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Theory predicts for the two-dimensional electron gas with only a Rashba spin-orbit interaction a
vanishing spin Hall conductivity and at the same time a finite inverse spin Hall effect. We show how these
seemingly contradictory results are compatible with the Onsager relations: The latter do hold for spin and

particle (charge) currents in the two-dimensional electron gas, although (i) their form depends on the
experimental setup and (ii) a vanishing bulk spin Hall conductivity does not necessarily imply a vanishing
spin Hall effect. We also discuss the situation in which extrinsic spin orbit from impurities is present and
the bulk spin Hall conductivity can be different from zero.
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It has been repeatedly questioned in the literature
whether the Onsager relations [1] between a direct and
inverse spin Hall effect are satisfied [2—4]. In particular, it
has been argued that with the conventional definition of a
spin current—defined as the product of spin and velocity
operators—one cannot establish an Onsager relation [3].
Most recently, doubts about their validity have been for-
mulated [5] after the prediction of a finite inverse spin Hall
effect in the two-dimensional electron gas with Rashba
spin-orbit (SO) coupling [6], a system where the spin
Hall conductivity vanishes [7—12]. In this Letter, we will
cast the SO interaction in terms of non-Abelian SU(2)
gauge fields [13—17] and show that (i) Onsager relations
do hold in the presence of SO coupling, provided the
appropriate form of the spin current is used—crucially,
this will depend on the particular measuring scheme
employed—and (ii) a vanishing bulk spin Hall conductiv-
ity does not imply a vanishing spin Hall or inverse spin
Hall effect. We will discuss in some detail the experi-
mental relevance of our results, which will be shown to
be valid in the presence of extrinsic SO coupling from
impurities, too.

To begin our discussion, let us imagine a two-
dimensional electron gas (2DEG) with SO coupling. The
Hamiltonian is

Yl
A =Dt g + Vi (), (1)
where Vi, is a random potential due to impurities, taken to
be s-wave scatterers. Here and throughout a “hat” indi-
cates an operator (0); its corresponding expectation value
will be denoted by the same symbol without a hat (O). For
definiteness’ sake, we choose for I-AISO the Rashba SO
interaction, H, = —ap, 7 + ap,7, though any other
linear-in-momentum SO term could be handled (see
below); 7 and 77 are Pauli matrices, and « is the SO
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coupling constant. We now add a time-dependent pertur-
bation V,(¢) of the form

no=30ean+Tuai0] @

= D lieAin) + jin A (0] (3)

The vector potential A;(7) is related to the electric field via
E; = —9,A; and is coupled to the particle current j;,
whereas A (1) is a fictitious spin-dependent vector poten-
tial which creates a spin-electric field £&§ = —9, A7 and
which is coupled to the conventional spin current jf, nisa
formal SU(2) coupling constant. Physical mechanisms
actually generating this type of spin-dependent vector
potential are discussed in Ref. [5]. Lower [upper] indices
indicate real space [SU(2), i.e., spin space] components.
The Onsager relations connect the spin current generated
by an electric field to the particle current generated by a
spin-electric field. For the spin Hall effect we conclude
from Eq. (3)

Jy(w)=—o(w)n&(w) e ji(o) = (0)eE(0), )

where o/ is the spin Hall conductivity and  is the

frequency. Instead of introducing the electric field E via
the vector potential A (), one could, equivalently, choose a
scalar potential ¢ (%X, 1) = —E(7) - X. One could then ask:
Will the Onsager relations (4) still hold once the spin-
electric field is introduced via a spin-dependent scalar
potential? With the conventional definition for the spin
current introduced in Eq. (3), the answer is “yes” only
for vanishing SO coupling. This means that for & = O the
time-dependent perturbation

Vo) = —ed(k 1) = 05 V(%) )
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with the spin-dependent scalar potential W* = —&%- X
generates the same currents as V. Formally, the two cases
H =H+V, and H, =H + V, are connected by a
gauge transformation

a=0=H,— H, =URU" —inl,U", (6)

with U = exp[—(i7¢/20)nx(%,1)] and 9,x(& 1) =
WZ(%, 7). On the other hand, when a # 0, A, and H, are
not connected by any gauge transformation. This can best
be seen by writing the SO coupling in terms of a spin-
dependent vector potential:

(Ar)

D Pim T
Hso = Z 7) (7)
i,a

m
where the subscript R stands for “Rashba’ and n(Ag)y =
—2ma, n(Ag)y = 2ma. Notice that within this approach
a different SO interaction—e.g., Dresselhaus, a spatially
modulated Rashba, and so on—could be treated just the
same and would simply amount to a different choice of
SU(2) gauge fields. Now the external fields V, and V, are
not equivalent any more, since under the gauge transfor-
mation (6)

a# 0=>H+V,-H +V,#H+V,; (@)

ie., U sends V, — V, and at the same time rotates the
background Rashba field 7 A, sending H — H'.
Explicitly, to first order in y the spin-dependent vector
potential changes as

n AR, 1) = n AL + nh7l xR, 1)e® AL
- Baznvi/‘/(ﬁr t)) (9)

where &% and 8% are the fully antisymmetric Ricci tensor
and the Kronecker delta. The Rashba SO term is modified
due to the second term on the right-hand side of Eq. (9).
Physically, this is unacceptable: The background Rashba
field has to remain fixed, or else we would be describing a
different system. Such a change can, however, be absorbed
into a redefinition of the spin current: Fixing the back-
ground vector potential Ay requires us to modify the
definition of the current coupled to the external perturba-
tion. To appreciate this point, let us take

N T
V(1) = ) n&ix; (10)

and gauge transform H, by using U previously defined. To
linear order in the spin-electric field, the result is

H+ V,()— H+ V(1) (11)
with
N ifr A
O N N
nL2 N~ A

i

Ji

where ;f is the conserved spin-current operator suggested
in Ref. [3]. Reintroducing the U(1) electric field, we can
write the equivalent of Eq. (3)

Vi = Yliean + Fn A0l (13)

and immediately obtain the Onsager relations

Jy(@) = =5 (0)nEi(w) & jilo) = 6" (0)eE(w).

(14)

Equations (4) and (14) are the first main result of this work.
They show that Onsager relations do hold in the presence
of spin-orbit coupling, but the quantity reciprocal to the
particle current changes depending on the experimental
setup—i.e., on the way the external spin-electric field is
generated. This means that the transport coefficient, the
spin Hall conductivity, changes, too [18].

For linear-in-momentum SO interaction, the specific
form of the spin Hall conductivity can be computed for
any kind of spin-electric field relying on the microscopic
formalism developed in Ref. [16], which we will now
follow. The goal is to verify explicitly the Onsager rela-
tions (4) and (14). Let us then focus on the diffusive
regime, in which the equations acquire a remarkable physi-
cal transparency. Generally, the particle and spin currents
are the sum of a diffusion, a drift, and a Hall current, the
latter being responsible for the Hall and spin Hall effects.
For a system without inversion symmetry, as is the case for
the Rashba model, extra terms appear, since an homoge-
neous nonequilibrium spin density can generate a spin
current. In the SU(2) formulation, such extra terms are
automatically built in, and the particle- and spin-current
densities read [16]

j=-DVp+oE-LSjexB, (15
m a

je=—D[Vsl + Tlga 175
4e

>< a
i X B, (16)

when the conventional definition of the spin current is
used. Here, D = v%7/2 is the diffusion coefficient, N,
the density of states at the Fermi level, 7 the elastic
scattering time, and o = —2eNyD, i.e., the electrical con-
ductivity up to a charge —e. The above equations have
been derived under the assumptions of weak disorder
€p7 > h and weak SO coupling apr < h/7, € and pg
being the Fermi energy and momentum, respectively. In
the following, for simplicity, we will use units such that
h = 1. The SU(2) nature is manifest in the covariant
derivative [V;s]¢ = V,s* — €y A5 and in the spin-
dependent electric and magnetic fields

£0=—0, A~ VW — eeqUP A5, (17)
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Bia = %el]k(vjﬂz - Vkﬂ;’ - Gabcnﬂ?ﬂi‘). (18)
For the Rashba model there is only one nonvanishing field,
namely, nB: = —(2ma)?. Adding the external perturba-
tions V; or V, introduces further fields. We first consider
V' [Eq. (2)] and obtain the additional fields as £ = iw A%
and B = —(2ma) A%, having moved to Fourier space
(0, = —iw, V—iq) for later convenience. In linear
response to the perturbation V,, the transverse particle
current generated by the spin-electric field £ is (about
this point we disagree with Ref. [5]; see also the Appendix
of this Letter)

jy BZJX - 4ny’ (19)

where the dimensionless number y = —ma’7 = y;,

characterizes the coupling strength between spin and par-
ticle currents. A nonzero spin-charge coupling signals the
occurrence of the spin Hall effect [19] independently of
the spin Hall conductivity being different from zero or not,
the latter fact depending of the experimental setup and
other possible interactions in the Hamiltonian. The expres-
sion for the spin current of Eq. (16) reads

j2 = —Dig,s* + 2maDs* + —gi, (20

and in order to find its value we need the spin densities.
These can be obtained by solving the associated diffusion
equations, which are nothing but the continuity equations
for the currents (15) and (16), provided the SU(2) covariant
derivatives are used [16]:

[d,s]° +[V-jl*=0 21)

with [d,5]¢ = 9,5* + €nWPs¢. In particular, the equa-
tions for the in-plane spin densities in Fourier space are
(¥ = 0 for the present case of \71)

—iws* +iq- j* +2maji =0, (22)
—iws’ +iq - j’ + 2maj; = 0. 23)

Inserting the Fourier transform of Egs. (15) and (16) into
(22) and (23), one obtains in the spatially homogeneous
situation

L_0on o .
7= 4e —iw + T, Sx, 24
where we have introduced the Dyakonov -Perel spin relaxa-
tion time 7pp = (2ma)2D Notice that Eq. (24) is non-
analytic in @ and 75}. In the absence of Rashba SO
coupling, i.e., in the limit 75} — 0, the spin current is
given by the spin-electric field according to Ohm’s law.
When SO coupling is present, the spin current vanishes in
the dc limit, i.e., @ — 0. In the Appendix, this is shown
explicitly by evaluating the Kubo formula diagrammati-
cally. Relation (19) yields the particle-current response to
the spin-electric field and, to leading order in Bz,

PMw)= -2 —2 (25)
e —iw + Tpp

As required by the Onsager relations (4), this agrees with
the spin Hall conductivity determined by the response of
the conventionally defined spin current to the electric
field. The latter result can be obtained by combining the
expression for the spin current (16) with the continuity
equation (22).

We can now follow the same route while considering the
external perturbation V, [Eq. (5)] with an x-dependent
spin-scalar potential W3(%, r). The latter introduces the
following fields: &% =& = —2maV? and &%=
—ig,V*. Our system is now homogeneous only along y,
and the diffusion equations read

—iws* = (—Dg? — 158)s* + 4maDig,

X [s% = (No/2)m¥7],
—iws’ = (—Dg? — mpp)s”,
—iws® = (=Dg? — 21p)[s* = (No/2)n¥7]
— 4dmaDigq,s”, (26)

where we have ignored all terms that are quadratic in the
external field W#; notice that in the absence of W2 no spin
polarization exists; thus, the spin density is itself at least
O(¥?). Solving Egs. (26) for an homogeneous but
frequency-dependent spin-electric field, we find

.o —iw —ilw —

TDP
8 27
de —iw + 2715} @7

—iw + T

and with Eq. (19) we conclude that the spin Hall conduc-
tivity is

—7 iy 1
LW lw Tpp

FH(w) = — X2

28
e —iw+ 215} 28

—iw + 75}
According to the Onsager relations (14), the reciprocal
quantity to the inverse spin Hall current j, is the conserved
spin current j¢ generated by an homogeneous and
frequency-dependent electric field along y:

72 = lim 2 (29)
2.:—0q

The above relation follows from the continuity equation
for the conserved current and from the observation that
only the longitudinal current is needed for the Hall response.
The diffusion equations to solve are now [we drop terms

O(g?)]
—iws* = —1pps* + 2ma[2Diq,s* + yoE,],
LsY (30)

—iws’ = —Tpps?,
—iws* = —215ps° — iq,[22ma)Ds* — yoE,].

Their solution yields j; = ¢ (w)eE, with & (w) given
by (28), thus verifying the validity of Eq. (14).
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It is now worthwhile to investigate the robustness of the
above results to the presence of extrinsic SO interaction
arising from impurities, since the latter are usually present
in real samples, and in this case the static spin Hall con-
ductivity o*#(w — 0) is different from zero [20,21]. To
this end we add to the Hamiltonian the extrinsic term

A

A2 A\ a
Hew = — ZOT X vVimp(x) P, (3D

where 7 is the vector of Pauli matrices and A, is the
effective Compton wavelength describing the SO coupling
in the system. The extrinsic SO interaction (31) modifies
the theory only in two main aspects. First, the presence of
the extrinsic SO scattering introduces the Elliott-Yafet spin
relaxation time 7, so that Eq. (22) is modified to

—iws* +iq- j* + 2maji = —7 15, (32)

with 7, = 7(Aopr/2)~*. The second ingredient is that the
parameter vy entering Eq. (19) acquires a contribution from
the skew-scattering and side-jump mechanisms y = y;,; +
Yss T ¥5j» Where vy, = —ma*7 as before, while y,; =
(A0/2)*(m/7) and y5, = —(Agpr/4)*(2mNyvy), vy being
the impurity scattering amplitude; see Ref. [22] for tech-
nical details. One can now proceed as before and check that
in linear response to ‘7, and Vz the relations (4) and (14)
still hold, with the spin Hall conductivities

s Yo —iw + 71
O-H(w) = - . -1 - —1 (33)
e —iw+ Tpp + T
51 (w) = _yo —iw —iw — 7'511 + 7! (34)

—; -1 —1 -1
e —iw+2rpp —iw + Tpp + 7

We wish to stress two important points. First, in obtaining
the above we could still exploit Eq. (29), since the spin
current j¢ introduced in Eq. (12) is by definition conserved
with respect to the full background field H,, + H.,, [23].
Second, and experimentally important, in the absence of
intrinsic SO coupling, one has to take the a — 0 limit first,
so that o (w) = &*"(w); i.e., the two experimental set-
ups corresponding to V; and V, become equivalent, since
the out-of-plane spin density becomes a conserved quantity
[24]. This is not the case in the presence of both intrinsic
and extrinsic SO mechanisms, since \71 is capable of
sustaining a steady state bulk spin Hall current, whereas
V, is not. It must be pointed out that by using the formula
for the conserved spin current derived by Sugimoto et al.
[25] [cf. their Eq. (9)] with the self-energy inclusive of the
spin-orbit from impurities [cf. Eq. (31) and Ref. [22] for
details], one finds a zero spin Hall conductivity in agree-
ment with the zero-frequency limit of Eq. (34) [26].

The relevance of our results with respect to available
experiments is worth a more detailed discussion. Theory
tells us that in the pure Rashba case the bulk spin Hall
conductivity vanishes; it is neither possible to drive a spin

current by a uniform and weakly time-dependent electric
field nor to drive a charge current by (i) a uniform but
weakly time-dependent spin-vector potential or (ii) a
weakly space-dependent but static spin-scalar potential.
On the other hand, when both intrinsic and extrinsic SO
interaction are present, the bulk spin Hall conductivity can
be different from zero. To distinguish which spin current is
excited in a given setup, according to Eqgs. (33) and (34),
one should perform an inverse spin Hall effect experiment
and measure the frequency-dependent induced voltage.
Alternatively, one could consider a purely electrical mea-
surement looking at the frequency-dependent nonlocal
resistance in a four-probe setup such as that considered
in Ref. [28]. A linear frequency behavior signals the excite-
ment of the conserved current. A cubic Dresselhaus term
has a similar effect [5,29]. However, even a vanishing bulk
spin Hall conductivity does not imply the absence of the
spin Hall effect and its inverse. The spin Hall effect and an
induced edge spin polarization are present close to a inter-
face where non-spin-polarized carriers are injected into the
Rashba 2DEG. This has been predicted first in Ref. [7] and
verified numerically in Ref. [30]. This is also manifest in
the expression for the spin current [Eq. (16)], since when
spin polarization is negligibly small the current becomes
jo=—1"ix Be. (35)
4m
For the inverse spin Hall effect the situation is analogous.
In an experiment such as the one of Ref. [31], no spin-
electric field is applied to the samples. Instead, a circularly
polarized laser beam is used to create electron-hole pairs at
a p-n junction between a 2DEG and a two-dimensional
hole gas. With the junction suitably biased, spin-polarized
electrons are injected in the 2DEG, so the spin current j¢ at
the interface is directly determined by the experimental
setup and thus creates a Hall signal:

: nT ta a
.]Hal]:_;z,] X B, (36)

In conclusion, we have shown the existence of Onsager
relations connecting electric to spin-electric stimuli in a
two-dimensional electron gas with spin-orbit coupling. In
order to be explicit, we focused on the Rashba model, but
the non-Abelian formulation employed can be used for any
linear-in-momentum SO interaction, possibly slowly vary-
ing in time and space, too. Quite important from the
experimental point of view, the Onsager relations obtained
are robust to the inclusion of extrinsic SO coupling from
impurities, and their specific form depends crucially on the
measuring scheme employed.
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APPENDIX

In the main text, we have shown that a static spin-
electric field introduced via a perturbation V, does not
create a spin current, a result which does not agree with
Eq. (15) of Ref. [5]. To further support this statement, we
show here how to obtain this result with a different method,
namely, by evaluating the suitable Kubo formula for the
spin current—spin current correlation function. By using
the notation of Ref. [10] we have that

1 FOA
ji=oRss o= 5o YTIGMIGREL  (37)
p

where j2 and J are the bare and dressed spin current
vertices J2 = (p,/2m)7¢ and JZ = 3 + 1'%, respectively.
We then obtain

o 1— Qappr/ve)Tr(r°[7%)
4¢? 1 + Qappr)?

(38)

7 = —
O-JC)C

The vertex corrections to the spin current vertex have
been evaluated in Ref. [32] with the result IA‘fC =
vp(4app7)~'75. One then obtains the vanishing of the
spin current.
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