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1 Introduction

The study of the spin structure of protons and neutrons is one of the central issues in hadron

physics, with many dedicated experiments, recent (HERMES at DESY, CLAS and Hall-

A at JLAB), running (COMPASS at CERN, STAR and PHENIX at RHIC), approved

(JLab 12 GeV upgrade [1], COMPASS-II [2]) or planned (Electron Ion Collider [3–5]).

The Transverse Momentum Dependent (TMD) parton distribution functions and fragmen-

tation functions play a crucial role in gathering and interpreting information of a true

“3-dimensional” imaging of the nucleon. These Transverse Momentum Dependent distri-

bution and fragmentation functions (collectively here called “TMDs”) can be accessed in

several types of processes, one of the most important is single particle hadron production

in Semi-Inclusive Deep Inelastic Scattering (SIDIS) of leptons on nucleons. A significant

amount of data on spin-azimuthal distributions of hadrons in SIDIS, providing access to

TMDs has been accumulated in recent years by several collaborations, including HERMES,

COMPASS and Halls A,B and C at JLab [6–15]. At least an order of magnitude more data

is expected in coming years of running of JLab 12 [1].
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A rigorous basis for studies of TMDs in SIDIS is provided by TMD factorization in

QCD, which has been established in refs. [16–23] for leading twist single hadron production

with transverse momentum of the produced hadron being much smaller than the hard

scattering scale, and the order of ΛQCD, that is Λ2
QCD < P 2

h⊥ � Q2. In this kinematic

domain the SIDIS cross section can be expressed in terms of structure functions encoding

the strong-interaction dynamics of the hadronic sub-process γ∗ + p → h + X [24–27],

which are given by convolutions of a hard scattering cross section and TMDs. However the

extraction of TMDs as a function of the light-cone fraction x and transverse momentum k⊥
from single and double spin azimuthal asymmetries is hindered by the fact that observables

are complicated convolutions in momentum space making the flavor decomposition of the

underlying TMDs a model dependent procedure.

Based on TMD factorization theorems, experimentally measured cross sections are

expressed as convolutions of TMDs where k⊥ dependence is integrated over and related

to the measured value of Ph⊥. A reliable method to directly access the k⊥ dependence of

TMDs is very desirable. However, various assumptions involved in modern extractions of

TMDs from available data rely on conjectures of the transverse momentum dependence

of distribution and fragmentation functions [28–38] making estimates of systematic errors

due to those assumptions extremely challenging.

In a paper by Boer, Gamberg, Musch, and Prokudin [39], a new technique has been

proposed called Bessel weighting, which relies on a model-independent deconvolution of

structure functions in terms of Fourier transforms of TMDs from observed azimuthal mo-

ments in SIDIS with polarized and unpolarized targets. In this paper, we apply the Bessel

weighting procedure to present an extraction of Fourier transforms of TMDs from a Monte

Carlo event generator. As an application of this procedure we consider the ratio of helicity

g1L, and unpolarized f1 TMDs from the double longitudinally polarization asymmetry.

This paper is organized as follows: we begin our discussion in section 2 with a brief

review of the formalism of the SIDIS cross section and its representation in both momentum

and Fourier conjugate bT space. The latter representation lends itself to a discussion of the

Bessel weighting formalism [39]. We review its merits in studying the transverse structure

of the nucleon and present a description of the experimental procedure to study TMDs

using Bessel weighting which provides a new tool to study nucleon structure. In section 3

we introduce a fully differential Monte Carlo generator which has been developed to test the

procedure for extraction of TMDs from SIDIS. As a test of the quality of our constructed

Monte Carlo, in section 3.3 we present a study of the Cahn effect [40, 41] contribution to the

average 〈cosφ〉 moment in SIDIS. In section 4 we present the extraction of the double spin

asymmetry ALL(bT ), defined as the ratio of the difference and the sum of electro-production

cross sections for anti-parallel and parallel configurations of lepton and nucleon spins using

the Bessel weighting procedure. The effects of different model inputs and experimental

resolutions and acceptances on extracted TMDs are investigated. Finally in section 5 we

draw some conclusions of the present analysis and outline steps for future work.
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2 Extraction of TMDs using Bessel weighting

2.1 The cross section for semi-inclusive deep inelastic scattering

The SIDIS cross section can be expressed in a model independent way in terms of a set of

18 structure functions [24, 25, 27, 42–44],

dσ

dx dy dψ dz dφh d|Ph⊥|2
=

α2

xyQ2

y2

2 (1− ε)

(
1 +

γ2

2x

){
FUU,T + εFUU,L

+
√

2 ε(1 + ε) cosφh F
cosφh
UU + ε cos(2φh)F cos 2φh

UU

+ λe
√

2 ε(1− ε) sinφh F
sinφh
LU

+ S‖

[√
2 ε(1 + ε) sinφh F

sinφh
UL + ε sin(2φh)F sin 2φh

UL

]
+ S‖λe

[√
1− ε2 FLL +

√
2 ε(1− ε) cosφh F

cosφh
LL

]
+ |S⊥|

[
sin(φh − φS)

(
F

sin(φh−φS)
UT,T + ε F

sin(φh−φS)
UT,L

)
+ ε sin(φh + φS)F

sin(φh+φS)
UT + ε sin(3φh − φS)F

sin(3φh−φS)
UT

+
√

2 ε(1 + ε) sinφS F
sinφS
UT +

√
2 ε(1 + ε) sin(2φh − φS)F

sin(2φh−φS)
UT

]
+ |S⊥|λe

[√
1− ε2 cos(φh − φS)F

cos(φh−φS)
LT +

√
2 ε(1− ε) cosφS F

cosφS
LT

+
√

2 ε(1− ε) cos(2φh − φS)F
cos(2φh−φS)
LT

]}
, (2.1)

where the first two subscripts of the structure functions FXY indicate the polarization of the

beam and target, and in certain cases, a third sub-script in FXY,Z indicates the polarization

of the virtual photon. The structure functions depend on the the scaling variables x, z,

the four momentum Q2 = −q2, where q = l − l′ is the momentum of the virtual photon,

and l and l
′

are the 4-momenta of the incoming and outgoing leptons, respectively. Ph⊥ is

the transverse momentum component of the produced hadron with respect to the virtual

photon direction.

The scaling variables have the standard definitions, x=Q2/2(P · q), y=(P · q)/(P · l),
and z = (P · Ph)/(P · q). Further, in eq. (2.1) α is the fine structure constant; the angle

ψ is the azimuthal angle of `′ around the lepton beam axis with respect to an arbitrary

fixed direction [44], and φh is the azimuthal angle between the scattering plane formed

by the initial and final momenta of the electron and the production plane formed by the

transverse momentum of the observed hadron and the virtual photon, whereas φS is the

azimuthal angle of the transverse spin in the scattering plane [45]. Finally, ε is the ratio

of longitudinal and transverse photon fluxes [27].

At tree-level, in a parton model factorization framework [25, 27, 43], the various struc-

ture functions in the cross section are written as convolutions of the TMDs which relate

transverse momenta of the active partons and produced hadron. For our purposes, the

– 3 –
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unpolarized and double longitudinal polarized structure functions are

FUU,T = x
∑
a

e2a

∫
d2p⊥ d2k⊥ δ(2)

(
zk⊥ + p⊥ − Ph⊥

)
fa1 (x,k2

⊥)Da
1(z,p2

⊥) , (2.2)

FLL = x
∑
a

e2a

∫
d2p⊥ d2k⊥ δ(2)

(
zk⊥ + p⊥ − Ph⊥

)
ga1L(x,k2

⊥)Da
1(z,p2

⊥), (2.3)

where k⊥ is the intrinsic transverse momentum of the struck quark, and p⊥ is the trans-

verse momentum of the final state hadron relative to the fragmenting quark k′ (see figure 1).

fa1 (x,k2
⊥), g21L and Da(z,p2

⊥) represent TMD PDFs and fragmentation functions respec-

tively of flavor a, ea is the fractional charge of the struck quark or anti-quark and the

summation runs over quarks and anti-quark flavors a.

Measurements of the transverse momentum Ph⊥ of final state hadrons in SIDIS with

polarized leptons and nucleons provide access to transverse momentum dependence of

TMDs. Recent measurements of multiplicities and double spin asymmetries as a function

of the final transverse momentum of pions in SIDIS at COMPASS [46], HERMES [47], and

JLab [13–15] suggest that transverse momentum distributions depend on the polarization of

quarks and possibly also on their flavor [38] (see also discussion in ref. [48]). Calculations

of transverse momentum dependence of TMDs in different models [49–52] and on the

lattice [53, 54] also indicate that the dependence of transverse momentum distributions on

the quark polarization and flavor maybe significant. Larger intrinsic transverse momenta

of sea-quarks compared to valence quarks have been discussed in an effective model of the

low energy dynamics resulting from chiral symmetry breaking in QCD [55].

As stated above, the various assumptions on transverse momentum dependence of

distributions on spin and flavor of quarks however make phenomenological fits very chal-

lenging. To minimize these model assumptions, Kotzinian and Mulders [56] suggested

using so called Ph⊥-weighted asymmetries, where the unknown k⊥-dependencies of TMDs

are integrated out, thus providing access to moments of TMDs. However, the Ph⊥-weighted

asymmetries introduce a significant challenge to both theory and experiment. For exam-

ple, the weighting with Ph⊥ emphasizes the kinematical region with higher Ph⊥, where the

statistics are poor and systematics from detector acceptances are difficult to control and

at the same time theoretical description in terms of TMDs breaks down.

The method of Bessel weighting [39] addresses these experimental and theoretical is-

sues. First, Bessel weighted asymmetries are given in terms of simple products of Fourier

transformed TMDs without imposing any model assumptions of the their transverse mo-

mentum dependence. Secondly, Bessel weighting regularizes the ultraviolet divergences

resulting from unbound momentum integration that arises from conventional weighting.

Further, in this paper we will demonstrate that they provide a new experimental tool to

study the TMD content to the SIDIS cross section that minimize the transverse momentum

model dependencies inherent in conventional extractions of TMDs. Also they suppress the

kinematical regions where cross sections are small and statistics are poor [39].

– 4 –
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We begin the discussion of Bessel weighting by re-expressing the SIDIS cross section

as a Bessel weighted integral in bT space [39]:

dσ

dx dy dψ dzh dφh d|Ph⊥|2
=

α2

xyQ2

y2

(1− ε)

(
1 +

γ2

2x

) ∫
d|bT |
(2π)

|bT |
{
J0(|bT ||Ph⊥|)FUU,T + εJ0(|bT ||Ph⊥|)FUU,L

+
√

2 ε(1 + ε) cosφh J1(|bT ||Ph⊥|)Fcosφh
UU + ε cos(2φh) J2(|bT ||Ph⊥|)F

cos(2φh)
UU

+ λe
√

2 ε(1− ε) sinφh J1(|bT ||Ph⊥|)F sinφh
LU

+ S‖

[√
2 ε(1 + ε) sinφh J1(|bT ||Ph⊥|)F sinφh

UL + ε sin(2φh) J2(|bT ||Ph⊥|)F sin 2φh
UL

]
+ S‖λe

[√
1− ε2 J0(|bT ||Ph⊥|)FLL +

√
2 ε(1− ε) cosφh J1(|bT ||Ph⊥|)Fcosφh

LL

]
+ |S⊥|

[
sin(φh − φS) J1(|bT ||Ph⊥|)

(
F sin(φh−φS)
UT,T + εF sin(φh−φS)

UT,L

)
+ ε sin(φh + φS) J1(|bT ||Ph⊥|)F

sin(φh+φS)
UT

+ ε sin(3φh − φS) J3(|bT ||Ph⊥|)F
sin(3φh−φS)
UT

+
√

2 ε(1 + ε) sinφS J1(|bT ||Ph⊥|)F sinφS
UT

+
√

2 ε(1 + ε) sin(2φh − φS) J2(|bT ||Ph⊥|)F
sin(2φh−φS)
UT

]
+ |S⊥|λe

[√
1− ε2 cos(φh − φS) J1(|bT ||Ph⊥|)F

cos(φh−φS)
LT

+
√

2 ε(1− ε) cosφS J0(|bT ||Ph⊥|)FcosφS
LT

+
√

2 ε(1− ε) cos(2φh − φS) J2(|bT ||Ph⊥|)F
cos(2φh−φS)
LT

]}
(2.4)

where in the parton model framework the structure functions FXY,Z are now given as

simple products of Fourier Transforms of TMDs. Here we consider the unpolarized and

double longitudinal structure functions,

FUU,T = x
∑
a

e2af̃
a
1 (x, z2bT

2)D̃a
1(z, bT

2) , (2.5)

FLL = x
∑
a

e2ag̃
a
1L(x, z2bT

2)D̃a
1(z, bT

2) , (2.6)

where the Fourier transform of the TMDs are defined as

f̃(x, bT
2) =

∫
d2k⊥ eibT ·k⊥ f(x,k2

⊥) = 2π

∫
dk⊥k⊥J0(|bT ||k⊥|) f(x,k2

⊥) , (2.7)

D̃(z, bT
2) =

∫
d2p⊥ eibT ·p⊥ D(z,p2

⊥) = 2π

∫
dp⊥p⊥J0(|bT ||p⊥|) D(x,p2

⊥) . (2.8)

2.2 Bessel weighting of experimental observables

In this sub-section we introduce Bessel weighting of experimental observables, cross sections

and asymmetries, based on the bT representation of the SIDIS cross section, eq. (2.4). In a

partonic framework, “Bessel weighted experimental observables” are quantities which can

– 5 –
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be presented as simple products of Fourier transforms of distribution and fragmentation

functions, allowing the application of standard flavor decomposition procedures. Here we

will apply this technique to the double longitudinal spin asymmetry. From eq. (2.4) one

can project out the unpolarized and double longitudinally polarized structure functions

FLL, and FUU,T , by integrating with the zeroth order Bessel function J0(|bT ||Ph⊥|) over

the transverse momentum of the produced hadron Ph⊥. We arrive at an expression for the

longitudinally polarized cross section σ̃±(bT ) in bT -space

σ̃±(bT ) = 2π

∫
dσ±

dΦ
J0(|bT ||Ph⊥|)Ph⊥ dPh⊥, (2.9)

where dΦ ≡ dx dy dψ dz dPh⊥Ph⊥ represents shorthand notation for the phase space differ-

ential and |bT | ≡ bT , and |Ph⊥| ≡ Ph⊥, dσ±/dΦ is the differential cross section where ±
labels the double longitudinal spin combinations S||λe = ±1. Note that in our definition

bT is the Fourier conjugate variable to Ph⊥ [39].

Now we form the double longitudinal spin asymmetry

A
J0(bTPh⊥)
LL (bT ) =

σ̃+(bT )− σ̃−(bT )

σ̃+(bT ) + σ̃−(bT )
≡ σ̃LL(bT )

σ̃UU (bT )
=
√

1− ε2
∑

a e
2
ag̃
a
1L(x, z2b2T )D̃a

1(z, b2T )∑
a e

2
af̃

a
1 (x, z2b2T )D̃a

1(z, b2T )
.

(2.10)

The experimental procedure to study the structure functions in bT -space amounts to dis-

cretizing the momentum phase space in eq. (2.9) and constructing the sums and differ-

ences of these discretized cross sections. The technical details of this procedure given in

appendix A and B. Using these results, the double longitudinal spin asymmetry, eq. (2.10)

results in an expression of sums and differences of Bessel functions for a given set of exper-

imental events. The resulting expression for the spin asymmetry is

A
J0(bTPh⊥)
LL (bT ) =

N+∑
j

J0(bTP
[+]
h⊥j)−

N−∑
j

J0(bTP
[−]
h⊥j)

N+∑
j

J0(bTP
[+]
h⊥j) +

N−∑
j

J0(bTP
[−]
h⊥j)

, (2.11)

where j indicates a sum on ±-helicity events,1 and where N± is the number of events with

positive/negative products of lepton and nucleon helicities.

The cross sections σ̃±(bT ) can be extracted for any given bT using sums over the same

set of data. These cross sections contain the same information as the cross sections, dσ/dΦ

in eq. (2.9) differential with respect to the outgoing hadron momentum. The momentum

dependent and the bT -dependent representations of the cross section are related by a 2-D

Fourier-transform in cylinder coordinates. eq. (2.11) and its generalization to other spin

and azimuthal asymmetries provides another lever arm to study the partonic content of

hadrons through the Bessel weighing procedure in Fourier bT space (see also [57, 58]).

1Note, the + helicity and − helicity events are in two different, independent data sets of transverse

momenta.
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In order to test the Bessel weighting of experimental observables for the double lon-

gitudinal spin asymmetry we will use a Monte Carlo generator which has been developed

for the extraction of TMDs from SIDIS. In the next section we describe this new dedicated

Monte Carlo generator which includes quark intrinsic transverse momentum within the

generalized parton model.

3 Fully differential Monte Carlo for SIDIS

3.1 The Monte Carlo and the generalized parton model

A Monte Carlo generator is a crucial component in testing experimental procedures such

as those described in eq. (2.11). In order to check the Bessel weighting technique we need

a Monte Carlo that generates events in phase space with different TMD model inputs. It

should also include explicit dependence on intrinsic parton transverse momentum k⊥ and

p⊥. We reconstruct weighted asymmetries according to eq. (2.11), and in turn compare

the generated events in momentum space which are then Fourier transformed. In keeping

with the parton model picture however, a cross-section based on structure functions from

eqs. (2.2) and (2.3) cannot be used for these purposes, since the simple parton model

factorization would allow the MC generator to produce events that violate four-momentum

conservation and thus are unphysical.

Therefore, the Monte Carlo generator we use has been developed to study partonic

intrinsic motion using the framework of the so-called generalized parton model described

in detail in ref. [29]. While including target mass corrections, more importantly for our

study, it generates only events allowed by the available physical phase space.

In order to establish the proper kinematics of the phase space for the Monte Carlo

consider the SIDIS process

`(l) +N(P )→ `(l′) + h(Ph) +X, (3.1)

where ` is the incident lepton, N is the target nucleon, and h represents the observed

hadron, and the four-momenta are given in parenthesis. Following the Trento conven-

tions [45], the spatial component of the virtual photon momentum q is along the positive z

direction and the proton momentum P is in the opposite direction, as depicted in figure 1.

In the parton model, the virtual photon scatters off an on-shell quark where the initial

quark momentum k, and scattered quark momentum k′, have the same intrinsic transverse

momentum component k⊥ with respect to the z axis, and where the initial quark has

the fraction x of the proton momentum. The produced hadron momentum, Ph has the

fraction z of scattered quark momentum k′ in the (x̃, ỹ, z̃) frame and p⊥ is the transverse

momentum component with respect to the scattered quark k′.

A great deal of phenomenological effort has been devoted to using the generalized

parton model (see for example [29, 34, 59]), incorporating intrinsic quark transverse mo-

mentum, to account for experimentally observed spin and azimuthal asymmetries as a

function of the produced hadron’s transverse momentum Ph⊥ in SIDIS processes. In order

to take into account non-trivial kinematic effects that are neglected from the standard

– 7 –
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parton model approximations [25, 27], such as discarding small momenta in the struck

and fragmenting quarks, and discarding transverse momentum kinematic corrections due

to hard scattering we develop a Monte Carlo based on the fully differential SIDIS cross

section [29] which is given by,

dσ

dxdydzdp2⊥dk
2
⊥dφl′dφkdφ̃

=
1

2
K(x, y)J(x,Q2,k2

⊥) (3.2)

×x
∑
a

e2a

[
fa(xLC ,k

2
⊥)D1,a(zLC ,p

2
⊥) + λ

√
1− ε2g1L,a(xLC ,k2

⊥)D1,a(zLC ,p
2
⊥)
]
,

where the summation runs over quarks flavors and, λ is the product of target polarization

and beam helicity (λ = ±1), φl′ is the scattered lepton azimuthal angle,2 and

K(x, y) =
α2

xyQ2

y2

2(1− ε)

(
1 +

γ2

2x

)
, ε =

1− y − 1
4γ

2y2

1− y + 1
2y

2 + 1
4γ

2y2
, (3.3)

and the Jacobian J is given by

J(x,Q2,k2
⊥) =

x

xLC

(
1 +

x2

x2LC

k2
⊥
Q2

)−1
. (3.4)

Here the cross section is “fully differential” in the transverse momentum of the target

and fragmenting quark. This form of the cross section will allow us to implement the

physical energy and momentum phase space constraints in the Monte Carlo generator.

In order to calculate the cross-section in terms of observed momenta (only linear com-

binations of k⊥ and p⊥ can be measured experimentally) we need to integrate eq. (3.2)

in d2k⊥d
2p⊥ taking into account kinematical relations consistent with the observed final

hadron momentum Ph⊥.

We elaborate further on the kinematics for the Monte Carlo generator. In above

equations x is the Bjorken variable, while xLC = k−/P− is the light-cone (LC) fraction of

the proton momentum carried by the quark k [29]. The quark four momentum is given by,

k0 = xLCP
′ +

k2⊥
4xLCP ′

, (3.5)

kx = k⊥ cos(φk), ky = k⊥ sin(φk), kz = −xLCP ′ +
k2⊥

4xLCP ′
, (3.6)

where k0 is the quark energy, and k{x,y,z} are the x, y and z components of the quark

momentum in the center of mass (CM) frame of virtual photon and proton, and P ′ ≡
0.5(Ep + |Ppz|), where the proton energy in the CM is Ep =

√
P 2
pz +M2. Taking into

account the nucleon mass, and the on-shell condition for the intial quark, the following

expressions for xLC = k+/P+ and the Nachtman variable xN become

xLC =
x

xN

1 +

√
1 +

4k2⊥
Q2

 , xN = 1 +

√
1 +

4M2x2

Q2
, (3.7)

2Integration over φl′ gives 2π, since everything is symmetric along beam direction, although we need to

keep it for further analysis, when one reconstructs generated events in the real experimental setup.
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Figure 1. Kinematics of the process. q is the virtual photon, k and k′ are the initial and

struck quarks, k⊥ is the quark transverse component. Ph is the final hadron with a p⊥ component,

transverse with respect to the fragmenting quark k′ direction.

where k⊥ = |k⊥| is the parton transverse momentum. The scattered quark momentum k′

is constructed using k′ = k + q (see figure 1). Further, φk is the initial quark azimuthal

angle, zLC = P+
h /k

+ is the light-cone fraction of the quark momentum carried by the

resulting hadron in the (x̃, ỹ, z̃)-system [29], where z̃ is aligned along the scattered quark

k′. The final hadron momentum is constructed using,

Phx̃ = p⊥ cos(φ̃), Phỹ = p⊥ sin(φ̃), Phz̃ = zLCk
′
0 −

p2⊥ +M2
h

4zLCk′0
(3.8)

where φ̃ is the angle between quark and hadron planes, and φh is the angle between leptonic

and hadronic planes according to the Trento convention and Ph⊥ is the final hadron trans-

verse momentum [45]. The final hadron SIDIS variables φh, Ph⊥ and z are calculated after

event generation. Here we should note, that theoretical or phenomenological distribution

and fragmentation functions are expected to be in the light cone coordinate system (see

eq. (3.2)). Motivated by the fact that xLC ' x and zLC ' z is a widely used approximation

in global fitting, the unpolarized and helicity TMDs are then f1,q(x,k
2
⊥) and g1L,q(x,k

2
⊥),

and D1,q(z,p
2
⊥) is the unpolarized fragmentation function. In our Monte Carlo generator

we adopt the parton kinematics in [29, 60] with the additional requirements, that the kine-

matics of the initial and final parton momenta are kept exact [61], and the nucleon mass

is not set to zero.

Finally we note, the Jacobian becomes unity if k2⊥/Q
2 corrections are neglected and

thus, the usual parton model expression can be recovered in this approximation from

eq. (3.2).

An interesting question concerns the validity of the the parton model and the general-

ized parton model at the relatively low beam energies available in experiments today. The

parton model is an approximation that assumes certain components of the intrinsic parton

momenta are suppressed for large beam energies and can thus be integrated out from the

distributions. This becomes apparent in eqs. (2.2) and (2.3), where the delta function in

the ± components of parton momenta decouple from transverse momentum resulting in a
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delta function in only the two transverse dimensions. An explicit four-momentum conser-

vation law embedded in the formula of the cross section is thus lost. A particularly striking

consequence that one observes is that there is no explicit mechanism that prevents events

at values of Ph⊥ larger than allowed by the finite beam energy. Naturally, the lower the

beam energy becomes, the more serious the inaccuracies of the parton model have to be

taken. On the other hand, the “fully differential” cross section eq. (3.2) of the generalized

parton model allows us to include in our Monte Carlo both transverse momentum and

the physical energy and momentum phase space constraints. We used the widely accepted

parton model approximation of setting the initial parton on-shell (assumption that virtual

photon interacts with an on-mass shell quark).3 But it is important to emphasize that

the approximations we have made, which are consistent with a generalized parton model

framework, enable us to implement a Monte Carlo that incorporates the correct phase

space momentum constraints and satisfies the requirements we outlined in this section.

Thus, our Monte Carlo simulation allows us to take the factorized form of the gener-

alized parton model cross section eq. (3.2) as a basis and then to impose four-momentum

conservation for the partons according to figure 1, assuming the initial quark is on-shell

with non-zero mass. We also take a non-zero target mass into account. This procedure

does not necessarily lead to a more accurate description of the underlying physics, because

it still rests on the simplified picture of the generalized parton model and involves the ap-

proximation of an on-shell quark. Nonetheless, implementing these modifications can give

us an indication for the magnitude of the uncertainties resulting from the aforementioned

kinematic approximations in the parton model.

Note that our goal is to study the applicability of Bessel weighting to experimental

data, for which we explicitly need k⊥ and p⊥ dependences in the Monte Carlo generator.

Alongside with this goal it is interesting to investigate how well the approximations of the

simple parton model are justified in the current relatively low energy experimental set-up.

One would expect that if approximations that lead to the parton model expressions for

structure functions are justified, then the generalized parton model expression would not

spoil this approximation numerically. On the other hand if the generalized parton model

gives notably different results with respect to a naive parton model, one would expect

that kinematics of the experiment does not allow a certain type of approximations and the

theoretical/phenomenological description should be improved.

Ultimately the comparison with experimental data will allow us to address these ques-

tions. In the mean time in section 3.2 we will study some of these issues using our Monte

Carlo generator based on the generalized parton model. This will allow us to explore the

validity of certain kinematical approximations and also to understand how parameters of

the implemented distributions are different from extracted distributions. Once we have

control over these issues in the kinematics of low energy experiments we will also compare

in section 3.3, our results with data from HERMES experiment as an illustration of possi-

ble effects. The applicability of the Bessel weighting technique and resulting uncertainties

is a separate issue and will be addressed in section 4.

3The confined quark has a non-zero virtuality. Such effects in Monte Carlo generators have been studied

in ref. [62].
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In the Monte Carlo generator software, we used the general-purpose, self-adapting

event generator, Foam [63], for drawing random points according to an arbitrary, user-

defined distribution in n-dimensional space.

3.2 Kinematical distributions

Implementing the Monte Carlo, we generate kinematical distributions in x, z, k⊥, and p⊥ of

SIDIS events for several model inputs of TMDs. These distributions are then used to check

the consistency of dependence of extracted quantities under different model assumptions,

including, for example Gaussian and non-Gaussian distributions in transverse momentum.

In case the dependence is assumed to be a Gaussian, x and z dependent widths are

assumed, so that TMDs take the following form,

f1(x,k
2
⊥) = f1(x)

1

〈k2⊥(x)〉f1
exp

(
−

k2
⊥

〈k2⊥(x)〉f1

)
, (3.9)

g1L(x,k2
⊥) = g1L(x)

1

〈k2⊥(x)〉g1
exp

(
−

k2
⊥

〈k2⊥(x)〉g1

)
, (3.10)

D1(z,p
2
⊥) = D1(z)

1

〈p2⊥(z)〉
exp

(
−

p2
⊥

〈p2⊥(z)〉

)
, (3.11)

where f(x) and D(z) are corresponding collinear parton distribution and fragmentation

functions and the widths are x and z dependent functions. In our studies we adopt the

modified Gaussian distribution functions and fragmentation functions from eq. (3.9)–(3.11),

in which x and k⊥ dependencies are inspired by AdS/QCD results [64, 65], with 〈k2⊥(x)〉 =

C x(1 − x) and 〈p2⊥(z)〉 = D z(1 − z), where the constants C and D may be different for

different flavors and polarization states (see for example [38]). Similarly such non-factorized

x,k⊥ distribution functions are also suggested by the diquark spectator model [66] and the

NJL-jet model [36, 67].

For the x and z dependence in eqs. (3.9) and (3.11) we use the parametrizations,

f1(x) = (1 − x)3 x−1.313, g1L(x) = f1(x)x0.7, and D1(z) = 0.8 (1 − z)2, using input values

C = 0.54 GeV2 and D = 0.5 GeV2. We also assume that 〈k2⊥〉g1L = 0.8 〈k2⊥〉f1 ; this

assumption is consistent with lattice studies [54] and experimental measurements [14].

As an example of a non-Gaussian k⊥ distribution we implement the following one

inspired by the shape of the resulting distribution in the light-cone quark model [68, 69]

f1(x,k
2
⊥) = f1(x)/

(
1 + 20.82 k2⊥ + 126.7 k4⊥ + 1285 k6⊥

)
. (3.12)

where the coefficients for g1L(x,k2
⊥) are chosen such that effectively 〈k2⊥〉g1L/〈k2⊥〉f1 = 0.8.

We then generate events using the cross section from eq. (3.2) for both Gaussian

and non-Gaussian initial distributions respectively, and we display the resulting transverse

momentum distributions in figures 2 and 3. Note (as stated earlier) that the generator we

construct is implemented with on-shell initial partons with four momentum conservation

imposed. While this choice is not compulsory we adopt it as it allows us to fully reconstruct

kinematics for a given event. At the same time, the limitations due to available phase

space integration will modify the reconstructed distributions with respect to the input
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Figure 2. (Color online) The solid line is the

Gaussian input distribution implemented using

eq. (3.9), with red triangles coming from the

Monte Carlo at 160 GeV initial lepton energy,

blue triangles coming from the Monte Carlo at

6 GeV. The dashed line represents the fit to

the Monte Carlo distributions which returned

values of C = 0.527 GeV2 and C = 0.444 GeV2

at 160 GeV and 6 GeV respectively.

2k

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
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Figure 3. (Color online) The solid line is the

implemented non-Gaussian distribution using

eq. (3.12), with 〈k2⊥〉 = 0.084 GeV2, and the

dashed curve represents the fit to the Monte

Carlo distribution with the value of 〈k2⊥〉 =

0.064 GeV2 at 6 GeV initial lepton beam energy.

The available phase space dictated by four mo-

mentum conservation results in a deformation

of the input distribution.

distributions. We analyze the effect of the available phase space in the Monte Carlo on the

average 〈k2⊥〉 for finite beam energies as a function of x by calculating the effective 〈k2⊥〉
from the following formula,

〈k2⊥(x)〉 =

∫
d2k⊥k

2
⊥dσMC∫

d2k⊥dσMC
=

∑N
j=1 k

2
⊥ j

N
, (3.13)

where the index j runs over the N Monte Carlo generated events. Note, dσMC is the cross

section of the Monte Carlo simulation, that is eq. (3.2), modified by imposing the four

momenta conservation and on-shell condition for initial quark.

Indeed in figures 2 and 3 we find when comparing the Monte Carlo generated events

with the input distributions, using eq. (3.9) and eq. (3.12), shown as solid black curves

for a given x, that the larger k⊥ values of the Monte Carlo events (red triangles up,

160 GeV beam energy, and blue triangles down, 6 GeV beam energy) are suppressed due

to the available phase space imposed by both the finite beam energy, and four momentum

conservation in the Monte Carlo. The fit of the Monte Carlo distributions for the modified

Gaussian model are shown as dashed lines displayed in figure 2. They return the fitted

values C = 0.527 GeV2 and C = 0.444 GeV2 for the 160 GeV and 6 GeV Monte Carlo

simulations respectively. In figure 3 we study the effect of the non-Gaussian distribution

eq. (3.12). Integrating eq. (3.13) over k⊥ gives a value of 〈k2⊥〉 = 0.084 GeV2, and the dashed

curve represents the fit to the Monte Carlo distribution with a value of 〈k2⊥〉 = 0.064 GeV2

for the 6 GeV initial lepton beam energy.

In figure 4. the average 〈k2⊥〉 versus x from the Monte Carlo for different incoming beam

energies, for 0.5 < z < 0.52, is presented. For the modified Gaussian distribution function
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Figure 4. (Color online) 〈k2⊥(x)〉 versus x for

the unpolarized (dσ+ + dσ−) cross-section for

0.50 < z < 0.52, for two Monte Carlo runs

with beam energies 6 GeV and 160 GeV, with

the modified Gaussian distribution function and

fragmentation functions. The solid line repre-

sents the input function, while the Monte Carlo

generated values are black squares for 160 GeV

and red triangles for 6 GeV.

z
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Figure 5. (Color online) 〈p2⊥(z)〉 versus z for

the unpolarized (dσ+ + dσ−) cross-section for

the 6 GeV beam for 0.20 < x < 0.25 from the

Monte Carlo with the modified Gaussian dis-

tribution and fragmentation functions as com-

pared to the analytic result using eq. (3.2) and

the input distributions. The solid line repre-

sents the input function, while the Monte Carlo

generated values are the red triangles for 6 GeV.

with the input value 〈k2⊥(x)〉 = 0.54x (1−x) GeV2, the suppression of the generated 〈k2⊥(x)〉
compared to input distributions (solid line) is greater for the lower beam energy. In figure 5

the constraints of four momentum conservation also affect the p2⊥ distributions, which in

turn also affect the observed Ph⊥ distribution.

The systematic deformation of the extraction of the TMDs in momentum space due

to the kinematic constraints has been studied in detail using our fully differential Monte

Carlo. We conclude this section with the general observation that imposing four momentum

conservation in the event generator effectively modifies the initial distributions due to

the limitations of the available phase space in the generator. This deformation is more

pronounced at lower energies or Q2. A shift of a few percent is visible for 160 GeV incoming

lepton beam energy, while for the lower 6 GeV energy the effective 〈k2⊥〉 is lower than the

input value by approximately ∼ 20%.

At this point let us comment on the applicability of the description of experimental

data in terms of a simple parton model. As we can see from figures 2, and 4, the results are

consistent for large energy (160 GeV) while they exhibit a significant shift at lower energy

(6 GeV) for the same input parameters. In fact the kinematical corrections due to imposing

four-momentum conservation and target mass corrections, grow at lower energies as one

would expect. At the same time, a 20% correction is well within the expected accuracy of

the parton model approximation; remember that one usually neglects k2⊥/Q
2 corrections,

and one would expect that after inclusion of such corrections one can achieve a better

quantitative description of the data. In the next section we present the outcome of the

Monte Carlo compared to experimental data from HERMES, and discuss its relevance.
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3.3 The Cahn effect in the Monte Carlo generator

As an example of an application of our constructed Monte Carlo we present a study of

the Cahn effect [40, 41] contribution to the average 〈cosφ〉 moment in SIDIS. We generate

Monte Carlo events using the following expression for the cross section [29],

dσ

dxdydzd 2p⊥d 2k⊥
= K(x, y)J(x,Q2,k2

⊥)
∑
a

f1,a(x,k
2
⊥)D1,a(z,p

2
⊥)
ŝ2 + û2

Q4
(3.14)

where ŝ = (l + k)2 and û = (k − l′)2 (see figure 1). As stated above, in the Monte Carlo

we impose four momentum conservation with target mass corrections.

In figure 6 we present output from the Monte Carlo using the non-factorized Gaussian

distribution function and fragmentation function (eqs. (3.9) and (3.11)). We also compare

our results to the HERMES data [70], and ref. [60]. The dashed line in figure 6 represents

the naive parton model result without any kinematical constraint on parton momenta while

the solid line results from performing the computation with the kinematical constraints.

One can see that taking into account these constraints is important for a description of the

experimental data within this model. It is clear that the results of our Monte Carlo are

comparable to that of [60] and close to HERMES data [70]. For the red triangles, we used

〈k2⊥〉 = 0.54 x(1−x) and 〈p2⊥〉 = 0.5 z(1−z) GeV2. As one can see for HERMES kinematics

the modified Gaussian TMDs reduces the contribution of the Cahn effect contribution to

the 〈cos(φh)〉 moment. In ref. [60] this effect is achieved by imposing a so-called direction

cut (that the quark moves in the forward direction with respect of the proton). In this

Monte Carlo there are two main factors that modify the distribution; the four-momentum

conservation and x(z) dependent values of 〈k2⊥〉 (〈p2⊥〉). One might expect that the Jacobian

in eq. (3.14) plays a major role modifying transverse shape of resulting cross section,

however we checked that it is not the case. The most important effect comes from taking

into account kinematical constraints on parton momenta. One would conclude that taking

these corrections into account is important for reliable analysis of experimental data.

In the next section we apply the Bessel weighting formalism for the double longitudinal

spin asymmetry in semi-inclusive deep inelastic scattering to data from our Monte Carlo

generator.

4 Bessel weighted double spin asymmetry

In this section, we present an extraction of the Bessel weighted double longitudinal spin

asymmetry in bT space. We also carry out a study of the accuracy of such an extraction.

We use the dedicated fully differential SIDIS single hadron Monte Carlo to generate events

based on the input TMDs. For simplicity we perform this comparison in a one flavor

approximation.

4.1 Results from the Monte Carlo

The Monte Carlo generated events are used like experimental events to extract both the

Bessel weighted asymmetry A
J0(bTPh⊥)
LL , and the ratio of the Fourier transform of g1L to f1,
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Figure 6. (Color online) The Cahn contribution in 〈cos(φh)〉 for π+ from the modified Gaus-

sian (red triangles denoted as MG in the figure) PDFs using eq. (3.9) is presented for HERMES

kinematics in comparison with ref. [60] (red solid and black dashed lines) and published HERMES

data [70] (blue squares).

using the Bessel weighting method described in [39]. The results are then compared to the

Monte Carlo input. The Bessel moments are extracted from the Monte Carlo with 6 GeV

beam energy using both the modified Gaussian type of functions (see eqs. (3.9)–(3.11)) and

power law-tail like function (see eq. (3.12)).

The numerical results of our studies are summarized and displayed in figures 7 and 8

for the modified Gaussian distribution function and for the power law-tail like distribution

function inputs respectively. In the left panel of figure 7 we show the Bessel-weighted

asymmetry versus bT . The blue curve labeled “BW Input”, is the asymmetry calculated

analytically using the right hand side of eq. (2.10) and the Fourier transformed input

distribution functions (one can compare this with the model calculation in ref. [71]).

We now compare various distributions generated from the Monte Carlo. We plot the

generated distribution using eq. (2.11) (full red points) labeled “BW(Ph⊥) Generated”, and

the black triangles labeled “BW(Ph⊥) Sm + Acc”, which represents the same extraction

after experimental smearing and acceptance. For this we use the CLAS spectrometer [72],

which is a quasi-4π detector, comprised of six azimuthally symmetric detector arrays, and

uses a toroidal field to bend charged particles. Particle momenta and scattering angles

were measured with a drift chamber tracking system with a relative accuracy of 0.3% to

2% in momentum, and about 3 mr in angle and with less than 1% momentum resolution

in the presented bin 〈x〉 = 0.22, and 〈z〉 = 0.51.

Next we consider the Fourier transform ratio g̃1L to f̃1, the (green) curve with triangles

up labeled “BW(k⊥)” obtained from numerically Fourier transforming the k⊥ distributions

from the Monte Carlo generator on an event by event basis (see eq. (2.7)),

√
1− ε2 g̃1L(bT )

f̃1(bT )
=

N+∑
j

J0(bTk
[+]
⊥j )−

N−∑
j

J0(bTk
[−]
⊥j )

N+∑
j

J0(bTk
[+]
⊥j ) +

N−∑
j

J0(bTk
[−]
⊥j )

. (4.1)
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Figure 7. (Color online) Left panel: the ratio of Fourier transforms g̃1L/f̃1 and the Bessel

weighted asymmetry A
J0(bTPh⊥)
LL plotted versus bT . The solid curve (blue) is the Fourier transform

of the input to the Monte Carlo given by eq. (2.10), the red points are generated Monte Carlo

events using eq. (2.11), and triangles down (black) represent results of Monte Carlo events after

experimental smearing and acceptance at 〈x〉 = 0.22, and 〈z〉 = 0.51. The triangles up with dashed

curve (green) are results of the Monte Carlo without inclusion of fragmentation functions (see text

for discussion of errors). Right panel: ratios that represent the accuracy of our results.
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Figure 8. (Color online) The same as in figure 7 but here from the power-law tail distribution

function based on the Monte Carlo (see text for discussion of errors).
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This quantity corresponds to the right hand side of eq. (2.10) in the one flavor ap-

proximation, where the fragmentation functions are expected to cancel out. For the Monte

Carlo generated events, this cancellation is only an approximation, leading to the deviation

between the red (or black) points and the green curve at large bT . The reasons for the

imperfect cancellation are discussed in section 4.2.

In order to quantitatively assess the deviation between the curves in the left panel of

figure 7, we plot ratios of these values (see right panel). The red points represent the devia-

tion from unity that is due to the imperfect cancellation of the fragmentation function. The

black triangles represent the same after experimental smearing and acceptance are taken

into account. Finally the open blue squares represent the deviation between the analytic

result from the input distributions and the Monte Carlo generated events, eq. (2.11).

The error bars in bT space for each point give the statistical standard deviation. For

each bT point, the statistical error bars are calculated from ∼ 250k independently gener-

ated events in momentum space (see appendix B for more details on error calculations).

However, if we use the same data set to integrate over Ph⊥ for all bT points, the errors in

bT space are correlated, which needs to be taken into account in the error analysis of any

global fit to the data points. To circumvent this problem, we used different Monte Carlo

samples for each bT -point. In our numerical simulation we can afford to do that, because

we can generate events copioulsy.

The same idea is applicable for future experiments at Jefferson Lab 12 [1], RHIC

Spin [73] and Electron Ion Collider [5] that will deliver events in great abundance. In that

case, one can divide the data into subsets, and take independent subsets of data for each

value of bT to calculate the asymmetry. As a rule of thumb, if an experimental analysis

can afford to have 5–10 bins in Ph⊥, then we expect there to be enough data to split it up

for independent analyses at 5–10 values of bT . However, if events are scarce, we need to

find a way to carry out the error analysis using the same dataset for all values of bT . An

obvious way to do that might be to perform a generalized least squares fit based on the

correlation/covariance matrix. Be aware, however, that using the inverse sample covariance

matrix in a fit can be an unstable approach, for two reasons. First of all, the sample

covariance matrix becomes a poor estimate of the true covariance matrix when the number

of fit points is not many times smaller than the number of experimental observations, i.e.,

N±. In particular, the sample covariance matrix may be (close to) singular. Secondly, any

systematic effects in the data that have been neglected in the model of the fit function may

be amplified strongly by the inverse covariance matrix. Therefore, it often turns out to be

more practical and stable to perform a weighted least squares fit, ignoring all correlations.

This is a valid approach as long as we do not ignore the correlations in the subsequent

error analysis of the resulting fit parameters. Resampling techniques provide simple yet

powerful solutions to perform the correlated error analysis and are very popular in lattice

QCD. We can take advantage of them in our situation as well. As explained in greater

detail in appendix B and C, the sums S̃± =
∑N±

j J0(bTP
[±]
h⊥j) in eq. (2.11), (A.11) follow

so-called compound Poisson distributions [74]. Therefore, we can make use of the variant

of the bootstrap method proposed in ref. [75], which we describe in the context of Bessel

weighted asymmetries in appendix C.
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4.2 Interpretation of the results

One primary question addressed in this study is how robust the Bessel-weighting technique

behaves under simulating real experimental conditions. Comparing the round (red) data

points with the triangular (black) ones in figures 7 and 8, we see that switching on experi-

mental smearing and acceptance in our simulation does not change the results significantly.

Analyzing our MC results with four momenta conservation and target mass correction, we

are able to distinguish two effects in the left panels of figures 7 and 8:

1. Solid (blue) curve versus triangular (green) data points: the distributions realized in

the MC simulation differ from the input distributions. In the MC, the four-momentum

conservation does not allow the variables k⊥ and p⊥ in eq. (3.2) to be sampled inde-

pendently over the whole integration range, as it would have to be done to reproduce

the unmodified parton model eqs. (2.2) and (2.3). The actual k⊥ and p⊥ distribu-

tions realized by the MC differ from the analytic input distributions eqs. (3.9)–(3.12)

noticeably, especially in their widths. This has already been observed in figure 2. The

solid (blue) curve in the left panel of figures 7 and 8 is calculated from the input dis-

tributions according to the parton model; the FFs on the right hand side of eq. (2.10)

cancel exactly in the single flavor scenario. Thus the solid curve can be compared to

the triangle shaped (green) data points, which have also been calculated from a ratio

of TMD PDFs, eq. (4.1), albeit with the actual distributions realized in the MC.

2. Triangular (green) data points vs. circular (red) data points: inadequacy of the gen-

eralized parton model to describe the data. In a single flavor scenario, the distribu-

tion functions D̃a
1 cancel exactly on the right hand side of eq. (2.10). Therefore,

there should not be any difference between the full asymmetry A
J0(bTPh⊥)
LL (bT ) of

eqs. (2.10), (2.11) and the ratio of TMD PDFs eq. (4.1). However, we do observe

a difference between the circular (red) data points and the triangular (green) data

points in the left panels of figures 7 and 8. Again, the four-momentum conserva-

tion we have implemented is the reason for the observed difference. Since k⊥ and

p⊥ are no longer sampled in accordance with eqs. (2.2) and (2.3), the right hand

side of eq. (2.10) then needs modification.4 Therefore, we see only an incomplete

cancellation of FFs for the Monte Carlo events.

To an experimentalist who is concerned about systematic errors attributed to the

observables he or she extracts, the first of the two effects above is not an issue. The

purpose of the generalized parton model is to provide a parametrization of the data one

observes. Any effect of the underlying scattering mechanism that can be absorbed into the

distributions does not contradict the validity of the model. The only concern one might

have is that the distributions become beam energy/Q2 dependent, an issue that should be

addressed using TMD evolution equations.

On the other hand, the second effect presented above can be taken as an indication

for systematic uncertainties. If, indeed, the physical reality does not generate events in

4Such issues have been discussed in the context of a Monte Carlo generator in [62, 76].
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accordance with the functional shape of the generalized parton model, then using the

model for the extraction of distributions necessarily involves systematic errors. Again, we

point out that it is unclear whether the modifications we have implemented in our MC

bring us closer to the physical reality. Nonetheless, the modifications are reasonable and

so we believe they can give us a hint about the order of magnitude of systematic errors

from the corresponding approximations in the model. One can then estimate that for

calculations such as those performed in ref. [71], systematic errors in the comparison with

experimental data for bT < 6 GeV−1 are of the order of a few percent. For the data with

bT > 6 GeV−1, the effects of four-momentum conservation (difference between red and

green points) becomes more pronounced, and a fit of data using the parton model, i.e.,

without manifest four-momentum conservation, therefore becomes less accurate.

5 Conclusions

We have presented the first studies of Bessel-weighted asymmetries using a multi-

dimensional Monte Carlo generator based on the fully differential cross section for TMD

studies using the tree level parton model [29]. Two models have been used in the simu-

lation; a modified Gaussian and a power law tail, for the distribution and fragmentation

functions. The Bessel-weighted sums of double polarization observables, in particular, pro-

vide access to transverse momentum dependencies of partonic distributions f1 and g1L.

Bessel-weighted asymmetries (described in [39]) have been extracted from the generated

Monte Carlo events and studies of systematic uncertainties have been performed. We

observe a few percent systematic offset of the Bessel-weighted asymmetry obtained from

Monte Carlo extraction compared to input model calculations, which is due to the limita-

tions imposed by the energy and momentum conservation at the given energy/Q2.

We find that the Bessel weighting technique provides a powerful and reliable tool to

study the Fourier transform of TMDs with controlled systematics due to experimental

acceptances and resolutions with different TMD models inputs. We plan to expand our

studies with more advanced parton shower and fragmentation mechanisms, as well as to

include nuclear modifications in our Monte Carlo and extraction procedure.

A Monte Carlo generator including spin-orbit correlations, quark-gluon interactions

and correlations between the current and target fragmentation region, which is applica-

ble in a wide range of kinematics, will be crucial for both experimental techniques and

phenomenology of Fourier transformed TMDs. Moreover, evolution equations for the dis-

tributions are typically formulated directly in coordinate (Fourier) space [16–23]. Phe-

nomenological studies can then be performed in this space, see for example [57, 58]. Thus,

the study of the scale dependence of Bessel weighted asymmetries should prove impor-

tant in studies of evolution of TMDs. For the above stated reasons we propose Bessel

weighted asymmetries as clean observables to study the scale dependence of TMD PDFs

and FFs at existing (HERMES, COMPASS, JLab) and future facilities (Electron Ion Col-

lider, JLab 12 GeV).
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A Bessel weighting

In this appendix we review the Bessel weighting framework, and the procedure to calculate

the Bessel-weighted asymmetry for the longitudinally polarized beam and target, for a

given set of experimental events which is expressed in eq. (2.11).

From eq. (2.4) the SIDIS cross section written in terms of the Fourier transformed TMD

PDFs and FFs [39] for the leading twist unpolarized and doubly longitudinal polarized

structure functions is given by

dσ

dx dy dψ dz dφh dP
2
h⊥

= K(x, y)

∫
dbT bT

2π
J0(bT Ph⊥)

(
FUU,T (bT ) + S||λe

√
1−ε2FLL(bT )

)
(A.1)

where K(x, y) is given in eq. (3.3) and where |Ph⊥| ≡ Ph⊥ and |bT | ≡ bT .

Using the Bessel weighting procedure, which in this case amounts to weighting with J0,

we write the cross section σ̃(BT ) in BT space, in terms of the structure functions5 FUU,T
and FLL

σ̃(BT ) = 2π

∫
dPh⊥Ph⊥J0(BTPh⊥)

dσ

dx dy dψ dz dφh dPh⊥ Ph⊥

= 2π

∫
dPh⊥Ph⊥J0(BTPh⊥)

∫
dbT bT

2π
J0(bT Ph⊥)

(
FUU,T + S||λe

√
1− ε2FLL

)
= K(x, y)

(
FUU,T + S||λe

√
1− ε2FLL

)
, (A.2)

where the structure functions in bT space are given by the products of Fourier transformed

TMDs [39],

FUU,T = x
∑
a

e2af̃
a
1 (x, z2b2T )D̃a

1(z, b2T ) , FLL = x
∑
a

e2ag̃
a
1L(x, z2b2T )D̃a

1(z, b2T ) . (A.3)

Labeling the cross section with ± for the double longitudinal spin combinations S||λe = ±1

we have

σ̃±(bT ) = K(x, y)
(
FUU,T ±

√
1− ε2FLL

)
. (A.4)

5We have suppressed the dependence on the phase space variables x, y, z.
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The Bessel weighted double spin asymmetry is bT space is,

A
J0(bTPh⊥)
LL (bT ) =

σ̃+(bT )− σ̃−(bT )

σ̃+(bT ) + σ̃−(bT )
≡ σ̃LL(bT )

σ̃UU (bT )
=
√

1− ε2
∑

a e
2
ag̃
a
1L(x, z2b2T )D̃a

1(z, b2T )∑
a e

2
af̃

a
1 (x, z2b2T )D̃a

1(z, b2T )
.

(A.5)

Now we derive the formula to extract Bessel-weighted asymmetries by means of an

event by event weighting in Ph⊥, while binning in x, y, and z. First we express the

unpolarized and doubly polarized helicity structure functions in BT space as

FUU,T =
1

K(x, y)

∫
dPh⊥Ph⊥J0(bTPh⊥)

(
dσ+

dΦ
+
dσ−

dΦ

)

FLL =
1

K(x, y)
√

1− ε2

∫
dPh⊥Ph⊥J0(bTPh⊥)

(
dσ+

dΦ
− dσ−

dΦ

)
, (A.6)

using the shorthand notation for the differential phase space factor dΦ ≡ dx dy dψ dz

dPh⊥Ph⊥. Re-expressing the cross sections in terms of the number of events in the differ-

ential phase space “volume”, eq. (A.6) is given by,

FUU,T =
1

K(x, y)

∫
dPh⊥Ph⊥J0(bTPh⊥)

(
1

N+
0

dn+

dΦ
+

1

N−0

dn−

dΦ

)
(A.7)

and

FLL =
1

K(x, y)
√

1− ε2

∫
dPh⊥Ph⊥J0(bTPh⊥)

(
1

N+
0

dn+

dΦ
− 1

N−0

dn−

dΦ

)
(A.8)

where dn± are the number of events in a differential phase space volume, dΦ, and N±0 is

the standard normalization factor, that is the product of the number of beam and target

particles with ± polarization per unit target area. In the following we assume that the

experiment has been set up such that N+
0 = N−0 .

Now we discretize the momentum integration in eq. (A.7) and (A.8) for a fixed phase

space cell in x, y, z such that the corresponding differential dx dy dz becomes the bin volume

∆x∆y∆z. Eqs. (A.7) and (A.8) thus become

FUU,T = x
∑
a

e2af̃1(x, z
2b2T )D̃1(z, b

2
T )

=
1

2

 1

N+
0

∑
i ε bin[x,y,z]

J0(bTPh⊥i)∆n
+
i

K(x, y)
+

1

N−0

∑
i ε bin[x,y,z]

J0(bTPh⊥i)∆n
−
i

K(x, y)

 1

∆x∆y∆z
,

(A.9)

and

FLL = x
∑
a

e2ag̃1(x, b
2
T )D̃1(z, b

2
T )

=
1

2

 1

N+
0

∑
i ε bin[x,y,z]

J0(bTPh⊥i)∆n
+
i

K(x, y)
√

1− ε2
− 1

N−0

∑
i ε bin[x,y,z]

J0(bTPh⊥i)∆n
−
i

K(x, y)
√

1− ε2

 1

∆x∆y∆z
.

(A.10)
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where we sum over the discrete momentum index i, and ∆n±i are the number of events for

polarization ± as a function of Ph⊥i.

Substituting eqs. (A.9) and (A.10) into eq. (A.4), the experimental procedure to cal-

culate the Bessel weighted asymmetry, A
J0(bTPh⊥)
LL (bT ), becomes,

A
J0(bTPh⊥)
LL (bT ) =

σ̃+(bT )− σ̃−(bT )

σ̃+(bT ) + σ̃−(bT )

=

N+∑
j

J0(bTP
[+]
h⊥j)−

N−∑
j

J0(bTP
[−]
h⊥j)

N+∑
j

J0(bTP
[+]
h⊥j) +

N−∑
j

J0(bTP
[−]
h⊥j)

≡ S̃+ − S̃−

S̃+ + S̃−
(A.11)

where j are indices for the sums on events and N± are the number of events, for posi-

tive/negative products of lepton and nucleon helicities and at given x, y and z, and where

S̃± indicate the sum over events for ± helicities.

B Error calculations

In this section we derive a formula for the standard deviation of the experimentally mea-

sured asymmetry eqs. (2.11), (A.11). First, we need to address sums of the form

S̃ =

N∑
j=1

J0(bTPh⊥j) . (B.1)

The number of events, N , can be regarded as a realization of a discrete random variable

M with a Poisson distribution. Our best guess for its expectation value E[M ] is N . The

momenta Ph⊥1, Ph⊥2, . . . are samples independently drawn from an unknown, continuous

distribution. Thus the Bessel weights J0(bTPh⊥1), J0(bTPh⊥2), . . . are realizations of inde-

pendent, identically distributed random variables W1,W2, . . .. The entire sum S̃ is thus

the realization of a random variable

Y ≡
M∑
j=1

Wj (B.2)

This has the form of a compound Poisson distribution, see, e.g., refs. [74, 75]. The variance

of Y is known to be

Var[Y ] = E[M ] E[W 2] = E

 M∑
j=1

W 2
j

 (B.3)

So an estimate of the variance can simply be obtained from the recorded events by com-

puting

Var[Y ] ≈ (∆S̃)2 ≡
N∑
j=1

J0(bTPh⊥j)
2 (B.4)
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Now we use the fact that the events for helicity products + and − are independent. There-

fore, the asymmetry A
J0(bTPh⊥)
LL (bT ) given by eqs. (2.11), (A.11) receives two independent

contributions to its uncertainty,

∆S̃+ =

√√√√N+∑
j=1

J0(bTP
[+]
h⊥j)

2, ∆S̃− =

√√√√N−∑
j=1

J0(bTP
[−]
h⊥j)

2 . (B.5)

We then apply regular error propagation to obtain the standard deviation

∆A
J0(bTPh⊥)
LL (bT ) =

2(
S̃+ + S̃−

)2√(S̃−)2(∆S̃+)2 + (S̃+)2(∆S̃−)2

=
1−

(
A
J0(bTPh⊥)
LL (bT )

)2
2

√√√√(∆S̃+

S̃+

)2

+

(
∆S̃−

S̃−

)2

. (B.6)

C Bootstrap technique for weighted Poisson events

Consider a fit parameter o from a fit to the asymmetries A
J0(bTPh⊥)
LL (bT ) extracted for an

array of values bT . The fit parameter o is just an example of an observable that is calculated

from a set of intermediate results with strongly correlated statistical fluctuations. To

perform an error analysis for o, we may turn to resampling techniques.

Imagine we could repeat the entire experiment K times, where K is a large number,

say 1000 or 10000. We could calculate the observable for all K experiments, resulting in

values o(1), o(2), . . . , o(K) and then compute the sample variance according to

(∆o)2 =
1

K − 1

K∑
k=1

(
(o(k))2 − ō2

)
, (C.1)

where ō ≡ K−1
∑K

k=1 o
(k). This straightforward procedure gives us an estimate ∆o for

the error of o in the original experiment. Bootstrap resampling [77, 78] is a trick that

allows us to do just that without repeating the experiment in reality. New data sets are

produced from the original data using a random process that in some sense mimicks an

actual repetition of the experiment.

In standard bootstrap resampling, the resampled data sets are all of the same size as

the original data set. For the problem at hand, however, the sample numbers N+ and N−

are realizations of random variables as well. An obvious adaption of the usual resampling

strategy is thus to vary the size of the generated data sets randomly, leading to the following

algorithm:

• For k from 1 to K

– For both helicity products ±

∗ Choose a random integer N±(k) according to a Poisson distribution with

expectation value N±.
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∗ Choose N±(k) random integers j
(k)
1 , . . . , j

(k)

N±(k) from a uniform distribution

in the range 1 . . . N± (random sampling with replacement).

∗ Calculate S̃±(k) =
∑N±(k)

l=1 J0(bTP
[±]
h⊥j(k)l

) for any desired value of bT .

– Calculate the asymmetries A
J0(bTPh⊥),(k)
LL (bT ) = (S̃+(k)− S̃−(k))/(S̃+(k) + S̃−(k))

for any desired value of bT .

– Calculate all other observables o(k) of interest using the asymmetries obtained

in the previous step for data set k. (This may involve fits to the bT -dependence

of the asymmetries.)

• Determine error estimates for all observables o using eq. (C.1) or similar statistical

means.

By performing the error analysis “empirically” for each observable o in the very last step,

correlations among the observables are taken into account correctly automatically.

Consider again the case that o is obtained from a fit to the bT -dependence. Depending

on the details of the fit procedure (e.g., weights or covariance matrix) the size of statistical

fluctuations of o may vary. However, as long as the resampled data is statistically repre-

sentative, the value ∆o obtained from the bootstrap method will provide a good estimate

of the expected fluctuations, appropriate for the chosen fit procedure.

The algorithm above is mathematically equivalent to the bootstrap method proposed

in ref. [75], even though the algorithm described in that reference looks different. According

to ref. [75], the instructions in the innermost loop of the above algorithm would instead read

• Choose N± random integers n
±(k)
1 , . . . , n

±(k)
N± from a Poisson distribution with expec-

tation value 1.

• Calculate S̃±(k) =
∑N±

j=1 n
±(k)
j J0(bTP

[±]
h⊥j) for any desired value of bT .

To proove equivalence with the algorithm further above, let Poiλ(n) ≡ λne−λ/n! denote

the probability to obtain n from a Poisson distribution with expectation value λ. The

probability to obtain integers n
±(k)
1 , . . . , n

±(k)
N± in the latter algorithm is

Poi1(n1) · · ·Poi1(nN ) =
e−N

n1! · · ·nN !
= PoiN (T )

T !

NTn1! · · ·nN !

= PoiN (T ) T !
N∏
j=1

(1/N)nj

nj !

= PoiN (T ) MultiT,N (n1, . . . , nN ) (C.2)

where we have ommitted the superscripts ± and (k) for better readability, and where T =∑N
j=1 nj . MultiT,N (n1, . . . , nN ) is the probability to obtain the vector (n1, . . . , nN ) from a

multinomial distribution with T trials and equal probabilities 1/N for allN categories. Now

if we identify T = N±(k), it becomes evident that the scheme of ref. [75] is indeed equivalent

to first determining the number of terms N±(k) in the sum from a Poisson distribution,

and then drawing momenta P
[±]
h⊥j randomly (with replacement) from the experimentally

determined data set.
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