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The significance of the polylogarithm in mathematics

The polylogarithm in its modern form is still a rather new - and yet not fully exploited
- concept in mathematics. Its development started 35 years ago, and soon turned out
to be a powerful technique to track down special values of zeta and L-functions via the
construction of certain interesting functions and non-trivial K-classes.

Periods of the polylogarithm and their importance in mathematics

In the Hodge setting, the polylogarithm is merely a particularly nice projective system
of variations of mixed Hodge structure (see section C.3.2 in the appendix). Associated
to this projective system (via monodromy as explained in section C.3.2 of the appendix)
is an (infinite-dimensional) matrix of functions - called "periods". The periods of the
polylogarithm have so far all turned out to be highly interesting functions. The most
famous of these probably are the following:

e the classical polylogarithm functions

o0 n

Lik(z) = Z %,

n=1

defined and studied by Euler and Spence (see [Lew81]), but already discussed in a
correspondence of Leibniz with Bernoulli as early as 1696; this is shown in [BD94].

e Kronecker-Eisenstein series for a family of elliptic curves 7: E — S (see [BL94,
3.3.1, p.154]). These functions were introduced by Kronecker and Eisenstein and
are treated in the book [Wei76].

e "Polylogarithmic currents" obtained by Levin in [Lev00], satisfying certain differ-
ential equations, which can be considered as a higher-dimensional analogue of the
classical Kronecker-Eisenstein series above.

Associated Eisenstein series

The polylogarithm functions above give rise to certain so-called "Eisenstein classes"
which have turned out to be useful tools in proofs. Kings, for example, used these
classes to prove the Bloch-Kato conjecture for CM elliptic curves over an imaginary
quadratic field K (|[KinO1]). Apart from that, Eisenstein classes give rise to interesting
Eisenstein series. Examples of such constructions are the following:

e Beilinson and Levin computed the Eisenstein classes associated to the polyloga-
rithm of a modular elliptic curve in [BL94].

e In [BK10a|, Bannai and Kings determined the Eisenstein classes associated to the
syntomic polylogarithm of a modular curve in terms of p-adic Eisenstein series.
Moreover, they computed the de Rham Eisenstein classes and proved that they are
given by certain holomorphic Eisenstein series. These results were then used by
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Bannai and Kings in [BK10a] and Niklas in [Nik10] to obtain results on the p-adic
Beilinson conjecture.

e As an application of Wildeshaus’ construction of the polylogarithm for Shimura
varieties, Blottiére constucted the Eisenstein classes associated to the polylogarithm
of mixed Shimura varieties in [Blo07].

Construction of non-trivial K-classes

Another benefit of the polylogarithm is that it comes from non-trivial classes in higher
K-theory via regulators. So far, the polylogarithm is basically the only method to
construct such. It was first done by Beilinson and Levin in [BL94]| for the case of
elliptic curves, and then generalized by Kings to abelian schemes in [Kin99|.

The polylogarithm and special values of L-functions

The first example of the mysterious connection between L-functions and the modern
theory of the polylogarithm was found by Zagier in his papers [Zag86| and [Zag91].
He proved that for a number field K of degree n = ry + 2ry and discriminant dg, the
number

7r—2(r1+7"2) |dK|1/2CK(2)

is connected to the polylogarithm in the following way: He considered a single-valued
variant of Lis, the Bloch-Wigner-function D: P! — R, and showed that the above num-
ber is a rational linear combination of products of values of D at algebraic arguments.

This was generalized as part of Zagier’s conjecture in [Zag91l|: Similar to the
Bloch-Wigner dilogarithm function D, Zagier introduced a single valued variant
P,,: P}(C) — R of all polylogarithm functions Li,,. If K denotes a number field,
Zagier’s conjecture implies that for a certain natural number j(m) determined by m
and K, the number

Tr*mj(m)]dK\l/QgK(m)

is given by an (explicit) rational linear combination of products of values of P, at
K-algebraic arguments.

More applications

By [0e93], the polylogarithm also occurs in the following contexts:

volumes of polytopes in spherical and hyperbolic geometry,
volumes of hyperbolic manifolds of dimension 3,

geometry of configurations of points in P!,

cohomology of GL,(C),
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Chen iterated integrals,

regulators in algebraic K-theory,

differential equations with nilpotent monodromy and
nilpotent completion of 71 (P! \ {0, 1, 00}).

Content

Main Aim: A new conceptional, general definition of the polylogarithm

So far, there was no general definition of the notion of the "polylogarithm" for a wider
class of schemes: Instead, polylogarithms painstakingly had to be constructed anew
for every single combination of realization or theory (Hodge theory, ¢-adic sheaves, K-
theory /motives) and type of underlying scheme (P! \ {0, 1, 00}, elliptic curves, general
curves, abelian varieties, Shimura varieties...). A quick overview of the individual cases
already dealt with are treated in the next section on the short history of the polylog.
The main aim of this thesis is to finally provide a general definition of the polylog-
arithm in the motivic setting and mixed realizations. Moreover, while up to now the
polylogarithm has only been considered for curves and abelian schemes, this general
definition extends the notion of polylogarithms to all noetherian, sparated, smooth and
quasi-projective schemes m: X — S over a reduced base-scheme S.

Further Results:

On the way to provide a general motivic definition of the polylogarithm as well as its
Hodge realization, we will have to extend basic mathematical language in several fields
to fit our requirements. These results are of interest on their own and can be read
individually:

e motivic generalization of the classical notion of bar complexes in Chapter 1.3,
e motivic generalization of the classical notion of the pro-unipotent completion
of the fundamental group in Chapter 11.6.



An introduction to the polylogarithm: state of the art

A very short history of the polylogarithm

The notion of the "polylogarithm" has been around for more or less three hundred
years. The classical functions were first mentioned in a correspondence of Leibniz with
Bernoulli in 1696 (see [Ger71]) as a generalization of the logarithm. However, it was
only in 1768 that mathematics turned towards this object again, when Fuler defined
the dilogarithm as the power series

o0 n

Lig(2) := Z %

n=1

which converges to a holomorphic function for all complex z in the unit disc. For k > 1
the k-th polylogarithm was defined by Spence in 1809 (see [Lew81]) as the power series

oo Zn
Li(2) = Z ok
n=1

which converges to a holomorphic function for all complex z inside the unit disc. Here,
the first polylogarithm Li;(2) is just —log(1 — z). Looking at the power series yields
the formula

. 2. dx
Lig(z) = / Lig_1(z)—
0 X

for all z with |z| < 1 and k > 2. By inductively defining

Lik(z):/ozLik_l(:p)dx (k> 2), Lil(z):/oz

xT

dx
1—z

the polylogarithmic functions can be extended to multivalued functions on P!\
{0,1,00}.

The first one to note a connection of polylogarithm functions to more modern branches
of mathematics was Deligne. He noted in his 1989-paper [Del89] that the dilogarithm
Lis can be recovered in the context of variations of mixed Hodge structure, which
are generally abbreviated "VMHS" (for an introduction to the formalism of VMHS,
please consult section C.3.2 in the appendix). Namely, there is a certain VMHS on
P\ {0, 1, 00} whose period matrix has Lis as an entry.

Beilinson then realized that in a similar fashion, one may obtain all polylogarithm
functions as periods of VMHS. Details of the construction can be seen in Hain’s pa-
per [Hai94| on "Classical Polylogarithms", which contains results by Bloch, Deligne,
Ramakrishnan, Suslin and Beilinson.
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Later on, in his preprint "Polylogarithms and cyclotomic elements" ([Bei84|), Beilinson
extended his description of the polylogarithm to the f-adic setting. As noted before,
we will not deal with the f-adic setting, and hence I will refrain from giving any details
here.

When Beilinson and Levin finally published their astounding paper "The elliptic poly-
logarithm" [BL94|, it became obvious that the polylogarithm can be extended to a
wider class of schemes and comes from the motivic world: In [BL94| they introduced a
notion of the polylogarithm as a mixed sheaf on elliptic curves, that is to say as both a
Hodge module and an ¢-adic sheaf. Moreover, they showed that this construction corre-
sponds to a certain projective limit of classes in K-theory, and calculated the periods
of this elliptic polylogarithm. They turned out to be given by Kronecker-Eisenstein
series.

After that, numerous publications defined a polylogarithm similar to the one of
Beilinson-Levin for other varieties such as general curves of genus > 1, abelian schemes
or Shimura varieties, and in numerous settings, e.g. as a locally free vector bundle with
connection, as a variation of mixed Hodge structure, as an f-adic sheaf, or as a class
in K-theory.

One might describe the development of the theory around the polylogarithm as follows:

polylogarithm functions periods of the VMHS

Lix on P\ {0,1, ¢} L on P!\ {0,1,00}
Aim: modern viewpoint:

Gerneralize the construction <~~~ | "polylogarithm" of P! \ {0,1, cc}
of I to other varieties = VMHS L
"polylogarithm of a scheme X" consider the periods
=a VMHS Lx on X with similar |~~~ of Lx as a generalization

properties as IL. of the classical Li,

To the day, the polylogarithm has not been constructed in all possible settings. Gen-
erally, however, there was a consent that for technical reasons, the polylogarithm could
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only be constructed for curves and abelian schemes/Shimura varieties. The following
table gives an overview of some important publications in the different settings:

P!\ {0,1,00} | Elliptic Curves Abelian Shimura
curves genus > 1| varieties varieties
Hodge setting [Han97], [BL94] [Kin] [Lev00]+ [Wil97]
[BD92] [HWO8] [Blo07]
(-adic setting [Bei89] [Kin15] [Kin], - [Wil97]
[Beigd] [BKT10], | [Kin08]
p-adic setting [Ban00], [BK10b] — — -
K-theory [BD94] [BLY4| — [Kin99] -
[HW9S]
motivic setting [HWO8] - - - -
(0.1)

Motivation: The idea underlying the new construction of the
polylogarithm - Faltings’ logarithm and Gysin morphisms

As noted above, the literature on the polylogarithm up to the day considers the poly-
logarithm only in two cases: for m: X — S an abelian scheme, or a family of curves.
For more general schemes, a construction of the polylogarithm was deemed impossible
for the following reason: The polylogarithm is construced using the so-called "logarithm
sheaf". Here, the usual construction method of the polylogarithm in literature relies
heavily on a calculation of the higher direct images of the logarithm, which is not pos-
sible in a more general setting. Hence, in order to define the polylogarithm in greater
generality in a motivic setting, it is futile to turn towards the already existing methods
of construction - the only way to achieve this aim is to develop an entirely new theory
of the polylogarithm in the motivic setting. The polylogarithm is constructed from the
so-called "logarithm" with heavy use of knowledge about the latter, so the crucial idea
is to first find the right motivic analogue of the logarithm.
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Step 1: Define a "motivic logarithm" which gives rise to the usual
logarithm for curves and abelian scheme.

a.) Inspiration: Faltings’ motivic logarithm for curves

Step 1 has already been done by Faltings in his paper [Fall2] for the special case
of a smooth relative curve m: X — S, where S is an arbitrary base-scheme.

In order to get an idea how to generalize the logarithm to the motivic setting, let
us quickly take a look at Faltings’ construction, translated to Levine’s theory of
motives. From now on, we assume that the reader is vaguely familiar with Levine’s
theory of motives; it is summarized for the reader’s convenience in Appendix B.

Let m: X — S be a relative smooth curve with irreducible fibers, equipped with
an S-point xg: S — X. This section gives rise to an idempotent in Endgp (X))
by
T x0
eyt X — 5 — X.

Since idy —ey, is also an idempotent, we obtain a motive

Zg( = (Zx, (idx —exo)*) S DM(S),
where Zx denotes the motive of X over S. Likewise, we have motives

L5n = (Zxn, (idx —ez,)"™™) € DM(S).

Faltings then defines an inductive system of complexes in DM(S) as follows: The
diagonal §: X — X xg X satisfies § o 5, = (e, ® €z,) © 9, and hence induces a
morphism

0" L2 — L.
For i > 1 and all 1 < k < ¢, the morphism §* hence gives rise to morphisms
(A" %8 x idTFY*: Zin — LS

in DM(S). They correspond to the morphisms X* — X! doubling the argument
in position k£ for 1 < k < ¢. Now Faltings takes the alternating sum of these maps
to obtain

1
(DR AR X8 x AR 2 — 2%
1

S

ST

|
E <.
Il |

and defines
dn1 dn—2 ds 5* 0
Py ={Z%n — Ln-1 — ... — L2 — L —> ZLg)} € DM(S).

as some kind of "universal n-unipotent motive" on S. Faltings’ motivic logarithm,
denoted by P,(d), is a variant of P, where one replaces 7: X — S by the second
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projection pry: X xg X — X and slightly modifies the differential. I will not go
into detail here, so see section I1.6.1 for an explicit definition.

Faltings then proves that the zeroth homology group of the f-adic realization of
P,(9) is the ¢-adic logarithm for the curve X:

Theorem (Faltings). Let m: X — S be a smooth morphism of quasi-projective
schemes such that the prime [ is invertible on S, and let Pﬁt’l(é) denote the (-adic
realization of P,(8). Then the (-adic sheaf HO(PS(8)) is the universal n-unipotent
L-adic sheaf on X trivialized at xo, and therefore coincides with the étale logarithm
on X as considered in literature.

Regarding the Hodge realization, Faltings claims that similar arguments also prove
the following: the zeroth homology group of the Hodge realization of P, (9) is the
Hodge logarithm for the curve X.

b.) Major points to note in Faltings’ construction:

e Faltings’ construction can be imitated for any smooth morphism of noetherian,
separated and reduced schemes 7: X — S with a section xg: S — X. The
reason is the following: In this setting, there is a motive Zx € DM(S) and the
above construction works out without any changes.

e Faltings’ logarithm reminds of a well-known construction: The differentials in
the sequence P, (as well as P, (d)) coincide with the horizontal differentials of
the double complexes used to define bar complexes (see [HZ87| for a definition,
as well as chapter I.1). In general, Faltings’ complex P, looks very familiar:
namely, it is similar to the theory of bar resolution for groups or algebras.

c.) Basic ideas for Step 1:

View Faltings’ motivic logarithm as some sort of "motivic bar complex".

e Generalize Faltings’ motivic logarithm and put it into a greater theoretical
context, construct a theory of "motivic bar complexes".

e Define the motivic logarithm for any smooth morphism 7: X — S (where both
X and S are noetherian, separated and reduced) as an immediate generalization
of Faltings’ logarithm, using the new language of motivic bar complexes.

e Show that like in Faltings’ case, one may retrieve the classical (¢-adic or geo-

metric) logarithms for curves and abelian schemes as the zeroth cohomology of

the (¢-adic or geometric) realization of our motivic logarithm.

Step 2: View the polylogarithm as a Gysin morphism.

a.) Inspiration: Beilinson and Levin’s motivic polylogarithm for elliptic curves

In [BL94, §6], Beilinson and Levin constructed the elliptic motivic polylogarithm
in terms of classes in K-theory. This construction hints at a new interpretation
of the polylogarithm as a Gysin morphism, which is in fact the basic idea of our
generalization of the polylogarithm. Let us introduce this point of view by vaguely
recalling the basic facts regarding Beilinson/Levin’s motivic elliptic polylogarithm.
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Again, we assume that the reader is vaguely familiar with Levine’s theory of motives
as summarized in Appendix B. Let F be an elliptic curve over some field F' with
zero 0 € E. We denote the open complement of 0 by U := E \ {0} Moreover, we
define o: U — B (21,...,2041) — Z?:Jrol x;, and put

U8L+1 — Un+1 \ (o_n+1)_1(0)'
Now consider Beilinson’s motivic cohomology groups
HT;L/;rQ(X Xg U(?Jrl,(@(n + 1)) _ Kr(zn+1)(X X g U6L+1)Q,

where the right hand side is the (n 4 1)-st Adams eigenspace of Quillen K-theory
(see section B.6 in the appendix for details). Beilinson and Levin define, for all n,
certain subspaces of these cohomology groups whose definition we will not specify
- let us denote them by

HP(X xs Ut Qo+ D)L g = KX xs UG

C HA(X xs Ug™, Q(n + 1)),

—,sgn

where we stick to Beilinson/Levin’s notation. For these subspaces of motivic coho-
mology Beilinson and Levin then prove that there is a sequence of isomorphisms

res

C_>H{3%(X xg U, Q(2))* =~ H?,(X xsU,Q(1))}

—,sgn ~ —,sgn

I
(CHY(X xgU) @ Q)!

—,sgn

H'P(X xs U, Q(n 4+ 1)L o “= H'PHX x5 UF,Q(n))! on - )

Having established this sequence, Beilinson and Levin define the motivic elliptic

)

polylogarithm classes 9;; to be the classes

2% € HP2(X xs UF,Qn +1))! 4
which are mapped under the above isomorphism to the class of the diagonal A C
X xgU in (CH'(X xgU) @ Q)L .
In other words, Beilinson and Levin’s motivic elliptic polylogarithm classes are

determined entirely by
[A] € CHY(X x5 U) ®Q = HY(X x5 U,Q(1))

(for the identification with the Chow group see Theorem B.6.2 in the appendix).
Now note that by Levine’s theory of mixed motives, the motivic cohomology group
on the right hand side may be written as
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H?,(X x5 U,Q(1)) = Homp a0y (Qu, Qx x5v(1)[2])

(see section B.4 in the appendix), where we consider X x gU as a scheme over U via
the second projection. Note that Levine introduced Gysin morphisms (see section
B.2 in the appendix) in his motivic category DMg(U), and by construction, the
class of the diagonal

[A] € CHY(X x5 U) © Q= H%(X x5 U,Q(1))

corresponds to the Gysin isomorphism A, : Qu — Quxgx(1)[2].
Following the above reasoning, the motivic polylogarithm for elliptic curves is de-
termined by the Gysin isomorphism A,: Qu — Quxyx(1)[2] € DMg(U).

b.) Basic ideas for Step 2: The Gysin isomorphism obviously generalizes to arbitrary
smooth S-schemes 7: X — § of relative dimension d, where both X and S are
noetherian, separated and reduced, and have a section xg: S — X. Putting U :=
X \ zo(S), there is a Gysin isomorphism

Ay Ly — ZXXSU(d)[Qd] S DM(U)

corresponding to the diagonal A: U — X xgU. Supposing the polylogarithm is a
motivic object and has a general motivic definition for both curves and abelian va-
rieties, then the obvious conclusion of Beilinson and Levin’s motivic polylogarithm
for elliptic curves would be that the above Gysin isomorphism basically determines
the general motivic polylogarithm.

Step 3: Combining Step 1 and 2

Suppose we have finished Step 1, and are left with the following situation

e We have a motivic theory of "bar complexes" formalizing Faltings’ construction in
a very general setting.

e We have defined a higher-dimensional, general analogue of Faltings’ motivic loga-
rithm in terms of these motivic "bar complexes".

e We know that in realizations for curves and abelian varieties, the zeroth cohomology
of our motivic logarithm yields the classical logarithm from literature.

Then the fundamental idea distinguishing our approach to the polylogarithm from
everything in contemporary literature is the following:

In the definition of the polylogarithm, we replace the classical logarithm
by our generalized motivic logarithm (whose zeroth cohomology in realiza-
tions yields the classical logarithm for curves and abelian varieties). Step
2 then yields the canonical definition of the motivic polylogarithm in the
generalized setting: it will be the canonical motivic cohomology class which
is determined by the Gysin isomorphism A,: Zy — Zx v (d)[2d] € DM(U).
"Philosophy": The polylogarithm is generally believed to be of motivic origin - and
there is no notion of zeroth cohomology in the category of motives. Hence, the above
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approach of replacing the zeroth cohomology by the entire complex is the natural
approach to a truly motivic polylogarithm (i.e. one which goes beyond the world of
K-theory). Moreover, this explains why up to now the polylogarithm was thought to
only exist for curves and abelian schemes: The notion of the logarithm considered was
too narrow - only for curves and abelian varieties the motivic logarithm reduces to its
zeroth cohomology, i.e. the classical logarithm. For more general schemes it doesn’t,
thus constructions dealing with the classical logarithm are bound to fail.



Outline

In the preceding section, we took a look at the current landscape in the theory of
polylogarithms. We want to construct a generalization of the polylogarithm for any
smooth morphism of noetherian, separated schemes 7: X — S yielding the known
polylogarithms in table (0.1) above. It is clear that the conventional definition of the
polylogarithm does not generalize, as pointed out in the preceding paragraphs. Instead,
we will explicitly construct the polylogarithm as a pro-object in Levine’s triangulated
category of motives, and determine its mixed realization, with a particular focus on the
Hodge realization. In order to show that this object we constructed ad hoc coincides
with the polylogarithms already defined in the collection of papers of the above table,
we will show in chapter I1.7 that the mixed realization of our construction satisfies a
characterizing property of the polylogarithms as defined in literature.

This ad hoc explicit construction of the polylogarithm, however, relies on a motivic
generalization of bar complexes that has not yet been introduced in literature. The
first thing we have to do in order to be able to define the motivic polylogarithm is
hence to introduce the notion of motivic bar complexes, motivated by the classical bar
constructions. This is done in Part I as follows, where the italic parts are essentially
new:

Part I:

e Chapter I.1: Recap of classical bar constructions and their simplicial interpreta-
tion;

e Chapter 1.2: Motivic generalization of the simplicial constructions to obtain a
notion of motivic bar complexes;

e Chapter 1.3: Computation of the geometric and £-adic realization of the motivic
bar complexes constructed;

Part II:

e Chapter II.1:
— Recap of Hain-Zucker’s construction (|[HZ87|) of the universal pro-unipotent
sheaf via classical bar complexes;
— Interpretation of the universal pro-unipotent sheaf as the logarithm as defined
in Beilinson and Levin’s preprint [BL] and
— recollection of Beilinson/Levin’s Hodge polylogarithm for curves.
e Chapter II.2:
— Motivic generalization of Hain-Zucker’s and Faltings’ construction using the
motiwic bar complexes of Part I to obtain the notion of a motivic logarithm;
— Ad hoc definition of the motivic polylogarithm using the motivic logarithm of
chapter I1.6;
— Computation of K-classes associated to the newly constructed polylogarithm;
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e Chapter 11.3:
— Computation of the mized realization of the motivic logarithm and polyloga-
rithm;
— Proof of characterizing properties of the polylogarithm in the mized realization;
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Notations and Conventions

When we talk about a "scheme", we will always mean a noetherian and
separated scheme.

We use the abbreviation "VMHS" to mean "variation of mixed Hodge structure".
We will always take double-complexes to be given by a complex of complexes, i.e.
we consider the commutative version of double complexes (see D.1 in the appendix).
Good compactification of complex varieties: In what follows, we will silently
assume the following: Let X be a smooth complex variety. By Hironaka, there
always exists a smooth compact algebraic variety X containing X such that the
complement D := X — X is a simple normal crossing divisor. We will simply call
X a good compactification of X. All upcoming constructions will be independent
of a choice of good compactification.

Throughout the thesis, we will suppose that the reader is basically familiar with the
following theories/languages:

Hodge structures, variations of mixed Hodge structure and mixed Hodge modules
(see section C.1 in the appendix),

K-theory (see chapter B.6 in the appendix),

Levine’s theory of mixed motives (see chapter B in the appendix).

Categories:

If S is a reduced, noetherian and separated scheme, then we let Schg denote the cat-
egory of noetherian separated S-schemes and Smg the full subcategory of smooth,
quasi-projective S-schemes.

Let A C C be a subring. For any (noetherian separated reduced) scheme S, we
denote by DM 4(S) Levine’s triangulated category of motives with "coefficients in
A" as described in section B.1 in the appendix. If A = Z, we simply write DM (S).
If R C C is a subring, then we denote the category of mixed R-Hodge structures
(see section C.3.1) by MHSp.

If A C C is a subfield, and S is a complex variety, we denote the category of
variations of mixed A-Hodge structure on S by VMHS 4(5) (see section C.3.2) and
the category of mixed A-Hodge modules on S by MHM 4(.5).

If Ais any category, we let C*(A) (e = +,b,0) denote the category of (bounded
above, bounded, resp. not necessarily bounded) cochain complexes in A. Sometimes,
we will also drop the brackets and simply write C*A. If there is a notion of quasi-
isomorphism, then the associated derived category will be denoted by D*(A) (e =
+,b,0) or D*A.
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Part I

Motivic Bar Complexes
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The overall aim of this thesis is the construction of the motivic polylogarithm in a very
general setting. This works out best in a language of motivic bar complexes. Hence,
this first part of the thesis does not even mention the word "polylogarithm", but is
entirely dedicated to providing a theory of motivic bar complexes generalizing a certain
class of classical bar complexes.

The outline of this part is very simple and straight-forward: In Chapter 1, we will recall
Chen’s bar constructions and list the most important properties. Here, after a down-
to-earth introduction of bar complexes, we will focus on their simplicial interpretation.
In Chapter 2, we simply recall the motivic theory of Levine and provide the motivic
formalism we will need in the following chapter. The simplicial formalism of Chapter
1 and the motivic language of Chapter 2 will be used in Chapter 3 to carry the bar
constructions over to the motivic world. A more visual summary of Part I would be
the following diagram:

Chapter 1: Chapter 2:
Recap of the classical theory Recap of the motivic
. —— .

of bar complexes in two ways: theory due to Levine

- in terms of double complexes and construction of motives

- in terms of simplicial objects of cosimplicial schemes
hapt :

Chapter 4: Chapter 3:

Imitation of the simplicial

constructions of Chapter 1
in DM to obtain a motivic
theory of bar complexes

Computing the mixed realization| <——
of the motivic bar complexes
of Chapter 2
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Chapter 1

Classical bar constructions

(Classical bar constructions have been around in various fields of mathematics for a long
time, and in multiple variants. The bar complex was originally introduced by Chen in
order to formalize the complex of iterated integrals. When we talk about the "classical"
bar complex, we will always mean Chen’s bar complex - notwithstanding the fact that
bar constructions can also be found in other variants, e.g. in form of the bar resolution
of groups or algebras.

What we want to find in this part of the thesis is a motivic analogue for the classical
bar complex. Naturally, we need to diligently study the classical case in order to find
the correct means of motivic generalization, and the correct "setting" to work in.

In this chapter, we will proceed as follows:

e Firstly, we will consider the two types of bar constructions as introduced by Chen:
the unreduced and reduced bar complex. Chen considered them as total complexes
of certain double complexes, which is how we will first present them.

e Secondly, we will take a different look at the theory of classical bar complexes: bar
complexes underlie the structure of simplicial objects. Since the theory of simplicial
objects is a beautiful tool to work with and well understood, this approach to
classical bar complexes is of major importance for us.

e Thirdly, we will apply the theory of "simplicial bar objects" underlying the bar
complex to the case of smooth forms on a scheme. This application will turn out
to be of motivic origin in Chapter 4.

1.1 The (unreduced) bar complex

1.1.1 Definition

In what follows we will deal with commutative double complexes as explained in section
D.1 of the appendix. The bar complex constructed this way is the same as in [HZ87],
only the underlying bar double complex is commuting instead of anticommuting.

Let k be a field, R® be a differential graded k-algebra (the most common case is R® = k),
and A = @pzo AP a differential graded k-algebra with differential d: A¥ — AFT!
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which is a differential graded R-module. Moreover, suppose R® admits the structure of
a differential graded A®-bimodule via two morphism of differential graded algebras

z,y: A* — R®,

where left-multiplication is given by «x, and right-multiplication by . Denote the degree
of an element a € A® or r € R® by |a| and |r|. Moreover, let A®" := AQrA®p...QrA
be the r-fold tensor product of A® over R®, with an element of A®" denoted by

[a1]...|la) =1 ®...®a, forai,...,a, € A°.
We extend the degree | .| of A to A®" in the usual fashion, i.e.
llai]...lar]| = |ai| + ...+ |ar| for ai,...,a, € A®.

Consider the array with bidegree

= (R AP )2 2 (Ro A= 12 0% L (RoAR bR 2

b} o b}
®@ryl 6 ®@r—1y1 6 J 1.6 1
.— (R A®") — (R® A ) —...—~(R®A)—R 1
8 ) 8
®r\0 0 ®@r—1\0 _9 g 0 9_ po
..—>(R®A )—>(R®A )—>—>(R®A) — R 0

0 0 0

> (R®A®) 1S (Re A1 % S (ReA)1-%0 -1

—r —(r—1) . -1 deggimpl\deg 4

where (R ® A®") is the total degree j-part of R ® A®" and the vertical complex
R® A®" is in simplicial (i.e. horizontal) degree —r. Here, the differentials are given by

07 b®ail...|ay] — (—1)" (db@ [a1] ... |ay]

7 . )
+ 3 ()P ey @ [y |daglagl |ar]>
1=1
b [ay]. .. |ar] — —z(a1) - b® [az]. .. |a]
r—1 )
+ Z(—l)zz:l |ak‘+l+lb X [aﬂ e ]ai_l\aiaiﬂ\aHg e ‘CLT]
i=1

(= 1) SR a4 (a4 Dy (0.) b @ [ag] - |ar—1].
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where s = [b® [a1]. .. |a,]].

It is a well-known fact (which can be verified by a lengthy but simple calculation)
that 0% = §? = §'0 — 93’ = 0, so the above array is a second/third quadrant double
complex.

Definition 1.1.1. We call the above double complex (1.1) the (unreduced) bar double
complex, and define the (unreduced) bar complex of the R®*-module A®* B(A®*|R®), , to be
the associated @-total complex of the above commutative double complez (i.e. summing
the diagonals of slope (—1) and taking the differential to be 05 + (—1)"8/°.) For R® =k
one simply writes B(A®)yy = B(A®|k)z,y.

1.1.2 Properties

a.) The bar filtration: There is a filtration of the bar complex by degg,,: Letting
B, (A|R),,, denote the total complex of the subdiagram

0—=(A®)2 0 o O g2 p2 2
4] 2]
0 (At 8 g & R 1
0 o
0—=(A®)0 & o O g0 & po 0
1o} 1o}
0 =(A®r)-1 % O g1 T ~1
—r e -1 deggimpr \deg goe

of the bar diagram in the definition, B := {B,} is a filtration of B(A|R);, by
subcomplexes. Its graded quotients are given by the column of the bar double
complex with degg,,) = —r in degree —r, i.e. one has gr® B(A, M), = A®"[r].
b.) Functoriality: The bar complex is covariantly functorial: Suppose we are given
another differential graded R*-module A’ such that R® is endowed with the struc-
ture of a differential graded A®-bimodule via morphisms z’,y: (A")* — R*® of
differential graded k-algebras. Suppose furthermore that we are given a morphism
p: A — A’ of differential graded R-modules such that x = 2’ o p and y = 3/ o .
Then these induce morphisms p®": A®" — A’®" of complexes of k-vector spaces
(where we view A as a complex), which are obviously compatible with the mor-
phisms of complexes ¢’. Hence, ¢ induces morphisms of the bar double complexes
associated to A and A’, and hence also a morphism of the associated total complexes
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©®*: B(A|R)3y — B(A'|R)y .

Since ©®* is induced by the morphism of the underlying double complexes, it is

compatible with the bar filtration, i.e. induces morphisms
(©®*)r: Br(A|R) sy — Br(A'|R)y .
Proposition 1.1.2. If ¢ is a quasi-isomorphism, then the induced morphisms
©2%: B, (A|R)zy — Br(A'|R)yy are quasi-isomorphisms.

Proof. This is completely analogous to the reduced case, see [HZ87, 3.14, p.92|: If
 is a quasi-isomorphism, then for all ¢ the induced morphisms

o®: A% = gr? B(A|R)zy|—i — gri% B(A’\R)m/’y/[—i] = A®

are quasi-isomorphisms. Since B defines a finite filtration of B(A|R),, and
B(A'|R)y 4, the quasi-isomorphisms

g B(A|R)yy ~ er? B(A'|R)

for all ¢ show that B, (A|R)s,y — By(A'|R)y 4 is a quasi-isomorphism. [ |

c.) Hodge structure: (For the reduced case, see [HZ87, 3.15, p.92]) Assume that A

and R are both cohomologically connected, i.e. graded in non-negative degrees and
H°(A®) = k. Moreover, suppose that both R and A underlie compatible (regarding
the module-structure) mixed k-Hodge complexes with Hodge and weight filtrations
(Fa,Wy4) and (Fg, Wg), respectively, such that the weight filtrations of A® and
R*® are bounded below. Let us furthermore suppose that the left and right module
structures x, y are morphisms of Hodge complexes. Then F4 and W4 induce filtra-
tions on the tensor products A®"[r] for r > 0 (where the shift [r] induces a shift of
weights), and (Fr, Wg) induces filtrations on A®? = R® where, again, the weight
filtrations are bounded below.

Proposition 1.1.3. The morphisms 6,(x,y) are morphisms of mized Hodge com-
plexes.

Proof. It suffices to prove that the individual summands of the morphism 0 are
compatible with Hodge and weight filtrations. Here, we may forget about signs:
(i) Claim: The morphism [a1|...|a,| — x(a1)-[az|...|ar] is compatible with all

weight and Hodge filtrations.
Suppose a; € Wy, A. Then [a1]...|a,] € A®"[r] is in W~ .4, Since z is a
morphism of Hodge complexes, we know that x(a1) is an element of Wy, R,
and hence x(a1) - [ag|...|a,] is in Wi, 15, A © ... Wi, A C W, (A%,
which shows that the above morphism is indeed compatible with the weight
filtrations. In exactly the same way (replace W by F' everywhere) one can see
that it is also filtered with respect to the Hodge filtrations.
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(ii) Claim: For any 0 < ¢ < r, the morphism [a1]. .. |a,] — [a1] ... |aiait1] - . . |ay]

is filtered with respect to all weight and Hodge filtrations.
This follows from the same reasoning as above: since algebra-multiplication of
A is a morphism of Hodge complexes, we know that if [a;|...|a,] is as in (i),
then a;a;41 is in Wy, 14, A, and hence [a1]...|a;a:41]...|a;] is in Wi, A ®
e OWigg  A® L QW AC W K, (A®71) as asserted. Replace W by F
to see that the same holds for Hodge filtrations.

(iii) Claim: The morphism [a1]...|ar] — [a1]...]ar—1] - y(a,) is compatible with
all weight and Hodge filtrations. This follows exactly like (ii). |

Since the differentials 9, are all morphisms of mixed Hodge complexes, the Hodge

and weight filtrations of A and R induce natural Hodge and weight filtrations on the

entire double complex. Given a filtration on a double complex, there is an induced

filtration on the total complex given by the diagonal filtration. In our case, this is

the following;:

5/(W)kB(A’R)x,y = @ Wi(column in degsimpl =—7).
i+j=k

It is easy to see that it coincides with the filtration W * 8 defined by

(W« B)yB(A[R)sy = €D Wigr} B(A|R)ay
i+j=k

whose graded quotients are given by the column complexes P, ik grlV (A%9)[5].

Lemma 1.1.4. ([HZ87, 3.15, p.92] for the reduced case)
Under the above hypotheses, B(A|R), , with filtrations (W B, F') is a mized Hodge
complex over k, filtered by B.

Proof. To see that B(A|R),,, with the above filtrations is a mixed Hodge complex,
we have to show that the weight graded quotients

et = (@ gV (4%9)[j).
i+j=k

are pure Hodge complexes. This, however, is immediate from the hypothesis that
A and R are mixed Hodge complexes, and hence so is A%’ for j > 0: This means

that for all 4, j, the summand gryV(A@’j) is a pure Hodge complex, and hence so is

(WxB)
gr;. . [ |

d.) Hopf algebra structure for R = k: Again assume that A is cohomologically con-
nected, i.e. graded in positive degrees and H°(A®) = k. In the special case R = k
the bar complex carries additional structure:

e Product:
For any three morphisms of differential graded algebras x,y,z: A — k, the
bar complex B(A) admits a product



26 CLASSICAL BAR CONSTRUCTIONS

B(A)z,: ® B(A)zy — B(A)zy

Vila]. . lay] @ [arga] .. arss] — Z (‘USgn(a’a) [ag-11)] - - - lag-1(rrs)];
UEST,S
where sgn(o,a) = >, _ ; (lai| = 1)(Jaj| — 1). This product is associative,
(i) > o(j)

graded-commutative, unital with unit given by inclusion i: k < B(A),,,, and
compatible with the total differential.

e Coproduct:
Let z,y,z: A — k be as above. There is a coproduct defined by

A: B(A)yy — B(A)s. ® B(A).,

lasl .- Jar] — > [aa] .. |ai] @ [aiga] .. |ay],
i=0

where the right hand side is to be read as 1 ® [a1]...|a,;] for i = 0 and
[a1]...]a;] ® 1 for i = r. This coproduct is co-associative, i.e. (A ® id)A =
(id®A)A, compatible with the co-augmentation e: B(A)q, — k given by the
projection of B(A), to k, and is a morphism of complexes. Moreover, it has a
counit given by e.

o Compatibility: The algebra and coalgebra structures are compatible with each
other, i.e. the counit and coproduct are morphisms of unitary algebras.

e Antipode: There is an antipode defined by

S': B(A)a,b — B(A)a,b
[a1] ... |a,] — (=1)" 8" @D[q,| .. |ay],
where sgn(a) is the sign of the permutation (ay,...,a,) — (ar,...,a1).

For any augmentation x: A®* — k, this gives the bar complex B(A), , the structure
of a Hopf algebra, i.e the diagram

B(A)y 0 ® B(A)gs 228 B(A)yr ® B(A)s,

) )

B(A); . = k : B(A),, commutes.
A

1.1.3 Sheaf setting

The definition of the bar complex also makes sense in the sheaf setting as follows:
Let X be a scheme, k a field, #Z°* a sheaf of differential graded k-algebras, and
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A = P,>o 7 a sheaf of differential graded k-algebras, which moreover is a differ-
ential graded Z-module. Moreover, suppose #° admits the structure of a differential
graded &7°*-bimodule via two morphism of sheaves of differential graded k-algebras
x,y: o° — XZ°, where left-multiplication is given by x, and right-multiplication by
y. Then the same constructions as above yield a sheaf

B(A*|%#°)z,y on X.

By local considerations, the properties of section 1.1.2 naturally carry over to the sheaf
setting:

a.) Bar filtration Obviously, as in the non-sheaf case, there is the bar filtration B :=
{Br (| R) ¢y} of B(A|#)z,y, which is given by letting B, (4/|#)., denote the
total complex of

0— = (&) -2 o () g2 2
Ie] 1o}
) R V- A 4 — 1
0 0
0> (@0 0 o g0 O O 0
Ie] 1o}
0— (&)1 g1 T ~1
—r . -1 deggimpl \deg .

b.) Functoriality: Covariant functoriality carries over verbatim from section 1.1.2,
replacing R by #Z, A by &/. Moreover, by local considerations, Proposition 1.1.2
immediately shows that quasi-isomorphisms of differential graded Z-modules with
compatible sections yield quasi-isomorphic bar complexes.

c.) Hodge structure: Assume that o/ and # are graded in positive degrees and the
stalks of H%(.27*) are equal to k. Moreover, suppose that both are both mixed
B-Hodge complexes of sheaves (see [Bei94] for a good introduction of Hodge com-
plexes (of sheaves)) for some subring B C C, such that the Z-module structure
of &7 as well as the sections x and y are morphisms of mixed Hodge complexes of
sheaves. Moreover, suppose all weight filtrations are bounded below. Then consid-
ering the situation locally, it is obvious that the morphisms ¢, (x, y) are morphisms
of mixed Hodge complexes. Hence, the entire bar double complex is a complex of
mixed B-Hodge complexes of sheaves. As above, one can see that its total complex
B(4|#)y,y carries an induced structure of a mixed B-Hodge complex of sheaves.
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d.) Hopf algebra structure for R = k: Assume that o/ and Z are graded in positive
degrees and the stalks of HY(«7®) are equal to k. Moreover, assume that % is a
local system with stalks equal to k. Then the bar complex sheaf carries additional
structure: For any three morphisms of differential graded algebras x,y, z: &/ — Z,
the bar complex B(«7|%#) admits a product, coproduct and antipode

B(A |R)zz: @ B(A| )2y —> B(A| R )y
A: B(A|RB) 0y — B(A|R)a. ® B(A|R)-,
S: B(A|R) 0y — B(A|B)ya

given locally by exactly the same formulae as in the non-sheaf case above. Ob-
viously, local considerations show that the product is again associative, graded-
commutative, unital with unit given by inclusion i: Z — B(4/|#)4,, and com-
patible with the total differential. Likewise, the coproduct is co-associative, i.e.
(A®id)A = (id ®A)A, compatible with the co-augmentation e: B(o/ |Z)yy — #
given by the projection of B(%/| %), to %, and is a morphism of complexes. More-
over, it has a counit given by €. Product and coproduct are compatible. As a conse-
quence, for any augmentation z: &/°* — Z, this gives the bar complex B(%/ | %) 4
the structure of a Hopf algebra, i.e the diagram

B(A\B) a0 ® B\ B) a0 228 B(A|B) 00 @ B(A| )0

)

B(A R )z a < k : B(A R )z«

3 <

B(A|R) a0 ® B\ R) g0 22 B(t|R) 00 @ B(A| )

i

comiutes.

1.1.4 An isomorphic definition

Let again k be a field, R® be a differential graded k-algebra (the most common
case is R* = k), and A = P, AP a differential graded k-algebra with differential
d: A¥ — AF*1 which is a differential graded R-module. Moreover, suppose R® admits
the structure of a differential graded A°®-bimodule via two morphism of differential
graded algebras z,y: A* — R®, where left-multiplication is given by z, and right-
multiplication by y. However, note that everything in this section is also valid in the
sheaf setting.

In this section, we want to find a different - and from a motivic perspective: more
natural - definition of the bar double complex above. The first thing one notes about
the bar double complex is that the columns are not just given by the complex A®™
which would seem somewhat simpler. Instead, we have the following;:
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Lemma 1.1.5. The column of the bar double complex in simplicial degree —r
02 (A% & (4%r)2 & (483 5
is given by the differential graded algebra (A[—1])%[r].

Proof. By the ordinary conventions, the differential of A[—1] is given by —d, and the
degrees of all elements are lowered by 1. The differential of the tensor product A ® B
of two dgas (A,d4) and (B, dp) is defined to be d(a ® b) = da ® b+ (—1)%8% @ d(b).
Using this inductively shows that the differential of the dga (A[—1])®" is given by

r

d([ar]. . |a,]) =D (—=p)lorl=tretlaial=la | | = das|aiiq] .. |ar]
=1
= (~p)labrHe gy | daglaig] .. Jar).
=1

The dga (A[—1])®"[r] is given in degree k by (A®")%, and its differential is the
above multiplied by (—1)" due to the [r]-shift. Thus, the differential graded algebra
(A[—1))®"[r] indeed coincides with the r-th row of the bar double complex. [
Philosophically speaking, we want to "translate" the bar double complex with columns
given by (A[—1])®"[r] into a double complex with columns given by A®" (and, if pos-
sible, nicer horizontal differentials). To do this, we have to find an explicit, natural
isomorphism (A[—1])®"[r] = A®". The first step is the following:

Proposition 1.1.6. Let (A,d4), B,dp be differential graded algebras, andn € Z. Then
we have

(A[n]) © B = (A® B)[n] = A® (B[n]).
Here, the isomorphism A® (B[n]) — (A® B)[n] is given by a®@b+— (—1)""4lg @ b.
Proof. Obviously, for any k, one has (A[n] ® B)* = (A ® B[n))* = (A® B)[n])".

Hence, it suffices to check the differentials. Let | . | denote the degree of an element in
A. The differentials d; of Aln] ® B, and ds of (A ® B)[n] are given by

di(a®b) = (=1)"da @b+ (-0 @ db = (=1)"(da ® b+ (—1)!"la @ b) = dy,

so we obtain A[n]® B = (A® B)[n]. Next, we use the fact that for any two differential
graded algebras (A, d4) and (B, dp), there is an isomorphism of dgas A® B~ B® A
given by a @ b — (—1)de8(@)dee(®)p @ ¢, Thus we have an isomorphism

A® (B[n]) —= (B|n]) ® A=——= (B ® A)[n] = (A® B)[n]
a®br—s (—1)allbl-mp @ g = (—1)lal(bl-n)p & g 1 (—1)lal(Bl-n)+Hallblg & b
=(-1) g xb M

We use this to prove the following about the columns of the bar double complex:
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Proposition 1.1.7. There is a natural isomorphism

Ur: (R® (A[-1)*")[r] — A®"
b®[ay]...|ay] — (—1)HEt—1)p @ [ay] .. |ay].

where p(b,ay, ... ar—1) =7 -b+ S5t (r —k) - |ag|.
Proof. We show this by induction. For r = 1, we have the following:

(R® (A-1)2 ™ (A1) o R) [ = A® R Ro A=A

as asserted. Suppose we have shown the assertion for r» — 1, i.e. the isomorphism (R ®
A[—-1)®r=1[r — 1] =2 A®"1 is given by

r@[ar]...|ar_1] — (=) DPZITI—k=Drlarl pa, | ja,_yq].
First, note that by Proposition 1.1.6 above, we may identify
(R® (A[-1)%7) [r] = (R & (A-1)®) [r — 1] @ (A[-1])) [1]
Now consider the following composition of isomorphisms:

Ut ((R® (A[-1)271) [r — 1] @ (A[-1))) 1] 222 (451 @ (A[-1])) [1] >

flip,

:—> (Al-1)) @ A2 [1] = A@ AP~ — P2 gor-lg 4 = gor

~

where flip; and flip, are the obvious isomorphisms. This composition is given on ele-

ments by
Pr(b® [a1] ... ]ar])
= flip, oflipy o(¢r—1 ®1d) (b ® [a1]. . . |ar—1] ® a;)
— (flipy o flipy ) ((—1) "D =1=R arl (pgy | lay_1] @ ay)
— flip, ((_1)22;%—1«—1)4%\+(|b|+z;;§ laxl)(lar+D g @ [ay] . .. |aH])
— <_1)2@?(T—k—l)'lak|+(|b\+22;} |ak|)(lar|+2) [a1] ... |ay]
= (—1)rHERL =R ekl g ),
which proves the assertion. |

What is left to do in order to find an isomorphism of the bar double complex to an
"easier" double complex is to translate the differentials:
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Lemma 1.1.8. Via the isomorphism of Proposition 1.1.7, the morphism of differential
graded algebras 6.: R @ (A[-1))¥"[r] — R ® (A[-1))®""L[r — 1] corresponds to the
morphism

A®T — AT
[a1] ... |as) — —[z(a1) - az] ... |ay] +Z D ar] .. Jaiaisa] - .. |ay]
+=1)" ™ ar - far—r y(ar)]'
Proof. The inverse of the isomorphism 1, of Proposition is given by

U A — R (A1) [r); [aal - Jay] — (=100 D1 @ [aq]. ],

where as above (1, a1, ...,a,-1) = S 5_; (r — k) - |ag|. The diagram
Or—
R @ (A[-1])%"[r] = R@ (A1) r — 1]
¢”_1T ¢r—1
84
A®T " A®T—1

then yields the result after a simple calculation which is carried out in section D.2 in
the appendix. |
Having translated the horizontal differentials of the bar double complex into differen-

tials of a complex of dgas, we now fix the terminology for our differentials once an for
all:

Definition 1.1.9. Let R®, A®,x and y be as above. For any r € N, we denote the above
morphism by

Sr1(z,y): A®T — A9
r—1

a1 .. Jar] — —[z(a1) - ag| ... |a,] + Y (=) an .. |ai1|asaiilairz - |ar]
=1

+(=1)"aa| ... Jar-1 - y(ar)]

and call it the bar complex differential.

With this, we obtain:

Lemma 1.1.10. The bar double complex is isomorphic to the double complex

A®T 6T—1(mvy) A®7~_15?"—2(x’y) 62(3371/) A®2 Jl(x’y) A Yy—x R 0

Proof. This is an immediate consequence of the definition of the bar double complex
and Lemma 1.1.8 above. u
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Corollary 1.1.11. The (unreduced) bar complez is naturally isomorphic to the total
complex of the double complex

A®T 61”—1(x7y) A®7~_15?"—2(x’y) 62(3371/) A®2 Jl(x’y) A Yy—x R 0

Next, we take a look at the reduced bar complex:

1.2 The reduced bar complex

The reduced bar complex is closely related to the unreduced bar complex: it is merely
a quotient.

1.2.1 Definition

Let all notation be as in the preceding section, i.e.: let k be a field, R® be a differential
graded k-algebra, and A = EBPZO AP be a differential graded R-module. Moreover, we
suppose that R® admits the structure of a differential graded A®-bimodule via two
morphism of differential graded algebras x,y: A* — R®, where left-multiplication is
given by z, and right-multiplication by y.

Definition 1.2.1. Let D(A®*|R®),  be the subcomplex of B(A®|R®),, generated in de-
gree —r by the set

{la1] .- -las] | a; € A® for at least one i € {1,....r}}.

Then the reduced bar complex is defined to be the quotient

B(A®*|R®)y,y = B(A®|R*)4p/D(A%|R®)y .

1.2.2 Properties

a.) Denote the quotient A/A° by AZ!. Then the reduced bar complex is the total
complex of the following sub-complex of the bar double complex:

e AZIEr O pxere1 O 0 421 8 )
—r 7(7- — 1) L. —1 0 degsimpl

b.) Now suppose that M is concentrated in degrees > 0. Then the above double
complex reduces to
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(A8t 0 (4z1@3y4 0 (g=1@2y4 0 44 4
6T 8T 0

(A1)®3 g (A21®2)3‘5>A3 0 3
aT )

(A®2 2o A2 o0 2
0

Al ——0 1

k 0

—4 -3 -2 -1 degsimpl\degA

c.) The bar filtration: The bar filtration of the unreduced complex induces a filtration
B := {B,} of the reduced bar complex B(A|R),,, by subcomplexes. Naturally, the
quotient map B(A|R)zy — B(A|R)zy/D(A|R)s,y is filtered with respect to 8.
One has

gty B(A|R)qp = (A= /dA°)®"[r].

d.) Functoriality: [HZ87, 3.11-14, p.92| Covariant functoriality carries over from the
unreduced bar complex: Let A’ be another differential graded R®*-module such that
R*® is endowed with the structure of a differential graded (A’)*-bimodule via mor-
phisms 2/,y": (A")* — R* of differential graded k-algebras. Suppose furthermore
that we are given a morphism ¢: A — A’ of differential graded R-modules such
that z = 2’ o p and y = 3 o . Since ¢ sends elements in A° to elements in (A’),
one has (D) C D'. Therefore ¢ induces morphisms

) B((p) :_B(A‘R)%y — ?(A/’R)x/7y/
Bn(‘P): Bn(A‘R)x,y — Bn(A/|R)w’,y’

just like in 1.1.2. Moreover, as in the unreduced case, we obtain ([HZ87, (3.14),
p. 92]): If ¢ is a quasi-isomorphism, then for any 7, B.(¢): By(A|R)z, —
B.(A'|R)y, is a B-filtered quasi-isomorphism.

e.) Hodge structures: [HZ87, 3.15-17, p.92] Assume that A and R are both cohomo-
logically connected, i.e. graded in non-negative degrees and H°(A®) = k, and let
B c C be a ring. Moreover, suppose that both R and A underlie compatible (re-
garding the module-structure) mixed B-Hodge complexes with Hodge and weight
filtrations (F'4, W4) and (Fgr, W), respectively, such that the weight filtrations of
A® and R® are bounded below. Then like in the unreduced case, these data in-

duce the structure of a mixed B-Hodge complex on B(A|R),,. Moreover, given a
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quasi-isomorphism ¢: A — A’ as above, which is compatible with respect to all
filtrations and a bifiltered quasi-isomorphism, then the induced morphism

B((p): B(A‘R)%y — B(A/’R)xlyy/

is a bifiltered quasi-isomorphism with respect to the induced filtrations (|HZ87,
(3.15), p.92]).

f.) Hopf algebra structure for R = k: B(A)y . inherits the structure of a Hopf algebra
from B(A)z,: One can easily check that D(A), . forms an ideal (resp. coideal) for
the multiplication (resp. comultiplication) as defined in the unreduced case. Hence,
the Hopf algebra structure of the unreduced bar complex induces a Hopf algebra
structure on the reduced bar complex with multiplication and comultiplication
defined by the same formulae.

g.) Sheaf setting: Again, definition of the bar complex also makes sense in the sheaf
setting, i.e. if Z° is a sheaf of differential graded k-algebras, &/ = ®p>0 /P a sheaf
of differential graded k-algebras which are differential graded R-modules with two
morphism of sheaves of differential graded k-algebras x,y: &/* — %°* inducing an
o7-bimodule structure on #Z. Then the same constructions of above yield a sheaf

B(A*|B*)sy.

The properties of section 1.1.3 naturally carry over to the reduced bar complexes in
the obvious way (i.e. functoriality, Hodge structures, and Hopf algebra structure).

1.3 A simplicial view on the classical bar complex

Apart from the above straightforward definition of the bar complex, there is a different
approach to bar complexes via a simplicial interpretation. It is a more conceptual view
on the bar complex, and will prove to be the right tool to generalize bar complexes to
the motivic setting. Thus it is necessary to take a close look at this viewpoint.

In section 1.3.1, we will first recall the essential facts of the theory of simplicial objects
for the reader’s convenience. In section 1.3.2, we will then take a look at the particular
simplicial objects giving rise to the bar complex of the preceding sections. Finally,
in section 1.4, we consider a special case of bar complexes which will be of major
importance to us due to its motivic origin.

1.3.1 Notation and basic facts

For the following section we will assume basic knowledge on simplicial and cosimplicial
objects. The theory needed is recalled in Appendix A, or it can be found in chapter 1.2
of the book [Lur|. First and foremost, note that while usually one takes all complexes in
the theory of simplicial objects as chain complexes in positive degrees, we will consider
them as cochain complexes in negative degrees. This agrees more with the setting of
classical bar complexes.
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Let me just recall the most important notions we will use:

For a category A, we denote the category of simplicial objects in A by A2™ and the
category of cosimplicial objects by A2

Simplicial setting

Let C be an idempotent complete category, and S, a simplicial object in C with face
maps d; and degeneracy maps s;. The unnormalized complex associated to S, is the
complex C,(S) given by S, in degree —n with boundary maps

0= (~1)di: Sp — Sn_1.
=0

One defines a subcomplex of the unnormalized complex as follows: Recall that in
an idempotent complete category, a priori the existence of kernels or cokernels is not
guaranteed. One can prove (|Lur, 1.2.3.15, pp. 48, 49]), however, that for any simplicial
object So € CA” with face maps d; and degeneracy maps s;, the kernel/cokernel

N, (S) :=ker | (d1,...,dpn): Sp — @ Sn—1 | = coker Zsj: @ Sn_1 — Sn

<i<n i 0<i<n

actually exists. One defines the normalized complex of Se to be the subcomplex of
Ce(S) given in degree n by N, (S,). Sending simplicial objects Se in C to their normal-
ized complex yields a functor N: CA" — C (C)<o, the normalized cochain complex
functor. Obviously, we have a monomorphism u: N,(S) — C.(S) and an epimor-
phism v: C,(S) — N.(S) of cochain complexes arising from the description of N, (.5)
as a kernel, respectively cokernel. One obtains the following:

Lemma 1.3.1. [Lur, 1.2.3.17, p.47] If the category C is abelian, then the canonical
monomorphism u: Ny(S) — C«(S) and epimorphism C.(S) — N.(S) are quasi-
isomorphisms of cochain complexes.

Cosimplicial setting

Let S*® be a cosimplicial object in an idempotent complete category A. The unnormal-
ized cochain complex associated to S® is the complex Co(S) with S™ in degree n, with
boundary maps

n
0=> (-1)d: 5" " — 3"
i=0
For each n > 0, one can show that the object

n—1 n—1
Q(S)" = coker (Z d': @S”fl — S”)
i=0 i=0
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exists and gives rise to a subcomplex of C(S), the normalized cochain complex. Sending
cosimplicial objects S® in C to their normalized complex yields a functor

q: C® — Ch(C)>o,

the normalized cochain complex functor.

1.3.2 The simplicial bar construction

After recalling the theory of simplicial objects, we will apply it to obtain a "simplicial
bar object" whose unnormalized complex will turn out to coincide with the bar complex
of chapter 1.

The simplicial object

Let k be a field, and R® a differential graded k-algebra with unit. We denote the
category of unital differential graded k-algebras by dga,,. Let us fix a dga A® = EBPZO AP
with differential 0: A¥ — A*+1 which has the structure of a differential graded
R*-module. By [vara], the category Mod ge qy of differential graded R®*-modules is an
abelian category which has arbitrary limits and colimits. At the same time, we suppose
R*® is endowed with the structure of a differential graded A-bimodule by virtue of two
morphisms of differential graded algebras z,y: A®* — R°.

Let all notation for degrees be as in section 1.1.1. Recall that we denote the n-fold
tensor product of A® with itself over R® by

AT = A* Qpe Q... Qpe A®

and write [a1]...]a,] == a1 ® ... ® a, for an element in A®"™. Recall that by section
1.1.4, the (unreduced) bar complex is naturally isomorphic to the total complex of the
double complex

A®r 6T*1(x7y) A®T716T72(x’y) 62(387?4) A®2 51($,y) A Yy—x R O

with dx(x,y) given by

Ok—1(z,y): A®k __ A®k-1
k—1 4
[a1] e \ak] — —[m(al) . a2] Ce ]ak] + (—1)”1[@1\ .. \ai_l\aiaiﬂ\ai_,_g PN \ak]
i=1
(1) aa] .. Jag—1 - ylax).

=

We now consider the following assignment:

sB*(A%|R®),.y: A% — Mod ge o)

[n] — A®" & —s (dj: AL pgBny gy (s ABn ALy
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where the tensor product is taken over R, the maps df are given by

—lz(ar)asg|. .. |ant1] for j=0
d;-l([all...]anﬂ]) = —[a1]...]ajaj+1|...]an+1] for j € {1,...,7’1,}
—lail ... lany(ant1)] for j=n+1,
and the maps s’ are given by
si([a1] ... lant1]) = —[aa] ... |aj|l|aji1] - . - [ant1]

for j =0,...,n, where 1 is the element 1 of k C A% C A°.

Proposition 1.3.2. d7 and i are morphisms of complexes of differential graded R-
modules for all n, j.

Proof. This follows from a simple calculation which can be found in the appendix in
E.2.1. |
In what follows, we will often drop the upper index n in the notation of d} and s7

when it is obvious what they should be.

Lemma 1.3.3. sB*(A°®|R®),, is a functor, i.e. comprises a simplicial object in
MOd(R,d)'

Proof. We need to show that the simplicial identities are satisfied. This follows from
a simple, but long calculation which can be found in the appendix in E.2.2. |

Definition 1.3.4. We call the simplicial object sB*(A®|R®),,, in Mod g q) the classical
simplicial bar object.

The unnormalized complex

Let us first determine the unnormalized complex associated to the simplicial bar object
above.

Recall that we denote the category of (bounded/bounded above) complexes of objects
in a category A by CA (C*A,C~A).

Lemma 1.3.5. The unnormalized complezx associated to the simplicial object
sB*(A®|R®)yy in Modg g
s given by the complex of differential graded A-modules

A®’n6"71(x’y)A®n—16"72(w’y)'” 52($7y) A®2 51(:E,y) A 50($7y) k 0

-n —n+1 —2 -1 0 deg
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m C~ (Mod(Rd)), where A®* is in degree —k, the tensor product is taken over R, and
the differentials are given by

Sr_1(z,y): A®T — A®T
r—1 ‘
[a1| - ]ar] — —[a;(al) . a2| . |a7~] + Z(—l)erl[al‘ - |ai_1|a,~ai+1|ai+2 - |a7~}
=1

+(=1)" e - |ar—1 - y(ar)]
Hence, it coincides with the bar double complex of section 1.1.4 underlying B(A|R).

Proof. This is a direct consequence of the definition of the face maps and Lemma
1.1.10. |

Since R is a k-algebra, there is a forgetful functor Mod(g 4 — C(Vecty) to the
category of complexes of k-vector spaces which forgets about the R-module structure
and sends a differential graded R-module A® to its underlying complex

R 7 L LA S
of k-vector spaces. This functor gives rise to a forget-functor
For: C_(Mod(R’d)) — C*(C(Vecty))

sending a complex of differential graded algebras to the associated double complex.
Composing it with the functor Tot sending a double complex to its associated simple
complex we obtain a functor

Tot: C~ (Mod(g,q)) — C(Vecty).

Corollary 1.3.6. The functor Tot described above sends the unnormalized complex
of the simplicial object sB*(A®|R®)y, in Modg g to the (unreduced) bar complex
B(A®|R®)y.y-

The normalized complex

Now we determine the normalized complex associated to the simplicial object of section
1.3.2.

Lemma 1.3.7. Let R® and A® be cohomologically connected, and let x,y be two mor-
phisms of dgas. The normalized complex associated to the simplicial object

sB*(A*|R%)sy in Modg.

1s the quotient of the unnormalized complex of Lemma 1.3.5 by the subcomplex generated
by all elements [aq|...|a,] € A®™ such that a; € R-14 C A.
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Proof. Recall that the normalized complex can be computed as a quotient of the
unnormalized complex by the degeneracy subcomplex

Dy (sB*(A°|R®)zy) i=Tm | Y s;: @D $Bn1(A°|R%)sy = sBn(A®*|R%)ay | |

j 0<i<n

where s A% — AP ag| L ang] —— Jaa] - lag|1aja] - ans]

This means that De(sB®*(A®|R®), ) is indeed the subcomplex generated by all elements
[ai]...|a,] € A®™ such that a; € R- 1. [ |

Definition 1.3.8. We call the total complex associated to the double complex un-
derlying N(sB*(A®|R®)zy) of lemma 1.8.7 the normalized bar complex and denote
it by B(A®|R®)sy. The filtration induced by the bar filtration will be denoted by
(Br(A*|R®)z,y)r-

Corollary 1.3.9. The normalized bar complex E(A'|R')x,y is the quotient of
B(A®|R®);, by the subcomplex generated by all elements [a1]. .. |a,) € A®™ such that
a; € R-1CA.

1.3.3 Relations between unnormalized, normalized and reduced bar
complexes

Now that we have introduced the unnormalized and normalized bar complex from
a simplicial set-up, we can apply the general theory of simplicial objects to deduce
relations between the different versions of bar complexes: the unreduced, normalized,
and reduced bar complex.

The first corollary of the theory that comes to mind is the following:
Corollary 1.3.10. The natural maps

u: No(sB®*(A®|R®)y,y) — Co(sB*(A*|R®),,) and
v: Co(sB*(A®|R®)zy) —> Na(sB*(A*|R®)yy)

of Lemma 1.3.1 are quasi-isomorphisms of chain complexes. In particular, applying
Tot, the natural projection

Prporm: B(A*|R®)zy — E(A'[R')m,y is a quasi-isomorphism.
Proof. This is a direct consequence of 1.3.1. |

Corollary 1.3.11. There is a natural projection pr,qq: E(A')m/ — B(A®)zy.

Proof. This follows from k C AY. [ |
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Lemma 1.3.12. For R = k C A the natural projections proq : E(A')w’y — B(A®).,
and pry,pm B(A®)zy — B(A®)sy are quasi-isomorphisms.

Proof. We first show that pr,.q: E(A')x’y —> B(A®);y is a quasi-isomorphism by
showing that it is a quasi-isomorphism on the finite subcomplexes pr,q: En(A‘)gw —
B (A®)z,y - the asserted result then follows by passing to the direct limit n — oco.
We consider the bar filtrations of En(A')Ly and By, (A®);,. These filtrations give rise
to spectral sequences

B (A%)zy) = Hk(Bn(A.)x y)

)

Bn(A%)zy) = Hk(Bn(A.):c y)

)

with the differential induced by the differentials of the bar complexes. Since A® is a
differential graded R-module, so are By, (A®);,, and B, (A®),,,. Both are filtered by the
bar filtration B, and obviously the projection

Plyeq (EN(A.)LZN%) — (Bn(A®)z,y,B)

is a morphism of fltered differential graded R-modules. Theorem 3.5 of [McCO01| now
says the following: pr,.q determines a morphism of the associated spectral sequences

Proq: B1(B,) k™ s By (B,) k™,

Moreover, if pr,oq induces an isomorphism of bigraded R-modules on any sheet, then
Prieq induces an isomorphism pro.q: H*(Bp(A®)z,y) — H*(Bn(A®)z,y) on cohomol-
ogy, since B is bounded. To prove the assertion, it therefore suffices to show that

Prieq: Bi(B,) ™ sy By (B,) k™

is an isomorphism of differential bigraded R-modules. Since this morphism is obviously
compatible with the grading and the R-module-structure, it suffices to prove that it is
an isomorphism, i.e. that the projection

Prreat B(A)ay = (A/R)™" — B(A%)sy = (A7°/dA%)®"

is a quasi-isomorphism columnwise. In turn, by Kiinneth it suffices to consider the
tensor-degree-1-case, i.e. one has to show that the morphism

Priear: A/k — AZ0/dA°

is a quasi-isomorphism. However, its kernel is the complex (A°/k — dA"), which is
acyclic since H°(A) = k (A is cohomologically connected by assumption). This proves
the first assertion. The second one then follows using Corollary 1.3.10. |
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1.3.4 Augmentation ideals

We now consider the special case x = y, i.e. the right and left A®*-module structure of
R*® coincide. This case has some particulary nice additional structure for the following
reason: The last differential of the bar complex §; = 2* — y* = 0 vanishes, and thus
the double complex underlying the bar complex B,,(A®*|R®), , decomposes into a sum
of the double complex

On On— 1) 9 )
9, pen A®n—1ntl B w2 2 4% 0

—Nn —n + 1 e -2 -1 0 degsimpl

and the complex R®[0] concentrated in horizontal degree zero.

Definition 1.3.13. We define the augmentation ideal of By (A®|R®)za. (Tesp.
B, (A®|R®)z ) to be the complex

Aol gon—1lnzz

I.(A*|R*), := Tot A—>0
—n S —2 -1 0 deg
~ dn i n—1 67;1_ g_ g
resp. In(A*|R*), = Tot { (A/F) (A/R) 2 AR 0
—-n e -2 -1 0

Sitmilarly, the left unbounded complex
I(A®|R®); = lim I,,(A*|R®), <resp. I(A®|R®), :=1i fn(A'|R')x>

is called the augmentation ideal of B(A®|R®)y . (resp. E(A'|R')xyx),

Corollary 1.3.14. There are canonical splittings By(A®*|R®)g . = I,(A*|R®), ® R®
and By, (A*|R®)z. = I,(A®|R®), ® R®.

1.4 The simplicial bar construction for relative smooth complex
varieties

Now that we have recalled the simplicial origin of bar complexes and have a nice theory
to go with, we apply it to the one special case which will be of most importance for us:

We consider a smooth morphism of smooth complex varieties 7: X — S equipped
with two sections x,y: S — X of m. Denote the sheaves of complex C*°-functions
on X and S by £% and £g, respectively, and the sheaf of relative C'*°-functions by
5).(|S = E%/m*EL. (That 1*ES — E% can be seen by looking at the situation locally,
since X is locally trivial over S). We are interested in the bar complex B(7.£%|€2). In
order to work with it, we first recall some important facts on smooth forms:
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1.4.1 The bar construction for (7.£%|EZ)

Now consider the adjunction morphism £§ — m,m*Eg associated to the adjunction of
functors 7* - m,. Since 7 is a continuous surjection, the functor 7* is faithful, and hence
id — m,7* a monomorphism of functors, so the adjunction above is injective. (Another
way to see this is that the adjunction £§ — m,m*ES factors over £5 — 7r*7r_1€§ —
m.m*ES, where the first arrow is a quasi-isomorphism). It yields a morphism

ES — M EG — mEX
of sheaves of differential graded C-algebras, making m.£% a differential graded £g-
module.
Conversely, the sections z and y give £§ the structure of a differential graded left and

right m,£5%-module as follows: They induce morphisms z*, y*: m.£5 — £g given for
U C S open by

e (U): Exovgy — By pr—a’p
Yy (U): Ex vy — Efy pr— 9

Here, we take z* to define the left and y* to define the right module structure. Note
that these impose on £ the structure of a m,£5%-bimodule. Hence, we are in the setting
of the last section, and can apply our results.

Definition 1.4.1. We call the simplicial object
sB*(XS)y,y = sB*(mEX|ES) 2y

the simplicial bar object for X|S.

Corollary 1.4.2. The unnormalized complex Co(sB®*(X|S)qs,y) associated to the sim-
plicial object sB*(X|S)z,y in Mod (g5, .a) s given by

On— Sp—
5%"(77*5;()%;(#*55()@%1%2.._5%2(%*53()@25%1@*5%)5%0]{:*)0

-n —n+1 -2 -1 0 deg

in C~(Mod(gs a)(5)), where all tensor products are taken over £§ and the differentials
are given by

6r_1(x,y): A®T — A®T
r—1
[a1| e ]ar] — —[ac*(al) . a2] e ]ar] + Z(—l)i+l[a1‘ e ]ai_llaiai_i_l]aHg N ]ar]
=1
+(=1)"Mar .. far—1 -y (ar)]

The normalized complex N(sB*(X|[S)z,y) is the quotient of Ce(sB*(X|S)szy) by the
subcomplex comprised by all elements [a1]...|a,] € (M E%)®™ such that a; € Eg —
T Ex.

The total complexes associated to the above unnormalized and normalized bar com-
plexes, are B(m«E%|ES)zy and E(?T*g).(|5§)x7y, respectively.
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Definition 1.4.3. We call the unreduced (resp. normalized) bar complex
B(X|S)ay = Brux|E8)ey  (resp. B(X|S)ey = Br&k|E)ny )

the bar complex of X|S (resp. normalized bar complex of X|S).

1.4.2 Relations between B, B and B

Just as in the general case, we now consider relations between the different kinds of
bar complexes.

Corollary 1.4.4. There are natural identifications
BX|S)ey = B(m€% /€81 ay, and Bo(X|S)ay = By (m.%/E3IEY)my
and quasi-isomorphisms
u: B(X|S)sy — B(X|8)zy and v: B(X|S)sy — B(X|S)sy.
Proof. The first statement is due to Lemma 1.4.2 and the second one is a consequence

of Lemma 1.3.1. [ |

Lemma 1.4.5. The natural projection

B(X[8)ay = B(mEX|€§)ay — B(mX[ES)ay
1S a quasi-isomorphism.
Proof. It suffices to prove that the projection is a quasi-isomorphism in stalks. Let s
be any point in S. The stalk of £ at s is given by C, while (7,£%)s = E%., where X
denotes the fiber of m: X — S over s. Hence, we have

(B(X|8)ey), = (B(mlX1ES)ey)s = B(EX,|C)e. .

(B(ﬂ-*g_;(‘gé)xzy)g = B(ES(S ’C)$37ys

where x4, ys are the sections x,y restricted to thﬁe point s. Hence, we only need to see
that the natural projection B(E% |C)z, y, — B(E%,|C)s, ., is a quasi-isomorphism.
This, however, is Lemma 1.3.12. |

However, note that the corresponding projections By, (m.E%|E8) ey — Bn(mEX|ES)ay
of the truncated complexes need not be quasi-isomorphisms. Still, we have the follow-
ing:
Lemma 1.4.6. There are natural quasi-isomorphisms

Bu(mEX|E8)ay — Bu(miEx /E§|ES)zy and

B (meX|€8) ey = Bn(melX [E51ES) 2.y
given by the obuvious projections. As a consequence, there is a natural isomorphism

Bo(mEX1E8)ary = Bu(mE% /ESIES)ay

in the derived category.
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Proof. First we consider the projection
Pried Bn(MEX[E8)ay = B(mli /E81ES)a.y-

To show that this is a quasi-isomorphism, it suffices to prove that it is a quasi-
isomorphism in stalks, i.e. that the morphism By, (E% [C)z,y, — Bn(EE(S /C|C)z, .
is a quasi-isomorphism, where X denotes the fiber of X — S over s € S, and
zs = (s),ys = y(s). We consider the (bounded!) bar filtrations of By, (E% |C)z,y, =
Bn(E%,/C|C)., 4, and Bn(EkS /C|C)g,y,- These filtrations give rise to E-page spec-
tral sequences

Ey(B)mk+m . — 9k (or
F (B)—m,k—l-m — er(gr

By (EX,|C)s,y.) = H* (Bu(EX,|C)a. )
B (EX, /C|C)a, y.) = H*(Ba(EX,/CIC)z, y.)

B3Iy

with the differential induced by the differentials of B, (E%, /C|C)s,,, and

Bn(E%,|C)z,y,, respectively. The bar filtrations imparts the structure of a filtered mor-
phism of differential bigraded C-vector spaces on the projection B, (E%_/C|C)., y, —

Bn(E%,|C)z,y,, and thus it induces a morphism of the respective spectral sequences
Plyeq: Bi(B)"™k™ — By (B)~mR M,

By Theorem 3.5 of [McCO01]|, we have the following: If pryeq: Ey(B)"mktm
E1(B)~™k+™ is an isomorphism of bigraded C-vector spaces, then (since the bar fil-
trations are bounded) pr,., induces an isomorphism

H(prea): B (Ba(meE%1E8)2) — H* (Ba(m-E%/E31E2)a)
as claimed. Thus, it suffices to prove that
Pliea: E1(B)™M™ — By(B)~mkHm
is an isomorphism, i.e. that for all &
H* (B%,/C)*") = H* ((Bx,/(E%, — dBx,/EY%,)”")
To show that the morphisms
Prrear (BX,/C)* — (Ex,/(BY, — dEx,/EX,)”"

are quasi-isomorphisms for all » < n, it suffices to consider the tensor-degree-1-case by
Kiinneth, i.e. one has to show that the projection

Prrean: E%,/C — Ex,/(EX, — dBx,/EX,)

is a quasi-isomorphism. Since its kernel Eg(s /C — dEx,/ Eg(s is acyclic, the assertion
follows. Let us now deal with the projection
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D, ° D, ° °
Bn(m&%: E9)ay = Bn(mEX /€55 E5)ay

Again, it suffices to check that this is a quasi-isomorphism in stalks, i.e. that the
morphism

Bn(EE(S |(C)xs,ys - Bn(E}s /(C|(C):Es,ys

is a quasi-isomorphism. With the same argument as above, it suffices to see that the
projection

Prrean: B%,/(BX, = dEX,) — (B%,/(EX, — dEY,)) /C

is a quasi-isomorphism. Since C C Eg(s, the right hand side is equal to the left hand
side, and pryqq ; is an isomorphism. |

As in the abstract case, note that we have augmentation ideals in case = = y:

Definition 1.4.7. We denote the augmentation ideal of By(X|S)za (resp.

Bu(X|8)2z) by
I,(X|9)g := Ly(mE%, Es)x (Tesp. INn(X|S)x = fn(ﬂ*g;(,gg)x)

and similarly for the left-unbounded complezes.

Corollary 1.4.8. There are canonical splittings

Bu(X|8)ee = In(X]9)e ® Y and Bn(X|S)er = In(X]S), © E2.



Chapter 2

Cosimplicial Schemes and Motives

In this chapter, we will recall all the preliminaries on motives we will need in the rest
of the thesis, in particular to construct a motivic generalization of the classical bar
complexes above. Most importantly, we will go into motives arising from cosimplicial
schemes.

In detail, we will proceed as follows:

e First of all, we will review the construction of Levine’s category of motives in as
much detail as necessary. We will also recall some details of Levine’s theory which
will be of major importance for us: Gysin isomorphisms and relative motives.

e Then we will move on towards our main point of focus: associating motives to cosim-
plicial schemes. Here, we will differentiate between unnormalized and normalized
motives, and study their properties.

e Last but not least, we will connect our normalized motives of cosimplicial schemes
to a certain homotopy limit, and use Levine’s Gysin morphism to construct a
corresponding one for our normalized motives.

Note that the main points of Levine’s theory of motives are outlined in greater detail
in chapter B in the appendix.

2.1 Levine’s triangulated category of motives

2.1.1 Construction

Let S be a reduced scheme, and let Schg denote the category of noetherian separated
schemes, and Smg the full subcategory of smooth quasi-projective S-schemes. We call
ess

Smg® the full subcategory of Schg of essentially smooth S-schemes.

The construction of the motivic category DM(S) of motives over S is done in several
steps:

a.) [Lev98, I.1.1.1, p.9] One sets out with a category called £(Smg), which is the
category of equivalence classes of pairs (X, f), where X is an object of Smg and
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f: X' — X is a map in SmE® which has a smooth section s: X — X'. Here,
the equivalence is given by isomorphisms making the obvious diagram commute.
Morphisms between objects (X, fx: X' — X) and (Y, fy: Y/ — Y) in £(Smg)
are commutative diagrams

X' Y’
Ix fr
X Y

where the top horizontal morphism is flat.

b.) [Lev98,1.1.3.2, p.11] Considering the set Z as a symmetric monoidal category with
operation +, one extends £(Smg) to a symmetric monoidal category £(Smg) x Z.
L*(Smg) is then defined to be the category obtained from £(Smg) x Z by ad-
joining the morphisms i.: X (n)y — (X [[Y)(n)s11, for any pair (X, f), (Y, g) €
L(Smg), where i: X — X [[Y is the inclusion, subject to the following relations:

i J
o (ioj)y=tis0js for X — X[[Y — X][[Y]]Z,
o iy, opi = (p1[[p2)* oix,« for a diagram

iyy iy,

Y; Yi[[Ye Ys
Pll lpl I_[pz lp2
X1 — X1 [I X2 < Xo
X3 ix,

e i* o4, = id for the canonical morphism i: X — X []0.
By [Lev98, 1.1.3.3, p.11| one may extend the symmetric monoidal structure of
L(Smg) X Z to one on L*(Smyg).

c.) [Lev98, 1.1.4.1, p.12] Levine then defines the category A;(Smg) to be the free
additive category on £(Smg)* subject to the following list of relations. Here, we
denote X (d)s as an object of A;(Smg) by Zx(d);.

e Zy(d)y =0,
e for any pair of objects (X, f),(Y,¢9) in L£(Smg) with natural inclusions
ix,iy: X, Y — X ][V, one has

ixs 01 + iy« 0dy =idp,

where I' = Zx 11v(0) (£ g)-
The linear extension of the product on £(Smg)* makes A;(Smg) into a tensor
category (|Lev98, 1.1.4.2, p.12]).

d.) [Lev98, 1.1.4.3/4, p.12] Given a tensor category (C,x,t) without unit, one
may form the wuniversal commutative external product (|Lev98, Part II, 1.2.4.1])
(C®,®, ) by adjoining to the free tensor category on C the morphisms Kxy: X ®
Y — X x Y for each pair X,Y € C subject to the relations
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—~

Naturality) Xy y o (f®g) = (f x g)oRxy for f: X — X',g: Y — Y’ in

— Q

SSOCiatiVity) gxxy’zo (@ny ®ldz) = IEX,YXZO (ldX ®®Y7Z) for X,Y,Z €C,
e (Commutativity) txy o Kxy =Xy xy o7xy.
Levine then defines the category (Az(Smg), ®,7) to be the universal commutative
external product on 4;(Smg).
e.) Levine then constructs categories As, A4 and As from the category As(Smg) by
adjoining some more morphisms, which are of no further importance here.

Definition 2.1.1. a.) [Lev98, 1.1.4.10, p.15] We denote the image of X(n); €
L(Smg) x Z in As(Smg) by Zx(n)¢. Then Amot(Smg) is defined to be the full
additive subcategory of As(Smg) generated by tensor products of objects of the form
Zx(n)s, or ¢®* @ Zx(n)s. It is a DG-category.

b.) Denote the homotopy category of C2 . (Smg) := C®(Amot(Smg)) by K2

mot (Smg) -
Chioy(Sms)/ Htp.

Definition 2.1.2. [Lev98, 1.2.1.4, pp.17/18] Levine forms the triangulated tensor cat-

egory D8 . (Smg) from K% . (Smg) by inverting the following morphisms:

a.) Homotopy:
p*: Ly,z(n)g — Lx p—1(z7) (n)s
for every map p: (X, f) — (Y,g) in L(Smg) such that X — Y is the inclusion
of a closed codimension 1 subscheme, Z C'Y a closed subset such that the scheme-
theoretic pull-back p~*(Z) C X is in SmE®, and such that there is an isomorphism
p1(2) xs AL = Z making the obvious diagram commute.
b.) Excision:
7 Lx.z(n)p — Zuz(n)jf
for every (X, f) € L(Smg), Z C X a closed subset, and j: U — X an open

subscheme containing Z.
c.) Kiinneth isomorphism:

Nxy:Zx ®ZLy — Lxxy

for XY € A;(Smg).

d.) Gysin isomorphism: For the precise definition of this map see [Lev98, 1.2.1.4(d),
p.18].

e.) Moving lemma: the morphism induced by id: X — X,

Prg: Lx(n)rug — Zx(n)y,

for (X, f) € L(Smg) and g: Z — X a morphism in Smg, where f U g is the
morphism fUg: X'[|Z — X induced by [ and g.
f.) Unit:
[S]®id: e ® Zg(0) — Zg(0) ® Zg(0).
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Definition 2.1.3. Let R be a commutative ring which is flat over Z. Then Levine
defines the triangulated motivic category DM(S)r with coefficients in R to be the
pseudo-abelian hull of DY .(Smg)r. (When R is either Z or understood, one drops

the R in the notation.) Denote the image of Zx(n)s in DM(S)g or DY, (Smg)g by
Rx(n)y.

2.1.2 Passage from schemes to motives

For a,b € Z, there is a natural pseudofunctor Z(a)[b]: K(Smg’) — DM(S) given on
objects by
Z(a)[b]: K(SmE) — DM(S)
(X5p) — (Zx (a)ia[b]; p¥),

where Zy (a)iq is the image of (X,id: X — X) € £(Smg) in C%,(Smg). On mor-

phisms f: (X,p) — (X',p/) in K(Sm’) it is constructed as follows: One starts off
with the map
Z(a)b]: SmYP — C? . (Smg)
X — Zx(a)ialb]
(f:Y — X) — (f": Zx(a)ia[b] — Zy(a) suiax [b]),
where f Uidx is given by the fiber product diagram
Y xx X X

fUidy idx
Y / X.

Due to the homotopy Zy (a)fuidy [b] ~ Zy (a)iay [b] in DM(S), the above morphism
gives rise to a pseudofunctor

Z(a)[b]: SmP — Db (Smg); X > Zx(a)ia[b]

mot

which naturally induces a pseudofunctor

Z(a)[b]: K(Smg’) — DM(S);  (X,p) — (Zx(a)ia[b], p").

2.1.3 Gysin morphisms

One feature of Levine’s motives we will make use of later are Gysin morphisms as
constructed in [Lev98, Part I, 111.2.1.2.2, p.132]: Let i: Z < X be a codimension d
closed embedding in Smg with smooth complement. Then there is a Gysin isomorphism

Ty Rz(—d)[—2d] — Rx.

It has some nice properties:



50 COSIMPLICIAL SCHEMES AND MOTIVES

a.) Functoriality: Given subschemes W <y <y X of a scheme X € Smg with
W.,Y € Smg, then one has

(i 0)s = i 0 ju.

This is a special case of a more general version with supports (see [Lev98, I111.2.2.1,
p.133)).

b.) Base-chance: By |Lev98, 111.2.4.9, p.150], the Gysin-morphism satisfies the base-
change property, which will be of major use in computations later: A cartesian
square

Y xx Z -2 A

P1 f

Y X

%

in Smg is called transverse if Tor](?X (Oz,0y) = 0 for all p > 0. Then for any
transverse square as above with i: Y — X a closed embedding in Smg, one has
J* ots = pasopi.

By local considerations, one can see that a cartesian square as above is transverse
if Y and Z are closed subsets of X which intersect transversely, and ¢ and f are
the inclusions.

c.) Compatibility with pull-backs of the base-scheme: The Gysin-morphism is natural in
the following sense: if f: T' — S is a map of reduced schemes, then by B.1.5. there
is a pull-back functor DM(f*): DM(S) — DM(T), and by [Lev98, II1.2.5.1,
p.151], for any closed embedding i: Z — X in Smg, one has

DM(f*)(ix) = (iTxs2)s

where iryx z: T xg Z — T xg X is the closed embedding in Sm(7") induced by 1.

2.1.4 Relative motives

There is a notion of relative motives giving rise to cohomology groups which correspond
to the Adams-eigenspaces of relative K-theory. The reference for the following section
is - unless stated otherwise - section 1.2.6 of [Lev98|. There is also a notion of relative
motives which we will need in the upcoming section.

Let X be a smooth S-scheme with smooth subschemes D1,...,D, C X. For each
index I = (1 <4y < ...is < n), denote the intersection of all subschemes D; with i € T
by Dy := D N...,D,,.

Consider the following complex in At (S):
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n
Zx(0)g: = P Zp,(0)g: = ... = B Zp,(0)g: > E Zp,(0)gz,, = ... = Zpyn..p, (0)g:
i=1 [I|=s [T|=s+1

in degrees 0 up to n, where

gs: @DJ—) @D{

|J|>s [I|=s

is the morphism determined by the inclusions. The differential is given in degree s as
the alternating sum

AL DD

‘I|:s =1

where the component 07 ;: Zp, — ZDIU{i} is defined by

fori ¢ I

X5
s . ] U1
O { 0 foriel

This complex in Ayt (S) gives rise to an object in DM(S).

Definition 2.1.4. a.) For a smooth S-scheme X with smooth subschemes D1, ..., Dy,
we define the motive of X relative to D1,..., D, as the object of DM(S) defined
above, and denote it by Z(x;p, ... p,)(0)-

b.) For an open subscheme j: U — W with complement W, the relative motive with
support Z(x;p,.,...,n,),w S defined as the cone

Z(X;Dlv"'vDTL)7W = Cone(j*. Z(X;Dlv"'vD") % Z(Ungjva'rllj))[_l]

where DZU =UND;.

There is also a Gysin isomorphism for relative motives by [Lev98, I11.2.6, pp.153ff.
and IV. 2.3.4, p.219]: Let i: Z < X be a closed subscheme of codimension d in X,
such that the D; and Z intersect transversely. Denote the intersection of Z with the
divisors D; by DiZ := Z N D;. Then there is a relative Gysin isomorphism (derived
from Levine’s Gysin isomorphism for diagrams in section I11.2.6)

Tyt Z(Z,Dlz,,Dg)(_d)[_2d] — Z(X§D17~~~,Dn)'

2.2 Cosimplicial schemes and motives

2.2.1 Motive associated to a cosimplicial object

One may associate a motive to a truncated cosimplicial scheme as follows:
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Let n be any natural number, and X: A<, — Smg be a cosimplicial scheme. As in
section 1.2.4.1 of |Lev98|, we find a lifting of X to a cosimplicial object

X: Afn — E(Smg),

where again £(Smg) is the category of equivalence classes of pairs (X, f: X' — X)
with X € Smg and f: X’ — X in Sm%® equipped with a smooth section. For each
n >m > 0, Levine lets X=™ be the disjoint union

x<m.= JI x*
g: [K)—[m]

where the sum is over all injective, order-preserving functions g, and f ;m: xXsm
X™ be the map which is X(g): X¥ — X™ on the component indexed by g. The
morphism f;m has an obvious smooth section given by the inclusion of X™. Hence,
this determines an object (X", fg™: X<™ — X™) € £(Smg).

Now let h: [mi] — [mg] be a morphism in A«,, giving rise to the morphism
X(h): X™ — X™2 in Smg. We need to construct a morphism

(X fEm XSM o XMy (X2 22 XSy X™2) € £(Sm(S))

extending this morphism, i.e. a commutative diagram

X <m X Sma
<mj <mg
X X

X X™m2

where the top horizontal morphism is required to be flat. This is accomplished as
follows: Consider the component (X*), for g: [k] < [m1]. The identity morphism
id: (X*); — (X*)poq certainly is flat. Moreover, we have

<" oid =X(hog)=X(h)oX(g),

(XF)hog
so it makes the above diagram commute. Letting ¢(h): X=™ — X<™2 be the map
given on the component (X¥), for g: [k] < [my] by id: (X*), — (X*)40, thus makes
the above diagram commute. In addition, it is a flat morphism, thus giving rise to a
morphism

(XM fEm XSM o XMy (X2 22 XSy X™2) € £(Sm(S))

as asserted.
We thus obtain:
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Proposition 2.2.1. The above constructions yield a cosimplicial object
X: Agn — ,C(Smg)

lifting the cosimplicial scheme X*.

Composing with the natural functor
Z(0): L(Smg)® — Amot(Smg); (X, f) — Zx (0),
now yields a simplicial object

Z(O)X* : Aogpn — Amot(SmS); [m] — ZXm (O)f)g(m

The unnormalized complex C(Zx+(0)) associated to this simplicial object is an ele-
ment in C(Amet(Smg)), and its truncations Cs_,, 1= 0=""C(Zx~(0)) are bounded
complexes in C? . (Smg) = C®(Amet(Smg)) and thus give rise to elements of DM(S).

mot

Definition 2.2.2. We call the image of C>_p(Zx+(0)) in DM(S) the motive
associated to the cosimplicial scheme X=", and denote it by M(X=").

Remark 2.2.3. In exactly the same way, any cosimplicial object in Z Smg yields a mo-
tive, where Z Smg is the additive category generated by Smg, i.e. objects are formal
finite direct sums of objects of Smg and Homyzgmg (X,Y) := Z[Homgnmg (X, Y)].

2.2.2 Normalized motive associated to a cosimplicial object
We keep the notation we had above. The simplicial object
Z(0)x+: AL — Amot(Sms);  [m] = Zxm (O)f)g(m

of the past section also gives rise to a normalized complex, which is not an el-
ement in C(Amoet(Smg)), however: Since C(Amot(Smg)) is not idempotent com-
plete, the normalized complex N(Z(0)x+) is an element of its idempotent com-
pletion K(C(Amot(Smg))). Again, trivial truncating of N(Z(0)x-) yields elements
Ns>_n(Z(0)x+) := 0= "N(Z(0)x+) in K(C®(Amot(Smg))) = K(CL,.(Sms)), which
naturally yields elements in DM(S) by the construction of the motivic category.

Definition 2.2.4. We call the image of N>_p(Zx+(0)) in DM(S) the normalized
motive associated to the cosimplicial scheme X=", and denote it by nM(X<").

Let X™* be a cosimplicial scheme. We denote the face, resp. degeneracy maps of X* by
d, and s . For all n, let €/, be such that s’e’ = id (one can take e! = d’, for example).
Then consider the morphisms e’s’ for all i. Since s’e’ = id, e’s’ is an idempotent, and
X™ splits into direct sum decompositions
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X" = TIm(e's) @ ker(e's’) = Im(e's’) @ Im(id —e's")
n—1

X" = 1Im <Z elst: X" — X”> @ Im ((id —e%% 0. . 0(id—e" s X — X").
=0

The normalized motive associated to a cosimplicial object X™* is then represented by

the following diagram:

5y Gy 8 5 5

Zxn(0) jen = Zxn-1(0) yen-1 = ... —> Lx2(0) ;<2 —1>Zx1(0) = —2>Zx0(0)iq

Lpi ip21 lpé lp*{ lpé
* 6* (5; 5* 6* (

Zxn(0) <o > Zixen—1(0) pan-t L 25 T2 (0) s —> 71 (0) e —> Zio(0)iq

where pp, := (id —e?s9)o. . .o(id —e™s™), the differentials 05 : X* —s X**+1 are the dif-
ferentials induced by the differentials of the unnormalized cochain complex associated
to X* and the f)%k are the morphisms of the preceding section.

2.2.3 Normalized motives of cosimplicial schemes vs. homotopy limits

Let n be any natural number, and X: A<, — Smg be a cosimplicial scheme. As in
2.2.1 above we have a lifting of X to a cosimplicial object

X: Agy — L(Smg), [k — [ X% /55 P X' — x*
g: li]=[K]

It gives rise to a simplicial object in the corresponding DG category Aot (Smg):

Z(O)X: A%pn — Amot(Sms), [k] — ZXk (0)

<k
Ix

We want to compute the non-degenerate homotopy colimit hocolimaer 4. Z(0)x~ of

this simplicial object. The nerve of A% is the simplicial set which is given for [m] € A
by -

A (AZ)([m]) = Hom([m], AZ)
= {[]m] ot [Jo] | i € A<y Vi}
and the non-degenerate simplices are the ones not containing the identity, i.e.
N (AL ([m)na. = {lim] "= .. 23 o] | id # o € Acyy Vi =0,...,m — 1}

Now put

Z(0)x+([m]) = D xem = D Zx0(0) y<s0

aeN (AL )([m])n.a. lim] ™5 200] n.d.
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Moreover, we define morphisms Zx«(0)?([m + 1]) — Zx+(0)°([m]) as follows: Recall
the coface maps given by

% . . % _JJ ifj<i

for m € Z>p,0 < i < m + 1. Then for a fixed component, i.e. a given sequence of
composable morphisms [j,,] — ... = [jo] in A<y, we put

—1’ . C“mflmag[jo] : (Zon (0))0177171-“040 — (ZXjO (0))am,l...(aioai_l)...ao

—

(e ,1 a (le . 0) ;o0
|[Jm 3]0] xi0 () lm]— .= [fit1] —>l[ji,1]%...ﬁ[jo}

fori=1,...,m — 1, where we dropped the f;jo in the notation, and

71‘[jm]o"m—1 03[‘7 ] : ZXJO (0) — (ijl (0))am_1...a1

At s g = (@xe0)(@0s (1] — Do), jompn oy,
Then put
A 3= 3 (=)' 2O (fm]) — Z(0)- (fm = 1]).
1=0

Letting Z(0)5-([m]) be in degree —m, Z(0)5-([*]) together with the differentials d.
yields a complex in C?(Apot(Smg)) = C% . (Smg), which is the non-degenerate homo-
topy colimit of Z(0) x+

hocolimpsp ;.4.(Z(0)x+) = Tot(Z(0) 5 ([#])) = Z(0)5+([#]) € Croot(Sms).
The homotopy colimit is thus equal to the complex

dn . dn
e @ o) Z00 (0) T B g Zxn (0) T - By Zx (0)

-n —(n—1) 0

where we dropped the index f§0 everywhere.

In comparison, recall the truncated normalized complex N>_,,(Z(0) x+) of the simplicial
object

Z(0) x~: A%pn — Aot (Smg); [m] — Zxm (O)f)g(m

of the past section. It is an element in C(C?

mot
Cmot (SmS )

(Smg)), the Karoubi envelope of
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Theorem 2.2.5. For every n, the complezes hocolimpacr 4 (Z(0)x+) and
N> _(Z(0)x+) above are homotopic in K(CZ, . (Smg)). )

mot

The proof of this is a consequence of more general considerations in the dual setting:

Lemma 2.2.6. Let X, be a cosimplicial object in a DG-category <. Then the ho-
motopy limit holimASn X, is homotopic to the brutal truncation US"N(X*) of the
normalized complex associated to X,.

Proof. This proof is similar to the proof of [DG05, 3.10., p.25|. For any category <7,
we denote its idempotent completion by @.,,. We are particularly interested in the
Karoubi envelope ZAy,, of ZA. Let [%] denote the universal cosimplicial object of A.
It is universal in the sense that for any idempotent complete category & the functor

(functors ZAy,, — &) — (cosimplicial objects of &),

is an equivalence of categories. In order to prove the statement of the lemma, it thus
suffices to prove it for the cosimplicial object X, = [*| of ZAy,. The complexes
holima _ [*] and o<, N([*]) are both complexes in ZAy,,. We will show the assertion
by an application of the Yoneda lemma: The contravariant functor

hh: A — Hom(A, Ab)
X > hi :=Homza, (X, ),

is fully faithful, and Hom(hs, F) = F(X) for any F € Hom(A, Ab). Therefore, the
two complexes in question are homotopic iff they are homotopic after applying h7,. The
advantage of applying h7, is that the category Hom(A, Ab) is abelian, and one may
apply standard arguments. Let H([*]) denote the cosimplicial object underlying the
homotopy limit holima _, [*]. We obtain the following complexes

hh01imASn[*] _ pCHD) _ o (hg([*])>

7 - 7
= C (Homa,,, (H([*]), —))
= hocolimAc;p HomAkar([*]a -)
h;gnN([*]) _ O_Z—nh]ZV([*D — O'Z_nN(HomZAkar([*]’ — ))

of projective objects in the category Hom(A, Ab), where by abuse of notation N(X*)
also denotes the normalized complex of a simplicial object X*. If we evaluate both
of these complexes in Hom(A, Ab) at the object [p], we obtain the following two
complexes of abelian groups:

holimA<n [#] . . N
7 = ([p) = hocohonSpn Homyza, . ([*], [p]) = hocohonSpn S

ng= M () = 0= N (Homga,, (4], [2) = 0= N(57)
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where S* = Homgza,, ([*], [p]). Note that C'(S*) is equal to the simplicial complex of
chains of [p], resp. the standard simplicial set AP: The geometric realization of [p] as a
category is the geometric realization of its nerve, which is given by

A ([p))([F]) = Homposer (K], [p]) = Homa ([K], [p])

Due to Yoneda’s lemma, we furthermore have Homa ([k], [p]) & Hom y a (AF, AP), i.e.
the geometric realization of [p] is the same as that of AP. As a consequence, C(S*) is
indeed the simplicial complex associated to the standard simplicial set AP. The nor-
malized complex of S*, N(S*), is the quotient of C'(S*) by the image of all degeneracy
maps, i.e. it is the simplicial complex of non-degenerate chains of [p], resp. AP.

Let us take a closer look at both complexes in question:

a) W= () = o= N (s7):

As we have seen above, this complex is the truncation of the simplicial complex of
non-degenerate chains of AP i.e. for all m > p, we have

N(S*)m = HOmZAkann.d-([m]’ [p}) =0,

so 02 "N(S*) = N(S*), and the complex in question is equal to the simplicial
complex of non-degenerate chains of AP computing the homology of |AP|. Thus,
N(S*) is a projective resolution of Z.

holim *
h, Al ]([p]) = hocolimpor S :

The homotopy colimit hocolim AP S* is the following complex: In degree m it is
given by -

P galm) _ P gio

ae N (AL )([m])n.a. L] 5 29050] n.d.

with §* = Homza _,),..([#]; [p]). The differentials are the following: For a fixed
component [j] = ... [jo] in A<, we have

i . Jo Jo
dmfll[jm}o‘rl;lmog[jo] . (S )am_l..,ao — (S )am_1...(a,~oa¢,1)...ao
given by the identity in every component for ¢ =1,...,m — 1, and

0

. QJo J1
dm—l‘[jm]a’lyl_”@[jo} 050 — (S )Olm—l--.al

is the morphism given by S*(ap: [j1] — [jo]). The differential is then given on
the component in question by the alternating sum dp,—q := > 4(—1)"d’,_;. This
complex can also be seen as the simplicial complex of all non-degenerate cycles

4] — 1)/ AZ,
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of the coslice category [ /Ag1 of all morphisms [jo] — [p] in A. A g¢-cycle of

p)/ A, is given by a commutative diagram of composable morphisms

. QAm—1 .
[]m] - []mfl

] . 1] — [jo]
W\l //
[p]

. Thus, the complex

corresponding to the element (¢, : [jm] — [p])[, Pt eg
Im Jo
in question is the simplicial complex computing the homology of the topological
space

/AL

This topological space, however, is contractible, since [, /A(ipn has an initial object.
As a consequence, hocolim AP S* is also a projective resolution of Z.

Since both complexes are projective resolutions of Z, they are homotopic. This proves
the assertion. |

By duality, we also obtain the dual statement of the above:

Corollary 2.2.7. Let X* be a simplicial object in a DG-category <, then the ho-
motopy colimit hocolion<p nd. X" is homotopic to the brutal truncation of the

normalized complex o= "N(X*) associated to X*. In particular, the complezes
hocolim o 0.d.(Z(0)x+) and nM(X=") are homotopic.

This immediately shows our theorem 2.2.5 above. |

Corollary 2.2.8. There is an isomorphism in DM(S)

hocolimpor ,, 4.(Z(0)x+) & 0= "N(Z(0)x~).

2.3 Properties of motives associated to a cosimplicial object

2.3.1 Naturality

Let ¢: T'— S be a morphism of schemes. Then, one has the fiber-product functor

— XsT: ZSHIS —)ZSHIT

on the level of schemes, which induces a functor

(= xsT,xgidr): L(ZSmg) — L(Z Smry).
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By [Lev98, 1.2.3., p.24], it indues a functor of DG tensor categories
Amot (¢7) : Amot(Sms) — Amot(Smr),  Zx(a)f — Lxxs7(a) fxsidr
This functor again induces Levine’s pull-back functor of motives
DM(p*): DM(S) — DM(T).

Now let X* be a cosimplicial S-scheme with associated unnormalized and normalized
S-motives M (X=") and nM(X=") in DM(S) for all n € N as constructed in the
preceding section. Likewise, the cosimplicial S-scheme X* xg¢ T, which is given in
degree n by X™ xgT" with the obvious induced face and degeneracy maps, gives rise to
associated unnormalized and normalized T-motives M (X<" x¢T) and nM (X <" xgT)
in DM(T) for all n € N. Let again f;m: Xsm = I, gespm) Xk — X™ be the map
which is X (g): X* — X™ on the component indexed by g for any cosimplicial scheme
X. Then

)S(TST: (X Xs T)Sm :Xgm XsT — X" ><3T

is equal to the morphism f;m xg T, so by the construction of the motivic pull-back,
it is immediate that for any cosimplicial object X in Smg, one has

DM(p")(M(X=")) = M(XS" xgT) as well as
DM(¢*)(nM(X=") = nM(XS" x5 T).

2.3.2 Gysin morphisms for normalized motives of cosimplicial schemes

Let Z*, X*: A<, — Smg be two cosimplicial schemes, where I: Z — X is a codimen-
sion d closed embedding, and denote the corresponding simplicial objects in At (Smg)
by Zz+(0) and Zx~+(0). In [Lev98, I11.2.6.8., P.158], Levine defines a Gysin isomorphism

ix: holimer Zz+(—d)[—2d] — holimaer Zx+(0) :

It is given by the morphism induced on total complexes by the following morphism of
double complexes in At (Smg):

do[—2d] dn dp[—2d]

-1[~2d]
1 D1 .jo) Lzin (—d)[-2d] ——— ...

Broizk, Bijnl—...lig) tzin

Dri—o Lz (—d)[-2d]

do dn—l dn

D1 1io) Lxin (0) ———— ..

@Z:O Lixr (0)
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. <
where we dropped the index f™ everywhere, and moreover the complex

n d dnf dn
Do Zxr(0) —> ...~ D1 tjo) Lxin (0) — ...

is considered as the complex of the (vertical) complexes with y; 1-, ;o) Zxsm (0)
concentrated in degree 0. The dual result for the homotopy colimit then yields a Gysin
morphism for our normalized motives of cosimplicial schemes:

Corollary 2.3.1. Let Z*, X*: A<, — Smg and d be as above. Then there is a Gysin
isomorphism

ix: hocolimaer Zz+(0)(—d)[—2d] — hocolimacr Zx~(0), resp.
i Non(Z7-(0))(—d)[=2d] — Ns_(Zx-(0)) in DM(S).

It is the morphism induced on total complexes by the morphism of double complexes

@y L ()2 22 Oy 7 (—d)—2d)
Dinl—>-..lio] 290 « GBZ_I ik,
o D1 1jo) Lxi0 (0) LR o Dr—o Zx+(0)
-n 0

in Aot (Smg), where we dropped the index f ;0 everywhere, and the complex

dn- do o
DB o] Zxio (0) == ... —> D_ Zxx(0)

is considered as the complex of the (vertical) complexes with B 1, ;01 Zx40(0) con-
centrated in degree 0.



Chapter 3

Motivic bar constructions

In the previous chapter we recalled the classical notion of bar complexes. After in-
troducing it explicitly as the total complex of a certain double complex, we took a
look at the simplicial interpretation underlying the construction. The latter puts the
theory of bar complexes into a more conceptional setting. Even more than that, it pro-
vides a natural motivic interpretation of the bar complexes of schemes as considered
in section 1.4. In the upcoming chapter, we want to formalize this motivic analogue
of bar complexes in the language of simplicial objects. The setting we consider is the
following;:

Let S be a reduced scheme, and X € Smg, where Smg denotes the category of
smooth quasi-projective S-schemes (also, recall that we always take a "scheme" to
mean "noetherian, separated scheme"). Following the usual conventions, we will often
denote the i-fold fiber product of X with itself over the base S for any ¢ € N by

X=X xgX Xg...xg5X.

When we are in the category Smg and write x, we will always mean xg.

The main outline of this chapter:

e We first construct a cosimplicial "bar" object in the category Z Smg.

e By our considerations in the first step tying motives to cosimplicial objects, this
will give rise to "bar" objects in DM(S).

e Finally, we will construct a motivic generalization of the classical "augmentation
ideals" of section 1.3.4.

Basic idea of the chapter:

We studied classical bar complexes in Chapter 1. In particular, recall the simplicial bar
object sB(X|S)z,y for m: X — S a smooth S-scheme with sections z,y: S — X of
1.4. It was given by
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SBn(X|S)x,y = (W*f%)®”;

—lz(ar)ag|. .. |anyt1] for j=0
d?([al\...|an+1]) = —[a1|...|ajaj+1|...|an+1] for jE {1,...,’[7,}

—la1] ... |any(ans1)] for j=n+1
si(la]. .- Jani1]) = =[] . - faj|taja ] . |ania],

where all tensor products are over £g. One may also write the face and degeneracy
maps as follows: Let A: X — X xg X denote the diagonal over S. The induced
morphism A*: (m.£x)%% — 7€y, is given by [a1|as] — [a1az], while the structure
morphism and sections x,y induce morphisms

7 &g — mEx and
5 y" mEx — Es.

A* induces morphisms of differential graded algebras

iq®i—1 RA* ® id®é—i; (mEx) O™ — (m.Ex)E"
(1d® ' @A* @1id®" ) ([a] . . . lans1]) = [a1]...|aiais1] .. |ans]-

Likewise, «* and y* induce the morphisms of differential graded algebras

¥ @1id®",1d%" @y*: (1) — (m.Ex)" via
r* ®1d®"([a1] . .. |ans1]) = [z*(a1)az|. .. |ani1] and

id®" @y*([a1] . . lans1]) = la] .. - [any" (an41)],
while 7* induces, for any ¢, the morphisms

id¥ 1t @r* @ id®" 7 (1,Ex)%" — (mEx)E T

[a1] ... |an] — [a1]. .. |ai|l|ait1] - .. an)-
With this, we may write
—z* ®id®" for j =0
df = —id¥ ' @A* @id®" 7 for je{l,...,n}
—1d®" @y for j=n+1
" = —1d¥ 1 @r* @ id®n .

J

Now note that the geometric realization of the motive Qxn(0) € DM(S)q is given by
(m+Ex)®™ in some sense, which we will just assume as given here. Thus we may rein-
terpret the above simplicial bar object in a motivic sense: Let us denote the geometric
realization functor by fR for the time being. By the above considerations, the simplicial
bar object sB*(X|S),, can be written as follows:
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§Bn(X|9) 2,y = R(Qxn);

—(x x id®™)* for 7=0

df = ¢ —(id/7' xA xid" ) for je{l,...,n}
—(id"™ xy)* for j=n+1

s = —({id7 7 < x id™ ) x

Moreover, this construction can even be done with integer coefficients, and even on the
level of cosimplicial schemes. This leads to the following definition:

3.1 Cosimplicial viewpoint in C®(KC(Smg))

In the preceding section we recalled the formalism we will need in what follows. The
upcoming chapter will now provide a generalization of the theory of section 1.4 to
motives. As mentioned above, we first construct the (co)simplicial object we want
to look at in the category C®(XC(Smg)) of bounded complexes in the pseudo-abelian
envelope of smooth S-schemes. This is done as follows:

Let m: X — S in Smg be equipped with two sections z,y: S — X. We consider the
functor

eBy o (X[S)zy: A — ZSmg

n] — X", 8 — & X" — X" o) s sl X — X

where the maps dﬁl 41 and sl are given by

‘ x x id*" for j=0
d == I XA xid 7 for je{l,...,n}
id*" xy: X™ — X" for j=n+1
st = —id* x7 ®id*" for j =0,...,n.

Lemma 3.1.1. The functor cBg.(X|S)z,y is a cosimplicial object in Z Smg.

mot

Proof. We need to show that the cosimplicial identities are satisfied. This is a lengthy

but simple computation carried out in E.3. |
Corollary 3.1.2. The unnormalized complex associated to cBy i (X|S)z,y is
0 S 60(x7y) X 61 (SC,y) X2 52(Z'7y) o 5n—1(x7y) Xn

with the following differentials (where id": X' — X7 is the identity on X):
k . .
Sp(w,y) 1= —x x id¥ + ) (=1)"1idT x A x idF T +(=1)FidP xy.
i=1
Proof. Direct consequence of the general theory in section 1.3.1. |

We will not go into further detail here, but rather consider the dual situation in the
category of motives in greater detail.
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3.2 Simplicial viewpoint in DM(S)

Now we may translate the above into the setting of motives using the passage from
schemes to motives

Z(O) [O]: ZSmgp — [,(Sms) XL, @;X;+— @iZXi(O)id'

Again, we let m: X — S in Smg be equipped with two sections x,y: S — X, and
denote the n-fold fiber-product of X with itself over S by X" = X Xg... xg X. The
object corresponding to X™ in Ape(S) is given by Zxn. Moreover, we denote the
diagonal in X2 by A: X — X xg X. In what follows, we will always write id for the
identity morphism on Zx.

The cosimplicial object ¢Bg (X|S)z,y of the preceding section now obviously gives
rise to a simplicial object in DM(S) in the following way:

Definition 3.2.1. We define the simplicial object sBY**(X|S),., to be given by

sBinOt(X|S)x7y :=7(0)[0] 0 Byt (X]5)z,y: AP — Aot (Smyg)
and call it the motivic simplicial bar object in the DG category Amot(Smg) underlying

DM(S) for X € Sm(S) with respect to the sections x,y.

Explicitly, the motivic simplicial bar object is given by the functor

sBY(X19)zy: AP — Aot (Smg)
[n] — Zxn(0), 67, — d}”‘lz Zxn+1(0) = Zxn(0), o) — 87t Zxn(0) = Zxn+1(0),

n+1
where the face maps d?’“ and the degeneracy maps s7 are given by
(z x id™)* - for j=0
dith = = (i x A xidvT)* for je{l,...,n}
(id™ xy)* for j=n+1
sh = —(id/ xm x id"7)* for j =0,...,n.

3.3 The (unnormalized) motivic bar complex

The general theory of Section 2.2 above immediately yields results on the associated
unnormalized and normalized motives. The differentials of these complexes depend on
the sections x and y, and will show up throughout the thesis for varying x and y. In
order not to repeat ourselves over and over again, let us once and for all fix a convenient
notation for these differentials:

Definition 3.3.1. For a smooth scheme X over S with structure morphism mw: X —>
S and two fized sections x,y: S — X of m we define, for any k € N, the morphism
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by the following formula:

k
(@, y) = —(z x id")* + ) (1)1 ({7 x A x id )"+ (—1)F(id* xy)*.
i=1
As shown in section 2.2, for any n € N, we can associate to the n-th truncated cosim-
plicial object ¢By, . (X|S)z,y the unnormalized motive M(CB:IZt(X’S)x,y)- It is given
by the following complex in £(Smg) X Z:
61 (z,y) z*—y*

<o ———> X(O) <1x —>ZS(O)id

fc_B fc_B

5;— (xv 05 (x,
Zxn (0) e e g (0)

<nx
ch

Here, the morphism fCSBk* is induced by the morphism ff;: ]_[g: i [k] Xt — XF
given by ¢Bj o (X|S)z,(g) on the component indexed by g: [i] — [kﬁ

mot

Definition 3.3.2. We call the motive B2 (X|S),, := M(cB=(X|S)..,) above the

mot
n-th motivic bar complex of X over S with respect to the sections x,y: S — X.

3.4 The normalized motivic bar complex

To find an explicit description of the normalized motives associated to cBg i (X|S)z.y,
we need to determine the corresponding kernel /cokernel

N (sBYUX|S)zy) :=ker | (d1,...,dn): sBR(X|S)zy = €D sBrt(X|S)s,y

<i<n
= coker Zsj: @ sBRYV(X|9) 2,y — B X]S) sy
j 0<i<n

in the pseudo-abelian envelope K(Apmot(S)) by expressing it in terms of the image of
an idempotent. To this end, consider the idempotent idx —zgm: X — X, and the
induced idempotent

es = (idx —zom)": X" — X"
We denote the corresponding element in K(Apot(S)) for all n € N by
B = (T, (15)°).
Proposition 3.4.1. In the pseudo-abelian envelope K(Amot(S)) of Amot(S), we have

coker [ Y s @sBmot (X|9)ey — sBRYNX[S)sy | = 2%
0<j<n—1
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Proof. The morphism e&‘ g 1s an idempotent, so we have a direct sum decomposition
in (Amot(S5)). Hence we have a natural identification of

Im (e’;(’j5> = Z5%n = coker <(id”)* - egL(*‘S) .

By the categorical definition of the cokernel, we have to show the following: given a
morphism ¢: sBp** — Z in K(Amot(S)) such that the composition

n—1 n—1
go | Y (id xmxid" ') |+ EHsBrt — sByet
j=0 Jj=0

is zero (i.e ¢s; = 0 for all j), there is a unique morphism k: Im (6?(75‘) — Z making
the diagram

Z;“(Jl(idj xmxid?T1TI)*

\

eX\S)
Nk

!
\
\
v
A

commute.
The morphism (id")* — e¥ls = (id" —(id —zom)™)* is an alternating sum of terms
(a1 X ... X ap)* with a; € {id,zo7} and o = xo7m for at least one j € {1,...,n}.

Since ¢ o (id’ x7 x id"71)* = 0 and hence also ¢ o (id’ xzor x id"7~1)* = 0 for all
j=0,...,n—1, it follows that

o (ld"™ —e¥|g) = g o (id" —(id —zom)")" = 0.
By definition of the cokernel of id™* —eg‘a g> the morphism ¢ hence factors over
coker (id"* —e% S) =Im (e}’k' S) in a unique way. The resulting unique morphism

k: coker (id”* —e}ﬁs) =Im (e}j5> — 7

makes the above diagram commute, which proves the assertion. |
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Next, we need to determine the differentials

0% coker Z s?“ — coker Z s?
0<j<k+1 0<j<k

of the normalized complex of sBy***(X|S);,. These are induced by the differentials

k
Sz, y) == —(z x id")* + ) (1) [ x A x idF T+ (—1)F (i xy)”
i=1
of the unnormalized complex
6;‘;, x, (5;7 x, &5F T, T —y*
ARSI AL R U 0.

Now note that the projection Zyr — coker (ZO<]<k J) ZS 1, and the inclusion of
the direct summand Z%,, — Zx are given by the cartesian diagrams

kx
Tt ex|s(zo)™* Tt Tt ex|s(wo)k Tt
ems(lO)’”l EXs(ﬂﬂo)k*l
Ly ——————> 7 Lxy<———1
X ex|s(zo)k Xt Xt ex|s(wo)k
e (x )k* e (I )k*
Lo — 2 > Ty Lo~ Tk

where the left hand side of each diagram is the arrow representing Z%,,, i.e. the mor-

phisms are given by

Xk

6X|S(l’0)k*: Ly — L, 6X|S(l’0)k*l L — Lixr.

Hence the induced differential g,’; on cokernels corresponds to the composition

ex|s (o)t 55 (z.y) ex|s(z0)** :
© x|s (o Zrin r(@y Ty x|s{xo S e
0 = ex|s(w0)"™ 0 87 0 ex|s (o) !
k N
= — <(x —x9) X (id —zom) > + Z ( (id —zom) ! x (A — Azon) x (id —xmr)k*’>

.
[y

+(=1)k ((id —zom)F x (y — x0) )

*

Like the original differential 6} (z,y), 5 i (x,y) strongly depends on the sections = and
y, which is why we will 1nc1ude it in the notation, and define:



68 MoOTIVIC BAR CONSTRUCTIONS

Definition 3.4.2. For X € Smg with structure morphism w: X — S and three fized
sections x,y,xg: S —» X of m we define, for any k € N, the morphisms

g};(az — 20,y —x0): Lxr+1 —> Lxk

in O~ (K(Amot(Smg))) = K(C™ (Amot(Smg))) by the following formula:

Sr(x — w0,y — 30) = ex|s(x0)"* 0 0 o exs(xo

= — ((x — o) % (id —:coﬂ')k>*

k

)k—f—l

+ (-1 (i —wom) ™ x (A= Awgm) x (id —eom)* )
i=1

F(—1)F ((id — o)k x (y — x0)>

*

By the above considerations, we thus obtain the following for the normalized bar com-
plex:

Corollary 3.4.3. The normalized complex N(sB¥°"(X|S)z,) associated to the sim-
plicial object sBR(X|S)g,y in Amot(Smg) with respect to the section xq is given by

g:;(, g:;, g* koK
i (Zxn)Oc,  — (Zxxn1)°n g —— . — > (Zx)°ey, — % Lg — 0
fJB(x\S) feB cB

in C™(K(Amot(Smg))) = K(C™ (Amot(Smyg))), where 5~;§ = g,’;(x — x0,Y — xg), and the
morphisms fCSBIg = kagn (XIS)e.s

mot

are given as in section 2.2.1 above.

Recall that by section 2.2 the normalized motive associated to the cosimplicial

objecteB} . (X|S)4,y is given as follows: choosing

el = id xag x idP T X — XL

we obviously have s! ¢!, = id, and ¢/, 5!, = id* ™ x (zom) x id"~*!. By construction, the
normalized motive of X* is then given by the diagram

g:;— ((E, ) g* x, 5* x, .1’*— *
Zixn(0) jen — 2 2 ZXQ(O)FZ)MZX(O)J@—y>ZS(0)id
cB cB cB
(id —zom)™)* L((id—xmrﬁ)* ‘(idwgﬂ*)*
i@y 5, 3 (, p—
Zicn(0) 2 S O 2 (0) 0 T 20(0) o e 25(0)i
cB cB cB

i.e. by the truncation of the above normalized complex of the simplicial object
sB¥%(X|S);,. Thus, we obtain:
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Definition 3.4.4. We call the object B™(X|S),, = nM(cB(X|S)sy)) in

mot

DM(S) the n-th normalized motivic bar complex of X over S with respect to the sec-
tions x,y: S — X.

Remark 3.4.5. Note that we have:
By (X[8)ey = (BR'(X|S)ay), exjs(0)*) € DM(S),

where ex|s(70)* is given in degree k by eX|S(xo)k*: Zxw — Lxk.

3.5 Passing to the limit

We now want to consider the "left unbounded" complexes that arise when we "pass to
the limit" n — co. Unfortunately, DM(.S) is not a cocomplete category, so in order to
do this, we need to pass to a larger category: we will consider direct systems of objects
in DM(S). Note that left-unbounded complexes like the untruncated unnormlized and
normalized bar complexes are special cases of direct systems of motives.

Definition 3.5.1. (See section D.2 in the Appendiz)
For any two inductive systems (A;)ier, (Bk)kex in DM(S) over any index sets I, K,
we define

Homyi pag(s) (A, B) = lim lim Homp u(s) (Ai; Br)-
7 k

We denote the category of all inductive systems of objects in DM(S) by @DM(S).

Remark 3.5.2. a.) Any morphism in Homlg pM(s) (A, B) is represented by a family of
maps f;: A; — By for a function k: I — K, such that for any ¢, j € I with i <
there is a k € K with k > k(4), k(j) for which the diagram

fi

A; B
Br(i)k
Qij commutes.
A By B
J I3 k() Br(i)k K

b.) Since (DM(S),®,1 = Zg(0)) is a symmetric monoidal category, @DM(S) in-
herits a symmetric monoidal category structure, by defining

(Aj)ier @ (Bi)kek = (A; ® By)ikerxK-

By [Mey07, 1.136, p.57|, this tensor product turns @DM(S) into a symmetric
monoidal category whose unit is the constant inductive system Zg(0).
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c.) On left-unbounded complexes of objects of type Zy or Z3, for Y € Sm(S) in

DM(S) we define a pull-back as follows: Recall that for any morphism p: 7' —

S of schemes, there is an induced base-change functor DM (p*): DM(S) —

DM(T) which is induced by sending Zy (a) to Zy x 47 (a) for any a € Z,Y € Sm(S).

Obviously, this pull-back extends to left-unbounded complexes by applying the pull-
back-functor componentwise.

Now we consider the natural inclusions
By X |S) sy = BRsi(X|S)ey  (resp. BR'(X|S)sy = Bugi(X[S)sy)

of complexes in C®(KC(Amot(Sms))) which give rise to a direct system (BRY(X|S), ,)n
(respectively (BRY(X|S)zy)n) of objects of DM(S).

Definition 3.5.3. Let m: X — S be in Smg with two fixed sections x,y.The ind-
motives

B™M(X[8)gy = (BEY(X|S)ay), € liﬂDM(S) and
B (X[S)ey 1= (BI(X|S)sy) € lmDM(S)

are called the motivic bar compler of X over S with respect to x,y, respectively the
normalized motivic bar complez.

Remark 3.5.4. Note that the ind-motive B™°*(X|S),,, can be considered as the follow-
ing left-unbounded complex in C~ (K(Amot(Smg))):

651 (zy) 6y—1(z:y) 63 (z,y) o7 () -y
+1 1 ) ) T Yy
n ZXn n o 2 ZXQ 1 ZX

Zs.

and likewise for B™°(X|S )y

3.6 Properties of the motivic bar complexes

a.) The bar filtration: B := (B (X|S);,)r (resp. B = (E;fl(’t(X]S)x’y)T) is a filtra-
tion of B™(A),, (resp. B™(X|S),,) by subcomplexes. Its -th graded quotient
is given by Zxr[r] (resp. ZS+[r]) concentrated in degree —r.

b.) Functoriality: Suppose we are given a morphism ¢: X' — X of smooth S-
schemes, with compatible sections

X X X X

\/ \/ \/

Then it is easy to see that ¢*: Zx — Zx+ induces morphisms
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((pk)* : ZXk (O)fgk* — lek (0) <k

)
cB(X\S)z,y CB(Xlls)w/,y'
for all k, where

<k . i k
ch(X\S)z,y' H X' —X

g: [i]—[k]
fchk(X’\S)I/’y/ ] )= (x)"
g: [i]—[k]

are the morphisms given by ¢B(X|S).4(g) (respectively ¢B(X'|S) 4 (g)) on the
component indexed by g: [i] < [k]. Since the morphism ¢* also commutes with the
differentials of the motivic bar complexes in the obvious way, ¢ yields a morphism
of complexes

On_1 On—2 o7 %
an - > ZXn—l e ZX ZS 0
((pn)* (L‘anl)* 4)0*
Op—1 Op—2 of i
Z(X/)n —— Z(X/)n—l e le ZS 0
in C% _.(Smg) for all n, an thus a morphism of motives

" B (X]S)ay — By (X'|S)a

for all n. Moreover one immediately checks that the above diagram commutes
with the idempotent ex s(xo)* of 3.4.5, giving rise to a corresponding pull-back
morphism

@*: BRYX|8)py — BEUX'|S)

of the normalized motives.

c.) Naturality: Recall that given a morphism f: T — S of schemes, there is a
pull-back functor DM(f*): DM(S) — DM(T'). Then by section 2.3.1 above, we
have

DM(f*)B™(X|S)sy = B"(X x5 T|T)uxsidryxsidy  and
DM(f*)B™M(X|S)ey = B™(X X5 T|T)ax gidryxsidr-

d.) Hopf algebra structure:

e Product: For any section xz: S — X of m, the motivic bar complex
B™°t(XS),» admits a product

m: B™(X|S)pr @ BYX|9) sz — B™NX|S) s
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given on the component Zxr ® Zxs by

Moz = P (“1FO7: Lyr @ Zys — Lxr @ Lixs
UEST,S

where ¢* is the pull-back by the morphism
o X' XS (2, W) (Ta(1)s - To(rts))s

up to Kiinneth isomorphism. This product is associative, graded-commutative,
unital with unit given by inclusion i: Zg < B™°%(X|S); 4, and compatible with
the total differential.

e Coproduct:
Let z: S — X be a section of 7. There is a coproduct defined by

A- BmOt(X|S)$7$ N Bmot<X‘S)£7$ ® BmOt(X’S)a;,m

given on Zxr by

T T
A|ZX1- = Zkl ZXr — @ZX’ (%9 Zerz‘
i=0 i=0
where k;: Zxr — Zxi @ Zxr—i is the obvious isomorphism fori =1,...,r—1,
and

ko: Zixr — Zg @ Zxr and ky: Zxr — Lxr Q ZLg

are the natural isomorphisms. This coproduct is co-associative, i.e. (A®id)A =
(id ®A) A, compatible with the co-augmentation e: B™°'(XS), , — Zg given
by the projection of B™*(X|S),, to Zg (note that the last differential of
B™°Y(X|S), , is zero, and hence Zg splits off), and is a morphism of complexes.
Moreover, it has a counit given by e.

o Compatibility: The algebra and coalgebra structures are compatible with each
other, i.e. the counit and coproduct are morphisms of unitary algebras.

e Antipode: There is an antipode

S: B (X|S)ze — B (X920
given on Zxr (up to Kiinneth isomorphism) by the pull-back
s ZXT — ZXT,

where s: X" — X" (z1,...,2,) — (2p,...,x1) is the permutation of factors.

For any augmentation x: A®* — k, this gives the bar complex B™°(X|S), , the
structure of a Hopf algebra, i.e the diagram
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B(X|S)e0 ® B(X|S)s0 ~2% B(X[S)sn ® B(X|S)an

A v
B(XS)/ ¢ k d \B\(XS)M
X /

B(X|S)se ® B(X|S)s0 2% B(X|S)ss ® B(X|S)sa

commutes, where we dropped "mot" in the notation.

3.7 The normalized bar complex in terms of relative motives

One can think of this section as a generalization of section 3 of Deligne and Goncharov’s
famous paper [DGO05| relating the fundamental group of an algebraic variety to a certain
relative cohomology group (for further details, see [DGO5]).

In our setting, we will relate the normalized motivic bar complex to a relative motive.
Thus, before we start this section, let us recall the definition of relative motives as
explained in more detail in section B.5 in the appendix (respectively in section 2.1.4):
Let X be a smooth S-scheme with smooth subschemes Di,..., D, C X. For each
index I = (1 <11 <...is <n), denote the intersection of all subschemes D; with i € I
by Dy := D, N..., D;,. The relative motive Zx,p, .. p,)(0) € DM(S) given by the
complex

3

)oo = P (Zp)gy = - = B Zp))g. & B (Zp)gesr = - = ZpinaD,)gn
i=1

|I|=s |[I|l=s+1
in degrees 0 up to n, where
D b= DD
|J]>s [|=s

is the morphism induced by the inclusions. The differential is given in degree s as the
alternating sum

I
|I]=s i=1

where the component 07 ;: Zp, — LDy 18 defined by

fori ¢ I

S (*IU{i})DI
O {0 for i e I.

We need some more notation: Let us introduce the brutal truncation of complexes: If
C*® is a complex and n € Z, then the brutal truncation from above of C*® is given by
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b<p(C®):={... 5 C" 1 - C" - 0— 0}
that is to say b<,(C*®)™ = C™ for m < n and b<,(C*)"™ = 0 for m > n.

Definition 3.7.1. For an S-motive M given by the complex

0 M M+ Mt M7 0

we define the motive b<, M € DM(S) to be the one given by the complex b<n(M®)™ =
M™ for m < n and b<p(M®)™ =0 for m > n. We call b<,M the brutal truncation
from above after degree n.

The setting we are in is again the following:

Notation 3.7.2. Let m: X — S be as usual, i.e. S is a reduced scheme and X € Smg,
i.e. smooth and quasi-projective over S, and equipped with two sections z,y: S — X.
In what follows, we consider the following subsets of X™ for any n € N:

DI = 2(S) x X!
D" ={z;=z;+1} C X" for 1<i<n—1
DM = X" x y(9),

In this section, we aim to prove the following:

Theorem 3.7.3. There is a natural isomorphism

Bgmt(X|S)x,y ~ bgo <Z(X”;Dén),Dg"),...,Dfﬂ)l)[n]> S DM(S)
The main tool to prove this is another complex associated to any simplicial object: the
system of coefficients complex as described in [DGO5].
A system of coefficients ¢ over the standard simplex A, with values in an additive
category A assigns to each face 7 of A,, an object ¢(7) € A, contravariantly functorial
in 7 with respect to inclusion morphisms of faces. Any system of coefficients ¢ defines
a chain complex

I7|=p+1

with differentials given by the alternating sum of the restriction morphisms: For i ¢
7 C {0,...,n}, the differential is given by the morphism (—1)[{7€{m0m}li<ite(r
7 U {i}). Dually, a cosystem of coefficients ¢(7), which is covariantly functorial in 7,
defines a complex of cochains.

Any simplicial object S, defines a system of coefficients ¢ by putting ¢(7) := S, for
every face 7 of A,,, while for 7 = {79,..., 7} C {0,...,n} such that 7o < ... < 7} and
any r € {0,...,k} the differential S; — Sp\ (5, is given by the morphism
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(=)™ 7S(: [k — 1] < [K]) = (=) " dl: Sp — Spryy-

In particular, this means that on the component S. for 7 = {r9,..., 7%} € {0,...,n}
the differential is given by the sum

k

k
Z(_l)n—rdlrc—l . S’T RN @ ST\{TT},

r=0 r=0

where d*~! denotes the corresponding face map.
One writes Cy(Ap, Se) for the resulting chain complex in K(C%,,(Smg)). Deligne and
Goncharov prove the following:

Lemma 3.7.4 (Deligne-Goncharov). If Se is a simplicial object in an additive idempo-
tent complete category, the complexes Ci(Ay,, Se) and the truncated normalized complex
0=~ N(S.) are functorially homotopic.

Proof. [DG05, Proposition 3.10, p.25]. |

In this chapter, we will compute and study the system of coefficients complex that
arises from the simplicial bar object sB°*(X|S),, we defined. By definition, it is
given by the chain complex

Cp (A, sBEYX|S)) = ... = C1 (An, sBP(X|S)) = Co (An, sBIH(X|S))

of objects Cp (An, sBR°'(X|9)) = Drj—pi1 3BF(X[9)zy = Dyrimps1(Zxr) p<v for
p > 0, where the sums run over all faces 7, with differentials
/. mot mot
d': sBP(X|S), — €D sBRT;,(X]S)
jefr}
for a face 7 induced by an alternating sum of all face maps @je,d’: ®; 7\ {j} — 7.
To be precise, the differential is given in components by
n—j—2
/ _ T p * k—1 p—k\*
5p\(ZXp+1)T_( 1™ (z x idP)* + ; (1dF 1 x A x idPF)*
+(=1)"7P(d” xy)*
if 7 = {70,...,7p}. The resulting complex is denoted C, (A, sBX*(X|S9)).

Lemma 3.7.5. Identifying C. (An, sBR'(X|9).,) € K(C

b «(Smg)) with an element
in DM(S), it is naturally isomorphic to

b<o (Z(XR;D(()M’D%M’ pm,[n ]> € DM(S).

n+1

In order to prove this, we first establish the following lemma:
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Lemma 3.7.6. The motive b<g <Z )[ ]> € DM(S) is isomorphic

(x50 ,...D{Y,

to the complex

/ 541 s—1 56 n

(ZXn)f<n —> @ ZXn s)f<n s —> @ ZXn s— 1)f<n s—1 « .. —)@ZS
i=0

[1|=s |I|=s+1
where Zxn is in degree —n and the differentials are given on components by

n—j—2
= (—=1)"™(z xidP)* 4+ Z ) EdR T x A x idPRY
k=1

5/

P‘(ZX,,H)]
+(=1)7"7P(Ad” xy)*
if the complement of I in {0,...,n} is {70,...,7Tp} with o < ... < 7p.

Proof. Put D§n) = Nier Dl(n) for I € {0,...,n} and denote the corresponding in-
clusions by i;: Dgn)
Dgn) ~ X" U for T c{1,...,n}. For I c {1,...,n},i ¢ I, we denote the inclusion of
Dyyyiy into Dy by t7;: Diygiy = DrnDi — Dy and put ¢7; := 0 for ¢ € I. The motive

(n) o Xn—l

< X™. Then we have natural isomorphisms D, and

Z( D™ . D™ ) is then given by the complex
571—1 6; s—1 6/—1
(ZXn (0))90 — ... @ (ZDI (O))gs — @ ZD] gs+1 * — ZDoﬂ...ﬂDn
|I|=s [I]=s+1

in degrees 0 up to n — 1, where the differential is given by the alternating sum of
pull-back by the inclusions ¢ ;, that is to say

= Z Z |{J€I|J<’L}|

|T=s =0

Let us determine what these differentials correspond to under the natural isomorphisms
Dgn) ~ X" Ml Let I = iy,...,is and iy < ... < is, and denote its complement in
{0,1,...,n} by J := {j1,...,Jn+1-s}, where again we suppose j; < ... < Jnti—s-
By definition we have ¢7; = 0 for & = 1,...,s, while for ¥ = 1,...,n +1 — s,
gt Doy = DN Dy, — Dy is the inclusion. The morphism ¢; j, : Drogy =
DN Dj, < Dy hence corresponds to

2 X id xyn—s—1 for k=1
idyn—s—1 Xy for k=n—s s xSt xS
idyr—1 XA Xidyn-s—r for 1<k <n-—s

under the natural identifications Dy;,3 & X" and Dy = X"%. Via the natural
identifications 7Z pm = Zixxn—1| gs corresponds to fS775_ and the differential O o=

I
2 oll]=s S o (—D)HIETLI<iHx - corresponds to the morphism
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= Z (Z(_l)l{jelﬂi}ﬂbzi)
[I|=s \i¢I

= Z ((_1)|{i61j<7—o}($ « idnfsfl)*

| =s
[n] \I = {TO ----- Tnfsfl}
T0 < ... < Tp—s—1

n—s—1
Z \{z€I|j<Tk}|(ldk Ly A xidr—s—1- k)
k=1

+(—1) €I <msa} (jgn—s—1 xy)*) .

Since [{i € I'| j < 1}| = 7 — k, the assertion follows. [ |

Proof of Lemma 3.7.5. The complex C, (A, sBI*(X|S),,,) € C*(DM(S)) is given
by the following complex in degree —n up to 0:

Cn (An, 8B (X|9)zy) = ... = C1 (Ay, sBYU(X[S)ay) — Co (Ap, sBYY(X[S)ay)

where the objects are given by

Cp (An, sBU(X|S)ay) = @ sBI'(X|S)ey = P (Zx2(0))s=»

|IT|=p+1 ITl=p+1

for p > 0. If the image of a fixed face 7 is {7p,...,7p}, then the differential
sB™(X|S), — Djcin stlej}(X]S) is given by the alternating sum of face maps

P
-
p1l gy, = 2V
1=0
n—j—2
= (—D)™(z xid?)* + Y ()" ([P x A x idPTR)
k=1
+(=1)PP(Ad? xy)*.
Comparing the resulting complex to Lemma 3.7.6 concludes the proof. |

Now, we can finally prove the theorem we stated in the outset of this section:

Theorem 3.7.7. There is a natural isomorphism

B (X18)1 2 b20 (2 oo ooty 1) € PMIS).
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Proof. By the Lemma of Deligne-Goncharov (Lemma 3.7.4), there is a functorial
homotopy in C?*(DM(S)):

Co (An, sBY(X|8)zy) = 07 "N(sBI(X|S)ay).
Considering both sides as elements in DM (S), we obtain
Co (Any sBI(X|S)ay) 2 B (X1S)z.y:
Identifying C, (A, sBY°Y(X|S)s,) with an element in DM(S), it is naturally isomor-
phic to b<g <Z<Xn;Dé”>,D(”> Dfﬁﬁ) [n]> € DM(S) by Lemma 3.7.5, which proves the

1
assertion. [ |

Remark 3.7.8. a.) If (S)Ny(S) =0, then D(()n) OD](L") N...n DY =0, so the relative

motive Z(Xn;Dém,...,DSL")) is zero after degree n. In other words, for z(S)Ny(S) =0

we have

Ci (An, BIN(X|9)) = Z(xn;Dg”),...,D;m) [n].

b.) If x =y, then Dén) QDYL) n...nDY = z(S)", so Z
the last differential 0* ; of the complex Z

Dén)ﬂDﬁn)ﬂ.‘.mD;m = Z,. Hence

(Xn;Dé”),...,Dﬁl")) [n] gives rise to a morphism

of motives C, (An, BY(X|S)) — Zys) ~ Zs.

3.8 Augmentation ideals

We have seen in section 3.6 that the direct systems (B2°Y(X|S)y.)n and
(ETTOt(X |S)z,2)n carry the structure of Hopf algebras. As a consequence, these bar
complexes have an augmentation ideal given by the kernel of the counit as defined in
section 3.6. However, involving the Hopf algebra structure is more elaborate than nec-
essary, since the direct sum-splitting of the bar complexes for x = y is fairly obvious:

The last differential of the both the unnormalized and normalized bar complex
8¢ (@, x) = 04(z — w0, x — 10) = &* — x* = 0 vanishes, and thus both B2°*(X|S), , and
BM'(X|S),.. decompose as follows: B2 (X|S), , (resp. BM'(X|S), ) is the sum of
the complex Zg[0] concentrated in degree zero with the complex

651 (@) 65 _o(z,@) 03 (z,x)
ZX" —— Xn—1 “ee X 0
6~*7 (z,z) 5*7 (z,x) g*(:r z)
resp. o n—1 o n—2 1T, °
P 78, 7R 75 0

with Zxn (resp. ZS») in degree —n.
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Definition 3.8.1. The augmentation ideals of B™(X|S)s.. and B2(X|S), ,are de-
fined to be the S-motives

mo o _q(zx 0y oz, 67 (z,x

(X |S), :_{ (Zx) pen 2 D) gy 200D (ZX)f<14>o}
~mot L R gfﬁ (z,2) R gfh (z,x) g*(z,x) o

172X S)e == { (Zxn)Sen ———> (Zxn-1)Scpo ———> ... — (Zx)3e, ——0 }

where Zxn (resp. Lsw) is in degree —n. The directed system with respect to inclusions
I(X]S), = (I2(X]$)a)n € lim DM(S) (resp. T"(X]S), i= (T2(X]|S))n )

is called the augmentation ideal of the bar complex B™(X|S)y o (resp. EmOt(X]S)x@).

Note that I™°*(X|S), = (I™°Y(X|S)., €y|s € DM(S)), where €’|s is the idempotent
given in degree —r by e’;‘sz Lxr — Lxr.

Corollary 3.8.2. There are canonical splittings in DM(S):

B (X[S)se = IV (X[S)s © Zs[0] and  BY(X|S)ee = I(X|S)e @ Zs[0].

Simplicial augmentation ideals for x = y = x¢

One would like to describe the augmentation ideal in terms of a simplicial object.
However, in general this is not possible. Fortunately, in one special case, the normalized
augmentation ideal in fact underlies a simplicial object in DM(S):

Proposition 3.8.3. Put id™! = id® = idg. Then the following is a cosimplicial object
in the Karoubi envelope K(Z(Smg)):

cl*

mot

(X19)z,: AP — K(Z(Smg)
[n] — X1t = (X" id" x (id —zo7))

(&: [n] = [n+1]) — (d7(I): X+t — X2,

(s7: [n+1] = [n]) — (s?([): Xnt2 — Xntl)

Ty X idnt! A for 7=0
di(I) = S id ™ xAxid* T for je{l,...,n}
id*" " x (Ao (id —zom)) for j=n+1
sPTHI) = idd xw x id" T for j=0,...,n.

J

Proof. It is easy to see that the face and degeneracy maps are in fact compatible with
the idempotents in question, so it suffices to show that the simplicial identities are
satisfied. This computation is carried out in the appendix. See E.4. |
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This cosimplicial object gives rise to the following simplicial object in the Karoubi
envelope K(Amot(S)) of Amet(S):

SN (X] )y A% — K(Amot(5))
[n] — erH—l = (ZXn+1(O)) <n+1 ,(idn X(id —xoﬂ')*
FeB(X18)ag.a0

(d: [n] = [n+1]) — (d;?(f); Zynsz — ixn+1) ,

(s7: [n + 1] — [n]) — (syu): Lxnir — %W)

(zo x id"T1)* for j=0
n R c17—1 . n—ji+1\x* .
dy(I) == ¢ (id77" xA x id*"777) . for je{l,...,n}
(id*" !t x (Ao (id —zom)))” for j=n+1
s?“(]) = (id? xm x id" T for j =0,...,n.

As a direct consequence of the definitions in 2.2 we obtain:

Lemma 3.8.4. The normalized complex N(sle(X|S)z,) associated to the simplicial
object sI4(X|S)z, is given by

65,1(0,0)

P

55(0,0) 55(0,0) 37 (0,0)=A"

(Zggnﬂ)fgn-u (ZX2);§2 —— (ZX);gl ——0

—n -1 0 1

in C~ (K(Amot(S))), where the differentials are given by

k—1 *
65(0,0) = eXis © (Z(_niidi XA x 1d’f—1—i> .
=0

Corollary 3.8.5. The object nM(cly,(X|S)z,) i DM(S) determined by
0= N (s1e(X|S) s, ) is equal to IM(X|S) 4, [—1].

The augmentation ideal in terms of relative motives

We may apply Deligne-Goncharov’s lemma on the system of coefficients complex asso-
ciated to sI4(X|S)q, to find a description of the motive I (X|S)4,[—1] in terms of a
reduced relative motive. The system of coefficients complex was introduced in section

3.7 (in particular, see Lemma 3.7.4).

We put Dgnﬂ) ={r; =2, +1} C X"l for 1 <i <n and D(()nH) = 20(S5) xg X™.
Put DYLH) = Nier Dgnﬂ) for I C {0,...,n} and denote the corresponding inclusions
by ir: D§"+1) — X" Moreover, define the idempotent

eXn+1|S = eXn+l|S(ian X&L’o) = (idxn X,g(idx —X0 OW))* : ZXn+1 — ZXn+1.
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It induces the following idempotent of the relative motive Z(XnH;D(()nH)w’D;ﬁl)) :
s 8 s o

€ +1 n n

XS Dex +1|S’D[ Bex +1|S‘D1

8 / 5, | 5

n n—s
®|I|=S ZXn«l»lfs —_— ®|I‘=S+l Zans e > ZS

an+1

ZXn+1

We may thus define the S-motive

(e}

Z = Z Exn .
(X"+1;D(()n+l>,...,D7(:i+11)) (XnJrl;D(()"ﬂLl)"_.’D("lel))7 Xntl|s

n—

Lemma 3.8.6. The object of DM(S) given by C. (A, s1e(X|S)z,) is naturally iso-
morphic to

n—1

b<o <szn+1;Dé"+”,...,D<n+1)>[”]) € DM(S),

where b<q denotes the brutal truncation from above after degree 0 (see Definition 3.7.1).

Proof. This proof is basically the same as in the case of the motivic bar complex:

e First step: Explicit description of Z(Xn+1.p<"+1> D("+1>>'
0 ey 1

We have natural isomorphisms Dgnﬂ) = X" and Dg’”l) ~ xnH-ll for T ¢
{1,...;n}. For I C {1,...,n},i ¢ I, we denote the inclusion of Dy g into
Dy by tri: Diggsy = Drn Dj < Dy and put ¢y; := 0 for ¢ € I. The motive

Z(X”+1;Dé"+1),...,D$L"+1)) is then given by the complex
54«1 6':1,75#»1 6;1,75 6':7,7571 5L1
ZX’“Ll(O)gS —_— ... — @ ZDI(O)g;‘ — @ ZDI(O)g;‘+1 —_— ... ZDOQWQDH(O)Q:
[I|=s |[I|l=s+1

in degrees 0 up to n+1, where all g are the inclusion morphisms, and the differential
is given by the alternating sum of pull-back by the inclusions ¢;;, that is to say
Ops1 = D|1|=s Z?ZO(—I)‘{jEI‘j<i}‘Lj‘~,i. As in the proof of Lemma 3.7.6 we see
that this complex is isomorphic to the complex

6;1 61/'1,73«%1 5;7,75 61’17371 56
an+1 (O)fgnJrl* —_— ... — @ ZXn+1—SO()f§n+l—s* — @ anfs (O)fgn—s* —_— ... ZS —
[I|=s [I|l=s+1

where Zyn+1 is in degrees 0, and the f<5* are the usual morphisms as in the bar
complex. The differentials are given by
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n—s
heemn = 2 ((F1)™ (o xid ™)+ D 0(=1) @ ) A x idm ),
|I|=s i=1
where the sum runs over all subsets I of {0, ...,n} with |I| = s, and the complement
of I'in {0,...,n} is given by {79, ..., Th—s—1} where we assume 79 < ... < Tp_s_1.

Second step: Explicit description of the motive

<Z<X"+1;Dén+1) Danj_l)) (ldxn XS(idX —Xo © 7T)>*> .
By the first step, the reduced relative motive above is isomorphic to the motive
given by the diagram:

5 X 5%

n n—s

@u—l_s an+1 s H@H'_s_i_l ZXn S e.n HZS

ZXn+1

6X7l+1‘5‘ 6xn—s+l‘s exn—s‘s

W

ZXn+1 @‘H:s ZXTL‘Fl*S —_— ®|I|=S+1 Zans e H ZS

(that is to say: it is given by the horizontal complex together with the idempotent
given by the above diagram), where Zxn+1 is in degree 0. This immediately shows

that the reduced relative motive Z(Xn+1.D<"+1> D(”“’) , eXn+1S) is isomorphic
o e

to the complex

55(0,0) 55(0,0)

<ZX"+1);§"+1
—n —1 0

given by the truncation =" N (sle(X|S)z,)-
Third step: Explicit description of the system of coefficients complex

Co (A, IPH(X|S) ) -

Cs (An, IPY(X]S)2,) € CO(DM(S)) is given by the following complex in degrees
—n up to 0:

Cn (An, sIf“Ot(X\S)zO) = ...—=C (An, sI{nOt(X]S)xo)
where the objects are given by

Cp (An, sIP(X|9)ay) = D sIF(X|S)ay= P Zxwn
|T|=p+1 IT|=p+1
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for p > 0. If the image of a fixed face 7 is given by {79, ..., 7,}, then the differential

sIPUX[S), — @D sI°(X19)

Jje{r}

for a face 7 = {79, ..., 7,} is given by the sum of face maps

p
S i< @t | @ ia=IGETSiie S ik @l | @ id=P
JEeT k=0

Hence, Cp (A, sIP*(X|S)) is the complex

57(0,0)=A* .

T g* 0,0
671(070) . 2( ) ( XQ);SQ I (ZX)f§1 - O

(an+1)jc§n+1
-n -1 0

in K(C%,(9)) with d, as above. Comparing the two complexes we arrived at, the
motive determined by Co (Ap, sI°*(X|S)) is isomorphic to the brutal truncation of

the motive <Z<Xn+1;D(<)n+1>7'”7D7(1n_+11>> , (idxn xg(idx —xg 0 7r))*> [n] after D,_n Z%

(i.e. degree 0), so the assertion follows. |

Corollary 3.8.7. We keep the notation of 3.8.6. There is a canonical isomorphism of
S-motives

EERPY o

L X1S)i0 (1) o (g [1]) e
o ’

o

Z(XHH;D(()TLH)’MD&T)) = (Z (XHH;D(()TLH)V”,D(ntl)) s €Xn+1|S>

n—

Proof. This is just an application of the Lemma of Deligne-Goncharov (Lemma 3.7.4)
together with Lemma 3.8.6 above. |



Chapter 4

The mixed realization of the motivic bar complexes

In the upcoming chapter, we will determine the mixed realization of the motivic con-
structions of chapter 3 and prove that the Hodge realization of our motivic simplicial
bar objects indeed yields the classical simplicial bar object of section 1.4.

4.1 Preliminaries

Recall the mixed realization of motives as described in section C.4 in the appendix:

Case (i) : The geometric case
F = a subfield of C
A =Q
Xtop = X(C)
Sh(Xiep) = Perv(Xiop, A)
Sh(X) = Modrh(Dx)
DbSh(X) := DP, (X)
f*vf*7 ::ffaf*7
fs I = ff!’fTin 2
where

Case (ii) : The /(-adic case

Foo=z[)

A =Q

Xtop =X®40Q

Sh(Xiop) = Perv(Xiop, Q)
Sh(X) = Perv(s )(X, Q)
DYSh(X) = Dig (X, Q)

fes 7, := the usual functors
f!yf! n D?S,L)(Xy(@l)

(see [Hub97])

a.) e Perv(Xiop, A) denotes the category of perverse sheaves on Xiop,
e Mod,(Xp) is the category of regular holonomic D-modules on X,
b.) e Perv(Xiop, Q) is the category of f-adic perverse sheaves on Xiop (for details

see [BBD8&2]).

. D?S,L)(X7 Q) is roughly defined as follows (for details, see [Hub97|): Let (S, L)
be a fixed pair consisting of a horizontal stratification S of X (see section 2
of [Hub97]) and a collection L = {L(S) | S € S}, where each L(S) is a set of
irreducible pure lisse f-adic sheaves on S. For all S € S and F € L(S5), it is
required that for the inclusion j: S < X all higher direct images R"j.F' are
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(S, L)-constructible, that is to say, when restricted to any S € S they are lisse
extensions of objects of L(S). Denoting the derived category of ¢-adic sheaves
with constructible cohomology by DSS(X, Q), D?S,L) (X, Q) is its subcategory
of complexes with (S, L)-constructible cohomology objects.
e Perv(g 1)(X, Q) is then defined as follows: The category D?&L)(X, Q) admits a
perverse t-structure (for the notion of ¢-structures and their hearts, see section
8.1.1 of[HTTO8|, and for this particular t-structure see [Hub97]). Its heart is

Perv(g ) (X, Q).

Note that the six functor formalism of mixed sheaves satisfies the same properties as
listed in section C.1.2.

4.1.1 The setting of the chapter

Let FF = C in the geometric case, and F' = Z[1/l] in the f-adic case, A either a
subfield of C in the geometric case or Q; if F' = Z[1/l] in the étale case. Moreover,
let S — Spec(F) be a reduced scheme (recall that in this thesis, "scheme" means
"noetherian and separated scheme" throughout), smooth and quasi-projective over
Spec(F).

Let m: X — S be in Smg such that m has geometrically irreducible fibers. As a
consequence of the properties of S, X is also reduced, as well as smooth and quasi-
projective over Spec(F'). Moreover, we assume that 7 has three sections xg, x,y: S —
X (these don’t necessarily have to be distinct).

All other notation can be taken from the above table.

We first take a close look at the preliminaries we will use in this chapter:

4.1.2 The realization functor and base-change

By [Lev98, V.2.3.15, p.284] and [Lev98, V.2.2.9, p. 272| there is an exact realization
functor

MRAgeo 1N case (i)

: b
RAaet,s In case (ii)} : DM a(Smg) — D”(Sh(S)).

9%A,mix = {
Lemma 4.1.1. Let f: T — S be a morphism of reqular schemes. Then one has an
equivalence of functors

F* o RAmix = Ramix 0 DM(f*): DM 4(S) — DP(Sh(T)).

Proof. By the original construction of the realization functor it is sufficient to
check this on objects of the kind Ay (m) for Y € Sm(S). Recall that the pull-back
DM(f*): DMa(S) — DM 4(T) is given on motives of type Ay (m) € DM 4(S) by
fiber product with 7', i.e. DM(f*)(Ay(m)) = Ay xgr(m) € DMa(T).
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(i) geometric realization:
As on page 284 of [Lev98]|, let js: S < S and jy: Y < Y be smooth compact-
ifications of S and Y, respectively. We extend the morphism 7y :Y — S to a
morphism 7y, such that we have the diagram

Yc#?

sS&e———— 8

Js

Moreover, let j7: T < T be a smooth compactification of T'and extend f: T — S
to a morphism f: T — S such that the diagram

W

-
<l
19}

5]

|

by

YXST(

By C.4.3, one has

[ oRageody = [0 jsTysjy«Ay
Rageo © DM(f*) = jp(fy xgidg)(Jy X5 I1)x Ay xsT)
(Tysdys X5 1) A(y xsT)

5k
T

Tk
T

dS X L5_‘5T)* (ﬁY*jY* Xide jT*)A(YXST)

J
(i
(ﬁY*‘;Y* *id,8,Fojr j}jT*)A(YxST)
= (JsTy«Jys Xid,s,f JTIT) Ay x5T)

(*) = _ = .
= (J§Ty«Jvs Xid,s,f id7) Ay s s1)

= f* © 9%A,geofélY

where the equality (%) is due to the fact that jr is an open immersion, and hence
J7Jr+ =~ idr. Now note that Ay ) = (id x5 f)* Ay, so we have
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%A,geo o DM(f*) = (jg’/'_ry*jy* X g idT)(id XSf)*AYxSS
= (J5Ty«jy« X5 [F)Ayxgs
= [Ty« Jy=Ay
and the assertion follows in the geometric case.
(ii) £-adic realization: By Theorem C.4.1, the ¢-adic regulator is given by

RQ,et,5Quy (M) = Ry Qpy (m),

for my: Y — S in Sm(S), where Q;y(m) are the Tate objects in D?S L (Y, Q).
In this situation, the sides of the asserted equation are given by

J* o Ry et,sQuy (m) = f*Ray.Quy (m)
Ry et,s © DM(f) = R(my x id7)«Qq (v x 1) (M)
= Rry.Qp (v xg1) (M)
= Rry.(idy xsf)* Qi y(m) = f*Rry.Qpy (m). u

4.1.3 Inductive systems of mixed sheaves

Recall that the motivic bar complexes are inductive systems of motives and live in
the category lim DM(S) of inductive systems of objects in DM(S). Likewise, since
DPSh(S) is not cocomplete, we need to pass to a larger category to consider this direct
system of bar complexes.

Definition 4.1.2. For any two inductive systems (A;)ier, (Br)rex i D?Sh(S) over
any index sets I, K, we define

Homyyy po sn(s) (4, B) = lim lim Hom py (5 (Ai, B)-
i K

We denote the category whose objects are inductive systems in D®Sh(S) and whose
morphisms are given as above by liﬂDb Sh(S).

Remark 4.1.8. a.) Since (D°Sh,®,1 = Ag(0)) is a symmetric monoidal category,
lig D’ Sh(S) inherits a symmetric monoidal category structure by defining

(Ai)ier @ (Br)kek = (Ai ® Bi)ikerxk-

By [Mey07, 1.136, p.57]|, this tensor product turns ling Sh(S) into a symmetric
monoidal category, whose unit is the constant inductive system Ag(0).

b.) Recall that objects in DPSh(S) are given by bounded complexes of D-
modules/sheaves, so left-unbounded complexes are in ling Sh(S). We extend the
natural pull-back functor of D-modules//-adic sheaves to left-unbounded complexes
in ling Sh(S) by applying the pull-back-functor of sheaves componentwise.
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4.2 Basic notation and first properties

The setting for the entire chapter will be as stated in 4.1.1, i.e. F© = C in the ge-
ometric case, and F' = Z[1/l] in the f-adic case. A is either a subfield of C in the
geometric case or Q if F' = Z[1/l] in the étale case. Moreover, let S — Spec(F') be
a reduced scheme (recall that in this thesis, "scheme" means "noetherian and sepa-
rated scheme" throughout), smooth and quasi-projective over Spec(F'). We suppose
that m: X — S be in Smg such that 7 has geometrically irreducible fibers and three
sections xg, z,y: S — X. Let d designate the dimension of X over S.

Denote by G(Ax) the Godement resolution of the mixed sheaf Ax(0) on X. Recall
that it is defined as follows: For any scheme X, let px: [[,cx{z} — X denote the
canonical continuous map from the disjoint union of points in X with discrete topology
to X. Then the Godement resolution of a scheaf .# on X is defined to be

G(F) = px«pxF.

The complex G(.%) can also be described as follows: For any open subset U C X, the
zeroth component of the complex is given on U by the product over stalks

Go(Z)U) = [] Z.

zelU

of %, and inductively one has G;(.%) = Go(G;-1(%)). As is well-known, for any mixed
sheaf .# on X, G(.%) is flabby.
We now apply this to the mixed sheaf Ax on X.

Notation 4.2.1. We write ﬂ'*Ag( = m.G(Ax) and Aﬁs = G(Ag).

Remark 4.2.2. a.) In both the f-adic and the geometric case, the complex W*Aﬁf has
non-vanishing cohomology only in degrees 0,...,2d for the following reason: For
s € S, the stalk of the i-th cohomology sheaf is given by

(RZW*G(AX))S = Hrinix(X& A)?

where X5 = 771(s) and H?,_ denotes either étale or singular cohomology. Since

X, is of dimension d, aniX(Xs, A) =0 unless 0 < ¢ < 2d in both cases. Hence, via
truncations, m.G(Ax) is quasi-isomorphic to the complex T<240=°(m.G(Ax)).

b.) The mixed realization of the morphism 7*: Ag — Ax in DM 4(S) is given by

the morphism 7*: Ag s F*Aﬁx defined as follows: We have a commutative diagram

X u S

pr psT (4.1)
HwEX{x} L HSES{S}
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Hence, we have m.px. = ps«(][7)«. By flat base-change, ([]7).p% = p&m., ie.
TpxsDx Ax = ps«([I1 7)«px Ax = pssp§m«Ax. The morphism Ramixm™*: As —
mem* Ag & my Ax thus induces a natural morphism

T Aﬁg = G(AS) = pS*p*SAS — pS*pgﬂ*AX = W*pX*pi;(AX = W*G(AX>

c.) If the S-scheme X is furthermore endowed with a section z: S — X, then this
section induces an adjunction morphism m,Ax — mex sz Ax = v*Ax = Ag. Just
like above, using the diagram (4.1), this adjunction induces a natural morphism

z*: W*Ag( — A%.

d.) Again using the diagram (4.1), the diagonal morphism A: X — X xg¢ X induces
a natural morphism

A*: W*Ag( ® W*Ag( — W*Ag(.
The following is now immediate:

Lemma 4.2.3. The mized realization of Ax € DMy(S) (resp. AS ) is isomorphic to

the the mized sheafTr*Ag( (resp. ﬂ'*AﬁX/Ag). Also, due to Kiinneth, the mized realization
of Axn € DM 4(S) can be computed by

Te(Axn(0)) =~ (m A%) IV (m A%
=: (W*Aﬁx)@m.

In what follows, we will determine the mixed realization of the motivic bar construc-
tions in D® Sh(S):

Definition 4.2.4. We define a simplicial object in the category D®Sh(S) by putting
SBM(X[9) 2y = Ra mix 0 SBYN(X]S)sy ® A: A% — D Sh(S),

and call it the mized simplicial bar object. Moreover, for any n € N we denote the mized
realizations of the motives in the first column of the following table by the corresponding
terms in the second column:

X € DMy(S) RA mixX € D’ Sh(S) name of the mized realization
BY(X]S)zy ® A Bi le(X|S)x,y n-th mized bar complex
BN (X [S),y @ A A le(X\S)Ly n-th normalized mized bar complex
ImoY(X19), ® A A le(X]S)x augmentation ideal of B;?’mTX(X|S)m,m
ImY(X|S), ® A A LP™(X]S), augmentation ideal of B;?’mlx(X|S)x’z
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Recall that the motives in the first column of the above table give rise to inductive
systems
BmOt(X|S)x,y = (BrI{lOt(X|S)x,y)nv EmOt(Xw)x,y = (E?Ot(XW)x,y)m
I"™N(X]8)e = (I7°(X[S)z)n and [™(X|S), = (I7(X]S)2)n
which all can be identified with left unbounded complexes as described in Remark

4.1.3. Correspondingly, their mixed realizations give rise to inductive systems which
can be identified with left-unbounded complexes:

Definition 4.2.5. Denote the mized realizations of the motives in the first column of
the following table by the corresponding terms in the second column:

(Xn)n € i DM4(S)| (RamixXn)n | name of the miz. real.

B X|S),, ® A | BAMX(X|S),, |mized bar complex

EmOt(X|S)x,y ® A EA’miX(X|S)m7y norm. mized bar complex
™ot (X18), @ A IAmX(X|S),  augm. id. of BA™X(X|9); 4

™ot (XS), ® A TA™X(X1|S),  |augm. id. of BA™X(X|S),.,

Corollary 4.2.6. Suppose we are given a morphism @: X' — X of smooth S-
schemes, with compatible sections

X X X X X

PN ANV ARNY

Then there is an induced morphism

0" () (X]S)ay —> ()X'|S)ary € hﬂDb Sh(5)

for (=) = sBA™IX BAMX ng BAMX gnd in case x = y, 2’ =y also for (=) = IH™X
and T4,

Proof. This follows from the functoriality properties of 2.3.1 and 3.6. |

Moreover, the results on naturality (i.e. functoriality with respect to the base scheme
of 2.3.1 and 3.6) carry over to the mixed situation by Lemma 4.1.1:

Corollary 4.2.7. Given a morphism f: T — S of schemes, one has
FH()(X18)ay = ()X x5 TIT)uxgidr,yxsidy € lim D* Sh(T)

for (=) = sBAmix pAmix EA’miX, and in case x =y also for (—) = JAmix FAmix
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4.3 The bar complexes

The face and degeneracy maps of the motivic simplicial bar object sB™*(X|S),,
induce the face and degeneracy maps

(id7™t x A x id"7)* for je{l,...,n}

d;H'l == (zxid™)* for 7=0 : Te(Axnt+1(0)) = m(Axn(0))
(id™ xy)* for j=n+1
s = —id® @r* ®1d®" 7 for j =0,...,n

Via the quasi-isomorphism 7, (Axn(0)) ~ (W*A&)®”, these maps correspond to the
face and degeneracy maps

id¥ 1 @A* ®1d®" 7 for j € {1,...,n}

d}”“ =< r* ®@id®" for 7 =0
id®" @y* for j=n+1
s} = —id® @r* ®1d®" 7 for j =0,...,n

where the morphisms on the right are those of Remark 4.2.2 above. By abuse of nota-
tion, the mixed realization of the differentials of the bar complexes are still denoted

6;(.%, y) = mA,mix(S;:(fB, y) =z* &® ld®n —+

r—1
+ Z(_l)iﬂ 1d® 1 @A* @ id®" 8 4(—1)" 1 id®" @y
=1

O (z — 20,y — 0) := Ramixbp, (T — 20,y — Yo) = 6}% 04, (z,y) 0 6}%“
where the morphisms on the right hand side are those of Remark 4.2.2, and e§(| g =
id —m*xg.
As a direct consequence of the above and the definition of the realization functors,
we immediately obtain the mixed realizations of all bar complexes and augmentation
ideals:

Theorem 4.3.1. The mized realization Bf’miX(X|S)x7y of the unnormalized bar com-
plex is given by the total complex of the double complex

5% (x, 6o1(@y) 8 (e, g
C7 L LG e R e e O i 0,
while the mized realization Ef’miX(X|S)x,y of the mormalized bar complex is given by

the total complex of the double complex

_1 * * * *
o Af N7 Sey) (maf \TT BaG)  Siw) moal ooy 0
AL AL Al s '

Here, all tensor products are taken over Ag.
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Corollary 4.3.2. There are decompositions
BAMX(X|S), , ~ [MX(X|S), @ As and
BA™MX(XS), , = I4Y™X(X|S), @ Agin lim D Sh(S).

Let X, S be as above, and z = y = xg.

Recall that in this situation, we have the simplicial augmentation ideal sIo(X|S)n*
defined in section 3.8. Tensoring s[,(X|S)2°" with A and composing the resulting
simplicial object in DM 4(.S) with the mixed realization functor %R 4 mix, we obtain the
simplicial object

SI.A,miX(X|S)xO ‘= R mix (ST XSy @ A)

in D?(Sh(S)). Since taking normalized complexes commutes with the geometric real-
ization functor, we obtain as a consequence of Corollary 3.8.5 :

Corollary 4.3.3. Considered as an element in D° Sh(S), N(sI{™X(X|8),,) is equal
to I&™(X|8) 0y [—1].

4.4 Connection to the classical bar complexes

Recall the classical bar complexes of chapter 1: Let k be a field, R® a differential
graded k-algebra and A = @p>0 AP a differential graded R-module. Moreover, suppose
R® admits the structure of a differential graded A°®-bimodule via two morphism of
differential graded algebras

x,y: A* — R®,

where left-multiplication is given by x, and right-multiplication by y. We saw in section
1.1.4 that the classical bar complex By(A|R);, is naturally isomorphic to the total
complex of the double complex

A®n 671*1(1734) A®n—15n72(x’y) o 62(‘%’3/) A®2 51 (x,y) A Yy—x R 0

With this, Theorem 4.3.1 immediately provides the connection of our motivic bar
complexes to the classical ones: Note that the morphisms of complexes

A*: W*Ag( ® W*AﬁX — W*Ag( and
e Ag — W*A&
of Remark 4.2.2 provide mA?X with the structure of a sheaf of differential graded A-

algebras as well as that of a differential graded A%—module. Moreover, Ag is a W*Ag(—

bimodule via the pull-back morphisms x*, y*: W*Ag( — AﬁS. With this, we are in the
situation of the classical bar complexes, and obtain as a corollary of Theorem 4.3.1:

Corollary 4.4.1. The mized realization of the motivic bar complex coincides with the
classical bar complex of the differential graded Ag—algebm T Al

Bf’miX(X|S)x,y o~ Bn(ﬂ'*AgAAﬁS)x,y
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The Motivic Logarithm and Polylogarithm
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In Part I we developed a theory of motivic bar complexes. Now, we will put it to
use in order to achieve our original goal: the development of a general, motivic notion
of polylogarithms. Before we proceed to do so, however, we will first motivate our
definitions by taking a look at the classical logarithm and polylogarithm in the Hodge
case. It will turn out that the Hodge logarithm is closely connected to the so-called
"universal pro-unipotent variation of mixed Hodge structure", which was introduced
and studied by Hain and Zucker in [HZ87|. Hain and Zucker describe it in terms of
classical bar complexes. Thus, the universal pro-unipotent VMHS can easily be carried
over to the motivic setting by virtue of the insight we gained on bar complexes in Part

L.

Using the motivic generalization of the universal pro-unipotent VMHS, we will then
proceed to construct the motivic polylogarithm in a very simple way: once we have
understood the nature of the logarithm, the polylogarithm turns out to be merely a
Gysin morphism - in other words, the polylogarithm in itself is of an astonishingly
simple nature. The main difficulty in this part will therefore not be the construction
of this polylogarithm map in itself, but the interpretation of this new polylogarithm
as the one that has been studied in the past decades. To do this, we will determine
its mixed realization and study its properties in the realizations. The following table
shows how we will proceed in detail in this part:

Chapter I1.5: Chapter I1.6:

- Recap of Hain-Zucker’s - Imitation of the constructions
universal pro-unipotent of Chapter I1.5 to obtain
VMHS using the bar E—— the motivic logarithm
complexes of Chapter 1.1 - Definition of the motivic

- classification of unipotent polylog as a Gysin morphism
mixed Hodge modules - Construction of the arising

polylog-class in K-theory

Chapter I1.7:

- Computing the mixed realization
of the motivic log and pol of I1.6;

- Proof of characterizing properties
of the polylog and comparison
with the classical definitions
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Chapter 5

The classical Hodge logarithm and polylogarithm

In this chapter, we will recall the classical notions of the logarithm and polylogarithm
in the setting of variations of mixed Hodge structures (VMHS). Again, we will assume
the basic theory on VMHS and mixed Hodge modules. A summary of the theory can
be found in section C.1 of the appendix.

As we pointed out in the introduction, up to now the polylogarithm had to be defined
anew in every single realization and setting: in the setting of elliptic curves, for abelian
schemes in general, for the projective line, and for curves of genus > 2. Obviously, it
would take up far too much space and time at this point of the thesis to recall all
of them in detail. Thus, we will simply describe a select version of the logarithm and
the polylogarithm which will serve best to motivate our own definition of the motivic
logarithm in Chapter I1.6.

This logarithm is closely connected to the so-called "universal pro-unipotent VMHS",
which was introduced by Hain and Zucker in [HZ87| and is an important object of
its own account. It is the variation of mixed Hodge structure on a complex variety
X which arises naturally from its fundamental group (X, zo) and is crucial in the
classification of unipotent variations of mixed Hodge structure. The motivic logarithm
we are about to define in the subsequent Chapter 1.6 is even more closely connected
to the universal pro-unipotent VMHS than the classical logarithm itself, which justifies
that we take a very thorough look at the universal pro-unipotent VMHS in this chapter
- we will even spend more time on it than on the logarithm itself for reasons we will
also discuss later on in this chapter.

Hence, the basic outline of this chapter is the following:

e First, we recall the universal pro-unipotent VMHS as defined by Hain and Zucker
in [HZ87] in as much detail as necessary: Here, we start off with a recollection
of the pro-unipotent completion of the fundamental group. Then we turn to-
wards Hain /Zucker’s classification of unipotent VMHS und define the pro-unipotent
VMHS in an abstract way via this classification. Last but not least, we take a look
at the explicit construction of the universal pro-unipotent VMHS by means of the
classical bar complexes of Chapter 1.1.
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e Secondly, we recall a definition of the logarithm for curves by Beilinson and Levin,
and compare it to the universal pro-unipotent VMHS.

e Thirdly, we define the classical polylogarithm as introduced by Beilinson and Levin
for curves in an unpublished preprint.

5.1 The universal pro-unipotent VMHS

As we pointed out above, the key to the generalization of the logarithm is a thorough
understanding of the so-called "universal pro-unipotent variation of mixed Hodge struc-
ture". The universal pro-unipotent VMHS is intrinsically connected to the fundamental
group of the underlying scheme.

5.1.1 The pro-unipotent completion of the fundamental group and path
space

Let R be a commutative ring with unit. Recall that the group algebra of the fun-
damental group m(X,z) over R has an augmentation e: Rmi(X,z) — R sending
every group element g € m1 (X, z) to 1. Its kernel is called the augmentation ideal and
denoted by J. The homomorphism ¢: R — Rmi(X,z) sending an element r € R
to r - id, where id is the identity element in 71 (X, ), defines an R-module splitting
Rmi(X,z) = R@® J. As is well known, the group algebra of the fundamental group
carries the structure of a Hopf algebra with coproduct given by

A: Rm(X,z) — Rm(X,z) ®r Rmi(X,z), A(g) =9®g.

The pro-unipotent completion of the fundamental group is the J-adic completion of the
group algebra Rm (X, x):

Rm(X,z)" = lim Rmy (X, z)/J".
o

The structure of the group algebra of the fundamental group carries over to its com-
pletion. Again, the augmentation splits to yield an isomorphism R (X, z)" & R& J",
where J” denotes the image of J in the J-adic completion. Moreover, the coproduct
induces a map

A: Rm(X,2)) — Rm(X,2)" & r Rmy(X, z)",

imparting R (X, z)" with the structure of a complete Hopf algebra.

Let PX denote the space of piecewise-smooth paths parametrized by the unit interval
I in X, together with the compact-open topology. Chen (see [Che77, (1.2)]) defined
a differentiable structure on PX in the following way: If N is a smooth manifold, a
mapping h: N — PX is called differentiable if and only if the associated mapping
h: NxI —s X is piecewise smooth. There is an obvious map p: PX — X xX,p(y) =
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(7(0),~v(1)) down to the starting and end points of a path in PX, which is called the
free path fibration. The fiber P, , is the set of paths from x to y, and the fibers over
the diagonal in X x X are the loop spaces P, , of loops based at x. The basic idea for
what follows is as simple as it is effective: There is a canonical identification

Z?Tl(X, x) = H()(me)

relating the group algebra of the fundamental group to the path space. The group
Ho(Py4) can in turn be related to well-understood formalisms like Chen’s iterated
integrals and the classical bar constructions we considered in full generality in Chapter
I.1. This is done as follows:

Theorem 5.1.1. Let X be connected, EY be the complex of C*°-forms on X, and A®
a cohomologically connected differential graded subalgebra of ES. such that HY(A®) =
HY(E%) and H*(A®) — H?(EY%) is injective. Furthermore, for two points x,y € X,
we consider the morphisms z*,y*: A* — C given by pull-back of forms to the points
x and y (i.e. evaluating them at z,y).

a.) The reduced bar complex on (A®,C), B(A®)s,, is canonically isomorphic to the
complex of iterated integrals on Py,. In other words we have canonical isomor-
phisms for all n

H(Bp(A®)ay) = (Ho(Pay)/J")".

b.) Put P, := Py .. The reduced bar complex B(A®) . is canonically isomorphic to the
complex of iterated integrals on the loop space Py, i.e. there are, for all n, canonical
isomorphisms

HO(Bo(A)y) 2 (Ho(Py)/J™ ) 2 (Zmy (X, 2)/J™ ™) for alln € N,

Proof. This is [HZ87, (3.18), p.93] together with Chen’s theorem [Che77]. [ |

Let now X = X — D, where X is a compact Kihler manifold and D is a normal crossing
divisor. For the algebra A® in the above theorem we can use the C*° logarithmic de
Rham complex E% (log D) = 2% (log D)®Q}( &%, where 2% (log D) denotes the complex
of holomorphic forms with logarithmic singularities along D. Recall (see section C.3.2
in the appendix for details) that the Hodge-de Rham complex of (X, D) gives rise to a
mixed Hodge structure on the hypercohomology groups of £% (log D). It is given by

Hdg® (X log D) = (Rj.Z, (Rj.Q%, 7). 0, (€% (log D), W=, 0,.), 8)

Rj. Q% (€% (log D), W)
— / \ B1 \
Rj.Z (Rj.Q%,7)  (E%(log D), W™, 0.)

where
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e f1: Rj,Q v — Rj«Cx is the natural morphism induced by the inclusion Q, <
Cx.
11 (RjxCx,7) — (j«€%,7) is the natural quasi-isomorphism.
e i: E4(log D) — j.EY% is the natural inclusion,
e ¢/ is the identity on the complex &% (log D), which is compatible with the filtra-
tions 7 and W by the following consideration: By definition, the m-th filtration
subcomplexes are given by

Tm€% (log D):{ . 5;3;_1(10g D) - ker(d) =0 }
Wiy E% (log D):{ e ggfl(log D) - E¥(log D) - E¥(log D) ® g)l,( - } :

so there is a natural inclusion 7,,E% (log D) — WP €S (log D); it is easy to see that
i’ is a filtered quasi-isomorphism (see Lemma 4.9 in [PS08]).
e The top complex ("% (log D), W) is given by

Cone (i’ — it (E3(log D), 7) — (LE¥,T) @ (€3 (log D), WOO)) .

Take (1", B4 to be the induced morphisms. Since both i and ¢ are filtered quasi-
isomorphisms, there is a commutative square of quasi-isomorphisms

8' (log D),

7\

(xE%, ) (Ex(log D), W™).

\/

log D),

e Then put By := 3)" o 8 o 1. Since 1 @ idc, A1 and B are quasi-isomorphisms,
so is A1 ®idc.

As in section 1.1.2.2¢), this induces the structure of a mixed Hodge complex on the
reduced bar complex, and thus a Hodge structure on hypercohomology as follows:

Proposition 5.1.2. [HZ87, (3.21), p.93/
a.) The filtrations W %8B and F of

By (E%(log D))ay

as in lemma 1.1.1.4 and section 1.1.2.2 induce a B-filtered mized Q-Hodge structure
on H'(Bn(E%(log D))yy) for all i.

b.) In case i = 0, these define a mizved Q-Hodge structure on Ho(Py,,C)/J" L, in
fact, we have a compatible system of mived Hodge structures for all J'/J* with
l<keN.
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c.) As a consequence, the universal pro-unipotent completion Cmy(X,x0)" of the fun-
damental group carries a mized Hodge structure induced by the natural isomorphism

Cry (X, 0)" = Ho(B(E%(log D))a.y).
Now that we have a Hodge structure on the pro-unipotent completion of the funda-
mental group, we can proceed to see how it induces a classification of unipotent VMHS:
5.1.2 Classification of unipotent VMHS
Recall the classical theorem relating representations and local systems:

Theorem 5.1.3. ([V0i03, Corollary 3.10, p. 71]) Let R be a ring and V' an R-module.
If X is arcwise connected and locally simply connected and xq is a point of X, we have
a natural bijection

1somorphism classes conjugacy classes
of local systems V on X » — < of representations
of stalk V at xg m (X, o) = Autg V'

which is given by sending a local system to its monodromy representation (see definition
C.3.11 in the appendix).

The classification theorem of unipotent VMHS by Hain and Zucker in [HZ87| is a
generalization of this classical result:

Theorem 5.1.4. [HZ87, (1.5),(1.6), pp.84/85] Let k be a subfield of C, X be a smooth
complex variety, and X a good compactification of X, D := X — X the corresponding
normal crossing divisor. Fix any point xqg € X. Then the monodromy representation
functor defines an equivalence of categories

unipotent VMHS mized Hodge theoretic
satisfying condition (0o) . representations of
with index of unipotency < n km (X, xq)/J
defined over k defined over k.

Here, condition (00) on a variation of mized Hodge structure V is the following list of
properties:

(i) The Hodge filtration bundles FP extend over X to sub-bundles FP of the canonical
extension V of V, such that they induce the corresponding canonical extension over
X for each pure subquotient grkW V.

(1) For the nilpotent logarithm N; of a local monodromy transformation about a com-
ponent D; of D, the weight filtration W of V satisfies NWj, C Wi_s.

Remark 5.1.5. The conditions (co) are satisfied by all admissible variations of mixed
Hodge structure by the very definition of admissibility (see [PS08, 14.49, p.363|). In
fact, admissibility is equivalent to the conditions (co) plus graded-polarizability, so we
need not go into detail here.
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For any n € N, Hain-Zucker’s correspondence implies the existence of a universal
n-unipotent VMHS with stalk kmy(X,x0)/J"!: Note that since multiplication in
kmi (X, o) is a morphism of mixed Hodge structures and descends to a morphism
of mixed Hodge structures on ki (X, z0)/J" L, the left regular k-linear representation

pr: kmi (X, m0) /" — Endy (kmi (X, 20)/J" ), v — (a— ya)
is in fact a Hodge theoretic representation of kmy (X, xg)/J" L.

Definition 5.1.6. For any n € N, the vartation of mized Hodge structure correspond-
ing to the left reqular k-linear represenation of km1(X, zo)/J" ! is called the universal
n-unipotent VMHS on X with base-point xo and denoted by G, It satisfies (x).

Likewise, we define:

Definition 5.1.7. Let xg be a base-point of X and k a field. Denote the augmentation
ideal in kmi(X,x0) by J. Let n € N be greater than 1.

a.) The local system on X corresponding to the k-linear representation
pe: kmi (X, xz0)" — Endy(km (X, 20)/J" ), 7 +— (a— 7@7_1) .

is denoted by T™ and called the n-th tautological local system on X.
b.) By abuse of notation, we will also call the augmentation ideal of kw1 (X2, (9, o))
by J. The VMHS on X x X corresponding to the representation

pr: (X, 0)* — Endy(kmi (X, 20)%/J" )

induced by the left reqular k-linear representation of m(X?, (xo,x0)) = 71 (X, 20)?
is called the n-th canonical local system and denoted by C™).

Remark 5.1.8. The variations of mixed Hodge structure defined above can be described
in a very simple fashion:

a.) Let J, denote the parallel transport of the augmentation ideal J C Ho(Pra0, k)
to x.
Claim: The local system underlying G (resp. G) is Ho(Prgyz, k)/JEH (respec-
tively Hy(Pyy 2, k)) with x € X varying.
Proof: Via the isomorphism km; (X, zg) = Ho(Prg 20, k), the left regular represen-
tation of 71 (X, xg) corresponds to the morphism

pPr: kﬂ'l (X, xo) — Endk(Ho(Pxoyxo, k))

induced by left-multiplication of paths in P, ;. This shows that the parallel trans-
port of the fiber Hy(Py, 2., k) at xo to the point x € X along a path v € P, 4, is
induced by the composition of paths Py », ® Py 2o — Pa,z,, and hence the fiber of
the local system underlying G at z is simply given by Ho(Py 4., k), with = varying,
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or equivalently (left-regular and right regular representation are isomorphic) by
Ho(Pyy 2, k). With the same reasoning, we obtain that the local system underlying
G is isomorphic to the local system Ho(Pryy .z, k)/J" T (2 Ho(Pywy, k)/J")
with z varying.

b.) Claim: The local system underlying T is Ho(Py gz, k) with x € X varying.
Proof: Since 7" corresponds to the conjugation representation, the parallel trans-
port of the fiber at zg to a point € X is induced by the conjugation

P:c,aso ®Pxo,xo —>Px,xa ’Y®U’—>707_1

and hence the local system underlying the n-th tautological VMHS 7™ is isomor-
phic to the local system Hy(P; 5, k) with varying x € X.

c.) Claim: The local system underlying C is Hy(Py,y, k) with (z,y) € X XY varying.

Proof: Similar to a).

Remark 5.1.9. Both the tautological and the universal n-unipotent local systems can
be described in terms of the canonical one:

G"™ 2= Hy(Pyy )/ I = (20 x idx)*C™
T o Ho(Py )/ J" T = A*C™ | where A: X < X x X is the diagonal.

The reason why G is called the "universal" n-unipotent sheaf is the following:

Corollary 5.1.10. Let F' be a unipotent variation of mized Hodge structure over k
satisfying (00) with index of unipotency < n. Then there is a natural isomorphism of
k-vector spaces

Homynrsy (x) (G, F) 2 Homyr o) gn1 (k7 (X, 20) /T, Fay) & Foy.

Proof. This holds by the very definition of G as being associated to the left-regular
representation of km (X, xo/J" 1) via Hain-Zucker’s correspondence 5.1.4 above. W

5.1.3 Explicit construction of the universal VMHS via bar complexes

The universal pro-unipotent VMHS will be our role model for the motivic logarithm.
Hence, its construction is crucial for the understanding of the upcoming definitions in
Chapter I1.6. The important point to note here is that it will be constructed via the
classical bar complex of Chapter 1.5 we carried over to the motivic setting. Let us now
take a close look at Hain and Zucker’s constructions:

Since both the universal pro-unipotent and the tautological VMHS are just pull-backs
of the canonical one, it suffices to construct the latter explicitly via bar complexes to
obtain a corresponding description of the other two.

Let pag: X3 — X2 denote the projection onto the last two factors. It has two obvious
cross-sections gg,01: X2 — X3 given by oo(z,y) = (z,7,¥),01(z,y) = (y,2,9),
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which impose the structure of a right and left prys, 8)'{3| yx2-module on the space of

C>-functions on X?, 59(2, by pull-back of forms to X? via og and oy, respectively.
Hain and Zucker consider a sheaf we already encountered in section 1.1.4:

_ 310 e
Bn (X |X )0'0,0'1 - Bn (pr23* 53(3‘63(2)0'070'1
in which tensor products are taken over £%,. In Lemma 1.4.6 we saw that there is a
quasi-isomorphism
BH(X3|X2)UO701 = Bn(X3|X2)UO7U1
with the normalized complex associated to sBy,(X?|X?) sy 0, -
The complexes £%, %2 and £55 admit canonical filtrations as follows:

Definition 5.1.11. For any morphism of smooth complex varieties m: X — S, we
define the filtration L3(| g to be the decreasing filtration of £% induced by truncation in
&S by putting

Lk sE% = Tm (&5 @gq 7€k — €% ).
This filtration will be of importance in Part II, so we gather some crucial facts:

Remark 5.1.12.
a.) Gradeds: The graded objects of the above filtration are given by

k e _ e f x ok
87 s Ex = SX‘S ®go T Es.

b.) Base-change property: Let iz: Z — S be the a complex subvariety of S, put
Y := i7Y(Z) = X xg Z with inclusion iy: Y <+ X. Call the induced structure
morphism by 7wy : Y — Z. Then one has

i}W*L];qSE')'( = Ll;:/‘z(ﬂ'y)*gy‘z and consequently
L]

3 k} o v k‘
LZT% 8Ly s & = grLY‘Z(WY)*gﬂZ

for the following reason: By flat base-change for the diagram
Y =X x5 7 ik A
X = S

we have 7,7, = my,ij-, and hence

iz

. k ~ . k . —k k
iym L €% = myoiy L s€% = Ty Im (5;( ®gq m*EL —> 5;()

— 7y, Im (5;;’“ ®Dgp, THEE —> 5;)

= Ly z(7y)«Ey -
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By abuse of notation, we also denote the decreasing filtration of B,(X?|X2)y,4, in-
duced by the filtration Lys x2 of £33 by Lxs|x2. There is an isomorphism

gry (@7 (Prog, £53)] = €% ®eo, [®" (Proz. EXs)x2)];

X3|x2

which gives rise to an isomorphism

By (Pr23* 5).<3|5).(2)00,gl = 5?(2 ®5§(2 By (pr23* 5).(3|X2|59(2) [—p]

00,01

p
grLX:;‘ X2
of sheaves. This isomorphism is compatible with the differential, i.e. one of sheaves of
differential graded algebras. Note that
gr! B, (Pros. Exsl€%2),, . =2 E% @0 Br (pros. Exs y2|EX
L n 23x € X31¢X2 ) 5 51 X2 g0, Pn Prag« € x3|x2]C X2

X3|x2 00,01

is endowed with a natural Eﬁg:connection. Moreover, the following filtrations impart
a natural Hodge structure on By, (pras, Exs/E%2) ([HZ87, (4.20), p.98]):

00,01

o Weight filtration: Recall the canonical filtration W (see Definition 1.C.3.5) of
Evs(log D?) ~ Exs

by type of logarithmic singularities, which is already defined over Q (the canonical
filtration of Rj*@g(). By section 4 (Property e.)), this filtration together with the
bar filtration B induces a filtration W% (already defined over Q) on both

B, (Pr23* Exs \5).(2)00,01 and B, (Pr23* Ex3|x2 (log D)"59(2>

00,01

This filtrations induces flat subbundles of the local system

00,01 "

H°B, (pr23*5X3|X2(1ogD)°|5§2) =Har? B, (X*|x?)

n
00,01 X3|x2

e Hodge filtration: The natural Hodge filtrations o, (see Definition 1.C.3.5) of
%2 (log D?) and E%s|x2 induce a Hodge filtration on

E%2 ® (®' Prog. s x2 (log D2)> )

This induces a filtration on the graded sheaf gry B, (X 31X 2)0070_1 and its coho-
mology groups. Hain and Zucker then show in [HZ87, (4.17), p.97] that this C'*°-
filtration satisfies the horizontality condition of Lemma C.3.1, such that these struc-
tures comprise the C'°°-data of a variation of mixed Hodge structure as outlined in

C.3.2 in the appendix.
Putting everything together, Hain and Zucker obtain:

Corollary 5.1.13.
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a.) The n-th canonical VMHS C™ on X x X with underlying local system Ho(Py,, Q)
is dual to the VMHS given by the following C*°-data (see C.3.2):
o the C'°°-vector bundle
# (gr%x3\x2 Br (X3|X2)00701> = (gr%xiﬂﬂ Bn (pr23* 53(3‘5).(2)0070) ’
where Lxs|x2 1s the decreasing filtration induced by truncation in %, together
with the natural 59(2 -connection.
e the Hodge structure induced by the natural Hodge and weight filtrations on £S5 ~
5)'—(3(10g)_(3 \ X3).
b.) The universal n-unipotent VMHS G™ on X with underlying local system deter-
mined by Ho(Pyy 2, Q) is dual to the VMHS given by the following C*°-data:
o the C'°°-vector bundle

0 0 >, 2 0 0 D °
H (grLXS‘X2 Bn (X ‘X)xoxid,5> =H <ger2‘x Bn (pr2* gXQ ’gx)xo Xid,ﬁ) ’

where Lx2 x is the decreasing filtration induced by truncation in E%, together
with the natural 59(—connecti0n.
e the Hodge structure induced by the natural Hodge and weight filtrations on £5, ~
5)'—(2(10g)_(2\X2).
c.) The universal n-th tautological VMHS T™ on X with underlying local system
determined by Ho(Py ,, Q) is dual to the VMHS given by the following C*°-data:
e the C*°-vector bundle

H (212, 0 Br (X21X) 1 5) = H (228 B (pra €%216X) 5.5

X3|x2 X2|x

where Lz x is the decreasing filtration induced by truncation in £%, together
with the natural 59(—connecti0n.

e the Hodge structure induced by the natural Hodge and weight filtrations on 55 ~
5;—(2(logX'2 \ X?).

Here, pro: X2 — X is the projection to the second component.

Proof. The statement about the canonical VMHS is a direct consequence of the above
considerations. Using this, the statements about T and ¢ are due to the following:

g(n) = (.ZUO X ld)*C(n) — (.CCO X ld)*HO (gr%x3\x2 BTL (pr23* 5).(3‘83(2)0070_1>

=H° ((xo x id)* gl"%xs\xz By (pr23* 53(3’53(2)00701)

—~
—_
N

1

H (gr%)ﬂlx ($0 X ld)*Bn (pr23* 55(3|g).(2)00,01>

—
N
~

12

H° (gr%lex By, ((wo x id)* prag, Exs|(wo X id)*g).(2)(acgXid)*(ag),(moxid)*(m))

—
w
=

12

0 (.0 2 % |ES
H (ger2|X Bn (pr2* 8X2|5X)x0><id,4~> ’
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where the isomorphism (1) is due to the base-change property of the filtration Ly by
Remark 1.5.1.12 b), the isomorphism (2) is an immediate consequence of the definition
of the bar complex, and (3) can be seen as follows:

e Due to the commuting square x3 P23y

idX XmoXide [Zoxidx
pr
X2 "2 . x

we have (zg X idx)* pros, Exs =~ pry, (Idx xxo X idx)*Exs = pry xEx2,

° (:L‘() X id)*g)@ = gx,

o (29 xid)*(o9)(z) = oo(z0,2) = (20, 0, x) which is mapped to (xg, ) by the canon-
ical isomorphism X x {7o} x X = X2 so the section (2 x id)*(og) corresponds to
zo X id on X, and

o (xoxid)*(o1)(x) = o1(x0,x) = (x, zp, x) which is mapped to (z, z) by the canonical
isomorphism X x {zo} x X = X2, so the section (zg x id)*(o1) corresponds to the
diagonal A X — X2

The assertion for the tautological VMHS follows exactly the same way, simply exchang-
ing the term (xg x id) by A in the above. [

Remark 5.1.14. The above corollary might look rather messy - however, the main point
to note here (and remember later on) is the following:

e C(" is determined by the bar complexB,, (X 31X 2)
° g<”> is determined by the bar complex B, (X 2]X )
e 7(™ is determined by the bar complex B, (X2 X

00,01 )
xoxid,ﬁ’ and

) A&

and we already have motivic analogues for all of these bar complexes due to Part I.

5.2 The classical Hodge logarithm

As we pointed out in the introduction of this chapter, the classical Hodge logarithm is
closely connected to the universal pro-unipotent VMHS. We will shortly see why:

5.2.1 Beilinson-Levin’s logarithm for curves

Beilinson and Levin defined the logarithm for curves in their unpublished preprint [BL]
as follows:

Let k be a field, 7: X — Spec(C) be a projective complex curve of genus # 0, and
j: X < X an open immersion. Then the complement D := X \ X is a normal crossing
divisor. Moreover, we fix a point 9 € X. In this case, the mixed Hodge module
H = R'mkx(1) = HL(X, k) satisfies 7 = HY(X,k)(1) = H;(X,k) via Poincaré
duality. Moreover, Poincaré duality yields a map
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Cikx(l)—>%®%.

Beilinson and Levin then denote the tensor algebra of .7# by .7°*(7¢), consider the
two-sided ideal ¢ := T*(H#)cT*(H) and define the graded algebra

R = T(H))c.

By theorem 1.4 in [Har04|, the graded algebra & is isomorphic to the pro-unipotent
completion kmy (X, x9)" of the fundamental group as described in section 5.1.1.

By Beilinson and Levin’ un-published preprint [BL|, there exists a unique pair (G,b)
of a pro-unipotent mixed sheaf G = lim G/G™ and an element b € 2{G = G, = #
satisfying the following universal property: for any n-unipotent sheaf .%, the map

is an isomorphism. By the universal property characterizing G/G", it is easy to see
that it coincides with Hain-Zucker’s universal n-unipotent sheaf:

Corollary 5.2.1. There is a natural isomorphism
(G/G™,b) = (G, 1 € kmi (X, z0)").

Proof. Note that (G™,1 € km (X, x0)") is n-unipotent and satisfies the defining
property of G/G™. By universality, the result is immediate. |

5.2.2 A new view on the classical logarithm

The upcoming paragraph might seem a bit vague, but it should explain Faltings’ (and
our) motivic view on the logarithm that is to come up in the next chapter. We will
deliver a plea for a new point of view on the logarithm: The polylogarithm is generally
supposed - and in many of the classically considered cases: known - to be of motivic
origin. That suggests that the logarithm should also be of motivic origin. This, however,
can only be realized (as we will see) for an even more general object: the bar complex
B(X?|X )xo id.A underlying G. This is why in his paper [Fal12] Faltings calls the motivic
generalization of B(X2|X)xoxid,5 for curves X the "motivic logarithm". We will see
this in more detail at the outset of chapter I1.6.

5.3 The classical polylogarithm for curves

We will now proceed to recall Beilinson and Levin’s Hodge polylogarithm for curves
of genus > 1 as constructed in their unpublished preprint [BL|. We only deal with the
case when the base-scheme is a point, though.

Let #: X — Spec(C) be an irreducible projective complex curve of genus # 0, and
j: X < X an open immersion. We denote the complement by D := X \ X. Moreover,
we fix a point zg € X.
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Recall Beilinson-Levin’s logarithm G as introduced in section 5.2.1 above. By the
universal property characterizing G/G", we deduced in 5.2.1 that it coincides with
Hain-Zucker’s universal n-unipotent sheaf G®. Then Beilinson and Levin consider the
augmentation ideal J := ker(z{G — k) = ker(km (X, 20)" — k) and prove the
following

Theorem 5.3.1. Let % be a mized sheaf on S. Then with the above notations the
residue map induces an isomorphism

EXt X () (7" F, 1G(1)) = Homg (Z, J).

With this, Beilinson and Levin define the (large) polylogarithm for curves as follows:

Definition 5.3.2. The (large) polylogarithm is the extension class

Pol € Exty, 1,04 (T, 1G(1))

which corresponds to the identity map in Hom(J, J) under the isomorphism of the above
theorem.

Remark 5.5.3. To be precise, what is actually shown in the proof of the above Theorem
5.3.1 is the following:

Denote the inclusion of the complement of {zg} by h: X \ {9} = X. Recall that the
inclusion of X into X was called j.We call the composition j o zy by Z. Then there is
a distinguished triangle of functors a‘coga_c}) — id — h.h* . Applying it to jiG(1) and
using the fact that Zo =~ Zo. as well as the purity isomorphism Zj, =~ Z§(—1)[—2], one
obtains the distinguished triangle

Zo+To1G[—2] — 1G(1) — hh*jiG(1)
in D’ Sh(X). For any sheaf .7, the long exact sequence associated to

Home Sh(X)(ﬁ*y, — ) ylelds

Ext g, ) (7" F, 516G (1)) — Extp g 5\ agy (R 7" F 3G (1)) )

Q Hom py sp () (77, 0. Z6j1G) ———> Bxt?, g 5, (7" F, 1G(1)) —— ...

Beilinson and Levin then show that the first term vanishes, while the last is isomorphic
to Homps g (pt) (F, k), where we write pt := Spec(C). Moreover, by adjunction, one
has

Homps g, (T7F, 202041 G) = Hom ps p, 1) (F, TxT0+T0J1G) = Hompb gy (i) (F , 2051 G),

and since the diagram
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Xx—7 . x
S
[P

commutes, we obtain by the usual base-change properties that Zjji ~ x{, and hence
the latter term is equal to Hompp gp, () (Z,2§G). So what is actually shown is the the
following;:

The distinguished triangle of functors joya’zg — id — h.h* gives rise to an exact
sequence

0— Ext})b Sh(X’\{zo})(ﬁ-*J’ 71G(1)) = Hom s sh(pt) (/; 10G) — Hom pb gp, () (S, k).

The polylogarithm is the element of Extbb Sh(X\{zo})(W*J’ #1G(1)) which is mapped to
the inclusion of J into x;G by res.



Chapter 6

The motivic logarithm and polylogarithm

In the preceding chapter we recalled the classical definitions of the Hodge logarithm
and polylogarithm. The logarithm and polylogarithm are generally believed to be of
motivic origin, but to the day there is no general motivic definition of either. Our aim
in this chapter is to change that fact.

Recall that we discussed the term "logarithm" in section 5.2.2. We argued that - rather
than the usual classical notion of the "logarithm" - one should consider the universal
pro-unipotent VMHS to be more deserving of the name "logarithm". To be precise,
one should consider an even more general object: its underlying bar complex. Recall
that the universal pro-unipotent VMHS is the zeroth homology group of a certain bar
complex, but alas, there is no notion of cohomology in the motivic setting. So would
it not be more natural to consider a motivic analogue of the entire bar complex as a
motivic generalization of the logarithm? The motivic object thus constructed would
carry all the information contained in the universal pro-unipotent sheaf.

Faltings’ understanding of the logarithm seems to be similar: in his paper "The motivic
logarithm" (|Fall12]), Faltings defines the motivic logarithm of curves as a complex that
will turn out to coincide with our motivic bar complexes of chapter 1.2. Moreover, we
will see that the zeroth cohomology of its Hodge realization is indeed the universal
pro-unipotent VMHS. We will generalize Faltings’ motivic logarithm for curves to a far
more general class of schemes, and deal with it in the setting of motivic bar complexes
we created in Part I.

After we have achieved this crucial step, we will define the motivic polylogarithm as
follows: recall that motivic cohomology classes are, by definition, no more than just
morphisms in DM(S) (HP(S, M) = Hompays)(Zs, M[i]) for any M € DM(S)).
In order to realize the polylogarithm as a class in motivic cohomology, we need to
define a morphism of motives that turns out to yield the correct cohomology classes in
realizations.

In the introduction of this thesis, we argued that the polylogarithm should be given by
some sort of Gysin morphism associated to a diagonal inclusion. This is merely a vague
point to start from - but trial and error have indeed led to a motivic definition of the
polylogarithm that satisfies all characterizing properties of the classical polylogarithm,
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as we will see in the subsequent Chapter 11.7. Instead of desperately trying to motivate
it, we will simply give an ad hoc definition of the motivic polylogarithm in this chapter,
and ask the reader to kindly wait and see. In Chapter I1.7, we will go through some
trouble to see that this definition actually satisfies the required properties and yields
the classical polylogarithms in realizations.

Over and above, we will proceed as follows:

e Firstly, we will recall Faltings’ motivic logarithm for curves, to further motivate our
definition of the motivic logarithm as a direct generalization of Faltings’ logarithm.

e Secondly, we present an ad hoc definition of our motivic logarithm, as well as
motivic analogues of Hain/Zucker’s canonical and tautological VMHS (see chapter
IL.5).

e With this, we finally present a candidate for a motivic generalization of the poly-
logarithm.

So, let us start out with Faltings’ logarithm:

6.1 Faltings’ motivic logarithm

Let S be an arbritrary base-scheme. Let K£(Smg) denote the psedo-abelian envelope
of the category Smg of smooth quasi-projective S-schemes. It is an additive category
with tensor product given by the fiber product of smooth S-schemes. The category
of bounded complexes C®(IC(Smg)) is also an additive category with tensor product
given by the usual tensor product of complexes.

In [Fall2|, Faltings constructs the motivic logarithm as a pro-object in the category
C?(K(Smg)), which can be related to an ind-object in DM(S):

Let m: X — S be a relative smooth curve with irreducible fibers, which is the com-
plement of a normal crossing divisor in a projective variety X, and is equipped with
an S-point zg: S — X. This section gives rise to an idempotent in Endgm¢(X) by

g ot

€ry: X — 5 — X.
Since idx —ey, is also an idempotent, we obtain an element
M(X)° = (X,idx —es,) € K(Smg).

Faltings then defines a projective system of complexes in C?(K(Smg)) as follows: The
diagonal 6: X — X X X satisfies § 0 e;, = (ez, ® €4,) © 9, and hence induces a
morphism

§: M(X)° — M(X)° ® M(X)°.

For ¢ > 1 and all 1 < k < 4, the morphism J hence gives rise to
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id®k‘—l R ® id®i—k: M(X)o®i SN M(X)o®i+1
doubling the argument in position k. Now Faltings takes the alternating sum of these

maps to obtain

1
di =) (—1)Fid®* @ ®id® Tk M(X)°® — M(X)°®* and puts
1

~.
I

i

d da do dn—
P* = {M(S) = M(X)° — M(X)°%2 25 5 M(x)oem),

where the first map dy is is induced by zg. There are compatible associative products
Py ® Py — P; induced by the maps

M(X)°®* ® M(X)°®® — M(X)°®(tt)

(:L'ly s 7xa) ® (:L‘a+1a s aza-‘rb) — (mlv s axa-i-b)'

Moreover, there are graded cocommutative and coassociative shuffle coproducts

Py ., — Py, ® P} induced by
(iUl, <o ,$a+b) — Z sgn(a) (x0(1)7 B xcr(a)) ® (‘ro(aJrl)) S 7$J(a+b))7
where the sum is over all permutations of {1,...,a + b} which are monotone on

{1,...,a}andon {a+1,...,a+b}.

Definition 6.1.1. Let all notation be as above. Faltings’ constant unipotent motive is
the right unbounded complex given by the inverse limit P® := l&nn P2 of the complezes
P2 defined above.

Lemma 6.1.2. [Fal12, 5.8, p.112] Product and coproduct on P are compatible and
endow P* with the structure of a cocommutative Hopf-algebra.

One can think of P® as the motivic analogue of the pro-unipotent completion of the
fundamental group. However, it does not describe the universal pro-unipotent sheaf.
For the latter, there is a minor change: We consider X? := X xg X as a scheme over
X via the second projection and consider the element

M(X?)° := (X2 idy2 — pri(zg x5 idx)*) € K(Smx).
We consider the diagonals
A: M(X?)° — M(X?)° ®@x M(X?)° and A: M(X) — M(X?)°.
Faltings now defines the complex

~ do di(4) da(4)
PA) = {M(X) — M(X?)° — M(X?*®? — . —M(X?*°®")}
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with differentials

i—1
di(A) = —id®F @A+ (-1)Fid* T A @id®R
k=1

Again there are associative products Py (AN) ® Py (5) — Py (AN) induced by

M(X2)0®a ® M(X2)0®b . M(X2)o®(a+b)

(X1, Ta) @ (Tat1s- -y Tagp) — (T1,. -0y Tatb)-

Moreover, there are graded cocommutative and coassociative shuffle coproducts

Py . (A) — Py (A)® Pr(A) induced from

m—+n

($1, ce ,$a+b) — Z sgn(a) (1‘0(1), ey J/‘U(a)) ® (xa(a-i-l)’ e ,xa(a_,_b)),

where the sum is over all permutations of {1,...,a + b} which are monotone on
{1,...,a} andon {a+1,...,a+b}.

Lemma 6.1.3. [Fal12, 5.3, p.112] Product and coproduct on P3(A) endow P*(A) with
the structure of a cocommutative Hopf-algebra.

We can connect Faltings’ logarithm to our motivic bar complexes in the following way:
Note that Faltings’ complex P3(A) is the normalized complex of the cosimplicial object
eBr (X2 X )360><i dy A7 and similarly P, is the normalized complex of the cosimplicial

object c¢B i (X|S)z,20- In other words:

mot

Corollary 6.1.4. Translating Faltings’ logarithm to Levine’s motivic language, we ob-
tain the motivic bar complex
By (X?|X) 5 ~ Byt (X?|X)

A,:EoXidX l’oXidx,A

6.2 The general motivic logarithm

We will now generalize Faltings’ motivic logarithm as well as define motivic analogues
of Hain/Zucker’s canonical and tautological VMHS in a far more general setting. In
order to do so, we will first need to recall some preliminaries and fix our notation for
the entire upcoming chapter.

6.2.1 Preliminaries, setting and notation

Recall that if p: T — S is a map of schemes, there is a functor DM (p*): DMg —
DM which is given on objects of the form Zx (a) for X € Smg by
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DM(p*)(Zx(a)) := Zpx(a) = Zx xsr(a).

Let X € Smg with structure morphism 7: X — S be equipped with a section
xg: S — X. We consider a similar setting to that of Hain and Zucker in Chapter I1.5:
Denote the diagonal inclusion by A: X —s X2 We consider X3 := X xXg X Xg X
as an X2 := X xg X-scheme via projection prys;: X2 — X2 to the second and third
factor. We define two sections

00,01 X? — XS; Uo((l’,y)) - (x,x,y), Ul((x7y)) = (y7x7y>

doubling the first, resp. second entry, and denote the section corresponding to xg by
xo X idy2: X2 — X3,

For any m: X — § in Smg with a section z¢: S — X, we denoted the idempotent
induced by idx —zg7w: X — X by

ex|s(wo) = id —xom: Zx — ZLx.
This way, zg x idy2 gives rise to an idempotent of X3 by putting
exs|x2(To X idx2) := (idxs —z¢ X idx2) prog: X3 — X3
Since it will usually be clear that the section considered is xg X id x2, we often simply
write exs|x2 = exs|x2(zo X idx2). This way we obtain the reduced X2-motive of

X3 with respect to the idempotent 6}3|X2 in the usual way (see section B.1.2 of the
appendix): we denote it by

3(3 = (ZX37 6}3‘){2) € DMXQ

Similarly, we consider X2 := X xg X as an X-scheme via projection pry: X? — X
to the second factor. The section x¢ x id: X — X? induces an idempotent

ex2x (w0 X idx)* == (idy2 —2o x idx) pry: X? — X2

in DM(X). As above, we often just write ex2|x := ex2x (7o X idx). Thus we obtain
the reduced X-motive of X? with respect to ex2|x as

3(2 = (ZX27€§(2|X) GDMX

Moreover, in what follows, we will have to distinguish between two types of diagonals,
so let us once and for all fix the notation to make sure there is no confusion:

A X — X xg X = X2, while A: X2 — (X?) xx (X?),

where in the second case we consider X? as a scheme over X via the second projection.
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6.2.2 Bar complex definitions
Recall that in Hain and Zucker’s construction, the canonical, universal unipotent and
tautological variations of mixed Hodge structure are given as follows:

e the n-th canonical VMHS C(™ on X x X is the one underlying the vector bundle

HO(gTOL Bn(pr23* 5).(3 ) 5).(2 )Uo,al)

X3lx2

e the universal n-unipotent VMHS G on X is given by gn) — (mg X id)*C(”).
e The n-tn tautological variation VMHS on X is given by 7™ = A*C("),

Definition 6.2.1.

a.) We define the n-th canonical motive (resp. canonical ind-motive) to be

Crot(X19) := E;nOt(XBIX%ao,al € DM(X?), resp.
C™H(X[S) 1= B (X3[X?) 50,0, € lim DM(X?).

b.) We define the universal n-unipotent motive (resp. universal ind-unipotent motive)
as

L3(X|S)gy = DM (o x id)*)CR(X|S) = BEY(X2(X), i 5 € DM(X),
L X[S) gy 1= DM((zg x id)*)C™(X|S) = B (X?|X), .y 5 € lim DM(X).

c.) We define the n-th tautological motive (resp. tautological ind-motive) as

TON(X|S) := DM(AT)CR (X]S) = BRoU(X?|X) 5 5 € DM(X), resp.
TN (X|S) := DM(AT)C™(X]S) = B (X?|X) 5 5 € lim DM(X).

Corollary 6.2.2. The X -motive L2°(X|S),, corresponds to Faltings’ logarithm trans-
lated to Levine’s motives in the case where m: X — S is a relative smooth curve with
wrreducible fibers.

Proof. This is a direct consequence of 6.1.4, since by definition

LN (X|S)ay = By (X7 X) u

.Z‘()Xidx,A'

Lemma 6.2.3. The construction of the canonical motive is contravariantly functorial
in the following sense: Given a morphism p: X' — X of smooth S-schemes together
with sections xg,x of m: X — S and n’: X' — S, respectively, such that xo = oxy,
there is an induced morphism

C("): DM((¢*)")C " (X|S) — CU(X'|S)  in DM((X')?).
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Proof. As a direct consequence of the naturality property of bar complexes of section
3.6, the pull-back functor DM ((p?)*): DM(X?) — DM(X?) yields

DM((¢°)*)Cr (X]S) = DM((¢*)") BR(X*| X?)og,0
= B;?Ot(Xg X x?2 (X/)2’X/Q)O'OXXQid(X/)270'1 X x2id
= B (X g (X)2X7)

(x")?2
/ /
00,01

where o] = (p xid(x2)o0y: (X')? — (X')? — X xg(X’)? for i = 0,1. Next, by the
functoriality property of bar complexes of section 3.6, there is a pull-back morphism

(¢ xs idx2)": BRoUX xs (X2 [X"2)gs 01 — B (X)) 1X") oo (x1).00 (7

where 0;(X'): (X')? — (X’)3 is defined like o; with X replaced by X’. The latter bar
complex is equal to C*°*(X’|S), and the assertion follows. [

The functoriality results of motivic bar complexes enable us to deduce similar results
for the above motives:

Corollary 6.2.4. The constructions of the universal unipotent and tautological motives
are contravariantly functorial in the following sense:
Given a morphism p: X' — X of smooth S-schemes together with sections xo, x{, of
X, resp. X', satisfying xo = ¢ o (), there are induced morphisms

L(¢")n: DMLY (XS)z — L7 (X[S)

T(¢"): DM() TN (X|S) — T (X[S)  in DM(X).

Proof. This follows from Lemma 6.2.3 above and the following calculation: Since
@?oA=Aoyp: X' — X% and %o (id xzf) = id x (id xx0) 0 p: X' — X2, we have
DM(A") o DM((¢%)") =~

=DM
DM((id xa()*) o DM((?)") =

M o (¢2)) ~
(¢" 0 A%) = DM(p*) o DM(A¥)

M((¢% o (id x2())*) = DM(((id xx0) © ¢)*)
_DM(QO*) o DM((id xxg)™). [

6.2.3 The motivic logarithm in terms of relative motives

Recall the motivic generalization of Deligne-Goncharov’s result in [DGO05, §3| of section
[.3.7. There, we interpreted motivic bar complexes in terms of relative motives as
follows: For any m: X — S € DM(S), we showed that there is an isomorphism of
S-motives

1 " n+l

b<o <Z<X" D& D ) )[ ]) 2 C. (A, sBYU(X]S)ay) = B (X]S)a.y,

for all n, where b<o denotes the brutal truncation from above after degree 0 (see
Definition 3.7.1), and
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DYV = () x X!
D™ .— {zi=zim}Cc X for1<i<n-—1

7

DM = X1 x y(S9).

n

Carrying this over to our situation, we obtain the following result as an immediate
consequence:

Corollary 6.2.5. Write Dt — {(#1,...,pq2) € X" 2z; = 2;} and D}'? =

%,J
(n+2)
Di,i+1 .

Then one has:

L3 (X1S)z0 = bo <Z<X"+1; 20(8)x X, D{" . DI [n]) '

Proof. Using the natural isomorphism (X?2)*x™ 2 X"+ this is a direct consequence
of the definitions and the above considerations. [ |

Corollary 6.2.6. Put U := X \ {z¢(5)}, and denote the corresponding inclusion by

ju: U = X. By abuse of notation, we write DEZ.H) ={(z1,.. ., Tny1) € X" x Ulx; =
xj}, DE”JA) = Dz(ij_:% and D(()nﬂ) :=10(9) xg X" 1 x U. Then one has:

e D A e

Proof. One has £2°(X|S),, = B™(X2|X) S0

onidx,ﬁ’
DM(j ) LR (X|S)zy = BEH(X x UJU)

(E0><idU,A

by the functoriality properties of normalized bar complexes of section 3.6. Similar to
the proof of Corollary 6.2.5, one then has

BY(X x U|U)zoxidU,5 ~ b<o <Z(X"><U; :po(S)xsX"*><U,D§”+1),..,,Df1"+1)) M)

- Z(X" XU; wo(8)x s Xn=1xU,D{™ V. DY) [n]

where the latter equality follows from the fact that (zq xidy)(U) = 20(S) x U, AU) =
{(z,y) € X x U |z =y} and hence (2 x idy)(U) N A(U) = 0. [ |

Remark 6.2.7. Keeping the notation of Corollary 6.2.5, in a similar fashion one obtains

CIOY(X|S) ~ beg <Z(Xn+2;D§n+2),D§n+2)7m7D£ln+2)’D(n+2)) [n])

n,n+2

ﬁnOt(X’S) ~ bSO <Z<X"+1;Df—:il,D§n+l),.-~,D,E:L+11),D£Ln+l>) [n]> .
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6.3 The large motivic polylogarithm

After constructing the motivic logarithm in the preceding chapter, we finally have the
basic ingredients to define the motivic polylogarithm. It will not be clear from the start
that the object we will construct is indeed the polylogarithm studied in the literature
to the day, but it will become clearer as we determine its mixed realization in the next
chapter.

In order to define the polylogarithm, we need to consider our motives on the com-
plement U of the section z((S) in X with open inclusion jy: U = X \ zo(5) — X
and the pull-back functor is denoted DM (jf;): DM(X) — DM(U). Recall that this
pull-back of motives is given on objects Zy for Y € Smx by the fiber product Zy i
Also, we denote the composition 7o jy: U — X — S by ny: U — S.

6.3.1 The definition
The polylog is defined using the following two ingredients:

e The universal n-unipotent motive £M°%(X|S),,, which underlies a cosimplicial
scheme in the sense that

LI (X|S)zy = BIH(X?X), g 5= 1M (eBER(CIX), . 5)
Its restriction to U is ¢Bj (X X U‘U)xoxidy A

e The augmentation ideal IZ,TOt(X X U|U)zyxidy - It can be constructed as the nor-

malized motive of the cosimplicial scheme ¢l (X X U|U)z,xid, in the sense that

nM (cI},

mot

(X X UU)zoxidy) = L1 (X % UlU)agxiay (=11,
where we consider everything in DM (U) (see Proposition 3.8.3 and Lemma 1.3.8.6).

Aim: Construct a morphism
DM(ji) £ (X [8) g xiax — Lift (X X UJU)zgxiay (d)[2d — 1]

of motives in DM (U) which will eventually give rise to the polylogarithmic classes.

Approach: Construct a morphism between the underlying cosimplicial schemes which
is a closed inclusion. Then one obtains the polylogarithm morphism as the resulting
Gysin morphism by the following general considerations:

Let Z*, X*: A<, — Smg be two cosimplicial schemes, where I: Z — X is a codimen-
sion d closed embedding, and denote the corresponding simplicial objects in Aot (Smg)
by Zz+(0) and Zx+(0). Recall that by section 1.2.2 there is a Gysin isomorphism

ix: hocolimaer Zz+(0)(—d)[—~2d] — hocolimacr Zx+(0), resp.
in: Non(Z7+(0))(=d)[~2d] — Ns_n(Zx+(0)) in DM(S).
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It is the morphism induced on total complexes by the morphism of double complexes

dn [—2d] dn—1[—2d] do[—2d]

T @[jn]—x..[jo} L zio (—d)[—2d] Dii—o Lz (—d)[—2d]

Dijni...li0] P20 Dr—oizk,

D110 Zxi0 (0) — .. —— Pi— Zx+(0)
—n .. 0

in Apot(Smg), where we dropped the index f ;0 everywhere, and the complex

dn_ &
Dy 1—...1jo) Zx40(0) ~ = D) Zxx(0)

is considered as the complex of the (vertical) complexes with By 1, ;)1 Zx40(0) con-

centrated in degree 0.

Let us hence set out with the morphism on the level of cosimplicial schemes:

Proposition 6.3.1. There is an inclusion of cosimplicial objects

mot

cpol: ¢By (X X U‘U)xoxidU,Z = c*(X|8) a0 (X X U|U)goxidy »

given on objects by the inclusion id" ™! x ((id —(zp Xgidy) pry) o A)
(X x U)v™id"™) — ((X x U)*V"™ 1 id™ x (id —(z0 x5 idy) pry))

of codimension d, where AU — X x s U 1is the diagonal over S.

Proof. We need to show that the morphism on objects given as asserted is compatible
with degeneracy and face maps on both sides:

a.) face maps: dZLH o cpol = cpol Od{wl
e j=0:

2.1 (I) o cpol = ((zo x idy) xv id*™) o (id"*1 x((id —(zo x5 idy) pry) o 5))
= (o x idy) xp id" ™" x ((id—(:po x s idy) pr,) oﬁ) = cpolod’,,
o j=n+1:
A1 (1) o cpol = id*™ x (A o (id —(zo x5 idy) pry) o (id —(zo X s idy) pry) o Z)
= id*" x ((id—(aco x 5 idy) pry) o A) x ((id—(mo x s idy) pry) o A)

= cpolod) iy
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e j#£0,n+1:

7
dn+1

(I) ocpol = (id®j71 XA X id®"+l*j) o (id"f1 X ((id—(:co X g idy) pry) o AN))
= id® ! x A x id®" 7 x ((id—(xo x5 idy) pry) oj)
= cpolodZLH.

b.) degeneracy maps: For all j =0,...,n

J

sT.‘“(I) ocpol = (id‘g’jJrl QTR id®"7j> o (idn*1 X ((id—(a:o x g idy) pry) o AN))
= id® M or @id®" 71 x ((id —(xo X s idy) pry) © A~>

_ n+1
= cpolos; ™.

This proves the assertion. |

As mentioned above, this gives rise to a Gysin morphism of the associated homotopy
colimits of simplicial schemes hocolim AP cpol:

hocolimaer sB(X x U|U) 5 — hocolimpor sI(X X U|U)zxidy -

o XidU,A

Via the natural identifications

zoXidy,A

hocolimpor sB(X x U|U) 2o xidy 5)
hOCOlimA0<p SI(X X U|U)zo><idU =nM (SI.(X X U’U)a:oxidy)

s =nM (sBS”(X x U|U)

this yields the corresponding Gysin morphism of normalized motives

hocolimaor cpol: nM <sB§”(X x U|U) ~) — nM (sIe(X X U|U)goxidy ) »

onidU,A

which is equal to a morphism

DM (i) LENXS)) woxidy — DM(W}'})Iﬂ‘:}(XW)xO (d)[2d —1].
Definition 6.3.2. The morphism above is denoted by
POl (XS)zg : DM(ii) L (X|9))moxiax —> DM(wir) I (X |S)ay (d)[2d — 1]

and called the n-th motivic polylogarithm of X|S. Whenever it is clear what X, S and
xo are, we will simply write pol*** := pol™**(X|9),, .

6.3.2 Functoriality of the motivic polylogarithm

Recall the functoriality properties of the universal n-unipotent motive, respectively
the underlying bar complex: Given a morphism ¢: X’ — X of smooth S-schemes
together with sections g, z(, of X, resp. X', satisfying xo = ¢ oz, there is an induced
morphism
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L(¢")n: DM(9") LR (X[S)zg — L3N(X'[S)gy  in DM(X).

We write U = X \ zo(S), U’ = X'\ x(,(S) with open inclusions denoted by ji and jy,
respectively. For the sake of simplicity, let us drop the "mot" in the notation. Likewise,
we obtain a pull-back-morphism restricted to U:

L(¢")n: DM ) DM(Gi) Ly (X |S)ag —> DMiG) L7 (X]S)yy  in DM(X'),
as well as a pull-back morphism
QO*®: DM(QD*)fnJrl(X x U|U)Z0><idU — fn+1(X/ X U/|U/)x6><idU/‘

We want to show that the polylogarithm is functorial in the obvious way, i.e. that the
resulting diagram

L(¢™)n

DM(#") L (X]5)z0 L(X'[8)ay,

DM(*)(pol,, (X[8)ag ) poln(X'\S)%

DM(¢™)(¢*®)

DM(p") 1 (X X UJU)g (d)[2d — 1] DM( () 1 (X[8)a (d)[2d — 1]

1s cartesian.

By Theorem [Lev98, I11.2.6.11(iv), p.160], the Gysin morphism between motives of
cosimplicial schemes is compatible with base-change as follows: Consider the commu-
tative square of cosimplicial schemes

Bor(X X U'U") 0 i 3 Brot (X X UNU") , ia, &
cpol(X’|S) ¢*(cpol(X]S))
* / arac ¢ (¥) * el
C‘[mot()( x U |U )x{,xidU/ CImot(X x U |U )ngidU/

Here, A': U — X' xg U’ is the diagonal for U’, ¢*(cpol(X|S)) is the morphism
obtained from ¢ pol(X|S) after base-change from U to U’ via ¢, and similarly for ¢*(p).
By Proposition 6.3.1 above, the vertical arrows are closed injections, and hence the
diagram is transverse (see the n the appendix). Thus, by Theorem [Lev98, I11.2.6.11(iv),
p.160], the base-change property holds in this situation, that is to say we have:

DM(¢")(¢") o DM(¢") (pol(X|S):) = pol(X'[S): 0 &7,
or in our terminology:

DM(¢") (") 0o DM(¢") (poly* (X[S)ae) = ol (X']8) sy © L(¢")n-
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In other words, it shows that the above diagram indeed commutes and we have an
arrow

" DM(¢") (poly® (X18)ze) — oLy (X]8)
of morphisms in DM (U’) as asserted, i.e.:

Lemma 6.3.3. Given a morphism ¢: X' — X of smooth S-schemes together with
sections xo, xq of X, resp. X', satisfying xo = ¢ o xy, there is a commutative diagram

* L(p™)n ,
DM(9*) L0 (X|S)ay Z L (X'|S)a

DM(p*)(pol, (X[S)a) polTL(X'\S)%

*\ T DM(™)( *®> 1%\ T ’
DM(9*) i1 (X X UIU )y (d)[2d — 1] —————"— DM(7) L1 (X[ S)y (d) 2 — 1].

6.3.3 The large motivic polylog in terms of relative motives

Recall that due to Deligne-Goncharov’s Lemma, we were able to describe the normal-
ized motivic bar complexes in terms of relative motives in section 6.2.3. Now we aim

to know the polylogarithm in terms of this description.

Let X be of dimension d over S. Again, put U := X \ {z¢(S)}, and denote the corre-
sponding inclusion by jy: U — X. As in section 6.2.3, we consider the closed subsets
D" = {2 = 2341} € X" x U and D" = 24(8) x X" x U in X" x U for n € N,

where all schemes are considered over U via the last projection. The first step is to
express both sides of pol**

e By Corollary 6.2.6, we have DM (j;) L (X|S)z, = Z(

in terms of relative motives:

Xnxt;D§ ., DIY) [n]

o Put e, .4 = (idx» x(idxx . — (2o X5 idy) pr . Moreover, write
X s 2

X U|U

D" = (@ = @41} for 1 <i<n and DY = 20(S) x5 X" xg U

7

As in Lemma 1.3.8.6, we write

o

Z = Z n n ;e n
(xm1xu;Df), DR (xm+1xU3Df +2)7...,D£l_+12>)’eX HixsUU

Then by Lemma [.3.8.6, we have an isomorphism

IPN(X X U|U) g xidy = b<o (Z? )[n + 1]> in DM(U).

Xty D§r) L D)
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Thus, the polylog can be expressed as a morphism

,,,,,

Our aim in this section is to explicitly determine this morphism as a Gysin morphism
of relative motives. To this end, we take a look at the following:

We consider the inclusion of the codimension d closed subscheme ¢ : DS:EQ) — Xl x
U. By section B.5.2 in the appendix, there is a Gysin isomorphism for relative motives:

LDx
2o p Hnn?, o) T B (enncsuippd i) (DR

Under the natural identification Dgflz) = X" x U, the inclusion ¢tp: DS:_—EZ) — X"t x

U corresponds to id% ! x x A: X" — (X" x U) xp (X x U) 2 X" xgU, and the
(n+2)

closed subsets in D,

correspond to:

D(n+2) N D(n+2) _ D(n+1)

0 n+1 0
DI Aplt = pirtl ¢ Xt x Ufori=1,...,n—1
DI+ A Pt > plrth ¢ X" % U

n

Therefore the Gysin isomorphism above can be identified with

(idxnx gu xA)x
Z(Xnst;Dé”*”,..A,D;"H)) - Z(xn+1 XSU;D(()"+2)’...,D$LH+2)> (d)[2d).

We consider the composition of this with the morphism

,,,,,,,,,,

Proposition 6.3.4. The Gysin isomorphism (ianXSU ><5> yields a morphism

*

* . A
exn+1><mUo(ldX"><sU X A)x

Z(X" xsUsDG" D L D) (b§n+1 <ZEX7L+1 xsUsDSD Dg;wz))) ) (d)[2d]

which corresponds to pol®: DM (i) L2 (X |S)wy —+ DM (1) 24X |S) 4, of Def-
miation 6.5.2 under the natural identifications above.

Proof. We keep the above notation and write

For the existence of the morphism, we simply need to take care of the additional
idempotent on the right hand side: note that
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* * . A\ Uk . A
6Xn+1><U|U o eXn+1XU|U o <1an XA)* = eXn+1><U|U [0) (lan XA)*,

so the morphism Gysin morphism in fact induces a morphism

Exn+lyxy|v® o
Z<X" xsUDY DY) T o g < A). Z(X"+1 xsUsDS . D) (4){2d]

J

X+l XSU;D(()"“),...,D;”“))

bensn (d)[2d]

The rest is immediate when noting that the Gysin morphism for relative motives is
simply the Gysin morphism for diagrams, and hence is compatible with the construction
of our Gysin morphisms for motives of cosimplicial schemes. |

6.4 The small motivic polylogarithm

While the motivic polylogarithm is an element of
Hotp v (o) (DM £5 (X]8) )aqeiax DM(ri) T (X[S)ay (D24~ 1])

in realizations one often considers a "smaller" variant of this "large polylogarithm" by
passing to a quotient of DM (nj;) I (X |S)a, (d)[2d — 1]. As a first step, we will define
this "small" augmentation ideal:

Note that I"0%(X[S)4,[—1] is given by

n

et A
o X|s

o
Xnt+l e X2

75 0
X
where Z%5,1, is in degree —n.

Proposition 6.4.1. The kernel (resp. the coimage) of the morphism AR iZ}

exists in DM(S) and is given by the kernel (resp. coimage) of the idempotent
(m xid)*A*: ZSo — L2
in the idempotent complete category DM(S).

Proof. It suffices to prove the assertion for kernels. Obviously, one has A*(7 xid)* = id
so 7" ®1id is a monomorphism, A* an epimorphism, and (7 x id)*A* is an idempotent,
that is to say (m x id)*A* (7 x id)*A* = (7 x id)*A*. Hence, the kernel of (7 x id)*A*
exists in the idempotent complete category DM (S).

We have to show that given any morphism m: Z — ZS., in DM(S) such that A*om =
0, there exists a unique morphism k: Z — ker((m x id)*A*) making the diagram
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A*
°c —-— . 0
ZXQ ZX

0

ker((m x id)*A*)
|
Ak
|
|

Z

commute. The commutativity of the upper triangle is obvious, since A* = A*(7w X
id)*A*. Consider the morphism

(id* —A(r x id))* om: Z — L.

Since A*m = 0, we have (7 xid)*A*m = 0, so by definition of the kernel of (7 xid)*A*,
the morphism m factors uniquely over the kernel of (7 x id)* A*. This yields the unique
morphism k: Z — ker((m x id)*A*) in question, which proves the assertion. [

Note that due to the above proposition and properties of idempotents, there is a direct
sum decomposition

Sz = ker ((m x id)*A*) & coim ((7 x id)* A*)
= ker((m x id)*A*) & Im ((id?)* — (7 x id)*A*)

Hence, the diagram

e* A*
X|S
Zenin .. 73 Z% 0

comprising % (X |S),,[—1] € DM(S) splits into a direct sum of motives

2 . ker (e3,47) 0 0
@ @
: : 154
coim ((m x id)*A*) 7% 0

Definition 6.4.2. Let U := X \ 2¢(S). We denote the motive

* *
eXlSA

coim ((7 x id)*A*) Z%
-2 —1

by iM°(X]S)4,, and the projection induced by the above direct sum decomposition by

primot . j,:;l_f}: (X|S)x0 — ZmOt(X|S)ZO
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Remark 6.4.3. Denote the restriction of m: X — S to U by 7. Then
PN X X U|U) goxidg := DM (77)i™ (X ]S) 2y
is given by the diagram

(id — pr (zo xid)*)o
_— >

coim ((pry x id)*A*) -

Dy ——0
Now that we defined the "small" augmentation ideal we wanted we may define the
small polylogarithm as follows:

Definition 6.4.4. We call the composition of pol™°(X|S)s, with prmet(d)[2d — 1]

small motivic polylogarithm and denote it by pP°t(X|S)4,. It is an element of

Homp vy (DM ) L (X 1S))aoxidy » PM(mr)i™ (X [S) ) -

6.5 Passing to the "limit"

Again, we pass from the category DM(U) of motives to the symmetric monoidal
category lignDM(U) of direct systems of motives as introduced in Definition 1.3.5.1.
Moreover, recall that on left-unbounded complexes of objects of type Zy or Z3, for
Y € Sm(S) in liijM(S ) we defined a pull-back by applying the ordinary pull-back
in the category of motives componentwise. Thus we have inductive systems
DM(ar) (X [8)ay = (PM(m) [ (X[8) g Jn = I™N(X X U|U)zgxiay, and
DM(Gi) L™ (X |S)ag = (DM(57) L3N (X |S)ag ) = B™H(X x U|U)

zoXidy,A”

Our aim is to verify that the morphisms
PO (X|)zq € Hompaqw) (DM L (X]S)ags DM(i) T2 (X1S).,
constructed in the preceding sections give rise to a morphism of inductive systems
(bol,,) € Homyy pgs) (DM £ (X 1S) 0, DM T2 (X])ay ()2 — 17)

To this end, note that by Definition 1.3.5.1 any such morphism f of inductive system
can be represented by a family of maps

fi: DML (XIS) sy — DM(rt) I (XIS (d)]2d — 1]

o

for some function o: N — N such that for any ¢,7 € N with ¢ < j thereis a k € N
with k > 4, j for which the diagram
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DM(ji) L7 (X]S)y — = DM (i) T (X |S), (d)[2d — 1]

DM () 2 (X|S) g (d)[2d — 1] commutes.

)

DM(jg) £57(X|S)ag ——>DM(w S (X[S) 0 (d)[2d — 1]

Taking 0: N — N to be the morphism (i) = i + 1 and replacing f; above by the

morphisms pol"°* obviously make the diagram commute.

Lemma 6.5.1. The morphisms pol™*(X|S),, yield a morphism
pol™ " (X|S)., € Homymy paa(o) (DM L7 (X[8)ay DM ) ™ (X))
Likewise, the small polylogarithms
P (X|8)z, € Homp gy (DM (i) L3 (X|S)ag, DMy )i (X[S) )
for n € N make the following diagram commute:

o PO (X]S). o
DM £ (X]8)ay " DM ()i (X]S) () 2 — 1]

DM(my)i™ (X ]9)ay (d)[2d — 1]

pf—iﬁ (X\S)ro

DMGi) L7 (X18)ag DM(my;)im N (X]S)ao (d)[2d — 1.

Definition 6.5.2. We call pol™*(X|S),, the motivic polylogarithm of X|S for the
section xg, and p™°(X|S)., the small motivic polylogarithm of X|S for the section x.

6.6 The polylogarithmic class in K-theory

The motivic polylogarithm in literature was often defined in the setting of K-theory
(e.g. in section 6 of [BL94]|, or in Kings’ paper [Kin99|). To be precise, the class in
K-theory constructed in these cases is that associated to the small polylogarithm. In
this section, we will associate a class in K-theory to our large motivic polylogarithm
by means of duality in the category DM(S).

Since the construction of the polylogarithmic K-class is slightly technical, let us point
out here that this upcoming section is not really of any consequence for the rest of the
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thesis. Skipping this section and passing straight on to Chapter 7 will therefore not
impair the understanding of the rest of this thesis.

Recall that we denoted by DM (S)P' the smallest strictly full triangulated subcategory
of DM(S) containing the objects Zx (a) with X projective over S and closed under
taking summands. By B.3.1 in the appendix, if X is the complement of a normal
crossing divisor in some X € Sm(S)PT, then the object Zx is in DM (S)Pr.

For the entire section, we assume that X € Sm(S) is in fact the complement of a
normal crossing divisor in some X € Sm(S)P*. This ensures that all schemes we are
dealing with here are in Sm(S)P" as well. We are therefore free to apply the duality
theory developed by Levine for his motives. In particular, recall the following results
for relative motives (see section B.5.2 in the appendix):

Let X be a smooth equi-dimensional S-scheme of dimension d over S, Di,...,D,
closed subschemes of X which form a normal crossing subscheme of X. For some
ie€{0,....,n}let U:=X\(D1U...UD;) and V := X \ (Dj31 U...UD,), and let
duav: UNV =X\ (D1 U...D,) — V xgU denote the diagonal inclusion. Moreover,
put DJV =V ND; and D]U := D; NU. We consider the relative motives

Zv.py,..pvy and  Zqpu . py)-

Denote the codimension d cycle defined by the image of dyny in U xg V' by Aynv.
Let dpv: 1 — Zy,py,  pv © Z(U;Dﬁrl,---yDS)M) [2d] be the map cl(Ayny) followed by
the inverse of the Kiinneth isomorphism. Then one has the following:

Proposition 6.6.1. ([Lev98, IV.2.3.4, p.219]) The pair (Z(V;DY,...,DV)véU,V) is the

Let furthermore iz: Z — X be a closed subscheme of X of codimension dz.x such
that Z, D1, ..., D, have transverse intersection, and let Zy := Z NV, Zy := ZNU,
Dy, = D;iN Zy and Dy, := D; N Zy. Then the collection of inclusions Dy < D
defines a morphism

2y LevipY,..0Y) — L(zyiDY,,...DY )"

Similarly, there is a Gysin morphism

py )(—dz:x)[=2dz.x] — Zy,pv . pv)-

1 AT
Zy* (ZU,Dg 1 oeees

10

Proposition 6.6.2. ([Lev98, 1V.2.3.4, p.219]) The map iz, is dual to the map iy, .

We want to apply this to the polylogarithm. Recall that in terms of relative motives,
the polylogarithm is given as follows (see section I11.6.3.3):
Let X be of dimension d over S. As in section 6.2.3, we consider the closed subsets

DI = {(an, .. o) € X7 x Ulay = a3},
D" = D and DI 1= 20(8) xs X" xg U

} CX"xgU
7 4,0+1
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forn € N, i # j ={1,...,n}, where all are considered as schemes over U via the last
projection.
Recall the following natural identifications of section 6.2.3:

o DM(ji) LX)z = Z(XnXSU;Dg"“),...,D;”“)) [n]

(X +1xgU;DT L D))
where the latter is the brutal truncation from above of the reduced relative motive

o DM I X1S)ry = b (29 e,
<Z(Xn+1XSU;Dg"“),...,D;"“))7€§(n+1xUU = (idxn x (idx xv —(idx Xwo)prz))*) -

Then by section 6.3.3 the Gysin isomorphism (idxnx 7 ><A~)* yields a morphism

7 xn+lxyiu® b 70 (d)[2d]
(XnXSU;D(()n-Fl)’.“,DgLn‘Fl)) (idxn g0 < A). <n+1 (X“+1XSU;DénH),V..,DSL"H))

which corresponds to the polylogarithm under the above identifications. Via duality,
we want to relate this class to a certain cycle in K-theory.

Definition 6.6.3. Define the subset

YD = (X7 g U) (U?ZOD§"+ 1>) C X" xgU

. . . 1) .
and consider immersions of Y£n+ ) into two spaces:
. ) . ) 1 1 .
e There is a diagonal inclusion A 1) : Yé’” ) Y£n+ ) Xy (X" xgU) given by
L
Ay£n+1)($1, s 7:E7’Lau) = (xl’ s Ty Uy Ty e e al‘nvu)‘

We denote the codimension nd-cycle given by the image of AY(nH) by
L

[Aynin] € CH™ (Yé"“) xp (X" xg U)) .

e Consider the composition of closed immersions

A (n+1)

Y idxy A
Apoﬂ Y£n+1> % Yén+1) X7 (Xn X g U) XU

Yﬁ("*l) xu (X" x5 U)

where A: U — X x g U is the diagonal. We denote the (n + 1)d-cycle given by
the image of Apol, by

[Apoln] c CH(n+1)d (YE(nJrl) X7 (Xn—H X g U))

= KDY (v sy (X xs U)),

where Kénﬂ)d denotes the (n + 1)d-th Adams eigenspace (see section B.6) of K.
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Using the duality theory of relative motives recalled in the outset of the section, we
obtain:

Proposition 6.6.4. The dual of DM(j};) L2 (X |S) 4, in DM(S) is given by the pair
(Zy v (n) (24 = 1)), 1A ] )
L L

Proof. This is an immediate application of Proposition 6.6.2. |

Now we want to relate the polylogarithm - a morphism of relative motives - to relative
K-groups (see Appendix B.6). This is accomplished using the Chern classes from rela-
tive motivic cohomology to relative K-groups. Let us recall them in a general setting: If
Dq,..., D, are closed subschemes of some Z € Smg such that all of their intersections
are in Smg, then by [Lev98, III.1.4.8(iii), p.124|, the Chern classes in K-theory (see
Chapter B.6 for details) induce Chern classes for relative K-groups

29— 2q9—
c((]Z;qujm,Dn): Kp(Za D17 s 7Dn) — H,Agt p(Zv D1> s 7DTL7Z(q))a

where Hifl_p(Z; Dy, ..., Dn,Z(q)) = Homprsy(Zs, Z(z,p,,..,0,)(q)[2¢ — p]) are the
relative motivic cohomology groups of Appendix B.5.3.

Now recall the (n + 1)d-cycle

[Apor, | € CH DA (Y[(:"“) Xy (X" xg U)>

o Ké(nJrl)d) <Y£n+1) X7 (Xn+1 X g U))

defined in 6.6.3 above. This class in turn gives rise to a class in the relative K-group
(see section B.6 in the appendix for details on relative K-theory), which by abuse of
notation we also denote by

We now want to prove that the polylogarithm "comes from" this class in relative

K-theory. We will do this in two steps in the following theorem:

Theorem 6.6.5. a.) There is a canonical morphism ¢ +1)d2(n+1)d

K tDd) (Y i (X" x U);Y xy DS, Y xy D,(Z”z))
\

q*op*oc(n+1)dv2(”+l>d

- ,mix % 7A,mix
Hom po gy(1r)) (JUEJ? (X|8)aos Tir Ly (X|S) o (d)[2d — 1]) )
b.) This morphism &+ 42008 maps (A T to polt(X][S).,.

Proof. For the sake of notation, we will sometimes write Y := Yﬁ(nﬂ).
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a.) This is basically due to duality: By Proposition 6.6.4 and section 6.2.3, we have

DDM(ji) £ (X[S)ay = (2, gurn (1) 1(2d = 1), ([, 1)

.....

* \ 7mot ~ o
DM(WU)ITILHfl (X1]8)zy =~ <b§n+IZ(X”+1><SU;Dé"+2) D;%z))) [n +1]
where the latter is the brutal truncation from above of the reduced relative motive

. 1
(Z<X"+1XSU;Dé"*Q),...,D£"+2>)’ eX"“W\U) in DM(U)

for e}nﬂxU'U = (idxn X (idxxy —(idx x20) pra))™ : Zxntixy — Lxntixy-

Consider the morphism

6*
xn+lxuly
—_—

Z n n
(Xt 1xsUDf, L DI (XU D)D) >

q
C) b<nt1Z] ——= DM () I (X]S)aq

(X"+1st;Dg"“),...,D;”“)) n+1

where ¢ is the natural morphism. This yields a push-forward morphism

- A,mix
Homousney) (J664 ™ (X1) a0 Z gy, e (@20 = 1)

*J> *
q vp
- pAmix % 7A,mix
Hom s snwyy (56 LA™ (X18)ay, m T (X18 o ()24~ 1])
Using duality and
DDM(](*])[,;HOt (X‘S)IO = (Zyg(n+1) (nd) [n(2d — 1)], Cl([AYL(nJrl)])) 5

the upper term is isomorphic to

n

Hom po sn(vy) (ZU, ZYL("H‘U (nd)[n(2d - 1)] ® Z(xnﬂ xsUDSHD D(n+2)) (d)[2d — 1])

HN

,,,,,

by Kiinneth, where the latter term is relative motivic cohomology by its very
definition (Definition B.5.3 in the appendix). The relative Chern class map thus
yields the asserted morphism
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K DD (Y <y (XM x U)Y xp DS, Y %y D%"*”))
|

c(n+1)d,2(n+1)d

Homp (v (1, By e D i) (1 D0 1>d])
\

~0Qx 0P«

. p A mix % 7A,mix
Hom o (gn(y) (JUﬁn (X[8)a0, iy (X1S)ay (d)[2d — 1]) :
b.) Recall that pol™°* is induced by the morphism
(idxmxsu X A): Z(X"XU;D(()”+1),...,D£1n+1)> — Z?XnﬂxU;Dé”*"’),..,,D;”“’)(d) [24].

By Proposition 6.6.4, the dual of DM (j},) L (X ]S)z,[—n] is given by the pair
(Zy(n+1) (nd) [Qnd],cl([AY(nH)]) . This means that the morphism
L L
pol™ = (idxnx 57 X A),
corresponds to the composition

cl([A +1l
Yé” )

1 ZYL(H-H) ® Z(X"XU;D‘()"'*'” 77777 D§7/77,+1)) (nd) [Q’rld] )

( idzy(nﬂ) ®((ianXSUx5)*)
L
Ly niv) L Lt ((n+1)d)[2(n + 1)d]
L n )

(XnH+ixu; DT L

followed by the Kiinneth isomorphism. By the definition of the Gysin isomorphism
in DM(U), this composition is - up to natural Kiinneth isomorphism, which we
generally tend to ignore in the notation - equal to [Ape |, whose preimage in

Ké(n+1)d) (Y xu (X" % U):Y xy D(()n—i—?)’ Y Xy D7(Zn+2))>
is the class of [Apg, |- [ |

Definition 6.6.6. We define the n-th polylogarithmic K-class for X|S to be the class

polff(X|S) = [Apoln]

n K{DD (Y xu (X" x U)Y xp DS, Y xy Dﬁf“))) .
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Chapter 7

The mixed realization and characteristic properties of the
polylog

At the moment, the polylogarithm we introduced ad hoc in the preceding chapter is
simply an abstact construction we suggested as a candidate for a "general motivic
polylogarithm". We still have to justify our claim. In order to get a feeling how our
new motivic polylogarithm relates to the polylogarithms which have been constructed
by Beilinson, Levin, Kings, Huber, Wildeshaus and all the other mathematicians men-
tioned in the introduction, we will have to look into the realizations of the polyloga-
rithm.

We will proceed as follows:

e After establishing the basic terminology, we will compute the mixed realization of
both the motivic logarithm and polylogarithm.

e Once we have established the mixed logarithm and polylogarithm, it remains to
show that this mixed polylogarithm satisfies properties which are characteristic of
the polylogarithm and are used in the case of curves and abelian schemes to define
the polylogarithm uniquely.

e In order to be able to compare the mixed polylogarithm with that of curves and
abelian schemes in literature, we need establish one more fact: that in these classical
cases, our mixed polylogarithm (as a morphism in the derived category of mixed
sheaves) yields a morphism on zeroth cohomology. This conclusion will then suggest
that our definition of the motivic polylogarithm agrees with all the definitions in
literature up to now.

First, we will start off with a general picture of the mixed sheaf-setting.

General assumptions and notation for the mixed realization

The setting for this chapter is the following: Let F' = R in the geometric case, and
F = Z[1/l] in the f-adic case, A either a subfield of C in the geometric case or Qy if
F =7Z][1/1] in the étale case. Moreover, let S — Spec(F') be a reduced scheme (recall
that in this thesis, "scheme" means "noetherian and separated scheme" throughout),
smooth and quasi-projective over Spec(F').
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Let w: X — S be in Smg such that 7 has geometrically irreducible fibers. As a conse-
quence of the properties of S, X is also reduced, as well as smooth and quasi-projective
over Spec(F'). Moreover, we assume that X we have three sections zg,z,y: S — X
of 7 (these don’t necessarily have to be distinct).

Recall the Godement resolution G as defined in section 1.4.2, as well as the following
notations:

F*AﬁX = mG(Ax)
AL = G(Asg).

The mixed realization of Ay € DM4(S) (resp. A%) is then isomorphic to W*Ag(

(resp. W*Ag( /Ag) by Lemma [.4.2.3. Recall the following properties and morphisms
constructed in section 1.4.2 in Remark 1.4.2.2:

Remark 7.0.1. a.) In both the f-adic and the geometric case, the complex W*Ag(
has non-vanishing cohomology only in degrees 0,...,2d. Hence, via truncations,
m.G(Ax) is quasi-isomorphic to the complex T<2q0=°(1.G(Ax)).

b.) Note that due to Kiinneth the mixed realization of Axnyy € DM 4(U) can be
computed by

DI 1 (Axrx0(0)) 2 (pros A 1) @45 - (020 Ay )

=: (pra, A, )"

7.1 The mixed realization of the logarithm and polylogarithm

7.1.1 The mixed logarithm

Definition 7.1.1. For any n € N we denote the mized realizations of the motives in
the first column of the following table by the corresponding terms in the second column:

B € DM4(95) RAmixB € Db Sh(S) name of the mized realization
CRov(X|S)® A er?’mi.X(X|S) n-th canonical mized sheaf
L2NX|S) ® A ﬁﬁ"mlx(X|S) universal n-unipotent mized sheaf
Tmot(X|S) ® A %A’mIX(X|S) n-th tautological mized sheaf
XSz ® A (X ]8) 5

We proceed similarly with the mized realizations of the resulting inductive systems.

Corollary 7.1.2. We obtain the following table regarding the mized realizations of the
motivic objects considered in chapter 3:
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Motivic object mized realization
Cmot(X|S) @ A B (X3|X2) 4000 0f Definition I.4.2.4
LX)z ® A B ™™ (X2 X), ia il 14-24)
T(X|S) @ A B (X2 X) 5. 5( 14-2.4)
O (X[9) 4, ® A PAMIX(X|S) (w*Ag(/Im(e}‘S o A*)) [—1],

where e}‘s = (ldx —zom)*: Zx — Zx.

Proof. This is mostly a direct consequence of the definitions and section 1.4.1. The
only statement which doesn’t go without saying is the last one, namely

R misd™ (X [S)ay ® A ~ 7, A% /(AG UTm (el 0 A))[-1]
~ A [ Im(el g 0 A%))[-1].
By definition, i™°%(X|S),, is the diagram

.
€x|s

coim ((7 x id)*A*) 75 0

with columns in degrees —2, —1. Hence, the mixed realization of i™°*(X|S),, ® A is
the total complex of

mA,mixegqu*

coim (R 4 mix (7 X id)*A*) m AL /AL 0

with columns in degrees —2, —1. In D®(Sh(U)), however, this complex is naturally
quasi-isomorphic to Tr*AfiX /Im(ex g0 A*)[—1]. This finishes the proof. |

Corollary 7.1.3. There is a direct sum decomposition
TG L (XS ) ag = L (X[S) sy © As(0).

Remark 7.1.4. As a direct consequence of Lemma 6.2.3 and Corollary 6.2.4, as well as
the fact that realization functors commute with pull-back according to Lemma 1.4.1.1,
the constructions of the canonical, universal unipotent and tautological mixed sheaves
are contravariantly functorial.

7.1.2 The mixed polylogarithm

We put U = X \ z¢(S) and again denote by pry: X xg U — U the projection
to the second component, and €% 1, = (idx <y —(zo x idy) pry)*. Moreover, recall
the category ling Sh(S) whose objects are inductive systems in D®Sh(S) of Def-

inition I.3.5.1. The mixed realization functor R4 mix naturally extends to a functor
R A mix : hﬂDMA(S) — hAlDb Sh(S). Thus we may define:
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Definition 7.1.5. We call the morphism
A,mi t A,mi i
poly, ™ 1= R 4 mix POl (X[9) 2y, pol ™ (X |S) 2, = (POly™ (X 15)ag )n

the mized polylogarithm. The small mized polylogarithm is given by

P (X19) a0 = Rt ani (P (X[8)ag )y 2 (XS )z = (P (X|S) 0 )m

7.2 The characterizing property of the mixed polylogarithm

We want to justify our claim that the motivic polylogarithm we defined is the right
generalization of the polylogarithms up to date. To do so, we need to show that the
mixed realization of our motivic polylogarithm satisfies properties which are charac-
teristic of the polylogarithm, and used to define the polylogarithm uniquely in the
classical cases. In order so make out this "characteristic property" we are talking of,
let us take a look at an example:

7.2.1 Motivation in the geometric realization

Recall Beilinson and Levin’s polylogarithm for curves:

Let A C C be a subfield. Let S — Spec(C) be a reduced scheme, smooth and quasi-
projective over Spec(C). Moreover, we take 7: X —3 S to be a family of smooth
projective curves of genus # 0 in Smg such that « has irreducible fibers, and has
three sections zg,z,y: S — X. Let j: X < X be an open immersion. We denote
the complement by D := X \ X and call the inclusion of the complement of z¢(S) by
h: X \ 2o(S) = X and Z( := j o 29. Denote Beilinson/Levin’s polylogarithm by G as
in chapter 5. As we have seen, it coincides with Hain/Zucker’s universal pro-unipotent
VMHS in the geometric case. Moreover, we denote the kernel of the augmentation
x;G — A by J. By Remark 5.3.3, Beilinson and Levin show the existence of an exact
sequence

0 — Ext, Sh(X\ao(sy) (T F G (1)) = Hom o gy, (F, 25G) — Hompo gy, (F, A)

constructed from the long exact sequence associated to the distinguished triangle
i’oljb — id — h,h*. Beilinson and Levin’s polylogarithm is then defined to be
the element of Extl, Sh(X\xo(S))(ﬂ- J, 71G(1)) which is sent to the inclusion of J into
3G by res.

In fact, this is the most common way of defining the polylogarithm in any setting and
realization. One might say that the image of the class of the polylogarithm under the
boundary morphism of the long exact sequence associated to 5:0@6 — id — h.h* is
what characterizes the polylogarithm. Let us now translate this to our setting:
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Note that Beilinson-Levin’s setting vaguely compares to ours as follows:

Beilinson/Levin ‘ our situation
(G)” LAHE(X|S)a,
()" [AM9(X|S)q,

where (—)" denotes the dual of VMHS (not the Verdier dual). Since we are dealing with
the duals of Beilinson/Levin’s sheaves here, we need to show the dual characterizing
property of the polylogarithm: instead of showing that it is mapped to the inclusion
of J into 3G, we want to show that the polylogarithm is sent to the projection of
xy LAM(X|S),, to [4H49(X|S),, (in the limit). On finite level, we aim to show that
the polylog is mapped to the natural map

pry: L9 (X1S)g, @ As[0] — LH9(X]8)z,

followed by the inclusion I;""¥(X|S),, < IX1%9(X|S).,.

However, passing to X is not even necessary in our situation: Denote the inclusion of
U := X \ zo(5) into X by jy. Then like above, one can see that the distinguished

triangle a’:o*flo — id — h.h* yields the long exact sequence

— Ext2 ey, (0L 7 T (@) —= Bxt2it o (L, bl 7 T (d)) )

Ox

<_> Hom pp MHM(X) (j;ﬁn,i’o*ln) *>Ext2Ddb MHM(X) (j!ﬁnyﬁ—*fn+1(d)) —

where we write £, = La7%(X|S)y, and Ly = .f;gfdg(X\S)xo. Similarly, the

distinguished triangle 330*336 — id = ju«J;; yields the long exact sequence

_ EXti;ibilvllHM(X) (£n7ﬂ'*fn+1(d)> —_— EXt%ibil\}[Hl\/[(X> (£n7jU*j(*J7r*jn+1(d)) )

O

C_> Hom pb avevx) (L‘,n,mo*fn> _— Ext%ib MHM(X) <£n77T*I~n+1(d)> —_—
Using some standard six-functor-formalism-arguments, it is easy to see that these two
long exact sequences are isomorphic (this is done in section E.1 of the appendix; the
same works in the mixed setting). As a consequence, we will simply deal with the
(simpler) distinguished triangle zo.xf — id — JU=Jir-

7.2.2 The defining property of the large polylogarithm

Let all notation be as above, that is to say: F' = C in the geometric case, and F' = Z[1/]
in the (-adic case, A is either a subfield of C in the geometric case or Q; if F' = Z[1/]
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in the étale case. Moreover, S — Spec(F') is a reduced scheme, smooth and quasi-
projective over Spec(F). Let m: X — S be in Smg such that 7 has geometrically
irreducible fibers and three sections g, z,y: S — X.

Throughout the section, we will write £, := Lﬁ’miX(X|S)xo, fn+1 = ffflliX(X|S)x0
and pol,, := pold™*(X|S),, as well as B := BA™X gince A, X, S and 1z are fixed.

There is a well-known distinguished triangle of functors on D’(Sh(X)) given by
xg*x!o — id = ju.Jgr-
Applied to the object 7* ~n+1 and together with the purity isomorphism
T0xTh = Lo (—d)[—2d]

of section C.1.2 in the appendix (which is valid more generally for mixed sheaves), we
obtain the distinguished triangle

xo*a:STr*fn[—Qd](—d) — ¥, — jU*jEW*fn,
which (using xjm* = id*) is equal to

izo*

Tox L [~2d)(—d) — 71, — juenisly. (7.1)

Applying the derived functor R Hompe g (x)(Ln, - ) to the above distinguished triangle
yields the following long exact sequence:

2d—1 *T 2d—1 . * T
- EXtDb(Sh(X)) (£n77r In—i—l(d)) - EXtDb(Sh(X)) (£n7]U*7TUIn+1(d)> >

Q Ox (7 2)
Home(Sh(X)) <£n7w0*I~n+1> — EXt%lb(Sh(X)) (‘Cn,ﬂ'*jn-i—l(d)) -

Using the functorial adjunctions x5 - 2o« and j;; - jus, this long exact sequence may
be written as

= ExtZd o) (Lo (@) = BxtZd o0 (i Lo mi T ()) )

O (7.3)

CHOI“ﬂDb(s}](s)) (fn @ AS, in+l) — EXt%ib(Sh(X)) (['mﬂ'*in%»l(d)) -

where we used the fact that by Corollary 7.1.3 there is a direct sum decomposition
xE‘)En =],0 Ag.
We are interested in the element in
Home(Sh(S)) (in D AS, fn+1)
(2d-1

Db(Sh(U))
ary morphism 0. As a main theorem, we obtain the following;:

the polylogarithm pol,, € Ex (jgﬁn, W{]fnﬂ(d)) is mapped to by the bound-
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Theorem 7.2.1. The image of the n-th mized polylogarithm pol,, in

Hom ps(sn(sy) (fn @ Ag, fn+1)
under the above boundary morphism O, is given by the morphism
innt1 O PIy: I,®Ag — I, < fn+1
where pry is the projection to the summand and iy py1 s the natural inclusion.

Outline of Proof:

o First step: We translate the assertion of the theorem from a statement about the
long exact sequence (7.3) to one of the isomorphic sequence (7.2) above. This way,
we can present arguments using the underlying distinguished triangle (7.1)

~ T

ouIn[~2d)(—d) —> 7T, — jueriiln 2 20udn]|—2d + 1) (~d).

e Second step: Since the map 0, is given by sending a morphism f to the composition
0o f with boundary morphism 0 of the distinguished triangle (7.1) above, we need
to get our hands on the boundary morphism 9. This is done via the natural quasi-
isomorphism ¢: Cone(izyx) — jU*wEan. The reason for this is the following:
Replacing the triangle (7.1) by the quasi-isomorphic triangle

_ i

0e D[ ~2d) (—d) — 7+, — Conelizge) > zordn]—2d + 1](~d).

replaces the boundary morphism 0 by the natural projection of Cone(iz,s) to one
summand. Thus, in order to find the image of pol,, under J,, we need to determine
which element of
2d—1 . .
EXtDb(Sh(U)) (]Eﬁn, Cone(zmo*)(d))

corresponds to

2d—1 . '

pol,, € EXtDb(Sh(U)) (]E,Cn, 7r2}In+1(d))

under the natural quasi-isomorphism ¢: Cone(iy ) — jU*ﬂl*]an. The aim of the
second step is to explicitly determine this morphism.

e Third step: Combine Step 1 and Step 2 to prove the theorem.
Let us start with the first step:

First step

In this section, we trace the assertion of the theorem regarding sequence (7.3) back
to an assertion regarding sequence (7.2). Recall that sequence (7.3) was constructed
from sequence (7.2) by using adjunction isomorphisms. As a consequence, we need to
reverse this procedure to obtain our aim.

This reverse-adjunction-process has to be applied to both morphisms that are compared
in the assertion of the theorem:
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e pol,: The adjunction isomorphism

Ext%ib_(slh(U)) (j?]ﬁmﬁbin—i-l(d)) = EXt%ib_(Slh(X)) (Eij*W(*]jn-&-l(d))
maps pol,, to the morphism

lmot

pol,(U): p &mjﬁgnmw*@fmpd—1](d),

where adj,, j» is the adjunction morphism and jus(pol™°") is induced by pol™°t.

® iy nt1 © pry: Recall the morphism 4y, 5,41 0 pry: fn ®Ag —» fn — j:n+1, where pr; is
the projection to the summand and 4, ,41 is the natural inclusion. The adjunction
isomorphism

Home(Sh(S)) (fn D As, in+1) = Home(Sh(X)) <£n, .’L'Q*jn+1>
maps ip p+1 © Pry to the morphism
pro adzo*rs Oin,n-‘,—l : Ln — $O*jn+1a

where ady, 4 : L, — xo+x;Ly is the adjunction morphism, pr: xo.xgL, — Toxlp

is the morphism induced by the natural projection zjL,, = I, ® Ag — I,, and
inn+1 = Tox(inn+1): Toslpn = Zoxlpy1 is induced by the natural inclusion.

The assertion of Theorem 7.2.1 is therefore equivalent to the following:

Theorem 7.2.2. The morphism
2d—1 4 F s -
EXtp sn(x)) (EanU*WUInH(d)) — Hompy(g(x)) (ﬁm xO*In—i-l)
of sequence (7.2) maps I;gln(U) to the morphism pr o ady, 2 Oin nt1-

Second step

Consider the distinguished triangle (7.1)

- iz -

Tox L [—2d](—d) 71, G I

Recall that our aim in the second step is to determine which element of

Ext%ib_(slhw)) (jf}ﬁn, Cone(igyx) (d))

corresponds to
pol, € EXt%lbzslh(U)) (jl*JEn»ﬂ[*JInJrl(d))
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via the natural quasi-isomorphism
q: Cone(igys) — jusmirlni.

We will present a good candidate for such a pre-image of pol™" before actually proving
that it is mapped to pol™°* by g. This candidate will consist of two components, which
we introduce first:

e The first is a slight variant of the mixed polylogarithm. We consider the idempotent
exz2|x = idx2 —(wo X idx) pry: X2 — X2

It induces an idempotent on Zy2 and hence also on 71, = I,(X?| X )4y xidy, Which
we denote by eg?;l - Then we define

I;‘C—D/ln(X) = fRAJan (62?27;()* o <idX"><SX XZ)*> : En — 7T*I~n+1.

Note that the composition of I;ln(X ) with the adjunction morphism

ade*j[*]: I, — jU*j(*Jﬂ'*In = jU*’/T(*]In

yields the morphism 1;\61”((] ) for the following reason:
dj,.+ opol, (X) = ad;,_j» R mix (€05 o (id A
adjy, jx °PO n(X) =a Jusify O YA mix | €x2)x O (10X xsX X )«
is the morphism corresponding to
. (. e . D) (. e
v (mA,mixeg?;T)g <1dX”><SX XA)*> = mA,mixDM(];J)@g?;TX) <1dX"><5X XA)*

n—+1)x* . ~ i
= mA,miXeg(XU)‘U(lanXsU XA>* = pOIQIX

where ex v = idxxsu — (w0 X idy) pro: Zxxv — Zxxu-
e The second is the morphism pro adx()*x(’j Olpnt1: Ln — 7r*1:n+1 of Step 1.

With these notations, we obtain:

Proposition 7.2.3. The morphism
(pr 0 ad,y.p: O, ;Eln(X)) : L — Cone(iz,)(d)[2d]
1s a morphism of complexes. It is mapped to I)Aaln(U) under the isomorphism
B2ty (Ens Coneliag.)(d) = Extid o (Lo, juraisns (d) )

induced by the quasi-isomorphism q: Cone(ig, ) — jU*W[*]an.
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Proof. We have to prove that (pro adzg, zz Olnnt1, Igln(X)> commutes with the dif-

ferentials of both sides. To this end, let us first recall the differentials of all complexes
involved, where we write R = R 4 mix:

L, = B,(X|9) 5 with differential Smix(0, A)
zox L, with differential :UO*(g,TiX(O,O))

7Ly = I, (X% X)zxia has differential o (0,0),

xoXxid,

so the differential of
Cone(iag:)(@)[2d] = (20.Tns1(@)1]) & Fus1 (X2 X ) wia(d) (2
is given by
—zox (6(0,0)) 0

dg = -
(=1 (=1)*0323(0,0)

We need to show that (pro adzy, zx Oln,nt1, pol, (X)) o 6mix(0, A) = d° o pol,,, that is
to say that

<p1" © ad;tO*z(’; Olp,n+15 I;(;ln (X>> o g]rcniX(O’ A~) =
— T ((5;:1111)((0, O)) 0 pro adxo*xg Ol m+1
(~D)*iage (-1 (0,0) pol,(X)
where we wrote 6™ instead of §™(0,0). This is equivalent to
pro admo*wg Oin,n—s—l o gmix(O, AN) = T0x (gmix(()’ 0)) opro ade*xS Oin,n—l—l
F;\(;ln (X)o g (0, A~) = gmix(oa 0) o pA(;ln(X) + iz« © Pr o adyg, oy Olnnt1-
Since pr o adz,, g Oinn+1 and pA(;ln(X ) are morphisms of complexes, one obviously has
pro adxo*xs Oin,n+1 o gmiX(O, j) = X0 (gmix(oy O)) opro admo*xg oin,n—s—l
pol,,(X) o 6™(0, A) = §™(0,0) o pol,,(X),

S0 (proadxo*x(*) oin’nﬂ,ﬁan(X)) is a morphism of complexes if and only if iz, o
pr o ady,zp Oinn+1 1S zero. This is a consequence of Lemma 7.2.4 below, which proves
the first assertion. The second assertion is immediate by the fact that



7.2 THE CHARACTERIZING PROPERTY OF THE MIXED POLYLOGARITHM 145
Lemma 7.2.4. The following morphism is zero in D Sh(X) for all n:
iggs O P O adgy, gz 1 L[ —2d](—d) — 7Ly = In( X% X) 2o xid-

Proof. The morphism gy o proady,,.;: Ln(—d)[-2d] — 7* [, is induced by the
following morphism of double complexes by taking total complexes:

(7)™ ot — = () o - T oo o

]
Ax Ax X

izo*oadwo*wa izo*oadzo*za izo*oadzo*zg
n ®2
Pros ;4;2 Pro ;4;2 Pros ;4;2 0
AX AX AX

where we denote the second projection by pry: X 2 — X, the differentials in the
upper complex are 6; (0, A), and those of the bottom complex are given by §;(0,0). By
Kiinneth and since

pro, A, /A% = (r*m, A% ) /A,

it suffices to show that the morphism of complexes

ade*wé

(. Al ) [ Al (—d)[=2d]) — zouy (1, Ay ) /A (—d) [-2d] D

iﬁo*
(—> (mm A Ay

is zero. Note that :L'O*{L‘S?T*W*Ag( = :L'O*TF*A%(. In both the geometric and the f-adic

realization for a prime [, Tr*Ag( is a complex whose cohomology is concentrated in
degrees 0, . . ., 2d (see Remark 4.2.2 in section 1.4.2). Thus, there is a quasi-isomorphism
Tr*A{iX ~ ngdW*Ag(, i.e. an isomorphism

Hom py g (e Ay ) /A% (—d) [ 2], (mo A%) /Ax)

[~

Hompag, v (77, A ) /A% (—d)[-2d], rena(m*m, A% ) /4% )
Hence, it suffices to prove that the image of igys 0 ady, sz In

Hot o y5) (e Ay ) /A% (—d)[~2d], T<na(m A% ) /4K )
is zero. Since

or © gy gy (1M AR ) JAY (—d)[2d] = T<oa(n*m Al ) /A%
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is a morphism from a complex in degrees > 2d to a complex in degrees < 2d, all arrows
are zero unless possibly in degree 2d. Therefore, it is zero if and only if the morphism

iggw © adgg, o : (W*W*AEIX)O/ Ag( — (W*W*Ag()%l

is zero. Let us consider the morphism in stalks x € X: Here, by the definition of the
Godement resolution we have

(mm AN (A = | ] 4 / A= [ 4

YEX r(a) YE€EX () \ {7}

since the inclusion 7*: A — [] )A is equal to the inclusion of the component

yeXﬂ'(Z
for z € Xy (;). Let us consider the adjunction morphism at the stalk z € X: For

X
x # xo(m(x)), the stalk of the adjunction at z is zero since the right hand side is.
For x = xo(m(z)), the stalk of the adjunction ady, . : (W*W*Ag()o — (W*F*Ag()o at
factors as

adgpez: [ A= Ax)a— [ A
yeXw(a:) yEXﬂ(z)

and hence induces the zero morphism on (W*W*Ag()g/(Ag()x = HyEX,r(z)\{ac} A. This
proves the assertion.

Third step: Proof of Theorem 7.2.1.

By Step 1, Theorem 7.2.1 is equivalent to Theorem 7.2.2; so we will prove the latter.
To achieve this we use the result of Step 2: The morphism

(pro adyg, 2 Olnn+1, pAc;In(X)> : L, — Cone(ig,«)(d)[2d]
corresponds to I;Eln(U ) under the isomorphism

EXt%jb_(Slh(U)) (ﬁnij*ﬂ—(*]in-i-l(d)) = EXt%ib_(Slh(U)) (Ln, Cone(izys)(d))
induced by the natural quasi-isomorphism ¢: Cone(iz,«) — jU*w[*]an.
This yields the following diagram:

. inge =

Zodn[1] =L 7 I, (d)[2d — 1] — juamiy Do (d)[2d — 1] —2> 20,1,

)

- - p -

T0s L[ 1] —> 7% I, (d) [2d — 1] ——— Cone(igys) ——— @041

The right square can be completed to a pyramid
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(pr o adwo*ma Oln,n+1,P0l, (X)>

Cone(izyx) pr TosIn
where we are interested in the discontinuous arrow. As a direct consequence,
0x(pol,(U)) = 0 o pol,,(U) = proady,, sz Olnnt1-

This proves the assertion. |

7.2.3 The defining property of the small polylogarithm

Recall the small mixed polylogarithm of section 7.1.2 and the projection pr;: I,41 — 7.
The distinguished triangle of functors on D*(Sh(X)) given by wg.zj(—d)[—2d] — id —
Ju«Jji; thus yields a morphism of distinguished triangles

wo*fn+1(—d) [—Qd] —_— 7T*I~n+1 E—— 7T[*Jjn+1

lpri l pr; l pr;

xoxt(—d)[—2d] T e

giving rise to the corresponding morphism pr;, between the long exact sequences

PTiy — * -
EXt%)db(Slh(X)) (L, m*i(d))

2d—1 xT
EXtDb(Sh(X)) (ﬁnaﬂ' In+1(d)>

d— % * T PTix d— .5 %
EX%"(éh(U)) (jUﬁn’ 7TUI”“(QZ)) - EXt%b(éh(U)) (I Ln, mri(d))

8* 8*

Prix

Home(Sh(S)) <$8£n7 jnJrl) Home(Sh(S)) (mSEn, Z)

Priy

BxtBlsnony (Lo 7 i (@) = Bxtl gy ) (Lo 7°i(d)).

Hence, we immediately obtain:
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Theorem 7.2.5 (Universal property of the small polylogarithm). The image of the

n-th small mized polylogarithm pf’mlx under Oy in the above short exact sequence is the

morphism in Hompy gy (s)) (xsﬁﬁ’miX(XW),iA’miX(X|S)) gien by the natural projec-

tion
. % pAmix ~ TA,mix 7 A, mix - A, mix
Priamix 0 pry: xpLln ™ =2 [PN(X|S) @ Ag — IV X|S) — i ,
where pry is the natural projection.

Proof. By construction, the mixed polylogarithm polf’miX is an element in

Ext0 & o) (0L di Tt (X1 X ia(@))

mapping to p, in
2d—1 . e
EXtDb(Sh(U)) (0 Ln, Jiri(d))
via the morphism pr;, of long exact sequences. By the main theorem 7.2.1 above,
0s« pol,, is the morphism in

Hom po (s (sy) (EN(X|S)$079607 fn)

given by the natural projection prj: En(X 1S) 20,20 — I,,, which is obviously mapped
to the natural projection

pryopri: By(X|S)zgz0 — I, —i by pr;. [ |

7.3 A comparison to the polylogarithm in literature

Literature on the polylogarithm up to the day considers the polylogarithm only in
two cases: for m: X — S an abelian scheme, or a family of curves. For more general
schemes, a construction of the polylogarithm was deemed impossible so far, given that
the usual construction method of the polylogarithm in literature heavily relies on a
calculation of the higher direct images of the logarithm, which is not possible in a
more general setting. In the case where X — S is either an abelian scheme or a
family of curves, literature views the mixed polylogarithm not as a class in

EXt%leSlh(U)) <jl*fﬁn»7T?an+1(d)) ;
where again we write £, := L™ (X|9)s, and 11 = fr’?jrnfix(X|S)x0, but as one in
Bxt2 by (HOGELn), HO(r L) (@) )
I
Bt o (HOCn), 7pHO (i) ()
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As explained many times before, this is due to the fact that the logarithm in litera-
ture is usually the zeroth cohomology group of our mixed logarithm £,,, not the entire
complex. The only reason why we were able to generalize the polylogrithm to arbitrary
smooth quasi-projective schemes is that we did not a priori pass to the zeroth coho-
mology. However, now we are left with the task to justify that in the special case where
X — S is an abelian scheme or a family of curves, the polylogarithm we constructed
indeed yields the polylogarithm as the literature of the past 20 years knows it. It is
not immediately clear why pol™*(X|S),, would yield an element in
Bxt2 d o) (OG5 £0), HO (i Fus) (@) )

While it suffices to prove that the zeroth cohomology is the smallest non-zero coho-
mology of j;;L, in order to get an induced morphism in

Bt oy (HOUHLn) 75 s (d))

there is no obvious reason why it should induce a morphism to H°(n;7,11)(d). In
general, one cannot hope for such a result. However, in the case of curves of nonzero
genus and abelian varieties, we know that cohomology is particularly nice. For the rest
of the section, we let H’ . denote either the f-adic or Betti cohomology.

7.3.1 Passing to cohomology

The one reason why our motivic polylogarithm yields the classical polylogarithm for
curves and abelian schemes is the following nice cohomological property:

Proposition 7.3.1. Let m: X — S be either a family of smooth curves of genus # 0
or an abelian scheme, where S is an A-scheme. Then for all ¢ > 1 and every fiber
X, =1 1(s) for s € S, the morphism

EB H (X, A) ® HiiX(XS, A) — H!, (X, A) s surjective.
it+J=q
i,j =1

Proof. This is due to the fact that X is either a curve of genus # 0 or an abelian
variety: If X a curve of genus # 0 the only thing to see is that A*: HL. (X, A) ®
H!. (X, A) — H2. (X, A) is surjective, which is clear. If X, is an abelian variety,

mix mix
then both its Betti and its ¢-adic cohomology (see, for example, Lemma 11.1 in [Mil98])
satisfies HY. (Xg, A) =2 AT HL. (X,, A), so the arrow

mix mix

i (Xs, A)  H,

m m

(X5, A) — H!

mix

i+j=gq (Xs, 4)
4,521

is obviously surjective. |
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Definition 7.3.2. Let X be a scheme. We say that X has the property (%), if the
following condition is satisfied: for all ¢ > 1, the morphism

@ Hi(Xs, A) @ HL (X, A) — HL (X, A) s surjective.
t+j=q,
4,j2>1

The following theorem will prove to be the ingredient needed for the polylogarithm to
descend to a morphism in

Bt by (MG L0) HOGE LT (X2 X ) i) (4)

in the case of relative curves of genus # 0 or abelian schemes:

We stick to our usual notation: Let F' = C in the geometric case, and F = Z[1/I] in
the f-adic case, A is either a subfield of C in the geometric case or Q; if F' = Z[1/] in
the étale case. S —» Spec(F) is a reduced scheme, smooth and quasi-projective over
Spec(F). m: X — S is in Smg such that 7w has geometrically irreducible fibers and
three sections xg, z,y: S —> X of 7. In this setting, we obtain:

Theorem 7.3.3. Let every fiber Xs = m~1(s) have the property (%) and be the com-
plement of a normal crossing divisor (which may also be ()) in a projective scheme.
Then the inclusion of normalized mized bar complexes

E??miX(X’S):EO,:EO — ETI?—;-anX(X‘S)IEnyO

induces the zero map on cohomology in degrees # 0.

In order to prove this, we divide the theorem into two special cases:

e First, we prove the assertion for the case that all fibers X, are affine. This will be
done using spectral sequence arguments.

e Secondly, we prove the assertion for the case that all fibers X are projective. Again,
we use the spectral sequence of the affine case, only this time, the argument will
be slightly more complicated.

This will then prove the general assertion, since the complement of a normal crossing
divisor in a projective curve is affine.

7.3.2 The case of affine fibers

Theorem 7.3.4. Suppose every fiber Xy = n=1(s) is affine and has the property (%),
e.g. if m: X — S s a_family of irreducible smooth affine curves. Then the inclu-
sion BP¥(X18) 0,00 < BMX(X|S) g0, induces the zero morphism on cohomology in
degrees # 0.
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Proof. It suffices to prove the assertion in stalks, so we may reduce the Theorem to
the case where X is affine, S = Spec(k) =: pt is a point, and z¢9 € X (k). Recall that
B (X | pt)ag.z i the total complex of the double complex

Tx Al on 3:1—1(0»0) o3 (0,0 71',6AIi ©2 A* 7T*Aji 0
()"0, B0 ()7 o

-n . -2 -1 0 deggimpl

Hence, there is a bounded second quadrant spectral sequence of A-modules
—Dp,q / pmix q # @p —p+4q( Dmix
B P (B(X p)aoe) = HY ( (A% /A1) ) = H PP B (X] D))

with morphisms d; 7% := ~;‘L_l((), 0): E;7 — E’prrl’q. By Kiinneth we have

m

- Hmix I7e g
B P (B (X p)aoe) = (Hie (X, A7)

where H denotes reduced cohomology. Since the mixed cohomology of an affine curve
is nonzero only in degrees 0 and 1, the first sheet of this spectral sequence is nonzero

only for p = ¢, i.e. E{ "% looks as follows:

q
0 HY(X)® —=0 0 0 |3
HY(X)®? —=0 0 |2

Thus, the spectral sequence degenerates after the first differential, and the only non-
zero cohomology of B™X(X | pt)., .z, is the zeroth. Thus, the assertion is clear. [ |

7.3.3 The case of projective fibers

Theorem 7.3.5. Let m: X — S be as above such that every fiber X, = 7 '(s)
is projective and has the property (%), e.g. if m: X — S is a family of irre-
ducible smooth projective curves of genus # 0 or an abelian scheme.Then the inclu-
sion B™¥(X|S) g0 20 < Nani (X|S) .20 induces the zero morphism on cohomology in
degrees # 0.
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Proof. For the case of curves in the (-adic realization, also see [Fall2).
It suffices to prove the assertion in stalks, so it suffices to prove the theorem for X is
projective and S' is a point

e First Reduction Step: From now on we may assume X is projective over Spec(k) =:
pt for a field d, and xy € X (k). We want to prove that the inclusion of complexes
B (X | pt) 20 < Nﬁ_ﬁ (X | pt)zo,zo induces the zero morphism in cohomology of
degree > 1.

Recall the spectral sequence already introduced in the proof of Theorem 7.3.4 above:

— Smix ©p — Hmix
BB X)) i 1 ( (7 A101) ™) = H OB X )

with morphisms d; 7% := N;;_l((), 0): B — E;pﬂ’q given by
B P
05(0,0)([aa] .. - [apia]) = Y (=)ol ay | agagia] . fapia].
k=1

By Kiinneth we have E;p’q(E?iX(X| D) wg.00) = (ﬁ'

mix

(X, A)®p>q, where H de-

notes reduced cohomology. So the spectral sequence E;” 1 Bmix( x| Pt)ag,zo) loOks

as follows:
q

®|a|:n+2, ®i=1 Hai(X)>"'>@7j+j:n+27Hi(X)®Hj(X)>H"+2(X)>O n-+2

o 2 1V hj > 1
€B|a|=n+1, ®je1 Hai(X)>“‘%@i_,_l:n+17Hi(X)®Hj(X)>H"+1(X)90 S

a; > 1Vi ij>1

H' (X)) > >,  _, H(X)@H(X) —> H"(X) >0 | n
5,521

where we write H7(X) instead of HﬁliX(X,A). Note that since X is projective,

H!. (X, A) is pure of weight —2i, and thus

m
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By PUBR (X pb)ag,eo) = ((ﬁ h A)>®p> q

is a pure of weight ¢. The spectral sequence El_p’q(éznix(X] Pt)ao,zo) abuts at the
second sheet by the following standard argument: The differential

d;%q . E;Pﬂ(ggliX()ﬂ pt)flio,flio) N E;P+27Q*1 (ESHX(X\ pt):to,él?o)

is a morphism from pure weight —2¢ to pure weight —2¢ + 2, and thus has to be
Zero.

Since E;P9(B™*(X|pt)yez,) abuts to H PH(B™X(X|pt)y, ), by definition
there exists a filtration W of H*(B™*(X|pt)s,.z,) such that

grfy (H* (B (X|paad) ) = @D By (B(X | p)ao.z0):
g—p=m
Since EJ'™(B™X(X| pt)y,.z,) is pure of weight —2¢ and thus the weights of all
a—p—m Ea V(B (X| pt)ag o) differ, it follows that W

coincides with the weight filtration of H’ (E;Lnix(X | pt)xo,w()). As we will prove in
Lemma 7.3.7, we have

summands in the sum @

H™ (E;ﬂiX(X| pt)xo,xo) > gyt H™ (é;;ﬂiX(X| pt)xo,xo) . and thus we obtain

H™ (BE™(X|Pt)oges) = @D Ea" (Br™ (X[ Pt)so.co):

q—p=m
As a direct consequence of this, the assertion of the theorem is equivalent to the
following assertion, which we call

Theorem?’): Consider the morphism of spectral sequences
( P D q
Er (B (X | pt)ag,ee) — By 7By (X pt)ag,eo)

induced by the inclusion B™(X|pt)sg.zy — éﬁi"l (X| pt)ag,zo- Then the induced
morphism on the abutment sheet

E;p’q(éffix(X] Pt)ao.z0) — E;p’q(égi"l(X\ Pt)ag.zo) 15 zero unless p = q.

Second reduction step: Now we will reduce assertion (Theorem’) to an even simpler
claim, which we call

(Theorem”): The complexes EI’q(E;LniX(X]pt)mom) are exact unless in degrees
(—p,p) and the vertical line p = —n, i.e. on the left hand side of every complex in
the diagram above.

(Theorem’) follows from (Theorem”) as follows: If (Theorem”) holds, then the sec-

ond sheet E35* (E;Lnix(X| pt)xo,mo) is zero unless in bidegrees (—¢,q) (which is of
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total degree 0) and in bidegrees (—n,q) for ¢ > n. Likewise, the second sheet
E3* (Eﬁf‘l (X| pt)wo’wo) is zero unless in bidegrees (—q, q) (which is of total degree

0) and in bidegrees (—n — 1, q) for ¢ > n + 1. Hence, the induced morphism of the
FE-sheets

E; P4 (B;}b’ix(X| pt)m,xo) — By ( (X pt)mo,xo)

of (Theorem’) is zero apart from total degree 0, since the elements in bidegrees
(—n,q) for ¢ > n are mapped to zero.
e Third step: Taking a look at the complexes in the first sheet E7 (LN?S“X(X| Pt)ao,z0)

the assertion (Theorem”), and hence also the Theorem, follow directly from the next
Lemma 7.3.6. .

Lemma 7.3.6. Let A be a field and X a projective variety of dimension d over a field
k satisfying (). Then for all nonnegative m < q, the complex

D, a1 ®§’i1H%(X)»...»@iH:q’ HY(X)® H/(X) > HI(X) >0,

la] = ¢ h,j =1

which we will denote by C(X)?, ., is exact, where the differentials are given by

m?q}
_ p
05(0,0)([ax] .. - |apya]) = Y _(=D)lerFF-Hesl =gy | agaga] . lapia].
k=1
Here, the complex above is taken to be in degrees —m, ..., 0.

Proof. We introduce the following sub-complex of C(X)y, .: Define the subset
D(X)pby C C(X)mikq to be

D(X);2, = {[al\ o ap] € (X2 |ar € HY(X, A)} .

Since X is projective, H? is the top non-zero cohomology degree of X. Thus, if
[a1]...]ay] in an element in D(X)nly, i.e. ay € HY(X, A), then we have

p-1(0,0)([a] - |ap)) = (=1)aras| ... ap] — (=1)1lar ® 6;_5(0,0))([az] . .- |a,))
= —(=1)!"lay @ 55_5(0,0))([az] - .- ap))
due to the fact that the cup product is zero on a1 ® ag € H¢ ® H='. This means that

the element 5;,1(0, 0)([a1]. .- |ap]) again satisfies a; € H(X, A), so D(X)}, 4 vields a
subcomplex of C(X)y, . with differential

pd P = —7 @55 5(0,0): D(X);P, — D(X);7H!

m7q ’
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where 7 acts on H¥(X, A) by multiplication with (—1)*. As a consequence, we note
that

D(X)% .~ HY X, A) @ C(X)m_1,424-

m?q -

We can also consider the quotient complex given by C/D(X);7, . := C(X)7, ,/D(X)5, ,
whose differential is given by

0 if a1 € H?71(X, A)
d? =4 = ’
c/pd" ([l lap]) { *1(0,0)([ax]. .. |ay]) otherwise.
The short exact sequence of complexes

0— D(X);mq — C(X);nyq — C/D(X);,W -0

induces a long exact sequence of complexes. Using the fact that D(X)?, . ~ HYX,A)®
C(X)m—1,q—2d, this long exact sequence reads

o= HP(X,A) @ HP(C(X)31,0-2a) —= H P(C(X),q) = H ?(C/D(X) ) >

C> H*(X,A) @ HPTY(C(X)?, ) > HPTHC(X)®) — ...

m—1,q—2d

e First Reduction Step: Let us put the following fact to record:
Fact 1:The claim follows for all (m,q) with fized value (m + q) if we know the
following:
- HP(C/D(X)},,) =0 forp=1,...,m—1, unless p = q and
- HP(C(X)p,_14-24) =0 forp=1,...,m—2.
Note that for p = ¢, we have C(X)q'n_Lq_M = 0 in any case, so there is no "unless
p = ¢" in the second claim. This, however, does not suffice for an inductive argument
over (p+m) yet, however, due to the C'/ D-term. We will consider this term in the
next step:
e Second Reduction Step: We proceed with C'/D exactly as we did with C' above:
for every m, ¢, define the subcomplex

DUX )= ([a1] - lay] € C/D(X)mg | a1 € H¥H(X, 4)) of C/D(X)mq
with differential p1d 7 = —id ®67_,(0,0): D1(X), 2, — D1(X), P+,
i.e. D1(X)mq~ H* (X, A) ® C(X)m-1,4-24+1 and the quotient diagram
C/DUX)m.q := C/D(X)mq/DUX )m.q-

As above, for every ¢ the short exact sequence of complexes

0— DI(X);, , = C’/D(X);;iq_(i_l) — C/D1(X);,,— 0
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induces a long exact sequence

— H**"N(X) ® H?(C(X)m-1,g—2a41) —>= H?(C/D(X)p, ,) —= H?(C/D1(X)%..,) )

Q H**N(X) @ H P (C(X)m-1,g—2441) = H*TH(C/D(X)p, ) ———

m,q

where we write H(X) := H(X,A) for simplicity. We can now refine Fact 1 as
follows:

Fact 2:The claim follows for all (m,q) with fized value (m + q) if we know the
following:
- HP(C/D1(X)y,.,)=0forp=1,...,m—1, unless p=q and

miq

- HP(C(X)},_14-24) = 0 and HP(C(X)m-1,g—24+1) =0 forp=1,...,m —2.
e Third Reduction Step: We now proceed successively as in the second reduction
step: For i = 2,...,2d — 1 and every m, ¢, define the subcomplex

Di(X)mg = ([a1| - lap) € C/D(i —1)(X)mg | a1 € H* (X, A))
with differential p;d 7 = —id ®3%_,(0,0): Di(X),2, — Di(X), 2,
ie. Di(X)mq ~ H* (X, A) ® C(X)m_1,4-—2d+i and the quotient diagram
C/Di(X)m,q := C/D(i = 1)(X)m,q/Di(X)mg-

As above, for every m < ¢ the short exact sequence of complexes

0 = Di(X)%,, = C/D(i — 1)(X)5% = C/Di(X)5,., — 0

m,q

induces a long exact sequence

—= H**71(X) @ H(C(X)m-1,4-2a+:) —>= H"(C/D(i = 1)(X)},q) —= H"(C/Di(X).4) )

Q H*™'(X) @ H"Y(C(X)m-1.g-2a+:) = HPTH(C/D(i = 1)(X)3,q) ———>

where we write H(X) := H(X, A) for simplicity. Successively, we refine Fact 2 for
1=2,...,2d — 1 as follows:
Fact (i+1): The claim follows for all (m, q) with fized value (m+ q) if we know the
following:

- HP(C/Di(X);,,) =0 forp=1,....,m—1, unless p = q and

- HP(C(X)}, 1 400) = = HP(C(X)m-1,4-24+i) =0 forp=1,....,m — 2.

e Fourth and Last Reduction Step: Now note that C/D(2d — 1), , = 0, so for

i = 2d — 1 above, (Fact 2d) reduces to:
Fact 2d: The claim follows for all (m,q) with fized value (m + q) if we know the
following:
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HP(C(X); )=0 for i=1,...,2d and p=1,...,m —2.

m—1,q—1

Now, the Lemma reduces to a more or less trivial induction: We show via induction
over (m + ¢) (this works since both are nonnegative numbers) that for all (m’, ¢")
H7P(C(X)?,,) = 0unless p = ¢: For m + ¢ = 0, i.e. m = g = 0, the assertion

m,q
is trivial, since the only non-trivial cohomology group is that of p = ¢ = 0. Let

(m, q) be any pair such that m+ ¢ = N. Suppose we know that for all (m/,¢") with
m' +q¢ < N =m+q, we have H P(C(X)?, ,) = 0 unless p = ¢’. By induction

I ol
m,q

hypothesis, we thus know that forp=1,...,m — 2
H™P(C(X)h-14-2a) = H(C(X)m-14-2a11) = ... = HP(C(X)m-14-1) = 0,

which by the above considerations is equivalent to H ?(C(X ), q) = 0. This finishes
the induction, and hence the proof of the Lemma. |

Lemma 7.3.7. There is a natural isomorphism
™ (Bi(X| pt)ag.an ) = gxfy H™ (B (X] DU)sosro ) -
Proof. Like in section 1.3.7, we introduce the following subsets of X™:

D = {ao} x X1,
DZ(") ={zi=x;+1}C X" for1 <i<mn-—-1,
DM = X" x {z0}

n

and put Dr := J,¢; DZ(") for I € {0,...,n}. By Lemma 1.3.7.5, we have

ETr;IOt(X| pt)xo,xo ~ bSO <Z<X”;D(()n),...,D,(1n)> [n]) S DM(S)

Recall that (see section B.5.2) Z( ) is given by the complex

xn;:p{M ..M

n
Zxn(0) — @Zpi — = @ Zp, — @ Lp, = ... — ZDg”)m...mDﬁf")
i=0 [I|=s [T]=s+1

in degrees 0 up to n, where the differential in degree s is the alternating sum 0° :=
2 oi1|=s 2ie1(—1)'07 ;, with the component 0j ;: Zp, — Zp,,,,, given by

fori ¢ I

o3 = { Xlunor
. 0 foriel
(Here, we drop the additional functions gs since they are of no consequence in the

mixed realization). Its mixed realization obviously yields a complex that computes the
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cohomology groups of X" relative to the divisors Dén), ey Dgfgl. Thus, in all degrees
i apart from the zeroth (due to the truncation), we have:

mix

HY (B (X pt) g ey ) = HEL (X5 U D, A),

where the latter denotes relative f-adic or singular cohomology. Since X is projective,
for the usual purely formal reasons we moreover have
Hi (X" U Dy A) = HUGH(X™\ Ui D™, A).
On page 81 of [Del], Deligne proves that the singular (and hence, as a vector space,
l-adic cohomology) of any algebraic variety is isomorphic as a vector space to its
associated weight graded, i.e. by the above considerations we have for all ¢ # 0
HY (B (X pt)ag,ay ) = Hig (X" \ Uo D[, A)
> grfy Hifi (X" \ Uiy D)™, 4)

= grty H' (B (X| D)oz ) - m

Finally, combining the affine and the projective cases, we obtain Theorem 7.3.3 as a
direct consequence. |

Corollary 7.3.8. Let m: X — S be one of the following:

e a smooth family of irreducible curves which are complements of normal crossing
divisors in a projective curve, or
e an abelian scheme.

Then the inclusion Eglix(X|S)xo,xo — Eglf(l (X|S) 0,20 induces the zero map on coho-
mology in degrees # 0.

Proof. This is a direct consequence of the above two theorems 7.3.3 and 7.3.4 together
with Proposition 7.3.1 and the fact that the complement of a normal crossing divisor
in a projective curve is an affine curve. |

7.3.4 The polylogarithm class for curves and abelian schemes

We keep the above notation: Let F' = C in the geometric case, and F' = Z[1/l] in the
¢-adic case, A is either a subfield of C in the geometric case or Q; if F' = Z[1/]] in
the étale case. S — Spec(F) is a reduced scheme, smooth and quasi-projective over
Spec(F). m: X — S is in Smg such that 7w has geometrically irreducible fibers and
three sections xg, z,y: S — X of 7.

The above results now have the following impact on our motivic polylogarithm:

Theorem 7.3.9. Suppose every fiber X5 has the property (%) and is either projective
or an affine curve. For example, this is the case if X — S is one of the following:
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e a smooth family of irreducible curves which are complements of normal crossing
divisors in a projective curve, or
e an abelian scheme.
Then the polylogarithm pol ™. jx LAMX i [AMIX(J)[2d — 1] naturally induces a
morphism

pOlA’miX3 Hoj;k]EA’miX — ’}-[Oﬂ-l*JfA’miX(d) [2d — 1]

Proof. Recall that pol»™X is the morphism of inductive systems pol4™X

(pol;‘:’mix)n, where

poly ™ jE LI — i IA™X(d)[2d — 1]

A mix

Note that the lowest non-trivial cohomology of the complex j7; L7 is the zeroth, so
by general theory polf’le induces a morphism

HOjt Lo — i I (d)[2d — 1.
These morphisms are compatible with the inclusions [ﬁ’mix — Eﬁf{ix, thus giving rise

to a morphism of inductive systems
pOlA’miX: rHOj;}LA,miX N WEfA’miX(d) [Qd . 1]’

where HOj# LA™Y = (7—[0 jﬁﬁf ’mix) . Next, note that the inductive system (1:{14 ’mix>
n

n

is equal to (Egﬂx(X 1S) 20,70 /A) , and by Theorem 7.3.3 above, the morphisms of the
n

inductive system induce the zero map in cohomoloy apart from degree zero. Hence, the
morphism of inductive systems

pOlA’miXZ /}_[szk]ﬁA,mix — ﬂ_Z*JfA,mix(d) [2d . 1]
factors over H°, yielding a morphism

poldmix. /0% pAmix /05 FAmX(9g — 1] as asserted. W

Of course, as a corollary we obtain a similar result for the small polylogarithm:

Corollary 7.3.10. Let w: X — S be as in Theorem 7.3.9 above. The small mized
polylogarithm p™™X yields a class in

Homyiry pi(su(v) (MO LA™ H O AmN(d)[2d — 1]) .
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7.4 Connection to the classical polylogarithm

Recall the connection between our motivic and the classical bar complexes of section
4.4: We saw in Corollary 4.4.1 that the mixed realization of the motivic bar complex
coincides with the classical bar complex of the differential graded Aﬁs—algebra T Al

Bf’miX(X|S)x,y >~ Bn(W*AgdAﬁS)x,y

This leads to immediate consequences for our motivic logarithm and augmentation
ideal:

Corollary 7.4.1. We keep the usual notation. For all n € N, we have the following
identifications:

LAMX(X]8) 4y 22 By (pr, Als| A% )
G L (X]S) g
IIMX(X X UNU) g widy

zo xid,A

Bn(pr2* AﬁXxU‘Agf)xoxidU,ﬁ

12

12

fn(prZ* A{iXxU|A§]):D0 Xidy

Now note that in the geometric case for A = C, we may replace pry, Ag@ by pry, 32

and AﬁX by £% - the complexes of C'°-forms - or, equivalently, by the complexes of
C*°-forms on smooth compactifications with logarithmic poles along the complement.
Recall that the D-module underlying the universal n-unipotent sheaf G(™ of chapter
5 is given by the zeroth cohomology of the classical bar complex:

G = HO (Bu(pra, Axal4), 00.5)
and likewise, the augmentation ideal of z3G (") is computed by
J() o 340 (fn(n*Ag(\Ag)gCO) .
With this, we obtain in the geometric setting:

Corollary 7.4.2. The geometric universal n-unipotent sheaf satisfies
G = HO (L7E°(X[S)a) -

Its augmentation ideal at xq is given by
g =4 (LH0(XS)., )

while its pull-back to all of U = X \ xo(S) is

ﬂ_[ﬁ}j(?’b) o HO <f7f?vgeo(X X U|U)x0><idU)



7.4 CONNECTION TO THE CLASSICAL POLYLOGARITHM 161

Proof. This is an immediate consequence of the above considerations together with
the fact that 7, is exact and thus commutes with HO. |
Like in the geometric case, there is a universal n-unipotent ¢-adic sheaf, see [Del89] or
|[Fal07] for a reference. Let us denote this universal n-unipotent ¢-adic sheaf by Q’én).
Faltings proved an equivalent relationship between the £-adic realization of our motivic
logarithm and ge"):

Theorem 7.4.3 (Faltings). Let m: X — S be a smooth morphism of quasi-
projective schemes such that the prime | is invertible on S. Then the (-adic sheaf
HO(LQ““(X\S)%) is the universal n-unipotent (-adic sheaf Qén) on X trivialized at
xg, and therefore coincides with the étale logarithm on X as considered in literature.

Proof. Recall that our motivic logarithm coincides with construction of Falting’s mo-
tivic logarithm in [Fall2]. The theorem is shown at the end of the proof of Proposition
5 in [Fall2| (actually, Faltings works in the setting where m: X — S is a smooth
curve. However, the arguments at then end of the proof of Proposition 5 do not make
use of the fact that X is a family of curves, and hence generalize word by word to our
motivic polylogarithm). [

Corollary 7.4.4. Let us denote the augmentation ideal of :c;'jgé”) by Jz(n). Then as a
consequence of Faltings’ theorem 7.4.3, we obtain:

mi " = HO (T2X X U )iy )

From now on, let us go back to the mixed situation and denote this universal n-
unipotent mixed sheaf (g<"> in the geometric situation, gLS”) in the (-adic case) by
(]((n))mix. Likewise, we call the augmentation ideal of xf;(]l(lﬁz( by jn(ﬁ))(

We may summarize the above results as follows:

Corollary 7.4.5.
Gl = HO (LA™Y (X|9)z,)
mir T 2 HO (TH(X X U0 )agxiay ) -

Using this together with Theorem 7.3.9, we obtain:

Corollary 7.4.6. Suppose every fiber X has the property (%) and is either projective
or an affine curve. For example, this is the case if X — S is one of the following:

e a smooth family of irreducible curves which are complements of normal crossing
divisors in a projective curve, or
e an abelian scheme.
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Then the mized polylogarithm pold™X: JELAmx W*UfA’miX(d) [2d — 1] naturally
induces a morphism

Remark 7.4.7. The above result implies that for nice families of curves of genus # 0,
the polylogarithm we such constructed in fact coincides with the polylogarithms in
literature.



Résumé

Finally, the time has come to evaluate our results, and try to grasp to which extent we
managed to achieve the goals we set out with.

The ultimate aim of this thesis was to construct the motivic polylogarithm in a very
general setting. While all previous constructions were restricted to the case where
m: X — S is a smooth curve or an abelian scheme, and the polylogarithm had to
be defined anew in each and every realization and setting, we strived to find one
general definition which would be valid in every realization and give the well-known
polylogarithms in the cases of curves and abelian schemes. To be precise, we had the
following aims laid out for us in the introduction:

a.) Step 1: Define a "motivic logarithm" which gives rise to the usual logarithm for
curves and abelian schemes.

(i) To generalize Faltings’ motivic logarithm (developed in [Fall2]) and put it into
a greater theoretical context, construct a theory of "motivic bar complexes".

(ii) Define the motivic logarithm for any smooth quasi-projective morphism
m: X — S of reduced schemes using the language of "motivic bar complexes".

(iii) Show that like in Faltings’ case, one may retrieve the classical (¢-adic or Hodge)
logarithms for curves and abelian schemes as the zeroth cohomology of our
motivic logarithm.

b.) Step 2: View the polylogarithm as a Gysin morphism.

By considering Beilinson and Levin’s motivic polylogarithm for elliptic curves
(|BL94, §6]), we deduced that the polylogarithm would essentially have to be com-
prised by the Gysin morphism associated to the diagonal X «— X x¢ X.

c.) Step 3: Combining Step 1 and 2
(i) Define the motivic polylogarithm as an extension class of the newly defined

motivic logarithm with something nice (its augmentation ideal) using the Gysin
isomorphism

A Ly — ZXXSU(d)[2d] S DM(U)

as the basic ingredient.

(ii) Show that in case of curves and abelian schemes, this motivic polylogarithm
yields an extension class of the zeroth cohomologies in f-adic and geometric
realization, which coincides with the polylogarithm in literature.

Have we achieved our aims? In order to evaluate our position, let us recollect our
results:

e In Part I, we developed a theory of motivic bar complexes and its simplicial na-
ture: For a smooth quasi-projective scheme X — S equipped with two sections
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z,y: S — X we introduced the motivic bar complex as the inductive system
(B (X|S)ay)n € lim DM(S) given by the motives
64 (=, 83 (x, 81 (x, gy
By (X[S)ay = { Zon T, B, g0 HEY g TV 7 }

with Zxn» in degree —n. We also defined a "normalized" bar complex, which one
might also think of as a reduced motivic bar complex, as the inductive system
(B (X|S)ay)n € lim DM(S) given by the motives

~ g* s * ~* * ok
Bf{lOt(X!S):c,y:{ By Y, BV e, BN gy zs}v

with Z$. in degree —n, where Z5 is the reduced motive of X (if S = SpecZ, then
7% can be thought of as the reduced cohomology of X).

Aim a.)(i): v
In Chapter I1.6, we defined a motivic logarithm generalizing Faltings’ motivic log-
arithm for curves by putting, for 7: X — S as above and a section xg: S — X:

LN (X|S)ay = B (X X)

roXidx,A’

where A: X < X2 is the diagonal morphism over S. For curves, the inductive
system L£™°(X[S), := (L1 X]S) 4, )n indeed turned out (see Corollary 11.6.2.2)
to be equal to Faltings’ motivic logarithm.

Aim a.)(ii): v/
Moreover, we proved in Section 7.3 that in the mixed realization, the zeroth coho-
mology of our logarithm yields the dual of the classical logarithm.

Aim a.)(iii): v/
In Chapter I1.6, we defined the polylogarithm as a morphism comprised by the
Gysin isomorphism

Ay Ly — Lxxsu(d)[2d) € DM(U)

where A: U — X X g U denotes the diagonal. This was done as follows:
We showed in Proposition 6.3.1 that there is an inclusion of cosimplicial schemes

cpol: eBy (X x U]U)woxide~ = cI*(X|9) o (X X U|U) g0 xidy »
given on objects by the inclusion id" ™! x ((id —(x0 X g idy) pry) © AN) :
(X x U)*v™,id") = (X x U)*v" 1 id" x (id — (20 x g idy) pry))

of codimension d, where A:U — X xgU is the diagonal over S.
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By our considerations on motives associated to cosimplicial schemes in section 2.3.2,
this yields the corresponding Gysin morphism of normalized motives

hocolimaer cpol: nM (sBS"(X x U|U) ~) — nM (s1e(X X U|U)goxidy ) »

onidU,A
which is equal to a morphism
pol,, : DM(jir) LENX|S))agxidy —+ DM(TE) IR (X]S) 4, (d)[2d — 1].
This morphism is the n-th polylogarithm.
Aim b.) and c¢)(i): v
In Chapter I1.7, we determined the mixed realization of the polylogarithm, and
proved that our motivic polylogarithm indeed satisfies an important characterizing

property of the polylogarithm (section 7.2): We considered the following long exact
sequence associated to the distinguished triangle of derived functors 1’0*1‘6 —id —

jU*j[*]:

— ~A,mix % TA,mix
EXt%ib(Slh(X)) (ﬁn (X[S)ag, 71 1y (X’S)Zo(d)>

Exti o) (60 (X1S)ay, i LT (X192 (@)
|o-

Hom po (s (sy) (fr’?’mix(XW)xo ® As, ffffi’%XlS)xo)

!

~A,mix % TA,mix
Ext% ) (57; (X]8)g, 7 I (X]S)mo(d))
where fr‘?ffix(X |S)z, is the augmentation ideal of the Hopf algebra

5A,mix * » A mi
Bn+1 (X[9)z0,20 = 5”0/:2‘ E(X]S) 2o

In literature, the polylogarithm is usually characterized (and defined) via its image
under 0, in

Hompusus)) (L™ (XIS)z0 & A, [T (X1S)a, ) -

Hence, in order to see that our motivic polylogarithm coincides with the exist-
ing polylogarithms in literature, it was crucial to see that our polylogarithm is
mapped to the same element as the previous polylogarithms. We finally managed
to prove this in Theorem I1.7.2.1: The image of the n-th mixed polylogarithm
pol ™ (X|S),, in

Hom pugsis)) (1™ (X18)z0 & As[0), I31™ (X1S).,
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under the above boundary morphism 0, is given by the morphism
i1 0 DX I(X|8) 0y © AS[0] = TH"(X18)ay > L™ (X[S)s,

where pr; is the projection to the summand and 4, ,41 is the natural inclusion.
This is the property one would expect the motivic polylogarithm to satisfy.

Using this, we finally managed to prove in section I1.7.3 that in the case of "nice
schemes" (e.g. curves of genus # 0 and abelian schemes in the Hodge and ¢-adic real-
ization), our generalized polylogarithm gives rise to a morphism of the zeroth coho-
mologies. Here, "nice" means the following: We say that a smooth quasi-projective
scheme X has the property (%), if the following condition is satisfied: for all ¢ > 1,
the morphism

P Hiw(X) e HL (X) — HE (X)
7+ ] =4q,
i, 2>1

is surjective, where H} . denotes either Betti or f-adic cohomology.
We proved that for schemes 7: X — S such that every fiber X, satisfies (%) the

mixed polylogarithm
pol X (X 8),, : j(’}ZA’miX(X|S)xO — T I (X|S),, (d)[2d — 1]
naturally induces a morphism
pol M (X[S), G HOLAMN(X|S),, — mhHOTA™X(X]S),, (d)[2d — 1],

which coincides with the classical polylogarithm in the geometric and f-adic real-
ization.

Aim b.)(ii): v

Conclusion:

In my opinion, the theory of polylogarithms is far from having reached its full potential.
Lacking a "unified" theory, the polylogarithm seemed somewhat hidden behind its
diversity, and it was only possible to progress and advance in small parts of the theory
at a time, rather than developing the theory as a whole. Since this thesis provides a
general theoretical background for the polylogarithm, I hope it will become easier to
track down its secrets.



Appendices

167






Appendix A

Simplicial and cosimplicial objects

The reference for the following section is chapter 1.2 of the book |Lur].

Let A denote the simplicial indexing category, i.e. the category with objects the ordered
sets [n] :={0,1,...,n} and arrows the order-preserving maps between them. Then a
simplicial object in a category C is a functor Se: A°® — C, while a cosimplicial object
is a functor S®*: A — C. The category of simplicial (resp. cosimplicial) objects in a
category C is denoted by CA” (resp. CA). We denote by A, the full subcategory
of A given by the objects [0],...,[n]. An n-truncated (co)simplicial object of C is a
contravariant (resp. covariant) functor from A<, to C. Of course every (co)simplicial
object induces an n-truncated (co)simplicial object by restriction. We denote the coface
maps in the category A by

_— o [ if j<i
8L [n—1] — [n); 5n(])_{j+1jfj2’i

for n € Z>¢,0 <1 < n, and the codegeneracy maps by

Most of the time, we will drop the n in the notation, and simply write 6 and ¢. The
coface and codegeneracy maps generate the set of morphisms in the category A°P -
though not freely: they are subject to the cosimplicial identities

(1) ¢ n+1 —5’4_1537 for0<i<j<n+1,
()U”n—HZ ]57]1111—1dfor0<]<n
(3)Jnn+1: nn1f0r0<z<]<n

(4) ol fint1 = 511 Jfor0<j+1<i<n+1
()Un0n+1—anan+1for0<1<]<n

If S, is a simplicial set, or more generally object, then the coface and codegeneracy
maps induce the face and degeneracy maps

di: S, — Sp—1, s;: Sp — Snt+1
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i

for each n by application of S, to the §%, o
The cosimplicial identities induce the simplicial identities

(1) dn+1dn+2_dn+1dn+2‘ Spp2 = Spfor 0<i<j<n+1
( ) dn+1 n d;lj:ll ;L ld. Sn_)Sn

(3) dn+1 ?:S? lld? Sp — Sp fori < j

()dn+1$n:3" Yar [0S, — Sy fori>j+1

(5) ”HS"—SnLl? S — Spto for ¢ < j.

If S* is a cosimplicial object, then the coface and codegeneracy maps induce the coface
and codegeneracy maps for S®, which by abuse of notation we will also denote by d*, s*.
They satisfy the cosimplicial identities

(1) d n+1 D=dl g dh S 5 S for 0<i < j<n+l.
(2) s 1—sndf:fl—1d'S"—>S"for()<j<n

(3) s n+1—dflil115”—>5"for0<z<]<n

(4) ]dl"“—dll 108" = Stfor0<j+1<i<n+1
(5)sﬁln+1—ssflill S"+2—>S”for0<z<]<n

A morphism of (co)simplicial objects is a transformation of functors. The unnormalized
complez associated to a simplicial object So in an additive category C is the complex
C.(S) given by S, in degree —n with boundary maps 8 = > = (—=1)'d;: Sy, — Sp—1
The simplicial identities imply that this is a chain complex in C.

Dually, the unnormalized cochain complex associated to a cosimplicial object S*® is the
complex C,(S) with S™ in degree n, with boundary maps 9 = Y & (—1)%d': "1 —
S™. Again, the cosimplicial identities show that this is a complex.

On the other hand, given a negatively graded chain complex (C\, d) with values in an
additive category C, one can associate a simplicial object of C to it as follows: For each
n = 0, the object DKy (C) is given by @, () C~k, Where the sum is taken over
all surjective maps [n] — [k] in A. For a morphlsm B: [n'] — [n] in A there is an
induced map

B DKn(C)~ P Ch— P Cp=DKy(C)

a: [n]—[k] al: [n']—[K]

given by the matrix of morphisms {fq o : C_p — C_p}, where the map f, o is the
identity if ¥ = &’ and the diagram

commutes, and f, o is given by the differential d if &’ = k — 1 and the diagram
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] ° [n]

«| Jo

k-1 —~>{1,..., k} — [k]

commutes, and f, o+ = 0 otherwise. The construction C' — DK4(C) yields a functor
DK: Ch(C)<o — CA™

called the Dold-Kan construction.
The main theorem is the Dold-Kan Correspondence:

Theorem A.0.1. [Lur, 1.2.5.7, p.46] Let C be an additive category. The functor
DK: Ch(C)<o — C4™
if fully faithful. If C is idempotent complete, then DK is an equivalence of categories.

Of course, one can dualize the Dold Kan constructions to obtain cosimplicial objects
associated to cochain complexes.

The inverse of the Dold-Kan-construction can be given as follows: Let S¢ be a simplicial
object in an abelian category A. For each n > 0, one defines

Nu(S) :=ker((dy, ..., dn): Sn = @D Su-1)

1<i<n

The map dp then carries N, (S) into Ny,—1(S), which gives rise to the normalized chain
complex N, (S) of S,.

Theorem A.0.2. [Lur, 1.2.3.12+13, p.47] The functor N, sending simplicial objects

to their normalized complex is inverse to the functor DK.

A.0.1 Cosimplicial setting

Let S® be a cosimplicial object in an abelian category A.
For each n > 0, one defines

n—1 n—1
Q(S)" = coker (Z dt: @S”fl — S")
=0 i=0

The map (—1)"T1d" ! then carries Q(S)™ into Q(S)"*!, which gives rise to the nor-
malized chain complex Q(S)* of S°®. Sending cosimplicial objects S® in C to their
normalized complex yields a functor

q: C® — Ch(C)>o,
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the normalized cochain complex functor.

The dual statement of theorem A.0.2 then says that () is an inverse to the dual
Dold-Kan functor. As in the simplicial setting, one can show that the cokernel
coker (Z?:_Ol d' @’;:_01 st S") also exists for a cosimplicial object in an additive
idempotent complete category, so even for simplicial objects in the idempotent com-
plete setting, one may define the normalized cochain complex Q(S)* as in the abelian
setting, and the generalized version of the dual Dold-Kan correspondence holds for
cosimplicial objects in an additive idempotent complete category.
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The motivic theory due to Levine

To the day, there are several definitions of a derived category of motives and motivic
homology /cohomology:

(i) Beilinson defined motivic cohomology and homology as described in Definition
B.6.1.

(ii) In [VSFO00], Suslin, Voevosdky and Friedlander define a derived category of mixed
motives by developing a theory of Nisnevich sheaves with transfer. This is probably
the most common language of motives to the day. However, for reasons of citability,
we will rather use the next language of motives:

(iii) In [Lev] and [Lev98|, Levine gives a categorical approach to mixed motives and
motivic cohomology using some sort of cycle complexes.

Each of these approaches has its own advantages: While Beilinson’s K-theoretic defini-
tion allows for a direct construction of regulator maps, Levine’s construction is possibly
the most categorical and abstract one, but unfortunately it is not given as the hyperco-
homology of complexes of sheaves. The Suslin-Voevodsky motivic cohomology groups,
on the other hand, fit in a good formalism, and realize motivic cohomology as the
hypercohomology of a complex of sheaves. Voevodsky shows that his approach actu-
ally agrees with Beilinson’s vision of a motivic cohomology theory, and Levine shows
in [Lev98] that his motivic cohomology agrees both with the K-theory approach and
Voevodsky’s formalism. The most extensive and far-reaching exhibition of the topic in
a written-up form, however, is Levine’s approach, which is fully recorded in his book
"Mixed Motives" [Lev98|. He also proves that his formalism agrees with Beilinson’s
and Voevodsky’s (|[Lev98, VI.2.5.5, p. 329]) in the case of motives over a field k. This
is the reason why we fall back to Levine’s formalism here: it lists all the properties of
motives needed in this context in a beautifully citable way.

B.1 The motivic category

Let S be a reduced scheme, Schg denote the category of noetherian separated S-
schemes, and Smg the full subcategory of smooth quasi-projective S-schemes.
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The construction of the motivic category is rather involved and can be found in detail
in Chapter I of [Lev98]. Instead of recalling all steps of its construction, we will describe
the objects, morphisms, and properties we will need to be able to work with this theory,
and leave the underlying constructions as a black box.

Let R be a commutative ring which is flat over Z. The triangulated motivic category with
coefficients in R, denoted by DM (S)g, is a triangulated tensor category. If R = Z, one
drops the Z in the notation and simply writes DM (S) instead of DM (X)z. DM(S)g is
the pseudo-abelian envelope (see [Lev98, Part 11, 11.2.4, pp. 4271f.]) of a tensor category
Db . (Smg)r described for working purposes by the following data (for details, see
sections 1.1-1.3 of [Lev00]):

Let S be a reduced scheme, and let Schg denote the category of noetherian separated
schemes, and Smg the full subcategory of smooth quasi-projective S-schemes. We call

ess

Smg® the full subcategory of Schg of essentially smooth S-schemes.

The construction of the motivic category DM(S) of motives over S is done in several
steps:

a.) [Lev98, I.1.1.1, p.9] One sets out with a category called £(Smg), which is the
category of equivalence classes of pairs (X, f), where X is an object of Smg and
f: X’ — X is a map in SmE® which has a smooth section s: X — X'. Here,
the equivalence is given by isomorphisms making the obvious diagram commute.
Morphisms between objects (X, fx: X' — X) and (Y, fy: Y/ — Y) in £(Smyg)
are commutative diagrams

X/ Y/
Ix fr
X Y

where the top horizontal morphism is flat.

b.) [Lev98,1.1.3.2, p.11] Considering the set Z as a symmetric monoidal category with
operation +, one extends £(Smg) to a symmetric monoidal category £(Smg) X Z.
L*(Smg) is then defined to be the category obtained from L£(Smg) x Z by ad-
joining the morphisms i.: X (n)y — (X [[Y)(n)y, for any pair (X, f), (Y, g) €
L(Smg), where i: X — X [[Y is the inclusion, subject to the following relations:

i J
o (ioj)y=tis0jsfor X — X[[Y — X][[Y]]Z,
o iy, op; = (p1][p2)* 0ix,« for a diagram

Vi — Y [[Yoet— Y,
Pll lm p2 lm
Xi > X1 [1X2 i Xa
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e i* o4, = id for the canonical morphism i: X — X []0.
By [Lev98, 1.1.3.3, p.11| one may extend the symmetric monoidal structure of
L(Smg) x Z to one on L*(Smyg).

c.) [Lev98, 1.1.4.1, p.12] Levine then defines the category A;(Smg) to be the free
additive category on £(Smg)* subject to the following list of relations. Here, we
denote X (d)s as an object of A;(Smg) by Zx(d);.

* Zy(d)y =0,
e for any pair of objects (X, f),(Y,g9) in L£(Smg) with natural inclusions
ix,iy: X, Y — X ][V, one has

ixs 01 + iy« 0dy =idp,

where [' = ZXHY(O)(fHS])'
The linear extension of the product on £(Smg)* makes A;(Smg) into a tensor
category (|Lev98, 1.1.4.2, p.12]).

d.) [Lev98, 1.1.4.3/4, p.12] Given a tensor category (C,x,t) without unit, one
may form the wuniversal commutative external product (|Lev98, Part II, 1.2.4.1])
(C®,®, ) by adjoining to the free tensor category on C the morphisms Kxy: X ®
Y — X X Y for each pair X,Y € C subject to the relations

L] (Naturality) &X’,Y’ o (f®g) = (f X g) O&)@y for f: X — X/,gl Y —Y'in
C,
° (ASSOCiatiVity) &Xxyﬂzo(g)(’y ®1dz) = &X7y>(zo(idx ®®Y,Z) for X,Y,Z €C,
e (Commutativity) txy o Kxy =Xy y o7xy.
Levine then defines the category (A3(Smg), ®,7) to be the universal commutative
external product on 4;(Smg).

e.) Levine then constructs categories As, A4 and As from the category As(Smg) by

adjoining some more morphisms, which are of no further importance here.

Definition B.1.1. a.) [Lev98, 1.1.4.10, p.15] We denote the image of X(n)y €
L(Smg) x Z in As(Smg) by Zx(n)¢. Then Amot(Smg) is defined to be the full
additive subcategory of As(Smg) generated by tensor products of objects of the form
Zx(n)s, or ¢®* @ Zx(n)s. It is a DG-category.

b.) Denote the homotopy category of C2 . (Smg) := C®(Amot(Smyg)) by K?

mot (Smg) -
Cglot (SmS)/ Htp.

Definition B.1.2. [Lev98, 1.2.1.4, pp.17/18] Levine forms the triangulated tensor cat-

egory D8 (Smg) from K% . (Smg) by inverting the following morphisms:

a.) Homotopy:
" Ly,z(n)g — Lx p—1(z) (n)s

for every map p: (X, f) — (Y,g) in L(Smg) such that X — Y is the inclusion
of a closed codimension 1 subscheme, Z C'Y a closed subset such that the scheme-
theoretic pull-back p~Y(Z) C X is in SmE®, and such that there is an isomorphism
p1(2) xs AL = Z making the obvious diagram commute.
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b.) Excision:
77 Lxz(n) g — Luz(n)

for every (X, f) € L(Smg), Z C X a closed subset, and j: U — X an open
subscheme containing Z.
c.) Kiinneth isomorphism:

Nxy:Zx 2Ly — Lxxy

for X,Y € A;(Smg).

d.) Gysin isomorphism: For the precise definition of this map see [Lev98, 1.2.1.4(d),
p.18].

e.) Moving lemma: the morphism induced by id: X — X,

Prg: Lx(n)fug — Zx(n)y,

for (X, f) € L(Smg) and g: Z — X a morphism in Smg, where f U g is the
morphism fUg: X'[|Z — X induced by f and g.
f.) Unit:
[S]®id: e ® Zg(0) — Zg(0) ® Zg(0).

Definition B.1.3. Let R be a commutative ring which is flat over Z. Then Levine
defines the triangulated motivic category DM(S)r with coefficients in R to be the
pseudo-abelian hull of DY ,(Smg)r. (When R is either Z or understood, one drops
the R in the notation.) Denote the image of Zx(n)s in DM(S)g or DY, (Smg)g by

Rx(n)y.

B.1.1 List of the most important morphisms in D . (Smg)r C DM(S)r:

a.) Functoriality: Let f: X — Y be a morphism in Smg, and Z C X and Z/ C Y
two closed subsets such that their open complements are in Smg, and such that
f(Z) € Z'. Then there is a pull-back morphism

f*: Ryzl — nyz.

b.) Homotopy: |[Lev98, 1.2.2.1,p.19] Let p: X x AL — X be the projection. Then the
map

p': Rx — Ryxal

is an isomorphism. More generally, if Z C X is a closed subset with X \ Z € Smyg,
then the map

*o }
2 RX:Z RXXsAé,ZXsA}s

is an isomorphism in D% (Smg)r C DM(S)g.
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c.) Products: [Lev98, 1.2.2.11,pp.12/23| For all X, Y € Smg there are natural associa-
tive and commutative external products

Myy: Rx ® Ry — Rxxgvy

which are isomorphisms. More generally, given closed subsets Zxy C X and Zy C Y
with open complements jx: Ux — X and jy: Uy — Y in Smg, the external
products X give an isomorphism

@)Z()S}ZY : Rx 7, (4) ® Ry 2, (¢') — Rxxsvizxxszy (@ + ).

d.) Cycle maps: |Lev98, 1.1.4.6, p.13] Denote the group of codimension d cycles in X
over S by Z4(X|S). Then for any 0 # W € Z4(X) there is a morphism

[W]: ¢ — Ry (d)[2d).

For W = 0, [0] is defined to be the zero map. By [Lev98, 2.1.3.3, p.17| there is also a
cycle map with support: If W € Z9(X|S) is a cycle with support on a closed subset
Z of X (such that X \ Z € Smg) (denote the subset of these cycles by Z%(X|S9)),
then there is a cycle map with support

[W]Z: ¢ — ZX7z(d)[2d].
These cycle maps fit together to give the cycle class map

cd%: ZY(X|S) — Hompy (1, Rx(d)[2d])

Smg)r

and similarly for cycles with support:
A% z: 25(X|S) — Hompp  (sume), (1, Rx z2(d)[2d)).

Note that clé = cl‘)iQX. These cycle maps satisfy (see |Lev98, 1.3.5.3-5, p.49]|) the
following properties:
e If f: Y — X is amap in Smg, Z is a closed subset of X and Z’ a closed subset
of Y, both with complements in Smg, such that Z’ contains f~1(Z), then

froclk z(W) = clf 7 (f* (W)

for W € Z3(X|9).

e cl2(|S]) = id;.

e Let X,Y bein Smg, Z C X and Z’ C Y be closed subsets with complements in
Smg. Take A € Z4(X|S) and B € Z5,(Y|S). Then the product cycle A xg B
is in Z?;ZZ,(X xgsY|S) and

Clc)l(—i_;SY,ZXSZ’(A XS B) - Clgl(,Z(A) U Clgf,Z’<B)'



178 THE MOTIVIC THEORY DUE TO LEVINE

B.1.2 The most important morphisms of DM(S)g:

As we have seen, the assigment M —— (M,id) yields a fully faithful functor from the
category D? . (Smg)g into DM(S)g. Hence, the objects of D% (Smg)r described in
B.1.4 yield objects in DM(S)g, and the morphisms between them are in fact mor-
phisms in the triangulated motivic category. More generally, the objects of DM(S)r
are given by tuples (M, p), where M is an object in D? . (Smg) and p is an idempotent

mot
Smg) (M)
Morphisms in DM(S)r are defined as follows: Let (M,p),(NN,q) be objects in
DM(S)gr. Then a morphism f: (M,p) — (N,q) is a morphism f: M — N in
DY . (Smg)p satisfying ¢f = fp, or equivalently ¢fp = f.
The most important example for us is the following construction of a reduced motive of
a scheme X € Smg: Unfortunately, there are no references for this, since Levine does
not deal with reduced cohomology in his exposition of motives [Lev98|. However, the
definitions are fairly obvious:

in End Db

Let m: X — S in Smg be equipped with a section zg: S — X. Consider the
endomorphism

™ o
ery: X — 85 — X

given by the structure morphism followed up by the section x(. It satisfies eg,o = €z,
and hence also idy —ez, € Endgmg(X) is an idempotent. By the functoriality property

of the elements in Dglot(SmS), an endomorphism of X gives rise to an endomorphism

of Zx(0) € Db (Smg).

Definition B.1.4. Let X € Smg be equipped with a section xg: S — X. We define
the reduced motive of X with respect to the section xqy to be the element

L (x0) = (Zx(0),idz, —e;,) € DM(Smg),
where ey : Zx(0) — Zx(0) is the composition

*
xq T*

ZX ——)ZS —%Zx.

B.1.3 Properties of the triangulated motivic category

If p: T — S is a map of reduced noetherian schemes, let p*: Smg — Sm7 denote
the functor X — X xgT'. Then by section 1.2.3 of [Lev98|, p* induces an exact tensor
functor

DM(p*): DM(S)r — DM(T)r
such that for a sequence of morphisms of reduced noetherian schemes

RLETE g
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there is a canonical isomorphism ([Lev98, 1.2.3.6, p.26])

DM((gop)*) — DM(q") e DM(p")
which is associative. On objects Rx(q) € DM(S)r the functor DM(p*) is given by

DM(p")(Rx(q)) = Rxxsr-
In the end, Levine obtains:

Theorem B.1.5. [Lev98, 1.2.3.7] Sending S to DM(Siea) and p: T — S to
DM(pt.q) defines a pseudo-functor

DM: Sch® —s TT,

where Sch is the category of noetherian schemes, and TT is the category of triangulated
tensor categories.

Let us now fix R = 7Z. Let P Smg denote the category of pairs (X, Z), where X € Smg
and Z C X is a closed subset with complement in Smg, together with morphisms
p: (X,Z) — (Y, Z') such that p € Smg and p~1(Z') C Z. By [Lev98, 1.2.2.9, p.22]
there are functors

Z(a)[b]: P SmYP — Db, (Smg) C DM(S)

mot

(X, Z) — ZX,Z(G) [b]id

for all a,b € Z. There is a natural extension of this functor to the pseudo-abelian
envelopes on both sides, which we will denote by K:

Z(a)[b]: K(P Sm) — DM(S)
(X, Z;p) — (Zx,z(a)[b]; p")

for all a,b € Z. For extensions of this to complexes, see 2.2 in Part I.

B.2 Gysin morphisms and pushforward

The following two version of Gysin morphisms are constructed in [Lev98|:

(I) [Lev98, 1.2.2.5, p.20] Let p: P — X be a smooth morphism of relative dimension
d with a section s: X — P. Let s.(X) denote the cycle in P defined by summing
up the irreducible components of s(X). Then there is the Gysin isomorphism

Rx(=d)[=2d] — Rpys,(x)(0)

which we will denote by U[s.(X)] o p*.
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(IT) [Lev98, Part I, I11.2.1.2.2, p.132] Let i: Z < X be a codimension d closed embed-
ding in Smg with smooth complement, and W be a closed smooth subscheme of Z
with Z \ W € Smg. Then there is a Gysin isomorphism

Tyt RZ’W(—d) [—Qd] — RX,W'
Properties of the Gysin morphism of type (II):

a.) Functoriality: Given subschemes W <y & X of a scheme X € Smg with
W.,Y € Smg, then one has

(i07)x = ix O Jx-

This is a special case of a more general version with supports (see [Lev98, I11.2.2.1,
p.133]).

b.) Base-chance: By |Lev98, 111.2.4.9, p.150], the Gysin-morphism satisfies the base-
change property, which will be of major use in computations later: A cartesian
square

Y xyx 7 -2 Z

Y X

%

in Smg is called transverse if Torg) X(0gz,0y) = 0 for all p > 0. Then for any
transverse square as above with i: Y — X a closed embedding in Smg, one has
J* oix = pasopi.

By local considerations, one can see that a cartesian square as above is transverse
if Y and Z are closed subsets of X which intersect transversely, and ¢ and f are
the inclusions.

c.) Projection formula: [Lev98, 111.2.2.2, p.136] Let i: Z < X be a closed embedding
in Smg. Then, (dropping the obvious Kiinneth isomorphism), one has:

iy (idy ®i%) ~ i, ®id: Zz(—d)[~2d] ® Zx —> Zx,

and similarly for an inclusion with supports.

d.) Compatibility with pull-backs of the base-scheme: The Gysin-morphism is natu-
ral in the following sense: if f: T — S is a map of reduced schemes, then by
B.1.5. there is a pull-back functor DM(f*): DM(S) — DM(T), and by |[Lev9s,
[11.2.5.1, p.151], for any closed embedding i: Z — X in Smg, one has

DM(f)(ix) = (iTxg2)+

where iry z: T xg Z — T xg X is the closed embedding in Sm(7") induced by .
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Similar properties hold for Gysin morphisms of type (I), see chapter I11.2.2 in [Lev98|
for details.

One can use the Gysin morphism of type (I) and (II) to construct push-forward maps
for projective morphisms:

Let p: Y — X be a projective morphism in V. Suppose X and Y are of pure dimension
d and e over S, respectively. Let Zx and Zy be closed subsets of X and Y, respectively,
such that p(Zy) C Zx. Choose a vector bundle F — X with associated projective
bundle ¢: P(F) — X, and a closed embedding i: Y — P(E). Then there is a push-
forward p, defined as

Ps 1= @x O iy Ly 7z, (€)[2e] — Zx 7, (d)[2d].
where ¢, is the Gysin morphism of type (I), and i, is the Gysin morphism of type (II).
Properties of projective push-forward:

a.) Functoriality: [Lev98, 111.2.4.7, p.149] For a sequence of projective morphisms in
Smg

z-r .y . x

with all schemes of pure dimension over X, one has
peop. = (pPop),
and moreover id, = id.

b.) By [Lev98, I11.2.4.9, p.150], push-forward satisfies the following base-change prop-
erty: for any transverse square

Y xy 7 -2 Z

N

Y X

in Smg with p a projective morphism, one has f* o p, = pay o p1.

c.) Projection formula: The projection formula for push-forward and pull-back of pro-
jective morphisms p: Y — X holds by |Lev98, 111.2.4.8, p.150]. Dropping the ob-
vious Kiinneth isomorphisms in the notations, one has for a projective morphism
p:Y — X in Smg

P (id ®p*) = i, @ id: Zy (€)[2e] ® Zx — Zx(d)[2d]
where X and Y are of pure dimension e and d, respectively.

d.) Naturality: Also, push-forward is natural in the following sense: if f: T — S is a
map of reduced schemes, then by Theorem B.1.5 there is a pull-back functor

DM(f*): DM(S) — DM(T),

and by [Lev98, 111.2.5.1, p.151], for any projective morphism p: X — Y in Smg,
one has

DM(f")(p+) = DM(f)(p)«-
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B.3 The subcategory DM (S)P* C DM(S) and duals

Another important construction in the motivic category is the duality functor. For de-
tails, see Part I, Chapter IV, Section 1 in [Lev98|. The motivic duality is an analogue
of Poincaré duality in realizations. Let DM(S)P" denote the smallest strictly full trian-
gulated subcategory of DM (S) containing the objects Zx (p) with X projective over
S, p € Z, and closed under taking summands. Since Zx (p) ® Zy (q) = Zxx sy (p + q)
in DM(S), DM(S)P" is a triangulated tensor subcategory of DM(S).

Lemma B.3.1. ([Lev98, 1.1.5.4, p.208]) Let X be in Smg. Suppose there is an open
immersion j: X — X with X smooth and projective over S, such that

(i) The complement Z := X \ X is a union of smooth projective S-schemes, Z =
Ui]il Z; with each Z; a union of irreducible components of Z.

(i3) For each collection of indices iy,...,is, the closed subset Z;; N ...N Z;, of X is
smooth over S

Corollary B.3.2. The assumptions of Lemma B.3.1 are satisfied, if Z is a normal
crossing subscheme of X. In particular, for S a smooth compler variety, DM(S) =

DM(S)Pr.

For X smooth and projective over S of relative dimension d, Levine then sets
ZR(a)[b] := Zx (d — a)[2d — b].

Levine then shows the following:

Theorem B.3.3. [Lev00, 1V.1.4.2, p.206/7] The operation ( )P defined for projective
X by the above definition extends to an exact pseudo-tensor functor

()P (DM(S)P")*P — DM(S)P"

defining an ezact duality on DM(S)P', i.e. for A,B and C in DM(S)P" there are
natural 1somorphisms

HOHIDM(S)(A & BD,C) — HOHIDM(S)<A,C® B),
HOHIDM(S)(A & B,C) — HOHIDM(S)(A,C® BD)

which are exact in the variables A, B and C. In addition, there is a natural isomorphism

id — (()P)P.

B.4 Cohomological and homological motives of schemes

(i) For X € Smg the object Zx := Zx(0) in DM(S) is called the motive of X .
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(ii) If Z C X is a closed subset, we call the object Zx 7 := Zx,z(0) the motive of X
with support in Z (see "motives with support" in section B.1).

Definition B.4.1. [Lev98, V.2.2.2, p.215] Let X be in Smg. The motivic cohomology
HP(X,Z(q)) of X is defined by

HP(X, Z(q)) := Homp s (1, Zx (9)[p])

Likewise, in M € DM(S) is any motive, then the motivic cohomology of M is given
by

HP(X’ M) = HomDM(S)(l, M[p])

Apart from the properties listed in section B.1.1, these motives have the following
properties:
Properties of motives:

a.) Functoriality: Let f: X — Y be a morphism in Smg, and Z C X and Z' C Y
two closed subsets such that f(Z) C Z'. Then there is a pull-back morphism

f*: Zyz/ — ZX,Z~

b.) Mayer-Vietoris: [Lev98, 1.2.2.6,p.21] Write X as a union of open subschemes X =
UuV with X, U,V € Smgr. Then U NV is in Smgr. Denoting the incusions by
jUﬂV7U3 UNvV — U,ijV7vi UnNnv — V, jUZ U — X and jvi V — X, we have
the Mayer-Vietoris distinguished triangle

Zx(n) — ZU(n) D Zv(n) — ZUmv(’rl) — Zx(n)[l],

where the first arrow is given by (junv,us, —junv,v«) and the second one by j;;+ jy -
This gives rise to a Mayer-Vietoris sequence for motives with support (|Lev98,
1.2.2.10, p.22|): If Z = Z; U Z5 is a union of closed subsets in X and Z12 = Z1 N Z5
denotes their intersection, then there is a distinguished triangle

Lx 7, — Lx,z ®Lx 7y — Lx,z — Lx,z1,[1],

where the first arrow is given by (iz,,c 2%, 921, 2,x) and the second arrow by

12,2 12, Z%-
c.) Gysin morphism: [Lev98, Part I, 111.2.1.2.2, p.132] Let i: Z < X be a codimension

d closed embedding in Smg, and W be a closed smooth subscheme of Z. Then there
is a Gysin isomorphism

Ty ZZ,W(—d) [—Qd] — ZX,W~

d.) Localization: [Lev98,1.2.2.10, p.22| If Z,Y are closed subsets of X € Smg, j: U —
X is the complement of Z in X and Uy := Y N U, then there is a distinguished
triangle
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LZCZUY « J*

Lxz — Lxzuy — Luuy — Lx z.
In particular, taking Y = X, one obtains the localization sequence

izc X« J*

ZX,Z — ZX —)ZU _>ZX,F[1]-

Using the duality functor of sectionB.3 above, one may define homological motives in
the subcategory DM (S)P* of DM(S):

Definition B.4.2. [Lev98, V.2.2.2, p.215] Denote the category of smooth projective
S-schemes by SmQ, and let X be in Smy .

a.) The homological motive of X, 7% | is the dual Z;’% of Zx .

b.) Let jy: U — X be a smooth open immersion, and let Z be the complement of U
in X. Define the homological motive of X relative to U, Z})L(/U, as the dual Z)%Z of
the motive with support Zx z .

c.) The motivic homology Hp(X,Z(q)) of X is defined by
Hy(X,Z(q)) := Homp ) (1, Z (—q)[—p])-

B.5 Relative motives and cohomology

There is a notion of relative motives giving rise to cohomology groups which correspond
to the Adams-eigenspaces of relative K-theory. The reference for the following section
is - unless stated otherwise - section 1.2.6 of [Lev98].

B.5.1 Motives of n-cubes

Definition B.5.1. a.) The n-cube is the category (n) whose objects are the subsets I
of {1,...,n} and morphisms given by arrows J — I if and only if I C J.

b.) Let C be a category. Then the category of n-cubes in C, denoted by Cm s the
category of functors X: (n) — C.

We now consider n-cubes in Smg and lift them to n-cubes in £(Smg) in the following
way: Let

X«: (n) — Smg, [ — X

be a functor. We want to lift the X to £(Smg) in a compatible way from one fixed
lifting via fiber product: Let (X, fp: X' — Xj) be a lifting of X to an object of
L(Smg). For each I C {1,...,n} form the cartesian diagram

Xy = X' xx, X —> X'
Jr:=pry fo

X7

X
X150 0
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The maps X ;o7 then induce maps X'—;: X/, — X7, yielding an n-cube
Xi: <n) — Smg,

together with a map f.: X, — X, of (n)-cubes. Composing the n-cube (X, fX)
with the functor Z(0): £(Smg)®? — DM(S) yields an n-cube in DM(S). Levine
then forms a complex from this n-cube by summing up over all subsets of {1,...,n} of
the same cardinality, i.e. we define an element of DM(S) by taking Zx, (0), to denote
the complex

Zx,(0)g, = - = P Zx,0)px = P Zx,(0)yx = = 2y O,
|I|=s |[I|=s+1
in degree 0 up to n. Here, the differential is given in degree s as the alternating sum

n

0= > (-1)'0;,,

where the component 07 ;: Zx,(0)f, — Zx,, (O)ff(u is defined by

i}

55 . XEkIu{z'})DI fori¢ I
L 0 fori el

There is a canonical complex Zx, (0) given by choosing fy = idx,.

B.5.2 Relative motives

We now define a relative motive by associating an n-cube to the relative setting: Let
X be a smooth S-scheme with smooth subschemes D1,..., D, C X. For each index
I =(1<i; <...is <n), denote the intersection of all subschemes D; with i € I by
Dy :=D;, Nn...,D;,. Lift X,Dy,...,D, to £L(Smg) via the identity morphisms (i.e.
(X, dy: X — X), (Di7idDi: D, — Dz)) Let

(X;D1,...,Dp)s: (n) — Smg

be the n-cube in Smg with (X; D1,...,Dy); = Dy, and for J C I take the associated
morphism (X; D1,...,Dy)1~7: D — D to be the inclusion. The above construction
in B.5.1 then gives an object Zx.p, .. p,)(0) in DM(S) (where we dropped the * in
Z(x:Dy,..,Dn)+(0)). It is given by the complex

n
Z)dO)—)@ZDi—%..% @ZDI% @ Zp, = ... = Lp,n..nDy
i=1 [I|=s |T|=s+1

in degrees 0 up to n. The differential is given in degree s as the alternating sum
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0% = Z Z(_l)iaf,ia

‘I|:s =1
where the component 07 ;: Zp, — ZDIU{Z'} is defined by

fori ¢ I

X0

95 = (Iu{s})oI

I {0 foriel

Definition B.5.2. a.) For a smooth S-scheme X with smooth subschemes Dy, ..., D,
we define the motive of X relative to Dy, ..., Dy as the object Zx.p,, . p,)(0) of
DM(S) defined above.

b.) For an open subscheme j: U — W with complement W, the relative motive with

support Z(x;p,.,...,p,),w S defined as the cone

Sk,

Z(x;Dy....0a)w = Cone(j™: Zix;p, ...p,) = L,pv,...pvy) 1]

where DZU =UND,

Properties of relative motives:
In what follows, let X be in Smg and D1, ..., D, be closed subschemes of X.

a.) Functoriality: Suppose we also have Y € Smg and smooth FEi,...,E, C Y
together with a map f: X — Y such that for all i, f(D;) C E,g for some
a(i) € {1,...,m}. Then « induces a map a: (n) — (m), which in turn gives rise
to maps f*|p,: Zg,; — Zp,- Putting [} :=0: Z¢, — 0 for all J ¢ Im(«), this
defines a pull-back map

f*: Z(Y;El,,,,,Em) — Z(X;Dl,...,Dn)-

b.) Relativization distinguished triangle: There is a description of n-cubes as the
shifted cone of of a morphism of (n — 1)-cubes (see [Lev98, 1.2.6.4, p.33|). This
gives rise to the distinguished triangle

Z(x:py,...00)(0) —=Z(x.ps....D,1)(0) == Z(D,:Dy ....Dn_1.,)(0) >

C’ Z(x;py,....0,)(0)[1]

where D;,, := D; N D,

c.) Localization: Let moreover Z be a closed subset of X with open complement
j: U —= X. The definition of the relative motive with support as a cone yields
the localization distinguished triangle

Z(X;Dl,---,DnLZ > Z(X§D17---7Dn) >Z(U;DU DY) )

v
Q Z(x:p,....Dn),z 1]
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d.) Gysin morphism: [Lev98, I11.2.6, pp.153ff. and IV. 2.3.4, p.219] Let i: Z — X be
a closed subscheme of codimension d in X, such that the D; and Z intersect trans-
versely. Denote the intersection of Z with the divisors D; by DiZ := Z N D;. Then
there is a relative Gysin isomorphism (derived from Levine’s Gysin isomorphism
for diagrams in section I11.2.6)

ix: Lig.pz,. pz)(=d)[=2d] — Zxp,,...D,)-

e.) Relative cycle classes: |Lev98, 1V.2.3.1, p.218] Suppose the D; intersect trans-
versely, and let Z be a closed subset of X disjoint from all D;. Then there is a
relative cycle class map (note that there is a print error in Levine’s book - compare
with [Lev98, 1.3.5.2.6, p.48])

Cl((lx;Dl,,,,,Dn),Z: Z%(X/S) — Hom(l, Z(X;Dl,...,Dn),Z<Q)[2(]])~

f.) Duality: [Lev98, 1V.2.3.4, p.219| Let X be a smooth equi-dimensional S-scheme
of dimension d over S, D1,..., D, closed subschemes of X which form a normal
crossing subscheme of X. For some i € {0,...,n} let U:= X\ (DyU...UD;) and
V::X\(DH_lU...UDn), and let dyny : UﬂV:X\(Dlu...Dn) —V xgU
denote the diagonal inclusion. Moreover, put D;-/ =V NDj; and DJU =D;nU.
We consider the relative motives

Lv.py,..pY) Lwpy,.,..0¥):

e Denote the codimension d cycle defined by the image of §yny in U xg V' by
Ayny. By the above, this cycle defines a map

c(Apav): 1 — Z(VXSU;DYXSU,...,DYXSU,VXSDlU_,'_l,...,VXSDf{)(d> 2]

Vs
be the map cl(Ayny) followed by the inverse of the Kiinneth isomorphism.
Then the pair

(Zey,py....pV) SUV)
is the dual of
Z(w;pY,,,....0Y)"

o Let furthermore i7: Z — X be a closed subscheme of X of codimension dz.x
such that Z, Dq,...,D, have transverse intersection, and let Zy := Z NV,
Zy = ZNU, Dgﬂ. = D; N Zy and DIVM := D; N Zy. Then the collection of
inclusions DZ — DZV defines a morphism

2yt LevipY,..0¥V) — L(zyiDY,,...DY. )"

Similarly, there is a Gysin morphism

1z Z(ZU;D%I,...,D%’J)(_dZ:X)[_2dZ:X] — Zw.pv,.. DYy

Then, by [Lev98, IV.2.3.5(ii), p.219], the map iz, is dual to the map i, .
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g.) Relative Gysin distinguished triangle: [Lev98, I1V.2.3.5.1, p.220] We keep the setting
of "Duality" above. Moreover, let V' := X\ (D;11U...UD,,_1) and DZV, =V'ND;
with inclusions j: V — V' and i: DY’ < V’. Denote the dimension of D} over
S by d’, and D,‘; IJ := DY’ N D;. The Gysin isomorphism

i Loy v pny (d)[2d] — Z (d)[2d]

n,10

(v;DY',...DY")

together with the localization distinguished triangle for the relative motive with
support gives the Gysin distinguished triangle

S

Z(V’;DV’ Dy’)(d) [2d] - Z(V;D}/,...,Dy)(d) [2d] )

1 o

C) Z(D,‘{/;Dv/ DX,;)(d/)[le + 1] s Z(V’;DY/,..‘,D;//)(d)[zd + 1]

1m0

In particular, for i =n — 1,V = X \ D,,,V' = X and denoting the codimension of
D,, in X by ¢, one obtains the Gysin triangle

*

j
Z(X;D1,.Dn1) == L(xX\DuiDY ,...DV_) = L(DuiD1 D) (—€)[—2¢ + 1] )

-----

QZ(X;Dl,...,Dn_l)[l]-

B.5.3 Relative motivic cohomology

Definition B.5.3. a.) For a smooth S-scheme X with smooth subschemes
D+, ..., D,, the motivic cohomology of X relative D1, ..., D, is defined as

Hp(Xa D17 cee 7D7La Z(Q)) = HomDM(S)(la Z(X;Dl,...,Dn)(Q) [p])

b.) If moreover j: U — X is an open subscheme with complement W, the motivic
cohomology of X relative Dy, ..., Dy, with support in W 1is defined as

HII/)V(X7 D17 cee 7D7L> Z(Q)) = HomDM(S)(17 Z(X;Dl,...,Dn),W(q)[p])‘

Properties of relative motivic cohomology:

a.) Cycle map and compatibility with K-theory: |[Lev98, I111.1.4.8-1.5, pp.123 ff]
Let X be a smooth scheme and Dq,...,D, be smooth subschemes of S such
that each intersection Dy := N;crD; is also in Smg. Then there are K-groups
K,(X;Ds,...,D,) of X relative to Dq,...,D, defined as in [Lev98, 111.1.4.8,
p.123| (similarly, there are K-groups KZ(X; D1, ..., D,) with support in a closed
subscheme Z C X). Then by [Lev98, I11.1.4.8(ii). p.123/124] there are cycle maps

Il by Kp(Xi D1y, Dy) — H*P(X: Dy, ..., Dy, Z(g))
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(and similarly with support) which are compatible with pull-backs. Moreover, by
[Lev98, II1.1.5.2, pp.128-130], the localization and relativization exact sequences
are compatible with the corresponding ones for relative K-theory.

b.) Chern character: [Lev98, 111.3.3.10, p.171] Keeping the notation above, there is a
Chern character for relative K-theory (with support):

20—
ch¥.p,. pup: K (X;Dy,..., Dy) — [[ Hyf (X3 D, Da, Z(q))
920

which is compatible with cup products on both sides.
c.) Relative Gysin sequence: We keep the above notation. Moreover, let V' := X \

(Dis1U...UD, 1) and D} := V' N D; with inclusions j: V — V' and i: DY
V'. Denote the dimension of D}’ over S by d’, and DX,] := DY’ N Dj. There is a
Gysin distinguished triangle

%
J

Hp+2d(V/;D¥l,~ . 7D2VI7Z(Q+ d)) . Hp+2d(V;DY,~ . 7D2V)7Z(q+d)) >

Q HPH2 DY DY, ..., DY), Zg + d)) > HPP2A (v DY DY), Z(q + d)).

1,n»

In particular, for i =n—1,V = X \ D,,, V' = X and denoting the codimension of
D,, in X by ¢, one obtains the Gysin triangle

HP(X;Dx,...,Dn-1,2(q)) —> H?(X \ Dn: DY ,..., DY 1, Z(q)) )

Q HP2"Y(D,;Din,...,Din, Z(q — c))"*ﬁ HPYN(X;Dy,...,D;i,Z(q)).

B.6 Cycle maps and comparison to K-theory:

Let me quickly recall the definition of algebraic K- and K’-theory via Quillen’s Q-
construction:

For a noetherian and separated, quasi-projective scheme X we consider the following
two categories:

e the category Coh(X) of coherent Ox-modules, and
e its full subcategory Vect(X) C Coh(X) of locally free coherent Ox-bundles on X
(also called vector bundles).

Both are exact categories. Whenever one has an exact category C, one may associate
to it Quillen’s Q-construction: this is the category QC having the same objects as C,
and morphisms between two objects A, B € C given by

Homoe(A,B) ={A Zx.LB | g(resp. i) admissible epi (resp. mono)}/ ~
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P i 14 i’
where two diagrams A « X - B LA« X! 5 B are equivalent if the resulting diagram

X
A/ \B
;\X/]

commutes. With this notion, one forms the categories Q Coh(X) and Q Vect(X). Recall
that the classifying space of a small category C is the geometric realization of its nerve

BC :=|NC|.

With these notions, Quillen’s algebraic K-groups of a noetherian, separated, quasi-
projective variety X are defined as (see [Qui69, 7.1, p.116])

KZ(X) = Ki(VeCt(X)) = 7ri+1(BQVect(X)).
We denote the Adams operations by w]’j: K,(X) — Kp(X) for all k,p, and similarly
wg: K,(X,Y) — Kp(X,Y) on relative K-groups for a morphism ¥ — X, which
were constructed on K-groups of quasi-projective schemes in [Sus82|, for example, and
by Beilinson on K-groups of regular schemes in [Bei84, 2.2, p. 2048]. Let KZ(,Z) (X) (resp.
K,S” (X,Y)) denote the subspace of K,(X)® Q (resp.K,(X,Y) ) on which ¢? acts by
p*. One obtains direct sum decompositions
K.(X)oQ= @K (X)
K(X,Y)2 Q=2 @KV (X,Y)

which is independent of p. In [Bei84, 2.2.3, p. 2048], Beilinson constructs corresponding
Adams operations on K’-groups via the isomorphism of (vi): Let Y be a quasi-projective
scheme over a field k, and imbed Y in a smooth scheme X. Then

i K'(Y) 2 K(X,X\Y).

Then the Adams operations 1P acting on the right hand side yield Adams operations on
the left. This does not depend on the imbedding Y — X, and yields a decomposition

K(X)oQ= @K (X)
of K'(X) into the p'-eigenspaces of ¢'P.

Definition B.6.1. Let X be a regular scheme. Then Beilinson defines the motivic
cohomology groups of X to be given by the Adams-eigenspaces

Hi,(X,Q(0) = K§) (X)

of the K-groups, and the motivic homology groups of X to be given by the Adams-
elgenspaces

HM(X,Q(1)) == K5 . (X).

=87
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The relation between Beilinson’s classical motivic cohomology groups and Levine’s
motivic cohomology are given by the following theorem:

Theorem B.6.2. (/Lev98, 11.3.6.6, p.105] for V = Smg)

Let S be a scheme which is a filtered projective limit of schemes Sy, such that each S,
15 a smooth kq-scheme of finite type for some field k,, with S, of dimension at most
one over ko. Then for X in Smg there is a natural isomorphism

Koq—p(X)'9 — HY,(X,Q(q)) = Homp s (Qs, Qx (q)[p])
where K, (X)? is the weight ¢ Adams eigenspace of K,(X) ® Q.

There are similar results relating relative motives and a relative version of K-theory.
The latter is defined as follows:

Let D1,..., D, be closed subschemes of X € Smg such that all intersections of some
D; are in Smg. Recall that the category (n) was defined in section B.5.1 to be the
opposite category of subsets of {1,...,n}. Now we define the pointed n-cube to be

(n) % := (U) %, where x > J for each non-empty J C {1,...,n}. As we have seen in
B.5.2, (X;D1,...,Dy)s: (n) — Smg defines an n-cube (B.5.1) in Smg, where

(X;D1,...,Dp)(J) = NjesDj C X.
There is a natural extension of this n-cube to a pointed n-cube, by defining
(X3D1,...,Dp): (n)x — Smg, J — NjesDj, x — *.

Now recall Quillen’s Q-construction introduced in Chapter B.6, as well as the notion
of the classifying space BC of a category C. For any J C {1,...,n}, the category
Vect(x;p;.,....p,)(7) of vector bundles on (X; D1, ..., Dy)(J) = NjesD; yields a classify-
ing space BQ Vect(x.p, ..p,) 1) = BQ Vectn, ,p;.v Then the K-groups of X relative
to D1,...,D, are defined as

K,(X;D1,...,Dy) := mpt1 (holim<n>* J+— BO VeCt(X;Dl,.‘.,Dn)(J))

Propertes of relative K-theory:

a.) Chern chlasses for relative K-groups: By |[Lev98, I11.1.4.8(iii), p.124|, the Chern
classes of Chapter B.6 induce Chern classes for relative K-groups
72 - . . 29— .
R oyt Kp(Xi Dy, D) — Hyy P(X: Dy, Dy, Z(9)).
where H?\glip(X7 Dy, ..., Dy, Z(Q)) = HomDM(S) (Z57 Z(X;Dh...,Dn)(Q) [2(] - pD are
the relative motivic cohomology groups of B.5.3.
b.) Localization: |Lev98, 111.1.5.2.2, p.129] We keep the setting of this section, and let

moreover Z be a closed subset of X with open complement j: U < X. Then there
is a long exact localization sequence
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..%KPZ(X;DI,...,DH)HKP(X;Dl,...,Dn)D

<—>KP(U;D{],...,D7[{)%KPZ_I(X;DL...,D“)%...

Via the Chern classes, this is compatible with the corresponding long exact local-
ization sequence of motivic cohomology

...—=HY(X;Dy,..., Dy, Z(q)) —= HP(X; D1, ..., Dn, Z(q)) )

C9111’1’(0'; DY, ..., DY, Z(q)) — HY ™ (X; Dy, ..., Dy, Z(q)) — ...

c.) Relativization sequence: Let X, D; be as above. Then by [Lev98, 111.1.5.2.1, p.129]
there is a long exact relativization sequence

— = K,(X;Dy,...,Dn,2(q)) —= K,(X; D1, ..., Du_1,7(q)) )

Q Kp(Dn§ Dl,nv cee 7Dn—1,n7Z(Q)> - p—l(X; D17 cee 7D’m Z(Q)) -

where D;,, := D; N D,. Via Chern classes, this sequence is compatible with the
relativization long exact sequence in motivic cohomology

— = HP(X;Dy,...,D,,Z(q)) — HP(X; D1,...,Dn_1,Z(q)) )

Q Hp(Dna Dl,m .. :Dn—l,mZ(Q)> - Hp+1(X; D17 .o 7Dnvz(Q)) —

induced by the relativization distinguished triangle of relative motives in section
B.5.2 (see [Lev98, I11.1.5.2.5, p.130]).

d.) [Lev98,I11.3.6.3.2, p.181] Let Z be a closed subset of a smooth quasi-projective k-
scheme x, and let D1, ..., D, be closed subschemes of S forming a normal crossing
divisor. In [Lev97], Levine shows that the relative K-groups KZ(X; D1, ..., D)) as
defined above carry a lambda ring structure which is functorial and compatible with
the localization and relativization sequences. Moreover, he shows that like in the
case of classical K-groups, relative K-groups decompose into Adams-eigenspaces as
follows: Let KpZ (X;Dyq,..., Dn)(Q) denote the weight ¢ eigenspace of the Adams op-
erations for the Lambda ring KpZ (X;Di1,...,Dy). Then there is a finite, functorial
direct sum decomposition

dimyg X+p
KJ(X;Dy,...,Dn)g= @ KZ(X;Dy,...,D,)?
=«

where a =0 forp=0,a=1forp=1and a =2 for p > 2.



Appendix C

Realizations

Motives have realizations in the f-adic world and the complex analytic one. In this
thesis, we will stick to the latter, even though various results might also be formulated
in the setting of mixed sheaves, and are thus also valid in the f-adic world. For the
reader’s convenience, I will recall the main properties of D-modules in the following
section, and fix some notation.

C.1 Vector bundles with connection and the theory of D-modules

A very good reference for D-modules, perverse sheaves and the Riemann-Hilbert-cor-
respondence is the wonderful book [HTTO08| by Hotta, Takeuchi and Tanasaki.

Let X be a smooth algebraic variety over the complex number field C. By GAGA, X
can be considered both as an algebraic and as an analytic variety, and correspondingly
there is both an analytic and an algebraic theory of D-modules. The basic definitions
and results are valid in both settings. So unless specified otherwise, the following can
be taken in both settings. However, the beauty of the theory is that in order to get
non-trivial results, one has to combine the algebraic and analytic theory.

C.1.1 D-modules

Recall that the sheaf of differential operators Dx is the subalgebra of Endc, (Ox)
generated by Ox and the sheaf of vector fields ©x = Derc, (Ox) on X. Giving a
Dx-module structure on a vector bundle M on X is the same as endowing M with
an integrable (i.e. V2 = 0) connection V: Oy — Endc(M) (see [HTTO8, Lemma
1.2.1,p. 17]). A Dx-module M is called an integrable connection if it is locally free of
finite rank over Ox. Hence, integrable connections correspond to vector bundles on X
with integrable connections.

There is a notion of a good class of filtrations of D-modules: Let m: T*X — X be the
projection of the cotangent bundle down to X, and (M, F') be a filtered D x-module.
We say that F' is a good filtration of M if F; M is coherent over Ox for each i and there
exists ig > 0 satisfying
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(F;Dx)(F;M) = Fiy ;M for j > 0,i > i,

or equivalently (by [HTTO08, Definition 2.1.1, p. 58]) if grf’ M is coherent over m,Op«x.
In the algebraic setting such a filtration exists globally for any coherent D x-module,
while in the analytic situation, the existence of such filtrations is only granted locally.

A very nice class of coherent D x-modules which contains all integrable connections
is the class of holonomic D-modules. For a definition of holonomic D-modules, see
[HTTO8, Definition 2.3.6, p. 64|. The category of holonomic Dx-modules is denoted
by Mody(Dx). It is abelian by [HTTO8, 3.1.2, p.81], so via the usual procedures one
may define the derived category Dz(X ) of holonomic D x-modules.

The usual setting to work in in that of regular holonomic D-modules - however, recalling
the definitions here would lead too far, so I simply refer to [HTTO08, 5, pp.127 {f.] for
a definition. For our purposes, it will be sufficient to think of regular holonomic D-
modules just as a very nicely behaved Dx-module: all D-modules that will come up
in this thesis are regular holonomic. The category of regular holonomic D x-modules
is denoted by Mod,,(Dx). It is abelian (see [HTTO08, 6.1.2, p.161]). We denote by
foh(DX) the full triangulated subcategory of Dz(DX) consisting of objects M*® €
Db (Dx) such that H{(M®) € Mod,;,(Dx) for any i € Z

The category of holonomic D-modules has a six-functor formalism, that is to say for
any smooth algebraic variety X there are functors

®": D} (Dx) ® Dj(Dx) — D}h(Dx),
a duality functor
Dx: DY (Dy) — Db (Dx)P,
and, given a morphism f: X — Y of smooth algebraic varieties, functors

Iy

} . DA(Dx) —s DUDY)

ff! =Dy ffDX
f1 b b
f* = DXfT]D)Y} : Dy (Dy) — Dp(Dx)

such that for M*® € D%(Dx) and N® € D%(Dy) there are natural isomorphisms

RHomp, ( M',N’) = Rf.RHomp, (M®, fIN*) and

f!
Rf.RHomp, (f*N*, M®*) — RHomp, <N‘, / M') .
f

In particular, f* is left adjoint to ff and fﬂ is left adjoint to fT.
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C.1.2 The functor formalism

The major indicator that foh is in fact the right category is that the functors satisfy
all the adjointness properties of Grothendieck’s formalism and are generally as well
behaved as one could wish. There is a very nice and short overview [Vir89] providing
a summary of all of these properties in the Hodge setting by R. Virk.

Push-forward and pull-back

Let f: X — Y be a morphism of complex varieties.

a.) Adjointness: f* is left adjoint to ff and ff! is left adjoint to fT, that is to say for
any M*® € D% (Y),N® € DY, (Y) we have functorial isomorphisms

HOH]D?}L(X)(M, f*N) & Homeh(Y)(/f M, N)

Hompy (x)(M, fIN) = Homp, ([ M,N)
T T f'

which are compatible with the adjunction of functors for constructible sheaves. (for
a reference, see [Sai90b, §4.4]).
b.) Given another morphism g: Y — Z of varieties, there are canonical isomorphisms

N ) T N e )

(for a reference, see [Sai90b, §4.4|)

c.) There is a natural morphism f f f f which is an isomorphism for proper f. (see
Sai90b, 4.3.3])

d.) Purity: If f is smooth of relative dimension d, then fT ~ f*[2d](d). (see [Sai90b,
4.4.2])

e.) Base-change: ([Sai90b, 4.4.3]) Given a cartesian diagram of complex varieties

/

g

A X
f’i lf
X9 vy

there are natural isomorphisms of functors

g*/! N/,!g’*, gT/fN//(g')T-
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Exterior and interior tensor products

Let X and Y be complex varieties. According to [Sai90b, 4.2.13|, there is an exact
bifunctor

X: D7y(X) x Dy (Y) — Dy (X X Y)

with the following properties:

a.) X is compatible with the exterior tensor product of constructible sheaves.
b.) If Z is yet another complex variety, there is a trifunctorial isomorphism

(MRN)RL~MKX(NKL)

for all M € Db, (X),N € D% (Y) and L € Db, A(Z).
c.) Letflip: X xY — Y x X be the isomorphism of varieties given by exchanging
coordinates. Then by [Sai90b, 4.4.1] there is a bifunctorial isomorphism

flip, (M ® N) — N XM

for all M € D% (X) and N € D% (Y) which is compatible with the underlying
canonical isomorphisms for sheaves.

One defines a tensor product of mixed Hodge modules via the diagonal map A: X —
X x X by putting

M®N :=A*(MXN)

for all M, N € Db, (X).

Denoting the projections onto factors by p: X xY — X and ¢: X XY — Y, then
one has a canonical identification

MERN ~p*M @ ¢*N

for all M € D%, (X) and N € D, (Y).

Internal Hom-functor

Let A: X — X x X again denote the diagonal map. Since we have notions of tensor
product and a dual, there is a natural internal Hom-functor in D%, (X) given by

Hom(M, N) := AT(DM K N).
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Compatibilities

Let X,Y, Z be complex varieties, and f: X — Y a morphism of varieties. Denote the
diagonal maps by Ax: X — X x X and Ay: Y — Y x Y.

a.) There is a functorial isomorphism
(f xid)*( MR N) ~ f*M X N

for all M € Db, (Y) and M € Db, (Y).
b.) By [Sai90b, Prop 2.6 and 2.17.4] there is a bifunctorial isomorphism

D(MXN)~DMXDN

for all M € Db, (X) and N € D%, (Y).

c.) By the above, we have a functorial isomorphism
fFM@N)=f*M® f*N

for all M, N € D%, (Y).
d.) By (iii) one obtains a bifunctorial isomorphism

/f Hom(f*N, L) ~ Hom(N, /f L)

for all N € DY, (Y), L € DY, (X).
e.) By [Sai90a, Cor. 2.9| there is a trifunctorial isomorphism

Hom(L, Hom (M, N)) ~ Hom(L ® M, N)

for all L, M, N € Db, (X).
f.) Since DA; = A;D, we have

Hom(M,N)=D(M @ DN)

for all M,N € D?h(X ) which is compatible with the underlying isomorphisms of
sheaves.
g.) The isomorphism in (vi) yields the functorial isomorphism

fHom (M, N) ~ Hom(f*M, fTN)

for all M, N € D% (X).
h.) Projection formula: (vii) yields a functorial isomorphism

M®N2/(M®f*]\7).
11 1!
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C.1.3 Constructible and perverse sheaves

Constructible and in particular perverse sheaves are closely connected to D-modules
and the other basic ingredient to the definition of mixed Hodge modules. A good and
short reference for the theory of perverse sheaves can be found in section 8 of [HTTOS]

Recall that an algebraic (resp. analytic) stratification of a complex algebraic (resp.
analytic) variety X is a locally finite partition X = | | 4 Xo of X by locally closed
subvarieties (resp., analytic subsets) such that, for any o € A, X, is smooth and
X, = LigepXg for a subset B of A. Each X, is called a stratum of the stratification
X = |J,ca Xa- Note that any algebraic stratification induces an analytic one on the
associated analytic variety. An algebraic (resp. analytic) constructible sheaf on X is
merely a sheaf on X such that for some algebraic (resp. analytic) stratification X =
| aca Xa the restriction of the (associated) analytic sheaf F|5an is a local system on
the (associated) analytic variety X2" for all o € A.

Notation C.1.1. (i) We denote the category of C-local systems by Loc(X), and the
category of R-local systems by Locg(X).

(ii) For an analytic variety X let us denote the bounded derived category of Cy-
modules by D?(Cx).

(iii) For an algebraic (resp. analytic) variety X, we denote by D% (X) the full subcate-
gory of DY(Cxan) (resp. D’(Cx)) consisting of bounded complexes of C xan-modules
whose cohomology groups are constructible.

(iv) Similary, one defines constructible sheaves whose restriction to strata are R-local
systems for a subring R C C, and denotes them by D% (X, R)

Remark C.1.2. Let X be an algebraic or analytic complex variety. Then there is a
well-known equivalence of abelian categories

Conn(X) ~ Loc(X)

given by associating to an integrable connection its sheaf of horizontal sections
(M,V) — MY and the inverse functor given by (Ox ®c, L,d ®id) +— L.

There is also a six-functor formalism in the derived category of constructible sheaves
for any analytic variety X: Apart from the functors

®@c: D%(X) x D%(X) — D°,(X) and
RHMome, : D5(X) x Db (X) — Db(X)

there are two pull-back functors for any morphism of analytic spaces f: X — Y

*

. b b
f! } : Dcs(y) - Dcs(X)
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There are also two push-forward functors for any proper morphism f of analytic spaces
or just any morphism of algebraic varieties:

Il b
V1 phon — b,

Moreover, there is a duality functor like in the setting of D-modules: Namely, for an
analytic space X one has

w;( = a!XQX € ch)s(X)

where ax: X — pt is the unique morphism from X to the one-point space pt. It is
called the dualizing complex of X. It defines a functor

Dx: ch)s<X> — chjs<X>0p
F*+— DxF*® = RHomc, (F*, w%)

called the Verdier dual.

As in every good six-functor-formalism, the "!-functors" and the "s-functors" can be
related for nice f by the duality functor: Let f: X — Y be a morphism of algebraic
varieties of analytic spaces. Then one always has f' = Dx o f~! o Dy-. Moreover, one
has Rfi = Dy o Rf. o Dx for any morphism of algebraic varieties, but only for proper
morphisms of analytic spaces.

This six-functor formalism also satisfies a list of properties as the ones in section C.1.2.

D%, (X) comes equipped with a t-structure (for details on t-structures, see subsection
8.1 of [HTTO8]) called the perverse t-structure: the full subcategories PDS(X) and
PDZ0 of Db (X) are defined follows. For F* € D2 (X)

a.) F* ePDZ0 if and only if

dim{supp H?(F*)} < —j for any j € Z, and
b.) F*e?DZY if and only if

dim{supp H/(DxF*®)} < —j for any j € Z.

Beilinson, Bernstein and Deligne showed in [BBD82| that this in fact defines a ¢-
structure on D2 (X).

Notation C.1.3.a.) The heart PD(X) NPDZY of this t-structure is the category of
perverse sheaves and denoted by Perv(X).

b.) Similarly, one has a t-structure on D2 (X, R) for R C C. Its heart is the category
of perverse R-sheaves and denoted by Pervg(X).

Remark C.1.4. The heart of a t-structure is abelian ([HTTO08, Theorem 8.1.9,
pp.185/186]), so Perv(X) (resp. Pervgr(X)) are full abelian subcategories of D (X)
(xesp. DL,(X, R)).
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It is important to note that perverse sheaves are in fact a generalization of local
systems: For any local system V on the complex manifold X®" one can show that
Vidx] € Perv(Cx) which follows immediately from the fact that Dx(V[dx]) =
RHomc,, (V]dx],Cx[2dx]) ~ V*[dx], where V* denotes the dual local system (see,
for example, [HTTO08, Proposition 8.1.31, p.198]).

Let us now quickly recall how functors on DgS(X ) descend to the heart of the perverse
t-structure. First of all, in view of the definition of the perverse t-structure it is obvi-
ous that the Verdier duality functor Dx induces an exact functor Dx: Perv(Cx) —
Perv(Cx)°P. One may descend any functor to the category of perverse sheaves in
the following way: If X,Y are algebraic varieties or analytic spaces, then for a
functor F': D% (X) — D’ (Y) of triangulated categories one defines the functor
PF: Perv(Cx) — Perv(Cy) to be the composite of the functors

F PHO
Perv(Cy) < D5 (X) — D2(Y) — Perv(Cy).

This way we obtain the functor formalism for perverse sheaves:
For any morphism f: X — Y of algebraic varieties or analytic spaces there are
functors

Pl P £t Perv(Cy) — Perv(Cx).
If f is proper, then we also have functors
PRf«,PRfi: Perv(Cx) — Perv(Cy).

One sometimes denotes the functors PRf, and PRf, just by Pf, and P fi, respectively,
to simplify the notation.

As in the case of D-modules, the list of properties in section C.1.2 corresponds to a list
of properties of the six-functor formalism above when replacing the functors as follows:

holonomic D-modules perverse sheaves
* rfl
ff pf*
fr vy
I P
D D

C.1.4 The Riemann-Hilbert Correspondence

The bridge between regular holonomic D-modules and constructible sheaves is provided
by the so-called de Rham functor.
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The analytic setting

Let X be a complex manifold of dimension dx, and 2x := leg“’ be the sheaf of top-
degree holomorphic differential forms. If M*® is an element of Dz(D x), then 2x @ M*®

are Cx-modules by multiplication on the left. Recall that the de Rham functor is
defined by

DRx: D% (Dx) — D°(Cx)
M® — Q2x ®4, M®.

Remark C.1.5. (i) Kashiwara’s so-called constructibility theorem (see [HTTO08, Theo-
rem 4.6.3, p.116|) says that holonomic D x-modules are mapped to D% (X) by the
de Rham functor.

(ii) DRx is compatible with the six-functor formalism on both sides.

(iii) For a single Dx-module M concentrated in degree zero, DRx (M) can be made
explicit in terms of the connection V associated to M. A locally free resolution of
the right Dy-module 2x is given by (see [HTTO08, Section 4.2|)

0= 2% ®oy Dx = 2% ®oy Dx — ... = 2% @0, Dx = 2x — 0
One thus obtains the de Rham complex
DRx (M) = 2x ®%, M
—{0o>MI koM. % 0% e MYdy],
where the connection V is given in higher degrees by

V(w@s):dw®3+2da:i/\w®vais

)

for w € 2% and s € M. For an integrable connection M of rank m on X this is
just the classical de Rham complex. Hence, by the holomorphic Poincaré lemma,
the higher cohomology groups H'(2% ®o, M) vanish for i > 1, while for i = 0
one has H(2% ®o, M) = MY. In other words, the de Rham functor yields the
classical equivalence

H%(DRx(,)): Conn(X) —s Loc(X)
of categories (see C.1.2).

The general analytic Riemann-Hilbert correspondence is a generalization of the equiv-
alence Conn(X) =~ Loc(X) using the de Rham functor, and was established by
Kashiwara in [Kas80, Kas84|, while a different proof was given later by Mebkhout
in [Meb84b, Meb84al:
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Theorem C.1.6. [RHC|[HTTO08, Theorem 7.2.1, p.17}] For a complex manifold X
the de Rham functor
DRx: D}y, (Dx) — Di(X™)

gives an equivalence of categories.

A result by Kashiwara states that holonomic D x-modules are in fact mapped to per-
verse sheaves on X. Even more is true:

Theorem C.1.7. [HTTO08, Theorem 7.2.5, p.176] The de Rham functor induces an
equivalence

DRx: Mod,4(Dx) — Perv(Cy)

of categories.

The algebraic setting

Let X be a smooth algebraic variety over the complex numbers, and X?" the associated
analytic variety. Then the (algebraic) de Rham functor is defined by putting

DRx: D% (Dx) — D”(Cxan)
M® — DRXan(M.an)

One uses the compatibility of the de Rham functor with the six-functor-formalism to
show that DRy is fully faithful, whille essential surjectivity follows from the classical
Riemann Hilbert correspondence, so one obtains:

Theorem C.1.8. [RHC|[HTT08, Theorem 7.2.2, p.174] For a smooth algebraic variety
X the de Rham functor

DRyx: DY, (Dx) — D5(Xx(a)

gives an equivalence of categories.

C.2 Mixed Hodge Modules

The geometric regulator

The passage from Levine’s motives to D-modules is accomplished as follows:

Theorem C.2.1. Let A C R be a subfield. Let S be a smooth quasi-projective C-
scheme, and px: X — S be an S-scheme. Let pxX — X be a smooth compactifi-
cation of p, and denote the inclusions by jx: X — X and jg: S < S. Then sending
(X,q) to the direct image of the regular holonomic D-module jipx.jx«Ax € DY, (S)
extends canonically to an exact tensor functor

R A geo: DMA(S) — Db, (S),

called the geometric realization functor
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Remark C.2.2. Under the hypotheses of the above theorem, and taking M to be in
DM4(S), Rageo induces a morphism

9C{A,geo: HI(‘]IlOt(S’ M(p)) — Hongh(S) (jS*ZS»jS*mA,geoM(p) [Q])

C.3 Hodge theory

C.3.1 Mixed Hodge structures and Hodge complexes

Let R be a subring of R and V' an R-module of finite type. If V' is a module of finite
type over R, we will denote the associated rational, real and complex vector spaces by

Vo=V®Q, Vr=VeR, Ve:=VaC.

Mixed Hodge structures

a.) Recall that V' carries a pure R-Hodge structure if it is endowed with any of the
two (evidently) equivalent structures:
(i) A decreasing finite filtration F- on V¢ such that V¢ decomposes as

VC:@Fpﬂﬁ.

p.q

(ii) A direct sum decomposition of the associated complex vector space V¢

Ve = @ VP

DP,qEL

such that the VP17 satisfy VP4 = Vap,
A polarization of an R-Hodge structure V' of weight k is a homomorphism of Hodge
structures

S: VeV — R(—k)
which is (—1)*-symmetric and such that the real-valued symmetric bilinear form
Q(u,v) := (2mi )£ S(Cu,v)

is positive definite on Vg, where C' is the Weil operator. Any R-Hodge structure
that admits a polarization is said to be polarizable.

b.) V carries a mized R-Hodge structure if it is endowed with an increasing finite
filtration W, on Vo, called the weight filtration and a decreasing finite filtration F'®
on Vg, the Hodge filtration , such that F'® induces pure R-Hodge structures of weight
k on the weight-graded pieces grzv Vio. The category of R-mixed Hodge structures
is denoted by MHSr. MHSR, is a rigid tensor category. A mixed R-Hodge structure
is said to be graded-polarizable if the quotients ngV Vip are pure, polarizable R® Q-
Hodge structures. The category of graded-polarizable mixed Hodge structures is
denoted by MHS%. It is also a rigid tensor category.
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c.) A morphism of mized R-Hodge structures is a morphism f: V3 — V5 of R-
modules of finite type which is compatible with the Hodge- and weight filtrations
on both sides: f(W7V;) € WiV, and fc(F*V7) € FFVA.

Mixed Hodge complexes

There is a natural "sheafification" of the notion of a mixed Hodge structure: the theory
of Hodge complexes.

d.) A normalized (graded-polarizable) mized R-Hodge complex

K* = (K3, (K8, W), 0, (K&, W, F), 8)

consists of the following data:

e a bounded below complex K}, of sheaves of R-modules such that the cohomology
groups HP(X, K},) are finitely generated as R-modules,

e a complex K@ of sheaves of R ® Q-vector spaces equipped with a biregular
increasing filtration W together with a diagram

! °
Ky
2
o= R
K, K

representing a morphism Kp, --» K@ in the derived category of sheaves of R-
modules which becomes a quasi-isomorphism after tensoring with Q, i.e. a1 ®
id: K}, ® Q ~'Kg.

To be precise, this choice is given by: a complex of sheaves of RQQ-vector spaces
’K@ together with a quasi-isomorphism «so, and a morphism «; of bounded
below complexes of sheaves of R-modules which becomes a quasi-isomorphism
after tensoring with Q. The induced isomorphism a®id in the derived category
of sheaves of Q-vector spaces is called the first comparison morphism.

e a bifiltered complex of sheaves of C-vector spaces (K¢, W, F), where W is a
biregular increasing filtration and F' a biregular decreasing filtration, together
with a diagram
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representing a morphism (K¢, W) --» (K¢, W) in the derived category of fil-
tered sheaves of R ® Q-vector spaces which becomes a quasi-isomorphism after
tensoring with C, i.e. 81 ®id: (K@ ®@C,W) ~ (K¢, W). B is called the second
comparison morphism.

e These data should satisfy the following axiom: For all m € Z the triple

gryy K* = (gryy Ky, (g K&, F),grp, (8))

ng/ Kg
_ V \ &
gry K9 (gr)V K2, gr)V F)

is a normalized (polarizable) R ® Q-Hodge complex of weight m, i.e. the coho-
mology group H*(gr™ K¢) is a pure Hodge structure of weight k + m.
e.) Let X be a topological space. A normalized (graded-polarizable) mized R-Hodge
complex of sheaves on X

IC. = (K:;%a (IC(ED>W)7 IC(Ij:WF 76)

consists of the following data:
e a bounded below complex K% of sheaves of R-modules such that the hyperco-
homology groups HP (X, K¥%) are finitely generated as R-modules,

e a complex Kg of sheaves of R ® Q-vector spaces equipped with a biregular
increasing filtration W together with a diagram

/IC(.@
RN
o = ~
K3, K,

representing a morphism Ky --» K¢ in the derived category of sheaves of R-
modules which becomes a quasi-isomorphism after tensoring with Q, i.e. a1 ®
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id: K3, ® Q ~'K,

To be precise, this choice is given by: a complex of sheaves of RQQ-vector spaces
! K@ together with a quasi-isomorphism ao, and a morphism «; of bounded
below complexes of sheaves of R-modules which becomes a quasi-isomorphism
after tensoring with Q. The induced isomorphism a®id in the derived category
of sheaves of Q-vector spaces is called the first comparison morphism.

a bifiltered complex of sheaves of C-vector spaces (K¢, W, F), where W is a
biregular increasing filtration and F' a biregular decreasing filtration, together
with a diagram

representing a morphism (IC@, W) --» (K¢, W) in the derived category of fil-
tered sheaves of R ® Q-vector spaces which becomes a quasi-isomorphism after
tensoring with C, i.e. 51 ®id: (K@ ®@C, W)~ ("K¢,W). 8 is called the second
comparison morphism.

These data should satisfy the following axiom: For all m € Z the triple

gty KC° = (gry, K, (gt K2, F), gt (8))
ng/ K&
_ 7 \ &
WIC' (gt K2, grVV F)
is a normalized (polarizable) R ® Q-Hodge complex of sheaves of weight m, i.e.

the hypercohomology group H¥ (X, gr™ K?%) is a pure Hodge structure of weight
k+m.

f.) A morphism of normalized mized Hodge complexes (of sheaves) is a morphism of

the corresponding diagrams respecting all the adherent structure.

g.) A quasi-isomorphism of mixed Hodge complexes (of sheaves) is a morphism

K®* — L*® (resp. K* — L°®) inducing an isomorphism of mized Hodge structures
HF(K2) = H*(L.) (respectively HF (X, K*) = HF (X, £*)) for all k.

C.3.2 Variations of mixed Hodge structure

For this section, let again R C R a subring.
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Basic definitions

We call a locally constant sheaf of R-modules on a complex variety X an R-local system
on X, and denote the category of R-local systems by Locr(X). If R = Z, we just write
Loc(X) := Locz(X).

Recall that, roughly speaking, a variation of pure/mixed R-Hodge structure on X
is an R-local system together with some additional data which yield pure/mixed R-
Hodge structures on its fibers. To be precise, recall that a variation of (pure) R-Hodge
structure or, shortly, R-VHS on a complex manifold X consists of the following data:

e a holomorphic vector bundle V' equipped with an integrable connection V;

e a finite decreasing filtration {FP} of V := Ox (V) by locally free Ox-submodules
(the Hodge filtration);

e an R-local system V of finitely generated R-modules on X such that the sheaf
of horizontal sections of V is given by Ox (V)Y = V ®z C together with a finite
increasing filtration {W,,} of the local system Vg := V ® Q by local subsystems
(the weight filtration).

These data are subject to the following conditions:

a.) the filtrations F?(z) and W, of V() := V,®zC define a mixed Q-Hodge structure
on the stalks Vg ;;
b.) The connection V satisfies Griffiths’ transversality condition

V(FP) c FF '@ 0%,

A morphism of R-VHS is a morphism of holomorphic vector bundles with integrable
connections compatible with both filtrations. The category of R-VHS on X is denoted
by VHSr(X). It is an abelian category. A polarization of a variation of Hodge structure
of weight k on X is a morphism of variations

Q: VeV — Z(—k)x

which induces on each fibre a polarization of the corresponding Hodge structure of
weight k. We denote the full abelian subcategories of VHS(X) consisting of polarizable
objects by VHS(X)P.

Just like in the setting of Hodge structures, the mixed situation involves one additional
filtration: A variation of mized R-Hodge structure (or, shortly, R-VMHS) on a complex
manifold X is given by the following data:

e an R-local system V on X such that the stalks are finitely generated over R;

e a finite decreasing filtration {F?} of the holomorphic vector bundle V := V&7 Ox
by holomorphic subbundles (the Hodge filtration);

e a finite increasing filtration {W,,} of the local system Vg = V ® Q by local sub-
systems (the weight filtration).

These data are subject to the following conditions:
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a.) the filtration F? of Vg defines a mixed R ® Q-Hodge structure on the stalks Vg 4,
z € X,

b.) the natural connection V:V — V ®o, Q}( with VV = V¢ satisfies Griffiths’
transversality condition

V(FP) c FFl e 0%.

A morphism of VMHS over R is a morphism of R-local systems compatible with both
filtrations. We denote the category of variations of mixed Hodge structure on X by
VMHSR(X). It is an abelian category. A VMHS is called graded-polarizable if the in-
duced variations of pure Hodge structure ngV V are all polarizable. We denote the cat-
egory of graded-polarizable variations of mixed Hodge structure on X by VMHS(X)?.
VMHS(X)? is also an abelian category.

C°°-data for VMHS

For later use, we need an equivalent definition of R-VMHS using C°°-data instead of
holomorphic data.

Let us first recall the basic terminology. For an analytic C'*°°-vector bundle V> over
X we will denote the sheaf of C*-sections of V*° by V := Ex(V>°). A C'*°-connection
V oon V™ on X is a C-linear map V: Ex(V®) — €} ® V™ satisfying the Leibniz
rule, where 5)1( denotes the space of smooth 1-forms on X. Such a connection is called
integrable if VoV = 0. Given such a connection, we denote by V*V := {s € V|Vs = 0}
the sheaf of horizontal sections .

Let us now suppose that V is a holomorphic vector bundle on a complex manifold
X, which we will now consider as a C°°-vector bundle, with the sheaf of C°°-sections
denoted by Ex (V). Suppose we are given a finite decreasing filtration {F>P} of V> :=
Ex(V) by E%-submodules, which correspond to the sheaves of C*°-sections of C>°-
subbundles FP of V. When does this filtration carry a holomorphic structure, i.e. under
which conditions can we actually see FP as a filtration by holomorphic subbundles?
The answer to this question can be found in [HZ87]:

Lemma C.3.1. [HZ87, .15 and 4.16, p.97] Let F°°P be a filtration of the holomorphic
vector bundle E on a complex manifold X by C*°-subbundles. A necessary and sufficient
condition for F°P to be a holomorphic subbundle is: if o is a C*°-section of F°P, then
the values of the (0,1)-form do are also in FP.

If this condition is satisfied for all p, let FP C FP be the subsheaves of holomorphic
sections. Then dFP C 2x @ FP~1 if and only if dF>P C £} @ For~1

In addition, suppose we are given an integrable C°°-connection V on V', which cor-
responds to the C'°°-connection d ® id: 59( ®cCx VV. This connection descends to a
holomorphic connection on the holomorphic bundle V' by just taking V" to be the
restriction of V to the space of holomorphic sections of V, Oy ®c, VV = Ox(V),
ie. VM = d®id: Ox ®cy VvV — Q}( ®cCx VV. Then the holomorphic connection
V" together with the filtration by locally free O x-submodules F? of the above lemma
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satisfy Griffiths’ transversality condition iff the C'*°-connection V satisfies the corre-
sponding condition VF*>P C 5)1( ® F°P~1_ These considerations combined, we see that
we can also define a VMHS in the following way:

Let X be a complex manifold. A VMHS on X consists of the following C'*°-data:

e (*°-vector bundle V*° equipped with an integrable C'*°-connection V;

e a finite decreasing filtration {*FP} of V> := Ex (V) by C*°-subbundles satisfying
the following condition for all p (which is equivalent to the subbundles actually
being holomorphic): if o is a section of F>P, then the values of the (0, 1)-form do
are also in F°P.

e a local system V of finitely generated abelian groups on X such that the sheaf of
horizontal sections of V is given by VV = V ®7 C together with a finite increasing
filtration {W),} of the local system Vg := V ® Q by local subsystems.

These data should satisfy the following conditions:

a.) the induced filtrations *°FP and W, of V(z) := V, ®7 C define a mixed Q-Hodge
structure on the stalks Vg ,;
b.) The connection V satisfies Griffiths’ C*° transversality condition

VEFP C &k @< FrL,

The VMHS associated to a scheme and the Hodge-de Rham complex

The de Rham cohomology of a compact complex manifold X may be computed as
the hypercohomology of the constant sheaf Ry. Its standard I'-acyclic resolution is
the de Rham complex of C°°-forms on X. In the case when X is not compact, one
needs to find a suitable replacement for this complex. To this end, one considers a good
compactification j: X < X with simple normal crossing divisor D := X — X. The de
Rham cohomology of X is then computed as the hypercohomology of the sheaf 7Ry
on X. Over C, this complex is quasi-isomorphic to the complex j.E% of smooth forms
on X extended to all of X. However, there is one major disadvantage of j,.E%: These
forms may have very bad singularities along D, which makes them hard to work with.
This is why instead of j.E% one considers a different complex of smooth forms whose
singularities along D are very mild: The logarithmic de Rham complex.

Definition C.3.2. Let j: X — X be a good compactification with simple normal
crossing divisor D = X — X. The logarithmic de Rham complex is the subcomplex of
J«82% defined as

2% (log D) := {w € j.£2% | w and dw have at most a pole of order 1 along D}.

Remark C.3.3. The logarithmic de Rham complex can be determined in the neighbour-
hood of a point p € D as follows (see p. 449 of [GH78|): Since D is a simple normal
crossing divisor, there exist local coordinates (z1,..., 2,) at p such that D is locally
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given as the zero-set of the equation z1,...,zx = 0. Then one can show that locally
around p

dz da,

k
Q}—((log D)p = OX,p DD OX,p Py D OX,pdzk—i—l D---D OX,dem

B3
2%(log D), = [\ 2% (log D).

This complex will turn out to compute the cohomology of X as well as determine the
mixed Hodge structures by virtue of natural filtrations on (2% (log D):

Definition C.3.4. a.) Let the descending filtration o® on the logarithmic de Rham
complex 2% (log D) be the trivial filtration, defined by

0= 2% (log D) := 27 (log D) = {0 — 2% (log D) — 2 (log D) — ...}

b.) We define an ascending filtration We on Q}(log D) by type of logarithmic singu-
larities:

A 0 for i <0
Wi 825 (log D) = § 2% (log D) ' for m>i
2% (log D) A 2™ for 0 <m <.

This filtration naturally gives rise to a filtration of the complex Q;Z(log D).

Instead of the logarithmic de Rham complex, one can use the logarithmic C'**°-complex
E%(log D) C juEx:

Definition C.3.5. [Jan88, 1.4, p.6] Let &% denote the complex of smooth forms on X.
We define the complex of C*®-forms on X with logarithmic singularities along D by

E%(log D) := 2% (log D) D, ES

where the differentials are as in the tensor product of chain complezes: d(a ® f) =
da ® B+ (—1)%82 ® dB. The filtrations of Definition C.3.4 naturally induce the
following filtrations of £% (log D):

a.) a decreasing filtration oS, of £5(log D) induced by the trivial filtration o on
2% (log D):

05.E%(log D) := (0° 2% (log D)) ® &%,

b.) an increasing filtration YW of &% (log D) by type of logarithmic singularities:

e}

, for i <0
WEk (log D) = %(log D) for m >

22(log D) A QX—m) D E for 0<m <.
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Remark C.3.6. Taking into account Remark C.3.3 about the local nature of the complex
2% (log D), it is evident that 5;?( (log D) can locally be described as follows: Let p € D
be a point. Since D is a simple normal crossing divisor, there exist local coordinates
(21,...,2n) at p such that D is locally given as the zero-set of the equation z1, ...,z =
0. Locally around p € D, the sheaf 5}((log D) is then generated by sections of the form

CIZZZ'2 dz:im

dz;
LA Ao A
Zi1 ZiQ Z5

BA

m

where m <4 and 8 is a smooth ¢ — m-form .

That these two complexes - the holomorphic logarithmic de Rham complex and the
C*°-complex - are indeed quasi-isomorphic is common knowledge:

Lemma C.3.7. [Jan88, 1.7] The natural embedding
(£2%(log D), 0, W) — (% (log D), 000, W™) is a filtered quasi-isomorphism.

Proof. (2% (log D),0) < (E%(log D), 0) is a filtered quasi-isomorphism, see Lemma
1.7 in [Jan88|. That the embedding is also compatible with the weight filtration is
obvious from the definition of ¢ and 0. |

Both of these complexes can be used to compute the cohomology of X:

Proposition C.3.8. (originally due to Deligne) [PS08, Proposition I1.4.3, p.91] The
inclusion Q;—((log D) — j.02% is a quasi-isomorphism and induces a natural identifi-
cation

H(X;C) = H¥(X, 2% (log D)).
Furthermore, the natural map j.2% — Rj.Cx is a quasi-isomorphism inducing
H*(X;C) = H*(X, Rj.Cy).

In order to impart H*(X;C) with a mixed Z-Hodge structure, we need to fix an
ascending and a descending filtration W and F on &% (log D), together with a "rational
model" of (€% (log D), W) and an "integral model" of £% (log D).

To make the construction of the Hodge-de Rham complex of a complex variety as clear
as possible, we will describe the individual complexes and comparison morphisms step
by step.

Let X be a complex algebraic variety and j: X < X be a good compactification of
X with normal crossing divisor D = X — X. We identify these data via GAGA with
the analytic ones. Then the Hodge complex giving rise to the Hodge structure on the
cohomology of X is given by the diagram
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(RjsZx, (Rj:Qy,7), a, (% (log D), WOO,U ),5)
R]*Q 6. log

avamm

RJ*ZX R]* g. OgD Woo’ oo)

where the data are given as follows:

a.) The complexes Rj.Zy and Rj.Q,: We denote the Godement resolutions of
Zx and Q, by G(Zx) and G(Q,,), respectively. These resolutions are flabby. We
put

RjZyx = j*G(ZX)
Rj.Qy = j:G(Qy)
Rj.Cx == j*G(QX)-

By functoriality of the Godement resolution, he natural inclusions Zy — Q, <
Cx give rise to arrows

« B
Rj.Zx — Rj,Q, — Rj,.Cy.

b.) The morphisms aj, as: We take o to be the morphism of (a.), and ay := id.
c.) The filtration 7 on Rj.Q,: Take the increasing filtration 7 to be the canonical
filtration given by truncation, i.e. if K® is any complex, then

TemK® i ={... 5> K™% 5 K™ S ker(d) - 0—0...}.

d.) The filtered complex (’5)’—((log D),W) and the morphims (1, 32: The right

"hat" of the diagram above is given by the commutative diagram

('€%(log D),

7\

¥ T) (€% (log D), W)

4 \
(€% (log D), 7)

(€% (log D), W)

where
o O]: Rj.Q, — Rj.Cx is the natural morphism induced by the inclusion Q . —
Cx.
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o 31: (Rj:Cx,7T) — (jxE%, 7) is the natural quasi-isomorphism.

e i: E4(log D) — j.E% is the natural inclusion,

e i’ is the identity on the complex £% (log D), which is compatible with the fil-
trations 7 and W by the following consideration: By definition, the m-th
filtration subcomplexes are given by

TmE% (log D):{ ..~ €7 Y(log D) > kex(d) >0 }

WEES (log D):{ .= EP (log D) > £7(log D) ~ £ (log D) @ EL ~ } :
so there is a natural inclusion 7,,E% (log D) < WyPE% (log D); it is easy to see
that ¢’ is a filtered quasi-isomorphism (see Lemma 4.9 in [PS08]).

e The top complex ("% (log D), W) is given by
Cone <z —i: (E4(log D), 7) — (L%, 7) @ (£ (log D), W°°)> .

Take B, B4’ to be the induced morphisms. Since both i and ¢ are filtered
quasi-isomorphisms, there is a commutative square of quasi-isomorphisms

(‘€% (log D),
B/
/ \
(€% T ) X(logD ).

NP4

(&% (log D), )

e Then put 31 := ] o 8{ o f]. Since 1 ®idc, 51 and S are quasi-isomorphisms,
so is f1 ® idc.

Definition C.3.9. Let X be a smooth complex algebraic variety with good compactifi-
cation X and simple normal crossing divisor D = X — X. The complex

Hdg* (X log D) := (RjiLy. (Rj:Qy, 7). v, (E5 (log D), W™, 0,.), B)

Rj.Q, (‘€% (log D), W)
_ 7 \ B1 B2
Rj.Zx (RjQy,7) (% (log D), W™, 0,)

constructed above is called the Hodge-de Rham complex.

Theorem C.3.10. [PS08, Theorem 4.2, p.90] Let X be a smooth complex algebraic
variety and let X be a good compactification with simple normal crossing divisor D =
X — X. Then the diagram Hdg®*(X log D) is a Hodge complex yielding the following
mized Q-Hodge structure on the cohomology H*(X;C) = Hk()_(75;z (log D)) of X:
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a.) The canonical filtration T on the complex Rj.Q . yields the weight filtration on the
rational cohomology H*(X;Q) = HF(X, Rj. Q) of X by putting

Wi H*(X; Q) = T (BF(X, 70 Rj.Q,) — HY(X;Q)).
b.) The filtration W defined by
0 for m <0

W% (log D) = q €% (log D) for m=>p
EYNEZ(log D) for 0 <m <p

induces in cohomology the complex weight filtration
W, H*(X;C) = Im (H’f(}’(, WL €% (log D)) — H*(X; C)) ,

which is compatible with the canonical filtration defined over Q.
c.) The trivial friltration o, on the complex £ (log D) yields the Hodge filtration

FPH*(X;C) = Im <H’f()‘(, 02P€3 (log D)) — HF(X; (C)> .

Monodromy

An important aspect in the theory of variations of Hodge structure is the associated
monodromy. It is not hard to see that if X is connected, locally arcwise connected
and simply connected, then every local system V on X is trivial, i.e. isomorphic to the
constant sheaf (see [Voi03, Proposition 3.9, p. 70]). Noting this, one may associate a
representation of 71 (X) to every local system V on X as follows:

Let m: X —» X be the universal cover of X. And let V be a local system on X with
stalk G. Then by the above remark, the local system 7~V is constant on X with stalk
G. In particular, it is constant on any path v on the universal cover. We fix a base-point
x € X,apoint T € X lying over x and an isomorphism ay: V, — G. Since 771V is
constant, there exists a unique isomorphism of locally constant sheaves 8: 771(V) = G
determined by the condition that the induced isomorphims 7=1Vz = G are equal to

«
the composition 71V; 2V, = G. Now let the class [y] € 71 (X, x) be represented by
a path v on X from & to a point y € m~!(z). Then ~ gives rise to the isomorphism

() ::ao,uyoﬁy_l:G—>G,

where p,: (771V), 2V, is the natural isomorphism. One can easily see that the map
sending v € m (X, x) to p(y) € Autr G is a representation.

Definition C.3.11. Let 'V be a local system on a complex analytic variety X and xg a
point of X. Then the representation

p: 7T1(X,1‘0) — AutRG
v p(v)

constructed above is called the monodromy representation associated to V.




C.3 HODGE THEORY 215

This yields the following 1-1-correspondence :

Theorem C.3.12. [V0i03, Corollary 3.10, p. 71] Let R be a ring and G an R-module.
If X is arcwise connected and locally simply connected and xq is a point of X, we have
a natural bijection between the set of isomorphism classes of local systems with stalk G
and the set of representations w1 (X, xzg) — Autr G, modulo the action of Autr G by
conjugation.

Unipotent VMHS

One of the most central notions in that area is that of unipotence. In this section, we
consider variations of mixed Hodge structures over a subfield k C C. Recall that a
representation p: w1 (X, z) — Aut(V) of the fundamental group of X is called

e quasi-unipotent if for any v € 71 (X, x) all eigenvalues of p(y) are roots of unity.
e unipotent of indez r if for any v € w1 (X, x) one has p(v)" = id.

Let X again be a complex manifold, o € X a base-point, and (V, F, W) a k-VMHS
on X. The local system V underlying this variation of mixed Hodge structure gives
rise to a monodromy representation

pv - 7T1(X, ZL‘o) — Aut(VmO)

as described above.

Let now kw1 (X, zg) denote the group algebra of m (X, z) over the field k. Recall that
it has an augmentation

e km(X,x) — k

sending every group element g € m1(X,x) to 1. Its kernel is called the augmentation
ideal and denoted by J. The homomorphism ¢: k& — k71 (X, x) sending an element
r € k to r - id, where id is the identity element in 71 (X, z), defines a k-vector space
splitting

km (X, x2) =2 ko J.

Lemma C.3.13. p extends to an algebra homomorphism of the group ring
p: kmi(X,x9) — WoEnd(Vy,).
Proof. It is clear that p extends to an algebra homomorphism of the group ring
p: kmi(X,x0) — End(Vy,).

Hence, we need to show that the image of the morphism p lies in Wy End(V,,) C
End(V,,). To this end, note that the canonical Hodge structure induced on End(Vy,)
by that of V,, is defined as follows:
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W; End(Vy,) = {f € End(Va,) | f(WiVay) C WitiVa, Yk}, e
WoEnd(V,,) := {f € End(Va,) | f(WiVa,) C WiV, Vk}

Since the subsheaves WiV C V are local subsystems of V, the action of the fundamental
group 71 (X, xo) on V, restricts to an action on WiV, (equal to the representation
giving rise to the local system W} V). Hence, for any v € 71 (X, zo), the automorphism
p(7y) of V,, satisfies p(v)(WiVy,) C WiV, for all k, in other words it lies in the
induced zeroth filtration subset. This proves the assertion. |

Let us denote the kernel of the augmentation e: km1(X,2z) — k by J. The condition
of unipotence then translates into the following equivalent conditions:

Proposition C.3.14. [HZ87, 1.4, p. 84] Under the above assumptions and notations,
the following statements are equivalent:

a.) The representation p is unipotent.

b.) p factors through some quotient kmy (X, z)/J" 1, where J is the kernel of the aug-
mentation of the group ring.

c.) The variations of Hodge structure of the pure quotients gr};VV with the induced
Hodge filtrations are constant for all k.

Definition C.3.15. An R-VMHS (V, W, F) is called unipotent if it satisfies the equiv-
alent conditions of proposition C.3.14. It is called quasi-unipotent, if its monodromy
representation 1S quasi-unipotent.

The monodromy theorem ([PS08, 11.8, p. 259]) asserts that every polarized VMHS is
in fact close to being unipotent. This crucial result was proven by Landman ([Lan73])
and Clemens (|Cle69]) for geometric variations of Hodge structure, and then by Borel
in the general case:

Theorem C.3.16. [Sch73, Lemma 4.5 and Thm 6.1] Let Vz be an integer polarized
variation of Hodge structure over a complex manifold X, and let X be a good compact-
ification of X with normal crossing divisor D = X — X. Then the monodromy of V
around each local component of D is quasi-unipotent.

Admissible VMHS

The most important class of variations of mixed Hodge structures are those with geo-
metric origin. Suppose that m: X — S is a morphism of complex algebraic varieties
and k € N. Then the sheaf Rfr.Z y is constructible, i.e. there exists a stratification
of S such that the restriction of R*m,Zy to each stratum is a local system. Moreover,
the fibers of R*m,Zy at s € S are given by the cohomology H¥(X,) of the fibers
X, = n71(s), which carry a mixed Hodge structure. Thus, R¥m,Zy restricts to a vari-
ation of mixed Hodge structure on each stratum. Now S is irreducible, and hence there
exists a Zariski-open dense subset U C S such that R¥m,Zy |y is a variation of mixed
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Hodge structure. A graded-polarizable variation of mixed Hodge structure arising in
this fashion is called a geometric VMHS.

The geometric VMHS are subset of a class of particularly well-behaved VMHS: the ad-
missible VMHS. In fact, all VMHS we will deal with are admissible. However, recalling
the precise definition would lead too far here. For the definition of admissibility, see
[PS08, 14.49, p.363]. The category of admissible variations of mixed R-Hodge struc-
tures will be denoted VMHSg(X ). The one thing of importance for this thesis is the
following theorem:

Theorem C.3.17. [SZ85, EZ806, Kas86] Geometric variations of mized Hodge struc-
ture are admissible.

What makes admissible variations of mixed Hodge structure so crucial is the following
theorem:

Theorem C.3.18. [SZ85, EZ| Let V be an admissible variation of mized Hodge struc-
ture on U. Then for each k the vector space HE(U,V) carries a canonical mized Hodge
structure.

C.3.3 Mixed Hodge Modules

The setting of mixed Hodge modules is a generalization of the notion of VMHS that
makes amends for one shortcoming: there is no six-functor formalism for VMHS. For
example, given a VMHS V on an open subset j: U — X of a complex manifold X,
then there might not be an extension of V to a VMHS 5,V on all of X.

Any admissible VMHS (V, F, W) on a smooth complex variety gives rise to a holonomic
D-module by putting V := Vg ®g Ox. Recall that any holonomic D-module locally
gives rise to a good filtration, which was defined in section C.1 as follows: If 7: T* X —»
X is the projection of the cotangent bundle down to X, and (M, F) a filtered Dx-
module, then F' is a good filtration of M if F;M is coherent over Ox for each ¢ and
there exists ig > 0 satisfying

(F;Dx)(F;M) = Fiy ;M for j > 0,i > i,

or equivalently (by [HTTO08, Definition 2.1.1, p. 58]) if grf’ M is coherent over m,Op«x.
Note that the induced Dx-module V already comes with two naturally induced filtra-
tions by putting WV := W, Vg ®g Ox and F,V := F~PV. Then one can show that
the filtration F of V is in fact a good filtration in the above sense.

Let A C C be a subfield. A smooth mized A-Hodge module associated to an admissible
A-VMHS (V 4, F, W) on a smooth complex variety X is defined to be the tuple

((V’}—’ W): (VA[dU], W)70‘: (VQ[dU]a W) = DR(V7 W)))

comprised of
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e the Dy-module V := Vg ®g Ox together with its good filtration F,V := FPV,
o the perverse sheaf (V4[dy], W) with its induced weight filtration, and
e the natural comparison isomorphism

a: (Vgldy], W) ~ DR(V,W))

following from remark C.1.2.

These objects live in the category M F,.,W (Dx, A) defined as follows (see section 8.3 of
[HTTO8]): For a smooth complex algebraic variety X, and a subfield A C R we denote
by

o MF,,(Dx) the category of the pairs (M, F'), where M € Mod,,(Dx) and F is a
good filtration of M (see section C.1.1);
e MF,.,(Dx,A) the category of quadruplets (M, F, K, «) consisting of
- (M,F) S MFT}L(D)() and
— a perverse sheaf K € Perv(Ay) over A

— together with an isomorphism a: C ® 4 K — DR(M);
o MF,,W(Dx,A) the category of tuples (M, F, K, «, W) consisting of
- (M,F,K,a) € MF;,(Dx,A) and
— a finite increasing filtration {W,,} of (M, F, K, ) in the category M F,,(Dx, A).

Recall the Tate variation of mized Hodge structure Ax(m) = (Ax, F,W) with the
filtrations F' is given by F,Ox = 0 for £k < —m and F;Ox = Ox for k > —m and
W given by W;Ox = 0 for £k < —2m and W;Ox = Ox for k > —2m.This VMHS
gives rise to the so-called Tate objects of weight m Ax(m) € MF.,W(Dx,A) under
the above correspondence between VMHS and smooth mixed Hodge modules. Using
these Tate objects, one defines an m-th Tate twist in MF,,W(Dx,A) by sending
an object M € MF.,3W(Dx,A) to Ax(m) ® M, where the tensor product is taken
componentwise.

The category of mixed Hodge modules is an abelian subcategory of M F,;, W (Dx, A)
containing all smooth mixed Hodge modules associated to admissible variations of
mixed Hodge structure, which is constructed in [Sai90b]. We will not go into the con-
struction here, but rather describe the axioms it was built to satisfy, as well as the
properties of its six-functor formalism:

Saito constructed the category of A-mized Hodge modulesMHM 4(X) as an abelian
subcategory of M F,,W (Dx, A) with derived category denoted by D® MHM 4(X), and
called elements in the category MHM 4(X) mized A-Hodge modulesinddefmixed A-
Hodge modules.

As an element of M F,,W(Dx,A), a general A-mixed Hodge module on X can be
described in terms of a tuple

(M, F, W), (Ka, W), a: (Ka, W) ~DR(V,W)))

comprised of
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e a regular holonomic Dx-module M together with a good filtration F, and an
ascending filtration W,

e a perverse sheaf (K4, W) with an ascending weight filtration, and

e a natural comparison isomorphism

a: (Ka, W) ~DR(V,W)

in the category W Perv4(X) of filtered perverse A-sheaves on X.
All Tate objects

Ax(m) = (Ox,F,AX(m),W) € MFrhW(DX7A>
with F' and W given by

0 for k< —2m
Ox for k> —2m

0 for k< m

FkoX:{(’)X for k>m

WiOx = {
are mixed A-Hodge modules. More generally, an algebraic Hodge module on a smooth
variety is called smooth if the underlying perverse sheaf is a local system up to a
shift. We denote the category of smooth mixed Hodge modules over A on a complex
scheme X by MHM 4(X)®. It is an abelian subcategory of MHM 4 (X'). Moreover, Saito
proved (|Sai90b, Theorem 3.27|) that for a smooth and separated scheme X there is
an equivalence

VMHSY (X) — MHM 4(X)?

between the category of admissible variations of mixed A-Hodge structures and the
category of smooth algebraic A-Hodge modules on X. In case A = Q one usually just
talks about a mized Hodge module and writes MHM (X)) instead of MHMg(X).

In [Sai90b, 14.1.1], Saito shows that the category MHM 4(X) satisfies the following
properties, which allow for an axiomatic definition of mixed Hodge modules:

(m1) For each complex algebraic variety X there exists an abelian category
MHM 4 (X),

the category of mized Hodge modules on X, with the following properties:

— There is a faithful functor ratx: D* MHM4(X) — D% (X;A), such that
MHM4(X) corresponds to Perv(Ay). We say that ratx M is the underlying
perverse A-sheaf of M. Moreover, we say that M € MHM 4(X) is supported on
Z if ratx M is supported on Z.

— There is a faithful functor Dmody : D MHM4(X) — DP, (Dx). We say that
Dmodx (M) is the underlying Dx-module.
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— We demand that the triangle

DY MHM 4 (X) "X ¢C _ pb (x)

Dmod x %X

D
D, (Dx)

is commutative up to isomorphism, i.e. for each mixed Hodge module M there
is an isomorphism a: ratx (M) ® C — DRx(Dmodx (M)). This isomorphism
is called the comparison isomorphism.

(m2) The category of mixed Hodge modules supported on a point is the categroy of
graded polarizable mixed A-Hodge structures; the functor "rat" associates to the
mixed Hodge structure the underlying A-vector space.

(m3) Each object M € MHM 4(X) admits a weight filtration W such that

— morphisms preserve the weight filtration strictly;

— the object gr})¥’ M is semisimple in MHM 4 (X);

— if X is a point, then the W-filtration is the usual weight filtration for the mixed

Hodge structure.

We say that for M® € D* MHM 4(X) the weight satisfies weight(M®) < n (respec-
tively > n) iff gr!V HI(M*®) =0 for i > j +n (vesp. i < j +n). We say M*® is pure
of weight n if it has weight > n and weight < n. We say a morphism preserves
weight, if it neither decreases or increases weights.

(m4) The duality functor Dx of Verdier lifts to MHM 4(X) as an involution (i.e.
Dx oDx =id), also denoted Dx, in the sense that Dx oratx = ratx oDx.

(mb5) For each morphism f: X — Y between complex algebraic varieties, there are
induced functors

fe, fi=Dy o fioDx: D) MHM(X) — D* MHM(Y))
F*. f' =Dy o f* o Dy: D" MHM(Y) — D" MHM(X)

which lift the analogous functors on the level of constructible complexes, that is to
say one has

f«orat =ratof,,
firorat =ratofy,
fforat =ratof”*,
f! orat = rat of!.

Moreover, if f is a projective morphism, then f, = fi.

(m6) The functors fi, f* do not increase weights in the sense that if M*® has weight
< n, the same is true for fiM*® and f*M?®.

(m7) The functors f', f. do not decrease weights in the sense that if M*® has weight
> n, the same is true for f'M® and f.M®.
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(m8) For proper maps between complex algebraic varieties f. preserves weights.

While all pure variations of Hodge structure of a fixed weight are contained in the
category of Hodge modules, this is not the case for variation of mixed Hodge structure.
In fact, one has the following:

(m9) Let H € VMHS4(X)?. Then ¢x(H) € MFE,,W(Dx,A) is an object of
MHM,(X) if and only if H is admissible. In particular, all geometric variations
of mixed Hodge structure yield mixed Hodge modules (see theorem C.3.17). More-
over, this implies in particular that MHM 4 (pt) = MHS; (see (m3)), where MHS",
is the category of polarizable mixed A-Hodge structures.

Mixed Hodge modules satisfy functoriality properties exactly as in section C.1.2.

C.4 The mixed sheaf formalism

Sometimes, the derived category of motives is too rigid: It does not have a six-functor
formalism, while all its realizations do and hence allow for more flexibility. In order to
deal with this, one often resorts to working in the language of mixed sheaves, which
somehow is an "intermediate step" between motives and their realizations. By talking
about mixed sheaves, one is able to work both in the geometric and the f-adic setting
at the same time. Since these theories of sheaves allow for the same formalism, it is
convenient not to specify any of these theories as a setting, but to apply the abstract
formalism to an abstract "sheaf"-object, bearing in mind that the computations may
then be transferred to any of the theories of sheaves (with weights) bearing this for-
malism. Beilinson explains what he means with a "mixed sheaf theory" in the outset
of his paper [BL94| - it is one of the following:

a.) the theory of mixed Hodge modules for schemes of finite type over R or C due to
Saito in [Sai90b| (the category D® MHM 4(X) of mixed A-Hodge modules), or of
D-modules,

b.) @-theory for schemes of finite type over F; or Q, constructed by Beilinson-
Bernstein-Deligne in [BBDS82, 5.1.5, pp.126fF.] (the category D%, (Xo,Q;) of mixed
complexes of Q;-sheaves with constructible cohomology), or

c.) the theory of "mixed systems of realizations" for schemes of finite type over Q as
defined in Saito’s paper [Sai]. We will not go into further details here.

Let us take a look at cases (i) and (ii), following Chapter 1 of [HWO98]: In the mixed
sheaf setting, we consider two symbols

A and F,

where a priori A could be any ring and F any field. Furthermore we consider the
category Schgpec(a) of reduced, separated, flat schemes X of finite type over Spec 4,
and a category (Schgpec(4))top Which is a symbol for a category of topological spaces
together with a functor
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( . )top: SChSpec(A) — (SChSpec(A))top
X — Xtop

To any such scheme X € Schgpec(4) we specify two categories
Sh(Xtop), Sh(X)
with subcategories
Sh*(Xtop) C Sh(Xtop), Sh*(X) C Sh(X)
such that there exist derived categories D Sh(X) and D® Sh*(X) with functors

For: D®Sh(X) — Sh(Xop),
For®: D Sh*®(X) — Sh*(Xiop)-

Moreover, we assume that for any morphism f: X — Y in Sch(Spec(A)) and
Jeop: Xtop — Yiop in Sch(Spec(A))iop there exist push-forward and pull-back functors

f«: D*Sh(X) — D®Sh(Y) frop+: Sh(Xtop) — Sh(Yiep)

fi: D*Sh(X) — D?Sh(Y) fropt: Sh(Xtop) — Sh(Yiop)

f*: D*Sh(Y) — D’ Sh(X) fiopt Sh(Yiop) — Sh(Xiop)

f': D*Sh(Y) — D’Sh(X) fiopt Sh(Yiop) — Sh(Xiop)
Te- — For _ -7

such that the left hand functors and the right hand functors correspond to each other
under For, and such that all functors satisfy the usual six-functor formalism just like
listed in section C.1.2. The most important facts of this six-functor-formalism are the
following adjointness properties:

FAfe fiop A fropss AL fropt 7 fiop

For the remaining properties, see section C.1.2. When we speak of the mized sheaf
setting, we refer to a collection of symbols and data as above with the additional
property that these symbols are either of the following cases (i) or (ii):
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Case (i) : The geometric case
F = a subfield of C

A =Q

Xtop = X(C)

Sh(Xtop) = Perv(Xiop, A)

Sh(X) = ModTh(DX)

DbSh(X) := Db, (X)

(- )top := DRy

Sh*(Xep) := Loc(X)

Sh*(X)  := Conn,;(X)
f*vf*a ::ffvf*a

f!af! = ff{:f“n D?h
Jtop #» fiop, := the usual functors

ftop!a ft!op in PerV(Xtopa A)
(see section C.1.3)

where

Case (ii) : The /(-adic case

F = Z[7]

A =Q

Xtop =X®40Q

Sh(Xtop) = Perv(Xiop, Qi)

Sh(X) = PerV(S,L) (X, Ql)

DYSh(X) := D?SL)(X, Q)

(- top := the forgetful
functor forgetting
about the

(S, L)-stratification

Sh*(Xiep) := the category of
lisse Q;-sheaves

on Xiop
s lym
Sh¥(X) = Etg, (X)
fes [, := the usual functors
f!vf! in D?S’L)(Xa(@l)
(see [Hub97])
ftop > fiops := the usual functors

ftoph ft!op in PerV(Xtopa Ql)
(see [BBDS82].)

a.) e Perv(Xiop, A) denotes the category of perverse sheaves on Xiop,
e Mod,,(Xp) is the category of regular holonomic D-modules on X,
e Loc(X) denotes the category of local systems,
e Conn(X) is the category of integrable connections on X
b.) e Perv(Xiop, Q) is the category of l-adic perverse sheaves on Xiop (for details

see [BBD8&2]).

. D?S,L)(X’ Q) is roughly defined as follows (for details, see [Hub97|): Let (S, L)
be a fixed pair consisting of a horizontal stratification S of X (see section 2
of [Hub97]) and a collection L = {L(S) | S € S}, where each L(S) is a set of
irreducible pure lisse ¢-adic sheaves on S. For all S € S and F' € L(S5), it is
required that for the inclusion j: S < X all higher direct images R"j,F are
(S, L)-constructible, that is to say, when restricted to any S € S they are lisse
extensions of objects of L(S). Denoting the derived category of f-adic sheaves
with constructible cohomology by D2 (X, Q;), D€S7L) (X, Q) is its subcategory
of complexes with (S, L)-constructible cohomology objects.

e Perv(g 1) (X, Q) is then defined as follows: The category D?S,L) (X, Q) admits a
perverse t-structure (for the notion of t-structures and their hearts, see section
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8.1.1 of[HTTO8|, and for this particular ¢-structure see [Hub97]). Its heart is
Perv(g ) (X, Q).
. Etég(X ) is the category of lisse mixed Q;-sheaves on X.

Note that the six functor formalism of mixed sheaves satisfies the same properties as
listed for the category of regular holonomic D-modules in section C.1.2 above.

We encountered the Hodge realization functor for Levine’s motives in section C.2 above.
There is also an f-adic realization functor, which is defined as follows:

Theorem C.4.1. [Lev98, V.2.2.9, p.272] Let S be the localization of a smooth scheme
over a finite, local, global, or algebraically closed field, with 1 invertible on S, and
let px: X — S be an S-scheme.Then sending (X,q) to the {-adic perverse sheaf
Rpx.Zet, x,1(q) extends canonically to the exact {-adic realization functor

Ret1: DM(Smg) — DT lim ShZ ().

Remark C.4.2. [Lev98, V.2.2.11, p.272| Tensoring the f-adic realization with @y, one
obtains a Q;-realization

R, et : DM(Smg)g — DT lim ShZ (S)g
Remark C.4.3. Including the realization functors into the mixed language, put

MRandg in case (i)

R A mix 1= . I
A mix Raet,s In case (ii)

} : DM 4(Smg) — D°(Sh(S))

and call R4 mix the mized realization functor.
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Various

D.1 Double complexes

The following theory of double complexes is well-known, and can be found in [varb],

for example.

Definition D.1.1. Let A be an additive category. A double complex in A is given by
an element of C*(C*(A)), where C*( . ) denotes the category of chain complezes. In

other words, a double complex is given by an array

op—1l.q+1 opat1 optl.a+1
—2,q+1 p—1,q+1 »q+1
§P—2,q AP—LQ-H sp—1.a Ap’q'H §P4 Ap_H
or—1l.q op-4 gp+la
oP—2:9 Apfl,q or—1L.q AP o
op—L,q—1 op-a—1 opt1l,a—1
—2,g—1 —1,q-1 ,q—1
P2 Ap—1,g—1 P Apg—1 _ OPTT Ap+l
op—1,9—2 opP:a—2 opt1l.a—2

+1,+1
,q+107T I

spt+la

Artla & o

_q6ptha—l
'q _—

of objects AP? € A indexed by (p,q) € Z, such that one has

e 62 =0, so all horizontal rows are complezes,
e 0% =0, so0 all vertical columns are complexes and
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eJod— 000 =0, which means that all squares commuite.

Definition D.1.2. Let A be an additive category. Let A®® be a double complex as in
the above definition. The associated simple complex sA®, also sometimes called the
associated total complex Tot A® is given by

Tot A" = @ AP
n=p+q

(if it exists) with differential
tua =22, 071+ (= 1)70n).

Recall that if K**® is a double complex in an additive category A, then there are two
spectral sequences associated to K**. They have the following terms:

a.) 'ENY = KP4 with 'dh? = (=1)Pdh? . KP4 —s KPaTL
b.) "EN?= K9 with "df? = d{? : K9P — K177,

c.) 'EPT = HI(KP*) with 'd}? = HY(d}"*),

d.) "EPY = HIY(K*P) with "d}" = (—1)1H(d3"),

If the spectral sequences converge, any of the above abuts to HPT9(Tot K**).

Remark D.1.3. In the literature one encounters a different definition where a "double
complex” has the property that the squares in the diagram anti-commute, i.e. 9 0 § —
6 09 = 0 in definition D.1.1 is replaced by 9o § + d o d = 0. In this context, the total
complex of a double complex as above is given by

Tot A" = P AP
n=p+q

(if it exists) with differential

ha= Y, (70 40P).

Note that both definitions of double complexes are equivalent: one makes a double
complex A®*® with commutative squares into a double complex with anticommuta-
tive squares by using the same differential § but taking 0~ : AP4 — AP4F! to be
0~ := (—1)P9. The same trick can, of course, be used to make a double complex with
anticommutative squares into a double complex with commutative squares. Since the
signs are cancelled out by the different definitions of the total complexes in both sit-
uations, it is obvious that the cohomology of the total complex coincide both in the
commutative and anticommutative version.
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D.2 Categories of inductive systems

The main reference for the following section is chapter 1.4 of the book [Mey07].

Let C be a category, and A = (A, Bij)icr and B = (By, Br)kekx be two inductive sys-
tems in C with indexing sets I and K. Then the set of homomorphisms Homy, ¢ (A, B)
of inductive systems is defined as the set of natural transformations between the asso-
ciated functors

liﬂHom( LA — ligHom( ., Bg).

One defines liﬂC to be the category whose objects are inductive systems in C and
whose morphisms are given by Homlglc(A, B).
Explicitly, we have

Homligc(A, B) = @@Hom(Ai, By).
ik

Hence, any morphism is represented by a family of maps f;: A; — By for a function
k: I — K, such that for any ¢,j € I with i < j there is a k € K with k > k(i), k(j)
for which the diagram

fi

A; B
T
A i Bry) Br()k B

Properties of the category of inductive systems:

a.) If C has finite coproducts, then the category of inductive systems in C has (possibly
infinite) coproducts by [Mey07, 1.4.1, p.55].

b.) If (C,®,1) is a symmetric monoidal category, then limC inherits a symmetric
monoidal category structure, by defining

(Ai)icr @ (Bi)ker = (Ai ® By)ikelxK-

By [Mey07, 1.136, p.57|, this tensor product turns @C into a symmetric monoidal
category whose unit is the constant inductive system 1.
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Appendix E

Calculations

E.1 An isomorphic definition of the classical bar complex

Let k be a field, R® be a differential graded k-algebra (the most common case is R®* = k),
and A = P, AP a differential graded k-algebra with differential d: Ak AkFL
which is a dlfferentlal graded R-module. Moreover, suppose R® admits the structure
of a differential graded A®-bimodule via two morphism of differential graded algebras
x,y: A®* — R® where left-multiplication is given by x, and right-multiplication by y.
However, note that everything in this section is also valid in the sheaf setting.

We use this to prove the following about the columns of the bar double complex:
Proposition E.1.1. There is a natural isomorphism

Yr: (R® (A[-1)*7)[r] — A®"
b [al]...|ay] — (—1)HE0ar—1)p @ [a] .. ay].

where p(b,ay, ... ar—1) =7 -b+ S5 1(r —k) - |ag|.

What is left to do in order to find an isomorphism of the bar double complex to an
"easier" double complex is to translate the differentials:

Lemma E.1.2. Via the isomorphism of Proposition 1.1.7, the morphism of differential
graded algebras 6.: R @ (A[-1))¥"[r] — R ® (A[-1))*""L[r — 1] corresponds to the
morphism

AT A®TL
[a1] ... |a,] — —[z(a1) - as] ... |a,] + 2 D) aq] ... laiais] - . |ar]
+=1)" ™ ar - far—r y(ar)]-
Proof. The inverse of the isomorphism . of Proposition is given by

Ut AT R (A1) r); [l Ja] s (~1)C00 D1 fay] o],
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where as above (1, a1, . ..,a,_1) = Y 5_s (r — k) - |ag|. The diagram
Or—
R @ (A[-1])%"[r] ~R@ (A1) r - 1]
’Z”"_IT l - therefore yields
A®T 51 A@r—l

Sr—1([ar] .- - lar]) =
=Pr—100, 30 ([a1] ... |a])
— (et o (16 o] - o)

= (o) <<—1>1**‘@(@1%“2’---7%—1)[w(an ag] . Jar]
r—1 )
+ Z(_1)#(1,(11,...,aiai+1,.,.,ar_1)+22:1 lag|+i+1 [CLl’ o ‘aiai—‘,—l‘ o ‘ar]
=1
(1o )4 (S 1) b g ) ) . |ar_11> |

Now we use the following calculations:

o u(lyar,...,ar—1) + p(x(ar),as,as...,a,—1) =0 mod 2 since

w(xz(ay),az,as...,a,—1) = (r— 1)]x(ar)| + i(r —1—(k—=1))|ax]
k=2

r—1
= (r =Dl + Y _(r = k)lay
k=2

=u(l,a1,...,a,-1).

o u(lyay,...;ar—1) +p(l,a1,...,¢;Gi41,...,0r—1) = 22:1 lax| mod 2, since
i—1
u(l,al, ey QA4 - - - ,ar_l) = Z(T’ —1- k) . |ak| + (T —1- i)]aiaHl]
k=1
r—1
+ > (r=1—(k—1))-|al
k=i+2

i
= M(lvah s 7ar—1) - Z ’ak’
k=1
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r—2
pla,. - ar) + puly(ar), ar, - ar2) = (r = Dlar] =Y far| — a1
k=1
r—1
=(r—1)lar| + Z |ax| mod 2 since
k=1
r—2
wly(ar),ar,as .. ara) = (r = y(ar)| + Y (r =1 — k)lay|
k=1
r—2
= (r=Dlar|+ ) (r—1—Fk)|a|
k=1
r—2 r—2
= (r=Dla| + Y (r = k)lag| = Y |ax]
k=1 k=1
—
= (r = Dlas| =Y lag| = |ar—1]
k=1
(L an, . ar ).
With this, we obtain:
r—1(lar]. . las]) = =[x (al cagl .. - |ar]
—|—Z H_l CL1| |ai,1|a¢ai+1|ai+2... |a7~}
+(_ )(Zk:1 \ak|)(|ar|+2)+(T*1)(2|ar|+1)[y(aT) cay|. .. |ar_1]
[ ( 1) - az| ... |ar]
Z H_l - Nai—1laiaizilaits . . . |ay]
+<—1><2k=1 ey a,) - aal - far)
= —[z(a1) - asl...|a,]
r—1 4
+ Z(—l)lJrl[al‘ R \ai_1|aiai+1]ai+2 R ]ar}
i=1
H=D aa] - faroa - y(a)]
just as asserted. |

E.2 Classical simplicial bar object

Let k be a field, and R® a differential graded k-algebra with unit. We denote the
category of unital differential graded k-algebras by dga,,. Let us fix a dga A® = @pzo A
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with differential 0: A¥ — A*+1 which has the structure of a differential graded
R*-module. By [vara], the category Mod ge qy of differential graded R®*-modules is an
abelian category which has arbitrary limits and colimits. At the same time, we suppose
R*® is endowed with the structure of a differential graded A-bimodule by virtue of two
augmentations z,y: A®* — R°.

Let all notation for degrees be as in section 1.1.1. Recall that we denote the n-fold
tensor product of A® with itself over R® by

A" = A® Qpe ® ... Qpe A®

and write [a1]...|a,] := a1 ® ... ® ay,, for an element in A®™. We denote by A[1] the
differential graded k-algebra where all grades are reduced by one. Correspondingly, we
have an induced differential given by

d: (A1)*" — (A"

a1 .. Jan] — > (=D)larhr el =g, | day] . |ay]
=1

Recall that by section 1.1.4, the (unreduced) bar complex is naturally isomorphic to
the total complex of the double complex

gqor | Ohk) oo W) v-e 0
with dx(x,y) given by
Op—1(w,y): A¥F — ABE
k—1 ‘
[(11] e \ak] — —[w(al) . CL2| N ]ak] + Z(—l)hq[al‘ “. \ai_1|aiai+1|ai+2 c. |ak]

=1
(=D ay| .. ag_1 - ylar)]-

I

We now consider the following assignment:

sB*(A*|R%),y: A% — Mod e 4)

[n] — A®" &/ —s (dj ABTL _y A®T) Ty (s%: ABT 5 A®TTL

where the tensor product is taken over R, the "face" maps dj are given by

—[a1]...]ajaj+1|...]an+1] for jE{l,...,n}
dj([a1].. |ans1]) = § —[z(ar)az|. .. |ani1] for j=0
—la1] ... |any(ant1)] for j=n+1

and the "degeneracy" maps s7 are given by
si(laa] .- lanta]) = =laa] .. - laj[Laj4a] . . [ania]

for j =0,...,n, where 1 is the element 1 of k C A C A°.
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Proposition E.2.1. d} and s are morphisms of complezes of differential graded R-
modules for all n, j.

Proof. It is obvious that the above maps are all R®-linear and linear, and are com-
patible with degrees. So all that is left to show is that maps d, s commute with the

‘ ; 375
differentials.
(i) The face maps dj for 0 < j <n+ 1:
—dodj([ai]...|ant1]) = d((lar] ... lajaj41].. . |ant1])
j—1
=N (—)leltetleizilig ) dal . Jagagga] - Jans]
i=1
n+1
+ Z (—1)‘a1|+“'+‘ai71‘ [a1| e |ajaj+1\ . |da1| e |an+1]
i=j+2
H(=n)lettetlalag | d(asas41)] - Jan]
n+1
—dj od([ax]...|ant1]) = d?(Z(*l)‘alH“'*'“i‘l'[all .. |dag] ... |an+1])
=1
-1
=N (=plelteFlaialig | dad . |ajagia] - . Jansa]
=1
n+1
+ >0 (mpleteteiliag | ajaa] . Jda] o]
i=74+2
+(=plettetlalag ] (dajag ) - fand]
H(=nlettalag ] agdagal . Janta]
= —dodj([a1]...|ant1])
(ii) The face map df:
—dodg([a]...lan1]) = = d([z(a1)az]|.. . |ans1]) = [d(z(a1))az]. . . |an41]

n+1
(=) y ()l etlalg(ay)ag| . |dadl - - |ana]
=2

= [z(d(a1))az]| . .. |ant1]
n+1
3o o] ] jan1])

n+1
—dg od([ai|...|ant1]) = = di (Z(_1)|a1+...+|dill[al| .. |dai . .. |an+1]>

— [2(d(a1))as) . . [ans1]
n+1
+ Z(_l)\a1l+.‘.+|ai71|[x(al)a2| .o das| ... \anH]

(iii) The face map dy;  ;:
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~dodii((ar] - lansa]) = d (<) ] Jangy(ans))

— (Dt enlfay] L Jany(dana)])

+ > (petesa | da] - Jany(an)]
n+1
—d?y 1 od(Jar]. .. |ant1]) = di s (Z(—1)'a1+~~+'af1'[a1 .. |dai . .. |an+1]>
=1
= (=nlerttaalag | dag] - Jany(ang)]
H(=nlattetlantioy | any(danta))
=Y (~pletreteicilio ) da) . Jany(anta)]
i=1

F(=n)lelttanlfa | andy(an)]

= —dodpii([ar]. . |anii])
(iv) The degeneracy maps s
—dosj([a].. |an]) = = d([ar]. . [a;[1]aji1]. . |an])

J
(_1)Ia1\+---+|ai71|[

ai]...|das| ... |a;|1]...|an]
1

<
Il

( plerltFlaizalig | ay)1]. . |dad| . . . |an]

+

HM: +

—sTod([a1]. .. |an]) = ( Pl tlaizalig | |da . .. |an]>

I
I M

—p)lerttetaizalig, | dag] . Jag (1] an)

+ >0 (mpylattetieialiog | agl1]. L fdal - Jan).
i=j+1

This finishes the proof of the assertions.

In what follows, we will often drop the upper index n in the notation of dj and s}
when it is obvious what they should be.

Lemma E.2.2. sB*(A®),, is a functor, i.e. comprises a simplicial object in dgay,.

Proof. We need to show that the simplicial identities are satisfied.

(1) Claim: df~'d} = dj_yd;: A®"FH — A®"L for i < j

— The case i # 0,5 #n + 1:
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& G (] - Jana]) = &7 (=a] - ajagal - ang))

= la1|...|aiait1| ... |aja;1] ... |ans]
Y (] - Jan—]) = df 7 (=aa] - Jasaigal - Janga))

= [a1|...|ajait1| .. |ajaj] ... |ans]

which proves the assertion for ¢ # 0, j # n + 1.
— The case i =10,j #1,n+ 1:

dg = d} ([aa] - -ans1]) = di = (=[aa] - - |ajajsal - - |ansa])
[ (al)a2\ JNajajial. . lanta])
A}t dg (Jaal - |ang1]) = df = (=[z(ar)ag] - |ajajia] . . |ania])
=z (al)a2\ - ajajl. - ans)).
— The case 1 =0,7 =1:
dy ' d}([a1]. . |an41]) = do(=|arazlag| .. . [ani1]) = [z(ar1az)as] . .. |ap41]
dy 'y ([aa] . . |any1]) = di ' (=[w(ar)aslas] . . [ans1])
= [z(a1)z(az)as] . . . lant1]) = [z(ara2)as] . . . |ant1]).
— The case 1t =0, =n+1:
dy ' dy (@] - Janga]) = g~ (=ar] - - Jany(any1)])
= [z(a1)az|. .. any(ant1)]
dptdg ([a1] - - ans1]) = di = (=[z(a1)ag] . - |ani1])
= [z(a1)az|. .. [any(ant1)]
— The case i #0,n,5 =n+ 1:
&y ([aa] - Janga]) = 77 H(=ar] - any(an1)])
= [a1]...|aiai+1] - .- lany(ans1)]
dytd? ([aa] - - Jan]) = di (=[] - - |aiaisa] - - |ania])
= [a1]...]a;ait1] . lany(ani1)].
— The case 1t =0, =n+1:
dy g (laa] - fanga]) = dg ™ (=[aa] - any(anta)])
= [z(a1)az|. .. [any(ant1)]
dp g ([a1] - - ans1]) = di = (=[z(a1)ag] - - |ani1))
= [z(a1)az|. .. |any(ant1)].

— The case it =n,j =n+1:
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|ans1]) = dy ™ (<la] ...

|any(an+1)])

= [a1]. .. |an—1y(an)y(ant1)]
= [a1] .. |an—1y(anan+1)]
B (] ansi]) = &N (—laa] .. Jan-1/anansa]
= la1] . .- |an—1y(anan+1)]).
(2) Claim: djs} = dj, s} = 1: AB —s A% for all j =0,...,n
— The case j # 0,n:
djsi([aa] .. |an]) = df (=las]. . |aj|]ajia] . . an])
=la1|...|a; - lajt1]|...|an] = [a1]...|an]
([l - an]) = o (lar] - -l Taga] . - an])
=[a1]...|a;|1 - ajp1]...|an] = [a1] ... |an].
So d}s} =1=dj s}
- The case j = O:
dgsg (lar] - - lan]) = dg(=[lar] .. - an]) = [an] .. . |an]
disg(larl .. lan]) = di (=[lar] .. . an]) = [aa] .. - |an]
since (1) =1, so dijsj = 1 = dy's
— The case j = n:
dysp(lar]. . Jan]) = dy(=lar] .. - |an[1]) = [a] .. . |an - 1])
= la1]...|an]
dpia8p(laa] .. - lan]) = dyiq(=[aa] - Jan[1])
= [aa].. - Jan - y(D)]) = laa] . . [an]

since y(1) = 1 and hence d]'s]

1 =dy sy, which finishes the proof of (2).

(3) Claim: di's} = 7~ Lt A®”—>A®” fori <y
— The case i # 0:
di'sj([ar]. . |an]) = di' (=laa] .. - |aj[Laj41]. . . [an])
= [a1]. .. |asait] - - - |aj|1aj4a] . . |an]
s; a7 ([aa] .- Jan)) = i1 ( (=[] . |aiait1] - . - |an))
= [a1|...|aiait1|. .. |aj|l]ajt1]. .. |an]
so both sides agree as asserted.
— The case 1 = 0:
ds (ol .. |an) = d(~lar]. .- las 1lazal .. |an))
— [e(a)az| ... la; tasl - Jan)
Sl dr N (a] . an)) = 57N (—[e(ar)as] .. la])
= [z(a1)az] .. . |aj|aj1]. . - an].
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(4) Claim: di's} = s~ ' : AS™ — A®" for i > j+ 1
— The case i #n + 1:

a2 ([l an]) = & (~[ar] .. |ajlLlajia] .- |an])

= [al\ e \aj|1\aj+1\ e \ai_lai\ e |an]
s (] - Jan]) = s (=lan - Jaiciag] - Jan))
= [al\ e \aj|1\ e \ai_lai\ e |an]

so both terms agree.
— The case 1 =n+ 1:

dpy187([a1] - Jan]) = dp i (=[] - - faj|tajia ] - an])
= laa] - laj[laja] - Jan-1y(an)]

s; dy " (laal - Jan]) = 577 (<laal - Jan—1y(an)])
= laa] - laj[taja] - Jan-1y(an)]

which proves the assertion in this case and finishes the proof of (4).
(5) Claim: s;s; = sj418;: A®" — A®"F2 for < j

sisi ([l - |an]) = si(—[an] .. g a1 .. Jan])
= [CL1| e ]ai|1|ai+1\ e |aj|1]aj+1] e |an}
sj+1si([a]. .- lan]) = sjpr(=las] ... [ai|laita]. . - |an])
= [a1]...|ai|lait1] ... |aj|L|aj1] ... |an].
This finishes the proof of the lemma. |

E.3 Motivic simplicial bar object

Recall the category C?(K(Smg)) of bounded complexes of elements in the pseudo-
abelian envelope of Smg.

Let m: X — § be in Smg be equipped with two sections z,y: S — X. We consider
the functor

B2 (X|9)zy: A — CP(K(Smg))

n] — X", 8 — &y X" — X" o) s sl X o X

where the maps dfl 41 and s}, are given by
A id* " x A xid*™ ™ for je{1,...,n}
dl g =—Q @ xid™ for j=0
id*™ xy: X" = X" for j=n+1

st = —1id* x7 ®1id*" for j =0,...,n
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Lemma E.3.1. The functor cBh(X|S)s,y is a cosimplicial object in C*(K(Smg)).

mot

Proof. We need to show that the cosimplicial identities are satisfied. Note that all
negative signs cancel out in the cosimplicial identities of cBy,;(X|S)s,y. Moreover, to
simplify things, we put

‘ A for i e {1,...,n}
Qpyq =14 xxid for i =0 X — X?
idxy for i=n+1
and let id® =id ' :=idg: S — S
(1) Claim: &, di = iyl " X771 — X7+ for i < j
— The case ¢ < j — 1: One has
& di, = (idj*1 xad ;% id”*j) o (idH xal, x id"*"*l)

=id""" xal 4y xid 77 xad g x id" I
i j—1 _ [+qi—1 i s n—i .2 j—1 _ :n—j
dpiady, ~ = (id"77 xapyp xid o (id Xag, © xid

il o i,
=1d""" Xag g xid? 77T xad, o x id™

so the assertion follows iff of, ! = aiﬂ forallj € {1,...,n+1}and o, = o,
for all i € {0,...,n — 1}. Both of these are immediate by the definition of the
o

~ The case j =i+ 1 for i =0,...,n: One has
Al di, = (idi xattl x id”’i’l) ° (idH xal x id”’i’l)
d i di = (id"—l xal 1 X id"—") o (idi—l xal, x id”_i_l)
For i # 0,n, all a occurring in the above terms are the diagonal morphism A,

and by virtue of (id xA) o A = (A x id) o A the assertion follows for i # 0, n.
For ¢ = 0, the asserted equation reads

(A xid) o (z x id)) x id""% = (x x id xid) o (z x id)) x id"~?

which is also satisfied since both sides are equal to z x z x id™ .
For ¢ = n, the asserted equation is equivalent to

(1d" ! xid xy) o (id" 2 x id xy) = (id" " x A) o (id" "2 x id xy)

which holds since both sides are equal to id" ™! xy x y.
(2) Claim: spd),,, = sﬂldﬁ;ll =id: X" — X" forall j =0,...,n
s, = (idj e ®id“—f) o (idj_l xad ;% id"‘j) = id " x ((id ) oa{m) x id"
so the assertion follows iff (id x7) o a‘ZLH =id forall j =0,...,n. For j =0 one
has 7 x ido(z x id) = id since x is a section of 7, while for j = 1,...,n one has

id x7) o A = id, which proves that shd’  , = id. On the other hand, one has
n+1
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shdlth = (idj ><7r®id”_j) ° (idj xadth x id"‘j_1> = id x ((7‘( x id) oo/'“) x idn It

n+1
so the assertion follows iff (7 x id) o af@fl = id for all j = 0,...,n — 1 and
(id x) o (id xy) = id for j = n. For j = n one has (id x7) o (id xy) = id since y is
a section of m, while for j = 0,...,n — 1 one has (7 x id) o A = id, which proves

Jgi
that snd, =id.
(3) Claim: shdi = dis) "} X" — X" fori < j
— The case ¢ < 7 — 1: One has
sﬁ;dflﬂ = (idj X X id”ﬂ) o (id"f1 ><af1+1 X id”f"fl)
=id" ! xad g xid T xr x id™ !
disi! = (idi_l xal, x id”‘i_2) o (idj_l X7 X id”‘j)
=id" xad, x id 7 xr x id" I
so the claim follows iff o, = o/ ;. Since we are only dealing with the cases
1=0,...,n — 1 here, this is a direct consequence of the definition of the o’.
— Thecase j =i+ 1fori=0,...,n— 1 One has
sty = (i s xid™ ) o (id T xag g xid")

o e . i
;5271:(1& Xy, X id" ™" )o(ldlxwxm” ¢ )

Hence, for i # 0,n — 1 (o}, = o, 41 = A in this case), the asserted equality
reads

id7 A x 7 xid" = id7 x (Ao (id x7)) x id" T
which holds since Ao (id x7) = A x 7. For i = 0 the asserted equality is
((id x7) o (z x id)) x id"™" = ((z x id) o (7 x id)) x id"~?
which holds since ((id x7) o (z x id)) xid =z x 7 x id = (z x id) o (7 x id).
(4) Claim: shd, | = di-'s) 2 X™ — X" for i > j + 1
shdi, = (idj X7 X id“‘j) ° (idi_l xah 1 % id"") =id’ %7 x id" 7 xad, g x id"
since 7 +1 <7 —1 and hence i — 1 — j > 1, while
dils) = (id""% xal, x id" ") o (id/ x7 x id" 7~ 1)
For j +1 < i — 1, the latter term is obviously equal to id’ x7 x id*~1=7 ><ozfﬂ_1 X

id" 17 so the assertion holds in this case. For j + 1 = i — 1, the latter term is
equal to

id ™2 x(af, o (m x id)) x id"™* =id"? x7 x af, x id"*

which proves the assertion.
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. . i1 _ . .
L= sﬁl_lsﬁf c X 5 Xl for g < .

(5) Claim: sfl_ls

shovsh = (10 xmxid" 77 ) o (i xom x id"7) = id’ xm x id’ T xr xid™ T while

P (idi X X id”‘i_l) o (idj+1 X X id”_j_l) =id" x7 x id? D e xign It
=id* xm x id? " x7 xid" !

so the assertion is immediate.

Since all cosimplicial identities are satisfied, the claim follows. |

E.4 Simplicial augmentation ideals

Proposition E.4.1. Put id~! = id° = idg. Then the following is a cosimplicial object
in the Karoubi envelope KC(Z(Smg)):

Lot (X]9)ag : AP —> K(Z(Sms)
[n] — X+l = (X" id" x (id —zom))
(@ [n] = [n+1]) — (dF(I): X7+ — Xn+2,
(s7: [n+1] = [n]) — (s7(I): X2 — Xn+l)

J
Ty X idntt ' for 7=0
di(I) = i xAxid It for je{l,...,n}
id*" ! x (Ao (id —zom)) for j=n+1
ST = idd xw x id" T for j=0,...,n.

J

Proof. It is easy to see that the face and degeneracy maps are in fact compatible
with the idempotents in question, so it suffices to show that the simplicial identities
are satisfied. Due to the compatibility with the idempotents, we will drop them in the
computation to come. To further simplify things, put

X — X2, resp.

a; =49 A for j=1,...,n (X, id —zom) — (X?,id x (id —zo7))

- xo X id for =0 {
Ao (id—zom) for j=n+1

and put id~! = id® = idg, such that one may write d;‘ =id’ ong-n) x id" .

(1) Claim: ddy ™! = did; =} : X™ — X"+2 for i < j
— The case 1 # j — 1:
" = (id xal™ x id" 7)o (id xal" Y xid" ')
=id" xa{""" xid’ "2 xa;") x id"7)
4P = (id" xal™ xid" ") o (it xal" Y x id" )

=id" xa{™ x id! 772 xag-"*l) x id" )
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So the assertion boils down to the fact that agn) = az(»n_l) foralli =0,...,n—1
and agn) = ay:l) forall j =2,...,n+ 1.

— The case i = j — 1:

dyd; =) = (id xal” xid" 7)o (id ! xal" TV x id" )

=id " x(a{"7 (id xa{™)) x id"
P dp T = (T xalM) ) id T o (id T xal" Y X id™ )
=id ! x (@™ x id)al" V) x id" )
. P -1 1) . -1
Hence the assertion holds iff (id xag.n))ayil ) = (aéﬁl ) « 1d)a§711 ) for all
j=1,....n+1.
- For j = 1, this holds since (A x id) o (zg x id) = z¢ x o x id while (z¢ x
id xid) o (xg x id) = z¢ X ¢ x id
- For 7 =2,...,n, this holds since (id xA) o A = Aj93 = (A x id) 0 A, where
Aqaz: X — X3 is the morphism x — (z, 2, ).
- For j = n + 1, this holds since
(id X (A o (ld —l’oﬂ'))) oAo (ld —$07T) = A123(id —Jioﬂ)
= (A xid) o Ao (id —zom)

where Aj93 is as above.
(2) Claim: S?Hd? = s?“d;-‘_H =id: X"t — X"l forall j=1,...,n+1
sTH = (1T xr x id" ) o (id? xal™ x id" )
= id’ x((id xm)al™)id" 7" = id

(n

since (id X7) o a; ) = id for all j =0,...,n, and

sTHd = (1 X x id" ) o (1d T xalW) x id" )
= id*! x((id x7) 0 al™)) x id" V7% = id

j+1
since (m x id) o o, =id for all j =0,...,n — 1 and (id x7) 0 al}; = id.

n+
(3) Claim: s?“d? =df st s X — X for i < j

sTHE = (i X x id™ ) o (id” xal™ x id" )
=id" xa{™ x id 7 x7 x d" 7 =id

drsT = (id' xal" Y x id" T ) o (i xr x id" )
=id" xa!" ™" xid’ 7 x7 x id" 7Y

so the claim holds.

(4) Claim: s7*'d = df s : X" — X for i > j+1
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— For ¢ > j 4+ 2, one has

sTHAE = (1d 7 x id" ) o (id xal™ x id" )
=id’*! 7 x id7 T xal™ x id" !
d'lsT = (1 xal" T xid™ ) o (1d7 T x x id" )
= id™ X7 x id T xa{" Y x id"
so both terms are equal since for all ¢,n one has ozg") = oz,gle)
— For i = j + 2, one has

n+1l n _ (141 cn—j—1 s 1jt+2 (n) s n—j—2
55Ty = (Id7T x7w x id ) o (id™ xaj’, x id )
—igitt (n) o sqn—i—2
=id XX oy X id
n—1_n __ /. 35+1 (n—1) s qn—j—2 c17+1 s qn—j—1
difisy = (id7 xagi ;7 xid )o (id?™ xm x id )

. —1) . qn—i
=id’t X7 x 0‘;11 ) % id" "

so both terms are equal since for all 7,n one has o™ (n—1)

) = .
) i—1
(5) Claim: 8?+1S?+2 = S?HS?LQ: Xl X3 for ¢ < j

?+ls?+2 = (id* 7 xid" ) o (Id"T x7 x id" T
=id"*!
Y = (1d X x id" ) o (1d7 TP X x id" )

S

xm x id? 7" x7w x id" 7!
S

. qid1 . yi—i s an—i
=id"™ x7 x id? 7 x7r x id™ 7Y

which finishes the proof of the proposition.
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canonical mixed sheaf, 109
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de Rham complex, 204

de Rham functor, 204
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dualizing complex, 202

filtration
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fundamental group
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graded-polarizable
mixed Hodge structure, 191
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grouplike element, 87

Hodge complex
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Hodge complex of sheaves
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Hodge filtration
of a mixed Hodge structure, 191
of a variation of mixed Hodge struc-
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integrable connection, 200
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n-th, 119
small, 121, 122
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n-th, 160
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mixed Hodge module, 91
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realization functor
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simplicial bar object
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n-th tautological, 93

geometric, 199

quasi-unipotent, 199

unipotent, 199

universal pro-unipotent, 93
Verdier dual, 202

weight filtration
of a mixed Hodge structure, 191
of a variation of mixed Hodge struc-
ture, 195
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