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Chapter 1

Introduction and motivation

Bordism theory is a central subject in algebraic topology. By now quite a few bordism
invariants are known, e.g., characteristic numbers, the signature (for oriented bordism),
the Todd genus (for Spin®-bordism), Adams’ e-invariant (for stably framed bordism), rho-
invariants (for equivariant bordism) and Kreck-Stolz invariants (for some versions of Spin®-
bordism).

Recently, Bunke gave a unified construction for some of these invariants (e.g., Adams’ e-
invariant and Kreck-Stolz invariants): he defined the universal eta-invariant. This invariant
is only defined on torsion elements in a particular bordism group. On the other hand some
of the above invariants, e.g., some rho-invariants, are also defined on non-torsion elements.
Hence it is natural to ask if the universal eta-invariant can be extended to non-torsion
elements in a geometric way. The main goal of the present article is to construct a (non-
canonical) extension of the universal eta-invariant to non-torsion elements (under suitable
general conditions) and thus to answer this question in the affirmative.

The main technical tool we will use are geometrizations. They were introduced in [Bunll,
Definition 4.5] to study the universal eta-invariant. To extend the universal eta-invariant
to non-torsion elements we will introduce a new variant of geometrizations, which we call
universal geometrizations. We motivate geometrizations and universal geometrizations in
Section 1.1 below. The technical heart of the present article is to prove that such universal
geometrizations exist in many cases (Existence Theorem 3.27). This is the content of Chapter
3 and Chapter 5 (the latter chapter contains the proof).

Given such a universal geometrization we can define the intrinsic eta-invariant. For this
we use a formula given in [Bunll, Theorem 4.19] for the universal eta-invariant but we need
to show that it is still well-defined. In [Bunll] this was unnecessary because Bunke shows
that his formula calculates the well-defined universal eta-invariant. Since the formulas for
universal eta-invariant and for the intrinsic eta-invariant agree on their common domain of
definition it is clear that the intrinsic eta-invariant extends the universal eta-invariant. The
construction and the proof of well-definedness are mostly straightforward and can be found
in Chapter 6. Note that different universal geometrizations yield different extensions.

So far there is no homotopy theoretic interpretation of the intrinsic eta-invariant. As a
first step in this direction we classify universal geometrizations (Classification Theorem 7.10).
Then we apply this theorem to prove the Detection Theorem 7.17. This theorem shows that
in some cases, e.g., if the bordism theory in question is the stably framed bordism theory with
a background space, then the intrinsic eta-invariant can detect all non-torsion elements. More
precisely, this means that the intrinsic eta-invariant evaluates non-trivially on non-torsion
elements. Therefore the intrinsic eta-invariant detects all the rational information but also
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some torsion information. All this is the content of Chapter 7.

Moreover, we calculate some examples. These explicit computations can be found in
Chapter 4 and Chapter 8.

In the last chapter we discuss the t-invariant of Crowley and Goette ([CG13]). The t-
invariant is a generalized Kreck-Stolz invariant and so fits in the framework of the universal
eta-invariant ([Bunll, Proposition 5.18]). We also prove this (Theorem 10.1,1.) using quite
different tools compared to the ones applied by Bunke. Then we redo a particular compu-
tation of Crowley and Goette ([CG13, Example 3.5]) using the universal eta-invariant in a
purely topological way. This serves to confirm the original calculation.

1.1 Connections, Chern-Weil theory and geometriza-
tions

In this section we explain precisely in which sense geometrizations generalize connections.
We also illustrate how one can extend connections from submanifolds using a “universal
connection” on the classifying bundle. This serves as motivation for our definition of universal
geometrizations. The first part follows [Bun12, Chapter 4.11] closely.

First we have to recall Chern-Weil theory. So let G be a compact Lie group and denote
its semiring of isomorphism classes of unitary representations by Rep(G). We fix a smooth
G-principal bundle 7 : P — M, where M is a smooth compact manifold. The associated
bundle construction yields a map Rep(G) — KU®(M), where KU?(M) denotes the complex
K-theory of M (this is the abelian group of stable isomorphism classes of vector bundles on
M). Now we choose a (principal bundle) connection V' on P. Then the associated bundle
construction gives a lift

i
Rep(G)-"_) .

where KU?(M) denotes the differential K-theory of M. It is given by stable isomorphism
classes of vector bundles together with a hermitian metric and a metric connection up to an
equivalence relation which incorporates the connection. We review differential K-theory in
Section 2.4.

Next we observe that these constructions factor over the representation ring R(G) (this
is the group completion of Rep(G)). Moreover, they also factor over R(G);, the completion
at the dimension ideal (cf. [Bunll, Lemma 4.7]). The completed representation ring has
also the following topological interpretation due to Atiyah, Hirzebruch and Segal. To this
end we denote the classifying space for G-principal bundles by BG. Then there is an isomor-
phism ([AS69, Theorem 2.1]) R(G); = KU°(BG) which is induced by the associated bundle
construction using the universal G-principal bundle EG — BG. Using this isomorphism we
get the commutative diagram

KU°(M)

= |

KU(BG) 2 KU (M)
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Given a vector bundle together with a hermitian metric and a metric connection we can

—

construct the Chern character form. This gives a map R : KU(M) — Q%**(M). Here
Qg™ (M) denotes closed differential forms in even degrees. On the other hand there is the
topological Chern character ch : KU(BG) — H**"(BG, Q). Putting everything in one big
diagram gives

HY(BG.Q)  KU'(M)
vP
ChT | l
KU"(BG) _r KUY (M)

This diagram can be completed by the Chern-Weil homomorphism cyr : HV"(BG, Q) —
Qg™ (M) (recall that the rational cohomology H*"(BG, Q) can be identified with the space
of invariant polynomials on the Lie algebra of G).

This is the prototypical example of a geometrization. These are roughly defined as follows
(cf. Definition 3.7).
Pre-Definition 1.1. Let M be a smooth compact manifold, B be a topological space and
p: M — B be a/cgltinuous map. A geometrization for p : M — B consists of a map
G : KU%B) — KU°(M) together with a map cg : H"(B,Q) — Q&°*(M) such that the
diagram

Qe (M)

Al

Heven(B, Q) KUO(M)

o |

KU°(B) —2— KU (M)

commutes.
We refer to the map cg : H*"(B,Q) — Q¢“*(M) as cohomological character. W

Remark 1.2. For later use we record that a connection on a principal bundle gives a ge-
ometrization on the classifying map. |

Recall that connections can be extended from submanifolds (see below). This fails for
geometrizations. A counterexample is given in Example 3.18. Nevertheless, we will need to
extend geometrizations from submanifolds, e.g., from a manifold to a zero-bordism. Hence
we need to ensure that our geometrizations are “nice”. As motivation for this “niceness”-
property we briefly review universal connections. For this we fix an embedding G — O(k),
i.e., we realize GG as a matrix group. Then we get G-principal bundles

B, = 0(n)/O(n— k) = B, == O(n)/ (G x O(n — k))

for all n > k. The colimit over these bundles is a model for the universal bundle £G — BG.
On each of these bundles E,, — B,, there is a connection V" induced by the projected Maurer-
Cartan form (for details we refer to [Sch, §§ 1 and 2]). These connections are compatible
with the restriction maps B,, — B,.1. Moreover, a theorem of Narasimhan and Ramanan
(cf. [Sch, Theorem in §2]) states that this connection is universal in the following sense.
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Given a G-principal bundle P — M with connection V¥ there is a smooth map p : M — B,
for some n such that the pullback of the universal bundle (E,, V") is isomorphic to (P, V),
i.e., the map p classifies the bundle P together with the connection VF. Now assume we are
given a manifold M, a submanifold S C M, a G-principal bundle P — M and a connection
V& on the restricted bundle Q := 's. We extend the connection to all of M as follows.
Choose a smooth map ¢ : S — B, which classifies (Q, V?) as above. Then we can extend
the map ¢ along the inclusion S C M to a smooth map p : M — B, which classifies P
(for some big enough k). Hence the connection p*V™** on P — M extends the connection
Ve on Q — S.
We give a rough definition of universal geometrization (cf. Definition 3.26).

Pre-Definition 1.3. Let B be a topological space. A universal geometrization for B consists

of

e a family of compact smooth manifolds (By,)nen,

smooth embeddings f, : B, — Bpi1,

continuous maps g, : B, — B,

e geomelrizations G, for each map g, : B, — B and

e for alln € N a homotopy filling the diagram
B,— B,
such that

e B is the homotopy colimit of the system (By, fn)nen and
e the geometrizations fit together, i.e., f7G,11 = Gy. |

The main theorem of the present article proves that universal geometrizations exist for
a suitable big class of spaces (Existence Theorem 3.27).

Remark 1.4. The above discussion shows that a universal connection for G-principal bun-
dles yields a universal geometrization for the classifying space BG. |

Now we indicate how a universal geometrization helps to extend geometrizations from
submanifolds. So fix a space B together with a universal geometrization (B, fn, 9n, Gn)n-
Moreover, let M be a compact smooth manifold, S C M be a compact submanifold and
p: M — B be a continuous map. Then, since S is compact, we can find a smooth map
Gn : S — B, such that the diagram

SC— M

o

B, B

commutes for all n € N. Now we get a geometrization ¢ G, for the map S — B via pullback.
This geometrization can be extended to all of M. By compactness of M we can find a smooth
map (for some big enough k) p,ir : M — B,x which extends ¢,. Then the geometrization
Dy xGn+k extends ¢, G,.

Therefore we will mostly use geometrizations which arose via pullback from universal
ones.
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1.2 The universal eta-invariant

In this section we review the universal eta-invariant of [Bunl1, Definition 2.3, Theorem 4.19].
Since it is a bordism invariant we start with a geometric model for bordism theories.

So we fix a space B together with a map o : B — BSpin®. Here BSpin® denotes
the classifying space for Spin®-principal bundles. In this situation there is a generalized
cohomology theory M B, called B-bordism. Next we describe cycles for this theory. These
cycles represent homotopy classes in the stable homotopy group! 73, +1(MB). Roughly, a
cycle (M, f) consists of a closed Riemannian manifold M of dimension 2n + 1 together with
a B-orientation, i.e., a map f : M — B such that the diagram

B —7— BSpin°
/ |
M TM BO

commutes (up to fixed homotopy). Here TM : M — BO denotes a map classifying the
stable tangent bundle of M. For a precise definition of cycles for B-bordism see Definition
6.6. Two cycles represent the same homotopy class if and only if they are bordant by a
compact manifold (see Definition 6.8).

Observe that the map M — B — BSpin® endows M with a (topological) Spin‘-structure
and hence with a Dirac operator? ID,,. A (twisted) Dirac operator I) has an associated
spectral invariant, called eta-invariant, which was introduced by Atiyah, Patodi and Singer
([APST75a]). To define the eta-invariant we denote the spectrum of the operator I) as spec(p)
and define the eta-function by (sum with multiplicity)

(D, s) = Z sgn(A)|A| 7% .

Aespec(1)\{0}

The eta-function is holomorphic for s € C with real part R(s) > 0 and has a meromorphic
continuation to the complex plane. It turns out that the continuation is finite and real-
valued at s = 0 and one defines the eta-invariant as the value at s = 0, i.e., n(ID) := n(p, 0).

We will often use the reduced eta-invariant (D) := M € R/z. The details are
discussed in Section 6.5.

Using this reduced eta-invariant we can give a first, but wrong, definition of the universal
eta-invariant. For this denote the complex K-theory of B by KUY(B) and define?

huni (M, f) : KUY(B) — R/z
[V — Bl —£(Dy @ V) .

But this is not well-defined for several reasons. One of these reasons is that we need a
connection on the vector bundle f*V to get a well-defined twisted Dirac operator I0,, ® f*V.

In the literature the notation Q2 , is also often used instead of 73, ,(MB). To avoid confusion with
Q*(M) (differential forms) we use the latter notation.

2To be precise, one has to choose geometric data to get the Dirac operator. These choices are always
possible and two such choices can be connected on the cylinder. Thus the bordism class is independent of
the geometric data. For the following discussion we will always fix such a geometric structure.

3Note that not every element ¢ € KU’(B) can be represent by a (graded) vector bundle if B is not a
finite CW-complex. But M is a compact manifold and thus the element f*¢ € KUO(M ) can be represented
by a (graded) vector bundle. To simplify this introduction we will pretend that we can represent K-theory
classes on B by vector bundles. A correct construction of both the universal eta-invariant and the intrinsic
one can be found in Chapter 6.
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The idea is to choose any connection V/™V and add a correction term to get a well-defined
universal eta-invariant.

Next we give a correct definition. To this end we assume that the cycle (M, f) represents
a torsion element in the bordism group 73, ,;(MB) of order {. Then there is a bordism
(W, F) where W is a Riemannian manifold with Riemannian boundary oW = [[, M and
F : W — Bis a B-orientation extending the one on M (for a precise statement see Definition
6.8) .

Picture of a torsion cycle in B-bordism for [ = 4

Note that the vector bundle F*V extends the vector bundle f*V. Since one can always
extend connections we can find a connection V¥V on F*V extending V/"V on each boundary
component.

To define the universal eta-invariant we choose a geometrization Gy, for F : W — B
(these always exist by Example 3.12). Note that this gives a geometrization Gy := incl* Gy
for f : M — B where incl : M — W is (one of) the boundary inclusions. So we get two

differential K-theory classes, Gy ([V — B]), [f*V,V/"V] € KU%(M), which refine the same
ordinary K-theory class [f*V] € KU"(M). Now we apply the long exact sequence

o KUY (M) B 00407 R)/(imd) % KU(M) — KU°(M) — 0

to get a differential form ¥ € Q°44(M R)/(imd), called correction form. This form is
well-defined up to the image of the Chern character ch and satisfies a(v¥) = Gy ([V]) —

[f*V,V/"V] € KU°(M). We set (see [Bunll, Theorem 4.19])
ﬁuni<M> f) : KUO(B) - R/Z

[V — Bl = = (Dy o (fFV,VITY) - UM Tdy, MJVW} (1.1)

JR/Z

and observe that this does not depend on the differential form representative of 4i¥ because
integrals of the form [, Tdy A ch([V]) have values in Z by the odd version of the Atiyah-
Singer index theorem (here [V — M| € KU°(M) is arbitrary). We stress that this formula
depends on the geometrization Gy for f : M — B via the correction form . Bunke shows

that this formula is a well-defined bordism invariant (see [Bunll, Proposition 3.4]). Here it
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is used that the geometrization extends to the bordism (W, F') (this is not automatic, see
Example 3.18). So we define the universal eta-invariant by

Nuni : Torsion(ny, (M B)) — Hom(KU"(B),®/z)/ Uy, ., (B)
[Ma f] = ﬁuni(Ma f) .

Observe that one has to pass to the quotient with respect to a subgroup U% (B) C
Hom(KU°(B),R/z) to get bordism invariance. The precise definition of this subgroup does
not matter for the moment and so we refer to Section 6.2 for details.

1.3 The intrinsic eta-invariant

In the previous section we gave a formula for the universal eta-invariant. This formula has
two related drawbacks:

e We need that the geometrization extends along a bordism.

e This implies that we can define the universal eta-invariant only on torsion classes in
the bordism group.

To solve these problems we want to choose some additional data which yield geometrizations
on all geometric cycles such that these geometrizations can be extended to bordisms. Then
we will define the intrinsic eta-invariant by the above formula (1.1) where we only use these
induced geometrizations.

Now we need to find a suitable class of additional data. The first idea is to just choose a
geometrization for each geometric cycle (M, f) such that these extend along bordisms. But
this is very complicated because there are many bordisms and thus one has to satisfy many
relations. So we want to restrict to a smaller set of relations. For this we assume that we
can find an approximation by manifolds for B, i.e.,

e a family of compact smooth manifolds (B,,)nen,
e smooth embeddings f, : B, < B,y1,
e continuous maps g, : B, — B and

e for all n € N a homotopy filling the diagram

B, —"— B

N, A

such that B is the (homotopy) colimit of the system (B,, f,)nen. Note that Proposition
3.24 gives an approximation by manifolds for a suitable big class of spaces. The idea is to
construct geometrizations G; for g; : B; — B. Then we get a geometrizations G,; for a given
geometric cycle (M, f : M — B) as follows. Since M is compact we can find a (homotopy)
lift fl : M — B; of f along g;. This gives the geometrizations G,; = f G; for f. Now
assume that we have a zero-bordism (W, F') of (M, f). But W is also compact and so we
find a lift Fi+k : W — B, of F' along g;1. Thus we get a geometrization Gy = ﬁﬁkgwk
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for F'. This geometrization Gy, extends the geometrization G, if G, extends G;. So these
considerations lead us to the concept of a universal geometrization, Pre-Definition 1.3.

Finally we define the intrinsic eta-invariant. For this we fix a universal geometrization
(Bz'7 fi, gi, gi)ieN. Then we define

Tintrinsic - ﬂ-gbn—&-l (MB) — HOIH(KUO(B), R/Z)/ Ul§n+1 (B)
[Mv f] — 77]in‘51rinsic(]\/[7 f)

by formula (1.1),
ﬁintrinsic<M> f) : KUO(B) - R/Z

[V = Bl = (Dy o (FV, V7)) - VM Tdy, AW}

R/Z

where we use the geometrization G, := fi*gz- to compute the correction form Y. It turns
out that this is also well-defined for non torsion classes in 75, (M B) (cf. Chapter 6).

1.4 Dependence of the universal geometrizations

In the previous section we defined the intrinsic eta-invariant. This definition relies on the
choice of a universal geometrization. So the next natural question is existence and uniqueness
of those universal geometrization.

We have the following result regarding existence (this is a combination of Existence
Theorem 3.27, Remark 3.28, Proposition 3.24 and Section 4.6).

Theorem 1.5. Let B be a topological space which is simply-connected, has countably many
connected components and has countable homotopy groups. Also assume that the complex
K-theory KU(B) is (topologically) finitely generated. Then there exists a universal ge-
ometrization for B. ¢

The conditions of this theorem are quite general. For example, this theorem applies to a
situation studied by Crowley and Goette. We discuss this in Chapter 10.

We briefly comment on the proof. The proof consists of two steps. In the first step we
construct the data (B;, fi, ¢i)ien (see Pre-Definition 1.3). The second step is much harder.
There we have to construct geometrizations G; for each g; such that these geometrizations
are compatible, i.e., f7G;11 = G;. To this end we have to solve a non-trivial lifting problem.
Here we use some tools from algebra, e.g, derived limits and the Smith normal form. This
harder part is the content of Chapter 5.

Also, we have a complete classification of universal geometrizations for B which we give
in Section 3.4. Moreover, we introduce an equivalence relation between universal geometriza-
tions for B, and we show that the intrinsic eta-invariants associated to equivalent universal
geometrizations agree (Theorem 7.13). The classification of equivalence classes of universal
geometrization is given in Theorem 7.10. The result is that the set of isomorphism classes
is a torsor for some group and this group is in fact a homotopy invariant for the space B.
Combining these results gives an action of this group on the intrinsic eta-invariant which we
make explicit in Proposition 7.15.

The above classification results are then used to prove our Detection Theorem 7.17,

Detection Theorem 7.17. Fix a space B with o : B — BSpin® which allows universal
geometrizations. Moreover, suppose o*td =1 € H(B,Q) (e.g., o is trivial). Fiz k € Ny.
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@)
¢

in Tinsic(x> @) (l’) fOT’ each

Then x € 75, (MB) is torsion if and only if it satisfies n = Nintrinsic
pair of universal geometrizations (Gl); and (G?); for B.
Thus the combination of all intrinsic eta-invariants for all (equivalence classes of ) uni-

versal geometrizations detects all non-torsion elements in 73,,(M B). *

We also stress that the universal eta-invariant is not functorial in B. A counterexample
is given in Chapter 9. But it is functorial for weak homotopy equivalences (Remark 7.14).

1.5 Outline

This article is structured as follows.

In Chapter 2 we introduce the basic tools which we will use often. These are Moore
spectra, differential K-theory and the profinite topology. The latter is a natural topology on
the (generalized) cohomology of a space. It is used to reduce some problems from infinite
CW-complexes to finite ones.

Next, in Chapter 3, we recall the definition of geometrizations which were introduced in
[Bunl1, Definition 4.5]. To this end we also define cohomological characters which generalize
the Chern-Weil map of Section 1.1. Then we give our definition of universal geometrizations
and state our Existence Theorem 3.27. Moreover, we classify each of these structures.

Chapter 4 gives first examples of universal geometrizations. Here we also employ the
classification results of Chapter 3.

The following Chapter 5 contains the proof of our Existence Theorem 3.27. This is the
technical heart of the present article.

Finally we define the intrinsic eta-invariant in Chapter 6. For this we recall Thom spec-
tra, the universal eta-invariant of [Bunl11, Definition 2.3] and the Atiyah-Patodi-Singer index
theorem. Then we give an adapted model for bordism which we will play an important role
in the remaining part of this article. Moreover, we need a version of universal geometriza-
tions which incorporates the Spin®-structures at hand. These are called universal Spin®-
geometrizations. Once these prerequisites are completed we define the intrinsic eta-invariant
and show that it is well-defined and extends the universal eta-invariant. This chapter ends
with a first exemplary computation of the intrinsic eta-invariant which shows that the in-
trinsic eta-invariant detects strictly more information than the universal eta-invariant and
hence is an honest extension of the latter.

We proceed with the classification of universal Spin®-geometrizations. This classification
will then allow us to prove Detection Theorem 7.17, which shows that the intrinsic eta-
invariant detects in some cases, e.g., if the bordism theory in question is the stably framed
bordism theory with a background space, all the rational information.

Afterwards, in Chapter 8, we explicitly compute the intrinsic eta-invariants in some
examples.

Then, in Chapter 9, we discuss an example which shows that the intrinsic eta-invariant
is not functorial. This is a reinterpretation of [Bunll, Remark 5.21].

The last chapter, Chapter 10, is maybe the most interesting one. There we discuss the
t-invariant of Crowley and Goette ([CG13]) in an example. We show that it can be computed
using the universal eta-invariant (this is also proven in [Bunll, Proposition 5.18]) and do so
using only topological methods. This is, to the best of our knowledge, the first independent
check of [CG13, Example 3.5].
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Chapter 2

Notations and conventions

In this chapter we give our conventions and introduce basic tools we will use later.

2.1 Conventions concerning manifolds

A manifold is always smooth but is allowed to have boundary. An embedding will always
mean a neat embedding in the sense of [Hir94, page 30]. We try to avoid manifolds with
corners. Hence a homotopy will be parametrized by the real line R instead of the interval
I and be required to be locally constant on R\ (¢,1 — ¢) for some € € (0,1/2). A similar
convention will be used for paths of connections.

Finally we recall that a compact smooth manifold has always the homotopy type of a
finite CW-complex ([Hir94, Chapter 6, Theorem 4.1]).

2.2 The profinite topology

In this article we are interested in the generalized cohomology of infinite spaces. We equip the
cohomology groups of a space with the profinite topology as follows. Let B be a topological
space and E be a (generalized) cohomology theory, e.g., complex K-theory, a bordism theory
or ordinary integral cohomology. Then we equip E*(B) with the profinite topology to get a
graded topological abelian group. This topology has as neighbourhood basis of the identity
element the kernels of £*(B) — E*(C) for all continuous maps C' — B whose domain is a
finite CW-complex C'. Basic properties can be found in [Boa95, Chapters 3 and 4]. Here we
just recall the following facts.

Definition 2.1. Let C /B be the category with
e the objects are finite CW-complexes C' — B with a map to B and
e the morphisms are commutative triangles over B,

and let Cy, /B be the category with
e the objects are finite CW-complexes C'— B with a map to B and

e the morphisms are homotopy commutative triangles over B where the homotopy is only
required to exist and not part of the data. |

15
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Note that for a homotopy invariant functor F from topological spaces to some complete
target category the natural map @C%Becho /B F(C) — l'&nc_)Bec/B F(C) is an isomor-
phism.

Proposition 2.2. The Hausdorff completion of the topological abelian group E*(B) is
I’&nCHBEc /B E*(C). This implies the following.

1. The Hausdorff completion map E*(B) — hm_ . /B E*(C) is surjective.

2. Let G denote a discrete group. A group homomorphism E*(B) — G is continuous if
and only if it factors over @C—&ec /B E*(C), the Hausdorff completion. 4

Similarly, we define a topology on E*(F') where E, F are now both spectra (representing
generalized cohomology theories). Here one filters by finite CW-spectra.

2.3 Moore spectra

We will often introduce coefficients into a generalized cohomology theory. For this we use
Moore spectra. A basic reference is [Ada74, Chapter I11.6].

Given an abelian group G there is a spectrum M G, called Moore spectrum, which is
characterized by its integral homology groups,

G, x=0 ,
0, else

HZ.(MG) :{

For a spectrum E and an abelian group G we define EG := E AN M G and refer to it as E-
cohomology with coefficients in G. This is justified by the following version of the universal
coefficient theorem.

Proposition 2.3. Let E be a spectrum and G be an abelian group. Then there exists a short
exact sequence of abelian groups

0— m(FE)®G — 2 (EG) — Tor(r® |(E),G) = 0. L4

In particular, there are isomorphisms M Z = %, the sphere spectrum, and M Q = HQ,
rational cohomology. Hence we have EZ = E and FQ = E ANHQ. Also observe that
HG :=HZ N M is ordinary cohomology with coefficients in G.

Moreover, there is a cofibre sequence MZ — MQ — M Q/z of spectra. Since smash
products preserve cofibre sequences we get a natural cofibre sequence £ — EQ — EQ/z for
any spectrum F. This also holds with Q replaced by R.

2.4 Differential K-theory

In this section we briefly review differential K-theory.
At first we have to introduce periodic cohomology and periodic differential forms.
Periodic ordinary cohomology with coefficients in the abelian group G is defined
to be the spectrum
HPG := HGb,b ]

where b has cohomological degree —2. There is a decomposition HPG = V,;czX*HG which
yields projections pr, : HPG — Y*"HG and inclusions incl, : ¥**HG — HPG. We say



2.4. Differential K-theory 17

that elements in Y*HG*(M) ¢ HPG?**(M) have internal degree k. We will consider

the Chern character as an isomorphism of ring spectral ch : KUQ =Y HPQ.
Periodic differential forms are defined by

QP (M) := Q(M)[b, b~ "]

where b has cohomological degree —2. We consider QP (M) as a cochain complex using the
ordinary differential d (and not b - d). So we get a graded subgroup QP,(M) C QP(M)
of closed forms. As above, we say that elements in 6’QF(M) C QP?**(M) have internal
degree k. This fits with the definition in cohomology, i.e., the de Rham map

Rham : QP7 (M) — HPR*(M)

preserves internal degree.

Finally we review differential K-theory. There are many different differential refinements
of K-theory. We will use a version which satisfies the uniqueness theorem of Bunke and
Schick [BS10, Corollary 4.4]. An explicit construction of a model can be found in [BS09b].

—

In fact, since we use only the degree zero part KU the Simons-Sullivan model [SS10] is also
appropriate.
For our purpose differential K-theory consists of a functor

——

KU? : {smooth manifolds} — {commutative rings} ,
two natural transformations of commutative ring valued functors
[:KU’ 5 KU’ and R:KU® — QP
and a natural transformation of abelian group valued functors
a: QP(M)/(im d) — KU

such that the following diagram commutes for all smooth manifolds M,

QPH(M)/(im d) s QPg (M)
HPR (M) KU%(M) HPR’(M)
I ch
\KUR/ZI(M) Bocksteln \KUO(M)/

In this diagram the lower sequence, the upper sequence and both diagonals are part of long
exact sequences. For example, there is the long exact sequence

S KUY M) 8P (M) /(imd) 5 KUY(M) & KUY(M) — 0. 2.1)

IWe stress that the Chern character KU%(B) ® Q — HPQY(B) is in general not an isomorphism of
abelian groups (see Example 3.9).
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Moreover, the map KUR/z™' (M) — KU%(M) is injective and identifies KUR/z~!(M) with
the kernel of R. We will also use the long exact sequence

1 ch 1 a 1,170 (I,R) 0 0 ch — Rham
...—» KU (M) = HPR (M) - KU (M) —= KU (M) ® QP (M) ——

ch — Rham
——— HPR (M) = 0. (22

So far the data we described fix only KU®(M) but don’t fix the differential refinement
completely. But this is enough for our purpose and so we refrain from making the remaining
data explicit. They are given, for example, in [BS09b]. Instead we recall geometric vector
bundles and their relation to differential K-theory.

Definition 2.4. A geometric vector bundle V := (V,1hY V") on a smooth manifold M
consists of a smooth complex Z/2z-graded vector bundle V- — M together with a hermitian
metric hY on'V and a metric connection Vv which both are compatible with the grading. M

A geometric vector bundle V yields a class [V] € KU%(M) such that

I([V]) = [V] e KUY(M) and R([V])=ch(V") € QP%(M)

where ch(VV) := Tr (exp <_b2jjzv>> is the normalized Chern character form. Here RV

is the curvature of the connection and the Chern character form is a real form because the
connection is metric.

Definition 2.5. A geometric vector bundle (V,hY, V") is called trivial geometric vector
bundle if there is an isomorphism V= M x C" @ M x C™ and the metric and the connection
are the trivial ones (using this isomorphism,). [

A trivial geometric vector bundle of virtual rank zero represents the identity element in
the abelian group KU°(M).
Differential K-theory is not homotopy invariant, but there is the homotopy formula,

incl] z —inclyz = a (/ R(aj)) : (2.3)
IxM/M

where 2 € KU (M x I) and incly and incl; are the boundary inclusions M — M x I.



Chapter 3

Universal geometrizations

In this chapter we introduce (universal) geometrizations. To this end we first discuss cohomo-
logical characters. Then we study geometrizations and universal geometrizations. Our main
result is Existence Theorem 3.27 which states that universal geometrizations exist for a large
class of spaces. We end this chapter with the classification of (universal) geometrizations.

Note that the concepts of geometrizations and cohomological characters are due to Bunke
[Bunll]. On the other hand, the concept of universal geometrizations is new.

3.1 Cohomological characters

Let p: M — B denote a continuous map where M denotes a compact smooth manifold and
B a topological space.
Definition 3.1. A cohomological character for p: M — B is a map

c: HPQ"(B) — QP%(M)
such that

e it preserves the internal degree,
e it is a group homomorphism,

e it is continuous (with respect to the profinite topology on HP@O(B) and the discrete
topology on QPY(M)) and

e the diagram
QPG (M)

T e

HPQ"(B) — HPR’(M)
commutes. [ |

The internal degrees of HPQ"(B) and QPY%(M) have been defined in Section 2.4.
Remark 3.2. We have the following easy results regarding functoriality in M and B.

e Given a smooth map f: N — M of smooth compact manifolds and a cohomological
character ¢ : HPQ"(B) — QP% (M) for p : M — B we define the pullback-character
frcas f*c:= f*oc: HPQ"(B) — QPY(N).

Note that this construction is contravariant.

19
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e Given a continuous map a : B — B of topological spaces and a cohomological character
c: HPQ"(B) — QP% (M) for p : M — B we define the pushforward-character a,c as
a,c = coa* : HPQ'(B) — QPY(M).

Note that this construction is covariant.

e Also note that the definition of a cohomological character depends only on the homo-
topy class of p and the weak homotopy type of B. |

Example 3.3. The following example shows existence of cohomological characters for any
map p: M — B. By the remarks above it is enough to construct a cohomological character
for idy; : M — M (considering the right M as a topological space). Then we get a
cohomological character for p : M — B via pushforward along p. But a cohomological
character for idy; : M — M is induced by the choice of homogeneous (w.r.t. internal
degree) generators for HPQ?(M) and homogeneous representatives in QP% (M) for those.
These choices always exist. Observe that continuity is automatic since M is a compact
manifold and thus everything is discrete. *

The next proposition shows that we can find compatible cohomological characters for a
system of embeddings.

Proposition 3.4. Let (M;);en be a sequence of compact manifolds, f; : M; — M1 be
smooth embeddings and g; : M; — B be continuous maps to a topological space B such that
giv1 © fi and g; are homotopic (giv1 © fi =~ g;) for all i € N.

Then we can find cohomological characters c; for g; satisfying the compatibility condition
ficiz1 = ¢; for alli € N. ¢

Proof. The idea is the following: Since HPQ(B) might be non-discrete we define
X' :=1im(g; : HPQ"(B) — HPR"(M))

which are discrete Q-vector spaces of finite dimension. We construct group homomorphisms
ci + X' — QPY(M;) which preserve the internal degree such that Rhamoc; = idy: and
fiocii1 = cio ff . Then the “pushforwards” ¢; := ¢; o g; are cohomological characters for
gi : M; — B satistying f/¢;41 = ¢;.

Note that the groups QPY(M;), QP (M;) and X* ¢ HPR"(M;) are graded by internal
degree. In the following the term “homogeneous” will always refer to this grading.

To define the maps ¢; : X* — QP%(M;) we choose homogeneous bases of each X* and
inductively choose homogeneous closed differential forms in QPY(M;) representing the basis
elements in a compatible way. This works as follows.

We define ¢; by just taking a homogeneous basis of X' and choosing homogeneous closed
differential forms in QPY(M;) representing the basis elements.

So assume by induction that ci,...,c, are already defined and compatible. We take
a homogeneous basis e, ..., €qim x»+1 of X" and homogeneous closed differential forms
Wi, - Waim xn+1 0 QPY (M, 41) representing the basis elements. Then the differences f*wy, —
co(frer) are exact for all k& € {1,...,dim X"} and we fix homogeneous forms d; €
QOP-1(M,) such that déy, = frwp — cn(frer).

Now we use that the maps f; are embeddings to find homogeneous extensions o €
QP (M,41) with f*6, = 0 for all k. We define c,qq : X" — QP (M,11) by chyi(er) =

wg — ddy and extend R-linearly.
Hence we get well-defined maps ¢; : X* — QPY(M;) which are compatible. O
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We end this section with the classification of cohomological characters. To this end
we introduce the group of continuous internal degree preserving group homomorphisms
Homig™ (HPQ"(B), QP% (M)) where QP (M) denotes the exact differential forms (with
the discrete topology).

Proposition 3.5. 1. For a firzed map p : M — B the set of cohomological characters is
a non-empty torsor over Homfg™ (HPQ(B), QP2 (M)).

fi—1 fi Jit1

2. For a system of embeddings --- — M; < M;.y — --- over B as in Proposi-
tion 3.4 the set of compatible cohomological characters is a non-empty torsor over
lim Hom{ (HPQ'(B), QPL, (M;)). 2

Proof. We start with 1.

We know by Example 3.3 that there exists a cohomological characters. So assume we
have two cohomological characters ¢!, c?: HPQ?(B) — QPY%(M). Then the difference ¢ :=
¢! — ¢* satisfies Rhamof = 0 and thus £ € Homf&nt(HP@O(B),QPSX(M)). Clearly, for ¢

a cohomological character and £ € Homf&“t(HP@o(B), QP (M)) the sum ¢ + £ is again a
cohomological character.

This proves 1. and we proceed with 2.

Again, there is a compatible family of cohomological characters by Proposition 3.4. So
assume we have two different compatible families (¢} ); and (¢?); of cohomological characters.

Then the difference &; := ¢! —¢? is exact (lies in Homf&m(HPQO(B), QOPY (M;))) and satisfies

Z'_

also the compatibility condition, i.e., f* o &1 = &. Thus
¢ = (&)s € lim, Hom{" (HPQ"(B), QP{, (M) .

The other direction is easy. [

3.2 Geometrizations

We fix a continuous map p : M — B where M is a smooth compact manifold and B is a
topological space.

Definition 3.6. A pre-geometrization for p: M — B is a map
G : KU(B) — KU (M)
such that
e it is a group homomorphism,

e it is continuous (with respect to the profinite topology on KU®(B) and the discrete
topology on KU°(M)) and

e the diagram

KU°(M)

2
KU°(B) 2— KU (M)

commugtes. [ ]
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In Remark 1.2 we have seen that a connection V¥ for a smooth G-principal bundle P —
M on a compact manifold M gives a pre-geometrization for a map p : M — BG classifying
P — M. But there we also discussed the Chern-Weil map cyr : HPQ®(BG) — QPY%(M).
We generalize the latter map. For this we fix an invertible (with respect to wedge product)
closed form Td € QPY(M)* and an invertible class td™' € HPQ"(B)* such that both agree!
in HPR®(M). We refer to these as Todd class and Todd form (because in the application
these are the usual Todd class and Todd form).
Definition 3.7. A geometrization is a pair (G,cg) consisting of a pre-geometrization G
and a cohomological character cg such that the square

HPQ’(B) —<— QPY(M) (3.1)
td™! UChT TTd AR
KU*(B) —%— KU(M)
commutes. |

Note that the definition of a geometrization depends not only on the map p : M — B but
also on the cohomology class td™' and the closed form Td. To stress these dependences we
often call a geometrization a (p, Td,td ')-geometrization. On the other hand the cohomo-
logical character will be mostly suppressed from the notation. We denote geometrizations
just by G and refer to c¢g as the cohomological character of G.

Example 3.8. The pre-geometrization constructed in Remark 1.2 together with the Chern-
Weil map is indeed a geometrization. *

Example 3.9. We discuss an example which shows that the map cg is in general far from
being unique.

Consider the Eilenberg-MacLane space K(Z,4). Its K-theory is calculated in [AHGS,
Theorem II]. The result is KU°(K(Z,4)) = Z which is the contribution of a point. On the
other hand its rational cohomology ring is H*(K(Z,4); Q) = Q|[x] where z is a generator
in degree 4. The 4-skeleton of K(Z,4) is a sphere ¢ : S* < K(Z,4) and the pullback
v € H*(S*, Q) = Q is a generator.

Now a pre-geometrization for ¢ is uniquely defined by its value on the trivial rank one
bundle since KU°(K(Z,4)) = Z. We define

GIK(Z,4) x C — K(Z,4)] = [* x C = S* 1" V"] ¢ KU(S)

and specialize the square (3.1) (with td = 1 and Td = 1)

120 Qlx] - “, QPY(51)

|t

1 27— KU(s%)

Hence the map cg can be chosen arbitrarily on zQ[z] C Q[z]. Note that it is even not unique
if we require c¢g to be a cohomological character. In this case the freedom is reduced to the
choice of a closed 4-form on S* which represents (*z in H*(S* R). Hence the freedom is as
big as the space of exact 4-forms on S*. *

'In the application, td will be related to the normal bundle of a Spin®-manifold and Td will be related
to its tangent bundle. Hence we require p* td~! = Rham(Td) € HPR®(M). This confusing minus sign
seems to be unavoidable.
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On the other hand there is a uniqueness result for finite B.

Proposition 3.10. Let B be a finite CW-complex and consider a continuous map p : M —
B where M is a smooth compact manifold. Then, given a pre-geometrization G for p, there
exists at most one cohomological character making the diagram (3.1) commute. 2

Proof. The Chern character induces an isomorphism ch : KU%(B) ® Q — HPQ"(B) since
B is a finite CW-complex. Hence we tensor the diagram (3.1) with Q and define ¢g :=
(TAAR) o G o ch 'o(tdU(—)). This is the only possible candidate for a cohomological
character. O

Remark 3.11. We have the following results regarding functoriality in M and B.

e Given a smooth map f : N — M of smooth compact manifolds over B, a cohomology
classtd™' € HPQ"(B)*, a form Td € QPY%(M) representing td™' and a (p, Td, td ™ ')-

geometrization G : KU?(B) — KU?(M). Then we define the pullback-geometrization
G := f*oG:KU"(B) - KU"N) .

Indeed, the pullback-geometrization f*G is a (po f, f* Td, td ')-geometrizations.
On the level of cohomological characters we have cpg = f*(cg).
Note that this construction is contravariant.

e In the application the situation differs a bit. The details are as follows. We have a
homotopy commutative triangle

M—T N
B
where M and N are compact manifolds and f is a smooth map. Moreover, we have
an invertible cohomology class td™' € HPQ"(B)*, closed forms Tdy, € QPY(M)*
and Tdy € QP%(N)* (which represent td™') and a (py, Tdy,td ')-geometrization

Gy. We would like to construct a (pas, Tdys, td™!)-geometrization. But in general,

f*Tdy # Tdy,.
Now suppose? there is a differential form 6 € QP1(M)/(im d) with

dé = f*Tdy ATd;} —1 . (3.2)
We will call such a form an error form. Then we define

FUGN) = f* o Gn(=) +a(S A f*o RoGn(=)) : KU'(B) — KUY (M) (3.3)

and one easily checks that f}(Gy) is indeed a (par, Tdys, td™')-geometrization (cf.
[Bunll, Lemma 4.9]) whose cohomological character is the pullback character,

Crign) = f(egy) - (3.4)

2In the geometric situation which we study in Section 6.4 we will be able to construct such an error form
(cf. Construction 6.14).
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This construction is functorial in the following sense. Given two homotopy commuta-
tive triangles

with compact manifolds M, N, K and smooth maps f,g. Fix again an invertible coho-
mology class td™' € HPQ"(B)*, closed forms Tdy, € QP%(M)*, Tdy € QPY(N)*
and Tdg € QPY%(K)* and a (px, Tdg, td ' )-geometrization Gr. Also, suppose there
are error forms 6 € QP(N)/(imd) and € € QP (M)/(im d) with

dd = g* Tdg ATdy' =1 and de = f* Tdy ATd,; —1
and construct the (pys, Tdys, td™')-geometrization f!(g5(Gx)). One calculates that

fel95(GK)) = (g0 f),(9K) (3.5)
holds with
pi=f0+ec+eAfdse QP (M)/(imd) . (3.6)
Note that p satisfies
dp=(go f)* Tdg ANTd;} —1
and thus it is an error form.

e We discuss functoriality in B. So we take a continuous map g : B — B and a

(p, Td, tdgl)-geometliization G : KU’ B) — KU’(M). Assume we have a cohomology
class td; € HPQ(B)* with ¢* tdg = tdy".

Then we can define the pushforward-geometrization ¢,G by
9.G = Gog" : HPQ"(B) — KU’ (M) .

On the level of cohomological characters we have c,,¢ = g.(cg).
Note that this construction is covariant: For a map § : B — B (and compatible

td~'-classes) we have 3,(9.G) = (g.G) o B* =Gog*oB*=Go(Bog) = (Bog).G.

e Note that the definition of a geometrization depends only on the homotopy class of p
and the weak homotopy type of B. |

Example 3.12. As in Example 3.3 we prove existence for arbitrary maps p : M — B by
constructing a geometrization for idy; : M — M and then taking the pushforward of this
geometrization along p to B (using the Todd class p*td ™" on M).

By Example 3.3 we can choose a cohomological character ¢ for idy,. Since td™' is
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invertible we get the commutative diagram (recall td~' = Rham(Td) € HPR"(M))

HPR* (M)
__ - - +KU%M)
e (I,Td AR)

KU (M) ® QPY%(M)

\\\\\\\\\\\9\\\\\\\\\$ ch —td URham

HPR’(M)

(id,co(td~! Uch))

KU°(M)

where the right column is part of a long exact sequence which is induced by the sequence
(2.2). To construct a lift G we choose a splitting of the finitely generated abelian group
KU’(M) = KU?

tors

(M) e KUY (M)

free

into the torsion part and a free part. Then we choose generators fi,..., f, and t1,...,t,
of the free and torsion parts such that KU’(M) = @7, (t;,) @ &, (fi). Next we take lifts

f, e KUY (M) and f, € KU(M) with
(I, TAAR)(t;) = (id,co (td"' Uch))(t;) € KU (M) @ QP% (M)
respectively
(I, TdAR)(f;) = (id,co (td~t Uch))(f;) € KU (M) & QPY(M) .

Now the problem is that the map ¢; — t; might fail to be a group homomorphism since the
orders may not fit. Observe that the elements ord(#;)t; are in the kernel of (I, R) which is
the image of a. So there exist p; € HPR™ (M) with a(p;) = ord(t;)t; foralli = 1,...,n. We

set t;:=t; —a (ﬁ(tl) pz-> which satisfy

(I, TAAR)(t;) = (id,co (td ' Uch))(t;) € KU (M) @ QP (M)

and have order ord(t;) :Aord(tAi). Finally we define the geometrization to be the map G with
G(t;) :==t; and G(f;) == fi.
This is indeed a geometrization for idy, with cohomological character c. *
Next we show that every cohomological character occurs as the cohomological character
of a geometrization.

Proposition 3.13. Let p: M — B, Td and td™" be as before.
Then for each cohomological character c for p there is a (p, Td,td™')-geometrization G
with cohomological character cg = c. ¢

Proof. Fix a cohomological character ¢!. By Example 3.12 there exists a (p, Td,td)-
geometrization G2 with cohomological character ¢2. By Proposition 3.5 we find a continuous
group homomorphism ¢ : HPQ"(B) — QPY (M) such that ¢ = ¢! — ¢2.

We claim that there is a lift £ : HPQ"(B) — QP(M)/(im d) such that dé = £ and such
that é is a continuous group homomorphism which shifts the internal degree by —1, i.e.,
maps degree k-cohomology classes to degree (k — 1)-differential forms.



26 Chapter 3. Universal geometrizations

Since ¢ is continuous there exists r : C — B for C a finite CW-complex such that
ker(r*) C ker(¢). But ¢ factors over HPQ"(B)/ ker(¢) which receives a surjection from
im(r*), a linear subspace of HPQ’(C). Since C is a finite CW-complexes we conclude
that the image im(¢) C QPY (M) is a finite-dimensional Q-subspace. We choose a section
s 1im(€) — QP(M)/(imd) of d : QP (M)/(im d) — QPY (M) and define & := s o €.

Finally we set

G'=G2+ao (Tcr1 Aé) o (td"Uch) .

This is continuous as composition of continuous maps and indeed is a geometrization with
cohomological character c'. O]

Definition 3.14. We denote by Hom{q}" (HPQ"(B), 0P (M)/(imd)) the group of con-
tinuous group homomorphisms which shift the internal degree by —1, i.e., map degree k-
cohomology classes to degree (k — 1)-differential forms. |

Next we give the classification of geometrizations with fixed cohomological character.
Proposition 3.15. Consider p: M — B and Td,td™" as before. Moreover, fix a cohomo-
logical character ¢ for p. Then the set of (p, Td,td ™' )-geometrizations with cohomological
character ¢ is a non-empty torsor over Hom®™(KU’(B), HPR'(M)/(im ch)).

Thus the set of all (p, Td,td ' )-geometrizations decomposes into the disjoint union of
geometrizations with fized cohomological character and each of these components is a non-
empty torsor for the same abelian group. 4

Proof. Take two (p, Td, td ')-geometrizations G; and G, with the same cohomological char-

acter c. Then the difference ¢ := G, — G, : KU%(B) — KU"(M) is a continuous group
homomorphism such that / 0§ =0 and R o & = 0. By the long exact sequence (2.2),

KU~ (M) % HPR (M) % KU° (M) Y KU (M) @ QP9 (M) |

we consider ¢ € Hom®™(KU"(B), HPR'(M)/(im ch)).
On the other hand, given some ¢ € Hom®"(KU°(B),HPR'(M)/(imch)) and G; a

(p, Td, td ')-geometrization we set G, : KU(B) — KU"(M) to be G, := G, — ao&. This
is indeed a (p, Td, tdfl)—geometrization with the same cohomological character as G;.
The torsor is non-empty by Proposition 3.13. O

To get a classification which is independent of a fixed cohomological character we in-
troduce the following equivalence relation. This equivalence relation is motivated by our
application Theorem 7.13.

Definition 3.16. Two (p: M — B, Td, td ! )-geometrizations G, and Gy are called equiv-

alent, Gi ~ G, if there exists ¢ € Hom{T)" (HPQ"(B), 0P (M)/(imd)) such that G* =

G' —ao (Td™ A¢) o (td' Uch). m

Note that the cohomological character of an equivalence class of geometrizations is not
well-defined. Our next theorem classifies geometrizations up to equivalence.
Theorem 3.17. Consider p: M — B and Td,td™" as before. Then the set of equivalence
classes of (p, Td, td ™! )-geometrizations is a non-empty torsor over the abelian group coker(p)
with

p : Hom{%* (HPQ"(B), HPR'(M)) — Hom*"* (KU°(B), HPR"(M)/(im ch))
e (Td™" Ae) o (td' Uch)
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where we implicitly used the projection HPR™ (M) — HPR™*(M)/(imch). The torsor action
15 induced by the action used in Proposition 3.15. ¢

Proof. Since there exists a geometrization the set of equivalence classes is non-empty.

We make the action precise. Given an equivalence class [G] for some geometrization G
and [¢] € coker(p) for e € Hom*™ (KU’(B),HPR'(M)/(imch)) the action is defined by
[€].[G] == [G — ao¢]|. This is well-defined since G — a o € is indeed a geometrization and
because of the definition of the equivalence relation. Thus we have a well-defined action.

Next we show that the action is transitive. So take two geometrizations G' and G2
with cohomological characters ¢! and ¢2. As in the proof of Proposition 3.13 we find é €

Hom{ 9" (HPQ’(B), QP (M)/(imd)) such that dé = ¢, — ¢y and get a third geometrizations

G2 =G24+ aqao (Td_1 /\é) o (td~"Uch) with cohomological character ¢!. Note that G2
and G2 are equivalent. Since the cohomological characters of G! and G2 agree we can apply
Proposition 3.15 to find ¢ € Hom®" (KU’(B), HPR"(M)/(imch)) such that [¢].[G'] =
6% = [97].

It remains to show that the action is free. So suppose we are given a geometrization G
and ¢ € Hom®™ (KU°(B), HPR'(M)/(im ch)) such that [¢].[G] = [G]. Hence there exists
£e Homffi‘ft (HPQ"(B), QP! (M)/(imd)) such that

G-aoe=G—ao(Td" A¢)o (td Uch) .

Set ¢ = (Td—1 Aé) o (td'Uch). For ¢ € KU(B) we get =(¢) € HPR™ (M), im(ch) and

C(¢) € QP (M)/(imd) such that e(¢) = ((¢) in QP (M)/(imch). We use the following
diagram to show that ((¢) € HPR™ (M),

HPR ™ (M)C QPY(M)/(imd)

F |

HPR (M) /(im ch)— QP (M) /(im ch) 2 KU'(M) .

For this we choose a lift £(¢) € HPR™'(M) of £(¢). Then é(¢) and ((¢) differ by an
element ch(a) in (imch) C QP (M)/(imd). Hence ((¢) = &(¢) + ch(a) and we conclude
¢(¢) € HPR™ (M) because the map HPR™ (M) — QP'(M)/(imd) is injective.

There is a map r : C — B with C a finite CW-complex such that ker(r*) C ker(€)
because f is continuous. This gives the diagram

(Td~! Aé)o(td~ ! Uch)

KU'(B) —9Ueh  gp0(B) —T A op-1(Ar) /(im d) «— HPR™ (M)

lr* lr*
(r*td~1)Uch

im(r*)

| |

KU(C) YN gpgo(e)
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and we tensor with Q to get the diagram

(Td~ ' Aé)o(td~! Uch)

KU’(B)®Q HPR' (M)
lr* le/\(—)T
0 (r*td~1)Uch 0 i) -1

We can find a continuous extension ® because HPQ"(C) is a discrete finite dimensional
vector space. We can arrange that ® € Homf_of]lt (HPQ’(C),HPR'(M)) because ¢ shifts

the internal degree. This gives ® € Hom{S* (HPQ®(B), HPR'(M)) by composing with

HPQ(B) — HPQ"(C). By construction we have
= (Td ' Ad)o (td~ ' Uch) = p(d) .

Thus [¢] = 0 € coker(p) and hence the action is free. This completes the proof. O

3.3 Universal Geometrizations

So far we have seen that geometrizations exist for any map p : M — B and that we can
pushforward along maps B — B and pullback along smooth maps N — M (at least in nice
situations).

Moreover, we have seen that connections on principal bundles yield geometrizations (Ex-
ample 3.8). We highlight the following property of connections: Given a compact subman-
ifold S < M and a principal bundle P — S which extends to () — M we can also extend
a connection V' on P — S to a connection V€ on Q — M, i.e., V? restricts to VX on S
(see Section 1.1).

But geometrizations behave not so well. In [Bunll, Example 4.11] Bunke gives the
following example of a geometrization on the sphere S® which cannot be extended to D*.

Example 3.18. Consider the one-point space B = % and the manifolds S® and D* together
with the boundary inclusion f : S* — D* and the maps p: S — *, ¢ : D* — x. We use the
trivial Todd form and the trivial Todd class 1 € HPQ"(x). Note that in this situation we
have f*Tdp:s = Tdgs = 1 and hence the pullback of a geometrization along the boundary
inclusion is defined (cf. Remark 3.11).

Note that there is a unique cohomological character ¢ for ¢ : D* — % by Theorem
3.5. Now we apply our classification result Proposition 3.15. We see that there is a
unique (g, 1, 1)-geometrization with cohomological character ¢. On the other hand there
are HPR™(S%)/(im ch) 2 R/z-many (p, 1, 1)-geometrizations with cohomological character
f*c. So not any geometrization on S? arises via pullback from a geometrization of D%, i.e.,
there are geometrizations on S3 which cannot be extended to D*. *

Guided by the theory of universal connections (cf. Section 1.1) we try to find geometriza-
tions which extend over submanifolds by defining a “universal geometrization” directly on B.
Given such a “universal geometrization” we can take its pullback geometrization to both the
submanifold and to the manifold and hence the geometrization on the submanifold extends
to the manifold.

The idea is the following. Assume that we can approximate the topological space B by
a family of smooth compact manifolds B; and that we can find compatible geometrizations
G; for B; — B. Then, given a continuous map p : S — B, we can find a compatible family



3.3. Universal Geometrizations 29

of smooth maps p; : S — B; such that all the pullback geometrizations p;G; coincide. Now
assume that the map p : S — B extends to ¢ : M — B along the embedding S < M. Then
we can find a compatible family of smooth maps ¢; : M — B which extend the smooth maps
pi (for big enough ). So the pullback geometrization ¢fG; extend the geometrization p;G,;.
At first we define what we mean by an approximation of a topological space by manifolds.

Definition 3.19. Let B be a topological space. An approximation by manifolds of B
consists of

e a family of smooth compact manifolds (B;);en,
e a family of smooth embeddings f; : B; — Bii1,
e a family of continuous maps g; : B — B and

e for alli € N a homotopy filling the diagram

B, ——— By,

N A

such that the space B 1s weakly homotopy equivalent to the homotopy colimit, i.e.,
(g:)i : hocolim;en B; = B. [ |

We have the following observation.

Lemma 3.20. Let B be a topological space and (B;, f;, g;):; be an approzimation by manifolds
for B. Consider this as a subcategory of Cno /B (Definition 2.1).
We claim that this subcategory is cofinal. 4

Proof. This follows directly from the fact that B is the homotopy colimit. O]

Example 3.21. For a smooth compact manifold M we have an approximation of M by
manifolds given by the constant family (M, idys, idps)ien- *

Example 3.22. Assume that B is a connected and simply-connected topological space with
degree-wise finitely generated homotopy groups. Then existence of an approximation of B
by manifolds is guaranteed by [BS10, Proposition 2.1]. *

We can generalize the previous example since we do not assume that the maps g; are
highly connected. For this we need

Definition 3.23. A simply-connected topological space B is of countable type if it is weakly
homotopy equivalent to a CW-complex B satisfying

e B has countable many connected components and
e for each of these connected components all homotopy groups are countable. |

Proposition 3.24. Let B be a simply-connected topological space of countable type. Then
there exists an approximation by manifolds for B. 4
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Proof. Clearly, we can assume that B is a CW-complex and a diagonal sequence argument
reduces to B connected (and simply-connected). Since all homotopy groups are countable
we can assume that B has countable many cells (all in degree 2 and above).

Now we order these cells® {C},Cy, C3,...}. Then we denote by B; the smallest subcom-
plex of B which contains the first i cells {C},Cs, Cs, ..., C;_1,C;}. Since each cell lies in a
finite subcomplex each of the spaces B; is a finite CW-complex. This gives a system of finite
CW-complex with a map to B, (B;, fi, gi)ien such that

(9:); : hocolimeny B; = B .

Next we follow the proof of [BS10, Proposition 2.1] and inductively replace each of the spaces
B; by smooth compact manifolds and the transition maps B; — B; 1 by smooth embeddings.
This completes the proof. O

Example 3.25. Note that the existence of an approximation by manifolds for B does not

imply that B is weakly homotopy equivalent to a CW-complex of finite type. A coun-

terexample to this is an infinite disjoint union of circles, B = [ S*. This space has an

approximation given by B; :=[], ;S L *
Now we define universal geometrizations.

Definition 3.26. Let B be a topological space and let td™' € HPQ'(B)* be an invertible
cohomology class. A universal geometrization for B consists of

e an approzimation of B by manifolds (B, fi, gi)ien,
e a family of closed invertible forms Td; € QP%(B;)* representing g; td ™,

e a family of error forms &; € QP (B;)/(imd) with d&; = f;Td;y ATd; ' —1 and

o a family of (g;, Td;, td™')-geometrizations G;

such that (f;)5,Giv1 = Gi.
We will refer to the data (B, fi, i, Td;, 6;); as underlying data. |

Recall that the pullback geometrization (f;);,Git1 was defined in Remark 3.11, formula
(3.3). The main theorem of the present article is the following existence result.

Existence Theorem 3.27. Let B be a topological space and let td™' € HP(@D(B)X be an
invertible cohomology class. Fix some underlying data (B;, fi, g;, Td;, 0;);. Then there exists
a universal geometrization for B for these underlying data if the following technical condition
holds:

The split exact sequence of Proposition 5.2 has a continuous split. ¢

Proof. Since the proof is involved we postpone it to Chapter 5. O]

Remark 3.28. The technical condition is satisfied if all KU™(B;) are rationally trivial.
Hence it holds if B rationally even.
It also holds if the profinite abelian group

@ieN Torsion(KU"(5;))

is topologically finitely generated. This is the content of Proposition 5.4.

3Note that this mixes the degree of the cells in general.
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This is in particular the case if KU(B) is (topologically) finitely generated since then also
its quotient Jim,_ KU(B;) (by Proposition 2.2) and hence its topological direct summand
mieN Torsion(KU"(B;)) (by Proposition 5.1) are topologically finitely generated.

We also note that the technical condition seems necessary, but we have no example in
this direction. [}

The name “universal” stems from the fact that a universal connection induces a universal
geometrization. We discuss this in the following example.

Example 3.29. In Remark 1.4 we have discussed that a universal connection on the classi-
fying bundle of a compact Lie group G yields a universal geometrization for the classifying
space BG. *

3.4 Classification of universal geometrizations

In this section we want to classify universal geometrizations on some space B. For simplicity
we assume that td™' = 1 € HPQ"(B)* and also that the Todd forms Td; and the error
forms ¢; are trivial. A version of this classification which incorporates non-trivial Todd
classes, Todd forms and error forms is given in Chapter 7.

At first we classify universal geometrizations on a fixed approximation by manifolds.
But by introducing a similar equivalence relation as in Definition 3.16 we can show that
equivalence classes of geometrizations are independent of approximations by manifolds.

For the first part we fix an approximation by manifolds (B;, fi, gi)ien of B. Then
a universal geometrization is a choice of geometrization G; for each ¢g; : B; — B such
that ffG,,1 = G;. Fix such a universal geometrizations (G}); with cohomological char-
acters (c});. Now choose a second compatible family of cohomological character, (c?);.
The differences between these cohomological characters, & := ¢ — ¢!, form an element
¢ = (&) € lim, Hom*™"* (HPQ"(B), QPL(B:)).

Lemma 3.30. We can find a lift € = (&); € lim, Hom{S}* (HPQ®(B), 0P (B;)/(imd)) such
that dé; = &;. .

Proof. This is a family version of Proposition 3.13. Similarly to there the images of &; in
OPY (B;) are finite-dimensional Q-vector spaces, denoted by X;.

Next we fix compatible bases of the X;. To this end we choose a basis of X; and
preimages in X5. Then we extend the preimages to a basis of X5 by elements in the kernel
of the projection Xy — X;. Inductively we get compatible bases for all the X;.

For the final step note that the restrictions ff : QP*(B;y1)/(imd) — QP(B;)/(imd)
are surjective since the f; are embeddings. Choose lifts of the basis elements of X; to
QOP1(B;)/(imd) and extend them to By. Then proceed with the remaining basis element in
X, and inductively construct the lift (§;); we have been looking for. O

Using such a lift £ we define G2 := G; + a 0 & o ch.
Lemma 3.31. The G? are indeed geometrizations with cohomological character ¢ for all
i € N. We have the compatibility f7GZ., = G? for all i € N and hence (G?); is also a
universal geometrization. 4
Hence we can transfer universal geometrizations from one compatible family of cohomo-
logical characters to any other such family. Next we classify universal geometrizations on a
fixed approximation with fixed cohomological character.
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Proposition 3.32. Fiz an approzimation by manifolds (B;, f;, g:); of B and a compatible
family of cohomological characters (¢;);. Then the set of universal geometrizations with
cohomological characters (¢;); is a torsor over Jm, Hom®™(KU"(B), HPR'(B;)/(im ch)).

¢

Note that we don’t claim that the torsor is non-empty.
Proof. This is an immediate generalization of Proposition 3.15. [

Proposition 3.33. The abelian group lim, Hom®™(KU"(B), HPR ' (B;)/(im ch)) is a weak
homotopy invariant of B. In particular, it depends only on B and not on the choice of
approzimation. 4

Proof. We have an isomorphism
lim, Hom*™(KU®(B), HPR™ (B;)/(im ch)) = Hom™*(KU"(B),lim, HPR™(B;)/(im ch))

and therefore it is enough to show the claim for lim, HPR(B;)/(im ch). Recall Definition
2.1. Note that the functor X — HPR™(X)/(imch) is homotopy invariant. Hence we
have an isomorphism I'&HC_)BEQ]O /B HPR'(C)/(imch) — hm oo /B HPR'(C)/(im ch).

Finally recall that the approximation is a cofinal subcategory of Cy, /B (Lemma 3.20). Thus
lim HPR'(B;)/(imch) = lim e HPR*'(C)/(im ch). O

Our classification results will involve the following groups.

Definition and Proposition 3.34. Let B be a topological space and let (B;, fi, g:)i be an
approximation by manifolds. Then we define the classifying group coker(p) to be the
cokernel of

p : lim, Hom{g" (HPQ’(B), HPR'(B;)) — lim, Hom®™ (KU’(B),HPR'(B;)/(im ch))
(52‘)1‘ l—)(é‘i o Ch)l

where we implicitly used the projection HPR™ (M) — HPR™(M)/(imch). Since this group
s canonically isomorphic to the cokernel of

p: lim  Hom{3" (HPQ"(B), HPR'(C)) —
C—BeC /B
lim  Hom®™™ (KU"(B), HPR(C)/(im ch))

C—BeC /B

we also refer to the cokernel coker(p) as classifying group.
Moreover, coker(p) is a weak homotopy invariant of B. ¢

Proof. One proves that coker(p) is a weak homotopy invariant of B along the same lines as
Proposition 3.33. O]

Now we introduce a family version of the equivalence relation from Definition 3.16.

Definition 3.35. Two universal geometrizations (G}); and (G?); on the same approzimation
(Bi, fi, 9i)i (with trivial Todd class and trivial Todd and error forms) are called equivalent,
(GH)i ~ (G?);, if there exists a compatible family

§= (G Jim, Hom{3 (HPQ®(B), QP (B;)/(im d))

such thatgfzg}—aofiochfor all i € N. [ ]
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This gives the following classification up to equivalence. To this end the following easy
observation is crucial.

Proposition 3.36. Universal geometrizations can be restricted to cofinal subsystems of a
given approzimation and also uniquely extended from such a cofinal subsystems. 4

Proof. This follows directly from the compatibility condition. O]

Note that we don’t require the Todd class and the Todd and error forms to be trivial.

Theorem 3.37. Fix an approzimation by manifolds of B.

Then the set of equivalence classes of universal geometrizations on this approximation
with trivial Todd class and trivial Todd and error forms is a (possible empty) torsor over the
classifying group coker(p). ¢

Proof. This is a family version of the proof of Theorem 3.17. We only prove that the action
is free.

For this we fix an approximation (B;, f;, g;); by manifolds, a universal geometrization (G;);
and (g;); € lim, Hom*" (KU’(B), HPR™(B;)/(imch)) such that [(;):].[(G)i] = [(G)il.
Hence there exists (&); € Jm, Homf9)" (HPQ(B), QP (B;)/(imd)) such that

Gi—aog;=G;—ao <Td_1 /\éz> o (td_1 Uch)

for all i € N. We proceed as in the proof of Theorem 3.17 to conclude that
& och = ¢ € Hom*™™ (KU(B), HPR(B,)) .

A

Our aim is to construct a compatible family (®;); € Homf_ofilt (HPQ’(B), HPR'(B;)) such

that p(((i)z)l) = (&;); and §ioch=®;och forallieN.
To this end we apply Proposition 2.2 and Lemma 3.20 to conclude that there is, for each
i € N, a maximal J(i) € N such that ker(g7 ;) C ker({;). We get the diagram

KUY(B) —, HPQ'(B) —— QP (B,)/(im d) ~—5 QP (B;_1)/(im d)

lgj'(i) l(]*](l)/

: * ch : *
KUO(BJ(i)> <—)1m(gJ(i)) - 1m(gj(i)>

| | l

. * ch . *
KUO(BJ(ifl)) <—)1m(9J( 1)) - lm(gJ(i—l))

17—

Now we define compatible maps ®; € Horn[c_‘il}lt (HPQ"(Byu)), HPR'(B;)) as follows. On

the image of KU"(B) ® Q in HPQ’(B,;)) we set ®; := &. Denote the image of HPR™(B)
in HPR!(B;) as X;. Then we get the diagram of discrete abelian groups

&

im(KU’(B) ® Q) HPQ(By;) - X;

H lf;(ZI) Jj ;71

: D1
1m<KUO(B) ® Q>% HP@O(BJ(Z_l)) """""""""""""""" 2 X’i*l

\—/

€1
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and we want to find the dotted maps (here fm_l) = f1@)-10...0 fj(i_l)). Since the system
(HPQO(B 7(0)), f;m) consists of finite dimensional vector space it satisfies the Mittag-
ieN

Leffler condition. Thus we can find a cofinal subsystem of N such that the image of the
transition map fj(i) is already the stable image, i.e.,

m(f5) = ﬂim(f;(i) 0...0 f;(k—l)) C HPQ’(By)) -

k>i

This is justified by Proposition 3.36. Next we inductively choose decompositions (as Q-vector
spaces) HPQ"(By) = im(KU%B) ® Q) & A; for all i € N such that the transition maps
f 7 take the form
<idim(KU0(B)®Q) R 0 ) _
0 Fii-1)

Therefore we need to find maps internal degree shifting maps ®; such that

A1,+1 """""" (D 1+1> XZ+1(—> HPR_l(BZ+1>

lf;(i) lfi* lf{k
@,

Ayt » X;————HPR(B))

lf}@l) l i1 in*l
(b.

A’L—l """"""" 1 _1> X’L—l;) HPIR-1 (Bl—l)

commutes. We choose ® arbitrarily and inductively construct ®;,; using that X, g X;
is surjective.

This gives a compatible system of maps ®; € Hom{9}" (HPQ"(B,u)), HPR'(B;)). So
we get (®;); € lim Home$r* (HPQ(B), HPR™ (B;)) such that p((®;);) = (e;); and & o ch =
d; o ch for all i € N. This completes the proof. ]

Remark 3.38. The strategy of this proof will be used again in Chapter 5 to prove the
Existence Theorem 3.27. ]

Now we study the dependence of the approximation by manifolds. For this we need maps
between approximations.

Definition 3.39. Take two approzimations by manifolds (B;, fi, gi)ien and (BZ, fi,gi)ieN of
B. A map of approximations consists of

e a non-decreasing map J : N — N/
e smooth maps h; : B; — BJ(i) and

e for alli € N a homotopy filling the diagram

B; —>BJ(»L)

N A
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such that the diagram

C Bifl( Bi( Bi+1( R (37)
lhi—l lhi lhi-&-l
i BJ(i_U( fr@y—10--0f5@i-1) Bj(i)( Frg+1)—19--0f 73 BJ(i.H) -

commutes strictly.

Fiz two such maps of approzimations (J, (hs);) and (J, (h;);) between the given approzx-
imations. A homotopy between maps of approzimations from (J,(h;);) to (J, (h);)
consists of

e a non-decreasing map K : N — N with K(i) > max {J(i), j(z)} foralli e N,

e smooth homotopzes H,: B, xR — BK between fK 0...0 fi](i) oh; and fK(i)—l o
.. 0 fj(z) o hz and

e for alli € N a homotopy filling the diagram

B; XR—>BK

9& A()

such that
e the homotopies restrict to the given ones on the boundaries B; x {0,1} and

e the diagram

B, x Re— T B; x R Ji Biiy x R—s
H;_1 H; lHiH
~ c JEK(i)71O~~~OJFK(¢71) ~ c fK(z‘+1)—1O~~~OfK(i) ~
L— BK(z'—l) BK(i) BK(¢+1)C—> R
commutes strictly. ]

Standard smoothening theory and the fact that B is the homotopy colimit over each of
its approximations yields the following existence result.

Theorem 3.40. Fix two approrimations by manifolds of some topological space.
1. There exists a map of approximations between these two approximations.

2. Any two maps of approrimations can be connected by a homotopy between maps of
approzrimations. ¢

We fix two approximations by manifolds (B;, f;, gi)ien and (B;, fi, Ji)ien of B and choose
a map of approximations (J, (h;);) between them. Given a universal geometrization (G;);
with trivial Todd class and trivial Todd and error forms on the approximation (B;, fi, Gi)i
we get a family of geometrizations G; := h} G J(#) on the other approximation. We have the
following easy observation.
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Lemma 3.41. The family of geometrizations G; := h;‘é J(5) 8 again a unwersal geometriza-
tion with trivial Todd class and trivial Todd and error forms.
Thus we can pullback universal geometrizations along maps of approrimations. 4

Proof. This follows since the squares in diagram (3.7) commute strictly. ]
Assume we are given (§;); € Hm, Hom?Sj* (HP@O(B),QP'l(Bi)/(im d)) Then we get
(7:)i € Jm, Hom‘[:_‘f]lt (HPQ(B), QP! (B;)/(imd)) defined by #; := h;‘fj(i). This gives two
more geometrizations C;f = QZ —ao é och and g? =G, —aoT;och.
Lemma 3.42. We have G? = h;@?](i).
Hence pullback of universal geometrizations along a map of approximations preserves
equivalence classes. 4
Now recall Theorem 3.37 which stated that the set of equivalence classes of universal
geometrizations on a fixed approximation is a torsor for the classifying group coker(p) which
is independent of the approximation by Definition and Proposition 3.34. A straightforward
computation yields the following result.

Lemma 3.43. Pullback of equivalence classes of universal geometrizations along a map of
approzimations is equivariant with respect to the action of the classifying group coker(p). @

Proof. We show that the actions agree. To this end take a universal geometrization (G;); on
the approximation (B;, fi g:); and a family

(ec)o €lim, o0 p Hom*" (KU"(B), HPR(C)/(imch)) .
Then we get two universal geometrizations on the approximation (B, f;, g;)i;, namely

gll = <h:<g~(](2)> — ao E:Bi and gl2 = h;k <gJ(Z) —ao 83J(ﬂ> :

But G? = hiG ) —aoh? OB, = Gl —ao (h;f 0Eg,, 532,) = G} since (e¢)c is an element
in the limit. ]

Finally we show that the equivalence class of the pullback of a universal geometrization
along a map of approximations is independent of the map of approximations.

Lemma 3.44. Given two maps of approximations the resulting pullback universal geometri-
zations are equivalent. 4

Proof. Denote the two maps of approximations by (J*, (h});) and (J°, (hY);). Then we find
a homotopy (K, (H;);) between these two maps of approximations (Theorem 3.40, 2.). By
Proposition 3.36 we can assume that J' = J = K = id : N — N. We get two universal
geometrizations on the approximation (B, fi, ;);, namely

Gl .= (hH)*G, and G°:= (h9)*G; .

Denote the boundary inclusions B; — B; x I by incly and incl;. We apply the homotopy
formula (2.3) to calculate the difference (¢; denotes the cohomological character of G;),

(2:3)

Gl —G% =(h})*G; — (h%)*G; = inclt H}G; — incl}, H'G;

:a(/ ROHfOGi(—)):G</ Hi*OROGi<_>>:
IxB;/B; IxB;/B;
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=a (/ H! oEZ-) och(—) .
IXBZ'/BZ‘

Note that & := fle,/B_ H; o ¢;4(—) € Hom*™ (HPQ’(B), QP! (B;)/(imd)) shifts the
internal degree by —1 and that f&.1 = &. Hence the family (—¢;); shows that the two
universal geometrizations (G}); and (G?); are equivalent. O

The preceding lemmas give our main classification theorem.

Classification Theorem 3.45. Let B denote a topological space.

Then the set of universal geometrizations for B with trivial Todd class and trivial Todd
and error forms is a (possible empty) torsor over the classifying group coker(p). This group
18 a weak homotopy invariant of B. 4

This combines with our Existence Theorem 3.27 to the following uniqueness statement.

Theorem 3.46. Let B be a topological space which is of rationally even and admits an
approzimation by manifolds (e.g., which is simply-connected and of countable type).

Then there exists a unique equivalence class of universal geometrizations for B with trivial
Todd class and trivial Todd and error forms. 4

Proof. The uniqueness statement follows directly from the Classification Theorem 3.45. The
existence is implied by our Existence Theorem 3.27. The technical condition there is satisfied
(see Remark 3.28). O
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Chapter 4

Examples of universal geometrizations

In this short chapter we discuss first examples. In each example we fix a space B and find
an approximation by manifolds. Then we check that Existence Theorem 3.27 is applicable
and thus that there is a universal geometrization. Then we calculate the number of universal
geometrizations up to equivalence using Classification Theorem 3.45.

In most examples we consider only trivial Todd classes and trivial Todd and error forms.
We postpone the explicit construction of universal geometrizations to Chapter 8. There we
use them to calculate the intrinsic eta-invariant.

4.1 Spheres and tori

The sphere S™ and the torus T™ are compact manifolds. Thus there exists a universal
geometrization by Example 3.21 together with Example 3.12. The classifying group coker(p)
of Theorem 3.17 can be calculated by a short computation. The result is

0 for S
coker(p) = R/z, for Sl
R/zI(M)  for .

Here I(n) := (Zk (21)) ’ (Zk (zknﬂ)) - (Zk (21) (2kn+1>) - Zkﬂ (;c) (2111)'

4.2 Classifying spaces of compact Lie groups

Let G be a compact connected Lie group and BG its classifying space. Then there exists
a universal geometrization by Example 3.29. Moreover, BG is of finite type and rationally
even. Thus we can apply Theorem 3.46 to see that this universal geometrization is unique
up to equivalence.

4.3 The classifying space of the string group

We define the classifying space for “string principal bundles”, denoted by BString, as the
homotopy fibre of & : BSpin — K(Z,4). Using the long exact sequence for homotopy
groups of a fibration we see that the BString is simply-connected and has degree-wise
finitely generated homotopy groups. Thus Example 3.22 guarantees the existence of an
approximation by manifolds. Moreover, BString can be realized as a CW-complex of finite
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type. A straightforward application of the Serre spectral sequence shows that BString is
rationally even (cf. [BS09a, Theorem 2]). Hence we can apply Theorem 3.46 to find a unique
equivalence class of universal geometrizations for BString with trivial Todd class and trivial
Todd and error forms.

Note that the same arguments work for all other higher covers BO(n) of BO.

This fits nicely with the theory of String connections due to Waldorf ([Wall3, Definition
1.2.2]). There Waldorf proves that any String structure on a Spin principal bundle admits a
String connection and that these form a contractible space ([Wall3, Theorem 1.3.4]).

4.4 Compact Lie groups

Let G be a compact connected simply-connected semi-simple Lie group. Then G is a com-
pact manifold and hence has a constant approximation by manifolds (Example 3.21) and a
universal geometrization with trivial Todd and error forms (Example 3.12). The classifying
group can be calculated from Theorem A in [Hod67]. There Hodgkin proves that KU (G) is
a finitely generated exterior algebra over Z and gives generators. This is enough to calculate
the classifying group coker(p). Since the abstract formula is not enlightening we note that
the classifying group is (usually) big and discuss an example.

For the example we discuss the Lie group SU(3). This compact Lie groups is semi-
simple of rank 2 and therefore [Hod67, Theorem A (v)] yields that the complex K-theory is
an exterior algebra on odd generators x3 and xs,

&7 for * = even,

KU (SU(3)) = Axs, 75) = { 7®7  for * = odd.

Since SU(3) is compact the Chern character is a rational isomorphism and we get

Q for x =0,
Q for * = 3,
Q for x =5,
Q for * = 8.

Again by compactness, the map id : SU(3) — SU(3) is cofinal in the category C /SU(3).
Therefore the classifying group is the cokernel of
p : HomfS* (HPQ®(SU(3)), HPR'(SU(3))) —
Hom*™* (KU"(SU(3)), HPR ' (SU(3))/(im ch))

HPQ' (SU(3)) =

and we conclude

coker(p) = Hom (Z @ Z,R/z © R/z) = R/z*,

4.5 Loop spaces of Lie groups

Let G be a connected simply-connected Lie group. Set B := QG the based (at the identity)
loop space of G.

Then B is connected, simply-connected and has degree-wise finitely generated homotopy
groups. Hence there is an approximation by manifolds for B by Example 3.22. Moreover,
B is of finite type. The Serre spectral sequence of the path space fibration shows that B is
rationally even. Therefore there is a unique equivalence class of universal geometrizations
on B by Theorem 3.46.
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4.6 Countable coproducts

The aim of this section is to construct countable coproducts of universal geometrizations. So
consider topological spaces (B¥)yen with Todd classes td" and assume we are given universal
geometrizations

(szv ikv gfa Tdk 5k gf)ieN

7771

for each B*. Then one directly checks that the family B; := [1<; Bi., i € N, together with

the induced maps is an approximation by manifolds for B = 11 B*. We get a universal
geometrization

(Bia fi; gia leu 51'7 gz)z
for B where TAdZ» and 51 denote the obvious forms, e.g., ’fdi = Zkgi Td,, and Q’ is the
composition

KU’ (B) —» KU"(B;) & &< KU (B,) & &, KUY(B,) @ KU"(B)) .

Note that the classifying group of a coproduct is bigger than the product of the classifying
groups. This example shows nicely that we don’t need to assume that B is of finite type.
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Chapter 5

Proof of the Existence Theorem

The proof of Existence Theorem 3.27 relies on some facts which we prove at first. In the
following proposition we try to understand the K-theory of homotopy colimits.
Proposition 5.1. Let (B;)ien be a family of finite CW-complezes and f; : B; — By be
continuous maps. Denote the homotopy colimit over this system by B := hocolim;en B;.
Then the universal coefficient theorem induces a (non-canonical) topological isomorphism

lim _ KU(B,) = lim _ Hom(KUy(B;),Z) & lim,_ Torsion(KU’(B;))
such that
l'&ll,eN Torsion(KU(B;))
[T
lim _ KU°(B) ———1lim_ Hom(KUy(B;), Z) & lim,_ Torsion(KU*(B))

commutes. Moreover, lim, Hom(KU(B;),Z) =[], Z where k € N>o U {oo}. L4

Proof. Since KU is Anderson self-dual we have a natural universal coefficient theorem
([Yos75, Proposition 6 and Theorem 5]). So we get for an arbitrary map C' — B a commu-
tative diagram with short exact rows,

0 —— Ext(KU._{(B), Z)—— KU(B) —=» Hom(KUy(B), Z)

e

0 —— Ext(KU_(C), Z)~—— KU’(C) —=+ Hom(KU,(C), Z)
Note that, in general, the maps KU(B) — KU"(B;) are not surjective. Hence we define
X' :=im(KU%B) — KU"(B,)) and X; := im(Hom(KUy(B),Z) — Hom(KUy(B;),Z)) for
all 2 € N and one easily checks that the diagram
0 ——— BExt(KU_(B), Z)——— KU’ B) —+ Hom(KUy(B),Z) —— 0 (5.1)
X

0 —— BExt(KU_y(B;),Z) N} (X1)—t—s X7 u ; 0

S

0—— Ext(KU.(B;), Z)———— KU%(B;) —» Hom(KUy(B;), Z) — 0

43



44 Chapter 5. Proof of the Existence Theorem

is well-defined, commutative and has exact rows. The maps f; : B; — B;;1 induce maps
ff: X — X% and ff: X;,1 — X; and those maps are in fact surjective.

Since B; is a finite CW-complex for all i € N we have inverse systems (X", f#);en and
(Xi, fi)ien consisting of finitely generated abelian groups and surjective maps. Moreover, the
X; are free and because Ext(KU_(B;),Z)Nt™ (X") is a torsion group it has to be the torsion
subgroup, i.e., Torsion(X?) = Ext(KU_(B;),Z) N~ *(X?). Similarly, Torsion(KU%(B;)) =
Ext (KU_1 (Bz), Z)

Since the projections lim, KU’(B;) — KU’(B;) factor through X* (by Proposition

2.2) we get a topological isomorphism ¥ := @Z Wy l'gnieN Xt = 1'&1@,GN KU’(B;). Now

we take the limit over the lower two rows of diagram (5.1) where the l&ll—terms vanishes
because the left columns consist of finite abelian groups. This gives

0 ——— lim, Torsion(X*)—-"—— Jim, X' = Hm, X; 0

[ | .

0 — lim, Torsion(KU"(B;))—* lim, KU"(B;) —"» Hm, Hom(KUy(B;),Z) ——0
and we conclude that the outer vertical maps are also isomorphisms,
@i Torsion(X*) = Torsion(KU(B;)) and @Z X; = @l Hom(KUy(B;),Z) .

Our next aim is to understand @ieN X*. To this end we apply [HM78, Corollary 3.8 for
G = 7] to find a split s,

s
0 —— Ext(KU_(B), Z)~— KU%(B) — Hom(KUy(B),Z) — 0 .

In the following we show that the split s induces compatible splits s; : X; — X°.

We choose a basis of X and preimages in Hom(KUg(B), Z). Then by pushing down these
preimages to X; we get a complement ker(fg)* of ker(f;) in X, i.e., X; = ker(f})@®ker(f3)*.
Now we repeat this procedure with ker(f&)* and inductively construct a compatible family
of bases of all the X; which are already lifted to Hom(KU(B),Z). The splits s; are defined
by applying the given split s to these lifts and pushing down to X*.

Hence we have constructed compatible splits s; : X; — X' and get the commutative
diagram

0 — Ext(KU._,(B), Z)—— KU°(B) — Hom(KUy(B), Z) — 0

Si+1

| | ]

0—— Torsion(XH)e— X+l ™ L x, .0
I I

0 ——— Torsion(X?)¢ X X, 0

Thus we get compatible topological! isomorphisms X* = X; & Torsion(X?) for all i € N
which yield a topological isomorphism

hm,  KUY(B;) = Jim,  X* = (@ieN Xi) @ (@z’eN Torsion(X )) :

! Continuity is automatic since all the X; and the X are discrete.
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This combines with the above isomorphisms to the claimed isomorphism

lim,_, KU(B;) = (lim,_, Hom(KUy(B,),2)) @ (ljm, ,, Torsion(KU"(B1))) .

For the last statement one just combines the compatible bases of the X; to get an isomorphism
lim,_ Hom(KUo(B;), Z) = lim__ X, = HZ

where the right hand side denotes a direct product and x € Ny U {oo}. ]

In the next proposition we study the profinite group lim__ Torsion(KU"(B;)).

Proposition 5.2. As before, let (B;)ien be a family of finite CW-complezes and f; : B; —
Bi i1 be continuous maps, i € N. Then the Bockstein sequence for 7. — Q — Q/z induces the
short exact sequence

lim _ (KUQ™'(B;)/ KU '(B))— lim _ KU Q/Z ) —»lm Torsion(KU°(B;))
and this sequence is split exact. 4

Proof. The short exact sequence 0 — Z — Q — @/z — 0 yields the natural Bockstein long
exact sequence (see Section 2.3)

.= KU HX) = KUQ '(X) - KUYz '(X) - KU (X) - KUQ"(X) —
where X denotes a finite CW-complex. Hence we get a short exact sequence
0 — KUQ '(X)/KU ! (X) — KUz !(X) — Torsion(KU"(X)) — 0

which is natural in the finite CW-complex X.
We apply this construction to our family (B;, fi)ien and take inverse limits. This yields
the long exact sequence

0 —>1'£1ZEN(KUQ‘1(BZ~) /KU YB;)) — lim, KUYz '(B;) —
—lim _ Torsion(KU"(B;)) — LiGN(KUQ YB)/KU(B)) — ... .

We claim that the term I'&nileN(KU@_l(Bi)/KU’l(Bi)) vanishes. To this end we show that
the system (KUQ™'(B;)/KU Y(B,), f/) satisfies the Mittag-Leffler condition by showing

7

that the system (KUQ™(B;), f7) satisfies it. But the latter is a system of finite-dimensional
vector spaces and so the Mittag-Leffler condition holds.
Thus we get the short exact sequence

@iGN(KU Q '(B)/ KU (B))) — l&'lieN KUYz '(B;) —» @ieN Torsion(KU’(B;)) .
Our next aim is to split this sequence. To this end we want to show that the group
Ext (r&nieN Torsion(KU°(B;)), lim _ (KUQ™'(B;,)/ KU (BZ-)))
is trivial and therefore that the sequence splits. But this is implied by the fact that
lim _ (KUQ™(B;)/ KU '(B)))

is an injective abelian group which is the statement of Proposition 5.3 below. O]
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Proposition 5.3. Let (A, fn)nen be a family of finitely generated abelian groups. Then the
limit

lim (A, ® Q)/A,)
18 an injective abelian group. 4

Recall that an abelian group is injective if and only if it is divisible.

Proof. Without loss of generality we can assume that the abelian groups A, are free since
we can replace the groups A,, by their quotients A,/ Torsion(A,). Then we get a short exact
sequence

0— A, A4, 03Q—» (4, ®Q)/A, —0

for all n € N. Note that the system (A, ® Q, f,,), is Mittag-Leffler and hence we get the
long exact sequence

0— 1gr-nneN An— lgr-nneN(A” ®Q) — @nneN ((An ® Q)/An) — IAI-H:LEN A —0.

Clearly, lé'r_nngN(An ® Q) is a Q-vector space and hence divisible. This gives the short exact
sequence

0— (lim, o (40 Q) / (lim, o A ) b (A0 © Q)/Aw) >l An 0
where the left hand side is divisible and therefore the sequence splits. We conclude that
i, (40 Q)/40) = ', Av® (i, (400 Q) / (i, An)

Therefore it remains to show that l'glieN A, is divisible. For this we show that multiplication
by k € N\ {0} is surjective. Consider the short exact sequence

0 A, E A, A/ (k- A,) ——0

and take the limit sequence,

0— I.&HneN A”i> 1.glnel\l Ap— l.&nneN An/(k - Ap) ——

- l'&nieN Ay — @ieN Ay — @ieN A"/(k ' A”) —0.

But the groups A, /(k - A,) are finite and hence @iGN A, /(k - A,) vanishes. This implies
that the map (—) -k : l'&nieN A, — I'LnieN A, is surjective.
Thus we have shown that lim _ (A, ® Q)/A,) is injective. O

Now we check that the technical condition of our Existence Theorem 3.27 is satisfied
under some mild finiteness condition.

Proposition 5.4. Additionally to the assumption of Proposition 5.2 suppose that the profi-
nite abelian group 1&11 N Torsion(KU(B;)) is topologically finitely generated. Then the split
short exact sequence 0]6‘ Proposition 5.2,

lim _ (KUQ™!(B;)/ KU '(B;))— lim KUYz (B;) —lim,_ Torsion(KU"(B;)) ,

admits a split which is continuous. 2
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Proof. Our aim is to find a continuous split s of the short exact sequence

lim _ (KUQ™!(B;)/ KU (B)))— lim KUz (B;) —»lim _ Torsion (KU’(B))) .
Note that KUQ™(B;)/ KU (B;) 2 KU (B;) ® ¥/z. Recall that the outer systems

(KUY(B,) ® Yz, f7); and (Torsion (KU%(B;)), f7)):

(2

satisfy the Mittag-Leffler condition. Therefore I'&HEGN KU @/z7!(B;) vanishes by the long
exact sequence
0 —lim_ (KUY(B) @ ¥z) < lim,_ KU%z"'(B;) = lim _ Torsion(KU"(B;)) —
— }LmieN(KU‘l(Bi) ® @/Z)j — @;N KUYz ' (B;) — }@;N Torsion(KU"(B;)) — 0 .

J/

Vv TV
=0

=0

This implies that the system (KU Q/z71(B;), f7), also satisfies the Mittag-Leffler condition
by [Gra66, Proposition on page 242].
Now we take stable images, i.e., we set

R — m ffo...off, (KU'l(Bk) ® Q/z) C KU (B;) ® ¥z

k>i

and similarly for S* € KU @/z}(B;) and T* C Torsion(KU"(B;). Since the original systems
satisfy the Mittag-Leffler condition the systems (R’, f¥), (S%, fF) and (7%, f}) have surjective
transition maps. The maps R' — KU™(B;) ® @/z induce a continuous map on the limits.
But the projections lim, KU (B;) ® ¢z — KU (B;) ® Uz factor through R’. This gives
a topological isomorphism lim__ KU (B) ® ¥z > Hm, R'. This works similarly for the
other two systems. Hence we want to find a continuous split of the short exact sequence

0 —lim, ' jim, &' —lim, 7" —0 .

Next we recall that the abelian groups lim, KU'(B;)) ® @z = hm, o R' are divisi-
ble (Proposition 5.3). Therefore the groups R’ are also divisible because the projections
@ieN R' — R are surjective for all i € N. We consider the commutative diagram

™

0——lm, R fm,_, & i T 0 (2)

- - -

% % m %

| f [

0—— KU (B) © 9/ KU 927 (B;) —» Torsion(KU"(B,)) — 0

where the top row and the bottom row are exact. Clearly, the maps R’ — S? are injective,
the maps S* — T" are surjective and their compositions are trivial for all i € N.
We show that the middle row is also exact. This takes all of following paragraph.
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Denote the stable images of the system (KU™(B;) ® Q, f); by Q'. Note that each Q'
is a Q-vector space and that the maps Q¢ — R’ are surjective. We denote the free finitely
generated abelian groups KU™ (B;)/ Torsion(KU(B;)) by Z' and set P’ := ker(Q* — R").
This gives the commutative diagram (with short exact rows)

T T

0—— Zi—— KU (B;) @ Q —» KU (B;) ® ¥z ——0

which implies P' = Z' Xgy1(p,)eq @' because Z' — KU (B;) ® Q is injective. Now we
consider the diagram

Pi( Zi Zz’ / Pz‘ 0

T ]

00— Q—KU'(B)®Q— (KU'(B,) ®Q) /Q' ——0

and observe that the lower row is the rationalization of the upper one. A diagram chase yields
that the right hand map is injective and thus that Z?/P? is a free abelian group. Therefore
we conclude that there are free complements for P? — Z? for all i € N, i.e., decompositions
7t = PP A" where P and A are free finitely generated abelian groups. The transition
maps f;: Z™ — Z' take the form

£ = ((f;)g)PHl :Zi) .

Note that we get induced decompositions KU™(B;) @ Q = Q' @ (A ® Q) for all i € N and
that the transition maps f; : KU (B;y1) ® Q — KU (B;) ® Q become

= ((fi*)|Pi+1 ®Q ¢ ®@>
' 0 Pi®Q)

But the ¢, i € N, are the stable images of the system of finite dimensional vector spaces
(KU (B;) ® Q, f);. Thus we find a cofinal subsystem of N such that the maps ¥; ® Q are
trivial. In particular, the maps 1; vanish and the transition maps of the system (Z°, f);

have the form
= (f)pier
v 0 0/ -

We choose (non-compatible) splits ¢; : Torsion(KU®(B;)) — KU®@/z"Y(B;) for all i € N.
Then we get

KUz ' (B) 2 Q'/P' @ (A'® Q) /A" @ Torsion(KU’(B;))
and the transition maps f; : KUz (B, ;) - KUz !(B;) take the form
[(fi*)lPiH ® @] [¢: ® Q] Q;

0 0 B
0 0 (fz*) | Torsion
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where a; : Torsion(KU%(B;,)) — Q'/P' and ; : Torsion(KU%(Bi;,)) — (A’ @ Q)/A!
are group homomorphisms. Since the maps (f;")pi+1 ® Q are surjective we can inductively
change the splits ¢; such that the transition maps take the form

[(fpn®Q] [6:®Q] 0
0 0 Bi
0 0 (fz*)| Torsion

Next we consider the system (KU Q/z1(B;)/(Q"/P"), f7),- The stable images of this system
can be identified with S?/R’. We identify

KUz (B,)/(Q/P') = (A’ ® Q)/A’ & Torsion(KU’(B;))

.
0 (fi*)|Torsi0n .

Therefore, the projection (KU @/z~(B;)/(Q/P?) — Torsion(KU"(B;)) induces an isomor-
phism S*/R" — T". We conclude that the middle row of diagram (5.2) is exact.
Finally we construct a continuous split s : T&nieN T — @ieN St. By assumption the

to write the transition maps as

group @ieN T" is (topologically) finitely generated. The structure theorem for topologically
finitely generated profinite abelian groups ([RZ00, Theorem 4.3.5]) gives

1'&nz‘eNTig @ @ZI” EBT

p prime myp

where each m,, is a natural number (and almost all are zero) and 7" denotes a discrete finite
abelian group. On the discrete part 71" any split s is continuous. So we fix a Z,-summand
for some prime p and take the pullback of diagram (5.2) to this summand. In detail we set
TP :=7i(Z,) C T" and S° := 7~ 1(T%). This gives Jim, T' = 7, and Jim, S* = 7=YZ,). Thus

we get the commutative diagram

ﬂ) — b, R lim, 5" — Zf ﬂ)
O Rz—i—l( L gi—i-l 4 T7,+1 O
I O R
0 Ri : Si_ T T 0

Now we choose isomorphisms P’ = Z" and get isomorphisms @' = Q™ and R’ = /7™
for all ¢« € N. Moreover, we take isomorphisms T i >~ 7/ptZ and we fix decompositions
St > Q/z" @ Z/phZ (R is divisible). This gives

0 Q/Zm+1< L Q/ZniJrl D Z/pl”lZ 2 N Z/lelZ v 0

TR

Qg Qg LT — s L)L —— 0

where 7 denotes the projection onto the second component and

o i
MZ_(O pr
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for some o : Z/p“7Z — Qzmi.

Our aim is to construct p-torsion elements (z;, 1) € ¥z @Z/p" Z satisfying M;(z;11,1) =
(zi,1) . Then we get maps Z/ ord(x;, 1)Z — S’ mapping 1 — (z;,1). These combine to a
continuous map Z, — lj m._ S’ which is a split for 1# S5 L.

We proceed by induction. The base case is tr1v1a1 Hence assume we found p-torsion
elements z1,...,x; such that x; = f(z;11) + a;(1). Then we need a p-torsion element
Tpy1 € Yzt satisfying o = fi(xg1) + ax(1). We apply the Smith normal form to the
rational surjective map f; : P**1 — P*. Thus we can assume that the map f; : @/z"+ —
Q/z"* is of the form
;b 00 ... 0 0 ..0
0O po O ... 0 0 ... 0

0 ... 0 ... pp, O ... 0

p'k

for some p; € N'\ {0}. By definition, p% - (1) = 0 € @z™. Thus a.(1) = (a_3>nk for
j=1

N\ Mk+1
some a; € Z. We represent x, = (Z—Z;) ™ for some b; € Z and 0 € N and make the ansatz
j=1
N\ Tk .
Tpy1 = (%) " for some ¢; € Z and € € N. Then we need to solve p] —i— = = 2 in Q/z for
j=1

all j =1,...,n,. Wedecompose p; = p™iq; where p and ¢; are coprime and get the equations
gjcjta;-p* kM —b;-p"70"™i = (0 modulo p*~™ forall j = 1,...,ny (we choose £ big enough).
Since ¢; is a unit (modulo p*~™) we get ¢; = b, - qj’1 SptTOTM a; - qj’1 - p*~l%=m modulo
p=~™i. This gives ¢; for all j = 1,...,n; and we take ¢; = 0 for all j =n, +1,...,np41.

Thus we have produced a continuous split for each Z,-summand and the proof is finished.

O
Finally we prove our Existence Theorem 3.27.

Proof of Existence Theorem 3.27. Let (B, fi, i )ien denote an approximation of B by man-
ifolds satisfying the technical condition.

Since every compact manifold is of the homotopy type of a finite CW-complex we can
apply Proposition 5.1 to get a decomposition (as topological abelian groups)

lim _ KU°(B;) = lim _ Hom(KUy(B;),Z) ® lim,_ Torsion(KU"(B))) .

Moreover, by Proposition 5.2 we can find a split s of the short exact sequence,

s

/\
lim _ (KUQ™!(B;)/ KU (B)))~— lim KUz (B;) —»lim Torsion(KUY(B;)) .

By our technical assumption we can choose this split to be a continuous map.
Now a geometrization G; for g; : B; — B is a lift in the following diagram.

KU’(B )HL KU%(B;) i@ Hom(KUy(B;),Z) & lim, Té;s.ibbl‘a(KUO(Bi)) —— KU"(B))

The idea is to construct a lift QNZ such that the induced map G; is a geometrization.



51

To define G; on the profinite part Hm,_ Torsion(KU"(B;)) we recall that there is an

inclusion KUR/z~(B;) < KU"(B;). So one easily defines the lift G; on the profinite part
Hm, o Torsion(KU"(B;)) as the composition

Hm, Torsion(KU(5;)) —s>l'&nieN KUz '(B;) — lim _ KU R/~ Y(B) &
—KUR/z(B;) — KU’(B;) .

A direct calculation shows that this satisfies the compatibility condition ( fi)gig}H = G,

Note that, by construction, the curvature R o G, vanishes on the profinite part. We check
that this is compatible with the choice of any cohomological character. By continuity a
cohomological character factors over HPQ"(B) — hm, Hom(HPQy(B;),Q). But since
the diagram

KU’(B) —lim,_ Hom(KUy(B;), Z) @ lim,_ Torsion(KU"(B;))

lch lch* ®0

HPQO(B) l'&liGN HOID(HP@O(Bz), Q)

commutes any cohomological character is automatically compatible with our construction
of G; on the profinite part, i.e., the square (3.1) commutes after restricting to the profinite
part Jm__ Torsion(KU"(B;)).

Our next aim is to construct a map G; : hm, Hom(KUy(B;),Z) — KU"(B;). To
this end we use the notion of the proof of Proposition 5.1 and choose compatible bases
for the X; and compatible splits s; for all ¢ € N. As in the proof of Proposition 3.4 we
construct “cohomological characters” ¢; : HPQ’(B;) = KU%(B;) ® Q — QPY%(B;) which
satisfy ¢; o f = f/ o ¢;+1 and which preserve the internal degree. We define the maps s; to
be the compositions

gitd~lUch

X; 3 X' — KU(B;) ——— HPR!(B;) = QPY(B,) .
Then a “geometrization” G, with “cohomological character” ¢; is a lift in the diagram

HPR(B;)

KU'(B))
. Y

lim, _ Hom(KUy(B;),Z) X; = KU"(B;) xgppo(s,) QPY(B:)

SiX8;

where the right hand column is exact by the long exact sequence (2.2). The compatibility
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condition for the “geometrizations” (G;); is the requirement that the diagrams

(1+d6i)/\fi*

HPR(B:,) HPR'(B;)
— * La(8;A(Rof* —
>KU0<BH—1) fi+a(6iN(Rof})) KU()(BZ) )
Ix(Td; AR) Ix(Td; AR)
. Foxfr Y
Si41X38541 5§ X85 ‘
Xin1 » Xi

(5.3)
commute for all ¢ € N. Note that the “cohomological characters” of the “geometrizations”
G, are the “cohomological characters” ¢; which preserve the internal degree. Therefore to
complete the proof of our main theorem it is enough to find compatible (Ql)Z To this end
we take the pullback of the diagram (5.3) to the X;. In detail we set Q; := HPR(B;) and
define K; to be the fibre product

Ki© KU°(B))
|
l lIX (Td; AR)

Si><§i

X, S KUY(B) X ppro(5,) P (B;)

This gives the following diagram where the problem is to construct compatible sections (s;);,

q2 k2, f2
Q2 Ko : X 0
q1 k1 s fi
o K, - X1 0
q ko sq fo
b

Note that the rows are parts of long exact sequences, that the @); are finite-dimensional
R-vector spaces and that the X; are free finitely generated abelian groups.
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Since the X; are free we can fix a choice of (possible non-compatible) splits. We get

2 Ly 32 f2
Qs ——1m(Q2) B Xo —— X, ——0
q1 Ly Sl fl

Q1 ——im(Q1) © X —>..X1 —0

) Lo %0 fo

QO —_— 11’I1<Q0) () XO —_— XO —0

where the maps L; : im(Q;+1) ® X;11 — im(Q;) ® X; are of the form L; = <%Z C;f) for

some «; : X; — im(Q;). Now a split s; is the same as a map §; : X; — im(Q);) and the
compatibility condition s; o f; = L; o s;41 translates into s5; 0 f; = ¢; 0 5,41 + .

We choose compatible bases of the X; as in the proof of Proposition 5.1. Thus we can
work with one generator at a time and are reduced to the diagram

q2 Lo _%_2..6..9..1.(12
K
Q2 ——im(Q2) O Z Z Q
q1 Ly 51@1(12;
K
Q1 ——1m(Q1) D Z Z 0
q0 Lo §0®1dz
Qo ——1m(Qy) & Z Z 0

Now we are looking for elements 3; € im(Q);) satisfying 3; = ¢;(5;41) + a;(1). We choose lifts
of a;(1) € im(Q;) to Q; which we denote (by abuse of notation) by «.

Next we construct elements §; € @Q; for all i € N satisfying §; = ¢;(5;+1) + «;. Their
images in im(Q;) C L; clearly satisfy the original compatibility condition. Note that the
system (Q;, q;) satisfies the Mittag-Leffler condition since it consists of finite-dimensional
vector spaces. We take the stable images

Qi = ﬂCJiO---OQk:—l(Qk:) CQ;

k>i

and get a system (Ql, ¢i) with surjective transition maps. We decompose @); = Qi@Pi (as R-
cg ]?) where ¢; : Qiﬂ —» Ql is surjective and p; : Py1 — P
Then «; decompose into o; = &; + ; with &; € QZ and f; € P;. We fix preimages (34{ € Qj for
all j > i such that §;_,(47) = &)~ (where &% := &;). Assume that we have a family §; € Q;,
1€ N, S&tiSfyng =§z = q2(§2+1) - Bz Then 51 = =§z - Zj<i OAZ; satisfies §z = qz(§z+1) + ;. So it
is enough to find 3; € Q; satisfying $; = ¢;(8;+1) — G-

vector spaces) such that ¢; = <
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By taking a cofinal subsystem we can assume that p; = 0 for all i (recall that the p;
are maps of R-vector spaces). This is justified by Proposition 3.36. So set §; = —(;. Then
8; = qi(8;41) — B is satisfied since ¢;(5i11) = ¢i(—Bit1) = pi(—Bis1) = 0.

Hence we have constructed a compatible family of “geometrizations” G;. This completes

the proof.
m

Remark 5.5. The last part of the above proof simplifies if B is a CW-complex of finite type

and the approximation by manifolds is (up to homotopy) the even CW-skeleton. This implies
(14+ds;)AfF
that the maps HPR(B;;;) —— HPR(B,) are surjective by cellular cohomology.

The existence of compatible “geometrizations” in diagram (5.3) is then a straightforward
generalization of the argument in Example 3.12. |



Chapter 6

The 1ntrinsic eta-invariant

In this chapter we show that a choice of universal geometrization yields a well-defined intrinsic
eta-invariant. Thus we make [Bunll, Remark 4.20] explicit.

For all of the present chapter we fix a topological space B and a map o : B — BSpin®
where BSpin® is a classifying space for Spin®principal bundles. Recall that there exists a
cohomology class td € HPQ?(BSpin®), called the Todd class, which is invertible and which
induces a class tdp := o* td € HPQ"(B)* by pullback.

In this situation we can construct a spectrum M B, called the Thom spectrum. In the
first section we recall some facts about Thom spectra.

Then we review the definition of the universal eta-invariant and define abelian groups
Q¥(M B) and Q¥(M B) which are the targets for our eta-invariants.

Next we discuss a geometric model for B-bordism which incorporates the fact that we have
a map B — BSpin°.

In the following section we study differential form representatives for the Todd class tdg (or
rather its inverse) on a compact manifold. Moreover, we will introduce an adapted version
of universal geometrizations. This concept, called universal Spin®-geometrization, yields a
(non-canonical) geometrization for each geometric cycle for B-bordism, which has the prop-
erty that this geometrization extends along zero-bordisms.

After recalling some well-known facts about (twisted) Dirac operators and eta-invariants
we finally define the intrinsic eta-invariant. This invariant will depend on the choice of a
universal Spin®-geometrization for o : B — BSpin®. We compare the intrinsic eta-invariant
with the previously defined universal eta-invariant.

We end this chapter with a first example which shows that the intrinsic eta-invariant detects
strictly more information than the universal eta-invariant.

6.1 Thom spectra

We briefly recall some well-known facts about Thom spectra.

Induced by our fixed map o : B — BSpin® there is a spectrum M B, called the Thom
spectrum associated to o. In Section 6.3 we give a geometric model for homotopy classes
72 (M B). The map o induces a canonical map M B — M BSpin¢ which yields an orientation

MB — MBSpin® 228 KU

where ABS is the Atiyah-Bott-Shapiro orientation for complex K-theory. Similarly, we can
prolong to oriented bordism MBSO and get an orientation

MB — MBSpin® — MBSO — HPQ

35
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where the map MBSO — HPQ is the usual orientation for oriented bordism. The orienta-
tions yield Thom isomorphisms (which in fact are homeomorphisms)

ThomXY : KU°(B) 5 KU°(MB) and Thom™?: HPQ’(B) = HPQ’(MB) |

These are connected by the Riemann-Roch Theorem,

KU"(B) — Thom™ |, KU°(MB) (6.1)
ltdBl Uch ch
HPQ(B) — ™, HPQ(MB) .
There are also the homological counterparts

Thomky : KUy(B) = KUg(MB) and Thompgpg : HPQy(B) — HPQ,(MB) .

6.2 Definition of the universal eta-invariant

We recall the definition of the universal eta-invariant [Bunll, Chapter 2.2] and of the graded
abelian groups Q2(M B) and Q¥(M B).
In Section 2.3 we discussed the natural cofibre sequence of spectra MB — MBQ —
M BY/z. We smash with the unit ¢ : $ — KU of complex K-theory and get the commutative
diagram
Y IMBQ——Y'MBQAKU

S-1MBYz —— S M Bz A KU

MB——— MBAKU

MBQ—=° s MBQAKU .

The idea of the universal eta-invariant is as follows. Take a stable homotopy class x €
Torsion(w$(MB)). Since it is torsion there exists a lift € 7%, (M BYz) of z. Apply the
unit ¢ to get () € KU, 1(MBYz) and use the evaluation pairing to get a continuous
homomorphism (£(%), —)o/, : KUY(MB) — 7%, (KU Zz). But because the lift 7 is not
well-defined we quotient out the space of choices U(S*)(M B) to get a well-defined map.

Now we give some more details. Fix an abelian group G. The evaluation pairing is a
bilinear map

(—, =) : KU,(MBG) x KU (MB) - KU,(MG) = 7%(KUG)

which is continuous with respect to the discrete topology on the homology and the profinite
topology on the cohomology. Its adjoint is the homomorphism

(=, )¢ : KU, (MBG) — Hom“™(KU(MB), 7> (KUG)) .

Let K denote either R or Q. We consider the subspace

) x4 1

USMB) = {[(e(y), ~)elsy. |y € 75, (MBK)} € Hom™ (KU"(MB), 75, (KU¥/2))
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which is precisely the space of indeterminacy above. The quotient
Q¥ (MB) := Hom*™ (KU (M B), 7%, ,(KU¥/z)) / US(MB) (6.2)

is the target for our eta-invariants.

Definition 6.1. (see [Bunll, Definition 2.5])
The universal eta-invariant is the homomorphism

Thuni Torsion(wf(MB)) N Q?(MB)

defined as follows. Take a torsion element v € Torsion(n? (M B)) and choose a lift ¥ €
75 (MBYz). Then the value nui(z) € QY(MB) of the universal eta-invariant is repre-

sented by (£(Z), —)ojz € Hom®™ (KU(M B), 75, (KUY/z)). u
Remark 6.2. Observe that the universal eta-invariant is functorial in the spectrum M B
([Bunll, Lemma 2.4]). |

In [Bunll, Chapter 5] it is shown that the universal eta-invariant specializes to many
interesting invariants in homotopy theory, e.g., Adams e-invariant.

In the same paper the intrinsic eta-invariant is introduced as a geometric way to calculate
the universal eta-invariant (see Theorem 6.28 below). Our aim is to extend this intrinsic
eta-invariant to non-torsion classes in 7% (M B). To do this we need R-coefficients instead of
Q-coefficients. The following lemma, proven as Lemma 4.15 in [Bun11], allows us to consider
only R-coefficients.

Lemma 6.3. The natural map Q2(MB) — QX(MB) is injective. ¢

For the construction of the intrinsic eta-invariant we will use the space B instead of its
Thom spectrum M B. So we define

UH(B) i= {ch™" [(y, td5 Uch(-)E™™], |y € HR, 1(B)}

and get QY (B) := Hom*"(KU"(B), 7%, (KUR/z))/ U¥(B). Here we employed the evalua-
tion pairing
(—, —) g% HPR,(B) x HPR’(B) — 7 (HPR)

in HPR-theory and the fact that the Chern character induces an isomorphism
ch: 7% (KUR/z) 5 7% (HP®/z) . (6.3)
Lemma 6.4. We have a canonical identification Q¥(B) = Q¥ (M B). L 2

Proof. The claim would follow directly from the Thom isomorphism if we would define U¥(B)
to be the subgroup

.(B) = {[(e(y), Thom"V (<))a],,, | y € 7%, (MBR)}

of Hom*™(KU’(B), 7%, (KUR/z)). Because the Chern character is multiplicative we have

~R

U

*

(B) = {ch_1 [(ch(S(y)),ch(ThomKU(—)))ﬁgpﬁ}R/Z |y € 7T§+1(MBR)} _

We can further simplify this by the Riemann-Roch Theorem (6.1) to get

~R

U.(B) = {eh™" [(eh(=(y)), Thom"™™™(td5' Uch(—))EFE],, | y € 7\, (MBR)}
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and by noting that choe is the usual identification 7%, (M BR) = HR, (M B) we arrive

at
~R

U.(B) = {eh™" [(y, Thom™™=(td;' U ch(~)))E¥5],, | y € HR..1(MB)} .
Finally we employ (Thompgpg(—), —)HF¥ = (—, Thom™F®(=))HPE and the Thom isomor-

phism for HPR-theory to conclude U¥(B) = GR(B ). O

*

We will often implicitly identify 7o (HPR) = R and thus mo,(HP R/z) = R/z. By the
above isomorphism (6.3) we get mo(KUR/z) = R/z. Therefore we consider Q¥(B) as a
quotient of Hom®"*(KU"(B),R/z).

We will often apply the following proposition to check that an element in Q¥ (B) is trivial.

Proposition 6.5. Let M be a smooth compact oriented manifold of even dimension 2n and

consider ¢ € Hom‘fom(HPQO( ), QPY%(M)). Then the composition

td' U Ju [~lr/z
KU’(B) —> HPQ"(B) 5 QPY(M) = @pb"Q* (M) — b"Q°(%) =R — R/z

lies in the subgroup U (B) of Hom®™*(KU°(B),R/z)). In other words, the map

UM co (td' Uch(-))

]R/Z

is trivial in Qs | (M).
The analogous statement holds if M is a smooth compact oriented manifold of odd di-
mension 2n — 1 and one considers ¢ € Homf_ﬁTt(HPQO(B), QP1(M)/(imd)). L4

Proof. Recall that we use the identification (6.3) and therefore we have

US,1(B) = { [(v td5' Uch(-))EP%], | y € HR5,(B)} .

So we need to construct a suitable class in HR,(B).
To this end we observe that the diagram

HPQ"(B) —-—— QPY% (M) v g

bt HQ (B) — @b 0%y (M) 2 R
lprn errn

b"H QQn( ) — bnggﬁsed(M) & R

commutes because ¢ preserves the internal degree. Hence we set o := [, oc: HQ*"(B) — R
and get the commutative diagram

HQ*(B)

inclnl \

HPQ"(B) —®, HQ*(B) —R .

Jaroe
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Note that « is continuous. This implies that there exists a finite CW-complex C' and a
continuous map ¢ : C' — B such that ker(:*) C ker(a). Thus we get the commutative

diagram
HQ*'(B) - R
l / i
I ~
|

H Q>(B)/(ker )~ HQ>(C)

We can find the dashed map & since ¢* : HQ?*(B)/(ker *) — HQ?*(C) is an inclusion of
finite dimensional discrete Q-vector spaces. By the universal coefficient theorem (UCT) we
have (note that HQ?"(C) is discrete)

ucCT
Hom®™" (HQ*"(C),R) = HRy,(C) > HR,,(B)

and we denote the image of & by & € HRy,(B) which satisfies by construction
a(—) = (&, —)FT" € Hom“"(HQ**(B),R) .

Hence we conclude that

[/M co (tdz' Uch(-)) ., = [aopr,o (tdz'U Ch(—))LR/Z = [(&,td;' Uch(-))FT¥] %)z
yA
and therefore lies in U}, (B).
Along the same lines one proves the second statement. O]

6.3 Geometric cycles for B-bordism

In this section we give a geometric model for B-bordism theory which is adapted to our
situation.

To describe our model we will use several principal G-bundles for G = O(n) and G =
Spin®(n). To shorten the notation we write P®¢g H for the associated bundle of a G-principal
bundle P along a group homomorphism G — H. The group homomorphism will always be
clear from the context. Moreover, we define the tensor product of an O(n)-principal bundle
P — X and an O(m)-principal bundle Q — X as the O(n + m)-principal bundle given by

P®Q = (P xx Q) ®om)xom) O(n+m)

where the O(n) x O(m)-principal bundle P x x @ is the fibre-wise product. This construction
is natural and there are the usual canonical commutativity and associativity isomorphisms
of a tensor product. Analogous definitions and remarks hold for Spin¢(n). Since we often
use trivial G-principal bundles we denote them by G, e.g., O(n) = X x O(n) and Spin‘(n) =
X x Spinf(n).

We fix once and for all models for the classifying spaces BO(n) and BSpin®(n) (for
all n € NU {0}, e.g.,, O(0) := hﬂneNO(n)) and for the maps BO(n) — BO(n + 1),
BSpin¢(n) — BSpin‘(n + 1) and BSpin®(n) — BO(n). We also fix BO(n) — BO(c0) and
homotopies in the diagrams (for all n € N)

BO(n) BO(n+1) and BSpin‘(n) —— BSpin‘(n+ 1)

~ | |

BO(c0) BO(n) —— BO(n +1)
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and similarly for Spin®. We set BO := BO(o0) and BSpin® := BSpin®(c0).
Denote the universal principal bundles by EO(n), FO := EO(c0), ESpin®(n) and
ESpin¢ := ESpin(c0). Furthermore we fix isomorphisms

ESpin®(n + 1) Bspinc(n) = ESpin®(n) ® Spin®(1) (6.4)

and similarly for O(n).
Now we give our geometric model for B-bordism classes. Recall that we have fixed a
continuous map o : B — BSpin°©.

Definition 6.6. Fiz k € Z. A k-geometric cycle for B-bordism consists of
1. a closed Riemannian manifold M with orthonormal frame bundle O(TM) — M,
2. a Spint-structure’ Spin®(TM) — M on M,

3. a Spint-connection VP TM) on Spin®(TM) — M lifting the Levi-Civita connection
VOITM) on O(TM) — M,

4. a continuous map p: M — B,

5. a continuous map py : M — BSpin®(k) together with a homotopy filling

BSpin(k)

/ J/
M B —— BSpin®

p

6. and a continuous isomorphism

or : Spin(TM) ® pp ESpin®(k) = Spin®(dim(M) + k) .

We will often denote a k-geometric cycle for B-bordism by (M, p). |

The isomorphism ¢;, exhibits the composition ¢ o p as a Spin®-structure on the stable
normal bundle, i.e., a Spin®-complement of Spin®(TM).

We can stabilize a k-geometric cycle to a (k+ 1)-geometric cycle using the fixed inclusion
BSpint(k) — BSpin®(k+ 1) and the fixed isomorphism (6.4). So we get rid of &k by identify
k-geometric cycles with their stabilizations.

Definition 6.7. A geometric cycle for B-bordism is an equivalence class of k-geometric
cycles under stabilization. |

By definition, a geometric cycle for B-bordism is the same data as a compatible family
of k-geometric cycles for almost all £.

Note that the disjoint union of two geometric cycles yields a third geometric cycle. We
want to identify two geometric cycles if their disjoint union is a boundary.

Definition 6.8. A zero bordism for the k-geometric cycle (M,p) consists of

1. a compact Riemannian manifold W with orthonormal frame bundle O(TW) — W,

2. a Spin®-structure Spin“(TW) — W on W,

LA Spinc-structure is a Spin®(n)-principal bundle Spin¢(T M) — M together with a smooth isomorphism
Spin(TM) ®spinen) O(n) = O(TM). Here n := dim(M).
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3. a Spin®-connection VP TW) on Spin¢(TW) — W lifting the Levi-Civita connection
VOIW) on O(TW) — W,

4. a diffeomorphism i : OW = M and a collar neighbourhood U = M x [0,e) of M in W,

5. a continuous map q : W — B together with a homotopy filling the diagram

M W

N

6. a continuous map qx : W — BSpin®(k) together with a homotopy filling
BSpin(k)
/ l

|14 B ———— BSpin

q

7. and a continuous isomorphism

Yy Spin(TW) ® q; ESpin®(k) = Spin‘(dim(M) + k+1) .

We require these data to be compatible with the data on M in the following sense.

e The diffeomorphism OW = M is isometric and the Riemannian metric on W has
product structure on the collar neighbourhood of the boundary.

o The outgoing unit vector field yields a decomposition
O(TW )iy = (O(TM) x [0,¢)) ® O(1) . (6.5)

Using this isomorphism the restriction Spin®(TW )y to the collar neighbourhood is a
Spin-structure on (O(TM) x [0,¢)) ® O(1). We require a fized isomorphism

Spin®(TW )y = (Spin®(TM) x [0,¢)) ® Spin°(1) (6.6)
lifting the above isomorphism (6.5) such that the restriction of V‘S(j’mc(TW)

neighbourhood U of OW coincides under this isomorphism with (V7T x [0, £)) ®
Vo) - Here VPR W) denotes the trivial connection.

to the collar

o The restriction of the continuous isomorphism vy, induces by

(6.6)
Spin“(T'M) ® ppESpin‘(k) @ Spin°(1) = (Spin“(TW)),,, @ ppESpin®(k) =

i
(Spin“(TW) @ g ESpin©(k)),, = Spin(dim(M) + k+1) =
Spin(dim(M) + k) ® Spin°(1)

the continuous isomorphism ¢, @ idgpine(1)-
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Since we can stabilize a zero bordism for a k-geometric cycle to a zero bordism for the
stabilized (k+1)-geometric cycle we get a well-defined notion of zero bordism for geometric
cycles. |

We call two geometric cycles bordant if there exists a zero bordism for their disjoint
union. This is an equivalence relation and the set of equivalence classes is an abelian group
with addition induced by disjoint union. This abelian group is graded by the dimension of
the geometric cycles.

The model for B-bordism described above is equivalent to the usual model. Hence the
Pontryagin-Thom Theorem yields

Theorem 6.9. The graded abelian group constructed from geometric cycles and zero bor-
disms is isomorphic (as graded abelian group) to the stable homotopy groups ©= (M B) of the
Thom spectrum M B. 4

6.4 Spin‘-structures and Todd forms

In this section our aim is to define a Todd form Tdy, € QPY(M)* representing the Todd
class td;; := (p*tdp)~! = (poo)*td™! as canonical as possible (for given p : M — B).
Note that the Todd class td € HPQ®(BSpin®)* is inverted.

Afterwards we discuss the behaviour of the Todd form under morphisms. Finally we
define universal Spin‘-geometrizations and show that such a geometrization on B yields a
geometrization on each geometric cycle for B-bordism that extends along zero bordisms.

At first we recall that Spin®-principal bundles have complements.

Proposition 6.10. Given a smooth (resp. continuous) Spin®(k)-principal bundle P — M
there exists a smooth (resp. continuous) Spin®(l)-principal bundle R — M together with an
isomorphism of smooth (resp. continuous) Spin®(k + l)-principal bundles

R® P = Spin‘(k+ 1)

for all big enough L.
Moreover, for k > 3, the two-out-of-three principal holds for Spinc-structures on SO(k)-
principal bundles. 4

Proof. The continuous statements are true for O(n) and SO(n) instead of Spin®(n) ([BN09,
Corollary 8.3]). For Spin‘(n) the continuous case can be proven along the lines of Corollary
8.3 in [BN09]. Explicitly, one uses [ = 3 and 7 = Z and B(n) = BSO(n). To get the smooth
case, as always, one just smoothes out everything.

Note that H*(BSO(n);Z) = H*(BSO(n + 1); Z) = 7/27 only for n > 3. Therefore we
need the condition £ > 3 in the second statement. O

We will often use that a complement R for a Spin®(k)-principal bundle P is also a
complement for the stabilization P ® Spin®(1).

Now we discuss the Todd form. If (M, p) is a geometric cycle for B-bordism we have the
Spinc-connection VP (T™M) which yields the Todd form Td (Vsme(TM )). By Chern-Weil
theory this form represents the Todd class td;; := (p*tdg)~! = (poc)* td™! since we have
the isomorphism ¢y, : Spin®(TM) @ ppESpin®(k) = Spin(n + k). This explains why we use
the inverted Todd class td .

Next consider a compact n-dimensional manifold M and a continuous map p : M — B.
In this generality there might be no relation between the map p and the tangent bundle of M
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(for a geometric cycle there is a relation given by Definition 6.6,4., 5. and 6.). Nevertheless
we mimic this relation as follows.

Definition 6.11. Let k,r € N be natural numbers.
A (k,r)-abstract Spin°-structure on (M,p) consists of:

1. A smooth Spin®(r)-principal bundle R, — M on M.
2. A Spinc-connection VI on R, — M.

3. A continuous map py : M — BSpin©(k) together with a homotopy filling

BSpin(k)

]

M —— B —— BSpin®

4. A continuous isomorphism ¢y : R, @ py ESpinc(k) = Spin®(r + k).

As before we can stabilize in k and define a stable r-abstract Spin°-structure on (M, p)
as an equivalence classes of (k,r)-abstract Spin®-structures.
We usually denote a stable r-abstract Spin-structure by (R., V7 pp)i. |

For example, a geometric cycle (M, p) or a zero bordism (W, q) yield stable r-abstract
Spint-structures where r = dim(M) respectively r = dim(W).
Definition 6.12. Let (M, p) be as above and assume we are given a stable r-abstract Spin®-
structure (R, V' pr, dp)x on (M,p). Then we get the associated Todd form Td,, :=
Td(VE) € QPY(M)*. u
Using the isomorphisms (¢), we see as before that [T'dy,] = td;; € HPQ’(M)*. Now
we show that stable r-abstract Spin-structures always exist for all big enough r.

Proposition 6.13. Let M be a compact manifold and p : M — B be a continuous map.
Then we can find a stable r-abstract Spin®-structure on (M, p) for big enough r. L 4

Proof. Since M is compact we can find a continuous map py : M — BSpin(k) for some
k > 3 such that
BSpin(k)
/ l
M B ———— BSpin

p

commutes up to fixed homotopy. By Proposition 6.10 there exists a continuous Spin®(r)-
principal bundle R, and an isomorphism R, ® P ESpint(k) = Spin®(r 4+ k). Now one chooses
a smooth structure to get R, together with a continuous isomorphism R, = R, yielding
R, ®@p; ESpinc(k) = Spin°(r + k). To complete the proof we choose a Spin®-connection V%
on R, and stabilize in k. O

Now we discuss how the associated Todd form behaves under morphisms.
Construction 6.14. Suppose we are given a homotopy-commutative triangle

M—t N

oA
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where M and N are compact manifolds and f is smooth. Moreover, assume there are a
stable r-abstract Spinc-structure (R,, V® py)r on p and a stable s-abstract Spin‘-structure
(Ss, V%, qi)i on q for some integers r, s.

Our aim is to understand the difference between f* Td(V®:) and Td(V%).

By definition, there are continuous isomorphisms

R, @ pp ESpin©(k) = Spin(r + k) and Ss;® g ESpin®(k) = Spin®(s + k)

for some big enough k. Using the homotopy ¢ o f ~ p and the homotopies of the stable
abstract Spin‘-structures we get a homotopy ¢ o f ~ pi. Therefore we get a (continuous)
homotopy class of continuous isomorphisms, [=], represented by

R, @ Spin‘(k+s) = R, ® (f*Ss @ ppESpin(k)) = f*Ss ® Spin®(k 4+ r)

and we can find a smooth isomorphism

A: R, ® Spin(k+s) = f*S, ® Spin°(k + 1)

which lies in the (continuous) homotopy class [Z].
Using the trivial Spin®-connections on the trivial bundles and the smooth isomorphism
A we get the two connections

A*@SS — A* (f*vSS ® vSpinc k+r ) and @Rr — VRT ® vSQinc k+s

on R, ® Spin®(k + s). We employ the transgression form Td of these two connections to
define the error form

§ = Td(VF) "' A Td(A*V5, V) € QP~H(M)/(im d)
which satisfies (cf. formula (3.2)) d§ = f* Td(V5) A Td(VE)~! —1 and thus
dé A Td(VH) = £~ Td(VS) — Td(VH)

represents the difference. Hence the Todd forms agree if and only if the error form is closed.

Example 6.15. The error form ¢ for the boundary inclusion of a geometric cycle (M, p)
into a zero bordism (W, q) is trivial, 6 = 0 € QP (M)/(imd). *

Observe that we can stabilize in k to get the first part of the following result.

Proposition 6.16. The error form ¢ is independent of k. Moreover, two smooth isomor-
phisms A1, Ny © R, ® Spin(k+s) = f*Sy ® Spin°(k 4+ r) which lie in the (continuous)
homotopy class [Z] yield the same error form. In particular, the error form § of f is in-
dependent of the choice of the smooth isomorphism A and thus depends only on f (and the
stable abstract Spin°-structures on p and q). 4

Proof. We can reduce to the following case (by considering A;* o A; and connections V; :=
A; (fV5 @ VERRAEE) and V= Vi @ VE2RAkEs)) - Set P = R, ® Spin°(k + s) and
let @ : P — P be a smooth automorphism which is smoothly homotopic through smooth
isomorphisms to idp. Then we have to show that the transgression forms Td(Vy, V)
and ’ﬁ(@*vl, Vo) coincide in QP (M)/(imd). By the properties of transgression we have
Td(Vy,V,) — Td(®*V,, Vo) = Td(Vy, ®*V,) € QP(M)/(imd). Now we consider the
homotopy as an isomorphisms H : pr* P — pr* P (here pr : M x I — M denotes the
projection) of principal bundles with Hy/x(0y = ® and H|pxq1y = idp. Take the constant
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path of connections on the connection V; and pullback this path along H to get a path
in the space of connections from ®*V; to V;. Since the transgression is invariant under
isomorphisms which cover the identity on M we see that

Td(Vy, &*V,) = id%, Td(Vy, Vy) = Td(Vy, V1) = 0 € QP (M)/(im d)
and hence the Proposition is proven. [

We summarize: Given a homotopy-commutative triangle

M—t N

oA

with compact manifolds M, N and a smooth map f. Suppose that there are fixed stable
abstract Spin®-structures on p and ¢ as above. Then we get a canonical error form

§ = Td(V*) "' A Td(A*V5, VE) € QP~H(M)/(im d)
which satisfies dd A Td(V?) = f* Td(V*5) — Td(V). Thus the pullback of a geometriza-
tion along f is defined by formula (3.3). *

We study how the error form behaves under composition (see [Bunll, Lemma 4.9]).

Proposition 6.17. Assume we have a homotopy-commutative diagram

Mt Nk

N

B

where M, N and K are compact manifolds and f and g are smooth maps. Moreover, assume
there are a stable r-abstract Spinc-structure (R,, VT pp). on p, a stable s-abstract Spin®-
structure (SS,V . qx)r on q and a stable t-abstract Spin¢-structure (T, VTt xp), on x for
some integers r,s,t. Then the above construction yields error forms 04,0¢ and dg4or. We
claim that the following relation holds (cf. formula (3.6)):

Sgor = [* 05 + 07+ 8¢ A f¥d6, € QP (M) /((im d)) . ¢

Proof. By Proposition 6.16 we can assume that all the principal bundles are identified. Thus
we can consider the three connections V; 1= f*¢*VTt @ Vil v, .= V5 g voenib)
and V3 := Vi @ v32ria on R™ ® Spin(a) for big enough a,b,c € N. We can interpolate
these on the two-simplex A? to get a connection V on R"® Spin‘(a) — M x A?. Integrating
the Todd form Td(V) fibre-wise over the two-simplex yields an explicit form

c e / TA(Y) € OP2(M))/((im d))
MxA2/M

with de = ’f&(Vg, V) + ﬁ(VQ, \ e ﬁ(vg, V1). Then one checks
[0g 405+ 05 A f*dog — bg0p = d (£ A TA(VE) ™+ %6, A dy)

which proves the claim. O
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Now we can define the corresponding concepts for geometrizations.

Definition 6.18. Let p: M — B be a continuous map where M is a compact manifold. A
Spin°-geometrization for p consists of a stable l-abstract Spin®-structure on p (yielding
the associated Todd form Tdy;) and a (p, Tdy, o* td™')-geometrization. |

Definition 6.19. A universal Spin‘-geometrization for o : B — BSpin® consists of
e an approzimation by manifolds (B, fi, g:)ien of B,

e a family of stable l;-abstract Spin°-structures on g; : B; — B (which yield associated
Todd forms Tdpg, € QPY%(B;) and error forms 6; € QPY(B;)/(imd) for the maps f;)

o and a family of (g;, Tdp,,o* td™)-geometrizations G;

such that fi!’éi(gi_i,_]) =G, for alli e N.

We will refer to the data (B, f;, gi, (T}, va,-7t;‘%)k“ Td;, 0;); as underlying data. W

Observe that the geometrizations fit together by formula (3.5) and Proposition 6.17. So a
universal Spin‘-geometrization on B is a compatible system of Spin®-geometrizations on an
approximation (B;); of B. Also note that - if we can find an approximation and the technical
condition is satisfied - our Existence Theorem 3.27 yields universal Spin‘-geometrizations
by Proposition 6.13.

In the following example we show that a universal Spin‘-geometrization on B yields a
(non-canonical) Spin‘-geometrization for each geometric cycle representing an element in
72 (M B). Moreover, we show that this Spin‘-geometrization extends along zero bordisms.
Example 6.20. We fix a universal Spin®-geometrization for B,

(Bi7 fi7 Gis (,—Tllzv VTZZZ ) tﬁgl)km le? 5i7 gl)l :

Let (M, p) be a geometric cycle for B-bordism. Then we can find a smooth lift p; for p
(for some big enough i € N) such that

M---%__5pB, (6.7)

commutes up to fixed homotopy and we get an error form 4%, for p; by Construction 6.14.
Thus we get a (p, Td(VSP(TM)) 5* td~!)-geometrization G}, := (Pi)is}g(gi)-
We can stabilize p; to p;r1 := f; o p; and one easily checks
Lemma 6.21. We have (pi)géw(gi) = (pi+1)gﬁl(gi+1). Hence the geometrization G, is in-
dependent of the choice of big enough i. 4
Note that the geometrization depends on the choice of the lift p; and the homotopy.
Next we extend along zero bordisms. So suppose we are given a zero bordism (W, q) for
(M, p). As before we can find a smooth lift & of ¢ (for some big enough i € N) such that in
the diagram

Mc incl W

\
B

p

~

B
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the right lower triangle is filled by a homotopy and the upper triangle commutes strictly.
This yields an error form &%, and we get a (¢, Td(V5P""TW)) 5* td')-geometrization Gij, :=
(gi)isév(gi)'

Recall that the boundary inclusion incl : M < W has the trivial error form. Therefore
we get a second (p, Td(V5Pn“(TM)) 5+ td~1)-geometrization Gi, := incl*(Gy ). The following
proposition shows that the two geometrizations on M coincide.

Proposition 6.22. The geometrizations Gjy, and QAfw are independent of the choice of big
enough © € N. Moreover, 5€V|M = §%; and thus the geometrizations G\, and QA]ZW agree. ¢

Proof. The independence of ¢ follows by stabilization. Since transgression commutes with
restriction we get 5%/1,' v = 04. Now the equality G4, = Gi, follows directly from formula
(3.5) and Proposition 6.17 using that the error form for the inclusion M < W is trivial. [

Thus we have seen that a universal Spin‘-geometrization for B yields a (non-canonical,
since we have to choose the smooth lift p;) Spin®-geometrization on every geometric cycle
for B-bordism which extends along zero bordisms (non-canonically) . *

We stress again that this is non-trivial. In general geometrizations don’t extend along
bordisms, see [Bunll, Example 4.11] and Example 3.18.

6.5 Dirac operators and eta-invariants

In this section we recall the (reduced) eta-invariant and the Atiyah-Patodi-Singer index
theorem for twisted Dirac operators on Spin®-manifolds.

Let (M,p) be a geometric cycle for B-bordism with n := dim(M) being odd. Then
we have a Spin®(n)-principal bundle with connection, (Spin¢(TM), VP (TM)) ~ Since n is
odd there is a distinguished irreducible complex representation A™ of Spin®(n), called the
spinor representation. The associated vector bundle § (TM) := Spin(TM) X gpinen) A" is
called the spinor bundle. The connection V7™“("'™) endows §(TM) with the structure
of a Dirac bundle (cf. [LM89, Definition I1.5.2]). Therefore we get a well-defined Dirac
operator ),; which acts on sections of §(T'M). More generally, given a geometric vector
bundle V = (V,h", V") (see Definition 2.4) on M, we get a twisted Dirac operator [§,; ® V
which acts on sections of $(TM) ® V.

Next we discuss the eta-invariant of [APS75a]. Define the eta-function of I0,; ® V by

NPy @V, t) :=Trg [Py @ V| 'sign(Dy, @ V)

where Tr, denotes the super trace. This expression is a holomorphic function for ¢ with
real part $(¢) > n and has a meromorphic continuation to C with finite real value at t =0
([APST76, Theorem 4.5]). The eta-invariant of I§,; ® V is defined as the value of the
meromorphic continuation at ¢t = 0,

NPy @ V) :=ny®V,0 eR.

This real number depends on the geometries of M and V' in a possible discontinuous way.
To get a continuous dependency we use the reduced eta-invariant &, defined by

NPy ® V) +dimker(D,; @ V)

EDyeV) = 5

€R/z .

Now we state the APS index-theorem due to Atiyah, Patodi and Singer in a form adapted
to B-bordism.
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Theorem 6.23. (Atiyah-Patodi-Singer Index Theorem,[APS75a, Formula 4.5])
Let (M, p) be a geometric cycle for B-bordism of odd dimension and (W,q) a zero bordism.
Assume that V.= (V,hV VV) — M is a geometric vector bundle which extends to a geomet-
ric vector bundle U = (U, hY,VY) — W such that hY and VY have product structure on the
collar neighbourhood of OW = M.

Then the following equation holds in R/z,

V TA(V# T A (V)| =&(By ® V) €Rfz. .

R/Z
We close this section with the following easy facts.
Proposition 6.24. The eta-invariant is additive, 1.e.,

NPy @ (VEW)) =0y @ V) + 0Py @ W) .

Also it is invariant under stabilization, i.e., if V is a trivial geometric vector bundle of virtual
rank zero then n(IPy; ® V) = 0.
The analogous statements also hold for the reduced eta-invariant. 4

6.6 Definition of the intrinsic eta-invariant

In this section we define the intrinsic eta-invariant as a group homomorphism
Nintrinsic - WE(MB) — QE{(B)

which restricts to nu,; on torsion elements.
For all what follows we fix a universal Spin®-geometrization

(Bi7 fi> 9i, (7}37 VTZZZ ) t?cz)kw Td’u (51'7 g2>l

for B with error forms ¢; for the maps f; and associated Todd forms Td;. The G; denote
(95, Td;, td ;" )-geometrizations such that (f;)5,(Giv1) = G; for all i € N.

Let n be odd. Take an element x € 7(MB) and represent it by a geometric cycle
(M, p). Then we get the associated Todd form Tdy; := Td(VP*(I'™M) Example 6.20 gives
a (p, Tdyy, td5')-geometrization Gy, which is induced by one of the geometrizations G; via
pullback and which depends on the choice of a lift and a homotopy in diagram (6.7).

Recall that Q¥(B) was defined as
Qn (B) := Hom™™" (KU°(B), m:, ,(KU®/z)) / U(B) .

n

To simplify the notation we use the Chern character as in equation (6.3) to identify
75 (KUR/2) 2 75 (HPR)z) = B/

Using this identification we‘ll represent the intrinsic eta-invariant Mingrinsic(z) € QHS(B) by a
continuous group homomorphism KU"(B) — R/z. So we take ¢ € KU(B) and represent
p*¢ as a Z/2z-graded vector bundle V, — M. We choose a hermitian metric h"* and a metric
connection V' to get a geometric vector bundle V,, := (Vy, hY¢, V%) which represents a

lift of p*¢ to KU’(M). But the geometrization yields another lift Gy (¢) € KU°(M) of p*¢.
Hence, applying the long exact sequence (2.1),

KU (M) & QP (M) /(im d) 5 KU(M) & KU (M) — 0,

the difference yields the correction form v, € QP! (M)/(imd) which is unique up to
(imch) and is characterized by a(vy) = Gu(¢) — [Vl
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Proposition 6.25. The map
Uy : KUY(B) —R/z |

¢ =¥y (¢) == — {/M Tdu /\74 — (PR Vy)

R/Z
is a well-defined continuous group homomorphism (where ®/z is discrete). ¢

Proof. For well-definedness we have to show that the value in ®/z does not depend on the
choices of the correction form 7y, the vector bundle Vy and its lift V.

If we change the correction form to 74 + ch(w) then the right hand side changes by
— [ [y Tdus /\ch(w)]R/Z. But by the odd-version of the Atiyah-Singer index theorem the
value of [, Tdj Ach(w) is an integer and hence vanishes in ®/z.

Next suppose that we have two geometric structures Vg4 = (V4 hYs, VY%) and V,, :=
(Vs hVe, @Vqﬁ) on V, — M. We can interpolate these structures on the cylinder to get a
geometric refinement (with product structure near the boundary) U = (V, x I, hY, VY) of the
Z/az-graded vector bundle Vi x I — M x I. Note that the smooth lift p; of p : M — B (which
induced the geometrization Gys) extends to M x I as p; o pr. Hence we get a geometrization
Grrxr which extends Gy;. Moreover, we have tl}ree correction forms 4, 74 and vy which
satisty a(vs) = Gu (@) — Vi, a(Ys) = Gu(¢) — Vy and a(yu) = Guxi(¢) — U, and we can
arrange that vy restricts to 74 and 4, on the boundaries?. Furthermore the Todd form
Tdj,x 7 is the constant extension of Td,,, i.e., Tdy«; = pr* Tdy,.

Now the crucial observation is that the transgression cAl/l(ﬁVd’, VV¢) represents the differ-
ence v, — 4 (up to (imch)) by the homotopy formula (2.3). We apply the Atiyah-Patodi-
Singer Index Theorem 6.23,

/ Tdy, /\’)/4 — {/ Td,, /\’74 = {/ Tdy, /\(%ﬁ - &(ﬁ)} =
LJ M R/z M R/z M JR/Z

/ TdM/\(fZ\}/l(@V¢7VV¢):| = |:/ TdM/\/ Ch(vU):| =
LJ M R/Z M MXI/M R/

_ / ITdefAchWU)] S PV, - DoV, .

]R/Z

and conclude that W, (¢) is independent of the choice of geometric structure on V.

Finally we show that W /) (¢) is independent of the vector bundle Vj representing p*¢.
Since it is clear that only the isomorphism class of Vj enters it is enough to discuss the
behaviour under stabilization. So take a trivial geometric vector bundle U of virtual rank
zero and consider Wy := V4@ U. We know by Proposition 6.24 that the reduced eta-
invariants agree,

Dy @Wy) =&y @ V) .

But the correction form depends only on the differential K-theory class of V,, which is the
same as the differential K-theory class of W,,. Hence W (,7,)(¢) is independent of the choice
of vector bundle Vj representing p*¢.

Thus the map W5y is indeed well-defined.

One easily checks that W, is additive.

By the first step we can take 4 := incl vy and 7,4 := incl} yu.
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For continuity one just observes that KU?(B) decomposes (as a topological space) as
disjoint union

KU'(B) = Hyjexuoan ()~ ([V])

since p* is continuous and KU°(M) is discrete. So to check continuity it is enough to
check that W(y,)(—) is continuous on the components (p*)~*([V]) € KU°(B) for all [V] €
KU’(M). But this is clear because we can fix a geometric vector bundle V := (V,h, V)
representing [V]. Then the value of

— UM Td,, /\%} L EPeV)

depends on ¢ only via Gy/(¢) and because Gy, is continuous we completed the proof. O

Now we can define the intrinsic eta-invariant.

Definition and Proposition 6.26. The intrinsic eta-invariant is the map
Thintrinsic - WE(MB) - Q]}f(B)v T = [Ch_l O\I[(M,p)(_)] .

It 1s a well-defined group homomorphism which respects the grading. ¢

Remark 6.27. Recall that the universal eta-invariant is functorial in B (Remark 6.2).

On the other hand, the intrinsic eta-invariant is not functorial in B. This is reasonable
because we need a universal Spin‘-geometrization on B to define the intrinsic eta-invariant.
Below we give an explicit example which shows that the universal eta-invariant depends on
this choice. Moreover, in Chapter 9 we discuss an example which shows that the intrinsic
eta-invariant is not functorial. Nevertheless we discuss in Remark 7.14 that the intrinsic
eta-invariant is functorial for weak homotopy equivalences. |

Proof. The intrinsic eta-invariant preserves the grading by definition and additivity is obvi-
ous.

It remains to check that it is well-defined. For this it is enough to check that vy, lies
in U¥(B) whenever we can find a zero bordism (W, ¢) bounding the geometric cycle (M, p).
Here we employ Proposition 6.5.

So suppose (M, p) is a geometric cycle for B-bordism and (W, ¢q) is a zero bordism for
it. Fix ¢ € KU%B) and choose a geometric vector bundle U, = (Uy, h¥, VYs) — W
representing ¢*¢ where h¥ and VY have product structure near the boundary OW = M.
Then we get a geometric vector bundle V4 := Uy, representing p*¢.

As in Example 6.20 we find a geometrization Gy for ¢ extending G,;. Then the correction
form 7};/ restricts to a correction form 724 (up to (imch)). Now we calculate

Viarp)(9) = - / Td Ay } L SPueVe) =
- _ /WTdW Adry ]R/Z — Dy V) =
— / Tdy AR o (7} )] — &Py @ V) =
/2

_ /W Tdy AR o gw<¢>—U¢>} (B @ V) =

]R/Z

%
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=—[/WwaARoQW(gb)L/ZJr[/WTdW/\ch(v%)] — Dy @ V)

R/Z

__ [ /W gy (b5 uCh<¢))]

R/Z

and conclude that

V() = - | [ otz Uen())]
w R/7,
lies in U (B) by Proposition 6.5.

Finally we have to check that the choices used in Example 6.20 to define the geometriza-
tion Gy don’t affect the intrinsic eta-invariant. For this we fix a geometric cycle (M, p) for
B-bordism. Then we have to choose a smooth lift p; : M — B; of p : M — B together
with a homotopy filling diagram (6.7). But any two such choices can be connected on the
cylinder. Hence we conclude the independence of these choices.

This completes the proof. n

In [Bunll] Bunke proves

Theorem 6.28. After restricting to the torsion subgroup Torsion(72(MB)) the intrinsic
eta-invariant Ningrinsic cotncides with the universal eta-invariant Nyy;. ¢

Proof. This follows from the Secondary Index Theorem [Bunll, Theorem 3.6] together with
[Bunll, Theorem 4.19]. O

As a consequence the intrinsic eta-invariant becomes independent of the choice of a
universal Spin‘-geometrization on B after restricting to torsion elements. We can prove this
directly.

Theorem 6.29. Suppose we have two universal Spin®-geometrizations on B and construct
the intrinsic eta-invariants 0L o Mrrinsic - T (M B) = QX (B) as above.
Then the restrictions of the two intrinsic eta-invariants to torsion elements coincide. 4

Proof. Let x € ©3(MB) denote a torsion element and represent it by a geometric cycle
(M,p). We can find a zero bordism (W, q) for the disjoint union IIx(M,p) of k copies of
(M, p) where k is the order of z. Denote the boundary inclusion by incl : Iy M — W.

Now we construct four different geometrizations. As in Example 6.20 we choose smooth
lifts p; : M — B} and p; : M — B? and find extensions §f W — Bg such that incl® ff =
[p! for j = 1,2 (here B! and B? denote the two approximations of B given by the two
universal Spin‘-geometrizations). Then we can pullback the universal Spin®-geometrizations
and get the four geometrizations g{h and Q{}V satisfying incl” {,V = EBkQJJQ for j = 1,2 (we
identify KU (I, M) = @, KU"(M)).

Next we go through the constructing of the intrinsic eta-invariant.

For ¢ € KU"(B) we choose a geometric vector bundle V, — M representing p*¢ and get
two correction forms 'yi, j = 1,2, which are characterized by a(fyg;) = G},(¢) — V. Since the
correction form depends only on the differential K-theory class of V, we can assume that
there is a geometric vector bundle W4 — W representing ¢*¢ such that incl* W, = I, V
(and such that the geometric structures on W have product form near the boundary).
Then we get two more correction forms % characterized by a(’yg)) = g{,v(gb) — W, and which
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satisfy incl” ’yé = @k’yﬁ). The values 1 s (2) and 92,0 () of the intrinsic eta-invariants
are by definition represented by

@%M,p) ' KUY(B) = Rz, ¢ w%M@(gzs) = — { /M Tdyy, /\%1)] " — (D Vy)

and

\If%Mjp) :KUYB) =Rz, ¢ w%Mﬁp)(@ = — { /M Td,, /\’y(ﬂ — (D aVy) .

]R/Z

Hence the difference € := ., i10ie(T) — 72 insic (T) i Tepresented by

e :KU"(B) =Rz, ¢ {/M Tda A7 — ”Yé)]

R/Z

Our aim is to show that this element ¢ € Hom®"(KU(B),®/z) lies in the subgroup UL (B).
To this end we calculate

1
/M Ty A = 75) = /H T 1 O (% — ) =
k
1 okes
== / incl* Tdy Aincl* (5, — 52) =
k Jow

1 ~ ~ d=Roa
:E/ Tdw Nd(7, —75) "=
w

:% /W (cp, — cay, ) © (td5' Ueh(9))

and conclude that e € U¥(B) by Proposition 6.5. O

After studying the classification of universal Spin‘-geometrizations in Chapter 7 we will
be able to give a shorter proof in Remark 7.16.

6.7 A first example

Consider the trivial map S* — {x} — BSpin® with associated Thom spectrum M S*. Choose
as approximation of S' by manifolds the constant system S* and as stable abstract Spin®-
structure the trivial Spin¢(0)-principal bundle on S! with the trivial connection and the
trivial map S' — {pt} — BSpin°. Observe that the associated Todd forms are the constant
forms Td = 1 € QP%(S') and also that the Todd class is tdg1 = 1 € HPR"(S'). To
extend these data to a universal Spin®-geometrization is the same as to choose a single
geometrization for S!. This in turn corresponds to choosing a differential refinement of the
trivial bundle S' x C — S*. We can represent this refinement by a geometric vector bundle
V:=(S'xC— S'hV).

Because our map S' — BSpin is trivial we can identify 7% (M S') = ¥ (S1), the stable
homotopy groups. So we see that 7 (MS')/ Torsion & Z and a generator is given by the
geometric cycle (S := R/z, idg1). Moreover, m,(MS") is torsion for * > 2 and thus U¥(MS?)
vanishes. So the intrinsic eta-invariant coincides with the universal one for x # 1. Therefore
we restrict to * = 1. We identify Q['(S!) = R/z by evaluating a homomorphism at the trivial
vector bundle of rank 1.
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Now we calculate the intrinsic eta-invariant. By our identifications it is enough to evaluate
the representative W 517idsl)(—) : KU%(S') — R of Nintrinsic on the trivial bundle. Note that
we can choose the same geometric vector bundle V for this computation and hence get that
the correction form « is trivial. Therefore we have identified

Tintrinsic - 7 — ]R/Z ) 1 —f(lD ® V) .

In particular, if we choose the trivial geometric vector bundle of rank 1, V = (S§' x C —
ST RV VYY) we get?® Mirinsic(1) = —1/2 € B/z which is non-trivial. Thus we conclude.

The intrinsic eta-invariant can detect information strictly more information than
the universal eta-invariant.

Moreover, we see explicitly that the intrinsic eta-invariant depends on the universal Spin®-
geometrization. To this end note that we can produce for each A € R a geometric vector
bundle Vy = (§* x C — S, A"V, V'Y 1+ i\df) where df denotes the normalized volume form
on S!. By the above discussion each of these gives a universal Spin‘-geometrization Gy and
therefore an associated intrinsic eta-invariant 772 . . We calculate the value of . at
the trivial bundle. The result is

1 A
nign/;rinsic(]') - _f(lp ® V/\) - - — —

2 27
Hence we conclude that [S!,idgi1] € 77 (M S') is non-torsion.
In Theorem 7.17 we prove a general version of this statement. For each non-torsion
element in 735, , (M B) there is a universal Spin‘-geometrization such that the intrinsic eta-
invariants shows that this element is non-torsion (under some additional assumptions).

3The computation can be found in Section 8.1.
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Chapter 7

Classification of universal
Spin“-geometrizations

In this chapter we classify universal Spin‘-geometrizations on some space B with a fixed
map ¢ : B — BSpin® (which induces tdz' € HPQ’(B)*). This discussion is similar
to the one in Section 3.4. In particular, we introduce an equivalence relation and show
that equivalence classes of universal Spin®-geometrizations are independent of a choice of
underlying data. We also show that the classification up to equivalence is compatible with the
intrinsic eta-invariant, i.e., the associated intrinsic eta-invariants for two equivalent universal
Spin‘-geometrizations coincide. _

For the first part we fix underlying data (B;, fi, gi, (I}, VTiLi,t};i)ki, Td;, 0;);, i.e., an ap-
proximation by manifolds of B together with stable [;-abstract Spin®-structures. Then a
universal Spin‘-geometrization with these underlying data is a choice of geometrization G;
for each g; : B; — B such that ( fi)gigm = G;. Fix such a universal Spin‘-geometrization
(G1); and denote its cohomological character as (c});. Now choose a second compatible family
of cohomological characters, (c?);. The differences between these cohomological characters,
& = c? — ¢}, form an element £ = (&); € lim Hom®"" (HPQ"(B), 0P%(B;)). By Lemma

3.30 we can find a lift £ = (&); € lim, Hom3* (HPQ(B), QP (B;)/(im d)) such that df; =
&. Using such a lift £ we define new geometrizations G2 := G +ao (Td; ! /\fl> o (tdfg1 Uch)
for all 7 € N.

Lemma 7.1. The G? are indeed geometrizations with cohomological character ¢?. We have

the compatibility (f;)5. Gy = G2 for all i and hence the family (G?); is a secm’fd universal
Spinc-geometrization. 4
Proof. These are straightforward calculations using (3.2). We just prove the compatibility:
(fz)lsz( ¢2+1) =fio gi2+1 tao (5i AJioRo gi2+1) =
—fi oGk, +ao (BiAf o RoGh) + fioao (T A& ) o (bdj' Uch) +
+ao (51- AffoRoao <Tol;+11 /\él-H)) o (tdz' Uch) =
—G! tao ( £rTd; A fl.*éiﬂ) o (tdj' Uch) +
+ao (8 A f DTl Adfi€isn ) o (td5 Uch) "L
=G} +ao ( fETd L A f;*ém) o (tdz' Uch) +

75
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tao <d6i A fF TR A fi*éiH) o (tdj' Uch) =
=G! +ao ( frTd 5 A Frém A1+ déi)) o (td,g1 Uch) (32)
:gil +ao (Tdi—1 /\§Z> o (tdgl Uch) = Qf ) ]

Hence we can transfer universal Spin®-geometrization from one compatible family of
cohomological characters to any other such family.

Next we classify universal Spin®-geometrizations for fixed underlying data together with
a fixed family of cohomological characters.
Proposition 7.2. Fiz underlying data (B;, f;, gi, (T}, Vleﬁt?;i)ki, Td;,d;); for B and a com-
patible family of cohomological characters (¢;);.

Then the set of universal Spin®-geometrizations with these underlying data and cohomo-
logical characters is a torsor over lim, Hom®™(KU’(B), HPR(B;)/(im ch)). L 4

Note that we don’t claim that the torsor is non-empty.
Proof. This is an immediate generalization of Proposition 3.15. O

Recall that the group classifying universal Spin®-geometrizations with fixed underlying
data and cohomological characters, Jim, Hom(KU"(B), HPR(B;)/(imch)), is a weak
homotopy invariant of B by Proposition 3.33.

Now we introduce an adapted version of the equivalence relation of Definition 3.35.
Definition 7.3. Two universal Spin‘-geometrizations (G}); and (G7); with the same under-
lying data (B, fi, gis (Tl’;,VTlZ@t};i)ki,Tdi,éi)i are called equivalent, (G}); ~ (G?);, if there
exists a compatible family € = (&); € Jm, Hom?S* (HPQ®(B), 0P (B;)/(imd)) such that
G?=Gl —ao (Tdi—1 /\él> o (1:d]_3l Uch) for all i € N. |

This gives the following classification up to equivalence.

Theorem 7.4. Fiz underlying data (B;, fi, g;, (T}, VTlli,t};i)ki, Td;, ;); for B.

Then the set of equivalence classes of universal Spin®-geometrizations with these un-
derlying data is a (possible empty) torsor over the classifying group coker(p) introduced in
Definition 3.34. L 2

Note that we already showed in Definition and Proposition 3.34 that the classifying group
is a weak homotopy invariant of B.

Proof. This is an immediate generalization of the proofs of Theorems 3.17 and 3.37. O

Now we study the dependence of the underlying data. We observe that the analogous
statement of Proposition 3.36 holds.

Proposition 7.5. Universal Spin®-geometrizations can be restricted to cofinal subsystems of
a given set of underlying data and also can be extended uniquely from such cofinal subsystems.

¢
Proof. This follows directly from the compatibility condition. O]

Recall Theorem 3.40 which yields the existence of maps of approximations and homo-
topies between those.
We fix two sets of underlying data,

(B'L'7 fi? Gis (T'llza VTZZ ) t’;cl)kz7 le7 51) )

)

and (B“ﬁ,§“(j:';’vj}}z’g;gz)k”']?a“gz> ’

7
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and choose a map of approximations (J, (h;);) between them. Denote the associated error
forms of the h; by &; (see Construction 6.14). Given a universal Spin‘-geometrization (G;);
with the latter underlying data we get a family of geometrizations G; := (hz)'slé J@), 1t €N,
with the first underlying data. We have the following observation.
Lemma 7.6. The family of geometrizations (G;); satisfies (fi)gi(giﬂ) =G, foralli € N and
therefore is a universal Spin®-geometrization.

Thus we can pullback universal Spin©-geometrizations along maps of approzimations. #

Proof. This follows from Proposition 6.17 together with formulas (3.5) and (3.6) since the
squares

fi
B¢ Bitq

lhi J{hi-kl

~ fJ(i+1)—1°~~°JFJ(i) ~
IS By

commute strictly. O
Assume we are given (§;); € Hm, Hom? " <HP@O(B),QP‘1(Bi)/(im d)) Then we get
() € lim Home* (HPQ"(B), QP (B;)/(imd)) defined by # := hiéu). This gives two

more geometrizations
G? = Gi—ao (Td, A&) o (td5' Uch) and G =G, — ao (Td;' A%) o (tdj' Uch) .

Lemma 7.7. We have: G? = (hz);éﬁ(z)
Hence pullback of universal Spin®-geometrizations along a map of approximations pre-
serves equivalence classes. ¢

Now recall Theorem 7.4 which stated that the set of equivalence classes of universal
Spinf-geometrizations with fixed underlying data is a torsor for the abelian group coker(p)
which is independent of the underlying data. The same argument as for Lemma 3.43 gives
Lemma 7.8. The construction of the pullback of an equivalence classes of universal Spin®-
geometrizations along a map of approrimations is equivariant with respect to the action of
the classifying group coker(p). 4

Finally we show that the construction of the pullback universal Spin‘-geometrization
becomes independent of the map of approximations used for the construction after passing
to equivalence classes.

Lemma 7.9. Given two maps of approximations the resulting pullback universal Spinc-
geometrizations are equivalent. 4

Proof. Denote the two maps of approximations by (J*, (h});) and (J°, (hY);). Then we find
a homotopy (K, (H;);) between these two maps of approximations (Theorem 3.40, 2.). By
Proposition 7.5 we can assume that J! = J° = K = id : N — N. We get two universal

Spin‘-geometrizations on the underlying data (B, fi, gi, (1}, VTlii,tzi)ki, Td;, d;);, namely

Denote the boundary inclusions B; — B; x I by incl;, 7 = 0,1, and the projections by
pr : B; x I — B;. Then we take the pullback of the stable [;-abstract Spin®-structures
from B; to B; x I along the projection pr. Observe that the error forms for the boundary
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inclusions vanish and that the Todd forms satisfy Td?*! = pr* Td,. Denote the error forms

associated to the homotopies H; by &; and set H; := (Hz);(g}) This gives a universal
Spin®-geometrization

<Bz X [7 f’L X ida gi © pr, pr*(T}ia VT;Z ) tzz)k’la pr* szv éia Hz) .
for B such that incl; H;, = g{ for j =0, 1.

Now we apply the homotopy formula (2.3) to calculate the difference (¢; denotes the
cohomological character of G;)

G} — G) =incl} H; — inclj H; e

B;x1/B; B><I/B
=a (/ pr* Td; /\CH> td Uch)
Bix1/B;

=a (Tdil/\ / H;&i> o (tdg' Uch) .

Note that & = [, 5 Hf o ¢ € Hom™" (HPQ(B),QP"(B;)/(imd)) shifts the internal
degree by —1 and that f’¢1 = &. Hence the family (&;); shows that the two universal
geometrizations (G}); and (GY); are equivalent. O

The preceding lemmas combine to

Classification Theorem 7.10. Let B denote a topological space with a fized map o : B —
BSpin®. Then the set of equivalence classes of universal Spin®-geometrizations for B is a
(possible empty) torsor over the classifying group coker(p). This group is a weak homotopy
invariant of B. 4

Observe that the classifying group is the same as in the case of Theorem 3.45.
As before this combines with our Existence Theorem 3.27 to the following uniqueness
statement.

Theorem 7.11. Let B be a topological space which is of rationally even and admits an
approzimation by manifolds (e.g., which is simply-connected and of countable type).
Then there exists a unique equivalence class of universal Spin®-geometrizations for B. 4

Proof. The uniqueness statement follows directly from the Classification Theorem 7.10. The

existence is implied by our Existence Theorem 3.27. The technical condition there is satisfied
(see Remark 3.28). O

This completes the classification of universal Spin®-geometrizations.

Our next aim is to prove that intrinsic eta-invariants associated to equivalent universal
Spin®-geometrizations coincide.

At first we show that the intrinsic eta-invariant is independent of the underlying data.

Proposition 7.12. Fiz a universal Spin®-geometrization on some underlying data. If we
find a second set of underlying data then we can choose a map of approximations and pullback
the universal Spin®-geometrization to get a second universal Spin®-geometrization on the
second set of underlying data. We claim that the intrinsic eta-invariants induced by these
two universal Spin®-geometrization coincide. 4
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Proof. At first observe that the intrinsic eta-invariant depends only on a cofinal subsystem
of the approximation underlying the universal Spin‘-geometrization used in its construction
(Lemma 6.21).

So suppose we are given the following data.

e A universal Spin°-geometrization for B,

—~ ~

(Biafiagia (TZ V l tk )k 7Td 7517g~z)z .

e A set of underlying data (B;, fi, g:, (1} , VTlii,tzi)ki, Td;, 5;);.
e A map of approximations (h; : B; — B;); (after taking a cofinal subsystem).

By Lemma 7.6 we get a second universal Spin‘-geometrization G, := (hz)'al(g]) where ¢;
denotes the error form associated to h;.

Now we want to calculate the values of the two induced intrinsic eta-invariants, ni, . .
associated to (G;); and 72, associated to (G;);. To this end we choose a geometric
cycle (M,p) for B-bordism of odd dimension and we choose a lift p; : M — B; of p as
in Example 6.20. This yields a lift p; := h; o p; for the other approximation. Denote the
error form associated to p; (resp. p;) by da; (resp. 0p7). Then we get two (p, Tdyy, tdj')-
geometrizations G, := (p;);,,(Gi) and G}, := (});M(QZ) But Proposition 6.17 together with

formulas (3.5) and (3.6) gives

Gar =(pi)5,, (Gi) = (pi)i,, (ha)z,(Gi) = (75, (Gi) = G

and thus the geometrizations and the values of the intrinsic eta-invariant agree. O

Next we show that the intrinsic eta-invariant depends only on the equivalence class of
the universal Spin‘-geometrization used in the construction of this intrinsic eta-invariant.

Theorem 7.13. Assume we are given two equivalent universal Spin®-geometrizations for
B. Then the two associated intrinsic eta-invariants agree. L 4

Proof. We are given a universal Spin‘-geometrization
(Bl'v fi7 Gi, (7}17 VTZZZ ) t’;{,‘l>k17 leu (52'7 gzl)l

for B and a second universal Spin‘-geometrization (G?); with the same underlying data
together with an element & = (&); € Jm, Hom?* (KU°(B), 0P'(B;)/(im d)) such that

G? = G} +ao (Td;' AE) o (tdz' Uch(e)) .

Denote the two intrinsic eta-invariants associated to these universal Spin®-geometrizations
by nilntrinsic and nizntrinsic'

Fix an odd-dimensional geometric cycle for B-bordism, (M, p) and find a lift p; of p as
in Example 6.20. We get two (p, Tdys, td5')-geometrizations = (pl)(;M(gJ) j=172.
Then the difference & := nl, . . — N2, e 1S represented by 5(M ,p) : KUY(B) — R/z. Fix
Q€ KUO(B ) and a geometric vector bundle V 4 representing p*¢. Then we get two correction
forms 7, which are characterized by a(w) = GJ,(¢) — V4. Hence the difference Vo — 75 18
Characterlzed by

a(vy) — a(73) =Gy (0) — Gir(9) = (pi)s,, (G (9) = (pi)s,, (GF)(9) =
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(3:3)

=pi(GD(@) = pi(G))(0) +a (0 A p; 0 Ro (GH(0) — G (@) =
— _proao (Td;l /\éi) o (tdj' Uch) —

—a (0n A p T Ap; (e = ¢f)) o (td' Uch(¢)) =
— _pfoao (Td;l /\éi) o (td5' Uch) —

_a (5M A pi Td; ! /\pjdéi) o (td' Uch(¢)) L
o (4T ) o (15 k) -

—a (ddM A pf Td; ! /\pjéi) o (td5' Uch(¢)) =
——ao ((1 + doy) A pr Td; ! Ap;*é) o (tdy' Uch()) =
— a0 (Td;} /\pj@) o (tdz' Uch(¢)) .

This gives us a formula for (M, p),

— (PO Vy) + {/MTdM/\’y;} +E(D® Vy)

]R/Z

e(M,p)(¢) = — UM Tdy Mﬂ

]R/Z

_ [/MTde;—v;)L/Zz
— UM TdM/\<TdX41 /\pifi)} o (tds' Uch(¢)) =

R/Z

- [ /M p;‘é} y o (td5' Uch(¢)) .

Observe that pjf € Hom‘f_"f]‘t (HPRO(B), QP (M)/(im d)) Therefore we can apply Proposi-

tion 6.5 and conclude that (M, p) € U]Eim( ay(B). Thus the intrinsic eta-invariants agree. [

Remark 7.14. Fix a weak homotopy equivalence B — B and an equivalence class of
universal Spin‘-geometrizations on B. This gives an equivalence class of universal Spin‘-
geometrizations on the other space B via pullback. By the above the associated intrinsic
eta-invariants agree. Thus the intrinsic eta-invariant is functorial for weak homotopy equiv-
alences. ]

By Theorem 7.10 the set of equivalence classes of universal Spin®-geometrizations is a
torsor for the group coker(p). We study how the intrinsic eta-invariant behaves under this
action. So fix a universal Spin‘-geometrization (B;, f;, g, (T}, v, th, )k Td;, 0, G}); and an
element ({¢0)c € Wm, o . /B Hom®" (KU"(B), HPR™(C)/(imch)). Then we get a second

universal Spin‘-geometrization G := G} 4+ a o &g, with the same underlying data. These two
universal Spin-geometrization induce two intrinsic eta-invariants, nl, . . and p2, . o .

— 12 insic 18 Tepresented by

Proposition 7.15. The difference € :== . ..
e(M,p) : KU (B) —R/z

b { /M Td, AéMw))]

]R/Z
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for (M, p) an odd-dimensional geometric cycle for B-bordism and p; a lift of p as in Example
6.20. Note that £y is our notation for the value of € at p; : M — B;. 4

Proof. Fix an odd-dimensional geometric cycle for B-bordism (M, p) and find a lift p; of p as
in Example 6.20. Denote the error form associated to p; by dy. We get two (p, Tdyy, td]_gl)-
geometrizations G, = (p;)5, (G]), j = 1,2. Take ¢ € KU’(B) and a geometric vector
bundle V, representing p*¢. Then we get two correction forms fyfb which are characterized
by a(fyg)) = G1,(¢) — V4. Hence the difference Y4 — 75 is characterized by

a(73) = a(1) =G4 (6) = GR1(9) = (p2)5,, (G1)(@) = (p2)s,, (G)(@) =
E0i(G)(6) ~pi(G)(6) +a (0 Apf o Ro (GH(0) = GH(9))) =
=—pioaoép(p)—a (5MApfORoaoéBi<¢)) B

=—aqa (P:EBZ(QS) +0n A pjngl(Qb)) deig)zo

This gives us the claimed formula for (M, p),

s(M,m(cb):—UM Tde;} —5<JD®V¢>+UM TdMAvi} LDV,

]R/Z

__ UMTdMA(vé—’vi)h/Zz VMTdMAéM(@L/Z | -

Remark 7.16. Using this formula we get a simple argument for Theorem 6.29 which states
that the intrinsic eta-invariant is independent of the universal Spin‘-geometrization for tor-
sion elements in 7% (M B). So assume that (M, p) represents a torsion element in 72 (M B)
of order k. Then we can find a zero-bordism (W, q) for [[, (M, p). We choose lifts of p and
q to p; and p; as in Example 6.20. Then the difference of the two intrinsic eta-invariants is
represented by

R/Z

e(M,p) : KU (B) —=R/z

¢ {/M Td Ap:éBi(¢):| e [l/WTdW NPdEp, () e 0

k o

]R/Z

and thus the two intrinsic eta-invariants agree. |
We claim that the converse is also true.

Detection Theorem 7.17. Fix a space B with o : B — BSpin® which allows universal
Spin®-geometrizations. Moreover, suppose tdp = 1 (e.g., o is trivial). Fiz k € Ny. Then
x € my (M B) is torsion if and only if it satisfies nEfgl,?msiC(x) = nff)msic
universal Spin¢-geometrizations (G}); and (G?); for B.

Thus the combination of all intrinsic eta-invariants for all (equivalence classes of) uni-
versal Spin¢-geometrizations detects all non-torsion elements in 73,,(MB). L4

(x) for each pair of

The proof relies on Proposition 7.15 and the following easy fact.

Remark 7.18. Assume that the Todd class is trivial, tdg = 1. Then the definition of
U%(B) simplifies to

UH(B) = { [{y, ch(~)EP*],,, | y € HR.,1(B) } € Hom™" (KU"(B),%/z) .
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In particular, for * # —1, [(y, ch(—))FF¥]
to zero,

€ U¥(B) evaluates on the unit 1 € KU%(B)

R/Z

[(y,ch(L)EPH],, = [(y, DEFZ],, —0,
because y € HR,1(B). |

Proof of Theorem 7.17. Theorem 6.29 shows the “if”-part of the statement.

For the converse we fix z € 75, (M B) which is non-torsion and take a representing ge-
ometric cycle (M, p) for B-bordism. Moreover, we choose a universal Spin‘-geometrizations
(Bi, fi, 9, (Y}é,VTlZi,tZi)ki,Tdi,51»,@2-1)@- of B and a lift p; : M — B; as in Example 6.20. By
Proposition 7.15 it is enough to find

~ ~

¢ = () €lim, . Hom™" (KU"(B), HPR'(C)/(im ch))
such that the map
e¢(M,p) : KU°(B) —®/z

b [ /M Td,, AéMw)}

]R/Z

lies not in Us, +1(B). By Remark 7.18 it is enough to check that

0#e00,0)(1) = | [ Tdu Autn)]

R/Z

Since we are only interested in the value of é at 1 € KUO(B) we choose a base point x € B

— 0
and get a splitting KU%(B) = Z @ KU (B) where Z is generated by the unit 1 € KU°(B).
So suppose we are given £ = (o) € @CHBGC /B HPR*(C)/(imch). Then we can extend

each & to a continuous map & : KU(B) — HPR™(C)/(im ch) which is trivial on RTJO(B)
and which maps 1 € Z € KU"(B) to &. This gives an element

~ ~

£ = (€o)o € lim, ., Hom™ (KU*(B), HPR'(C)/(im ch)) .

So we are reduced to find { = ({c)c € Im ., /B HPR(C)/(im ch) such that

0# UM Td,, /\§M(]l)}

]R/Z

In fact we will construct ¢ € HPR™(B) such that
0 75/ TdM /\p*C .
M

This gives the element & := ([p*(])p.cB € hm o o /B HPR'(C)/(im ch) and because we

can multiply ¢ by real numbers this is enough to prove the claim.
Now we construct (. Consider the rationalization map

Thom
Topp1 (MB) = Hopi1(MB,Q) = Hyy(B,Q)
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which maps z = [M, p| to p.[M] where [M] € Hoy. 1 (M, Q) denotes the fundamental class of
M (using the orientation induced by the Spin®-structure). Recall that = is non-torsion and
hence that p,[M] is also non-trivial. By the universal coefficient theorem, H***!(B, Q) is the
dual vector space to Hory1 (B, Q) and we can find ¢ € H**™ (B, Q) such that ¢(p,[M]) # 0.
Consider ¢ € HP]R'I(B) and note that p*( is in top degree. We compute

/M Ty Ap'C = /M p*¢ = pC(IM]) = C(p[M]) £ 0

and thus the proof is finished. O
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Chapter 8

Some computations of intrinsic
eta-invariants

We discuss the intrinsic eta-invariant in easy examples. Our focus is on non-torsion elements
in 72, ,(M B) since on torsion elements the intrinsic eta-invariant agrees with the universal
eta-invariant by Theorem 6.28. We reduce all calculation to well-known computations. For
the convenience of the reader we give lots of details.

8.1 The two-dimensional torus

We discuss the two-torus B := T? := R?/Z? together with the trivial map to BSpin®. Since
T? is a compact manifold we approximate 7 by the constant system as in Example 3.21. We
equip it with the framing induced by T2 = S! x S! where S* is equipped with the non-trivial
framing. This gives a Spin®(2)-principal bundle which we use as abstract stable Spin-
structure. Then a universal Spin‘-geometrization is the same as a Spin®-geometrization on
id: T = T~

Before we construct such a Spin®-geometrization we recall the classifying group which
we calculated in Section 4.1,

coker(p) =Rz @ R/z .

Let v; : S' := R/Z «— T?, i = 1,2, denote the inclusions and let 7 € HPQ'(7?) be the
corresponding dual basis in cohomology. Then the maps

a; : KU(T?) — KU(x) — HPR(T?),

which map the trivial rank 1 bundle to 7 - 7 represent non-trivial elements in the two
summands of coker(p). Observe that all elements in UT(7?) are of the form

KUY(T?) — R/z
¢ {)\ /T2 Ch(¢)]m/z

for some A € R and thus vanish on trivial vector bundles. Hence

Ryp2\ ~ R/Zu =1 )

Now we construct a Spin‘-geometrization on id : T? — T2. At first we define a map
G : KU%(T?) — KU(T?). Since H*(T?,Z) is a free abelian group so is KU?(T?). Also, the

85
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Chern character is integral because we are in dimension 2. Hence we have KU%(T?) = Z® Z,
where one generator is the trivial rank 1-bundle, 72 x C & T2. The other generator is
the Poincaré-bundle which can be constructed as follows. Start with the trivial bundle
R? x C 2 R? and consider the action of Z2 from the right given by

(2,,0)-(a,b) = (x + @,y + b,v- ™) |

Then the quotient P := (R? x C)/Z?* — T? is the Poincaré-bundle. Note that the connection
V :=d + 2mizdy is Z*-equivariant and metric (for the standard metric) and hence gives a
metric connection V” on the Poincaré-bundle with respect to the induced hermitian metric
h”. The curvature is RY = d(2mizdy) = 2midx A dy and thus the Poincaré-bundle indeed is
the second generator. Now we define

G : KU%T?) — I?I?)(TQ)
[T2 % C] — [T2 % (C, htriv7 vtriv]
[P] — [P,fﬂ’,vp}

which is clearly a pre-geometrizations. To define a cohomological character we note that
HPQ’(T?) = Q @ Q with generators 1 € H°(T?,Q) ¢ HPQ"(T?) and [dx A dy] €
H*(T?,Q) ¢ HPQ"(T?). Then set

cg : HPQ(T?) — QPY%(T?)
1—1
[dx A dy] — dx A dy

which clearly is a cohomological character compatible with the pre-geometrization G. Hence
we get a geometrization (G, cg).

The Pontryagin-Thom Theorem together with the Kiinneth isomorphism (see [Boa95,
Theorem 4.2]) gives i (MT?) = 7%(T?) = 7% (SL) ® 77 (S1). The free part of w2, (MT?) is
(751a(MT?)) / Torsion = Z[1] ® Z[1] where [—] denotes the degree. Geometric cycles for the
generators are the two inclusions 7; : St < T2, i = 1,2, discussed above. We equip each of
these cycles with the flat metric (i.e., S := R/Z) and the Spin°-structure induced by the
non-trivial framing. Note that the error forms for the maps ; are trivial.

Next we discuss the intrinsic eta-invariant. To calculate the correction form we will use
the pullback of the geometric vector bundle which we used to define the geometrization. For
example, to calculate the value of Ningrinsic(S*, ;) : KU%(T?) — R/z at [P] € KU%(T?) we use
the geometric vector bundle 4} (P, h”, V?). Hence the correction form vanishes. The value
of 77intrinsic<Sl7 ’YZ) € Q]F (T2> is represented by

nintrinsic<Sl7 72) : KUO (T2) — R/Z
[T % C] = —&(Pg)
[P] = _5 (lzj51 ®7;(,P7hpvvp)) .

Now we calculate this eta-invariants. For this we note that the map of trivial vector
bundles covering the inclusion incl; : R < R?, i = 1,2,

RxC—R*xC
(z,v) — (incl;(z),v)
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induces a trivialization 4P = S x C. In this trivialization the metric and the connection are
trivial. Hence & (lDS1 ® i (P, h”, VP)) =¢ (lel). We can identify the Dirac operator g
as the operator i% acting on 1-periodic functions. The eigenfunctions are exp(2mikt) for all
k € Z and the spectrum is spec(IPg1) = 277 (with multiplicity one). Since the spectrum is
symmetric around 0 the eta-function vanishes and only the kernel contributes to the reduced

eta-invariant of J)gi. But since the kernel is 1-dimensional, £ (Dg1) = 1/2 € ®/z. This gives

nintrinsic(sl7 71) : KUO(Tz) — R/Z
T2 x C] — —1/2
[P] — —1/2.

Since this map is non-trivial on the trivial bundle it cannot be in UY(7?). Therefore this
intrinsic eta-invariant shows that [S*,v;] € 77 (MT?) is a non-trivial element of order at least
2.

On the other hand, Detection Theorem 7.17 yields that there has to be a universal Spin®-
geometrization such that the associated intrinsic eta-invariant shows that [S1, v;] € 7 (MT?)
is non-torsion. Motivated by the explicitly determined representatives «; and as for the
classifying group coker(p) we consider the pre-geometrization (for j € {1,2} and X € R)

G, : KUY(T?) — KU'(T?)
[T? x C] +— [T? x C, h™™, V“]
P] — [P, hP, V"]

where we set V! := d + i\dx and V??* := d + i\dy. These are indeed geometrizations with
the same cohomological character as G. Then the associated intrinsic eta-invariant is' (using
appropriate correction forms as before)

nijrﬁ\rinsic(sl7 /YZ) : KUO(T2) — R/Z
[T? x C] = =€ (Dgr @ 7 (T? x C, ™, V7))
[Pl = —¢ (D1 @~ (P, 7, V7)) .

Note that ~;(7T? x C,h"™,ViA) = (S x C, A"V, V™) for i # j. So we consider only
the case i = j. Then ~/(T? x C,h"™V, V') = (8! x C, A", V). Here we can iden-
tify the twisted Dirac operator Dg: @ (S* x C, A", V') with the operator i<t — A act-
ing on 1-periodic functions. This is only a shift of the operator discussed before, thus
spec (Pgr ® (S x C, A"V, V1)) = {2k — M|k € Z} (with multiplicity one). Clearly, the
spectra for X\ and X\ + 27 agree. Thus we assume that A € (—2m,0).

Now the idea is to consider instead the family ), := Dg ® (S* x C, h™Y, V1) for
1 € (0,2m). Note that the kernel dimension is constant, dim(ker([),)) = 0 on this interval.
Applying [GR12, Proposition 1] we get that the function p +— n(,,s) is smooth on the
interval (0,27) with derivative

0 s+1
gD = =5y (57

!The calculation of this intrinsic eta-invariant can be simplified by using Proposition 7.15. We will do so
in the following section. Here we proceed with a hands-on spectral computation.
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where (2 (s) := szSpec(DQ)\{O} % (sum with multiplicity) is the zeta-function of ]Di Since

the kernel is constant p — &(JD,,) is also smooth and the derivative is

2 0= s ()

Recall that the zeta function can be expressed in terms of the heat kernel expansion of lDi
([Ros97, Theorem 5.2]). For this we denote the asymptotic expansion of the trace of the

heat kernel as
(exp( t1p )) ~ (dmt) 23 ¢ / ul
% St

with v, = dr the Riemannian volume form. Then the formula for the zeta-function is

N

1 1
Cﬁi (s) = m ' (Z Py /51 uZ) + terms holomorphic near s = 1/2
k=0 2

where ['(s) denotes the Gamma-function. This gives

16Seyyy (C]Z)i<s)> —reS,1/s ((4@1}2“5) : (S _11/2 /R/Z dx)) _

1 1 1
=—TeSe_1py | ——— | = —
27 P\ s = 1/2 27

and thus %f(lpﬂ) = —5-. So we need the value of £(JD,) at a single p € (0,27). The
value p = 7 is accessible. There the spectrum is symmetric (with multiplicity) and we get
£(ID,) = 0. Hence, by the fundamental theorem of calculus, & (]D )=k =1—L cR/zfor

all p € (0,2m). This implies & (Pgr @ (S* x C, hm",Vlv’\)) =1+ 2 and we conclude our
final formula for the intrinsic eta-invariant,

W (S ) KUYT?) — By

77intir1n51c
1 A
T2 —— -
[T% x C] —~ 5~ o
[P] — —1/2.

This shows that [S',v;] € mf(MT?), i = 1,2, are non-torsion elements. Moreover, we can
even see that they are linearly independent if we consider the case i # j.

For illustration we repeat these calculations for different geometric cycles. This also
serves to check our calculations.

So consider the manifolds R/27Z together with the induced framing, Spin‘-structure and
metric. We take the maps

4 R/2wZ — ST — T?
= [57) = ([5))

and we get geometric cycles (R/27Z,%;), i = 1,2. Clearly, [R/27Z,%;] = [R/Z,~] €
7P (MT?). The intrinsic eta-invariant associated to the geometrizations G; (using appro-
priate correction forms as before) is represented by

nintrinsm(R/Zn—Z ’71) KUO(TQ) — R/Z
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[T% x C] — —¢ (IDR/%rZ ® 47 (T? x C, h™, VM))
[P] = =& (lDR/%Z ® 9; (P, hP,VP)) :

As above we can trivialize 47 (P,h” V")) = R/27Z x C such that the metric and the

connection become trivial. We can identify the Dirac operator g /27 @s the operator chllt

acting on 27m-periodic functions. The eigenfunctions are exp(ikt) for all £ € Z and the
spectrum is spec(Dg oz @97 (P, h”, V7)) = 2 Z (with multiplicity one). Since the spectrum
is symmetric around 0 the eta—functlon vanishes and only the kernel contributes to the
reduced eta-invariant of lDR/sz ® 45 (P,h”,VT). But since the kernel is 1-dimensional,

£ (Drjonz @ 57 (P,A7,V7)) =1)2 € R/Z.
Recall that 4; is defined as a composition. Thus we can also trivialize

AH(T? x C, b V) =2 (R/27Z x C, h'™  d + Z%d:c)
and as before we consider the family
lADH = lﬂR/zﬂZ ® (R/27Z x C,h™,d — ipdz)
for € (0,1). These operators can be identified with the operators @ ; + 1 acting on 27-

periodic functions. The above arguments give %f (lDu) = — IeSs—1/ (( » (s)> on the interval
o
w € (0,1). We compute

reSs—1/ (Cﬁi(s)) = 18s=1/2 ((47?)1}2“3) ' (S —11/2 /R/QﬂZ dx)) -

1 2 1
—_——7Te s= _— =
o e s = 1/2

and thus %f(lbu> = —1. Next we consider p = 1/2. TAhe spectrum of é(lADl/Q) is symmetric
(with multiplicity) and we get 5(1?1/2) = 0. Hence, f(lDu) =1 — € R/z for all u € (0,1).

This implies & (Pg/orz ® (R/27Z x C,h"Y, d + iz-dx)) = 1 4+ 2= and we conclude our final
formula for the intrinsic eta-invariant,

nlntrlnSIC<R/2ﬂ—Z fyl) KUO(T2) - IR{/Z

[T? x C] H—%—%
[P] +— —1/2.

This is the same formula as for nmmnsm(S 1 4;) and so our calculation seems to be correct.

8.2 The three-dimensional torus

We study a second explicit example, the three-torus B := T° := R3/Z? together with the
trivial map to BSpin¢. Since T° is a compact manifold we approximate T by the constant
system as in Example 3.21. We equip it with the framing induced by 7% = S! x St x S*
where S! is equipped with the non-trivial framing. This gives a Spin‘(3)-principal bundle
which we use as abstract stable Spinc-structure. Then a universal Spin®-geometrization is
the same as a Spin‘-geometrization on id : T — T3.
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Before we construct such a Spin®-geometrization we recall the classifying group which

we calculated in Section 4.1,
coker(p) = R/z%7 .

Observe that all elements in U¥(7%) vanish on trivial vector bundles (Remark 7.18).

Now we construct a Spin‘-geometrization on id : T3 — T3. At first we define a map
G : KU%(T?) — KU%(T?). Since H*(T3,Z) is a free abelian group so is KU?(T?). Also, the
Chern character is integral because we are in dimension 3. Hence we have KU°(T?) = Z®Z?,
where one generator is the trivial rank 1-bundle, 73 x C 2 T®. The other generators are

proji P where we denoted the projection 7% — T? which omits the i-th entry by proj;,
i =1,2,3 (and P denotes the Poincaré-bundle, see Section 8.1). Now we define

G : KU'(T?%) — KUY(T?)
[T3 % C] — [TB % C, htriv7 vtriv]
proj;[P] +— proj; [73, hP,VP]

which is clearly a pre-geometrizations. A cohomological character is given by

cg : HPQ(T?) — QPY(T?)
1—1
proji[dz A dy| — proj; (dz A dy)

and it is compatible with the pre-geometrization G. Hence we get a geometrization (G, cg).

The Pontryagin-Thom Theorem together with the Kiinneth isomorphism (see [Boa95,
Theorem 4.2]) (applied twice) gives 73 (MT?) = 7 (T3) = ¥ (SL) @ o (SL) ® 7f(S1). The
free part of 73,,(MT3) is

(7554 (MT?)) / Torsion = Z[1] & Z[1] & Z[1] @ Z[3]

where [—| denotes the degree. Geometric cycles for the generators are the three inclusions
pi St T3 i =123, in degree 1 and the identity id : 7% — T° in degree 3. We equip
each of these cycles with the flat metric and Spin®-structure induced by the non-trivial
framing, i.e., we set S! := R/Z and T? := R3/Z3. In particular, all error forms vanish.

Next we discuss the intrinsic eta-invariant. The value of Tinrinsic(S', V) € QF(T?) is
represented by (using appropriate correction forms as in Section 8.1)

77intrinsic(51, ,01') : KUO<T3) - R/Z
(1% x C] = —£(Dg1)
proj5[P] = —& (Ds1 ® p; proj; (P, b7, V7)) .

and because proj; op; is either constant or one of the maps 7 we used in Section 8.1 all
calculations there apply. The result is (for all i € {1,2,3})

nintrinsic<817 pz) . KUO(T3) — R/Z
75 % C] — —1/s
proj;[P] = —1/2.

Since it is non-trivial on a trivial bundle it represents a non-trivial element in Q' (7%).
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The value of Ninginsic (T2, 1d) € Q5 (T3) = Hom(KU(T?),®/z) is represented by (using
appropriate correction forms)

Dintrinsic (T, id) : KU (T?) — R/z
[T% x C] = —&(Drs)
proj;[P] = —¢ (lDTs ® proj;(P, h”, VP)) )

We compute £(IDgs). For this recall that sections of the complex spinor bundle? §(TT?) can
be identified with the space of 1-periodic functions,

CP(R?,C?) :={f e C*R*C*)|f(z+a,y+b,z+c)= f(z,y,2) ¥(a,bc) € Z°}

and the action of the Clifford algebra is given by left multiplication with the Pauli matrices

on the spinors,
(0 o 0 1 (0
“@Elio) T 10) T lo i)

Therefore we have identified the Dirac operator D;s with

Dos - C°(R?,C?) -C°(R?, C2)
frar-0uf a0 Oyf +az-0.f .

Let f(x,y,z) be an eigenfunction of les with eigenvalue A\. Then f(—z,—y, —z) is also an
eigenfunction with eigenvalue —\. Thus the spectrum spec(Dys) = spec(lDTa) is symmetric
(with multiplicity) and the eta-invariant 7(/)7s) vanishes. Note that lDT5 = —(02+ 02+
9%)idc2 and hence the kernel ker(ID;s) consists of locally constant functions. Therefore it is
2-dimensional and the reduced eta-invariant £(IP7s) also vanishes.

Next we compute & (Dgs ® proji(P,h”,V7)). To simplify the notation we assume that
j = 3, i.e., we consider the pullback bundle proj; P where proj;([z,y, z]) := [z,y] and set

lﬁ?s = Dps ® projs (P, h7, V) .

The idea is to employ that the Dirac bundle $(T7T?) ® proj; P — T? is the product of
the Dirac bundle? $(TT?) ® P — T? and the Dirac bundle $(TS*) — S'. So we get a
decomposition

P P . ,
lDT?? = lDTZ & 1d$(TSl) + (O' & ldp) (24 lﬁsl
as operators acting on sections of ($(I'T?) @ P) @ $(TS') — T3. Here o denotes the

grading of Dirac bundle $(TT?) — T? on the even dimensional manifold 7% and ). :=
D2 ® (P,hP,V7P) is the twisted Dirac operator on the 2-torus. We denote the spaces of

eigenfunctions for 1,7)7;2 (resp. Pg1) to the eigenvalue A € R by E):\Fz’7> (resp. ES"). Then the
space D cg rez (E;“\FQ’P ® Ef;k> is dense in the domain of 127;3

Observe that multiplication by ¢ induces an isomorphism EfQ’P 5 Eip for all A € R.
S0 m§3 preserves the subspaces Ey 2’P®E§;k for all k € Z. The subspaces (E;Q’P ® ET1P> ®

2Here TT> denotes the tangent bundle of the torus.

3Note that we did not explain the spinor bundle $(77?) in Section 6.5 because T2 is even dimensional.
The theory works similarly, but the bundles and the Dirac operator are now Z/2z-graded. See [LMS9,
Chapters §II1.5 and §IL.6].
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ES, are also preserved for all A € Rog and k € Z. We study the restriction of ]D7;3 to each
of these subspaces. To simplify the notation we always identifying Ef;k = (C using the

eigenfunctions z — exp(—2mikz) and Efip = E/\TQ’P using o (for A > 0).

For A € Ryg and k € Z, i.e., on a summand of the form (Efz’P &5, ETT\P) ® Ezs;k, we get
Drs: ENP @ ETP s ETVP g ETOP
g 27Tk'ldE§~27p —AldEATz,p g

which has eigenvalues p = ++/A? + 472k? and thus has symmetric spectrum (with multiplic-

ity) and no kernel. For A = 0 and k € Z, i.e., on a summand of the form EOTQ’P ® E5.,, we
get

P T2,P TP
wTS . EO % EO

f2nkof

which has only a kernel if £ = 0. In this case the kernel is all of Ej P E$". We diagonalize
o EgQ’P — E0T2’P. Since 0% = id we get E’OTQ’P >~ C* @ C" and

U A id, O
BP0 —id,

where a,b € Ny. But Eg “P is the kernel of the twisted, Z/2z-graded Dirac operator lD%
Thus a — b = index (l?;) So the spectrum of (E%) Lt consists of +27k with
multiplicity a and of —27k with multiplicity b. Therefore the sseCQtﬂ;um on summands of the
form Eg P& <E§ or ® Ef;k> (for k£ > 0) is symmetric (with multiplicity).

T2,P
1Eq

We conclude that the kernel of IDgg has the same dimension as the kernel of 1257;2 and that
the spectrum spec(lﬂ;g) is symmetric around 0 (with multiplicity). Hence the eta-function
vanishes and the reduced eta-invariant is £ (lﬁ%) = 1/2dim (ker lD7T)2> € R/z.

Note that

1/2dim <ker ]D%) =1/2(a+b) =Y2(a — b) + b =12(a — b) = Y/2index (lD;) e Rz .

To compute the latter we use the Atiyah-Singer Index Theorem [LM89, Theorem 13.10],
index(lD%) :/ ch (V7) :/ (I1+deNdy)=1€Z,
T2 T2

and we conclude & (Zﬁ%) = l/2index <I?7T32> = 1/2 € R/z. This gives the intrinsic eta-

invariant,
Mintrinsic(T°, 1d) : KUY(T?) — ®/z
(T3 x C] + 0
proji[P] — —1/2
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So this intrinsic eta-invariant shows only that the cycle (7%,id) represent a non-trivial
element in 75 (MT?) but note that it is non-torsion.

Next we construct a different geometrization such that the associated intrinsic eta-
invariant shows that this element is non-torsion.

For this we choose ¢ € Hom (KU(T?), HPR™(7®)/(im ch)) (which represents an ele-

ment in the classifying group coker(p)) and get the geometrization G¢Ei=¢ +ao€ . Proposition
7.15 gives

0" e(T%, 1) : KUY(T?) — %/

77intrinsic
(T3 x C] — — [/ Tdgs AE([T? x (C])}
T3

]R/Z

3

progj Pl -+ 12— | [ T Aé(prog; P

R/Z

Since we equipped the torus with a flat metric the Todd form is trivial, Tdrs = 1. So we
can take for example

£ : KUY(T?) — HPR*(T%)/(im ch)
[T? x C] = = [dz A dy A dz]
proj;[P] = 0

and get the associated intrinsic eta-invariant

nignirinsic<T37 ld) : KUO(T3) — R/Z
[T° x C] = — [mlyy,

proj;[P] = —[1/ Q]R/Z -

Therefore the cycle (T3, id) represents a non-torsion element in 7§ (MT?).

8.3 Spheres

We generalize Section 6.7 to higher dimensional spheres. So let B := S?"*! n > 1, be an
odd-dimensional sphere and consider the trivial map to BSpin®. We approximate S***! by
the constant family S?"™ C R*"*2 and take the trivial Spin®(0)-bundles as abstract Spin‘-
structures. There are E/z-many equivalence classes of universal Spin‘-geometrizations by
Classification Theorem 7.10. Each of them is characterized by its value on the trivial rank
1 vector bundle.

We calculate the intrinsic eta-invariant for the geometrization G which maps the trivial
rank 1 vector bundle S*"™! x C — S?*! to the trivial rank 1 vector bundle together with
the trivial connection and the trivial metric, denoted by V. Since the map 52" — BSpin®
is trivial the homotopy groups of the bordism spectrum are the stable homotopy groups
of S+l 7%(8¥ 1) (by the Pontryagin-Thom Theorem). These are all finite except in
degree* 2n + 1 where its is free on one generator. This generator can be represented by
the geometric cycle (52", id) which we equip with the geometric structures induced from
R?**2. We choose the stable framing such that the bordism class [S*" ] € 75, | = 75,1 (*+)

4There is also a Z in degree 0. But since we are only interest in odd degrees we ignore this Z.
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vanish (i.e., we take the bounding structure). Note that Uj,_;(S*"1) is trivial. Hence we
can evaluate the intrinsic eta-invariant on the trivial rank 1 vector bundle. To calculate the
correction form ~ygzn+1,c we choose the same geometric refinement V. We get a(ygzn+1x¢c) =
id5G(S?"* x C) =V = V+a(d A R(V)) — V = a(§) where § denotes the error form
for the identity id : S?"™! — S§?"*1 (the left hand S*"*! is equipped with the geometric
structures induced from R?"*2 whereas the right hand S?"*! carries the trivial abstract
Spin‘-structure). Recall that the error form is

5 = Td;%n+1 Aﬁ(vtriv’ Vg2n+1> .

Therefore the intrinsic eta-invariant is
Tdg2nt1 /\752n+1:| — f(lpsznﬂ &® V) =

nintrinsic(s2n+la ld) = - |:/
S IR/Z

_ |:/ ﬁ(vtriv7 VS2n+1 )1 B f(lDS%Hrl) .
S2n+l R/z

2n+1

This is precisely the formula for Adams e-invariant, evaluated on [S*"™] € 3 ., by
[APS75b, Theorem 4.14]. But the bordism class of [S?"*1] is trivial because it is the boundary
of the (framed) disk. Thus Niptrinsic(S** 1, id) = 0 € R/z.

Hence this intrinsic eta-invariant doesn’t detect the generator. By Detection Theorem
7.17 there is a universal Spin®-geometrization such that the associated intrinsic eta-invariant
detects the generator. It can be constructed similarly as at the end of the previous Section.
Here one uses

£ : KU°(S2 1) — HPR!(5?"1)/(im ch)
[S?"H % C] + 7 [volgent1]

where volgzn+1 denotes a normalized volume form.

8.4 Classifying spaces of compact Lie groups

Let G be a compact Lie group and consider its classifying space BG together with the trivial
map to BSpin®. We apply Theorem 7.11 and see that there is a unique equivalence class
of universal Spin®-geometrizations. Note that 73,,(MBG) = 73,,(BG,) since the map
BG — BSpin© is trivial. Since BG is rationally even these are torsion groups. Theorem
6.28 yields that the intrinsic eta-invariant coincides with the universal one.

8.5 The classifying space of the string group

Let BString denote the classifying space of the string group (see Section 4.2) and equip it
with the trivial map to BSpin®. We can apply Theorem 7.11 and see that there is a unique
equivalence class of universal Spin‘-geometrizations. By the Pontryagin-Thom Theorem,
734(M BString) = 73,,(BStringy) since the map BString — BSpin® is trivial. Again,
BString is rationally even and thus the intrinsic eta-invariant and the universal eta-invariant
coincide.
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8.6 Eilenberg-MacLane spaces

Let B := K(Z,n) denote an Eilenberg-MacLane space where n > 3 (we already discussed
K(Z,1) ~ S' and K(Z,2) ~ BS") together with the trivial map to BSpin¢. Then B is of
finite type, connected and simply-connected. Thus there is an approximation by manifolds
(B, fi, gi)i of B by Example 3.22 and we endow it with the trivial abstract Spin‘-structure.
The K-theory of B has been calculated by Anderson and Hodgkin ([AH68, Theorem II]). The

result is that RTJO(B ) is a divisible abelian group and therefore maps only trivially to finitely
generated abelian groups. Therefore, by Proposition 2.2, a continuous map KU°(B) — G
where G is some discrete group factors over KU®(x). Thus a universal Spin°-geometrization
for B is given by a compatible family of geometric refinements of the trivial rank 1 vector
bundles over the approximating manifolds B;. We accomplish this by taking the trivial
connection and the trivial metric.

Note that these are only pre-geometrizations. But in this case the cohomological char-
acters are unproblematic. Using Proposition 3.4 we can choose a compatible family of
cohomological characters (¢;);. Now we have to check whether the square (3.1) commutes,

HPQ’(B) —— QPY(B)

o] I

—

KU’(B) — - KU"(B,) .

We have HPQ'(B) = @ieN HPQ’(B;) and thus we conclude that the Chern character also
factors over KU"(%). Therefore it remains to check that

HPQ’(B) = QPY%(B;)

.| I

—

KU’(x) — = KU"(B)

commutes. But because a cohomological character preserves the internal degree and is
compatible with Rham it is uniquely determined on the subgroup H°(B,Q) c HPQ’(B).
In particular, a cohomological character always sends the unit 1 € H°(B,Q) to the unit
1 € QPY(B;). Therefore the square (3.1) commutes for all cohomological characters.

A straightforward calculation gives the classifying group. The result is

0, neven

coker(p) = { R/z, n odd .

The group 72,,(MK(Z,n)) is torsion for n even. So we restrict to odd n = 2k + 1.
By the Pontryagin-Thom Theorem we have n%(MK(Z,2k + 1)) = 75(K(Z,2k + 1)4).
Since the rational cohomology of K(Z,2k + 1) (and thus of M K(Z,2k + 1) by the Thom
isomorphism) is an exterior algebra on one generator in degree 2k + 1 we are interested
in 75, (MK(Z,2k + 1)). The Freudenthal Suspension Theorem gives w3, (K (Z,2k +
1);)/ Torsion & 7oy 1 (K (Z, 2k + 1))/ Torsion = Z.

A generator is given by the (2k+1)-skeleton® g : S**1 — K(Z, 2k+1). Therefore we can
calculate the intrinsic eta-invariant of the universal Spin®-geometrization constructed above.

5In fact, we can choose an approximation such that this is the map g; : B1 — B.
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Because U, (MK (Z,2k + 1)) is trivial the intrinsic eta-invariant can be evaluated at this
geometric cycle. We equip S?*! with a geometric structure and framing as in Section 8.3
and get
. ri 2n+1
nintrinsic(32k+la g) = - |:/ Td(vt Va VS ) - f(ws%ﬂ)
52n+1 R/Z

which vanishes by the discussion in Section 8.3.

Hence the intrinsic eta-invariant associated to the universal Spin‘-geometrization con-
struct above does not detect the generator. But Detection Theorem 7.17 shows that there
is a universal Spin®-geometrization which can do this.



Chapter 9

Functoriality defect

In this section we review [Bunll, Remark 5.21] which gives an explicit example that the
intrinsic eta-invariant is not functorial.
To this end we recall that there is a fibration (which is a path space fibration)

K(Q.3) = » — K(Q.4) .
We study the intrinsic eta-invariants for the spaces A and B which are defined as homotopy
pullbacks,
A ! B K(¥Yz,3) ————«
2l 2l 2l
Sic HP? 2 L K(Z,4) ——— K(Q,4)

where ¢, : HP? — HP*> — K(Z,4) denotes the second Chern class (HP> ~ BSU(2)).
The completion theorem ([AS69, Theorem 2.1]) gives KU"(BSU(2)) = Z[|H|] where

H := ESU(2) xgp@ C* — (BSU(2) x C?)

has virtual rank 0. Here we use the standard representation of SU(2) on C2. The induced
elements in the complex K-theory of HP?, S*, B and A are denoted by Hyp2, Hg:, Hg and
H,. We remark that the induced K-theory class on S* can explicitly be described as

H54 = 57 XSU(2) Cz — (54 X C2)

where S7 — S* denotes the Hopf bundle.

We use that A and B are total spaces of K(Q, 3)-fibrations over connected and simply-
connected base spaces to calculate the rational cohomology via the Leray-Serre spectral
sequence. As input we use

H*(K(Q,3),Q) = { %: **:: gl’s?;

and we compare with x — K(Q, 4) to compute the differential. The results are

Q =07

Q, x=0,4 x _
and  H'(4,Q) = 0, *= else

* 4 _
H(S’Q)_{ 0, *= else

and

Q, *=0,4,8

* 2 o Q7 *:0711
H(HP’@>_{ 0, *= else

and H*(B’@):{ 0, *= else
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In particular, the groups U% (S*), U¥(A) and UF(B) vanish and the groups 72 (B) and 72 (S*)
are torsion groups.

We equip the spaces A, B and S* with the trivial map to BSpin® and get well-defined
universal eta-invariants for B and S*. The space A is simply-connected and of countable
type. So there exists an approximation by manifolds for A by Proposition 3.24. But A is
also rationally even and so we can apply our Existence Theorem 3.27 to find a universal
Spin‘-geometrization for A (cf. Remark 3.28).

To prove that the intrinsic eta-invariant is not functorial it is enough to show that the
diagram'

¥ (B) 2, Hom®™ (KU (B), B/z) — 2 B/,
T
TE(A) — e QR (4)
n)

75(5%) 2, Homen (KUY (S4), B/z) — 55 B/

eVH ,

does not commute. To this end we show that the outer square

73(B) —2 Homeont (KUY (B), R/z) —2 R/,

(
h*l evy4

7(54) 2 Hom ot (KU (S4), B/z) —5 Rz,

does not commute.
For this we compute the stable homotopy groups using the (Leray-Serre-)Atiyah-Hirze-
bruch spectral sequence. Here our input is

s -{ g 173

The result is 73 (A) 2 75 @ Q and the induced map h, is the projection, i.e.,

s ~ 8 S~ Sd
ho =pres 117 (A) =3 @Q —» w3 =7 (57) .
The spectral sequence also gives an exact sequence
s d g b g
gy — 12 (A) > 12 (B) =0 .

We decompose 73 (A) 2 73 & Q and 7§ = Z to identify the differential with d = (d;, dy) for
d, € 75 and dy € Q. To compute the differential dy we compare with the spectral sequence
for x —» K(Q,4) and get that dy = 1. For d; we compare with the spectral sequence for
id : HP? — HP? But this spectral sequence is just the long exact sequence (in stable

homotopy) of the homotopy cofibre sequence S” % g4 5 HP2 So dy € 75 is given by the
image of the Hopf map ® € 77(S*) in 73 (S%) = 73.

Note that the stabilization map £ : 77(S%) — 72(S?) maps the Hopf fibration to
a generator of order 24 and thus gives an identification 75(S%) = Z/24z ([Hub59, Theorem

16.4)).

!By the Pontryagin-Thom Theorem, 7% (M X) = 7%(X,) = 7% @ 73(X) for any space X together with
the trivial map to BSpin®. But because 72 is a torsion group for * odd the intrinsic eta-invariant is functorial

on this summand. Therefore we ignore this summands for all what follows.
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We consider the element (1/24,1) € 73(A). It maps to the generator 1/24 € 73 (S%) and
vanishes in 75 (B). In particular, the composition ev g, o funi 0 fx(1/24,1) = 0 is trivial. Hence

we have to compute evy, 0 funi 0h.(1/24,1) = evy, 0 Nuni(!/24) € ®/z. For this we introduce

Q/z-coefficients. Note that 75¢/zg(S%) = #3(54) is an isomorphism. We apply the unit ¢ of

—~— —0
complex K-theory and get e(1/24) € KU Q/z,(5*). Now we use that Hgs € KU (5%) =
Z is a generator and the suspension isomorphism. Then we have to pair Y %e(1/21) €

KUz, = KUYz 4(S*) with Hg: € ﬁj4(54). By Adams work on the J-homomorphism
[Ada66, Theorem 7.15] it is known that Y ~%e(1/24) = £(X*1/24) € KU @/z,(S*) has order
12 (note that we use the complex version of the e-invariant since we work with complex
K-theory). Thus we conclude from the multiplicative structure of complex K-theory that
€VH,, © Nuni ©h.(1/24,1) € B/z has order 12, too.

So the above diagram doesn’t commute. This implies that the intrinsic eta-invariant is
not functorial.
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Chapter 10

A computation due to Crowley and
Goette

Crowley and Goette ([CG13]) defined the t-invariant as a generalized Kreck-Stolz invariant
and computed it in examples via methods relying on characteristic classes. Bunke ([Bunll,
Proposition 5.18]) showed that the universal eta-invariant generalizes the complex version
of the t-invariant. In this chapter we redo a particular computation of Crowley and Goette
using the universal eta-invariant in a purely topological way. This serves to confirm the
original calculation.

This chapter has some overlap with the previous one. For the convenience of the reader
we repeat all definitions and argument so that these two chapters can be read independently.

10.1 The setup of Crowley and Goette

We recall the setup of [CG13, Example 3.5]. For this we equip the sphere S7 with the
Riemannian structure and stable framing induced from S” C R®. In particular, we get a
Spin-manifold with Dirac operator ).

Now take a SU(2)-principal bundle with connection (E — S7, V¥). We associate along
the standard representation of SU(2) on C? and get a geometric vector bundle £ = (E X sy(2)
C? — S, h¢,V¥). Then the t-invariant is! ([CG13, formula (1.9)])

1

e (E) = & {w;) ~rank(E)e(Dgr) +

: Agr A é(VE) A (1 - icz(vf))} €9z .

o 12
Here é,(V¥) € Q3(S7) is any differential form such that dé,(V€) = ¢3(V¥). Denote the trivial
geometric vector bundle of rank 2 as C2 := (S7 x C? & S7, p¥¥ V') and set Vg := £ — C2.
This gives (since C2 is flat)

tgr(E) = % {5( Vi) + /57 Agr A &(VVE) A (1 - 1—1202(VV5)>} €z,

Crowley and Goette proved that this number (in @/z) is independent of the geometric struc-
tures on S” and £ — S” ([CG13, remarks following Proposition 1.3]).

Now we construct a SU(2)-principal bundle on S7 for each n € Z. We start with the
Hopf bundle ® : ST — S* which is a SU(2)-principal bundle. Then we fix a smooth degree

IFor this formula and the following one we consider the reduced eta-invariant as a real number.
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n-map deg, : S* — S* and define a SU(2)-principal bundle E,, — SU(2) via pullback,

E, ST
l ’ l

>

7 P 4 deg,, 4
S S S

Crowley and Goette computed the ¢-invariant for these SU(2)-principal bundles ([CG13,

Example 3.5]). The result is tg7(E,) = ["(221)} € Uz

Our aim is to redo this calculation topologically. To this end we use the universal eta-
invariant. But we defined the universal eta-invariant using complex K-theory. So we need a
complex version of the t-invariant. A natural guess for this is

1S (E) = () + [/S Tdgr Neo(VVE) A (1 - 1—12c2(v"s))h/z c Yy .

Note that %7)_1 is odd. So we expect to be off by a factor of two. Indeed, we will show
below that we can compute t5;(E,) using the universal eta-invariant and that the result is

ts(En) = [%} € Q/z (at least up to a generator of Z/24z).

10.2 The topological setup
Recall that HP™ ~ BSU(2) and that HP' = S*. We use the path space fibration
K(Q,3) =« — K(Q,4)

and consider the diagram of homotopy pullbacks

A : X K(Yz,3) ————

T

Sic s HP™ 2 S K(Z,4) ——— K(Q,4)

where ¢o : HHP* — K(Z,4) denotes the second Chern class. Note that each vertical map is
a fibration with fibre K(Q, 3).

Our aim is to study the universal eta-invariant of the space X. For this we equip the
spaces Z = A, X, S* in the above diagram with the trivial map to BSpin¢. Therefore we
have isomorphisms 7% (M Z) = 7(Z,) which we use to consider the universal eta-invariant
as a map

Nuni : Torsion (W?(XJF)) — Qg(X) .

We construct geometric cycles in 73 (M X) = 72(X,) as follows. As manifold we take the
sphere ST with the Riemannian structure and stable framing induced from S” C R®. In
particular, [S7,S7 — x| = 0 € 7 := 73 (x,). We choose a continuous map p : ST — S*.
Since h : A — S*is a K(Q, 3) fibration there exists a unique (up to homotopy) lift p : ST —

A. This gives a unique bordism class [S7, i 0 p] € 75 (X).



10.2. The topological setup 103

We use that A and X are total spaces of K(Q, 3)-fibrations over connected and simply-
connected base spaces to calculate the rational cohomology via the Leray-Serre spectral
sequence. As input we use

H'(K(Q,3),Q) ={ Q x=03

0, *= else

and H*(]I-]IP"O,Q)Z{@’ oS

0, x = else

and we compare with x — K(Q, 4) to compute the differential. The results are

H*(A,Q):{Q’ *20,7 Qa * =0

0, *x= else 0, *x= else

and H*(X,Q) = {

In particular, the groups U%(S*), US(A) and U%(X) vanish and the group 73 (X) is a torsion
group. So the universal eta-invariant is a map

Thuni - 77'? (X+) — Hom®™ (KU()(X)’ Q/Z) .

We use HP* ~ BSU(2) and the Completion Theorem ([AS69, Theorem 2.1]) to conclude
that KU?(HP>) = Z[|H|] where

H = ESU(2) xsp() C* — (HP™ xC?) € KU"(HP>)

has virtual rank 0 (we use the standard representation to associate a vector bundle). This
gives induced K-theory classes Hx, Hg+ and H 4 via pullback. We remark that the induced
K-theory class on S* = HP! can explicitly be described as

H54 = 57 XSU(2) (Cz — (54 X (Cz) € KUO(S4)

where ® : ST — S* is the Hopf bundle.

Next we construct a map p,, : ST — S* for each n € Z. For this we denote the Hopf
fibration by ® : S7 — S* and the degree n-map by deg, : S* — S*. Then we define p,, as
the composition

i} deg,,
pp: ST — St —— 5.
This gives bordism classes x, := [S7,i0p,| € 73 (X) for all n € Z.

Since U7 (X) vanishes and since Torsion (75 (X)) = 73 (X ) we get well-defined numbers
Nuni(Zr)(Hx) € @z. The remaining part of this chapter is devoted to prove

Theorem 10.1.
1. The intrinsic formula for — nuwi(x,)(Hx) coincides with the formula for t5;(E,).

2. We have nyni(x,)(Hx) =€ ["I;”‘Q] € Uz where € € /247 is some generator. L4

Note that the first part is a reformulation of [Bunll, Proposition 5.18]. We give a quite
different proof in Section 10.4.

Before we start with honest computations we do the easy cases n = 0 and n = 1. The
map po is null-homotopic and thus [S7,i 0 po] = 0 € 72(X). Recall that HP? is defined as
the (homotopy) pushout

STl D8

[
,._

Si L HP?

So the map ¢ o p; is also null-homotopic (because D® ~ x) and thus [S7,i0p;] = 0 € 73 (X).
We conclude that nuni(2o)(Hy) = nuni(21)(Hyx) = 0 € Yz,
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10.3 The topological computation

] € Uz
For this we compute at first the stable homotopy groups of A and X using the (Leray-
Serre-)Atiyah-Hirzebruch spectral sequence with input

In this section we compute 1y, (z,)(Hx) =

] 0, x#3
suen-{g 173

The result is 72 (A) = 73 & Q and the induced map h, is the projection, i.e.,
i = prps TH(A) 271l dQ —» my X aP(SY) .

The spectral sequence also gives an exact sequence

I i>7r§(A) f;ﬂ';;(X) — 0.

We decompose 73 (A) = 73 & Q and 7f 2 Z to identify the differential with d = (d;,d,) for
dy € 7§ and dy € Q. To compute the dlfferential ds we compare with the spectral sequence
for x — K(Q,4) and get that dy = 1. For d; we compare with the spectral sequence for
id : HP* — HP*. But this spectral sequence, in degrees up to 10, is just the long exact

sequence (in stable homotopy) of the homotopy cofibre sequence S” 2 8t 5 HP?. So
d, € 7§ is given by the image of the Hopf map ® € m7(S%) in 75 (S*) = 7.

Note that the stabilization map £ : m7(S*) — 72(S?) maps the Hopf fibration to
a generator of order 24 and thus gives an identification 72 (S%) & Z/2az ([Hu59, Theorem
16.4]). Next we employ that the universal eta-invariant is functorial ([Bunll, Lemma 2.4])

which gives the commutative diagram (recall that 73 (X) is a torsion group)

(%22 @ Q) /(1/24,1)Z ——— 73 (X ) — 2 Hom®™ (KU(X), ¥/z) — ¢/,
Zf24z, Torsion (73 (A — L QY(A) i Qz

= | H

Zf2az, 7 (8% — M Hom® (KU(S%), 9/z) —>@/Z

and we stress that it is not clear (and also wrong) that the map p, : ST — A represents a
torsion element in 73 (A). Nevertheless, we will show that the image i,[p,] is in the image

of i, : Torsion(m$(A)) — 72 (X). To this end we use the composition
w7 (SY) 5 1 (HP™) 2 mp(X) =5 73(X) |
The long exact sequence of the Hopf fibration gives the split short exact sequence

— ~

k ~

0—— m (ST 2 (84 — L .1 (S3) —— 0

and thus that the suspension map X : m,_1(S?) < 7,(S%) is injective. Also recall that m4(S?)
is isomorphic to? Z/12z and therefore that m7(S%) = Z @& Z/12z. We compare with the long

2We use the generator given in [Hu59, Chapter XI.16].
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exact sequence of the universal bundle ESU(2) — BSU(2) and get a factorization

Lx
B -

-7 >
m7(9%) —2 716(5%) —— 77 (HP™) .

IR/

This gives the equation i,[p,| = i. [Zo/(?@n)] where [Eo/éGn)} € m3(A) is torsion since
76(5?) is a torsion group. We conclude

—

nuni(xn)(HX) = 77uni(£>|ﬂ [ﬁn])(HX) = nuni(i* [E © a(pn)])(HX) =

— —

= Nuni ([5 0 O(pn)]) (H 4) = 1uni (h[E 0 O(pn)]) (Hsa) =
= uni([% 0 O(pn)]) (Hs4) = 1uni([X 0 9(deg,, o®)])(Hsa) -

The universal eta-invariant for S* together with the trivial map to BSpin® coincides
with Adams e-invariant (cf. [Bunll, Chapter 5.1] and Chapter 9) and we conclude from
[Ada66, Theorem 7.15] that (we get a factor two since we use the complex version of Adams
e-invariant)

77uni<_)(HX54) : Z/24Z —>Q/Z

1 2
il
where e € Z/247. C Q/z is some generator. So we have to identify the image of [Yod(deg,, o®)] €
m7(S*) in 75 (S4).
Using the decomposition 77(S*) = Z & Z/12z the suspension map is given by ([Hu59,
Theorem 16.4])

Y% Z & Zhor —%/uz

(] - [57]

To study the degree n map deg, we use the Hopf invariant. It is a group homomorphism
H : m7(S*) — Z which maps [®] to 1 and which satisfies H([deg, o p]) = n*H(p) (the latter
property follows immediately from the definition). This gives the commutative diagram

Z—M (Y —= a5 (54

ln? ldegn ldegn

Z— (%) —=— aB(SY)
and since stably deg, o(—) =n - (—) we have

T 7@y — Ty

B o

T Tl — 2 Ty

Since we know X*° explicit we get o, = n?, v, = [%} and £, = [”12"2] This gives that

[deg,, o®] € 77(S?) corresponds to <n2, ["’”2]) € Z.®2%/12z. Hence [Lod(deg, o®)] € m7(S5%)

12
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corresponds to <0, [”I—;‘ZD € Z & Z/12z. and X°([Z o d(deg,, o®)]) € 72 (S*) corresponds to
[”EZQ} € Z/ag.

At the end of the day we arrive at nuni(z,)(Hx) = € ["IQ"Q] € Z/24z. Note that this fits

with our previous computations for n = 0,1. So we have proven Theorem 10.1, 2.
Remark 10.2. We remark that the result is € ["‘”1 € Z/2z if we do the computation with

24
real K-theory instead of complex K-theory. |

10.4 Comparing the t-invariant with the universal eta-
invariant

In this section we compare the formula for the complex t-invariant,

tS(B,) = E(Du) — [/ Tdgr Aéo(VVen) A <1 — icz(vvfn)ﬂ €Yz,
- 12 Rz

with the intrinsic formula of the universal eta-invariant (cf. Proposition 6.25)

nuni<xn><HX>:nunxz*[ﬁn])(HX):—[ / Tdsmm] NI

7 R/Z

This is also discussed in [Bunll, Chapter 5.5] but we give a different perspective. For
example, in our proof continuity is automatic. On the other hand, Bunke has to check this
by hand

Note that there exists a unique equivalence class of universal Spin®-geometrization for
X by Theorem 7.11. In the following we construct such a universal Spin®-geometrization
explicitly.

To this end we need an approximation by manifolds for X. Consider the spaces X;, [ € N,
which are defined as homotopy pullbacks,

X —— K(%i2,3) —————— %

S

HP® — 2 K(Z,4) — 5 K(Z,4)

Note that m; : X; — HP™ is a K(Z,3)-fibration. By construction we have maps X; — X.
We order N by divisibility and get hocolimjeny X; >~ X. Since [ - ¢ : HP® — K(Z,4) is
a rationally isomorphism the space X is rational trivial for all [ € N. Also note that the
spaces X; are connected, simply-connected and have degree-wise finitely generated homotopy
groups. So we can assume that each X; is a CW-complex with finite skeletons (X});en.
Denote a suitable diagonal sequence of (X});;en by (Bi)i€N~ We replace the latter system by
compact smooth manifolds and neat embeddings (see the proof of [BS10, Proposition 2.1])
to get an approximation by manifolds of X, denoted as (B;, fi, gi)ien- Since all the spaces
X are rationally trivial we can assume that H§4(Bi, Q) =0 for all i € N by discarding the
low-degree skeletons.

Next we construct a (p, Tdyy, 1)-geometrization G, for any map p : M — X together with

—~——

Td,, € QPY(M). Note that there is a unique cohomological character since HPQ"(X) = 0
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—0
(by Theorem 3.5). We choose a base point € X and get a splitting KU"(X) = Z&KU (X).
Since Z is discrete and free we easily define the geometrization on this summand. So we
restrict to reduced complex K-theory. For this we apply the long exact sequence

= KU 'X) = KUQ '(X) - KU¥z ' (X) - KUX) - KUQ’(X) —
—_— ch ———— ~
and that KU Q*(X) & HPQ*(X) = 0. This gives KUYz (X)) = KUO(X). We define a
continuous map G, : KU?(X) — KU?(M) as the composition

G,: KU (X) = KUz ' (X) % KUYz (M) < KU'(M)

which satisfies R o G, = 0 and thus is a geometrization. Note that this construction is
natural in p : M — B: Given a smooth map f : M — N we have f*G, = G,p. In
particular, homotopic maps give the same pullback geometrizations. We choose arbitrary
abstract stable Spin®-structures on the approximation® and note that (f;)5 (Gq,,,) = Gy, for
all i € N since Ro§, = 0 (see formula (3.3)). This finishes the construction of the universal
Spint-geometrization for X.

We take the pullback of the universal SU(2)-principal bundle to B; along the maps
B; % X 5 HP> ~ BSU(2). By the discussion of Section 1.1 we can assume that each of
these bundles E; — B; is smooth and has a connection V% and that these are compatible
with the maps f; : B; — B;y1. We associate along the standard representation of SU(2)
and get geometric vector bundles & = (E; xgy@) C* — B;, h¢, V). Next we study the
Chern character ch(V¢). Since the bundles are constructed via pullback from X and X
is rationally trivial the Chern character vanishes, ch(V¢) = 0. In particular, the second
Chern class c»(V&) € Q4(B;) is exact. But H*(B;, Q) = 0 and so there exist unique forms
eo(VE) € Q3(B;)/(imd) for all i € N such that déy(VE) = co(VE).

The Chern character ch(ESU(2) Xsy2) C*) € H*(HP™, Q) = Q|cs] is a polynomial in
the second Chern class with constant coeﬂiment 2 = rank(ESU(2) x sy(2)C?). So there exists

a unique polynomial ch € Qlcz] such that cy - ch = ch(ESU(2) xsy() C*) — 2. The first

terms are
Afl— 1+1c 24
c e — —_
1272 60 “

We define gl/l(V&') Q(B;) by replacing ¢, with (V%) in the polynomial ch. Then
dey(VE) A EE(V&) = ch(V&) — 2. Recall that C? denotes the trivial geometric vector
bundle of rank 2. We set V; := & — C? € I@(Bi). Note that I(V;) = Hp, := g/ (Hx)
and déy(VVi) A Eﬁ(vvi) = ch(/Vii). This gives flat differential K-theory classes W, :=
V,—a <62(Vvi) A ;:Tl(VV)) € KU"(B;) which are compatible, i.e., satisfy f W, = W;
(by uniqueness of ¢(V%)). In particular, W; € KUR/z7Y(B;). So we get (W,)eny €
lim _ KUE/z7Y(B;). Also observe that I(Gy,(Hx)) = g; Hx = I(W,).

Note that the topological abelian groups KU @/z71(Z) and KUR/27!(Z) are Hausdorff

and complete for all spaces Z. To see this we combine Proposition 2.2, [Yos75, Proposition
5], [HM78, Theorem 1.1(2)] and [Sch03, Proposition 5.6]. Moreover, the Bockstein sequences

3To be explicit we choose the trivial Spin®(0)-bundles as abstract stable Spin‘-structures. Then the error
forms 6; vanish. We set ggi (X x C p3 X) = [Bz x C, htriv7 vtriv] on the Z-summand. This is compatible
with the transition maps f; : B; — B;y1. We remark that the geometrization Ggr (see below) has a less
trivial value on the trivial bundle.
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for Z — Q — ©/z and for Z — R — ®/z give an isomorphism KU @z (X) S KUR/z!(X)
because X is rationally trivial. This gives (W;);en € KU@/Z*I( ). But, (W;)ien cor-
responds to Hx under the isomorphism KUQ/z !(X) = % KU (X). This implies that
G,.(Hx) =W, € KU°(B;) for all i € N.

Now we evaluate the intrinsic formula for the universal eta-invariant. So we choose a
smooth lift p¢ : ST — B; of iop, : ST — X with error form dg7 (cf. Example 6.20).
Then we get a geometrization® Ggr := (pn) (G4.) = Gsi - To compute a suitable correction
form g, € QP1(S7)/(imd) we need a geometrlc vector bundle Vg, — S7 representing

(topy)*Hx € RTIO(S7). We choose Vi, := (p,)* V. Then the correction form satisfies
a(vy) =Gs7(Hx) = [Viy] = (5,) [Wi] - (ﬁi)*[V] =
=) (Vi —a ((TY) Aeh(VY)) ~ [Vi]) =
=>%%Y(@WVWWMVVD=

—a (&(VVix) /\ch(VVHX)> =

1
—a (ég(VVHX) (1- ECQ(VVHX))) :
So we take vy, 1= & (VVix)A (1= L£c(VVix)) € QP(S7)/(imd). Therefore, the intrinsic
formula for the universal eta-invariant is

Nuni () (Hx) = — {/57 Tdgr /\éQ(VVHX) N TZCQ(VVHX)):| . _ g(lDVHX) €z .

To evaluate the formula for the ¢-invariant we use the SU(2)-principal bundle E,, := (p!,)*E;
together with the connection (pi)*V¥i. Then we get Vg, = Vg, and thus

16 (E,) = E(DY) + M;mmwww>0—§MW%0waﬂ

So we have proven Theorem 10.1, 1.

Remark 10.3. Note that all arguments work fine with real K-theory instead of complex
K-theory. Also, the definitions of cohomological characters and (universal) geometrizations
generalize immediately to real K-theory. So we believe that the Secondary Index Theorem
[Bun1l, Theorem 3.6] holds for real K-theory. This would allow us to get rid of the factor 2
in Theorem 10.1. |

. ——0
4Note that the equality (;52,,)337 (Gg.) = Gp: only holds on the reduced part KU (X).
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