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Chapter 1

Introduction

Relative Bounded Cohomology for Groupoids

Bounded cohomology was originally introduced by Trauber and developed into
a complex theory with numerous applications by Gromov in his groundbreaking
article “Volume and bounded cohomology” [45]. We will illustrate now why
this is an important invariant, linking topology, (Riemannian) geometry and
(geometric) group theory.

The definition of bounded cohomology is rather simple: Consider a topo-
logical space X. Equip C;"®(X;R) with the ¢!-norm with respect to the ba-
sis S.(X) of singular simplices. Then, instead of taking the algebraic dual
of C:i“g(X ;R) as in the definition of singular cohomology, consider the topolog-
ical dual B(Cimg (X;R),R). The cohomology of this cochain complex is denoted
by H; (X;R) and is called the bounded cohomology of X. The operator norm
on B(C:™(X;R),R) induces a semi-norm on H; (X;R) and this semi-norm is
part of the definition of bounded cohomology.

This definition might seem to be just a minor variant of singular cohomology,
but bounded cohomology and singular cohomology are in fact very different
theories. For instance, bounded cohomology of S! vanishes while the bounded
cohomology of S' v S! is non-trivial; in particular, bounded cohomology does
not satisfy excision.

The importance of bounded cohomology for geometrical questions arises
from its relation with the simplicial volume, originally introduced by Gromov
in his proof of Mostow’s rigidity theorem [45, 64]:

Definition. Let M be a compact, connected, oriented m-manifold, possibly
with boundary. Let [M,0M]r € H,(M,0M;R) be the real fundamental class.
We call

| M,0M]|| := inf{||al|; | a € CS™&(M,OM;R) is a real fundamental cycle of M}

the simplicial volume of (M,0M). Here, || - ||1 is the norm on CS"&(M, OM;R)
induced from the ¢*-norm on C§"¢(M;R) with respect to S, (M).

The simplicial volume is a homotopy invariant, but it encodes information
about the Riemannian geometry of the manifold. The simplicial volume provides
for example a lower bound for the minimal volume [45]. Furthermore, the
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simplicial volume is proportional to the Riemannian volume if M is a closed
hyperbolic manifold [45, 74, 7]. Via the duality principle, the semi-norm on
bounded cohomology can be used to calculate the simplicial volume [45, 20, 17].
We will explain this in more detail in Chapter 2.

Similar to group cohomology, bounded cohomology can also be defined com-
binatorially for groups, by taking the topological dual of the Bar resolution
equipped with an appropriate norm. It turns out that this invariant is deeply
related to geometric properties of groups. In particular, bounded cohomology of
an amenable group is trivial [45], and this can be used to characterise amenable
groups in terms of bounded cohomology [65, 49].

Even more astonishingly, bounded cohomology of a space basically only de-
pends on the fundamental group of the space:

Theorem (The Mapping Theorem, [48, Theorem 4.1][45, 22]). Let (X,x) be a
pointed connected CW complex. Then the classifying map induces a canonical
isometric isomorphism

H; (X;R) — Hy (m(X,2);R)
of semi-normed graded R-modules.

In particular, using the duality principle, one can directly deduce that the
simplicial volume of a manifold of non-zero dimension with amenable funda-
mental group vanishes.

The mapping theorem and its applications are one cornerstone of the theory
of bounded cohomology. In “Foundations of the theory of bounded cohomol-
ogy” [48], Ivanov gives a very elegant proof of this theorem via relative homo-
logical algebra. First, Ivanov introduces strong, relatively injective resolutions
for group modules. As group cohomology can be defined via the fundamental
lemma of homological algebra using injective resolutions, bounded cohomology
of a group can be calculated by strong, relatively injective resolutions via an ap-
propriate fundamental lemma. Ivanov then demonstrates that B(C:"#(X), R) is
a strong, relatively injective resolution of the trivial 71 (X, z)-module R. There-
fore, an isomorphism H(X;R) — H(m (X, z);R) is induced by the funda-
mental lemma. Care has to be taken with regard to the norms, but Ivanov
shows that the induced maps are in this case indeed isometric isomorphisms.

In order to study for instance the simplicial volume of manifolds with bound-
ary, one would like to have a relative version of the mapping theorem. Park [68]
has extended the ideas of Ivanov to the relative case, but as noted by Frige-
rio and Pagliantini [40], Park’s proof contains a serious gap. Until now, the
closest to a relative version of the mapping theorem is the following result of
Pagliantini:

Theorem ([66, Theorem 1)). Let i : A — X be a CW-pair. Let X and A
be connected and assume that 71(i) is injective and wi (i) an isomorphism for
all k € Ns1. Then there exists a canonical tsometric isomorphism

H} (X, A:R) — Hj(m(X), m(A);R).

We want to develop a version of the mapping theorem in the non-connected
case in order to consider for example manifolds with non-connected bound-
aries. To do so, one has first to make sense of the “fundamental group” of a



non-connected space. This can be achieved by considering fundamental grou-
poids instead of groups. Groupoids are natural generalisations of groups (and
group actions). By definition, a groupoid is just a small category where each
morphism is invertible, thus groupoids can be viewed as group-like structure
where the composition is only partially defined. For us, important examples of
groupoids will be families of groups and the fundamental groupoid, a straight-
forward generalisation of the fundamental group.
Our goals in this part of the thesis are:

e Define bounded cohomology combinatorially for (pairs of) groupoids in an
accessible and straightforward fashion.

e Develop a version of relative homological algebra in the spirit of Ivanov
for groupoids and pairs of groupoids. Derive a fundamental lemma in this
setting, i.e., show that bounded cohomology of (pairs of) groupoids can
be calculated by certain (pairs of) resolutions, generalising the concept of
relatively injective resolutions for group modules.

e Use this to extend the mapping theorem to non-connected spaces.

Let G be a groupoid. We begin by defining bounded cohomology of groupoids
via a straightforward generalisation C,,(G) of the Bar resolution. We then de-
velop relative homological algebra for groupoid modules and extend the defi-
nitions of strong and relatively injective resolutions into this context, derive a
fundamental lemma for groupoid modules and we show:

Theorem (Bounded groupoid cohomology via relative homological algebra,
Theorem 3.4.10). Let G be a groupoid and V' a Banach G-module. Furthermore,
let ((D*,6%),e: V. — D) be a strong G-resolution of V.

Then for each strong cochain contraction of (D*,€) there exists a canoni-
cal morm mon-increasing cochain map of this resolution to the standard resolu-
tion (B(Crn(G),V))nen of V extending idy .

Ivanov showed that B(C5™8(X;R);R) is a strong relatively injective reso-
lution of the trivial 7 (X, z)-module R if (X,z) is a pointed connected CW-
complex. We construct a my (X )-version of this resolution for the fundamental
groupoid 71 (X)) that also works for non-connected spaces. We show that this
provides strong, relatively injective resolutions and deduce:

Corollary (Absolute Mapping Theorem for Groupoids, Corollary 5.2.21). Let X
be a CW-complex and let V' be a Banach 71 (X )-module. Then there is a canon-
ical isometric isomorphism of graded semi-normed R-modules

Hi(X; V') — Hy (m(X); V')

Similarly, we define strong and relatively injective resolutions for pairs of

groupoids in terms of appropriate pairs of resolutions, show a fundamental
lemma and deduce that the bounded cohomology of pairs can be calculated
by strong, relatively injective resolutions as well:
Corollary (Corollary 3.5.26). Let i: A — G be a groupoid pair and V a Ba-
nach G-module. Let (C*, D*, ¢*, (v,1')) be a strong, relatively injective (G, .A)-
resolution of V. Then there exists a canonical, semi-norm non-increasing iso-
morphism of graded R-modules

H*(C*,D*,o") — H; (G, A V).
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Using our version of relative homological algebra for groupoids, we then show
the following relative version of the mapping theorem for groupoids, extending
the result of Pagliantini to non-connected spaces:

Theorem (Relative Mapping Theorem, Theorem 5.3.11). Leti: A — X be a
CW-pair, such that i is m -injective (Remark 5.3.1) and induces isomorphisms
between the higher homotopy groups on each connected component of A. Let V
be a Banach w1 (X)-module. Then there is a canonical isometric isomorphism

Hi (X, A; V') — Hy (m1(X), m (A); V7).

Finally, we give a definition of amenable groupoids that contains in particular
the fundamental groupoid of spaces whose connected components have amenable
fundamental groups. Similarly to the result in the group setting [65], we show
that:

Corollary (Algebraic Mapping Theorem, Corollary 4.2.5). Let i: A —— G be
a pair of groupoids such that A is amenable. Let V' be Banach G-module. Then

H"(5"): Hy (G, A V') — Hy(G; V)
is an isometric isomorphism for each n € N>,.

Outlook. Our definition of relative bounded cohomology is a straightforward
generalisation of the group situation. We hope that it will be useful to study in
particular relative (geometric) properties of groups via bounded cohomology in
a more transparent fashion than before. For instance, one interesting task will
be to give a more accessible proof of a characterisation of relatively hyperbolic
groups in the spirit of Mineyev and Yaman [61] via relative groupoid cohomology.

Uniformly finite homology and cohomology

Uniformly finite homology is an exotic coarse homology theory, introduced by
Block and Weinberger [10] to study large-scale properties of metric spaces. It
is a quasi-isometry invariant and can thus be defined also for finitely generated
groups, considering a word metric on the group.

One important property of uniformly finite homology is that the zero degree
uniformly finite homology group H3f(X;R) of a metric space X vanishes if and
only if X is non-amenable [10]. Other applications include rigidity properties of
metric spaces of bounded geometry [36, 78], the construction of aperiodic tilings
for non-amenable spaces [10, 31] and results about the macroscopic dimension
of manifolds [33, 34, 35]. For finitely generated groups, we show that uniformly
finite homology is dual to bounded valued cohomology, which was introduced
by Gersten to study hyperbolic groups with homological methods.

Uniformly finite homology groups are rather elusive. We are able to give
a fairly concrete picture of classes in 0-degree uniformly finite homology, how-
ever. This is joint work with Francesca Diana [9]. Let G be a finitely generated
infinite amenable group. Every invariant mean on G induces a linear func-
tion HY(G;R) — R and we write HJf(G;R) C H}(G;R) for the intersection
of the kernels of all maps induced by means and correspondingly call the classes
in H}(G;R) mean-invisible. Since there are infinitely many distinct means, the
quotient H(‘)lf(G;R)/ﬁgf(G;R) is infinite-dimensional, Proposition 6.7.2.



Let S be a Fglner-sequence for G. We associate to each 0-cycle ¢ a growth
function 85: N — R that measures how fast the cycle growths with respect to
the Fglner-sequence. Cycles that grow faster than the boundary of S are non-
trivial in H3(G;R) and cycles with distinct growth functions induce distinct
classes in uniformly finite homology. We introduce a geometric criterion, spar-
sity, for O-cycles to induce mean-invisible classes. By an explicit construction,
we show that each growth function between the growth of the boundary and
the growth of the full Fglner-sequence can be realised as the growth function of
a sparse cycle, thus:

Theorem (Theorem 6.7.19). Let G be a finitely generated infinite amenable
group with a word metric. Then there is a Folner sequence S in G such that
for each growth function ¢c: N — Rs ¢ such that ¢ < 1, there is a sparse subset
I' C G such that ﬂlg ~ c. In particular, there is an uncountable family of linear
independent sparse classes in HY (G;R).

Not much has been known about higher-degree uniformly finite homology.
We will shortly sketch joint work with Francesca Diana about higher-degree
uniformly finite homology. We have the following result about amenable groups:

Theorem ([9, Theorem 3.8], Theorem 6.6.3). Let G be a finitely generated
amenable group. Let H < G be an infinite index subgroup. For each n € N such
that the map

H,(;R): H,(H;R) — H,(G;R)

induced by the inclusion i: H — G is non-trivial, dimg H(G;R) = oo holds.

We will discuss several applications of this result in Chapter 6.

Finally, after studying the relation between uniformly finite homology and
quasi-morphisms, by using the result of Epstein and Fujiwara [37] about the
bounded cohomology of 3-manifolds, we show the following:

Theorem (Theorem 6.6.9). Let M be a closed irreducible 3-manifold with fun-
damental group G. Then either G is finite or

dimg HY'(G;R) = oc.

Structure of the Thesis

The thesis is structured as follows.

In Chapter 2, we recall the definition of bounded cohomology and its most
important properties. We mention some applications of bounded cohomology to
geometric group theory and discuss the relation between bounded cohomology
and simplicial volume.

In Chapter 3, we discuss basic properties of groupoids and introduce the
fundamental groupoid. We then present the general setup for homological alge-
bra in the groupoid setting. We define bounded cohomology and ¢!-homology
with twisted coefficients for (pairs of) groupoids, generalising the definitions for
groups. We define relatively injective and projective strong resolutions and show
how they can be used to calculate bounded cohomology and £!-homology re-
spectively. We also give a definition of pairs of resolutions that calculate relative
bounded cohomology.
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Then, in Chapter 4, we give a definition of amenable groupoids, show that
this property is characterised by bounded cohomology and prove the algebraic
mapping theorem for groupoids.

In Chapter 5, we associate to a CW-complex X a 71 (X)-cochain complex
and use it to define bounded cohomology of X with twisted coefficients in a
module V' over the fundamental groupoid, generalising the usual definition for
connected spaces. We show that this cochain complex is a strong, relatively
injective resolution of V' and derive the absolute mapping theorem. Finally, we
show that for certain C'W-pairs this construction leads to the relative mapping
theorem.

Finally, in Chapter 6, we discuss uniformly finite homology. We give a quite
concrete picture of the classes in zero degree uniformly finite homology, differen-
tiating in particular classes that can be detected by means and classes invisible
to means and we show that there are infinitely many of both types, giving an
explicit construction in the later case. We also present several calculations of
higher degree uniformly finite homology.

In the Appendiz, we sketch the arguments of Ivanov and Pagliantini regarding
the construction of the strong cochain contractions necessary for the proof of
the absolute and relative mapping theorem respectively.
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CHAPTER 1.

INTRODUCTION



Chapter 2

Bounded Cohomology

In this chapter, we will give a short overview of bounded cohomology. We begin
by presenting the definition of bounded cohomology of spaces and groups. The
generalisation of this concept to groupoids will be central in the next chapters.
We will then recall some well-known properties and applications of bounded
cohomology, some of which will also be later generalised to the groupoid setting.

2.1 Bounded Cohomology of Groups and Spaces

Definition 2.1.1.

(i) A normed R-chain complex (C.,| - ||)«ez is a chain complex of normed
R-modules, such that the boundary maps are bounded linear functions.

(ii) Let G be a group. A normed G-chain complex is a normed R-chain com-
plex together with a G-action by chain maps, such that the action in each
degree is isometric.

Similarly, we also define normed (G-)cochain complexes.

Remark 2.1.2. If (C,, || - ||) is a normed chain complex, for each n € N, we get
an induced semi-norm on the homology H,(C) by setting for each o € H,(C\)
le]| := inf{]|al| | @ € Cpn, Ona =0, [a] =a}.

Similarly we also define a semi-norm for cochain complexes.
Definition 2.1.3. Let X be a topological space.

(i) We endow the singular chain complex C£™8(X;R) with the ¢'-norm with
respect to the basis S.(X) of singular simplices. Then C{"8(X;R) is a
normed R-chain complex.

(ii) We write Cf (X;R) := B(C:™%(X;R),R) for the dual cochain complex
endowed with the || - ||co-norm. Here, B denotes the space of bounded
linear functions.

(ili) We call Hf(X;R) := H*(C{(X;R)), endowed with the induced semi-
norm, the bounded cohomology of X with coefficients in R. This defines a
functor Top — R-Modﬂ’”.

13
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Here, we write Top to denote the category of topological spaces and R—I\/Iodﬂ' I
for the category of semi-normed graded R-modules together with graded boun-
ded linear maps. Similarly, we define a relative version of bounded cohomology:

Definition 2.1.4. Let i: A —— X be a pair of topological spaces. Then we
write Cy (X, A;R) for the kernel of the map

B(C78(i;R),R): B(CF™8(X;R),R) — B(C;™¢(4;R),R),

together with the norm induced by the norm on B(C5"#(X;R),R). This is a
normed cochain complex and we call

Hy (X, A;R) == H(Cy (X, A;R)),

endowed with the induced semi-norm, the bounded cohomology of X relative
to A with coefficients in R.

It is not difficult to see that bounded cohomology is a homotopy invariant of
topological spaces. Bounded cohomology might appear to be a straightforward
functional analytical variant of singular cohomology, but its behaviour is indeed
very different from the behaviour of singular cohomology. This can be seen
already in the following examples:

Example 2.1.5.
(i) We have H(S*;R) = 0 for all n € N5¢. See the next example.

(ii) If X is a simply connected space, or more generally, if X is connected
and m1(X,x) is amenable for some x € X, then for all n € Nyg we
have HJ'(X;R) = 0, [45, 48]. We will prove this more generally for
groupoids in Section 5.3.2.

(iii) On the other hand HZ(S' v S';R) is infinite dimensional [13].
Remark 2.1.6. In particular, bounded cohomology does not satisfy excision.

For many applications it will be useful to consider more generally bounded
cohomology with twisted coefficients:

Remark 2.1.7. Let X be a connected CW-complex, x € X and V a Ba-
nach 71(X,z)-module, i.e., a Banach R-module with an isometric m (X, x)-
action. Then C3™#(X;R) is a normed 7 (X, z)-chain complex, and we set

CH(X;V) := By (x.0)(C3"8(X;R), V).

Here, By, (x,.) denotes the space of m; (X, x)-equivariant bounded linear func-
tions. Together with the || - ||s-norm, this is a normed chain complex.

Definition 2.1.8. Let X be a connected CW-complex, x € X and V a Ba-
nach 71 (X, z)-module. We call

Hy (X;V) == H*(Cy(X;V)),

endowed with the induced semi-norm, the bounded cohomology of X with coef-
ficients in V.
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We will extend this definition to non-connected spaces and twisted coeffi-
cients in Chapter 5.

Definition 2.1.9. Let X be a connected CW-complex, x € X and V a Ba-
nach 71 (X, z)-module. The canonical inclusion C} (X; V) — C*(X;V) induces
a map

chy: Hy (X5V) — HY (X3 V),
called the comparison map (with respect to coefficients in V).

As we can see already from Example 2.1.5, the comparison map is in general
neither injective nor surjective and determining when one of this properties
holds is an area of active research. Injectivity in degree 2 is for instance related
to stable commutator length [5] and to quasi-morphisms [37, 13, 14], while
surjectivity can be used to describe hyperbolic groups (Theorem 2.2.2).

As for singular cohomology, one can express the bounded cohomology of the
classifying space BG of a group G combinatorially in terms of the group:

Remark 2.1.10. Let G be a group.

(i) For each n € N, we write P,(G) := G"*! and set

La(G) :==R(P.(G)) == P R,

Pr(G)

endowed with the /!-norm with respect to P,(G). For all k € Z¢, we set
Cr(G)=0.

(ii) We define boundary maps by setting for each n € N5

On: Cou(G) — Cr_y(G)

(90s-++9n) = D (=1)" - (gos- -+ Gis- -+ 9n).
i=0

and by setting 9y = 0 for all k € Z<o. Then L, together with the boundary

maps Oy is a normed G-chain complex.
Definition 2.1.11. Let G be a group and V a Banach G-module. We call

Hy(G;V) = H*(Ba(L«(G),V))
the bounded cohomology of G with coefficients in V'
Similar to the result about singular cohomology, one has:
Proposition 2.1.12. There is an isometric isomorphism
Hy (BG;R) — H;(G;R)

of semi-normed graded R-modules.

One astonishing property of bounded cohomology is, that, in sharp contrast
to singular cohomology, it basically only depends on the fundamental group:
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Theorem 2.1.13 (The Mapping Theorem, [45],[48, Theorem 4.1]). Let (X, x)
be a pointed connected countable CW complex. Then there is a canonical iso-
metric tsomorphism

H; (X;R) — Hy (m(X,2);R)
of semi-normed graded R-modules.

We will sketch Ivanov’s proof of the mapping theorem in Appendix A. Us-
ing averaging techniques on the group side, this theorem implies in particular
the vanishing of bounded cohomology of spaces having amenable fundamental
groups.

The mapping theorem in the groupoid setting will be discussed in Chapter 5.
In particular, we will prove a relative version of the mapping theorem for certain
pairs of not necessarily connected spaces (Theorem 5.3.11).

2.2 Applications
2.2.1 Bounded Cohomology and Geometric Properties of
Groups

Bounded cohomology of finitely generated groups is not a quasi-isometry invari-
ant [24, Corollary 1.7]. It demonstrates however, a deep relation with geometric
concepts in group theory. As we will discuss now, it detects for instance both
amenability and hyperbolicity of groups.

The following theorem was proven by Noskov:

Theorem 2.2.1 ([65]). Let G be a group. Then the following are equivalent:
(i) The group G is amenable.
(1t) For all Banach G-modules V and all n € N5, we have HJ}(G; V') = 0.
(iii) For all Banach G-modules V, we have H} (G; V') = 0.
Here, V' denotes the topological dual of V.

We will discuss an extension of this result to groupoids in Chapter 4. The
following result is due to Mineyev:

Theorem 2.2.2 ([58, 59]). Let G be a finitely presented group. Then the fol-
lowing are equivalent:

(i) The group G is hyperbolic.

(ii) The comparison map cj v : HY(G;V) — H?*(G; V) is surjective for any
normed G-module V.

(iii) The comparison maps cy: Hi'(G;V) — H™(G;V) are surjective for
any n € N>o and any normed G-module V.

We will discuss this result and a similar result for bounded valued cohomol-
ogy briefly in Section 6.3.
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2.2.2 Simplicial Volume

In this section, we will briefly discuss the simplicial volume of compact, con-
nected, oriented manifolds. We will present some glimpses as to why this is a
significant invariant, linking topology and (Riemannian) geometry. We mention
how bounded cohomology can often be used to derive information about sim-
plicial volume, thus also explaining one reason why the semi-norm on bounded
cohomology is of principal importance. .

Let (X, A) be a pair of topological spaces. As we have seen, C:"¢(X;R),
together with the ¢!-norm with respect to S,(X), is a normed chain complex
and this induces a norm turning C5"8(X, A;R) into a normed chain complex.
We call the induced semi-norm || - ||; on H,(X;R) and H.(X, A;R) respectively
the (*-norm on H.(X;R) and H.(X, A;R) respectively.

Definition 2.2.3. Let M be a compact, connected, oriented n-manifold, pos-
sibly with boundary. Let [M,0M]r € H,(M,0M;R) be the real fundamental
class, i.e., the image of the fundamental class [M,0M]z € H,,(M,0M;Z) under
the change-of-coefficients map H,,(M,0M;Z) — H,(M,0M;R). We call

M, 0M|| := [|[M, 0M]e|x
the simplicial volume of M.

By definition, the simplicial volume is a homotopy invariant for compact,
connected, oriented manifolds.

Theorem 2.2.4 (Proportionality Principle). Let M be a closed, connected,

oriented manifold. Then there is a constant ¢(M) € R>g, depending only on the
Riemannian universal cover of M, such that

|M|| = Vol(M) - ¢(M)

For hyperbolic manifolds, c(H") = 1/vy, where vy, is the volume of any regu-
lar ideal simplex in H . In particular, c(H™) > 0. In general, however, the

constant ¢(M) might be zero.

The proportionality principle result goes back to Gromov [45], who proved
it using bounded cohomology and Thurston [74, Theorem 6.2.2], who described
a different proof via measure homology. Gromov’s proof has been worked out
in detail by Bucher-Karlsson and Frigerio [21, 39]. Thurston’s proof has been
completed by Loh [53], also using bounded cohomology via the duality principle,
Proposition 2.2.7.

Remark 2.2.5. The proportionality principle for hyperbolic manifolds also
plays an important role in Gromov’s proof of the Mostow rigidity theorem [64, 7].

We will see now, how bounded cohomology relates to the £'-norm on singular
homology. First, there is a duality pairing:

Definition 2.2.6 (Kronecker Product). The evaluation map

Come(X) ® CF (X;R) — R
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induces a well-defined R-map

() H{(X;R) @ HF (X;R) — R
called the Kronecker product.

By the Hahn-Banach theorem, one gets:

Proposition 2.2.7 (Duality Principle for the /!-Norm, [45, Section 1.1]). Let X
be a topological space. Then for all o € Hp(X;R), we get

o)y = sup{—

= \ o € HP(OXGR), (a,9) 1}u{0}eR>o.

Thus, we can use bounded cohomology to study simplical volume [45, 20, 17].

Corollary 2.2.8 ([45, 58, 59]). If the fundamental group of a closed, connected,
oriented, aspherical (or more generally: rationally essential) n-manifold M is
hyperbolic and n € N>q, the simplicial volume ||M]|| is positive.

Proof. Rationally essential implies that the image of the fundamental class [M|g
of M under the map ¢,: H,(M;R) — H,(Bm(M,m);R) induced by the
classifying map is not trivial. Thus, there is a class « € H" (w1 (M, m);R), such
that (¢, ([M]r), @) = 1. Since w1 (M, m) is a hyperbolic group, by Theorem 2.2.2
the comparison map HJ'(m (M, m);R) — H"(m(M);R) is surjective, hence
there is also a class f € H}'(m(M);R), such that (c,([M]r),8) = 1 and it
follows from the duality principle that | M| > 0. O

Corollary 2.2.9. Let M be a closed, connected, oriented n-manifold, such that
the fundamental group of M is amenable. Then

[[M]| = 0.

In general, explicit formulas for non-vanishing simplicial volume are very
rare. As we have seen, the simplicial volume is known (in terms of the vol-
ume) for hyperbolic manifolds. It is also additive with respect to certain gluing
constructions along amenable boundaries [45, 72, 18] and, if the dimension is
at least 3, with respect to connected sums [45, Section 3.5]. The principal ex-
ample not arising from applying these constructions to hyperbolic manifolds is
the calculation of the simplicial volume of manifolds covered by H? x H? by
Bucher-Karlsson:

Theorem 2.2.10 ([21]). Let M be a closed Riemannian manifold, whose Rie-
mannian universal cover is isometric to H? x H?. Then

M| =

5 2 - Vol(M).

Also in this example, bounded cohomology plays an important part in the
proof.
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2.2.3 Other Applications

We end this chapter by listing some further applications of bounded cohomology,
with no attempt at completeness:

Various types of superrigidity results [63, 60, 27, 8].
Generalised Milnor-Wood-type inequalities [23].

Volume-rigidity for representations of hyperbolic lattices which implies in
particular the Mostow-Prasad rigidity theorem in the case of hyperbolic
lattices [19].

Bounded cohomology in degree 2 detects non-trivial quasi-morphisms [37,
13, 14].

Quasi-isometry classification of certain central extensions of Z [42].
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Chapter 3

Bounded Cohomology for
Groupoids

In this chapter, we introduce bounded cohomology for (pairs of) groupoids. In
the first section, we recall the definition of groupoids, give some basic examples
and repeat general facts about groupoids. In particular, we discuss the funda-
mental groupoid of a topological space, generalising the fundamental group.

In the second section, we present the general setup of homological algebra
necessary to deal with the groupoid setting, similar to the group case. Specifi-
cally, we consider the Bar resolution and define groupoid (co-)homology, prepar-
ing the ground for our definition of bounded cohomology of groupoids.

In the third section, we introduce bounded cohomology and ¢'-homology
with coefficients for groupoids, generalising the definition for groups, and derive
some fundamental properties of these concepts.

Next, in the fourth section, we develop the setting to deal with bounded
cohomology and ¢!-homology of groupoids via appropriate resolutions. In par-
ticular, we discuss the fundamental lemma of homological algebra in this setting.

In the last section, we define bounded cohomology for pairs of groupoids via
the pair of standard resolutions and discuss how other pairs of resolutions can
be used to study bounded cohomology of pairs.

3.1 Groupoids

Groupoids are a generalisation of groups (and group actions), akin to considering
not necessarily connected spaces in topology. They can be viewed as group-like
structures where composition is only partially defined.

Among many other applications, groupoids arise naturally in topology, e.g.
in the form of the fundamental groupoid. This generalisation leads directly to
a much more elegant and slightly more powerful treatment of covering theory
and of Van Kampen’s theorem [16, Theorem 6.7.4].

The advantages of the fundamental groupoid here and in other applications
are that it can be applied also to non-connected spaces and significantly reduces
the dependence on basepoints. These benefits will later be important in our
main construction.

21
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Groupoids as a tool have been heavily promoted by Ronald Brown, and we
will follow his outline [16] in this section.

3.1.1 Basic Facts about Groupoids

In this section, we introduce the category of groupoids and some elementary
properties of them. We also discuss the notion of homotopies between groupoids
and classify groupoids up to homotopy equivalence in terms of their vertex
groups. Furthermore, we give some elementary examples of groupoids.

Definition 3.1.1.

(1)

(vi)

A groupoid is a small category in which every morphism is invertible. We
consider objects in a groupoid as vertices (in the corresponding graph) and
morphisms as elements of the groupoid and will sometimes use notations
in this spirit. In particular, if G is a groupoid, we will write g € G to
indicate that g € Il reobg Morg(e, f) is a morphism in G.

A functor between groupoids is also called a groupoid map.

A groupoid map is called injective/surjective if it is injective/surjective on
both objects and morphisms.

A subcategory of a groupoid G which is again a groupoid, is called a
subgroupoid of G.

Suppose f,g: G — H are groupoid maps. A natural equivalence be-
tween f and g is also called a homotopy between f and g. If such a
homotopy exists, we sometimes write f ~ g.

Note that by the nature of groupoids, such a homotopy h is always invert-

ible, an inverse homotopy is given by A := (h;1)ceobg-

We will write Grp for the category of groupoids with groupoid maps as
morphisms.

Definition 3.1.2.

(i)

(i)

(iii)

A groupoid G is called connected, if for each pair i,j € obG there exists
at least one morphism from ¢ to j in G (that is, if the underlying graph
of the category G is connected). Similarly, we get the notion of connected
components of a groupoid.

If G is a groupoid, we will write mo(G) C ob G for an (arbitrary) choice of
exactly one vertex in each connected component.

If e € obG is an object, we call G, := Morg(e,e) the vertex group of G
at e.

Example 3.1.3.

(1)

A group is naturally a groupoid with exactly one object. More precisely,
we can (and will) identify the category of groups with the full subcategory
of the category of groupoids, having the vertex set {1}.
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(ii) In this sense, the concepts (i) to (iv) in Definition 3.1.1 correspond to
the obvious concepts in the group case. Two group homomorphisms
f,9: G — H are homotopic if and only if there exists an inner auto-
morphism « of H, such that o f = g.

(iii) Given a family (G;):cr of groupoids, the disjoint union of (G;)ics is the
groupoid IL;c;G;, defined by setting obIl;c;G; := Il;c; obG; and

Morg, (e, f) if k=1

Vk,le] VeEObg;C erobgz MorHiGIgi (e, f) = {@ else

together with the composition induced by the compositions of the (G;);c;-
In this fashion, we can view a family of groups naturally as a groupoid.

(iv) Let G and H be groupoids. Then Gx H, i.e., the category of pairs of objects
and morphisms with componentwise composition, is again a groupoid.

Example 3.1.4. For each set C there is a unique (up to canonical isomorphism)
groupoid with object set C' and exactly one morphism between each pair of
objects, called the simplicial groupoid with vertex set C. For each n € N, we
write A" for the simplicial groupoid with vertex set {0,...,n}.

Example 3.1.5 (Group Actions and Groupoids). Let G be a group and X a
set with a left G-action. We define a groupoid G x X, called the action groupoid
or the semi-direct product of X and G, by setting:

(i) The objects of G x X are given by obG x X = X.
(ii) For each e, f € X, set Morgux(e, f) ={(e,9) e X x G |g-e= f}.

(iii) Define the composition by setting for each € X and g,h € G
(g .Z‘,h) © (:Eag) = (:Eah g)

We will view groupoids as groups where the composition is only partially
defined, in the sense that we can only compose two elements if the target of the
first matches the source of the second. Thus it will be useful to define:

Definition 3.1.6. Let G be a groupoid. We define a map

s: G —obg
Morg(e, f) D2 gr— e

called source and a map

t: G —obg
Morg(e, f) 2 gr— f.
called target.

As the next theorem shows, up to homotopy we can actually always restrict
to disjoint families of groups:
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Theorem 3.1.7 (Classifying groupoids up to homotopy). Let G be a groupoid
and i: H — G be the inclusion of a full subgroupoid meeting each connected
component of G. Then there exists a groupoid map p: G — H, such that

poi=idy and iop~idg.
In particular, H and G are equivalent.

Proof. Choose a set-theoretic section a: obG — obH of ob’H — ob G that
maps vertices to vertices in the same connected component of G. Then choose
amap e: obG — Mor G such that

Vocobg €(v) € Homg(v, a(v)) and Vyeobw e(v) =id, € Homg(v,v).
Finally, define a groupoid map p: G — H by
Voeobg p(v) = a(v)
Vv,wGobg VGEHOmg(U,w) p(o’) = 6(’[1)) 00 0° 6(1))_1 € Homy (Oé(’U), Oé(’ll)))

We immediately see that this map is functorial and that p o4 = idy. By
construction, e is a natural equivalence between 7 o p and idg. O

Corollary 3.1.8.

(i) Two groupoids H and G are equivalent if and only if there is a bijection
a: mpG — moH, such that for all e € mG the vertex groups G. and H,e)
are isomorphic.

(ii) In particular: Every connected non-empty groupoid is equivalent to any
of its vertex groups (which coincide up to isomorphism).

Proof. Let ¢ := (¢e: Ge — Ha(e))eeno(g) be a family of group isomorphisms.
Then ¢ induces an isomorphism Heer,(g)Ge — Heen,()He and hence

G~ HeGﬂ'o(g)ge = HeEWU(H)He ~H. O

The next proposition motivates the term “homotopy” for a natural equiva-
lence:

Proposition 3.1.9. Let fo, f1: G — H be groupoid maps. Consider the two
canonical inclusion maps po, p1: G — G x Al given by

Vieobg (i) = (i,t)
Vgemorg Mt(Q) = (gaidt)
for t € {0,1}. Then there is a one-to-one correspondence between the ho-

motopies from fo to fi and the groupoid maps H: G x A\ — H satisfy-
ingHouosz cdeo,ul :fl-
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Proof. Let eg1,e1p denote the two non-trivial morphisms in A, If H: G x
Al — H is a groupoid map satisfying H o g = fo and H o 1y = f1, by setting
for each e € 0bG

he := H(ide,e01): fo(e) — fi(e)

we get a homotopy from fy to fi, since for each pair e,e’ € obG and each
morphism o € Homg (e, e)

he’ o fo(a) = H(ide/, 601) o H(a, ldo)

H(a,idy) o H(ide, e91)
fi(a) o he.

On the other hand, if A is a homotopy from fy to fi, we can define a groupoid
map H: G x A' — H satisfying H o g = fo and H o u; = f1 by setting

V(i,t)cobgx Al H(i,t) = fi(i)
Vgemor g H(g,ido) = fo(9)  H(g,id1) = fi(g)
H(id., 1) = he H(id.,e0) = h; '

O

We give a last example that shows that for each set of vertices and each
group, we can “blow up” this group to get a groupoid homotopy equivalent to
the group having the given vertex set. This will be useful later when we want
to consider a group G together with a family of subgroups (A4;);cs as a pair of
groupoids, e.g., by considering (G, ;e 4;).

Definition 3.1.10. Let G be a group and C a set. We define a groupoid G¢
by setting

e Objects: obG¢o :=C.
e Morphisms: Ve fec Morgg (e, f) :=G.

We then define composition by multiplication of elements in G, i.e., by setting
for all d,e, f € C

Moch (6, f) X Moch (da 6) — Moch (da f)
(g,h) — g - h.
Example 3.1.11. For each set C, we see that {1}¢ is the simplicial groupoid

with vertex set C.

3.1.2 The Fundamental Groupoid

For us, the main examples of groupoids, besides (disjoint families of) groups, will
be given by fundamental groupoids of topological spaces. These are straightfor-
ward generalisations of the fundamental group:
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Figure 3.1: The Fundamental Groupoid — Four paths representing elements in
the fundamental groupoid of the surface of genus 2.

Definition 3.1.12. Let X be a topological space and I C X a subset. We
define a groupoid 71 (X, I') with object set I by setting

Vijer Morg x.1)(i,7) = {c: [0,1] — X | c a path from i to j in X}/ ~,

where ~ denotes homotopy relative endpoints. We define composition via con-
catenation of paths. Similar to the result for the fundamental group, we see that
this is indeed a well-defined groupoid, called the fundamental groupoid of X
with respect to 1.

We will also write m1(X) := m1 (X, X).

Example 3.1.13. Of course, if X is a space and = € X, then 71 (X, {z}) is just
the fundamental group of X with respect to the base point x.

Definition 3.1.14. Let (X,I) and (Y,J) be pairs of topological spaces. A
continuous map f: (X,I) — (Y,J) induces in the obvious way a groupoid
map 71(f): m (X, I) — m (Y, J):

(i) On objects we define 71 (f) via the map

f|]: I —J
i— f(i).

(ii) On morphisms, we set for each i,j € T

Morwl(X,I) (’La.j) — Morﬂ'l(Y,J)(f(i)’ f(j))
[a] — [foal.

This defines a functor 71 : Top? — Grp.

Proposition 3.1.15. Let (X,I) and (Y, J) be pairs of topological spaces. Con-
sider maps f,g: (X, I) — (Y, J). If f and g are homotopic, so are w1 (f) and
m1(g).

Proof. Let H: X x [0,1] — Y be a homotopy between f and g. In particular,
for all ¢ € I, the map o; := H(i, - ): [0,1] — Y is a path between f(i) and g(4).
This induces a natural equivalence ([o;])ier between w1 (f) and 71 (g): For all
1,7 € I and all o € Mory, (x,1) (i,7) the following diagram commutes:
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Here [0; * (f o )] = [(g © @) * ;] holds via the given homotopy. O

3.2 Homological Algebra for Groupoids

In this section, we will discuss the algebraic setup to treat (co-)homology for
groupoids, preparing the ground for our definition of bounded cohomology in
the later sections. We introduce groupoid modules and generalise several alge-
braic constructions into this context. We then discuss the Bar resolution for
groupoids, define groupoid (co-)homology with coefficients and prove some el-
ementary properties. The Bar resolution and the corresponding definition of
cohomology is a straightforward generalisation of the group case and has been
extensively studied also for groupoids, for instance [71, 75].

3.2.1 Groupoid Modules

In this section we will present our definition of a module over a groupoid, gener-
alising the group case. We will then translate basic concepts for group modules,
e.g. (co-)invariants, quotients etc., to this setting. Since we are mainly in-
terested in bounded cohomology, we will restrict ourselves to real coefficients,
though we could as well work with arbitrary coefficient rings.

Definition 3.2.1 (Groupoid modules). Let G be a groupoid. A (left) G-module
V = (Ve)eecob g consists of:

(i) A family of real vector spaces (V¢ )eeobg-

(ii) A partial action of G on V, i.e. for each g € G a linear map

Pa: Vi) — Vig)
v pg(v) =: gv,

such that:

(a) For all g,h € G with s(g) = t(h) we have pg o pp, = pgh.
(b) For all i € obG we have piq, = idy;.

Definition 3.2.2 (G-maps). Let G be a groupoid.

(i) Let V and W be G-modules. An R-morphism between V and W is a
family (fe: Ve — We)eecobg of R-linear maps.

(ii) Let f: V — W be an R-morphism between G-modules. We call f
a G-map or G-equivariant, if for all g € G we have pi' o fo(g) = fi(g) © Py -
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(iii) We write G-Mod for the category of G-modules and G-maps.

Remark 3.2.3. By definition, a left G-module is nothing else than a covariant
functor G — R-Mod. In this sense, a G-map is just a natural transformation
between such functors.

The functorial point of view is elegant, but the definition in terms of partial
actions is more concrete and in direct analogy to the usual point of view in the
group case. The latter definition will be our guide in the following sections,
though we will also use the functorial definition to define some concepts more
concisely.

Definition 3.2.4 (The trivial G-module). Let G be a groupoid. Consider the
module R[G] := (R¢)ecobg = (R)ecobg. We will always endow this module with
the trivial G action given by

pg = 1dr: Ry(g) — Ryg)
for all g € G.

We will see more examples in later sections. In the remainder of this section,
we will translate the basic concepts of group modules into the groupoid setting,
concepts that we will need later in order to do homological algebra.

Definition 3.2.5. Let A and G be groupoids and let f: A — G be a groupoid
map.

(i) Let U: G — R-Mod be a G-module. We call the A-module f*U :=Uo f

the induced A-module structure on U.
(ii) Let ¢: U — V be a G-morphism. We define an .A-morphism
[l frU — [V
by setting ((f*©)e)ecob.A = (©f(e))ecob.a. This defines a functor
f*: G-Mod — A-Mod.

Lemma 3.2.6. Let G and H be groupoids and let V be an H-module. Let
fo, fi: G — H be groupoid maps and i a homotopy between fy and fi. Then

Voh: ffV— fiV
Viote) SV he-v

is a G-isomorphism.
We will also use a multiplicative notation and write h-v to denote (V oh)(v).

Proof. By Remark 3.2.3, Voh is a G-map. Its inverse is given by V o h, where h
denotes the inverse homotopy to h. [l

Definition 3.2.7. Let G be a groupoid and let V' and W be G-modules. We
set

Hom(V,W) = {f: V — W | f is an R-morphism of G-modules}

There is a canonical G-structure on Hom(V, W) given by:
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(i) Hom(V, W) = (Hom(V., W¢))ecobg-

(ii) Forallg € Gand f € Hom(Vy(g), Wi(g)) we define g- f € Hom(Vy(g), Wi(g))
by setting

Voeviy (9-N0)=g-flg™"-v).

Remark 3.2.8. Another way to see this is to view Hom(V, W) as the compo-
sition

v, W) Hom
G — (R—Mod)2 — R-Mod,

where W is the contravariant functor given by inverting morphisms in G and
then applying W.

Remark 3.2.9. Let G be a groupoid. Let f: V — W be a G-map and C
a G-module. Then the dual map Hom(f,C): Hom(W,C) — Hom(V,C') (cor-
responding to the family (Hom(f., Ce))ecobg) is again a G-map. Alternatively,
we can view Hom(f, C) also as the composition of the natural transformation
between (V,C) and (W, C) induced by f and the functor Hom.

This gives rise to a contravariant functor Hom( - ,C): G-Mod — G-Mod.

Proof. The map Hom(f,C) is G-equivariant since for all g € G, all v € Vj(,) and
all a € Hom(WS(g), Cs(g))

Hom(f, C)(ga)(v) = (ga)(f(v))

Hom(f, C)(a))(v). O

Definition 3.2.10 (Tensor products). Let G be a groupoid and let V and W
be G-modules. We define the tensor product of V. and W over R to be the G-
module V@ W = (V. @ We)ecobg with the induced G-structure given by setting
for each g € G
Py Viig) @ Wi(g) — Vigg) ® Wiy)
vRwr (g-v) ® (g9 w).

In other words, V @ W is the composition
(V. W)

®
G~ (R-Mod)> — " R-Mod.
Definition 3.2.11 (Coinvariants and Invariants). Let G be a groupoid and

let V' be a G-module.

(i) We define the coinvariants of V to be the quotient module

Vg = @ Ve/(v—g-v|geG,ueVyy).
ecob G
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This construction gives rise to a functor G-Mod — R-Mod by setting for
each G-map a: V — W

ag: Vg — Wg

[v] — [a(v)].

In other words, the coinvariants of V' are just the canonical model for the
colimit of V: G — R-Mod, [76, Propostion 2.6.8].

(ii) We define the invariants of V to be the R-subspace V9 of [],copg Ve
defined as

ng{ve I v

ecob G

Vgeg - Us(g) = vt(g)}'

This construction gives rise to a functor G-Mod — R-Mod by setting for
each G-map a: V — W

a9: VI — w9
(Ve)ecobg = (a(ve))ecobg-

In other words, the invariants of V' are just the canonical model for the
limit of V': G — R-Mod, [76, Propostion 2.6.9].

Definition 3.2.12. Let G be a groupoid and V and W be G-modules. We call
VegW:=VeeW)g

the tensor product of V. and W over G. This construction gives rise to a func-
tor - ®g W: G-Mod — R-Mod by setting for each G-map a: U — U’

a@W:U@gW — U @g W
[u® w] — [a(u) @ w].

Definition 3.2.13. Let G be a groupoid and let V and W be G-modules. Then
we set
Homg (V, W) := Hom(V, W)¥.

This induces a contravariant functor Homg( - ,W): G-Mod — R-Mod.

Definition 3.2.14 (G-Submodules). Let G be a groupoid and let V' be a G-
module. A G-submodule of V is a family (W.)cecobg of real vector spaces such
that

(i) For each e € ob G the space W, is a subspace of V..

(ii) Forallg € G
9 Wsg) € Wig)-

Then W carries a G-module structure by considering the restricted G-action.

Example 3.2.15. Let f: V — W be a G-map. Then its image (fe(Ve))ecobg
is a G-submodule of W.
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Definition 3.2.16. Let G be a groupoid and a: V. — W be a G-map. Then
we call
ker o := (ker &t )ecob g

the kernel of a. Clearly, ker a is a G-submodule of V.

Proposition 3.2.17 (Quotients). Let G be a groupoid, let B be a G-module
and A a G-submodule of B. Then there exists a canonical G-module structure
on BJ/A = (Be./Ae)ecobg such that the family of canonical projections m =
(me: Be — Be/Ac)ecobg s a G-map with the following universal property:
Assume that C' is a G-module and f: B — C a G-map such that f.(A.) =
0 for all e € obG. Then there exists a unique G-map f: BJA — C such
that for = f.

Proof.

e For all g € G, we have g - Ay, C Ayy), hence there is a unique linear
map p, making the following diagram commutative:

Py

By(g) = Byy)
Ts(g) J Jﬂt(g)

Bs(g)/As(g) = Bi(g)/A(g)

This induces a G-structure on B/A.
e The projection 7: B — B/A is a G-map by the definition of 7.

e There exists a unique family of linear maps f=(fe: B. — B./Ad)ecobg
such that f. om, = f. for all e € obG. This map is a G-map since for

allge G
Fi(a) ©Pg © Ts(g) = Fig) © Te(g) © Pg
= Jitg) © Py
=Py ° Is(9)
= P9 © fa(g) © Ts(g)-
So f is G-equivariant. O

Remark 3.2.18. The notions of chain complex, chain contraction, resolution
and so on, easily translate into the setting of groupoid modules.

Also, it is easy to see that G-Mod is an Abelian category ([76, Definition
A4.2)).

3.2.2 The Bar Resolution

In this section, we will define the Bar resolution for groupoids, extending the
definition for the group case. We will also present a homogeneous version and
show that these two resolutions are chain isomorphic. Finally, we will introduce
the Bar (co-)complex with coefficients in groupoid modules, too.
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Definition 3.2.19 (The Bar resolution for groupoids). Let G be a groupoid.
(i) For each n € N, we set
Po(G) ={(g0s---+9n) € G"" | Vieto,...n—1y  $(gi) = t(gi+1)}-
Equivalently, P, (G) is the set of all (n + 1)-paths in G.

(i) For all e € ob§ consider
Cn(G)e = R{(g0,---,9n) € Pu(G) [ t(g0) = €}).
We define a sequence of R-modules (C},(G))nen by setting for all n € N
Cn(G) = (Cn(9)e)econg

These modules carry a canonical G-structure. The G-action is then given
by setting for all g € G

pe: Cn(G)ata) — CulG)io)
(90,---7971) — (ggOa;gn)

(iii) For each n € N, we define boundary maps

an: Cn(g) — Cnfl(g)
n—1
(905 -+ gn) — Z(—l)i(go, s Gi ikl Gn)
=0

+ (71)71 : (907 s agnfl)-
These are obviously G-maps.

(iv) The usual calculation shows that this does indeed define a G-chain com-

pleX (Cﬂ (g)a an)nEN-

Remark 3.2.20. Let G be a groupoid. Consider the canonical augmentation
map

e: Co(G) — RG]
gr—t(g)- 1.

Then (Cp(G),On)nen together with e is a G-resolution of R[G]. An R-chain
contraction s, is given by the R-morphisms

s_1: R[G] — Co(9)
e — id,

and for alln € N

Snt Cn(g) — Cn-l—l(g)
(90, -+, qn) —> (idt(go),go, ceesGn)-
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Remark 3.2.21. The set P(G) := ,,enP,(G) is just the underlying set of the
nerve of the category G. Therefore (P, (G))nen is a simplicial set with the usual
boundary maps

ai,n: Pn(g) — Pnfl(g)
(907"'7971) — (gOa"'vgi 'gi+17--';gn)

for each n € Nyg and i € {0,...,n} and degeneracy maps

Sin - Pn(g) 4)Pn+1(g)
(gOa cee agn) — (gOa e agiaids(gi)agi-i-l; e agn)

for each n € N and ¢ € {0,...,n}. Taking the G-action into account, we could
view P(G) as a functor P(G): G —> sSet. The chain complex C,(G) can then
be viewed as the usual chain complex associated to a simplicial set (but over
the groupoid G.) We refer the book of May [55] for more on simplicial sets.

As in the group case, it is sometimes helpful to use a homogeneous resolution
chain isomorphic to the Bar resolution:

Definition 3.2.22 (The homogeneous Bar resolution). Let G be a groupoid.
(i) For each n € N, we define a G-module L,,(G) by setting for each e € obG
Ln(g)e = R<{(goa oo 7gn) € gnJrl | viE{O ..... n} t(gz) = €}>
and defining a G-action by setting for each g € G

Py Ln(G)sg) — Ln(9)(o)
(gOa"'agn)'—> (gQOaaggn)

(ii) For each n € N, we define boundary maps

an: Ln(g) — Lnfl(g>

(905 v agn) L 2(71)1(907 s 7gi7 s agn>
=0

These are obviously G-maps.

(iii) The usual calculation shows that this does indeed define a G-chain com-
pleX (Ln(g)7 an)nGN-

Proposition 3.2.23. The maps

(907"'7971) — (90590 *91,---,90 " gn)

and
L,.(G) — C,(9)
(905 +Gn) — (90,95 " G1s-- G021 Gn)

are well-defined, mutually inverse G-chain isomorphisms.
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Proof. The maps are obviously mutually inverse G-maps in each degree. They
are chain maps by the same calculation as in the group case, [47, Section VI.13].
O

Remark 3.2.24. If G is a group, then C,(G) and L.(G) coincide with the usual
definition of the (homogeneous) real Bar resolution of the group G.

Definition 3.2.25 (Functoriality). Let f: A — G be a groupoid map. Then
the induced map

<Cn(f): Cn(A) — Cn(9) >
(aOa ‘. -;an) — (f(aO); o 5f(a’7l)) neN

is an A-chain map with respect to the induced A-structure on C,(G).

In order to study (bounded) (co-)homology with coefficients, it will be useful
to define a domain category that encompasses both groupoids and coefficient
modules. We follow Kenneth Brown [15, Section III.8] here:

Definition 3.2.26 (Domain categories for (co-)homology).
(i) We define a category GrpMod by setting:
(a) Objects in GrpMod are pairs (G, V), where G is a groupoid and V is

a G-module.

(b) A morphism (G,V) — (H,W) in GrpMod is a pair (f,¢), where
f: G — H is a groupoid map and ¢: V — f*W is a G-map.

(¢) Composition is defined by setting for all composable pairs of mor-
phisms (fv @) (gv V) — (Ha W) and (ga 1/}) (Hv W) — (Aa U)
(g:9) o (f,0) = (go [, (f"¥) o).
(ii) We define a category GrpMod by setting:
(a) Objects in GrpMod are pairs (G, V), where G is a groupoid and V is
a G-module.

(b) A morphism (G,V) — (H,W) in GrpMod is a pair (f,¢), where
f: G — H is a groupoid map and ¢: f*W — V is a G-map.

(c¢) Composition is defined by setting for all composable pairs of mor-
phisms (f,¢): (G, V) — (H,W) and (g,¢): (H,W) — (A, U):

(g:9) o (fy) = (go fypo (f ).

Definition 3.2.27 (Bar Complex with Coefficients). Let G be a groupoid and V
a G-module.

(i) We write
Ci(G;V) :=Ci(G) ®g V.

Together with 0, ® idy, this is an R-chain complex.
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(i) If (f,¢): (G, V) — (H,W) is a morphism in GrpMod, we write
Cu(f1) =110 (Culf) ®g 9): Cu(G: V) — Cu(H; W)
z@vr— f(z) @ p(v).
Here, let ¢ denote the canonical R-map
i ffC(H) Qg f'W — C.(H) @y W
VROWHFH— U RwW.
This defines a functor C,( -, - ): GrpMod — gCh.
(iii) If f: G — H is a groupoid map and W an H-module, we also write
Cu(fs W) := Cu(fridpew).
(iv) We write
C*(G; V) := Homg(C.(G), V).
Together with ¢* := Homg (0,41, V), this is an R-cochain complex.

(v) It (f,9): (G, V) — (H,W) is a morphism in GrpMod, we write C*(f; ¢)
for the map

Homg (Ci(f), ) 0 j: C*(H; W) — C*(G; V)
(we) feobt — (@ o ws(ey © Cu(f))ecobg-
Here, let j denote the canonical R-map
j: Homy (Cy(H), W) — Homg (f*Ci(H), [*W)
(Ve)ecobH > (V(e))ecobg-
This defines a contravariant functor C*( -, - ): GrpMod — gCh.

(vi) If f: G — H is a groupoid map and W an H-module, we also write

C*(f; W) .= C*(f;idsw).

3.2.3 (Co-)homology

In this section, we will introduce (co-)homology for groupoids with coefficients
in groupoid modules, extending the definition in the group case. We will see
that it is a groupoid homotopy invariant and can thus be calculated directly via
group homology of vertex groups. For an overview of group homology, we refer
to the literature [15, 47, 76].

Definition 3.2.28. Let G be a groupoid and V' a G-module.

(i) We call
H.(G;V):=H, (C* (G; V))
the homology of G with coefficients in V. As usual, H, (C’* (G; V)) denotes
the homology of the R-chain complex C.(G; V).

This defines a functor H,: GrpMod — R-Mod,.
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(ii) We call
H*(G;V):= H*(C*(G;V))

the cohomology of G with coefficients in V. Here, H* (C*(Q;V)) denotes
the cohomology of the R-cochain complex C*(G; V).

This defines a contravariant functor H*: GrpMod — R-Mod.,.

Remark 3.2.29. If G is a group, these definitions coincide with the usual
definitions of group (co-)homology.

Proposition 3.2.30. Let G and H be groupoids. Let fo,f1: G — H be
groupoid maps and let h be a homotopy from fi to fy.

(i) For each n € N and each i € {0,...,n} define a G-map
s On(G) — f3Cnia(H)
(gOa s agn) — (fO(gO)a RS fo(gi)a hs(gi)a fl(gi-‘rl)a RS fl(gn))

Define for each n € N a G-map

Then Opt1 0 8y + Sp—1 00, = Cp(fo) — h- Cr(f1) for each n € N, i.e., s,
is a G-chain homotopy between Cyi(fo) and h- Ci(f1).

(1) Let V be an H-module. Then

sV =0 (s, ®g idgsv): Cu(G; foV) — Cara(H; V)

TRV 5.(7) QU
is an R-chain homotopy between C.(fo; V) and C.(f1;V o h).
(iii) In particular,
H.(fo: V) = Hi(f1;V o h) = Hi(f1; V) 0 H.(idg; V o h);
and the map H.(idg;V o h) is an isomorphism.
(iv) Dually,
57 = (Homg(s.. idgsv)) 0 j: C°(H,V) — € (G: fgV)
(We)ecobH F (Wy(e) © Sx.¢)ecob G-
is an R-cochain homotopy between C*(fo; V') and C*(f1;V o h).
(v) In particular,
H*(fo;V) = H*(f;V o h) = H"(idg; V o h) o H(f1; V);
and the map H*(idg;V o h) is an isomorphism.
Proof.
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(i) Obviously, for each n € N and i € {0,...,n} the map s!, is G-equivariant.
The s?, define a homotopy P(G) — P(H) of simplicial sets between P(fy)
and h - P(f1), see Remark 3.2.31, hence they induce a homotopy be-
tween Ciy(fo) and h - C.(f1). Alternatively, this can be seen by a short
calculation.

(ii) We have for each e € ob§, each x € C,,(G). and each v € V()

(anJrlS +Sn 10)(2 @ v) = (Ont18n(2) + 8n—10,(2)) ®@ .

Cn(fo)(@) ®v = he - Cu(f1)(x) ® v
Co(fo)(x) @ v = Cu(f1)(x) @ bt - v
Cn

(fo; V)(z ®v) — Cn(f1;V o h)(z @ ).

(iii) The map H,(idg;V o k) is an isomorphism by Lemma 3.2.6.
The parts (iv) and (v) are dual to parts (ii) and (iii). O
Remark 3.2.31. Again, it is useful to also consider a simplicial point of view.
The family (s%,)in is directly seen to be a simplicial homotopy (over G) be-
tween P(fy) and h - P(f1).

Corollary 3.2.32. Let f: G — H be a homotopy equivalence between grou-
poids and V' an H-module. Then the induced maps

H (f;V): Ho(G; fV) — Ho(H; V)
and

H*(f;V): H*(H; V) — Hu (G5 f*V)
are isomorphisms of graded R-modules.
Corollary 3.2.33 (Group cohomology calculates groupoid cohomology). Let G
be a connected groupoid and V' a G-module. Let e € obG be a vertex and
let i.: Ge —> G be the inclusion of the corresponding vertex group. Then
H*(ie; V) : H*(ge; ZZV) i H*(ga V)

and

H(ie;V): H (G, V) — H*(Ge;45V)
are isomorphisms of graded R-modules.

Proof. By Corollary 3.1.8, i, is a homotopy equivalence and by Corollary 3.2.32,
the induced maps are isomorphisms. [l

Similar to the situation for topological spaces, groupoid (co-)homology is
additive with respect to connected components of groupoids:
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Proposition 3.2.34 (Groupoid (co-)homology and disjoint unions). Let G be
a groupoid and V a G-module. Let G = I1\caG> be the partition of G into
connected components. For each X € A, write V* for the G*-module struc-
ture on V induced by the inclusion G» — G. Then the family of canonical
inclusions (G — G)xea induces isomorphisms

P H.(GH V) — H(G:V)

AEA

and
H*(G;V) — [] H (N V7).
AEA

Proof. Clearly, each path in G is contained in a single connected component
of G. Thus we get a corresponding splitting of C,(G) which is compatible with
the boundary maps and preserved after applying ®gV and Homg( -, V). O

Remark 3.2.35. Combining Proposition 3.2.34 with Corollary 3.2.33, we can
calculate groupoid (co-)homology completely in terms of group (co-)homology.

Example 3.2.36. Let X be a topological space. Let A C X be a subset
containing exactly one point for each connected component of X. Then the
family of inclusions (m1(X,2) «— 71(X))zea induces isomorphisms of graded
R-modules

P H.(m1 (X, 2);R) — H.(m(X); Rlmi (X)])
TeEA

and

H*(m (X); R[m (X)]) — [] H*(m1(X, ) R).
TEA

3.3 Bounded Cohomology for Groupoids

We will now define bounded cohomology and ¢!-homology for groupoids and
derive some elementary properties.

3.3.1 Banach G-Modules

In this section, we develop the algebraic setting to study bounded cohomology
and ¢'-homology, introducing Banach modules over groupoids. Furthermore,
we introduce bounded maps and the projective tensor product in this setting.

Definition 3.3.1 (Banach G-Modules). Let G be a groupoid.

(i) A normed G-module is a family of normed real vector spaces (Ve, ||||)ecobg
together with a G-structure on (V.)ceob g such that

VoG Voevi, llg-vll = lvl;

i.e., the maps p,: Vi(g) — Vj(g) are isometries for all g € G.
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Equivalently, a normed G-module is a functor G — R—Modﬁ,l‘, where

we denote by IR—Modﬁ,H the category of normed R-modules together with
norm-non increasing linear maps.

(ii) We call a normed G-module V' a Banach G-module if for each e € ob G,
the normed R-module (V,, || - ||) is in addition a Banach space.

(iii) Let V and W be normed G-modules. We call a G-map f: V — W
bounded if f. is bounded for each e € obG and the supremum || f|lc :=
SUDcob g || felloo exists. We will now always assume that maps between
normed G-modules are bounded.

(iv) This defines a category G-Mod).| of normed G-modules and bounded G-
maps.

Example 3.3.2. Let (V.| - [|v) and (W, || - |lw) be normed G-modules. Then
the family

B(Va W) = (B(Ve, We))eeobg

is a G-subspace of Hom(V, W). Here, B(V,, W,) denotes the space of bounded
linear functions from V. to W,. It is a normed G-space with respect to the
family of operator norms || - ||« induced by the families of norms on V' and W.
If W is a Banach G-module, so is B(V,W). This is functorial with respect to
bounded G-maps.

Proof. For all g € G, all f € Hom(V(g), Wy(g)) and all v € V;(4) we have

@) @)y = llaf (g 0)llw = 11F (g™ ) llw-

Hence gf is bounded if f is bounded, so gB(V (), Wy(g)) C B(Vig), Wi(g)). In
this case we get by the same calculation

l9fllc = sup [lollg If (g™ v)lIw
vEVy(g)\{0}
< swp ol llsollg ™ ollv
vEVy(g) \{0}
= [Iflloe-
And equality follows because the same is true for g~!. Hence, the action is

isometric. O

Remark 3.3.3. Alternatively, we can view B(V, W) as the composition

(V. W)

g (R-Mod)* R-Mod,

where W is the contravariant functor given by inverting morphisms in G and
then applying W.

We will need a normed version of invariants of a G-Banach module V', slightly
different from the definition in Section 3.2.1 and by a slight abuse of notation,
we will denote these also with V9:
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Definition 3.3.4. Let V = (V, || - |le)ecobg be a normed G-module. We call
the R-submodule of [].c.p, ¢ Ve

ngz{ve H Ve

e€ob g

VoG G- Us(g) = Vi(g), SUp |lvelle < oo},
ecob G

endowed with the norm given by setting for each v € V9

Joll = sup. foel
ecob G
the (normed) invariants of V.

(This can also be seen as the canonical model for the limit of V: G —
R-Modﬁ_n).

If G has only finitely many connected components, this definition coincides
with Definition 3.2.11. This is functorial with respect to bounded G-maps:

Proposition 3.3.5. This defines a functor
(- )g: g—MOd”.” — R-Mody .
One important example of this construction will be Bg(V, W) := B(V, W)9.

Proposition 3.3.6 (Quotients in the Banach setting). Let B be a Banach G-
module and A a closed G-submodule of B (i.e. Ae C B. closed for alle € obG).
Then the family of quotient norms turns B/A = (Be/A¢)ecobg into a Banach
G-module. We have ||7||co < 1. Furthermore:

Let C be a G-module and f: B — C a G-map such that f.(A.) =0 for
alle € obG. Then there exists a unique G-map f: B/A — C such that for = f
and | Flloo = /Il

Proof. Follows from the proof of Proposition 3.2.17 and the corresponding result
for regular Banach spaces. (|

Remark 3.3.7. Even without G-structures, the condition in Proposition 3.3.6
that the submodule is closed is necessary in order to get an induced norm
on the quotient. This leads to the problem that Banach spaces do not form
an Abelian category and methods from homological algebra for these categories
cannot be applied directly to study bounded cohomology. This has prompted the
development of relative homological algebra, see Section 3.4. There is however
also a framework developed by Biihler to study bounded cohomology via regular
homological algebra [22].

In order to introduce ¢!-homology of groupoids, we also need a variant of
the tensor product, appropriate for the Banach-setting:

Definition 3.3.8. Let G be a groupoid and (V, || - ||v) and (W, | - |lw) two
normed G-modules. Then we define a norm on V ® W, called the projective
norm by defining a norm on V, ® W, for each e € obG by

I le: Ve@We — R

n n
T — inf{z lwillv - ||lvillw ‘ Zui ® v; represents x in V., ® We}.
i=1 i=1



3.3. BOUNDED COHOMOLOGY FOR GROUPOIDS 41

We call the Banach completion with respect to this norm
VeW, |- llo) == (Ve @ We, |- le)ceob g-

the projective tensor product of V- and W over R. This is a Banach G-module.
Furthermore, we call the normed R-module V ®@g W := (V ® W)g with the
induced norm the projective tensor product of V.and W over G.

3.3.2 Bounded Cohomology and /'-Homology

In this section, we introduce the Banach Bar (co-)complex of a groupoid with
coefficients in a Banach groupoid module. We then define bounded cohomology
and £*-homology for groupoids. Similarly as in Section 3.2.3, we show that these
are homotopy invariants. Thus, for connected groupoids they can be calculated
by regular bounded cohomology and ¢!-homology respectively.

Definition 3.3.9 (The Normed Bar Complex). Let G be a groupoid.

(i) For each n € N, we can put a norm on C,(G) by endowing C,,(G). with
the ¢!-norm with respect to P,(G). for each e € obgG:

I lhs Cal@e — R

Yo Ao > Al

0EPL(G)e TEP(G)e
In this way, (C.(G)e, || - [[)ecobg becomes a normed G-module.

(ii) By definition, the boundary maps are bounded G-maps and for each n € N
we have ||0n||cc < n+1, 50 (Cr(G), |- ]l1,0n) is a normed G-chain complex.

(iii) If f: G — H is a groupoid map, the induced map C,(f) is bounded for
each n € N and satisfies

1Cn(f)lloe <1,

since C,,(f) maps simplices to simplices.

We define domain categories GrpBan and GrpBan for ¢'-homology and boun-
ded cohomology, completely analogously to GrpMod and GrpMod by simply
replacing groupoid modules with Banach groupoid modules:

Definition 3.3.10 (Domain Categories for Bounded Cohomology).
(i) We define a category GrpBan by setting
(a) Objects in GrpBan are pairs (G, V'), where G is a groupoid and V is
a Banach G-module.
(b) A morphism (G,V) — (H,W) in GrpBan is a pair (f,¢), where
f: G — H is a groupoid map and ¢: V — f*W is a bounded
G-map.

(¢) Composition is defined by setting for all composable pairs of mor-
phisms (fv 90) (gv V) — (Ha W) and (ga 1/}) (Hv W) — (Aa U)

(g,%) o (fip) := (g o f, (f*) o).
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(ii) We define a category GrpBan by setting

(a) Objects in GrpBan are pairs (G, V), where G is a groupoid and V is
a Banach G-module.

(b) A morphism (G,V) — (#,W) in GrpBan is a pair (f,¢), where
f: G — H is a groupoid map and ¢: f*W — V is a bounded
G-map.

(¢) Composition is defined by setting for all composable pairs of mor-
phisms (f,¢): (G, V) — (H,W) and (g,¢): (H,W) — (A, U):

(g:9) o (fy) = (go fypo (f ).

Definition 3.3.11 (The Banach Bar Complex with Coefficients). Let G be a
groupoid and V' a Banach G-module.

(i) We write
' (G:V) == C.(G)BgV.

Together with the projective tensor product norm, this is a normed R-
chain complex.

(i) If (f,¢): (G, V) — (H,W) is a morphism in GrpBan, the map
Ci(fi9): Cu(G V) — CL(H; W)

is bounded with respect to the tensor product norms, hence induces a
bounded R-map

Cl(f;9): CL (G V) — CF (H; W)

This defines a functor C’fl : GrpBan — gChllll
(iii) We write
C(G;V) = B(C.(G), V).

Together with || - ||, this is a normed R-cochain complex.

(iv) If (f,¢): (G,V) — (H, W) is a morphism in GrpBan, we write C} (f; )
for the map

Cy(H; W) — Cp(G; V)
(we) reob# = (@ 0o we(e) © Ci(f))ecobg-
This defines a contravariant functor Cj : GrpB—an — RCh”'”.
Definition 3.3.12. Let G be a groupoid, V a Banach G-module.
(i) We call the homology

H!'(G;V) := H.(CL(G: V)

together with the induced semi-norm on Hfl (G; V) the £*-homology of G
with coefficients in V.

This defines a functor Hfl : GrpBan — R-Mod!/'!
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(ii) We call the cohomology
Hy(G;V) := H*(Bg(C.(9),V)),

together with the induced semi-norm on H;(G; V'), the bounded cohomol-
ogy of G with coefficients in V.

This defines a contravariant functor H; : GrpBan —» R-I\/Iodl,i'”.

Remark 3.3.13. As before, if G is a group, our definition of ¢!-homology and
bounded cohomology coincides with the usual one.

Since the chain homotopies we have considered in Proposition 3.2.30 are
bounded, we get the following analogue of the homotopy invariance of groupoid
homology:

Proposition 3.3.14. Let G and H be groupoids. Let fo,f1: G — H be
groupoid maps and let h be a homotopy from f1 to fo.

(i) For each n € N the map s, defined in Proposition 3.2.30 is a bounded
G-map and ||spllcc <n+ 1.

(ii) LetV be an H-module. For eachn € N, the chain homotopy sY is bounded
and hence induces an R-chain homotopy between the maps C’fl (fo; V)
and C% (f1;V o h).

(i) In particular,
Hfl (f; V) = Hfl (fi;V)o Hfl (idg; V o h);
and the map Hfl(idg; V o h) is an isometric isomorphism.

(v) Dually, s}, induces an R-cochain homotopy between the maps C(fo; V)
and Cf (f1;V oh).

(v) In particular,
Hy (fo; V) = Hy(idg; V o h) o Hy (f1; V);
and the map H (idg; V o h) is an isometric isomorphism.

Proof. The only thing left to show is that Hfl(idg; V o h) and Hj(idg;V o h)
are isometric. But

Voh: fiV — fiV
Vig(e) D0+ he v

is isometric since the H-action on V is isometric, hence all the induced maps
are also isometric. |

Corollary 3.3.15. Let f: G — H be an equivalence between groupoids and V'
a Banach H-module. Then the induced maps

HY (f;V): HE (G V) — HE (V)
and
Hi(f;V): Hy (H; V) — H(G; f*V)

are isometric isomorphisms of semi-normed graded R-modules.



44 CHAPTER 3. BOUNDED COHOMOLOGY FOR GROUPOIDS

Corollary 3.3.16 (Bounded group cohomology calculates bounded groupoid
cohomology). Let G be a connected groupoid and V' a Banach G-module. Let
e € ob§ be a vertex and i.: Go — G the inclusion of the corresponding vertex
group. Then

H. (1o, V): HL (Ge,iZV) — HL (G:V)
and
Hy(ie,V): Hy (G, V) — Hy(GesicV)
are isometric isomorphisms of normed graded R-modules.

Proof. By Corollary 3.1.8, i, is a homotopy equivalence and by Corollary 3.3.15,
the induced maps are isometric isomorphisms. Thus the result follows form
Remark 3.3.13. O

Definition 3.3.17. Let (V;,|| - ||li)ier be a finite family of (semi-)normed R-
modules.

(i) We define the direct sum (semi-)norm on €P

@Vi—ﬂR

icl

j{:iﬁ — j{:|‘vi”@

icl el

ic1 Vi by setting

(ii) We define the product (semi-)norm on [[,.; Vi by setting

il
HVi — R
el

(vi)ier — max{||v;||; | i € I}.

Proposition 3.3.18 (Bounded groupoid cohomology and disjoint unions).
Let G be a groupoid having finitely many connected components and V a Ba-
nach G-module. Let G = I1xcaG> be the partition of G into connected compo-
nents. For each A € A, write V* for the G-module structure on V induced by
the inclusion G* — G. Then the family of inclusions (gA — G)rea induces
isometric isomorphisms

B HL (6N V) — HE(G:V)
AEA

with respect to the direct sum semi-norms and
Hy(G;V) — [ Hy (6% V)
AEA
with respect to the product semi-norm.

Proof. We see directly that the splitting of C,(G) with respect to the connected
components is preserved after applying ®gV and Bg( -, V) and that the norm
is exactly the direct sum norm or respectively the product norm. O
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3.4 Relative Homological Algebra for Groupoids

In this section, we develop the relative homological algebra necessary to study
resolutions that can calculate bounded cohomology and ¢!-homology of grou-
poids respectively, analogously to the group case. We introduce the notations of
relatively injective and relatively projective groupoid modules and define strong
resolutions for Banach groupoid modules. Then, we show that B(C.(G),V) is
a strong relatively injective resolution for each Banach G-module V. Next, we
prove the fundamental lemma for relative homological algebra in our setting,
implying in particular that strong relatively injective resolutions are unique
up to bounded G-cochain equivalence. Thus these resolutions can be used to
calculate bounded cohomology up to isomorphism, and we show that the semi-
norm on bounded cohomology can be seen to be the infimum over all semi-norms
induced by strong relatively injective resolutions. Finally, we also discuss the
dual results for £!-homology.

Definition 3.4.1. Let G be a groupoid.

(i) Let V and W be Banach G-modules. A G-map i: V — W is called rela-
tively injective if there exists a (not necessarily G-equivariant) R-morphism
o: W — V such that o 04 =idy and ||o]e < 1.

(ii) A G-module [ is called relatively injective if for each relatively injective G-
map i: V — W between Banach G-modules and each G-map a: V — [
there is a G-map §: W — I, such that foi =« and [|5]|c < ||| co-

Dually, we also define relatively projective modules:
Definition 3.4.2. Let G be a groupoid.

(i) Let V and W be Banach G-modules. A G-map p: V — W is called
relatively projective if there exists a (not necessarily G-equivariant) R-
morphism o: W — V such that po o =idwy and ||o|e < 1.

(ii)) A G-module P is called relatively projective if for each relatively projec-
tive G-map p: V. — W between Banach G-modules and each G-map
«: P — W there is a G-map #: P — V, such that po 8 = «a and

1Bl < [lex]loo-

Figure 3.1 illustrates the mapping problems for relatively injective and pro-
jective modules.

Proposition 3.4.3. Let U be a Banach G-module and n € N. Then the Banach
G-module B(C(G),U) is relatively injective.

The proof is basically the same as in the case of G being a group:

Proof. Let V and W be Banach G-modules and i: V — W be a relatively
injective G-map. Let o: W — V be as in Definition 3.4.1(i). Furthermore,
let a: V. — B(Cp(G),U) be a bounded G-map. We define a family of linear
maps (Be: We — B(Cn(G)e, Ue))eecobg by setting for each e € ob G

ﬁe: We — B(Cn(g)ea Ue)

w > ((907 s 7gn) — ae(go : Us(go)(gal “LU))(go, cee 7gn))
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Figure 3.2: Mapping problem for relatively projective and relatively injective
modules.

e For each e € ob G the map S, is bounded and ||Be||oo < ||te|loo: We have
for each go € G and each w € Wy(y,)

leve(go) (90 * Ts(g0) (90" WDlloo < lleve(go)lloo + 190 - Tsg0) (95 - w))lloo
= llaego) oo 17590y (95" - w))lloo

< llevt(go) oo Is(go)lloo + (g™ - )
< lewgo)lloo - llwll-

e The map B is G-equivariant: We have for all g € G, w € Wy, and
all (go,--.,gn) in P,(G) with t(go) = t(g)

Bite) (g - w)(gos - -+ Gn) = i) (90 ~Js(go)(951 g w))(go,- - 9n)
(g s (97" 90 sy (97 - 90) ™ - w)) (g0, - - -, gn)
( s(g)(g gO Js(go)(( '90)71'w))(gil'g()a-'-vgn)

w)(g™" - gos -+ 9n))
w))(go, ey Gn)-

(@) (
(g 65 ) (

Hence By(4)(g - w) = g - Bs(g)(w).

e Since we have ||Belloo < ||te]loo for all e € obG, the map f is bounded
and [|5floc < flefoo-

e For all (go,...,9n) € Pn(G) and w € Wy(y,) we have

(Bi(go) © Tt(90)) (W) (905 - - - Gn) = @t(g0) (90 * Ts(g0) (G0~ Tt(g0) (W) (05 - - - gn)
(90 - 0 go>( is(g0) (90" w)) (g0, -+ Gn)
= Oy go)(g ( . ))(goaagn)
(

= Q(go) (W) (g0 - - -, gn)-

= Qi(go)

Hence a = S o 1. |
Dually, we also have:

Proposition 3.4.4. Let G be a groupoid and U a Banach G-module. Then for
alln € N, C,(G)®U is relatively projective.
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Proof. Let p: V. — W be a relatively projective G-map between Banach G-
modules and a: C,(G)@U — W a G-map. Let 0: W — V be as in Defini-
tion 3.4.2 (i). Define a G-map

B: Cr(G)U — V
(907" ;gn) Q@Uu+—>go- U(a((ids(go)agla' 7gn) ®g(;1 u))

A calculation similar to the one for the relative injective case shows that this
map indeed has the wanted properties. O

Definition 3.4.5 (Strong Resolutions). Let (Cy, 0«) be a Banach G-chain com-
plex, V a Banach G-module and ¢: Cy — V a G-augmentation map. We
call (Cy, Ox,€) strong or a strong resolution for V if there exists a norm non-
increasing chain contraction, i.e., a family

(Sn: Cn — Cn-i-l)neN
s_1:V — Co

of (not necessarily G-equivariant) R-morphisms between G-modules such that
(i) For all n € NU {—1} we have [|s,]|c < 1.

(ii) The family (s, )nen is a chain contraction of the augmented chain complex,
i.e., for all n € Ny

Sp—1900n + Ony1 08y, =1idg,,,
and
s_10e+ 010580 =idg,
cos_1 =idy.
Dually, we also define strong resolutions for cochain complezes.

Example 3.4.6. Let G be a groupoid and V' a Banach G-module. Recall from
Remark 3.2.20 the definition of the chain contraction s,: Ci(G) — Cyy1(G):

s_1: R — Cy(9)
e — id,
and for alln € N
Snt Cn(g) — CnJrl(g)
(gOa v 7gn) — (idt(go)aQOa e agn)

(i) Consider the Banach G-chain complex C.(G)®V together with the aug-
mentation map

e: Cgl(g;V) —V
gRU—— .
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. . . . . . 1
The family s, induces a norm-non increasing R-chain contraction s’

of (C.(G)®V,¢) given by
st O (G V) — CLL(G V)
TRV sy(x) @V

and
se_ll: V— Cgl (G;V)
Ve 3 v — id. ®v.
In particular, (Cy(G)®V,¢) is a strong (homological) G-resolution of V.

(ii) Consider the Banach G-cochain complex B(C«(G),V) together with the
augmentation map e: B(Cy(G),V) — V given by

e: V. — B(Cp(G),V)
v— (g —> ).

Then, the family s, induces a norm-non increasing R-cochain contrac-
tion s; of (B(C«(G),V),¢) given by

st B(C.(G), V) — B(Cy_1(G),V)
P —> PO Sy

and setting for each e € ob G

Spet B(Co(G)e; Vo) — Ve
o — p(ide).
In particular, (B(C.(G),V),€) is a strong (cohomological) resolution of V.

Proposition 3.4.7 (Fundamental lemma I). Let (I", 67)nen be a relatively in-
jective Banach G-cochain complex and e: W — I° a G-augmentation map. Let
(C™, 68 ) nen,v: V.— C) be a strong G-resolution of a Banach G-module V.

Let f: V. — W be a G-morphism. Then there exists an up to bounded G-
cochain homotopy unique extension of f to a bounded G-cochain map between
the resolution (C™,8%,v) and the augmented cochain complex (I™,5%,¢).

Proof. The proof is basically the same lifting argument as for all homological
“fundamental lemmas”, for instance [62, Lemma 7.2.4].

Let ((s": C" — C" Ypeno,,s°: C° — V) be a norm non-increasing
cochain contraction of the augmented cochain complex. We construct the se-
quence (f™)nen by induction.

The augmentation map ¢: V — C? is relatively injective (s° o ¢ = idy/).
For this reason, because I° is relatively injective, there exists a bounded G-
lift f0: C® — I° of v o f such that fCoe=vo f.

0
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Assume now that for an n € N bounded G-maps f°,..., f™ have been con-
structed, compatible with the boundary maps. The G-submodules keré} C
I™ and keré? C O™ are closed. Since f" oo™t = 677 o f71, and be-
cause imd} ™" C kerd} and imég_l C kerdg, the map f™ induces a G-map
fr: O™/ ker 6 — I™/ ker 67 such that f™ o myer sn, = Tiersn © f™, where Tyer 57
and Ter op are the canonical projections:

f’ﬂ

cn "

Tker 0 l Tker oF
fn

C™/ker 0, ——— I™/ker 67

Consider now the following diagram:

C™/ker 0 ——— I"/kerd}

We have
(WkerSg, os™o 52‘) o 7Tker&@ = Tker 0 o (Sn o 58‘)
= Tker sz, © (idom 758_1 0s" 1)

— idC"/kerSg, oﬂ-kerég;-
Hence, Tiersn © 8™ 0 @ = idgn ) ker oz - Also
HﬂkerSg o SnHoo S ||7rker52;Hoo . Hsn”oo S 1;

and thus @ is relatively injective. Therefore, we can find a bounded G-map 7!
solving the corresponding lifting problem.
We see directly that this is the desired part of the cochain map since
fnJrl © 58 = fnJrl O%O Tker 6%
= ﬁ © F O Tker 6%,
:ﬁoﬂ-ker(?}l ofn
=4 o f™

The uniqueness can be seen by constructing a G-cochain homotopy using similar
arguments. |

Corollary 3.4.8. Let G be a groupoid and V' a G-module. Then there exists
an up to canonical bounded G-cochain homotopy equivalence unique strong
relatively injective G-resolution of V.

Correspondingly, with a proof completely dual to the one for Theorem 3.4.7:
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Proposition 3.4.9 (Fundamental lemma I1). Let G be a groupoid. Let (P.,0F)
be a relatively projective Banach G-cochain complex and e: Py — V' a G-aug-
mentation map. Let (Cy,0S,v: Co — W) be a strong G-resolution of a Banach
G-module W.

Let f: V. — W be a G-morphism. Then there exists an up to bounded G-
chain homotopy unique extension of f to a bounded G-chain map between the
augmented chain complex (P.,0F ) and the resolution (C.,0¢,v).

Theorem 3.4.10 (Bounded groupoid cohomology via relative homological al-
gebra). Let G be a groupoid and V' a Banach G-module. Let ((D*,d%),e: V —
DY) be a strong G-resolution of V.

Then for each strong cochain contraction of (D*,e) there exists a canoni-
cal norm mon-increasing cochain map of this resolution to the standard resolu-

tion (B(Crn(G),V))nen of V extending idy .

Proof. The argument is similar to the proof of Proposition 3.4.3, see also [48,
Lemma 3.2.2] for the group case.

Let ((s": D" — D" 1),en,8%: D° — V) be a norm non-increasing
cochain contraction of the augmented cochain complex. We will define fami-
lies (a”: DI — B(Cp(G)e, Ve))ecobg by induction over n € NU {—1}. First,
we set ! = idy. Assume we have defined «,,_; for some n € N. Then we set
for all (go, ..., gn) € Pn(G) and all p € D, |
g0y (99051 9n) = 00y (90~ $51g0) (90 ) (G0~ 91, -+ gn)-

We immediately see that this is a G-map for all n € N and since s™ is norm non-
increasing and the G-action is isometric, o™ is norm non-increasing by induction.
By a short calculation we see that (@™),en is a cochain map. O

Corollary 3.4.11. Let G be a groupoid and V a Banach G-module. Fur-
thermore, let ((D",0%)nen,e: V. — DY) be a strong relatively injective G-
resolution of V. Then there exists a canonical semi-norm non-increasing iso-
morphism of graded R-modules

H* (D) — H;(G:V).
Proof. By Theorem 3.4.10 there exists a norm non-increasing G-cochain map
D" — B(C,(G),V).
extending idy. This induces a norm non-increasing morphism
H*(D*9) — Hy(G;V).
By the fundamental lemma for groupoids, this is an isomorphism. O

Dually, we get the following result for ¢!-homology:

Theorem 3.4.12 (¢'-homology via relative homological algebra). Let G be
a groupoid and V a G-module. Let ((E.,0F),e: Ey — V) be a strong G-
resolution of V.

Then for each strong chain contraction of (Ey, ) there exists a canonical
norm non-increasing chain map from the standard resolution (C.(G)®V) of V
to (Ey,¢) extending idy .
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Proof. The proof is similar to the proof of Theorem 3.4.10:

Let ((sn: B, — Fpnt1)nen, S—1: V — Ep) be a norm non-increasing chain
contraction of the augmented chain complex. By induction over n € NU{—1},
we define a bounded G-chain map (a,: Cn(G)®V — E,)nen. First, we
set a_1 = idy. Assume we have defined «,—1 for some n € NU{—1}. Then we
set for all (go,...,gn) € Pn(G) and all v € Vy(4)

an((go,---+9n) ® V) = go - Sn—1(an-1((g1,-- -, 9n) ® go_l - v)).

We immediately see that this is a G-map for all n € N and since s,_1 is norm
non-increasing and the G-action is isometric, «,, is norm non-increasing by in-
duction. By a short calculation we see that («,)nen is a chain map extending
idy . O

Corollary 3.4.13. Let G be a groupoid and V a Banach G-module. Further-
more, let ((E,0F),e: Ey — V) be a strong relatively projective G-resolution
of V. Then there exists a canonical semi-norm non-increasing isomorphism of
graded R-modules

H.(G:V) — H.(E.g).

Proof. As for Corollary 3.4.11. O

3.5 Bounded Cohomology for Pairs of Groupoids

3.5.1 Relative Bounded Cohomology

We will now define relative bounded cohomology for pairs of groupoids. Using
this definition, we derive a long exact sequence for bounded cohomology of
groupoids. Then, we show that relative bounded cohomology is a homotopy
invariant. Finally, we discuss the special case of a group relative to a family
of subgroups and get a long exact sequence relating bounded cohomology of a
group relative to a finite family of subgroups to the regular bounded homology
of the group and the subgroups. As before, we will also discuss relative £!-
homology where analogous results hold.

Though we do not elaborate relative (co-)homology for groupoid pairs, the
definitions and results here can easily be adapted to the non-normed situation.

Definition 3.5.1. Let i: A — G be a groupoid pair, i.e. the canonical inclu-
sion of a subgroupoid A C G. Let V be a G-module.

(i) The map
Ciu(i;V): Cu(A;3"V) — Cu(G; V)
a®QU——ra®u
is injective and induces an injection C¢' (A;8*V) — ct (G;V). The
quotient induced by this map
CL (G, A V) = CL (G V) /CL (A V),

endowed with the induced norm on the quotient, is a normed R-chain
complex. We write pl94Y) . ¢! (G; V) — C (G, A; V) for the canonical
projection.
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(ii) We call
HY (G, A:V) = Ho(CY (G, A V)

the £*-homology of G relative A with coefficients in V.
(iii) Dually, the map
Cy(i3V): Cp(G; V) — Cy(A,i7V)
(fe)eEobg — (felC*(.A)e)eeobA
is surjective. Its kernel
Cp(G, A V) ==ker(Cy (i V)
:{f € BQ(C* (g)av) | Veeob A felC*(.A)e = 0},

endowed with the induced norm on the subspace, is a normed R-cochain
complex. We write ¢{g 411 O3 (G, A; V) — Cy(G; V) for the canoncial
inclusion.

(iv) We call
Hy(G, A V) == H*(Cp(G, A V)

the bounded cohomology of G relative to A with coefficients in V.

We define domain categories Grp?Ban and Grp?Ban analogously to the def-
inition of GrpBan and GrpBan by considering pairs of groupoids instead of
groupoids.

Definition 3.5.2.

(i) Let (f,¢): (G, A),V) — ((H,B),W) be a morphism in Grp?Ban. Then
C.(f;¢) induces a bounded chain map

CL(f. flasw): CL(GAV) — CF (M B W);
and a continuous map between graded normed modules
HY (f, flase): HY (G, A, V) — HE (H,B; W),

This defines a functor Grp?Ban — R-Mod!I.

(i) Let (f,¢): ((G,A),V) — ((H,B), W) be a morphism in Grp?Ban. Then
C¥(f, ) restricts to a bounded cochain map

Cl;k(fv f|.Aa 50) = Clj (f, 90)|CZ‘(H,B,W) : CE(H, B? W) — Clj (gv Aa V)
This induces a continuous map between graded normed modules
Hy(f. flas): Hy (M, B;W) — Hy (G, A; V).

This defines a contravariant functor Grp?Ban — R—I\/Iodﬂ'”.

As for the above definition, we just note that the right-hand square in the
following diagram commutes by definition, so the map on the left-hand side is
defined:
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LH.Bw) Cy(ig; V)
0 Cy(H,B;W) ——— Cy(H; W) Gy (ByigW) ——— 0
Ci(f, flase) Cy(f59) Ci(flas i)
0 Cy(G, A V) — Cy (G V) — Cy (AR V) 0
Lg,av) p (V)

Here i*y@: f%igW =i f*V — iV denotes the A-map given by (¥4)acobg,
i.e., by restricting the family corresponding to ¢ to objects in A. Functoriality
then follows from the functoriality of the right-hand square. Similarly for £!-
homology.

In particular, we can apply the snake lemma to get the following:

Proposition 3.5.3. Letig: A — G be the inclusion of a subgroupoid .

(i) There is a natural (with respect to morphisms in Grp?Ban) long exact
sequence

. HEGaV), HSN) 0.
o H (AiyV) — H (G V) — H (G, A V) — HE (A V) — -

such that 0. is continuous with respect to the induced semi-norms.

(ii) There is a natural (with respect to morphisms in Grp?Ban) long exact
sequence

H*(dg,a)  Hy(ia;V) 5"
- — Hy (G, A V) — Hi (G V) — Hy (A;i4V) — Hy (G, A V) — -

such that §* is continuous with respect to the induced semi-norms.

Definition 3.5.4. Let f,g: (G, A) — (H,B) be maps of pairs of groupoids.
We call a homotopy h between f and g a homotopy relative A if for all a € A
the morphism H,: f(a) — g(a) is contained in B.

In this situation, we also write f ~4 5 ¢g. The restriction of h induces then
a homotopy h|4 between f|a,gla: A — B.

We can give an equivalent description of relative homotopies using Proposi-
tion 3.1.9:

Remark 3.5.5. Let f,g: (G, A) — (H, B) be maps of pairs of groupoids and h
a homotopy between f and g. Let H: G x A! — H be the induced groupoid
map, as in Proposition 3.1.9. Then h is a homotopy relative A if and only if H
restricts to a groupoid map A x Al — B.

Proposition 3.5.6.

(i) Let f,g: (G, A) — (H,B) be maps of pairs of groupoids and V be an H-
module. If f >~ 4,8 g via a homotopy h, then there is a canonical R-cochain
homotopy between Cy(f, fla; V) and Ci(g,gla;V oh).
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(ii) In particular,
Hy (f, fla; V) = Hy (idg,ida; V o h) o Hy (g, gl a3 V);
and the map H} (idg,ida;V o E) s an wsometric isomorphism.

Proof.

(i) We write s” and s*‘*‘ for the G-chain homotopies constructed in Proposi-

tion 3.2.30 ( ) with respect to h and h|4. Let sy, and Sisv,n| 4 denote the

hla

cochain homotopies induced by s” and s, The right-hand side square

of the following diagram

RSN Cy(in; V)

00— Cy(H,B;V) Cy(B;igV) —— 0

* *
Sv,h SiEVih|a

0= GG A V) —— i G V) —— Gy (A V) — 0.
” e o (UL Ll 4 B

commutes by definition, since for all (¢c)cecobn € Cp (H; V)
(Ci M ia; V) 057 1) (We)eer = (W(e) © 82 ¢ )ecob A
= (wfu (0) © $412 ) ecob
= s Vh\AWe)eeObB
= (s7s vinja © O (i85 V) (the) ecob n-

Hence the map on the left-hand side is defined. The map s. <V, h\A a
cochain homotopy between

Cy (fla,igV) = Cy (fla,idyizv)
= Cy (flaidys, 4- V)
b

=C (flAaZ_Aldf V)

and

Cy(gla, (Vo hla)) = Ci(gla, ia(V o 1)).

Hence, by comparing the diagrams deﬁning Cy (f, fla; V), Cy (g,94;V)
and sy, h|C*(7—£ B;V)» cocham homo-

topy between Cy(f, fla;V) and Cb (g g|,4, V).

(ii) The map Cj(idg,ida;V o h) is an isometric cochain isomorphism, since
Cy(idg; V o h) and Cf (ida; % (V oh)) = Cy (id.a;i%V o h| 4)) are isometric
cochain isomorphisms. O

Corollary 3.5.7. Let f: (G, A) — (H,B) be an equivalence relative A, i.e.,
there exists a map g: (H,B) — (G, A), such that go f ~4 g idg and fog ~p 4
idy. Then

Hy(f, flasV): Hy (W, B; V) — Hp(G, A; f*V)

is an isometric isomorphism.
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Remark 3.5.8. Results analogous to Proposition 3.5.6 and Corollary 3.5.7 hold
by similar arguments also for /!-homology.

Proposition 3.5.9. Let (G, A) be a pair of groupoids and mo(G) = mo(A).
Let i: Heergn (Ge, Ae) — (G, A) be the canonical inclusion. Then there exists
a groupoid map p: (G, A) — ey A(Ge, Ae) such that poi =id 4 and iop ~4
idg.

Proof. We proceed as in the proof of Theorem 3.1.7, constructing «, e and p but
under the additional condition that

Vacob.a e(a) € Homy(a, a(a)).

(We can achieve this because mo(G) = mo(A).) Then, by definition p maps A
to Heen,aA and e is a homotopy relative A between i o p and idg. O

Corollary 3.5.10. Let (G,.A) be a pair of connected groupoids with vertex
group G and A respectively. Then we get an isometric isomorphism

Hy (G, A;R[G]) = Hy (G, A;R).
Definition 3.5.11. Let G be a group and I a set.
(i) Recall from Definition 3.1.10 that we can define a groupoid G by setting

e Objects: ob Gy := 1.
e Morphisms: Ve rer  Morg, (e, f) :=G.

We then define composition by multiplication of elements in G.
(ii) If V is a G-module, we can define a Gj-module structure on
Vi = (Vl,e)eel = (V)eel
by setting for all g € Gy
Pg+ Vist9) — Vii(g)

v g- 0.

Definition 3.5.12. Let G be a group and (4;);e; be a family of subgroups.
Let V be a Banach G-module. We define

HY (G, (A)ier; V) = HY (Gr, e Ay Vi)
and

Hy (G, (Ai)ier; V) == Hy (Gr, Wier Ai; VT)

This is functorial in the obvious way. We will also sometimes slightly abuse
notation and write (G, (A;)icr; V) to denote (G, ;erAs; Vi).

Lemma 3.5.13. Let G be a group and I be aset. Foreach: € I'letl;: G — G
denote the canonical inclusion as a vertex group. Then

Hy (Li; Vi) = Hy (1 Vi)

for all 4, j € I and for all Banach G-modules V.
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Proof. We can define a homotopy between [; and [; by setting
hi:=idg: G =G; — G; =G.
Here 1 denotes the unique vertex of G. Hence, by Proposition 3.3.14
Hy(l;; Vi) = Hy(idg; Vi o h) o Hy (15 Vi) = Hy (1;; Vr). O

Theorem 3.5.14. Let G be a group and (4;)icr a finite family of subgroups.
Let V be a Banach G-module. Then there is a natural long exact sequence

L (Hy(ia;;V))ier d*

- — Hy (G, (A)ier; V) — Hi (G V) = [Liey Hi (As;i4,V) — Hy P G, (Ad)ier; V) — -+

such that 0* is continuous with respect to the induced semi-norm and the product
semi-norm. Here

= Hy(le; Vi) o H (Lay a,,vy)-
where lo: G — G is the canonical inclusions for some vertex e € obg.
Proof. Write t;: A; —— IlierA; and s: Ijer A; — Gy for the canonical
inclusions. By Corollary 3.1.8 and Proposition 3.3.18, the rows in the following
diagram are isometric isomorphisms:

H,;“(G; (Ai)ier; V) Hzf(G; (Ai)ier; V)

H* (A ierv)) J
§ Hy (le; V) .
Hy(Gr; Vi) = Hy(G;V)
H;(s;Vr) (Hy(ia;3V))ier

(H; (ti; S*V))Z'e[
H; (ies Ai; s*V) [Lics Hy (Aizi%,V)

>~

0* dr

Hy NG, (Aier; V) HYYG, (Aier; V)

The upper square commutes by definition and we can choose a continuous
map d* in such a way, that the lower square commutes. The centre square
commutes by Lemma 3.5.13. O
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3.5.2 Relative Homological Algebra for Pairs

In this section, we will discuss a version of relative homological algebra that
can be used to describe the bounded cohomology of a pair of groupoids. The
definitions and results will be analogous to the ones in the absolute setting in
Section 3.4. If (G, .A) is a pair of groupoids, we will define (G, A)-cochain com-
plexes and strong, relatively injective (G,.A)-resolutions in this setting. We will
see that there is a fundamental lemma for pairs and that the pair of standard
resolutions is a strong, relatively injective (G, A)-resolution, thus H; (G, A;V)
can be calculated by such resolutions. Our definition is slightly more restric-
tive than Park’s definition of allowable pairs [68], but will directly lead to the
fundamental lemma for pairs.

Definition 3.5.15. Let i: A — G be a pair of groupoids, i.e., A and G are
groupoids and 4 is an injective groupoid map, see Definition 3.1.1. We define a
category (G, A)-Ban by setting:

(i) Objects in (G,.A)-Ban are tripels (V,V’ ¢), where V is a Banach G-
module, V' a Banach A-module and ¢: ¢*V — V' an A-morphism. We
call such an object a (G, A)-module.

(ii) A morphism (5, j"): (V,V', ) — (W, W’ %) in (G, A)-Ban is a pair (4, j'),
consisting of a G-map j: V — W and an A-map j': V' — W', such that
the following diagram commutes:

i*j

vV W

Rt

V/ W/

Composition is then defined componentwise. We call such a morphism
also a (G, A)-map. In addition, we will consider not necessarily (G, .A4)-
equivariant morphisms (j,5'): (V, V', o) — (W, W' 1) by dropping the
condition that j and j’ are equivariant, but still demanding that the above
diagram commutes.

(iii) Similarly, we also define a category (gﬁA)ChH'H of Banach (G, .A)-cochain
complexes. The notions of augmentations, cochain homotopies etc. trans-
late naturally into this setting.

Definition 3.5.16 (Cohomology of (G, A)-cochain complexes). Let i: A — G
be a pair of groupoids.

(i) Let (C*, D*, f*) be a (G, A)-cochain complex. The map f* restricts to a
cochain map

09— D*A

(Ue)eeob gr— (f; (vi(a)))aeob A-

We write K*(C*, D*, f*) for the normed R-cochain complex ker(f*), given
by considering the kernel in each degree and endowed with the norm in-
duced by the norm on C*.
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(i) Let (4,5"): (C§, D§, f§) — (CF, Dy, ff) be a (G, A)-cochain map. Then,
by restriction, (j,;’) induce the maps on the right-hand side of the follow-
ing diagram

_ I8

ker fg cp9 DA
[Pl |7 _ |7
_ I

ker ff cy? DA,

and this square commutes, hence the map on left-hand side is defined.
We write K*(j,5') := j*|kerf_g for the map on the left-hand side. In this

way, K* defines a functor (Q,A)Ch”'” — s gChll,

(iii) We write H*(C*, D*, f*) to denote the cohomology of K*(C*, D*, f*)
endowed with the induced semi-norm. In this way, we have defined a
functor (g, Chl'l — R-Mod!l'l.

The main example of (G, .A)-cochain complexes in this section is given by
the pair of canonical resolutions for G and A:

Example 3.5.17. Let i: A — G be a groupoid pair and V a Banach G-
module. Then C*(G, A; V) = (B(C.(G),V),B(C.(A),i*V), B(Cy(7),V)) is a
Banach (G, .A)-cochain complex. By definition

H*(C*(G, A; V) = H; (G, A V).

Remark 3.5.18. Let (f, 1), (95,97): (Cg,C5,9*) — (D§, Dy, 1*) be a pair
of (G, A)-cochain maps. Let (h$,hi): (Cg,Ct,¢5) — (Dy~ ', Dy~ 9*1) be
a (G, A)-cochain homotopy between (f7, f1) and (g3, g7), i.e., h{ is a G-cochain
homotopy between f; and gj and hj is an A-cochain homotopy between f;
and g, and the pair (h§, h}) is a family of (G, A)-maps. Then (h{, h}) induces
an R-cochain homotopy between K*(f5, fi) and K*(g§,97). In this sense, co-
homology of (G, .A)-cochain complexes is a homotopy invariant.

Definition 3.5.19 (Relatively injective pairs). Let i: A — G be a pair of
groupoids.

(i) A (G, A)-map (4,7"): (V,V' @) — (W, W’ 1) is called relatively injective,
if there is a (not necessarily (G, A)-equivariant) split

(0,0"): (W, W' ) — (V. V', ),

such that (o,0") o (4,5') = (idv,idy/) and ||o||ee < 1 and ||o’/||cc < 1.

(ii) A (G, A)-module (I, I, f) is called relatively injective if for each relatively
injective (G, A)-map (j,7"): (V, V', ) — (W, W' 1) between (G, A)-mo-
dules and each (G, A)-map («,'): (V,V' ) — (I,I', f), there exists
a (G, A)-map (8,5"): W, W' ) — (I,I', f), such that (8,8') o (4,5') =
(a,a) and [|B]loc < [lo][oc and [|5"][oc < [|0/[|oc-
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Figure 3.3: Extension Problem for Pairs.

Remark 3.5.20. Park [68] treats bounded cohomology of a pair (G, A) of
groups via so called allowable resolutions, i.e., via pairs consisting of a strong,
relatively injective G-resolution and a strong, relatively injective A-resolution,
together with a cochain map that commutes with a pair of norm non-increasing
cochain contractions of the two resolutions. Thus, the condition on relatively
injectivity of an allowable pair is a priori weaker than our definition of relatively
injective (G, A)-resolutions. However, as noted by Frigerio and Pagliantini [40,
Remark 3.8], it is not clear why Park’s definition should lead to a version of the
fundamental lemma. Our definition avoids this problem and still includes the
interesting examples.

Example 3.5.21. Let i: A — G be a pair of groupoids and U a Banach G-
module. For each n € N, the Banach (G, A)-module C"(G, A;U) is relatively

injective.

Proof. Let (j,7"): (V,V', o) — (W, W' 1) be a relatively injective (G,.A)-map
and let (o,0"): (W, W’ ) — (V,V’,¢) be a not necessarily equivariant split
for (4,7") with ||o|lec < 1 and ||6’||cc < 1. Moreover, let (a,a’): (V,V' p) —
C™"(G,A;U) be a (G, A)-map. As in the proof of Proposition 3.4.3, we define
a G-map : W — B(Cy(G),U) and an A-map §': W' — B(C,(A),i*U) by
setting

B: W — B(C,(9),U)

w— ((go, ooy gn) — a(go -a(go_1 -w))(go, - - - ,gn))
and

B W — B(Cy(A),i*U)

w —> ((ao, oyan) — o (ag - o' (agt - w))(ag, . . . ,an)).

In particular, (8, 8") o (j,j') = (@, @) and [[ Bl < [[efloc and [[5"]oc < [ [|oo-
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We have for all w € ¢*W and (ao, ..

B (w)(ao, ..., an) = o

«
«

.y ao) S Cn(A)

(ag - o' (agt - (w)))(ao, - - -, an)
"(ag - pi*a(ay® - w))(ag, ..., an)
(
(

Chn(3), )z alag -1 U(aol w))(ag, ..., an)

Cn (i), U)i* B(w)(ao, - .-, an).
Hence, (38,0') is a (G,.A)-map. O

Definition 3.5.22. Let i: A — G be a pair of groupoids, (C*, D*, f*) be a
Banach (G, A)-cochain complex and V' be a Banach G-module. Furthermore,
let (e,¢'): (V,i*V,idj+y) — (C°, DY f9) be a (G, A)-augmentation map. We
call (C*,D*, f*,(g,€')) a strong resolution of V if there exists a (not neces-
sarily (G,.A)-equivariant) norm non-increasing cochain contraction (s*,t*) of
(C*,D*, f*,(g,€’)), i.e., a norm non-increasing contraction s* of (C*,¢) and a
norm non-increasing contraction t* of (D*, '), such that f* commutes with i*s*
and t*.

B
B

Let i: A — G be a groupoid pair and V a G-module. Recall that there is
a G-augmentation map

e: V. — B(Cy(9),V)
vi— (g —> )

and an A-augmentation map

&1 'V — B(Co(A),i*V)
v— (@ —> ).

This induces a canonical (G, A)-augmentation map
(,€"): (V,i*V,idjey) — C°(G, A; V).

Example 3.5.23. Let i: A — G be a pair of groupoids and V be a Ba-
nach G-module. Let si and s% be the norm-non-increasing cochain contrac-
tions for (B(Cx(G),V),¢e) and (B(C«(A),i*V),e’) as in Example 3.4.6. By a
short calculation, we see that (s, s%) is a norm non-increasing cochain con-
traction of (C*(G, A; V), (g,¢’)). Hence, (C*(G, A; V), (¢,¢')) is a strong (G, A)-
resolution of V, called the standard (G, A)-resolution of V.

Proposition 3.5.24 (Fundamental Lemma for Pairs). Let i: A — G be a
pair of groupoids. Let (I*,J*, ¢*) be a relatively injective (G, A)-cochain com-
plex and (e,&'): (W,i*W,idjw) — (I°,J°,¢°) a (G, .A)-augmentation map.
Let (C*, D*,¢*, (v,v")) be a strong (G, A)-resolution of a Banach G-module V.
Let (f, f): (V,i*V,ids»v) — (W, *W,ids=w) be a (G, A)-map. Then there
exists an extension of (f, f') to a bounded (G, A)-cochain map from the resolu-
tion (C*, D*,¢*, (v,V")) to the augmented cochain complex (I*,J*, ¢*, (g,€')).
This extension is unique up to bounded (G, A)-cochain homotopy.

Proof. The proof is the same as the one of Proposition 3.4.7, just solving the
extension problems for pairs instead of for single modules. O
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Proposition 3.5.25. Leti: A — G be a groupoid pair and V a Banach G-
module. Let (C*, D* ¢*, (v,v")) be a strong (G, A)-resolution of V.. Then for
each norm non-increasing cochain contraction of (C*, D*, ¢*, (v,v')) there exists
a canonical, norm non-increasing (G, A)-cochain map

(C*,D*, ") — C* (G, A; V),
extending (idy,id;y ).

Proof. The proof is basically the same as the one for Theorem 3.4.10, one just
has to check that the constructed pair of maps is a (G, .A)-map. O

Corollary 3.5.26. Let i: A — G be a groupoid pair and V a Banach G-
module. Let (C*, D*, ¢*, (v,1')) be a strong, relatively injective (G, A)-resolu-
tion of V. Then there exists a canonical, semi-norm non-increasing isomorphism

of graded R-modules
H*(C", D%, ¢%) — Hy (G, A; V).
Proof. By Proposition 3.5.25, there is a norm non-increasing (G, A)-cochain map
(C*, D%, ") — C*(G, A V),

extending (idy,id;«y ). Therefore, this map induces a semi-norm non-increasing
map H*(C*,D*,¢*) — H;(G, A; V). By the fundamental lemma for pairs,
this map is an isomorphism in each degree and does not depend of the choice
of the lift of (idy,id;«v ). O
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Chapter 4

Amenable Groupoids and
Transfer

Amenable groups are a major class of groups considered in geometric group
theory and beyond. On the one hand, they include many interesting examples,
e.g., all finite groups, all solvable groups and all groups of subexponential growth
and are closed under taking extensions, subgroups, etc., [26]. On the other hand,
their defining property, the existence of invariant means, makes them in many
instances rather accessible.

The profound importance of amenable groups for the study of bounded co-
homology comes from the fact that they are “invisible” to bounded cohomology,
i.e., the bounded cohomology of amenable groups vanishes [65], see Section 4.2.
This vanishing can in fact be used to completely describe amenable groups
via bounded cohomology. That higher homotopy groups are Abelian and thus
amenable will also be central in the proof of the (topological) mapping theorem,
which can be expressed roughly as saying that the higher homotopy groups are
not seen by bounded cohomology, see Chapter 5.

Amenable groups will also be important in Chapter 6, where we will study
their relation to uniformly finite homology.

The concept of amenability has been fruitfully extended to measured and
topological actions of groups. The action groupoid for such actions becomes a
measured or topological groupoid, leading to a further extension of amenability
to such groupoids, [1, 2] for an overview of these concepts. However, since we
are only considering discrete groupoids, we will give a definition of amenable
groupoids without additional structure that is sufficient for the latter applica-
tions. Though it is beyond the scope of this thesis, it would be very interesting
to modify the constructions of the previous sections to measured and topolog-
ical groupoids in order to describe amenability in these settings via bounded
cohomology.

This chapter is structured as follows. In the first section,we will present
our definition of amenable groupoids and give some examples. In the second
section, we will show that bounded cohomology of amenable groupoids vanishes
and that amenability can indeed be characterised by this vanishing. We will also
prove the algebraic mapping theorem, stating that, in degree greater or equal 2,
the bounded cohomology of a groupoid G relative to an amenable subgroupoid

63



64 CHAPTER 4. AMENABLE GROUPOIDS AND TRANSFER

is isometrically isomorphic to the bounded cohomology of G.

4.1 Amenability

In this section, we present our definition of amenability for groupoids, similar
to the definition of amenability of measured groupoids, [1].

Definition 4.1.1. Let G be a groupoid and V' a normed G-module. We define
a normed G-module ¢>°(G, V) by:

(i) For all e € obG we set £°(G, V), := £>*(G,, V), endowed with the || - || oo-
norm. Here, we denote by G. the set of all morphisms in G ending in e,

ie., Ge =t 1(e).
(ii) We define the partial G-action by setting for all g € G
Py £7(G, V)s(g) — £7(G, V(g
pr—= (h—g-0(g™" - h)).
Remark 4.1.2. If G is a groupoid and V' a normed G-module, there is a canon-

ical G-inclusion map cy: V. — £°°(G, V), corresponding to viewing elements
in V as constant functions G — V', given by setting for all e € ob§G

Cve! VYe — Eoo(g, V)e
ar— (g+— a).
Definition 4.1.3. Let G be a groupoid and V' a normed G-module.
(i) An equivariant mean on G with coefficients in V' is a G-morphism
m: (G, V) —V,
satisfying |[m|lcc = 1 and mo cy = idy.
If V = RI[G], we call m simply a (left)-invariant mean on G.
(ii) We call G amenable if there exists a (left-)invariant mean on G.

This definition clearly extends the classical definition of amenability for
groups [69].

Example 4.1.4. Let (A;);cr be a family of groups. Then II;c; A; is amenable
if and only if all A; are amenable groups.

Example 4.1.5. Let G be an amenable group acting on a set X. Then the
action groupoid G x X is amenable (Example 3.1.5).

Proof. The canonical projection

T Gx X —G

(9.2) — g
is a groupoid map. Clearly 7*R =gy x R[G x X], and a short calculation shows
that 7*¢>°(G,R) Zgxx °(G x X,R[G x X]). Therefore, if m: £*°(G,R) — R

is a left-invariant mean on G, the induced map 7*m is a left-invariant mean
on G x X. 0
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Proposition 4.1.6. Let G be an amenable groupoid and V a normed G-module.
Then there exists an equivariant mean on G with coefficients in V'

Proof. Let mp be a left-invariant mean on G. Then the map
my: £2°(G, V') — V'
Q> (v — mg (g — go(g)(v)))

is clearly an equivariant mean on G with coefficients in V. |

4.2 The Algebraic Mapping Theorem

In this section, we show that the bounded cohomology of a groupoid G relative
to an amenable groupoid is equal to the bounded cohomology of G. We will also
prove that the bounded cohomology of an amenable groupoid vanishes and that
this characterises amenable groupoids. The techniques used are similar to the
group case, [62, 65].

Let i: A — G be a pair of groupoids. Recall that we write L.(G) to denote
the homogeneous Bar resolution of G, Definition 3.2.22. Let V be a Banach G-
module. Denote by K (G,A; V) the kernel of the map

B(L.(i),V): B(L.(G),V) — B(L.(A),i*V).

and write j*: K7 (G, A; V) — B(L.(G),V) to denote the canonical inclusion.
Since by Proposition 3.2.23 there is a natural and canonical isometric isomor-
phism between L.(G) and C.(G), there is a canonical isometric isomorphism
between K7 (G, A;V) and K*(G,A; V). Thus we can also use the former to
calculate bounded cohomology of the pair (G, A).

Proposition 4.2.1. Let G be a groupoid. The following map is a norm non-
increasing G-chain map extending idgg)

Alt,: L,(G) — L,(G)
1

CE] . Z sgn(0) - (9o(0)s -+ Jo(n))

0EX 41

(905"'7971)'—)

For a Banach G-module V', we write Alty,: B(L,(G),V) — B(L,(G),V) for

the corresponding dual map.

Proof. The only assertion that might want a proof is that Alt,, is a chain map.
But for all e € obG and (go, - .., gn) € (Ge)" !

Altn_la’n(gOa ... 7gn)

. o . Z sgn(a) : (gg(o), e Yo(i)s - - 7ga(n))

i=0 © 0€Sn41,0(i)=i

|
P

I
—
N
<

P
\
_
e
<.

Z sgn(0) - (9o (0)s - - -+ Go(i)s - - - » Jo(n))

OEYnt1

= 0p At (gos- -+, gn)- O

“(nt 1)
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Proposition 4.2.2. Let G be a groupoid and A C G be an amenable subgroupoid.
Let V' be a Banach G-module and m_4 be an equivariant mean on A with coef-
ficients in V' (with the induced A-module structure). For each n € N and each
i1 €{0,...,n}, we define a map:

®": B(L,(G),V') — B(L,(G),V’)

— ((go,---,gn)

— if s(gi) € ob A

i " MA ) (ai — 9;1 (90,5 Gi—1,9i * @iy Git1, - - - agn>) )
©(gos - -+ 9n) else

For eachn € N, set A7y := ®f o---0®. Then A% is a norm non-increasing G-
cochain map extending idy .

Proof.

(i) The map A% extends idy+ because the mean of a constant function is
equal to the value of the function.

(ii) It follows directly that for all n € N5

n—1 n—1 ¢ - .
67 o ifi>j
n n—1 __ n—1 n—1 e . .
Vi,jE{O,...,n} (I)j ] 51 = 61 o (I)j71 if 1 < J
n—1 e o
0; if 1 = j.
Thus AY is a cochain map.
(ili) The map A% is norm non-increasing because means are norm non-increa-
sing.

(iv) The map A% is G-equivariant, since: For any n € N and i € {0,...,n},
consider (go,...,9n) € Ln(G), g € G, such that t(g9) = ¢(g;), and ¢ €
B(Ln(9)s(g): Vy(g))- We can assume s(g;) € A and have

(g ¢)(90s- - 9n)
. . —1 —1 —1 . . —1
=gi-ma,,, (ai— g7 9097 g0, 9 gi i, 97" gn))
begi) omay,, (ai— (970 g0)7"

(g7 9o g g iy g gn))

= (g-27(9)) (905 - -+ gn)- O

Proposition 4.2.3. Let G be a groupoid and A C G be an amenable subgroupoid.
Let V be a Banach G-module. Then the composition

Alt}, 0oA*: B(L.(G),V') — B(L.(G),V")

15 a norm non-increasing G-map extending idy,. For n € N>y, it factors
through K3 (G, A; V'), i.e., the following diagram commutes:
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Alty,, o A"
B(Ln(9), V' B(Ln(9), V")
\ /
K7(G, A V)

Proof. We have to show that B( n(2), V') o Alty, 0A”y = 0 for all n € N>;. But
for all e € ob.A and (ay,...,a,) € A% b € A, and ¢ € B(L,(9),V')e
DI (p)(ag, ... an)

=aj-ma, (a/)(ai — a';l cp(ag, ..., ah - i, ... an))

=} (0 -al) ™ ma e (

— (b;_1 -aj) - a'i_l ~plag, ... al- (bg_1 -af)ag,. .. ,al))

:b; 'mAS(b;)(ai '—>b/'_1 '90(0’67 7bfi'aza aa'/n))

= P} (¢)(ag, .-, b, -, ay)
Hence @7 (p)(ag,...,a;) does not depend on aj. Therefore, A% (¢ o Ly(i)) is
constant for all p € B(L,(G), V') and in partlcular 1nvariant under permutations
of the arguments. Thus, B(L, (), V") o Alty, oA} O

Corollary 4.2.4. Let G be an amenable groupoid and V' a Banach G-module.
Then H'(G,V') =0 for all n € N>;.

Proof. Since the composition Alty, 0A5: B(L,(G),V') — B(L.(G),V’) is a
G-map extending idy-, by the fundamental lemma, Theorem 3.4.7, it induces
the identity on bounded cohomology. On the other hand, by Proposition 4.2.3,
it factors through the trivial complex K (G,G; V') in degree greater or equal 1
and hence H (G; V') =0 for all n € N>;. O

Corollary 4.2.5 (Algebraic Mapping Theorem). Let i: A — G be a pair of
groupoids such that A is amenable. Let V be Banach G-module. Then

H"(5*): Hy (G, A V') — Hy(G; V')
is an isometric isomorphism for each n € N>».

Proof. The map j* is norm non-increasing and by Corollary 4.2.4 and the
long exaxt sequence, induces a norm non-increasing isomorphism in bounded
cohomology in degree greater or equal 2. As before, since the composition
Alty, 0 A% B(L.«(G), V') — B(L+(G),V') is a G-map extending idy/, by the
fundamental lemma, Theorem 3.4.7, it induces the identity on bounded cohomol-
ogy. The map B(L,(G),V') — K"(g A, V') induced by Alty,, cA% in degree
greater or equal 1 is also norm non-increasing. Therefore, by Propos1t10n 4.2.3,
H™(j*) is an isometric isomorphism for n € N>s. O

Remark 4.2.6. Even when considering only groups, the algebraic mapping
theorem is wrong in general if we use coefficients in general modules, not just
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dual spaces. More precisely, Noskov shows that for any Banach V with an
isometric Z-action, there is an isomorphism

n
sup HZ T v
i=0

mzv)={vev

<oo}/(T71)~V,

neN

where T denotes a generator of Z, and he gives several examples where the
right-hand side is infinite dimensional [65, Section 7.2 and 7.5].

As in the group case, also the converse to Corollary 4.2.4 holds in the strong
sense that vanishing in degree 1 for a certain dual space is sufficient for a
groupoid to be amenable. Namely, consider the Banach quotient YR[G] :=
coker cg(g):

Proposition 4.2.7. Let G be a groupoid. If H}(G; (XR[G])') = 0, then G is
amenable.

Proof. The proof is basically the same as Noskov’s proof in the group case [65,
Section 7.1]. By Proposition 3.3.6, we notice that the canonical projection
map 7: B(G,R[G]) — ER[G] induces a G-isomorphism between (XR[G])" and
the G-submodule V' of B(G,R[G])" of functions that vanish on R[G] = im cg[g),
and we will identify (XR[G])" with V. Consider the R-+ morphism

n: B(G,R[G]) — RG]
B(Ge,R[G]e) 3 ¢ — p(ide).

We define a bounded G-map

f:Ci(G) —V
(90,91) —> go - g1+ |t — go - -
The map f represents a cocyle in C}(G;V), hence by assumption there is
a cochain b € CP(G V) such that f = 0%. Set v = (b(ide))ecang € V.

Then p — v € B(G,R[G]) is a G-invariant element in B(G,R[G])’, because for
all ge g

g p—v)—(p-v)=(@-p—p) —(g-v-v)
= f(g,1dy(g)) — 0°b(g,idy(g))
= 0.

Furthermore, for any constant function a € R[G] C B(G,R[G])

(1= v)(@) = n(a) = v(a) = p(a) = a.

Now, in order to see that one can find an invariant mean, one proceeds as in the
proof of [69, Proposition 2.2]. Here, the idea is that after appropriately translat-
ing the question in terms of measures, one can assign p— v an invariant measure
and take the positive variation of this measure, using the Jordan decomposition,
to find a positive measure corresponding conversely to an invariant mean. [



Chapter 5

Topology and Bounded
Groupoid Cohomology

In this chapter, we will discuss bounded cohomology of (pairs of) topological
spaces and relate it to the bounded cohomology of the corresponding (pairs of)
fundamental groupoids.

In the first section, we associate to a topological space X a mq(X)-chain
complex C,(X), which will play a role analogous to the 1 (X, z)-chain complex
C5™8(X) in the group setting.

In the second section, we use C\(X) to define bounded cohomology of a space
with twisted coefficients, and show that for connected spaces it coincides with
the classical definition. We illustrate how to translate (co-)chain contractions
from the group setting into the groupoid setting and deduce that B(C\(X), V")
is a strong resolution of V” for any Banach 71 (X )-module V’'. We also show that
this resolution is relatively injective and proof the absolute mapping theorem
for groupoids, saying that the bounded cohomology of a space is isometrically
isomorphic to the bounded cohomology of its fundamental groupoid.

In the third section, we define bounded cohomology with twisted coefficients
for pairs of topological spaces. Finally, we prove the relative mapping theorem.

5.1 The Topological Resolution

In this section, let X be a CW-complex. Let p: X — X be the universal
cover. For each n € N, write S,,(X) for the set of singular n-simplices in X

The group Deck(X) of deck transformations of p acts (from the left) on Sy, (X X),
Cs"e(X) and X as usual. Agaln we will denote the fundamental _groupoid of X
by 71 (X). For each z € X, denote the connected component of X containing x
by X,. For a point x € X, we will write  for a choice of a lift of z, and
similarly & for a choice of a lift of a simplex o € S,,(X). By a slight abuse of
notation, if o € S, (X), we will also write ¢(0),...,0(n) to denote the vertices
of o.

Remark 5.1.1. In order to introduce bounded cohomology of a space X with
twisted coefficients, we will need the existence of a universal cover of X. In

69
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the following sections, we will therefore restrict to CW-complexes, though the
results will also hold for the class of topological spaces admitting a universal
cover.

5.1.1 Definition of the Topological Resolution

Definition 5.1.2. Let X be a CW-complex. There is a partial action of 7 (X)
on X, i.e., for each v € 71 (X) there is a bijection

pyi P (s(7)) — pTH(E(Y))
Ty xi=p(1).

Here, for each = € X , let v, denote the lift of a representative of v starting at x.
Furthermore, we have for all x € X

pid, = id,-1(4)
and for all v,~" € m1(X) with s(v') = t(y)

Py = Py’ O Py

This induces a 71(X)-module structure on R[X] := P ¢ R.
Similarly, for all § # I C X this also induces a 7 (X, I)-module structure

on R[I], where I := p~'(I).

Lemma 5.1.3. Forall z € X, all v € m; (X)) with s(v) = p(z) and 8 € Deck(X)
we have

By 2) =7+ B(a).

In other words, R[X] is a (Deck(X), w1 (X))-bi-module, i.e., represented by a
functor 71 (X) — Deck(X)-Mod.

Proof. 1f 7, is a lift of a representative of v starting in z, then -7 is a lift of
a representative of v starting in 3(z) hence

e

7 (B(z)) = Y82) (1)
= B(72(1))
= B(v - x). O
Now, we introduce a 71 (X )-version of the 7 (X, x)-chain complex C5"8(X):
Definition 5.1.4.
(i) For all n € N, we define the set
{(0,2) € 5,(X) x X |imo C X,}
((6 co,8-x)~ (0,x) | B € Deck(X))

Qn(X) =

By a slight abuse of notation, we denote the class of a (o, 2) € Sp(X) x X
in @Q,(X) also by (o,z). For all e € X we set

Qn(X)e :={(0,2) € Qu(X) | p(z) = e}.
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(ii) For all n € N we define a 71 (X)-module Cy,(X) via

Cn(X) = (R{Qn(X)e))eex

with the partial 71 (X)-action given by setting for each v € m(X)

Py Cn(X)s(y) — Crn(X)g(q)
(o,) —> (0,7 - x).

This action is well-defined by Lemma 5.1.3.

(iii) For all n € N, we define boundary maps 0,,: Cp(X) — Cp,—1(X) via
an(ov :C) = Z(ily(ai,no—v :C)

These maps are clearly 71 (X )-equivariant and well-defined since the action
by deck transformations is compatible with the usual boundary maps.
Furthermore, these are obviously boundary maps.

(iv) Additionally, we will consider the canonical augmentation map

e: Co(X) — R[X]
(o,2) — p(x) - 1.

Here, we denote by R[X] the trivial 7 (X)-module R[m (X)].

(v) We also endow C,(X) with the /!-norm with respect to the basis Q. (X).
Then C,,(X) is a normed 71 (X)-module for all n € N and [|0,]|cc < n+1.

(vi) For any subset () # I C X, we analogously define a normed 7 (X, I)-chain
complex (Cy(X : 1I))en.

Remark 5.1.5. We can make this definition more concise using tensor products
over group modules and the (Deck(X),m;(X))-bi-module structure on R[X].
Then C,(X) is nothing else than C5M&(X) ®Deck(X) R[X], i.c., given by the
composition

R[X] ®peck(x)Cim8(X)
Deck(X)-Mod R-Mod.

ﬂ'l(X)

Remark 5.1.6. Let X be a connected topological space and x € X a point.
Then C.(X : {z}) = CZ"#(X;R) as m (X, z)-modules. Thus the definition, and
the ones that will follow, generalise the classical situation.

Proposition 5.1.7 (Functoriality). Let f: X — Y be a continuous map
between two CW-complexes. Let f: X — Y be a lift. Then, [ is m1(X)-
equivariant, i.e., for all v € m1(X) and all x € py' (s(v)) we have

fly-z) =m(f)(y) - f=).
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Therefore, the following map is a w1 (X)-chain map with respect to the in-
duced 7 (X)-structure on C.(Y).

Cu(f): Cu(X) — Cu(Y)
(0,2) — (f oo, f()).

The map C.(f) does not depend on the choice of the lift f In particular, Cy is
functorial in the sense that Cy(go f) = (m1(f)*Ci(g)) o Ci(f) for all continuous
maps f: X — Y and g: Y — Z.

Proof. Let 7, be a lift of v starting at z. Then
pyofoye=fopxo.=[foy=m(f)()

Hence f o7, is a lift of 71 (f)(y) starting at f(z) and therefore

fv-2) = f((1) = (f 0 %) (1) = m(f)(7) - f(=).

The lifts of f are exactly given by {80 f | 8 € Deck(Y)}. For all 8 € Deck(X)
the map f o § is a lift of f, and therefore there exists a 5’ € Deck(Y') such

that 8’ o f = f o 3, hence for all (0,z) € Qn(X)

(fo(B-0),f(B-2) = (8- (foo),8 - flw)) = (foo f(x))

Thus C,(f) is well-defined. Clearly, for all § € Deck(Y), the lifts fand B-f
induce the same map C,,(f), hence Cy,(f) does not depend on the choice of the
lift. Therefore, the construction is functorial since the composition of the lifts
of two maps is a lift of the composition of the two maps. The family C.(f)
is a chain map since C5"8(f) is a chain map. Furthermore, by definition it is
compatible with the induced 71 (X)-structure on C,(Y'). O

Remark 5.1.8. Starting from this construction, one can define (co-)homology,
¢'-homology and bounded cohomology of a space X with twisted coefficients in
a 71 (X )-module just as in Chapter 3. We will restrict our attention to bounded
cohomology here, though.

5.2 Bounded Cohomology of Topological Spaces

In this section, we use the 7 (X)-chain complex C,(X) to define bounded co-
homology of X with twisted coefficients in a Banach 71 (X)-module V, slightly
extending the usual definition of bounded cohomology with twisted coefficients.
We will then study the normed cochain complex B(C\(X),V’), show that it
is a strong, relatively injective (X )-resolution of V'’ and derive the absolute
mapping theorem for groupoids, i.e., that the bounded cohomology of X is
isometrically isomorphic to the bounded cohomology of m1(X), preparing the
ground for our proof of the relative mapping theorem in the next section.



5.2. BOUNDED COHOMOLOGY OF TOPOLOGICAL SPACES 73

5.2.1 Bounded Cohomology of Topological Spaces

We will now define bounded cohomology of topological spaces X with twisted
coefficients in a Banach 7 (X )-module, and show that this definition coincides
with the usual definition of bounded cohomology of a topological space whenever
bounded cohomology in the usual definition is defined.

Similar to the case of bounded cohomology of a groupoid, we begin by defin-
ing the domain category for bounded cohomology of a space:

Definition 5.2.1 (Domain categories for bounded cohomology of spaces). We
define a category TopBan by setting

(i) Objects in TopBan are pairs (X, V), where X is a topological space and V'
is a Banach 1 (X )-module.

(ii) A morphism (X,V) — (Y, W) in the category TopBan is a pair (f, ),
where f: X — Y is a continuous map and ¢: m(f)*W — V is a
bounded 71 (X)-map.

(iii) We define the composition in TopBan as follows: For each pair of mor-
phisms (fa 50) (X7 U) — (Yv V)7 (gv’l/)): (Ya V) — (Za W) set

(g,%) o (fy) :=(go fypo(m(f) ).

Definition 5.2.2 (The Banach Bar Complex with coefficients). Let X be a
CW-complex and V' a Banach 71 (X)-module. Then:

(i) We write
Cp (X3 V) = Bry(x)(Cx(X), V).
Together with || - ||, this is a normed R-cochain complex.
(ii) If (f,¢): (X,V) — (Y, W) is a morphism in TopBan, we write C (f, ¢)
for the R-cochain map
Cy(V; W) — Cp(X5V)
ar— o (m(f) a)o Cu(f).

This defines a contravariant functor C} : TopBan — #Chlll,

Definition 5.2.3. Let X be a CW-complex, V' a Banach 7 (X )-module. We
call the cohomology

Hi (X V) = H (G (X3 V),
together with the induced semi-norm on H; (X;V), the bounded cohomology

of X with twisted coefficients in V.
This defines a contravariant functor H; : TopBan — ]R—Modﬂ’”.

Bounded cohomology with twisted coefficients is normally defined only for
connected spaces and for general spaces only with trivial coefficients. We will
now show that our definition coincides in this cases with the classical one.
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Lemma 5.2.4. Let X be a connected CW-complex, z € X and V a Ba-
nach 71 (X )-module. Then there is a canonical isometric R-cochain isomorphism

Sxv: G (X3 V) — Cp (X {z}; Va)
(‘pe)eeX — Q-

This is natural in the sense that for each (f,v): (X,V) — (Y, W) in TopBan,
such that X and Y are connected, and each z € X the following diagram
commutes

Sy w
Cy(Y; W) Coy (Y {f(2)}s W(ay)
JO::(f,w JCZ,*(L bo)
Sk v
Cy(X;V) CH(X : {z}; V).

Proof. Because m1(X) is connected, the map e —— |e|loc is constant for
all (pe)eex € Cy(X;V), hence the map Sk (¢e)ecx — @y is isometric and
injective. It is a cochain map, since the coboundary operators are defined point-
wise. An inverse is given by choosing for each y € X a path v, € Mor,, (x)(z,y)
from x to y and setting

R*: C{(X : {a}; Vo) — CL(X;V)
— (1 - Plyex-
The map R* does not depend on the choice of (7,)yex since by the m (X, z)-
invariance of ¢, we have for all v € Mor,, (x)(,y)
_ -1 —
Y= (Y V) =Ty P

In particular, for all ¢ € C;(X : {z}; V,) the map R*(p) is m1 (X )-invariant and
clearly bounded. O

Similar to Proposition 3.3.18, we see that bounded cohomology is finitely
additive:

Proposition 5.2.5 (Bounded cohomology and disjoint unions of spaces). Let X
be a CW-complex with finitely many connected components and let V be a Ba-
nach w1 (X)-module. Let X = IlxeaX? be the partition in connected compo-
nents. For each A € A, write V> for the w1 (X*)-module structure on V induced
by the inclusion w1 (X?) — 71 (X). Then the family (m1(X?) — 71(X))rea
of injective groupoid maps induces an isometric isomorphism

Hy (X;V) — ] Hy (X V)
AEA

with respect to the product semi-norm, see Definition 3.3.17. Composing with the
isometric isomorphisms given by Lemma 5.2.4, we get an isometric isomorphism

Hy(X;V) — ] Hy (X {2V} Vi)
AEA

for any choice of points z(\) € X
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Proof. The partition of X into connected components induces a decomposition
of S, (X), X and C.(X), which is compatible with the boundary operators and
the 71 (X)-action and preserved under applying By, (x)( - ,V). The induced
semi-norm is exactly the product semi-norm. (|

Proposition 5.2.6. Let X be a CW-complex. The following map is an isomet-
ric R-cochain isomorphism, natural in X

R*: B(C5™8(X;R),R) — C;(X;R[X])

P ((U,w) — w(poo))-

Proof. Clearly, for all n € N and all ¢ € B(C5n8(X;R),R), the map R"(p) is
well-defined, 71 (X)-invariant and

[R"(@)lo = sup |p(poo) = sup [p(0")| = [¢llo
(U,I)EQn(X) G"ESH(X)

Thus, R"™(p) is bounded and R™ an isometry. The family R* is also clearly an
R-cochain map. An inverse to R* is given by

S*: Oy (X;R) — B(CS™8(X;R),R)
’l/) — (J — ¢a(0) (&7 &(0)))7

where o denotes a lift of . A short calculation shows, that this is indeed a
well-defined inverse to R*. O

Remark 5.2.7. Gromov [45] (and Kim and Kuessner [51]) studies bounded
cohomology of topological spaces also via so-called multicomplexes. He shows
that the bounded cohomology of a space X can be calculated using the geometric
realisation of a multicomplex K (X) associated to X. This multicomplex K (X)
can be defined as follows: The 0-skeleton are the points in X, the 1-skeleton is
given by picking a representative of each homotopy class relative endpoints of
paths in X with distinct start and endpoint. Inductively, the n-skeleton is build
by picking a representative of each homotopy class of singular n-simplices with
distinct vertex points relative to the boundary, in a fashion compatible with the
choices for the (n — 1)-skeleton. Finally, one identifies simplices if they have the
same 1-skeleton.

Also Py (m1 (X)) (and 71 (X)) is defined in terms of homotopy classes of paths,
though we consider all paths, not just paths with distinct start and endpoint.
Furthermore, the higher-dimensional simplices in P, (7 (X)) are not directly
related to singular simplices. In any case, the methods we use a very different
from Gromov’s and more in the tradition of Ivanov’s approach.

5.2.2 The Absolute Mapping Theorem

In this section, we will give a proof of the absolute mapping theorem for grou-
poids, i.e., we will show that there is an isometric isomorphism between the
bounded cohomology of a CW-complex and the bounded cohomology of its
fundamental groupoid. This will be done by translating Ivanov’s proof [48] of
the theorem for groups into the groupoid setting.
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Let X be a CW-complex and V' a Banach 71 (X )-module. We will study
the Banach 7 (X)-cochain complex B(C.(X),V) together with the canoni-
cal 7 (X)-augmentation map

v:V— B(Cy(X),V)
v— ((0,2) —> v).

We will show that (B(C«(X),V),v) is a strong, relatively injective resolution
of V, and then deduce the mapping theorem from the fundamental lemma.
In order to prove that this is a strong resolution, we will first discuss how to
translate (co-)chain contractions from the group setting into the groupoid world.

We will start with the homological situation. Recall that for all z € X there
is a canonical augmentation map

e CSM8(X,:R) — R
o+— 1.

Definition 5.2.8 (Pointed equivariant chain contractions). Let X be a CW-
complex. We call a family

((s5: O™ (X0iR) — CIH(XiR)) gy 5705 R — C5"5(XR) )

*€N? z€X

of chain contractions of the augmented chain complexes (C5"$(X,;R), €%)vex
pointed equivariant over X if

(i) The family is Deck(X)-equivariant, i.e., for all z € X, all 0 € S, (X,) and
all 8 € Deck(X)
s*(B-0) =B 5%(0).

(ii) The contractions are pointed, i.e., for all z € X

_ For the cohomological version, recall that for any R-module V' and any x €
X, there is a canonical augmentation map

ve: V. — B(CE™(X,;R), V)
v (0 — ).
Now, we dually define pointed equivariant families of cochain contractions in
the bounded setting:
Definition 5.2.9. Let X be a CW-complex. Let (V,,),ecx be a family of Banach

R-modules. We call a family of cochain contractions

<(s;;: B(C:" (X1 R), Vi) — BICH(XaiR), Vp<z>))*eN>o>

ze)?

of the family of augmented cochain complexes (B(C5™8(X,;R), Vo(@))s V) e 3
pointed equivariant over (X,V) if
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(i) The family is Deck(X)-equivariant, i.e., for all 8 € Deck(X), all z € X
and all p € B(CS™8(X,), V()

S50 (Bxp) = B * 53(p).

Here, we write x to denote the action of Deck(X) on the cochain com-
plex B(C™(X,;R), Vy(,)) given by endowing the module Vj,(,y with the
trivial Deck(X)-action.

(ii) They are pointed, i.e., for all z € X and all ¢ € B(Cging()zz), Vo(z))

By a short calculation we see that the definition of pointed equivariant
cochain contractions is indeed dual to the definition of pointed equivariant chain
contractions:

Lemma 5.2.10. Let X be a CW-complex and let (Sf)ze)? be a pointed equiv-
ariant family of bounded chain contractions over X. Let (V,).ex be a family
of Banach R-modules. Then B(s%, Vj()),cx 18 @ pointed equivariant family of
cochain contractions over (X, V).

*’

Remark 5.2.11. Of course, given a family of pointed (co-)chain contractions,
one can always find a pointed equivariant family by choosing one contraction
for a point in each fibre and defining the other contractions by translation with
deck transformations, i.e.: If (s}), . 5 is a family of pointed cochain contractions,
choose a lift zg for each xy € X and set for each 8 € Deck(X) and each ¢ €

B(C™(X,), V()
tha(9) = Bx sk (B~ @)

Then (¢%) is a pointed equivariant family of cochain contractions.

me)z

Example 5.2.12. Assume X to be aspherical (but not necessarily connected),
i.e., assume that the higher homotopy groups of all connected components of X
vanish. Then the space X, is contractible for each x € X and a pointed chain
contraction is given by coning with respect to x, see Appendix A. Hence by the
remark there exists a pointed equivariant family of chain contractions over X.

Proposition 5.2.13. Let X be a CW-compler. Let (s), .5
ariant family of chain contractions over X. Then the maps

be a pointed equiv-

(0,2) — (s,(0), @)
S_llR[X) —>Co( )

er— (e, €)
define a chain contraction of the augmented cochain complex (Cy(X),¢).

Proof.

VneN Sn - Cn(X) — Cn+1(X)
]

o Well-defined: For all n € N, (0,2) € Q,(X) and § € Deck(X)
sn(B-0,B-z) = (537 (B-0),8-2) = (B-5"(0), B - 2) = (53(0) ).
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e A chain contraction: For all n € Nyg and all (0,z) € Qn(X):
(On41 0 8n + Sn—100,)(0,2) = ((Ont15y + s5._10n)(0),2) = (0, ).

For all (o,2) € Qo(X):

(0150 + s-1€)(0, ) = (O155(0), ) + s_1(p(x))
= (0155(0),2) + (z,2)
— (Ou53(0) + 7,)
= (O155(0) + s%1¢(0), )
= (o, z).
For all e € X:
es_1(l-e)=¢(e,e)=1-e. O

Lemma 5.2.14. Let X be a CW-complex. For each = € )~(, the map

i C3"8(X,) — CW(X)
or— (0,x)

p(x)

is an isometric chain isomorphism with respect to the restriction of the boundary
map to C, (X>p(z)

Proof. Tt is a chain map since the boundary operators act only on the first argu-
ment. An inverse is given by the map (o,y) — B,(0), where 3, € Deck(X))
is the unique element such that 3, -y = . O

Proposition 5.2.15. Let X be a CW-complex and let V' be a Banach w1 (X)-
module. Let (s%)zcz be a pointed equivariant family of cochain contractions
over (X,V). Then

Vpenoy 8" B(Co(X),V) — B(Cp_1(X),V)

o ((0.2) — si(poin)(0)
Y B(Co(X),V) — V
B(CO(X)’V)G S P <P(a57

defines a cochain contraction of (B(C.(X),V),v). If the (s}), .5 are strong, so
is s*.

Proof.

e For each ¢ € B(Cp(X),V), the map s"(p) is well-defined: We have for
all (o,2) € Qn(X) and all 5 € Deck(X)
s"(p)(Bo, br) = 5., (¢ © ig.0)(Bo)
= 55.0(8 % (poiz))(Bo)
= s"(¢)(0, 2).
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e This defines a cochain contraction: We have for all n € Ny, for all ¢ €
B(Cr(X),V) and all (o,z) € Qn(X)

(s"" 00" + 6" o s™)(¢) (0, 2)

= n+1(5n 0’.’1] +Z an‘,(E)
=0

= s (0" (p) o) (0) + Y _(=1)" - s2(p 0i0)(Din0)

i=0

= 53T (0"(p 012))(0) + 55(¢ 0iz) (On0)

= (spt1 00" + 6" o st)(pois)(0)

= (poiz)(0)

= (o, ).

Furthermore for all ¢ € B(Cyp(X),V) and all (o,z) € Qo(X) we have
(5" 08" +v05%)(p)(0,2) = 55((6°¢) 0ia)(0) + 5°()
= 50°(p 0 i2))(0) + ()
= 52(6°(¢ 012))(0) + s3(¢ 0 i)
— (51080 + v 0 ) (g 012)(0)
= (poiz)(0)
= (o, ).

o If the (s}), . are strong, we note that for all p € B(C,(X),V)

[s"¢llc = sup  |s"p(0, @)
(0.2)€Qn(X)

=  sup |[sp(poiz)(o)
(0,2)€Qn(X)
< sup [[s3 (¢ 04z) oo
reX
< sup [[(poiz)lloo
rzeX
< elloo- O

Theorem 5.2.16 ([48, 22, 54]). Let X be a connected CW-complex and V a
Banach 71 (X, y)-module. Then for each x € X there is a strong pointed cochain
contraction

(st: B(C3"8(X;R), V') — B(C"8(X;R),V'))sen
Here, V' denotes the topological dual of V.

Sketch of proof. The main step in Ivanov’s proof of the absolute mapping the-
orem in the group setting is the construction of (partial) strong R-cochain con-
tractions for the cochain complex B(C3"(X;R),R) for X a countable CW-
complex [48, Theorem 2.4]. This was extended by Loh to cochain complexes
with twisted coefficients [54, Lemma B2] in a dual space and in each case, the
cochain contractions can be chosen to be pointed. As noted by Biihler, the
assumption that X is countable is actually not necessary [22]. O
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We will discuss the proof of Theorem 5.2.16 in more detail in Appendix A.
We will use the following simple observation to translate between the fun-
damental groupoid and the universal cover:

Remark 5.2.17. Let z,y € X be two points in the same connected compo-
nent of X. We write ~,,, for the unique element in Mor, (x)(p(x),p(y)), such
that v, -* = y. Geometrically, this is given by the projection to X of any path
in X from z to y. By definition, we have for all 8 € Deck(X), all g € m(X)
with s(g) = p(y) and all h € 71 (X) with t(h) = p(x)

VB-z,B-y = Vz,y

9 Yoy = Ya,gy

Y,y h = Yh-1.z,y-
Proposition 5.2.18. Let X be a CW-complex and let V' be a Banach m1(X)-

module. Then for each n € N, the Banach w1 (X )-module B(Cy,(X),V) is rela-
tively injective.

Proof. Let j: U — W be a relatively injective map between Banach 71 (X)-
modules. Assume that 7: W — U is a splitting of j as in Definition 3.4.1(i).
Let

a: U — B(Cp(X),V)

be a bounded 71 (X)-map. We define a family of linear maps by setting for
eache € X

Be: We — B(Cr(X)e, Ve)
wi— ((0:2) = @ (o) * To(o0) (00 - ))(,7)).
Here 7, ,(0) denotes the Element in 7 (X) that corresponds to a path from
to (0) in X.

e By Remark 5.2.17, for each e € X and each w € W,, the map B.(w) is
well-defined.

e For each e € X the map . is bounded and ||Bellcc < [|@elloo, thus in
particular ||8||c < ||@|lco: We have for each w € W, and each g € 71 (X)
with t(go) =€

lleve (g0 - Tug0) (95 w)lloo < llevello - llgo * o) (9" - w)lloo
< laellso - I7sgo) lloo - (g5 - w)]

< laelloo - [Jwll-

e The map 3 is m(X)-equivariant: We have for all g € m1(X), w € Wy
and (o, z) € Qn(X) with p(z) = t(g):
Bi(g) (9 - w) (0, %) = Qi) (Yo(0),2 * To(o(0)) (Va,0(0) * 9 - W) (0 )
=9 () (97" Vo(0)a * Tp(0(0) Vao(0) - 9 - w)) (0, )
=9 s(9)(Vo(0)9 12 * To(0(0)) (Vg1 -,0(0) - W) (0, 2)
= 9 (2s(9) Vo(0) .9~ * Tp(o(0)) Vg1 -2,0(0) - w)) (0,9~ " - 7))
=g- (65(9) (w)(a,g_l : x))
= (9 Bs(g)(w))(0, )
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Hence ﬂt(g) (g : ’LU) =g ﬂs(g) (’LU)
e Foralle e X, w e W, and (0,2) € Qn(X)e we have

~

(ﬂe o je)(w>(07 :C) = Q¢ (70(0)@7}7(0(0)) (Vm,a(o)je (w>>>(07 Y
= Qe (’70(0),m7p(0(0))je (Vz,a(o) (’LU)))(O’, -T)
= a(w)(o, ).

Hence a = S oj. |

Corollary 5.2.19. Let X be a CW-complex and V' a Banach 7 (X)-module.
Then ((B(Cy(X),V')«en,v) is a strong, relatively injective 7y (X)-resolution
of V.

Proof. By Theorem 5.2.16, for each = € )N(, there is a strong, pointed cochain
contraction

(s3: B(Ciing()?z;R),VZ(m)) — B(CiT%(XZQR)aVZ(I)))*eN-

Hence, by Remark 5.2.11 and Proposition 5.2.15, ((B(Ci(X),V')sen,v) is a
strong resolution of V’. By Proposition 5.2.18, it is also a relatively injec-
tive mp (X)-resolution. O

Proposition 5.2.20. Let X be a CW-complex. There is a canonical, norm non-
increasing w1 (X)-chain map ®,.: Co(X) — Cu(m (X)) extending the identity
on R[X], given by

PX: O (X) — Cu(m (X))
(0,2) = (Vo (0),05 Vo (1),0:(0)5 - - s Vor(s),0(x—1) ) -

Proof. The map ®X is well-defined and (X )-equivariant by Remark 5.2.17.
It maps simplices to simplices and is thus norm non-increasing. It is a chain
map since for all (o,2) € @Q,(X) and all ¢ € {0,...,n} we have

D (05,m0, ) = (Yo(0),05 Vo (1),0(0) - - - » Vor(i)sor(i=1) * Vo (i+1),0(i) s - - - Yor(x),0(x1))
= 0 n®; (0, 2). O

Corollary 5.2.21 (Absolute Mapping Theorem for Groupoids). Let X be a
CW-complex and let V' be a Banach 71 (X)-module. Then there is a canonical
isometric isomorphism of graded semi-normed R-modules

Hy(X; V') — Hy(m(X); V')

Proof. By Corollary 5.2.19 the cochain complex B(C.(X), V") is a strong, rela-
tively injective resolution of V’ and thus, by Theorem 3.4.10, there exists a norm
non-increasing 71 (X)-cochain map B(C«(X),V’) — B(Ci(m1(X)), V') ex-
tending idy.. By Proposition 5.2.20, there exists a norm non-increasing 1 (X)-
cochain map B(C,(m1(X)),V’) — B(C«(X),V’) extending idy-. By the fun-
damental lemma for groupoids, Proposition 3.4.7 these two maps induce canon-
ical, mutually inverse, isometric isomorphisms in bounded cohomology. (|
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5.3 Relative Bounded Cohomology of Topologi-
cal spaces

In this section, we prove the relative mapping theorem for certain pairs of CW-
complexes, extending the result of Frigerio and Pagliantini [40, Proposition 4.4]
to groupoids, and in particular, to the non-connected case. We will also consider
general coefficients here instead of just coefficients in R.

5.3.1 Bounded Cohomology of Pairs of Topological spaces

In this section, we will define bounded cohomology for 7-injective pairs of CW-
complexes:

Remark 5.3.1. Let i: A — X be a CW-pair, i.e., let X be a CW-complex, A
a CW-subcomplex and i the canonical inclusion. We call such a map 71 -injective
if 71 (4) is injective as a groupoid map (Definition 3.1.1). In our situation, this is
equivalent to saying that for all a € A, the map 71 (i,a): m1(A,a) — m1(X, a)
between the fundamental groups at a is injective.

Let i: A — X be a CW-pair and let i be 71 -injective. In particular, we can
assume A C X. We consider now the groupoid pair 7 (2): m1(A4) — m(X).
Let V be a m1(X)-module. Then

C*(X,A; V) := (B(Ci(X), V), B(C(A), m1(1)*V), B(C (i), V))

is a (m1(X), m1(A))-cochain complex. We write K*(X, A; V) for the kernel of
the map Cy(;;V): C¥(X; V) — Cf(A;m1(4)*V). Together with the induced
norm, this defines a normed R-cochain complex, Section 3.5.2.

We define a category Top?Ban of CW-pairs (X, A) together with m (X)-
modules similarly to TopBan.

Remark 5.3.2 (Functoriality). Let i: A — X and j: B — Y be m-injec-
tive CW-pairs, f: (X, A) — (Y, B) a continuous map and ¢: m (f)*W — V
a m1(X)-map. Then the right-hand side of the following diagram commutes

Cy(j; W)
K*(Y,B;W) Cy(Y; W) Cy(B;m(j)*W)
}CZ‘(f;sD)IK*(Y,B;m JCZI(f;w) ch(ﬂA;Trl(i)*‘P)
K*(X,A;V) Cy(X5V) Cy(A;mi(0)*V)

Cr(i;V)
Hence, the cochain map on the left-hand side is defined. We write
K*(f;¢) == Cy(f; )= (v,Bw)-
This defines a contravariant functor K*: Top2B—an — RCh”'”.
Definition 5.3.3. We call
Hy(X,AV):=H"(K"(X,A;V))

endowed with the induced semi-norm, the bounded cohomology of X relative
to A with coefficients in V. This defines a functor Top?Ban — R-Mod!l.
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Remark 5.3.4. Let i: A —— X be a CW-pair. Gromov [45] defined bounded
cohomology of X relative to A with coefficients in R as the cohomology of the
kernel of the map

B(Cs8(4;R),R): B(CS8(X;R),R) — B(C"8(A;R), R),
endowed with the induced semi-norm. If the pair (X, A) is mi-injective, our

definition coincides with the one of Gromov by Proposition 5.2.6.

5.3.2 The Relative Mapping Theorem

Proposition 5.3.5. Let i: A — X be a CW-pair and V a Banach 71 (X)-
module. Then for each n € N, the Banach (m1(X),m1(A))-module C™(X, A; V)

is relatively injective.

Proof. Let the pair (4,5'): (U,U’,¢) — (W, W’ 9) be a relatively injective
(m1(X),m(A))-map and (7,7"): (W, W' ¢) — (U,U’, ) asplit for (4, 5'). Fur-
thermore, let (o, a’): (U, U, ) — C™(X, A;V) be a (71(X), 71 (A))-map. As
in the proof of Proposition 5.2.18, we define a 1 (X)-map by setting

B: W — B(Cn(X),V)
w— ((0,2) — a(rr0).0 * T(r00) - 0)(0,2) )

where v, (o) denotes the Element in 71 (X) that corresponds to a path from
to o(0) in X. Furthermore, we define a 71 (A)-map by setting

g W' — B(C,(A),V)
wi— ((0,2) = & Oy 7' (0 () - )0 7))

Here 7/, o(0) denotes the element in 7 (A) that corresponds to a path from z

to o(0) in AC X. Asin Proposition 5.2.18, (3,8) o (j,j') = (a,a’) and
we have ||B]loc < [|@]lec and ||f]lcc < [|&||co- For all (o,z) € Q,(A), the
points z,0(0) € A are contained in the same connected component of AcX ,
therefore m; (i)(%/;(o),m) = Yo(0),0- Thus, for all w € W’

B' W) = ((0,2) — o' Oyay.e - 7' ey - ¥(w))) (0, ))

(0,2) — ' (y(0y.0 * 9T ()T (1o 0) - ) (0,2)

I
/N

= ((0,2) = B(Co()). V)T ()" a(o(0),0 - 7107 (ao(0) - ) (0,0))
= B(CL(0), V)(x ()ﬂ(w))-
Hence (5, 0') is a (m1(X), 71 (A))-map. O

The following result is due to Frigerio and Pagliantini (for trivial coefficients),
extending the construction of Ivanov:

Proposition 5.3.6 ([40]). Leti: A~ X be a pair of connected CW-comple-
xes, such that v is m-injective and induces an isomorphism between the higher
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homotopy groups. Let V' be a Banach module. Let it A — X be the inclu-
sion map. Then there exists a family of norm non-increasing, pointed cochain
contractions

( (CSIHg(XyR)’V/) T> B(Cil—n%(jz’R)’ VI))*EN>0
s9: B(CY"(X;R), V') — V/ reX

and a family of norm non-increasing, pointed cochain contractions

<(§;: B(CI™(A;R), V') — B(C5(AR), v’))*EN>O>
30 B(Cg™(A;R), V') — V/ ed

a

that 1s compatible with the restriction to Z; i.e., the following diagram commutes
foralla e A:

B (X),V!) —5 B (X), V)
BCE5G), V) BC56), V)

B(CI™(A), V') —— B(C™§(4), V")

Remark 5.3.7. The proof of Proposition 5.3.6 is a generalisation of Ivanov’s
proof of the fact that B(C{"#(X;R),R) is a strong resolution of R. We will
discuss both results in Appendix A. Park [68, Lemma 4.2] stated without proof
that, based on Ivanov’s work, Proposition 5.3.6 also holds without the assump-
tion on the higher homotopy groups. Pagliantini [66, Remark 2.29] demonstrates
however, that Ivanov’s proof cannot be generalised directly to the relative set-
ting, see also Remark A.9.

Lemma 5.3.8. We can assume the family of cochain contractions (s}), .5
and (3}),. 7 in Proposition 5.3.6 to be pointed equivariant.

Proof. Since i is my-injective, we can identify Deck(A) with the subgroup of
deck transformations in Deck(X) mapping A to itself. We proceed as in Re-
mark 5.2.11: For each zg € X, choose a lift g € X such that 7o € Aif x9 € A.
Set for each 29 € X, B € Deck( ) and each ¢ € B(Csmg(X), V')

th.3,() = Bx 55, (871 % )
and similarly for each ag € A, 8 € Deck(A) and each ¢ € B(CS™8(A), V')

tha(p) = B* 55 (B * o)

Then (t;),. 5 and () wci are pointed equwarlant families of cochain contrac-

tions. It is easy to see that (t%) g and (£}) wc i are still compatible with the

ex
restriction to A. O

Corollary 5.3.9. Let i: A —— X be a CW-pair, such that 7 is 71-injective and
induces an isomorphism between the higher homotopy groups on each connected
component of A. Let V' be a Banach 7 (X)-module. Then C*(X,A4;V’) is a
strong (w1 (X), 71 (A))-resolution of V’
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Proof. Let (s}), .5 and (37),. 7 be a pointed equivariant family of norm non-
increasing cochain contractions as in Lemma 5.3.8. As in Proposition 5.2.15, we
define norm non-increasing cochain contractions

Vnene, s B(Ch(X), V') — B(Ch_1(X), V")
o ((o.2) — sipoi)(o)

81 B(Co(X), V') — V'
B(CO(X)7V/>6 S Q= Sﬁ(gvg)

and
Vneney, §": B(Ch(A),m1 (i) V') — B(Cp—1(A), 71 ()" V")

o ((0,0) — 82(¢ 01) (o))
$°: B(Co(A), m1(i)* V') — mp (i) V'
B(Co(A), V'), 3 ¢ +— 9(72).
We only have to check that they commute with B(C,(¢),V’). For each n € N
and ¢ € B(Cp(X), V') we have

(87 0 B(Cn (i), V'))(e) (<P00 ())

((0:2) — 82(0 0 Culi) 0 i) (0))

(0, 20 BCE(0), Vya))) (9 © f5)) ()
(o) — (B Vi) 0 2, (0 0 150,))(@))
(
= (s

o,x) —> S~( )(cpozz(m))@o U))

(@) 00i()))
<B<cn 1(0), V') 0 5") (). O

Lemma 5.3.10. Let i: A — X be a m-injective CW-pair, and let V be
a Banach 71(X)-module. Then there exists a canonical, norm non-increa-
sing (w1 (X), m1(A))-cochain map

C*(m(X),m(A); V) — C*(X, A; V)
extending (idv,idx, (;y=v ).

Proof. The map is given given by (B(®X,V), B(®2,7(i)*V)), where the mor-
phisms ®X and ®4 are as in Proposition 5.2.20. Its easy to see that this is
a (m1(X), 71 (A))-map. 0

Theorem 5.3.11 (Relative Mapping Theorem). Let i: A — X be a CW-
pair, such that i is m -injective and induces isomorphisms between the higher
homotopy groups on each connected component of A. Let V be a Banach m1(X)-
module. Then there is a canonical isometric isomorphism

Hi (X, A; V') — Hy (m1(X), m (A); V7).
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Proof. By Proposition 5.3.5 and Corollary 5.3.9, the (m1(X),m1(A))-cochain
complex C*(X, A; V') is a strong, relatively injective (m1(X), 71 (A))-resolution
of V'. Therefore, by Proposition 3.5.24, there exists a norm non-increasing
(m1(X), m1(A))-cochain map

ot C(X, A V) — CF(m(X), 1 (A); V')

extending (idy-,ids, (;y=y+). By Lemma 5.3.10, there is a norm non-increasing
(m1(X),m1(A))-cochain map C*(m1(X),m1(A); V') — C*(X, 4; V') extending
(idv+,idx, (i)=v). By the fundamental lemma for pairs, Proposition 3.5.24, these
maps induce mutually inverse, norm non-increasing isomorphisms in bounded
cohomology. In particular, the map H; (X, A;V') — Hj(m(X),m1(A); V')
induced by a* is an isometric isomorphism. Also by the fundamental lemma, this
isomorphism doesn’t depend on the extension of (idy, idy()-v-)- O

Corollary 5.3.12. Let i: A — X be a CW-pair, such that ¢ is m;-injective and
induces isomorphisms between the higher homotopy groups on each connected
component of A. Let V be a Banach 71 (X)-module. Let 7;(A) be amenable.
Then there is a canonical isometric isomorphism

Hy (X, A V') — Hy (X; V).

Corollary 5.3.12 for was stated by Gromov [45] without the assumptions on 4
to be mi-injective and to induce isomorphisms between the higher homotopy
groups, but without a proof for the map to be isometric. This has been one
motivation for us to study relative bounded cohomology in the groupoid setting
in the first place. There is now, however, a short and beautiful proof of this
stronger result by Bucher, Burger, Frigerio, Iozzi, Pagliantini and Pozzetti [18,
Theorem 2]. This has also been shown independently by Kim and Kuessner [51,
Theorem 1.2] via multicomplexes.

Proof. The following diagram commutes:

H}'(X, A V)

Hy' (X;V7)

(a2 >~

Hy (m(X), w1 (A); V') —Z— Hy' (m(X); V')

Here, the column maps are the isometric isomorphisms induced by the (topo-
logical) mapping theorem, Theorem 5.3.11, and the row maps are induced by
the canonical inclusions. The lower row map is an isometric isomorphisms by
the algebraic mapping theorem, Corollary 4.2.5. |

Remark 5.3.13. One important reason to consider relative bounded cohomol-
ogy is to study manifolds with boundary relative to the boundary, due to the
relation between bounded cohomology and simplicial volume. We end this chap-
ter by mentioning some examples of manifolds with boundary that satisfy the
conditions of the relative mapping theorem:

(i) Compact aspherical 3-manifolds relative to a union of incompressible bound-
ary components [3].
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(ii) The relative hyperbolisation construction of Davis, Januszkiewicz and
Weinberger [29] gives rise to many exotic examples. Let X be a mani-
fold with boundary Y and assume that each connected component of Y
is aspherical. Then the relative hyperbolisation J(X,Y") relative to Y
satisfies the assumption of Corollary 5.3.12.

(iii) Compact hyperbolic manifolds with totally geodesic boundary relative to
the boundary [6, Proposition 13.1].
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Chapter 6

Uniformly Finite Homology
and Cohomology

Uniformly finite homology is a coarse homological invariant, introduced by Block
and Weinberger [10] to study large-scale properties of metric spaces. It is a quasi-
isometry invariant and can thus be defined also for finitely generated groups,
considering a word metric on the group. As we will see, uniformly finite homol-
ogy can be used to study geometric properties of groups.

One important property of uniformly finite homology is, that the zero degree
uniformly finite homology group HYf(X;R) of a metric space X vanishes, if
and only if X is not amenable [10], confer Section 6.1. Other applications
include rigidity properties of metric spaces of bounded geometry [36, 78] and
the construction of aperiodic tilings for non-amenable spaces [10, 31].

Furthermore, Dranishnikov [33, 34, 35] studies the comparison map between
homology and uniformly finite homology to derive results about the macroscopic
dimension of manifolds.

In the first section of this chapter, we define uniformly finite homology and
discuss some elementary properties and the theorem by Block and Weinberger
about amenability and uniformly finite homology. Particularly, we show that
uniformly finite homology for a finitely generated group is just homology with
coefficients in £°°.

In the second section, we study the comparison map between homology and
uniformly finite homology and calculate the uniformly finite homology of free
groups and surface groups. We also show that for amenable groups the transfer
map is a left inverse to the comparison map.

In the third section, we present bounded valued cohomology, introduced by
Gersten, and analyse its relation both to bounded cohomology and uniformly
finite homology. In particular, we show that, for finitely generated groups, it
coincides with group cohomology with coefficients in £°°, therefore we see that
in this setting bounded valued cohomology is dual to uniformly finite homology.
We also discuss the results of Gersten and Mineyev about the relation between
bounded valued cohomology (and bounded cohomology) and hyperbolic groups.
In the Section 6.4, we recall the definition of quasi-morphisms and see that quasi-
morphism embed into cohomology with ¢*°-coefficients, mirroring the result for
bounded cohomology. In the fifth section, we discuss the relation between uni-

89
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formly finite homology with real and with integer coefficients, following Whyte.

Sections 6.6 and 6.7 contain joint work with Francesca Diana. In the first
part, we show that uniformly finite homology of amenable groups is often infi-
nite dimensional. We also prove that, if M is a closed irreducible 3-manifold,
either 71 (M) is finite or HYf (71 (M);R) is infinite dimensional. In the second
part, we study classes in zero degree uniformly finite homology of amenable
groups. We distinguish classes that are “visible” or “invisible” to means and
show that, if the group is infinite, there are infinitely many of both types of
classes, giving an explicit construction in the later case.

6.1 Uniformly Finite Homology

In this section, we will introduce uniformly finite homology and discuss the
theorem by Block and Weinberger [10], saying that zero degree uniformly finite
homology characterises amenable UDBG spaces. We will also mention some
fundamental properties of uniformly finite homology like the quasi-isometry
invariance and the relation between uniformly finite homology and homology
with £*°-coeflicients.

In the following, if (X,d) is a metric space and n € N, we will always
endow X" with the maximum metric

dpyr: X" X 5 R

— d iy Yi)-
(z,9) elmax (i, yi)

We will consider uniformly finite homology with coefficients in normed Abelian
groups:

Definition 6.1.1. A normed Abelian group is an Abelian group A together
with a function || - ||: A — R>q such that

(i) For all a € A, we have ||a]| = 0 if and only if a = 0.
(ii) For all a € A, we have || — al| = ||a.
(iii) For all a,b € A, we have ||a + b|| < ||a|| + ]|
We call such a function || - || also a norm on A.

For us, the most important examples for normed Abelian groups will be
normed R-vector spaces and Z equipped with the norm induced by the Euclidean
norm on R.

Definition 6.1.2. Let A be a normed Abelian group and X a set. We write
(X, A)={f: X — A | sug”f(z)H < 0o}
kS
For each ¢ € *°(X, A), write ||¢|| o := sup,ex [|¢(x)|. Then £>°(X, A) together

with || - ||eo is again a normed Abelian group. If A is a normed R-module, so
is (0(X, A), || - l|so)- We also write £°(X) := £ (X, R).
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Definition 6.1.3. Let A be a normed Abelian group.

(i) Let (Y,d) be a metric space. We call a function ¢ € £*°(Y, A) of bounded
geometry if

Vrero, sup|{z € B(y) | c(z) # 0} < oc.
yey
(ii) Let (X, d) be a metric space, n € N. We call a function ¢ € £°(X"*1 A)
of bounded diameter in X"+1 if
sup{d(z;,z;) | € X", ¢(z) #0, i,j €{0,...,n}} < cc.

Definition 6.1.4. Let (X, d) be a metric space and A a normed Abelian group.

(i) For each n € N write CUf(X; A) C £°(X"*1, A) for the subspace of func-
tions of bounded geometry and of bounded diameter in X"+, Forn € Zg
set O (X; A) =0.

(ii) We write a function ¢ € Cf(X; A) also as a formal sum >, . yni1 c(2) - 2.

(iii) Define a family of boundary operators
9.: O (X5 A) — O (X A)

by setting for each n € Ny and for each z € X"*+1

(—1) (@0, For- o 2.

3Q3
=
Il
-

and extend to Cf(X; A) in the obvious way (see Remark 6.1.5). For n €
Z 1 set 9, = 0. In this fashion, we get a chain complex.

(iv) The homology of ((C(X; A), On)nez) is called uniformly finite homology
of X with coefficients in A and denoted by H(X; A).

Remark 6.1.5. The boundary maps are indeed well-defined: For n € Nsyq
and i € {1,...,n — 1} set

dl: CM(X;A) — O (X A)

0 — (ac — Z go(xo,...,xi_l,y,xi,...,xn_l)),
yeX

similarly for i € {0,n}. Fix ¢ € C*(G;R). Since ¢ is of bounded geometry and

bounded diameter, there is a constant C € N, such that for each z € X" there

are at most C' non-zero summands in ZyEX (T, -y Tim1, Y, Tiye oy Tp—1). In

particular the sum is finite and |07 (¢)]|cc < C-||¢|lco- Seeing that ¢ is bounded,

so is 9% (). Since ¢ is of bounded diameter, the same is true for 97 (¢).
Because ¢ is of bounded diameter, we can define

D= sup{d(:ci,zj) |z e X" o(z) #0, 4,5 € {0,...,n}} eR.
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| /N

Figure 6.1: Functions that do not represent uniformly finite chains in C3f(R?; R)

For all z € X" and y € X write 2 := (Z0,.. ., Ti—1,Y, Tiy. .., Tp_1) € X"TL.
For all r € Ryg and z € X™ we have

{z € Br(2) | Opp(x) # 0} C {z € By(2) | Jywpex ¢(ry@) # 0} (%)
Furthermore, for x € B,.(z) and y(r) € X such that ¢(z,(,)) # 0 we have
dn+1(‘ry(z)a zzo) < dn(xa Z) + d(y(l‘), Zo)
< r+d(y(x),zo) +d(zo, 20) < 27+ D.

Hence the following injection is well-defined:

{r € Br(2) | Jywyex ¢(Ty()) # 0} — {w € Baryp(zs) | p(w) # 0}
€T — Ty (z)- (**)

By (x) and (x%) we have

{z € B.(2) | O 0(x) # 0} < [{w € Baryn(zs,) | p(w) # 0}].

Therefore, since ¢ is of bounded geometry, also 97" (¢) is of bounded geometry
and 0! is thus a well-defined map for all n € Nyg and i € {0,...,n}. Set

n

On =Y (~1)"- 0.

=0

One important property of uniformly finite homology is that it is a quasi-
isometry invariant:
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Proposition 6.1.6 ([10, Proposition 2.1]). Let X andY be metric spaces and A
a normed Abelian group.

(i) Let f: X — Y be a quasi-isometric embedding. Then f induces a chain
map

CM(f; A): CH(X; A) — CH (Y3 A)

CH%§:< Z:c@0~y

yeY \zef~1(y)

(i) Let f,g: X — Y be two quasi-isometric embeddings, at bounded dis-
tance from each other, that is, such that sup,cx dy(f(z),g9(x)) < oc.
Then CU(f; A) and CM(g; A) are chain homotopic.

(iii) In particular, if f: X — Y is a quasi-isometry, the map induced by f in
uniformly finite homology via CUf(f; A)

HY(f; A): HY(X; A) — HM(Y; A)

is an isomorphism of graded Abelian groups. If A is a normed vector
space, HY(f; A) is an isomorphism of graded vector spaces.

Definition 6.1.7. Let (X, d) be a metric space.
(i) We call (X, d) uniformly discrete if

3r€]R>o VzGX |Br(z)| =1

(ii) We call (X,d) of bounded geometry if xx, and therefore every function
in £*°(X), is of bounded geometry.

(iii) If (X,d) is both uniformly discrete and of bounded geometry, we say that
(X,d) is a UDBG space.

The main example of UDBG spaces for us are finitely generated groups with
a word metric:

Definition 6.1.8 (Word metric). Let G be a group with a finite generating
set S. The word metric on G with respect to S is the metric

ds: Gx G —R
(g,h) — inf{n e N|3,, o esus—1t g " -h=s1 s}

Remark 6.1.9. A finitely generated group with a word metric is obviously
uniformly discrete and of bounded geometry. The word metric structure on a
finitely generated group is unique up to quasi-isometry, hence the uniformly
finite homology of a finitely generated group is (up to canonical isomorphism,
induced by the identity map) uniquely defined.

Definition 6.1.10. Let X be a UDBG space. We call X amenable if there
exists a sequence (F;);en of non-empty finite subsets, such that for all r € Rsq

lim 0 F3] _ 0.

Such a sequence (F;)en is called a Folner-sequence for X.
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If G is a finitely generated group with a word metric, then G is amenable as
a groupoid, Definition 4.1.3, if and only if it is amenable as a UDBG space [26,
Theorem 4.9.2], see also Section 6.7.2. Block and Weinberger have shown, that
uniformly finite homology characterizes the amenability of a metric space:

Theorem 6.1.11 ([10, Theorem 3.1]). Let (X, d) be a uniformly discrete space
of bounded geometry. Then the following are equivalent:

(i) The group HY (X;R) vanishes.
(i) The fundamental class [xx] € HJ(X;R) vanishes.
(iii) The space (X,d) is not amenable.

The following Proposition was noted by Brodzki, Niblo and Wright [12] for
coefficients in R, the proof is the same for any normed Abelian group, however:

Proposition 6.1.12 (Uniformly finite homology coincides with ¢*°-homology).
Let G be a finitely generated group and A a normed Abelian group. There is a
canonical chain isomorphism

CH(G; A) — CL(G;£2(G, A)).
In particular, HY(G; A) = H.(G; (G, A)).
Here, the G-action on (*°(G, A) is given
G x 12(G, A) — (7(G, A)
(9,9) > (h— (g7 - h)).

The idea of the proof is, that for each r € N5y and n € N there are only finitely
many n-simplices having diameter smaller or equal r and 0-vertex e. Hence for
each ¢ € CUf(G; A) there are only finitely many G-orbits in G"*! where ¢ is not
equal to 0 on the whole orbit. Thus, we can view c¢ as a family of functions in
0>°(G, A) over a finite subset of G"™! and this induces the chain isomorphism.
See also Theorem 6.3.5 for the cohomological situation.

Corollary 6.1.13. Let GG be a finitely generated group and A a normed Abelian
group. Then uniformly finite homology in degree 0 is isomorphic to the space
of coinvariants of £*°(G, A), i.e.,

HY(G; A) = 1°(G, A)g.

With the description of uniformly finite homology in terms of £°°-homology
one can give a short and direct proof of the vanishing theorem of Block and
Weinberger in the case of finitely generated groups:

Theorem 6.1.14 (0-degree uniformly finite homology and amenable groups,
[12]). Let G be a finitely generated group. Then the following are equivalent:

(i) The 0-th uniformly finite homology HYt(G;R) vanishes.
(i) The fundamental class [xa] € HY(G;R) vanishes.

(iii) The group G is not amenable.
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Proof. Clearly (i) implies (ii). By Corollary 6.1.13, the dual space Ho(G;R)’ is
isomorphic to Homg(¢*°(G),R). An invariant mean on G is by definition an
element m € Homg(¢*°(G),R) such that m(xg) = 1, hence (ii) implies (iii).
It is a simple fact that the set of invariant means spans Homg (¢*°(G), R) [69,
Proposition 2.2], so (iii) implies (i).

We note the following fact since we will frequently use it in our examples:

Lemma 6.1.15. Let G be a finitely generated n-dimensional R-Poincaré duality
group. Then H(G;R) = 0 for all k € N5, and H(G;R) = R.

Proof. This follows directly from our identification of uniformly finite homology
with homology with coefficients in £°°(G) and the fact that

HY(G;R) = Hy (G5 07(G)) = HY(G;£°(G)) = £°(G)% >~ R. O
Motivated by Proposition 6.1.12, we will also use the following notation:

Definition 6.1.16. Let G be a group and A a normed Abelian group. We
write C(G; A) = C*(G;4°(G, A)) and call H¥(G; A) == H*(C}:(G; A)) the
uniformly finite cohomology of G with coefficients in A.

6.2 Transfer and Comparison Maps

In this section, we discuss the comparison map between group homology and
uniformly finite homology. If the group is amenable, each invariant mean induces
a transfer map, which is a left inverse to the comparison map. This fact will be
fundamental in Section 6.6. As an application, we demonstrate that the Hirsch
rank of a nilpotent group is a quasi-isometry invariant.

We will show that for n-dimensional groups, the comparison map is injective
in degree n and that for Poincaré n-duality groups, the same holds in degree
n — 1 as well. Using this we can calculate the uniformly finite homology of free
groups and surface groups.

Proposition 6.2.1. Let G be an amenable group. Then every left invariant
mean m € M(G) induces a transfer map

my: Ho (G0 (G)) — H.(G;R)
[c® @] — m(p) - [d,
which is left inverse to the comparison map
s Ho(G5R) — H.(G;£>(Q))
[c] — [c® xal,
induced by the canonical inclusion R — £>°(G) as constant functions.
Proposition 6.2.1 follows directly from the following remark:

Remark 6.2.2. Let G be a group.
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(i) By the short exact coefficient sequence of G-modules
0 — R — (°(G) — £*°(G)/R — 0,

induced by the canonical inclusion R < ¢°°(G) as constant functions, we
get a long exact sequence in homology [15, Chapter III, Proposition 6.1]:

- — Hp (G R) — Hy (G5 0°(G)) — Hp (G L®(G)/R) — - -

(i) We call the map

i H (G R) — H,(G;02(Q))
[c] — [c® xal,

induced by the canonical inclusion R «— ¢°°(G) as constant functions,
the comparison map in uniformly finite homology. By a slight abuse of
notation, we also write c'f: H,(G;R) — H(G;R) for the map induced
by the comparison map by Proposition 6.1.12.

(iii) Dually, the canonical inclusion R < ¢°°(G) induces also a cohomological
comparison map

chpr H*(G;R) — H*(G; £°(@)).

(iv) Let G be amenable. Every left G-invariant mean m: £>°(G) — R splits
the short exact coefficient sequence and hence we get for each n € N a
split short exact sequence

H,(G;m)

0 —— Ho(G;R) — H, (G5 £%(G)) — Ho(G;£2(G)/R) — 0.
Corollary 6.2.3. Let G be a group of real cohomological dimension n € N.
(i) The comparison map c%f is injective.

i) If G is a Poincaré duality roup, the comparison ma Culf is injective as
g P p P Ch—1 ]
well.

Proof. This is follows directly from the long exact sequence of Remark 6.2.2,
since H,,11(G;£>°(G)/R) = 0 and for a Poincaré duality group

H,(G;6*(G)/R) 2 HY(G;£(G)/R) = (£>(G) /R)°.
But every G-invariant element in £°°(G) is constant, hence (¢*°(G)/R)% = 0. O

Using the identification of uniformly finite homology with £>°-homology we
note:

Corollary 6.2.4. For any finitely generated amenable group G the comparison
map H,(G;R) — HM(G;R) is injective.
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Example 6.2.5.

(i) Let ¥ be a hyperbolic surface group. Then

1 fork=2
dimg HYf(3;R) = oo for k=1
0 else.

(ii) Let F be a non-Abelian free group. Then

for k=1

dimg HY(F;R) = { ™7
0 else.

Proof. Both ¥ and F are non-amenable, hence HYf(Z;R) = 0 = H}(F;R) by
Theorem 6.1.14. A surface group is of course a 2-dimensional Poincaré duality
group hence HY(3;R) = R and HM(X;R) = 0 for k € N> by Lemma 6.1.15.
Furthermore, F' is a 1-dimensional group, so the only interesting case is k = 1.
The group ¥ contains a family (3,)ger of finite index subgroups that are surface
groups of arbitrarily large genus and F contains a family (Fy)gers of finite
index subgroups that are free of arbitrarily large rank. For all these groups, the
comparison map in degree 1 is injective, hence we get inclusions for all g € T’
and ¢’ € TV

Hy(3g;R) — H(S4;R) = HY(S;R)
Hy(Fy;R) — Hy'(Fy; R) = H' (F;R).

The isomorphisms follow from the quasi-isometry invariance of uniformly finite
homology. So dimg H{f(F;R) = co = dimg H}(X; R). O

Definition 6.2.6. The uniformly finite homological dimension of a group G is
defined as

hdyut(G) = sup{n € N | HX(G;R) # 0} € NU {—o0, +o0}.

Since uniformly finite homology is invariant under quasi-isometry, we obtain
the following fact as a consequence of Proposition 6.2.1:

Corollary 6.2.7 (]9, Corollary 3.5]). The Hirsch rank of a finitely generated
virtually nilpotent group G equals hdu¢(G). In particular, the Hirsch rank is a
quasi-isometry invariant.

Proof. We can assume that G is nilpotent, since by definition the Hirsch rank of
a virtually nilpotent group is the Hirsch rank of any finite index nilpotent sub-
group. Clearly, hd,¢(G) < hdr(G), where hdg(G) denotes the real homological
dimension of G by Proposition 6.1.12.

On the other hand, for a finitely generated nilpotent group the real homolog-
ical dimension is equal both to the largest n € N for which H,, (G;R) # 0 and to
its Hirsch rank [73]. Since nilpotent groups are amenable, by Proposition 6.2.1,
this integer must be smaller or equal than hd,:(G). O
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6.3 (>*-Cohomology and Bounded Cohomology

Bounded valued cohomology was introduced by Gersten [42, 44] and seen by
Gersten [43] and Mineyev [57] as a homological invariant that detects hyper-
bolicity of groups, i.e., it vanishes in certain cases if and only if the group is
hyperbolic:

Theorem 6.3.1 ([57, 43]). Let G be a finitely presented group. Then the fol-
lowing are equivalent:

(i) The group G is hyperbolic.
(i1) For all normed R-modules V' we have H(QOO)(G; V)=0 and G.

(ii) The group G is of type Foo and for all normed R-modules V' and for
all n € N>o we have Hp (G5 V) =0

Mineyev [59] proved a different cohomological characterisation of hyperbolic
groups in terms of the surjectivity of the comparison map in bounded coho-
mology and in the same article asked about the relation between these two
invariants:

Theorem 6.3.2 ([58, 59]). Let G be a finitely presented group. Then the fol-
lowing are equivalent

(i) The group G is hyperbolic.

(ii) The comparison map civ: HZ(G; V) — H?*(G;V) is surjective for any
normed G-module V.

(iii) The comparison maps cy 2 H'(G;V) — H"(G; V) are surjective for
any n € N>y and any normed G-module V.

Similarly to the situation for uniformly finite homology, we will show that
bounded valued cohomology of a group equals cohomology with ¢°°-coefficients,
hence bounded valued cohomology can be seen as a cohomological version of
uniformly finite homology.

Using this, we will study the relation between bounded valued cohomology
and bounded cohomology and show that Mineyev’s result on the surjectivity of
the comparison map in bounded cohomology immediately implies the vanishing
of bounded valued cohomology. Furthermore, combining this with the result
of Gersten, we directly see that surjectivity of the comparison maps implies
hyperbolicity.

Bounded valued cohomology can be defined as a cellular version of bounded
cohomology:

Definition 6.3.3. Let X be a CW-complex with finite n-skeleton for some n €
N. Let V be a normed vector space.

(i) Consider the cellular chain complex (C<M(X;V),0%M),cz, endowed in
each degree with the #'-norm with respect to the cellular basis. Define for
alli € {0,...,n}

C(Zoo) (X7 V) - Céell(Xa V)
as the subspace of bounded cellular i-cochains, i.e., the subspace of all
i-cochains that are bounded with respect to the ¢'-norm.
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(ii) The coboundary maps of C%,(X,V) restrict to (C’Z'OO)()?;V))Z-E{O,__,”},

e
turning it into a cochain complex over {0, ...,n}.

(iii) Fori € {0,...,n—1}, we call the corresponding cohomology H(ioo) (X;V)
the bounded valued i-th cohomology group Of)z with coefficents in V.

Definition 6.3.4. Let n € N and G be a group. Assume that there is a CW-
complex X that is a model for BG such that X ("+1) is finite. Then we set

Hi (G5 V) == Hi oy (X5 V).
This is independent of the chosen model for BG by Corollary 6.3.6.

Similarly to the case of uniformly finite homology, bounded valued cohomol-
ogy coincides with cohomology with ¢°>°-coefficients:

Theorem 6.3.5. Let n € N and G be a group having a model of BG with
finite n-skeleton. Let V' be a mormed G-module. Then there is a canonical
isomorphism

HMG;£2(G,V)) — HE\(G; V)
for allk €{0,...,n—1}.

Proof. Choose a CW-complex X that is a model for BG such that X (™ is finite.
Up to canonical isomorphism, we can describe H*(G; ¢>°(G,V)) as the cohomol-
ogy of C% (X ; £°(G,V)) (with twisted coefficients). There is a (canonical) pair

cell
of mutually inverse cochain isomorphisms

o Coan(X50°(G, V) — C&)Qﬁ V)
¢ (0 @(0)(e))
B C{L@()?;V) — Cla (X5 £7(G,V))
b (o g it o).
k(X5 0°(G,V)) and k € {0,...,n}. Then of(p) is a
bounded valued cochain, because: Let F(*) be a (finite) representative

system for the action of G on the k-cells of X. Then for all k-cells o there
is a g € G such that g- o € F®): hence

" (@) (0)] = le(o)(e)]

e Consider ¢ € C*

= lp(g-o)(9)]
< max ()l oo

Therefore, we have

sup_ [a*(p)(0)| < max [o(7)]c < oo
c€5,(X) TeF (k)

e Consider ¢ € Cfoo) (X;V). Then for all k-cells o the map 8*(1)(c) is
bounded, since for all g € G

185 (@) (0)(9)] = (g™ - o) < ¥l < 0.
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e The map B*¥(¢) is G-equivariant, since for all k cells o and all h,g € G

BEW)(h-o)(g) =1(g~" - h-0)
= B*W)(o)(h " - g)
=h- B*(¥)(g).

e The maps o* and * are cochain maps: For all k € {0,...,n}, for all o €
Cel (X5R) and all p € CE (X V)

cell

0" (e () (o) = ar(®)(k110)

= ¢(Okt10)(e)
= (Orep) (o) (e)
= art1(0kp) (o).
Similarly for g*.
e Forall k € {0,...,n}, the maps ay and S are obviously mutually inverse:

For all o € Cgell()?;R), all g € G, all ¢ € CF(X;4°°(G,V)) and all
(RS C(koo)(X; V') we have

(ar o Br)(¥)(0) = Br(¥)(0)(e) = ¢(o)

and

(Br 0 ar)(0)(0)(9) = ar(@)(g™" - 0) =g~ -0)(e) = p(o)(g). O

In particular, the definition of bounded valued cohomology is independent
up to canonical isomorphism of the choice of the classifying space and the CW-
structure on BG:

Corollary 6.3.6. Let n € N and G be a group. Suppose X and Y are two
models of BG with finite n-skeleton. Then there is a canonical isomorphism

H o (X3 V) 2 HE (Y5V)
for all k € {0,...,n —1}.

Corollary 6.3.7. Let G be a hyperbolic group and V' a normed R-module.
Then G has a model X for BG such that X ) is finite for all k € N. Let V be
a normed R-module. For all n € N>, we have

Hi (G V) = H"(G; (G, V)) = 0.

Proof. The existence of such a model X is a well-known result [11, Chapter
IIL.T, Corollary 3.26]. By Theorem 6.3.2, the comparison map

oo vyt Hy (G 0(G, V) — H™ (G 7(G, V)

is surjective. Since £>°(G, V) is relatively injective G-module, HJ'(G; (> (G, V))
is trivial [62]. O
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The implication (i) = (i) from Theorem 6.3.2 follows now directly from
Gersten’s part of Theorem 6.3.1:

Corollary 6.3.8. Let G be a finitely presented group. If the comparison map
Gy Hy(G;V) — H?*(G; V) is surjective for any normed G-module V, then G
is hyperbolic.

Proof. As in the proof of Corollary 6.3.7, we see that H(”OO)(G; V) = 0 for
all n € N>, hence by Theorem 6.3.1, G is hyperbolic. (|

We have seen that the comparison map in bounded cohomology is surjective
if and only if £*°-cohomology vanishes (if considering all coefficients). Moreover,
as we have noted in Section 6.2, the comparison map in ¢*°-cohomology is in-
jective for amenable groups and for these groups bounded cohomology vanishes.
There is also the following relation between the comparison maps, noted by
Gersten for bounded valued cohomology, which in our language is now obvious:

Proposition 6.3.9. For n € Ny and all normed G-spaces V', the composition
che v © ¢y of the comparison maps is zero.

Proof. The following diagram commutes:
H}'(G;V) — HJ}(G,(>(G;V)) =0
% Cg,tzoc(c,\/)

H™(G;V) —— H"(G; (G, V))
Cut,v

Here, we use again that H]'(G;{>°(G,V)) is trivial since £>°(G, V) is relatively
injective, [62]. O

The examples mentioned above and Section 6.4 lead to the following ques-
tions:

Question 6.3.10. Let G be a finitely generated group and n € N. Under which
conditions on G is the sequence

C?,R Cﬁf,R
Hy (G;R) — H™(G; V) — H"(G;£>(G,V))

exact? Is there a long exact sequence that relates the comparison maps in
bounded cohomology and bounded valued cohomology?

6.4 Quasi-Morphisms and /*°-Cohomology

In this section we study the relation between quasi-morphisms and cohomology
with coefficients in ¢°°. It turns out that this relation mirrors the situation in
bounded cohomology.
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Definition 6.4.1. Let G be a group. A quasi-morphism from G to R is a
map ¢: G — R such that

D(p) :== sup lp(a-b) —p(a) — p(b)] < oo.

We call D(p) the defect of . We call ¢ homogeneous if for alln € Nand g € G
e(g") =n-e(g).

and write Q(G) C Map(G,R) for the R-subspace of homogeneous quasi-mor-
phisms.

Our result will be motivated by the following fact:

Theorem 6.4.2 ([25, Theorem 2.50]). For every group G there is an exact
sequence

00— H'(G;R) — Q(G) — HE(G;R) — H*(G;R).
The first map is given by the canonical inclusion
i: H'(G;R) = Hom(G;R) — Q(G)
0 — (g1 — @(l,gfl)).

Proof. This is a well-known result that follows directly from the definition of
quasi-morphisms. O

Now we can show that H';(G;R) detects quasi-morphisms from G to R. This
result and its proof should be compared to the situation in bounded cohomology
as expressed by Theorem 6.4.2.

Proposition 6.4.3. For every group G, there is a canonical injection
c: Q(G) — Hy(GR),

such that coi = cl,.

Proof. For all p: G — R set

$: G — Map(G, R)
gr—> (h — (g7t h))

We then define the map

¢ Q(G) — CL{G:R)
@ — ((90,91) — #(g0 - 91) — ¢(g0)) = P 0 01

Now ¢/(¢) is G-equivariant since for all g, go,91,h € G

¢ (0)(g - g0, 91)(h) = @(g7 g5 (g7 h)) — (g5 " (g7 h)) = () (g0, 91) (g~ h).
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Furthermore, we have for all gg,g1 € G
sup |¢’(go : 91)(h) - @(go)(hﬂ
heG
=sup |e((g7 ' - 9o - h) — (g " - D)
heG
< sup le(gr g0 - h) —@lgs - h) —elgr DI+ lelgr bl

< D(p) + le(gr M-

Hence ¢/(¢)(g0,91) € ¢>°(G). Obviously, for all ¢ € Q(G) the image /(¢)
is a cocycle. Let ¢: Q(G) — H}(G;R) be the map induced by ¢’. By a
similar calculation, we see that for ¢ € Hom(G,R), i.e., D(¢) = 0, we have
c(i(e)) = [(g0,91) — (h — @(g1))] = ce(¢), hence ¢}y = coi. We finally
show that c is injective: Consider any pair ¢ € Q(G) and ¢ € C%(G) such
that ¢/(p) = d1¢p. Then

sup [p(g1)| = sup |p(g1) +¢le) — (g1 - 1) — p(e) + ¢(g1 - 1)]

g1€G g1€G
< sup (li(g1) + plg0) = lg0 - 90)| + 6353(L, g7} ()]
90,91€G
= Dlg) + sup (o) (e) — w(1)(e)]

< D(¢) + 2[[¢[|oo-
Thus ¢: G — R is bounded and homogeneous, hence trivial. O

Corollary 6.4.4. Let G be a hyperbolic R-Poincaré duality group of dimen-
sion n € Nyg. Then for k € N

1 fork=n
dimg H(G;R) =S 00 fork=n—1
0 else.

Proof. The vanishing for k € {0,...,n — 1} is a consequence of duality and
Corollary 6.3.7. Consider now k& = n — 1. If G is quasi-isometric to Z, this
follows from our calculation for amenable groups (Proposition 6.7.2). If G is not
elementary hyperbolic, then Q(G) is infinite-dimensional by the result of Epstein
and Fujiwara [37], so by Proposition 6.4.3 it follows that dimg H'(G;R) =
0. (|

6.5 Integral and Real Coefficients

For some applications (e.g. Dranishnikov’s analysis of large-scale dimensions [34]
or the quasi-isometry classification of certain group extensions by Kleiner and
Leeb [52]) it is important to consider uniformly finite homology with coefficients
in Z. The description in terms of /*°-homology allows us to present concisely
what is known about the relation between coefficients in Z and in R. Further-
more, we discuss an important geometric characterisation for a class in degree
0 to be trivial. We basically follow Whyte [78] in this section.
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Proposition 6.5.1. Let G be a finitely generated group.

(i) Let
0—A-5SB-20—0

be a short exact sequence of normed abelian groups and o: C — B a
bounded, not necessarily linear, splitting. Then there is an induced long
exact sequence:

= Y (G A) — HpY(G; B) — Hy' (G5 C) — H)L (G5 A) — -
(ii) In particular, there is a long exact sequence:
= HYN(GZ) — HY'(GiR) — HY (G R/Z) — HYL (G Z) — -

Proof. Applying ¢°° to the coefficient sequence induces a short exact sequence
of normed G-modules:

0 —> £°(G, A) — 1>°(G, B) — (=(G, C) — 0.

The only non-obvious part is the surjectivity of £*°(G, B) — £°°(G, C) and this
follows from the existence of the splitting. Thus we get a long exact sequence
in homology.

A splitting for the second part is given by mapping each class in R/Z to its
representative in [0,1). O

Corollary 6.5.2. Let G be an infinite finitely generated group. Then the
change-of-coefficients map HYf(G;Z) — HY(G;R) is surjective.

Proof. We only have to show that HY(G,R/Z) = 0. But uniformly finite
homology of an infinite group with bounded coefficients vanishes in degree 0,
since: In an infinite group, one can always find a locally finite family (¢4)4ec
of proper edge path rays (“tails”), such that oit, = g for all ¢ € G. Since the
the coefficient module R/Z is bounded, the formal sum » 5, is a uniformly
finite 1-chain, whose boundary is the fundamental class [x|. This is similar to
the argument in [10, Lemma 2.4]. O

Definition 6.5.3. Let G be a finitely generated discrete group with a word
metric d. For any S C G and r € Ry set

9, (8):={geG | 0<d(g,S) <r}.

The following Theorem of Whyte gives a geometric characterisation of the
vanishing of zero cycles in uniformly finite homology:

Theorem 6.5.4 ([78, Theorem 7.7]). Let G be a finitely generated group. A
cycle ¢ € CY(G;Z) is trivial in HY(G;Z) if and only if

> cls)

seS

Ao, reNay  VSCG finite <C-|0.8|. (W)
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We will give a short proof of the fact that condition (W) in Theorem 6.5.4
is necessary for a cycle to vanish that works both for and coefficients in Z and
in R:

Proof that vanishing of a cycle implies condition (W). Let ¢ € C3{(G;Z) be a
boundary. Consider a chain b € C%(G;Z) such that 0}b = ¢. Choose 7 € Rq
such that b(go, 1) = 0 for all go, 1 € G with d(go,91) > 7. Set C = ||¢]|co-
If S C G is a finite subset in G, the points in 9,5 are the only points in G\ S that
can be reached by edges in the support of b starting in S, i.e., if b(go, 1) # 0
and gog € S, then g1 € 9,5 U S, Figure 6.5, hence

> cls)

ses

< > e(s) < C-19,5].
s€0, S

The proof is the same for R-coefficients. O

Figure 6.2: Whyte’s vanishing criterion

Whyte stated Theorem 6.5.4 only for coefficients in Z, but it is now clear
that it also holds for coefficients in R:

Corollary 6.5.5. Theorem 6.5.4 also holds if one replaces Z by R.

Proof. Let ¢ € CJf(G;R) be a cycle. We have already seen that condition (W) is
necessary for the class [c] to be trivial in H}!(G;R). Assume that c satisfies (W)
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for some C,r € Rsg. Let i: Co(G;Z) — Co(G;R) denote the change-of-
coefficients map. By Corollary 6.5.2, there is a cycle ¢y € C3H(G;Z) such
that [c — i(cing)] = 0 in HY(G;R). Hence ¢ — i(cint) also satisfies (W) for some
constants C’,r’ € Rsq. Thus for all finite subsets S € G and " := max{r, '}
and C" :=C+ '

> i) <D els)| + D (e—ileim)(s)
seS seS seS
<C-|0,S|+C" |0 8|
<o”. |01 S].

Hence [cing] is trivial in HY(G;Z) by Theorem 6.5.4 and therefore also [c] = 0
in HY(G;R). O

Corollary 6.5.6 ([78, Lemma 7.7]). Let G be a finitely generated group. Then
the change-of-coefficients map HYf(G;Z) — H{(G;R) is an isomorphism.

Proof. Tt is surjective by Corollary 6.5.2 and injective by Theorem 6.5.4 and
Corollary 6.5.5. O

The following corollary was noted by Gersten for bounded valued cohomol-
ogy:

Corollary 6.5.7. Let G be a finitely generated Poincaré duality group of di-
mension n € N. Then for all k € {0,...,n — 1} the change-of-coefficients map

H{' (G Z) — H'(GiR)
is an isomorphism.
Proof. The module R/Z is bounded, hence
(>*(G,R/Z) = Map(G,R/Z) 23¢ Hom(ZG,R/Z).
So for all k € {0,...,n —1}
H Gy R/Z) = H" *(G;6>(G,R/Z))
~ H"~*(G; Hom(ZG, R /7))
=0.

The last equality follow because Hom(ZG;R/Z) is an injective G-module [15,
Proposition 6.1]. O

6.6 Uniformly Finite Homology and Amenable
Groups

In this section we present the main result of joint work with Francesca Diana
about uniformly finite homology of amenable groups [9]. We will only give a
summary here, for a more detailed treatment confer the article. If G is an
amenable group, write LM (G) C ¢°°(G)’ for the space of left invariant means
and M (G) for the space of bi-invariant means on G.
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We will show that uniformly finite homology groups of amenable groups are
often infinite dimensional. Our principal observation is the following: Let G
be an infinite amenable group. On the one hand, by Proposition 6.2.1 every
mean m on G induces a left inverse

my: Ho (G 0°(G)) — H.(G;R)
[c® @] —> m(e) - [c]

to the comparison map. On the other hand, there are many candidates for these
splitting maps, since by the following classical result of Chou [28, Theorem 1]
there are many different invariant means:

Theorem 6.6.1. If G is an infinite amenable group, then G has exactly 221!
left invariant means, where |G| denotes the cardinality of G. Thus LM (QG) is
infinite dimensional.

The main idea is to use the maps induced by different means to differenti-
ate between different classes. In general, however, there might not be enough
cycles to be separated by means, e.g. H(Z™;R) = R and all the func-
tions m,,: HY¥(Z";R) — H,,(Z";R) induced by means coincide. The problem
is that for a cycle ¢ € C,,(G;R) and a bounded function ¢ € ¢°(G;R), the
chain ¢ ® ¢ € C,(G;¢>*(G;R)) is not necessarily a cycle since the G-action
on (>(G;R) is not trivial.

We avoid this issue by considering cycles ¢ € C,,(G;R) that are supported in
a subgroup H < G and functions ¢ € £*°(G;R) that are invariant with respect
to the action of H. Then ¢ ® ¢ € C,,(G;£°°(G;R)) will be a cycle as well.

The next step is to show that, if H < G has infinite indezr, then we can
find an infinite family of different G-invariant means that can be separated by
H-invariant functions, a result that might be of independent interest:

Theorem 6.6.2 (|9, Theorem 3.11)). Let G be a finitely generated amenable
group and H < G a subgroup such that [G : H| = co. Then there exists an infi-
nite family (mj)jEJ of left G-invariant means and an infinite family (fj)je-] of
(left) H-invariant functions in £°(G), such that my(f;) = dk,; for any k,j € J.

Sketch of proof. We can inductively construct a family (A})gen (Figure 6.3)
of subsets in G such that:

e For each (k,l) € N?, the set Al is a (right-translated) {-Ball, i.e., there
exists a g € G such that
AL = By(e) - g.

e Their orbits under left-translation by elements in H are disjoint, i.e., for
each pair of distinct indices (k,1) # (k',1") € N2

(H-AL)n (H-AL) = 0.

For each k € N set
k. l
T = | H - A
leN
The family (T%)pen is pairwise disjoint and the corresponding characteristic
functions xp+ are H-invariant for each k£ € N. Using the correspondence be-
tween Fglner-sequences and means, we can construct a sequence (m;)jen of
G-invariant means such that m; is supported in 77. (|
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Z x {0}

{0} xZ

Figure 6.3: Constructing a family of disjoint (Z x {0})-invariant subsets sup-
porting invariant means in Z?2

Hence, if there is a cycle ¢ € C,,(H;R) such that [i,(c)] € H,(G;R) is not
trivial, then ([i(c)® f;])jes is a family of linear independent classes in H3(G; R)
(with f; as in Theorem 6.6.2 and i: H — G the canonical inclusion). There-
fore, we have proven:

Theorem 6.6.3 ([9, Theorem 3.8]). Let G be a finitely generated amenable
group. Let H < G be an infinite index subgroup. For each n € N such that the
map

H,(;R): H,(H;R) — H,(G;R)
induced by the inclusion i: H — G is non-trivial, dimg H(G;R) = oo holds.

There are trivial reasons for uniformly finite homology to be finite dimen-
sional that we will also see in some of our examples:

Lemma 6.6.4. Let G be virtually an n-dimensional R-Poincaré duality group.
Then H}(G;R) = 0 for all k € N5, and H¥(G;R) = R.

Proof. Since uniformly finite homology is a quasi-isometry invariant, after pass-
ing to a finite index subgroup, we can assume that G is a Poincaré duality
group. The vanishing of homology in higher degrees is part of the definition of
a Poincaré duality group. In the top dimensional case we have

HY(GyR) 2 H,(G;0°(G)) = H(G;£>(G)) = 1°(G)Y = R. O

We proceed to discuss several applications of Theorem 6.6.3. We start with
the situation in degree 1:

Corollary 6.6.5. Let G be a finitely generated amenable group, such that the
first homology group Hi(G;R) is non-trivial, i.e., that the abelianization of G
is not a torsion group. Then

1 if G is virtually Z

dimg H(G;R) = .
oo  otherwise.
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Sketch of Proof. Pick any g € G such that the image of g in GG, has infinite
order. Either H := (¢g) < G has finite index and G is virtually Z or H satisfies
the conditions of Theorem 6.6.3 in degree 1 by the naturality of the isomor-
phism H;(G;R) 2 G,p @ R. O

Corollary 6.6.6 ([9, Example 4.4]). Let G be a finitely generated virtually
nilpotent group of Hirsch rank A € N. Then

1 ifk=h
dimg H}(G;R) =< 0o ifke{0,...,h—1}
0 else.

Sketch of Proof. Using the calculation of the homology groups of finitely gener-
ated nilpotent groups by Baumslag, Miller and Short [4], we can show that G
has an infinite index subgroup H < G satisfying the conditions in Theorem 6.6.3
for k € {0,...,h —1}. The other cases follow because G is virtually a Poincaré
duality group. O

Example 6.6.7 ([9, Example 4.2]). Let G, H be finitely generated infinite
amenable groups, such that that Hy(H;R) # 0 for a k£ € N. Then

dimg H (G x H;R) = .

In particular, for all l € N

1 ifk=1
dimg HY'(ZR) =S 00 ifke{0,...,1—1}
0 else.

Example 6.6.8 ([9, Example 4.5]). Consider A € SL(2,Z). Then for the semi-
direct product Z? x 4 Z given by the action of Z on Z? induced by A, we have

1 ifk=3
dimg HM(Z* xa Z;R) = 0o if k € {0,1,2}
0 else.

In particular, this example includes cocompact lattices in Sol [70] and the inte-
gral three-dimensional Heisenberg group.

Using the work of Fujiwara and Oshika on the bounded cohomology of 3-
manifold groups and our calculation in the amenable case, we get:

Theorem 6.6.9. Let M be a closed irreducible 3-manifold with fundamental
group G := w1 (M). Then either G is finite or

dimg HY'(G;R) = oc.

Proof. By the calculation of the second bounded cohomology of 3-manifolds
of Fujiwara and Oshika [41], either H7(G;R) is infinite dimensional or G is
virtually solvable. In the first case, the space of quasi-morphism Q(G) is infinite
dimensional and so is H};(G;R) by Proposition 6.4.3. By assumption and the
sphere theorem [67, 77], after possibly passing to an orientable cover, we can



110 CHAPTER 6. UNIFORMLY FINITE HOMOLOGY

assume that M is aspherical, thus G is virtually a Poincaré duality group. Hence,
also HYf(G;R) is infinite dimensional. Assume now that G is virtually solvable.
By the classification of solvable 3-manifold groups by Evans and Moser [38], G
is finite or virtually the fundamental group of a torus bundle over S!. Thus if G
is infinite, H3f(G;R) is infinite dimensional by Example 6.6.8. O

6.7 Degree Zero

In this section we will study 0-classes in uniformly finite homology of amenable
groups. We will distinguish between classes that can be detected by means and
classes that are “mean-invisible” and will show that both classes correspond to
infinite dimensional spaces if the group is infinite. In particular, HYf(G;R) is
infinite dimensional if G is an infinite amenable group. This section is based on
joint work with Francesca Diana [9)].

Definition 6.7.1. Let G be a finitely generated group. We call the subspace
Ho(G;6%(G)) := {c € Ho(G:£=(G)) | Yamem(a) molc) =0}

the mean-invisible part of Ho(G;£%°(G)). Recall that for m € M(G) we denote
by myo the function on Hy(G;£*°(G)) = £°°(G)¢ induced by m.

6.7.1 Classes Visible to Means

Since for an infinite amenable group G there are infinitely many different means,
there are infinitely many classes in Ho(G;£>°(G)) that can be detected by in-
variant means:

Proposition 6.7.2 ([9, Theorem 3.7]). Let G be a finitely generated amenable

group. Then .
dimR Ho(G,foo(G))/HO(Gagoo(G)) = 0.

Proof. By the definition of H, (G; £°(@)), there is a linear injection of the space
of invariant means into the following dual space:
LM(G) — (Ho(G;£>(G))/Ho(G: (@)’
m— ([p @ g — m(p)).

Therefore, by Theorem 6.6.1, the dual space (HO(G;EOO(G))/I?O(G; (@) is
infinite dimensional, and hence also Ho(G;¢>°(G))/Ho(G; £ (Q)). O

Next, we will show that the space we have considered in Proposition 6.7.2
can be identified with reduced uniformly finite homology in degree 0, which we
will define below. To demonstrate this, we will prove a result about semi-norms
on Hy(G;¢°°(G)) that might be of independent interest:

Definition 6.7.3. Let G be an amenable group. The ¢>°-norm on ¢*>°(G) and
the semi-norm
[l £7°(G) — R

zr—  sup |m(z)],
meM(G)
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induce two semi-norms on Hy(G;¢>°(G)) that we will also denote by | - ||co
and || - ||,. Since every mean vanishes on im 9, we have |||, = ||[¢], for
all p € CY(G;R) .

Proposition 6.7.4. Let G be an amenable group. Then the semi-norms || - ||oo
and || - ||, on Ho(G;£>(G)) are equivalent.

Proof. Clearly, ({*(G)g) = Ba(¢*°(G),R) and we will identify these spaces
here. Every functional in Bg(¢*°(G),R) can be written as the difference of two
positive functionals in Bg(¢*°(G),R) [69, Proposition 2.2]. The claim about the
norms is then a classical result, we recall a proof from [50, Theorem 23.2]:

Clearly, || - | < || - [lo on £°(G) and hence also on Ho(G;{°(G)). We
write P; == {A-m | m € M(G), X\ € [0,1]} for the set of positive functionals
of norm smaller or equal 1 in Bg(£*°(G),R). As we have noted above, every
function f € (£>°(G)g) = Bg(¢*°(G),R) can be written as

f=7(p1—¢2)

with 7 € Ry and ¢1,902 € Pi. Since {¢1 — w2 | p1,p2 € P} is weak-*-
closed and convex, by the weak-*-compactness of the unit ball, there exists a
constant R € Ry such that every f € ({>°(G)¢)" with || f]|co < 1 can be written
as

f=R-(p1—¢2)
By the Hahn-Banach-Theorem, we have for all z € £°(G)q

2l = sup{[f ()| | f€ (> (G)a), Iflle <1},

hence

[#]loc < sup{|R - (p1(z) — @2())[ | 1,2 € P1}
<2 R-sup{lp(z)| | ¢ € P}
= 2. R-sup{|m(x)] | m € M(G)}
=2 R |l O
Proposition 6.7.4 implies directly the following correspondence between clas-

ses that can be detected by means and reduced uniformly finite homology, that
was told to us by Michat Marcinkowski:

Corollary 6.7.5 ([69, Proposition 2.1]). Let G be an amenable group. Then

[Illese o
{v—g-v|vel>(q), ge G} ‘ ={cel™(G) | Vimem@@ m(c)=0}.
In other words, if

gl e

Ty (G:R) := C§(G:R) /im Oy
is the reduced Oth-uniformly finite homology group, we have
—uf ~
H, (G;R) =2 Ho(G; £>°(G))/Ho(G; £°(G)).

—uf
In particular, H 8 (G;R) is infinite dimensional if G is an infinite amenable
group.
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Proof. An element ¢ € £>°(G) is in {c € £*°(G) | Vimenm(ay m(c) = 0} if and
only if ||[¢]|l. = [l¢ll. = 0, hence if and only if ||[¢]||cc = 0. Therefore

[_g v [0Eel™(G), gEG] "™ = {c € t®(G) | Vamere mlc)=0}.

That Fgf(G; R) is infinite dimensional follows now from Proposition 6.7.2. O

6.7.2 Distinguishing Classes by Asymptotic Behaviour

We will reformulate White’s criterion for the vanishing of 0-degree uniformly
finite homology classes, Corollary 6.5.5, in terms of the asymptotic behaviour
of chains in degree 0 with respect to the behaviour of a Fglner-sequence. We
will first need a notion to compare the asymptotic behaviour of functions:

Definition 6.7.6. Let «, 5: N — R>( be two functions.

(i) We say 8 dominates o and write o < 8 if B(n) is zero for at most finitely

many n € N and
fim &) _
n—oo B(n)

(ii) We write oo ~ B if 5(n) is zero for at most finitely many n € N and

a(n)

lim —— € Roo,

n— o0 ﬁ(n)
or if both a(n) and (n) are zero for almost all n € N.
(iii) Finally, we also write « X S if & < 8 or a ~ S5.

Definition 6.7.7. Let G be a finitely generated group with a fixed word metric.
A Folner sequence in G is a sequence (S;);jen of non-empty finite subsets of G
such that for each r € Nyg

105

=0.
j—oo |8

Definition 6.7.8. Let S := (5;) en be a Folner-sequence in G. Consider the
sequence of (not necessarily invariant) means (m;);en given by

m;: (°(G) — R

We call S simple if (m;)jen weak-+-converges in £°°(G)’. In this case, write mg
for the weak--limit of (m;);en. The limit mg is always an invariant mean [26,
Theorem 4.9.2].

Since the space of means is weak-x-compact, every Fglner sequence has a
simple subsequence.
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Definition 6.7.9. Let G be a finitely generated group and S := (5;),en a
Fglner sequence for G. For all ¢ € £°°(G) we define a function

BS:N—R

[ Sacs, |

n+——
|5

Finally, we also consider the asymptotic behaviour of the boundaries given by
the function

os: N— R
|alSn|
|Snl

Lemma 6.7.10 (]9, Lemma 5.6]). Let G be a finitely generated amenable group
and S a Fglner sequence in G. Consider ¢ € £>°(G).

(i) We have 0 < 85 < 1.

(i) If S is simple, then 35 ~ 1 if and only if mg(c) # 0. In particular, 35 ~ 1
implies that there is a simple subsequence S’ of S such that mg(c) # 0.

(iii) If B = og, then [c] # 0 € HY(G;R).

(iv) Conversely, if [c] # 0 € H}(G;R) then there exists a Fglner sequence S’
such that og < 85".

(v) More generally: If (¢, )nen is a sequence in £°°(G) such that og < ﬂfo and

Inew B2, < B2
then the family ([c,])nen of classes in H3(G; R) is linearly independent.
Proof.
(i) This is clear by the definition of 55.

(ii) If S is simple, the sequence (| >_ g ¢(8)|/|Snl)nen, that we have to con-
sider to decide whether 35 ~ 1, converges to |ms(c)|.

(iii) Assume [c] = 0. By Whyte’s criterion, Corollary 6.5.5, there exist C,r €
N<g such that for all n € N

|01.5n] > 1 . |05 | N 1
[Ceese@)] B [Tescls)] ~ C- 1B (o)

Hence 85 # os.

>0

(iv) By Whyte’s criterion, if [¢] # 0, for each n € N there exists a finite
subset S/, C G such that

n- oSl < |3 es):

s€S],
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hence

AR Y AN

QLEANS |
[ A B TSI

In particular S” := (5], )nen is a Fglner sequence and ogr < ﬂf,.

(v) For each c € £2°(G), such that 7 g c(s) is zero for at most finitely many
n € N, we define a subspace

/
CH(G;R)= = {c’ € C¥(G;R) | lim Lses, ¢(8) exists}.

00 SESH C(S)

Choose a splitting of R-vector spaces C3f(G;R) = C3f(G;R)Z¢ @ V and
define a linear function

72 CH(G;R) = CH(G;R)F*pV — R

X (s
(c,c") — lim 72563" ( )
=00 ZSESn C(S)

Let a € C3f(G;R) be a boundary. Then the function 85 /0s is bounded
by Whyte’s criterion, so 85 < gg. Thus if o5 < 55 then 87 < 85 and
hence 75 (a) = 0. Therefore, 72 induces a linear map

78 HY(G;R) — R.

In our situation we have v (c;) = &;; for all j < in N. Hence, ([cn])nen
is linearly independent. (|

Notation 6.7.11. For each k € N set [n*] := {mF | m € N}.

Example 6.7.12. Consider the Fglner sequence B in Z given by the sequence
of balls ({—n,—n+1,...,n})nen. Then for each k € N5

B[Jik} ~ (m — mlfk).

In particular, the sequence ([nk]) keNs, of subsets in Z satisfies the conditions in
Lemma 6.7.10 (v) and hence induces a sequence of linearly independent classes
in HY(Z;R).

Different Fglner sequences can of course detect different classes:
Example 6.7.13. Consider the Fglner sequence T' in Z given by the sequence
of balls ({-n—1,-n,...,—1})pen. Then ﬁ[ﬂk] ~ 0 for each k € N5o.
6.7.3 Sparse Classes
We now introduce a geometric condition for a subset to be mean-invisible:

Definition 6.7.14. Let G be a finitely generated group. We call asubset I' C G
(asymptotically) sparse (Figure 6.4) if

Joen Vrenso TJreNs, Vgea\Bre) IT'NBr(g)| <C.
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Figure 6.4: The black dots indicate a sparse subset in Z? with the standard
word metric.

Example 6.7.15. For each k € N5 the subsets {n* | n € N} C Z are sparse.

Lemma 6.7.16 ([9, Lemma 5.10]). Let G be an infinite, finitely generated
amenable group and I' C G a sparse subset. Then we have

[xr] € HY'(G;R).

Proof. Let C € N be a constant for I' as in the definition of sparse. Let m
be a left-invariant mean on G. Consider r € Nyg. Since G is infinite we have
for all R € N»¢ that m(xr) = m(xr\Bg(e)). Hence, taking R € R- as in the
definition of sparse and possibly replacing I' with T'\ Bg(e), we can assume that
forall g € G

Hy €T | 3nen, () v h=g}=ITNB.(g9) <C.

Therefore the coefficients of }, B,(e) XT-h are bounded by the constant C. So
we see that

|Br(e)] - m(xr) = Z m(xr.n) =m Z xrn | < C.
heB,(e) heB,(e)

Hence m(xr) = 0. O

6.7.4 Constructing Sparse Classes

We recall the notion of tilings, which will be the building blocks for our sparse
classes:
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Definition 6.7.17. Let G be a finitely generated group with a word metric.
For r € N5 we call a subset T C G an r-tiling for G if

(i) Vgr.goer Br(91) N Br(g2) # 0 = g1 = g2

(i) G =U,er B2+(9)-
By Zorn’s Lemma, for all r € Ny there exists an r-tiling [26, Proposition 5.6.3].

Lemma 6.7.18 ([26, Proposition 5.6.4]). Let G be a finitely generated ame-
nable group and (5;) en a Folner sequence. Let r € N5 and let T be an r-tiling
for G. Set

Tj:=={geT|B(g9) C S} CS;

Then there exists an [(T') € N such that for all j > I(T)

LIzl
2+ |Bar(e)] |5l

Sketch of proof. One obviously gets the corresponding estimate for the points
in the (2 - r)-interior of S;. But the number of points in the r-boundary of S;
relative to |.S;| goes to zero for j — oo. O

The next theorem tells us that we can realise any non-trivial asymptotic
behaviour by a sparse set. This result is a stronger version of [9, Theorem 5.1]
and the proof is simpler.

Theorem 6.7.19. Let G be a finitely generated infinite amenable group with a
word metric. Then there is a Folner sequence S in G such that for each growth
function c: N — Ry such that ¢ < 1, there is a sparse subset I' C G such
that ﬁﬁ ~ c. In particular, there is an uncountable family of linear independent
sparse classes in HY(G;R).

Proof. Choose an r-tiling T for all r € N5o. Let S be a Fglner sequence such
that for all j € N

J
d(U Sl,SjH) > . (%)
1=0
For instance, start with an arbitrary Fglner sequence and inductively translate
the j-th set away from the first j — 1 sets. Let ¢: N — Ry be a growth
function with ¢ < 1. Without changing the asymptotic behaviour of ¢, we can
assume that c¢(r) < |Sy| for all » € N. For each r € N5 define a number

T
p(r) = max{r’ eN ‘ c(r) < 7 |

=50 } € Nyo.

Since ¢ < 1, i.e., lim, o ¢(r) = 0, for all ' € N we can find an R € N5 such
that for all » € N> we have

1

) < 5B (o)

and

r > max{{(T°),...,[(T")}.



6.7. DEGREE ZERO 117

Therefore, by Lemma 6.7.18 we see that lim,_, p(r) = co. We have

7|
c(r) < ,
Sy

hence we can find a subset L, C T (T), such that

|| 1
e(r) < <ec(r)+ . ()
|5+ | |5y |
Set ' := U,en., Lr- By (+*) we have ¢ ~ B2. By () and the tiling condition,

we see that I" is sparse.
For the last claim, set for instance for each a € (0, 1]

03: N— Ry
nr— og(n)®.

then for each pair o < 8 € (0, 1] we have 03 < O‘g and by Lemma 6.7.10, the
family of sparse classes in H3f(G;R) corresponding to (0%)ae(0,1) by the above
construction is linearly independent. O

Corollary 6.7.20. The space ﬁgf(G; R) is infinite dimensional if G is a finitely
generated infinite amenable group.

6.7.5 Sparse Classes and the Cross Product

There is no abundance of tools to calculate uniformly finite homology (or other
“exotic” homology theories). Kiinneth-type formulas for uniformly finite homol-
ogy, as studied by Francesca Diana in her thesis, are therefore very interesting.
In particular, Diana has shown [30, Theorem 3.1.3], that the cross product
map is injective for reduced uniformly finite homology (i.e., without the mean-
invisible part), if at least one of the groups is amenable. Our next proposition
together with Example 6.7.12 shows that this cannot be generalised to the unre-
duced case. Let us first recall the definition of the cross product in uniformly
finite homology [30, Definition 3.1.1]:

Definition 6.7.21 (Cross Product in Degree 0). Let X and Y be metric spaces.
Let R be a normed ring, i.e., a normed Abelian group with a compatible (unital)
ring structure, such that the norm is multiplicative. For each n € N, there is an
R-morphism

x: O (X;R) @ C*(Y;R) — Co(X X Y3 R)
e ae Y oaly)y— D aly)-c@) - ((@90)s - (2. 90))-

reX yeyntl reX, yeynti
This induces a well-defined R-map in uniformly finite homology
x: HY(X;R)® H'(Y; R) — HY (X x Y;R),

called the cross product in uniformly finite homology.
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EEER RN

27| T e T o o
S| e— o * >
1 [ ] [ ] () [

1 4 9 16

Figure 6.5: The class of [n?] x [n3] is trivial in HY(Z?;R)

Proposition 6.7.22. For each (k,l) € N X N such that k -1 > 4, the class in
HY(Z2%,7) corresponding to [n*] x [n!] is trivial. In particular, the cross product
map

x: H¥(72;7) ® HY(Z;7) — HY(22;7)

18 not injective.

Proof. To simplify notation, we consider only k = 3 = [, the proof is the same
in the other cases. Consider the word metric d on Z? corresponding to the
generating set {(0,1),(1,0),(1,1)}. Intuitively, for each point in [n®] x [n?] we
will construct a ray in the corresponding Cayley graph starting at this point,
such that these rays are pairwise disjoint. The class corresponding to [n3] x [n?]
will then be the boundary of the sum of these rays.

More precisely: Consider the lexicographic ordering < on [n?] x [n®]. We in-
ductively define a sequence (T4 p))a,be[ns) Of Pairwise disjoint subsets in {(z,y) €
(Z2)? | d(z,y) = 1} such that for all (a,b) € [n3] x [n?]

6ffXT(a,b) = (a,b).
Then T':= 3, ,e(n2) XT(a, 18 an element in CY(Z* Z) and OY'T = X(n3)x[n

].
First, set T(1,1y = {((1,7), (1,7 +1)) | r € N5o}. Assume now that for (a,b) €
[n?] x [n®] we already have constructed T{, 1y for all (a’,b') € ([n3] x [n3]) < (a,p)-
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Then we set

Tiap) ::{(a+s,b+s),(a+s+1,b+s+1)) ‘ s€40,...,¢ap) — 1}}
U (T + (a+c@ap —Lb+c@p — 1))

where

Clap) = min{s eN ‘ ((k+s,0l438),(k+sl+s+1)¢g U T(a/,b/)}-

(a,b)€[n3]x [n3]
(a’,0")<(a;b)

So, roughly speaking, the T\, ) are built by going diagonally up and to the right
until one finds a vacant vertical line and then going straight up, Figure 6.5.
By construction, for all (a,b) € [n®] x [n3]

Cla,b) < €(0,b)-

Furthermore, for all s* € [n3] there are s* many points of [n3] in the square
{0,1,...,8%} x {0,1,...,8%}, i.e., we have |[n3] N {0,1,...,s3}?| = s2. Hence,

since the rays are only going up and to the right:
Clo,s7) <87 < (s+1)° =5 (%)

Now the vertical parts of the rays are disjoint by definition and the diagonal
parts are disjoint because they are parallel for the same starting value of b and
disjoint for different starting values of b by (x). O
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Appendix A

Strong Contractions

The core of Ivanov’s proof of the absolute mapping theorem [48, Theorem 4.1]
is his construction of a norm non-increasing cochain contraction for the cochain
complex B(C"8(X),R) for X a simply connected CW-complex. This has been
extended by Frigerio and Pagliantini [40] to a relative version for certain CW-
pairs. In this section, we will recall the proofs of these results and extend
them to coefficients in V', where V' can be an arbitrary Banach module. As
noted by Biihler [22], it is not necessary to demand X to be countable when an
appropriate version of the theorem of Dold and Thom is used, and we will also
make use of this observation here.

Lemma A.1 ([48]). Let G be an Abelian topological group. For n € N, the
set S, (G) of singular n-simplices is also an Abelian group. For each n € N
and i € {0,...,n}, let £2°(9%,,R): £2°(S,_1(G);R) —> €°°(S,(G);R) be the

dual of the i-th face map of S, (G). Then there is a sequence (mf)nen of maps,
such that

(i) For each n € N, the map mf: £°(S,(G),R) — R is an S, (G)-invariant
mean.

(ii) For all n € N5 and i € {0,...,n}

0208, R)*mp = mp~ ",

i,no

where £>°(9¢ R)*m% denotes the pull-back mean of m% under the face

i,m?

map £ (0% | R).

i,n?

Proof. For each n € N, the symmetric group ¥, on n-letters acts on A"
by permutation of the coordinates, hence also on £*°(S,(G),R). We denote
by M,, C £°°(S,(G),R)’ the set of ¥,,-and S, (G)-invariant means. Since Sy, (G)
is Abelian and thus amenable, there is an S, (G)-invariant mean m on S, (G),
and we can find an S, (G)- and ¥,,-invariant mean by setting

, 1
m = — - E ag-m.
n!
oe¥,

The set M, is a weak-*-closed subset of the unit ball of £°(S,,(G),R) and there-
fore weak-*-compact by the Banach-Alaoglu theorem. For any i € {0,...,n},
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the map £ (0% ,R) induces a weak-*-continuous map f,: M, — M, _,. For

i,mn?

each n € Nyg, 4,75 € {0,...,n} and m € M, we have

(08 R)*m = (0%, R)*m

1,Mn7 J,n?

by the X, -invariance of m, thus f,, does not depend on ¢ and for all m € M,
and i € {0,...,n}, we have £*(0F ,R)*m = f,,(m). Since the M, are compact

i,mn
and non-empty, the limit of the directed system (f.: My, — Mi_1)sen., is
non-empty. Any point in this limit is a sequence of means which satisfies the
desired properties. O

Corollary A.2 ([54]). Let G be an Abelian topological group and V' a Banach
space. Then there is a sequence (mf;),en of maps, such that

(i) For each n € N, the map mj, : £>°(S,(G),V’') — V' is an S,,(G)-equiva-
riant mean with coefficients in V', viewed as a trivial S, (G)-module.

(i) For all n € Nyg and ¢ € {0,...,n}

£°°(8.G V*mp = m’"fl.

,m

Proof. Let (mf)nen be as in Lemma A.1. For all n € N, set
my: 0°(8,(Q), V") — V’
o — (v — mﬁ(g — gp(g)(v)))

The first part follows directly from Lemma A.1 (i). For the second part, we
have for alln € N, 4 € {0,...,n} and all f € £°(S,_1(G), V)

(05, V') mi(f) = mi(f 0 95,)
= (v mi (g — 0%, (9)(®)))
= (v mE (05 R) (g — F9))))
= (v my~ (g F0))))
=my~ ' (f). D

Proposition A.3 (Averaging cochains [48, 54]). Let G be an Abelian topological
group and let p: X — Y be a principal G-bundle. Let V be Banach module.
Then there is a cochain map

A*: B(CS"8(X), V') — B(CS8(Y), V'),
such that A* o B(CE™(p), V') = idp(csine(y) yry and [[4*]|00 = 1.
Proof. The group S, (G) acts on S, (X) via pointwise multiplication, i.e.,

Sn(G) x Sp(X) — Sp(X)
(1,0) — (t — 7(t) - J(t)).
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For each o € S, (Y), write F,, = {7 € S,,(X) | p(7) = o}. For any lift 7 of o, we
see that F, is just the orbit S, (G) - & and since the action of S,,(G) on S, (X)
is free, there is an S, (G)-isomorphism
pP5 - Sn(G) — Fg
TH—>T-0.
Let (m})nen be as in Corollary A.2. For each n € N, set m” = (> (pz, V')*m..
By the S, (G)-invariance of mf,, this does not depend on the choice of the lift o.
Now define for all n € N
A" B(CI™E(X), V') — B(CM8(Y), V')

fr— (O’ — mZ(f|Fa))
Because each m? is a mean, we see for all n € N that ||A"|lec <1 and

A™ o B(C5M8(p), V') = id g csing vy 1y -
Clearly, for any n € N, any i € {0,...,n}, any 0 € S,(Y) and any lift 7 the
following diagram commutes, where the 8: » are the corresponding i-th face
maps:

X, IF,
F,

FS}'G

oz Pagfna

o¢
Sn(G) —— S,_1(G).

Thus, Property (ii) from Corollary A.2 implies m3~* = (05, |p,, V')*m.

6@71,0'
Hence, A* is a cochain map, since for all n € Nsp, all « € {0,...,n — 1},
all f € B(Cp—1(X),V')and all o € S,,(Y)

(8%, A" L () (0) = A" (1)(0),10)
= mg,gnla (f|F6i’,/na)
= m (0208 ]r V) (flr,y )

w2 (657 ),
= A0 £)(0). O

Theorem A.4 ([48]). Let X be a simply connected CW-complex. Then there

1S a sequence

, Pn—
AN i SR CN SRR NS SR . ¢

such that for all n € Nsg:
(i) For alli € {0,...,n}, we have m;(X,) = 0.

(i) For alli € Ns,,, the map w;(pn): i (Xnt1) — mi(Xy) is an isomorphism.
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(ii) The map pn: Xpni1 — Xy 18 a principal Gy, -bundle, where G,, is a topo-
logical Abelian group of type K (mn41(X),n).

We call such a sequence a Dold-Thom-Whitehead tower for X.

Sketch of proof. Start with a Whitehead tower (X, pl) [46, Example 4.20]. By
the theorem of Dold and Thom [32], or, when X is not countable, by its general-
isation by McCord [56], we can find for each n € N5 a model of K (m,41(X),n)
which is a topological Abelian group. By a short argument comparing uni-
versal bundles, one can show that one can replace the maps p, by princi-
pal K (mp4+1(X), n)-bundles, [48, Lemma 2.3.3]. O

We recall the standard cone construction for highly connected spaces:

Remark A.5. For n € N, let X be an n-connected topological space and z € X.
We want to define a family of maps (L7 : S;(X) — Si11(X))ieqo,....n} Such that

(i) For all y € Sp(X), we have 9y, 0L§(y) = y and 91 oL§(y) = .
(ii) For all k € {1,...,n} and all i € {1,...,k}, we have
Oiktr10Ly =L7_ 10014
801k+1 o Li = idSk(X) .
We define the Lj by induction on k. Since X is connected, we can find for
each y € So(X) = X a path LE(y) from y to =, and L satisfies (i). Assume

that Ly, ..., Ly have been defined for k € {0,...,n — 1}. For each o € Si(X)
consider ¢’: OA*T! — X such that for alli € {1,...,k+1}

o'lg,ar+1 = LE(9i-1AF)
U/|60Ak+1 = 0.

The map o’ is well-defined by property (ii). Since X is k-connected, there is
a k+1-simplex L{ (o) € Si41(X), such that Ly (0)[gan+1 = ¢’. By definition, L}
has the desired properties.

We call such a family LY an n-partial coning contraction for X with respect
to x.

If L? is such a coning contraction, the family

(t5: 8 (X) — CE (X))kefo..mys
induced by linearly extending LZ, together with

7 R — CIM8(X)
l—x

is an n-partial chain contraction, i.e., for all k € {0,...,n}
ak+1 e} tﬁ + ti—l e} 8 = lde(X)

and clearly ||t7|lcc < 1forall k € {—1,...,n}.

The cone construction is not canonical, but sufficiently concrete to prove
further compatibility results:
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Lemma A.6 ([48, 40]).

(i) Let X be a simply connected CW-complex. Let (X, p.) be a Dold-Thom-
Whitehead tower for X. Let (zn)nen., be a sequence of points, such
that z, € X, and p,(xn41) = 2, for all n € N5g. Then there exists
a sequence (L?"),en.,, such that L is an n-partial coning contraction
for X, with respect to z,, and for all n € N5 and &k € {0,...,n}

Sk+1(pn) © Li"“ = L™ o Sk(pn).

We call such a sequence (L7 )nen., @ partial coning for the tower (X, ps)
with respect to x1.

(ii) Let i: W — X be a CW-pair. Assume that W and X are simply con-
nected and that ¢ is a weak equivalence. Let (X, p«) be a Dold-Thom-
Whitehead tower. Set W,, := (p; o --- 0 p,) 1(W). Then (W.,p«|lw.)
is a Dold-Thom-Whitehead tower for W. Let i,: W, — X,, be the
canonical inclusion for each n € N5g. For each a; € W, there exists a
partial coning (L% )nen., for (X.,p«) and a partial coning (K" )nen.,
for (Wi, p«|w.), such that for all n € N

Spt1(int1) o Kipm = Ly 0 Sp(in).

Proof. The first part can be found in Ivanov’s article [48], the second one in the
article of Frigerio and Pagliantini [40]. O

Theorem A.7 ([48, 54]). Let X be a simply connected CW-complex and V
a Banach module. Then for each x € X there is a strong pointed cochain
contraction

(s: BCZ"(X5R), V) — B(CIF(X5R), V')uens
Proof. We follow Ivanov’s proof [48], but with coefficients in V'. Let (L") ,en.,

be a partial coning for the Dold-Thom-Whitehead tower (X, p.) for X; = X
with respect to x; = = as in Lemma A.6 (i). For each n € N let

be as in Remark A.5. For each n € N<g, consider
AL B(CIM8(X,), V') — B(CI"8(X-1), V')

as in Proposition A.3. For each n € N, set p¥ := B(C5™(p,), V') and define
(s3: BCI8(X), V') — B(CI25(X), V'))wen

by setting for all n € Nyq

n._ An—1 n—1 n n n
Sy i=Ay o0 Aot oppo--op)
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Then ||s?||co < 1, since this holds also for all A7, p? and ¢2. Since for all n € N

5"_1osz+sz+1o5"
n—1 n—1 n—1 n n n
=0""0Ay To---0 AP 1oty y0op 0 0D]
n n n+1 n+1 n+1 n
+Aj o0 AR ot Toop o oplT i od

:Ago...oAgHo((s"* ot 4 ATy ot Lo pitlogn

n
n+1 op O - 1

Jorio-or
:Ago...oAZJrlo((S"_lo n+1+An+20pn+1otni%06”)op o---opt
:AZO...oAerlo((W 1ot"JrlqL Jrloé")op o---opft
:Ago"'oAfL—Hosz"'op?
= idp(c.(x),v7)
the family s} is a cochain contraction. |

Proposition A.8 ([40]). Let i: A — X be a pair of connected CW-comp-
lexes, such that i is m -injective and induces an isomorphism between the higher
homotopy groups. Let V' be a Banach module. Leti: A — X be a fixed inclu-
sion map. Then there exists a family of norm non-increasing, pointed cochain
contractions

(s3: B(CS™5(X), V') — B(CI"(XiR), V),
s0: B(CS™8(X;R), V') — V/
zeX

and a family of norm non-increasing, pointed cochain contractions

(852 B(CT™(4R),V') — B(CTF(AR). V) oy,
$9: B(CJ"(AR), V') — V! e

a

A

that 1s compatible with the restriction to Z; i.e., the following diagram commutes
foralla e A:

B(CE (%), V) —L (o (%), v7)

BCI"5(), V") B0, V)

B(CSME(A), V') — % B(C™8(A), V')

Proof. The proof is the same as the one of Theorem A.7, applied to the com-
patible partial conings from Lemma A.6 (ii). O

Remark A.9. The condition on the higher homotopy groups is needed in order
to have compatible Dold-Thom-Whitehead towers for the pair (X, A), since un-
der this condition one can use the same averaging constructions in the definition
of both cochain contractions. If the condition on the higher homotopy groups
is not satisfied, one could try to use a functorial version of the Whitehead tow-
ers, but then the relation between the averaging maps is completely unclear. If
one tries instead to use the preimages A, := (p1 o -+ p,) 1(A) of A inside the
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Whitehead tower over X, one has compatible averaging maps, but as noted by
Pagliantini [66, Remark 2.29] in general it is impossible to use a relative cone
construction with respect to the pair (X,,, A, ), since the homotopy groups of A,
will be in general non-trivial.
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