, [DZ01]. It is a
well-known result, that the perimeter can be approximated in the diffuse interface setting
by a multiple of the Ginzburg-Landau energy, which is given by

E.:L'(Q)-R

E.(p) = {5 Jolvel? dz+ L [ov (¢) dz, if pe HY(Q),

+00, otherwise

for some potential 4. To be precise, (E;).,,, ['-converges in L'(Q) to the perimeter, mul-
tiplied by some constant depending on the potential, as ¢ N 0. We will discuss this in
more detail in Section @ compare also [Mod8T7, MMT7]. Here we choose as potential the
so-called obstacle potential, see Assumption which ensures in particular that |¢| < 1
almost everywhere in ). This leads to a so-called “sharp diffuse interface”, in contrast to
the “diffuse diffuse interface”, where the phase field variable ¢ could take values outside
of the interval [-1,1], too. For details concerning different choices of potentials we refer
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to [BE91]. We remark that a smooth double-well potential would be possible, too, in this
setting, if the proofs are adapted.

Thus we add the Ginzburg-Landau energy to the objective functional in to end up
in a perimeter penalized sharp interface model and ensure hereby the existence of mini-
mizers for the phase field model. The constant v > 0 is an arbitrary parameter that can
be considered as a weighting parameter of the Ginzburg-Landau energy, and thus of the
perimeter penalization in the sharp interface model.

The second term in is the general objective functional that we want to minimize and

is assumed to fulfill Assumption |[(A5)]

The fluid is described by a weak formulation of a penalized Stokes system ([5.2)), similar
to [BP03]. Here u > 0 denotes the viscosity of some fluid, whose velocity is denoted by
u, and f is an external force acting in 2. We remark in particular that in the fluid part,
thus inside {¢ = 1}, a will be zero, and thus reduces to the weak formulation of the
classical Stokes equations. In the pure non-fluid region, thus inside {p = -1}, the state
system can be considered as a Darcy flow through porous medium with permeability
a:(~1)71, see [BP03, [SP8Q]. Since a.(~1)7! tends due to Assumption to zero as
€ N\ 0, we will obtain in the limit € \x 0 a model where the region outside the fluid is
impermeable.

Besides, we want the velocity of the fluid in the sharp interface setting to be defined on
the whole of Q and define its value to be zero outside the fluid region. From this view-
point, the first term %fQ e (¢) [ul* dz appearing in the objective functional J. can be
considered as a penalization term for the permeability through the non-fluid region and
will vanish as € N\ 0. Hereby, this term ensures that in the limit the velocity is zero if no
fluid is present and that the medium outside the fluid is impermeable.

This means, we approximate the topology optimization problem simultaneously in two
ways: First of all, we use a phase field approximation and arrive in a diffuse interface
problem. At the same time, we relax the condition of impermeability of the non-fluid
domain. But since we penalize the velocity being non-zero outside the fluid domain, we
arrive in the limit € \x 0 not only in a sharp interface problem, but also in impermeable
walls, where we only have fluid domains and non-fluid domains, and nothing in between.

In this section we assume € > 0 to be fixed and discuss the optimal control problem

(5.1) — (5.2)) for this arbitrary chosen € > 0.

We want to discuss well-posedness of the constraints , which will allow us to define
a solution operator called S;, see Lemma/5.1} and therefore we can then define a reduced
objective functional. For this objective functional we will then consider the sharp interface
limit as € \ 0, see Section [6] and obtain under certain assumptions that minimizers of the
phase field problem approximate a minimizer of the sharp interface formulation describing
the free boundary topology optimization problem.
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5.2 Existence results

First of all, we want to consider the state equations (5.2). This is obviously a weak
formulation of the following system:

a: (p)u—-—pAu+Vp=f in Q, (5.3a)
divu =0 in Q, (5.3b)
u=g on 0f. (5.3¢)

The well-posedness of this system is established by the next lemma:

Lemma 5.1. For every ¢ € L'(Q) with |o(x)| <1 a.e. in Q there exists a unique uw € U
such that (5.3) is fulfilled in the sense of (5.2)). Moreover, the solution w fulfills

Juler oy < (2 e0t) (152200 * 191 13 o) (5.4
This defines a solution operator for the constraints, which will be denoted by

S.: 0,4~ U, S: (@) =u if u solves (5.2).

Remark 5.1. Remark that for any w € U and ¢ € ®oq fulfilling (5.2) there exists some
pressure p € L?(), which is unique up to a constant, such that

v[Qaa(ap)u-vdxﬂu[QVu‘Vvdx—fﬂpdivvdx:fo-'vd:c Voe HY(Q)  (5.5)

holds. This follows from Lemma [{.4. But since the objective functional is in this part
independent of the pressure of the fluid, we will drop this variable in the following.

Proof. The proof is based on Lax-Milgram’s theorem applied to the following bilinear
form

a:VxV >R
a(vy,v9) = /Qae (p)v1-v2 + puVoy - Voo da

for some fixed ¢ € L'(Q) with |p(z)| < 1 a.e. in Q. To this end, we first reduce the
problem into a homogeneous one by choosing some w € U such that

121y < () 190 113 (56)

which exists for example due to Lemma and see that uw € U solves (j5.2)) if and only if
ug:=u—w €V solves

/Q@e (P)ug-v+pVug-Vode = (F,v)g-1g) YveV
where F € V' is defined by

(F,0) g-1(q) ::/Qf-v—ag(cp)'w-v—uV'w'V'vd:c VoeV.
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Now using Poincaré’s inequality and o, > 0, we see that a is a coercive bilinear form on
V x V', and thus Lax-Milgram’s theorem gives the existence of a unique ug € V' such
that it holds

a(ug,v) =(F,v)g-1q) YveV

together with

lwol grigay < () [ F| 10y -

Therefore, u = uy + w is the desired solution of ([5.2]) which fulfills moreover

lwl g0y < luol gy + lwlg ) <
_ (5.6)
<c() (HfHL2(Q) + 0 |wl g2y + 1 va”L2(Q)) +|wl g1 (o) ?

<e(Q,ag, p) (HfHH(Q) + “gHH%(am)

and this proves the statement. ]

Remark 5.2. We notice that only gives an estimate on Sc (@) depending on €. So
we don’t get a uniform bound on | Sc (p)[ g1 (o) independent of e, which will be necessary
in some sense for the sharp interface convergence, see proof of Theorem [6.1. And so we
will need the coercivity condition on the functional stated in Assumption .

Moreover, we can show the existence of minimizers for the stated minimization prob-
lem. We will show this existence result without assuming the coercivity of the objective
functional with respect to the velocity as it is assumed in Assumption Thus to
get well-posedness of the diffuse interface problem for fixed € > 0, this assumption is not
necessary. But we will see, that we could neither show convergence of minimizers of the
phase field problem as e tends to zero, nor expect to find existence of a minimizer of the
sharp interface problem, compare considerations in Section [0} if the objective functional

is not radially unbounded in the sense of (2.3).
Theorem 5.1. There exists at least one minimizer of (5.1)) — (5.2)).

Proof. From the boundedness assumption in Assumption we deduce that J. :
P, xU — R is bounded from below by a constant. Thus we can choose an admissible
minimizing sequence (g, Uk)zen C© Pad x U, which gives in particular that ug = S. ()
for all k € N. We use to deduce a uniform bound on [uk| g1 (g from the state
equations.

Moreover, the uniform bound in (J: (¢k, ur))pen implies that supgen |Vl 20y < oo.
Besides, ¢ € ®,q for all k € N, and so |px HLw(Q) <1 VkeN.

Now we split the proof into several parts:
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PART I: STOKES FLOW

e st step: Convergence results:

Because of the bounds derived above we can choose a subsequence of (ug, k)N,
denoted by the same, such that
ur — Up in I‘I1 (Q),
up - ug in L?(Q),
or —~ o in H (Q),
pr = o in L*(Q),

(5.7)

for some element (ug, o) € U x ®,4. Here we used that ®,4 and U are closed and
convex and thus weakly closed subspaces of H'(€Q) and H'(Q), respectively.

e 2nd step: Next we show, that ug =S: (o).

Therefore we use similar techniques as in [BP03]. We want to show first of all

klim anE(gok)uk~vdx:_[Qas(cpo)uomdx VveV.

For this purpose, let v € V' be fixed and write

| (@eteui - ac(eoyun) -vde = [ (ac (or) we e (i) wo) -v o+

(5.8)
+ [ (@: (@) uo - ac(po)uo) - v

To consider the first term we use that o, < @, together with the strong convergence
of (up) e t0 ug in L*(Q) to see

k—o00

fQ (e (or) k= o= (9r) uo) - vdz < C'fug —wo L2y [v] L2(0) — 0

For the second term we notice that for a subsequence limy_, o ¢r(x) = po(x) almost
everywhere in {2, which implies

ae(pr)up - v Foe, as(po)ug-v  a.e. in Q.
We use again the boundedness of o, to get
|(ae(or) = ae (o)) wo - v| < C'lug - v

pointwise almost everywhere in €.
From Lebesgue’s convergence theorem, we get therefrom that the second term in
(5.8) also tends to zero as k — oo.

Then we can take the limit & — oo in the weak formulation of the state equation

(5.2) and see that it holds
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5 PHASE FIELD MODEL

fQOéa(SOO)UO"UCICCWLM[QVUO-V'de:fo.vdx VvoeV.

In particular, this gives ug = St (o) and thus (g, ug) is admissible for (5.1)) - (5.2)).

e 3rd step: We show weakly lower semicontinuity of J.:

To consider the objective functional, we argument analogously to [BP03] and find
that

[ acten e dz= [ acteo) luol da= [ ac(on) (fuil® = uol?) da+
+ [ (acor) —ac(e0)) fuof da.

Considering the first part, a. < a. implies

| [ acten) (il - uol?) da

S@5/Q|uk'uk—uo-uo| dr =

58/;2|uk—uo||uk+uo\ dx <

k—oco

<@ |up + ol L2y [ure —wol L2 (q) > 0.

| —
<C

For the second term we use similar to the second step of this proof pointwise conver-
gence of (¢)en t0 @0, continuity and boundedness of . together with Lebesgue’s
convergence theorem to conclude

k—o0

| (aeon) - (o)) ol de == 0

which leads to
lim [ o (o) fusl do = [ oz (co) uol? da.

This gives us in view of the lower semicontinuity of the objective functional stated
in Assumption [(A5)|and by using

. 1 2 ED 1 2
Jim [ vty de=tim o f (=) e & 5 f (1= d = [ w(g0)do

the estimate
JE (9007,”0) S h]l;ng}f JE (@k,uk)

which implies that (¢g,ug) minimizes J;.

O]

Thus we have shown that the phase field model, which is given by (5.1]) — (5.2)), is well-
defined in the sense that we have a well-defined solution operator for the constraints and
have guaranteed existence of a minimizer for the overall optimization problem.
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PART I: STOKES FLOW

6 Sharp interface limit

The considerations of the previous section justify the definition of a reduced objective
functional j.(¢) := J.(p, Sc(¢)), which is extended to the whole space L'(£2) as follows:

Je LI(Q) - R

Je (0, 8:(9)) if pedyq,

) (6.1)
+00 otherwise,

Je ((P) = {
which means

. 1 €
i ()= 5 [Las (@l da+ [ f@uDu)de+ T [velde+d [w(o)dr (62)
with u = S; () if p € D,y and j: () := +o0 otherwise.

One natural question arising when considering phase field models is whether this model
converges to some sharp interface free boundary problem as the thickness of the interface
tends to zero. In our setting this means, that we are interested in finding a functional
related to (jz)..o as € N 0. We will find that under certain assumptions, minimizers of
(Je)oso converge to a minimizer of a sharp interface model describing shape and topol-
ogy optimization in a Stokes flow formulated in a Caccioppoli setting with a perimeter
penalization. This sharp interface problem will be introduced and discussed in the next
subsection.

6.1 Sharp interface model

We will restrict our attention in this subsection to the sharp interface problems arising
as limit of the phase field model described in the previous section as the thickness of the
interface and the permeability of the porous medium tends to zero, compare Section [6.2

To identify the limit of (j.).,, we begin with defining a solution operator Sy that corre-
sponds to the limiting problem of (5.3)). The resulting system in the strong formulation

for some @ € 52(1 will be the following:

-uAu+Vp=f in E¥, (6.3a)
divu =0 in €, (6.3b)

u=0 in QN E¥, (6.3c)

u=g on 012, (6.3d)

where we recall that E¥ is given by
E?:={xeQ|p(x)=1}.

This means, that in the fluid domain E¥ we will have a formulation of the Stokes equa-
tions, and outside of the fluid domain we define the velocity to be zero. In this way, we
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6 SHARP INTERFACE LIMIT

can still define the velocity in 2, which is one key ingredient in this model.

Let us start by considering well-posedness of this system. Therefore, we notice partic-
ularly that may not be well-defined, for instance if %! ({g # 0} n (Q\ E¥)) > 0,
since we then have inconsistent equations which cannot be fulfilled. We exclude this case
by stating that the solution space U¥ is not empty, which implies especially that the
conditions uw = 0 in Q \ E¥ and ulsqn = g are not conflicting. This condition is included

the definition of the admissible set 52(1 c <I>2d.

. —0 . . . .
In fact, choosing ¢ € ®,,, we can find a unique velocity solving the state equations (6.3))
in the following sense:

Lemma 6.1. For every ¢ € L'(Q) such that U¥ + & there exists a unique u € U¥ such
that (6.3)) is fulfilled in the following sense:

u[QVu-VUd:U=[Qf-’vdx VoeV?. (6.4)
This defines a solution operator denoted by

So: By, > U,  Solg)=ucU? ifu fulfills (6.4).

Proof. We fix some arbitrary ¢ € L'(2) with U¥ # @ and choose @ € U¥. We reformulate
the non-homogeneous problem ((6.3) in analogy with Lemma into a homogeneous one
by noticing that w € U¥ fulfills (6.4) if and only if w := u —u € V¥ solves

ufﬂvw-vvdm (F.0) oy Vo€ V¥ (6.5)
where we defined f € (V¥) by

(?7U)H—1(Q) 2=/Qf"v—,uvﬁ-V'vdx.

We remark that V¥ is a closed subspace of V' and thus in particular a Hilbert space.
Proceeding similarly to Lemma [5.1] we define the bilinear form

a? V¥ xV?¥ >R
by
a? (vq,v9) = ,qu Vo1 - Vvo dx

which is due to Poincaré’s inequality a coercive bilinear form on V¥ x V¥,
Thus, we get with Lax-Milgram’s theorem the existence and uniqueness of w € V¥
such that

a? (w,v) = (?,U)H_l(m Vvoe V¥,

Therefore u := w + @ € U¥ fulfills (6.4)). O
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Remark 6.1. Remark that we do not get a continuous dependence of Sy () on ¢, since
even Lax-Milgram’s theorem only implies an estimate of the form

IS0 (D) g1 (o) < c(g, 2, @)

where w € U% is a solenoidal extension of the boundary data g € H> (0R2), which is zero
i QN E¥. But for this extension, we do not get a uniform estimate only depending on )
and g, but merely an estimate of the form

[l < (2 B g1y

and it is not clear how the constant c¢(€), E¥) depends on E¥, compare also Remark .
On some first results about the dependence of this constant on E¥, and thus on ¢, we

refer the reader to [BRW00).
To clarify that <I>2d is not an empty set we give here some examples for which U¥ # &:

Lemma 6.2. Let ¢ € BV (,{+1}) such that H* ! ({g# 0} n{p =-1}) = 0 and assume
int(E¥) is some fixed open set with Lipschitz boundary. Moreover, let (Ez)f\i]L be the
connected components of int (E¥), faEg ndz =0 forallie{l,...,N}.

Then there exists at least one element u € U?, which fulfills moreover

Jal11 0y < (20 9] 3 -

Remark 6.2. For every ¢ € BV (Q2), where  has due to Assumption |(A1) Lipschitz
boundary, we can define a trace Ty € L' (0Q), see Theorem . Thus the set

{xed|g(z) #0,p(x) = -1}
is well-defined, up to sets of measure zero, for any ¢ € BV ().
Proof of Lemma[6.3 We take some general ¢ € BV (2, {+1}) fulfilling the assumptions of

the statement. Then we get an element in U? by applying Lemma to every connected
component E; of E¥ to get functions v; € H 1(EZ) such that

divv; =0, vilognen =9, vilagna =0.

We can extend those functions to v; € H'(Q) by zero, since we have zero boundary
condition in €. Defining

g

if
™M=

&

S
]
—_

we get the desired vector field w € U¥. O

One of the most important tools in the subsequent discussion will be the following tech-
nical lemma. This will be used essentially for the sharp interface convergence result (see

Section .
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6 SHARP INTERFACE LIMIT

Lemma 6.3. Let (¢:)..o € L'(Q) with u. = Se (pe) be such that for e % 0
?\E% e - SOOHU(Q) =0, [epe- SOOHLl(E‘POn{<p€<O}) =0 (e) (6.6)

with o € BV (Q,{£1}), U%° # @ and |pc| < 1 pointwise almost everywhere in . Then
there exists a subsequence of (u:) ., (denoted by the same) such that

. B . 2 B 2 B
lim -~ wol g1y = 0 lim [ ez (o) Juel® do = [ o (o) fuol? do =0

where uy = So (o).
Proof. We split the proof into several steps:

o 1st step: First of all we choose a subsequence of ()., that converges pointwise
almost everywhere in € to 9. Then we take some ¢ > 0, such that € < § for € small
enough and notice that due to Assumption it holds as < a. pointwise, and
therefore we arrive in the pointwise estimate

as (wo () =limag (e (x)) < liminf a; (@ (x)) . (6.7)
eNo0 eNO0
This gives, as 6 \ 0,

ao (o (2)) = limas (o (2)) = lim (?350‘5 (e (x))) <lim (lilgl\iglf e (e (x))) =

= lim inf ac (¢ ()
(6.8)

for almost every x € 2. On the other hand we deduce from a,. < g pointwise almost
everywhere

limsup (az (= (¢))) <lim sup (a0 (= (2))) = a0 (g0 (x))
We sum up the estimates to obtain
@0 (o (#)) < liminfac (- (z)) < limsup az (¢ (2)) < a0 (¢o (2))
which holds for almost every x € ) and implies
l%.% ae (e () =ag (o (x)) for a.e. x e (6.9)

This will be used later.

e 2nd step: Now we show, that for all v € H'(Q) such that v|q.geo = 0 it holds
li % dz = 0.
a1\1‘%fgag (¢e)lv]" dz =0
To this end, we notice first for almost every x € (2 that due to ,

lim o (< (2)) fo(x)|* = 0. (6.10)
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PART I: STOKES FLOW

To apply Lebesgue’s convergence theorem and deduce the convergence in L' () we
estimate in several steps. Since a. is decreasing we find

az (= (2)) [o()[ < = (0) [o(2)[* < ag(0) [v (=)

for almost every x € {¢: > 0} where we used lim.ga: (0) = ap(0) < oo, see Assump-
tion|(A4)| From this bound and the pointwise convergence (6.10) we obtain thanks

to Lebesgue’s convergence theorem

lim f e (¢2) [vf* da = 0. (6.11)
{pe>0}

eNo0

To consider the part of 2 where . is non-positive, we deduce from v|g. geo = 0 that
{reQ|v(zr)#0}c{zreQ]|po(r)=1} and thus we get for almost every = € {p. <0}
the estimate

ae (pe(2)) [v(z)]* < @ |p-(2) - po(@)| [v(z) X{po=1} (%) (6.12)
>1

Due to the pointwise estimate |p.| < 1,|po| <1 we have
_ 2 — 3 2
Qe [Q XE#0n{p.<0} lipe = ol [v|” dz < C@: @0 - - ||21(E¢>00{%<0}) ”vHLG(Q) . (6.13)
We combine
lee = ¢oll L1 (Beonfp.<op) = O (€) (6.14)

and . =0 (5_2/3), see Assumption |(A4), to get therefrom

lim /Q X{po-1}n{ip.<0) 0= |pe = pol [v]* da: = 0. (6.15)

exo0
And so, in view of (6.12)

li 2 dx =
lim {Wo}as(%)lvl dz =0

which gives combined with (6.11]) finally

li 2 dz = 0.
lim | ae(pe)lvl” dz =0

We notice that for every € > 0 the velocity field u. € U is the unique solution of

1
min 7. (v) = [ (5%(%) o + 2 [vol’ —f-v) de

since the state equation (5.2)) is the first order optimality condition for this optimization
problem, which is necessary and sufficient for the convex optimization problem of mini-
mizing the functional F. over U.
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We proceed by defining
1
()= [ (Go0 (o) lof + 5 1vol - £ v) da

and notice, that the unique minimizer of Fy in U is So(¢p), since again the state equa-
tions are the necessary and sufficient first order optimality conditions for the convex
optimization problem min,cgr Fo(v). We use the functionals (F%)_., to show that (u.)
is uniformly bounded:

e>0

e 3rd step: From U?° + @ we know that can choose some ug € U¥° c U and obtain,
because u. are minimizers of F;, the estimate

1
fQ (g Ve + S () e - f-us) da = F(ue) < Fx(ug) =
1
:fﬂ(gIVuo|2+§ozg (905)|u0|2—f'uo) dz < (6.16)

1
< fﬂ(glvfuoIQ—f-uO) dw+(lir£1\881p 5% (¢0) o d$+0)

for some constant ¢ >0 and € > 0 small enough.

To see that limsup, . [oae () |u0|2 dx < oo we can use the second step of this
proof. And so from , the inequalities of Poincaré and Young and the boundary
condition on u. we find a constant C' > 0 independent of € such that

luel g (o) < C-

The result of the previous step implies in particular the existence of a subsequence of
(ue)sg, which will be denoted by the same, that converges weakly in H 1(Q) to some
limit element ug € U. To see that ug = Sp(pg), we next claim that (F;)
in U with respect to the weak H'(Q) topology to Fy as € \ 0.

-0 1-converges

e 4th step: We will see, that the constant sequence defines a recovery sequence for
(F:).s9- Choosing v € U we can assume that Fy(v) < oo, otherwise it would hold
trivially

limsup F; (v) < Fy(v).
eNo

Therefore, we can assume |q, a (¢o) lv|* dz < o0 and so v € U?. Due to the second
step of this proof this yields

. 2 _
lli%[lag (¢2) |v|” dx = 0.

As the remaining terms of (F%.)_., are independent of ¢ this already implies

limsup F; (v) < Fy (v) .

eN0
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o 5th step: Let (ve)..o € U be an arbitrary sequence that converges weakly in H'(Q)
to some v € U. Due to the compact imbedding of H'(Q) into L?(Q) we certainly
have a subsequence of (v.)_.,, which will be denoted by the same, that converges
pointwise almost everywhere in ) to v. From this convergence, the pointwise con-
vergence of a. (¢.) that was proven in and Fatou’s lemma we see

2 _ . . . . 2
/Qozg (v0) v] d$—fﬂ(hr€n\151foz5 (gpg))(hrgl\lglf|v€| )dxé

(6.17)
o 2 o 2
< fQ llISIl\lglf (e (¢e) [ve]”) da < hlgn\lglf fQ a: (pe) [ve|” do

which yields
Fy (v) < liminf F; (v.)
eNO0

since the remaining terms are weakly lower semicontinuous in H'(Q).

This proves that (F:)_,, T-converges to Fp as ¢ \ 0 in U with respect to the weak H*(Q)
topology. In view of standard results for I'-convergence, see Theorem we see therefrom
that the limit point of (u.)_, is the unique minimizer of Fy, and thus uo minimizes Fy in
U. We find that the first order optimality conditions for the convex optimization problem
mingr Fo(u) are exactly given by the state equations . Thus, the minimizer ug € U
of Fy fulfills and hence ug = So (o).

Due to the I'-convergence result we have additionally lim.o F: (ue) = Fo(uo) and so

. 1 1
lim ['[Q §a5 (e) |u,5|2 + g |Vu5|2 dx] = fQ 504() (¢0) |u0|2 + g |Vu0|2 dz.

eN0

This gives us in view of (6.17)) and by using Lemma the convergences

. 1 1 .
lim [ Zac (o) fucl do= [ Sao(eo)luol doy  lim [ Ejvu do= [ Ejvul do

eNo0

and finally proves the statement of the lemma.
O

Remark 6.3. If we are in space dimension d =2 we can use that H*(Q) is imbedded in
LP (Q) for any 1 <p’ < oo. Hence we can replace (6.13)) for some 1< p < oo by

l/p’

— 2 — 1/ 2
Qe [2 XE%0n{p:<0} lipe = ol [v]* dz < Ca. [po - ‘PeHLf(Ew(m{%@}) H|'U| HLP’(Q)
where p’ = [%. Thus to conclude (6.15)) from (6.14)) it is sufficient to assume o, = 0(5—1/10)

for any pe (1,+00). And so the condition @, = o (5’2/3) claimed in Assumption|(A4) can
be weakened if d =2, see also Remark [2.]
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Sharp interface problem We will see in the next subsection, that minimizers of (j.)..,
converge under certain assumptions to a minimizer of the following sharp interface shape
and topology optimization problem:

min J (i, ) = [ f @u,Du) o+ oo (E¥) (6.18)
w,u
with

(307 u’) € q)gd x UQD

s.t.
/L/;ZVU-Vde:fo-'vda: VoeV?, (6.19)

Thus we minimize the objective functional given by Assumption and a multiple of
the perimeter of the fluid region in €2 to the objective functional. This ensures by the
compact imbedding BV () < L!(£2) a certain compactness property for the optimization
problem, which is in general useful for proving existence of a minimizer, compare also
discussion in [DZ01]. The constant v > 0 is a fixed, arbitrary variable which can be used
for weighting the perimeter term in the objective functional. The new appearing constant
co > 0 is due to technical reasons and depends only on the choice of the potential . It is

given by , ,
co = -[1 \/Z@b(x)dx:[l \/(1—x2)daz:g.

This constant appears in the I'-convergence of the Ginzburg-Landau energy to the perime-
ter functional, see also proof of Theorem [6.1} and details can be found for instance in
[BE91l, Mod8&7].

This sharp interface model can be seen as a generalization of perimeter penalized shape op-
timization problems to fluid dynamics, which is so far mainly used in structural topological
optimization, see also Part IV. It is more general than the existing models in topology and
shape optimization in fluid dynamics, see for instance [Evg05], [Evg06], [Sim91l, [PS10], since
the admissible domains are Caccioppoli sets, and thus in particular topological changes
are included in the optimization problem. In contrast to [BP03], the region outside the
fluid is here not modeled as a porous medium, but rather we really have zero permeability
and arrive therefrom in black-and-white solutions.

Recalling the definition of the admissible set for the sharp interface

<I>2d = {go € BV (Q,{£1}) | ][g;cpda: <B, U?+ @}
we notice that this set is closed in a certain sense:

Remark 6.4. Assume we have a sequence (¢ € P2y which converges to ¢ in L'(R)
and let (uy,) .y, ur € UPF, be bounded in H' () uniformly in k € N. Then there exists a
subsequence (which is denoted by the same) such that (uy,),.y converges weakly in H'(Q)
to some element w € HY(Q), and it follows directly w € U¥, which shows that U¥ # @.
This shows ¢ € <I>2d and yields that <I>2d 1s closed in a certain sense. But as already
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’;/__: < \A,\
[ e E¥ B
\;ﬁ

\\T- / /1/ #

Figure 5: Critical case with U¥ = &

mentioned, we have to use the radially unboundedness of the objective functional with
respect to the velocity in HI(Q), see . Otherwise, the critical situation illustrated in
Figure[J could occur as a limit case, and in this case it would hold U? = @.

We only can exclude this case by imposing a bound on the H'-norm of the solutions
to the state equations, and we do this here by assuming . As already discussed in
Remark [6.1], the state equations do not imply a bound on the solution independent of the
set E?, mainly due to the non-homogeneous boundary data.

In the analysis we use the radially unboundedness crucially in the fourth step of the proof

of Theorem [6.1]

Moreover we notice, that variations in <I>2 4 are possible, even though it is not a convex set.
Reasonable variations of some element ¢ € @2 4 are geometric variations, thus deformations
of the fluid region {¢ =1} by suitable transformations. This will be done in Section

6.2 Convergence of minimizers

The first step in showing that the phase field model gives a good approximation of the
sharp interface setting described above is to consider minimizers of (j:).., and show that
they converge, under certain assumptions, to a minimizer of the sharp interface model,
see Theorem

To be precise, we will see in this section, that minimizers of (j.)_.., converge in L'(Q) to
a minimizer of

jo: LY () =R, o (p)=Jo (v, So(¥))

where
Jo: LY(Q) x HY(Q) > R

is given by

z,u,Du) de +vyeoPo (E?) if ¢e® and u=S ,
JO(W)::{{ZOﬂ ) do +ycoPo (E9) if ¢ e @, o(9)

otherwise.
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Here S is the solution operator of the Stokes equations defined in Lemma [6.1
Due to Lemma and Assumption [(A5)| we see that Jy (¢, u) is well-defined.

Thus we can prove the main result of this section:

Theorem 6.1. Let (¢.).., be minimizers of (je)... Then there exists a subsequence of
(p2)oss Which is denoted by the same, and an element o € L' () such that

lin g = o[ 1) = 0- (6.20)
If it holds
lpe = Pl L1 ({zeripo(@)=1,0- (2)<0}) = O (€) (6.21)
then we obtain moreover
lim je (¢e) = Jjo (o) (6.22)

and @q is a minimizer of jo.

Remark 6.5. In particular, Theorem implies that if (6.21) is fulfilled, then the sharp
interface problem is well-posed in the sense, that there exists a least one minimizer of
(6.18)-(6.19). This has not been shown so far and is still an open problem for the general

shape optimization problem in fluid dynamics, compare also discussion in Section [6.4)

Proof. We split the proof into several parts:

e 1st step: Assume we have an arbitrary o € L'(€) chosen such that jo(p) < co. Then
we will start by approximating E¥ by smooth sets as follows:

We use the same idea as for example [Ste88, Theorem 1] uses as regularization
argument. Let (E}),. be the subsets of © approximating E¥ given by Lemma
which fulfill in particular 0E), n Q € C2. Then we define ¢y, := 2x g, — 1. Due to the
approximation properties in Lemma it follows that limy_,. Po (Eg) = Po (E¥)
and limy_.e [k — @[ 11(q) = 0 with the convergence rate

lox = @l gy = O (K7). (6.23)
Besides, Lemma [3.1] tells us that

|Eyl =|E?| Yk 1. (6.24)

e 2nd step: Let (), be the sequence approximating ¢ € L!(Q) given by the first
step. This means in particular 0E), nQ e C? for any k € N where Ej, = {¢} = 1}.

We will construct for every k large enough a recovery sequence ((’0?)90 c LY(Q)
converging to ¢, in L'(Q) as ¢ \ 0 such that
. € 2
lim sup (l |V<,0§‘ + 11/} (golg)) dz <yeoPo (Ek) (6.25)
eNo o\ 2 €
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Figure 6: Profile of recovery sequence (905)90

analog as it is done for example in [Ste88, p. 222 ff], [Mod87, Proposition 2] or
IBE9T], Proposition 3.11]. Thus we fix first of all k& > 1.

We define for € > 0 small enough the function g. : R - R by

_ e

1, 5< NG

ge (8) = sin(\/%g) |S|S6%
™
1 S>Eﬁ

and let

Pt (x) = g- (d ()
with d being the signed distance function to I' := 0E; n 0 (2 \ Ey), which means
d(x) =d(z,T) for x € B}, and d(x) = —d(z,T") otherwise.
Due to our assumptions, I' defines a C?-submanifold and thus the signed distance
function d to I is due to [KP81] a C%-function. This corresponds to the construction
used in [Ste88] adapted to the obstacle potential ¢ with ¥y(z) = % (1 - 2?).

To fulfill the integral constraint, it may be necessary to shift the profile by a constant
ne > 0. Here we choose 1, := 5% = O (e) to ensure ¥ (z) = -1 if p(x) < 0. Thus we
define

90’;(55) = ge (d(x) = n¢)

see Figure [6] Then we get pointwise g.(d(z) - 1) < ¢x(z) and so in particular
[anlg(x) dz < j;zgok(a:) dz €2 /g;godx < B9

which means, that the integral constraint is fulfilled for cplg .

Now we use calculations that can be found in more detail in [Mod87, [Ste88| BE91]
to obtain
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?\{% HSOIS - SOkHLl(Q) =0

and that (6.25) holds. Moreover, we get therefrom the following convergence rate:

l0F = k] 1y = O (2. (6.26)
@)

3rd step: Let ¢ € LY(Q) with jo() < co be chosen as in the first step. We will show
now that there exists a sequence (¢:)..q c L'(€2) converging to ¢ in L'(Q2) ase N 0
such that

limsup je (e) < jo () -
eNo0

To this end, let (¢),n be the sequence approximating ¢ given by the first step,
and for every k > 1 let (905)5»0 the sequences approximating ¢ as € \ 0 given by

the second step. Then we choose a diagonal sequence (gplgk) keN that converges to ¢
in L'(Q) and fulfills per construction

. VEE k12,7 k
limsup | (7 Vet |+ oY (%k)) dz < yeoPo (E¥)

which follows from (6.25) and limg_ . Po (Ex) = Po (E?). Besides, we conclude
from ([6.23]) and (6.26)) the following convergence rate

|2, - SOHLI(Q) =0(k).

We continue with defining u; = S, (gplg’k) and see that U¥ # @ since jo(p) < oo.
From Lemma we thus get (after possibly choosing a subsequence) that (wy)x
converges strongly in H'(Q) to u = So(¢) and it holds

lim o Qe (gofk) ug|* dz = fQ ag (@) [ul* dz = 0.

k—oo
Using the continuity of the objective functional we end up with

liglsupjak(sofk) <Jo(p)-

4th step: Next we will show that for any sequence (¢:)..o € L' (£2) converging to an
arbitrary element ¢ € L'() such that
lpe =@l L1 (fweip(@)=1,p. (2)<0p) = O (€) (6.27)

it holds
Jo(p) <liminf j. (p:).
eNo0

Without loss of generality we assume liminf. ¢ je(¢:) < oo and can therefore assume
e BV (Q,{£1}) and [, ¢ < B]Q2|. Moreover we denote u. = S-(¢:).
From Assumption [(A5)| and liminf.\ ¢ je(¢:) < oo we know that there exists a

subsequence, denoted by the same, such that (Hu6 | H1(Q)) o is bounded uniformly
£>
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in € > 0. So we obtain for a subsequence, which is still indexed by € > 0, that (u.)_.q
converges weakly in H'(Q) to some element w € H'(Q). Furthermore, we see that

lim inf j < 1"ff 2 dz < oo.
imin Je (pe) < 00 = imin Qoae(tpe)|u€| x < 00

At the same time we can assume that (after choosing a subsequence) (¢.).., and
(ue)..o converge pointwise almost everywhere in 2, and as a consequence we get
similar to (6.17)) with Fatou’s Lemma

/Q ao (@) [uf? dz < lirar{‘iglffﬂ e (¢2) Juel* dz < oo

and thus in particular w = 0 a.e. in Q N\ E¥ where we used lim.\ o ae (e (2)) =

oo (¢ (z)) a.e. in Q, which follows as in (6.8)-(6.9).

We have u. = S; (¢:), which gives us u. € U, and as a consequence u € U. Alto-
gether this implies u € U¥, and thus U¥ # @ together with jg (¢) < .

According to [Mod87, Proposition 1] we have, after rescaling in €,
.. €
vaoPo (B9) <timin [ (2 (ve.f+ 1o (o) da.
eN0 o\ 2 3

After those preparation, we choose a subsequence (je, (¢, )) ey Such that
kh_ﬁlo jek (Soak) = lirari‘iglfje (‘Pe) .

We will now apply Lemma to deduce the convergence of a subsequence of
(Uey ) gy in H 1(Q). For this purpose, we use in particular the convergence rate of
(e, ) ken Stated in (6.27). Thus, we obtain the existence of a subsequence (uek (l))
such that

leN

im een, - “HHI(Q) =0 fm o oa (%er) ‘“ﬁka)f dz =0

where u = Sy ().
Plugging these results together we end up with

jo (@) = /{; f(z,u,Du) dz +yc¢oPo (E?) < ]'iln_l)(i)?fjak(l) (%k(z)) =
= lim jo, (¢,) = liminf j. (oc)

and finish the fourth step.

o Sth step: We use the results of the previous steps to finally prove the statement.
First of all we see, that the existence of minimizers (¢.)..o € Paa 0f (Je)ooo With
Je (pe) < oo follows from Theorem
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Let now @, ¢ L'(Q) be the sequence constructed in the third step corresponding
to some arbitrary $ e <I>2 g (for instance we can take some element constructed in
Lemma[6.2]). Then, as we have shown, there exists a constant C' > 0 independent of
e such that

Je (§e) < C.
Since @ is a minimizer of j. for every € > 0 we deduce
Je (pe) < Je (P=) < C

and so we can conclude
f (—76 Vo> + Lo (%)) dz < C. (6.28)
o\ 2 €

Using the arguments of [Mod87, Proposition 3, case a)], compare also [Ste88, Propo-
sition 3, Remark (1.35)], we get from this uniform estimate that (¢¢)_.., has a sub-
sequence that converges in L'(£2) to an element g € L' ().

e>0

For the next step we assume that the sequence of minimizers ()., fulfills addi-

tionally (6.21). Then we see by the fourth step of this proof, that

e>0

Jo (¢o) < liminf j. (o¢) . (6.29)
eNo

Taking another arbitrary admissible ¢ € L'(Q), jo(p) < oo, we find again by the
third step of this proof, that there exists a sequence ()., C L'(Q) converging in
LY(9) to ¢ as & \ 0 such that

limsup je (&) < Jjo () -

eNo

And thus, by the minimizing property of ¢. and (6.29)), we end up with

Jo (o) < liminf j. (pe) < limsglpja (@:) < jo(p) (6.30)
€ £\

which implies
jo (o) <jo () VepeL'().

And thus g minimizes jo. It remains to prove (6.22). But for this purpose we
choose ¢ = g in the previous considerations and obtain then from (6.30]) that

jo (o) < liminf j. (pe) < limsg)lpjg (@:) < Jo (wo) (6.31)
€ £\

and thus
lim je (906) = Jo ((PO) .
eNo0

This finally proves the statement of the theorem.
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Remark 6.6. In [Mod87, [Ste88, [BE9]] the integral constraint reads [ ¢ = B|Q), instead
of requiring fo, ¢ dx < B|Q. The consequence is, that in this case 1. is to be chosen between

[0, 5—’;] in the second step of the proof of Theorem and then the same result could be
established.

This shows that our phase field problem, which was introduced and discussed in Section 5]
is an approximation of the sharp interface model — describing topology opti-
mization in a Stokes flow in the sense, that minimizers of the phase field problem converge
under certain assumptions to a minimizer of the sharp interface problem. In this situation,
we then obtain as a consequence existence of a minimizer of —. In Section
we will discuss whether we can expect to obtain a stronger result. In particular we will
discuss condition and the general well-posedness of the sharp interface problem.
But before starting this discussion, we will restrict in the next subsection to a special
choice for the objective functional, namely the total potential power. We will find, that
in this case we can even prove that the reduced objective functionals I'-converge and we
can drop the growth condition on the minimizers.
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6.3 Minimizing the total potential power

Now we want to restrict to the special case of
f (2., Du) = £ Duf* - f(2) - u (6.32)

thus we minimize the total potential power, see also Example Remark that in this

setting (5.1)) — (5.2)) is equivalent to

1
L 50 [ e St e
e 9 o
e d —f d
*5 fQIWI T+ Q1#(@) r

since the state equations correspond then exactly to the necessary and sufficient
first order optimality conditions for the convex minimization problem mingy J: (¢, -).
Nevertheless, we want to stick to our notation and consider the reduced objective func-
tional. Using this specific objective functional, we can generalise the result of Theorem
inasmuch as we can even prove that (j.).., I'-converges in L'(Q) to jo.

(6.33)

e>0
Theorem 6.2. Assume the objective functional is given by (6.32)). Then the reduced
objective functionals (je)..o I'-converge in LY(Q) to jo as e ~ 0.

And as consequence we obtain directly the following results:

Corollary 6.1. Assume the objective functional is given by (6.32)) and that (pe). are
minimizers of (je).so- Then there exists a subsequence of () which is denoted by the
same, and an element pg € L' (), such that

e>0’

lim floe = ol i) =0, limje (pe) = Jo (o)
and moreover g is a minimizer of jg.

Remark 6.7. We remark that for this objective functional, we obtain in particular the ex-
istence of a minimizer of the sharp interface problem (6.18))-(6.19) without any additional

assumption.
We start by proving that Corollary [6.1]is a direct consequence of Theorem

Proof of Corollary[6.1. We can use the same compactness result as we have established
in the 5th step of the proof of Theorem to deduce the existence of a subsequence of
(pe).s that converges in L'(2). After that, we obtain by the I'-convergence result of
Theorem [6.2] and standard results on I'-convergence, compare Theorem [3.3] directly the
statement of the Corollary. O

Now we proof the stated theorem:

Proof of Theorem[6.3. Again we want to split the proof into two steps, namely we first
prove the existence of a recovery sequence and show afterwards the lower semicontinuity

property.
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e Ist step: Assume we have an arbitrary ¢ € L'() such that jy () < co. Then we
can follow the arguments of the third step in the proof of Theorem to obtain a
sequence (¢¢)..q < L'(Q) such that

lim sup j: (<) = Jo () .
eNo0

e 2nd step: Next take an arbitrary sequence (¢.)_. ¢ L' () converging to an element

@ e LY(Q). We want to show, that

e>0

Jo (‘P) < liminf j. (‘Pe) .
eN0

This is the crucial difference to Theorem Since we do not assume any additional
conditions on the sequence (¢ ).,, we cannot apply Lemma

But by the same method as in the fourth step of the proof of Theorem we find
that we may assume without loss of generality liminf.\ ¢ jc (¢z) < 0o, and thus we
find that (ug).., is uniformly bounded in H'(Q), where we denote u. = S. (¢).
By [Mod87, Proposition 1] we see that

€
veoPa (E7) < liminf f (l Ve |* + 111} (905)) dz.
ex0 Ja\ 2 €
Now we choose a subsequence (Je, (¢¢,))n Stuch that
klinolo Jer (Per,) = hg{}glfje () -
Since (uc)..q are uniformly bounded in H'(Q) we find that there exists a subse-

quence (ugk(l) )ldN of (ue, ), that converges weakly in H'(£2) to some limit element
u € U. As we find by Fatou’s lemma that

fQ a0 () [ul? dz < n%lffﬂ ae (02) [uel? dz < oo (6.34)

we obtain moreover u € U¥.

Denoting ug = S () we see
. K 2
U = argmin, .gye fﬂ 5 |Vo|” - f-vdx

and moreover, by the weak convergence of (usk(l)) oy TOwE U? and making use of

(6.34),

I 2 .. 2 U 2
]S; 9 [Vul” - f-udzr < hlrgglf [/Q Qepy (‘pﬁk(z)) ‘uak(l)‘ + 9 ‘Vusk(l)‘ -f- ey dx]
and thus

/Qg|Vuo|2—f-u0dx£_[Qg|Vu|2—f~ud:v£

.. 2 2
< liminf [/Q Qe (‘Pfk(n) |Iu’5k(l)‘ + g ‘Vuek(l)‘ -f- Ue,, () dx] :

[—o0
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Plugging those results together we find

. K 2 R
Jo () = /Q 5 [Vuol” = f - ugdz + yeo Po (E¥) < liminf je,, (Perey) =
= kh—glo Jew (Sosk) = ligl\iglfje ()
and can thus finish the second step.

In particular, this shows the statement of the theorem. O
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6.4 Further discussions on possible generalizations

In Theorem we had to make an assumption on the convergence rate with respect to
e >0 of the converging subsequence of the sequence of minimizers of (jc)..,- We want to
discuss now what happens for a general converging subsequence of minimizers, denoted by
(¢e) .50, converging to some limit element ¢g. Then, following the arguments of Theorem
6.1}, we still obtain that (w.)_.,, where u. := S, (¢.), converges weakly in H'(Q) to some
limit element w € U%° and

e>0

Jo (¢o,w) <liminf J. (e, ue) .
eNo

To deduce therefrom, that jo(pg) < liminfeygje (¢c), we still have to show, that u =
So (o). But with regard to the stated convergence results and the state equations cor-
responding to u. we only obtain

A(v)+fQVu-Vvd:r=[Qf-’udx VoeV

where A € V' is given by A(v) := lime\o [, @ (@) ue - vdz for all v € V. To show that
u = Sp(pp) it thus remains to show, that A(v) =0 for all v e V¥,

To get at least an impression of what A might be, we assume for simplicity for the following
discussion that the state equations are given by the Laplace equation instead of the Stokes
system and assume homogeneous boundary data. Thus u. € H é(Q) is assumed to solve

/Qaa(%)ug-vdmfﬂvua-vvdx:fﬂf-vda: Vo e HY(Q). (6.35)

Besides, we still assume that u. converges weakly in H'(Q) to some element u ¢ H}(£)
and deduce moreover from sup,.q [ o (¢-) luc|* dz < oo as in Theorem that w =0
a.e. in {po=-1}. Besides, we can prove as in - that we have the pointwise
convergence limg o (¢:) = ap (¢o)-

_1
2

Applying the idea of [Grilll, Section 2.3.1], we define uf := (|u£|2 + I{',)
is an arbitrary constant and notice, that u” € H'(€). Then we insert v = u” as a test
function into (6.35)) and obtain

u., where k > 0

K K KR K
Jyoc e utaes [ el —— o= [ foutde<|flpo ul g
(Jue|® + K)?  ——
<1

>0
(6.36)

wherefrom we obtain that

sup | e () ue - ul dz < oo.
g,k>0 S

Since moreover |uf| =) < 1, we obtain that there exists a subsequence of (uf),.,
denoted by the same, that converges weakly-* in L*(£2) as £ \ 0. As the limit element
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coincides with the pointwise limit, we deduce that (uf),.., converges weakly-+ in L*(£2)

to
Ue :
Osp o |l if u. #0,
0, else

as £ N 0. And so we find:
sup [ ac (@e) [ue| do = sup lim [ ae (@e) ue - ul dz < oo. (6.37)
e>0 JQ >0 kN0 JO

Now we define the measures m. € M(2) by

me (F) = fFOés (e) |ue| dz

where M () is the space of Radon measures, cf. [AFP00, Definition 1.40]. Then we can
deduce from and the weak-* compactness cirterion for finite Radon measures given
by [AFP00, Theorem 1.59] that there exists a subsequence, which will be denoted by the
same, which converges weakly-+ in the space M(2) to a Radon measure mg € M(Q),
which means

lim [ o (@) fucl¢Cdo=lim [ Cdm. =lim [ Camo V(e Co(@).

Now we apply Egorov’s theorem, see for instance [AFP00, Theorem 1.34], to find from
the pointwise convergence of a. (p-) u. to zero that there exists for all 7 > 0 some open
subset E; c § such that (o (¢:)ue).. converges uniformly on E. to zero. Using the
lower semicontinuity of M() > v~ |v|(A) for any open set A with respect to the weak-x*
convergence of Radon measures, cf. [AFP00, Corollary 1.60], we can deduce from

li E;)= v
sl\r.%me( )=0 V7>0

that
mo (E;) <liminfm. (E;) =0
eNo0

and thus mg (E;) = 0. Using finally the o-additivity of the measure mgy we arrive in
mo (U ET) < Zmo (ET) =0.
T T

Now we define E%0 := U, E, nint (E¥°), which differs from another representative of E#°
only by a set of zero £%measure. Then we find

mo (vao) =0.

Using the weak-#-convergence of (m.)_,, in M(£) we can deduce from this

Sfﬂag (02) ue| [v] dx:fgm dmae—\o>/§;|v| dmg =

= f~ |lv| dmg =0
E¥®0

‘/Qozg (pe) ue - vdx

67



PART I: STOKES FLOW

which holds for any v € C (2) with v|(, ze, = 0. This yields

lim Qozg(gag)ug-'vdac:o Vv e Cy(Q),v]g e = 0.

eN0

Thus, we can deduce from the state equation (6.35) that the weak H{(Q) limit w of
(ue ), fulfills the following equation

fQVu-Vde:fo-vdx Vv e Hy(Q) nCo (), vl g = 0. (6.38)

As E¥0 is an open set, we can define as usual H é (E“’O) as the closure of C§° (E‘PO) with
respect to the H'(Q)-norm. Denoting by eg : C§° (E“"O) - C{° (2) the extension by zero,
we then see that we can extend ey uniquely to H} (E‘po). Then we define as in [DZ0]]

the following space
H{(E%0,Q) = e (Hy (E?)).

Using this notation, we obtain from (6.38)) that it holds
fQVu.Vvda::fo-vdx Vv e H) (E%,Q). (6.39)

We recall, that the state equation in our sharp interface formulation would require that the
preceeding identity holds for all v € {'v eH}(Q)|v=0a.e. in Q~ E“"O}, but in general
we have the strict inclusion

H} (E‘po,ﬂ) ¢{veH)(Q)|v=0ae in Q\E*}

even though E¥° is a representative of E¥0. More precisely, we obtain from [DZ01,
Theorem 6.2, Chapter 8] that

H{(E*,Q)={veH{(Q)|v=0qe in Q\E"}.

Here, g = 0 q.e. (quasi-everywhere) in 2\ E¥0 means that the set {z € Q\ E¥° | g(z) # 0}
has capacity zero. The notion of capacity and some of its properties are briefly discussed
below.

Thus we obtain for this setting, that w € H} (Q) fulfills = 0 a.e. in Q\ E¥° and besides

/dem0+/S;Vu-Vvdx:/Qf-'vdw Vo e H) (Q) (6.40)

where mg|geo is a Radon measure which is singular to the d-dimensional Lebesgue mea-
sure.

Phenomena like this have already been observed in literature when considering the pure
shape optimization problem in the sharp interface formulation. We want to illustrate
this on the classical example of periodically perforated domains with suitable critical size
described in [CM82, Example 2.9] in the slightly modified version of [DMMS87]. For this
purpose, let d = 2 and €2 is the ball around zero with radius 2. We define for a given
constant ¢ > (0 and any n € N the sets

F,:=|JF;
€N

ISES
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Bt F}

Figure 7: Sketch of F! for some fixed n

(o3 o)

see Figure [7] for a sketch of those sets.

where

FfL::{xERd|

In particular we define E,, := Q) \ F},, which is then the set in which we want to solve our
state equation. We see that

Po(Eyp) =) 2mexp
i=1

= 0
~1+expn ’

( i Wn) 2mexp ¢ posoo
c

and

mexp (-2m/c) n-oo

Ixe - xg, ”Ll(Q) =U i ldx = 0. (6.41)

ieN J B, ~1+exp¥n

It was shown in [DMMBS7, Example 2.2] that for given g € H'(2) solutions of the Dirichlet
problem

—Awn =0 in E’ru
wy =g on 012,
wy, =0 on 0E, N,

converge weakly in H'(Q2) to some w € H(Q2). Moreover, the limit element w ¢ H' ()
is given as the weak solution of

vw-Aw=0 in Q,

w=g on 012,
in the following sense: w € H'(Q) n L*(Q,v), w—g € H)(Q) and

fﬂ'w-vderfQV'w'V'vdx:O Vv e Hy(Q)n L*(Q,v).
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Here we denote by LQ(Q, v) the Lebesgue space of order two with respect to the measure
v, which is defined by

V(F) = / Az, Fg={z1€(0,1) | (21,0) ¢ F}.
FS 1

Here we find again, that v is a measure, which is singular to the two-dimensional Lebesgue

measure. Defining now

Q =0~ {(J}l,O) | X1 € (0, 1)}

we find directly, using the notation introduced above, that

fQVw-wdx:o Vwe H) (Q,9)

thus the test functions here have in particular zero boundary conditions on the positive
x-axis. We observe, that this is a comparable situation to the state equations that we
obtained as a limit system using the phase field approximation, see (6.39)) and ([6.40]).

In the example of perforated holes described above, we obtain that the limit function
solves not the Laplace equation, but the Laplace equation is disturbed by a measure
which has support on a set with zero Lebesgue measure, but with positive capacity. For
compact sets K c € the (harmonic) capacity of K with respect to 2 is given by

capo(K) = inf{fﬂ D¢ dar | € € C2°(Q),¢ 2 1 on K}

This definition can be extended to arbitrary sets, see for instance [EG92]. We say that a
set E c RY has zero capacity if capo(E n Q) =0, and we say that a property holds quasi
everywhere (q.e.) in E if it holds for all x € E except for a subset of F with capacity
zero. We do not want to go into detail to capacity theory and refer the reader for instance
to [EG92, DMMS&7, BDM93| for further discussions on this topic. We just remark that
zero capacity implies that the set also has Lebesgue measure zero, but this does not hold
true conversely. Thus describing sets up to zero capacity gives in general more informa-
tion, and actually the measures that appear as perturbance of the Dirichlet problems in
shape optimization can be shown to vanish on every set of zero capacity, see for instance
[BDMO1] and references therein.

We have to remark that a behaviour as described above leads to problems concerning
the analysis of the sharp interface formulation of the shape optimization problem —
(6.19). Thus even the existence of a minimizer in this general setting is still an open
problem, compare also discussion in [BG04]. Even for the Laplace equation with Dirich-
let boundary conditions there are still open questions concerning well-posedness of the
shape optimization problem in a general setting as described in —. We refer
for instance to [BZ95], where the existence of optimal shapes for certain objective func-
tionals with an elliptic system as a constraint has been shown in the class of subsets
fulfilling a capacitary constraint called (r,¢) capacity density condition. In [BDM93| the
shape optimization problem is solved in the class of quasi open sets, but in particular
a monotonicity with respect to set inclusions for the objective functional has to be as-
sumed. Even for shape optimization problems with a perimeter constraint there are to
the author’s knowledge so far only results under restrictions on the objective functional,
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such as being decreasing with respect to set inclusions, see for instance [BBH09]. In our
setting, the natural objective functional fulfilling a certain monotonicity property is the
total potential power which is considered in Section And in this setting, as shown in
Section [6.3] we actually can generalize the result of Theorem [6.1

One possibility to overcome the problem of ill-posed formulations is the introduction of a
relaxed formulation. This has been done for instance in [BDM91] where the problem of
solving

min fo (z,ua(x)) deo

Ac,A open
sit. ua e H(A), -Aup=fin A
is, roughly speaking, replaced by

min /Qf(a:,uy(x)) dz

l/EM()(Q)

st uy € Hy(Q)n L2(Q,v), wuyv—-Au, = f in (Hy(Q)n L*(Q,v))’

where M (2) here denotes the set of all nonnegative Borel measures on € that vanish
on sets with capacity zero. Then the problem is well-posed, and if the original problem
has a solution, there is a correspondence to a measure which is then also a solution of the
relaxed problem.

Now all of those results mentioned above have one main ingredient in common: they
all make essential use of elements from capacity theory. As discussed above, even with
our approach we could end up with state equations that need capacitary quantities to
be described correctly. But by the formulation — we only control our admis-
sible sets up to sets of Lebesgue measure zero, whereas we cannot control sets with zero
Lebesgue measure but positive capacity. Thus it seems like a possible extension of our
results have to involve elements from capacity theory. But it is not clear how to couple
the Caccioppoli setting or even the phase field formulation to relaxations as in [BDM9I]
or capacitary constraints as in [BZ95].

Additionally, even though we have to make a certain assumption to get the desired re-
sults, this may not always be too restrictive. We will always obtain that the sequence
of minimizers (¢.),.,, of the phase field problems has a subsequence that converges in
LY(Q) to some limit element g € L'(R2). Then we have to assume in general that this
convergence takes place at a certain rate depending on € > 0, in particular we need for an
arbitrary objective functional additionally

[0= =0l L1 ({eatpo(@)=1,0. (2)<0}) = O () -

But this convergence rate actually is a natural one, as the so called “optimal profiles”,
which are used as recovery sequences for proving I'-convergence of the Ginzburg-Landau
energy and can also be found in the proof of Theorem [6.1} fulfill this convergence rate, q.v.
Theorem [6.1] Moreover, comparable convergence rates can often be observed in numerical
simulations, more precisely the thickness of the interface behaves as O(¢).
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7 Optimality conditions for the phase field model

We come back to discuss the phase field model - . Therefore, we choose again
some arbitrary ¢ > 0. For this section assume that ¢. € ®,q is a fixed minimizer of
- , which exists due to Theorem Furthermore, let us denote by u. =S¢ (¢¢)
the solution to the penalized Stokes equation corresponding to .. The aim will be
to derive first order necessary optimality conditions for - which are fulfilled in
Pe-

To this end, we start by deriving the “classical” variational inequality in the adjoint for-
mulation in Section since the phase field model stated in the form - can be
considered as an optimal control problem. For a fuller treatment of the general theory of
optimal control problems we refer for instance to [Tr609]. But then we also consider geo-
metric variations, thus variations of the region filled with fluid by suitable transformations,
since this will also be the approach for deriving optimality conditions in the sharp inter-
face model and we want to compare later on both optimality systems, see Sections[§and [0

Throughout this section we state additionally Assumptions[(A6)|and[(A7)] which ensure
differentiability of the objective functional and enough regularity on the external force
term.

7.1 Variational inequality

As already mentioned above, we will start by considering (5.1)) — (5.2]) as a classical opti-
mal control problem and derive optimality conditions by varying ¢ in ®,4 to arrive in a
variational inequality.

Therefore, we first of all show a kind of Lipschitz continuity of the solution operator S.:

Lemma 7.1. Assume that u. = S (p:) solves (5.2) for the fixred minimizer pe € ®yq.
Then there exists some L =L(, g, f,ae, 1) >0 such that

[Vu = Vue| g2y S Lo = @el 1= (o) Vip € Boq,u = S:(p).

Proof. We choose some ¢ € ®,4 and denote u = S.(¢). Subtracting (5.2)) corresponding
to ue from ([5.2)) corresponding to u and testing with v := u —u. € V yields

(0= (9) v — e (¢e) Ue, V) p2(g) + 1 (VV, VV) 12() = 0
and so we have
v Hi}(g) = —(ac () u - ac (¢e) ue, 'U)L2(Q) : (7.1)
Since a, is twice continuously differentiable, we can use the Taylor expansion pointwise

almost everywhere to conclude that there exists for almost every x € 2 some £, between
¢e (z) and ¢ (z) such that

e (= () = e (9 (2)) + (i (2) (2 (&) ~ 9 (2) + 2 (€) (2 (2) = o ().
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7 OPTIMALITY CONDITIONS FOR THE PHASE FIELD MODEL

Inserting this into (7.1]) we get

% ||Vv”2L?(Q) <= (a: (p)v, 'U)LQ(Q) +(O‘; () (pe — @) e, 'U)LQ(Q)'|r
——

<0 [|<C
1 (7.2)
+ (50[.:.‘, (6:2) (SOE - SO)Q uEa'U)LZ(Q).
—_—
[|<C

In the next step we use Hélder’s inequality and the boundedness of |uc| 2y by some
constant only depending on ¢, 2 and the given data, which is given for example by using

(5.4), and arrive in

IVol32i0) < C (19 - Pellpmqay + 19 = elim(ey) 10 20y -
Due to v € H} () we can use Poincaré’s inequality to conclude
H HV’U”?}(Q) <Clp=@el poo ) VU 20y
where we made use of the pointwise constraints |p| < 1, |¢| < 1. This gives

|Vu = Vue| g2y = Vol g2q) < Clle = @el Lo (@)

and proves the statement.
O

As we know that . € ®,4 is a minimizer of j. and ®,4 is a convex set we see that it holds

Je (pe) <je(pe+t (=) Voe®uq, 0<t <1,
This leads to first order optimality conditions for (5.1) — (5.2]) in form of a variational

inequality, which are standard for optimal control problems, see [Tr609], if S; is differen-
tiable at . in direction (¢ — ¢¢). The remainder of this subsection will be devoted to the
derivation of the exact formulation of this first order optimality conditions with the help
of an adjoint variable.

We start these considerations by differentiating the solution operator S.:

Lemma 7.2. Let ¢ € ®,q. Then the directional derivative

at|t=0‘5'€ (pe+t(p =) =DSc () (p—pe) =ueV

erists in Hl(Q), 1s well-defined, and is given as the unique weak solution to

ol (¢e) (¢ = @e) ue + ac (p=) u — ppAu+Vp = 0 in 2, (7.3a)

divu =0 in Q, (7.3Db)

u=0 on 09, (7.3¢)

where w. = Sc(pe). Here we denote by Oli=08:(pe+t(p—ps)) =

limy 0 50 % (Se(pe+t(p—we))—Se(pe)) the one-sided directional derivative.
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PART I: STOKES FLOW

Proof. We split the proof into several steps:

e 1st step: We show that there exists a unique weak solution of ([7.3]).
For this purpose, we define the bilinear form a¢: V' xV - R as follows

a(u,v) :=/Qag(goe)u-vdx+u[QVu'Vvdaz.

This bilinear form is due to Poincaré’s inequality coercive and continuous on VxV ¢
H}(Q) x H}(Q), since o > 0.

Applying Lax-Milgram’s theorem [A.2] we can deduce existence and uniqueness of a
solution u € V for the following equation:

a(u,v) = (_O‘; (@s)(@‘@e)ueaU)Lz(Q) VveV

which fulfills moreover the following a priori estimate:

1
”u”Hl(Q) S c HO‘; (p2) (¢ — =) ue HLQ(Q)
with ¢ = ¢(p, Q). From (5.4) this can be estimated by
”u”Hl(ﬂ) SC(Q7M7a6)gyf)' (74)

e 2nd step: We now show that DS (¢:) (¢ — @e) = Oft=0S: (e +t (0 — @) is well-
defined and given by (7.3)).

Let us first consider the mapping H' (Q) 3 ¢ = ac (¢) € L3(Q) as a Nemytskii
operator. Therefore, we extend . : [-1,1] = [0,a.] to a continuous differentiable
function defined on R such that ag,al € L*(R). In order to show that this operator
is Fréchet differentiable we want to apply the statements of [AZ90] and note that,
since o and o are uniformly bounded,

L) shmal(p)he LS (Q)

is a well-defined operator from H' (Q) ¢ L% (Q) to L8 (Q) for every p € H! (). And
so the results from [AZ90] give that . defines a Fréchet differentiable Nemytskii
operator as a mapping from H' (Q) into L3 (). This yields for arbitrary o € H! (Q)
the existence of some r, such that

(e (SOE +1 (‘10 - ‘Ps)) = Q¢ (‘PE) + tOz; (905) (‘P - 905) + Ta (t)
To (¢ 7.5
t\0 t

We introduce for fixed ¢ € ®,4 and ¢ € (0,1) the notation
U =8 (pe+t(p—9c)),  ue=8Sc:(p2)

and )
U ::Z(ﬁt—ug)—ueV
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7 OPTIMALITY CONDITIONS FOR THE PHASE FIELD MODEL

where u denotes the solution of ((7.3)).

From (|5.4) we arrive in
HﬂtHHl(Q) SC(Q,,u,g,f,aa) (76)

We are reduced to proving |u| mi(@) ~ 0 for t \ 0 for establishing the statement
of the lemma.
Therefore, we use ([7.5)) to conclude

s (e +t(p—02)) U —ae () ue | = al (@) (9 = ) ue — e () u =

=ae(pe)+al(pe)t(p=pe)+ra(t)

u = To (T) <
= ae () e + o (9e) (0 = @) 1y + o (9c) (0 = @) tu + at( a,

and deduce that u; fulfills
_/Q()4E (gpg)ﬁt-'era; (ve) (gp—gpg)tﬁt~vdx+,ufgvﬁt'vvdx=

ro(l) -
:L—a;(wg)(¢—¢a)tu-v— t( )ut"vdx

(7.7)

for all v € V. Considering

() =~ (o) (¢ = o) tu = 10 () T e HH(9)

we will show in the next step that |h(t)]g-1(q) > 0 as ¢ ~ 0. For this reason we
use that ||u||L2(Q) is bounded by a constant ¢ = ¢ (£, u, e, g), see (7.4]), which gives

t\O
o (02) (0 = 0e) tull g2 ) < Clil [l 2y < 1t} = 0. (7.8)

In view of (7.5) and the uniform boundedness of |[@;| g1 g, which is given by (7.6)),

we can estimate

To () - Ira (O3 | - Ira ()l 23y , -
— < f() ||| oy < Ct—() || g1 @y <
L2(Q) ‘ | | |H1(Q) (7 9)
I7a (t)”Iﬁ(Q) N0
B [t i1 (o) '
Altogether this implies
t\O

Now we use Poincaré’s inequality for @; € H}(Q) to deduce from Lemma the
following estimate:
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~ 12 = 12 = 12
/Q al (9 = @)t do < c(oz) |t [T 2 () < oz, Q) [ [ VB 72 (g <

2
1 _
< c(an, D) ] (sz @), * IIVullmm) <

1

2
< c(ae, Q) |t] (L|t| lo = el oo () It + HVU\L%Q))

and hence we obtain

lim
N0

ané(w—ws)tlﬂtIQ dx‘ =0. (7.11)
Testing ([7.7)) with @, € V' yields
[ e (e P + ol (02) (o = o 1 + 119 20y = (1), T -1

and from that
p HvatHiQ(Q) < (h(8),8e) g1y — /;2 ol () (¢ = o) | da.

Thus, by (7.10)), (7.11)) and Young’s inequality

i [ V& g2 () = 0
which gives with Poincaré’s inequality

lim ||| g1, () = 0-

This finishes the second step and completes the proof of the lemma.
O

Remark 7.1. Let &, : R —» [0, + 0], with 0 < J < CLP’ be an extension of a.:[-1,1] -
[0,@.] such that @. € C*(R). Here Cp = Cp(Q) is the constant from the Poincaré
inequality, thus it is chosen such that

HUH??(Q) <Cp HVUHiZ(Q) Vu e Hg(Q).

Then we can extend the solution operator Se : ®qq — U, defined in Lemma to S, :
LS(Q) - U such that §5|5ad = S.. Moreover, one can show by an application of the
implicit function theorem, wusing similar arguments as in [Hecll, Section 5], see also
[Tr609)], that S. is Fréchet differentiable, and DS, (pe) (¢ — @) = DS- (@) (¢ - ) for
all p, @, € Dy

As a consequence, we obtain that the reduced objective functional j. : ®aq - R can be
extended to a Fréchet differentiable functional j. : H'(Q) - R.
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7 OPTIMALITY CONDITIONS FOR THE PHASE FIELD MODEL

After proving the existence of directional derivatives of the solution operator, we can
derive first order optimality conditions for the optimal control problem, which is given in
its reduced form by

min j:(¢). (7.12)
PP

As . € ®,4 is chosen as global minimizer of the reduced objective functional j. we find
due to the convexity of the admissible set ®,4 for any ¢ € ®,4 and any ¢ € [0,1]:

Je () < (e +t(p—pe)).
Using the differentiability result for S.; of Lemma we can deduce therefrom

Dje (pe) (b =) 20 Ve Pyq. (7.13)

Denoting u. = S: (p-) and u=DS. (¢:) (¢ — p-) we can apply chain rule to calculate

. 1r,
Dj (¢) (9= = 5 [ al(eo) (e= gl do+ [ ac(p)u-uodos
N fQ Do) f (2, uz, Du.) (u, Du) da+ (7.14)
+'75_/QV<P5'V(30_808) d:r+gfﬂw’(soa)(so—soe) d.

To rewrite this expression into a more convenient variational inequality we define an
adjoint equation. For this purpose we introduce the Lagrangian £. and calculate formally
to deduce the adjoint system. On more details about the Lagrangian ansatz we refer to
[Tr609], where this approach is further discussed. Thus, we define the Lagrangian

Le:PuxUxV >R
by

Lo(pou.q) =T (pu) = [ (e () u=phu+Vp-£)-qda.

The variational inequality is then formally derived by

1
DyLe (0ot g) (9= 02) = 5 [ ol () (p= ) fucl do+qe [ Vo 9 (- g0) dos
1/ ! - dz—
2 [ 45(0) (p-po) da

—fgaé(soe)(so—soa)ue-qadwzo Voedy

and the adjoint equation can be deduced by

Dy L (¢, ue,q.) (u) = ]Qas (pe) e -udr + fQD(Q,{S)f (2, ue, Duc) (u, Du) do-

—fQozg(gos)u-qux—[Q—uAu-qux:O VueV.

=[q —pu-Aq, dx
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This implies the following adjoint system:

e (e) g, — uAq, + Ve = a: (pe) ue + Dy f (-, ue, Du,) in Q, (7.15a)
divg, =0 in Q, (7.15Db)
q.=0 on 0f). (7.15¢)

As the calculations above are only formally, we come now in the next lemma and theorem
to proving its validity. We start by showing that the adjoint system, stated in the form

of (7.15)), is well-posed.
Lemma 7.3. There exists a unique q, € V' such that (7.15) is fulfilled in the following

weak formulation:

fﬂas(we)qg-vdwwaqu-de=fros(%)ua-vdm

+ [QD(273)f (z,ue,Du;) (v,Dv) dz VveV
(7.16)

where . € L*(Q) fulfills (7.15a]) in the distributional sense and is unique up to a constant.

Proof. Existence and uniqueness of a solution for (7.16]) follows as in Lemma by
applying Lax-Milgram’s theorem m Besides, the pressure 7. € L?(Q), which won’t play
an important role in the following, is given by Lemma [4.4 O

We can transform the variational inequality now into an adjoint formulation. After addi-
tionally introducing a Lagrange multiplier for the integral constraint we end up with the

following optimality system for ([5.1)) — (5.2)):
Theorem 7.1. The following optimality system is fulfilled for any minimizer (pe,u:) of

G0 -E2:

1
(_04,5 () |Us|2 + 11% (pe) - O‘,,e () Ue-q. + Aey 0 — 905) +
2 e L2(9) (7.17)

+(7€V¢67V(@_@6))L2(Q) >0 VQOEEad,

Qe (905) U — pAu. +Vpe = f mn €,
divu:, =0 mn €,
U: =g on 011,
e (9e) g, — pAq, + Ve = az (pe) ue + Dy f (,ue, Due)  in Q,
divg, =0 in Q, (7.18)
qg.=0 on 0f2,

)\E(fﬂaped:z:—ﬁ\Q\):O, A >0,

’/nggdasgmm7 los| <1 a.e. in Q,
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7 OPTIMALITY CONDITIONS FOR THE PHASE FIELD MODEL

where \: € R* denotes a Lagrange multiplier for the integral constraint.
Here, u. € U and q. € V' are weak solutions of the state equations and adjoint system,
respectively.

Proof. We start by showing the existence of a Lagrange multiplier A\. € R* for the integral
constraint [, - dz < 8]Q|. Therefore we want to use the results of [KZ79] and rewrite
therefore our problem as follows: using the notation of [KZ79] we introduce

C={peH(Q)||p|<lae inQ}, g(p) ==—stodw+B|Q|7

K=R'Y=R,X=H'(Q)nL®(Q)

and see, in the notation of [KZ79|,

Clee) ={A(p-9) [A20,peC},
Ko@) = k=2 (= [ oedaspiol) ker 2> 0},

g (pe)p=- fQ @dr.

We show that ¢, is a regular point in the sense of [KZ79], which means it has to hold

9 (p)C(pe) = K(g(pe)) =Y. (7.19)

This is in our setting equivalent to

{—Alfﬂap—%)—[k—Ag(—fQ%dmmm)]|A120,A2zo,keR+,¢ec}:R.

If it holds [, ¢.dx < 8], we see that

{—kz+)\2(—fﬂ<pgdx+5]m)]k,)\ge]R*}:R’HR*:R

and (7.19) follows directly. For the case [, . da = §]Q| we choose for instance ¢ = -1 ¢ C
and see

{—Alﬁwdx—kul,kew}zk

to deduce . Our goal is to apply [KZ79, Theorem 3.1]. We notice, that in this
work the objective functional, in our case j., is assumed to be Fréchet differentiable. But
essentially, when having a look into the details of the proof of [KZ79, Theorem 3.1], it will
turn out that this is not necessary for our special situation. The first utilization of the
Fréchet differentiability of the objective functional in the proof of [KZ79, Theorem 3.1] is
when deducing that it holds

Dje(pe)p 20 Vo eT(Pua, pe) (7.20)

where .
Y~ Pe

n

T((I)ada (105) = {(10 € (bad | Y= 7}1_{120 ;Tn 0, (,Dn € (I)ad}
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is the sequential tangent cone on the admissible set ®,4 in ¢.. Choosing an arbitrary

@ =limy, 00 ‘pn[% € T(Pyq, pe) we know due to (7.13)) that it holds

Dje () (0" =) 20 V" e Pyq

which yields

, NN n
Dje (pe) ¢ = lim =Dy (¢e) (¢" = pe) 20

and we thus can conclude ((7.20). In the remaining considerations of the proof of [KZ79l
Theorem 3.1], the only derivatives of j. that appear are of the form

Dje (e) ¢, @ € O(pe).

Due to the definition of the convex cone C(y.), those derivatives are according to
Lemma well-defined in our setting, and moreover Dj. (¢:) Ap = ADje (¢:) ¢ for all
A eR* and ¢ € C(p.), compare also discussion in Remark Thus we can deduce as in
[KZ79, Theorem 3.1] the existence of some A. € R such that

Dje (<) (90_905)"‘)\5/;2(90_906) dz >0 VCPeaad (7'21)

together with the complementarity condition

Ae (/Q pedz - |Q|) =0. (7.22)
Next, we want to reformulate the directional derivative (|7.14]) of j. with help of the adjoint
variable q., which is given by Lemma(7.3] To this end, we denote u := DS. (¢.) (¢ - @),

given by ([7.3)), and insert the adjoint state g. € V' as a test function into the linearized
equation (7.3). This gives

fﬂaé(sos)(so—soa)ue-qs+aa(soa)u‘qsdf+ﬂfQVu‘Vqsdw:0-

Similarly, we use the linearized state u € V' as a test function for the adjoint equation

(7.16)) and obtain

fﬂaa(gpa)qa-uderquan-Vudx:/S;ag(gog)ua-udnm

+[§2D(2,3)f(xau€aDuE) (U,DU) dz.

Comparing these two equalities we see directly

[ ot p-v)usq. =~ [ ac(p)uc-uda= [ Dig)f (v, ueDus) (u, Du) da.
(7.23)

Inserting this into formula ([7.14) we end up in
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Dji () (9= pe) =5 [ L) (o ped el i+ [ ac (o) wo oo
+/QD(2’3)f(x,uE,Dua) (u,Du) dz+
+'V€fQV<ps-V(<p—<pe) dx+gfﬂw'(%)(so—sos) dz =
- (5ot (el s Tuf (o)~ ol (e auo )

+(7eVee, V (¢ - @a))LQ(Q)
and the statement follows with (7.21)) and (7.22)). O

Example 7.1. Using the total potential power as an objective functional, which is intro-
duced in Example thus

f (2. Du) = & Duf’ ~ f(2) -u

the directional derivative of the reduced objective functional ([7.14) reads

. 1
Dji () (p =) =5 [ al(e) (p= g lucl do+ [ ac (o) u-ucdos
+_[Q,LLVu5-Vu—f‘udx+
+75/;2v906'v(90_¢76) dl’+gf91/16(%)(<ﬁ—%) dx

with w = DS. (¢e) (¢ — ¢:). Due to the state equations (5.2)) of wu. this can be further
simplified to

) 1
Dje () (p-92) = 5 [ al(9) (o=@l do+ae [ Voo ¥ (p-p2) do

2 [ (e (o) da

and so for this special form of the objective functional and state equations, we don’t even
need an adjoint state for the optimality conditions and end up with a very simple form
for the optimality conditions.
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7.2 Geometric variations

In this subsection we come to deriving optimality conditions for the phase field problem
- with a different ansatz. The goal is to obtain an optimality system that cor-
responds to optimality conditions of the sharp interface problem, see Section In the
sharp interface setting optimality conditions are obtained by geometric variations instead
of parametric variations, thus by variations of the domain along suitable transformations.
Therefore, we apply this idea to the phase field model in the current subsection. We will
then later on see that under certain assumptions the obtained optimality system really
converges, as € N 0, to the optimality system derived in the sharp interface model, see
Section [

We begin with choosing minimizer (., u.) € ®,4x U of the phase field model (5.1]) - (5.2))
and fix € > 0. Since (5.1]) - (5.2) is equivalent to the reduced problem

min je (¢) (7.24)
PP

where the reduced objective functional j. is defined in (6.1]), this is equivalent to stating
©e is a solution of (7.24) and u. = S; (p:).

As indicated above, we will vary the domain Q2 by suitable transformations. Therefore we
define for further considerations

pe(t) =0T, ',  Q:=Ty() (7.25)

uc(t) = S (pe(1))

where the transformation T is chosen in 7,4 and V denotes the corresponding velocity
field in V4.
Then we get the following result concerning differentiability with respect to t:

Lemma 7.4. The mapping R o135t~ u.(t)oT; € HY(Q) is differentiable att =0 (where
I is a small interval around 0) and . [V] = Ols=o (u=(t) o Ty) € HY(Q) is given as the
unique solution to

[ acleoyise[V]- 2+ pvi. [V]- 72 da -
= fQ,uDV(O)TVuE : Vzdx+/QuVu5:DV(O)TVzdx+
; fﬂ uVa : v (divV(0)z - DV(0)z) da— (7.26)
- fQ,uVuE V2 divi(0) dz + /Q(Vf-V(O))-zd:z;+ [Qf~DV(O)zdx—
- [ ac (e ue- DV (0)2da
which has to hold for every z € V', together with

diva. [V] = Vu. : DV(0). (7.27)
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Remark 7.2. We remark that here and subsequently we write for two matrices A, B €
R the matriz product by

d d
AB=(AB)],_| = (Z A,-kBkj)
k=1

4,7=1

and if v e R is a vector we denote by

d
d

=1 i=1

the vector-matriz product. Moreover, for two vectors v,w € R* we have the inner product
vow =YL, viw;. As usual we will sometimes write for the standard matriz inner product
A - B instead of A: B when no confusion can arise. The notation

DVw=vV . w

for functions V e HY(Q) and w € L*(Q) stands for the directional derivative of V along
w. And finally, we recall for convenience that we denote by VV = (@Vj)d the transpose

ij=1
of the total derivative of V e HY(Q), and so we have for ¢ € H'(Q):

d
d
VVV(,O = (Z 81VJ8]Q0)
J=1 i=1
Proof. The main idea of the proof is to apply the implicit function theorem. To this end

we define the function
F:IxHy(Q) > V' xLi(Q)

with
F(tau) = (Fl(t7u)aF2(t7u’)) eV’ x Lg(Q)
by
P (tu) (2) = /(;ag (=) u- (det DT} DTy 2) det DT, da-+
N fQ uDT; v : DT} TV (det DT} DT}z ) det DT} da— (7.28)
- fﬂ foT,-(det DT, 'DT,z) det DT; dz
and

Fy(t,u) = (DT, : vu) det DT;.

The function F5 is motivated by the identity (DT{1 : V'v) o Ty = div (v oTt‘l). This
function is well-defined, since for any v ¢ H*(Q) fulfilling v|sn = g we have due to Gauf’
theorem

[ (DT :9v) detDTvdo = [ div (vo ') o Tydet DIyda = [ div (voT ) da =

_ T nd =f T ndz =0
/aszvot ndr= [ goli -ndz
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where we used, that Ti(z) = z if g(z) # 0, see Lemma and [y 9-ndx =0, see As-
sumption [(A2)| Therefore, it follows Fy (t,u) € L3(2) for all u € H}](Q)

We choose z € V' arbitrary and define z; := (det DT;') (DT;) z o T;*. One obtains from
Lemma that z; € V and recalling ¢.(t) = - o T, we can therefore calculate

Fy (tus(t) o T1) (2) = [ 0z (oe(t) o Ty uelt) o Ty 21 0 Ty det DT, da+
+L,u(Vu€(t))0Tt - (Vzy) o Ty - det DTy da—
—fooTt-ztoTtdetDTtdx: (7.29)

:fﬂae(%(t))ue(t).ztdx+fﬂwue(t):Vztdx—

—/Qf.ztdx:o

By (t,ue(t) o Ty) = divue(t) oT;(det DT) = 0.
—_—
=0

and

To apply the implicit function theorem we have to shift F, since H ;(Q) is not a linear
space. Therefore, we fix G € H'(Q) with G|sn = g and define

(G1,G) =G : I x H)(Q) - V' x L3(Q)

by
G(t,v):=F(t,v+ Q).

Then we obtain from the considerations above
G(t,us(t)oTy —G) = F (t,u-(t)) =0 Vtel.
Moreover we have

DuGl(O,uE—G)(v)(z):ana(apa)v-zda:+'[Qqu-Vzdx

and

D,G2(0,u. - G)v = divw.

Applying Lax-Milgram’s theorem and using Lemma we see that D,G (0,u. + G)
is an isomorphism as a mapping from H{(Q2) into V' x L3(Q).

Thus the implicit function theorem implies differentiability of ¢t — (u.(t) oT; - G) €
HY(Q) at t = 0, and thus ¢t » wu.(t) o T} is differentiable. At the same time, the im-
plicit function theorem tells us that

8t|t:0 (Ug(t) o] Tt) = 8t|t=0 (’U/E(t) o T;g - G) = —DUG (0, Ue — G)_l 8tG (0, Ue — G) =

. (7.30)
=-D,G (0,u. - G) 0 F (0,u.)

and this gives the stated result.
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The preceding lemma ensures thus the differentiability such that we can now formulate
first order necessary optimality conditions for ((7.24). To this end we notice that ¢ (t) €
D,q if T € Tpq, compare Remark Thus, ¢ (t), which is given by (7.25)), defines for any

t € I € R small enough an admissible comparison function and therefrom we arrive in
Je (9e) <Je (e o T7Y) VT € Tog, 1] < 1
and from this
Ohli=0je (=0 T ') =0 VT € Toq. (7.31)

This is the idea for deriving the desired first order optimality conditions for problem

(5.1) = (5.2), as the following lemma states:
Lemma 7.5. For any minimizer (pz,u:) € Pugx U of (5.1)) — (5.2) we have the following

necessary optimality conditions:
Oli-oie (p=0T;") ==X [ pedivV(0)da, (7.32)
Aa(fgcpgdx—mm) -0 (7.33)

for all T € T qq with velocity V € Voq, where A\ € R is a Lagrange multiplier for the
integral constraint and the derivative is given by the following formula:

Oieose (p:0T7) = [ e () (e vite V] e div v (0) ) s
+ [ [Df (@, Dus) (V(0), i [V], Dt [V] - DuDV (0)) +

+ f (2, ue, Dus) divV(0)] do+

o [ (19 + Lo (02)) divV(0) = 1ev. - TV (0) Vi da

where . [V] € HY(Q) is given as the solution of (7.26)-(7.27).

Proof. We consider the individual terms of the functional j. and calculate, while using
the calculation rules of Section Starting with the first term of (5.1]) we see

(7.34)

1 1
8t|t=0 -/S; 50[5 (Q’DE(t)) |u5(t)|2 dx — at|t=0 L §a5 (gps(t) ) Tt) |’U,5(t) ) Tt|2 det DE d.l? =
1 . 2 3.
= [ 50 (o) (ue it V] fuc divV(0)) o

Next, we have for the part of j. involving the objective functional

Oklt=0 /Qt f(z,ue(t),Duc(t)) da = 940 /Q f(xz,us(t),Du(t)) o Ty det DTy dx =
= /Q [O¢lt=0 (f (Ty(x),uc(t) o Ty, (Duc(t)) o Ty)) + f (x,us, Du:) divV (0)] dx =
= [ IDf (e, Du) (V(0), 2 [V, Diee [V] - DDV (0)) +

+ f (2, ue, Du.) divV(0)] da.
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In the same manner we can see that
€ €
8t|t:0 / l |Vg08(t)|2 dz = l / 8t|t:0 |V(,05(t)|2 o Tt det DTt dx =
Q 2 2 Ja
€ _ 2
= % ﬂzat‘tzo ‘vj; 1v(,05‘ det DTt dx =
€ .
= —ye [Q Ve - VV(0)Vpe dx + % [Q IVe|* div V(0) d.

Finally, the differential of the potential term reads as

Blozo f Y (0e(t)) dz = Bilumo [ T4 (p2) det DT, da = f Y (02) div V(0) da.
Q€ Qe Qe
Plugging all these terms together we end up with formula (7.34)).

We continue with choosing T € T 2q and introducing the notation

g:[-to,to] = R, g(t):=- /5-2 e © Tt_l dz + 519

for some tg > 0 small enough. To obtain a Lagrange multiplier A\, for the integral constraint
we distinguish between two cases.

1st case: If g(0) > 0, thus [, p-dz < 8]Q|, we find for ¢ small enough and any trans-
formation T € T ,4 that fQ (e O T{l dz < 49|, and so ¢. o T[l € ®,4, compare also
Remark Thus,

Je (‘Pe o Tt_l) >j: () VY[t <1
and so
at’t:Oje (‘Ps o Ttil) =0.

Hence, ([7.32) — (7.33) is fulfilled for A\. = 0. Therefore, so we can assume for the
following considerations that [, ¢. dz = 3|9

2nd case: By the considerations of the first case, we can assume without loss of generality
that g(0) = 0. We follow now a similar idea as in [BGH98|, Proof of Proposition 1.17].
Since [, e dz = B|Q|, we may find some W ¢ Vaa with associated transformation
S € T 4a such that

_fﬂ%divvv(o)dxz 1.
We define g := [~to, to] x [-s0,50] = R by
g(t,s):=- —/Q Ve © T{l o S;l dz + 519

for sg > 0 small enough. We want to use the implicit function theorem to find a
function ¢ — s(t) such that g(¢,s(t)) = 0. To this end, we notice that by assumption
it holds ¢(0,0) = g(0) = 0 and besides

0ss=09(0, 8) = =0s|s=0 [Q% det DSy dx = - /Qgps diviW(0)dz=1+#0. (7.35)
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Moreover, since V,W € Vyq and thus V(¢), W(s) € C?(Q,R?) for all [f| « 1 and
|s| < 1, we see directly that g is continuously differentiable. And so the implicit
function theorem yields the existence of some 75 > 0 and a continuously differentiable
function s : [-79,79] = R such that

g(t,s(t)) =0, Vte(-m,m),  5'(0)=-:9(0,0)"9g(0,0).
The last identity can in view of ((7.35]) be rewritten as

s'(0) = -¢'(0). (7.36)

In particular, we obtain that ¢. o T{l o S;(lt) € O,y for all ¢t € (-79,79), compare
Remark [3.4] and so
Je (‘Pe ° T{l ° ;(lt)) > Je (‘Pe)

holds for all ¢t small enough. From this, we see
. - - . -1
0= Olicoge (9= 0 T 0 Sy ) = Ailimosc (2= (Suqy 0 T1) ™). (7.37)

Introducing the notation Ty = Ss(ty © Tt, we find from S, T € T uq that T € T 4q with
Aile=0T; = W(0)s'(0) + V(0). Now we notice, that by (7.26)-(7.27) and (7.34) the
expression Ol¢—oJe (goa o T[l) only depends on 0;|;-oT; and that C1(Q) 3 O4|s0T;
je(pe o T; 1) is linear. Thus, reads as

ss=0jc (e o Ss_l) 5'(0) + O4l=0e (= 0 Tt_l) =0.

Defining
Ae i= Ogls=0jc (pe 0 5') € R (7.38)
we thus have
Ole-oie (=0 T1) = =Acs'(0) = Aeg/(0) = . [ e divV(0)da

where we made use of . This shows, that is fulfilled for M., if Ac is
defined by . As ¢(0) = 0, condition holds trivially. And so it remains
to show that A. > 0. To this end, we recall that [, ¢. = 3|Q| and by the particular
choice of W € V,4 we have

8S|s:0(/94p505’8_1dx)=/Qcp5diVW(0)=—1<0.

Thus, any s > 0 small enough fulfills [, p-0S; Ldx < 819, which yields that ¢.0S;! €
®,4. Hence,

jE(SOEOSs_l) >je(pe) VO0<s<«<1

and thus we obtain
Ae = Osls=0]e (‘Ps o Ss_l) 2 0.

So we have shown, that \. € R* is a Lagrange multiplier for the integral constraint.
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We finally remark that A € R* does not depend on the choice of the transformation
T € T 44 or on its velocity field V € V4. This can be seen in the definition of A, see ([7.38]),
since the transformation S € T 4 is chosen independently of 7" and V. O

So far, we have developed necessary optimality conditions for minimizers of (5.1)) — (5.2))
in Lemma We will later see, that those optimality conditions converge under certain
assumptions to optimality conditions derived in the sharp interface model as € \ 0, see

Sections 8.2 and [0

But before considering the sharp interface model and the convergence of the optimality
systems, we want to reformulate these conditions under some more regularity assumptions
on the data and 0f2 to get a formula that is more convenient.

Lemma 7.6. Assume that 0Q € C2, Dy f (-,ue,Du.) € L*(Q) for u. ¢ H*(Q) and let the
boundary data g € H? (09).

For any minimizer (e, ue) € @oqg x U of (5.1) — (6.2) we have the following necessary

optimality conditions:
Ao [ @edivV(0)de = o (2 0 T7), (7.39)

A (fg 0. do - 8 |Q|) -0 (7.40)

for all T € T o4q with velocity V € Voq with some Lagrange multiplier \. > 0 for the integral
constraint. The derivative Oli—oje (gog OTt_l) is given by (7.34) and can be reformulated
as follows:

Ot|t=07= (905 o Tt’l) = '[Q %ae (¢e) div (|u5|2 V(O)) dx+
¢ [ al (o) (DpV(0) (ue-qo) da+ [ f (2,uz, Du) V(0) -mda
#41 [ (Onge-0wue) (V(0)-m) da = [ (Daf) (2, Duc) e (O (V(0) ) dar+

9 .
+ /g; (% |V4P6|2 * g¢ (‘106)) divV(0) - 1€V - VV(0) Ve dz

(7.41)
where the adjoint variable q. € V' is given as the unique weak solution of
Qe (905) q. — ,UAq5 + Ve =Dy f ('a usaDus) + Q. (905) u: in
divg, =0 in €, (7.42)

qg.=0 on OS2

Remark 7.3. Existence and uniqueness of a weak solution q. € V' of (7.42) follows from
Lemma [7.3

Remark 7.4. The definition of V.q implies for V € Voq in particular V(0)-n =0 on 0,
and so (7.41) can be simplified to
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Ao (oo T7Y) = [ et (o) div (juef v(0)) o+
v [ 0l (0 DoV (0)) (e q.) o (7.43)

3 .
+ ,/g; (% |V(,05|2 + gw (‘Pes)) divV(0) - veVepe - VV(0) Ve da.

Since we want to transfer the calculations of Lemma[7.6] to the sharp interface setting in
Section[8.3, where Q will be replaced by some set E ¢ Q, we will carry out the calculations
without using V(0)-n =0 on 0.

Proof. Since 99 € C? we can apply regularity theory for the Stokes equations, see for in-

stance [Soh01l [Gallll [Tem77], to deduce from the state equations (7.26)-(7.27)) and (5.2)
that u., . [V] are in H?(Q). Moreover, we get H?-regularity for q. by regularity theory

applied to ((7.42]).

We define
u.[V]:=1.[V]-vVu.-V(0)

&€

which is a well-defined function in H'(Q), because of our regularity results.

o st step: We first prove that u [V] solves the following system in the weak formu-
lation:

ac (po) ul [V] - pAul [V]+ VpL[V] = of (¢c) (Dp:V(0)) ue  in €,
divu.[V]=0 in Q, (7.44)
ul [V]=-0phu: (V(0)-n) on 99Q.

To this end, we observe that for arbitrary z e C§° (2) with divz =0 it holds

fgw; [V]:Vzdx:fgvug [V]:Vzdx—fQDQUEV(O):Vzdm—

—‘/S;VV(O)Vu6 :Vzdr.

Besides, we have

Aaa (Sps)u:: [V] - zdz = Las (pe) ue [V]-zdx - [2 a: (p:) (Vue - V(0)) - zdx =
- [Qag (po) it [V]-zdx + [Qa; (0) (D V(0)) (ue - 2) da+

¥ fQ o (02) (div V(0)z + D2V (0)) - ue da.

Thus, using ((7.26]) we get
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/;lag (pe)ul[V]-zdz + fQ/,LVu; [V]:Vzdz =

= /g-quug:DV(O)TVzd:B—fQuDQuEV(O) :Vzdx+

+ fQ uVue 2V (divV(0)z-DV(0)z) dz—

- fﬂwug . 2 divV(0) d + /Q (VF-V(0))-2+ f-DV(0)zda+

; ]Q a. (¢) (divV(0)z + D2V (0) - DV(0)z) - u. da+

+ [ 0l (00 DoV (0)) (w2 - 2) da
Next we use that

div (divV(0)z =DV (0)z + D2V (0)) = 0
which follows from div z =0, see Lemma and see, as z € Cy (),
(divV(0)z -DV(0)z +DzV(0)) |sa = V(0)Dz.

Now we take (divV(0)z -DV(0)z +DzV(0)) for some z € C7(§2) with divz =0
as a test function for the state equations (in the strong formulation), integrate

over {2 and use the divergence theorem (note that we do not have zero boundary
conditions in the test function) to get

[Q a. (¢) ue - (divV(0)z - DV(0)z + DzV(0)) da+
; fQ uVa. : v (div V(0)z - DV (0)z - D2V(0)) dz =
- fﬂ £-(divV(0)z - DV(0)z + DzV(0)) dz + fm 1 (D2V(0)) - e da.

Furthermore, we calculate

fQ £-(divV(0)z - DV(0)z + DzV(0)) dz = fﬂ F-2divV(0) - £-DV(0)z da+
[ EHEO) n)da- [ (zf) divV(©)da- [ 2(TF-V(0)) do =
- —/Qf-DV(O)zda:— fﬂz-(Vf-V(O)) da.

Besides, we get with chain rule the following identities

[QMVUE :V(D2zV(0)) de=p fQ Vue : VV(0)Vzdz + Vu, : D*2V(0) dz

and
d
[qu:D2zV(0)dm=/ >, O (9k0;2;) (V(0))y, dz =
0 Q; ik=1

=— fQDQuEV(O) :Vzdr - ./s; Vu. : VzdivV(0)dz + .[8Q Vu::Vz(V(0)-n) dz.
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Hence, we have established
fﬂ . (0) ue - (divV(0)z - DV(0)z + DzV(0)) dz + fQ pVa. : YV (0)Vz da+
+ /QuVuE :V (divV(0)z-DV(0)z) dz — fQuVuE :VzdivV(0)dz—
—u/QD2uaV(0) . Vzdz = —foDV(O)zdx— sz (VF-V(0)) da+
‘ [aﬂ (V2 V(0)) - Onue — (Vue : V2) (V(0) - n) da.
We continue by noticing that on 0f2 it holds z = 0 and so Vz has no tangential
components. Similar we see, that for every x € 92 where u.(x) # 0 we find V(0,z) =

0 and so u.(z) has also no tangential components on {x € 9Q |V (0,z) #0}. For
almost every x € 02 such that V(0,z) # 0 we thus find

Vz=0pzn, Vu:=0,umn

hence
aiZj = niaan, 8iu57j = nzﬁnug,j

and therefrom
(Vz-V(0)) Vue - n=(V(0) n)0nz: Onu: = Vu: : Vz (V(0) -n).
This leads to
fm (Vz-V(0)) - Ontie — (Ve : V2)(V(0) - n) da = 0.

And so we arrive in
fQOéa (pe)ul[V] - zdz+ _/QuVu; [V]:Vzdr =
- fQ ! (02) (DpV(0)) (ue-2) do ¥z e C2(Q), div 2 = 0.

According to [Soh01l [Tem77] the space {z € C7°(Q2) | divu =0} is dense in V' and
from this we can deduce that ((7.45)) holds true for all z € V.

Moreover, we have divu. =0 and as a consequence we find that

(7.45)

divel [V] = div (it [V] - Vae - V(0)) = divee [V] = Ve : DV(0) 200 (7.46)
and since u. [V] =0 on 9 we see
[V]=-Vu.-V(0) ae. on 0.

As already discussed above, Vu. has no tangential components on
{xedQ|V(0,2) # 0}, which gives

ul [V]=-Vu.-V(0) =-0pu. (V(0)-n) a.e. on dN.

Here we made in particular use of V' (0,z) = 0 for every = € {g # 0}, which follows
from V € V4. This finishes the first step.
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e 2nd step: We next reformulate ((7.34) by using the results of the first step.

Our calculations start with observing

ang (o) e e [V] dz =
= /Q Qe ((Pe) U - ug [V] dz + [2 Qe (305) Ue - (V'Ufs : V(O)) dzr = (7'47)

- Jpocteducsd V] dov [ gac (e V-V (0)ds

which implies

fQ o (00) (u e [V]+ % a2 divV(O)) do =

. (7.48)
:fg% (o) ue -l [V] dx+/ﬂ§as () div (Juc?V(0)) da.

We now proceed by testing the adjoint equation (7.42]) with w. [V'] while taking the
boundary data of u. [V] into account and obtain

fac (e ae wl VI+ pvg. - vul [Vides [ mul[V]-nde-

= [ Duf (e D) ul [V] + 0z (02) e -l [V] s

e [ ulIV](9ng.) do= [ (Daf) (v, Dus)mul V] da -

= [ Duf (@ue Du) ul [V]+ ac (o) e ul [V] da-

1 [ (Ontic9ng ) V(0) - mdz+ [ (Dof) (@,uz,Du)n - (dnue (V(0) -n)) da.
(7.49)

Let = € 0 be such that g(z) = 0, then we find that Vu. has no tangential com-
ponents, which means Vu. = nd,u., that is component-by-component Oju. ; =
n;iOnle j, and we obtain
d
n - Ople = Znianue’i = divu,.
i=1

From this we find

fmwgu; V] ndz = /89775 (~Onue-n- (V(0)-n)) dz =

. (7.50)
- /BQm{g:o} e (—=divue (V(0)-n)) de =0

and so (7.49) reads as
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| oz (eo) g, wl [VI+ v, - vl [V] dz -

= L Duf (z,ue, Du)ul [V] + ae () ue - ul [V] do—

—ufm (Onsz - Ong.) V(0) -ndz + fm (Dsf) (2, ue, D) m - (Snue (V(0) - 1)) da.
(7.51)

In a similar way we now insert the adjoint state g, as a test function for the state
equations (7.44) of w. [V'] and arrive in

[ o (e ul V] g+ uvul [V]-g.da = [ ol (0) (DY (0)) (ue -q.) da

(7.52)
Comparing (7.51)) and (7.52)) we find
_[Qas(gos)ug-u; (V] da = —fQDuf(x,uE,Dug)u; (V] da+
+,uf (Ong. - Onu:) V(0) -ndx—
o0 (7.53)

- fm (Dsf) (2, ue, Du) - (Hpue (V(0)-n)) du+

’ fﬂ af (=) (DgV(0)) (ue - q.) dr.

Substituting ([7.53)) into (7.34]) and using (7.48)) we have

Otlt=0J< (905 OTt_l) = fQ %O‘E () div (|'U'€|2 V(O)) dao+

+ fQ [Df (2,4, Du) (V(0), 4. [V], Dite [V] - Du.DV(0)) +

+f (z,uz,Du.) divV(0)] dz+

o [ (1w + Lo (0)) divV(0) = 1ev. - TV (0) Vi da-

- j;l Dy f (z,us, Du,) ’u’; [V]dz+p LQ (Ongq. - Onu:) V(0) -ndz-
- [ (Dsf) (@uz, Duc) - (O (V(0) -n) dat

[t (o) AV O) (-0 d.

To simplify this expression, we insert w. [V] =u’.[V]+ Vu. -V (0) and calculate
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|, Df (@ ue, Due) (V(0), e [V], Die [V] - Du.DV (0)) da =

= [ Df (2,ue,Duc) (V(0), wl [V]+ Vuie - V(0), Dul [V] + D2V (0)) da -
= /QD(z,::,)f(a:,ug,Dua) (ul[V],Dul[V]) dz+

+ [ (DF) (e, Du) (- Vate, D) V(0) dr =

:fQDm)f(x,ug,Dua)(u; [V],Dul [V])da:+fQD(f(x,uE,Du£))V(O)dx

wherefrom we arrive in the following expression

fQ Df (,ue, Dus) (V(0), 4. [V], Dite [V] - DucDV(0)) da+
+ fQ f(xz,us,Du.) divV (0)dx =

:fQ[D(273)f(x,u5,Dua)(u; [V].Dul [V]) + div (f (2, ue, Du.) V(0))] dz.

And so we conclude

Oeode (o) = [ %ag (pe) div (jul2V(0)) da+

+ [ @b (e (DpeV(0)) (we-q.) da+ [ div (f (2,uz, Dus) V(0)) do+

+ [ ,/(‘;Q (anqg : 8nus) V(O) ‘ndr - LQ (DBf) ($7u57 D'U'z-:) n- (anus (V(O) n)) dz+
¢ [ (L e+ 2u (00 divV(0) - 1eve. - VY (0) . do

Hence, we have shown the statement.

Now we consider again our example of minimizing the total potential power:

Example 7.2. Using the energy introduced in Example thus

f (2w, Du) = ZDuf* - f(2) -u

we find that the variation of the minimizer ¢. along a transformation T' € T 4 with velocity
V € Vaq given by formula ((7.34) reads as

Otlt=0< (905 ° Tt_l) = ﬂz e (e) (ue e [V] + % ’u€|2 diVV(O)) dz+
+ [ [-DFV(0) = f it [V] + pDu - (Dis [V] - DuDV (0)) +
(7.54)
1 .
+ (5 Du.|* - f-us) div V(O)] dz+

3 .
+ /g; (% |VS06|2 + g¢ (‘106)) leV(O) —YeEV e - VV(O)VSOE da.
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Under the additional regularity assumptions stated in Lemma this can in view of

(7.41)) be reformulated to
. i} 1 , )
at|t=0.]s ((106 OTt 1) = [2 5048 (@6) div (|'U'5| V(O)) dz+
! B 2_r. :
¢ [ al (o) eV (0) (ue-a) dos [ (K ivul = £ou) V(o) mdas
2
¢ [ (100 - Ontee = plonucl?) (V(0) -m) do+

& .
+ [2 (% |V90€|2 + 37/’ (‘Ps)) leV((]) —YEV e - VV(O)thg da.

(7.55)

Inserting u. [V], given by (7.44)), as a test function in the adjoint system (7.42)) and using
the state equations for u. we find due to the special choice of the objective functional
ol (92 (DeV(0) (e q) + [ (400 Onic = 110muc) (V(0) ) -
- [ iloaucl (V(0)-m) da

and so (7.55)) can be rewritten as

) _ 1 .
8t|t:0]6 (905 o Tt 1) = [2 5045 (‘Ps) div (|u5|2 V(O)) dz+
_K 2_¢. .
+[39( 5 |Onue|” - f ue) V(0) -ndx+ (7.56)

3 .
+ ,/g; (% |V(Pe|2 + gw (805)) divV(0) - eVepe - VV(0) Ve da.

We see that again the formula for the derivative Oy|i-oje (<,0E o T{l) reduces to a very simple
structure where no adjoint state is needed. Inserting the assumption V(0)-n =0 on 01,
which follows from V € V4, we can even simplify the expression ((7.56) to

. _ 1 .
at|t:0.7€ (805 ° T;f 1) = ]Q 50‘5 (906) div (|u€|2 V(O)) dz+

e ) ‘ (7.57)
¢ [ (Z e+ 20 (e0) divV(0)-1eve. - WV (0) . da

and observe that we can compare this optimality criteria easily to those obtained by

considering the variational inequality, see also Example where also no adjoint variable

was necessary and a very similar formula was found for first order calculus.

The similarity of those optimality criteria is actually no coincidence, as the next subsection

will show for the general setting.
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7.3 Linking the optimality criteria

The aim of this subsection is to discuss the connection between the optimality systems
derived in the previous two subsections (see Lemma|7.6/and Theorem|7.1)). More precisely,

we will show in the following calculations that (7.39)) — (7.40|) together with (7.43)) can be
deduced directly from the variational inequality of Theorem

Therefore, we assume again that . is a fixed minimizer of j. with u. = S-(p.) for some
chosen € > 0.

Due to Theorem [[.1] we find

1
(50t (o luel + Lt (o) ol () ue g+ hev=oe)
€ L2() (7.58)

+ (VP V(9= 9e)) 20y 20 Yo ey

where g, € V is given by (7.17) and A. € R" is a Lagrange multiplier for the integral
constraint fulfilling the complementarity condition

A [ gede-piel) <o,

We notice that g, coincides with the adjoint state defined in Section [7.2} which is given
by ([7.42)), since the system has a unique solution and ((7.42)) equals the adjoint system in
(7.17)).

Let T € T 4q and define
pr=@s0T 4 € Dyy.

Inserting ¢, for ¢ > 0 small enough as a comparison function in (7.58) we get

1

(5042 (o) [ul? + L) (p2) = al (9e) Uz - @ + A, 1~ sos) +
g LQ(Q)

+(1EVPe, V (91 = @) p2(q) 2 0.

Dividing by ¢ > 0 and letting ¢ N\ 0 gives

1
(308 () el + L0 (02) - 0l () e 0.+ AesBiliogn) ¢
2 e L2(Q)
+ (75v@6a vat’t=0§0t)L2(Q) > 0.

Using 0|0t = ~DpV (0) we find

1 1
/Q Ve - VOi|i=opr da = 8t|t:0§ fQ Vel da = 3t|t:0§ [Q IV (pe 0 T4)) da =

1
-3 fQ Ve divV(0) - 2V, - YV (0) V. da.
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Besides, using chain rule and the divergence theorem, we obtain

[ 2 e dlopidr = =2 [ D (o)) V() de =T [ o (. divy(0) da-
—/(;Q gzpo () V(0) m dx:gfﬂ”%bo (e) divV(0) dz.

—_—
=0

By using change of variables we can deduce

1 1
50k 0 el Alogrdz = S0lio [ (0 (o) fuel” da =

1 1 .
- §8t|t:0 fﬂ e (¢2) | o Ty det DT da = 3 fg ae(pe) div (|u€|2 V(0)) dz

and similar we get

AeBilizo fQ 00 Az = A\eBllimo fQ . det DT, dz = A fQ div V(0)p. dz

which follows with Lemma And finally we see
| atteoyus - qdrloprda = = [ al (o) u.-q.Dp.V (0) d.

Thus we have deduced from the variational inequality (7.58|) the following equation

1
/;) 5% (¢e) div (|u5|2 V(0)) dz + fQ al (we) ue - q.Dp:V(0)dz+

o [ (L wecl+ 20 (en)) divV(0) = 12w WV (O)Tpede =X [ divV(0)p.do
(7.59)

by doing the same calculations as above again with ¢ replaced by —t.

By noticing that the optimality condition ((7.32) together with (7.43)), see Lemma
equals ((7.59)) we have shown that (7.32]) — (7.33) together with ([7.43)) can be derived from

the variational inequality of Theorem [7.1] directly.

Summary To summarize the results of Section [7, we see that any minimizer ¢, € @4
of je fulfills the variational inequality stated in Theorem Moreover, we have derived
under the general assumptions of this section the optimality conditions of Lemma [7.5]
which were obtained by varying the minimizer . along a transformation of 2. We have
shown in Lemma that these optimality conditions are equivalent to -
together with if we state more regularity on the data and €. But as we have
seen in this subsection, can be derived directly from the variational inequality of

Theorem and thus (7.39) — (7.40]) together with (7.43)) is fulfilled for any minimizer of

Je- We summarize these results in the following diagram:
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Variational
inequality
obtained by para-
metric variations
is fulfilled

.

. minimizes j.

optimality conditions

(7-32), (7-33)), (7.34)

obtained by
geometric variations

are fulfilled
%gularity

reformulated
optimality conditions

(7.39)), (7.40)), (7.43)) obtained

by geometric variations

are fulfilled
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8 OPTIMALITY CONDITIONS FOR THE SHARP INTERFACE MODEL

8 Optimality conditions for the sharp interface model

For this section we assume that ¢qg € <I>2 4 is a fixed minimizer of jo with ug = So(po).
The existence of such a minimizer is so far only guaranteed under certain assumptions,
see also Theorem [6.1] and discussion in Section [6.4

We will derive in this section first order necessary optimality conditions for this minimizer
of jo. Notice that, as ¢y minimizes jo, the pair (g, o) solves the optimization problem
- and so we calculate in this section necessary optimality conditions for the
sharp interface formulation of the shape and topology optimization problem. Again, as
done for the phase field model in Section [7, we will do this in two ways. The first one
is the classical approach, which means in this case calculating shape derivatives. But to
do this, we have to impose more regularity, not only on €2 and the objective functional,
but in particular on the minimizing set £¥°. This regularity may not be true in general.
Thus we use a second ansatz in Section [8.2] which also relies on geometric variations.
Hereby, we obtain first order necessary optimality conditions without stating additional
assumptions, which means that they hold true for our given minimizer. Moreover, we can
show that the optimality conditions derived in Section [8.2) are equivalent to the classical
shape derivatives if the regularity assumptions that are necessary for deriving the shape
derivatives are fulfilled, see Section [8:3]

Throughout the following section we state as in the previous section additionally As-
sumptions [(A6)|and |(A7)|, which ensure differentiability of the objective functional and
enough regularity on the external force term.

8.1 Shape derivative approach

We start by deriving optimality conditions in the context of shape calculus. This is a clas-
sical approach for shape optimization problems and is based on local smooth variations
of the minimizing set. The best general reference here is [DZ01], [SZ92].

The minimization problem
i .
€m1(n )jO(SD)

can equivalently be formulated as
min jo(). (8.1)
Ped),

Thus we minimize the functional <I>2 42 ¢~ Jjo(p), though it only depends on E¥. Heuris-
tically one could therefore rewrite this as

i Jo (E) = 79(2 -1)=Jy(2 -1,S0(2 -1)). 8.2
EcQ,|E|rgI(1f?(1+ﬂ)\Q| s(E):=jo(2xe-1)=Jo(2xe - 1,S0(2xe - 1)) (8.2)

Therefore, minimizing Jg can be considered as a classical shape optimization problem.

In this subsection we want to derive first order optimality conditions for ({8.1]) by consider-
ing this as an shape optimization problem and calculating shape derivatives, as it is done
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for instance in [DZ01], [SZ92] [Sim91l, [Sim&80, BFCLS96, [SS10, [Pir73] and a lot more work
that can be found in literature concerning shape sensitivity analysis in fluid dynamics.
We follow the works mentioned above in stating more regularity assumptions than we

have actually shown so far to ensure the correctness of the following analysis. Hence, we
define

Eo = int ({z € Q| po(x) = 1))

and assume

Ey is a fixed open subset of Q with Eq € C?, (8.3a)
Ejy has N < oo connected components, (8.3b)
geHs(09), (8.3¢)
Do f (z,ug, Dug) € L*(Ep), if ug € H*(Ep). (8.3d)

In the following we denote by C1,...,Cn the connected components of Ej.

To a_pply the classical approach of shape calculus, see for instance [DZ01L [SZ92], we choose
T € T 4q and define
E, :=Ty(Ep).

Since we have non-homogeneous boundary data we first have to ensure that we can still
find a solution to the state equations in the transformed region T;(Ep). This is a conse-
quence of the fact that U™ # & as the following lemma shows:

Lemma 8.1. The solution space Ut is not empty for t small enough.

Proof. We have that (¢p,uo) are a solution to the optimization problem (6.18) — (6.19))
since (o minimizes jo. This gives in particular ug € U?° and thus U # @. Defining

v = (det DT}) DT, g o Tyt

we see with Lemma that divo, = 0, since divug = 0. Due to ug € U and the choice
of T €T 44 we get additionally that v; € Ut and thus U # @, compare Lemma O

In the following we will use the notation
EtZT;g(Eo), Qt:Tt(Q), utZSo(2XEt—1).

We define for every ¢ with [t| < 1, an associated pressure p; € L?(E;) as follows: Lemma
gives the existence of some p; € L?(E;) such that it holds in the distributional sense

Vpe = f+pulAu;  in Ey.

By imposing th(Ci) pedx =0 for every ¢ = 1,..., N this function is uniquely defined. In
particular, we make use of the fact that for ¢ small enough the connected components of
Ti(Ep) will be given by T;(C;), i =1,...,N.

Since E; has C%-regularity we can then prove the following regularity result for the solution
(w¢, pt) of the Stokes equations in FEy:

Lemma 8.2. From the regularity assumptions (8.3) it follows w; ¢ H*(FEy) for t small
enough. Moreover, we obtain p; € H*(Ey). In particular, this holds true fort = 0.
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8 OPTIMALITY CONDITIONS FOR THE SHARP INTERFACE MODEL

Proof. We see that u; = So (2xg, — 1) solves together with p; the following classical Stokes
equations in FEj:

—pAug + Vpy = f in Ey,
divu; =0 in Fj,
u =g on 0N OE;,
u; =0 on Q2N JE,

which are well-defined due to Lemma
Then the statement follows from classical regularity results for the Stokes equations, see
for instance [Gallll [Tem77]. O

As we want to derive first order optimality conditions we have to differentiate the solution
operator of the state equations with respect to the transformation. Therefore, we show
the following differentiability result:

Lemma 8.3. The mappings R213t - u;0T; € H*(Ey) and R2I3t poT; € H' (Ep)
are differentiable at t =0, where 0 € I € R is a small interval.

Proof. To show the stated result we want to apply an implicit function argument. The
problem hereby is the special form of the fluid dynamic equations since the range of
H{(Ey) > v = divw is L3(Ep). But neither (divau;) o Ty nor Vo : DT; ! for some v €
H{(Ep) is in general an element of L2(Ep) and so it is not so obvious how to define the
function on which to apply the implicit function theorem.

For this reason we will apply a different implicit function statement, namely Theorem[A.3]
in a similar way as it is applied in [Sim91]. To this end we choose some b e H?(Ey) such
that blaponor, = g, blanar, = 0 and div b = 0, which is possible due to the results of [Gallll
Section II1.3]. The assumptions necessary for applying those results are fulfilled, since we
have OEy € C? and the thanks to Ey being a minimizer of J@g we find UP° + @ and thus

f(‘)Qm‘)Eog'ndw = [5q9 -ndx=0.
Then we define

F:Ix(H?(Ey)nH{(Ey))x H' (Eo) - L*(Ep) x H' (Ep) x RV
by
d

F(t,v,p):(—u >, (D), 9; (DT),, 0v) + DT Wp,
1,9,k=1

N
DT;lzw,(/C pdetDTtdx)' 1).
i 1=

We see that F (t,-) € £L((H?(Ey) n Hy(Ey)) x H'(Ey), L*(Eo) x H'(Ep) x RY) for all
t € I. An easy computation shows for all ¢ € I that

N
F(t7'U,t OT% — b7pt Oﬂ) = ((—ILLA’U/t + vpt) OTt,(diV'U,t) Oz_;g7 (\/_‘[\“(C )pt dl’) )_
i i=1

- F(t,b,0) = (f oT};,0,0) - F (¢,b,0).
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Thanks to the regularity of T € T 44 it follows directly that
I>tw F(t,) e L((H*(Ey)n H{(Eo)) x H' (Eo), L*(Eo) x H'(Ep) x RY)
is differentiable at ¢ = 0. We have moreover differentiability of
Iste (foT},0,0)-F(t,b,0)eL?(Ey)x H (Ep) x RN

at ¢t =0. Next we observe

N
F(O,v,q)z(—uAerVq,divv,([C qu) )
i i=1
To establish (A.1)) we denote (rl,rg,(si)le) = F(0,v,q) for arbitrary (v,q) ¢

(H*(Eo) n H{(Ey)) x H'(Ep). We find that ro = dive for v € H{(Ey) and thus
/Ci rodz = 0 for all 4 = 1,...,N. At the same time, (v,q) solve the following general
non-homogeneous Stokes system:

-Av+Vq=17] in FEp,
divov = T2 in E(),
v=0 on 0Ey,

together with fCi gdx =s;,i=1,...,N. Using standard results for the Stokes equations,
see for instance [Tem77, Proposition 2.2], this yields the following estimate:

N

vl g2y + 14l 1 () < ot Eo) (”7“1‘1:2(}30) + 72l g gy + > ‘Sz|) =
i=1
= co(p, o) |F (0,9, @) 1250y 1 (B0) <N

which implies (A.1). And so we can finally apply Theorem to get differentiability of
t>uy 0Ty e H*(Ep), t v pro Ty € HY(Ep) and deduce the statement.
]

Thanks to this lemma we now have all assumptions fulfilled to use [Sim80, Theorem 3.1,
Theorem 3.2] and conclude the formula for the shape derivative w’ [V'] := Opf¢=o (ut 0 T}) -
Vug -V (0):

Lemma 8.4. The shape derivative u'[V] e HY(Ey) is given as the unique weak solution

of
-pAu' [V]+vp'[V]=0 in Ep, (8.4a)
diva/[V]=0 in Ep, (8.4b)
u' [V]=-(V(0)-v)dyug on O0EynQ, (8.4¢)
u'[V]=0 on 0Eyn 09, (8.4d)

where v denotes the outer unit normal on Ej.
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8 OPTIMALITY CONDITIONS FOR THE SHARP INTERFACE MODEL

Proof. In view of the differentiability result of Lemma we can directly apply [Sim80L
Theorem 3.1, Theorem 3.2], since

(H'(E) x L§(EY)) > (u,p) > —pAu + Vp e D' (Ey)

is obviously differentiable. Moreover, existence and uniqueness of a solution to (8.4))
follows with arguments similar to those in the proof of Lemma by applying Lax-
Milgram’s theorem [A.2| once we show fBEOnQ (V(0)-v)dyug - vdz = 0. But this can be
deduced as in [Sim91] by observing that ug = 0 on 9Ey n 2 and so Vug = vd,ug, thus
Oiuo,j = v;0yup 5, on OEy N Q wherefrom we obtain

d d
v- ﬁyuo = Z 12N 8,/&071' = Z aiu(),i = div Ug = 0.
i=1 i=1

0
Now we can finally calculate the shape derivative DJg(Ey) [V'] = 0¢|e=0Js(T:(Ep)) of Jg:

Theorem 8.1. Since Ey is assumed to minimize Jg, the following necessary optimality
conditions are fulfilled

DJs(Eo) [V] = Ao fQ (2x5, — 1) divV(0)dz VYV € Vg (8.5)
for some Lagrange multiplier Ao > 0, which fulfills moreover
%o [ Cxe,-1)-5101) <0 (5.
and the shape derivative is given by
DJg(Eo) [V] = fa . (0o B0 = (D3 ) (w0, Dug) - Byu0) V(0) v s
+ —/Eo D (f (x,u0,Dup)) V(0)dz + /Q f (@, ug,Dug) divV(0)dz+  (8.7)
+ ¢ fBEOnQ kV(0) -vdz.

Here k denotes the mean curvature of 0FEg n 2, v the outer unit normal on Ey and
qo € HY(Ey) the adjoint state given as strong solution of

g + Vg = Dy f (2, u0, Dug) n Ey, (8.8a)
divgy, =0 in Eo, (8.8b)
q,=0 on OFy. (8.8¢)

Remark 8.1. Note that \g > 0 is a Lagrange multiplier for the volume constraint |Ey| <
0.5(1+ 3) || and thus (8.6), which can be rewritten as

M(Wﬂ—ugﬁﬁﬂozu

s the associated complementarity condition.
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Remark 8.2. Again existence and uniqueness of a solution to (8.8)) can be shown directly
by Laz-Milgram’s theorem [A.3,

Proof. Let us first observe that we obtain due to the stated regularity of Fy from (3.10))
oPa(E) = | vz,
Otlt=0Pa(Er) . kV(0)-vdx
We recall for the sake of convenience, cf. (8.2)), that Jg is given by
Js(Ey) = '[Q [ (z,ut,Dut) dz +yeo Po(Et).
t

In order to prove ({8.7) we have to calculate 9;|i=0Js(E;). To this end, we use chain rule
and change of variables to compute

8t|t:0 L f (x,ut,Dut) dx = at|t:0 j(; f (x,ut,Dut) OTt det DTt dx =

- fQ [0ui=0 (f (Tu(x), 1 0 T, D (wy o T,) DT;Y)) + (2, 0, Dug) div V(0)] i =
= [ [Df (@, w0, Duo) (V(2), 110 [V], Dig [V] - DugDV/(0)) +

+ f(z,up,Dug) divV(0)] dz

where we use the notation @y [V] () = O|r=0 (us o Tt) ().
Inserting @ [V] =u'[V] + Vug - V(0), see (3.5)), we obtain

| D (2,20, Duo) (V (). ito [V], Dig [V] = DugDV (0)) d =
= fﬂ [D2,3)f (z,u0, Dug) (v’ [V],Du’ [V]) + Df (x, w0, Dug) (-, Vuo, D*ug) V(0)] da.
Using additionally w'[V] =wuo =0 in Q \ Ej yields the rewritten equation
Otle=0 th f (2, u,Duy) do = /EO D(23)f (z,u0,Dug) (v’ [V],Du’ [V]) da+
; [EO D (z, o, Dug) (-, Vatg, D2up) V(0) dar + fo (z, up, Dug) div V(0) dz =
= /. Dy (.o, Duo) (u' [V]. Dol [V]) das
; [E D (f (2, u0, Dug)) V(0) dz + /Qf(x,uo,Dug) div V(0) dz.

We can multiply the adjoint equation (8.8a) with w’[V'], integrate over Ey and use inte-
gration by parts (notice that w'[V'] has non-homogeneous boundary conditions on 9Ey)
to arrive in

! ! U —
/Eo uvgy-vu' [V] dz fan 1o, qo-u' [V] dac+f(9 mou [V]-vde =

Eo

=fok, 10w qo-0vu0(V (0)v) dz

(8.9)
= /Eo Dy f (z,ug, Dug) u' [V] dx—faEO (Dsf) (z,up, Dug) v-u'[V] dx.

=fo, (D3f)(@,u0,Duo)v-0,uo(V(0)v) dz
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As shown in ([7.50)) we find
f8EO mou' [V]-vdx = - [‘)Eo mo0,ug - v (V(0)-v) dz =0

while making use of divug = 0. Inserting the adjoint state g, as a test function in the
linearized equation (8.4a)) we end up with

fE puvu' [V]-Vgydz =0. (8.10)
0
Comparison of and (8.10) implies

fan 1 (8,q - Buuo) (V (0) - v) da - faE (Daf) (2, wo, Do) v - Byuo (V (0) - v) da =

_ on Do f (2,10, Dug) u' [V] da = fEOD(m)f(x,uo,DuO)(u’[VJ,Du’ v]).
(8.11)

Inserting this in the calculations above we obtain

Otlt=0 ] f(x,us, Duy) do = f w1 (0,qo - Ovup) (V(0)-v) da—
Q4 0Ey

" Jom, (Dsf) (x,up, Dug) v-dyug (V(0)-v) de+

+/EOD(f(as,u0,Du0))V(0) dx+f9f(x,u0,Du0) div V(0) de

and (8.7)) is proved.

We now turn to the existence of a Lagrange multiplier A\g € R* for the integral constraint.
Therefore we can proceed in the same way as in Lemma and construct the multiplier
explicitly. O

Remark 8.3. Assuming that f (z,u (x),Du(z)) =0 for a.e. € QN Ep if u=0 a.e. in
QN Ey, then formula would read as

DJs (Ep) [V] = -[(9}30 (1dvqq - Ovug — (D3 f) (x,ug, Dug) v - dyug) V (0) - vda+

g, Dug) V (0) - vd [ V (0)-vdz.
+[6Eof(acu0 uo) V (0) - vdx + e BEOHQH (0)-vdx

The resulting formula is then in Hadamard-form, and thus in a representation formula that
was proposed by Zolésio, and is not explicitly depending on the shape derivative or material
derivative any more, and hence is more convenient for computation, see for instance
[Epp09]. For the general structure theorem in shape calculus we refer to [DZ01l, [SZ92]
and included references.

This proves a general formula for the shape derivative in a Stokes flow. We want to apply
this now to an explicit example and compare it to existing results.
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Example 8.1. Using the total potential power as an objective functional, which is intro-
duced in Example thus

f (2w, Du) = & Duf’ - £(2) -u
we obtain from
DJS(EO) [V] = f@Eo (:uquO -Oyug — 1% |auu0|2) V(O) -vdaz+

+fBE0 (g|auuo|2—f($)-uo)V(0)-de+vco /aE Qf-sV(O)-z/dx.

on
Due to the special structure of the objective functional this equation can be further
simplified by inserting the linearized state u’ [V'] as a test function in the adjoint equation
, using the state equations written for ug and making use of the particular form
of the objective functional f. Then similar calculations as in Example [7.2] yield the
rewritten equation

DJs(Ep) [V] = f

H 2
aEO( 2|811U0| f UO)V(O) de+'yco/8E ﬁQ/@'V(O) vdz.

0

This result coincides with the common known results found in the literature, see for
instance [Sim91l, [Pir73].

Moreover, we find that this formula looks similar to , where with the same approach
optimality criteria for the phase field model were derived. As we will show in the next
subsections that the shape derivatives are equivalent to optimality conditions that are the
limit of corresponding optimality systems of the phase field model for € \ 0, we find that
the similarity does not only hold true for this example, but is a result that will be verified
in a more general setting.
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8.2 Geometric variations

As already indicated at the beginning of this section, we want to derive first order optimal-
ity conditions for the sharp interface problem - without stating the unverified
regularity assumptions on the minimizing set that were necessary in Section Again
we want to use the idea of deforming the minimizing set by a suitable transformation as
in the previous subsection and in Section But as we have no additional regularity on
the set on which we solve the Stokes equations, we get no regularity of the state variable,
namely the solution of the Stokes equations corresponding to the minimizing set Ey, and
so the shape derivative is not well defined in H'(Q) or H'(FEjy). Therefore, the consid-
erations and calculations of Section [8.1] cannot by used and we have to apply different
techniques.

In particular, we will result in optimality conditions, that can under certain assumptions
be verified to be the limit system of the optimality conditions obtained in the phase field
model, see Sections [7.2) and [9}

Thus we start developing first order optimality conditions for the limit problem

in_j 8.12
gaer?f?m”((p) (8.12)

without additional regularity assumptions.
To this end we fix for the rest of this subsection

Ey:={zeQ|po(x)=1}

where we recall that ¢ € @2d was chosen as minimizer of jg. For the following considera-
tions, let us introduce the notation

wo(t)=poo T, Qi =TyQ)
ug(t) = So(po(t)), Eo(t) = Ti(Ep) = E¥#™

for some given transformation T € T 4.

Remark 8.4. With the choice of ¢q € argmin%@odjo(go) and T € T qq we find po(t) € 6261,

since we have (detDTt_l) (DT wo Tt e UM for any u e U and thus U 2 g
follows from U¥° + @, cp. Lemma . This ensures that wo(t) is well-defined.

Let us first examine the differentiability of the transformed state variable in direction of
the transformation.

Lemma 8.5. The mapping R o I 3t — ug(t) o Ty ¢ HY(Q) is differentiable at t = 0
(where I is a small interval around 0) and 1o [V] = 0)i=o (uo(t) o T}) € H*(Q) with
wo [V]|ang, = 0 is given as the unique solution to
f uVig [V]:vVzde = / uDV (0) Vug : vz da + / pVug : DV (0)! vz dz+
Ey Eo Eo
+ L uVug: VvV (divV (0)z-DV (0) z) dz - /E uVug : VzdivV (0) de+ (8.13)
0 0

+[EO(Vf-V(O))-zdx+[E0f-DV(0)zdx
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which has to hold for all z € VF°, together with
divag [V] = Vug : DV (0). (8.14)

Remark 8.5. Here and in the following calculations we will again use the notation and
conventions outlined in Remark[7.9

Proof. The basic idea of the proof is to apply some implicit function argument. But as in
Lemma [8.3]| we cannot apply the standard version of the implicit function theorem, since

{ve H(Q) | v|og, = 0}>v e dive
won’t be surjective as a mapping into L2(2) or L3(Ep), as we don’t have enough regularity
of Ey (see counterexample in [Galll]). So we will use again Theorem[A.3] but now applied
to a different setting. We define
F:Ix VP & (V) x 12(Q)

by
F(t,v)z:= fEO pvu: DTV (det DT, ' DT, 2) da-

- on 19 (det DT;DT;Y) - w: DT; 7V (det DT} DTy 2) - det DT dar =

= fE 0 pdet DT, 'DT; - DT, - vV : DT; 7'V (det DT, ' DT;2) - det DT} da-

- [ w9 (detDT,DT;") -w: DT; TV (det DT, DT;2) -det DTy doda ¥z e V.
Eo

Then we observe with Lemma that due to wug(t) € UP® and T € T,y it fol-
lows (det DT%) (DTt_l)uo(t) o Ty € UP°. Moreover, for z € VE0 arbitrary we get z; =
(det DT 1) (DTy) z o T, € VE®) and thus we find

/E/L(Vuo(t))(Tt)-(Vzt)(Tt)-detDTtdx—‘/;J foT;-zo0T;-detDT;dx =
0 0

= Vug(t)-Vz dx—f cz;dr =0.
fEO(t)u o(t) ! Eo(t)f '

Next we choose some G € U which is possible since g is a minimizer of j, with
jo(o) < oo and therefore in particular U = &.
Then we see by direct calculation that it holds

F(t,(detDT;) (DT ) uo(t) o Ty - G) z = [E foT; -z oT;-detDTydx - F (t,G) z =
0
- [E foT,(det DT 'DT,z) - det DT, da - F (, G) 2 = F(t)z
0
which defines B )
F(t)e (V).

108



8 OPTIMALITY CONDITIONS FOR THE SHARP INTERFACE MODEL

Summarizing, we have
F(t,-)ec(vEO,(VEO)') Viel

and
F(t,(detDT;) (DT; N ug(t) o T - G) = F (t) Vtel.

Due to the differentiability assumptions on the transformation T € T 44 we observe that
Iste F(L,) e E(VEO, (VEO)’)

aswell as I3t~ F(t) e (VEO)’ are differentiable at ¢ = 0. To apply Theorem we still
have to show condition (A.1). Therefore, we see that for all v,z € VEo it holds

F(O,v)z:fE pVov-Vzdz. (8.15)
0

Thus for fixed v € V0 we can estimate, using Poincaré’s inequality,

2
sp [F(0,v) 2 Vol gz

|F (0,0)] >
( ceveogoy 12l ~ [0l

vEo) T > c(92) ”'UHHl(Q) :

which implies (A.1)).
And so we can apply Theorem to get differentiability of
I>tw ((detDT}) (DT ') uo(t) o T - G) € H' ()

and thus of ¢ = ug(t) o Ty € H'(Q2) at t = 0. Besides, we obtain that 4 [V] is the unique
solution of

F (0, div V' (0)ug - DV (0)ug + it [V]) = F'(0) = dy|s=0F (t,u0 - G).
This reads
F(0,u9[V])z=F'(0)z - 0:F (0,ug - G) z — F (0, div V(0)ug - DV (0)ug) z =
= Olieo [Eo (foTi -z 0T, detDT}) dz - 0,F (0,ug) z Vze VE

which yields with (8.15)) the stated result.
0

After those preparatory steps, we can now deduce our main result. To this end we notice
as in Section that due to construction g(t) are admissible comparison functions for
Jo if T € Tpq, see Remark [3.4] and so

jo (90) <jo(poo Ty ) VT eToq lt| <1,

which implies
Atli=0jo (oo T; 1) =0 VT € T

This is the main idea used for the necessary optimality conditions of problem (8.12)), as
shown in the following theorem:
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PART I: STOKES FLOW

Theorem 8.2. For every minimizer ¢g € ®%, with ug = So(po) € U° of (8:12) we have
the following necessary optimality conditions:

Oli-oio (0o T') = X0 [ podivV(0)da, (8.16)
Ao(/;2¢0dx—,8\9|):0 (8.17)

which holds for all T € T 4q with velocity field V € V,q. Here \g > 0 is a Lagrange multiplier
for the integral constraint and the derivative is given by the following formula:
Ole=0jo (w0 o T, ) = fﬂ [Df (z,u0, Dug) (V(0),40[V],Dug [V] - DugDV(0)) +
+ f(z,up,Dug) divV(0)] dz+ (8.18)
#eo [ (divV(0)-v- TV (0)r) d|Dx,

with v being the generalised unit normal on Eg = {¢o=1}. Moreover g [V] € HY(Q)
with 1o [V] =0 a.e. in Q~ Ey is given as the unique solution to (8.13])-(8.14).

Proof. Analysis similar to that in the proof of Lemmal[7.5] and applying Lemma [3.4] shows
(8.18]). The existence of a Lagrange multiplier Ao € R" for the integral constraint can
be deduced by the same method as in Lemma [7.5] which reduces basically to an explicit
construction. O

To show the similarity to the already obtained optimality conditions, we consider again
the example of minimizing the total potential power of Example

Example 8.2. Let
J (2.u,Du) = £ Duf’ - (@) -,

then we get from (8.18]) the following expression:

Oh=ojo (w0 o Ty ) = fQ “DFV(0) - £ -ito [V] + pDug : (Ditg [V] - DugDV (0)) da+
+/Q(%|Du0|2—f-uo) div V (0) da+
+fyc0[9(divV(0)—V-VV(O)V) d|Dxz|-

It is worth pointing out the similarity to the formula obtained in the phase field setting
for this example, which is calculated in . As one may suppose by the resemblance
of those equations, we will show in Section [J] even for the general objective functional
that under suitable addition assumptions limg,o 9¢|t=07c (gpa o Tt‘l) = O¢lt=070 ((po o Tt‘l) is
fulfilled for all 7' € T 4.
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8 OPTIMALITY CONDITIONS FOR THE SHARP INTERFACE MODEL

8.3 Linking the optimality criteria

In the previous two subsections we have derived two different versions of optimality crite-
ria for minimizers of jo. In Section [8.1] we have calculated the classical shape derivatives,
under some additional regularity assumptions on the minimizer, whereas the optimality
conditions derived in Theorem [8:2] of Section [8.2] are verified without any additional as-
sumptions. Anyhow, both systems result from geometric variations.

In this subsection, we will show that, stating the regularity assumptions made in Sec-
tion both optimality conditions are equivalent.

Lemma 8.6. Assume that Eg :=int ({z € Q| po(x) = 1}) is a well-defined open subset of
Q and that the regularity assumptions (8.3) are fulfilled.

Then we have
Ohli=0jo (w0 o T; ") = DJs(Eo) [V] (8.19)

for all T € Tqaq with velocity V € Vaq where Oli=ojo (<p0 othl) is giwen by (8.18)) and

DJs(Eo) [V] by B7).
This means, that the optimality conditions of Theorem[8.1 and of Theorem[8.9 are equiv-
alent.

Proof. The proof follows closely the arguments of Lemma [7.6| and we only give the main
ideas here. We start with observing that standard regularity theory for the Stokes equa-
tions, cf. [Tem77, [Gallll, SohO1], imply qq, uo and g [V] are in H?*(Ep), where the
adjoint state g is given in Theorem

Thus, we find that the shape derivative
ug [V] =10 [V] - Vo - V(0)
is a function in H'(E)p).
o st step: We see that u(,[V] solves

~plAug [V]+Vpy [V]
divuy [V] =
ul [V]=-0,u0(V(0)-v) on dEy,

0 in Eo,
0 in Ey,

in the following sense:
,u[ vuh[V]:Vzdz=0 VYze H}(Ep), divz =0,
Eo

where v denotes the outer unit normal on Ey. This can be shown by following the
arguments of Lemma [7.6]

e 2nd step: We now follow the arguments of the second step of the proof of Lemmal[7.6]
with integrals over 2 replaced by integrals over Ey when considering the linearized
and adjoint state equations, to reformulate (8.18)) to (8.7). Moreover, we can deduce

divV(0) = v- vV (0)v) d|D :f
|, (@ivv©) ~v-vV(0)) dDxs= [
from Lemma [3.4] O

V(0)-vd
QK()V.%'

onN
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PART I: STOKES FLOW

Summarizing the results of this section, we have calculated on the one hand classical
shape derivatives, which only hold true under some unverified regularity assumptions
on the minimizing set, but on the other hand we also have derived analytically verified
optimality conditions by geometric variations. Additionally, we have also shown that
those optimality criteria are equivalent if imposing the regularity assumptions necessary
for deriving shape derivatives. This shows, that we have derived two different optimality
conditions and that the obtained results are conform with each other and with the analysis
found in literature. These statements are summarized by the following diagram:

| (o minimizes jg |

more regular/

optimality conditions
-
obtained with
shape analysis
are fulfilled

optimality conditions

E10) - 19

more regularity obtained by geometric variations
are fulfilled
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9 CONVERGENCE OF THE OPTIMALITY SYSTEM

9 Convergence of the optimality system

We have already shown that a subsequence of minimizers of (j.).., denoted by (¢c) .0
converges in L'(2) to some limit element g € L' () as € \ 0. If additionally the growth
condition is fulfilled, we even find that ¢¢ is a minimizer of jy and lim.\ jc (ve) =
jo (o), see Theorem

The aim of this section is to show that in this situation the optimality conditions for (j.)..,
derived in Section [7.2] converge to the optimality conditions of jy derived in Section [8.2]
We remark in particular, that we do not assume any additional regularity assumption on
the minimizing set, the data or €2 to prove the convergence of the optimality systems,
whereas this was necessary in Lemma and Section 8| So the following result is con-
sistent with what we have shown before. But as we are considering first order optimality
conditions we assume again differentiability of the body force and the objective functional

which given by Assumptions [(A6)| and [(A7)]

Theorem 9.1. Let (¢:).. be the sequence of minimizers of (jc)..o converging to @q €
LY(Q) given by Theorem |6.1. Assume moreover that

e = ol L1 ({zeipo(2)=1,p- ()<0}) = O (€) - (9.1)

Then the limit element @q is a minimizer of jo. Moreover it holds
}:ii% Oli=0e (we 0 T7') = Oilicojo (w0 o Ty ') VT €T g (9.2)

If

{epo=1}>0 (9.3)
then we have additionally the following convergence results:

eNo0

Ve — Po m LI(Q), (9.4a)
Ue =9 ug in H(Q), (9.4Db)
i [V] 23 g [V] in H'(Q), (9.4c)
A 90 in IR, (9.4d)
. eno0 .
]5(805) - ]O(‘PO) in R, (9-46)

where ue = S:(p:), wo = So(po), (Ae)og € RY are Lagrange multipliers for the integral
constraint defined due to Lemma Ao € RY is a Lagrange multiplier such that it holds

(8.16) — (8.17), and thus is a Lagrange multiplier for the integral constraint in the sharp
interface according to Theorem [8.2

Remark 9.1. We remark that condition (9.3)) is only necessary to prove convergence of
the Lagrange multipliers (\:)..q, whereas the other statements would hold true even if
(19.3)) is not fulfilled. But as |{¢o =1}| =0 means that there is no fluid present at all (up
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PART I: STOKES FLOW

to sets of measure zero), 18 not a restrictive assumption. For instance in the case
of non-homogeneous boundary data, thus if HT' ({x € 9Q | g(x) #0}) > 0, we find that
{z e Q| po(x) =1} >0, and thus is fulfilled, since wy € UF fulfills ug|aq = g and
Uol(po=-1) = 0.

Proof. We assume for the following considerations that is fulfilled. The existence of
a subsequence of ()., that converges to a minimizer ¢g of jo in L'(Q2) follows from

Theorem In fact, we even obtain therefrom directly (9.4¢]). Moreover, by using (9.1
we can apply Lemma to obtain, after possibly choosing a subsequence

lim [ﬂ 0 () [uel? dz = fQOéo (00) |uof? d = 0 (9.5)

and
lim [lue o 1) =0

which shows (9.4b)).

From the second step in the proof of Lemma [6.3| we even find

lim | az (¢2) P dz=0 VoveHY(Q),v|o g0 =0. (9.6)
This result will be used later on in this proof. We proceed by defining the auxil-
iary functions w. := (-divV(0)+DV(0))u. for all ¢ > 0 and obtain from the reg-
ularity of V' and (9.4B) directly that (w.).,, converges strongly in H'(Q) to wq =
(=divV(0) + DV (0)) uo.

We recall, that i, [V] e H}(Q) is due Lemma given as the unique solution of

fﬂozg(gog)'u€ [V]-z+puvu.[V]:Vzde = _[QHDV(O)TVuE :Vzdr+

+/Q,uVus:DV(O)TVzdeer,uVue:v(divV(O)z—DV(O)z) da—

(9.7)
- LMVUE :VzdivV(0)der + [Q (Vf-V(0)) zdz+
; fQ F-DV(0)zdz ana (p-)u. -DV(0)zdz VYzeV
together with
div it [V] = Vue : DV(0) (9.8)

where we use again the notation outlined in Remark The main idea of the proof is to
use the approach of Lemma i.e. we show that (. [V]).., are the unique minimizers
of functionals which I'-converge as € \ 0 in the weak H 1(Q)—topology. To this end, we
define for v e HY(Q):

F.(v) = fQ (%ozE () |vf + g |V'v|2) dz - R.(v)+

; /Q @ (=) ue - DV (0)v dz - D.(w.)(v)

114



9 CONVERGENCE OF THE OPTIMALITY SYSTEM

where R, € H™1(Q) is given by

R.(z):= fQNDV(O)TVUE :Vzdr + /Q,uVuE :DV(0)Tvzda+
+ fQ Vue : V (divV(0)z -DV(0)z) da-

- fgwug . V2 divV(0) dz + fQ (V£-V(0))-2+ f-DV(0)zda
and D, (w.) e H1(Q) is defined by
Dow:)(2) = [ ac(pwe: 2+ pvw. - vz da.
Additionally, we define

Fa(v) = [ (300 (o) ol + 5 190) da - Ro(w) - Do(uwo)(v)

2
where
Ro(2) ::fQuDV(O)Tvuo:vzdx+fﬂuvu0:DV(0)Tvzdx+
+quVu0:V(divV(O)z—DV(O)z) da—
—fQ/LVuO:VzdivV(O)d:c+/Q(Vf-V(O))-zderfo-DV(O)zd:c
and

Do(wo)(2z) = L ap(po)wo - z + pVwy - Vzde.

We remark that (R.)_.., € H () and Ry € H *(Q). From the already proven conver-
gence of (u.)_., to ug we find that (R.)_,, converges to Ry (strongly) in H™*(Q).

Next we see, that due to Lemma it holds
div (div V' (0)ue + Du .V (0) -DV(0)u:) =0
and so
divw, = div (-divV (0)u. + DV (0)u.) = div (Du.V (0)) = Du. : VV (0)
where we used for the last step divu. =0. This implies
div (% [V]-w:) = 0.

And so we can conclude from . [V ] |50 = weloq = 0 that (u. [V] - w:) € V. In particular,
we can insert (. [V]-w:) € V as a test function into (9.7)) and end up with
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/Qag(%)me 4l dg;+fﬂu|vu€ V]2 de = R. (4. [V] - w.) -
- fQ . (p) ue -DV(0) (iee [V] - w.) dz - D. (e, [V]) (w.) <

< Bl (Vite IV oy + el g ) +

+C(froe (%)|u5|2)é ((fﬂoé6 () s [V]|2)2 +(Lae(¢6)|wa|2)é)+

co( frar o)’ ([ o (el V1) vl oy 19 [V

By observing

[Qag (o) lwe|? dz = fQ e (92) (= div V(0) + DV(0)) ue|? dar <

< C[Qc»z€ (ve) ]ug\z dz.
we find thanks to Young’s inequality from

(9.9)

N

(9.10)

—/QogE (e) e [V]] da + /Q g Va. [V]]? dz <

< Rellz1 gy | e [V gy + T Ly [+ € ( e (o) el +

| — [ —

(9.11)

+p [ Vwe | 2y Ve [V L2 -
[ ——
<C
And so, by using again Young’s inequality together with Poincaré’s inequality (notice
@ [V] has zero boundary data on 9$2) we end up having a uniform bound on [[i [V]| g1 ()
and

Sup/ ae (¢2) [z [V]]? dz < oo, (9.12)
e>0 JQ

This directly implies the existence of a subsequence of (u. [V])
that converges weakly in H'(Q) as £ \ 0.

denoted by the same,

e>0

After these preparatory steps we notice that (4. [V'] - w.)_., are the unique minimizers in
V of the convex functionals (F;)_.,, and similarly (ito [V'] —wog) is the unique minimizer
of Fy in V. This follows by observing that the linearized state equations -
and - are the necessary and sufficient optimality conditions for these convex

optimization problems, see also discussion in Lemma (6.3

We continue by proving that (F:).,, I'-converges to Fy in V' with respect to the weak
H'(Q) topology as € ~ 0. For this purpose, we will follow closely the arguments of
Lemma and only point out the steps which differ from the corresponding parts in the
proof of Lemma We conclude in several steps:
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9 CONVERGENCE OF THE OPTIMALITY SYSTEM

Claim: For any v € V' it holds limsup, . o F:(v) < Fy(v).

Proof: Without loss of generality we can assume Fyy(v) < oo, which gives [, ao(¢p) lvf? <
co. As we know ag (@p) € {0,00} a.e. in © this already implies v = 0 in 2 \ E¥0.

Using we deduce therefrom
) 1
lim 30 (¢2) o] da = L ap (o) [v|* dz =0

eNO0

and applying Holder’s inequality we get moreover
eNo

|, ooy e DV Opwar| < o [Qaauoa)\ugr?)% ([ o mnv\?f =0,

Similarly, we get due to (9.10) that
: eNO0

’fgaa(%)wg'”dx < C(fQ ae (pe) [uel” doz:)é ([Q ac(pe) v da;)g =9 0.

Combining these results with the convergence of (w)_., to wo in H' () we deduce

the claim.
Claim: Let (v.)_,c V be such that (v.)_,, converges weakly in H'(Q) to v as & \ 0.
Then:
Fy(v) < liminf F.(ve).
eNo

Proof: We assume liminf. g F.(v:) < oo, otherwise the claim would be trivial. Following
the arguments of Lemma in particular the calculation in (6.17)), we can deduce

2 . 2
dz < liminf f dz.
| ao(go) fof? do <timint [ ac (o) oo da
Next we choose a subsequence such that

. 2 .. 2
l.clggofgag’“ (¢e,) Ve, ] d:13=11151r1\151f/904E (¢e) [vel” da.

By Holder’s inequality we find for this subsequence

| [ 0 (920 ey - DV (0w, do

1 1
<0 [ an (e de) ([ ac (o) ol de)

<C

<

which gives in view of (9.5)),

klg?o ‘fgask (¢e,,) ue,, - DV (0)v,, dx‘ =0.

Thus, we obtain

'[Qaa (ve) ue - DV (0)ve dx| < kh_)rgo ’/Q ag, (@) U, - DV (0)v,, dz| =0

lim inf
eN0
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and therefrom
lim inf / az(pe)ue -DV(0)v.dx = 0.
eNo0 Q

Similarly, we find by means of (9.10)
0= fﬂao(g@g)'wg -vdr = liIgn\iglf [QozE (pe) we - v dx.

Now we can use the strong convergence of (R.)_., to Ry in H'(Q) and the weakly
lower semicontinuity of the remaining terms to deduce the statement.

Combining the previous two claims, we can conclude that (F;).., I'-converges to Fj in
V with respect to the weak H 1(Q) topology. And so standard results for I'-convergence,
which are stated in Theorem (3.3} imply:

Claim: If v, € V minimizes F for every € > 0 and the sequence (v.)_,, converges weakly
in H'(Q) to v, then vy minimizes Fy and lim, o F.(v.) = Fy(vo).

We will use this result to show the remaining statements of the theorem. To this end, we
recall that (it [V] - w.)_,, converges weakly in H' () to some element in H'(Q), which
has to be a minimizer of Fy due to the claim above. But since Fj is a strictly convex
function, the minimizer 1o [V']-wy is the only one, and thus (4. [V])_., converges weakly
in H'(Q) to 4o [V] and

lim ;. (@ [V] - we) = Fo (40 [V] - wo). (9.13)
By

o [ oot as) ( fLa Goolin VI as)’

(9-5) (9-12)
—0 C

[ ac @) we i [V] da

(9.14)

we also have
li\r‘% _/Q e (pe)we - u: [V] da = 0.

Thanks to the convergence of (R.)_., to Ro in H (), the strong convergence of (w.)
in H'(Q) this yields in view of (9.13)

e>0

nm[fQ %ae(%)mg VIE+ & (9i (VIP o+ [ ae (p2) ue DV(0)i[V] dx]:

eN0

1 . .
- [ Sa0 (g0l [VIP + & vio [V]P da.

Applying again (9.12)) and (9.5 we find similar to ((9.14])

lim Qe (pe)ue -DV(0)u. [V]dz=0

eNO0

wherefrom we arrive in
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tig [ [ o (e e [VIP+ £ 19 (VIE] = [ S0 (ool VI + & (v [V da.

Thus, using Lemma we can deduce the strong convergence of (. [V])_., in H'(Q)
and

. 1 . 1 .
lim [ Sae(eo) e [VIP da = | Zao(eo) it [V do =0.

We continue this proof by considering the terms in the optimality system arising from the
Ginzburg-Landau energy. To this end we observe that

lim j¢ (‘Pe) = jO(‘PO)a lim f Qe (Spe) ’ua|2 dz =0
eNo0 en0JQ
together with (9.4b|) imply

. £
tim [ (L 190:+ 20 (0)) do=coPa (Eo).
ex0Ja\ 2 €

Using the same calculations as in [Gar(O8, Proof of Theorem 4.2] we can deduce therefrom

. 15 1 . .
timy [ (5196 + 20 (00)) divV () do =00 [ divV(0)d[Dxl

eNO0

and
limae [ Vo TV (0)¢edr =0 [ v-TV(0)vd[Dxs|
eNo Q Q

where v is as usual the generalised unit normal on Ey. The proof in [Gar(8] uses ideas
of [LMg9] and is based on using the auxiliary function ¢(¢) =2 [¥ 1/ (z) dz. The unit

normal v is then approximated by smooth functions vy, where vs should also be good
_ Vo(pe)

IVé(pe)
Theorem [3.2) gives the result. For more details we refer the reader to [Gar08 Proof of

Theorem 4.2].
To finish the proof of (9.2]) we deduce from (9.5) and (9.12])

UQ% (pe) ue - [V] dz| < (/{;ae(@aﬂuaﬁ);('[gag (pe) Jite [V]|2)§ =0 0.

At the same time, (9.2) and the regularity of V € Vo4 imply

approximations of v, := . Then, applying the Reshetnyak continuity theorem, see

. 1 2 ..
il\I‘I(l) '[Q g% (e) luel” divV(0)dx = 0.
Due to the proven convergence results of (u.).,, and (. [V]).,, we thus obtain
lim Atls-oje (= 0 T;*) = Oth=ojo (w0 o T7 ") (9.15)

It remains to consider the Lagrange multipliers (A:)..o. In view of (7.32)), we see that the
left-hand side of

Atli=0Je (e o Tt_l) = - fQ pedivV(0)dx
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converges for every T ¢ T 2q With vglocity field V € Vg as € N 0. We choose similar to
[Gar08] a specific velocity field V' € V,4 such that it holds

fQ oo div V(0) da > 0.

This is possible, since ¢g € ®,4 and thus {po =1} ¢ 2, and due to (9.3)) it holds {¢g = -1} ¢
Q). Then we deduce from (9.15)) that

EE%—AEfQ% div V(0) dw = lim 4li-oj (- 0 T") = Aocogo (wo o ;).

But since
limf <p5divV(0)d:c:/apodivV(O)dx>O
en0JQ Q

it follows therefrom that ()., converges in R, and we call the limit element \g € R".
Additionally, we know then that \g € R* fulfills (8.16]) — (8.17)). This finally finishes the
proof. ]

We give a brief conclusion of the results we have shown in this part. Starting in Section
we have introduced a phase field approach for general shape and topology optimization
problems in a Stokes flow and showed its well-posedness. Moreover, we have shown that
the phase field model approximates a sharp interface model as the phase field parameter
e tends to zero in the following sense: In Section [6] we have shown that under suitable
assumptions on the sequence of minimizers (¢ ), a subsequence of the latter converges in
L'(Q) to a minimizer of the sharp interface model and the minimal functional values then
converge, too. We have generalised this result in the case of minimizing the total potential
power in Section More precisely, in this setting we could show I'-convergence of the
corresponding reduced objective functionals. Additionally, we have discussed optimality
criteria for both the diffuse and the sharp interface formulation independently. In this
section, we have finally shown, that the optimality conditions of the phase field model
approximate the optimality system of the sharp interface problem if we assume some
convergence rate for the minimizers (¢¢)..,. This implies, that we have found a consistent
approximation for the shape and topology optimization problem, where even numerical
results using first order optimality conditions can be expected to bring good results. First
numerical results using the proposed phase field ansatz will briefly be shown in the next
section. An outlook and a discussion on whether it may be possible to extend or generalize
the stated results has been given in Section [6.4
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Figure 8: Shape minimizer for the diffuser problem

10 Examples

In this section, we want to discuss briefly some numerical results which were calculated by
Christian Kahle from University of Hamburg. We will see, that we arrive with our ansatz
in the same results as obtained in known literature. We consider the typical problem of
minimizing the total potential power, thus the objective functional is given by

f(z,u,Du) = g|Du|2 - f(z) u(x).

We assume to have no body force, which means f = 0. The settings are adapted from
[BP03], where the detailed description of the prescribed data and geometry can be found.
To solve the problems, the phase field formulation, given by - , is used, and in
particular the first order optimality conditions given by Theorem are one key ingredi-
ent for the method.

The first example is the diffuser problem, compare Figure |8 with a parabolic inflow
profile at the left-hand side and a parabolic outflow profile at the right-hand side. Using
this data, the optimization leads to the result shown in Figure [8] where the red domain
corresponds to the fluid domain.

As a second example we consider a double pipe setting, which is described in more detail
in [BP03]. At the left-hand side of the geometry we have two inflow regions and and
the right-hand side there are two outflow regions. In particular, a different behaviour
for different lengths of the domain 2 can be observed. For a wide domain, we obtain
a connected fluid domain, see Figure [0 whereas for narrower domains 2 we find as a
solution two fluid domains connecting the in- and outflows, see Figure The same
results have been observed in known literature, see for instance [BP03, [DLL*11]. This
example indicates the importance of allowing topological changes in shape optimization
problems in fluid dynamics, since even in this standard setting it is a priori unknown which
topology brings a better result in terms of minimal values of the objective functional.
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PART I: STOKES FLOW

Figure 9: Solution for the double pipe prob-
lem, if we have a wide domain = (0, 1.5) x
(0,1).

122

Figure 10: Solution for the
double pipe problem, if we
have a smaller domain ) =
(0,1) x (0,1).



11 THE STATIONARY NAVIER-STOKES EQUATIONS

Part 11
Stationary Navier-Stokes flow

In this part, we want to alter the problem of Part [[| by using the stationary Navier-Stokes
equations as state constraints instead of the Stokes equations, in both the phase field and
the sharp interface model. So the convective acceleration u - Vu, where u denotes the
velocity of the fluid, will not be neglected in the state equations any more, which leads
to a nonlinear system. Analytically, this gives rise to several difficulties. First, we cer-
tainly have to deal with some technical aspects if we have nonlinear state equations. But
most important, the steady-state Navier-Stokes equations do not inherit a unique solution
in general. Uniqueness has so far only been shown for small data or large viscosity, cf.
[Soh01l, |Gallll [Tem77].

Nevertheless, we can study the same aspects as in the previous part, namely well-posedness
and first order optimality conditions of the phase field model and the sharp interface
model. We will then establish a relation between both models. Since, as indicated above,
the state equations are not uniquely solvable, we will not be able to consider some reduced
objective functionals as we have done in the first part. However, we are still able to deduce
convergence of the minimizers of the diffuse interface model to a minimizer of the sharp
interface model, if the minimizers fulfill a certain convergence rate. We find that then
simultaneously the corresponding optimality systems converge.

11 The stationary Navier-Stokes equations

In this section we review some of the standard facts on the stationary Navier-Stokes
equations. We will touch only a few aspects of the theory that will be of importance for
us. This will motivate the additional assumptions introduced in Section that are
required for this part. We will see that those conditions are necessary because of the
possibility of non-uniqueness of solutions to the stationary Navier-Stokes equations.

11.1 Introduction to known results

Let us start by introducing a notation for the nonlinear convective term arising in the
stationary Navier-Stokes equations. We denote by

b: H'(Q)xH' (Q) x H () - R
the following trilinear form
d
b(u,v,w) := Z / w;0jvjwj de = f u-Vou-wdzx.
’i,j=1 Q Q

Using the restriction on the space dimension d € {2,3}, the imbedding theorems and
classical results, we see that this trilinear form fulfills the following properties:

Lemma 11.1. The form b is well-defined and continuous in the space

H'(Q)x H' (Q) x H} (Q).
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PART II: STATIONARY NAVIER-STOKES FLOW

Moreover we have:
b (u,v,w)| < Ko |[Vu| g2 ) [VOl L2 [Vwlg2q) Vu,we Hy(Q),ve H'(Q) (11.1)

with P
e
MUUT ipg =3,
KQ = |Q\1/2 )
= ifd=2.

Additionally, the following properties are satisfied:

b(u,v,v)=0 Vu e HY(Q), diva =0, v e H{(Q), (11.2)

b(u,v,w) =-b(u,w,v) Vue H'(Q), dive =0, v,w € H)(Q). (11.3)

Proof. The stated continuity and estimate ((11.1]) can be found in [Gallll Lemma IX.1.1]
and (|11.2)) — (11.3) are considered in [Gallll Lemma IX.2.1]. O

Besides, we have the following important continuity property:
Lemma 11.2. Let (u), o s (Vn),en » @, v € H () be such that
Up =W, Uy =0 in H'(Q)

where vy |oq = v]ga for all n e N.
Then
lim b (wp, vp, w) =b(u,v,w) YweH(Q).

n—oo

Moreover, one can show that
H'(Q)x HY(Q) 5 (u,v) ~» b(u,-,v) e H(Q) (11.4)
s strongly continuous.

Proof. We apply the idea of [Zei97, Lemma 72.5]. Therefore, we first notice that H'(Q) is
compactly imbedded in L*(Q) and continuously in L°(£2), since we are restricted to space
dimensions d € {2,3}. Thus having weak converging sequences (uy,),, ., (Vn),en € H (Q)
as given in the statement, we find that they converge strongly in L3(Q) and are bounded
in L%(Q). So we can estimate for any w € H'(Q) with Holder’s inequality

b (U, vy, w) = b (u,v,w)| < |b(up —u, vy, w)|+ b (u,v, —v,w)| <

< un - u||L3(Q) ||an||L2(Q) ||w||L6(Q) +[b (u, v, — v, w)|.

-0 <C

With similar estimates and making use of the imbedding theorems and Poincaré’s inequal-
ity we see that b (u,-,w) € H*(Q) and so the weak convergence of (v,, —v), . € H$(Q)
in H'(Q) to zero implies

lim b (u,v, -v,w) =0

n—o0
and so we have shown
lim b (wp, v, w) = b(u,v,w) Ywe HY(Q).
n—>00
The strong continuity stated in (11.4]) follows in a similar way, see for instance [Zei97,

Lemma 72.5].
O
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11 THE STATIONARY NAVIER-STOKES EQUATIONS

We continue with a technical lemma that will be needed quite often and is taken from
[Gallll, Lemma IX.4.2].

Lemma 11.3. Let U be a bounded Lipschitz domain in R? such that R\T is connected
1
and let v, € H2 (OU) satisfy

v.-ndr=0
oU

where n denotes here the outer unit normal on U.
Then for any n > 0 there exists some § = 6 (n,v.,n,U) >0 and a vector field V =V (0)
such that

VeH'(U), divV =0, V =v, on dU

and verifying
‘/I;U'VV'udZE‘ 577||V“H2L2(U) (11.5)

for all we HY (U).
The next lemma corresponds to [Gallll, Theorem I1X.4.1].

Lemma 11.4. Let U be a be a bounded Lipschitz domain of R? such that R4\ T is
connected and let
1 -1
v. e H2 (0U), FeH " (U)

with v, satisfying
f v, -ndr=0
oUu

where n denotes the outer unit normal on U.
Then there exists a constant és = ¢3(d,U) such that if

_
ol <5
any solution v e HY(U) of
-pAv+v-Vo+Vp=F in U
divvo =0 m U
V=0, on OU
in the following sense
fQqu-dex+b(v,v,w):(F,w)Hfl(U) VweV (11.6)

verifies the following estimate:

Cy 2
Vol < 2 (HF||H_1(U) el opy +H llv*HH%(aU))

with 54 = E4(d, U)

Furthermore, we have the following standard uniqueness result for the stationary Navier-
Stokes equation, compare [Gallll Theorem IX.2.1]:
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PART II: STATIONARY NAVIER-STOKES FLOW

Lemma 11.5. Let U be a bounded Lipschitz domain in R?, and let v € H'(U) be a
solution to

—-pAv+v-Vo+Vp=F in U
divv =0 n U
V=, on oU

for F and v, as in Lemma[I1.4 If we denote by w another solution corresponding to the
same data, v = w, provided that

1
[Volpzwy < 70
L*(U) KU

where )
1/6
DU ipd =3,
KU = |U|1/2
5 if d=2.

For further details and an extensive discussion of the stationary Navier-Stokes equations
we refer the reader for instance to the books [Gallll, [Tem77), [Soh01].

We will now discuss the equations in a formulation, in which they will occur in our sharp
interface model later on. The important point here is that we will have to solve the
stationary Navier-Stokes equations in a set of finite perimeter E c 2 and not any more in
open Lipschitz sets as in the discussion above. However, we will work again in the given
Lipschitz container €2, as we have done it for the Stokes equations in the first part, and
assume the velocity being zero outside of E. One observes, that the constant appearing
in the estimate of Lemma depends on the domain U on which the state equations
are soved. In order to get a better insight on how the constant depends on the domain,
we restate the lemma in a different formulation here and give some details on the proof.

Lemma 11.6. Assume E € Q) is an arbitrary Lipschitz domain and let g € H> (092)
be the boundary function given by Assumption |(A2). Then there exists some constant
cs = c3(FE), such that if

190473 gy <55
we obtain for any we HY(Q) fulfilling
uloup=0, divu=0, wulspo=g (11.7)
and
quVu-V'udx+b(u,u,'v):Af-'vdx VoeVE (11.8)

the following estimate

2

H%(09) (11.9)

#0190 73 o

C
19l 20y < 2 (112000 +

for some cq = c4(E).
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11 THE STATIONARY NAVIER-STOKES EQUATIONS

Remark 11.1. Remark that for an arbitrary set E c € there may not even be a solenoidal
velocity field w with w = 0 in QN E and ulspq = g, consider for instance the case
Hd1 ({xe@Q |z ¢ E,g(x) ;tO}) > 0. In this case, there is no solution to (11.8) and

so the statement of the lemma is trivial.
Proof. Assume that u ¢ H'(Q) solves (T1.7)-(11.8). We define the trace operator
T: HE(div) > H? (9Q)

with
HE(div) := {ve H'(Q)| divv =0, v|g.p =0 a.e.}

as the restriction of the classical trace operator defined on H* () to the closed subspace
HPE (div). We see that T is continuous and we denote the continuity constant by cr(F).
Applying the results from Lemma one sees quiet easily that R(T') is closed, as E is
assumed to have a Lipschitz boundary. Using the closed graph theorem, in much the same
way as the proof of [Soh01l Lemma I1.2.1.1] we see that there exists a continuous inverse

T R(T) - HP (div) IN (T)
from the image of T to H (div) modulus the null space of T, where
-1 -1
|T Hﬁ(R(T),HE(div)/N(T)) <er(E)

In particular, considering our given boundary function g, we deduce from ([11.7]) that
geR(T) and so
-1
ITw]l g1 < er(E) ”g“H%(aQ)

where [u] is the equivalence class of w in the quotient space H (div) /N (T).
This implies, that we can select a representative ug € [u] such that

[al mrr gy < er(E) g1 14 oy - (11.10)

Now we proceed similar to [Gallll Theorem IX.4.1] and define w := u —ug € VE to see
quVw-Vvdx+b(w,w,v) +b(w,ug,v) +b(ug,w,v) = /Qf-v - pVug - Vodz-
- b (ug, ug,v)
which holds for all v € VE. Inserting v = w and using Lemma we obtain therefrom
i IIVwHiz(Q) +b(w,ug,w) = /(; fw-pVug- Vwdr — b (ug, ug, w)
and so we can estimate, while using ,
112y < @) (1F Ly + 11Vl gy + [Vl +
+[Vaal gy V0] 20y ) 90 2o
and with therefore
19wl g2y <0 E) (15220 + 1190 1 o0y * 191251 oy * 19 g oy 1720 s )

If we choose ||gHH%(aQ) < c(Q,E)'4 we can deduce therefrom (11.9). This proves the

statement. O
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PART II: STATIONARY NAVIER-STOKES FLOW

This lemma already indicates some problem: To show uniqueness of a solution to (11.8])
by using similar results as Lemma [11.6| and Lemma [11.5, one would have to impose a
smallness condition on the right-hand side of , and thus bound the data f and g by
the viscosity p and the constant c4(E). But since we don’t have a fixed set E, but rather
vary the sets to find a minimizer of some functional, and it is not well-understood how ¢4
depends on F, we cannot control this constant. Thus the uniqueness imposes a problem
here which we will have to deal with in the following.

11.2 Additional assumptions on data and objective functional

The state equations in the sharp interface model will be given by . When we pass to
the limit € N\ 0 in the phase field model, we have to consider the state equations, too, and
obtain a sequence of velocities depending on the phase field parameter €. Under suitable
assumptions, one can show that the sequence converges to a velocity field solving the sharp
interface state equation . To ensure that the limit element coincides with a given
velocity solving we need uniqueness of a solution to (11.8]). This is important, since
the objective functional may have a different value for two different solutions of .
For a fixed set E, one could simply assume that the right-hand side of is smaller
than KLQ and then obtain with a result similar to Lemma uniqueness of the solution.
But here we want to vary the fluid region FE in order to minimize a certain objective
functional. This means in particular, that the constant c4(FE) of will change as F
changes, and it is not clear how ¢4 depends on E. For some recent results concerning this
constant we refer for instance to [BRW06].

To overcome this problem, we control the velocity by the objective functional and ensure
in this way that |u[ g1 gy is small enough for the minimizing set E, if u solves (11.8).
Thus, we make the following additional assumption throughout this part:

(A8) We assume, that the body force f € L*(€), the boundary term g € H> (092), the
viscosity p and the objective functional f are chosen such that:

1. there exists some constant C, € R fulfilling
TN (pu) < Cy = |Vl g2 € — (11.11)
(Q) 2K
for all ¢ € ®, and u € SY(); and
2. there exists at least one ¢ € (I>2d and ug € Sév(gpo) with

o' (0, u0) < Cl, (11.12)

where the solution operator Sév for the stationary Navier-Stokes equations is defined

in Lemma and the functional JJ¥ is given by (I3.18).

This requirement will imply unique solvability of the state equations in a neighborhood of
the minimizer of Jév , see Corollary which will be crucial for the convergence proof,
see Theorem [14.11

128



11 THE STATIONARY NAVIER-STOKES EQUATIONS

Before starting the considerations concerning the phase field approach we want to discuss
Assumption on the example of minimizing the total potential power, see Exam-
ple We will see that in this case Assumption is equivalent to the usual “small-
ness of data or high viscosity” stated in literature concerning uniqueness of the stationary
Navier-Stokes equations, cf. [Gallll [Tem77, [Zei97].

Example 11.1. Let’s consider the problem of minimizing the total potential power, which
leads to the following objective functional in the sharp interface formulation:

B (eu)= [ L1vuP - foudaeoPo ().

We take some arbitrary set FEy, maybe with Lipschitz regularity, such that
0o = (2xE, - 1) € <I>2d and use for instance Lemma to construct an element u € U0,
Without loss of generality we may assume homogeneous boundary data, thus g = 0. Oth-
erwise, we reduce the problem to a homogeneous one as in the proof of Lemma [11.6
Then we can, due to Lemma[T1.6] choose f small enough or u large enough, respectively,
depending on Ej, such that for a solution u € U0 of corresponding to Fy it holds

1

1 7 2 8 1 2 4 2
Vol 2 (q) < (g (%) T (5d|9|d ||.fHL2(Q)) - @'VCOPQ(EO)) (11.13)

where the right-hand side will be positive for u large enough.

Now we define

2
b p 1 i ’

2 ifd=3,
5d?={ﬂ

with

%, if d=2,

being the constant arising in Poincaré’s inequality, see [Gallll (II.5.5)], in the following
sense:

[0l g2y < Bal ™ [V0l 2oy Vo € HE(Q). (11.14)

With the help of Hélder’s inequality we get

I (0,u0) = & Vol - [ f-uode +rcoPa(En) <
7]
< 5 | Vuo ||2L2(Q) + ||f||L2(Q) o ||L2(Q) +7coPa(Eo).

This gives us in view of Poincaré’s inequality (11.14)) and by using Young’s inequality the
estimate

[ 1
Jo" (o, uo) < 5 Ivuo 122y * Bal7 1 £1 22y | V20l 12y + Yeo Pa(Eo) <

34 2 1 1 2
< Ivuolpeey + (841907 11 p2gy ) + 0 Pa(Eo) <

2
B B 1 1 2
SZ(E) —p(ﬁd|9|dHfHL2(Q)) =Cy.
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PART II: STATIONARY NAVIER-STOKES FLOW

Thus we have verified (11.12)).
Taking on the other hand an arbitrary (¢, u) € %, x U such that
T (p,u) < Cy

we see, using again Poincaré’s inequality ([11.14)) and Young’s inequality, that

L 1vul ) < Cu-veoPa(Bo) + [ frudes
1
<Cu+|[Fllp2) lulpz) < Cu+ [ Fllp2) Bal? V| g2y <

1 1\2 2
< Cut - (Ifz2() Pal6 )+ 1Vul e,

This implies

4

1\2 wo\?
Cu 5 (I iz Bal0*) < (55

= I

2

and therefrom

7
IVl 2 (q) < Ky
which yields (|11.11])).

Hence, using this choice of the data, Assumption would be fulfilled for the problem
of minimizing the total potential power.

In particular, we notice that in this setting, Assumption reduces to choosing the
external force f and the viscosity p small and large enough, respectively, such that
is fulfilled. And so we find, that Assumption is a comparable condition as imposed
in classical literature to ensure uniqueness of a solution to the stationary Navier-Stokes
equations.
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12 PHASE FIELD MODEL

12 Phase field model

In this section, we will restrict our attention to the phase field model describing shape and
topology optimization in a stationary Navier-Stokes flow. After formulating the problem,
we develop existence and uniqueness theory for the state equations and proceed the study
by showing the existence of a minimizer for the overall optimization problem.

12.1 Problem formulation

This section is devoted to the study of the following general optimization problem:

1
min JV (o, u) = 5 fﬂaa () [ul* dz + /s-zf (z,u,Du) dz+

(i) - . (12.1)
2
g /Q|V<p| dx+€f91/)(g0)dx
with
(SO’U)E(I)adXU
s.t.
Aaa(ap)u-vdx+,u/QVu-Vvd:chb(u,u,'v):/Qf-'vdfz: VoeV. (12.2)

This problem corresponds to - of Part [, where we replaced the penalized Stokes
equations in the constraints by penalized stationary Navier-Stokes equations. Again
the design variable is given by ¢ € ®,q = {gp e HY(Q) | fopdz <8, |pl<1ae. in Q},
which models the presence and non-presence of fluid in the following sense: The set
{z e Q| p(x)=1} is the set which is filled with fluid, and so the constraints re-
duce in this part to the stationary Navier-Stokes equations. In {z € Q|¢(z)=-1} the
equations can be considered as a Darcy flow through porous medium whose permeability
is given by a.(-1)7!. As e tends to zero, the permeability will tend to zero and the
penalization term in the penalized stationary Navier-Stokes equations including the in-
verse permeability will vanish. In particular, the velocity of the fluid will then be zero in
{x e Q| p(x) =-1}. In this sense, the set {x € Q| ¢(z) = -1} represents the region where
no fluid is present.

Since we consider a phase field model, we have additionally an interface between fluid and
non-fluid whose thickness is proportional to €, and thus vanishes as € tends to zero.

For details concerning the phase field approximation and the penalization term ensuring
vanishing permeability of the walls in the limit € \ 0 we refer to the discussion in Sec-

tion b1l

We will be concerned in the following with well-posedness of the constraints and
define a solution operator called Sév , see Lemma Since in general we might not have
a unique solution for an arbitrary ¢ € ®,4, the solution operator may be set valued, and
so we cannot reformulate the problem into minimizing a reduced objective functional as
it was possible in Section

Afterwards, we show existence of minimizers for the optimal control problem -
([12.2).
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12.2 Existence results

We start by examining the state equation (12.2). This is obviously a weak formulation of
the following system:

a: (P)u-pAu+u-Vu+Vp=f in Q, (12.3a)
divu =0 in Q, (12.3b)
u=g on 0N). (12.3c)

‘We show:

Lemma 12.1. For every ¢ € LY(Q) with |p(z)] < 1 a.e. in Q there exists at least one
u € U such that (12.3)) is fulfilled in the sense of (12.2]).

This defines a set-valued solution operator for the constraints, which will be denoted by

SY (@)= {ucU|u solves (12.2)} Vi e Dyy.

Remark 12.1. Remark that for any w e U and o € ®yq fulfilling (12.2)) there exists some
p e L?(Q), which is unique up to a constant, such that

/Qae(go)uwdac+u/QVu-Vvdx+b(u,u,v)—/S;pdivvdxz[Qf-vdx (12.4)

holds for all v € H(l)(Q) This follows from Lemma . But as the pressure is not
appearing in the objective functional in this setting, we will drop this variable in the
following considerations.

Proof. For showing the existence of a velocity field u € U satisfying we apply the
arguments of [Zei97, Theorem 72.A], which is an application of the theory on pseudo-
monotone operators. To this end, we fix ¢ € L'(Q) with |¢| <1 a.e. in Q.

At first, we rewrite the non-homogeneous problem into a homogeneous one analogously
to [Tem77, Theorem 1.5, Chapter II] by defining 1 € H'(Q) as a solution of

divep =0 in Q,
Y=g on 01},
such that
b(v.h,v) < 5 [Volga, VoeV. (12.5)

The existence of such a function 1 follows from Lemma m Then u € U solves ((12.2)) if
and only if & = w — 1 € V fulfills

fﬂag(cp)'&-v+,uV11-V'vdx+b(ﬁ,ﬁ,v)+b(11,1/),v)+b(1/),ﬁ,v) = (£,9) gy (126)

for all v € V' where we defined

F=Frudy- -y -ac(o)yp e H'(Q).
Then we can deduce that the linear operator A:V — V', which is given by

A(v)(w) ::/Qozg(go)'v-'w+,qu-dex+b(v,'z/),w)+b(¢,v,w) Vo,weV,
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is monotone because
(Av - Aw,v - w)y = ]Qag () v -w]* dz+u |V (v - 'w)||2Lz(Q) +b(v-w, P, v-w)+

(12.5)
>0 _E _ 2
e w)| 720

+b(1,b,v—w,v—w)2gHV(v—w)Hiz(m >0 Vo,weV.

(T1.2)
=0

(12.7)

Thus, A is a monotone and linear operator and therefore pseudo-monotone (compare

Remark [A.5]).
Defining B: V — V' by

B((v) (w)=b(v,v,w) =-b(v,w,v) Yo,weV

we see that B is strongly continuous (see Lemmal[l1.2)) and thus A+B is due to Remark[A.F]
pseudo-monotone. Moreover, since both B and A are bounded, we get that A + B is a
bounded operator, and from

B(v)(v) =b(v,v,v)=0

and estimate ((12.7)) we see that A+ B:V — V' is coercive.
For this reason, we can apply the main theorem on pseudo-monotone operators (see The-
orem |A.4) to get the existence of some @& € V' such that (12.6)) is fulfilled, which implies

that w =4+ € U fulfills (12.2).
O

In general we won’t have a unique solution u of (12.2)). But under an additional assump-
tion, which will be fulfilled for example for minimizers of JaN if € is small enough, see
Corollary we can show uniqueness:

Lemma 12.2. Assume that there exists a solution w e U of (12.2)) such that it holds

i

Then this is the only solution of (12.2)).

Proof. Assume u € U fulfills (12.2)) and it holds (12.8). Moreover, assume @ € U is another
solution of ([12.2)). Similar to [Gallll Theorem IX.2.1] we define z := U — u and see that z
satisfies

fQ% (cp)z-vdx+,quVz-Vvdx+b(ﬂ,ﬁ,v) -b(u,u,v)=0 VveV.
Using the trilinearity of b this can be rewritten as

fQozg(go)z-vd:cvtquVz'Vvd:c+b(z,z,'v)+b(z,u,'v)+b(u,z,'v):0 VoeV.

133



PART II: STATIONARY NAVIER-STOKES FLOW

Inserting z € V' as a test function and using Lemma [11.1] we obtain therefrom
/Q ae (¢) ]2 da + Mjs-z IVz? dz +b(z,u,z) = 0.
This gives us in view of a, > 0 and
119213 ) < Ko V212 g V0l 200y -
Finally, we see from that

(1= EaIvul g2y ) 1921720y <0

>0

which implies together with Poincaré’s inequality z = 0 and thus the stated uniqueness.
O

Remark 12.2. This uniqueness result corresponds to the uniqueness result of the classical
Navier-Stokes equations given in Lemma[11.5

Let us now analyze the overall optimization problem given by (12.1)-(12.2]). After having
considered the state constraints, we can deduce well-posedness of the problem as the next
theorem will show.

We remark that for the proof of the following theorem we do not use the radially un-
boundedness of the objective functional stated in Assumption But we cannot show
convergence of minimizers of the phase field model to a minimizer of the sharp interface
model if Assumption is not fulfilled. Thus even though the phase field model would
inherit solutions, it is not clear what happens in the sharp interface limit if the objective
functional is not radially unbounded with respect to the velocity, compare also discussion
in Section

Theorem 12.1. There ezists at least one minimizer of (12.1]) — (12.2).

Proof. This can be shown analogously to Theorem where we just have to deal with
the nonlinearity here. Thus we only point out the differences in the following.

We start by choosing an admissible minimizing sequence (¢, k)i € Pad x U, which
means in particular that uy € SY (¢). We use the state equation (12.2) to deduce a
uniform bound on |[uk| g1 (g as follows:

Let ¥ € H'(Q) be such that divep = 0, 9|sq = g and b(v,4,v) < %HV’vHiz(Q) for all

v € V', which can be chosen due to Lemma [11.3] Then we see that @y :=up - eV is a
solution to (12.6) with ¢ replaced by ¢y. Testing this equation with v = 4y, it follows

(ce (¢r) ﬁk,ﬁk)ﬁ(g) + ||V’ak||2L2(Q) + b (g, P, ay) = (fkaﬂk>H71(Q) =
—_———

>0 > 8|V} (12.9)

=(f,ﬁk)LZ(Q)—M_/va'Vﬁkdﬂf—b(iﬂ,%ﬁk)—/Qaa(%)¢'ﬁkd$-
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12 PHASE FIELD MODEL

Now using the inequalities of Poincaré and Young we can deduce therefrom the existence
of some constant ¢ > 0 such that

[arlGe) < c(1F152) + 11V 520 + 18150y + @2 1$l520)) - (12:10)

Applying again Poincaré’s inequality and inserting wy = 4 + ¢ we obtain therefrom a
bound on |u| g1 (g uniform in k € N. Moreover, the uniform bound on (JY (¢ox, uk))ke]N
implies that supgen | V@r[12(q) < oo and so we get, after possibly choosing subsequences,
the following convergence results:

Ur — Ug inHl(Q),
up = Ug in L? (92),
Yk = %0 in H' (Q),
©k = ©0 in L* (),

for some limit elements (ug, @) € U x @44.

Next we show that ug € Sév (v0)- To see this, we proceed as in the proof of Theorem
while making use of continuity properties of b (see Lemma [11.2]).

We follow the arguments of the proof of Theorem to get the lower semicontinuity of

JY and therefrom
YA (woyuo)ﬁliglianEN(%,uk)

which proves that (¢o,u0) is a minimizer of (12.1)) — (12.2)).

135



PART II: STATIONARY NAVIER-STOKES FLOW

13 Sharp interface model

Based on the considerations of the previous section we extend the functional J to
JNLNQ) x HY Q) - R
by ([2.5)), which means

2w =3 [ac@uf dor [ f@uDu)des S [(velars? [ o) o
(13.1)

if p € Bog and u e SN (), and JV (,u) := +oo otherwise. This is the objective functional
JY defined in (12.1)) extended to the whole space L'(Q) x H' ().

Remark 13.1. We denote this functional by JEN, where the N indicates the nonlinear-
ity included here, to distinguish this functional from J. of Section [0, where the Stokes
equations where considered as state equations.

The aim of this section is to derive the sharp interface limit for € ~ 0 of the diffuse
problem of minimizing JV in L'(Q) x H'(Q). To this end, we start by introducing and
investigating the sharp interface model that will correspond to the phase field model of the
previous section as € tends to zero. We will see that this problem describes a general sharp
interface shape and topology optimization problem in a stationary Navier-Stokes flow and
is a nonlinear version of the problem description in a Stokes flow, compare Section [6]

We first consider the state equations that correspond to system in the limit € \ 0.

The resulting system in the strong formulation for some ¢ € ®_; will be:

—-pAu+u-Vu+Vp=Ff in E¥, (13.2a)
divu =0 in Q, (13.2b)

u=0 in Q\ E¥, (13.2¢)

u=g on 01}, (13.2d)

where we recall that E¥ represents the region filled with fluid and is given by

E?:={xeQ|p(x)=1}.

Apparently, system may not be well-posed for arbitrary sets E¥, since for instance
(13.2¢) and (13.2d)) may be inconsistent with one another. As a consequence, we can only
expect to find a solution of this system if at least the solution space {v € U | v|q.ge = 0}
is not empty.

Due to the nonlinearity in the equation we have to deal additionally with some technical
difficulties. So we can only show the existence of a solution to for p € ESd fulfilling
an additional assumption.

Lemma 13.1. Let ¢ € LY(Q) be such that there exists some w € U¥ and some ¢ > 0,
c <, with

‘va'Vw'vdm §c||Vv||iz(Q) Vo e V¥, (13.3)
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13 SHARP INTERFACE MODEL

Then there exists some u € U¥ such that (13.2)) is fulfilled in the following weak sense:

u_/QVu-V'vdx+b(u,u,v):fo-vd:U VoeV?. (13.4)
This defines a set-valued solution operator denoted by

SV () = {uecU? | [ 34) is fulfilled for u} Ve 52(1
which may be empty if there is no w € U¥ such that (13.3)) is fulfilled.

Remark 13.2. We point out that (13.3) is sufficient but not necessary for the existence

of a solution to (13.4), so SY(¢) may be non-empty for ¢ € Egd even if (13.3) is not
fulfilled.

Proof. We fix some arbitrary ¢ € L'(Q) with U¥ # @ and choose w € U? due to (13.3)
which gives in particular a constant 0 < ¢ < p with

b(v,w,v)<c HV’vHiz(Q) VoeV?. (13.5)

This estimate will play an essential role in this existence theorem. We now proceed
analogously to the proof of Lemma and only point out the main steps here. We
reformulate the non-homogeneous problem into a homogeneous one by noticing that
u € U¥ fulfills if and only if T := u — w € V¥ solves

fﬂwﬂ -Vvdz +b(w,u,v) +b(w,w,v) +b(w,u,v) = (?,U)H_l(ﬂ) VoeV?¥ (13.6)

where we defined
fo=f+ulhw-w-vwe (V¥ .

We remark that V¥ is a closed subspace of V', and thus in particular a Hilbert space.

Defining the operators
A? VP (VY

A% (v7) (v2) ::/;Z,LLV'vl-V'vgdx+b(v1,ﬂ,v2)+b(ﬁ,v1,vg)

and
BY.V?¥ > (VS@)’

B¥ (v1) (v2) := b (v1,v1,v2)

we obtain from that A is a monotone and linear operator and therefore pseudo-
monotone. Besides, we find that B is strongly continuous, and thus A + B defines a
pseudo-monotone operator. Finally, coerciveness of A + B follows as in the proof of
Lemma [12.1} Thus, we can apply the main theorem on pseudo-monotone operators, see
Theorem to get the existence of @ € V¥ such that it holds ([13.6]), which then implies
that u:=u+w € U¥ is a solution of. O

Similar to the phase field setting we don’t have a unique solution of the state equation
(13.4). But under an additional constraint, which will be fulfilled for minimizers of our
overall optimization problem introduced later, see Lemma [13.5] we can deduce uniqueness,
as the following lemma shows:
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PART II: STATIONARY NAVIER-STOKES FLOW

Lemma 13.2. Assume that there exists a solution w e U¥ of (13.4) such that it holds

7
Then this is the only solution of (13.4)).
Proof. Follows as in Lemma [12.2 ]

Corresponding to Lemma/6.3| we get the following lemma, which will be one key ingredient
for our convergence result (see Section :

Lemma 13.3. Let (p:).. € LY(Q), |¢c| <1 a.e., with u. € SY (¢2) for all e >0 be given
such that

lim e = 9ol oy =0 e = Poll 1 (sangpeeoyy = O (€). (133)

sup |[ue || g1 (q) < oo, (13.9)
e>0
where pg € BV (,{x1}) and U*° + &.

Then there exists a subsequence of (¢e,Ue) o (denoted by the same) and some wug €
SY (po) such that

. _ . 2 1 2 .

<1€1\I.% |we = ol g1(q) =0, ll{‘% [Q ae (pe) lue|” dx = fQ ag (o) |ue|” dz = 0. (13.10)
Proof. We skip some details which can be found in the proof of Lemma and mainly
point out the differences that occur when dealing with the nonlinearity in the state equa-

tion.

We start by choosing a subsequence of (¢:)_., that converges pointwise almost everywhere
to ¢g in 2. Then we get analog to - that it holds

liII(l) a: (pe (z)) =ap (o (z)) for ae. x €. (13.11)
EN
Moreover, we see as in the second step of the proof of Lemma that we can deduce
nmf ac () o> dz =0 Vo e HY(Q), v]osso = 0
eN0 JQ

from the convergence rate given by ([13.8]) and the convergence rate on a given by As-
sumption [(A4)]

Next we notice that u. € U are for all € >0 the unique solution of
min F'P. (v) := / (las (o) |vf* + K Vol* +u. - Vue v - f - v) dz
veU Q\2 2

since the state equations ((12.2)) are the necessary and sufficient first order optimality con-
ditions for these optimization problems.
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13 SHARP INTERFACE MODEL

From the boundedness of (u.)_., in H'(2) we can find a subsequence that converges
weakly in H 1(Q) and pointwise almost everywhere to some limit element ug € U as € \ 0.

We then define

1
FPy(v):= /{; (5040 (00) v +uo - Vug - v + g Vo> - f - v) dz
and claim, that (FP.)_., I'-converges to F'/Py as ¢ ~ 0 in U equipped with the weak
H'(Q) topology. We notice particularly that FPy # co as U # .

Using the continuity properties of the trilinear form b (compare Lemma we get with
similar arguments as in the fourth step of the proof of Lemma that for any v e U it
holds

limsup F'P: (v) < FPy(v)

eNo0

and thus the constant sequence defines a recovery sequence.

For showing the lower semicontinuity condition, let (v.).,, € U be an arbitrary sequence
that converges weakly in H'(Q) to some v € U.

The compact imbedding H'(Q) - L*(Q) tells us that (u.)_, converges strongly in
L3(Q) to ug and (v.)_,, converges strongly in L*(Q2) to v. Additionally, both sequences
converge weakly in L°(Q2), as H'(Q) is also continuously imbedded in L°(2) due to the
restriction on the space dimension d € {2,3}. And so we find

’b(ut’:"uc‘;’UE)_b(uOvuOvv” =
= |b (ue — ug, ue, v ) + b (wg, Ue, v —v) + b (wg, ue — ug,v)| <

< lue = ol paoy [ Vel g2y lvel o) + luol oy [Vuel g2 () [ve = vlgs gy + (13.12)

N0 <C <C N0
——0 ——0
+ |b (u07u5 - ’U;O,’U)| .
Observing that b(ug,-,v) € H () we obtain moreover from the weak convergence of
(ue —up).( in Hé(Q) to zero that it holds limgyob (ug, us — up,v) = 0 and can thus
deduce
lim b (e, ue,v:) — b (ug, ug,v)| = 0.
eNo

The remaining terms can be considered as in the proof of Lemma [6.3] and we obtain

FPy(v) <lim iglf FP.(v.)
€N

which proves that (F'P;)_,, I'-converges to F'Py as € \x 0 in U equipped with the weak
H'(Q)-topology.

Applying standard results on I'-convergence, see Theorem we can conclude that
(ue)_.q is converging weakly in H'(Q) to the unique minimizer of F'Py, which implies
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that wg minimizes F'Py. But, considering the necessary and sufficient first order optimal-
ity conditions for this convex optimization problem, this implies that ug fulfills the state
equation (13.4) and this implies ug € 8% (o).

Besides, the I'-convergence result gives then lim.\ o FP. (u:) = FPy(up). Applying esti-

mates as in (|13.12)) we find

limb ('Uzg,'U/g, us) =b ('U/(), U, 'U/())
eN0

and so, analog to Lemma we get with Lemma the convergences (13.10f). This

proves the lemma.

O

We state another variant of this lemma, where the uniform bound on the velocities is not
part of the assumption, but instead we have more information about the limit element of
the phase field variables:

Lemma 13.4. Let (:)..0 € LY(Q), || <1 a.e., with u. € SY (¢.) for all e >0 be given
such that

lim e = 9ol gy =0 e = 9ol 1 (meangoueop) = O (€. (13.13)

Moreover, let the limit element pg € BV (,{x1}) be such that there exists some u € U¥°
and a constant 0 <€ < p fulfilling

‘/’U'VU"Ud:L'
9

Then there erxists a subsequence of (pe,uc)
S (vo), such that

<C|Volieq) VveH(Q). (13.14)

oo (denoted by the same) and some wug €

. 3 . 2 _ 2 1
lim e =l g1y = 0. lim [ (o) el da = [ a0 (o) fuol” dar = 0.

Proof. We want to apply Lemma and thus have to show that there exists a uniform
bound on |u. ”HI(Q). To do this, let u € U?° be chosen such that (13.14)) is fulfilled. We

obtain from the state equations (12.2)), written for u. € SV (¢.), that for w, = u.—u eV
it holds

fgag (pe)we - v+ pVwe - Vode + b (we, we,v) + b (we, u,v) + b (u,we,v) =
= '[Qf-v—aa(cpg)u-v—,uVu-V'vda:—b(u,u,v) VvoeV.
We can insert w. € V as a test function into this equation and obtain with similar
calculations as in [Gallll Theorem 1X.4.1]
fﬂ ae (¢e) |fw5|2 dz + p || Vw, ||iz(9) +b(we,u,w.) =

=/Qf-ws—ag(gos)u-ws—,uVu~V'w5dy:+b(u,u,wE).
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13 SHARP INTERFACE MODEL

Applying the inequalities of Young, Holder and Poincaré this gives with ((13.14))

1
fﬂaa (0e) |w5]2 dz +p HVU’eHzLQ(Q) < HfHLZ(Q) Hwa||L2(Q) + 9 fﬂaa (e) |w5|2 da+

) 1
#(limsup > [ ac (o) [ul® dz+c |+ i [Vul g2q) | Vwe] 2gg) +
eNo0 2 Ja
2 — 2
+C ”u”Hl(Q) [Vwe| 2oy + 2] Ve ||L2(Q)

which holds for C, ¢ > 0 independent of € and € > 0 small enough.
Thus we get, after applying Young’s inequality, a constant C' > 0 independent of € > 0,
such that

1
_[ae(gos)|u5|2+||Vu5iz(Q)SC(limsup—fae(cpE)|u|2 d:n+1) (13.15)
Q eN0 2 Ja

for all € > 0 small enough.

Using the considerations of the second step in the proof of Lemma [6.3| we find that

limsup | ae (¢e)|ul* dz=0
eNo Q

and so we can deduce from ((13.15)) and Poincaré’s inequality that there exists a constant
C > 0 independent of € such that

lwel oy < C-

We can now complete the proof by applying Lemma [13.3
O]

After this discussion of the state equations for the sharp interface model and some tech-
nical lemmas, let us now formulate the sharp interface problem in its complete form:

Sharp interface problem We will see, that if a subsequence of a sequence of minimizers
of (JeN )€>0 converges with a certain rate, then it converges to a minimizer of the following
sharp interface shape and topology optimization problem as ¢ tends to zero:

(r;u;l) T (pu) = fo(x,u,Du) da +~yco P (E7) (13.16)

with
(()07 u) € q)gd x U(’D

s.t.

uLVu-Vvd:sz(u,u,v)=Lf-vd:v VoeV?. (13.17)

Again ¢y = 5 > 0 is a constant arising from the I'-convergence of the Ginzburg-Landau
energy to the perimeter functional and + > 0 is some arbitrary weighting parameter of
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the perimeter term. For details concerning this model we refer to the discussion at the
end of Section We just remark that this formulation allows in particular topological
changes and is thus more general than the models for shape and topology optimization in
fluid dynamics that can be found in literature so far.

In view of the results of this subsection we can define the functional corresponding to
(JaN)DO as € \ 0 by extending Jév to

JY M) xH (Q) - R

by

Jo f (z,u,Du) dz +yeoPo (E¥) if pe <I>2d and u € Sév(go),

) (13.18)
+00 otherwise.

To (p,u) = {

Before we restrict our considerations to the convergence of minimizers of (JEN )6>0 to a

minimizer of Jév we want to state an important property of minimizers of J(])V :

Lemma 13.5. Every minimizer (¢,u) of JY, so in particular u € Sév (), fulfills

[Vl g2 < (13.19)

B
2Kq '
In particular, this implies by Lemma that S5 (¢) = {u}.

Remark 13.3. The existence of minimizers for Jév under certain assumptions will follow
from Theorem 1.1} But in general the existence of minimizers is still an open problem,
compare discussion in Section [6.4)

Proof. Assume to have an arbitrary minimizer (p,u) of JJ'. Let (4., u.) be such that
Jév (be,uc) <Cy

which are given by Assumption [(A8)l Then it holds, since (¢, u) minimize JJ¥ in partic-
ular
Jév(%u) < Jév (wesue) <Cy

and so by (11.11]) we deduce

i
IVl g2 q) < 7Kg

which proves (13.19)). 0

Remark 13.4. Using the results of Lemmall3.5, we see in particular that for a minimizer
(p,u) € LY(Q) x HY(Q) of JI, the state equations (13.2)) corresponding to p have due to
Lemma always a unique solution, thus S5 (¢) = {u}.

This will play an essential role when showing that minimizers of (JEN)6

minimizer of J¥, see Theorem |14.1

.o converge to a
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13 SHARP INTERFACE MODEL

Thus we have finished this section by introducing a sharp interface model for shape and
topology optimization in a stationary Navier-Stokes flow, namely —, and
have discussed an important property for minimizers of the sharp interface problem. The
goal of the next section will be to connect the phase field model, which was introduced in
Section to this sharp interface model. Hereby, we obtain the existence of a minimizer
for — if the minimizers of the phase field model fulfill a certain convergence
rate. The general well-posedness of this problem is not guaranteed, compare for instance
[BGO4].
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14 Convergence of minimizers

In this section, we will finally show that any subsequence of a sequence of minimizers of
(JEN )€>0 converges as € \ 0. If this sequence fulfills additionally a certain convergence
rate, we find that the limit element is a minimizer of Jév . We point out, that the con-
vergence of both the design variable (¢¢).., and the velocities as solutions of the state
equations are then in the strong L'(Q)- and H'(Q) topology, respectively.

In particular, we can deduce from this result directly the existence of minimizers of Jév if

the stated assumptions are fulfilled.
Theorem 14.1. Let (¢.,u.)_ .o S L'(Q) x H () be minimizers of (Jév)oo. Then there

exists a subsequence, denoted by the same, and an element (¢g,ug) € L' (Q) x HY(Q) such
that

e>0

e " o in L'(Q),
Ue °x0 U in HY(Q).
If it holds
lee = 2ol L1 ({zetripo (2)=1,p- ()<01) = O (€) (14.1)
then we obtain additionally that
ugiowuo in HY(Q).

Moreover, (¢o,uo) is then a minimizer of Jév and
‘}:I\I.% JE]V (@67“’6) = Jév (QD(),’U;()) : (142)

Remark 14.1. The existence of minimizers (¢z,u.) of JN for every e > 0 follows by
Theorem [12.1. Thus, using the statement of Theorem it follows in particular the
existence of a minimizer for Jév if (14.1) s fulfilled for a sequence of minimizers of

N
(JE )e>0'
Proof. We split the proof into several parts and use ideas of Theorem

o Ist step: Assume that (¢,u) € L'(Q) x HY(Q) is an arbitrary pair such that
I (pyu) < Cy
and thus, due to (11.11)), in particular

1
[Vulgzq) < 2Ky (14.3)
N _

By Lemma we hence get Sy (¢) = {u}.

Let (Ey) .y be the subsets of Q approximating E¥ with 0E, nQ € C?, which are
given by Lemma Then we define ¢y = 2xg, — 1. Due to the approxima-
tion properties described in Lemma it follows that limye [¢x = @[ 110y = 0,
limg, 0 P (Ex) = Po (E¥) and

lox = @lpiiy = O (K1). (14.4)
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e 2nd step: Let (o), De the sequence approximating ¢ € L!'(Q) given by the
first step and denote Ej := {¢f = 1}. Then we choose for every k > 1 a sequence
(F)__ c LY(Q) converging to ¢ in L'(£2) as e \ 0 such that

e>0 —

: € 2
lim sup o (% |Vg0§‘ + glb (gpff)) dz < yeoPo (Ek) (14.5)

eN0

and

k
o2 =@l 1) = O (e) (14.6)
by following the arguments of the second step in the proof of Theorem

e 3rd step: Let (¢,u) € L'(Q) x H'(Q) be the pair chosen in the first step. We will
show now, that there exists a sequence (.).. € L'(€2) converging to ¢ in L'(Q)
and u. € SY (¢.) converging to w in H'(Q) such that

limsup J2 (o, us) < I3 (0, u).
eN0
To this end, let (¢k),n be the sequence approximating ¢ given by the first step

and for every k > 1 let ((p]; )s>0 be the sequences approximating ¢ as € N 0 given
by the second step.

Choosing a diagonal sequence (golgk) reN that converges to ¢ in L'(Q), we see that
this sequence fulfills per construction

. YEk k12,7 k
m;iilp Q(T\Wsk +51/1(90€k)) dz < yeoPo (E¥).

Furthermore, (14.4)) and (14.6) yield the following convergence rate for k — oo:
k -1
H%k_S"HLl(Q):O(k )-

Then we choose some uy, € S’?}Z (golgk) By using (11.1]), we observe that ((14.3) implies
(13.14)) and so we can apply Lemma to find that, after possible choosing a

subsequence, (uy,),. converges strongly in H'(Q) to some ug € SY (¢) = {u}, thus
ug = u, and it holds

: k 2 2
tim [ o, (b)) il do = [ a0 (9) uf? dz =0,

Using the continuity of the objective functional we end up with

lim sup JEJZ(galgk,uk) <J (¢, u).

k—o0

e jth step: Next we will show that for any sequence (., u.) . S LY(Q) x H(Q) such
that ()., converges strongly in L'() to some ¢ € L'(Q) fulfilling
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[0e =l 11 (wentpo (2)-1.02 (@)<0p) = O (€) (14.7)
and (u.)_., converges weakly in H' () to some uw e H'() it holds

JY (p,u) <liminf JV (¢.,u.).
enxo

Without loss of generality we assume liminf.g JEN (pe,ue) < oo and
€ BV (Q,{£1}) with {, pdz <.

We can assume that (after choosing a subsequence) (¢:).., and (u.).., converge
pointwise almost everywhere in €2, and thus using Fatou’s Lemma, we see

f a0 (@) |u)? da < liminf/ a: (o) Juel? da < oo

Q eno Q

and so in particular w = 0 a.e. in Q N\ E¥. For more details on this estimate we refer
to the fourth step in the proof of Theorem

Thanks to u. € SY (¢.) we see u. € U for all € >0 and deduce u € U. Altogether
this implies u € U¥ and thus U¥ = @.

Using [Mod87,, Proposition 1] we get after rescaling in e that
.. 3
veoPa (E7) < liminf / (l Ve |* + 11/) (905)) dz.
ex0 Ja\ 2 €
We choose then a subsequence (J2 (¢, uc,)) ren Such that
. N s N
lim T2 (e uey ) = Hminf I (0, ue)
With the help of the convergence rate ([14.7]) and using
sup [[ue, | gy < %
kelN

which follows from the weak convergence of (u.).., in H'(Q), we thus can apply

Lemma|13.3| and get a subsequence (JN (gogk(l),uak(l)))l X such that
€

Ek(D)

. . 2
llirg Husk(l) - uHHl(Q) =0, llirglo o Cer) (‘Psk(z)) ‘usk(l)‘ dzx = [an () [uf? dz = 0.

Plugging these results together we end up with

Jév (p,u) = ]g; f(z,u,Du) da + ycoPo (E?) < lilrgglf Jg(z) (Soak(l)auesk(l)) =

. N P N
= k}gilo Jsk (@8}67”81@) = hlgi%’lf Js (()087“‘6)

and finish the fourth step.
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e 5th step: Now let (pe, u.)

e>0 =

c L'(Q) x H'(Q) be minimizers of (J2)

e>0"

By Assumption |(A8)| we know that there exists some (7,%) € ®°, x U with % €
Sy (@) and

Jo (&) < C. (14.8)
This gives in view of (11.11)) in particular
_ 7
IVa@] 2y < Kq
and thus by Lemma [T1.7]

_ p
b(v,@,v) <3 [VolZ2q) Yve Hy(Q).

From (14.8) we find that we can apply the third part of this proof and obtain a
sequence (e, Ue ). ¢ LH(Q) x H'(Q) converging in L'(Q) x H'(Q) to ($,%) such
that

limsup JY (@., %) < Jp' (,2%) < C.y (14.9)
eN0

and in particular

sup JaN (Pe, ) < 0.
e>0

From the fact that (¢.,u.) minimize JV for every e > 0 we know that
TN (e, ue) <IN (@e,we) < C (14.10)

where C' > 0 is a constant independent of € > 0. Therefrom

sup Q(§|V¢SI2+3¢(%)) dz < oo (14.11)

e>0

and by Assumption [(A5)|also

SUp [ Ue| g1 < 0o (14.12)
e>0

Now using the arguments of [Mod87, Proposition 3, case a)| we get from
that (¢:)..o has a subsequence, denoted by the same, that converges in L'() to
an element g € L1(Q).
Besides, we find that (u.)
some ug € U.

If we assume, that the sequence of minimizers fulfills the convergence rate we
see using the fourth step of this proof, that it holds

_.o has a subsequence that converges weakly in H' () to

Y (po,u0) < liminf JY (., 1) (14.13)
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We want to show, that (g, uo) are a minimizer for J¥. For this purpose, let (¢, )
be another arbitrary pair. To show that

J§[(@UauU)S‘L?](@au)

we can assume without loss of generality that Jév (p,u) < Cy, since by (14.9), (14.10))
and (|14.13]) we have

J (@0, u0) < Cy. (14.14)

Consequently, the third step of this proof guarantees the existence of a sequence
(Per Ue) g € L) x HY(Q) converging to (p,u) in L1(Q) x H'(Q2) such that

limsglp IV (7., a) < T (p,u).
€N

Combining those result, we obtain

Ty (0. uo) < liminf JX (e, ue) < limsup JY (@ 52) < Jg (p,u)  (14.15)
N eNo0

the second inequality being a consequence of (¢¢, u:) minimizing JEN for every € > 0.

As (¢, u) has been arbitrary this implies that (¢g, o) is a minimizer of JJ.

To deduce the statement of the theorem, it remains to show the strong convergence of
(ue). in H'(Q) and (T42)). For this purpose, we use again (I4.1)) and consequently
can apply Lemma to deduce that (u.)_,, converges strongly in H 1(Q) and

li 2dz=0. 14.1
lim [ oz (o) el da =0 (14.16)

By the third step of this proof and (14.14]) we find a sequence (P, Ue ). C LY(Q) x
H'(Q) converging to (g, ug) strongly in L'(Q) x H(Q) such that

limsup J* (P2, @z) < Jg' (20, uo)
EN

Then we see similar to ((14.15)) by applying (14.13)) that
o' (o, uo) <liminf JY (o2, ue) < limsup JY (o2, ue) < limsup JY (22, @) <
exo exo exo
< J5" (0, u0)
and can finally deduce ((14.2]).

O

Using this result, we can now show that for a minimizer (., u.) of JéV the state equations
corresponding to ¢, have a unique solution if € > 0 is small enough and ([14.1]) is fulfilled,
as the following corollary shows:

148



14 CONVERGENCE OF MINIMIZERS

Corollary 14.1. Assume (p.,u.) € L'(Q)x H(Q) are minimizer of JN such that (14.1)
1s fulfilled. Then, for € >0 small enough, it holds

Sév(‘)ps) ={u.}.

This means, that the solution of (12.3)) corresponding to ¢. is unique. Moreover, we have

H
[ Ve g2 (o) < S (14.17)

Proof. 1t follows from Theorem that

|ue —uf gy <6

for some 0 < § < ﬁ, if £ > 0 is small enough, where u € S5 () and (p,u) is some

minimizer of J). Due to Lemma we know that it holds

L
Vu| 2 < —
IVl g2 Ko

and hence we have

[ poop
[Vue] g2y <o+ [Vul g2 (o) < 2Kg | 2Kg Ko

and the statement follows from Lemma [[2.2] O

So we have shown that also in a stationary Navier-Stokes flow the proposed phase field
model - approximates the sharp interface model - in the follow-
ing sense: We can show, that a subsequence of any sequence of minimizers of the phase
field problem converges. If this convergence fulfills a certain rate, we find that those min-
imizers converge in the strong topology to a minimizer of the sharp interface problem as
the phase field parameter € > 0, modelling the thickness of the interface, tends to zero.
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PART II: STATIONARY NAVIER-STOKES FLOW

15 Optimality conditions for the phase field model

In the following, let again € > 0 be fixed. We choose for this section (¢.,u.) € L*(Q) x
H'(Q) as minimizer of JV such that it holds

1
[ Vae] g2 gy < Ko (15.1)

In particular, this implies by Lemma directly SY (p.) = {u.}.

Remark 15.1. We point out, that due to Corollary[T4.1 we obtain under certain assump-
tions and for € >0 small enough that (15.1)) is fulfilled for the minimizer (pe,uc).

Similar to Section |7} we will in this section derive optimality conditions for - .
We begin with considering the problem as a classical optimal control problem and deduce a
variational inequality, see Section[I5.1} Afterwards, we will use the ideas of shape calculus
and deduce optimality conditions by transformation of the domain. This will yield an
optimality system that can be connected to an optimality criteria obtained for the sharp
interface problem later on (cf. Section . The connection between this optimality
system and the variational inequality derived before is pointed out in Section
Throughout the following section we state additionally Assumptions [(A6)| and [(AT)]
which ensure differentiability of the objective functional and enough regularity on the
external force term.

15.1 Variational inequality

Considering - as an optimal control problem, we want to derive a variational
inequality by parametric variations in the admissible set ®,4. A good introduction and
deeper discussion of general optimal control problems and standard methods in this topic
can be found in [Tr609].

To deduce the variational inequality, the standard procedure involves the definition of a
reduced cost functional, and for this purpose a single-valued solution operator is essen-
tial. By the assumptions made above, we have unique solvability of the state equations
corresponding to the minimizer ¢.. To ensure uniqueness even in a neighborhood of this
minimizer we start by showing a kind of Lipschitz continuity of the solution operator S év :

Lemma 15.1. There ezists some L = L(Q,g, f,e,1u) >0 such that
[V - Ve o) S Llp = ¢elpmy V€ Bague SY ().

Proof. We choose some ¢ € ®,q and u € SN (p). Subtracting (12.2), written for u,., from
(12.2) written for w and testing with v :=u —u. € V yields

[ (ac (@) u=ac (9o ue) - vda+pu [Vol gy +b(u,v) =b(us,ue,v) = 0

which can be rewritten as follows

_/Q (e () u—ae (pe)ue) -vde +p ”V"’“i?(m +b(v,v,v) +b(v,u:,v) +b(us,v,v) =0
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15 OPTIMALITY CONDITIONS FOR THE PHASE FIELD MODEL

and so by (11.2)

fQ (0 (9) u e () ue) v da + 41 [ Vol 2o ) + b (0, uz,v) = 0.

Due to (11.1)) and (15.1)) we observe that

2 2
b(v,ue,v) < Kq HVU”L2(Q) ”quHL2(Q) <p ”V’UHLZ(Q) :

And so we have some ¢ > 0 such that

Vo2 < - fQ (o () u - ae (po) we) v da. (15.2)
Now the remaining considerations can be carried out as in the proof of Lemma while
using ([15.1)), which gives the necessary bound on |[uc| g1 (q)- O

This result gives in particular that (15.1)) implies uniqueness of solutions to ((12.2) not
only for ¢., but even in a neighborhood of ¢.:

Corollary 15.1. There exists a neighborhood N(p.) € ®uq with respect to the L ()
topology of . such that for any ¢ € N(p.) and w e SY () it holds
i
< —
[vul <

and thus, due to Lemma SN (@) = {u}.
Proof. Follows directly from Lemma and ((15.1)). O

According to this corollary, we obtain for any ¢ € ®,4 and ¢ small enough that the solution
space SY (. +t (- ¢.)) will always consist of one element. So it makes sense to define
a reduced objective functional in a neighborhood of (. by

i (@) =JN (0. 8V (9))  VeeN(e:) (15.3)
and we see that it holds
G (o) < (et t(p-9)) Vpedy, 0<t<1 (15.4)

which will leed to a variational inequality similar to that in Section

Using that Sév is in this small neighborhood of ¢, a single-valued operator mapping to
H'(Q), we can differentiate this operator:

Lemma 15.2. Let p € .y be given. Then the directional derivative

Oli=0SY (g +1(p—¢=)) =DSY () (p - ) =ueV

exists in Hl(Q), 1s well-defined, and is given as the unique weak solution to

al (ge) (@ —pe)ue + ae (p)u— pAu+u-Vue +ue - Vu+Vp=0  in (15.5a)
divu=0 nQ,  (15.5b)
u=0 ond, (15.5¢)

where u. = SV (). Here we denote by Ol=0SY (0o +t(p-w.)) =
limy 0,450 % (Sév (pe +t(p—pe))-SY (¢c)) the one-sided directional derivative.
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PART II: STATIONARY NAVIER-STOKES FLOW

Proof. First we notice, that the formulat_ion is well-defined, since due to Corollary
SY (@ +t(p—¢.)) consists for any ¢ € Pyq only of one element for ¢ small enough.

Then we apply analysis similar to that in the proof of Lemma 7.2} We only point out the
main steps and differences occurring due to the nonlinear state equations.

The unique solvability of follows by applying Lax-Milgram’s theorem to the
following bilinear form

a:VxV >R
a(u,v) :=]gzag(wg)u-vdx+p£2Vu-Vvdx+b(u,u€,v)+b(u€,u,v).

This bilinear form is obviously continuous. Moreover, coercivity follows from ((15.1)) and

[T)), since
) )
b (u, ue, u)| < Ko HVUHLQ(Q) Hvua“LQ(Q) < p ”vu||L2(Q)
and so we see with Poincaré’s inequality

a(u,u)= /{; e (¢2) [ul? do+pu ”quiP(Q) +b(u,uc,u) > ¢ Hu”é(l)(m VueV

>0

for some ¢ = c(p, Q) > 0.
Applying Lax-Milgram’s theorem [A.2] yields thus existence and uniqueness of a solution
u € V for the following equation:

a(u,v) = (_04; (¢pe) (‘P“Pe)usav)Lz(Q) VveV

fulfilling additionally the following a priori estimate:

1
”uHHl(Q) < - Ha; (p=) (= 2) UEHLz(Q)
which can, due to (15.1)) and Poincaré’s inequality be estimated by
|wl g () < (1,06, 9) . (15.6)

For proving that 04|08 (¢- + 1t (¢ — ¢:)) is well defined and given by (15.5)), we use the
same arguments as in the proof of Lemma [7.2] while including the nonlinearity b. For the
sake of completeness we point out again the main steps.

The trilinear form b: H'(Q) x H'(Q) x H}(2) — R is due to Lemma continuous,
thus HY(Q) > u ~ b(u,u,-) € H1(Q) is Fréchet differentiable and we can write for
ue HY(Q) arbitrary

b(u,u, ) =b(ue, ue,") + (b(u—us,ue,-) +b(us,u —ug,-)) + 13 (u)

I (W) g1y el g1y =0 0 (15.7)

|u—u. HHl(Q)
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15 OPTIMALITY CONDITIONS FOR THE PHASE FIELD MODEL

In addition, one obtains as in (7.5) for ¢ € H'(Q) arbitrary

e (e +t (0= p2)) = ac (pe) +tal (we) (¢ = we) +7a (1)

ro (t 15.8
t\0 t

We define for the fixed ¢ € ®,q and t € (0,1) small enough the following functions:
~ ~ 1,
ut::SéV(g06+t(g0—g05)), ugzsg(gog), ut:g(ut_ua)_uev

where u denotes the solution of (|15.5]).

After some calculations, we see that u; solves

fgag(gpg)ﬁt-era;(cpE)(gp—gpg)tﬁt-vdw+,quVﬁt-V'Ud:r+b(ﬁt,u5,'v)+

_ (15.9)
+b(ue,uy,v) = _[Q—oz; (ve) (p—pe)tu-v - mT(t)ﬁt-'v— M YveV.
Defining
1 1 — _
h(t) == -a_ (¢e) (o — e ) tu - 7T (t) W - 77 (W) e H' ()
we see from ([7.8]), (7.9) and
1 I7s (at)”H‘l Q |7 —u ||H1 Q) Lemma [I5.1]
‘ oy () - () clH'(Q) ¥
t HY(@Q) 8- ue] g 1
I (@) | 1.y [l 9 = el Loy
o v gy |t
@) gy el 0
| = ue| g1
which follows from ([15.7)), that it holds
t\0
IR ()] 1) — 0 (15.10)

Applying again the Lipschitz continuity of Sév stated in in Lemma we obtain, as in

(11,

lim
t\O

Testing (15.9) with @, yields

= 0. (15.11)

fQ al (- pe)tal” de

[ ac (el + ol (02) (0= o) P + 11V 2 g +b (@ e, ) = (B, B s -
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PART II: STATIONARY NAVIER-STOKES FLOW

This gives in view of (15.1]) and (11.1)) the estimate

—~ 12 —~ — 12
VT2 ) < (BT sy = [ oL (0) (o= o) taif do
for some ¢ > 0. This implies by using Young’s inequality, (15.10)) and (15.11))
Hm [V 2() = 0
and so by Poincaré’s inequality
lim ||| g1 () = 0-

Hence, we can conclude the statement of the lemma.
O

Remark 15.2. We estend a. : [-1,1] - [0,2] to a C?*-function @. : R — [-6,a. + 6],
with 0 < § suitable small, compare Remark[7.1. Then we can apply the implicit function
theorem similar to [Hec1l, [Tro09], to obtain that there is a L™ ()-neighborhood U of o,
such that Sév is a well-defined single-valued operator on U. Additionally we then obtain
that Sév : U c L*(Q) - U is Fréchet-differentiable at p-, compare also Remark .
Hence, the reduced objective functional j¥ : Un®uq c L®(Q) n HY(Q) = R can be shown
to be Fréchet differentiable at ..

With the help of the differentiability result for SY of Lemma we get from ([15.4]) that
D) () (9 =) 20 V€ Dyq. (15.12)

We thus have derived a variational inequality as first order optimality condition for the
optimal control problem - . The remainder of this subsection will be devoted
to stating this variational inequality in a more convenient form and introducing a La-
grange multiplier for the integral constraint as we have done in Section [7.1

Using the results of [KZ79] one can establish as in Theorem|[7.1|the existence of a Lagrange
multiplier \; € R* for the integral constraint such that it holds

DiY (pe) (p-9) 4 e [ (p-9) do20 VpeBay

together with the complementarity condition

Ao [ - de-pi0l) =0,
By the chain rule and u. = SY (¢.), u = DSY (.) (¢ - ¢-) we have the following formula:
DjN (p2) (9 - ¢2) = % fQ ol () (¢ = o) fuel* da + fQ az () u-ue da+
; fﬂ Do) f (@, e, Due) (u, Du) da+ (15.13)

+75fQV905'V(<P—<Pa) d$+g_/g¢’(<ﬁa)(@—%) da.

In order to rewrite this expression with the help of an adjoint variable, we introduce an
adjoint system in the following lemma. This could be deduced similar to Section [7] with
the help of a Lagrangian.
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15 OPTIMALITY CONDITIONS FOR THE PHASE FIELD MODEL

Lemma 15.3. There exists a unique q. € H{(Q) such that

e (p2) g — pAg. + Vul - q, - u. - Vg, + Ve = ac (9e) uct (15.14a)
+Duf (-, ue,Du.)  in Q, (15.14b)

divg. =0 in €, (15.14c)

q.=0 on 09,  (15.14d)

is fulfilled in the following weak formulation:

anE (ng)qE-vdx+u[QVq€-Vvdac+b('v,u5,q5) -b(ue,q.,v) = fﬂas (pe) ue - vdx+

+ _/Q D93)f (z,uc,Duc) (v,Dv) dv Vv eV.
Proof. Follows as in Lemma by applying Lax-Milgram’s theorem and making
use of (15.1)). O

Following the calculations similar to those in the proof of Theorem we arrive finally
in the following variational inequality as first order optimality conditions:

Theorem 15.1. The following optimality system is fulfilled for any minimizer (pe, u.)
of JN:

1
(—Oé () [ucl® + 2 (02) = al (p2) we - q. + Acyip - 905) +
2 € L2(9) (15.15)

+ (”YEV(P,@ \% (QD - SDE))LQ(Q) 20 Vepe 6cwl

e (pe) Ue — AU + U - VU + Vp: = f in 9,
divu, =0 in Q,
U: =g on 0X),

ae (0:) q. — pAq, + VusT Q. — U Vq + VT = e (9e) Uet

+Duf('7u€7DuE) in Q7 (1516)
divg, =0 in Q,
qg.=0 on 0X),

A [ weda-pI1) =0, A 20,

[Q@gdxgmm, loe| <1 a.e. in Q,

where \. € R* is a Lagrange multiplier for the integral constraint.
Here, u. € U and q. € V' are weak solutions of the state equations and adjoint system,
respectively.
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PART II: STATIONARY NAVIER-STOKES FLOW

This gives us a first version of optimality conditions for the phase field model, if consid-
ered as an optimal control problem. But since it is an approximation for the shape and
topology optimization problem, we next want to derive optimality conditions by geometric
variations.
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15 OPTIMALITY CONDITIONS FOR THE PHASE FIELD MODEL

15.2 Geometric variations

In this section we want to derive different optimality conditions in the same way as we
did in Section [7.2 by geometric variations. In the end we want to obtain an optimality
system for which we can consider the limit € ~ 0 and hope to arrive in an optimality
system for the sharp interface, see Section [16.2} This limit is considered in Section [I7}

We recall, that we have a fixed minimizer (¢.,u.) € L'(Q) x HY(Q) of JV, and € > 0 is

g

assumed to be fixed and small enough such that SY () = {u.} and (15.1) is fulfilled.

We will obtain optimality criteria by deforming the domain ) along suitable transforma-
tions. For this purpose, we choose some T € T ,4 and denote in the following by V € V4
its velocity field. Let us introduce the notation

Pe(t) = 0 thl, Q= Ty(Q2).
We choose elements solving the state equations corresponding to ¢.(¢):
uc(t) € ST (w:(1)).

The latter is possible since the choice of T € T 44 implies by Remark for . € g that
0e(t) € Pyuqg, see also Lemmam

So far, it is not clear if SV (. (t)) = {u<(t)}, even though this holds true for t = 0. But the
implicit function theorem will guarantee uniqueness for small ¢, thus SY (¢, (t)) = {u-(t)}
for ¢ small enough, and will give us at the same time differentiability of ¢t — (uc(t) o T})
at t =0, as the following lemma shows:

Lemma 15.4. For t small enough, we have SY (¢, (t)) = {u.(t)}, thus the state equa-
tions (12.2)) corresponding to p.(t) have a unique solution if t is small enough.

Moreover, we get that the mapping R o I 3t v u.(t) o Ty € H(Q) is differentiable at
t =0 (where I is a small interval around 0) and e [V'] := O¢li=0 (us(t) o T}) is given as the
unique weak solution to

[ aeto)ie V-2 + uiee [V]- Vada +b (e, e [V],2) +b (i [V] e, 2) =
- fQuDV(O)TVUE  Vzdz+ /Qwus DV (0)' vz da+
+ /QuVug :V (divV(0)z-DV(0)z) dz - /Q/LVuE :VzdivV(0)dz+ (15.17)
+b(DV(0)u5,u5,z)—b(ug,uS,DV(O)z)+fQ(Vf-V(O))-zda:+
. [Qf-DV(O)zdx— Las (0.)ue - DV (0)z da
which has to hold for all z € V', together with
diva, [V] = Vue : DV(0). (15.18)

Remark 15.3. In the following discussion and calculations we will follow the notation

specified in Remark[7.27
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Proof. We apply the arguments of Lemma|[7.4] after changing the definition of the function
F to

F:IxHy(Q)— V' xL§(Q)

F(tvu) = (Fl(tau)aFQ(tau)) eV’ x Lg(Q)

where we define

Fi(t,u)(z):= fg e (pe)u- (det DTt_lDth) det DT+

N fQ uDT; v : DI;TY (det DT} DT,z ) det DT} da+
N fQ w-DT; " Vu - (det DT} DT;2) det DT} dz-
- [Q £ oT;- (det DT} 'DT;z) det DT} da

and

Fry(t,u) = (DTt_1 : V) det DT;.

We observe that
F (t,u.(t)oT;) =0.

Besides we find that D, F (0,u.) is for all w e H}(Q) given by
Dy F1 (0,us) (u) (2) = [Qoze(gpe)u-z+uVu-Vz+u5-Vu~z+u-Vu€-zd:U VzeV

and

Dy F5(0,u:)u = divu.
Thus we can use Lemmal[4.2]and ((15.1]) to obtain in much the same way as in Lemma(15.2]
from Lax-Milgram’s theorem that D, F (0,u) : H§() - V' x L3(Q) is an isomor-
phism. As a consequence, we can apply the implicit function theorem to

G:IxH)(Q) - V' xLi(Q)
G(t,v):=F (t,v+G),
which fulfills
G(t,u(t)oT;-G)=0 Vtel

for some fixed chosen G' € H'(Q) such that G|sq = g. From this we obtain existence and
uniqueness of a function ¢ — w(t) such that G(t,u(t)) =0 for all ¢ € I in a small interval I
around zero. But since G(t, w.(t) oT; -~ G) = 0 for all ¢ € I and for all w.(t) € 8% (¢.(1)),
this yields already w(t) = u.(t) o Ty - G = w.(t) o Ty = G for all w.(t) € SY (¢.(t)) and
thus SY (. ()) = {u-(t)} and the first statement of the lemma follows.

The implicit function theorem gives more in this setting, namely the differentiability of
t (ue(t) o Ty — G) € HY(Q) at t = 0 and thus of ¢ = (u.(t) o T}) as a mapping from I to
H'(Q) at t = 0 together with

Oli-o (ue (1) 0 T2) = Dl (ue(t) o Ty ~ G) = ~DuG (0,1 ~ G) ™ G (0, e - G) =
=-D,F (0, 'U:g-:)_l atF (O7u€)

wherefrom we can deduce the statement.
For details we refer to Lemma [T.4] O
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Using this result, we can now proceed to deriving first order optimality conditions by
using the reduced functional

i (pe(t)) = I (e (1), 82 (#:(1)))

which is due to Lemma for ¢ small enough well-defined.
We notice, that ¢-(t) € ®yq if T € Tyq, see Remark and so those functions define
admissible comparison functions, which implies

3N (pe) <N (pe o T7Y) VT e Tog

and hence
Ohi=0iY (peo T 1) =0 VT € Tou.

As a result, we can derive analogously as in Lemma first order optimality conditions

for the problem ((12.1)) — (12.2]):

Lemma 15.5. For any minimizer (¢, u:) € Poqg x U of (12.1) — (12.2) there exists some
Lagrange multiplier A\ € R* for the integral constraint such that the following necessary
optimality conditions hold true:

Olios (e 0 T7Y) = —Aafg% div v (0) dz, (15.19)

A (/Q 0. do -8 |Q|) -0 (15.20)

for all T € Taq with velocity V € Vaq, where this derivative is given by the following
formula:

8t|t=0jév (‘Pe ° Tt_l) = /;2 e (¢) (Ua e [V]+ % |u,5|2 div V(O)) dz+
+ [2 [Df (IL‘,UE, Dus) (V(O),UE [V] ,])’l.l,\E [V] - DuEDV(O)) +
+ f(z,u:,Du.) divV(0)] dz+

3 .
+ fg (% Vel + gl/’ (%)) div V' (0) - yeVee - VV(0) Vipe da

(15.21)

and u. [V] € HY(Q) is given as the solution of (15.17)-(15.18).

Proof. Those calculations can be carried out exactly as in Lemma and the existence
of a Lagrange multiplier follows as in Lemma O

In Section [I7] we will see that the optimality conditions derived in Lemma [I5.5] converge in
the setting of Theorem to the corresponding optimality system in the sharp interface,

which is derived in Section [16.2] as € \ 0.

But before that, we want to reformulate the optimality condition under more restrictive
regularity assumptions:
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Lemma 15.6. Assume that 0Q € C%, Dy f (-, ue, Du.) € L*(Q) for u. ¢ H*(Q) and the
boundary data g € H> (09).

For any minimizer (pe,uc) € ®oq x U of (12.1)) — (12.2]) we have the following necessary
optimality conditions:

at|t:0j§v(gogozyl):—Agfﬂ%divV(o)dx, (15.22)

Ag(fg%dx—mm) ) (15.23)

for all T € T 4q with velocity V € Vaq and some Lagrange multiplier A\, € R* for the integral

constraint. The expression 8t|t=0jév (goa o Tt_l) 1s given by (15.21)) and can be reformulated
as follows:

Ooil (peo ") = | %ae (02) div (Ju-PV(0)) de+
+ fﬂaé () (DpV(0)) (u: - q.) dz + fmf (2, u.,Du.) V(0) - nda+
o [ Oua ) (V) ) i [ (D3) (e, D) e (G (V(0) ) drs

e .
’ fg (% Vel + glﬁ (soa)) divV(0) - 7eVee - VV(0) Vipe da
(15.24)

and the adjoint variable q. € V is given as the unique weak solution of

Qe (905) q. — MAQg + Vug Qe —Ue-VQq, + VT = D.f ('; u€7Du€) + Qg (906) u:, in €,

divg, =0 in €,
qg.=0 on OS.
(15.25)

Remark 15.4. In particular V € Voq implies V(0)-n =0 on 99, and so (15.24) can be
simplified to

Oheai? (oo T7Y) = [ Soe (o) div (jue v(0)) s
¢ [ 0k (o) DoV (0) (e -g2) dos
o [ (L 1w+ Lo (02)) divV(0) = 1eve. - WV (0) Vi do.
(15.26)

As we want to transfer the analysis of the proof of Lemma to the sharp interface
setting in Section [16.3, we will carry out the calculations without using the assumption

V(0)-n =0 on Q. The same has been done in the proof of Lemma on which the
arguments here are based.

160



15 OPTIMALITY CONDITIONS FOR THE PHASE FIELD MODEL

Proof. We follow closely the analysis carried out in the proof of Lemmal7.6]and only point
out the main steps and differences that occur due to the nonlinear state equations.

We start by applying regularity theory, which can be found in [Soh01l [Gallll Tem77],
to deduce from the regularity of the data stated in the assumptions of the lemma that
u., e [V] and g, are in H*(Q) and define

u [V] = [V] - Vu. - V(0)
which is then a function in H'(Q).
Then we choose an arbitrary z € Cy’(2) with divz =0 and see that
b(ue,ul[V],2)=b(u.,u:[V],2) - /;Zug -V (Vu:-V(0))-zdx =
=b(us,u:[V],2) - fﬂus - (D*u.V(0)) - zdw - fﬂu6 (VV(0)Vue) - zdx.

We may now integrate by parts and use z|sq = 0 to obtain

d
/uE-VuediVV(O)zdxzf > ui0iu0KV (0)gz; da =
Q Qy k=1

uiakaiu]'V(O)ij dz-

d
:‘fQ,Z akq,miuﬂ/(0),“7,]-dg;-fQ

d
i,5,k=1 1,5,k=1
d

—] Z uiainV(O)kaijdiL'=
Q5 k=1
=—]Q(VUE-V(O))-Vue-zdx—fﬂus-(D2u€V(O))-zd:c—/ﬂu5~Vu5-DzV(0)dx

which implies

- [ng - (D*u.V(0)) - zdx - /Q (Vue - V(0)) - Vue - zdz - b (u.,u.,DV(0)2) =
=b(ue,u., divV(0)z-DV(0)z + DzV(0)).
Using this relation we obtain for all z € C5’(€2) with divz =0 that
b(ue,w:[V],2)+b(u:[V],ue,z) - b(DV(0)ue, ue, 2) + b (us,u:, DV(0)2) =
=b(us,ul[V],2) +b(ul[V], u., 2) + '[ng - (D*u.V(0)) - zda+
+ fgue (VV(0)Vue) - zdx + fﬂ (Vu: -V (0)) - Vue - zdz—

~b(DV(0)ue, ue, 2) +b (ue, u, DV(0)2) =

=b(us,ul [V],2) +b(ul[V],uc, 2) - b(te, ue, divV(0)z - DV (0)z + DzV(0)).
(15.27)

Now we can apply analysis similar to that in the proof of Lemma [7.6] while making in
particular use of (15.17) and (15.27). From these arguments we then arrive in the following
system for u. [V]:
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PART II: STATIONARY NAVIER-STOKES FLOW

ae (@) ul [V] - pAul [V] +ue - Vu, [V]+ul [V] Vue+
+VpL[V] =of (sos) (De:V(0)) ue  in ©Q,
divu. [V] = in {2,
uL [V]=-0pu: (V(0)-n) on 909.

[

Hence, we obtain with the same calculations as done in the second step of the proof of
Lemma [7.6] the stated result. O
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15 OPTIMALITY CONDITIONS FOR THE PHASE FIELD MODEL

15.3 Linking the optimality criteria

Analogously as in Section one can show that the variational inequality given
by Theorem implies - @ with .

Moreover, we have shown in Lemma@, that is equivalent to , if we assume
more regularity. But on the other hand, we can derive both the variational inequality and
conditions — without any additional regularity, compare Theorem and
Lemma

So we can summarize the results of Section [15| by the following diagram, which is fulfilled
if holds for the minimizer (p.,u.) of JY and thus is in particular fulfilled if £ > 0
is small enough and (¢¢)_, is a sequence fulfilling .

(e, u:) minimizes Jév

T~

Variational optimality conditions
inequality - (15.21))
obtained by obtained by
parametric variations geometric variations
is fulfilled are fulfilled
\ 4egularity

reformulated

optimality conditions
(115.22) — (15.23)
with (15.26))

obtained by geometric
variations are fulfilled
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16 Optimality conditions for the sharp interface model

For this section we assume that (g, ug) € L' () x H'(Q2) is a minimizer of J}', and thus
by Lemma in particular {ug} = S (¢o). The existence of such a minimizer is for
example guaranteed in the setting of Theorem [6.1]

The aim of this section is to derive first order optimality conditions for Jév , thus necessary
conditions that have to be fulfilled for the minimizer (¢g,ug) of JJ'. Therefore, we start
by calculating shape derivatives in Section which is formally only possible when as-
suming more regularity on the data. Particularly, we need regularity of the minimizing set
E¥0 of the sharp interface problem which has not been shown to be valid in this general
setting. And so we consider additionally another ansatz, which does not need additional
unverified regularity. This will be done in Section and is also based on geometric
variations. That those optimality conditions are equivalent if assuming the regularity
assumption necessary for calculating the shape derivatives is then shown in Section [16.3

For this purpose we have to assume for the remainder of this section Assumptions |[(A6)
and [(A7)| to ensure differentiability of the objective functional and the external force
term.

16.1 Shape derivative approach

The first ansatz for deriving optimality conditions is to reformulate the problem

min Jév(cp, u)
(pu)eL (Q)xH' (Q)

analogously as in Section [§] formally into the shape optimization problem

mi JE(E) =03 (2xe - 1,50 (2x5 - 1)) (16.1)

in

EcQ,|E|<0.5(1+5)[Q)
as soon as we know that Sév (2xg - 1) only consists of one element. This is fulfilled for E¥°
if (@0, uo) is a minimizer of Jév , but is so far not known for an arbitrary set E. As already
discussed in Lemma and Remark we cannot even guarantee the existence of a
solution for arbitrary ¢. But as a consequence of the implicit function theorem, we will
obtain existence and uniqueness of a solution to the state equations for small geometric
perturbations of the minimizer ¢g. So we start our investigations by fixing the minimizing
set

Ey=int ({x e Q|po(z)=1}),

choosing a transformation T € T 44 and introducing the notation
Qt = ,I%(Q), Et = Tt(EO)

As already indicated above, we have to make some regularity assumptions in order to use
the correct shape calculus. So we assume for the rest of this subsection:
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16 OPTIMALITY CONDITIONS FOR THE SHARP INTERFACE MODEL

Ey is a fixed open subset of Q with dFy € C?, (16.2a)
Ep has N < oo connected components, (16.2b)
geH? (09), (16.2c)
Do f (z,u0,Dug) € L*(Ey), if ug € H*(Ey). (16.2d)

In the following, we will denote by C1,...,Cx the connected components of Fy.

Then we can choose a pressure pg € LQ(EO) associated to ug as follows: Due to Lemma
there exists a unique py € L?(Ep) with -[Ci podx = 0 for every ¢ = 1,..., N, such that it
holds in the distributional sense

Vpo = f + pAug—ug-Vug in Ey.

We can deduce from the regularity assumptions (16.2)) additional regularity of the mini-
mizer ug € S(J)V (o) and its associated pressure po:

Lemma 16.1. Under the regularity assumptions (8.3) it follows wy € H?(Ey) and po €
H'(Ey).

Proof. This follows as in Lemma by applying regularity results for the stationary
Navier-Stokes equations. These can be found for instance in |Gallll, Tem77]. O]

Now we show that the state equations inherit a unique solution for small defor-
mations of Ey. This is shown by an application of the implicit function theorem, and
implies additionally directly a differentiability result that will be essential for calculating
the shape derivative later on.

Lemma 16.2. There exists a small interval I ¢ R, 0 € I, such that for every t € I
there exists a unique solution u; € Ut to the state equations written for E, thus
SY (2xE, - 1) = {us}. Additionally, we obtain a unique associated pressure p; € L*(Ey)
fulfilling

Vpe = f+pAu—u-Vug  in B (16.3)

in the distributional sense together with th(Oi) pedx =0 foralli=1,...,N. The functions
inherit the reqularity (u;,p;) € H?(Eo) x H'(Ey) for all tel.

Moreover, the mappings I 3t — u; 0Ty € H*(Ey) and I 3t v p, o Ty € HY(Ey) are
differentiable at t = 0.

Proof. In contrast to Lemma [8.3] we cannot apply Theorem since our constraints
are not linear any more. To overcome the difficulty arising from the incompressibility
condition, see discussion in the proof of Lemma [8.3] we alter the function on which to
apply the implicit function theorem analogously to [BECLS96]. Denoting by (C’Z)f\:] ; the
connected components of Ey we define the function

N

X (H'(C) OL%(CZ'))) x RN

F:Ix(H*(Ey)nH, (Ey))xH"(Ey) — L*(Ep) x ( X
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by

d
F(t,v,p) = (—u > (DT{T)Z.J. 9; ((DTy™),, Okv) +v-DT; "o + DT TVp - f o Ty,
i,5,k=1

N N
((DTt—1 : Vv‘oi - ][C DTt : Vo dx)i=1 , ([CApdet DT; da:)izl).

Using this definition, we can ensure that
(DT;l Av ]{; DT, : vo dm) € Lj(Ci) Vv e Hy(Ey).

Moreover, direct calculations give for all u e H?(E;) n H ; (E;) and p e HY(Ey)

F(t,’uOTt,pOﬂ):((—MAU-FU'VU-va—f)OE,
R S A e
ivu) o - ivu) o x , T
M tCi C; v ! i=1 T (Cy) b i=1

where we used in particular that w € H 511(Et) implies uoT; € H ;(Eo)7 compare Lemma

Next we fix some G € H?(Ep) with Gloanoe, = 9, Glanar, =0 and div G = 0, which can
be found by applying the results of [Gallll, Section II1.3] and using dEq € C2.
Then we define

G:1x(H*(Eo)n Hy(Ey)) x H (Ey) - L*(Ep) x (>N< (H'(Ci)n L%(Ci))) xRN
=1

by
G (t,v,p) = F (t,v+ G,p)

and obtain from (16.4))
G (0,u0 - G, po) = F (0,u0,po) = 0. (16.5)

Our goal is to apply the implicit function theorem to G. To this end, we notice that
t G (t,u,p) is differentiable in a small neighborhood of ¢ = 0 for all u € H?(Eo)nH} (_EO)

and p € H'(Ep), because of the regularity assumptions on the transformation T € T oq.
Furthermore, we find for all (u,p) € (HZ(EO) N H(l)(EO)) x H(Ep):

D(u,p)G (Oa Ug — G7p0) (u7p) =

N
:(—uAquu.Vuo+u0.Vu+Vp,(divu|Ci)gl,(L pdx) )
i i=1

To show, that D, )G (0,uo -~ G, po) is an isomorphism, we choose arbitrary
N N 2 N 2 N
(r, Oy, (8, ) € L2 (Eo) (><1 (H(C3) ﬂLo(Cz‘))) xR

and find from [Gallll Lemma 2.3.1] that for any ¢ = 1,..., N there exists some w; €
H?(C;) n H)(C;) such that divw; = s; and |will g2cy < clsilgrc,)- We can extend
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16 OPTIMALITY CONDITIONS FOR THE SHARP INTERFACE MODEL

those functions by zero, due to the regularity of Ep, to functions w; € H*(Fy) n H é(EO).
By Lax-Milgram’s theorem we find a unique wu € H[l)(Eo) with divu =0 such that

/,u,Vu-Vv+u-Vuo-v+u0-Vu-’udx:f v+
Eo EO

N
+ Z(—,uV'wi'V'v—'wi-Vuo-'v—umV'wim) dz Vo eH(l)(Eo), divv =0
i=1

which fulfills moreover

N N
el gy < c(nrnLa(Eo) . winHz(EO)) . c(\ran(EO) . rsmm(ci))
=1 =1

since it holds by Lemma [13.5
1
Vol 2oy < 2Kq

and so

H 2
‘[Eo v-Vug-vdz| < 5 [Volz2) VYve H}(Ey).
Additionally, we get from Lemma existence and uniqueness of p € L?(FEy) with
-[Ci pdx =t; for all ¢ =1,..., N such that it holds in the distributional sense

N
—uAu+u-Vuo+uo-Vu+Vp:r+Z(,qui—wi-Vuo—uo-Vwi) in C;
i=1

and find that

N N
HPHL2(E0) <C (Z |t] + ||UHH1(E0) + HT”L?(EO) + Z ||3iH1(Ci))'
i=1 i=1

Applying regularity theory for the Stokes equations, see for instance [Tem77, [Gallll], we
obtain furthermore u € H*(Ey) and p e H'(Ep) together with

N
Jall 20 + ol sy < © (||rL2<E0> + 3 (Isilgony + |tz~|))
=1

and thus D, )G (0,u0 -~ G,po) is a surjective, open, linear operator. Injectiveness of
DG (0,up — G, po) follows from the uniqueness of the solution derived above, and we
can deduce from the open mapping theorem that D, ;)G (0,40 - G,po) is an isomor-
phism.

So we can apply the implicit function theorem and obtain that there exists a small interval
I cR around 0 and a unique mapping I >t — (u(t),p(t)) € H*(Ey) n H}(Eo) x H'(Ejp)
such that

G (t,u(t),p(t) =0 Viel.
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We define u; := (u(t) + G)oT; ! and p; := p(t)oT; ' € H'(Ep) and find that uy € Hé(E[))ﬂ

H?(Ey), since T € T 44, cf. Lemma By (|16.4]) we observe furthermore:
0=G(tu(t),pt)) =F(tu(t)+G,pt)) =F(tuoTipoTy) =

N
= ((-pAus +us - Vur + Vpr — f) o Ty, ((divut) o Ty, — ][ (divuy) OTtdx) ,
o . (16.6)

N -
d )
(th(Ci)pt x)zl)

Considering the second condition, we find for every i =1,..., N:
divug = (]{; (div) oTtdx) 0T/ = ][C (divag) o Tyde  in T,(C).

If we use, that for ¢ small enough 7;(C;), i =1,..., N, will be the connected components
of Ty (Ep) we find therefrom by u; € H};(Et)i

Ozf divutdxzf (][ (divut)OTtd:r) dz
Tt(Ci) Tt(CZ) C;

and so fr, (divug) o T;dx = 0, wherefrom we can deduce divu; = 0.
And so we can conclude from ((16.6)) that (u,p;) solve the following system:

—/LA’LLt +ug-Vug + Vpg = f in Et,
dz =0 Vi=1,...,N.
JreoP® Z

Hence, u; = Sév (2xE, — 1), and p; is the unique pressure associated to the state equations
in the sense of ((16.3) such that th(Ci)pt dx=0fori=1,...,N and this implies the first
part of the statement.

The implicit function theorem gives more, namely that I 5t = (u(t),p(t)) € H*(Fp) x
HY(E)y) are differentiable at t = 0. Hence,

It (ugoTy,poTy) = (u(t) + G,p(t) e H*(Ey) x H' (Fp)

is differentiable at ¢t = 0 and we can finish the proof.
O

Using this result, we can consider minimizing Jév as a classical shape optimization prob-
lem in the sense of ((16.1]), since for the minimizer Ey and local deformations of it the
function J é}’ is well-defined. So the rest of this subsection will be devoted to deriving first
order optimality conditions for J(])V by considering minimizing J fgv as a shape optimization
problem in much the same way as in Section

With Lemma we have all assumptions fulfilled to use [Sim80, Theorem 3.1, Theorem
3.2] and conclude the formula for the shape derivative w’' [V]. In particular, we obtain as
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16 OPTIMALITY CONDITIONS FOR THE SHARP INTERFACE MODEL

in Lemma that the ' [V] is given as the unique weak solution of the following system:

—pAu' [V]+4u' [V] - Vug +ug-Vu' [V]+Vp' [V] = in Ej,
divu'[V]=0 in Ey,
u' [V]=-(V(0)-v)dup on dEyNQ,
u'[V]=0 on 0Ey n of.

As in the proof of Theorem we can find a Lagrange multiplier for the integral con-
straint. Moreover, similar arguments as in Theorem give a formulation of the shape
derivative DJY (Eo) [V] = Ole=0J2 (T3 (Ep)) in the adjoint formulation. We summarize
these results in the following theorem:

Theorem 16.1. Since Ey is assumed to minimize J év , the following necessary optimality
conditions are fulfilled

DY (Ep) [V] = Ao fQ (x5, — 1) divV(0)dz YV € Vg (16.7)
for some Lagrange multiplier Ao > 0, which fulfills moreover
Yo [ e - 1) - 5191) =0 (16.8)
and the shape derivative is given by
DJY (Ey) [V f (ndvgq - Ovug — (D3 f) (x,uo, Dug) v - 0yug) V(0) - vda+

+fEOD(f(a;,uo,Duo))V(O)dm/Qf(x,uo,Duo) divV(0)dz+ (16.9)

+ ¢ faEOmQ kV(0)-vdz.

Here k = div gg,nqv denotes the mean curvature of 0Ey N €Y, v is the outer unit normal
on Ey and qq € H(l)(Eo) s the adjoint state given as strong solution of

—/,LAqo + Vug qop—Up- qu + Vmg = Duf (.’13, u, Du’) in EO: (16103“)
div qo = 0 in E07 (1610b)
q,=0 on OEy. (16.10c)

Remark 16.1. Notice, that A\g > 0 is a Lagrange multiplier for the volume constraint
|Eo| <0.5(1+ B) || and (16.8)), which can be rewritten as

Ao (|Eo| i) |ﬂ|)

is the corresponding complementarity condition.

Remark 16.2. If we assume that f (z,u (z),Du(x)) =0 for a.e. € QNEy if u =0 a.e.
in QN Ey then formula (16.9) reads as

DJY (Eo) [V f (180 do - Do — (D f) (w0, Dug) v - Byuo) V (0) - v dar+
+[8E0 (%UO,DUO)V(O)-dewchfaE rm/@V(O)-udx.

0
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The resulting formula is then in Hadamard form, see discussion in Remark[8.3. Moreover,
already known literature (compare for instance the results in [SS10]) yield the same result.

We want to discuss this result briefly by means of the example of minimizing the total
potential power:

Example 16.1. Using the total potential power as an objective functional, which is
introduced in Example thus

f (2w, Du) = ZDuf* - f(2) -u

we get from Theorem the following formula for the shape derivative:
DJY (Eo) [V] = faE (u0uqq - o - ,u,|8l,u0|2) V(0) -vdx+

0 (16.11)

+ f8E0 (g 0, uol* - f - uo) V(0)-vdz+ e fanmQ kV (0) - vdax.

Comparing this result for instance with [SS10, Section 5], [Sim80, Remark 7.2] and [Pir'74],
where f = 0 was chosen, we see that we obtain the same result. Additionally, we can
compare those results to Example[8.1] where the same objective functional was minimized
in a Stokes flow. We remark that in contrast to Example we cannot simplify formula
to obtain a formulation without adjoint state. This was only possible in a Stokes
flow setting.
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16 OPTIMALITY CONDITIONS FOR THE SHARP INTERFACE MODEL

16.2 Geometric variations

The purpose of this subsection is to derive first order optimality conditions for the limit
problem

min I (¢, u) (16.12)
(o,u)eLY(Q)xH (Q)

without stating the unverified assumptions we had to make in Section Instead,
we want to follow the approach of Section 8.2 Thus we will again vary the minimizing
set by a suitable transformation and differentiate in this direction. But in contrast to
Section [16.1] we do not assume additional regularity on the minimizer. Consequently, we
arrive in an optimality system, that can under certain assumptions on the convergence
rate of the minimizers be verified to be the limit of optimality conditions for the phase
field model as we will show in Section [I7.

For this purpose, we fix for the rest of this subsection
Bo = {z e Q| po(a) = 1}

where (g, ug) € LY(Q) x H'(Q) are still the fixed minimizer of JI', and notice that Ey
is now in general only a Caccioppoli set. We recall, that due to Lemma the state
equations (13.4)), corresponding to g, inherit a unique solution, thus S2 (¢o) = {ug} and
it holds

V0] 200 < —e (16.13)

OllL (Q) - 2KQ : :
We define
po(t) =poo Ty, Q=TY(Q), E =Ti(E)=E""

for some given transformation T € T 4q and see that ¢o(t) € 52(1, since due to Lemma
the function (det DT[I) (DT} ug o T e UM and so UM + g,

As in Section [16.1] we can a priori neither guarantee the existence of a solution to the
state equations corresponding to Ey, nor uniqueness, even though this holds true
for Fy. And so we start with deducing the existence of a solution to the state equations
corresponding to Ej if ¢ is small enough from the minimizing property of Fy in the next
lemma.

Lemma 16.3. There exists a small interval I c R, 0 € I, such that there exists some
U € Sév (gpo o Tt_l) for all t € I. Moreover, there exists a constant C > 0 independent of
t € I such that it holds

[V g2y < C. (16.14)

Proof. We define u(t) := (det DTy ') (DT})ug o T, € U*® as in Lemma and let
v € V be arbitrary. Then we have, by following the arguments of [Gallll Lemma IX.1.1],
the estimate

b (v, u(t),v) = b (v,0,u(t)) < 0] paasian ey |70 2y [0 | paggy - (16.15)
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Using change of variables and |DT}|e = sup,.q [DT(2)[ e < 1+ CJt| and | det DT} |oo <
1 + C|t|, which holds for |t| «< 1, we find

[u(t)] ey < (1+ Clt]) ol oy (16.16)

Combining ([16.15)) and (16.16|) we obtain by using again estimates as in [Gallll Lemma
IX.1.1] that

b (v, u(®), )] < [0l g ) V0] 2 gy o gy (1 + Ce]) <

i (16.17)
5|

< Ko [70]2 0y IVuol gy (1 + C 1) < & [90] 22, (1 + Cli)

where in the last step we made in particular use of | Vuo| 12y < %ﬂ, compare Lemma
We hence can deduce from (16.17]) the existence of some interval 0 € I ¢ R and some con-
stant ¢ > 0 with ¢ < p such that

b (v, u(t),v)| <c|Voeq YveVtel (16.18)

As by construction u(t) € U?® we obtain from (16.18) and Lemma the existence
of some u; € S (wo(t)) for all te 1.

To deduce the uniform estimate ((16.14)) on (u¢),.; we proceed as in the proof of Lemma
to find that wy := u; — w(t) € VOO fulfills

Vw2 gy + b (we, w(t), w;) = /Qf'wt - pvu(t) - Vwydz - b (u(t), u(t), w)

and so

11T 0 < b (wes (), w)] + [ £l g2 wel 2oy + 11V |20y IVw1] 20y +

+ O ()31 @y w0t g o -
Applying ((16.18]) implies then
[vwil32() < C (I oy + 113200 + V@) 320) + [l ()) - (16.19)

Similar calculations as in (16.16)) yield the existence of some C' > 0 independent of ¢ € [

such that supses [w(t)] 1oy < C. And thus (16.19) implies the uniform bound (16.14)
and we can finish the proof. O

In the next lemma, we will show differentiability of t = (u; o T}) if us € SY (¢o(t)) is a
family of solutions to the state equations corresponding to the transformed state ¢g(t).
A priori, we only now existence of such a family of solutions by Lemma [16.3] but we do
not know if this is unique, and hence it is not clear how to choose this family. But we will
obtain implicitly by the arguments of the following proof that 83 (wo(t)) = {u} for |t| <« 1
and so this choice is well-defined. One could also directly show uniqueness of a solution
of the state equations corresponding to ¢o(t) for |t| << 1 by using similar arguments as in
third step in the next proof, but here we deduce this fact as a consequence of the following

considerations, see Corollary
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Lemma 16.4. Let us € S5 (0o(t)) be a familiy of solutions to the state equations corre-
sponding to o(t), whose existence is guaranteed by Lemma fortel,if0elcR is
a small interval.

Then the function I > t = (u;oTy) € HY(Q) is differentiable at t = 0 and ug[V] =
Otle=0 (ug 0 Ty) € HY(Q) with 1o [V]|a<g, = 0 is given as the unique weak solution to

/Euvuo[V]-Vzda;+b(u0,u0[V],z)+b(ﬁ0[V],u0,z):fE uDV (0)T Vg : Vz da+
0 0
+fE MVUO:DV(O)TVzda:+/E uVag v (divV (0) z - DV (0) z) da—
0 0
—[E uVug : VzdivV (0) dz+b(DV (0) wg, wg, 2) — b (ug, ug, DV (0) 2) +
0

+[Eo(vf-V(o))-zdx+[E0f.DV(o)zda;
(16.20)

which has to hold for every z € VF0, together with
divag [V] = Vug : DV(0). (16.21)
Proof. We want to use an implicit function argument similar to Theorem to show
the statement. Again we cannot apply Theorem because of the nonlinear state
equations, and a definition of a function as in Lemma [16.2] is not possible, since there
may be infinitely many connected components of Fy. Even if Ey would be connected, the
mapping div : H{(FEp) — L2(Ep) could not shown to be surjective, because of the lack
of regularity of 9Ey. Instead, we use the idea of Lemma [8.5 and generalize therefore the
proof of Theorem to this nonlinear setting here.
We start by defining the function
F:IxVvFo (VEO),
by
F(t,u)(z) = '[E pvu: DT Ty (det DT, 'DT;2) da-
0
- [ w9 (detDT,DT;") -w: DT; TV (det DT, DT;2) - det DT; dot
Eo
N fE det DT, (DT})u - Vu (det DT} ' DT ) da-
0
- fE DTyu -V (det DLDT;) - w - (det DT, DTiz) da+
0
+ [ DTy DT VG (det DT ' DT;2) da+
Eo
¥ fE G- vu-(det DT} 'DT,z) - G - V (det DIDT ) w - (DTz) da—
0

- fE foT,-(detDT;'DT;z) - det DT} da,
0

where G € U is some fixed chosen function. Roughly speaking, this means that
F (t,u) describes the state equations on T;(Ey), but transformed back to the reference
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region Fy and reduced to homogeneous boundary data be using the function G. We
will consider the state equations that are solved for the divergence-free transformation
(det DT3) (DTt’l) us 0Ty of uy onto T3 (Ep) and so there are some additional terms appear-

ing in the definition of F that correspond to (det DT) (DT}1).

Additionally, let

fil— (VP
be defined as
f(t)(z)=- fE pDT; v G : DT,V (det DT, ' DT, 2) - det DT; dz-
0

- fE G -DT;TVG - (det DI} DTi2) - det DT, da+
0

¥ [E foTi-(det DT, 'DTy2) - det DT; da.
0

Direct calculations give then for all u € H'(Q) and z € V' the identity
F (t,detDTy(DT; Nuo T, - G) (2) + f(t)(2) =

(16.22)
:fEuVu-Vzt+u-Vu-zt—f-ztdm,
t

where we used z; := (det DT}) DT 'z 0 T; ' € V¥ see Lemma And so in particular,
this yields
F(t,detDT,(DT; Nu, o T, - G) = f(t) Vtel. (16.23)

We observe that the differentiability of ¢ ~ F (t,u) for all w € V0 in a small interval
around ¢t = 0 can be deduced directly by the regularity of the transformation T € T 44.
Moreover, we get for arbitrary w e V0 and z ¢ V0.

D,F (0,up - G) (u) z = fE uvu-Vz+ug-Vu-z+u-Vug - zde. (16.24)
0

Now we divide the proof into several steps:

o Ist step: We first show that there exists some ¢ > 0 such that
HF (0, v - G) - F(O, uog — G) ||(VE0)' >c ||'U - UOHHl(Q) (1625)

which has to hold for all v e U0,
To this end, we notice first that we have

(F(o,v—G)—F(o,uo—G))z=fEOu(Vv—Vuo)'V““'V“'z_ (16.26)

—UO'VU,O'Z(]JU

for all z e Vo, Using

b(v-ug,v-—ug,z)+b(v-—ug,up,z) +b(ug,v—up,2) =
( 0 0 ) ( 0, %0 ) ( 0 0 ) (16.27)
:b(’U,’U,Z)—b(U(),U(),Z)
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16 OPTIMALITY CONDITIONS FOR THE SHARP INTERFACE MODEL

we obtain from ([16.26))
[£(0,v = G) = F1 (0,20 = Gy 0y =
|Jo iV (v —wp) - Vzdz +b(v,v,2) - b(uo,uo,z)|

0+zeV Fo ”ZHHl(Q)

|fQM|V(U ug)|* dz +b (v - ug, up, v — Uo)’

|v = uo HHl(Q)

Mo nl9 (= o) dal - o (v - o, uo, v - wo)| |

v = uo| g1

1Y 0= w0) )~ Ko [Vl g2y 19 (0~ 0 20y

v = uo ”HI(Q)

As [Vuo 2(q) € 55 see (16.13), this implies the existence of a constant ¢ > 0 such
that

IV (v = w0) 720

v - UOHHl(Q)

[E(0,v = G) = F(0,u0 = G) [ (y oy 2 € > c v -uol (g

where we applied in the last step Poincaré’s inequality. This proves (16.25|).

e 2nd step: Now we want to derive a similar estimate as in the first step for the
derivative of F'. More precisely we want to show that there exists some C > 0 such
that

IDuE (0,u0 = G) u yeey 2 C |l gy Vue vEo, (16.28)

Therefore, we use the form of the derivative D, F' given by (16.24) and [Vuo| 11 (q) <

ﬁ, which follows from (16.13)), and obtain similar to the first step

‘fEO,uVu-Vz+u0-Vu-z+u'Vuo-zdx|
>

IDLF (0,up - G) U/ y, 5y = SUp
' (VI revo [zl e e

[, VU + 20 - V- w+ u- Vg - uda §

lwl g

2 2 2
S M HVUHLQ(Q) - Kq ”V"”L2(Q) | Vuo ||L2(Q) . ”vu”L2(Q)
c

> >clu| g0 -
lul 1) [l g0 H@)

For the following considerations we will use the notation
m(t) = (det DT}) (DTy ) wr o T V[t < 1.

e 3rd step: Next we want to prove Lipschitz continuity of the mapping I 3>t~ m(t) €
H'(Q) if the interval I is chosen small enough.
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We observe that the differentiability of F' and f together with the quadratic form
of F' imply

17 (8= FO)l ey <ClH - Vi <1 (16.20)

and

IF (1) (v = G) = F(0) (v=G) | e <
(16.30)
<ClH (oo + 03 q)) Vi <1

which holds for all v € H*(Q) with v|q. E, = 0 and v|spq = g. Moreover, it follows
directly from (|16.23]) that

F0,m(t) - G) = F(0,m(t) - G) - F (t,m(t) - G) +
+(f(t) = f(0)) + F (0, uo).

Applying (16.25) to this identity yields

(16.31)

cllm(t) = ol g1y < IF (0.m(t) = G) = F (0,20 = @) | 0 =
= [F (0,m(t) = G) = F (t:m(t) = G) + f(£) = F(0) |y oy < (16.32)
<Ot (Im() g 0y + [m®) 310y + 1)

where we made in particular use of (16.29) and ((16.30). By using Lemma we

can deduce that [u¢ o Ty 1) is bounded uniformly in ¢ for [¢| « 1 and so we can
deduce from (16.32) the existence of some L > 0 such that it holds for || << 1 small
enough

Im(t) = m(0) | gr1(q = [(det DT3) (DT, ") wy 0 Ty - < LJt|. (16.33)

U0 o)

e /th step: In this step we want to show the weak differentiability of I 5t — m(t) €
H'(Q) at t = 0. For this purpose, we start by deducing from (16.33) that

IO = m(O)lpoy S L Vi <1
And so there exists a subsequence (tx)ren and some element i € VEo such that
(% (m (tx) —m(O)))ke]N converges weakly in H'(Q) to 7. Using the differen-
tiability assumptions on the transformation T; € Toq, this implies additionally,
that (i (ug, o Ty, —uo))kdN converges weakly in H'(Q) to some limit element
U e HY(Q) where @l g, = 0.

As F(0,)): VEo - (VEO), is Fréchet differentiable we find that there exists some
rp such that it holds for all vy, vy € H}(Q)

Ire(o)lweoy _ (16.34)

o102l 11100 01— 2] i )
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16 OPTIMALITY CONDITIONS FOR THE SHARP INTERFACE MODEL

and
DuF (0,’02) (’Ul — ’02) =F (O,’Ul) — F(O,’UQ) + TF(’Ul).
From this, we find that

Dy F (0,up - G) (m(tx) —m(0)) = F(0,m(tx) - G) - F(0,m(0) - G) +
+rp (m(ty) = G) + (=F (tg, m(tr) - G) + f(tr)) +

+ (F (tg,m(0) - G) = F (tg,m(0) - G)) + (F (0,m(0) - G) - f(0)) +
+(F/(0)t = f(0)t) + (DF (0,m(0) = G) ty, = D F (0,m(0) - G) t5,) =

= (F (tk,m(0) - G) = F (tg,m(tr) - G)) -

- (£(0,m(0) - G) - F(0,m(ty) - G)) +

+(F(0,m(0)-G) - F (t,m(0) - G) + D:F (0,m(0) - G) t) +

+(f(tr) = £(0) = f1(0)tg) + f/(0)tx - DeF (0,10 - G) ty + 1 (m(ty) - G) .

(16.35)

Using (16.22) and ((16.27)) while making in particular use of the quadratic form of
F we can establish similar to ((16.30))

[(F(0,m () - G) = F(0,m(0) - G)) -
= (F (tk,m (t) = G) = F (tx, m(0) = G)) |y 5oy <

scmmwww—mmwmmywmuw—mmwmmﬁsam2vk»L

where the last inequality follows from the Lipschitz continuity (16.33)). This leads
to

lim = (F (0,m(t) - G) = F (0,m(0) - G)) -
|tk (16.36)
= (F (tg, m(tg) = G) = F (tg, m(0) = G)) | 50y = 0.
Since F' (,uo-G): I - (VEO), is Fréchet differentiable at ¢ = 0 we find moreover
”F (0, up — G) -F (tk,uo - G) + DtF (O,uo - G) tk” VEO =0 (|tk’)

and hence

i H—(F(O wo - G) = F (tg, up — G) + DyF (0, uO—G)tk)H =0 (63

Similarly, we derive from the Fréchet differentiability of f at ¢ = 0 that it holds

Jim |2 (£(60) - 70) - 7'}t L (16.38)

Now we combine (16.33)), (16.34]) with the estimates (16.36), (16.37) and (16.38) to
deduce from (T6.35) that the weak limit 7 of (L (m(tx) - m(O)))k . fulills

Do F (0,10 - G) i = £'(0) = DF (0,9 - G) . (16.39)
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Direct calculations imply hence that % € H(Q) with @|g.z, = 0 solves (16.20)-
(16.21)) and hereby we guarantee in particular solvability of (16.20))-(16.21)).

In view of the result from the second step in this proof, we find that there exists at
most one solution to —, and hence @ is the unique solution of —
as stated in the claim of this lemma.

By carrying out the same arguments for any subsequence (tx)ren We can conclude
that ( (m(t) - m(O)))t itself converges weakly in H'(Q) to .

e 5th step: We now want to conclude the differentiability of I 3t~ u; o Ty ¢ H'(Q)
at t = 0, which is equivalent to the differentiability of I3t — m(t) e H'(Q) at t = 0.
Therefore, we have to show the strong convergence

hmH (m(t) = m(0)) - mHH1<Q> 0. (16.40)

For this purpose, we start by applying estimate (16.28]), which was established in
the second step of this proof, and see

Im(t) = m(0) =t g1 oy <
< CDuF (0,u0 = G) (m(t) = m(0) — tm)| y 5oy = (16.41)

= C[DuF (0,u0 ~ @) (m(t) =m(0)) =t (#'(0) = DeF (0,u0 = @)y

where we made in the last step use of (16.39). The considerations of the fourth step
of this proof give us

|DuF (0,49 - G) (m(t) = m(0)) =t (f'(0) = DeF (0,u0 - G)) | (veoy =ollt])

and hence we find from (16.41)) directly (16.40)). This finally proves the statement

of the lemma.
O

From the previous lemma we obtain directly the following result concerning uniqueness
of the state equations:

Corollary 16.1. There exists a small interval I c R, 0 € I, such that Sév (goo oT{l) =
{ui} for all t € I, thus there exists a unique solution to the state equations (13.4]) corre-
sponding to small deformations g o Tt_l, lt| < 1, of the minimizer @q.

Proof. By Lemma [16.3| we have for every ¢ € I, if I ¢ R is chosen small enough, a solution
up € SYY (goo o, t_l) for the state equations (13.4)) corresponding to g o Ty !, Lemma m
guarantees additionally that t — (u; o T;) € H'(Q) is continuous. Hence there exists some
t" > 0 such that i
!
|V (w0 T3) = Vg | g1 (g < 1Kg Vit <t

which implies

[ [©13) 3u ,
”V("toTt)”Hl(Q)SE"'HVQ"OHLQ(Q) < 1K Vit <t
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16 OPTIMALITY CONDITIONS FOR THE SHARP INTERFACE MODEL

Using as in the proof of Lemma that [DT}[ e <1+ C|t| and || det DT} | o < 1+ C|t]| for

|t| < 1 we can deduce therefrom the existence of some ¢ > 0 such that ¢ < KL“ and

i
||VU7§||H1(Q) <c< K_Q V|t| < 1.

Now the statement follows from Lemma [[3.2 O

We thus have proved that local deformations ¢g () = ¢ o T; 1 along suitable transforma-
tions T € T 4q of the minimizer g still inherit a unique solution of the state equations,
thus S5 (¢o(t)) = {u;}. Moreover, we know that ¢ + u; o T} is differentiable at ¢ = 0 as a
mapping into H'(Q) and have derived a system that defines the derivative d;|i—g (u; o T}).
And so we can for the remainder of this section focus on the calculation of first order op-
timality conditions for Jév at (o, uo).

Due to g (t) € @Y, for T € Toq, see Remark and u; € S (po(t)), we have by (¢o(t), us)
admissible comparison functions for Jév and get for all T € Tyq:

IV (o, uw0) < I (po(t),u) V|t < 1. (16.42)
Since Corollary implies S{ (¢o(t)) = {u;} for t small enough we can define
G0 (po(t)) = Jg (0o (1), ).
Hence, implies

Jo (o) <30 (oo I7Y) V|t < 1,TeToq

and therefrom we obtain
Otl=030" (oo Ty ') =0 VT € Toa.

By following the arguments of Lemma we find the existence of a Lagrange multiplier
Ao € R* for the integral constraint. We can now state the main result of this section:

Theorem 16.2. For any minimizer pg € ®°, with {ug} = St (¢0) of (16.12) we have the
following necessary optimality condition:

Oleeody (cpooTt‘l):—)\nggoodivV(O)da:, (16.43)

Ao (fQ podz - |Q|) =0 (16.44)

for all T € T 4q with velocity V € Vaq. Here Mg > 0 is a Lagrange multiplier for the integral
constraint and the derivative is given by the following formula:
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Olle-0jo’ (woo 1) = fQ [Df (z,uo, Dug) (V(0), 9 [V], Ditg [V] - DugDV (0)) +
+ f (z,u0,Dug) divV(0)] dz+
+aeo [ (divV(0) = v TV(0)) Dy,
(16.45)

with v being the generalised unit normal on Eg = {pg=1}. Moreover g [V] € H}(Q)

with 4 [V] =0 a.e. in Q~\ Ey is given as solution of (16.20]) — (16.21]).

Proof. This follows by using the same calculations as done in Lemma [15.5
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16 OPTIMALITY CONDITIONS FOR THE SHARP INTERFACE MODEL

16.3 Linking the optimality criteria

This section was so far concerned with the study of optimality conditions for the optimiza-
tion problem - , which is equivalent to minimizing JéV . For this purpose,
we have devoted Section to the classical shape calculus and have obtained first order
optimality conditions that can be stated in the classical Hadamard form and coincide with
well-known results from literature. However, additional unverified regularity on the min-
imizing set had to be assumed. And so we started in Section discussing optimality
conditions arising from geometric variations that can be verified in our general setting.
We thus have established optimality conditions without additional assumptions.

The natural question arises whether it is possible to prove equivalence of both systems
under certain assumptions. We can answer this positively in the following sense:

Lemma 16.5. Let T € T 4q be chosen and V € Vyq be its velocity field.
Assume that Eq :=1int ({x € Q | @o(x) = 1}) is a well-defined open subset of Q@ and that the

reqularity assumptions (16.2)) are fulfilled.
Then we have

Ale=03 (poo T, ) =DJIL (Ep) [V] (16.46)

where Oyli—0jd (oo T;y") is given by (16.45) and DJY (Eo) [V] by (16.9).
This means that the optimality conditions of Theorem [16.1] and of Theorem are
equivalent.

Proof. We proceed as in the proof of Lemmal8.6], while using calculations as in Lemmal[15.6]
O

We summarize our results again in the following diagram, which we have shown to be
true:

(¢0,u0) minimizes J(])V

more regu/ \

optimality conditions optimality conditions

(16.7) - (16.8) (16.43) - (16.44)

obtained with - obtained by geometric
. more regularity ..
shape analysis variations are
are fulfilled fulfilled
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17 Convergence of the optimality system

Here we want to show the equivalent statement derived in Section [9] while having the
stationary Navier-Stokes equations instead of the Stokes equations as a state constraint.
For this purpose we assume differentiability of the body force and the objective functional
given by Assumptions [(A6)|and [(A7)|for the remainder of this section.

We have already seen in Theorem that a subsequence of any sequence of minimizers
of (JEN)DO, denoted by (e, ue)..q, converges in L*(Q) x H'(2) to a minimizer (g, uo)
of J§ if (). fulfills the convergence rate (I4.1). Now we want to investigate what
happens to the optimality systems corresponding to (JEN )g>0 as € N\ 0. And in fact
we will see that, if stated in the right manner, the optimality systems converge to an
optimality system of JON as e \ 0.

Theorem 17.1. Let (e, uc) o be minimizers of (JaN)DO. Then there exists a subse-

quence, which is denoted by the same, such that (p:).., converges in L'(Q) to some limit
element o and (u.).., converges weakly in H'(Q) to some limit element wq. If it holds

lpe = ol L1 ({zeipo(@)=1,0- (2)<0}) = O (€) (17.1)

then (ue) ..o converges strongly in H*(Q) and we obtain that (¢o,wo) are a minimizer of
Jév. Moreover, it holds then

lim =02 (9= 0 T") = Aili-ofy (w00 T;") VT € T, (17.2)
If additionally

{go=1}>0 (17.3)

then we have the following convergence results:

eNo0

Pe — o in L'(Q), (17.4a)

ue 9 g in H'(Q), (17.4b)

u [V] = uo [V] in H(Q), (17.4c)

Ae 29 2 in R, (17.4d)

TN (pe,us) 5 I (00, u0) in R, (17.4¢)

where {uc} = SN () for e small enough and {ug} = S (o). Moreover (\.)_.o S R* are

Lagrange multipliers for the integral constraint defined due to Lemmal[I5.5, and Ao € R* is
a Lagrange multiplier such that it holds (16.43]) - (16.44)), and thus is a Lagrange multiplier
for the integral constraint in the sharp interface according to Theorem [16.3.

Remark 17.1. We remark that and (17.4al)-(17.4c|), (17.4€) would be true for any
T € Taq even if would not be fulfilled. Only for the convergence of the Lagrange
multipliers (\:).,o we need . But as already discussed in Remark condition
(17.3) is not very restrictive.

182



17 CONVERGENCE OF THE OPTIMALITY SYSTEM

Proof. Convergence of a subsequence of a sequence of minimizers of (JEN )€>0, which will
be denoted by (¢e,uc) .o, to some limit element (yg,up) follows from Theorem
From now on we assume . Then we can again apply Theorem to obtain the
strong convergence of (u.).., in H' () and the fact that the limit elements are minimizer

of JJ' together with (17.4¢). Besides, we obtain from Corollary for € small enough
SY(¢.) = {u.} and Lemma gives 8% (¢0) = {uo}. The proof of Theorem m gives
more, namely by (14.16)

li % dz = 0.
lim [ o (o) Juf dz =0

Using the convergence rate (17.1]), we can establish as in the second step of Lemma
that

lim | ac(¢e) W dz=0 VoveHY(Q),v|g g =0. (17.5)

eNo0

The remainder of this proof follows closely the arguments of Theorem and we only
point out the main steps here and focus on the differences that occur in the stationary
Navier-Stokes setting.

Thus we define the functions (F'P.)_., by

FP.(v) = j;)(%ag(cpg)|v]2+%]V’v|2+ug-vug (V] v+ [V]-Vug-v) dz - R.(v)+
+anE (p2) u - DV(0)vdz - Do(w.)(v) YoveV

where R, ¢ H1(Q) and D.(w.) € H'(Q) are defined by

R.(z):= fg),uDV(O)TVuE :Vzdr + [QMVUE :DV(0)T vz da+
+u /;2 Vu. : V (divV(0)z -DV(0)z) dz-
- fQuVue . V2 divV(0) dz - b (DV(0)u., u., z) -

—b(ug,uE,DV(O)z)+[Q(Vf-V(O))-zdx+_[Qf-DV(O)zdz:

and

Dg(wa)(z):_/Qag(gos)wg~z+uV'w€'Vzd:1:+b(u5,'wg,z)+b('w5,u5,z)

with
w, = (-divV(0) + DV(0)) ue..

Furthermore, let

1 . .
FPy(v) := fﬂ (5040 (¥0) |v|2 + g |Vv|2 +ug Vg [V]-v+ug[V] Vug - U) dz-

- Ro(v) - Do(wp)(v) YveV
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where

Ro(z) = /QMDV(O)TVuo :Vzdx + /QuVuo :DV(0) ' vzda+
+ [Q;LVUO :V (divV(0)z-DV(0)z) dz—
- fQWuo . V2 div V(0) dz - b (DV(0)wo, uo, 2) -
~ b (o, ug, DV (0)2) + fﬂ (VF-V(0)) zda+ fQ £-DV(0)zde
for z € V and
Do(wp)(z) = [Q ag(po)wo -z + pVwy - Vzda + b (ug, wo, 2) + b (wp, up,z) VzeV.

Here we use the notation g [V'] for the solution to ((16.20]) — (16.21]), @ [V'] is defined by
(115.17)) — (15.18]) for every £ > 0 and wy := (—div V' (0) + DV (0)) uo.

For the next estimate we conclude from Lemma [13.5

I

[ Vol p2q) < g

Consequently, the convergence of (u.).,, to uo in H 1(Q) implies the existence of a

constant 0 < ¢ < KLQ independent of € such that it holds for € > 0 small enough:

p
Vue| 2y Sc< —.
[ Vel 20 Ko
Hence, (11.1]) gives the estimate
. . . 2 . 2
b (e, ue, )| < Ko |Vue ”LQ(Q) |V [V]”L2(Q) < cKq [[Vie [V]”L2(Q) (17.6)

with cKq < p.

Combining this estimate and the calculations carried out in - (9.11) we find that
there exists a constant C > 0 independent of € such that

[ oce) e [VIP do+ |Viee [V] 320 < C:

From this we obtain the existence of a subsequence of (u. [V'])_,,, denoted by the same,
that converges weakly in H'(Q). Making use of the continuity properties of the trilinear
form b, see Lemma [11.1] we can use the same arguments as in Theorem to show that

(FP:). I'-converges to F'Py in V with respect to the weak H 1(Q) topology. This implies
that the limit of the sequence of solutions (u. [V] - w.)_,, of
in F'P,
min F*P: (v)

equals the unique solution (ug [V] - wo) of

in FPy(v).
min I Py (v)
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Since (w¢).., converges to wg, which follows from the already shown convergence of
(ue)..p, this yields that (4. [V]).., converges weakly in H'(Q) to g [V]. Besides, we
obtain from this ['-convergence result that

li\I‘IéFpg (’l'l@ [V] - 'we) = FPQ (il/o [V] - ’LU()) .
As in the proof of Theorem this gives
: 1 . 2 N .
lim [ Sae (po) e [VIP da =0, lim i [V] = it [V 1110 = O-

The terms in the expression O|i-g jév (goE o T{l) given by ([15.21)) can be considered as in
Theorem and thus we can deduce (|17.2)).

Moreover, we use this convergence result, the special choice of some V € V 4 such that
Jo podivV(0)dz > 0 to deduce from and the convergence of (A:).o € R"
to some \g € R™. It follows directly that Ay then fulfills - . For more details
we refer to the proof of Theorem [9.1

O]

Summarizing the results of this part, we have shown that the phase field approach, which
was proposed and discussed in Section approximates the sharp interface model —
describing topology optimization problems in a stationary Navier-Stokes flow in
a sharp interface setting, in the following sense: We know, that for any sequence of mini-
mizers of the phase field problems, there exists a subsequence that converges to some limit
element as the thickness of the interface tends to zero. If this sequence fulfills a certain
convergence rate we find, that it actually converges in the strong L'(£2) x H! (22) topology
and that the limit element is a minimizer of the sharp interface model. Moreover, we can
show in this setting as in Part I that certain optimality conditions of the phase field model
approximate an optimality system of the sharp interface model. As we have proven that
those optimality conditions of the sharp interface are, under suitable assumptions, equiv-
alent to classical shape derivatives, this gives that the optimality conditions of the phase
field model are for small € > 0 also an approximation of shape derivatives. This implies,
that the phase field ansatz is a good approximation for the shape topology optimization
problem in a sharp interface formulation and is consistent with existing models.
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PART III: PRESSURE FUNCTIONALS IN A STOKES FLOW

Part 111
Pressure functionals in a Stokes flow

18 Introduction

18.1 Problems using a general objective functional

One natural extension of the problem described in Part I and II seems to be considering a
general objective functional considering not only the velocity but also the pressure of some
fluid. Under appropriate assumptions one could carry out the analysis of the phase field
model while considering a pressure in the objective functional. But as soon as we want to
analyze the sharp interface model in this BV -setting that we consider here, we encounter
directly a problem: assume we solve the Stokes equations in some general Caccioppoli
set E in the sense of (6.4)), and assume there exists some pressure p € D'(E) such that
Vp = pAwu + f in the distributional sense. Then this pressure p would only be defined
up to constants in every connected component of E. To have a unique pressure, one
would need as many additional conditions as there are connected components of E, which
may even be infinitely many. Besides, it is not even clear how to understand “connected
components” of some Caccioppoli set, cf. Example But in the phase field model we
only have one degree of freedom, since Vp, is given by

Vpe = =0 (pe) ue + pAus + f in H_l(Q) (18.1)

and € is connected. Thus it is not apparent how to connect both systems in a consistent
way.

Besides, we find that numerical simulations indicate that the limit element of (p.)_., if
defined by (18.1)), depends on the choice of the interpolation function .. We briefly dis-
cuss this on the example of minimizing the total potential power described in Section
in particular the setting where the double pipe occurs, see Figure |10 and In Figure
we show the values of the pressure along the green curve sketched in Figure [11] using the
interpolation function o defined in Example for different values of €. In contrast, we
show in Figure [[3] the pressure along the green curve in Figure [L1] for different values of &
using an interpolation function a. as in [BP03]. We see that for both cases, the pressure
seems to converge for € \ 0 to a certain distribution. Moreover, in both situation there de-
velop two flat regions, which correspond to the fluid regions. But in those regions they will
differ by constants, which reflects the analytic non-uniqueness problem described above.
Besides, we see that the behaviour outside the fluid is completely different. In particular
the pressure will not tend to zero outside the fluid region. This suggests that the phase
field model gives in general not a good approximation for the pressure associated to the
sharp interface limit.

We briefly remark that the different scales of the pressure in Figure [12|and [L3]are a result
of a different scaling of @.. The numerical calculations have been carried out by Christian
Kahle from University of Hamburg.
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Figure 11: The graphs in Figures illustrate the pressure along the green line in this

picture.
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Figure 12: Pressure along the green curve
sketched in Figure [11] for different values
of ¢ using the interpolation function a; of
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PART III: PRESSURE FUNCTIONALS IN A STOKES FLOW

So this model seems not to be appropriate for a general objective functional considering
the pressure. Instead, a sharp interface model defining the pressure in the whole domain
Q by some equations would be a possible way, for instance by enforcing the pressure to be
zero outside the fluid region, see for instance [AHHI11]. Then we would have to vary the
phase field model in an appropriate way to approximate this sharp interface model. One
possible way to do this could be to soften the incompressibility condition, see for instance
[Kim906, Tem68]. A similar problem concerning the pressure has also been discussed in
[KM12] and included references, where numerics showed that the our diffuse setting can
not prevent the pressure diffusion through solid material.

For this reason we restrict ourselves in the following on specific types of functionals in-
volving the pressure, as described in the next subsection.
18.2 Possible choices of objective functionals

As described in the previous subsection, we have to restrict ourselves to specific situations
that can be modelled with our phase field approximation, instead of considering a general
objective functional.

Our objective functional for the phase field model will be defined similar to (2.5)) and is
therefore given by

1
()= [ ac(@uf dos [ f(euDu)dos [ h(p)das

VE 2 Y
§id d —f da.
5 Q\WI T+ Qw(sO) T

(18.2)

We indicate here two possible choices of objective functionals that are of interest in ap-
plications and are also point of research in different fields. Possible choices of h(p) could
be

h(p) = (xmp)*
for some fixed domain M c €2, where we assume to have fluid, or
h(p) = (Xar,p = Xasp)

for two disjoint domains M7 and My, where we assume to have fluid. The latter functional
could be used for instance to minimize the pressure difference between in-and outflow or
at two sides of an obstacle.

We generalize those examples by choosing h as a functional fulfilling the following as-
sumptions:

(A9) Assume to have finitely many fixed disjoint Lipschitz domains (M;);",, M; c Q.
Let Ay : R™ - R be a Carathéodory function, that means here hj; is assumed to
be continuous, such that

lhar (V)| < C P YoeR™ (18.3)
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for some constant C' > 0. Additionally, assume that

H:L*(Q)sq+- thM(quu.--,qXMm)dx (18.4)

is weakly lower semicontinuous and bounded from below. We use the following the
notation:

[orydo= [ has xan o pon,) do - Ve 12(9).

Moreover, we have to assume some compatibility condition such that the admissible
set is not empty:

> IM;] < 819
i=1

Remark 18.1. Of course we could generalise the objective functional considering the
pressure, given by Assumption without much effort to a functional depending on
the spatial variable x € Q). Hence, we would replace

| n(p)da

/"H(x,p) d.%' = \/-’EM (xapXMlv' * '7pXM7n) dx

n . Then, h(ac -) has to be chosen such that har: QxR™ > R is a Carthéodory

functwn i.e. hag (-, v) is measurable for each ve R™ and hyy (x,-) is continuous for a.e.
x € Q. Moreover, there have to be functions a € L'(Q), b e L*=(Q) such that for almost
every x € € it holds

by

|ﬁM(az,v)‘ <a(z)+b(z)v]* VveR™.

Finally, we assume that
L*(2)3q+ fQEM (2, 0XMy s -+ PXM,,)
18 weakly lower semicontinuous and bounded from below.
Another possible generalization would be replacing
j;z f(z,u,Du) + h(p) dx

by
[ Fw,u,Du,p) do

in the objective functional with an appropriate chosen functional f

To simplify notations and clearify the used techniques, we focus in the following consid-

erations to a form as outlined in (18.2]) and Assumption|(A9)
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PART III: PRESSURE FUNCTIONALS IN A STOKES FLOW

Remark 18.2. If the objective functional h is chosen such that Assumption is
fulfilled, we obtain from (18.3)) that

L*(Q)3qg~ [QhM(QXMp---aQXMm)d:E (18.5)
is a well-defined and continuous Nemytskii operator. It even holds, that (18.5)) is a well-
defined operator if and only if (18.3)) is fulfilled, see [AZ90, |Sho97].

Applications of objective functionals involving the pressure can be found for instance in
[AHHTI] and in [AHLOS], where a L2-tracking-type functional for the pressure is consid-
ered.

Assumption [(A9)| implies in particular that the objective functional only depends on
values of the pressure in the domains M;. Thus it makes sense to define the following
space, which will be our solution space later on:

L2,(Q) = {qe L2(Q) | fM.qu =0,Vi=1,...,m, qlowur M, = 0}.

Remark 18.3. Assume that H|Lﬁ4(ﬂ) s bounded from below and continuous, where H :
L?(Q) - R is defined in (I8.4). Then the convezity of

R9P'—>hM(pXM17~-apXMm)ER

is sufficient for the weakly lower semicontinuity of H, see for instance [Vis96, XI.4].

Remark 18.4. e The two examples discussed above are a special case of h. Another
possible choice could be h(p) = pxar for some Lipschitz domain M c ).

o We remark specifically that no radially unboundedness of the objective functional
with respect to the pressure is needed, as it is explicitly necessary for the wvelocity,

see Assumption |(A5).

Moreover, we obviously need more regularity on the objective functional when considering
first order optimality conditions. Thus the following assumption has to be assumed for
Sections [19.3], [20.3] and [21.2}

(A10) Assume that hys: R™ — R, given by Assumption [(A9)} is differentiable. Besides,
let there be a constant C' > 0 such that

IDhar(v)| < Clo| Vo eR™ (18.6)

Remark 18.5. If Assumption [(A10)| is fulfilled for the objective functional, we obtain
that

H:L*Q)3¢ th(p)dx

is continuously Fréchet differentiable and the directional derivatives are given as

DH (p)(q) = [ Dh(p)gda Vp.qe L*(%).

This follows by similar considerations as in Remark 2.5,
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We have to impose an additional assumption to state the variational inequality for the
phase field problem in an adjoint formulation. This assumption is analytically necessary
to have a well-posed adjoint state in the first order necessary optimality condition, see
Remark Any other result in the following than Theorem [19.1] will hold true even

without Assumption [(A11)]

(A11) For every pe L2,(£) ther exists some ¥ € R™ such that
fM (9 ~Dh(p)) dz =0 Yi=1,...,m. (18.7)
Remark 18.6 (Remarks on Assumption [(A11)). We briefly want to discuss Assump-

tion|(A11)| and interpret this condition from a different point of view.

e Since the Stokes equations describe the pressure only up to constants in every do-
main M;, one could want the objective functional to be invariant with respect to
perturbations of p by constants. This implies

8k|k:0/Mh(p+k:)dx=0 Vi=1,...,m

and thus
fM Dh(p)dz=0 Vi=1,...,m

which implies for instance Assumption|(A11 )| with ¥ = 0.

e The problem stated in this part implies implicitly that the objective functional is
mwvariant with respect to perturbations of the pressure by constants, since we always
choose p € L2,(2), and thus fMipda: = 0. Hence, the argument inserted into h (-)
has always mean value zero in every M;. But assume we want to extend h to the
whole space L*(Q), such that it is invariant with respect to addition of constants in
M;. Then a natural choice would be

h(p) = hu (PXM1 _]€4 pdz,....,pxXM,, —]€4 pdaz) Vp e L*(Q)
1 m

wherefrom we obtain
he(p) = h(p) VpeLi(9)
and for all p e L2,(), p € L*(Q) we see
DA ()5 =Dh(p) (- £, pw..i- £, pds).
M, Mm

This means, that the nonlocal terms J[Mzﬁ would enter the adjoint equation (see

calculations in Section m, and we would have to find an adjoint state q € H(l)(Q)
such that divq=Dh®(p), and thus

f Dhe(p)pda = 0 VﬁeLQ(Mi),][ Fdz =0,
M; M;

This conditions implies
Dhe(p) = m; in M;
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for some constants m; e R, i=1,...,m and so we have
f Dhe(p) da = [M;| m; = 9;.
M;
This implies again Assumption|(A11).
To complete the definition of
JP LN Q) x H'(Q) x L2(Q) » R
we define JZ" (¢, u,p) by (18:2) if € ®, where
(I)ptz {SDG(I)ad“OlMi =1, Vizl,...,m}

and (u,p) = 8T(¢) and JF (¢, u,p) = +oo otherwise. The solution operator S for the
penalized Stokes equations is defined in Lemma [19.1

We point out that in this setting a design variable ¢ will only be admissible if it ensures
fluid in the domains where the pressure is taken into account. This imposes an additional
constraint, namely S0|u;gl um; = 1, and so this model is not appropriate if U}, M; is too large.

Besides, we will use the following notation for the extended admissible set:

EP::{goeaad|g0|Mi=1, Vizl,...,m}.

We notice, that both ®, and Ep are convex sets, which will be important in particular for
having well-posed first order optimality conditions, see Section

Similarly, we have the following admissible sets for the sharp interface model:
D)= {ped0y| ol =1,Vi=1,...,m}
and

—0 —0 .
(pp::{¢e(pad|(p|Mi:1’ Vz:l,...,m}.

The objective functional in the sharp interface is correspondingly given by
JE (p,u,p) = fg f(z,u,Du) dz + /s-z h(p) dx + ~vcoPo (E¥) (18.8)

if o € ®) and (u,p) = S () and JE (¢, u,p) = +oo otherwise. The solution operator

ST of the Stokes equations is defined in Lemma Besides, we will use the reduced
objective functional, which will be defined by

jo () = Jg (.56 ().

Well-posedness of the phase field model is discussed in Section and in Section [20.2| we
will discuss the corresponding sharp interface model. In Section [2I] we will then consider
convergence of minimizers of the reduced functionals

3£ () =T (0,85 (¢))

192



18 INTRODUCTION

and state a convergence result for the optimality systems.
Finally, we discuss in Section [22| how to apply these results to a setting where the Stokes
equations are replaced by the stationary Navier-Stokes equations in the constraints.

For calculating derivatives by geometric variations in Sections and we will have
to modify the admissible transformations and velocities, too, since in M; the domain is
assumed to be fixed. And so we arrive in the following definitions:

Definition 18.1 (Egd, TR, V. Thp). We say that a velocity field V € Vyq (resp. V € Vyq)
is in VP (resp. in Vi) if it holds

(V5) V(t,z) =0 for every x € M;, i=1,...,m.

We say then that a transformation T € Toq (vesp. T € Toq) is in T2, (resp. in Th ) if its
velocity field is in V¥ (resp. Vﬁd). Here we associated transformations 7" e ’7_'Zd to velocity
fields V e V", by (2.9), which means it holds

hTi(x) =V (t, Ty (x)), To(z)=u.

Remark 18.7. o We see directly that V¥, c Vg and T, c T ag-

o It follows as in Lemma that for any T € Ty we have Ty(z) = = if x € M; for
some i€ {l,...,m}.
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19 Phase field model

We start by introducing the phase field model describing a shape and topology optimiza-
tion problem in a Stokes flow with a general objective functional taking the velocity and
the pressure of the fluid into account. After a brief description of the model, we focus on
discussing the state constraints and well-posedness of the overall optimization problem.
After that we come to deriving first order necessary optimality conditions both by para-
metric and geometric variations. We will carry out the discussions briefly, and mainly
point out the differences to Part I.

19.1 Problem formulation

The general problem in the phase field setting will be minimizing Jf as given in (|18.2]),
which means we want to solve

1
i JP (o) =5 [ o (@) fuf des [ owDu) et [ h(p) das

S . (19.1)
2
i d —[ d
+2fQ|WI z+— | ¥(p)de
with
(¢, u,p) € &, x U x L3,(Q)
such that
fﬂ%(@)u'vdﬂcﬂLMjs;Vu-Vvdx:/Qf-'udm YveV (19.2)
and
vd /-d—fd'd:/-dVHlMi,
js;oag(go)u vdx +p QVu Vvdz Qp ivvdz Qf vdx VYve Hy(M,;) (19.3)

1=1,...,m.
This definition implies that (19.3)) defines a pressure by
Vp = —a: (@) u+pAu~+ f e H' (M)

which is well-defined due to Lemma [19.1]
On the other hand, we see that by (19.2) and Lemma we get some pg € L?(§), which
is defined up to a constant, such that

Vpa = —a: (p)u+ pAu+ f e H1(Q).
Consequently, there exist constants m; €e R, ¢ =1,...,m, such that

pQ|MZ~ = lei +m;.

From this definition, the pressure p defined by is a priori only defined on M;, and
arbitrary outside of M; and only corresponds to pg in M; up to constants m;. We remark
that we chose our functional JEP such that it only depends on p|z, so it is enough to
define p on M;. Therefore, the choice of p|Q\U;7:ll M, = 0 is just an arbitrary extension of p
and does not influence the overall problem.
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Remark 19.1. In the following we will often have a functional F ¢ H1(Q) such that
F(v) =0 for all v e H}(Q) with divv =0 and then define a pressure p € L2,(Q) by the
relation

Vp=Flgiany e H ' (M;) i=1,...,m.

This pressure then is uniquely defined by the choice of p € L%\/[(Q), see Lemma .

In this model our design variable will again be the phase field variable ¢, where
{z e Q| p(x) =1} models the presence of fluid, and {x € Q| p(z) =-1} the non-presence
of fluid. The phase field ansatz yields additionally a small transition area between both
region with thickness O (¢), € > 0. If we are in the fluid region, thus ¢(x) =1, the penal-
ization term c. vanishes, and the state equations reduce to the classical Stokes equations.
If we are outside the fluid region, thus p(z) = -1, we can consider the state equations as
a Darcy flow through some medium with permeability a.(~1)7!, thus the non-presence
of fluid is merely approximated by a fluid through porous medium. For details we refer
to the discussion in Section We just point out, that we restrict our admissible sets
in the optimization problem by enforcing to have fluid in the part where the pressure is
considered in the objective functional.

19.2 Existence results

The aim of this section is to establish existence results for the phase field model -
, first by considering the state equations and afterwards by showing existence of a
minimizer for the optimization problem.

We start by defining a solution operator corresponding to the state equations -
(19.3):

Lemma 19.1. For every ¢ € L'(Q) with |p(x)| < 1 a.e. in Q there exist unique w € U
and p € L2,() such that it holds (19.2)) - (19.3). Moreover, the solution (u,p) fulfills

oty * ey < € (e M) (1 gy * 191 113 )
This defines a solution operator, which will be denoted by
Sf :ap - Ux L?M(Q%

ST (p) = (u,p), if (u,p) fulfill (19:2) - ({9:3).
Proof. Existence, uniqueness and the a priori estimate for the velocity u € U follow from
Lemmal5.1] Then we apply Lemma [4.4] to every M;, i =1,...,m, to get a unique solution
pi € L?(M;) with /, g, Pidz =0 of (119.3) together with an estimate of the form
Ipill L2 (asy) € (M) e (0e) w = pAw = fll g1 (pp,)
which implies by (5.4))
Ipil 2oy < €O 8o ) (1) + 190 113 o)

By defining p = Y1) pixn, we deduce the statement. O
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PART III: PRESSURE FUNCTIONALS IN A STOKES FLOW

Thus we can now directly show the existence of a minimizer for ((19.1))-(19.3)):
Lemma 19.2. There ezists at least one minimizer of (19.1])-(19.3)).

Proof. This result can be shown as in the proof of Theorem by the direct method
in the calculus of variations. For this purpose, we make in particular use of the weakly
lower semicontinuity in L2(2) of the pressure term in the objective functional given by

Assumption To this end let (¢k, Uy, pr)rey be a minimizing sequence of ([19.1))-

(119.3). Then we get due to Assumption [(A5)|a uniform bound on (Hu;g ”Hl(Q))de’ and

thus by py € L2,(2), Lemma and (19.3) also a uniform bound on (”pk||L2(Q))k N The
€
objective functional together with the pointwise condition |¢x| < 1 a.e. provide moreover

directly a bound on (”@kHHl(Q))kEN' And so we find subsequences, still indexed by k € N,

such that (¢g), converges weakly in H1(Q) to ¢ € ®,, (ug),y converges weakly in
H'(Q) to w e U and (p,) oy converges weakly in L2(Q) to p € L2,(2). We can deduce
as in Theorem that u = S: (¢) and using we find therefrom (u,p) = ST (p).
And so by the weakly lower semicontinuity of the objective functional we can conclude
the statement. For details we refer to the proof of Theorem [5.1 O

In particular, due to those considerations, we can now define the reduced objective func-
tional as follows:

i) - R

+00 otherwise.

)

196



19 PHASE FIELD MODEL

19.3 Optimality conditions

The goal of this subsection is to derive necessary optimality conditions of first order for
problem -. One viewpoint of — is the optimal control theory. So we
will start by developing first order optimality conditions arising from this approach, which
lead to a variational inequality, see Theorem [19.1l But as we want to approximate with
the phase field formulation a shape and topology optimization problem we also consider
geometric variations along suitable transformation which leads to a second formulation
for optimality conditions, see Theorem At the end of this subsection we will then
discuss the relation between the two optimality conditions. We remark that we will not be
able to prove the same equivalence that we were able to show in the setting of the first part.

We have to assume in this section additionally Assumptions [(A6)] [(A7)| and [(A10)] to
ensure differentiability of the objective functional and of the external force.

We fix in the following € > 0 and ¢, € ®, as a minimizer of —, whose existence
is guaranteed by Lemma Additionally, we introduce the notation (u.,p.) = ST (p.).

As we want to deduce a variational inequality for the reduced objective functional ;I
we see that we have to differentiate the solution operator. So the first step is showing
differentiability of the solution operator Sf .

Lemma 19.3. Let ¢ € ®, be given. Then the directional derivative
Olli-0SE (0= +t (9~ pe)) =DST (e) (9~ pe) =t (u,p) € V x L (2)

exists in H*(Q) x L*(Q), is well-defined and is given as the unique weak solution to
/904;(@5) (p—pe)ue-v+ac(p)u-v+pvu-Voder=0 YveV (19.5)

together with

'[deivvdx:fﬂaé(gpa)(cp—cpg)ua'v+aa(g05)u"v+uVu-V'vd:c (19.6)

for all v e HY(M;) and for alli=1,...,m, where (uc,p.) = SY (p.). Here we denote by

Nli=0SE (pe+t(p—0e)) = im0 2 (SE (0= +t (- 0:)) = SE (¢:.)) the one-sided di-
rectional derivative.

Proof. First we apply Lemma to get the existence of the directional derivative of
pri 8T o, - H'(Q) in the sense of the statement, where pr; denotes the projection of
ST onto the first component, thus onto H'(), which implies pr; ST = Sc|s,. Moreover,
we get from this lemma, that

meSf (805) ((P_(Ps) :prlef (‘Ps) (90_805) =u

where u € V' is the unique solution to ({19.5)).
We define the mapping

P:{FeH'(Q)|F(v)=0YveHQ),divo=0} - L3,(Q)
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where P(F) = p is defined as the unique p € L2,(Q) such that Vp = F in H'(M;) for
every ¢ = 1,...,m, compare Remark Using Lemma [1.4] we see that P is a linear,
continuous operator and due to ((19.3]) we get

pe=P(f - (e +1(p—pe)) us + pAuy)
where
(we,pi) = Sf (pe +t (= e))-
If we denote by pry the projection of H(Q) x L?(22) onto L%(), we can find that

p=DpraSL (pe) (¢ - ¢:) = praDSL (2) (0 - ¢2) =
= Olt=0pt = P (Otlt=0 (f — e (0= +1 (0 — @c)) us + pAuy)) =
= P (=al (¢e) (¢ = ) ue — ac () u + pAu)

which implies that p € L2,(€2) is given as the solution to (19.6)) and proves the statement.
O

Remark 19.2. If we extend a. : [-1,1] - [0,a.] suitably to a function @. € C%(R), we
can extend the solution operator ST : ®, - U to an operator §5 : L5(Q) - U and show

~P
as in Remark by an application of the implicit function theorem that S, s Fréchet
differentiable. Hence, we also find that the reduced objective functional jf :®, > R can
be extended to a Fréchet differentiable functional j¥ : HY(Q) - R.

Using this differentiability result we are already in a position deducing the announced
variational inequality, which arises if considering — as an optimal control prob-
lem. We obtain a result similar to that in Theorem but with a different adjoint state
g., as the following theorem shows.

Theorem 19.1. Assume now additionally Assumption |(A11) and
Jped,: fQ pdz <0. (19.7)

Then the following optimality system is fulfilled for any minimizer (e, ue,pe) € ®p x U x
L3,(9) of ([{9.1)-(19:3):
1, 2 o / A
S0 (9e) [ue|™ + =g (9e) — g () us g+ Aey o — e +
2 € L2(Q) (19.8)
+ (’75v8087 \Y% (SD - SDE))L2(Q) >0 Vpe (I)pa

/Qozg(gpg)ug-vdz+,u/QVua-V'vdx:[Qf"vda: VvoeV, (19.9a)

/Qae(go)ue-vdx+,u/QVu5'Vvdm—fﬂpedivvdx:/Qf-'uda: (19.9b)
Voe HY(M;),i=1,...,m,
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19 PHASE FIELD MODEL

e (¢e) . = pAG, + Ve = ac (¢e) Ue + Dy f (-, e, Due) in Q, (19.9¢)
divg, =) (Ve = Dh(p)) xm, in Q, (19.9d)

i=1
q.=0 on 082, (19.9)
A([Q %dx-mm) 0, \. 20, (19.9f)
fg pedx < B1Q], |pel <1 ae. in (19.9¢g)

where \. € R* is a Lagrange multiplier for the integral constraint and Ve = (0.;);", € R™
is the variable from Assumption [(A11)| associated to p. € L2,(Q). Here, (uc,p:) € U x
I2,(9) and q. € H{(Q) are weak solutions of the state equations and adjoint system,
respectively.

Remark 19.3. Ezistence and uniqueness of a solution q, € H(l)(Q) defined by system

(119.9¢) — (19.9¢) follows with Laz-Milgram’s theorem after homogenization of the in-
compressibility condition (19.9d)). This homogenization can be done by using a field

w; € H(l)(Q), divw, = Z (195,1‘ - Dh(pe)) XM;»
i=1

|wel g gy < ()

i (9= = Dh(p:)) xu,

L2(Q)

which exists due to Lemma . To apply Lemma we make use of Assumption|(A11)

and see

'[Q Z (196,1‘ - Dh(pa)) X M; dz =0.
=1

Remark 19.4. Assumption (19.7)) is in particular necessary for proving the regularity
assumption of [KZ79]. If (19.7) is not fulfilled, the variational inequality

Djl () (- 9e) 20, Vped,

would still be fulfilled and could be reformulated with the help of the adjoint variable as
below, but we could not prove the existence of a Lagrange multiplier Az for the integral
constraint by using the results of [KZ79].

Assumption may not be fulfilled, if for instance the domains M;, where ¢ is assumed
to have value 1, is too large compared to €.

Proof. The existence of a Lagrange multiplier A\. € R corresponding to the integral
constraint follows exactly as in Theorem by using in particular (19.7). It follows
therefrom, see ([7.21)), that it holds

Djf(soa)(so—soa)ﬂafg(@—%) dz>0 Vped,

where jF is due to (19.4)) given by

iL(p)=J (0,8 (¢)) Veed,.

199



PART III: PRESSURE FUNCTIONALS IN A STOKES FLOW

Using the notation (u,p) = DS () (¢ - ¢:) we calculate for any ¢ € ®,:
. 1
DjZ () (e = 9e) = 5 fQ ol () (9= o) [uel” da + fQ Qe (=) u-ue du+
+ /QD(2,3)f (x,us, Duc) (u,Du) dx + /{;Dh (pe) pdaz+
+76fQWa-V(so—soa) dx+gf9¢’(soa)(<ﬂ—cpa) da.

From the linearized equation ([19.5) and Lemma we get a unique pg € L?(Q) with
Jo padz =0 such that

];2042(%)(@—%)ua-v+aa(wa)u-vdx+uLVu-Vvdx—fﬁpgdivvdx:0

holds for all v € H(l)(Q) This leads to pal|m, = p|lum, + mi for constants some m; € R and
alli=1,...,m.

Inserting the adjoint state g. € H(2) as a test function in the linearized equation (19.5)
we obtain

fgaé(sos)(@—cpe)us-qs+ozs(sos)u-qsdwwﬁzw-wsdﬂr—Lmdivqsdmﬂ

since g, is not solenoidal.
Similar we use the linearized state u € V' as a test function in the adjoint system given

by (19.99) - (T9.99) to get

/Qozg(s%)qs-udx+/¢fQVq€.vudx:fﬂag(gpg)ua.udﬁ
+fQD(2,3)f(3?7ua,Du€) (u,Du) dz.

Comparing these two equations and using (|19.9d|) we have

[at @ (p-p)ucgede=). [ po(doi=Dh(p)) du =~ [ a. (o) u. - uda-
i=1 I Mi
- A D(Q,S)f (xa Ue, DU’E) (U,DU) dz.
Invoking Assumption [(A11)|yields
> [ pa(ei=Dh(p)) de =3 [ p(ei-Dh(p.)) da+
i=1 9 Mi i=1 Y Mi

+§;mi /I‘Wl (796,1' - Dh(pe)) dz = (19 10)

=0
:Zﬁe’i/]\/&pdx—;&iDh(ps)pdm:—i_zlfMiDh(ps)pdx:—fQDh(pg)pdx

=1

~

—_—
=0
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19 PHASE FIELD MODEL

and thus

\[QO‘Z: (905-:) (@_@E)us'qsdx = __[Qae (@e)us'Udl‘_

—/QD(Q,g)f(x,ug,Dua)(u,Du) dx—ADh(pa)pdx.

Plugging these results together we end up with

DI () (o= pe) =5 [t (00) (o= 0o el do— [ allpe) (9= pe) ue-q. s

+’Y€fQV<pa-V(<p—<pe) dx+gf9¢'(<pe)(s0—soa) dz

and can deduce the statement.
O

We thus have derived first order optimality conditions by considering the phase field
model — as an optimal control problem. Since we want to approximate a sharp
interface shape and topology optimization problem we also want to calculate optimal-
ity conditions by geometric variations as in Section Applying the calculations of
Section [7.2] we arrive in the following result:

Theorem 19.2. For any minimizer (¢z, ue,pe) € ®, x U x L2,(Q) of (19.1)-(19.3) we
have the following necessary optimality conditions:

Otle=0ir (e OTt_l) == [Qcps divV(0) dz, (19.11)

)\E(fﬂweda:—ﬂ\m) =0 (19.12)

for all T € ﬁd with velocity V' e Vzd, where A\ € R* is a Lagrange multiplier for the
integral constraint and the derivative is given by the following formula:

oo (90T 1) = [ v (oo) (e e (V] + S el div V(0)) s

" /Q [Df (x, e, Du.) (V(0), 4. [V],Dite [V] - Du.DV(0)) +

+ f(x,us,Du.) divV(0)] dz+ (19.13)
+[9Dh (p) pe [V] + h (p2) div V(0) dar+

3 .
+ fg (% Vel + glﬁ (‘Ps)) divV(0) = 1eVee - VV(0) Ve da.

Here u.[V] e H{(Q) is given as the solution of (7.26)-(7.27) and p.[V] € L*(R) with
Pe[V]=0 in QN U M; is the pressure associated to . [V'] in the following sense:
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PART III: PRESSURE FUNCTIONALS IN A STOKES FLOW

/Q pe [V] div 2 de = /Q ac(p )it [V]- 2 + pvae. [V] - Vz; da+
+fgag(gog)ua-zidivV(O)dx—fQ,uDV(O)TVuE:Vzid:c—[QuVug:DV(O)TVzida:Jr
+fQ,uVu6:VzidivV(O)dm—/;2(Vf-V(O))-z,-dx—fﬂf-zidivV(O)d:H

" [ngDzi : DV (0) - p. div 2; div V(0) dz
(19.14)

for all z = (z;)", e X!, H{(M;) together with
f pe[V] da = —f podivV(0)de Yi=1,...,m. (19.15)
Mi Mi

Proof. We choose some T' € 7_-511 with velocity V e ng and introduce the notation

(us(t),pe(t)) = Sf (‘Pe ° Ttil)a @e(t) = pe o Ttil-

As soon as we have shown that I 5t~ (p.(t) o T}) is differentiable at ¢ = 0 in L?(Q) and
that p. [V] is given by (19.14))-(19.15]) we can proceed as in Theoremto get the stated

result. Here I is again a small open interval in R such that 0 € I.

To this end, we want to apply Theorem to the following setting: we define

m
(FP,F?) = FP:Ix Lo - X H™' (M;) x R™

i=1
by
FP(t,p)(2z) = (/Qp(Dzi : DT ') det DT, da:) Vz= (2] € X Hy(M;)
=1 i=1
and .
FP(t,p) = (/ pdet DT} dx)
M; i=1
where

Lg := {p e L*(Q) | p(x) = 0 for a.e. zeQ~ uﬁlMi} .
Introducing (f7, f¥) = f?: I - X, H™'(M;) x R™ by

f()(2) = (F1 (tuc(t) o Th) (2:))i2y V2 =(2i)i% € %Hé(Mi)

and
fg(t):(O,...,O)elRm

where F : [ x H;(Q) - H71(Q) is defined by
Fi (t,u)z = js-z e (pe)u-zdet DTy dx + fﬂ DT Tvu : DT TV z det DT da—

—[QfoTt-zdetDTtdm
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19 PHASE FIELD MODEL

foralltel, ue Hé (Q) and z € H} () we see that

m

@) (z)—Ff(t,ps(t)oTt)(z)=(F1 (t,us(t)OTt)(zi)—js;pe(t)diV (z01}) dx)i:f
= (L O (‘ps(t))ue(t) . (Zi OTt—l) dx + A‘)MVue(t) v (zi OTt—l) da—
_fﬂf-(zioTt—l) df’«"_fﬂpe(t)div (ZiOTt_l) dx)iz

Here, we have used that for z € H}(M;) it holds z o T, ' € H}(M;) because of our choice
of T ¢ T",, which implies due to Remark that Ti|as, = Id for all M;.

=0.
1

Since T; = Id on M; implies T3 (M;) = M; we get additionally

Ff(t,pe(t)oTt):(fmpe(t)oTtdetDTtdx)m =(/Mip€(t)d:v)7é —(0,...,0) = f2(0).

i=1 i=1

Next we see that I 3¢~ FP(t,-) € E(Lg, m H (M) x lRm) is differentiable at t = 0

and it holds due to (4.1))
P> .0, s qanyesee = (19100 + (| [, pte

>c(m, My, ..., My, ) Hp||L2(Q)

) E (C(Mi) HpHmM»)i:l Z

1=

which implies (A.1]). From Lemma we deduce moreover the differentiability of fP at
t=0.

Thus we can apply Theorem to get differentiability of I 53¢+ (p.(t) o T}) at t =0 and
one obtains that it holds for p. [V'] := O¢fs=0 (pe(t) o T3):

fﬂﬁa [V] div zi da = -0 (ST (1)) = Bile=0 FY (0,p2) (2) = (Dili=0F1) (0,uc) (2:)+

T+ (0,F1) (0,us) @t [V] (zi)+fﬂp5Dzi:DV(O)d:):—fgpedivzidivV(O)dx

for all z = (2;)", € X!, Hy(M;). This shows, that p. [V] is the pressures associated to
u: [V] by (19.14). Additionally, we have

e V1 de= 0o} (0.p2) = = [ pedivV(0)dr,

Consequently, we can now show the result by calculating as in Theorem
O

We point out that we cannot reformulate (19.13]) as in Section even if we assume more
regularity on the data. The reason for that is that for those calculations we would have
to define an adjoint state g similar as in Theorem and in particular ¢ would have to
fulfill

divg = Z (¥s = Dh(pe)) X,
i=1
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PART III: PRESSURE FUNCTIONALS IN A STOKES FLOW

This is only an L?-function, and will not obtain H'-regularity because of the jumps at
the boundary of M;. So we cannot apply regularity theory to the adjoint system and get
H?-regularity for the adjoint variable. But this was necessary for the calculations done
in Lemma [7.6

Nevertheless we can still show the following result which is comparable to the discussion
carried out in Section [7.3}

Lemma 19.4. Assume (¢e,ue,pe) € @) x U x L2,(Q) with (ue,p:) = ST (p.) fulfill the
variational inequality (19.8). Then it holds

1
j;z 5% (pe) div (|u5|2 V(O)) dx + fQ al (¢e)us-q.Dp:V(0) do+

+fg(§|wg|2+g¢(%)) divV(O)—veV%'VV(O)VapEdz:z—)\E/QdivV(O)gode
(19.16)

for all' V e Vzd, where the adjoint state q. € H(l)(Q), the Lagrange multiplier . € R* and
Y. are given as in Theorem (19. 1)

Remark 19.5. In particular every minimizer (pe,ue,pe) € @, x U x L2,(Q) of (19.1)-
(19.3)) fulfills the variational inequality (19.8) if[(A11) and (19.7) are fulfilled and there-
fore we obtain due to Lemma also (|19.16|).

Proof. This can be shown by carrying out the same calculations as in Section [7.3 O
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20 SHARP INTERFACE MODEL

20 Sharp interface model

This section contains the introduction and discussion of the sharp interface model that
describes the shape and topology optimization problem with an objective functional in-
volving the pressure and the velocity of a fluid which is described by the Stokes equations.
Again the state equations are considered in view of solvability before deriving first order
optimality conditions for minimizers of the overall optimization problem. The existence of
minimizers for this problem is not guaranteed in general, but will be a consequence of the
sharp interface convergence result provided in Section under suitable assumptions.
We only discuss briefly the main results and refer to the first part for details.

Before introducing the sharp interface model, we want to discuss the pressure in a Stokes
flow if the equations are solved in a general measurable set.

20.1 Considering the pressure in measurable sets

In the sharp interface limit we will result in a special form of the Stokes equations that have
to be fulfilled in some Caccioppoli set. The existence of the associated velocity field follows
from Lax-Milgram’s theorem, see Section whereas the existence of the associated
pressure is not so obvious. Standard results, see for instance [Tem77, Proposition 1.1],
define the gradient of a distribution in an open set €, which is only in L?(Q) if Q has
Lipschitz boundary. But since Caccioppoli sets are in general not open, and in particular
not Lipschitz, we want to extend this result to our situation, which is the topic of this
subsection.

Lemma 20.1. Let F c Q be a measurable set and w e UY such that
,u/QVu-V'vdx:_/Qf-vdm VoeVE (20.1)
Then there exists some p € L? (E) such that
u/QVu-Vvdx— /Epdivvdx = [Qf-vdx Vv e Hy(Q), vjoug = 0. (20.2)

Proof. We denote by ¢ = 2ygp—1¢€ L' (Q, {«1}) the function associated to the measurable
set E. For € > 0 we define u. € U as a solution to

/;lag(cp)ug-'vda:+u/§;Vug-V'vdx:/;Ef-vdx VoeV (20.3)

which exists for example due to Lemma and means that u. = S (). Defining ¢, :
@ for all € > 0 we see as in the proof of Lemma that (after possibly choosing a
subsequence) (uc)_., converges to u in H'(Q) as € \ 0 and lim. Joa=(p) |u€|2 dz
Jo a0 (p) lu|* dz = 0. Now from and using the convergence of (u.)_., to w in H*(Q)
we see that (ae () uc)..( is bounded in V' and thus there exists some A € V' such that

lim[ ac (p)ue-vde = A(v) VoeV
eNx0JQ
and so passing to the limit in (20.3) gives

A(fv)+,u[QVu-V'vdx:/Ef~vda: Vo e HL(Q), dive = 0.
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PART III: PRESSURE FUNCTIONALS IN A STOKES FLOW

For some v € H)(Q) with v|g.g = 0 we obtain

focs(@)uswd%f ac (P)uc v dx+f o (@) us-vdr=0.  (20.4)
{ {p=-1} —— {p=1}.
=0 -0

So we know that we can extend A to a linear, continuous functional on
(V +{weH{(Q)|wlo.p=0}).

Since V + {w € H{(Q) | wlg g =0} is a linear and closed subspace of H{(2) we can
extend A to a linear and continuous functional on HE(Q) by defining

A(w)=0 Yoe(V+{weHLYQ) |wlop=0})"

where  (V +{w e H{(Q) | wlo.k = 0})l denotes the orthogonal complement of
V +{we H{(Q) | wlo.p =0} in H{(Q).
Using Lemma we thus can conclude that there exists some p € L?(€) such that

A(v)+MfQVu-Vvdm—[deivvdx:fomdx Vve H) (Q). (20.5)

Since due to ([20.4)) it holds A(v) = 0 for all v € H}(Q) such that v|q.g = 0, this implies
in particular

u/QVu-Vvd:n—/deivvdm:fo-vdx Vv e H)(Q), vz =0

and so p|g is a pressure associated to w fulfilling ([20.2]).
O

One question that arises during these considerations is, if the set {'v e HY(Q) | v|op = 0}
can be identified with H}(int(E)), because then Lemma would define a pressure
p € L2(int(F)) associated to the Stokes equations that are fulfilled in int(F), whereas
int(F) is not a Lipschitz set as it is necessary for the classical results (see for instance
[SohO1l, [Tem77, [Galll]). In those results the lack of boundary regularity implies that the
pressure can only be found in L? of the corresponding subset.

loc
These sets actually can be identified in some sense, as the following discussion shows:

Lemma [3.2] together with Remarks and [3.2] imply, that every Caccioppoli set E has a
crack free representative E. for which it holds in particular

{ve H)(Q)|v=0ae. in QN E.} = Hj(intE,.) = H)(intE,).

Now fixing this representative E., we can solve the Stokes equation in intFE, in the sense
of (20.1) and obtain due to Lemma an associated pressure p € L? (intE,), which is
more than the standard results stated above have proven so far.
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20.2 Statement of the sharp interface model

Even though we could define one pressure in the usual way for the sharp interface equa-
tions, as stated in Lemma this is not the situation we want to consider. The reason
for this is, as already discussed in Section [I8.]] that it is not clear which conditions to
state to get uniqueness of this pressure, since the Caccioppoli set considered there may
have varying, or even infinitely many, connected components. In particular we cannot fix
the connected components, since topological changes are allowed during the optimization
process and are one key ingredient of the model.

Instead of that, we want to define the pressure only in the domains M;, which are fixed
and assumed to contain fluid, in the way we’ve done it in Section Thus our overall
problem in the sharp interface limit is given by

(min)JéD (%u,p)=f9f(w7u,Du) d:v+fﬂh(p)dw+’YCOPQ(E“”) (20.6)
®,u,p

with
(¢,u,p) € ®) x U? x Ly, (Q)

such that

,u/g;Vu-Vvdx:fo-'vdx VoeV?, (20.7)

u[QVu-Vvdzn—/deivvdJ::fo-'vda: Voe HY(M;),i=1,...,m. (20.8)
We see, that (20.8]) defines a pressure by
Vp = pAu+ f e H (M)

which is well-defined due to Lemma On the other hand, we find by using (20.7)) and
Lemma the existence of some pg € L?(E¥), such that

Vpe = pAu+ f e (V¥).
And so, there exist constants m; € R, i =1,...,m, such that
PE|M; = Pla; +mi.

For further discussion of this sharp interface model we refer to Part I and in particular to
Section[6.1} Roughly speaking, we optimize over all Caccioppoli sets, while a perimeter pe-
nalization approach is used to regularize the problem and handle the general ill-posedness
of the problem. We restrict in this particular situation the admissible design sets to those
having fluid in M;, thus on those parts where the objective functional depends on the
pressure.

In the next lemma, we define a solution operator for the state equations (20.7])-(20.8)).
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Lemma 20.2. For every o € LY(Q) such that U¥ # @ there exists a unique u € U? and
peL2,(Q) such that it holds (20.7)-([20.8). This defines a solution operator denoted by

SU:®, - U x L3,(),

S§ () = (u,p), with (u,p) fulfill - [203).

Proof. Existence and uniqueness of u € U¥ follow from Lemmal6.1], and the existence and
uniqueness of p in L?(M;) follows with Lemma, O

And so we end up in defining the reduced objective functional for the sharp interface
model by

jo  LN(Q) > R,
(20.9)

P I (080 (9), ifped),
Jo (¥) = .
+00, otherwise.

In Section we will show that a minimizer of jéj can be obtained as limit of a subse-
quence of a sequence of minimizers of ( §F )6>0, which were defined in ([19.4)), if a certain
convergence rate is fulfilled. In this setting, we thus obtain in particular existence of a

minimizer for the overall optimization problem (20.6)-(20.8]).
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20.3 Optimality conditions

The aim of this section is deriving first order necessary optimality conditions for the sharp
interface problem - . Therefore, we have to assume in this section additionally
the differentiability Assumptions[(A6)] [(A7) and [[A10)|on the objective functional and
the body force.

We point out, that we cannot derive classical shape derivatives in the adjoint formulation
to arrive in a Hadamard representation formula as for instance done in Section [§], even if
assuming more regularity on the data and on the minimizing set Ey. The reason for that
is that we would need an adjoint variable g,, which would then be defined as solution to
the following system:

_MAqO + v7.‘-0 = Duf (.'L'7 u, Du’) n EO,
m
div gy = > (Yo,i ~Dh(po)) X, in Fy,
i=1
q,=0 on JF).

But for this system, we cannot apply standard regularity results to get q, € H 2(My), or
even in H?(Ey), because Y7 (¥o.; — Dh(po)) xar, ¢ H*(Ep).

And so the calculations that have been carried out in Section [8.1] in particular in Theo-
rem [8.1] cannot be applied.

Thus we start directly by calculating first order optimality conditions that don’t need
additional regularity, similar to Section [3.2

We recall, that we can rewrite (20.6)) — (20.8) as

. .P
nin Jo (). (20.10)

Assume that ¢ is a fixed minimizer of j(]; . We introduce for the minimizing set Ey =
{¢0 =1} and some arbitrary T € T, the notation

wo(t) =woo Ty ", (wo(t),po(t)) = S§ (po(t)).

We see from Remark |3.4{ and Remark [18.7| that (%) € 52, since ¢g € 52, and T is chosen
such that Ty(z) = for all x € M;, i=1,...,m.

Moreover, we know from Lemmathat RoI3te (ug(t)oTy) e H(Q) is differentiable
at t =0, if I is a suitable small interval around ¢ = 0, and applying the idea of the proof of
Theorem to the proof of Lemmawe can deduce that I 3t~ (pg(t) o T}) € L?(M;)
is differentiable at ¢ = 0 for all ¢ = 1,...,m. Moreover g [V] := Ofi=0 (uo(t) o T;) solves
(B-13) - (8-14), and po [V] := B¢ls=0 (po(t) o Ty) € L3 ,(€2) is the pressure associated to o [V]
in the sense of .

Then we get by direct calculations and by using the arguments of Theorem the fol-
lowing necessary optimality conditions:
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Theorem 20.1. Assume @q € q)g with (uo,po) = SE (o) € UL x L2 ,(Q) is a minimizer
of (20.10). Then we have the following necessary optimality condition:

Oliosl (oo T;) = —)\OfggoodivV(O) de, (20.11)

Ao([zgoodx—mm) =0 (20.12)

for every T € 7_'Zd with velocity field V € ng with some Lagrange multiplier \g > 0 for the
integral constraint. The derivative is given by the following formula:

Ali=0g (poo T7") = fQ [Df (2,10, Dug) (V(0), 10 [V], Dz [V] - DuoDV (0)) +
+ f(z,u0,Dug) divV(0)] dx + fQDh (po)po [V]+h(po) divV(0)dz+

+yco \/{; (diV V(O) -V VV(O)V) d |DXE0|
(20.13)

with v being the generalised unit normal on Ey = {pg=1}. Moreover ug[V] € H}(Q)
with 1o [V] =0 a.e. in Q~ Ey fulfills (8.13)-®-14) and po[V] e L*(Q) with po[V] =0 in
QN U M; is the pressure associated to wo [V'] by
f po[V] div z; da = f uVi [V]: vz d - f uDV (0)” Vg : vz dar—
Ey Eo Eo
- /E pVug : DV (0)! vz de + [E uVug : Vz;divV(0)dx - fE (Vf-V(0)) - zida—
0 0 0

—fE f-zidivV(O)d:c+fE poDz; : DV(0) - po div 2; div V(0) da
0 0
(20.14)

for all z = (z;)", e X H(M;), fulfilling additionally

fMipO[V] dxz—/MipodivV(O)d:c Vi=1,...,m.

To summarize this section, we have derived a sharp interface model considering shape
and topology optimization in a Stokes flow that can handle pressure functionals. We have
shown solvability of the state equations. Finally, we can also state first order optimality
conditions for this problem. The existence of a minimizer is still an open problem, but is
guaranteed under certain assumptions, see Theorem [21.1
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21 Sharp interface limit

After having introduced and discussed the phase field model in Section [19] and the sharp
interface model in Section we wish to investigate in this section the relation between
those two approaches. We will see similar to the first part that the phase field model
approximates the sharp interface model in the following sense: we will find that any
sequence of minimizers of the reduced objective functionals ( jEP )€>0 has a subsequence
that converges in L'(2). If the latter fulfills some convergence rate, we can deduce that
the limit element is a minimizer of the reduced objective functional of the sharp interface
problem jéj and that the minimal functional values then converge, too. In particular, this
will yield existence of minimizers for jéD if the converging subsequence of the sequence of
minimizers of the phase field problems fulfills the stated convergence rate. It is also shown
that the optimality conditions of the sharp interface description deduced in Section [20.3
can then be obtained as a limit system of optimality conditions for the phase field model.
We will touch only the main aspects and point out the differences to the first part and
refer for a detailed analysis to Section and Section [9]

21.1 Convergence of minimizers

In this section we extend the result of Theorem to the setting including pressure
functionals. To be more precise, it is shown that any sequence of minimizers of ( jf )a>0’

defined by , has a subsequence that converges in L'(Q). If the converging sub-
sequence fulfills a certain convergence rate depending on ¢, then we find that the limit
element is a minimizer of jég , which is defined by . We want to use the construction
of Theorem to get a recovery sequence. But therefore we have to ensure that the
smooth sets given by Lemma [3.1] approximating our Caccioppoli set still contain M; for
all i =1,...,m, such that those sets are admissible. Thus, we need the following adapted
version of Lemma 3.1k

Lemma 21.1. Let E be a measurable subset of Q. If (E~NUY M;) and Q \ E both
contain a non-empty open ball and U"y M; c E, then there exists a sequence (Ey), o of
open subset of Q such that

1. OE, nQ e C? for n large enough,
2. limy, o |[EnAE| =0, lim,,—co Po (En) = Po (E),
3. |Eyn| = |E| for n large enough,
4. Uty M; ¢ E, for all n large enough,
5. d(OM;nQ,0E, nQ) >0 for n large enough and alli=1,...,m.
Moreover, we get the following convergence rate:
|E,AE|=0(n"). (21.1)

To prove this lemma we first of all consider the simplified situation where dM; N ) has a
positive distance to 0OENQ foralli=1,...,m:
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Lemma 21.2. Let E be a measurable subset of Q such that d(OM; nQ,0EnQ) >0 for
alli=1,...,m. If ENxU2; M; and Q) \ E both contain a non-empty open ball, then there
ezists a sequence (En),on of open subset of Q0 such that Properties 1.-5. of Lemma
together with the convergence rate are fulfilled for (Ep), oy -

Proof. We adapt the construction of [Mod87, proof of Lemma 1] to our desired result.
Let us therefore give the main ideas of this proof and outline its modifications.

Choosing ¢ := xg and standard mollifiers ¢. € C§° (Rd), supp¢. € B:(0), 0 < ¢,
Jra ¢ dx =1 we can define
Pe 1= P * Pe

I [ - -
Elf‘% Q|90 905| dz =0,

lim|{ € @ |[pe() - 0 ()| 20} =0 Vi>0

and see that

and
lim [ [Decl do = [ dIDg| = Po (E).

Now let z1 € BN U2 M;, x2 € QN E and dp > 0 be chosen such that

m
By = B50 ($1)CE\UMi> By :=B(50 (l‘Q)CQ\E
i=1

which implies
do
Ye =@ on BjuBs V5<E. (21.2)

For every n € N let €, < min {%, %0} be such that

IN

%. (21.3)

feellen, @-e@>2]

Using the notation

vp=essinfi_, 1 Po({z€Q| ¢, () >1})

we obtain with the help of Sard’s Lemma the existence of t, € (%, 1- %) such that

1
Po({xeQ|pe, () >tn}) <vp+— (21.4)
n
and
Deg., (z) #0 VeeQ: ¢, (z) =t,.
Denoting
En={xeQ|¢e, (®)>tn}, En:= {x eR’| g, (x) > tn} (21.5)
and B
A= |En| - |E|
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21 SHARP INTERFACE LIMIT

we come to defining F,, by

E B, (x1) if A\, >0,
E,:={E, if A, =0, (21.6)
E,UB,, (x3) if \, <0,

with r,, such that |B,, (z1)| =|Br, (z2)| = |Anl-
In addition we define the following sets:

E N B,, (1) if A\, >0,
F,={E, if A\, =0,
E,UB,, (z2) if A\, <0,

and observe that E,, = I, n Q). We note that
- 1
reE,NE = ¢, (z)>t,>—, e(x)=0
n

and )
reENE, = ¢., () <t,<1-=, o(x) =1.
n

Thus using (21.3)) we obtain:

Aol < |BuAE| <

IN

% (21.7)

freien, @-e@l>7]

which leads to

lim r, =0
n—oo

and since for n large enough it holds dy > r, we end up with
Brn (IL‘l) c Bl, Brn (l’Q) c B2.

From ¢, < %0 and (21.2) we know that

Blgﬁn BQQQ\ETL

and so
|Ey| = |En| - |By,, (21)| = |E| if A, >0,

|E,| = |EW| + By, (z2)| = |E| if A\, <0

wherefrom the third statement follows.

Denoting M := U}, M; we obtain that for almost every x € M, where M c Q is the closure
of M in R?, there exists some n(z) such that x € intF, for all n > n(z) and so

ME U 1ntFn($)

xeM

Since M is compact, we can choose finitely many {Fn(mi) | x; € M,i=1,... ,N} such that

o N
M c U lntFn(:rl)
=1
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PART III: PRESSURE FUNCTIONALS IN A STOKES FLOW

Defining 7 := max;-1,._ny n(z;) we see that
M cintF, VYn>7

and so the last two statements of the lemma follow from the fact that E,, = F;, n ).
The second property than can be shown exactly as in the proof of [Mod87, Lemma 1].

Finally, we conclude the convergence rate ) from (21.7]) and ( -
O

Due to the fact that in general we are not in the setting of Lemma where the sets
M; have a positive distance to F in €2, we now turn to the general case:

Proof of Lemma[21.1 Since we assume Y2, |M;| < 819, B e (-1,1) and |E| < [ we see
that there exists some & > 0 such that B.(E)nQcQ, E ¢ B.(F)n, and we define

F.:= B.(E) nq.

We see that d (OM; nQ,0F.nQ) >0 for all i = 1,...,m, and are now in the situation of
Lemma So we can choose for every ¢ > 0 a sequence of sets (E), . such that

m
OEENQeC?  lim |[EEAF.| =0, lim Po(E:) = Po(F.), |JM;cE:,
n—o0 n—oo Z=1

d(OM;nQ,0E;NnQ)>0,Vi=1,....m, |E;|=]|F], Vn > 1
and
|[EEAF|=0(n7").

Having a closer look at the volume of those sets, we remark that we don’t want the volume
of E; to be equal to the volume of F;, but merely to the volume of F, which is smaller.
Thus we take in much the same way as in Lemma some x1 € £\ U2, M; and g > 0
such that

m
Bs, (1) c Ex|J M;.
i=1
Then we define
=|E;|-|E| =|F:| - |E| = O(e), Vn>1

and let
By = B, N By (71)

with re such that |B,_(x1)| = |Ac|, and € > 0 small enough, such that r. < dy. From that
|EAES| < [EAF.|+|F.AE;)|
~—_—
=0(¢)
and
‘FEAEVZ| =|FAE;, U (B(E) 0 By (21))| < [FeAEL| + By, (21)] =
= |F.AE; |+ A

—_—— —
:O(n_l) :O(E)
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21 SHARP INTERFACE LIMIT

Consequently, we obtain for a diagonal sequence (EZE)DO that
|E5_AE|=0(e), lim|E; AE|=0
N ex0 N
together with

~ m —
E; |=|El, UMicE;,  Ve«l1
i=1

d(OM; nQ,0E5_ nQ)>0,Vi=1,....,m, 9E, nQeC
It remains to consider the perimeter. As we know
?i% QN (FLAE)| =0
we obtain thanks to the lower semicontinuity of the perimeter

PQ(E) < liminf Py (Fa) .
eN0
Applying integration by substitution we can calculate

Po (F:) = /ﬂ;d dDxp. (p)nal = /Rd d|Dx(14eymnol < (1+)*'d -/]Rd DX Enal

which gives
limsup Pq (Fz) < Po (E)

eN0

and we can conclude
lim Po(F:) = Po(FE).
eNo

Moreover, we have due to Lemma (3.1
lim Po(E;) = Po(F:)
n—o00

and so

lim Po (E2) = lim (P (E5) +HY (0B, (21))) = Pa(F.) + HH (OB, (21)).

n—oo n—oo

eNo0
—0

Plugging these results together we see, that for the diagonal sequence (EZS )€>0 it holds
lim Po (E% ) = Po(E
al\l"% Q ( na) Q ( )

which finishes the proof.

We are now able to prove the main result of this subsection:
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PART III: PRESSURE FUNCTIONALS IN A STOKES FLOW

Theorem 21.1. Let (¢:).., be minimizers of (jf)€>0. Then there exists a subsequence

of (pz).sq, which is denoted by the same, and an element @ € L' () such that

lim [0 = @oll 1) = 0- (21.8)
If it holds
”‘Pe — %0 ”Ll({xegwo(x):lws(ggko}) =0 (5) (21.9)
then we obtain moreover
lim jZ (¢2) =45 (0) (21.10)
eNo0

and @q is a minimizer of jép.

Remark 21.1. Thus in the special situation of Theorem the existence of minimizers
of jé) 18 guaranteed, whereas this is still an open problem in general.
The existence of minimizers pe of jf for e >0 follows from Lemma .

Proof. We proceed similarly as in the proof of Theorem Our main concern will be
the behaviour of the pressure and for some detailed analysis concerning the remaining
aspects we refer to Theorem

We split the proof into several steps:

e Ist step: Let ¢ € L'(Q) be chosen arbitrary such that jo(¢) < co. We start by
constructing a recovery sequence ( pa) >0 by using the ideas of Theorem Thus we
approximate E¥ with Lemma @ by more regular sets (Ey), . with 0E,nQ e C?
|En| = |E?|, d(OM; nQ,0E,nQ)>0for alli=1,...,m and

lim Po(E,) = Po(E?),  lim [on = @] 11(q) =0

where we defined ¢,, := 2y g, — 1. Additionally we obtain the following convergence
rate:

H‘Pn—SOHLl(Q) :O(n_l)- (21.11)

Let us introduce the abbreviation:

d,, ::d(UaMimQ,aEan) > 0.
=1

An analogous construction as in Theorem gives for every n > 1 sequences
(@?)5>0 c Hl(Q) such that

. €
lim sup o (% |V<,0?|2 + ggb (cp?)) dz <vegPo (Ey) -

eNo0

We observe from this construction in particular that

(=1} S B, dl=d({¢l =1},0E,nQ) <20 = O (c).
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21 SHARP INTERFACE LIMIT

And so if we choose €2 > 0 small enough, such that dgg < dy, which implies d” < d,
for all € < €Y it holds that M; c {¢Z =1} forall e <&’ and all i =1,...,m.

Then we can choose a diagonal sequence (¢n),on,> ¢n = L, , such that e, fulfills
0
En < Ep-

Hence we obtain that (¢,),,.x converges to ¢ in L'(Q) as n — oo,

. En
lim sup fQ (77 IVonl” + 611/1 (wn)) dx <vyepPq (E¥),

and ¢p|p; =1 for all i = 1,...,m. Moreover, we find in view of (6.26)) and (21.11])

len =l =0 ().

2nd step: Let ¢ € L'(Q) be chosen such that jo(¢) < co. In the first step we have
shown that we can construct admissible (p.)_., converging to o € L'(Q) with the
rate

e - <P||L1(Q) =0(e)
such that
li YE 2 v ©
im sup o\ 5 |Ve|” + gw (pe) ) dz < vepPo (E¥) .

eNO0

We define (uc,p.) := ST (p.) and (u,p) := S (p). According to Lemma this
yields, after possible choosing a subsequence, that (u.).., converges to w in H L)

and limgo [ o (¢c) lul® dz = Jo a0 (@) lul* dz=0.

Let i € {1,...,m} be fixed. Then we use (4.1)) to obtain from the state equations

(I93) and @05)

Ipe =Pl L2(ary < (Mi) [ Ve = Vol g1 (as) <

(21.12)
<e(M;) |1 (Aue - Au) - a: (@) ue ”H‘l(Mi) :

Since ¢, € @, per construction, it follows ¢|p; = 1 and so . (pe(x)) = 0 for a.e.
x € M;. Therefore we can estimate

~0
1p= = Pl L2 (aryy < (M) |use =] g1 () — 0. (21.13)
Knowing that this holds true for any i = 1,...,m, and pcloum, m; = plowwr, m; = 0

this gives
lin [[pe = p2(q) = 0-

Using the continuity of the objective functional we end up with

limsup j7 (¢:) < ¢ () -
eNo
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PART III: PRESSURE FUNCTIONALS IN A STOKES FLOW

e 3rd step: Now let ¢ € L'(Q) be arbitrary and (¢:)..o € L*(Q) any sequence con-
verging to ¢ in L'(Q) as € \ 0 such that

le= = @l L1 ((2eip(@)=1,0. (2)<0}) = O (€) (21.14)
is fulfilled. We may assume without loss of generality
.. .P
liminf 52 (pe) < oo
and thus choose a subsequence ( jgc (¢er)) ren Such that
. .P .. )
lim g2, (e, ) = Hminfjc (oe).

Then we get as in the proof of Theorem a subsequence (cpgk(l) ) JeN such that

llirilo Huak(l) - uH]'—Il(Q) = 0’ lim Q aak(l) (90%(1)) ‘uak(l)‘z dz =0

l—>00

and get

e

Po (E¥) <li ‘f/
veoPa (E¥) <limin Q( 5

M 19| + gk;%w (%km)) d. (21.15)

Since lim;_, o0 Jeray (‘Pak(z)) < 00, we see that Perqry € ®, forall [ > 1 and so Sf’ak(l)|M¢ =1
forallt=1,...,m and [ > 1.
So we can use the convergence of (uek(l)) N fou in H'(Q) and the same calculations

le
as in (21.12))-(21.13)) to deduce
lhjc{lo Hpak(l) _pHLZ(Q) =0.
Using the continuity of the objective functional this gives
.p . .. p.P
jo () = fﬂ f(z,u,Du) + h(p) dz + ycoPo (E¥) <liminf 5z, (Pery) =
= lim jz, (¢e,) = liminf j” () -

e th step: We can now follow the arguments of the fifth step of the proof of Theorem
[6.1] to deduce the statement.

O]
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21 SHARP INTERFACE LIMIT

21.2 Convergence of the optimality system

In this subsection we assume again additionally Assumptions|(A6)| (A7) and|(A10)|to
ensure differentiability of the objective functional and enough regularity of the external
force.

Similar to Section |§| we show here that not only minimizers of ( §F )E converge under

>0
certain assumptions to a minimizer of jéD , but also that the corresponding optimality

systems of (jf )€>0 converge then as € \ 0 to the optimality system of jéj derived in
Section We directly state the main result of this subsection.

Theorem 21.2. Let (¢c)..q € ®p be minimizers of (jf)6>0. Then there exists a sub-
sequence, which is denoted by the same, that converges in L'(Q) to some @y € L'(Q).
Assume moreover that

lpe = @0l 11 ({weipo(2)=1,00 (2)<0}) = O (€) - (21.16)
Then the limit element ¢q is a minimizer of jéj. Moreover, it holds

limyle-0j (e o 171) = Oth-0dy (P00 T71) VT € Toy. (21.17)

If

{po=1}[>0 (21.18)

then we have additionally the following convergence results:

e 5 o in L'(Q), (21.19a)
ue 2% g in H'(Q), (21.19b)
pe =3 o in L*(Q), (21.19¢)
pe [V] 22 5o [V] in L*(Q), (21.19d)
i [V] 2 dg [V] in H'(Q), (21.19)
Ae 290 in R, (21.19¢f)
3F(02) =2 38 (o) in R, (21.19g)

where (ue,p:) = S (¢e), (wo,p0) = 8§ (p0), (A\). € R* are Lagrange multipliers for the
integral constraint defined due to Theorem Ao € R" is a Lagrange multiplier such

that it holds (20.11)) — (20.12)), and thus is a Lagrange multiplier for the integral constraint
in the sharp interface according to Theorem [20.1].

Proof. First we use the result of Theorem to derive that a subsequence of the sequence
of minimizers (¢¢)..q of ( iF )a>0’ which will still be indexed by e, converges in L!(£2) to
some element g € L'(€). Thus from now on assume that (21.16) is fulfilled. Then we
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PART III: PRESSURE FUNCTIONALS IN A STOKES FLOW

obtain by Theorem that ¢ is a minimizer of jéD and (21.19¢)). As in the proof of
Theorem [9.1] we thus apply Lemma [6.3] to get a subsequence such that it holds

. 2 B . B _
E\{%f ae (pe) |ue|” do =0, £1£%||u6 UOHHl(Q) 0

Then we can apply the pressure inequality (4.1)) and the state equations (19.14) and
(20.14) to derive therefrom for every i =1,...,m:

eNO0

Ip- = poll 2 (ar,y < COM;) [ = o g azyy > 0 (21.20)
where we used

fﬂaa (pe)us-vdr=0 YveHy(M) (21.21)

which follows from . =1 a.e. in M; for alli=1,... m.
Due to pg,po € L?M(Q) we obtain p5|Q\UZ_21Mi = p0|g\ug1Mi =0 for all € >0 and so we can
deduce

lim Ipe = poll L2y = 0. (21.22)

Using arguments as in Theorem [9.1] one can establish the convergence of (it [V]).. to
4o [V]in H'(Q) as e \ 0 and find from the state equations (19.14)), (20.14) then, that

lim [pe [V =50 [V] 20y = 0

while applying estimates as in (21.20))-(21.22). Thanks to the Reshetnyak continuity
theorem, see Theorem we can show as in the proof of Theorem [9.1] that

. € 1 . .
lliI(l) Q(§|Vgpg|2+gw (gog)) div V' (0) diE:Co[) divV(0)d|Dxzg,|

and
hms[ Ve - VV(O)VQOde—Cofu vV (0)rd|Dxg,|

if we use the notation Ey = {¢p =1} and denote by v the generalised unit normal on
FEy. Thus, we finally deduce (21.17)) from the already shown convergence results. The
convergence of the Lagrange multipliers (\.),,, follows then again as in Theorem by

using ([21.18)). O

Remark 21.2. If 1s not fulfilled, we could still show almost the same convergence
results, but without the convergence of the Lagrange multipliers (2 , compare also
discussion in Remark- But, as already mentioned in Remark-, s not very
restrictive and will be fulfilled for a wide class of problems.

Summarizing the results of this part, we have shown that the phase field model is even
a good approximation of the shape and topology optimization problem that is described
by the sharp interface model — if a pressure functional is involved. And so
we have by our phase field ansatz a consistent formulation, where the minimizers of the
diffuse interface approximation converge to a sharp interface minimizer if the sequence
of minimizers fulfills a certain convergence rate and simultaneously first order necessary
optimality conditions can be shown to be an approximation of optimality conditions for
the sharp interface setting.
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22 Pressure functionals in a stationary Navier-Stokes flow

In this section we want to discuss briefly what happens if we use the stationary Navier-
Stokes equations instead of the Stokes equations as state constraints when considering
a pressure term in the objective functional. We will point out how the results of the
previous sections can then be applied to this setting, too.

Let us start by examining the corresponding phase field model. We define the pressure p, €
L2,(9) associated to some ¢ € ®,, and u. € SV (p.) in the diffuse interface formulation
analogously as in Section [19| as solution to

_/Qozg(gos)ue-vd:c+,u/QVu€-Vvd:n+b(u5,u5,'v)—[stdivvdxz

(22.1)
:/;Zf-vdx Vv e Hy(M;)

foralli=1,...,m,ifu. € Sév (pe) is a velocity for the penalized stationary Navier-Stokes
equation given by

/;zae((pe)ug-vdx+quVu€-Vvderb(uE,ua,v):[Qf-vdx VveV. (22.2)

For any ¢, € ®, and u, € S (.), existence and uniqueness of some pressure p, € L2,(Q)

fulfilling (22.1]) is given by Lemma compare also Remark

At the same time, Lemma [4.4] implies the following estimate:
el 2 any < M) ludue ~ue - Vue + Flggary Vi 1om
since @g|p; = 1 and thus e (@) |, = 0 a.e., which gives
Ipellp2e0y < (M, ..., M) [pAus —ue - Vue + £l g-1(q) -

This is the most important estimate to deduce as in Section the existence of a mini-
mizer to the phase field model from the results of Section This overall optimization
problem is given by:

1
in 5 [ o (¢) u? dx+fo(w,u,Du) dx+/ﬂh(p)dm+

e 27 (22.3)
e d —f d
e [l e+ 2 [w(o)de
s.t. p e ®pand (p,u,p) fulfill (22.1) - (22.2).

We can now formulate the sharp interface model. Therefore, we state from now on
additionally Assumption |[(A8)| see Section for a further discussion concerning this
condition. Again Lemma (4.4 implies for every ¢ € ®, and u ¢ Sév () existence and

uniqueness of p € L2, () such that
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quVu-Vwa+b(u,u,v)—jg;pdivvdx:fﬂf'vdx Voe Hy(M;),i=1,...,m.

(22.4)
Moreover, we can establish as above an estimate of the form
Il 20y < e(Mi,..., M) [pAU —w-Vu+ fll g1 -
Consequently, we introduce the sharp interface problem as
min f f(z,u,Du) dz + / h(p) dx + vycoPo (E¥)
(p,u,p) JQ Q (22.5)

s.t. pe®) and (p,u,p) fulfill 22.4), ue Sy (v).

By Lemma [13.5| we also have the estimate
7
IVuol 2oy < 2Kq

if (¢0,u0,po) are a minimizer for problem ([22.5). This estimate is one key ingredient for
the sharp interface convergence result.

We then obtain that the sequence of minimizers of the phase field problem have
converging subsequence, which is denoted by (¢e, Ue,pe)oog- If (¢c).sq fulfills a certain
convergence rate we find that this convergence takes place in the strong topology and
that the limit element (g, w0, o) is a minimizer of the sharp interface problem .
This can be established as in Theorem [I4.1] by applying the ideas of Section If
this convergence rate is fulfilled, we can deduce therefrom in particular the existence of
minimizers for .

Thus we fix for the remainder of this discussion a sequence of minimizers of the phase
field problem such that (¢ )., fulfills

lpe = ol 1 ({weipo (2)=1,00 (2)<0}) = O (€) - (22.6)

This implies as in Corollary for € > 0 small enough, that the state equations corre-
sponding to the minimizer ¢, have a unique solution wu..

With this result we can then establish necessary first order optimality conditions as in
Theorem and Lemma by applying the ideas of Section to ([22.3)).
Additionally, we obtain first order optimality conditions for the sharp interface problem
in the form of Theorem by applying the ideas of Section m

And finally, we even can show convergence of the optimality systems by combining the
results of Theorem [I7.1] and Theorem 21.2]

Hence, also in this setting we can establish the desired results, namely that the phase field

approach is a good approximation of the shape and topology optimization problem in the
sharp interface formulation. This is shown in the sense that minimizers of the phase field
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model converge in the strong topology to a minimizer of the sharp interface model as the
interface thickness tends to zero if the minimizers converge with a certain convergence
rate. Simultaneously, the optimality system of the sharp interface setting is approximated
by optimality conditions for the diffuse interface setting.
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Part IV
Application in structural optimization

We want to apply the approach and analytical techniques developed in the first part to
the shape and topology optimization problem of minimizing a general objective functional
depending on the displacement fields of several elastic materials. To be precise, we as-
sume to have inside of the fixed holdall container 2 a mixture of two homogeneous elastic
materials, and we want to find the optimal configuration such that a certain objective
functional is minimal. The displacement fields will be defined by the equations of lin-
earized elasticity. In particular, the elasticity tensor and the eigenstrain, describing the
different material properties, will depend on the design variable. Again we want to use
a perimeter penalization to ensure well-posedness of the problem. Moreover, we consider
a diffuse interface setting, namely a phase field approximation, which was already for-
mulated and discussed in [BGST12, [BESGS13]. One goal is to show that the reduced
objective functionals corresponding to the phase field formulation I'-converge in L' () to
the reduced objective functional corresponding to the perimeter penalized sharp interface
problem as the thickness of the interface tends to zero. Therefrom, we can deduce di-
rectly the convergence of the corresponding minimizers in L'(2). Additionally, we derive
first order optimality conditions for the phase field model and for the sharp interface ap-
proach. We can show that simultaneously to the minimizers, the corresponding first order
optimality conditions of the diffuse interface problem converge to a necessary optimality
system in the sharp interface setting as the thickness of the interface tends to zero. We
remark in particular, that those convergence results are valid without additional assump-
tions on the convergence rate of the minimizers, which were in general necessary in the
previous parts. Besides we can prove the stronger I'-convergence of the reduced objective
functionals instead of convergence of minimizers.

23 Introduction and assumptions

Before formulating the phase field approach to the shape optimization problem mentioned
above, we want to give a brief introduction into the most important quantities and equa-
tions in linearized elasticity and fix some notation. We only give a brief introduction
and refer the reader for instance to [EGKOS|, Bra97, [Cia88] and included references for
details. We first assume to have in the holdall container {2 two open subsets €27 and €9
which are separated by a hypersurface I' = 921 n9€22. The two subsets should correspond
to two different elastic materials whose displacement fields are described by one variable
u:Q - R% To be precise, ulq, corresponds to the displacement field of the i-th material
where i € {1,2}. By Cauchy’s theorem, compare [Bra97, [Cia88], we find that for elastic
materials the following equilibrium constraints hold in €;, i € {1,2}:

-V (DQWZ‘ (33‘,5 (u))) = f in Qi, (23.1&)
DoW; (z,€(u)) n=g on I'g n 0%, (23.1b)
u=up on I'p, NoCY;, (23.1¢)

where I'p,I'y ¢ 0Q, I'pUl'y = 01, g is the applied surface load and f the applied body
force. Moreover, I'p is a part of the boundary of the container §2 on which the displacement
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is prescribed by up. We will see, that at the interface 021 N 9§25 the boundary conditions
are given by certain transmission properties, see for example Remark Besides,
Wi Qx R™® 5 R denotes the elastic free energy density of the i-th material, and

E(u):= % (Vu + VuT)

is the so-called linearized strain, whereon the linear theory is based. In addition to this
geometric linearization we introduce a linear constitutive law by following Hooke’s law
and using a quadratic form of W;. Here we use

Wi (2,€) == (E-&):Ci(E-E&) VEeRY zeR (23.2)

N | —

where C; : R™? - R% is the elasticity tensor which reflects the material properties for
material i = 1 and i = 2, respectively. Further, £ ¢ R*? is the eigenstrain and represents
the value of the strain when the i-th material is unstressed.

As already mentioned above, we have two different elastic materials inside the domain €.
The design variable will again be a measurable function ¢ : Q — R, where
{reQ|p(x)=1} = Qi describes the region where the first material is present, and
{x e Q| p(x)=-1} = Qo the region which is filled with the second material. The elas-
ticity tensor and the eigenstrain are functions of the phase field variable ¢ and interpolate
between two different values for the two different materials.

(A12) Elasticity tensor:
Let C(yp) = (Cijkl(gp))fj .-y be such that Cijy € C ([-1,1]) fulfills pointwise the
following symmetry properties

Cijki(0) = Cjira () = Criij(p) Vo e[-1,1],4,5,k,1e{1,...,d}.
Moreover, we assume that there exist constants C¢, cc > 0 such that
C(p)A: Bl < Cel|AlB|, C(p)A: Az colAP (23.3)
holds for all symmetric matrices A, B € R™? and ¢ € [-1,1].

Remark 23.1. We remark that implies that the elasticity tensor interpolates be-
tween two finite positive values, thus in particular no “void”, i.e. regions without material,
are allowed in this formulation. Anyhow, the possibility of modelling “void” is given by
using the so-called ersatz material approach, where a very soft material approximates the
non-presence of material, cf. [BCO3, IBESGS13]. Moreover, the elasticity tensor is not
depending on the phase field variable € > 0 introduced later on. And so an ersatz mate-
rial approach with the ersatz parameter modelling the very soft material depending on the
phase field parameter € > 0 cannot be used in this setting. Such a formulation has been
part of the studies in [BESGS13)].

(A13) Eigenstrain:
We choose the eigenstrain & € C1? ([—1,1] ,RdXd) as a function with symmetric
values, thus £(p)T = £(yp) for all p € [-1,1].
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PART IV: APPLICATION IN STRUCTURAL OPTIMIZATION

Remark 23.2. Following Vegard’s law, a commonly used assumption is that the eigen-
strain interpolates linear between the two values corresponding to the two materials, thus

g(a:) = %(1‘+ 1)?1 — %(a:— 1)?2 = (%gl — %Eg)x + (%gl + %?2), if gl = g(l) and gg =
E(-1). This case is of course included in our setting.

As already mentioned above, we will describe the state by a single variable u : Q - R?
where u;,_,1} will be the displacement field of the two different materials, and thus fulfill
the equilibrium constraint in any of these subsets separately. Now we divide the
boundary of 2 into two parts, one Dirichlet part where we can prescribe the displacement
field, and a Neumann part where the applied boundary forces are acting.

(A14) Q c R? is a bounded Lipschitz domain with outer unit normal n and d € {2,3}.
Moreover, assume 02 =I'p uT'; with HA-1 (I'p)>0and 'pnTy =2.

To simplify notations, we will assume for the following considerations homogeneous Dirich-
let boundary conditions on I'p, thus up = 0.

We remark that, as before, we denote R%valued functions and spaces consisting of R%-
valued functions in boldface.

Then we fix for the remainder of this part the external forces:
(A15) Let f e L*(Q2) and g € L? (T,) be given.

Using these conventions, we can now give a reasonable weak formulation of the state
equations on the whole of €, if the design variable is ¢ € L!(Q) with |¢| <1 a.e. in Q:
Find

ue Hp (Q):={ueH (Q)|u|r, =0} (23.4)

such that
fQC(gO)(E(u)—E(go)):S(’v) dx:fﬂf-vdx+frgg-vdx Voe Hp(Q). (23.5)

We notice, that in any subregion {¢ = +1} this yields exactly the weak formulation of
[23.1), since we obtain by (23.2) that DoW; (2, (u)) = C; (€ (u) - &;) if & = £(1),
EQ = E(—l), Cl = C(l) and C2 = C(—l).

Thus the state equations will in both the phase field and the sharp interface formulation

be given by (23.5), cf. Sections [24] and [25]

Again we will consider a general objective functional of the form

/Qf(x,u) dm+frgg(ac,u) dx

for our shape and topology optimization problem. This has to be chosen, such that the
following assumptions are satisfied:
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(A16) Objective functional:
We choose f: QxR? - R and ¢ : 'y x R? - R as Carathéodory functions, thus
fulfilling

i) f(-,v): Q- R and g(-,v): Ty - R are measurable for each v € R, and

i) f(z,)),g(x,-) : R > R are continuous for almost every z € Q and z € Ly,
respectively.

Moreover, assume that there exist functions a; € L' (), az € L' (T'y) and by € L=(Q2),
by € L*=(I'y) such that it holds

|f(2,0)| < ar(x) + by (@) VYveR?, ae. ze, (23.6)
and
lg(x,v)| < ag(x) +ba(x)|v]> VYveR?, ae zely,. (23.7)

Moreover, we will assume that the objective functional is bounded from below in a
certain sense. To be precise, we assume that the set

] f@u@)de+ [ g u() do]
g
ue HL(Q) solves (23.5) for some ¢ € L'(Q),|¢| <1 ae. in Q}

(23.8)

is bounded from below.

Remark 23.3. We give some remarks on the specific assumption that s bounded
from below. We prove in Lemma existence and uniqueness of some u € H}:,(Q)
solving if o € LY(Q) with |p| <1 a.e. in Q. By stating the boundedness from below
of the objective functional only for solutions of the state equations, we include in this
setting the special case of minimizing the mean compliance, see Example[23.1. There, we
minimize [ f-udz+ [r g-wdz and we see directly that

H}D(Q)auwff-udx+[ g-udz
Q Iy

is not bounded from below. But if we choose uw = Sg(p), where the solution operator Sg

will be defined in , we have
fﬂf'uder[Fgg-udx:fﬂC((p)(S(u)—?(cp)):E(u) dz >
Z/QCC € (w)* = C.[€ ()] |€ (w)] dchfQL‘Z (W) -C(E,C)dz > -C(C,E)

where we made use of (23.3)), (23.5) and Young’s inequality. Thus the set (23.8)) is bounded
from below, which is sufficient for our considerations.

Remark 23.4. Due to [AZ90, [ Tro09, |Sho97, the Nemytskii operators
L2 Q)% 500 f(v) e LY(Q), L*(Ty)%3vm g(,v)eLY(T,)
are well-defined if and only if (23.6) and (23.7) are fulfilled. If this is the case, we obtain

directly, that the operators are continuous.
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PART IV: APPLICATION IN STRUCTURAL OPTIMIZATION

Remark 23.5. We could generalise the results to objective functionals satisfying
If (z,0)| < ai(z) +bi(z) [, VveR? ae zef (23.9)

for some functions ay € L'(Q2) and by € L* (), instead of requiring . Here, p > 2 has
to be chosen such that H*(Q) = LP(Q) is a compact imbedding, hence p>2 for d =2 and
2 < p<2da-2 for d=3. We then obtain that LP(Q)? 3 v f(-,v) € L' (Q) is well-defined
and continuous and all proofs can be adapted.

These are the basic assumptions for the following considerations. As we do not only
consider convergence of minimizers but also derive first order optimality conditions for
both approaches we have to impose additionally the following differentiability assumptions

for Sections [24.3] [25.3] and [26.2}

(A17) Assume that for every fixed v € R? the functions Q » = ~ f(z,v) € R and
[y5z e g(z,v) € R are in WH(Q) and WhI(T,), respectively. Let the partial
derivatives Do f (x,-) ,Dag (x,-) exist for almost every x €  and x € Iy, respectively.
Besides assume that there exist a; € L'(Q), az € L'(Ty) and by e L®(), by € L*=(Ty)
such that

IDof (z,0)] <ay(z) +bi(x)v] YveRY, ae zeQ (23.10)
and

IDag (z,v)] < ag(z) + ba(z)v] VveR?, ae. zely. (23.11)

Remark 23.6. We note, that under the assumptions stated in Assumption [(A17) the

operators
F:L2(Q)9u»—>fgf(a;,u(x))da:

and

G:L*(T,)sur frgg(x,u(x)) dz

are continuously Fréchet differentiable and that the directional derivatives are given as

DF(u)(v)=fQD2f(x,u)vdx Vu,v e L3(Q),

DG (u) (v) = fr Dog (z,w)vdz Vu,ve L*(T,).
g9
This follows by similar considerations as in Remark[2.5

Remark 23.7. If [23.6)) is replaced by [23.9) for some p >0 such that H'(Q) - LP(Q)
is a compact imbedding, we have to replace (23.10) in Assumption |(A17)| by

IDof (z,0)| <ay(z) +bi(2)fPt VoeR?, ae zeQ (23.12)

for a1 € L*(Q), by € L™(Q) to obtain that

L (Q)>uw~ /Qf(ac,u(:c)) dz

is continuously Fréchet differentiable.
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As in the previous parts, we describe the sharp interface model by a design variable
v : Q — {1}, where {¢ ==+1} describe the two different materials. Since we use a
perimeter penalization to ensure the existence of minimizers, we need that {p = +1} are
sets of finite perimeter, thus our admissible design variables are chosen in

B0 i {@EBV(Q,{il}H]gcpd:csﬁ}.

Notice, that we include an integral constraint, where 5 € (-1,1) is a fixed constant. This
yields, that there is a maximal amount of the material corresponding to {¢ =1} that can
be used during the optimization process. We could also add additionally a constraint
on the maximal amount of the material corresponding to {¢ = -1} by replacing this
constraint with

—ﬁls]gsodxsﬂ

for a suitable 51 € (-=1,1). In this setting, the same analysis could be carried out.
Moreover, we introduce the extended admissible set, which will be used for first order
optimality conditions after introducing a Lagrange multiplier for the integral constraint:

.= BV (Q, {£1}).

As already mentioned above, we will discuss a phase field formulation of the shape opti-
mization problem. In particular we approximate the perimeter by the Ginzburg-Landau
energy and use therefore, as in the previous parts, a double obstacle potential, thus
¥ :R - R is given by

Yo (@), if o<1

1-¢?).
+00, if |p|>1° (1-¢7)

Yo (p) =

N | —

Y () :={

The design variable ¢ : Q — [-1,1] is then allowed to have values between minus one and
one and thus there may be a transition area between the areas {¢ = -1} and {¢ =1}. The
admissible set for the optimization problem will then be given by

vpi= {pe )| £ ode <ol <1 ae in0f

and correspondingly the extended admissible set by
Qp={peH (Q)||p|<1ae inQ}.

For geometric variations we will use again transformations T € Toq and T € T 44 associ-
ated to velocity fields V € V,4 and V € Vg, respectively, by , thus by the ordinary
differential equation

OTi(z) =V (t,Ti(x)), To(x)==x.

The spaces Tod, T ads Vaa a0d Vaq are given by Definition where condition is
replaced by

(V4’) V(t,z) =0 for every z € I'p.

We finish this introduction by two typical examples which are commonly used as objective
functionals in structural optimization. For a deeper discussion on those problems and some
further applicatons we refer for instance to [Ben03].
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PART IV: APPLICATION IN STRUCTURAL OPTIMIZATION

Example 23.1 (Mean compliance). One commonly used objective in structural opti-
mization is the minimization of the mean compliance, which is for a structure in ints
equilibrium configuration given by

‘ud f ‘udz.
fﬂfux+rggux

We notice, that this is equivalent to minimizing

fe@(E@-):ede

if w solves the state equations (23.5). The aim of minimizing this objective functional can
also be interpreted as maximizing the stiffness under the given forces or, in case of £ = 0,
as minimizing the stored mechanical energy. Using this objective functional, we arrive
in a self adjoint optimization problem in the sense that the adjoint equations of the first
order optimality system equal the state equations if £ = 0, cf. Section m

Example 23.2 (Compliant mechanism). The typical compliant mechanism objective
functional used in topology optimization is given by the tracking type functional

1
5/96(:6) lu - ugl* do

where ugq € L?(Q) is some desired structure, which may for instance have certain advan-
tages or desired properties. Moreover, ¢ € L*(2), ¢ > 0, is for example a characteristic
function or a weighting factor to emphasize certain regions in €.

24 Phase field model

We start our considerations by introducing a diffuse interface setting in terms of a phase
field formulation for the general shape and topology optimization problem of finding the
optimal material distribution of two given materials. For this purpose, we will start by
discussing the problem formulation, which will be introduced in Section This will
then be considered in view of solvability of the state equations and existence of optimal
designs in Section Finally, we derive first order necessary optimality conditions for
this problem in Section [24.3]

24.1 Problem formulation

The overall optimization problem is given by

min)JEE(cp,u) ::/Qf(x,u) dx+_/rgg(x,u) dx+%5/§;|Vgo|2 dx+g/;21/1(g0) dz (24.1)

(¢,u

with
(%U) € (pE' X H})(Q)

s.t.

/QC(QD)(é’(u)—E(gD)):E('v) dx:fgf'vder/Fgg-'vdx Voe HH(Q). (24.2)
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24 PHASE FIELD MODEL

Hence the design variable in the shape and topology optimization problem is given by
pedp = {go e HY(Q) | fqpdz < B, lp| <1 ae. in Q} The aim is to minimize the objec-
tive functional given by JZ by finding the optimal material composition of the two ma-
terials. The regions filled with material one or two are represented by {z € Q| p(x) =1}
and {z € Q| p(x) = -1}, respectively. The design variable ¢ is also allowed to take values
between minus one and one, which leads to a small transitional area whose thickness is
proportional to a small parameter € > 0. Thus, as € tends to zero, we will arrive in a sharp
interface problem and the interfacial layer vanishes.

The last two terms of the objective functional, namely

e 2 2
e d —f d
< [ vl ar? [0 de

are a multiple of the Ginzgburg-Landau energy. This term is essential for the existence of
a minimizer of the problem and I'-converges to a multiple of the perimeter functional as
e tends to zero, cf. [Mod&7, MMT77]. The parameter > 0 is an arbitrary fixed constant
and can be considered as a weighting parameter for the perimeter penalization. For a
more detailed discussion of the Ginzburg Landau energy and the phase field approach we
refer to Section [5.11

The state equations are given by (24.2). In the two regions {¢ =1} and {¢ = -1}, rep-
resenting the two materials, the elasticity tensor C and the eigenstrain € are constant
and thus yields for those regions the usual weak formulation of the equilibrium
constraints of linearized elasticity, see (23.1). In the interfacial layer {-1< ¢ <1}, the
elasticity tensor C interpolates between the two material properties, which are represented
by C(-1) and C(1), respectively. Similarly, the eigenstrain £ is a function interpolating
between the eigenstrains of the two materials, namely £(~1) and £(1).

We remark in particular, that in contrast to the previous parts, the state equations do not
depend on the phase field parameter £ > 0 any more, but only on the phase field variable

®.

24.2 Existence results

We start by discussing the optimization problem (24.1)) — (24.2)) in view of well-posedness
for fixed £ > 0. For this purpose, we first have a closer look at the state equations. We
find that the state equations (24.2) are a weak formulation of

V- (C(@)(E(m)-E(p))) = f in €, (24.3a)
(C(o) (€ () -E () -n=g on Ty, (24.3b)
u=0 on I'p. (24.3c)

We can establish the following result concerning solvability of this system:

Lemma 24.1. For every ¢ € L' () with |p| < 1 a.e. in Q there exists a unique u € HH(Q)
such that (24.3)) is fulfilled in the sense of (24.2)). Moreover, the solution w fulfills

[l gy < € (9.C.E) (I £ L2y + 9l z2gr,y + 1) - (24.4)
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PART IV: APPLICATION IN STRUCTURAL OPTIMIZATION

Proof. We apply Lax Milgram’s theorem and define for this purpose the bilinear form
a: Hp(Q) x Hp(Q) -~ R

by
a(u,v) = /QC(cp)E(u) :E(v) da.

We use Korn’s inequality and the coercivity of the elasticity tensor C, see (123.3)), to
obtain for any u € H5(Q) the following estimate:

a(u,u) = fQC(go)S (w): E(u)dr 2 co fQ 1€ (w)]* dz > C ||uHiIl(Q) )
Thus, a is a coercive bilinear form, which is obviously also continuous by (23.3)). Defining
Fe(HL(Q)) by

F(v)::fg)f-vdx+[rgg-vdm+/9(3(g0)g(go):S(U)dx

we obtain by Lax-Milgram’s theorem a unique u € H1(Q) such that

a(u,v) = F(v) VYve HLH(Q),

|w] g1y < C(C,Q2) (||f||L2(Q) + gl g2,y + H?HL«»([,LH))'
Thus u solves and fulfills . O

This result implies that there is a well-defined solution operator for the constraints (24.3)),
which will be denoted by

Sp:{peL'(Q)||p|<1ae in Q} > HLH(Q) (24.5)

where Sg(yp) is defined as the unique solution u € H5(Q) of (24.3).
Besides, we can now define the reduced objective functional jf :®p - R by

iE(p) = JE (0, SE(¥)). (24.6)

The next result yields that the overall optimization problem stated above is well-posed.
Theorem 24.1. There exists at least one minimizer of (24.1]) — (24.2]).

Proof. This follows by the direct method in the calculus of variations. To this end, we
use that

{JE (0,85 (9)) | p e )

is according to Assumption |[(A16)| bounded from below. Consequently, we can choose

a minimizing sequence (¢, up) ey © Pr x HH(Q) for 24.1) - [24.2), in particular uy, =
Sk (pr). We obtain therefrom and the fact that |pg] < 1 a.e. in Q for all £ € N that
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SUPgeN [kl i) < oo Inserting wy as a test function in the state equations (24.2)
corresponding to ¢ we obtain moreover

c Huk”%{l(g) —5”?”100([_1’1]) < _/QCC |5 (uk)|2 - CC ‘E((Pk)‘ |5 (ulc)| dz <
< [ Con) (& () ~E (01)) € (ur) da -
=/Qf-ukdw+fF g-updx < (24.7)

g
< H.fHLQ(Q) HukHLQ(Q) + ||QHL2(FQ) ||UkHL2(Fg) <
<1 lz2 o) lwel gy + cllgl oz, Ikl o)
where we made in particular use of Young’s inequality, Korn’s inequality [A.6] and the
uniform ellipticity of the elasticity tensor stated in (23.3)). Thus, we find from (24.7)) that

sup [ | g1 < oo.
kelN

And so we deduce the existence of a subsequence of (¢, uj) o, Which will be denoted by
the same, such that (ug),.y converges weakly in H'(Q) and strongly in L*(Q) to some
limit element w € H}(£2), and (@), converges weakly in H'(Q) and strongly in L?(9)
to some limit element ¢ € ®p. Here we use that HL(Q) and ®p are as closed, convex
subsets also weakly closed in H(Q) and H'(), respectively. Additionally, we obtain

from the compact embedding H 2 (092) = L*(0) that (uglpn)y converges strongly in
L*(T',). Because C is uniformly bounded, we find for every v € H},(Q) the pointwise
estimate

IC(pr)E(v)| () < ClE(v)(x)| for a.e. x €.

By the continuity of C and Lebesgue’s convergence theorem, this implies that (|C (¢x) E(V)|) ken
converges in L2(Q) to |C () € (v)|. Besides, (€ (ug)),n converges weakly in L*(2)? and
hence

lim [QC(%)s(uk) L& (v) da = [QC(cp)E(u) & (v) du.
Similarly, we find from the uniform boundedness of £ that
lim [ C()E(pn):E(w) do= [ C(P)E(@):E@) da
and can deduce therefrom
fQC(go) (&(u)-Z(2)): € (v) dz = fo.vda:+ fr g-vdr Vve HL(Q)  (24.8)
g
and thus u = Sg(¢). Now we use the weakly lower semicontinuity of
1
H (@) 360 [ Svel+ 20 (0) da
02 €
and the continuity of the objective functional, compare Remark to observe
J2 (pyu) <liminf I (g, i)

This gives us that (¢, u) is a minimizer of (24.1)) — (24.2)). O
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24.3 Optimality conditions

For the following subsection we assume that (¢g, ) is a minimizer of - . We
want to derive in this subsection first order necessary optimality conditions that have to
be fulfilled for a minimizer of the phase field problem - . For this purpose, we
consider the optimization problem first of all as a classical optimal control problem and
derive optimality conditions in form of a variational inequality. After that, we also vary
geometrically and derive optimality conditions therefrom. In particular, the latter will
turn out to be an approximation of first order optimality conditions for a sharp interface
formulation of the shape optimization problem, see Section [26.2]

We assume for the remainder of this subsection additionally Assumption|(A17)|to ensure
differentiability of the objective functional.

We start by stating a differentiability result concerning the solution operator:

Lemma 24.2. Let p € ®p. Then the directional derivative

Otl=0SE (= +t (9 —2)) =DSp (¢e) (- ) = u e Hp(Q)

exists in H'(Q) and is given as the unique solution of

LC’ (=) (0 = c) (5 (ue) _E(‘Ps)) L€ (v) +

. (24.9)
+C () (£ - (02) (p-)) - E(w) de =0,
which has to hold for all v € HH(Q), where u. = SF(p.). Here we denote by

Otlt=0SE (e +t (0 — pe)) = limy0450 % (SE(pe+t(p—:))—SE(p:)) the one-sided di-
rectional derivative.

Proof. This follows for example as in [BESGSI3, Theorem 3.3], where the case £ = 0
is treated, and can also be shown by direct calculations similar to those in the proof of
Lemmal[7.2]or by an application of the implicit function theorem, compare Remark([7.1} [

And so, after introducing an adjoint variable g, and a Lagrange multiplier A\. for the
integral constraint, we obtain a first version of first order optimality conditions for the
optimal control problem (24.1]) - (24.2)) in form of a variational inequality:

Theorem 24.2. The following optimality system is fulfilled for any minimizer (pe,u;)

of (211) - [@1):

(’g% (p2) + (C(0)E (pe) =€ () (€ () =€ (2))) : € (@) + Ao - %)Lm) +

+(1eVe, V(9 —9e)) 20y 20 Voedp
(24.10)
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—V'(C((,Og) (5(u6)—g(g0€))):f in €,
(C(pe) (E(ue)-E(p:))) n=g on Ty,
u: =0 on I'p,

=V (C(p:)€(q.)) =Duf (- ue) in £,

(C(p:)€(q.)) 1 =Dug (- ue) on T, (24.11)
q.=0 on I'p,
AE(L@5d$_5|Q|):Oa Ae 20,
[nggdsv <BIQ, el <1 ae inQ,

where \: € R™ denotes a Lagrange multiplier for the integral constraint. Moreover, u. =
Sk (e) is the weak solution for the state equations and q, € H}:)(Q) is the adjoint variable
being the weak solution of the adjoint state system and thus fulfills

/QC(QDE)S(qg):S(v)d:cz/QDuf(x,ua)vdx+jl:gDug(x,uE)vdx Vv e Hp(Q).
(24.12)

Proof. Since (., u.) is a minimizer of (24.1])-(24.2)), we see that ¢ minimizes the reduced
objective functional defined by (24.6). And so we find

DjZ () (p—9e) 20 Vpedg

where we use that this directional derivative exists due to Lemma 24.2] and Remark 23.6]
By using the arguments of the proof of Theorem we deduce from [KZ79] the existence
of some Lagrange multiplier A. € R* for the integral constraint such that

DiF (9) (p =)+ A [ (p=pe) da20 Vpep (24.13)
and
. (/Q oo dz - \Q\) ~ 0. (24.14)
Now we want to reformulate the directional derivative

D (¢2) (p=¢:) = [ Duf (wu)ude+ [ Dug(e,u)udes
g (24.15)

1

+VLEV@6'V(@_@8)+E¢6(¢6) (p—pe) do

for any ¢ € ®p, where we use u := DSg (¢.) (¢ —:). For this purpose, we insert u e
H1,(9) as a test function in the weak formulation for the adjoint system (24.12)) and see

/QC(%)E(qE):E(u) d:nz/QDuf(J:,uE)ud:H/FgDug(x,ug)uda:. (24.16)
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On the other hand, we see, by testing the linearized system ([24.9)) with q. € H 1D(Q), that
[ €/ @) (o= 00) (€ (ue) - E () 1€ (a) +
+C () (£ (W) =€ (o) (9 - ) ) : £ (g.) dw = 0.

Comparing (24.16f) and (24.17)) yields

(24.17)

fQ ~C' (pe) (9~ 0e) (€ (ue) € (92)) : £ () +C(9:)E (e) : €(a) (0 — o) da =

=/QDuf(x,u5)ud:r+/F Dyg (z,u:)udx
g
(24.18)

and so we can reformulate (24.15) to
DjE () (p =) = = [ C'(0) (9= 0) (€ () ~E () 1€ (q.) da+
+ fQC(sos)?(%):5(qg)(<p—<pe)dw+ (24.19)

1
+7y fQSV% V(p—pe) + 51/}6 (pe) (o = pe) da.

Combining (24.13)), (24.14) and (24.19) we obtain the statement. O

This gives a first version of necessary optimality conditions. But as already mentioned
above, we also want to obtain optimality conditions by geometric variations. In particular,
those optimality conditions will then be the correct formulation for considering the limit
process € \ 0 and to obtain a necessary optimality system for the sharp interface problem,

cf. Section 6.2

Theorem 24.3. For any minimizer (pz,u.) € ®px HH(Q) of (24.1) - (24.2) we have the
following necessary optimality conditions:

Atle=0iF (e OTt_l) == fg% divV(0) d, (24.20)

Ae (jg;cpedx—ﬂ\ﬁ\) =0 (24.21)

for all T € T wad With velocity V' e Vad, where \. € R* is a Lagrange multiplier for the
integral constraint. The derivative is given by the following formula:

8t|t:0j£ (806 o T{1) = ‘/Q [Df («Tv'ufe) (V(O),'Ila [V]) +f (xaua) diVV(O)] dz+

+ [ Dy (@) (V(0), [V]) + g (2,0) (div V() = TV (O)m)] dos (20.92)

€ .
+ fg (% Veoel” + gw (soa)) divV(0) - veVee - VV(0) Ve da

where U [V] e HL(Q) is given as the solution of
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fQC(goa)é’(uE[V]):E(v)dx:_/QC(cpg)%(DuaDV(O)JrVV(O)Vua):£(v)+
+C(p2) (E(us) ~E (92)) %(VV(O)V@ + DuDV (0))-

—C(gpe)(é'(us)—g(gps)):S(U)divV(O)dx—[Qf-DUV(O)dw—[F g-DoV(0)de
(24.23)

which has to hold for all ve HLH(S).

Remark 24.1. If T is a C?-submanifold, we see that
divV(0) -n-vV(0)n = divp,V(0) onTy

for all V € V,q, where divyp, denotes the surface divergence of I'y. Thus, we can rewrite

(124.22)) as

at|t:0ng (908 o Tt_l) = fﬂ [Df (xaua) (V(O)’ua [V]) +f (x/ua) diVV(O)] dz+
n fr [Dg (2, 1) (V(0), @z [V]) + g (2, uz) divr, V(0)] do+ (24.24)
v [ (% Vel + 1y (%)) div V(0) - 1€V, - VV(0) V. da.

Proof. We concentrate mainly on deriving (24.23), as the remaining calculations can be
carried out as in Lemma In particular, the existence of a Lagrange multiplier follows
by using the arguments of the corresponding parts in the proof of Lemma [7.5] which
reduces to an explicit construction.

Let T € T 44 with velocity field V € Va4 be chosen. We introduce the notation

we(t) = pe o Tt_la u:(t) = Sp(p(t)) Vte(-70,70)

for 75 > 0 small enough. To prove that t = (u.(t) o T;) € H5(Q) is differentiable at ¢ = 0,
we want to apply the implicit function theorem and define

F: (=70,70) x Hp(Q) ~ (Hp (?))'
by
1 1
F(t,u)(v) = _/Q C(gog)§ (VI 'Vu+DuDI} ') : §(VT[1V'U +DvDT; ) det DT} dz—
_ 1
- fQC(%)S(%) 5 (VI7'Vo + DuDT; ) det DTy da-

—]Qf-(voTt_l)d$—[Fgg~(voTt_1) dx.

Using
V(voTy)=VT; (Vo) o Ty, D(veTy)=(Dv)oT,DT; VveH' ()
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we can establish

F(t uc(t) o Ti) (v) =

1 _ -
= [ Clec®) o T3 (VI 9 (ue(t) o Th) + D(us(t) o THDI; )
+ DvDT; ') det DT} da—

%(VTt_1VU+

- /S;C (e(t) o T}) E (e(t) o T}) % (VT{1VU + DvDTt_l)det DT; da—

—fo-('vOTt_l) dx—/rgg-('UOTt_l) dx =

1

= [ Clou(t) 0 To)5 (Fuua(t)) o Ty + (Du(1)) o i) E( 0 T; 1) o Ty et DT, da—

= [ (@t o TIE (we(t) o T1) : € (vo ;) o Ty det DT; da-

—fo'('voTt_l) d:v+[rgg-('voTt_1) dz =

= [ Clee(®) (Eue()) ~E (p:(1)) - E(v o T; ) da-

—/S;f-(voTt_l) dx—frgg-(voTt_l) dz =0
where we made use of voT; ' € HL(Q) if v e HL(Q) by the particular choice of T € T 44.
Besides, D, F (0,u.) : H5(Q) - (HlD(Q)),, given by

D, F (0,uc) (u) (v) = [QC (p)E(u):E(w) dz Yu,ve Hh(Q)

is by Lax-Milgram’s theorem an isomorphism. This follows by analysis similar to that
in the proof of Lemma[24.1] And so we can apply the implicit function theorem to obtain
differentiability of (=79, 79) 3 t = (u(t) o T}) € HH(Q) at t = 0 together with

Ue [V'] = Otle=0 (uc(t) 0 Tt) Dy F (0, ue)u:[V] = -0, F(0,uc)
and obtain therefrom ([24.23]).

To derive (24.22), we find that the volume integrals appearing in (24.22) as well as
the terms resulting from the Ginzburg-Landau energy can be treated as in the proof

of Lemma [Z.5
To handle the boundary integrals, we use the calculation rules derived in [DZ11], Chapter
9, Section 4.2] to see

Do f g (2, us(t)) da = Siloco f g (Ty(@), us(t) o Ty) wy dz
Ty(T'g) Ty
where wy = ‘det DT, tDTt_Tn|. The derivative of w; with respect to t at can be calculated

by
8t|t=0wt = div V(O) -n- VV(O)n
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24 PHASE FIELD MODEL

For more details we refer to [DZ11]. And so we arrive in
Oeo [ 9 (ue(®)) dr= [ Dy () (V(0), e [V]) +
+g(z,ue) (divV(0) -n-VV(0)n) dz

and can finally deduce the statement.

O]

This finishes the treatment of the phase field problem. The next section will now be
concerned with the formulation and discussion of the sharp interface problem that turns
out to be the limit of the phase field problems as ¢ . 0.
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25 Sharp interface model

After we have introduced and discussed the phase field model describing the problem of
finding an optimal material distribution for two given materials on a diffuse interface level
in Section [24] we now consider a sharp interface formulation, where the boundary between
the two materials is given by a free hypersurface. Therefore, we start by formulating the
problem in Section One significant difference to the previous parts is here, that
the state equations do not change in comparison to the phase field setting as there is no
explicit e-dependency. But as the design variable ¢ does only have two discrete values for
the corresponding materials and does not interpolate any more between those two values,
we find that the elasticity tensor and the eigenstrain also have only two different values
in the whole region 2. And so the state system here can be seen as a coupling of the
equations for linearized elasticity that have to be fulfilled for every subset £2;, i = 1,2,
which is filled with the corresponding material.

We will find that the sharp interface formulation of the shape optimization problem is
equivalent to minimizing a certain reduced objective functional. In Section we then
prove, that the latter is the I'-limit of the reduced objective functionals corresponding to
the phase field problems. And so in this sense, the problem discussed in the following is
the limit problem of the phase field problems as the thickness of the interface tends to
ZEero.

25.1 Problem formulation

The sharp interface problem that we are considering in this section is given by

min J& (p,u) = f f(z,u) dz+ f g (x,u) dz +yeoPo (E¥) (25.1)
(‘)071"’) Q FQ

with
(p.u) € @ x Hp(Q)

s.t.
LC(¢)(5(U)—E(¢)):5(9) dx:fo~vdx+_[Fgg-'vdx voe HLY(Q),  (25.2)

where we recall that
E?:={xeQ|p(x)=1}.

This problem is a general shape optimization problem, where the aim is to find an optimal
material distribution of two fixed materials, which are represented by {z € Q| p(x) = 1}
and {z € Q | p(z) = -1}, respectively. Thus, p € ®) = {p e BV (Q,{21}) | f,pdz < B}
plays the role of the design variable, and can now in contrast to the previous section only
have the discrete values +1. Besides, by adding a multiple of the perimeter to the objective
functional , we ensure the existence of a minimizer for the overall optimization
problem. Hereby, v > 0 is an arbitrary given parameter which can be considered as
weighting parameter for the perimeter. Besides, ¢y = [711 2Wq(s)ds = 5 is a constant
arising due to technical reasons, since the perimeter functional times this constant is the

[-limit of the Ginzburg-Landau energy, see for instance [Mod87, [MMT77, [Ste8§].
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Remark 25.1. Assume that ¢ = £1 a.e. in Q and g € H%(Fg) and let u € HH(Q)
be a solution of [25.2). Then we see, that C(p) = C(x1) and € (¢) = € (+1) a.e. in Q.
Now assume that {¢ = £1} are smooth open sets and denote T := 0{p = 1} n 9{p = —1}.
Additionally, let the support of the applied surface load g have a positive distance to the
part of the boundary with Dirichlet boundary conditions I'p and I' should not intersect
with OS).

We then can apply reqularity theory for the equations in linearized elasticity, see [Cia88,
CDNI10] and included references, to obtain w € H*({¢ = +1}). Testing now the state
equation with v € C5° ({¢ = £1}) we arrive in the pointwise relation

V- (C(£1)E(w)) = F in{p==1). (25.3)

Multipliying this identity with some v € H%)(Q) and integrating by parts leads to
f C(£1) (€ (u)): € (v) dx—[ (C(£1)E(w) () -vda =
{p=+1} o{p=x1}

i .[{¢=i1} Frodes ‘[Fgﬁ{<ﬂ=il} (C(=)E(u) - n)-vdz.

Adding up those two terms for {¢ = 1} and {p = -1}, respectively, and comparison with

yields then
[1e) (Ew) ~E (9) vl -wdz =0,

frmﬂ} (C(£1) (£ (w) € (£1)) -m—g)-vdz=0

where we made in particular use of the fact, that the outer unit normal v on {¢ =1} is
the negative of the one on {yp = -1}. Here we use the notation [w]r = w|(,-1y — w[{p-_1}
for the jump of w across the interface T'. Besides, w € H'(Q) implies directly [u]r = 0.
Altogether we find, that in this case 1s a weak formulation of

Y (C(s)E(w) = f n (o= 21},
(C(£1)(E(u)-E(21))) n=g on I'yno{p==+1},
u=0 on T'p,
[C(p) (€ (u)-E(p))v].=0 onT,
[u]p=0 onT.

Thus in every set filled with material one or two, the equations for linearized elasticity
are fulfilled independently and we have a transmission condition on the interface I'.

As already discussed above, the state equations given by the weak formulation
are the same as in the diffuse interface setting and the only difference is, that the design
variable ¢ now does only take discrete values. This is one main difference to the preceding
parts, where the state equations were depending on € and not only on the design variable

®.
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PART IV: APPLICATION IN STRUCTURAL OPTIMIZATION

25.2 Existence results

As already mentioned, the state constraints are the same as in the phase field
model. Therefore, Lemma yields well-posedness of in the sense of existence
and uniqueness of a solution u € H,(Q) for every ¢ € L'(Q) with |¢| <1 a.e. in Q. And
so we can come directly to prove well-posedness of the optimization problem.

Theorem 25.1. There exists at least one minimizer of (25.1]) — (25.2).

Proof. This can be established by using the arguments of the proof of Theorem thus
by the direct method in the calculus of variations. To this end, we use in particular that
BV (,{+1}) compactly imbeds into L'(2), and that the state equations imply
for fixed boundary data g and force term f by Korn’s inequality a uniform bound on

|w] g1 (q) if w solves ([25.2) for some ¢ € LY(Q), cf. (24.4). O
Again we can introduce a reduced objective functional
jo :®p > R

which is then given by

Jo ()= J§ (¢, 8E(¢)).
Before proving that j{’ actually is the L'(Q)-T-limit of ( jE )6>0, we will discuss optimality
conditions for the sharp interface problem in the next subsection.
25.3 Optimality conditions

For this subsection we assume that (¢g,ug) is a minimizer of - . We want to
derive first order necessary optimality conditions. We will use the idea of Theorem [24.3
by varying the geometry and obtain therefrom a rather general formulation of optimality
conditions. We will then see, that under suitable regularity assumptions on the minimizer
o, those optimality conditions are equivalent to results obtained by classical shape anal-
ysis which can be found in literature.

We assume for the remainder of this subsection additionally Assumption|(A17)|to ensure
differentiability of the objective functional.

Theorem 25.2. For any minimizer (¢o,uo) € 8% x H}(Q) of [25.1) - (25.2)) we have the

following necessary optimality conditions:
Otli=0gE (200 T;1) = =)o fﬂgoo div V(0) da, (25.4)
AO(/ngodx—mm) -0 (25.5)

for all T € T aq with velocity V€ Vaq, where g € R* is a Lagrange multiplier for the
integral constraint and the derivative is given by the following formula:

Oili=0jg (poo T7") = [Q [Df (z,u0) (V(0),%0[V]) + f (z,u0) divV(0)] dz+
+ [ [Dg (2, u0) (V(0),itg [V]) + g (2, u0) (div V(0) = - TV (0)m)] o+ (25.6)

+ ¢ [Q (divV(0) —v-vV(0)r) d|Dxg,l
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25 SHARP INTERFACE MODEL

with v being the generalised unit normal on Eg := {pg = 1}. Moreover, g [V] € Hp(Q)
s given as the solution of (24.23) with p. replaced by po and u. replaced by ug.

Proof. For the proof we refer the reader to the proof of Theorem [24.3] The first variation
of the perimeter term is given by Lemma [3.4 O

Remark 25.2. If we assume that I'y has C?-regularity, we can rewrite ([25.6) into the
more convenient form

Ot (200 1) = [ DS (a10) (V(0), g [V]) + f (2,10) div V(0)] i+
¥ /F [Dg (2, 10) (V(0), 10 [V]) + g (&, u0) divr,V(0)] da+ (25.7)
+fyc0fQ(divV(0)—1/-VV(O)y)d|DXE0|
by using the identify
divp,V(0) = divV(0) —n-vV(0)n  onT,.

We can now reformulate those optimality conditions under more regularity assumptions
on the minimizing set Ey = {¢o = 1} and the given data. In particular, we then can
compare our results to those obtained in literature.

Theorem 25.3. Let (o, ug) € % x HE(Q) be minimizers of - such that
{wo = 1} and {9 = —1} represent fized open sets. Let g € H> (02) and the objective
functional is assumed to be chosen in such a way that Dy f (-,u) € L*() and Dyg (-, u) €
H%(Fg) if we HY(Q). Additionally, let the boundary data be chosen such that

d({reT,[g(x)#0},Tp), d({zeT,[Dug(z,ug)#0},Tp)>0. (25.8)

Let T := 0 {@o = 1} nQ denote the interface between the two phases and assume that T’ e C?
and d (I",02) >0. By

[w]p (#) = wlp-1) (¢) = wlige-—1}(z)

we denote the jump of w along the interface I', and v is again the outer unit normal
on {¢o = 1}. Besides, let k = divpyr be the mean curvature of T'. If g(-,uo(+)) #0, we
assume additionally that I'y has C?-reqularity. Then the optimality conditions derived in
Theorem are equivalent to the following system:

~veok=[C(o) (€ (w0) = € (#0)) - € (q0) ] +
+[Clp0) (€ (u0) =€ (0)) v+ Do, + (25.9)
+[C(w0)€ (qg) v - Ovug]lp +2X0 + [ f (z,u0)]p =0 onT
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-V (C(£1) & (uo)) = f in {po = £1},
(C(il)(é’ (uo)—g(il)))-n:g on I'yn0{pg = +1},
uyg=0 on I'p,
[C(SDO) (5 (UD)_E(QOO))V]FZO on T,
[uplp =0 on T,
-V (C(£1) &€ (qp)) = Duf (-;u0) in {po==+1}, [
(C(£1)€(gqp)) - =Dug (-, uo) on g n0{pp = =1},
qp=0 on I'p,
[C(¢0)E (qo) V] =0 on T,
[go]r =0 on T,
)\0(/Q<P0d93—5|9|):0, )\OZO,fQ@odeSMm-

(25.10)
Hence, ug € H*({@o = £1}) and q, € H* ({@o = £1}) are strong solutions of the state
equations and adjoint system, respectively.

Remark 25.3. Condition 1s necessary to obtain that the state variable ug and
the adjoint variable q are in H*({pg = +1}). Since we assume that T' has a positive
distance to 0S), we could generalize the stated result by dropping . Then we only
obtain ug,qy € H*(U) if U c {¢o = +1} is an open subset such that d (0U,09Q) > 0, see
[Cia88, [CDN1(]. But we could smoothen ug,q, and carry out the same calculations with
the smoothed functions. Since I' has a positive distance to OS2, we find that ug, q € H*(U)
for a neighborhood U of I', and hence we find that still holds true for ug and qq.
Of course, the state and adjoint equations then have to be understood in the usual weak
sense.

Proof. We start by noticing that Lemma [3.4] implies directly

fQ (divV(0) - v- VV(0)v) d|Dxp,| = fr KV (0) - vda.
If g (-,u0 (-)) #0, we use the stated C?-regularity of 'y to deduce

]F g (z,up) (divV(0) -n-VV(0)n) dz = frgg(x,uo) divp,V(0)dx

g

see also considerations in Remark 25.2

Using the stated regularity assumptions on the data and , we can apply regularity
theory for the equations of linearized elasticity, compare [Cia88|, Section 6.3] and included
references, to obtain moreover that

ug € H? ({po £ 1}).

We define the adjoint variable q, € H5(Q) as weak solution of

fQC(goo)S(qo):E('v) d:z;:fQDuf(:c,ug)vdvangDug(az,uo)'vdx
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which has to holds for all v € HL (). We notice as above from the stated regularity on
the objective functional that q, € H? ({¢o = +1}). Using the regularity of q, and wug we
obtain as in Remark 25.1] that

[uo]p =[go]lp =0 onT (25.11)
and by making use of the state equations we also have

[C(0) (€ (u0) = € (o)) v],. = [C(p0)E (go) ¥]p =0 onT. (25.12)

If we choose [V ] € H(Q) as a test function in the adjoint state system we obtain

JyCle0)E(an) :EColV]) i = | Duf (o) (ol V) da+ [ Dug (o) o [V]
(25.13)

On the other hand, inserting q, € H b(Q) as test function into the linearized equation

(24.23]) for u[V'] we see

| ele0)E VD) Eag) dr = [ Clo)5 (DuaDV(0) + TV (0)Vuo) : £(gy)+
+C(0) (€(u0) ~E (90)) 5 5 (VV(0)Vay + DggDV (0))-

- Cle0) (E(uo) =€ (¢0)) : £(g0) div V(0) dw = [ £-DgoV(0)de~ [ g-DaoV (0)d.
(25.14)

We proceed by testing the state equation for ug in the strong formulation with Dg,V (0) €
H? ({pg = +1}) and find

| eCe0) () ~E (90)) s 5 (V(Da)V(0) + TV (0) gy + D(Day)V (0)+
+DagDV(0)) de ~ [ [C(p0) (£ (o) ~E (0)) v DagV (0)], e =

= J,F PaaV(©)de+ [ g-DagV(0)d

Hence, (25.14)) can be reformulated to

[ ctenEtuolv)san)dr= [ Co0)5 (DuoDV(0) + TV(0)Vuo) : £(an)-
- Clio) (£(u0) ~ (90)) : 5 (V(Dao)V(0) + D(Dag)V(0)) -

= C(po) (E(uo) = € (o)) : (o) div V(0) dz+

+ [ [C(e0) (E(uo) ~E (1)) v DagV (0)]. da.

(25.15)
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Similarly, we insert DugV (0) € H? ({@o = +1}) as test function in the adjoint equation to
obtain

| eteorgan): % (V(Dug)V (0) + YV (0)Vatg + D(Duug)V (0 + DugDV (0)) dar-—
- [ [e(e0)E(ag)y - DuoV (0)]y =
:fQDuf(:r,uo)(DuOV(O))dx+[Fg Dug (2, u0) (DugV (0)) da

and so (25.15)) can be rewritten as

[ elen)Eul VD) €@ de= [ -Clp0)3 (9(Du)V(0) + D(Duo)V (0)) : €(g)-

~Clgo) (ECun) ~E (90)) 5 5 (V(Dag)V(0) + D(Day)V (0))-
- C(p0) (E(uo) - € (¢0)) : £(qp) div V(0) da+
+ [ [e(20) (£(w0) ~E (20)) v DaoV ()] + [C(20)E(qo)v - DugV (0)]p da+

+fQDuf(:z,u0)(DugV(0)) dx+ngDug(x,u0)(DuOV(0))dx.

(25.16)
Substituting
[ €00) (£(uo) ~E (90)) : E(qy) v V(0) da =
- - [ V(Cls0) (£(u0) - E (0)) : E(a0)) -V (0) da+
v [ [C(p0) (£(w0) - € (40)) : E(g0) (V(0) - »)]. da
into we have

[ eteo)E oV Eao)do = - [ [6(00) (€(u0) = (40)) : E(an)In(V (0) - v) dt
+ [ [e(e0) (£(u0) ~Z (0)) v DagV ()] + [€(¢0)E(go) - DuoV (0) - da+

+[QDuf(x,u0)(Du0V(O)) d:p+[Fg Dyg (i, u0) (DugV (0)) da.
(25.17)

Thus, combining (25.17)) and (25.13]) we obtain

[QDuf(x,uo)'uo[V]dx+ngDug(x,ug)'do (V] dz =
- - [Te(e0) (£(u0) ~ € (#0)) : £(ap) I (V (0) -v) da+
+ [ [C(p0) (£(0) ~ E (¢0)) v DagV ()] + [C(¢0)E(g0)v - DoV (0)]p da+

+ _[QDuf(x,uo) (DupV(0)) dx + frg Dyg (z,up) (DuoV(0)) dx
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which can be reformulated to
fQDuf(x,uo)uo[V] da + frg Dyg (i, o) i [V] da: =
= fr[—c(wo)(g(uo)—z(%))25(%)+C(800)(5(150)—3(@0))1/'3qu+

+C(0)E(qp)v - dvuoly (V(0) - v) da+
‘ fQ Dy f (2, u0) (DugV (0)) dz + fr Dyg (, ug) (DugV (0)) da.

Here, we made in particular use of

[C(¢0)€ (qo) v - DugV (0)]r = C(p0)€ (qo) v - [DuoV (0) ] =
=C(¢0)€ (qo) v+ [0vuo(V(0) - v) I = [C(p0)E (qo) v - Do (V(0) - v)

which follows from - , and analogously we find
[C(00) (€ (u0) = € (90)) v-DgoV (0)] . = [C(0) (€ (wo) = € (90)) v - Dugo], (V(0)-v).

Combining these results and using

D (g (z,uo(x))) = Dr, (g9 (2,u0())) + On (9 (x,uo(2))) - n

we end up with

Ohli=038 (poo T7 ) = /r [-C(p0) (E(uo) - € (#0)) : E(qo)+
+C(¢p) (8 (o) —?(gpo)) v-0uqy+C(po)E (gy) V- 8,,11,0]1, (V(0)-v)dz+
+ fQDf(m,uo) (V(0),DugV(0)) dx + [F Dg (z,up) (V(0),DuoV (0)) da+

+ fo(m,'uQ) divV(0)dz + /Fgg(x,uo) div 9oV (0) dz + yeo /FR(V(O) V)=

= [ [-c(00) (E(u0) = (20)) : £(ap) + Cls00) (£ (0) ~ € (0)) v+ D+
+C(0)€ (qo) v - Dyuo]p (V(0) -v) da+
+[2div (f (z,u0) V(0)) dx+fm div oa (9 (z,u0) V(0)) da+

+[Fg Dy(z, uo) (n, Bntto) (V(0) - 1) dchofrm(vm)-y):
=0

= fp[_C(SOO)(g(UO)—E(%))35((10)+C(<P0)(5 (uo) =€ (o)) v - Ougo+
+C(90)€ (qo) v+ Oyuo + f (2, u0)p (V(0) - v) +vcor(V(0) - v) da.

(25.18)

For the last step we made use of the tangential Stokes formula, see [DZ11, Chapter 9,
Section 5.5], which yields

ng div g0 (g (z,u0) V(0)) da = -/Fgg(x,uo)nng(O) ‘ndz
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if kp, = divr,n denotes the mean curvature of I'y, and the fact that V(0)-m = 0 on 99
for any V ¢ Y od-

Thus, using (25.4) and (25.18)) we find

[ [C(e0) (ECu0) = (20))  £(a0) +Clsv0) (& (w0) = € (0)) v+ i+
+C(p0)€ (qo) v - Oyuo + f (z,u0) ] (V(0) - v) + yeor(V(0) - v) dz = (25.19)
=—AofggoodivV(o)dx:-2A0[FV(0)-udx.

Since (25.19) is fulfilled for any V € V,4 we obtain the pointwise relation (25.9) on T
O

We want to compare the stated results in this smooth setting to those derived in literature.
We first of all remark that in [BFESGS13| the same optimality system for the sharp inter-
face setting has been derived from the phase field model by formally matched asymptotics

for the mean compliance and compliant mechanism problems, see Examples and
In contrast to our work, no eigenstrain has been taken into account in [BFSGS13].

Besides, applying directly shape sensitivity analysis yields the same result, where we refer
for instance to [ADDM13| [AJVGII] HHS13].

We finally want to discuss the result of Theorem [25.3| on the basis of the examples in-
troduced in Example and [23.2] namely the mean compliance and the compliant
mechanism.

Example 25.1 (Mean compliance). Assume the objective functional is given as in Ex-
ample thus we want to minimize the mean compliance. This corresponds to the
following choices

fe,u) = f(x) u, g(z,u)=g(z) u.

Besides, we consider the case where no eigenstrain is taken into account, thus £ = 0. One
can see easily that the adjoint state equation for g, equals the state equation, and due to
the unique solvability we obtain ug = g;. Moreover, for f smooth enough, we obtain from
[wo]r = 0, that [f(x,uo)]r =0. And so in this case, the first order optimality conditions

- reduce to
~veok — [C(0)E (o) : € (wo)]p + 2 [C(00)E (uo) v-Dyuplp +220 =0 onT,  (25.20)

=V (C(x1)E(uo)) = f in {po==1}
(C(£1)E(ug)) n=g on 1—‘908{900:;&1},
uo =0 on I'p,
[C(0)€ (uo) V] =0 on T, (25.21)
[uo]r =0 on I,

Ao(fﬂso()dx—ﬁlﬂl):& Ao 20, fﬂ@odwémm'
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25 SHARP INTERFACE MODEL

Example 25.2 (Compliant mechanism). Considering the compliant mechanism problem,
thus

Fl,w) = Se(n) u-ua(@), g(r,w) =0

with ug € H' (), ce WH(Q), ¢> 0, we find that [f(z,uo)]r = 0. And so (25.9) reduces
to

yeor = [C(0) (€ (w0) =€ (o)) € (q0)] - +
+[C(%0) (€ (u0) =€ (0)) v+ Do, + (25.22)
+[C(0)€ (o) v - Opug]r +2X0 =0 onl.

We remark that in this case the problem is not self-adjoint anymore, i.e. uy # gy in
general, even if £ =0, and so we need an adjoint state variable.
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PART IV: APPLICATION IN STRUCTURAL OPTIMIZATION

26 Sharp interface limit

The aim of this section is to relate the phase field problems introduced in Section [24] to
the sharp interface formulation, which was discussed in Section For this purpose, we
will on the one hand show that the reduced objective functionals ( jf )€>0 I'-converge in

LY(9Q) to the reduced objective functional jéE describing the sharp interface optimization
problem. In addition, we will show that the optimality systems of the phase field model,
which were obtained by geometric variations, approximate an optimality system of the
sharp interface problem, too.

We point out, that this is in particular a stronger result than we were able to show in
the previous parts, where in general only convergence of minimizers could be shown. A
I'-convergence result there was only possible when minimizing the dissipated power in a
Stokes flow, see Section

26.1 TI'-convergence of the objective functionals

We start by extending the reduced objective functionals, introduced in (24.6) to the whole
space L'(Q) by defining jZ : L}(Q) - R as follows:

5, |JE (0, SE(p) ifpedp,
]5 (90) T .
+00 otherwise.

Similarly, we can define j& : L'(Q) - R by

2, I (0. SE(p) if ped,
Jo (p) = .
+00 otherwise.

We then obtain the following main result:
Theorem 26.1. The functionals (jf)po [-converge in L*(Q) to j¥ as e N\ 0.
As a preparation of this theorem, we prove the following lemma:

Lemma 26.1. The function
Fpfpe L@ |l <l ae in @) 3o [ f(0,Sp@) do+ [ g(,Se(9) do
g9

is continuous in L' (). Besides we find, that Sg:{p e LY (Q) ||| <1 a.e.} - HH(Q) is
demicontinuous, i.e.,

. k—o0 .
(or) e © LH(Q), | < 1 a.e., im @ = ¢l 1) =0 = Sp(er) ~ Sk(p) in H'(Q).

Proof. Let (¢n),x © L'(Q) be a sequence such that |p,| < 1 a.e. in Q for every n e N
and limy—eo |[on = @[ 1(q) = 0. In particular, this gives directly [p] <1 a.e. in Q. Now
let (¢n, )y e any subsequence of (), oy Defining w,, = Sg(¢,,) we see, by using

([24.2)), that it holds

fQC(g@nk)(é’(unk)—g(gonk)):S(Unk)da::_/Qf‘unkderngg-unkdm Vk e IN.
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26 SHARP INTERFACE LIMIT

Thus, by applying the inequalities of Korn, Young and Holder and the uniform estimate
on the elasticity tensor C (23.3)), we obtain with similar estimates as in Lemma that

SUp [ tn, | g1 () < 00-
keN

And so we find a subsequence (unk o ) JeN such that (unk(l)) converges weakly in H* ()

leN
to some u € HL() as | - oco. Using the uniform boundedness of the tensor-valued
function C e C1+! ([—1, 1] ,RdQXdz), see Assumption |(A12)| we obtain for any v e H} (1)

the uniform estimate

‘C (gonk(l)(x)) & (v) (ZL‘)‘ <C|E(v)(x)| for ae. xe.

Hence, Lebesgue’s convergence theorem implies that (|C (Lpnk W ) £ (v)‘) Je Converges strongly
in L2(Q) to [C (¢) € (v)|. Since (€ (u”k(l)))leJN converges additionally weakly in L%(Q),
we obtain that

lim ‘_/Q(Z(gonk(l))é' (unk(l)) € (v) do - [QC (p)E(u):€(v) dx‘ =0.

|—o0

Similarly, we can deduce from the uniform boundedness of £ that

lim ’fQC (Lpnk(l))?(gonk(l)) € (v) do - /QC (©)E () : & (v) dz| = 0.

|—>o00

This leads to
[S)C(go)(g(u)—g(go)):g(v) d:vz/ﬂf-vdx+frgg-vdw VveHlD(Q)

which yields u = Sg(p).

By applying the same arguments as above for any subsequence of (Sg(¢n)),cn, We ob-
tain that every subsequence of (Sg(¢n)),n has a subsequence (S’ E ((Pﬁ(k))) ey Such
that (SE (goﬁ(k)))ke]N converges weakly in H'(€Q) to Sg(¢) = w. This implies then the

demicontinuity of S as stated in the lemma.

We are left with proving the continuity of Fg. For this purpose, we take again a sequence
(Pr)peny © LH(Q) such that |pg| < 1 ae. in Q and limy_ ||¢r =@l =0. We have
already established, that this implies the weak convergence of (Sg (¢k))n to SE (¥)
in H'(€). Using the compact imbeddings H'(Q) - L*(Q) and Hz (T,) -~ L*(T,)
we moreover find, that (Sg (px))pn converges strongly in L*(Q) and (SE (or) |pg)de
converges strongly in LQ(Fg). We can now use the continuity of the objective functional

stated in Assumption [(A16), see Remark to obtain
Jm Fp (1) = Fig ()

and have shown the statement.
O

Using this lemma, we can show the stated Theorem by applying known results
concerning I'-convergence of the Ginzburg-Landau energy.
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PART IV: APPLICATION IN STRUCTURAL OPTIMIZATION

Proof of Theorem[26.1 By [Ste88, Mod87, BE9I] we obtain, that the Ginzburg-Landau
energy E.: L'(Q) - R, which is given by

Jo 2t (@) +51Vef dz if p e HY(9),
+00 otherwise,

E. (CP) = {

I'-converges as € \ 0 in L'(Q) to

coPo({e=1}) if o e BV(Q,{1}),

E():Ll(Q)ago»—){
+00 else.

We rewrite the reduced objective functional in the following form: j¥ = vE. + Fp + Ik,

where
0, if pe K

, otherwise

I () ‘:{

+00
with
K := {gpeLl(Q) | ngodx Sﬁ|Q|}

Making use of Lemma we find that F + Ik is a continuous function in L'(Q), and
S0 je is the Ginzburg-Landau energy E. plus some function which is continuous in L'(€2).
Consequently, by standard results for I'-convergence, see for instance Section [3.4] we find
that (j£)5>0 I-converges in L*(Q) to j&, since

jo' (9) = vEo (@) + (F + Ir) ().

This proves the statement. O

As a consequence, we obtain directly:

Corollary 26.1. Let (¢:)..q be minimizers of (jf)oo' Then there exists a subsequence,
denoted by the same, and an element ¢ € LY(Q) such that lim.< |- - @l =0. Be-

sides, v is a minimizer of jéE and it holds
lim 57 () = 5y’ ()
eNo

Proof. We apply the compactness argument of the fifth step of the proof of Theorem
to find a subsequence of ()., that converges in L'(£2) to some element ¢ as e \ 0.
Then the previous theorem and standard results for I'-convergence, compare Section [3.4]
yield the assertion. O

26.2 Convergence of the optimality system

As we have done before in the previous parts, we want to show that in the setting of
Corollary [26.1] we can even show that the optimality systems of the phase field model
obtained by geometric variations are an approximation of optimality criteria for the sharp
interface description. This is the topic of the next theorem.

But as we are considering first order optimality conditions, we assume again for the

remainder of this subsection Assumption [(A17)|to ensure differentiability of the objective
functional.
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26 SHARP INTERFACE LIMIT

Theorem 26.2. Let (p.).,, be minimizers of (jEE)E Then there exists a subsequence,

>0°
which is denoted by the same, that converges in L'(Q) to a minimizer ¢ ofjég. Moreowver,
it holds

lii% Ol=0iZ (- 0 T, ) = Otlicodf (w00 T;') VT €T g (26.1)
If
{wo=1}[>0 (26.2)

then we have additionally the following convergence results:

eNo0

Pe — 0 in L'(9), (26.3a)
we 2 g in H'(Q), (26.3b)
i (V]2 g [V] in H'(Q), (26.3c)
A 290 in R, (26.3d)
3E () =3 3 (o) in R, (26.3¢)

where ue = Sp(p:), wo = SE(po), (Ac)eg € RT are Lagrange multipliers for the integral
constraint defined due to Theorem[24.3, Ao € R is a Lagrange multiplier such that it holds
- , and thus is a Lagrange multiplier for the integral constraint in the sharp
interface setting according to Theorem [25.3.

Proof. The result of Corollary 26.1|yields directly the existence of a subsequence of (¢:)_.,

such ([26.3a)) and (26.3¢) are fulfilled. By Lemma this implies the weak convergence
of (ue).o to up=Sg(po) in H(Q) as e \ 0.
Now we recall, that 1. [V] € H5(Q) is given as the solution of

fQC(goE)S(ug[V]):S(v)dx “R.(v) VuveHL(Q) (26.4)
where R, € (H}D(Q)), is given by
R(v) = [ C(pe)5 (DuDV(0) + TV (0)Te) : E(v)
+C(00) (E(ue) ~E(02)) %(VV(O)V’U + DuDV(0))-

—C(cpg)(c‘f(ug)—g(cpg)):E(v)divV(O)dx—fo-DvV(O)dx—fF g-DuV(0)dz.

Since (uc).,, is uniformly bounded in H'(Q), |- | () < 1 and using the uniform
estimate on the elasticity tensor and the eigenstrain given by Assumptions |[(A12)| and
(A13)|we can deduce that

sup | Rell (e () < o0
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PART IV: APPLICATION IN STRUCTURAL OPTIMIZATION

And so we find by Korn’s inequality from (26.4]) that
Clite V13 < [ € ()€ (e VD) 1€ (it [V]) do = Re (1 [V]) <
< IR:l (my qyy e Vg o
which yields
sup |%e [V]] g2 () < Cseljop | Re[l (g1 )y < oo

This yields the existence of a subsequence, which will be denoted by the same, such that
(1= [V]) ..o converges weakly in H'(Q) to w € H,(Q2). Following the arguments of the
proof of Lemma we see that the limit element w of (. [V'])., is given as the solution
to

/QC(SOO)g(’w)‘5(’0)d$:fQC(@o)%(DuoDV(O)+VV(O)Vu0):E(v)

+Clio) (E(u0) ~ (90) : 5 (VV(0) 7 + DeDV (0))-

—C((pg)(é’(uo)—?(cpo)):E(v)diVV(O)d:r—fo-DUV(O)d:r—fF g-DoV(0)de
(26.5)

which has to hold for all v € H} (). Hence, by definition of 4 [V], see Theorem m
we get w = g [V]. In particular, we can deduce by the imbedding theorems that both
(ue)o and (e [V]).,q converge strongly in L*(Q) and L*(T,). And so we obtain by
the continuous differentiability of the objective functional, see Remark [23.6] that

nm[fQ [Df (z,u.) (V(0), it [V]) + f (2, u) divV(0)] da+

eN0

+ ]1: [Dg (z,u:) (V(0),4:[V]) +g(z,u.) (divV(0)-n-VV(0)n)] dz|=
) (26.6)

= [ D (2, 0) (V(0), 10 [V]) + f (,0) div V(0)] da+
+ fr [Dg (z,up) (V(0),10[V]) + g (z,u0) (divV(0) —n-VV(0)n)] dz.

Analogously as in Theorem we can apply the Reshetnyak continuity theorem to
deduce

tim| [ (190 + Lo (0)) div V() - 92 TV () v do] -
:fycofg(divV(O)—z/-VV(O)u)d|DXEO|.

Plugging those results together we end up with (26.1)). As in the proof of Theorem we
can find some V € V4 such that [, ¢odivV(0)dz > 0 if we assume (26.2)). Thus, ([26.1)

and (24.20)) lead to
lim =X [ @odivV(0) dw = lim 10 (e o ;") = dilcoft (200 T7)

eNo0

(26.7)
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26 SHARP INTERFACE LIMIT

wherefrom we obtain that (\.)_., converges to some Ao € R*. Besides, this directly yields
that \g € R* fulfills

“Xo fQ o div V(0) dz = OhlymojE (g0 o TyY) VI € Tag

and thus is a Lagrange multiplier associated to the integral constraint by (25.4]) — (25.5)).
This finally proves the statement.
O

To summarize the results of this part, we have shown that by the phase field approach we
have found a well-posed optimal control problem, which can be reformulated to minimizing
a reduced objective functional. The latter I-converges in L!(Q) as the thickness of the
interface tends to zero to a functional describing a sharp interface formulation of the
problem. Besides, we have shown that first order optimality conditions of the phase
field problem can be deduced by geometric variations. As the minimizers converge, also
the obtained optimality conditions converge to a system, which is a necessary optimality
condition for the sharp interface problem. Besides, this optimality system for the sharp
interface problem can be derived in the general setting of functions of bounded variations.
But assuming additional regularity assumptions on the minimizing set and the data, it
can be shown that the obtained conditions are equivalent to results that were already
obtained in literature by either pure shape derivatives and also by formal asymptotics
from the phase field model. Thus we have delivered a rigorous proof for the convergence
results that were already predicted by formal asymptotics in [BESGSI3|. In contrast to
[BESGS13], we even use a general objective functional. We remark that in [BESGS13]
the state constraints can be e-dependent. To be precise, an ersatz material approach
is used, where the stiffness of the ersatz material scales like €2, and thus vanishes as
€ N 0. This is not done in our work, but possible generalizations for reasonable objective
functionals in the spirit of the first parts may be possible. This means that convergence of
minimizers could possibly be shown, but we expect that again certain growth conditions
on the convergence of the minimizers play a role, where this rate has to be consistent with
the e-scaling of the ersatz material.
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PART IV: APPLICATION IN STRUCTURAL OPTIMIZATION

Summary and Conclusions

At the end of this work, we want to summarize the results we have discussed above. As
reviewed in the introduction, shape and topology optimization in fluid dynamics is still a
young research field where only a few topics have been examined so far. We introduced
a rather general topology optimization model for both the Stokes and the stationary
Navier-Stokes flow and discussed how to include pressure functionals in this setting. This
approach is based on a perimeter penalization. Additionally, we approximated this sharp
interface problem by a phase field approach, while parallel weakening the condition of
non-permeability through the non-fluid region. This resulted in a phase field formulation,
which can be stated as a typical optimal control problem. We showed, that this diffuse
interface problem is well-posed and that a subsequence of the sequence of minimizers
converge. If the convergent subsequence satisfies a certain convergence rate, we can show
that the limit is a minimizer of the sharp interface topology optimization problem. In
the specific setting of minimizing the total potential power in a Stokes flow we can even
establish the stronger result of I'-convergence of the corresponding reduced objective func-
tionals. In particular, we obtain therefrom directly even the existence of a minimizer for
the sharp interface problem if either the growth condition is fulfilled or the total potential
power is used as an objective functional in a Stokes flow. This is not a trivial fact and
is an open problem in the general setting. Moreover, we derived first order necessary
optimality conditions for both approaches and showed that the optimality system of the
phase field model is an approximation of the optimality system of the sharp interface
model, as it converges simultaneously to the minimizers to this system if the phase field
parameter modelling the interface thickness tends to zero in the above-mentioned settings.
Altogether, we arrive in the following diagram:

minimizer of the eno minimizer of the
phase field model converges to sharp interface model
fulfill fulfill
optimality conditions for eN0 optimality conditions for
the phase field model converges to ‘| the sharp interface model

Further, the first order necessary optimality conditions that we derived for the sharp
interface model of the shape and topology optimization problem are veritable without
additional assumptions on the regularity of the minimizing set. But stating certain reg-
ularity assumptions on the minimizer, we can show that those optimality conditions are
equivalent to the results stated in known literature about shape sensitivity analysis and
can be rewritten in the normal form of Hadamard.

Finally, we applied the ideas and methods developed for optimization of fluids also for
structural optimization, i.e. finding optimal material distributions of two given elastic
materials. Again the sharp interface problem is formulated in a setting of Caccioppoli
sets and by using a perimeter penalization we can ensure the existence of a minimizer for
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this problem. Moreover, the sharp interface can be replaced by a diffuse interface where
the perimeter is approximated by the Ginzburg-Landau energy. The obtained problem
can then be reformulated to minimizing a reduced objective functional, and the latter I'-
converges as the thickness of the interface tends to zero to the reduced objective functional
corresponding to the original sharp interface problem. Besides, we derived independently
first order necessary optimality conditions for both the phase field and sharp interface
model. It was shown, that the latter can be approximated by the optimality conditions
obtained by geometric variations in the phase field setting. In particular, by these consid-
erations we justify the results from [BFSGS13], where the sharp interface limit has been
carried out by formal asymptotics.

This implies, that we have derived a consistent approach that can be used for future
researches on shape and topology optimization in fluid dynamics and in structural opti-
mization. Due to the phase field structure, it moreover gives rise to good analytic results
and numerical tools and may therefore be a serious alternative to rigorous and systematic
investigations in this field.
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APPENDIX

Appendix

The following results are used in this thesis frequently, and thus we state them briefly.

A.1 Lemma. Let (a)en > (bk)pen S R be sequences that are bounded from below with
klim (ax +b;) = (a+D)

where a,b € R, such that
a <liminfag, b<liminfbyg.

k— o0 k—o0

Then it holds
lim ag = a, lim b = b.

k—oo k—oo
Proof. We can estimate directly
a < liminf ag < limsup ag < limsup (ay + b — by) <
koo k—oo k—o0

<limsup (ay + bg) +limsup (-bx) <a+b-b=a

k;—)OO k‘—)OO

=a+b =—liminf by
k—o0

[ —
>b

wherefrom we obtain limy_,. ar = a and so limj._, . by, = b. This proves the statement. [J
The following version of Lax-Milgram’s theorem is taken from [Alt06] 4.2, 4.3]:

A.2 Lemma (Lax-Milgram’s theorem). Let H be a Hilbert space and a: Hx H - R a
bilinear form. Assume there exist constants c,C € R with 0 < ¢ < C < oo such that for all
x,yeH:

2
a(z,y) <Clz|glyly, alz,z)2c|z]y.
Then there exists for every x' € H' exactly one solution x € H to
a(y,x)=2'(y) VyeH

and it holds

”x”H < 671 H.’E,‘ H'

The state equations in fluid dynamics will often not be compatible with the standard

version of the implicit function theorem, thus we use the following adapted version, which
is taken from [Sim91].

A.3 Theorem. Let U be an open set in a Banach space X, ug € U, and Y and Z two
reflexive Banach spaces. Moreover, assume F :U xY — Z be such that F (u,-) € L(Y,Z)
forallueU. Let m:U =Y, f:U — Z be functions such that

F(u,m(u)) = f(u) VYuel.
If u F (u,-) is differentiable at uy into L(Y,Z), [ is differentiable at ug and

|F (uo, )z 2 evflly  VaeY (A.1)
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for some o> 0, then u+ m(u) is differentiable at ug and m'(ug)v is for any v e U given
as the unique solution of

F(ug,m'(ug)v) =D f(ug)v —Duf (uo, m(ug)) v.

For solving the nonlinear state equations we use the following main theorem on pseudo-
monotone operators, which can be found in [Zei90), 27.3]:

A.4 Theorem. Assume A: X — X' is a pseudo-monotone, bounded and coercive operator
on a real, separable and reflexive Banach space X with dim X = co. Then for each be X'
there exists a solution u € X to Au=b.

A.5 Remark. Let A,B: X — X' be operators and X be a real, reflexive Banach space.
We will use the following properties of pseudo-monotone operators to apply Theorem[A.J):

e If A is linear and monotone, then it is pseudo-monotone.

o If A is pseudo-monotone and B is strongly continuous, then A + B is pseudo-
monotone.

Those statements can be found in [Zei90, Section 27.2].
An important inequality in the theory of linearized elasticity is Korn’s inequality:

A.6 Lemma (Korn’s inequality). Let Q c R¢ be a bounded domain with Lipschitz bound-
ary. Moreover, let T'p c OQ be an open subset of 0Q with H¥(T'p) > 0. Then there exists
a constant ¢ > 0 such that for all v e H*(Q) with v|r,, = 0 it holds

030 < [ E(@):€ (@) da.
Proof. See [Cia88, Theorem 6.3-4] or [Zei97, 62.15] and included references. O

Remark A.1. Let the assumptions of Lemma [A.6 be satisfied. Then we even obtain
that the semi-norm v — € (v)|2(q) is @ norm which is equivalent to |-| g1 gy on {v €

H'(Q) | vlr, = 0.
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SYMBOLS

Symbols
('7 ')H
A

o
Co(©2)
Co'(9)
XM

d

div T

scalar product in some Hilbert space H

=VA: A= \/tr (ATA) VA e R™¢ standard norm in R¥?

=tr (ATB) = Zﬁjzl a;jbi; VA, B € R%?  standard scalar product in R4
dual pairing of X and its dual X’ for some Banach space X

inverse permeability /interpolation function, o, : [-1,1] - [0, @], p. 20
€ (-1,1), given constant for the volume constraint

elasticity tensor, p. 225

= f_ll \/de, here: ¢g =7, p. 55

continuous functions in C'(2) with compact support in 2

smooth functions in (C*°(Q2))¢ with compact support in €
characteristic function of some set M

space dimension, d € {2,3}, p. 19, p. 226

surface divergence on a C?-manifold T, see for instance [AFP00, [DZ11] for
details

D'u,f (ZL','U,,D'U,)'U :D(Q,S)f(xauvDu) ('U,D’U), p- 22

E(u)

M|

Q = =

I'p,Ty

del

H'(Q)

linearized strain, £ (u) = 5 (Vu + vul), p. 225
eigenstrain, p. 225

={zeQ|p(x)=1} for pe L'(Q), p. 23

e L*(Q), applied body force, p. 19, p. 226
objective functional, p. 21, p. 227

given boundary data, p. 19, p. 226

objective functional for the boundary terms, only in structural optimization,
p. 227

> 0, arbitrary fixed parameter used in the model, p. 43

Dirichlet part and Neumann part of 0€2 in linearized elasticity, p. 226
(d - 1)-dimensional Hausdorff measure, see for instance [EG92]

h:R — R, objective functional for the pressure, p. 189

dual space of H}(Q)
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H;(92)
H2(09)
Hp (Q)
Hg ()

H™(U)

H™(U)

SYMBOLS

the closure of Cg* () with respect to the H'(Q) norm

Sobolev space of order %, defined for instance in [RR00, Section 7]
={ue H'(Q)|ulr,=0}, p. 226

={ueH"(Q)|u=g on 00}, p. 20

= {v € L?(U)|derivatives of order less than or equal to m are in LQ(U)}, for
some open set U c R%, meN

= {v € (Hm(U))d}, for some open set U c R%, m e N

objective functional in the sharp interface model in a Stokes flow, Jo : L () x
H'(Q)-R,p. 24

reduced objective functional, jo(¢) = Jo(p, So(p)), p. 24

objective functional for structural optimization in the sharp interface formu-
lation, p. 240

reduced objective functional for structural optimization, 5’ (¢) = J& (¢, Se(¢)),
p. 242

objective functional in the sharp interface model in a stat. Navier-Stokes
flow, JIV : L' (Q) x H'(Q) - R, p. 25

objective functional in the sharp interface model in a Stokes flow including
the pressure, J& : LY(Q) x H'(Q) x L2(Q) - R, p. 192

reduced objective functional, 58 () = J& (¢, ST (), p. 192

objective functional in the phase field model in a Stokes flow, J. : LY(Q) x
H'(Q) >R, p. 24

reduced objective functional, j-(¢) = J:(p, Se(p)), p. 24

objective functional for structural optimization in the phase field formula-
tion, p. 231

reduced objective functional for structural optimization, jZ(¢) = JE(p, Sg(¢)),
p. 232

objective functional in the phase field model in a stat. Navier-Stokes flow,
JNLY(Q) x HY(Q) - R, p. 25

objective functional in the phase field model in a Stokes flow including the
pressure, JI: L1(Q) x H(Q) x L?(Q) - R, p. 188

reduced objective functional, j© () = JF (0, 8T (p)), p. 193

= divpv is the mean curvature of a C?-hypersurface I if v is the outer unit
normal on I
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L3() :{qeLQ(Q) |qudac:O}7 p. 20

I2,(9) ={qe L*(Q)| [3, ¢dx =0, Vi=1,...,m, glawum a,=0}, p. 190

L2(Q) = {ver?(@)}

W viscosity

n outer unit normal on , p. 19, p. 226

Q bounded Lipschitz domain in R?, p. 19, p. 226

g ={pe H'(Q) | fopdx <B,|p| <1 ae. in Q}, p. 23

30, ={p e BV (,{£1}) | fopdz < B, U? + 3}, p. 24

[ = {pe BV (Q,{1}) |U? 2}, p. 24

Doq ={eeH'(Q)||p| <1 ae. in Q}, p. 23

Op ={pe H'(Q) | fopdz < B,|p| <1 ae. in Q}, p. 229

Y ={p e BV (Q,{£1}) | f, ¥ < B}, p. 229

D ={pe H'(Q)||p| <1 ae. in Q}, p. 229

o), = BV (9, {£1}), p. 229

o, ={pePui|plm=1,Vi=1,...,m}, p. 192

o) ={pe®®, | olm=1,V¥i=1,...,m}, p. 192

3 ={p e Pl plu=1,vi=1,...,m}, p. 192

D, ={pe®ua| =1, Vi=1,...,m}, p. 192

Po(FE) perimeter of E in Q, p. 29

v potential, ¥ : R — R, ¢(¢) = vo(¢) = 3(1-¢?) if [ < 1, 9(p) = +oo
otherwise, p. 19, p. 229

R* ={reR|r>0}

R~ ={reR|r<0}

R =Ru{zoo}

AT for some matrix A e R%¢ denotes the transpose of A

Tods T ad admissible transformations for deformations of the domain, p. 25, p. 229

732,72(1 admissible transformations for deformations of the domain in Part III, p.
193

262



Vad, Vad
Vigs Vad
VvE

Ve

WP (U)

SYMBOLS

= {ue H'(Q)|u=g on 09, divu:O}7 p. 20

={ueU|u=0ae. in Q\ E} for some measurable set F ¢ Q, p. 23
=U for e L'(Q), p. 23

={ve Hy(Q) | dive =0}, p. 20

admissible vector fields for deformations of the domain, p. 25, p. 229
admissible vector fields for deformations of the domain in Part III, p. 193
={veV]|v=0a.e. in Q\ E} for some measurable set £ c ), p. 23
=VE for pe L'(Q), p. 23

= {v e LP(U)|derivatives of order less than or equal to k are in LP(U)}, for
some open set U c R%, 1<k, p< oo
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