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Van der Waals interactions in selected allotropes 
of phosphorus

Abstract: Selected allotropes of phosphorus are inves-
tigated by different levels of density functional theory 
(DFT) calculations to evaluate the relative stability orders 
with a special focus on the role of van der Waals interac-
tions. Phosphorus is an excellent reference system with a 
large number of allotropes. Starting from low-dimensional 
molecular (0D, white P) and polymer structures (1D, P 
nanorods) to layered (2D, black P) and tubular structures 
(2D and 3D, crystalline forms of red P), covalent structure 
motifs are interconnected by van der Waals interactions. 
They are a key factor for the correct energetic descrip-
tion of all P allotropes. A comparative study is carried out 
within the local density approximation (LDA) and the gen-
eralized gradient approximation (GGA), with and without 
implementation of a dispersion correction by Grimme 
(GGA-D2). Our intention is to achieve a reasonable agree-
ment of our calculations with experimental data, the plau-
sibility of energy values, and the treatment of long-range 
interactions. The effect of van der Waals interactions is 
exemplified for the interlayer distances of black phospho-
rous and its electronic structure.
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Introduction

Within the priority project SPP1415, we performed com-
bined experimental and theoretical investigations on 
metastable compounds with main-group V elements. 
One part of the project dealt with the relative stabilities 
of polymorphs of dipnictides NiPn2 (Pn  =  N, P, As, Sb, Bi) 
[1] and related ternary ordering variants MPnS (M  =  Fe, 
Co, Ni; Pn  =  As, Sb) [2]. The structures of the pnictogen 
elements themselves were studied in another part of the 
project with a focus on the solid solution AsxP1–x [3] and 
the various allotropes of phosphorus [4]. Subsequently, 
some of the well-known and new phosphorus allotropes 
have been thoroughly investigated concerning the role of 
van der Waals interactions for their solid structures and 
relative stabilities.

The element phosphorus fascinates by the occurrence 
of a large number of allotropic modifications in the form 
of layers in black P [5, 6], tetrahedra in white P (α-, β-, 
and γ-P4) [7–9], or tubular units in red P. Some of the red 
phases are still structurally unknown. Lately, pair-wise 
tubes were discovered and obtained in crystalline form 
with parallel orientation (Ruck’s fibrous P [10]) – in con-
trast to a perpendicular arrangement in Hittorf’s violet P 
[11]. The discovery of different kinds of P nanorods [12–15] 
extended the variety of P structures but left some open 
questions concerning their crystal structures and their 
place in the stability order of the P allotropes.

Phosphorus has never lost its attraction to scientist 
in various disciplines from nuclear medicine to inorganic 
chemistry [16]. Current reports include the catalytic activ-
ity of red P [17], black P as photo-detector [18], or the 
highly topical discovery of single-layer phosphorenes 
[19, 20]. Especially in the field of solid-state chemistry, 
finding novel ways of preparation [21, 22] and explora-
tion of existing and new allotropes is still a challenging 
task. This applies for experimentalists [9, 10, 15] as much 
as for theoreticians [23–28]. For the latter, the phospho-
rus allotropes provide an ideal basis for the evaluation 
of their methods with the multifaceted appearance of the 
element. Despite its vast structural variety and the availa-
bility of experimental data, little attention has been given 
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to the allotropes of phosphorus in terms of theoretical 
investigations (in contrast to the more closely examined 
allotropy of carbon, primarily in the forms of graphite, 
carbon nanotubes and diamond). Previous studies on 
phosphorus were mainly devoted to different approaches 
for the accurate modeling of, for instance, P2, P4, or black 
phosphorus [29]. Also, the treatment of van der Waals 
interactions was found decisive for the correct prediction 
of cell volumes. Nonetheless, no comparison of all P allo-
tropes at one consistent level of theory is available up to 
date, nor any information on solid structures of the novel 
P nanorods. This is the reason for the present study.

As a first step, we studied the stability order of the 
boundary phases orthorhombic black phosphorus and 
trigonal grey arsenic in the solid solution P1–xAsx in a com-
bined experimental and DFT investigation [3]. The respec-
tive stability of orthorhombic vs. high-pressure trigonal 
black P and vice versa of trigonal gray vs. orthorhom-
bic black As was correctly described by GGA calcula-
tions. Surprisingly, this could not be reproduced by LDA 
functionals. Furthermore, the energetic order between 
orthorhombic black P, Hittorf’s violet P and Ruck’s fibrous 
P caused confusion from experimental and calculated 
data. From in situ gas-phase reaction measurements, 
orthorhombic black P emerged as more stable than violet 
P, but fibrous P more stable than black P. At this point, 
it becomes important to take a look at the types of inter-
action occurring in the various allotropes, and to analyze 
how they are covered by the different theoretical methods. 
The phosphorus allotropes serve as a benchmark case to 
study the performance of standard levels of DFT on low-
dimensional systems with strong covalent networks that 
are interconnected by van der Waals forces. The latter 
turned out to be evident for the correct description of the 
entire stability range, solid structures, and the predic-
tion of the crystal structures of the recently discovered P 
nanorod allotropes [4]. The results are evaluated in more 
detail herein with supplementary material and a focus 
on the applied methods and the treatment of dispersive 
interactions.

Methods
Among the established classes of ab initio electronic structure meth-
ods, density functional theory (DFT) [30, 31] emerged as an efficient 
option for the calculation of systems with periodic unit cells. In its 
early stages, DFT had to deal with two major drawbacks: the deliber-
ate search for improved exchange-correlation functionals (although 
the performance of the LDA was surprisingly good for many differ-
ent systems) and the poor description of long-range van der Waals 
or dispersion interactions. Concerning the development of new or 

improved exchange-correlation functionals, numerous innovations 
have been made. The establishment of the GGA in combination with 
the projector augmented wave method (PAW) ranges among the most 
promising advances. Astonishing for layered structures with strong 
van der Waals interactions such as graphite, calculations performed 
with the LDA still yielded better results than with the GGA functional 
[32]. A comparative study by Girifalco and Hodak [33] concluded that 
utilizing the LDA functional in fact takes account of interactions 
between the graphene layers but not on the basis of van der Waals 
forces. Further limitations of common time-independent DFT meth-
ods applying both LDA and GGA functionals to correctly describe 
graphite became apparent [34–36] with considerable disagreement 
between calculated and experimental data.

As a consequence, strong efforts have been made to tackle the 
issue of a proper description of dispersion interactions. This led to 
the development of modified density functionals claiming to account 
for both short- and long-range interactions, such as the nonlocal 
correlation functional (NLCF) [36–39]. A powerful alternative is the 
adiabatic connection fluctuation dissipation theorem within the 
random-phase approximation (RPA) [40–42]. According to a review 
on the calculation of dispersion energies by Dobson and Gould [43] 
and a comparative study of the performance of different many-body 
perturbation and advanced density-functional theory techniques 
on selected layered structures by Björkman et al. [44], RPA methods 
deliver most reliable results but at very large computational costs.

Involving the generally well-established functionals LDA and 
GGA, atom-pairwise dispersion corrections as suggested by Grimme 
[45] (DFT-D) turned out to be very (cost-)effective at an adequate accu-
racy. This was in particular shown for the combination with the GGA 
approach according to Perdew-Burke-Ernzerhof (PBE) for graphite-
like and other layered structures [46, 47]. More precisely, there is an 
enhanced agreement of calculated and experimental cell geometries – 
even for systems where dispersion interactions play a minor role such 
as diamond or sodium chloride. Energetically, such enhanced DFT 
calculations also allow to correctly model various three-dimensional 
TeO2 polymorphs which include dispersion interactions and which 
are close to each other in Gibbs free energy by  <  1 kJ/mol [48].

A recent study on white phosphorus [49] confirmed the applica-
tion of the corrections by Grimme in combination with the GGA/PBE 
(GGA-D2) to yield more accurate results compared to the common use 
of the GGA or the LDA. Furthermore, the functionals were evaluated 
for black phosphorus in terms of electronic structure calculations [50, 
51]. Dispersion-corrected atom-centered potentials (DCACPs), which 
are well-suited for the combination with the GGA/PBE, were also 
reported to improve the calculations for black and white phosphorus 
[52]. The effect of the common functionals with and without disper-
sion correction on the residual phosphorus allotropes remains to be 
analyzed. Herein, we examine the performance of the cost-effective, 
versatile, and widely used functionals LDA and GGA – with a focus 
on the dispersion-corrected routine by Grimme (GGA-D2) – in terms of 
cell parameters and relative stabilities of the phosphorus allotropes.

Computational details
The first-principles electronic structure calculations were 
carried out within the framework of DFT with exchange-
correlation functionals in the generalized gradient 
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approximation (GGA) [53, 54] according to Perdew-Burke-
Enzerhof (PBE) [55] and in the local density approximation 
according to Perdew and Zunger (LDA) [56]. Crystal struc-
tures and energies were additionally calculated by means 
of long-range dispersion correction by Grimme (DFT-D2) 
[45, 57]. Full geometry optimizations were executed with 
the Vienna Ab initio Simulation Package (VASP) [58–61], 
atomic-site and cell parameters were therefore allowed 
to fully relax with the conjugate gradient algorithm. The 
interactions between ions and electrons were described 
by the projector-augmented-wave (PAW) method [62, 63] 
with a cutoff energy of 500 eV. All calculations were per-
formed in several subsequent steps with increasing k-grid 
meshes (depending on the size of the unit cell) between 
2  ×  2  ×  2 and 12  ×  12  ×  12 to reach sufficient accuracy. 
Particularly for large unit cells, this offers an additional 
verification of the performed calculations. A structure 
optimization was considered to be converged with a dif-
ference in total energy of  <  1  ×  10–6 eV and a maximum 
Hellmann-Feynman force of 1  ×  10–4 eV/Å. The final values 
of the total energies were obtained with energy differences 
(between last and second to last step) of  <  1  ×  10–3 eV per 
formula unit.

Crystal structures
Representative sections of the crystal structures of phos-
phorus allotropes along with characteristic structural 
fragments are shown in Figure 1, and detailed structural 

data are given in Table 1 in the following section. The 
thermodynamically stable allotrope at room temperature 
is orthorhombic black phosphorus [64]. It is composed 
of puckered layers built of P6 rings in chair conformation 
(with endo connection of the rings). The trigonal high-
pressure modification of phosphorus is related to black 
phosphorus and exhibits the crystal structure of gray 
arsenic. It also consists of P6 rings in chair conformation 
but with different connection of the rings (exo). The stag-
gered manner in which the layers are stacked results in 
denser packing with smaller interlayer distances. Further 
increase of pressure leads to another high-pressure modi-
fication with simple cubic arrangement of the phosphorus 
atoms.

Likewise, the primary building units of the tubular 
(red) allotropes are six-membered rings of phosphorus, 
yet in boat conformation. Instead of a two-dimensional 
connection in the form of layers, capped strands/ tubes 
are formed. The building units of fibrous and violet phos-
phorus are equivalent but interconnected in different 
ways. In fibrous phosphorus, always two of the units are 
combined to parallel double tubes. A crosswise connec-
tion of the tubes leads to Hittorf’s violet phosphorus. 
Three kinds of isolated strands with more or less distinct 
distortion could be synthesized in CuI matrices, namely 
(CuI)8P12, (CuI)3P12, and (CuI)2P14. The structure of the single 
strands is clearly related to the tubular units in fibrous 
and violet P. Instead of an interconnection, additional P 
atoms are incorporated into the tubes to maintain triva-
lent phosphorus on all positions. The structures of the 

Fig. 1: Characteristic structural fragments of layered and tubular P allotropes.
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Tab. 1: LDA-, GGA-, and GGA-D2-calculated structural data and energy values of the allotropes of phosphorus obtained by full lattice 
optimizations.

P-allotrope   Space 
group (no.)

    a/Å   b/Å   c/Å  b/a  c/a  c/b  α/°  β/°  γ/°  V/Å3  V/Å3/atom  E/kJ/mol

White (β)   P̄1̅ (2)   Exp. [8]   5.48  10.79  10.96  1.97  2.00  1.02  94.29  99.65  100.68  623.8  26.0 
    LDA   5.20  10.15  10.20  1.95  1.96  1.01  93.95  97.43  100.63  521.8  21.7  –557.4
    GGA   5.92  11.63  11.74  1.96  1.98  1.01  94.51  99.42  100.76  778.9  32.5  –508.1
    -D2   5.41  10.68  10.88  1.97  2.01  1.02  94.25  99.76  100.99  604.5  25.2  –519.6

White (γ)   C2/m (12)   Exp. [9]   9.17  8.34  5.43  0.91  0.59  0.65    90.31    415.5  26.0 
    LDA   8.53  7.62  5.22  0.89  0.61  0.69  –  94.32  –  338.9  21.2  –557.9
    GGA   9.79  9.07  5.92  0.93  0.60  0.65  –  91.32  –  525.7  32.9  –508.1
    -D2   9.09  8.20  5.32  0.90  0.59  0.65  –  90.19  –  401.2  25.1  –520.1

Simple cubic (hp)   Pm3̅m (221)   Exp. [6]   2.38                  13.4  13.4 
    LDA   2.35  –  –  –  –  –  –  –  –  13.0  13.0  –582.2
    GGA   2.38  –  –  –  –  –  –  –  –  13.4  13.4  –508.4
    -D2   2.37  –  –  –  –  –  –  –  –  13.3  13.3  –533.4

Trigonal (hp)   R̄3̅m (166)   Exp. [6]   3.52            57.25      29.0  14.5 
    LDA   3.42  –  –  –  –  –  57.52  –  –  26.6  13.3  –584.5
    GGA   3.58  –  –  –  –  –  56.53  –  –  29.8  14.9  –513.6
    -D2   3.46  –  –  –  –  –  57.40  –  –  27.6  13.8  –536.8

Black   Cmca (64)   Exp. [5]   3.31  10.48  4.38  3.16  1.32  0.42        151.9  19.0 
    LDA   3.31  10.16  4.14  3.07  1.25  0.41  –  –  –  139.1  17.4  –580.6
    GGA   3.31  11.21  4.55  3.39  1.38  0.41  –  –  –  168.6  21.1  –518.4
    -D2   3.31  10.48  4.41  3.17  1.33  0.42  –  –  –  153.8  19.2  –537.5

Violett   P2/c (13)   Exp. [11]   9.21  9.15  22.60  0.99  2.45  2.47    106.10    1829.8  21.8 
    LDA   9.10  9.00  21.62  0.99  2.38  2.40  –  106.64  –  1697.3  20.2  –579.0
    GGA   9.27  9.26  24.19  1.00  2.61  2.61  –  104.31  –  2011.8  24.0  –521.3
    -D2   9.23  9.16  22.59  0.99  2.45  2.47  –  106.1  –  1836.1  21.9  –537.4

Fibrous   P̄1̅ (2)   Exp. [10]   11.63  12.20  7.08  1.05  0.61  0.58  71.07  73.69  84.17  911.3  21.7 
    LDA   11.38  11.45  6.77  1.01  0.59  0.59  72.59  76.04  86.65  816.8  19.4  –578.9
    GGA   12.28  13.16  7.89  1.07  0.64  0.60  69.37  71.19  77.02  1121.1  26.7  –521.8
    -D2   11.63  12.17  7.00  1.05  0.60  0.58  71.46  74.02  84.89  903.0  21.5  –537.3

[P8]P4(4)[   P21 (4)   LDA   9.49  9.98  10.69  1.05  1.13  1.07  –  100.06  –  1004.9  20.9  –574.9
  GGA   10.51  12.43  13.04  1.18  1.24  1.05  –  102.87  –  1597.3  33.3  –519.6

    -D2   9.47  10.61  11.25  1.12  1.19  1.06  –  99.65  –  1114.2  22.9  –533.5
[P10]P2[   P21/c (14)   LDA   10.70  13.74  6.50  1.28  0.61  0.47  –  94.55  –  952.1  19.8  –576.1

  GGA   12.50  14.11  7.54  1.13  0.60  0.53  –  96.16  –  1319.1  27.5  –519.4
    -D2   12.96  14.16  6.48  1.09  0.50  0.46  –  105.12  –  1047.0  21.8  –534.3

[P12(4)]P2[   P21/c (14)   LDA   6.79  10.91  16.12  1.61  2.37  1.48  –  113.64  –  1093.4  19.5  –574.9
    GGA   7.49  12.54  16.59  1.67  2.22  1.32  –  113.81  –  1380.2  24.6  –519.0
    -D2   7.01  11.43  16.64  1.63  2.37  1.46  –  114.44  –  1201.1  21.4  –535.4

three different CuI-free nanorod types were elucidated in 
[4] and described, based on their repeating units, as [P8]
P4(4)[, [P10]P2, and [P12(4)]P2[according to [23]. Although 
parallel stacking of the nanorods could be proven, the 
packing ability is lowered because of the distorted lin-
earity of the tubes. Improved packing behavior towards 
the other tubular and the layered allotropes is reflected 
by smaller densities. Amorphous red phosphorus can be 
seen as an intermediate phase composed of an irregular 
network of tubular building units.

The packing of the tetrahedra in white phosphorus 
involves a high degree of intermolecular (non-covalent) 
bonding so it exhibits the smallest density. The three 

modifications of white phosphorus correspond to three 
different ways of packing the tetrahedra. As accurate 
single crystal data of the plastic α modification of white 
phosphorus is not accessible, only the β and the γ modifi-
cation are considered here.

Whether there are layers, tubes, fibers, or tetrahe-
dra, the building units themselves are formed by strong 
covalent bonds but they are held together by dispersive 
interactions. It is of great interest how the widely used 
functionals LDA and GGA account for these interactions 
in terms of a correct reproduction of the cell geometry and 
relative stabilities. Just as interesting is the impact of the 
dispersion correction on the calculations.
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Fig. 2: LDA-, GGA-, and GGA-D2-calculated energy-volume curves 
for orthorhombic black P and violet/Hittorf’s phosphorus.

Results and discussion

To point out the changing stability order of the Pn  =  P, 
As crystal structures, calculations were perfomed on 
orthorhombic and trigonal layered structures of P and As 
[3, 4]. Similar to our earlier work on TN2 (T  =  C, Si, Ge) 
compounds [65], calculations with the LDA functional 
underestimate lattice parameters, which are mostly 
overestimated by the GGA. In case of As, both function-
als predict the experimentally known trigonal structure 
as more stable than the orthorhombic structure of black 
P. In agreement with experiment, GGA also predicts 
orthorhombic P as more stable than high-pressure trigo-
nal P. The LDA calculations, however, predict the con-
trary, i.e., trigonal P more stable than orthorhombic P. 
In contradiction with experiment, it must be taken as an 
LDA artefact which has not been fully understood to date 
[29].

Nonetheless, the GGA calculations also cause dis-
crepancies, which becomes apparent in the energy-vol-
ume curves for black and violet phosphorus in Figure 2 
(LDA-, GGA-, and GGA-D2-based calculations). While 
the energy-volume plots obtained with the LDA exhibit 
a distinct minimum, an accurate determination of such 
a minimum is hardly feasible for the GGA calculations 
as the curves are much flatter. The fact that the curves 
remain flat with increasing volumes indicates a minor 
role of interlayer interactions. In contrast, the energy-vol-
ume curves acquired with dispersion correction exhibit a 
trend similar to the ones obtained with the LDA indicating 
a distinct minimum. Not only do the GGA-D2-determined 
cell volumes agree well with the full lattice optimiza-
tions but they also match the experimental values more 
accurately (an underestimation is yielded with LDA). This 
corrective effect of GGA-D2 was also reported for graph-
ite [46]. Looking at the energy differences between black 
and violet phosphorus, the application of GGA-D2 vs. GGA 
even leads to a change of the stability order. This fact will 
also be subject of the discussion below.

Finally, the dispersion energy part of the total energy 
for black P is explicitly determined. Similar to experi-
ments on graphite, the interlayer distance was modified 
only by variation of the crystallographic b axis. The obser-
vations of the E-V fittings strongly correlate with the LDA-, 
GGA-, and GGA-D2-calculated interlayer binding energies 
that are denoted in Figure 3. They serve as a meaningful 
indicator for the treatment of van der Waals interactions 
with the different functionals. Accordingly, LDA takes 
interlayer interactions much more into account than GGA 
with an interlayer binding energy of almost 10 kJ/mol 
vs. about 1 kJ/mol, respectively. This correlates with the 

calculated interlayer distances of 2.92 Å (corresponding to 
3.41 Å as shortest P-P distance between two layers) for LDA 
and 3.48 Å (3.94 Å) for GGA that are situated 6.1% below 
and 11.9% above the experimental value of 3.11 Å (3.59 Å). 
Overbinding and underbinding are well-known effects 
for LDA and GGA, respectively, and they are distinctly 
reflected for the treatment of interlayer binding/ van der 
Waals interactions. In contrast, the values obtained from 
the GGA-D2 calculations are very reasonable with an inter-
layer binding energy of about 7 kJ/mol and an interlayer 
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distance of 3.13 Å (3.60 Å) for GGA-D2, which is in excellent 
agreement with the experimental value (+0.6%).

The results of the LDA, GGA, and GGA-D2 calcu-
lations for selected allotropes of phosphorus (except 
white P, just the nanorod type [P10]P2[) are merged in an 
energy- volume plot in Figure 4, and the associated data 
are given in Table 1. It contains detailed cell parameters 
of full lattice optimizations alongside with a comparison 

Fig. 4: LDA- (bottom), GGA- (top), and GGA-D2 (middle)-calculated 
energy-volume plot (total energies) of selected phosphorus 
allotropes. Note that just one nanorod form ([P10]P2[) is given 
and white phosphorus is not displayed here for clarity reasons 
(calculated energy and volume data are given in Table 1, along with 
corresponding structural data).

with experimental data. As the experimental volumes of 
cubic and trigonal P were measured under pressures of 
12 GPa and 9 GPa [6], the calculated values were adjusted 
to the same conditions. It is interesting to see that the 
simple cubic modification is the only case of agreeing 
GGA and GGA-D2 values due to negligible dispersive 
interactions.

Regarding unit cell shapes and sizes, both LDA- and 
GGA-based calculations demonstrate the often-quoted 
over- and underbinding, respectively. The underbinding of 
the GGA is clearly more pronounced, in particular for the 
tubular structures. In general, the contribution of GGA-D2 
leads to a much better agreement with experimental data. 
The necessity of the dispersion correction becomes par-
ticularly obvious by taking the volume contraction of the 
tubular allotropes into account, in contrast to the pure 
GGA values. The volume contraction effects rise from 
violet P to fibrous P and the nanorods, in line with the 
decreasing amount of intertubular covalent connections. 
For violet P, there is a relatively small contraction as the 
structure is already held together in interlocked grids. The 
volume contraction is more distinct for the nanorods and 
fibrous P as there is no prearrangement in stacking of the 
single and double strands caused by covalent bonds. Alto-
gether, the cell volumes (per atom) of the tubular struc-
tures are relocated to nearly congruent values. This is very 
plausible if the strong relationships between the building 
units are kept in mind. LDA-calculated volumes are too 
small compared with experimental data.

Concerning the energy values, there are prominent 
discrepancies between the different approaches. Overall 
reasonable results can be found for the tubular phases. 
Fibrous and violet phosphorus are almost equal in energy 
as also reported before [10]. According to all our calcula-
tions, they are lower in energy than the nanorods. This 
agrees well with a comprehensive investigation [23] that 
predicted the building units of Hittorf’s (and fibrous) phos-
phorus as energetically most favorable of all predicted 
tubular phosphorus chains. That paper also described 
the energetic order of the nanorod fragments with rising 
stability from [P8]P4(4)[to [P12(4)]P2[and [P10]P2[. This is 
now confirmed for the polymer structures of single rods 
(see Figure 5). [P8]P4(4)[emerges as more than 10 kJ/mol 
higher in energy with P4 units destabilizing the covalent 
network. The energetic situation changes, however, for the 
crystal structures of the P nanorods. Due to a decreasing 
linearity/ regularity of the tubes from [P8]P4(4)[to [P12(4)]
P2[and [P10]P2[(cf. [4]), the energy gain for rod packing, 
i.e., the amount of van der Waals bonding interaction 
between the tubes, gets lower in this row, and therefore 
the energetic order must be modified accordingly.

Fig. 3: Interlayer distance (corresponding to a varying b-axis length) 
versus energy plot of orthorhombic black P to estimate the interlayer 
binding energy for LDA-, GGA-, and GGA-D2- based calculations.
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While the description of the tubular structures per se 
is fairly consistent for the different functionals, relative 
energy differences between the other allotropes disagree 
significantly. As known from experiment, black phospho-
rus is the thermodynamically stable modification, and its 
stability increases with decreasing temperature. The GGA 
calculations, however, predict all tubular allotropes to be 
lower in energy than black P. Once again, a remedy is pro-
vided by the dispersion correction that causes a shift of the 
relative stabilities towards the expected order. The energy 
gain with GGA-D2 rises from the nanorods to fibrous and 
violet phosphorus in accordance with a rising amount of 
van der Waals interactions, even though the LDA calcu-
lations confirm the black allotrope as energetically more 
favorable than the tubular structures. A significant error 
emerges concerning the stabilities of the high-pressure 
forms of phosphorus. In addition to the erroneous predic-
tion of the trigonal structure of arsenic as ‘lowest-energy’ 
phase, the simple cubic arrangement is shifted towards 
the energy region of black phosphorus. As a general trend 
(and in contrast to the GGA calculations), the LDA seems 
to prefer denser structures considerably. This trend is in 
line with previous studies on other textbook phases like 
carbon or BN [66].

In summary, the cell geometries and the relative ener-
gies are in best agreement with experimental values for 
GGA-D2. As far as absolute energy values are concerned, 
a comparison of black and white phosphorus with a rela-
tively large energy difference is reasonable. The experi-
mentally found transition enthalpy is 21.2  ±  2.1 kJ/mol 
at ambient conditions. The corresponding GGA value is 
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Fig. 5: Bar chart of the GGA-D2-calculated energies of single 
nanorods (dark red bars) derived from (CuI)8P12 ([P8]P4(4)[), (CuI)3P12 
([P10]P2[), and (CuI)2P14 ([P12(4)]P2[) and the total energies of their 
crystal structures (total bars). The energy difference corresponds to 
the energy gain for packing the rods, i.e. for VdWi (bright blue bars).

Fig. 6: LDA-, GGA-, and GGA-D2-calculated band structures of 
orthorhombic black P around the Fermi level. Calculated band gaps 
are: 0 eV (LDA), 0.70 eV (GGA) and 0.25 eV (GGA-D2).

just 10.3 kJ/mol which gets shifted to 17.4 kJ/mol for the 
GGA-D2 calculations. An even better agreement with the 
experimental value is observed for the LDA value of 23.5 
kJ/mol. This is accompanied by the fact, however, that 
LDA calculations generally yield higher energy differ-
ences and erroneously predict the high-pressure modifi-
cations as more stable than black P.

In this regard, it is also worth having a look at the 
effect of the applied functional on the electronic structure 
using the example of black phosphorus. The band struc-
tures around the Fermi level are displayed in Figure 6. A 
failure of the LDA can be observed when examining the 
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electronic structure. In the context of the prediction of 
an enourmosly dense packing of the phosphorus layers, 
it incorrectly describes orthorhombic black phosphorus 
as semimetallic (a closed band gap using the LDA func-
tional is also reported in [50]). While the GGA-calculated 
band gap of 0.70 eV is too large, the GGA-D2-calculated 
band gap of 0.25 eV is very close to experimental values of 
about 0.30–0.35 eV [67, 68] for black phosphorus. It has to 
be emphasized that the effect of the D2 corrections on the 
calculated band structure are indirect, and entirely due to 
structural changes.

Finally, the energy values of all allotropes besides 
white phosphorus are shifted to a narrow range (about 
4 kJ/mol) when the dispersion correction is applied. This 
seems to be very reasonable keeping the chemistry of phos-
phorus in mind. The occurrence of several allotropes and 
the comparatively moderate but accurate reaction condi-
tions to achieve these allotropes indicates the presence of 
similar stabilities. Just little temperature variations can 
cause a reversion of the relative stabilities. The existence 
of several metastable allotropes at ambient conditions is 
subject to kinetic reaction control and very short transi-
tion times. White phosphorus represents a special case in 
this row as it is directly accessible and also the least stable 
allotrope. Because of the narrow and sensitively temper-
ature-dependent energy region in which the phosphorus 
allotropes (except white phosphorus) are situated, it is 
very difficult to make general statements about the order 
of stabilities. Nevertheless, (only) dispersion corrected 
calculations confirm black phosphorus as the most stable 
allotrope, and the relative order of the optimized energy 
values appears to be reasonable.

Conclusion
Selected allotropes of phosphorus were investigated 
within the framework of DFT applying the functionals 
LDA and GGA. To account for all kinds of interactions 
including van der Waals forces, the performance of dis-
persion corrections in combination with the GGA/PBE 
functional, as suggested by Grimme (GGA-D2), was addi-
tionally examined. From LDA and GGA to GGA-D2, the 
methods as applied show an increasing accuracy due to 
the types of interactions they cover. For LDA and GGA 
calculations, the dimension and the relative order of the 
calculated energy values do not agree well with experi-
mental data. As the simplest functional, LDA fails in the 
correct description of the energetic order of orthorhombic 
and trigonal black P – which is correctly described within 
GGA. Nonetheless, GGA predicts the tubular allotropes as 

slightly more stable than black phosphorous – in contrast 
to experimental data. Additionally, the calculations per-
formed with standard LDA and GGA show strong discrep-
ancies concerning cell geometries. With an increasing role 
of dispersion interactions in the structures, the calculated 
cell metrices and sizes differ from the experiment beyond 
the typical intrinsic deviations. These deviations are also 
reflected by differences in the electronic structures. By 
applying the dispersion correction, theoretical and exper-
imental data match much better in terms of both energy 
values and cell geometries. Taking into account all results, 
the complete description of the phosphorus system with 
DFT-D2 provides a benchmark for this method combin-
ing accuracy and cost-effectiveness. In this context, it has 
to be mentioned that the recent developments of D3 [69] 
and D3BJ [70] came up with a more sound physical back-
ground and accuracy [71] to serve as a basis for continua-
tive work on the heavier homologues of phosphorous.
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