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Introduction

The theory of the strong interaction quantum chromodynamics (QCD) is an asymptotically
free theory. In the limit of small separations, the coupling constant tends to zero and we
utilize perturbation theory in the small coupling. However, the description of hard exclusive
processes involves hadrons consisting of confined quarks. For their respective momentum, the
coupling is large and perturbation theory is not applicable. The solution to this problem are
factorization theorems.

The idea of all factorization theorems is to introduce an artificial factorization scale. A given
observable like a cross section involving a hard scale 0? is expressed as a convolution of
two functions that take into account the hard (small-distance) and soft (large-distance) ef-
fects, respectively. The hard function can be treated within perturbation theory describing
the evolution of the system at small distances. On the other hand, all information about
the transition of asymptotically free quarks and gluons into hadrons is contained in the soft
function. It only involves partons with momenta below the factorization scale. As a conse-
quence, the dependence on the hard scale is only contained in the hard part. Furthermore, the
soft nonperturbative functions are universal entering various processes. They are expressed as
hadronic matrix elements of well defined quark-gluon operators sandwiched between hadronic
states.

In this thesis, we discuss three hard processes. In deeply inelastic scattering (DIS), a lep-
ton interacts with the nucleon via a virtual photon, with the nucleon fragmenting into a
number of hadrons. The corresponding nonperturbative functions are the well known parton
distribution functions (PDFs). Furthermore, we investigate deeply virtual Compton scat-
tering (DVCS) | ) , |. In the process (Fig. 1.1(a)), the lepton interacts
with the nucleon via a virtual photon under the emission of a photon. This process involves
generalized parton distributions (GPDs). And finally, we investigate deeply virtual meson
production (DVMP) | ]. A lepton is scattered off a nucleon target via the exchange
of a virtual photon (Fig. 1.1(b)). It interacts with the target in such a way, that a nucleon
and a meson are produced. Depending on the particular meson, the nucleon in the in and
outgoing state may be different. As a crucial difference to the two previous processes, the
latter one involves two nonperturbative functions. In addition to the GPDs, the transition
from asymptotically free partons into a meson is described by a distribution amplitude (DA).
The basic object for the factorization theorem of DVCS is the virtual Compton scattering
amplitude, which is defined as the off-forward matrix element of the time-ordered product of



10

q1 q2 q1 q2

77 1%
7small as

/7777

/774

/S LSS
T/ TS/
/////G’P’ N/ /7 /////G’P’D’////
77778V /777 /777783V0 /77

LSS S

S S L

Py P Py Py
(a) DVCS (b) DVMP

Figure 1.1.: Factorization for DVCS and DVMP involving generalized parton distributions
and distribution amplitudes.

two quark electromagnetic currents

™ = i/d‘*z e (Po|T{j*(3) j"(=3)} |P1)
where

jM(Z) :ZQqJ}Q(z)%AdJQ(Z)? qe{u7d7svc}a Qu:chz/Sa Qd:Qszl/S'
q

The amplitude factorizes in a hard scattering amplitude and generalized parton distributions
in the limit where at least one of the invariants ¢?, ¢3 is large and the Mandelstam variable
s=(P1+q1)? is large as well, whereas the respective ratios ¢? /s, q3/s are fixed [ , ].
This particular limit is called the generalized Bjorken limit. In this limit, the dominant
contribution originates in the region 0 < 22 < const/(—¢?) | ]. As a consequence, a
particular useful coordinate system are light-cone coordinates. We introduce two independent
vectors n# and 7# with n? = 22 = 0. A arbitrary four-vector a* can be decomposed into the
two components into the direction of the two light-like vectors and a component perpendicular
to both:

a' =atit +a nt +al), with o™ =an, a” = a.f.

In a reference frame, where the proton is at rest and the virtual photon moves along the
opposite z-axis, its four-momentum becomes

2 2 4M2
po |2 0.2 i W)
2Mzp 2Mzp Q?
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with the momentum transfer Q2 = —¢3, the Bjorken variable zp = Q?/(2P;.q1) and the
nucleon mass PZ = M?2. For sufficiently large values of Q?, the light-cone components are
Q2

~ + ~ M
~ ~ IB .
q1 Mg q1

The integrand in the virtual Compton amplitude is a oscillating function and only provides
a result if the distances of the electromagnetic currents are

- 1 Z+NM:BB
Mazxg’ Q2

Thus, assuming that the transverse separations z, are small, the dependence on the z* co-
ordinate component can be neglected and the only relevant component is z~. The latter is
called Ioffe time [ ) | and corresponds to the longitudinal distance probed in the
process.

The systematic analysis of the virtual Compton amplitude is achieved via the operator prod-
uct expansion (OPE) near the light-cone. The product of two electromagnetic currents takes
the form

JL(2)L(0) ~ SO (22) (mizm Y s OF)
0.

where the index (i) denotes the different type of local composite operators and we anticipated
the Lorentz structure of the unpolarized dominant contribution. In a free field theory the
singularity structure follows by analyzing the canonical dimensions of the operators in the
OPE. The canonical dimension of the electromagnetic current is denoted by [°®" and the one
of the local composite operator depends in general on j is denoted by l;an. Therefore, the
coefficient function C;i) (2%) has the structure

lcan+j/27lqan/2
. 1 j
cWy ~ (5 .
)~ (2
Hence, the strength of the singularity is completely determined by the so called twist | ]

T=01"—7.

An example for such an local composite operator appearing in the LO analysis of DVCS is
the bilocal quark operator

ngq<_z_v z_) = 1E<_z_)'7aw(z_) :

The definition of twist is only valid for local operators and consequently, the operator above
does not transform in an irreducible representation of the Lorentz group. A Taylor expansion
in terms of local operators leads to

1
a9 _ o 1 (094
(@) E ] iz7 ) O s >
7=0
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with
B o
(’)g@lm% = PYaiDy, - 1Dy ),

“ — —
where the covariant left-right derivative is defined by D,=D,—D,. This nonlocal operator

does not transform in an irreducible representation of the Lorentz group and thus has no
definite twist. The indices j1 ... u; are symmetric and transform in the irreducible represen-
tation (j/2,7/2) of the Lorentz group. Therefore, including a free Lorentz index « in the
representation (1/2,1/2) leads to the following irreducible representation

i e © [a) = [t fgla] @ [ape -l

a

The first one denotes the fully symmetric combination of the indices. It corresponds to the
operator

R2U = S iy, ...iDy 0
QLT - [ gt a H1 Hi ¥
where S is the operator of symmetrization and trace subtraction. The operator above trans-
forms in the irreducible representation ((j+1)/2,(j+1)/2) with dimension j + 2. As a
consequence, its twist is two. This is the leading contribution.

In an interaction theory, the counting of the canonical dimension is no longer valid, since the
canonical dimensions have to be modified by the anomalous dimensions. The full singularity
structure is obtained by the renormalization group equation | ].  The three nonpertur-
bative functions mentioned before are matrix elements of the local composite operators.

A meson distribution amplitude describes a vacuum-to-hadron (Fig. 1.2(a)) or hadron-to-

Figure 1.2.: The three nonperturbative functions utilized in this thesis: the distribution
amplitude, the parton distribution function and the generalized parton distribution.

vacuum matrix element of non-local light-cone operators, where a quark-antiquark pair with
the longitudinal momentum fractions v and 1 — v is absorbed or emitted, respectively. The
momentum fraction v is in the interval [0, 1].

The PDF describes the emission and absorption of a quark and antiquark with the longi-
tudinal momentum fraction x of the longitudinal nucleon momentum P*. The momentum
fraction x is in the interval [—1, 1], whereas it is positive for quarks and negative for anti-
quarks.
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The GPD (Fig. 1.2(c)) depends on the variable z, which is the Fourier conjugate to the Ioffe
time. In addition, it also depends on the t-channel momentum transfer A? = (P + P)? and
the skewness

A+
=="pr"

The longitudinal components of the incoming and outgoing parton momenta kf and k; are
therefore

+ T+ +_T—7N
W= k=7

The variable x in terms of the parton momenta reads

k-‘r +
o Bk
P+

which has the support in the region x € [-1,1]. It can be split in three different regions. In
the region z € [, 1], the parton momenta ki and k; are positive and can be interpreted as
the emission and absorption of a quark. In the central region x € [—n, 7|, k1 >0 and ky <0.
Thus, this region corresponds to the emission of a quark-antiquark pair. In the third region
we have the opposite situation as in the first one, which can be viewed as the emission and
reabsorption of a antiquark.

In Ch. 2 we introduce the definition of the leading twist-2 GPDs and its properties, which
are employed throughout this thesis. For an extensive review on GPDs see [ , ].
In the next chapter 3, we study the three processes involving GPDs. Since in the forward
case, they are equal to PDF's, we present a full analysis of DIS and the unpolarized structure
functions at LO of perturbation theory. This also serves as a show case, where the methods
are introduced first in a simpler scenario.

This is followed by the derivation of the deeply virtual Compton scattering cross section.
We introduce the Compton form factors (CFFs) as the basic non-separable objects involving
GPDs. This allows a clear separation of the perturbative hard scattering amplitude and the
perturbative evaluation procedure at amplitude level. We study its properties and perturba-
tive evolution in detail.

For deeply virtual meson production we derive the cross section at LO of perturbation theory,
which in contrast to the hand bag approach for DVCS also involves gluon GPDs making the
analysis more intricate. As in the previous case, we identify the basic non-separable objects
involving the GPDs and DAs, which are called transition form factors (TFFs). This is followed
by an extensive study of its properties including the perturbative evolution. In addition, we
present the hard scattering amplitudes in the momentum fraction representation at NLO of
perturbation theory in a systematic way. We define basic building blocks and calculate their
imaginary parts. Moreover, we identify the most singular parts. The given representation is
much more suited for latter purposes than the original form in | | allowing the derivation
of the conformal moments also for the non-separate building blocks.

In Ch. 4 we reanalyze the three processes utilizing conformal symmetry. As the main re-
sult, we derive the Mellin-Barnes representations of CFFs and TFFs, which is a convenient
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representation for their numerical evaluation from the respective GPDs. The Mellin-Barnes
representation demands the analytic continuation of the conformal moments of the hard
scattering amplitudes. The solution was already known for the hard scattering amplitudes
of DVCS. However, due to the non-separate building blocks it was only solved recently for
DVMP in | ]. We benefit from the systematic representation of the NLO hard scat-
tering amplitude in the previous chapter and derive a method which allows the numerical
and analytical evaluation of conformal moments of the hard scattering amplitude, ensuring
the correct analytic continuation to complex conformal moments.

In the field of high energy physics, it is common to utilize the least squares estimate to analyze
GPDs and PDFs, since it is easy to implement and most standard software packages provide
its methods. However, this so called orthodox statistics (OS) relies on several assumptions. In
Ch. 5 we give a detailed and exhaustive introduction to probability theory as extended logic
(PTEL). This answers all the questions related to the parameter estimation in this thesis.
We derive the product and sum rule of probability theory, which are the essential equations
to solve all estimation problems from the basic desiderata of G. Polya | ) ]. This
is followed by the introduction of hypothesis tests and the extension to probability distribu-
tion functions. We introduce several generic probability distributions. Afterward, we derive
the relevant formulae for the estimation of parameters from data. Furthermore, we study
the propagation of uncertainties and investigate the consequences of employing a Gaussian
distribution for the experimental data. In the appendix, we derive the methods of orthodox
statistics and their assumptions from PTEL. This brings the reader in a position to choose
the most efficient method for a given problem. However, OS is not applicable to the given
parameter estimation problem of this thesis.

The parametrization of GPDs is discussed in Ch. 6. We parametrize the conformal Mellin
moments providing a fast numerical evaluation. First, we introduce the parametrization uti-
lized in [ , | for the analysis of data for DIS and DVCS. Second, we discuss a
full parametrization to prepare a complete study of the available parametrizations.

In the last chapter 7, we present our results for a global GPD analysis based on PTEL | ]
utilizing the result of all previous chapters. We repeat the estimate in [ , | to
show advantages of probability theory in contrast to the usual least square estimate.



Generalized parton distributions

In this chapter, we introduce the leading twist-2 generalized parton distributions and their
basic properties. We present the forward limit which is equal to the common parton distribu-
tion functions. Furthermore, we study the symmetry properties of the GPDs. For a review
see | , .

2.1. Operators

We briefly discussed the twist decomposition of the relevant operators in the introduction.
Let us introduce the leading twist-2 quark and gluon operators.
The vector and axial-vector leading twist-2 bilocal quark operators read

OM(z 25 ) =0z )y" W(zy),

OM (2, 23) = (20 v Y (27) (2.1)
where we suppressed the Wilson line since we work in the light-cone gauge A™=0. The total
symmetry is ensured by the contraction of the bilocal operator in the introduction with the
light-like vector n®.

The two leading twist vector and axial-vector gluon operators are
O (21, 2y) = F " (21) 9, Fy T (22),
A - N _
099 (27,25 ) = F 7 (2 )zeuyFa+(22 ), (2.2)

respectively. Note, that we suppressed the Wilson line as well.

2.2. Matrix elements

In this thesis, we will only deal with spin—% hadrons. It is convenient to express the expectation
values of local operators in terms of the spinor bilinears

b=U(PR) UP), b=U(P) AU,
W =U(P)y* U, h*

t =U(Py)ioc"U(Py), " =U(Py)ic"~y°U(P)) . (2.3)



16 2.2 Matrix elements

However, the spinor bilinears above are not independent. An independent basis is given by

R euzﬁj h* é#:_$_
Mp, + M, My, + M,
For the vector and axial-vector operators (2.1) there are two independent Dirac structures.
The corresponding operators the decomposition of the matrix elements is | ]

(2.4)

1
(Po|O%(—27527) [Py) = / dz e~ b= [htHY (z,n, AQ) + et E9(z,n, AQ) ],
~1

1
(P|O%(~2727) |P1) :/ dz e PZ R HY (2,0, &) + 6T B9 (z,n, &%) ] . (2.5)
-1

The matrix element of the twist-2 gluon operators (2.2) is defined as
1 ! :
(Po|OY(—2527) | Py) = 4P+/ dx e P2 [h+HG (z,n, %) + etEC (z,n, %) ],

1
(Po|O9(~ 2 27) [Py) = ilﬁ / da e P A (&) + 2 ESn 8) ] (26)

We also introduce the target-independent, boost invariant form of GPDs. In the parity even
sector, the definition is

(Py|O%(—2727) |P1) = PF /11 dw e P% Fi(z,n, A?) |
(Py|O99(—2727) |Py) = P+) /11 dz e 0% FC (z,n, &) | (2.7)
with A = (¢, G). The functions F4 are defined as
A, &) = 2 A g, 20) 4 B (a1, ) (2.8)

P+
In the parity odd sector, the corresponding definitions are

1
<P2|@qq(—zj 27)|Py) = P+/ daz e2P> pa (z,m, AZ) ,
~1

1
(P|O99(—2727) [P1) = = P+) / dz e 0% FC (z,n, ) . (2.9)
-1
The respective GPDs read
A+
FA (a: 77,A2) P+HA(:L‘ n,AQ) P+EA(3U,77, AQ) . (2.10)

Moreover, it is possible to write the quark and gluon GPD as Fourier transformation of the
corresponding matrix elements:

Fq($a777A2): /dQZﬂ_ w:Pz<P2|qu( sz)|P1>7

d
F9(,n, &) = P+/ zﬁ P2 (Py| 099 (—2, 2)| Py . (2.11)
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Analogous equation follow for the parity odd sector.
The time-reversal and hermicity imply that the GPDs are real and that

FA(z,n, &%) = FA (v, —n, A?) | Fe{H H E E}, A€ {q,G}. (2.12)

2.3. Definite charge parity

The quark GPDs defined in (2.5) do not posses a definite symmetry under the transformation
x— —z. GPDs with a definite symmetry can be defined by utilizing the decomposition

F(z) =z [F(2)+F(x)+F(—x)—F(—2)] = = [F(2)—F(—x)]+= [F(2)+ F(—z)] , (2.13)

N

where we suppressed the dependence in the skewness and the t-channel momentum transfer.
Therefore, we introduce the two GPD combinations

Fq(i)(m,n,A2) = Fq(:r,n, AQ) T Fq(—x,n,AQ) , F e{H,E},
F49 (2,0, A) = F(z,n, &%) + FI(—2,n,A?),  Fe{HE}, (2.14)

where FI and F9O) refer to even and odd charge parity, respectively. A general notation
using a signature factor is

F19 (2,0, 82) = FU(z,n, ) — oF(—x,n,A?) . (2.15)

Summarizing the properties of the quark GPDs with definite charge parity and the gluon
GPDs leads to

HYCO) p1C) . 0=41, ¢ = +1,
HYO) pa©) . 0=+1, 0 = F1. (2.16)

As a consequence, we have the following symmetries with respect to the transformation
T——T

Fq(i)(—x,n, AQ) _ :FFq(+) (x,n,A2) 7 Fe{HE)}, (2.17)
Fq(i)(—l"aﬁ, AQ) — 4 e (%77,&) ’ Fe {ﬁ,E} (2.18)

Utilizing the signature we obtain

F19(—z,n,A?) = —¢F19 (2,9, A) | (2.19)

2.4. Forward limit

For spin—% hadrons, we have in addition to the unpolarized quark ¢(x) and antiquark g(x)
distributions the polarized quark Ag¢(z) and antiquark Ag(z) distributions. For n = 0, the
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GPDs are equal to PDFs. In this limit, where only the GPDs H and H survive, we have
equality to the parton densities mentioned above. For the vector and axial-vector case:

Hq(a:,n:O,AQZO) = flz)= q(z)8(z)— q(—z)8(—x),
H(z,n=0,A%=0) = Af(z) = Aq(2)0(x) + Ag(—x)0(—x) . (2:20)
The gluon GPD in the forward case is equal to
H(x,n=0,A=0) = [(z) = xg(x)8(x) - zg(~2)8(~2),
HE (2,n=0,A2=0) = AfS(z) = 2Ag(z)0(z) + zAg(—z)0(—x). (2.21)

Furthermore, the forward matrix elements of the vector and axial-vector quark GPD are
defined as

1
(P|0%(~2727) |P) = h+/ dz e” @202 fa(z) | ht =2pPt,
-1

<P](’)qq(—z—, 27) ]P> = h+/ dz e @2P2Af9(x) . (2.22)
-1
For the gluonic operators the forward matrix elements read
1 ! :
<P|Ogg(—zj 27) |P> = 2P+h+/ da e~ 2202 fG(x),
-1
- 1 - 1 A
(P|O%Y(~2527)|P) = 5P+h+ / dz e”@2P2 A fG (). (2.23)
-1

As for GPDs (2.53), the two gluon PDFs have definite symmetry under the transformation
T — —x, namely

fO(=2) = f9@)  AfY(—z) = -Af%(2). (2.24)
For quark PDF's, such a symmetry is absent:

fi(=z) = q(=2)0(=z) = q(x)0(z),
Afi(—z) = Aq(=2)0(—x) + Aq(x)0(x) . (2.25)

We can introduce PDFs with such a symmetry analogously to GPDs with definite charge
parity (2.14)

(@) = fU(@) F f1(~2) F (=) = 7119 (@),
A (x) = AfU(a) £ AfY (=) AfT (=) = £ (). (2.26)

It is customary to decompose the quark PDFs into valence and sea contributions, we write

@) = fa@) + fea(@),  AfI(2) = Afoy () + Afda(x), (2.27)

val
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where the respective valence and sea contribution is defined as

val(®) = [g(x) — q(2)] 0(x), Afea(@) = [Aq(z) — Aq(x)] b(),
faea(®) = q(2)0(z) — q(=2)0(=x),  Affa(r) = Ag(x)0(x) + Ag(—z)0(—z).  (2.28)

The decomposition for PDFs with definite charge parity reads

@) = fLy(2) +2f2.(x),  AfD(2) = AfL () + 20 f8,(2) (2.29)
F19(z) = £ (z), A1 (z) = AfL (2). (2.30)

val

This decomposition in terms of partonic degrees of freedom is very useful for the phenomeno-
logical description. Note, these decompositions equivalently hold for GPDs.

2.5. Distribution amplitudes

In case the incoming or outgoing momentum is set to zero, the GPD reduces to the meson dis-
tribution amplitude. It parametrizes a vacuum-to-hadron or hadron-vacuum matrix element
of a non-local light-cone operator

1 — R
<P|1/_J(Zl_)"}/+¢(22_)’0> = —iP+fM/O dp etf-(var +05) o(v). (2.31)

The distribution amplitudes enter as nonperturbative functions numerous exclusive processes
via factorization with GPDs. Therefore, they are treated like the GPD as a unknown quantity.
As a consequence, a understanding of the DA is crucial for the estimation of the GPDs in
such processes. Let us list the DAs of longitudinally polarized vector mesons as they are the
main objective in the present thesis

1 —_ —

ﬁméwwwww¢+ — (pi (Pl )y +d(z)]0). (2.32)
1 —_ -

P+fpo/0 dv vz +v23) p,0(v) = (pL(P)| 75 [a(zr )7 ulzy) — d(=7 )y d(z3)]10) . (2.33)
1 - JE— —

P+fwo/0 dv P +072) ) o (v) = <wg(P)|% [a(zy )y u(zy) + d(z17 )y d(23)]]0) . (2.34)

1 —_ _ —_
P+f¢/0 do et (vz +025) <¢L 5(z; yts (25) ]0> (2.35)

2.6. Polynomiality

In this section, we introduce the generic properties of the GPDs like the polynomiality in
the skewness parameter 7. For this purpose, we perform a Taylor expansion of the non-local
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light-cone operators resulting in a tower of local operators

o0
1 ; .
OM(—z",27) = Z ﬁ(—iz_)]n“‘)n’“ . n“JRi’Oqgl”M , (2.36)
j=0
0 1 A
O%Y(—z",27) = Z ﬁ(—iz_)Jn“‘)n’“ e nMHlebggl...qu , (2.37)
§=0
in terms of the twist-2 local operators
2,99 7 D D
R/fom...uj = uou§-~ujw7MOZDul Dy (2.38)
2,99 2 g v
Rubm...uj = uoms---qu“OV iD,, - 'ZDuqu s (2.39)

where S is the operator of symmetrization and trace subtraction, that projects out the leading
twist contribution. The covariant left-right derivative is defined as

+—

g —
D,=D,—D,. (2.40)

Let us in the following consider the parametrization of the matrix elements.

2.6.1. Parton distribution functions

For instructive purposes, we start by discussing the Mellin moments of PDFs. Sandwiching
the vector operator in (2.1) between two equal proton states as in the definition of the quark
PDF (2.22) leads to

oo . y
o (—iz™)’ .
(PlOY(—27,27)|P) = ZTn“On’“...n“J<P\Rifglmuj]P>. (2.41)
j=0
For example in case of j = 0, we obtain
(P|0%(—z,2)|P) = n"*(P|R,,|P) . (2.42)

The parametrization of the matrix element of the completely symmetrized and traceless
operators (2.36) yields

2, _
(PIRGH, ..., |P) = m)u§'.uj_2puo2pﬂ1 2P, ] (2.43)

in terms of the moments f;’, since the only available momentum is the nucleon momentum
P. Let us recall the definition of the quark PDF (2.22):

(PlO%(—27,27)|P) = 2P, /1 dz e~ @2P2 f4(g) |

-1
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Expanding both sides with respect to 27—, we obtain:
1
fi= / dz 27 f(x), (2.44)
-1

where the coeflicients f;-] are denoted as Mellin moments, with j = 0,1,2,3,.... For gluons,
expressing the matrix element of the corresponding operator in (2.2) by the matrix element
of (2.36) leads to

oo . y
_ (—ZZ_)j . 2
(P|O%(—27,27)|P) = ZTn’“’n’“...n”ﬂ+1<P\RubgglmMH]P>. (2.45)
j=0
The parametrization involves the reduced matrix elements f&. We have
1

2 G
(PIRGSE, ., IP) = 3 s, " 2P 2P, ... 2P, ;. (2.46)

As in the previous case, we recall the definition of the gluon PDF (2.23)

1
(PlO99(—27,27)|P) = (P+)2/ dz e7#2P fG(z).

Taylor expanding both sides with respect to z~ leads to
1
1= [ @ o ), (2.47)
-1
with 7 = 2,4,6,...", due to the symmetry of the gluon PDF.

2.6.2. Generalized parton distributions

The nucleon matrix elements of twist-2 quark operators sandwiched between two different
nucleon states are parametrized in terms of form factors in the following way

(PolRY, g P1) = S g [Buro Py Hl (A%) oo+ Ay 2, HE (47)]

oS n (Pan oo Py Bl (A2) oo Ay A B (A7)

b

—— A, ...A, DY (A? 2.48
poptpy 2my P Hi 9( )’ (2.48)

where in contrast to the previous case also the difference of the two nucleon momenta appears.

The reduced matrix elements HY, 4 and DY can be expressed by moments of the parity-even
quark GPDs. Utilizing the relation Ay = nP; leads to [ , , ]

?(n, A2 anHq 777+1D? (A2) = /_1 dz 2/ H(z,n, A2) ,

1
77,A2 anEq 77j+1D§1 (A?%) = /1 dz 2/ E9(z,n, &%) . (2.49)

'In the literature, it is also common to define the Mellin moments as j > 1.
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For gluon GPDs, the parametrization involves the form factors HS, EG, DG:

1

2, HS (A2 G 2
<P2|Ruog,g1-~uj|P1> §M0MS ’ujh [ : Pﬂ; 1 j,O (A )+‘ : ‘+A#1 : “A/‘«j—lHj,j—l (A )] Pﬂj
1
SPT [Py Puy ES (A% . 4D, A, B (A%)] By,
1 b
=8 —A,...A,DF(A?Y) . 2.50
2 popt -y 2my O Hi™a ( ) ( )
Whereas the relations to the Mellin moments of the gluon GPDs are given by
2 k +1 2 ! j—1 2
n,A Zn Hg + ot D?(A):/_ld:cxj_ Hg(x,n,A),
1
n,A2 anEg 77]+1ng (A2) = /_1 dz 277 E9 (z,m, AQ) . (2.51)

The quark GPD does not possess a definite symmetry under the transformation z — —x. On
the other hand, the gluon GPDs do. Due to the fact, that gluons are their own antiparticles,
we have the following symmetries:

FG(—JC,?%AQ): FG(%U,A2) ) FG{H,E},
FO (—a,n,A%) = —F%(a,n, &) , Fe{H E}. (2.52)

Utilizing the signature o, the relations above can be written as:

FC (—z,n,A%) =oFC(z,n,A?) VYFe{H E}:0=+1 VYFe{H,E}:0=-1.
(2.53)

2.7. GPD decomposition

In order to separate quark degrees and gluonic ones in the cleanest manner we change from
a quark/gluon basis to group theoretical irreducible SU(Nf) multiplets, which consist of the
flavor non-singlet (NS) multiplets (F3, F8, ..., FN{~1) and the flavor singlet (S) one (F°).
Utilizing this decomposition, we solve the quark-gluon mixing appearing in the perturbatively
predicted evolution. The group theoretical decomposition of quark GPDs for Ny = 4° reads

FO=F"+F'4+ F° 4 F°,

F3 — Fu _Fd
F8 =F*4 F4_9oF%,
F¥ = v 4 pd 4 5 — 3F°, (2.54)

2The derivation of the case N = 3 is straight forward and is presented in [ ]
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Consequently, expressing GPDs in the quark/gluon basis by the SU(N¢) multiplets leads to

0 3 8 15

F'=3F°+ 3F° + §F° + 5 F'°

Fd: iFO—%F3+%F8+%F15,

F* = 3F0 —gF%+ HF,

Fe=131p0 _1p15 (2.55)
This decomposition holds for the parity even as well as for the parity odd sector (Sec. 2.3).
However, since a gluon has charge parity even the decomposition is not necessary in the parity
odd sector, since no mixing occurs. In the analysis of hard exclusive processes we will deal

with a definite flavor combination of GPDs. A arbitrary sum of GPDs in the quark/gluon
basis can be rewritten as

F =¢"F' + ¢ F? 4 &5F + &°F°
=OF0 4 B3 L SF8 L RS (2.56)

where ¢ are the corresponding coefficients. The coefficients of the SU(Nf) multiplets read

R I GEGEaE Ty

ég_%(éu—éd> ,
= (et -2),
=L (c“ vl e - 3@0) . (2.57)

Since only the singlet part F° mixes with the gluon contribution under evolution, all remaining
contributions are summed in the non-singlet contribution:

BF3 L BFS 4 PR = ( Séu—éd—és—éc> Fuyl (—é“+3éd—és—éc) P

=

=

e G e L e R & ) LA CA:)






Phenomenology

3.1. Deeply inelastic scattering

Deeply inelastic scattering is phenomenologically one of the most important hard processes.
A lepton interacts with the nucleon via a virtual photon, with the nucleon fragmenting into
a number of hadrons X. In this work, we focus on the scattering of an electron on a proton
target. Schematically, the reaction is

e (k) + N(P) — e (ky) + X(R), (3.1)

and it is depicted in figure 3.1.

Figure 3.1.: Deeply inelastic scattering. An electron with momentum k; is scattered off a
nucleon with momentum P. The interaction takes place via a virtual photon with momentum
q. In the final state, only the momentum ks of the scattered electron is observed.

In this section, we derive the DIS cross section in terms of the structure functions F; and F5
utilizing the parton model and a rigorous field theoretical treatment.

3.1.1. Kinematics

The incoming and outgoing electrons have four-momenta k; and ko, respectively. Further-
more, the nucleon momenta is denoted by P and the combined momentum of all hadrons in
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the final state is R. In order to work out the kinematics, we choose the laboratory frame,
where the nucleon target is at rest and the leptons only move in the z-z-plane. The coordi-
nate system is rotated in such a way, that the momentum of the virtual photon g=Fki —ko
points along the negative z-axes, see Fig. 3.2. Consequently, the four-momenta of all relevant

Figure 3.2.: Deeply inelastic scattering in the laboratory frame. The leptons move only in
the z-z-plane. The coordinate system is rotated in such a way, that the momentum of the
virtual photon ¢=Fk; —ks points along the negative z-axes.

particles in this frame are given by

P“Z(M,O,O,O), kﬁz(wl? f’07kf)7
q“ = (V,0,0, —qz), kl; = (w27k§707 k;) : (32)

In the process, we have two particles in the final state. All recoiling hadrons remain un-
observed. However, their total momentum R is known due to momentum conservation.
Therefore, an experiment only measures the four momentum components of the scattered
electron. Since its mass is small compared to momentum transfer ¢, it is neglected providing
the condition k2=0. The freedom in the choice of the reference frame eliminates another
degree of freedom. Hence, only two components of the electron momentum remain unknown.
A convenient choice is the energy of the final electron wy and its scattering angle with respect
to the incident beam.

For the theoretical description, we use Lorentz scalars instead. A common choice is the square
of the space like momentum transfer and the Bjorken scaling variable

Q2

2 2 _ '
Q=0 B 2P.q

(3.3)
In addition, common choices are the relative energy loss y or the invariant mass of the hadronic
system:

P.gq

= ., W?=(P’+¢%)=M*+2Pq— Q% (3.4)
Pk

Y

Note, for elastic scattering, we would have W?2= M?. In terms of the independent components
of electron momentum (wg,d) and the known momentum components, cf. (3.2), the four
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Lorentz scalars are given by

Q? = dwywy sin® (6/2) y=2""
w1

= W= M*+2M (w1 — - 3.5
B = M (o ) +2M (w1 —wp) — Q7 (3.5)

where we neglected the electron mass compared to its energy. From the equation above, we
see, that the Bjorken variable lies in the interval zg€[0,1]. For elastic scattering we have
xp=1. The Mandelstam variables are given by

§= (P + k1)2, t= (k‘l — k2)2, u = (P — k2)2 . (3.6)

The cross section is obtained as the sum over all possible final hadronic states, involving n
particles and integrated over each of their respective phase space II,,. Thus, the cross section
for deeply inelastic scattering reads

1 ks

d ep—reX _
7 AMw; (27)22ws

Z/dl‘[n IM(ep = eX)|* 2r)46W (ki +P—ky—R).  (3.7)

The invariant matrix element is given by the interacting part of the S-matrix (¢7-matrix).
Since the electromagnetic coupling is much smaller than the momentum transfer, we restrict
our analysis to single photon exchange. The iT-matrix is proportional to the second order in
the electromagnetic current:

(keR[iT[k1P) = * = (—ie)’ /d4y/d4z (kaRIY (1) AW (1) - Qqibg(2)A(2)1g(2) ki P) , (3.8

where we have omitted the sum over all possible quark flavors ¢, but always imply its presence.
The quark charges are

2 1

Qu:chga Qd:Qs:_g- (39)

Separating the leptonic interaction in the ¢7-matrix leads to

_ d4q — —2) —i _ Z
:U(k2)’VMU(k1)/d4yd4z /(277)46 a(y—2) g—i(k1—k2)y i < 1Qatha(z 2)Yutba(z )’p>7

) 2
(k) (k) /d4/ Fe He( n(2)[P) - 2m) 8D (k4 q—ka),  (3.10)

where we introduced the electromagnetlc current

z) = Z Qqq(2)Vuthq(2) - (3.11)

The immanent J-function stems from a shift of the electromagnetic current to the origin
leading to a factor of e P~z Hence, we get rid of the integration with respect to the
photon momentum ¢. Thus,

ie?

(koR|iT |k P) = 2

(ke v u(k) / a2 ¢ (RIj (=) P)(2m) '@ (k1 + P—ky— R). (3.12)
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To further simplify the expression, we introduce the leptonic current

—1

L" =
q% + i€

u(k2)v"u(k) (3.13)
and the Fourier transform of the electromagnetic current
jula) = [ dtzen ). (3.14)

With these abbreviations, we read off the invariant matrix element as

2

iM(ep — eX) = —4naen L (Rlju(q)|P), with aem = Z?‘ (3.15)
It enters the cross section (3.7) as absolute value squared:
[Mep = eX)? = (4m)* a2 L (L)' (Plif(@)| R)(Rlju()| P) (3.16)

Conveniently, we unite the hadronic part of the cross section in the hadronic tensor
1 . .
W (P.g) = 5= / AL, (Pl (@) R)(Rlju(@)|P) - (27) 6@ (kn+ P—ko—R) . (3.17)
X

Note, the factor of % is conventional and differs in the literature. Taking advantage of the
unitarity of the S-matrix, the hadronic tensor is given as the imaginary part of the forward
Compton tensor

Tu(P.) =i [ '™ (PIT(5,(2)3 0} P) (3.19)
The relation is also known as the optical theorem (cf. Fig. 3.3), namely
> / dIx (P[5l (a)| R){(Rlju(q)| P) = 23m i / d*z €% (PT{ju(2)jn(0)}[P).  (3.19)
X
Hence, the relation between the hadronic tensor and the forward Compton tensor is

1
W;LV(P) Q) = ; Sm T,ul/(Pa Q) ) (320)

Employing the hadronic tensor and the leptonic current, the cross section for deeply inelastic
scattering (3.7) becomes

daep—)eX — 2m . d3k2 i
AMw; (2m)?2ws

(47)2a2, L, LIWH (3.21)

At this point, the leptonic part is completely separated and we shift our attention to the
hadronic tensor.
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k1 k1 k1 k1
23m => [dII,
X

]{52 k2 k? k2

Figure 3.3.: Optical Theorem: The sum over all possible hadrons in the final state integrated
over their phase space is equal to the imaginary part of the forward Compton amplitude.

It decomposes into several structure functions, which depend on the two Lorentz invariant
quantities'. For a unpolarized spin 1/2 target, its structure is

W (P,q) = P,P, A(P.q,¢*) + (Pugy + Poqu) B(P.q,q*)
+ .3 C(P.q.¢*) + g, D (P.q, %) . (3.22)

The hadronic tensor is gauge invariant. Therefore, the corresponding Ward identity requires
¢ W =Wuq¢ =0. (3.23)
Imposing the conditions leads to

¢'WH = PqP"A+ (Pqq”+ P'¢°) B+¢°¢"C +¢"D
= (PqA+¢*B)P"+ (PqB+¢*C+D)¢", (3.24)

where we omitted the arguments of the structure function. Hence, we can eliminate the
functions B and C'. The complete decomposition for the unpolarized case is

v Pq , v Paq q"q”
Conventionally, the nomenclature in the literature is

A(P.q,qQ) = WQ(P.q, q2) ) D(P.q,q2) =-W (P.q,qQ) . (3.26)

Using this notation, the decomposition of the hadronic tensor reads

ol P. P.
WH (P, q) = <—9uu + qqg)W1 (P.q,q2)+ (P“—q”qf) <P”—q“q2q)W2 (P.q,qZ) . (3.27)

"We choose P.q instead of xp
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To complete the consideration of the kinematics, we combine the Lorentz structure of the
hadronic tensor with the leptonic currents in (3.21).
Summing over the electron polarizations, the products are

1 v 1 v 2 v v 14
) ZLu (L)f = Tg;tf(k27”k17 ) = @(k?ké + kiky — 9" k1.ks2) . (3.28)

The contraction of the equation above with the hadronic tensor is

1 , 2
5 2 DI W (Prq) = ot (21 Wi+ 2P ky Py Wa) (3.29)

For the cross section, we still have to express all products of particle momenta by the energy
and the scattering angle of the outgoing electron.
In terms of the particle momenta defined in (3.2), the vector products in the equation above
read

2k1.ky = 2wiwa (1 — cosf) = dwiwe sin2(9/2) )

2P.k1 Pky = 2M3wiws . (3.30)

Expressing the phase space in terms of the same variables, we get

d3ky k2 |2d|K2|d(cos 6)21  wadwad(cos 6)
- = (3.31)
(27)32ws (27)32ws 2(2m)?
Thus, the unpolarized cross section becomes
doP—eX 8maZ, 5 [sin?(6/2) M
= i Wi+ — Wa . 3.32
dwsd(cos 6) ot “2 M Lt (3.32)

It is preferable to express the cross section in terms of two of the Lorentz scalars zp, Q2 (3.3),
y and W2 (3.4). We introduce the two choices

ap A (y v Q?) . (3.33)

For the first choice (zp, y), we express the relative energy loss in terms of the Mandelstam
variable §, namely

§=(P+4+k)*=M*+2Pk = M?>+2Muw; ~ 2Mw, = 2P.k;, (3.34)

_Pq  Q* Q
- P.kl - QmBP.kl - éxB ’

Yy y=1—1y. (3.35)

From (3.5), we obtain the determinant of the Jakobian matrix of the variable transformation

0 2
(@B,y) | _ _2w» (3.36)
O(wa,co80)|  y2Mw;
After the transformation, the cross sections in terms of the Lorentz scalars reads
doP7eX 272§
= e [2:633;2 Wi + syy Wa] . (3.37)

depdy Q% 2
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As stated before, instead of the variable y one also uses the momentum transfer Q2 = xpys.
The cross section turns into

do_ep—>eX 271'042

em 1 2 aA —
depdQ? Q' 2up [228y” Wi+ 8yy W2 . (3.38)

As shown in [ ], we can replace the structure functions W; and Wy by dimensionless
structure functions

Wi (P.q, Q%) = Fy(P.q, Q%) , P.q W (P.q, Q%) = Fy(zp, Q%) , (3.39)

where we also write P.q = Mv = y5/2. The purpose of this replacement becomes obvious in
the next section. Thus, the final form of the DIS cross section is

doP7eX  27a2 3
= > [2apy? F )+ 2y F ] . 3.40
3.1.2. Parton model
The basic hypothesis of the parton model | ] is, that at a large energy and momentum

transfer by the virtual photon to the nucleon, the interaction of the virtual photon and the
nucleon can be described by an incoherent sum of interactions between the electron and
the partons. The interpretation of the scattering process simplifies drastically in the infinite
momentum frame, in which the nucleon moves along the z-axes with a large (infinite) mo-
mentum.

Due to the Lorentz contraction in the z-direction, the nucleon is deformed to a disk. Con-
sequently, the momenta p of the partons can be written as the momentum fraction x of the
total nucleon momentum and a component transverse to the z-axes:

p=xzP+p,. (3.41)

For now, we will neglect the transverse momentum p | .

Since the time scale of the interaction is of the order (Q?) , at a sufficiently high momen-
tum transfer, this time scale is much less than the typical time scale of the electromagnetic
interaction among the partons. Therefore, the virtual photon only interacts with one of the
partons. However, the partons always interact through strong interactions. This is neglected
by the naive parton model. The field theoretical treatment is outlined in Sec. 3.1.3.
Final-state interactions cause the quarks to reform into the nucleon. These interactions occur
at time scales, which are too long to interfere with the hard photon scattering.

The probability for a parton to have the momentum fraction xz, 0 <z <1, is given by the func-
tion g(x). These functions are called parton distribution functions (PDFs) and they are in
fact probability distribution functions (pdfs) in the sense of chapter 5. Under the assumption
of elastic electron-quark scattering and the neglect of the small parton mass in comparison
to the momentum transfer Q2, we have

—-1/2

0~ (p+q)* ~2zPq— Q°. (3.42)
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Thus, the longitudinal momentum fraction is equal to the Bjorken scaling variable (3.3)

Q2

_ . 4
x 5Pq B (3.43)

Consequently, in the infinite momentum frame, the parton has the momentum fraction x =xp
in order to absorb the virtual photon.
With the picture above, the forward Compton scattering tensor (3.18) is given by

1
—_— / ai sy / d?xq(ac) BITUu ()i O}p)| . with g ={u,d,...}. (3.44)
7 0

p=xP

Note, the factor 1/x takes into account the different flux factors of electron-nucleon and
electron-parton scattering. Furthermore, the square of the electron-parton center of mass
energy is given as the electron-proton one as

§=(p+k1)*=2p.ky =2cPk; = 5. (3.45)

The evaluation of the amplitude for parton electron scattering in LO of perturbation theory
is a straight forward task. We display the corresponding Feynman diagrams in figure 3.4.
Using the quark propagator in coordinate space (A.2) the time ordered product of the two

xPVJr q

zP zP P
Figure 3.4.: Feynman diagrams for elastic photon-parton scattering at LO.

electromagnetic currents yields

ZT{]M(% 7% = ZZQ2 {¢q 5) 'Yu$ 'YVQ/’q(fg) +7Zq(7%)7u$(_z)7u¢q(%)} . (3.46)

Note, we shifted the arguments of the electromagnetic currents by —z/2. Making use of the
Chisholm identity

B —

VoY = (g/wégVB — 9uwYap T GupGva + ieuauﬁ'%) V= (S,ual/ﬂ + ieual/ﬁfYB) ’YB ) (3.47)

and neglecting the structure proportional to the totally antisymmetric tensor which only
contributes in case of a polarized nucleon target, we get

IT{ju(3) (-3} = ZQQ% j“jﬁjz{ Pa(3) 1900(3) + (5 1 (3)} - (349)
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Plugging the expression into the forward Compton tensor leads to

1
, dz 1 s z¢
TH — _ d4 19z 2 / L Cpop iPZ 5 o ’ ) 3.49
[t 30 [ G gl ahn)= o], (349
0
Now we can perform the integration with respect to the coordinate z, namely
1
dz 2(p+Q)ap5
— Q2/qx s |: p <> —p 3.50
Z q x ( ) pavf (p+q) { } P ( )
q 0 p
Reformulating the denominator, while neglecting the parton masses we obtain
—(p£q)* —ie = F2uP.q+ Q% —ie = 2P.qxp F x — ic. (3.51)
Therefore, the forward Compton amplitude in the LO approximation reads
2 g | (@+xP) (q—xP)~
— d P . .52
ZQ/ zq(z Suavp xB—x—ie+xB+m—ie (3.52)

As mentioned before, the hadronic tensor of DIS is given as the imaginary part of the forward
Compton scattering amplitude. Since the parton distribution function ¢(z) is real valued, the
only source for an imaginary part is the hard scattering amplitude. Hence,

1
Sm—— =7é(x + . 3.53
\sm:cB +x—ie mo(x +p) ( )

Note, that the second diagram has no contribution in the physical region of DIS, since the
momentum fraction x and also the Bjorken variable zp are positive. Therefore, the result is
resolving the Lorentz structure

s

T e L R

From the comparison of the equation above with the general structure of the hadronic ten-
sor (3.27) with the dimensional structure functions F; and F» (cf. Eq. 3.39) we obtain

1 (2B, Q Z Q2 (7B) Fy (g, QQ) = 27 Z Qg q(zp) . (3.55)
q

1 1
WH = ZQmTH = Py Z ng(azB) SWVBPB (¢ + zP)”

This result is the Callan-Gross relation | ]
Fy(xp) = 2a2Fi(xB), (3.56)

which predicted, that partons are indeed spin 1/2 particles.
The parton model provides an intuitive picture of DIS and Bjorken scaling. However, this
can not be a replacement of a rigorous treatment within a field theory.
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3.1.3. Field theoretical treatment

The analysis in this section will look very similar to the parton model. However, in contrast
to the parton model, we are able to calculate corrections to the given picture. To do so, we
calculate the forward Compton scattering amplitude (3.18) in the leading order approximation
in the strong coupling using the matrix elements defined in chapter 2. Shifting the coordinates
leads to

— /d4ze“lz<P]T{] (3)3"(=5)} P).

At leading order, we have the same Feynman diagrams as before in figure 3.4. Thus, the time
ordered product of the two electromagnetic currents is the same as in (3.48). We recall

IT{ju(3) ju(-5)} = ZQ%Q St a(5) 7P (—5) + y(~5) ()}

(22 — ie)?

The corresponding unpolarized twist-2 quark PDF's (2.22) are defined as

1
(Plia(=211 () = [ dzei=2P= 12 fia). (3.57)

We remind ourselves, that in order to pick up the leading twist contribution, a contraction of
the open Lorentz index with the light-like vector n is required. Consequently, we obtain for
the amplitude

1

. 5 2% . 4
— ZQg /d42: PRI ; 2,uow,3 Z ) / dz (efsz.z B esz.z) hﬁfq(x) ' (358)
q

72 (22 —ie)? J 1
The integration with respect to z is

/d4z ei(qizP.z) 2% — ¢* £aP.z . (359)
o2 (22 —ie)? (gt aP.z)® +ie

The denominator simplifies to

2 2 p2

P 2 P?
(g+zP)* =2Pg <2(]]3:|: + 2Pq> =2Pq (—xB:I:x—i- 2Pq> , (3.60)

where the parton masses are neglected in comparison to the momentum transfer. Therefore,
the forward Compton tensor reads

1

1 q* + P~ q“
T, == [d hP - AL 3.61
H2Pgq ¥ Spavp (xB—x—ie :CB—I-x—ze)ZQ Sl (3:61)
-1

For the hadronic tensor W, we only need to pick up the imaginary part

1
Sm—— =7d +x). 3.62
\SmxB +x— e mo(zp + ) ( )
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Note that, in this case, the second Feynman diagram does contribute, since the definition of
f%(x) contains quarks and anti-quarks, whereas ¢(z) was defined only for quarks. Thus, we
obtain

1 1

W = T = T Suovsh” (¢* + 25 P°) %:Q?, [f4(xB) — fI(—zB)] - (3.63)

Since the nucleon spinors are normalized by U(P)y?U(P)=2P”, the Lorentz structure col-
lapses to

Sﬂauﬁ(q + xBP)aP/B = 2B (P'u + qu) <PV "

v )4 pgf - Wiv ) (364
2 $B>+ q Juv + o ( )

Therefore, the final result for the hadronic tensor is

2z " v
e = [ (et (o ) - (o )| i) = st a9

We have shown in the previous section, the parton distribution function for anti-quarks is
given by

[ =) = —q(z), (3.66)

where ¢ denotes the specific quark flavor. Consequently, the structure function Fj(xg, Q?) in
LO of perturbation theory reads

ZQQ [f(xB) ZQQ (vB) + q(zB))] - (3.67)

The result above agrees with the one from the parton model at LO, whereas we also included
the anti-quark distributions. Furthermore, we are able to calculate corrections leading to a
violation of the Bjorken scaling.

3.2. Deeply virtual Compton scattering

Deeply virtual Compton scattering is the cleanest hard exclusive process providing access to
generalized parton distributions. In the process, the lepton interacts with the nucleon via a
virtual photon under the emission of a photon. In this work, we focus on the scattering of an
electron on a proton target. Schematically, the reaction is

e (k1) + N(P1) = e (k2) + N(P2) +7(q2) - (3.68)

The reaction is depicted in figure 3.5(a). Due to the unresolvable structure of the pho-
ton, the GPD is the only nonperturbative distribution in the process. However, the process
of virtual Compton scattering is entangled with the Bethe-Heitler bremsstrahlungs process
(Fig. 3.5(b),3.5(c)), where the interaction with the virtual photon is described by electromag-
netic form factors of the nucleon. We will not consider the extraction of the DVCS amplitude
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e (k2)

v(g2)

N(P2) N(P2)

Figure 3.5.: DVCS and Bethe Heitler process.

in this work.
The factorization of the DVCS amplitude was shown in | , | at twist-2 level. In
leading order of 1/Q, the amplitude factorized in a hard scattering part and twist-2 gen-
eralized parton distributions, which describes the transition from the nucleon target to the
nucleon in the final state.
Beyond leading power, twist-3 GPDs were introduced in [ , , , .
Kinematical power-corrections for DVCS are studied in | , , , ].
The hard scattering amplitudes are known up to NLO of perturbation theory from diagram-
matical evaluation in momentum fraction representation | ) ) |. Utilizing
conformal symmetry, they can be related to the perturbative corrections for DIS | ,
, , , ], see Sec. 4.3. Therefore, they are known also at NNLO.
Note, that the conformal symmetry is broken in the MS scheme.
In this section, we give an introduction to deeply virtual Compton scattering. We investi-
gate the kinematics of the process and explicitly calculate the unpolarized cross section in
LO approximation of perturbation theory using twist-2 GPDs to obtain the general Lorentz
structure. We also include the transverse degrees of freedom to ensure the gauge invariance
of the Compton tensor. In the end, we present the approximation of the cross section for
small values of xp.

3.2.1. Variables of the Compton amplitude

Before analyzing the DVCS process, we first introduce a set of variables to describe the
Compton amplitude (Fig. 3.6). The appendant Mandelstam variables are
s=(PL+q), t=F-P), u=rFP—q). (3.69)

It is convenient to use symmetric combinations of the particle momenta to describe the
photon-nucleon system. Energy-momentum conservation restricts the number of independent

four-momenta to three. We choose?
1
qzi(QrHD), P=+P+DP A=P-P=q—q. (3.70)

2There are several definitions in the literature and same care is necessary to convert the expressions, e.g.,
in | ] A = Pi — P,. The notation in this work is consistent with | , ].
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1
925(41+q2) P=P+P A=P,—P=q —q
2
2_ 2 - _ A«
@ = ¢ P.q n P.q
Q2
2_ 2 _
& =-a B 2P1.q1

Figure 3.6.: Compton amplitude and the corresponding variables.

Inverting the definitions leads to

Py

P-A P+ A A A
5 g 5 n=dtg, @e=4-5 (3.71)
These three invariants can be traded for Lorentz scalars: The averaged photon virtuality and
two scaling variables

2
2 2 Q Aq
Q ¢, =gy =5, (3.72)
The first scaling variable £ is called the generalized Bjorken variable, whereas the latter
variable is the skewness 7. For the forward Compton amplitude, the skewness is zero and the
generalized Bjorken variable coincides with the Bjorken variable. In addition, there are three

further Lorentz scalars to describe the process. Our choice is
1
N =t, M2:P2+ZA2, PA=0, (3.73)

where the last scalar vanishes if the mass of the in and out going nucleons is equal. Although
these variables are suited for a theoretical description of DVCS, on the experimental side, the
masses of the incoming and outgoing photons, and the Bjorken variable (3.3) are conveniently
accessible. In terms of the particle momenta, they are defined as

Q*=—-¢f, =0, ap= o4
’ 2 ’ 2P.q1

(3.74)

Section B.2 in the appendix gives the transformations between the theoretical variables in
(3.70) and the ones used by the experimental analysis in (3.74) using (3.73) for general ¢3
and P.A, namely

Q2:2<Q2_q%+2> 522—$B 2222 = n:HB 5 22 5" (375)
EQ —qg5+A KQ —q5+A

The inverse transformations are

2 _ n s A? 2 _ n\ 2, A2 _(§+77)Q2—5A2/4
o-(f)e-T d--(-f) et w-EGmay 0
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The perturbative approach to the Compton amplitude is only justified in the generalized
Bjorken limit, in which the Mandelstam variable s and at least one of the photon virtualities
have to be infinite, whereas both scaling variables £ and 7 are kept finite. This work, we
consider the two limiting cases:

The forward Compton amplitude for deeply inelastic scattering (Sec. 3.1) is obtained by

A=0, n=20, £ =z, (3.77)
and the Bjorken kinematics are given by the condition
S~ —F =—¢3 = 0. (3.78)
The DVCS and DVMP amplitude are characterized by
=0, n~¢, (3.79)
such that
S~ —gF = 00, N <s. (3.80)

Some consequences of the generalized Bjorken kinematics and the variables of the Compton
amplitude are

Q?~2Q%, ~-_B_ s~9pg, (3.81)
2 —xp

which we will use extensively throughout this chapter. The limits on the momentum transfer
in the t-channel are given by
Q2

A2 = 2(1 — 21 9(1 —xzB)V1+ €2 . .82
min,max 456]3(1*56]3)%62 |:( xB)+€ + ( T ) +6} (38)

3.2.2. Kinematics

As mentioned in the introduction we concentrate our attention on the DVCS cross section,
see figure 3.5(a). In contrast to the forward Compton amplitude, the incoming and outgoing
nucleon have different momenta P; and P;, respectively. We denote the momentum of the
detected real photon by g2, whereas the virtual photon for the interaction between the electron
and the nucleon has the space like momentum ¢;. Analog to DIS, the incoming and outgoing
electron have momenta k; and ko, respectively.

Schematically, the reaction is

e (k1) + N(P1) = e (k2) + N(P2) +7(q2) - (3.83)

In contrast to deeply inelastic scattering, the nucleon stays intact during the scattering process
and it is exclusive. We describe the reaction in the laboratory frame as displayed in figure 3.7.
The nucleon target is at rest and the leptons only move in the z-z-plane (leptonic plane) in
such a way, that the momentum of the virtual photon moves in the negative z directions.
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Figure 3.7.: DVCS in the target rest frame. The leptonic and hadronic plane are colored in
red and blue, respectively.

The momenta of the scattered proton and the outgoing photon span the hadronic plane.
Therefore, the components of the particle momenta can be written as

P = (M,0), Pl = (Ey, B),
klf - <w17E1)7 kg: ((.UQ,EQ),
q/f = (Vlaovov _QT)> q'g = (V27(72) . (384)

The cross section for the electroproduction of a real photon is given by

1
doN7erN — Ty IM(eN — eyN)|? dl3, (3.85)

where dII3 is the three-body Lorentz invariant phase space (LIPS) defined as

d3/€2 d?’QQ d3P2
2(2m)3wq 2(2m)31e 2(27)3 Ey

Al = (27)*6W (k1 + P —ky—qo— P») (3.86)

The invariant matrix element M is obtained from the expression for the S-matrix. In order
to obtain a photon in the final state, we have to include the third order in the electromagnetic
coupling. The interacting part (i7-matrix) reads

(koqoPo|iT ki Py) = (—ie)® quh / dty / d*z / d*w (3.87)
x (ko2 P2 (1) AW) Y (y) - Qqibg(2) A(2) g (2) - Quth(w) A(w)on (w) ki Py ) .

Contracting the photon vector field of the electrons, with one of the remaining ones and
separating off the leptonic contribution results into

(koqoPo|iT[kiPy) = e L1 e (go) / d*z / dtw e =R (D)5 (2) 5, (w)|Py) (3.88)
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where we utilize the electromagnetic current (3.11) and the leptonic current® L* (3.13). € is
the polarization vector of the outgoing photon.

With the electromagnetic interaction separated, we introduce the Compton tensor for the
description of the hadronic dynamics,

T, (0.P.A) =i / dhz dbw e (Pl (), (w)|P) (3.89)

For P, =P, it coincides with the forward Compton tensor (3.18). Introducing the symmetric
variables

W:

Z=z—-w, (3.90)

the Compton tensor transforms into

Z

T (0.P,8) =i AW @7 oS as et (BT, (w4 ) 3, (0 £)} 1R). (391
Shifting the variables by
(B2 |ju(W)| Pr) = (P2 (0)] Prye =2, (3.92)

we eliminate one of the integrations, which results in the explicit momentum conservation of
the photon-nucleon system

/d4W e_i(ql_qQ)W e_i(Pl_PQ)W = (27T)4 (5(4) (P1 +Q1—P2—q2) . (3.93)
Therefore,

T (Pog, A) = (2m) 69 (Pr+qi—Pr—go) - /d4Z€’qZ<P2|T{Ju(§) v(=3)}P1). (3.94)

To shorten the notation, we define the reduced Compton tensor? as

Tow (Prq, A) :i/d% "% (Pa| T {ju(5) ju(—=3)} |P1) . (3.95)

From the matrix element of the iT-matrix (3.88) and the definition of the Compton tensor
(3.94), we read off the invariant matrix element, namely

iM(eN = eyN) = e*L,e5(q2)TH . (3.96)

Its absolute value squared enters the unpolarized cross section. Summing over the polariza-
tions of the outgoing photon (3_ €6, — —g,,,) gives

IMP? = &L, L{THT, 5 = (47)%a%, [Toves| (3.97)

3For DVCS we have to make the substitution ¢ — gi.
“In the literature, sometimes the argument of the electromagnetic currents is shifted by z/2, giving rise to
the e