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ABSTRACT. A family of spectral decompositions of the spin-weighted spheroidal
wave operator is constructed for complex aspherical parameters with bounded imag-
inary part. As the operator is not symmetric, its spectrum is complex and Jordan
chains may appear. We prove uniform upper bounds for the length of the Jor-
dan chains and the norms of the idempotent operators mapping onto the invariant
subspaces. The completeness of the spectral decomposition is proven.
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1. INTRODUCTION AND STATEMENT OF RESULTS

The spin-weighted spheroidal wave equation arises in the study of electromagnetic,
gravitational and neutrino-field perturbations of rotating black holes when separating
variables in the so-called Teukolsky master equation (see [2, 22] or the survey pa-
per [7]). In the spin-weighted spheroidal wave equation, the spin of the wave enters as
a parameter s € {0, %, 1, %, 2,...}. We are mainly interested in the cases s = 1 of an
electromagnetic and s = 2 of a gravitational field. If s is an integer, the spin-weighted
wave equation is the eigenvalue equation

AT = AT | (1.1)

where the spin-weighted spheroidal wave operator A is an elliptic operator with smooth
coefficients on the unit sphere S2. More specifically, choosing polar coordinates 1 €
(0,7) and ¢ € [0, 27), we have (see for example [24])
o . 0 1 . .0 2

A= “Feosd sin? ¢ Fcosd + sin219(Q 5111279—1-1% — scosﬁ) .
Here Q2 € C is the aspherical parameter. In the special case €2 = 0, we obtain the spin-
weighted Laplacian on the sphere, whose eigenvalues and eigenfunctions can be given
explicitly [14]. In the case s = 0 and © # 0, one gets the spheroidal wave operator
([13 ®]). Setting 2 = 0 and s = 0, one simply obtains the Laplacian on the sphere.
We consider A on the Hilbert space H = L?(S?) with domain of definition D(A) =
C>(S5?%). We remark that A clearly is an elliptic operator on the sphere. However,
even in the case s = 0 and for real €2, in general there is no Riemannian metric on the
sphere which realizes the spheroidal wave operator as the Laplace-Beltrami operator.
Thus the spheroidal wave operator cannot be be identified with the Laplace-Beltrami
operator on a Riemannian manifold. For general spin, this means in particular that
the methods used for spin-weighted spherical harmonics in [I7, Section 4.15] do not
seem to generalize to the spheroidal situation.
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As the spin-weighted spheroidal wave operator is axisymmetric, we can separate out
the p-dependence with a plane wave ansatz,
U0, p) =e ™ OW) withkeZ.
Then A becomes the ordinary differential operator
0 9 1
sin” 1 +
0 cos ¥ dcos?  sin?d

This operator acts on the vectors in H with the prescribed ¢-dependence, which we
denote by Hj,

Ap = — (Q sin219+/<;—scos79)2 . (1.2)

Hy, .= L2(SH N {e ™ 00)|O: (0,71) = C}.
The domain of definition reduces to
D(Ay) = C=(S*) N H, .
The Hilbert space H;, can be identified with
Hy, = L2((0,7),sin 9 dv9) .

Also, one can consider Ay, as an ordinary differential operator on this Hilbert space,
for example with the domain of definition C°°((0,7))NL?((0, 7). However, when doing
so, one still needs to specify boundary conditions at ¥ = 0, 7. As will be explained in
detail in Section [2] below, the correct boundary conditions are that the limits
lim O(¢) must exist . (1.3)
9—0,7
In this formulation as a pure ODE problem, the spheroidal wave equation (L2) can
also be used in the case of half-integer spin (to describe neutrino or Rarita-Schwinger
fields), if k£ is chosen to be a half-integer. Thus in what follows, we fix the parameters s
and k such that
25 € Ny and k—seZ. (1.4)

We are interested in the case that Q is complex. Then the potential in (L2) is
complex, so that the operator Ay is not a symmetric operator on Hj. As a consequence,
the spectral theorem in Hilbert spaces does not apply. The spectrum will in general be
complex. Moreover, the operator need not be diagonalizable, because Jordan chains
may form. The main task of the present paper is to control the length of these Jordan
chains to obtain a decomposition of the Hilbert space into invariant subspaces of Ay.
This is our main result:

Theorem 1.1. For any s and k in the range (L4]) and any ¢ > 0, we let U C C be
the strip

ImQ| <c. (1.5)
Then there is a positive integer N and a family of bounded linear operators Qn ()
on Hy, defined for all n € NU{0} and Q € U with the following properties:

(i) The image of the operator Qq is an N-dimensional invariant subspace of Aj.

(ii) For every n > 1, the image of the operator @y, is an at most two-dimensional
invariant subspace of Aj.

(iii) The Q. are uniformly bounded in L(Hy), i.e. for alln € NU{0} and Q € U,

HQnH < (1.6)

for a suitable constant co = co(s, k,c) (here ||-|| denotes the sup-norm on Hy).
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(iv) The Q are idempotent and mutually orthogonal in the sense that

Qn Qry = 6pn Qn for all n,n" € NU{0} .
(v) The Q,, are complete in the sense that for every Q € U,

ZQn =1 (17)
n=0

with strong convergence of the series.

Note that the operators @, are in general not symmetric (i.e. Q) # Q). This corre-
sponds to the fact that for non-symmetric operators, the eigenvectors corresponding
to different eigenvalues are in general not orthogonal.

2. REFORMULATION AS A STURM-LIOUVILLE PROBLEM

We first bring the operator (I.2)) to the standard Sturm-Liouville form (for more
details see [12], Section 2]). To this end, we first write the operator in the variable u =
v € (0,m),

1 . .. 92 2
A = “nn 2u S o + T (Q sin“u + k — scosu)
Introducing the function ¢ by

¢ =Vsinu O, (2.1)

we get the eigenvalue equation

Ho =2, (2.2)
where H has the form of a one-dimensional Hamiltonian
d2
H=———4+W 2.3
du? + (2:3)

where W is the complex potential

1 cos?u 1

1 .2 2
W:_Z il 2 Sinzu(Qsm u+k — scosu) (2.4)
1 1
=P sinfu+t (K +s*—— ) —— + 20k —s*— - (2.5)
4/ sin“u 4
— 2sQcosu — 2sk closzu . (2.6)
sin” u

For what follows, it is usually most convenient to write (2.2]) as the the Sturm-Liouville
equation

d2
where V is the potential
1 1
V=02 sin?u+ <k2 + 52 — —> —5— — 2sQdcosu — 2sk closzu — i, (2.8)
4/ sin®u sin” u
and p is the constant
1
M:A—2Qk+32+1. (2.9)

The transformation (2.I]) from © to Y becomes a unitary transformation if the integra-
tion measure in the corresponding Hilbert spaces is transformed from sinu du to du.
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Hence the eigenvalue equation (L) on 3y is equivalent to (Z7]) on the Hilbert space
L2((0, ), du).

If the potential V' were continuous on the interval [0, 7], we would get a well-defined
boundary problem by imposing Dirichlet or Neumann or more general mixed boundary
values at 0 and 7 (for details see [3, Chapter 12]). In our situation, there is the com-
plication that the potential (28] has poles at the boundary points. As a consequence,
the fundamental solutions will also have singularities, so that it is no longer obvious
how to introduce suitable boundary conditions. In the case when s is an integer, the
correct boundary values can be determined by going back to the eigenfunctions on the
sphere (L)), as we now explain. Due to elliptic regularity theory, the eigenfunctions ¥
of the angular operator (I[LT]) are smooth functions on the sphere. Therefore, we ob-
tain (L3) as a necessary condition. In view of the transformation (2.1), this implies
that the limits

lim w2 ¢(u) and lim (7 — u)_% o(u) must exist . (2.10)
u\0 u
These boundary conditions can also be understood by looking at the asymptotics of
the solutions of (2.7 near the boundary points. Namely, expanding the potential (2.8])
near the boundary points, we obtain

Vi = (0= 92 - ) + 0

T2
Vi) = —2 kt+s?—2)+0 -1
If the factors k & s are non-zero, the solutions have the asymptotics

d(u) ~ yatlhs| (14 0(w)) and o(u) ~ (m— u)%i“‘”s' (14 0(r —u)) . (2.11)

If on the other hand, the factors k £ s are zero, the asymptotic solutions involve an
additional logarithm (for detail see [12, Sections 7 and 8§]),

d(u) = c1 Vu+ cavVu logu + O(u) ifk=s (2.12)
d(u) = c1 VT —u+ co vV —u log(m — u) + O(m — u) ifk=-—s. (2.13)

In each case, the boundary conditions (2.I0) single out one of the two fundamental
solutions. In this way, the conditions (2.I0]) give mathematically reasonable boundary
conditions. We remark that in the case (2.I1]), our boundary conditions are equivalent
to Dirichlet boundary conditions. Alternatively, these boundary conditions could be
implemented simply by demanding that the eigenfunctions must be square integrable
(note that, in view of (I4]), the parameter k—s is always an integer). In the exceptional
cases (212 and ([ZI3]), however, both fundamental solutions satisfy Dirichlet boundary
conditions and are square integrable. Thus in these cases, it is essential to state the
boundary conditions in the form (2I0]).

In order to bring the boundary conditions (2I0) into a more tractable form, it
is convenient to work with solutions of the corresponding Riccati equation: For any
solution ¢ of the Sturm-Liouville equation (2.7)), the function y := ¢'/¢ satisfies the
corresponding Riccati equation

Y=V -y (2.14)
Using the results and methods in [10] [12], we can construct a solution y of the Riccati
equation with rigorous error bounds. With this in mind, let us assume that a solution y
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of the Riccati equation is known. Then a particular solution of the corresponding

Sturm-Liouville equation is obtained by integration,
u

¢(u) = exp (/ y) (2.15)

ug
The general solution can be constructed by integrating the equation for the Wronskian.
Namely, if ¢ is another solution of the Sturm-Liouville equation, the Wronskian

w(e,d) = 'dp— ¢d

S) = ol Sluo) [ w(¢,9)
¢(u)—¢()<¢(u(]) /uo p ) (2.16)

In particular, this relation can be used to construct solutions of the Sturm-Liouville
equation (2.7)) which satisfy the boundary conditions (2.10]). We denote these solutions
by ¢? and (b% (where the subscript D refers to “Dirichlet”, and L/R to the left and
right boundary points at « = 0 and u = 7, respectively). To this end, we let ¢, and ¢r
be generic solutions which do not satisfy the boundary conditions (2.10), i.e.

Srw) ~ { uz ksl (14 0(w)) if k #£ s

is a constant, and thus

Vulogu (1+0(u)) ifk=s

br(u) (m — u)%_|k+s‘ (1+0(r—u) ifk#-s
f Vi —ulog(m —u) (1+0(r —u)) ifk=—s.
Then, using (2.I6]), the solutions which do satisfy (ZI0) are given (up to irrelevant
prefactors) by
“ 1 ™1
¢r(u) =¢r(u) | —  and  ¢p(u) = —¢ru) | —5.
0 ¢L u qu
If ¢ is a solution of ([2.7]) subject to the boundary conditions (2.10]), then this solution
must be a multiple of both ¢} and ¢}. Hence ¢f and ¢}, are linearly dependent, and
their Wronskian vanishes,

(2.17)

w(¢r,dp) =0. (2.18)
In this way, we have reformulated the existence problem for solutions satisfying the
boundary conditions (2I0) in terms of the vanishing of the Wronskian (2ZI8]). More
generally, the Wronskian can be used to describe the spectrum of the Hamiltonian.
Namely, we just saw that if the Wronskian vanishes, then there is an eigensolution
which satisfies the boundary conditions (2.7)). Conversely, if the Wronskian is non-
zero, we may introduce the Green’s function by
() 1 ¢r(u) dp(u)  ifu <
sx\u,u ) = ———-< X .
w(¢y, dp) PP () pp(u)  ifu <wu.
By direct computation one verifies that the Green’s function satisfies the equation
(H — N sy(u,v') =6(u—u).

Thus taking sy(u,u’) as the integral kernel of a corresponding operator sy on Hj; =
L?((0,7),du), this operator is a bounded inverse of the operator (H — )\). Thus A
is in the resolvent set, and sy is the resolvent. We conclude that the spectrum of H,
defined as the complement of the resolvent set, is given as the set of all A for which the

(2.19)
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Wronskian (2.I8]) vanishes for non-trivial solutions ¢} and ¢} satisfying the boundary
conditions (2.10)) at v = 0 and u = 7, respectively.

3. THE QUALITATIVE BEHAVIOR OF THE SPECTRUM

We now explain qualitatively how the spectrum of the angular operator looks and
how this qualitative behavior can be understood. This will also motivate and explain
the statements in Theorem [[.Jl Before discussing the effect of the imaginary part, we
consider the situation that €2 and A are real, so that V is real-valued. Then the spec-
trum can be understood most easily by considering the Sturm-Liouville equation (2.2])
as a one-dimensional Schrédinger equation with Hamiltonian (23]). As shown on the
left of Figure [, the potential looks typically like a double-well potential. This po-
tential is approzimately symmetric (because the quadratic terms in 2 are symmetric
around 7/2 according to (23]), but the terms (Z6]) are anti-symmetric). If instead
of a double-well potential we had a single-well potential, the n'" eigenvalue could
be computed approximately for large n by the Bohr-Sommerfeld- Wilson quantization
condition (see [16, §48] or [19, eq. (2.5.51)])

ygpdq:%m,

where one integrates momentum along a closed classical path of the particle. Thus,
denoting the zeros of V.=W — X by uy and wu, (with uy < u, < 7/2), we obtain

/TZ\/)\n—Wdu:%m. (3.1)

L

From this formula, the expected eigenvalue gaps can be computed by

ur(n+1) ur(n) ro\ — A
A Vg1 — W du — \/)\n—Wdum/ Ll -2 gy,
ug(n+1) ug(n) w 2VA—W

so that

Up 1 -1
Ani1 — A & 2 < / —— du> . (3.2)
v VAW

In particular, for the large eigenvalues we obtain Weyl’s asymptotics (see [2I, Sec-
tion 11.6])

Ay ~n?, Antl — Ap =m0 (as n — 00) . (3.3)
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FIGURE 2. The poles of ReV in the case k = s (left) and k # s (right).

Another spectral region of interest is if A lies near the minimum of the potential.
Approximating W by a quadratic potential and using that W” ~ Q2 in this case we
obtain the scaling

Ml A =0 (fl<n<|Q]). (3.4)

These formulas describe the behavior of the eigenvalues if we had a single-well po-
tential. The eigenvalues of the double-well potential can be understood by considering
two Hamiltonians with a single-well potential and by weakly coupling them together
via a potential barrier (see for example [20, Section 3.3]). If our double-well potential
was symmetric about 7/2, the two single-well Hamiltonians would have degenerate
eigenvalues. Coupling them together slightly removes the degeneracy, leading to the
well-known eigenfunctions with even and odd parity (similar as considered for example
in [20, Sections 3.4 and 3.5]). In this way, we would end up with pairs of eigenvalues.
These pairs would be separated by spectral gaps having the behavior ([B.2]). Since in
our situation, the double-well potential is not symmetric about 7/2, we do not know
a-priori whether the eigenvalues of the two single-well Hamiltonians are degenerate or
not. But we can conclude that the eigenvalues of the double-well Hamiltonian can
appear at most in pairs, separated by gaps which again scale according to (3.2). If A
is chosen much larger than the potential barrier, the eigenfunctions no longer see a
double-well potential. Therefore, Weyl’s asymptotics (B3] should again hold for the
large eigenvalues.

These simple qualitative arguments already allow us to understand the statement
of Theorem [Tl in the special case of a real potential. Namely, the operator Qg is the
spectral projection on all the small eigenvalues, for which the Born-Sommerfeld rule is

not a good approximation. The operators @)1, Qo, ... are spectral projection operators
corresponding to one or two eigenvalues (depending on whether there is a spectral pair
or not).

Before moving on to the complex potential, we remark that in the case k = +s,
the potential at the pole goes to minus infinity (for a typical example see Figure [2]).
However, it turns out that, using the known asymptotics of the wave functions near
the pole, the above qualitative arguments still go through if we choose u; ~ |Q|_%
close to the inflection point of the potential.

We next discuss the situation for a complex potential. One potential method is
to treat the imaginary part of W as a slightly non-selfadjoint perturbation (see [15]
V.4.5] or as the application to the spheroidal wave operator in [8, Section 8]). For this
method to be applicable, the imaginary part of the potential must be small compared
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to the gaps, i.e.
IImW| < A1 — An - (3.5)

For any fixed €2, this condition will be satisfied for sufficiently large n in view of Weyl’s
asymptotics ([3.3). But the inequality (3.5]) cannot be satisfied uniformly in €2, as the
following argument shows: Using (LE) in (2.4]), one sees that

sup [ImW| 2 ¢|9]

(0,m)
with a constant ¢ which may be large. Therefore, the inequality (3.5 is in general
violated if we are in the asymptotic regime ([8.4]). By choosing (2 large, one can arrange
that this asymptotic regime includes arbitrarily many eigenvalues. We conclude that
ImW cannot in general be treated as a slightly non-selfadjoint perturbation. This
means qualitatively that the imaginary part of W shifts the eigenvalues considerably
on the scale of the gaps. The eigenvalues will typically move into the complex plane.
Moreover, degeneracies and Jordan chains may form.

In order to locate the spectrum in the complex plane, for a complex potential whose
real part has a single well one can again use the Bohr-Sommerfeld condition (3.1I),
which now makes a statement on both the real and imaginary parts of the integral on
the left (B.1I]). Treating the imaginary part of A — W as a perturbation, we thus obtain

to first order
/ ' \/Re (Ay = W) du =mn (3.6)
ug

U Im(\, — W)

ug  \/ Re()\n - W)

We will prove that these relations really make it possible to locate the spectrum in
the complex plane. Applying these relations naively, we find for the Hamiltonian with
the single-well potential that the real part of the eigenvalues behaves just as discussed
for the real potential. The imaginary part of the potential, however, must be adjusted
such that (1) holds. In particular, we again find that the spectral points form at
most pairs, separated by spectral gaps which scale similar to [B.2]). If the two spectral
points of the pair coincide, a Jordan chain of length at most two may form. In this
way, one can understand all statements of Theorem [L11

du=0. (3.7)

4. OVERVIEW OF THE PROOF OF THE MAIN THEOREM

Making the above qualitative arguments precise requires an intricate combination
of different mathematical methods. In order to facilitate reading, we now give a short
overview of the proof of Theorem [I.Jl In Section [l we collect general statements
on Sturm-Liouville operators with a complex potential. We show that the spectrum
is purely discrete, and that the Hilbert space can be decomposed into a direct sum
of invariant subspaces. Moreover, idempotent operators mapping onto these invari-
ant subspaces can be constructed using contour integral methods. In Section [ we
introduce a useful method for analyzing the oscillatory behavior of solutions of the
Sturm-Liouville equation of the form (2.I7). These estimates are essential for locating
the spectrum and for making the Bohr-Sommerfeld condition (8.6]) precise.

Our proof involves a deformation argument where we continuously deform a real po-
tential to our complex potential (Section [I6]). Moreover, in our proof we will sometimes
be able to treat the imaginary part of the potential as a perturbation (cf. Section []).
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The starting point of these methods is to have detailed information on the spectrum
and the spectral gaps for a real potential. These estimates are worked out in Section [7l

In Section 8 we employ the method of slightly non-selfadjoint perturbations to obtain
the desired spectral representation provided that € lies in bounded set (see Proposi-
tion [BI]). Therefore, all the subsequent sections are devoted to the problem of getting
estimates for large ||, uniformly in the spectral parameter A.

In Section @ we derive an a-priori estimate for the imaginary parts of all eigenvalues.
The method is to evaluate an expectation value (see (O.I])) giving an equation which
makes the Bohr-Sommerfeld condition (3.7)) precise. This a-priori estimate is needed
in order to distinguish the different cases and regions in Section [0l In Section [12] we
shall return to the method and refine it considerably.

For the remaining estimates we shall construct approximate solutions of the Sturm-
Liouville equation by glueing together WKB, Airy and parabolic cylinder functions as
well as asymptotic solutions near the poles at v = 0 and u = w. Moreover, we derive
rigorous error bounds. In Section we give an overview of the different cases and
regions and explain how to locate the spectrum. The detailed estimates are worked
out in Section [T11

Section gives refined integral estimates of the imaginary part of the potential
(see Propositions [[2.1] and [[2.2]). These estimates make use of the specific form of our
potential and will be needed several times in the subsequent sections.

In order to show that the Jordan chains have length at most two, our method
is to show that if Ay is an eigenvalue, then there is an annular region around )
which contains at most one other eigenvalue (see Figure [7]). In order to construct this
annular region, we differentiate the equations with respect to A and use an implicit
function argument. The A-derivatives are computed and estimated in Section I3l The
construction of the annular regions is given in Section [I4l

Section [[8lis devoted to estimates of the Green’s function. Here the main task is to
estimate the Wronskian w(¢7, ¢%) of the fundamental solutions in (2I7]).

In Section we continuously deform the potential from a real potential to our
complex potential. Combining all the results from the previous sections, we can track
the eigenvalues and control the spectral gaps. We also derive uniform norm estimates
for the operators ), and show that their sum converges strongly to the identity.

5. GENERAL FUNCTIONAL ANALYTIC RESULTS

In order to get into the standard functional analytic framework, we consider the
Sturm-Liouville operator ([2.3]) as an operator on the Hilbert space L((0,7)). As the
dense domain of definition we choose those function in C2((0,)) N L2((0,)) which
satisfy the boundary conditions (2.10]).

Lemma 5.1. The spectrum of the Hamiltonian (23)) is discrete and has no limit
points.

Proof. For Sturm-Liouville equations with a continuous potential, this is proved in [3|
Chapter 12]. Since the potential (2.8]) has poles at © = 0 and v = 7, we give the
proof in detail. For any A € C, we choose non-trivial solutions ¢ and ¢p with the
generic asymptotic behavior (ZI7)). These solutions can be chosen to depend locally
holomorphically on A in the sense that every A¢g € C has an open neighborhood U such
that the functions ¢, and ¢r are holomorphic in A € U (these holomorphic families
can be constructed for example by taking the solutions of the Sturm-Liouville equation
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for variable A but fixed boundary values at some u € (0,7)). Then the functions ¢}
and ¢} defined by (ZIT) as well as their Wronskian in (2I8]) are also holomorphic
in\eU.

Let us show that the function w(¢7, ¢3) does not vanish identically. If this were the
case, by analytic continuation we would conclude that w(¢?,¢3) vanishes identically
for all A € C. Thus for every A € C there would exist a non-trivial solution ¢ satisfying
the boundary conditions (2Z.I0). On the other hand, the computation

d? 2 /12 2
25 10* = 2[¢/” + 216 Re(W — )

shows that if A is large and negative, then the absolute square of ¢ is convex away
from small neighborhoods of the poles at 0, 7. But this convexity is incompatible with
the asymptotics near the poles in ([2.10]), a contradiction.

The result follows because holomorphic functions which do not vanish identically
have isolated zeros. O

For a self-adjoint operator, one can construct the spectral projection operators by
integrating the resolvent along a closed contour. In our non-selfadjoint setting, where
the operator need not be diagonalizable, we cannot expect to obtain a spectral decom-
position. But we can detect invariant subspaces:

Lemma 5.2. Let ' be a closed contour which lies entirely in the resolvent set and
encloses points in the spectrum with winding number one. Then the contour integral

1
= —— d\ 1
Qr omi P EN (5.1)

defines a bounded linear operator whose image is the invariant subspace corresponding
to the spectral points enclosed by I'.
The operator Qr is idempotent. Moreover, the product of two operators Qr and Q-
s given by
QF QF/ = Qf‘ ; (52)
where T is any contour which encloses precisely all the spectral points enclosed by T'
and I, all with winding number one.

Proof. We first show that Qr is idempotent. Multiplying the identity
(H=X)—(H-XN)=X -2\

for A # X from the left by s, and from the right by sy, one obtains the resolvent

identity (see for example [18, Theorem VI.5])

o

A—=N

We let IV be a contour obtained by continuously deforming the contour I' in the

resolvent set such that every point of I' is enclosed by I with winding number one.
Then, using the resolvent identity,
1

1
= y=—— O dA P dN
QrQr =QrQr 47T2y§r }’g, SV
1

1 dX\ d\
= () n et b Ty vex 69

S\ S\ = (S)\—S)\/).

(sx— sx)
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Carrying out the inner contour integrals with residues, the integral in the first sum-
mand gives —27¢, whereas the integral in the second summand vanishes. We conclude
that Qr Qr = Qr-.

In order to prove the more general formula (5.2]), it is convenient to deform the
contours and to decompose each contour integral into a finite sum of integrals where
each contour encloses only one spectral point. Then, in view of the idempotence of
the @), it remains to prove (5.2)) in the case that I" and I” enclose different points of
the spectrum. By continuously deforming I'" without crossing spectral points we can
again arrange that the contours I' and I” do not intersect. As in (5.3]), we obtain

1 N 1 A ,
/| = ——F e EE——— !/ . 4
Qror=-75 ?gp (ﬁé A—X) SxdA+ 4w2§’§ ( X — /\’> sx A (54)

Since the contours enclose different points in the spectrum, no point of I' is enclosed
by I'" and vice versa. Hence the inner integrals in (5.4)) vanish, proving that Qr Qr» = 0.

It remains to show that the image of Qr consists of the invariant subspaces corre-
sponding to all the spectral points enclosed in I'. Let 2 C C be the open set enclosed
by I'. Since the spectral points are isolated, we may decompose 2 into a finite number
of subsets such that the boundary of each subset is a closed contour enclosing only one
spectral point. Thus it suffices to consider the situation that I" encloses exactly one
spectral point Ag. Since the Wronskian in (ZI9) is holomorphic in A, the resolvent sy
at Ag has a pole of finite order n. Iterating the identity

1 1
HOr = ——— sy — 1) dA = —— (b A sy dA
Qr 9 51%( sy—1) s 551“ sy dX,

1 n B
(H — Xo)" QF__Z—WZ F()\—/\o) sxdA =0,

we obtain

where in the last step we used that the integrand is holomorphic. Hence every vector in
the image of Qr is contained in the invariant subspace corresponding to Ag. Conversely,
let 1) be a vector in this invariant subspace. Then there is N € N such that (H —
M)V = 0, and thus

N
0= (H-N+0-2)"p=3" (J,f) (= 2oV (H = M),

k=0

Multiplying by sy and solving for sy, we obtain

N
s\ =->_ (g) A=20) *(H =Ny

k=1
Taking the contour integral, a computation with residues yields

N

k=1

—Z() DRl = — Z() V=9 -(1-DVp=1.

Hence 9 really lies in the image of Q). This concludes the proof. O
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This lemma also shows that the dimension of the invariant subspace is at most the
order of the pole of the resolvent.
The next lemma bounds the resolvent away from the real axis.

Lemma 5.3. If
inf |[ImV| >0, (5.5)
(0,7)

then the Wronskian in (218 has no zeros. Moreover, the resolvent is bounded by

-1
syl < | inf |[ImV
” /\H > <(077")‘ ‘)

(where || - || denotes the sup-norm on Hy,).

Proof. Since Im V' is continuous, the condition (5.5]) implies that Im V' is either always
positive or always negative. We only give the proof in the first case because the second
case is similar. If the Wronskian in (2.18]) is zero, there is a non-trivial solution ¢ of
the Sturm-Liouville equation (2.7)) with the asymptotics ([2.10). In the case k+ s # 0,
differentiating the asymptotics (2.11]), one sees that

d(u) ~ ot (1+0(w)) and &' (u) ~ y 2tk (1+0(w)) .

As a consequence, we do not get boundary terms when integrating by parts as follows,

0= (p| (=05 +V))12 = (0ud| 0ud) 2 + (&| V)12 - (5.6)
Taking the imaginary part, we conclude that
o:/lmvw% (5.7)
0

in contradiction to (5.5]). In the case k = s, the situation is a bit more subtle because
differentiating the asymptotics (2.12]), one sees that

Cl 0

d(u) = c1v/u+ O(u) an @' (u) NG + 0(u")
This implies that integrating by parts in (5.0) we get real-valued boundary terms, so
that (5.7)) again holds. The remaining case k = —s is treated similarly by differentiat-

ing (2.13).

Next, setting 1) = s)¢ and again integrating by parts, we obtain
DIl > [($ld) 2| = [(DI(=0% + V)) 2| > | Tm(w[V) 2] > [[9]|? &gglan}

implying that
61> llsxg] inf Im V.

Since this inequality holds for all ¢ € H, the result follows. O

We are now in the position to state a general completeness result. The method is
based on an idea in [I, proof of Theorem 2.12] and was used previously in [9]. First,
we write the potential (Z8]) and (23)) in the form

V=W-2x\
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FIGURE 3. The contour I'.
with W independent of . For given R > 0, we consider the two contours I'y and I'y
in the complex A-plane defined by
Iy = 8BR(0) N {Im/\ <~ fnf [T 77| - \/E}
K

Iy = dBR(0) N {Im)\ > inf [T W]+ \/E} .

and set I'(R) = T'; UT'y (see Figure [3)).

Theorem 5.4. For any ¢ € C5°((0,7)),
1

8w =5 Jim [ (a)w) dA. (5.8)

Proof. Since the length of the contour S; U Sy := dBx(0) \ I'(R) only grows like V'R,

§1§ @—/ a1 ld\| =5 0.

9BRr(0) A r(R) A R Js,us,

As a consequence,
1 d\
— i —=1. .
2mi RO /F(R) A (5:9)

Since our contours lie in the resolvent set, we know that for every A € I'((R),
p=sr(—00+W —XN¢.
Dividing by A and integrating over I'(R), we can apply (5.9) to obtain
1 dA

é(u) = 5— lim F(R)T(SA(—85+W—A)¢)<u>

1 . 1
' /F(R) {(swﬁ)(u) ~ L=+ ) qﬁ)(u)}d)\.

271 R—o0

But the second term in the curly brackets vanishes in the limit, because by Lemma[5.3]

dA C |d\ _ 2rxC
—P W ids — =4 ity
/m)(“( w W) 5 S/F(R)\/E N = VR
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FIGURE 4. The osculating circle to the curve (u).

Thus (5.8) holds. O

This theorem shows that the operators Qr defined by (5.]) converge to the identity if T’
tends to a contour which encloses the whole spectrum. The advantage of this method is
that it does not require a functional analytic framework, but only uses properties of the
Green’s function sy (u,u’). The drawback is that one obtains strong convergence only
on a the dense subspace of test functions. In order to prove strong convergence on the
whole Hilbert space, we will rely on the theory of slightly non-selfadjoint perturbations
(see Section 8 and Section [16.4)).

6. AN OSCULATING CIRCLE TO THE (-CURVE

In order to locate the spectrum, we need to find the zeros of the Wronskian in (2.18]).
The main difficulty is to understand the behavior of the integrals in (2.I7). To this
goal, we now develop a method referred to as the “osculating circle method.” For ease
in notation, we only consider the solution ¢7 and omit the subscript L. We denote
the integral in (217 by

v 1

- & (6.1)

C(u) :
Then
o’ =(¢, (6.2)
making it possible to relate the behavior of ¢ to properties of the function ¢(u).
In order to clarify the evolution of the function ((u) in the complex plane, it is
useful to consider the osculating circle to the curve ¢ at a point ((u) (see Figure [).

The curvature K of the curve ((u) and the radius R of the osculating circle are given
by (see for example [4, Theorem 5.1.6))

Im(¢" T) 1
K=—"722->- R=—. 6.3
R K] (0:3)
The center p of the osculating circle is
Z' !
p=C——= —. 6.4
K 101 (04
Moreover, we introduce the angle ¥ as the argument of ¢,
¢0=lge” . (6.5)
Then
C_’ _ 9] _ 20

[ ’
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so that (6.4]) becomes
L9
C:p—kEezﬁ. (6.6)

In order to simplify the computations, we always choose the phase and normalization
of ¢ such that

d(ug)?* Tmy(ug) = 1 (6.7)
for some 1y which will be specified later. Moreover, we set
Yo = y(uo) - (6.8)

Using the definition (6.1)) of ¢ as well as the differential equation (2.7]), we obtain
useful formulas for ¢, K, p and their derivatives.

Lemma 6.1.

¥ =Imy. (6.9)
Furthermore,
_ 2 =( — 7i
K (u) =26 Ty, P() = €~ 5o (6.10)
/ _ 2 / _ Z
and
R'(u) = Im V (6.12)

2[¢2 Tmy [Tmy|

Before coming to the proof, we point out that for a real potential, this lemma shows
that K, p and R are constant. Thus for a real potential, the curve ((u) lies on a fixed
circle with radius R centered at p. The position of { on the circle is described by the
angle ¥, and its evolution is described completely by (6.9). Moreover, we point out
that |p’| = |R/|, which can be understood from the fact that the point ¢ stays on the
circle as the osculating circles move.

Proof of Lemmal6.1l. A direct computation yields

’ 1 " ¢’ 2y
I _1 d / - CH 2 qb, —
Y 5 Tu Imlog ¢ 5 Im_{/ Im <<;5 —¢3> =Imy

This gives (6.9) as well as the formula for K in (6.I0]). Using this formula in (6.4]), we
obtain the second equation in (G.I0]).
Next, we write out the real and imaginary parts of the Riccati equation (2.14]),

Rey' =ReV —Re?y + Im?y (6.13)
Imy =ImV —2ReyImy . (6.14)
Using (6.14)), we obtain
K'=2|¢|*Im(y') +4Rey [¢* Imy =2 Im V' [¢|?,
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giving the formula for K’ in (G.I1]). Moreover,
, i 1 i 2

L n oot Ay
1 1 1 1 2
— 4+ (mV-2ReyImy)— + —— =
o 2Im2y( mV —2ReyImy) & 2my @Y
—i—i- ImV Rew + ? _ iImV
T2 2@m?y  Flmy 0 @Plmy T 22 Tm?y
Finally, we differentiate (6.3]),
,__KK/
K|

and using (6.10) and (G.I1]) gives (G.12)). O

7. ESTIMATES FOR A REAL POTENTIAL

In Section [16] we shall consider a homotopy of the potential which joins the poten-
tial V' with its real part. In preparation for this analysis, we now derive eigenvalue
estimates for a Sturm-Liouville equation with a real potential. More precisely, we
replace the potential in the Sturm-Liouville equation (2.7)) by its real part,

(—dd—;+ReV>¢:0, (7.1)

where V' is again given by (28] and ([2.9). We can assume that A is real, so that the
equation can be written in the Schrodinger form (2.2)) with the Hamiltonian

2

d

This Hamiltonian has a unique self-adjoint extension, as the following consideration
shows: In the case k # s, the asymptotics in (2.I1]) shows that one of the fundamental
solutions is square-integrable near u = 0, whereas the other fundamental solution is
not. Using Weyl’s notion, the Sturm-Liouville operator is in the limit point case at u =
0 (see [3, Sections 9.2, 9.3]. In the case k = s, on the other hand, according to (2.12])
both fundamental solutions are square integrable. This is the so-called limiting circle
case (see [3, Sections 9.4]). In all of these cases, our boundary conditions (2Z.I0) give
rise to a unique self-adjoint extension (for details see [3, Sections 9.2, 9.3, 9.4] or [5]
Chapter XIII.2]).

For ease in notation, we denote the selfadjoint extension of (7.2]) again by H, and
its domain of definition D(H). For the analysis of the spectrum, it is again useful to
consider the Riccati equation corresponding to (7.I]), which we write as

Yy =ReV — 9?2, (7.3)

where we again set y := ¢’ /¢. We consider complex-valued solutions of this equation.
A direct computation (see also [8, eq. (3.8)]) shows the product |¢|? Im y is a constant,

w := |¢|> Imy = const . (7.4)

This implies in particular that the function y cannot cross the real axis.
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7.1. A Node Theorem. The classical node theorem (see for example [23, Theo-
rem 14.10]) states that the n'" eigenfunction of a Sturm-Liouville operator has ex-
actly (n — 1) zeros. We now state and prove this node theorem in our setting. In the
subsequent Sections and [.3], we will apply the node theorem to obtain eigenvalue
estimates and the Weyl asymptotics. There are two reasons why we decided to give
the proof of the node theorem in detail. First, due to our singular boundary condi-
tions, the proof given in most textbooks does not apply to our problem. Second, our
proof works with osculating circles and complex solutions of the corresponding Riccati
equation. It can be used as an introduction to the methods needed later in this paper.

Proposition 7.1. The spectrum of the Hamiltonian (2] is a discrete subset of R
which is bounded from below. Numbering the eigenvalues in increasing order, Ay <
A1 < ..., the eigenfunction corresponding to A\, has exactly n zeros on the open in-
terval (0, 7). Moreover, choosing A = A\, any solution y of the Riccati equation (L3])
with Imy > 0 satisfies the relation

/OWImy:(n—l—l)ﬂ. (75)

Proof. We let ¢1 and ¢ be two real-valued fundamental solutions of the ODE (7.1]).
Since their Wronskian

w = ¢y da — 1
is a non-zero constant, the functions ¢; and ¢o cannot have common zeros. Hence
the complex solution ¢ := ¢1 + i has no zeros. By choosing suitable fundamental

solutions, we can arrange that the corresponding solution of the Riccati equation (Z.3])
satisfies (T4) with w = 1, so that

¢]? Imy =1. (7.6)

The relations (6.2) and (6.I) define a solution ¢ which satisfies the boundary
condition at v = 0. The boundary conditions at ©w = 7 are satisfied if and only
if ((m) = 0. Hence the condition for an eigenvalue can be stated as

((m)=0. (7.7)

In order to control the behavior of the function (, we again use the osculating circle
method of Section [6l For a real potential, the relations (6.11)) show that the center
and the radius of the osculating circle are fixed. Moreover, combining the first identity
in (6.I0) with (Z.6]), one sees that K = 2. Hence the formula (6.6]) simplifies to

Clw)=p + 5 e, (7.9

where ¢ satisfies the differential equation (6.9]). As a consequence, the eigenvalue
condition (71) can be written as

/ Imy € 7Z. (7.9)
0

The above formulas are valid if we let y be any solution of the Riccati equation in
the upper half plane and if we satisfy (6.7]) (and consequently also (7.0))) by letting

u

o(u) = m exp </u0 y> . (7.10)
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We now consider in particular a family of solutions y parametrized by A € R such that
lim ¢?(u) Ozy(u) = 0 forall A e R. (7.11)
u

Such a family exists in view of the asymptotics near v = m as worked out in [12]

Section 8| (namely, one chooses ¢ with the asymptotics as in [I2] Section 8] with

coefficients adjusted such that the leading asymptotics is independent of A, implying

that dyy vanishes to leading order).
Differentiating (ZI4]) and (6.8)) with respect to A and using that 0,V = —1 gives

vh=—1-2yyrn,  yaluo) = Ao (7.12)
Solving this linear ODE by integration, we obtain
®*yr = ¢*(u0) Oryo — /u ¢,
uQ
so that , )
ya(u) = q;z((uj)) Ohyo — %(u) /uo ¢ (7.13)

Integrating this differential equation with respect to A yields

/07r yx = ¢° (o) Oayo C|g — /07r <@ /u: <252> du . (7.14)

In the last integral we perform the transformations

/ du/ dv --- / dv/ du
uQ uQ uQ v
uo u ug ug uo v
/ du/ dv---:—/ du/ dv-":—/ dv/ du ---
0 uo 0 u 0 0

/oﬂ (@ / ¢2> du = / ¢*(v) ¢ dv — /0 $(v) ¢! dv.

Taking the limit ug 7 and using (.I1]), the relation (.I14]) simplifies to

Tow= [ =" e
[y o= [ o=

The representation for ¢¢P derived in Lemma [7.3] below shows that the function ¢¢P
has a non-negative imaginary part, and that its imaginary part is even strictly positive
on a set of positive measure. Therefore,

to obtain

/ OxImy >0 forall A e R,
0

showing that for our family of functions y, the integral (7.9)) is indeed strictly increasing
in A

Combining this strict monotonicity of the integral (7.9]) with the continuous de-
pendence on the parameter A, the intermediate value theorem gives rise to eigen-
functions A, which are uniquely characterized by their number of zeros. Since the
integral (9] is strictly positive, converges to zero as A — —oo and tends to infinity
as A\ — oo (using the WKB asymptotics), we conclude that there is a sequence of
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eigenvalues \g < A1 < ... and that the eigenfunction corresponding to A, has pre-
cisely n zeros in the open interval (0, 7). Moreover, we conclude that (73] holds for
the family of functions y satisfying (Z.1T]).

In order to show that (7.5 holds for any smooth family of solutions y with Imy > 0,
we use the following continuity argument: For any fixed A = )\, we denote the solution
satisfying ((TI]) by yo, and let y be any other solution with Imy > 0. For any 7 € [0, 1],
we let (y,) be the family of solutions of (Z3]) with initial conditions

yr(3) =7y0(3) + (1 =7)y(3)-
Then the condition (7.9)) is satisfied for any T,

/ Imy, e 7.
0

By continuity, this integral is independent of 7. We conclude that (7.5 holds for
any 7 € [0,1], and in particular for 7 = 1. O

Remark 7.2. We remark that for a real potential, the eigenvalue condition (7.9]) can
also be understood without going through the osculating circle estimates, as we now
explain. Since the real and imaginary parts of ¢ form a fundamental system, the
solution ¢P can be represented as

¢° = ¢ Im(e™"¢) (7.15)
for a suitable phase a and a complex prefactor c¢. The zeros of ¢ are then determined
by the phase of ¢,

®° =0 — argp € a+1Z.
In particular, for ¢® to satisfy the Dirichlet boundary conditions, it follows that

arg (b‘g enl.

Differentiating gives

d d ¢

— = —1Iml =Im — =Imy, 7.16

Jrard = 2 Tmlogg = Tm & — Ty (7.16)
and applying the fundamental theorem of calculus again gives (7.9]). Moreover, one
sees again that the integral in (7.9]) gives 7 times the number of zeros on (0, 7) plus
one. Using the osculating circle method has the advantage that with (6.2]) we have an
explicit formula for ¢P, making it unnecessary to think about how the angle v in (7.I5])
is to be chosen. O

We append the lemma which shows that the integrand Im(¢¢®) has a definite sign.
Lemma 7.3. For every solution ¢ satisfying the normalization condition ([©.71) (for

any ug € (0,7)),

ti (600 6°(0)) = 36 (1~

2 2

AP BOEY,

[p(w)]* v\0 ¢(v)

Proof. Clearly, ¢P is a linear combination of the fundamental solutions ¢ and ¢, i.e.
& =ap+ 63 (7.17)

for suitable coefficients o, 8 € C. In order to compute these coefficients, we compute
the Wronskians of ¢P with both ¢ and ¢. First, using the ansatz (T.I7)), we get

w(, ¢”) = Bw(p,¢),  w($,¢°) =—aw(¢,9).
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Next, using the representation (6.2]) and (6.1]), we obtain
w($, ¢°) = ¢'¢¢ — ¢ (¢0) = —¢* ¢ = -1
oy - - / - / oy §
W@ 0P) = F9C— 6 (60) = —wl6.9)¢ ~ P ¢ = —u(6.5) ¢~ 0
Comparing these formulas, we can compute o and 3. We obtain that for any v € (0, 7),

1 v)|? 1
=)+ —— POy 1
w(g,d) d(v) w(9, ¢)
Finally, the normalization condition (6.7) implies that w(¢,¢’) = 2i. Computing
Im ¢¢" using the above relations, taking the limit v \, 0 and using that lim,\ o ((v) =

0, we obtain the result. O

7.2. Lower Bounds for Small Eigenvalues. In order to obtain eigenvalue esti-
mates, we need to count the number of zeros of the function ¢P. Our method is to
decompose the domain (0, 7) into subintervals on which the potential Re V' has a def-
inite sign. On every interval where ReV is positive, the number of zeros is a-priori
bounded:

Lemma 7.4. If I is a closed interval with ReV|; > 0, then ¢P has at most one zero
on I.

Proof. Assume conversely that there is more than one zero on I. We choose two
neighboring zeros u; < wg. Then, possibly by flipping the sign of ¢ we can arrange
that ¢°|(y, us) > 0. As a consequence, the function ¢ is convex on [u1, ug] (for details
and other estimates using this convexity property see [8, Section 5]). This implies that
@ is non-positive on (u,us), a contradiction. O

Lemma 7.5. Let y be any solution of the Riccati equation (L3]) with Imy > 0. Then
the number Z of zeros of ¢© on an open interval I C (0,7) is bounded by

1 1
—1+—/Imy§Z<1+—/Imy.
TJI TJI

Proof. One method of proof is to consider the osculating circle for a real potential (7.8))
and to note that the change of the phase ¢ is given by the differential equation (G.9I).
Finally, the representation (6.2]) shows that the zeros of ¢ coincide with the zeros of (.
An alternative method is to use the representation (Z.I5]) with ¢ according to (.10,
and to make use of the fact that arg ¢ satisfies the differential equation (7.16]). O

Combining the node theorem of Proposition [Z.Tlwith the last two lemmas, we obtain
the following corollary.

Corollary 7.6. Let I1,...,I;, C (0,7) be open intervals such that Re V' is non-negative
on the complement of [y U---UlI. On the I; we choose any solutions yy of the Riccati
equation (T3) with Imy, > 0. Then for the N eigenvalue My,

(N —2k—1) Z/IImyg<7rN+k).

We now apply this corollary to the spheroidal wave operator. We restrict attention
to lower bounds for the eigenvalues, but remark that upper bounds could be derived
with similar methods.
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Proposition 7.7. For every constant cg3 > 0 and any parameters k, s, there is N =
N(cs, k,8) € N such that for all Q in the range (LH) with |Q| sufficiently large, the N
eigenvalue is bounded from below by

AN > c3 |9 (7.18)

Proof. In order to prove (7.I8]) we consider A < c3|Q| for large |2|. Then, due to the
summand Q2 sin? u in (Z8), the real part of the potential is non-negative except in a
neighborhood of © = 0 and v = 7. By symmetry, it suffices to analyze the behavior in
a neighborhood of u = 0. Then the estimate

1 QP , 2 (3
> - — DIQ + — Q 1
ReV > e (s + 1) + 5 u” + |27 O(u’) (7.19)
shows that the potential is positive if
u>up = 2(cs +1)]Q 72 . (7.20)
We begin with the case k # s. In this case, the estimate (Z.19) is improved to

3 Q|2
ReV > 2 (s +1)|Q + % u? + QP O(u?) .

In particular, we conclude that for large €],
ReV > —2(c3+ 1)|9| (it k#s). (7.21)

We choose a (possibly empty) interval (u_, u4) such that ReV is negative inside and
non-negative outside this interval. In view of (Z.20]) we may choose u_,us+ < up. In
order to count the zeros of ¢ on the interval (u_,uy) we can assume that the mini-
mum ug of ReV lies in the interval (u_,uy) (because otherwise the interval (u_,u4)
is empty, and there is nothing to do). We consider the solution y of the Riccati
equation (73] with initial conditions

y(uo) = 1/|Re V (up)| - (7.22)
We now apply the T-method (see [12, Theorem 3.2] or [0, Lemma 4.1]), choosing o = 0.
Then U =ReV, 0 =0 and
Re V'
2
(see [12] eqns. (3.3)—(3.5)]). Using that ReV is monotone increasing on [ug,u) and
monotone decreasing on (u_, ug|, we obtain

D =

~ |ReV(uo) 2
Tlu) = ‘ ReV(u)

giving rise to an invariant disk estimate with center m(u) = ¢/5(u) and radius R given
by

)

Blu) =

R(u) =

(IRe Viwo)l} +|ReV(w)] | Re V(uo)| )

| — Do =

5 (IReV(uo)[2 = |Re V()| | Re V(uo)| ~2).

In particular, one sees that

Imy < v/|ReV(up)| on (u—,uy).
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As a consequence,

[ty < VIR V)] Jus — -] < VTR Vi) ur < (2(es + 1)*

(NI

where in the last step we applied (7.20) and (T21]).

In the case k = s, on the other hand, the function ReV tends to minus infinity
as u N\, 0. We choose u— = 0 and uq < u; with ReV(uy) = 0. We first apply the
invariant disk estimate near the pole as worked out in [I2], Section 8.1]. This estimate
applies up to some @ < ]Q\_% Choosing @ such that Re V' is monotone increasing on
the interval (@,w;), on the remaining interval [, u;] we can again use the T-method
with a = 0. Again, this gives rise to the estimate

Ut
/ Imy < C(cs) .

Working out similar estimates near v = w, we can apply Corollary with k£ = 2.
We conclude that we can choose N such that for all sufficiently large ||, the chosen A
is smaller than the N*! eigenvalue. This concludes the proof. O

7.3. Weyl’s Asymptotics. In the next lemma we show that our boundary condi-
tions (2.I0]) give rise to the usual Weyl asymptotics.

Lemma 7.8. The spectrum of the Hamiltonian ([T2) with boundary conditions (2.10)
lies on the real axis and consist of points \g < A1 < ---. For large n, the eigenvalues
and gaps have the asymptotics

A =n% 4+ 0(n)
Mgl — An = 2n+ O(n?) .

Proof. We consider the family of solutions y of the Riccati equation (7.3]) with initial
conditions

y(3) =iV for A € R .
Asymptotically for large A, the potential ReV becomes nearly constant according
to (2.8)), except at the poles at u = 0 and v = 7. In the case k # s, one can control
the behavior near the poles by using the T-method similar as explained after (7.22]).
We thus obtain asymptotically

i 1
Tmy = VAT +0(—=) . 2
/0 y=Var+ 7 (7.23)
In the case k = +s, one can use the asymptotics of the fundamental solutions as
worked out in [I2] Sections 7 and 8] to again obtain (7.23)).

Combining (7.23)) with (7.5]) gives the result. O

8. SLIGHTLY NON-SELFADJOINT PERTURBATIONS

We now prove Theorem [[LT] under the additional assumption that €2 is restricted to
a bounded set:

Proposition 8.1. Let U C C be a bounded set. Then for any s and k in the
range ([IA4), there is a positive integer N and a family of operators @Qn,(2) on Hj
defined for alln € NU{0} and Q € U which has the properties (i)—(v) in the statement
of Theorem [Tl
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Inga Inyo

ALm A ry

FicUre 5. Contour integrals for slightly non-selfadjoint perturbations.

This proposition differs from Theorem [[.T] by the fact that here the parameter N may
depend on the set U, whereas in Theorem [[.T]the parameter N is to be chosen uniformly
for all Q in the unbounded strip (LE). This uniformity in 2 is the main difficulty of
the present paper; its proof will be the concern of the remaining Sections [3HI6

Proof of Proposition [l We again consider the Hamiltonian (7.2)) with a real poten-
tial with boundary conditions (Z.I0) Choosing contours which enclose each of the
eigenvalues Ao, A1, ... with winding number one, the contour integral (5.II) defines
idempotent operators @, n € 0,1,.... Since H is formally self-adjoint, these oper-
ators are symmetric, implying that the (),, are orthogonal projection operators onto
mutually orthogonal subspaces. For any A € C\ {\g, A1,...}, we define the resolvent
of the self-adjoint problem by

SA:Z_;))\_l)\nQn

Here the sum converges absolutely in L(H). Moreover, the resolvent satisfies the
identities

d? > 1
+ReW — Al )sy=1 and Qrl|l= sup ——.
< du du? ” H neNU{0} ‘)‘ - )‘n’

Our method for treating the imaginary part of the potential is to use the theory
of slightly self-adjoint perturbations (see [15, V.4.5]), similar as worked out in [8]

Section 8] or [3, Chapter 12]. We first note that, since the poles in (2.1]) are real-
valued, the imaginary part of the potential is bounded,

[ Im W (u)| < C for all w € (0,7) and Q € U (8.1)

(where the constant C' clearly depends on U). Next, using Weyl’s asymptotics of
Lemma [(.8, we can choose N so large that

[Ant1 — A\n| > 4C foralln > N.

We choose contours T',, (for n > N) as circles centered at A, with radius 2C. More-
over, we choose I'y as a circle which encloses the eigenvalues A, ..., Any_1, and whose
distance to the spectrum is at least 2C' (see Figure (). Then for any A on one of these
contours,

1
<. .
lsxll < 55 (8.2)



SPIN-WEIGHTED SPHEROIDAL WAVE OPERATORS 25

This makes it possible to define the resolvent for the Hamiltonian (2.3]) with the com-
plex potential, which we denote for clarity by a tilde, via a Neumann series,

= (= sa Im W) (8.3)
k=0

We now integrate this resolvent along the contours I',,

@n::—i, 5xdh, ne{0,N,N+1,...}. (8.4)
I'n

211

As explained in [15 V.4.5], these operators are idempotent and map onto the invariant
subspaces corresponding to the spectral points enclosed by the contour. Moreover, it is
shown in [15] V.4.5] that the spectral projections are complete. The bound (L.6]) follows
immediately by estimating the contour integral (8.4]) and the Neumann series (8.3

using (82) and (8I). O

9. AN A-PRIORI ESTIMATE FOR ImV

Assume that X\ € C is an eigenvalue. We let ¢® be a corresponding eigenfunction.
This function satisfies the Dirichlet boundary conditions at v = 0 and uw = 7. There-
fore, the corresponding functions ¢? and ¢% as defined by ([2.I7) are both multiples
of ¢P. Multiplying the differential equation for ¢° by ¢P and integrating, we obtain

s d2 (i) ™ d2 o B ™ o
/¢D (——+v>¢D—/O <—W+v>¢%ﬂ’—/o (V=V)gPe”, (9.1)

where in (x) we integrated by parts and used the asymptotics for the decaying solution
in (2.11)) and (212]), (2.13)) to conclude that the boundary terms vanish. We thus obtain
the relation

/WImV\(ﬁDF:O. (9.2)
0

This identity immediately gives rise to the following a-priori estimate.
Lemma 9.1. Suppose that A € C is an eigenvalue. Then
[Im A, |Im V| < C|9]
with a constant C' which is independent of X and ).
Proof. Using the explicit form of the potential (2.8]) together with (LX), one sees that
|ImV —Im A| < 2¢|Q| + const . (9.3)

The integral equation ([@:2]) implies that the function Im V' must change sign on the
interval (0,7). As a consequence, the absolute value of Im A is bounded by the right
side of (@.3). This gives the result. O
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10. OVERVIEW OF THE ESTIMATES FOR A COMPLEX POTENTIAL

We now enter obtain the general estimates. Recall that our equations involve the
parameters k, s,  and A. We always keep k and s fixed. The parameters 2 and A,
however, may vary in a certain parameter range to be specified later on, and we must
make sure that our estimates are uniform in these parameters. In order to keep track
of the dependence on Q and A\, we adopt the convention that

all constants are independent of €2 and A,

but they may depend on k and s. Moreover, in order to have a compact and clear
notation, we always denote constants which may be increased during our construc-
tions by capital letters C1, Co,.... However, constants with small letters ¢, co,... are
determined at the beginning and are fixed throughout. We use the symbol

< ... for Sc

~

with a constant ¢ which is independent of the capital constants €; (and may thus be
fixed right away, without the need to increase it later on).

When increasing the constants C;, we must keep track of the mutual dependences
of these constants. To this end, we adopt the convention that the constant C; may
depend on all previous constants Cq,...,C;_1, but is independent of the subsequent
constants C;y1,.... In particular, we may choose the capital constants such that €; <
Cy <« ---. This dependence of the constants implies that increasing C; may also
make it necessary to increase the subsequent constants Cji1,Cys,.... For brevity,
when we write “possibly after increasing C;” we implicitly mean that the subsequent
constants Cry1,Cya,. .. are also suitably increased.

10.1. Different Cases and Regions. In view of Proposition B.1] it suffices to con-
sider the case that || is large. Thus in what follows we always assume that

IRE

Since the imaginary part of  is bounded by (LH]), by increasing €4 we can always
arrange that

IReQ? > g Q.

Furthermore, Lemma gives us an a-priori bound on the imaginary part of the
eigenvalues,

| mag. | (10.1)

Moreover, in view of Proposition [Z.7] we know in the case of a real potential that by
choosing N sufficiently large, it suffices to consider the case that A is real and A\ > |Q|.
With this in mind, in our estimates we may restrict attention to the case

| Rea>e;500. | (10.2)

This inequality will be justified a-posteriori by showing that if we deform the potential
continuously starting from a real potential and ending with our complex potential V,
then the inequality (I0.2)) will be preserved for all spectral points A, with n > N (for
details see Section [I6.3)).
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For large |2, the real part of the potential looks qualitatively like a double-well

T 27

potential (see the left of Figure [[). More quantitatively, in the region [%, %] away
from the poles at u = 0 and u = 7, according to (2.8)) we have

ReV = Re(Q?) sin®u — Re A + O(Q) (10.3)
Re V' = 2Re(Q?) sinu cosu + O(Q) (10.4)
Re V" = 2Re(Q?) cos(2u) + O(Q) . (10.5)

In particular, one sees that Re V' has a unique local maximum at a point near 7, which
we denote by Upax,

Re V' (tUmax) = 0 and Umax = g + O(]Q\_l) .

Moreover, the real part of the potential is concave near this maximum,

Q2 T 27
o <rev’ < o [—,—}. 10.6

As the intervals (0, Upax] and [Umay, 7) can be treated similarly, we mainly restrict
attention to the interval (0, upmax]. The value of the real part of the potential at its
local maximum distinguishes different cases:

WKB case if Re V (Umax) < —C1 Q|
parabolic cylinder case  if —C1 |Q] < ReV(upay) < €1 ]| (10.7)
Airy case if Re V (Umax) > €119 .

Here C; is a new constant which later on we will choose sufficiently large.
In each of the above cases, we estimate the solution by considering different regions,
as we now explain. First, we distinguish the pole region as the interval (0, u,) with
€y
Uy ‘= . 10.8
vRe A ( )
To the right of the pole region, there is a (possibly empty) WKB region (ug,u,). The
definition of u, depends on the different cases. In the WKB case, we simply set u, =
Umax- I the parabolic cylinder case, the fact that the function ReV is concave (I0.6))
implies that there is a unique point u, € (5, Umax) With ReV(u,) = —C1 [Q[. In the
Airy case, we make use of the following result.

Lemma 10.1. In the Airy case, there are unique points u,,uy in the interval
u < u < min (umax,ﬂ) (10.9)
with
ReV(u,) = —v, ReV(uy)=v, (10.10)
where u, w and v are defined by

vRe U_4\/Re)\
21Q 7 12

v = min (i (€292 Re )\)%, (C319]* Re V (tUnmax))

(10.11)

g:

=

) . (10.12)

N | —
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Proof. We first show that ReV is strictly increasing on the interval (u, tp.y). First,
according to ([I0.4]), by increasing €4 we can arrange that the function ReV is strictly
increasing on the interval (g, 3“) Moreover, the concavity of Re V' implies that Re V'
is also monotone increasing on the interval [ ; Umax). On the remaining interval (u, §],
we have the estimate

L0, S S 4 (U
BRGSO I el B
ReV' > 5 U 32 < 5 " u

1 16¢|Q? 9 1 16c 9 |Q|2
> ——— ) QPu> (= Q =L 10.1
> (5 b )Pz (5 )1otu= Bhuso o)

where in the last step we possibly increased 65. We conclude that ReV is strictly
increasing on the whole interval (w, tmax)-
Next, at u we have the estimate

ReX  4c|Qf?
ReV(g)§|Q|2g2+i—Re)\: Z + lc{|e/\| —Re A
SRe)\ 4c Re \ — Re)\<—Re)\,
TR 2

where in the last step we possibly again increased Cs. Moreover, if & < Uyax, We have
the estimate
4¢|Q?

Ro — Re A

1
Re V(@) > - |Q|2g2—% “ReA>4Re\—
>4Re/\—@ Rel — ReA > Re),

where in the last step we possibly again increased Cs. Next, it follows from the defini-
tion of v in (I0.12) and (I0.2]) that v < Re A/4. Hence

ReV(u) < —v and Re V (min (@, tmax)) > v .

Now the existence of solutions u, and u4 of (I0.10) follows from the intermediate value
theorem. Uniqueness is an immediate consequence of the above strict monotonicity

of Re V. ([l
To summarize, the point wu, is defined by
Up = Umax in the WKB case
ReV(u,) = —C1 || in the parabolic cylinder case (10.14)

ReV(u,) = —v  in the Airy case.

In the Airy case, the interval (u4,tmay) with uy as in (I0.10]) is another WKB region
to the right of the zero of Re V. We thus obtain the following regions:

( pole region (0, u) in all cases
WKB region

parabolic cylinder region

Ug, Uy ) in all cases
Up, Umax) 10 the parabolic cylinder case
Airy region Upy Uy ) in the Airy case

WKB region with ReV > 0

{ Ut, Unay) in the Airy case .

(10.15)
The different cases are illustrated in Figure [6l
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WKB case parabolic cylinder case Airy case

FIGURE 6. The different cases.

10.2. Locating the Eigenvalues. Our general strategy is to construct a special solu-
tion y, of the Riccati equation (2.I4]) on the interval (0, uy.x], and a special solution yg
on the interval [u,., 7). These solutions are defined by the initial conditions

where ul’ and uf® are chosen near the poles at u = 0 respectively u = 7 (for details
see Section and below). We choose these special solutions in such a way
that our estimates become as simple as possible. This means in particular that these
solutions have no singularities. Then we introduce corresponding smooth solutions of
the Sturm-Liouville equation (27 by integration (cf. (2.15))),

o1, (u) = exp ( / yL) L én(w) = exp ( / yR) | (10.17)

both normalized according to (6.7)). These solutions will not satisfy the Dirichlet
boundary conditions (2.I0). By introducing the functions ¢? and ¢} again by (2.I7),
we obtain solutions which do satisfy the Dirichlet boundary conditions. In order to
locate the eigenvalues, we must analyze the eigenvalue condition (2I8]). It is most
convenient to evaluate the Wronskian at .y,

w(Pr, o) =0. (10.18)

Umax
Similar to ([6.1) and (6.2]) we set

v 1
Co(u) = /0 7 o0 = b1 (L, (10.19)
Crlu) = — / q%z , o — dr Cr. (10.20)
u R

Differentiating these relations, we obtain

(62)" _ L, G _ 1

AR CL_yL—i_%
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and thus
(o of) = op of (O - %)
~ Rk (n+ 77 yR—@)
= 61.¢L énCr <yL T @) . (10.21)
Therefore, the eigenvalue condition (IUIR) can be written alternatively as
(yr —yr) + ¢L1€ Wlﬁz = (10.22)

Indeed, in this form the eigenvalue condition is most suited for our analysis. Our
main task is to analyze the behavior of the functions y;, and yr as well as the derived

functions ¢, ¢r and (1, r (obtained by (I0.17)) and (I0.19), (I0.20).

11. ESTIMATES IN DIFFERENT REGIONS

11.1. Estimates in the WKB Region (uy,u,). The name “WKB region” suggests
that in these regions the WKB solutions should be a good approximation. This really
is the case, in the following sense:

Proposition 11.1. For any é > 0 and for sufficiently large C1, the WKB conditions
v v
Vi VI vz
hold in the WKB regions (ug, uy) and (U4, Umax) (see (I0IH)), uniformly in Q and A.

For the significance of the inequalities (IT.I) we also refer to [12, eq. (4.1)] and the
estimates in [I2, Section 4].

The proof of this proposition is split up into several lemmas. The proof will be
completed at the end of this section.

(11.1)

Lemma 11.2. Possibly by increasing C1, we can arrange that in the region u > uy,
the potential and its derivatives are bounded by

3
A A)2
W< P+ 22 VI S 0P+ BN
)2 A)2
v 5o+ B v g jap+ BT
el el
Proof. Using the explicit form of the potentials in [2.3]), [2.6]) and (2.8]), we obtain
A
W] <P u2 + — < |QPu? + &7 e Y P R;
Z
Nt
V<20 S 5ot B
U e
y4 1
1 (Re \)? (Re \)3

[
V//<Q2_|__< Q2—|— ’ V///<Q2+_< Q2—|— ’

where in (x) we possibly increased Cj. O
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Lemma 11.3. The statement of Proposition [I1.1] holds in the region

w<u<u, (11.2)
where u is again defined by (I0.11]).
Proof. Using (28], we obtain
Re A Re A
IV (u)] > |Re\| — |[W| > ; — Q22 > % > Re\. (11.3)
Hence
3 3
V' S0P u+ (P‘%)z S92/ VRe A + (R‘é—?)z
1 1
’V/’< ’Q‘ i<i+i
\V\% ~Red €Y C; €3
" 2
‘V ’ < ‘Q’ i < i + i
V]2~ (ReA)? ~ €p ~ €2 ¢
P S S |
VIE T ®eN: G Tezer G
giving the result. O

It remains to consider the complement of the region (I1.2]). This complement is
empty unless

5

Re
219

Therefore, in what follows we can assume that
Re ) < Q2. (11.4)

T
< —=.
-2

Moreover,

us YRA S VReAl VG 1 (11.5)

=20 220 Sz~ il
Lemma 11.4. Under the assumptions of Proposition [I1.1),
vy v
V2" v
Proof. From ([0.10), (I0.12)), (I0I)) and (I0.2) we know that
V] > v 2 min (C5]Q[, € |Q]) = €1 ]9] .

Combining this inequality with (IT.4]) and (I1.5]), the derivatives of the potential can
be estimated by

1

VI S 107+ — S 122 + 9P S 10
u
[

VI SI0P + — S0P 10l S 10l

As a consequence,

QP 1 v 19E 1
VIz ezl e
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completing the proof. O
It remains to estimate the term involving the first derivatives in (II.I]).
Lemma 11.5. The statement of Proposition [I11] holds in the region
u>u,
where T is again defined by (I0.IT]).

Proof. We can bound the potential from below by
QO 2 QO 2
ReV > uuz—Re)\z uu?
4 8
Hence

VI _19Pu  (ReM2 _ Q] 1 _1 1
’V’% ~QPud  CFQPud Y Red €3 T G €3

giving the result. O
It remains to estimate the term involving the first derivatives in (L)) in the region
u<u<u. (11.6)

We begin with a lemma in the Airy case.

Lemma 11.6. The statement of Proposition [I1.1 holds in the Airy case if

(2190 ReA) <2 (€30 Re V(t)) - (11.7)
Proof. In view of (I0.12]), the assumptions imply that
1 1
v = (€3]0 Re )3 (11.8)

Moreover, according to (I0.10), we know that |V| > v. Hence

/ 2 ¢ 2 1
‘VIS‘Q’ u+$§\§2] u(l—i—m)

2\ (02 @I
§|Q|2u<1+f’{Q‘A> < 10%u < Q] VRe

2 ~
e
V'] _ 2| VReA @5 1
iz~ b ~ Gy
This concludes the proof. O

Thus in the Airy case, in what follows we may assume that (I1.7) is violated. Since
in the WKB region under consideration, we stay away from the zeros of ReV in the
sense that |Re V| > v with v as in ([I0.I2]), it follows that

1 1
|ReV| > 5(@% Q)% Re V (Umax)) ® in the Airy case . (11.9)

We now return to the analysis of the region (II1.6]), without specifying whether we
are in the WKB, the Airy or the parabolic cylinder case. As a consequence of (I1.4]),

1
VIS 102U+ — S 9] VReX S 92



SPIN-WEIGHTED SPHEROIDAL WAVE OPERATORS 33

where in the last step we again applied (IT.4]). From this inequality, we obtain the
desired estimate provided that one of the following two inequalities holds:

QO 2
V()| >C|Q3  or  ReV(umw) > % . (11.10)
1
Namely, the first inequality implies that
! QP 1
Vi 19F _ 1 (11.11)

3 3 3 -
Viz ezl ez
On the other hand, if the second inequality in (ITI0) holds, we are in the Airy case
(possibly after increasing Cy4), so that (IT.9)) yields the estimate

1
V] = (€210 ReV (tmar)) > €F Q25 .

1
This implies that the first inequality in (I1.I0]) again holds (for C; = €7), making it
possible to again use the estimate (I[T.IT]).
It remains to consider the case that both inequalities in (IT.I0) are violated, i.e.
4 Q[
|V (u)] < Cq |3 and Re V (Umax) < o
1
In this case, | Re V (u) —Re V (tmax)| < |2]2/C1, implying that 1 & .y (more precisely,
by increasing C; we can make |u — Uyay| arbitrarily small, uniformly in Q and ).
Since Re V' is concave near uy,, (I0.6]), we may integrate this inequality to obtain

‘9’2 ! 2
2 |u umaX| S |V (u)| § |Q| |u - umaX|
0|2 0|2
% (U — Umax)? < ReV (Umax) — Re V(1) < u (U — Unax)? -

Hence

V()] S 191 VRe V(tae) — Re V() < 9] (v/TRe V()] + VIV (w)])
In the case |Re V (tumax)| < [V (u)], it follows that
| .
3
2

V| _ 219 . 19 _ 1
V(u)> ~ RO ATEETS

giving the result. In the remaining case | Re V (umax)| > |V (w)], we know from (10.14])
and (I0.7) that we are in the Airy case. Hence, again using (IL.9]), we obtain

V'l 219 \/ReV () — 22 |9 VRV ()] _ 27
[V (u )| |V (u)|2 : VETIQP[ReV (umay)] €1
This concludes the proof of Proposition LTIl

11.2. Estimates in the Pole Region in the Case k = s. In this section, we
analyze the pole region (0,us) in the case k = s. We consider the solution ¢ as
defined by (I0.I6)) and (I0.I7)). For ease in notation, we omit all subscripts L. The
parameter ug in (I0.I6]) is chosen as

1
wp = 5 0|72 . (11.12)
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Possibly by increasing Cs;, we can arrange that ug > uy (cf. (I0.8) and (I0.2))), so
that ug lies in the WKB region. We choose the initial values at ug in (I0.I6]) equal to
the value @lykp/dwxs for the WKB approximation,

yo = /V(ug) — V' (10) and Im+/V(up) > 0. (11.13)
4V (yo)
We expand the potential near u = 0,
1
V) = ——5 — p+Q%u> + 0(|Qu?) + 0| u?) . (11.14)

4y?
Lemma 11.7. For any § > 0, we can arrange by increasing Cs that

Uy 1
<,
I

Proof. Using the asymptotics as worked out in [12, Section 7.1], on the interval (0, u)
the solution ¢ has the form

d(u) ~ —cv/u (Ko(\//_w) + (arg /p — log(2) + v + i) Io(\//_w)) , (11.15)
where ¢ is the constant (see [12] eqn. (7.3)])
) Vo
arg /it —log(2) + v+
(and p is related to A and Q by (29)). As specified in [I2] Section 8.1], the error

in (ITI5) becomes arbitrarily small for large |©2|. Note that ¢ is bounded uniformly
in p. For small u, the function ¢ has the asymptotics (see [12], Section 7.1])

¢(u) = —c (Vu log |\/u| +ivu + O(yuuw)) (11.16)

In particular, using that

“ 1 T
/0 (1 Tog2 (i) = arctan (log(y/pu)) + 5

one sees that 1/|¢|? is integrable. Hence

uniformly in Q0 and A.

v
1
lim / — =0, uniformly in w .
NSy 0P e

In view of (I0.8)), by increasing €5 we can make /g u, as small as we like. This gives
the result. g

11.3. Estimates in the Pole Region in the Case k # s. We now analyze the pole
region (0, uy) in the case k # s. We again consider the solution ¢y, as defined by (I0.16])
and (I0.I7) and omit all subscripts L. The parameter ug in (I0.16) is chosen as the
minimum of ReV/,

ReV'(ug) =0. (11.17)
Introducing the abbreviation

1
A = (k — 3)2 — Z N

the potential near u = 0 has the expansion

A
V(u) = el s Q% + 0(|Qu?) + 0(|Q* u?) . (11.18)



SPIN-WEIGHTED SPHEROIDAL WAVE OPERATORS 35
Computing the zero of the derivative, we obtain
up = AT|Q72 +0(|Q7F) (11.19)
so that for large €2 we have the estimates
% AT|Q72 <wup < 2A1 Q2. (11.20)

Possibly by increasing the constant Cs in (I0.2]), we can again arrange that uy > g, so
that ug lies in the WKB region. We again choose the initial values at ugp in agreement
with the WKB approximation (ITTI3]).

Lemma 11.8. For any § > 0, we can arrange by increasing Cs that
ue q
T/.19 S 6 9
Jy

Proof. Using the asymptotics as worked out in [12] Section 7.2], the solution ¢ has the
form

uniformly in Q and A.

0(w) ~ o/ K ( — Vi) (11.21)
where ¢ is the constant
2

Cc = —_.
m

As specified in [12] Section 8.2], the error in (II.2I) becomes arbitrarily small for
large |Q]. For small u, the function ¢ has the asymptotics (see [12], Section 7.2])

N Gk O LR/ 1 jk—s| )
e ﬁﬁ( ) avow)

V2 N 2 +|k—s|
_C\k—311u1< 5 > (1+0(u)) .

(11.22)

In particular, one sees that |¢| has a pole at v = 0 and is thus bounded from below
near v = 0. Hence

v
lim — =0, uniformly in p .
wN\O Jo [
In view of (I0.8), by increasing C5 we can make /g u, as small as we like. This gives
the result. 0

11.4. Estimates in the Parabolic Cylinder Region. In the next proposition we
estimate the Riccati solution in the parabolic cylinder region.

Proposition 11.9. Assume that in the parabolic cylinder region [u,, Umay], one of the
following two conditions hold:

(a) The potential has a positive imaginary part, Im V|, ..} > 0.

(b) The imaginary part of the potential has a zero on [u%, uff]
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Moreover, assume that the Riccati solution begins in the upper half plane, Imy(u,) > 0.
Then there is a constant Co (depending on Cy) such that for large ||, the solution on
the interval [u,, Unay] can be estimated in terms of y(u,) by

ly(w)] < €2 |y(ur)|
S Imy(u,)
Ca

< |p(u)] < C2|o(ur)] -

Proof. We set v = C1|Q]. Using that the function Re V' is concave near ., we obtain
(s = )* S 15 (11.23)
and thus
V (Unmax — ur)2 < (‘3% .
Our strategy is to estimate y using the T-method as introduced in [12, Section 3.2]
choosing

a=+v2r and [=0. (11.24)
Hence
V=a’=2 and U=ReV -a?< —v. (11.25)

In case (a), our method is to apply [12, Theorem 3.3] for g = 0. The terms Ey, ..., Ey
are estimated as follows,

Ey=E;=0
1 ~ ! !
[E1| £ —= |ReV — Re V| + ReVV <o Y
()
R

NI

where in (x) we used (I0.I) as well as the fact that

) @3
As a consequence, we can apply Lemma [IT.10] to obtain

Umax 1 Umax Q
/ (’El, + ’E3’> S.; \/;(umax - UT’) + ;/ ReV’ + % (umax — ’U,T)

r

= \/;(umax - ur) + %(Re V(umax) - Re V(“?‘)) + @ \/;(umax _uT)
Q
561—1-24-@1% <Ci+3.

This concludes the proof in case (a).

In case (b), the imaginary part of V' could be negative. Therefore, in order to
apply [12, Theorem 3.3] we need to choose the function g positive in accordance with
the inequality

g>T-1. (11.26)
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We choose a and 3 as in (I1.24) and g = |Q|% Then the error terms Ey, Fo and Fj
estimated just as above. Estimating Im V' with the help of the mean value theorem by

V| < (uf —uy) sup [V S (' —uy)
[uf ]

(where in the last step we used the explicit form of the potential (Z8])), the error
term Fy, is estimated by

Umax umax | Ty |/ Umax |() UR _ ’LLL
[ =g [V [ 81008 )
Uy Ur \/ |U| Upr \/;

<g|Q (uR_uL)2@I<m)g\/;:g\/61:Vel
Y | VA T o
This can be made arbitrarily small by increasing [{2|, implying that the inequal-
ity (IT.26) holds. This concludes the proof. O

11.5. Estimates in the Airy Region. We proceed with estimates in the Airy region.
We first recall that it remains to consider the interval (I0.9]). For this interval to be
non-empty, we can again assume that (I1.4]) holds,

Re A < Q)2 and thus |Re V| <92 (11.27)

We begin with a preparatory lemma.

Lemma 11.10. In the Airy region, the function ReV is strictly monotone. Moreover,
vuy —uy)? = €%, (11.28)

Proof. The strict monotonicity was already shown in the proof of Lemma D01l In
preparation of the estimate (I1.28]), we recall that the region (u,,u) is contained in
the interval (u, u) (see Lemma [I0.T]), and thus

Re
12
3

We consider the regions (u, ) and [%’T,umax) separately. In the region (u, 3%), we
know from (I0.I3) that Re V' > |Q|?>u. Moreover, the method in (T0.I3)) also gives the
reverse inequality,

b

Up, Uy =~ (11.29)

¢ 1

~ <1 + iy ) 191%u < |Q*u
Re? \ ~ 7
where in the last step we used (I1.29) and (I0.I). We conclude that
Re V/|(uyur) = |Q/*u = Q] VRe .
As a consequence, the mean value theorems

(uy —u,) inf ReV’' <2v < (uy —u,) sup ReV’

u’l‘7u+) (ur,u+)

give rise to the estimate

14
Uy — Up ~o ———————
" Q] VRe A
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and thus

3

T IQP ReX”
In order to estimate this further, we need to determine the scaling of v. Using the
estimate for the second derivative in (I0.5)) with the fact that Re V has a maximum
at Umax and no zero on the interval (%”, Umax ), We conclude that

Re V (tmax) = |2

Combining this inequality with the first inequality in (IL2T7), we find that the first
term in (I0.I2]) can be bounded in terms of the second term. More precisely, we obtain
the inequality

v (uy —up)? (11.30)

v? = min (€3, €]) |2 Re A = CT Q2.
Using this inequality in (IL.30) gives

viuy —uy)? < €3,

This concludes the proof on the interval (u, %’r)

It remains the consider the region (%’T, Umax ). We make use of the concavity of Re V/,

(I05). Denoting the zero of Re V' by w1, we obtain
Re V (tUmax) = |Q? (thmax — u1)? . (11.31)
On the other hand, for the potential to have a zero near 7, the spectral parameter
must scale like A = |Q|?. Therefore, the second term in (I0.I12) can be estimated in
terms of the first, so that
V3 = min (€3, €2) 19* Re V (tmax) = CT|Q* Re V(Uax) - (11.32)

Since v < Re V (upmax)/2 (cf. (I0I2]) and (I0.7)), the estimate (IT.31]) can be extended
to

Re V (tmax) = |Q? (tmax — 1)? for all w € [uy, u4] . (11.33)
Moreover,
Re V' (1) = |Q (tUmax — ) for all u € [uy, us] . (11.34)
We now combine the estimates (I1.32]), (IT.33]) and (I1.34]) to obtain
v
TN Revr
3 2102
5 v C7Q° ReV(Umax)
S T A T
I e~
‘9’4 (umax - u)2 v
This concludes the proof. O

We now estimate the Riccati solution in the Airy region.
Proposition 11.11. Assume that in in the Airy region [u,,u], one of the following
two conditions hold:
(a) The potential has a positive imaginary part, Im V|, ..} > 0.
(b) The imaginary part of the potential is small in the sense that

|Im V| < |Q'° for a suitable constant 6 > 0.
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Then there is a constant Co (depending on Cy) such that for large ||, the solution on

Moreover, assume that the Riccati solution begins in the upper half plane, Imy(u,) > 0
the interval [u,,u] can be estimated in terms of y(u,) by

[y < €2 ly(u,)
Imy(uy)
() = =g
2] < o) < €3 ()
2

(11.35)

(11.36)

in (IT24). Then V and U are again estimated by (I1.25])

estimated as follows

(11.37)
Proof. As in the proof of Proposition IT.9l we use the T-method choosing « and 8 as
In case (a), we apply [12, Theorem 3.3] for ¢ = 0. The error terms Ej,

By =

., Ey4 are
=FE,=0

!

1By| < \/_]ReV ReV\JrReV
| Im V| Y]

< < =1

As a consequence, we can apply Lemma [IT.10] to obtain
+

!
N\/;+ReV

[ (Bl 1) S Vo -+ [ RV

(=)
= V7 (s )+ (ReV(us) ~ Re V() + © 'ﬂ )
<€'1+2+(‘31u

Finally, by combining (I0.12) with (I0.1]), (I0.2)) and (I0.7), we conclude that v 2 Q]
This concludes the proof in case (a)

In the remaining case (b), we choose g as

s
g =192
Then the error term E, is estimated by

Umax U | ImV
/ |Eyl =g / V]
Up Up

1-5 (uy —up) < 1-6 \Q’
o Selalt Hm T gl s YR
This concludes the proof.

VvC

O

In the next lemma we compare the imaginary part of the potential on the two Airy
regions [u, u¥] and [uff, uf].

Lemma 11.12. In the Airy case, one of the following three statements holds
(AR R rodyp

T4 T

(iii) |ImV|[uTL’ui]‘ < VI and
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Proof. We first consider the case that the Airy regions are near the poles in the sense

1 1
that u, (7 — uf) < |Q|71. Then the factor sin?u in ([2.8) is bounded by [Q| 2,
implying that Im(V 4 A) is bounded by 1/|€2|. Therefore, depending on the value
of Im A\, we are in one of the above cases (i)—(iii).

It remains to consider the case that the Airy regions are away from the poles. Then
the factors 1/(sin®wu) in (Z.8) is bounded by 1/|Q. As a consequence, the imaginary
part of V' can be related to its real part by

2ImQ
R:lQ Re V + (const) + O(1/]Q]) .
R R

The function ReV has a zero vz in each of the intervals [uf, uf] and [uff,ufl]. It
follows that at these zeros, the imaginary part of the potential has the form

Im V (vy/g) = (const) + O(1/]9]) .

It remains to show that on each of the intervals [uX,u%] and [uf,u%], the total
variation of the function ImV is < /Q|. By symmetry, it suffices to consider the
interval [ul,u%]. For ease in notation, we omit then index L. We then obtain

TV ) IV < (uf = uf) sup |[Im V|
[uf uf]
<\/;(UL_UL)H < ﬂ< V&Y

This concludes the proof. O

ImV =

11.6. Estimates on the Interval [u,, upy.,]. It remains to estimate the solution in
the Airy case on the interval [u, Umay] (see (I0I5]) and (I0.I0]).

Lemma 11.13. For any € > 0, by increasing C1 one can arrange that

/‘Umax 1
— < c¢.

o(u)| > — i ReVV (11.38)

™ (ReV(u))3

Proof. In Proposition IT.I]it was shown that the WKB conditions (I1.I]) are satisfied
on the interval [uy, Uma,] are again satisfied. Thus the solution is well-approximated
by the WKB solution

Moreover,

~ et 1‘/)1 <01 el YV oy e I W) , (11.39)
e 4

with error terms which are under control in view of the estimates in [12]. Note that
one of the fundamental solutions in (IT.39) is exponentially increasing, whereas the
other is exponentially decaying.

Combining the estimate of Proposition [I.1l at u = u, with the estimates (I1.30])
and (II.36]) on the interval [u,, u4] and taking into account the normalization (6.7)), one
sees that the coefficient of the exponentially increasing fundamental solution in (IT.39)

is bounded away from zero, and that |¢(us)| =~ |ReV(us)|~1. This gives (IL3%).
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Next, we increase Cs to a new constant C3. Denoting the corresponding boundary of
the Airy region by %, we obtain
‘4 Re vV [* ReVV
‘(b’ > R fu+ efu+
(ReV)1

As a consequence,

/Umaxi B _2 [quRe\/*/umax d < ./ngRe\/V)
iy o

2N Re vV ( T e RcW) 2l RevV

AN

1— <e (11.40)

The integral in the last exponent can be estimated from above by /v (u4+ — u4).
Applying Lemma [[T.I0, this term can be made arbitrarily large by increasing C;
(and consequently Cs). As a consequence, the last exponent in (IT40) can be made
arbitrarily small. This gives the result. O

12. INTEGRAL ESTIMATES OF ImV

In this section we shall derive the following estimates.

Proposition 12.1. For all eigenvalues A, the following inequality holds,

/ U | Im V| <
w VIV
Proposition 12.2. For any § > 0, by increasing C1 one can arrange that that for all
etgenvalues \ in the WKB case and the parabolic cylinder case the following inequality

holds:
Ur ImV

Nt (12.1)

12.1. Elementary Estimates of the Potential. We begin with integral estimates
of our potential.

Lemma 12.3. The function ReV is monotone increasing on the interval [ug,uy,).

Moreover,
ur 1 1
< . (12.2)
/uo |ReV|z ~ CL|Q?

Proof. In order to prove the monotonicity of ReV, we first recall that in the proof
of Lemma [I0.1] we already showed that ReV is monotone increasing on the inter-
val (W, Unmay).- On the remaining interval [ug,u], we need to consider the cases k = s
and k # s separately. In the case k& = s, the monotonicity of ReV is obvious
from (II.I4). In the case k # s, we see from (II.I8) that ReV is convex. Com-
bining this with the fact that ug is chosen as a minimum of ReV (see (IL.I7)), we
conclude again that Re V' is monotone increasing on the interval [ug, u].
For the integral estimate (I2.2)), we first consider the interval (ug, us) with

U = min (ur,\/(‘f_llQ\_%) . (12.3)
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Then the desired estimate is obtained by using that the integration range scales
1

like [©2]72. On the remaining interval (uz,u,) we consider the regions (us, §) and (g, u,)

separately. In the first region, we approximate Re V' by the quadratic potential

|[ReV|>a—c(u—u)?, (12.4)

with parameters a,c > 0 to be specified below. Applying Lemma [0.1] it follows by
explicit computation that

min(ur, ) min(ur,g) 1
/ 7 < / 3
u2 |V|2 u2 (a—c(u—uQ)2)2

U — u

< U — u
2 min(ur,g) Ca V €1 ’Q‘ min(ur, %) ’

where in the last step we used that we are in the WKB region (see (I0.I5]), (I0.14)
and (I0.I1Z)). Since the quadratic polynomial a — c(u — ug)? is positive, we know that

a
u—uy < 4/—,
&

/min(ur,%) 1 1
< .
u2 |V|% V 61GC|Q|
Using that a > €y || and ¢ =~ |Q2|?, we obtain the desired estimate.

On the remaining interval [§,u,], we estimate ReV on the interval [ug,u,] by the
quadratic polynomial

av/a—c(u—ug)

implying that

|Re V| > a+b(uy —u) + ¢ (up —u)?, (12.5)

where the values of the positive coefficients a, b and ¢ will be estimated below. It
follows by explicit computation that

Ur 1 /ur 9\~
— < a+b(ur —u)+c(ur —u)
/uo ‘RGV‘% [ < )

It remains to analyze the coefficients a, b and ¢. In view of (I0.12]), (I0.I4)) and (I0.12I),
we can choose a > C5|Q2|. Moreover, the expansions (I0.3)-(I0.5) show that we can
choose either b =~ |Q|? or ¢ = |[©2|?. This concludes the proof. O

3
2

Lemma 12.4. For any 6 > 0 there is a constant C = C(9) such that the following
inequality holds,

/min (ur,g—é) 1 g

<. (12.6)
. VIVE T 1€
Moreover, there is a constant C such that
vro 1 log |9
<C (12.7)
/W VIV] 9]
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Proof. As in the previous lemma, we first consider the interval (ug, uz) with ug accord-

ing to (I2Z.3). Then, according to (I0.7) and (I0.15), (I0.14), (I0.12) and ([II3), we

know that
[Re V[, .. 2 CLIQ

~

and thus

“2 1 < U2 — UQ

w VIV VeQl

The desired estimate is obtained by using that the integration range scales like ]Q\_%

It remains to consider the interval (ug,u,). We consider the regions (ug, ) and
(%,ur) separately. In the first region, the first and second derivatives of ReV are
non-negative. We again estimate Re V' by the quadratic polynomial (IZ4]), where the
values of the positive coefficients a and ¢ will be estimated below. It follows by explicit
computation that

/«min(ur,g) 1 /min(ur,g) 1

— <
s VIVE ™ s Via—c(u—u)?
( Ve (u—ug) )

a—c(u—ug)?

1
= — arctan

NG

Since the arctan is bounded, it suffices to note that ¢ =~ |©2|? to obtain the desired
1/|92] behavior.

On the remaining interval (%, u,), we again estimate ReV by the quadratic poly-
nomial (I2.5]), where the values of the positive coefficients a, b and ¢ will be estimated
below. An explicit computation yields

U 1 Uy 1
— <
/u2 VIVE ™~ /uQ Va+b(u, —u) +c(u, —u)?
- log (b+26(ur —u) +2veva+b(u —u)+ c(u, —u)2> "
Ve w
It remains to analyze the argument of the logarithm. From the explicit form of the
potential (Z8) we know that we may choose b,c = |Q?. If a > |Q|? is large, the
logarithm in (I2.8]) is given approximately by log(2y/c /a). As a consequence, the
difference of the logarithms at the upper and lower boundary points is uniformly
bounded. Using that ¢ =~ |[©2|?, we obtain the desired estimate.

It remains to consider the case that a < |[Q2. Then the arguments of the logarithm
scale like |Q|2, both at the upper and lower boundary point. As a consequence, the
logarithm is again uniformly bounded, giving the desired estimate. This concludes the
proof of the inequality (I2.6]).

In order to prove (IZ7]), we first note that the estimate (I2.6]) fails to hold in general
if § = 0. The problem is that in this case, the parameter b in (IZ8]) could be small,
leading to a factor log |Q2|. This gives (IZ7). O

min(ur,g)

(12.8)

Applying Lemma to (IZ77), we obtain the estimate

ur |
/ V] e

e VT
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Unfortunately, the factor log |©2] is not good enough for our purposes. The next lemma
shows that, if Im V' vanishes at the right boundary point, then we get an estimate
without such a logarithmic factor.

Lemma 12.5. Assume that 4 € (ug,u,) is a point where InV (@) = 0. Then

/ “Im V]
w VIVIT
Proof. Combining Lemma [0.1] with Lemma [[2.4] it remains to consider the case u, >
5 —0. Moreover, it remains to estimate the integral over the interval (%, u,). We again

estimate Re V' by the quadratic polynomial (I2.5]) with positive coefficients a, b and c.
Moreover, we estimate Im V' by

T V(w)| £ 12/ (@ — ).

We thus obtain

/“ [Tm V| | (& — ) / IQI (ur - u)
wr VIV T Jue VVa+ b —u) + c(u, — u)? Va+b(u + ¢ (up —u)?

Q [ 2¢(ur —u) +b u2
< — = —va+b(ur —u)+cu. —u)?| .
2¢ Juy a+b(u —u) +c(up —u)? C\/ ( )+l ) ur

The result follows because ¢ ~ [©2|? and the argument of the square root is bounded
by S |02, O

12.2. Estimates on the Interval (0, uy).

Lemma 12.6. For any 6 >0, we can arrange by increasing Cs that

Uy _
| v jep” <4,
0
uniformly in Q0 and .

Proof. We begin with the case ¥ = s. Using the asymptotics as in the proof of
Lemma [IT.7] we find that on the interval (0, uy),

|62 (u)] < 2] Vu log(y/pu)

1 m 1
ICp(u)| < BH (arctan (log(y/pu)) + 5) S m7

uniformly in . As a consequence,
121> Su uniformly in 4.

Applying Lemma [0.1] we obtain

u )
/ V| [6)” <|Qlu} <
0

This gives the result.
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In the case k # s, we work similarly with the asymptotics (I1.22),

_L 1_
¢ = |ul~% uz™t

“ 1 ’ ’L 2L
o Jo ="
1

L
61 <l
Ia3) e2L+2 ’Q‘ a2 e2L+2
ImV 2< o) L 2L+2 < 1 < 1 )
T viioEe < 10 T~

This concludes the proof. O

12.3. WKB Representation of ¢?. We again let ¢? be the solutions (ZI7) with ¢,
defined by (I0.I7) and (I0.I6)). In this section, we shall approximate ¢? on the
interval (ug,u,) by a suitable WKB wave function. Our starting point is the WKB
approximation of ¢y,

C LARVATS
oL ~ dwks = Z\;KVB ef“O .
In order to comply with the initial conditions (6.7]), we must choose
2 _ V(uo)
Im V(UO)

CWKB —
In the next proposition, we compute what this approximation means for the osculating
circles as introduced in Section 6

(12.9)

Proposition 12.7. On the interval [ug, u,], the radius and center of the osculating
circle are given by

1 _21“ Re
p =~ ((uo) + = and Rr e ™ W, (12.10)
26wks 2
where the error can be made arbitrarily small by increasing C;.
Proof. Using the WKB approximation (I2.9), we obtain
le V/
L ~VV -
and thus
_2 T
¢y = [ 5~ o [T e
uo o CWKB
) (12.11)
1 d _o Y% 1 —2 [ VV
= — 5 —e uQ dT:—T (6 w0 —1>
2¢vkp Juo AT 2Cwks

It is remarkable that the integral can be carried out explicitly, giving a simple expres-
sion for {(u). O

We next compute ¢7. Using (IZ9) and (I2.IT]), we obtain
uo |

B2 () = pr(u) Colu) = o1 ( [+ - <<uo>))

CwWKB [ VV "1 1 -2 [* VV
R —— elv — — u —-1)].
w </0 Tl CR




46 F. FINSTER AND J. SMOLLER

Hence
1 « v 7 L v
D(y) ~ X eV 2 oy , 12.12
¢L( ) 2CWKB (W W ( )
where « is the constant
uQ 1

a=142ckp

ol

Lemma 12.8. By choosing Cs sufficiently large, we can make the expression
ol =1

arbitrarily small.

Proof. Choosing Cs sufficiently large, we can arrange that the potential at ug is ap-
proximately real and negative (cf. (IT.12]), (ILI4]) and (IT.I9]), (IT.I8))). Hence

2 o

Cwkp ~ 1,

implying that

uo q
la| ~ ‘1—1—22’/ @‘ = |1+ 2i¢(uo)| , (12.13)
0
with an arbitrarily small error. Next, using the initial conditions (67) in (610), we
obtain .
i
p(ug) = Cluo) =5 and  R(ug) =

Solving for ((up) and substituting into (I2Z.13]), one finds that |a| =~ 2 |p(ug)|, and thus

N =

[la] = 1] < 2]Ip(uo)] — R(uo)|
Since ¢(0) = 0, we know that |p(0)| = R(0). Hence

[1p(u0)| — R(up)| < /0 “ (e + R

In view of (6.I0) and (6.12), we know that |p’| = |R/|. Hence our task is to show that
the total variation of R on the interval (0,up) is arbitrarily small. Since R(up) = 3, it
suffices to show that the total variation of log R is small. Thus, according to (6.12)), it
remains to estimate the integral

/“O R| /uo V|
o R o Imy

In view of the estimates in Sections [1.2] and [T.3] we know that

Imy 2 Rep .
Hence
/“0 [Im V] ug < 19] .
o Imy ™~ Rep ™ Rep
By choosing C5 sufficiently large, we can make this expression arbitrarily small. O

Using this lemma in formula (I212]), we obtain the estimate

[EAIESS |1V| cosh (2/uRe\/V> : (12.14)
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12.4. Integral Estimates of WKB Solutions.

Lemma 12.9. Assume that 4 € (ug,u,) is a point where ImV (u) = 0. Then

u
/IMWWWSL
u

0

Proof. We can work with the WKB approximation (I2.14]). According to Lemma [12.5]

we know that
/Rwﬂg/’mw<1
uQ u

- VIV T

giving uniform control of the absolute value of the hyperbolic cosine in (I2.14]). As a

consequence,
i i ImV
/rmww&ﬁs/ﬁﬁii<1
Uyp U

VIV

where in the last step we again applied Lemma [I2.5l This concludes the proof. O

Next, we take the absolute square of the WKB approximation (I2.12),

Dy, |2 o I o ReVV 1 1 -2 [* ReVV
u)|” ~ e ’uo + e U0 12.15
L) 4lewxsl? /|V] 4lewksl? /|V] ( )
1 1 2 [* Im vV
+ Re (e /w0 . 12.16
2’cWKB’2 1/|‘/'| ( ) ( )

The integrand of the last term is oscillatory. As a consequence, the resulting integral
is small, as quantified in the next lemma.

Lemma 12.10. For any § > 0, by increasing C1 one can arrange that that for all
etgenvalues A the following inequality holds:

/ PV g m ¥

. VIVI

Proof. Since on the interval (0, 7 ), the function Im V' changes signs only once, it suffices
to show that for any @y, ae € [ug, u,),

@ Im v 20 [ Im V'V

— €
U1 \/‘V‘

<.

Integrating by parts,

i V] i V] 2 Tm V. du

_ImV 1 iy /ﬁ2 d (ImV 1 20 [ VY
VIV] 2i Tm V'V i Ja du \ V] 20 ImVV ’

2 ImV 9 [* V¥ “ ImV 1 d 2 [* ImV/V
e uo = ©o
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we obtain the estimate
U2 Iy 2 v
——— ¢ Jw

vildl

| Im V| | Im V| +/ﬁ2 i( Im V >
2V g 2V e, Jay [du\2/[V] ImyV
| Tm V| “ | Tm V')? “ |ReV'| [Im V|
+ + T—— + —_—.
~ | ReV| |z, [ReV] |4, a |ReV| a |ReV]? i |Re V|2

All the terms except for the last summand can immediately be estimated in the desired

way using the explicit form of our potential. For the last term we use the monotonicity
of ReV (see Lemma [I2.3]) to obtain

Uiz ]ReV/HImV\ i |Re V| 1
< Q Vv
/ “TReviE < ¢ ‘/ Rev < |9 s VI

This gives the result. l

Keeping track of the constants, we now write ¢ as

¢ (u) = { 0% s (12.17)

crop ifu>

)

ISERNIE]

where ¢z, and cg are non-zero complex numbers (and ¢? and ¢} are again the solu-

tions (Z.I7) with ¢, and ¢r defined by (I0.I7]) and (I0.IG])).
Lemma 12.11. If |cr/cr| < 1, then
™
[ V1P < e (12.15)
2
Proof. We again denote the zeros of ImV by @y, and @ig. Lemma [I2.6]and Lemma [12.9]

imply that
ar %
(/ +f )umvw?s\cm?.
0 iR

Moreover, using the representation (IZI7)) in (9.2]), we obtain

UR
[ 1 V6P < fen?.
3
This gives the result. O

Lemma 12.12. If |cr/cr| < 1, then

/T | Im V| <1
w VIV

Proof. The strategy is to combine Lemma [[2.11] with the fact that the potential is
approximately symmetric with respect to reflections at u = 7. In order to make this
approximate symmetry precise, we consider the homotopy

Viu):=7V(u)+(1—71)V(r —u) for  7€][0,1]. (12.19)
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Then the mean value theorem implies that

|ReVi(u) — ReVa(u)| < sup

and similarly for the imaginary part. Using that the function sin?u in (2.8) is reflection
symmetric, one finds that

| Re Vi(u) — Re Va(u)| < |9 and | Im Vi (u) — Im Va(u)| S 1. (12.20)

This implies that the WKB approximation holds on the “reflected WKB-region” [r —

up, ™ — upl. Using the WKB approximation (IZ.15]) and (IZ.16]) in (I2I8]), the oscil-
latory contribution (IZI6]) was estimated in Lemma I2I0l Noting that one of the

factors exp(+2 [, Re VV) in (IZI5) is greater than one, Lemma TZI1] implies that

/”—uo Vi _,
VIV T

Again applying the reflection argument and the mean value theorem, it remains to

show that
/r d <III][/7—>‘§1'
w 147 \ V'V

Again using the explicit form of the potential (2.8]),

i(mu)‘_‘lmam < 1 10
VVr VVr ~V v

dr
Integrating this inequality from wug to u,, we can apply Lemma [I2.3] to obtain the
result. d

(0;V;) ImV;
V2

Proof of Proposition [I21. Tt suffices to consider the case |cr/cr| < 1 and to show that

/“TL]ImV\_i_/“lR\ImV] -
uf VIV Jur VIV

1

Then case |cr,/cr| > 1 can be treated similarly by exchanging the left and right
subintervals with the reflection u <> 7 — u.

On the interval [uff, uf¥], we argue as in the proof of Lemma [ZI1] to obtain

/%R\Iqu
ut VIV

On the interval [ulL, uk] we consider different subintervals: The region from uy to ug is

estimated in Lemma [[2.4l The region from wug to u,, on the other hand, is estimated
in Lemma [12.121 This concludes the proof. O
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12.5. Estimates in the WKB and Parabolic Cylinder Cases. We now give the
proof of Proposition Our strategy is to refine the method of Section [@ and to
combine it with the “reflection argument” which was already used in the proof of
Lemma Another ingredient is Proposition [[2.1] (whose proof was completed in
the previous section).

We will apply Proposition T2.1]in the following way. In the WKB region, we know

from (I0)), (I02) and (I0I4) that
[Im V| < Q] and ReV < —C1 |9

and thus
| Im V| 1 ) .
< — in the WKB region .
Re V|~ € &
As a consequence, we may expand the square root of the potential as

ImV

W e

VV =VReV +ilmV =iy/|Re V| —iImV = i\/|Re V| +

_|_

showing that

Re VV = M(1 + o(i)) . (12.21)

In particular,
| Im V|

v

and applying Proposition T2Z.1] we conclude that

‘Re\/V|,§

/u,. |[ReVV| <1, (12.22)

This shows that that the exponentials and hyperbolic cosine in the WKB approxima-

tion (see (I2.9), (1212), (IZ14]) and (IZ.I5), (I2.16])) are uniformly bounded.

We again assume that A € C is an eigenvalue and ¢ the corresponding eigen-
function. Moreover, assume that we are in the WKB case or the parabolic cylinder
case (but not in the Airy case, which is excluded in Proposition [[2.2]). Using the
representation (I2.I7)) in (O.2)), we obtain the identity

u ﬂ
\CLP/O ImV!qﬁ%\z—l—\cR\zﬁ ImV |22 =0. (12.23)
2

Denoting the integrands by f,

ImV [¢P? ifu <
fu) = D12
ImV [pR7 if u >

ISERNIE]

we decompose f into its even and odd parts,

F=forso with o felw=g(fe)Efor-w) . (1224)
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Then we can rewrite (IZ.23)) as

0= |cL|2/f<f+ )+ |cR|2/ﬂ (it 1)
2

- \cLP/f(h i) rcRP/fm )

= (jeuf +lenf?) | fe e (jeul® el / .

Since the constants ¢y, and cgr are non-zero, we obtain the inequality

IR

Combining this estimate with (I2.24]), we obtain the inequality

\/flmvw /0%(f++f_) /O%f—

We now estimate the right side of this inequality obtain the following result.

- <2 . (12.25)

Lemma 12.13. For any 6 > 0, by increasing C1 one can arrange that that for all
eigenvalues A in the WKB case and the parabolic cylinder case the following inequality

holds:
\ [ v o
ug

Proof. We introduce the “parity transformation” P which reflects at the point 7,
P : (0,m) — (0,7), Pu=m—u.
Then ([2:25)) can be written as

\/0 IV g}

On the interval (0,uy), this integral can be estimated by Lemma [[2.6] where we
choose & = § /16. Moreover, in view of the estimates of Lemma [[T.9] in the para-
bolic cylinder case we may estimate the functions ¢P and ¢ at the point ., in terms
of their values at w,. This shows that the integral over [u,, 5] can be made smaller

than 6/8. We conclude that
J

3
‘/ Im V' |7 T
0

We next specify the wave functions ¢} and ¢%. Using (I2.15) and (I2.16]) together
with Lemma [I2.8] and Lemma [I2.10, we know that in the integral on the right side
of (I2:26)), the factor |¢?|* may be replaced by the function

1 u
cosh (2/ Re\/v> ,
2y/|V]| uo
making an error which can be made arbitrarily small by increasing C; (here we use
Proposition I2.1] to conclude that a small pointwise error gives rise to a small error of

<.

< .

/0% (Imv 1622 — Im(V o P) |¢gop\2)

+ (12.26)

<| [ (mviokP - (v o r) oo rl’)
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the integral). Moreover, using (IZ2I), we may replace Rev/V by Im V/+/[V], again
making an arbitrarily small error. Therefore, setting

1 “ImV
D
pr(u) == cosh (2/ —> , (12.27)
2vI[V] w V[V
we can arrange that
‘/ Imqus%y?—/ ImV pP| < g (12.28)
Uy Uy
Using the same argument on the interval [F, 7], we conclude that
b D |2 o D D 0
ImV |pr|*] < <ImV,oL—Im(VoP) (pRoP)) _1_5
0 wp
< ‘ / Im (V — Vo P)pp (12.29)
ug
o D D 0
+| [ mvor) (ol - (skoP)) +3- (12.30)
ug

We next estimate the integrals in (I2:29) and (I230) after each other. In order to
estimate (I2.29)), we first note that, from the explicit form of the potential (28], it is
obvious that

|Im(V -VoP)[<1.
As a consequence,

Uy Ur Ur 1
Im (V—VoP |pD|s/ |pD|,s/ L
/W [ 1om ( JWels | 1eils |7

where in the last step we again used Proposition I2.1] to conclude that the hyperbolic
cosine in (I2:27)) is uniformly bounded. Using the estimate (I2Z7) in Lemma [12.4] we

conclude that . lox 10
/ |Im (V — Vo P)| |p}| < O|gQ|| | ,
Ug

which tends to zero for large || and can thus be made smaller than §/4.
In order to estimate (I2Z.30), we again use the homotopy (IZ.I9). Setting

uo(7) = Tué +(1-— 7')u(1j2

1 “ ImV,

D T
pT = COSh 2/ ) 9

2¢/[V7| ( uo(r) /| V7|

we again use the mean value theorem to obtain

d
D D P _ D _ D < D
|02 = (PR P)| = [or = p0| < s |gee

< sup ! <|8TVT| + [ Im Ve |0ruo(7)| +/ <|8TImVT| + [0 Tm V7 8TVT|>>

Yo V |V Vx| V [V uo(T) V \a ’Vr’%
(where we again used (I2Z22)) to conclude that the hyperbolic cosine is uniformly
bounded). Using that (see also (I2:20))

|0-Re V| S |0, 0, ImV| <1 and |0ruo(T)| S —=
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a straightforward computation shows that for any 6 > 0, we can arrange that
- (o P) <
V]

‘/ rIm(VOP) (pE—(p%oP))‘ﬁS/ TMSS)
Uy u

e VIV

where in the last step we again applied Proposition [2.1l By choosing 6 sufficiently
small, we can arrange that

‘/uerm(VoP) (pE—(p%op))‘ g%.

This concludes the proof. O

Hence

Proof of Proposition [12.2. The remaining task is to estimate the integral in (I2.1]) from
above by the integral in the statement of Lemma [[2.13l Applying (IZ.28]), we obtain

Up Ur
[ mvieRe| =] [Ty
u Uy
Moreover, using (I2.27]), we obtain

4
tr Yr ImV “ImV 1 [ d “ImV
ImVpE:/ cosh <2/ —> = - — sinh <2/ —)
/Ul w 2V/|V] w /IVI) 4y, du o V|V

Up Uy
:lsinh<2 Imv)—lsinh <2 ImV>.

4 w VIVI) 4 w VIV

In the last summand we can use the estimate

“Tm V| |9 1
S (uo —ue) S —==
w VIV T VEQ V&
to conclude that this summand can be made arbitrarily small. In the first summand,
on the other hand, we apply the inequality |sinhx| > |z|. This gives the result. O

> —9.

13. THE A-DEPENDENCE OF THE OSCULATING CIRCLES

In view of the result of Proposition Rl it remains to consider the situation for
large |©2]. In this regime, Weyl’s asymptotics as worked out in Lemma [T.8]is of no use,
because we have no control of how the error terms O(n) and O(n°) depend on Q. In
particular, we cannot expect that the gaps between the eigenvalues for a real potential
are so large that the imaginary part of the potential can be treated as a slightly
non-selfadjoint perturbation. As a consequence, we must analyze the spectrum of
the Hamiltonian with the complex potential (2.3]) in detail. As a technical tool, we
will again work with the osculating circle estimates as developed in Section [Bl As
a refinement, we need to analyze in detail how the osculating circles depend on the
spectral parameter A. In view of (2.8]) and (2.9), we know that

V=0V =—1. (13.1)

Moreover, we choose ug in (6.8) independent of A (where yq clearly depends on ).
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In the following computations, we treat Re A and Im A\ as two independent real
variables. Then for any function f(\) which is complex differentiable, we have

O 1y TN = 1Y

dRe )\f I g =i h =i
In the next lemma we compute the A-derivatives of ¢.
Lemma 13.1. Choosing the initial conditions (6.7),
~ Imyx(uo) /
B | -
dRex © Plu) =  2Imy(ug) + N
0 _ Reyn UO)
Proof. Differentiating (6.7) and (Z.I5]) with respect to A gives
1 Imy, (uo)
1 =——-
R © ¢(uo) 2 Imy(ug)
d 1 Reyx(uo)
A | — - IR0/
dlmx ¢(uo) 2 Imy(uo)
o 0 0
JuDReN o8 ¢(u) = my(u) = ya(u)
o 0 0 .
90 9Tm 08 P(u) = my(u) = iya(u) .
Integrating the last two differential equations from wug to u gives the result. O
We next compute the second mixed derivatives of K and p.
Lemma 13.2. Choosing the initial conditions (6.7]),
o 0 ~ImV Imy,
log K (u, A —_— 13.2
dRergu BN =~ (13.2)
o 0 o ImV (Imyy,  Imyy(up) /“
—_ A)=— — 13.
8Re)\8up(u’ ) Z<1521n[12y <Imy 21my(u0)+ wo 4 (13:3)
o 0 1 ImV Rey)
— log K (u. A - 134
DImAou ° (w, ) = “Tmy Im?y (13.4)
o 0 i

8Im)\%p(u’)\) - C2¢2Im%y

ImV (R R “

! #?Im?y \ Imy  2Imy(uo) 0
Proof. Comparing (6.13) and (6.14]), one sees that
0 ImV
Differentiating with respect to A gives
o 0 0 ImV
log K (u, A
OReAdu ° (u,4) = OReA Imy
o 0 0 ImV
log K (u, A
AImAdu ° (, A) = OImA Imy
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and using (I31]) gives (I3:2)) and (I34)). In order to derive (I3.3)) and (I3.5)), we first
apply (6.I0) to obtain

o 9 ) i TmV
K renan "N = K grex <2¢2 Im2y>

. oy ImV 0 Im gy
_ 2409 o o
- Imy < 28Re)\10g¢ 2 Imy>
o 0 0 i ImV
K—F— A=K
E?Im)\(‘)up(u’ ) OIm A <2¢2 Im2y>
P | 0 Reyx
_ 239 1 _
=ie —Imy < 1 ZImValm)\loggb 2ImV Tmy >

Applying Lemma [I3.] gives

o 0 oy ImV (Tmyy  Imyy(up) v
ORe\ du pluA) " Imy < Imy  2Imy(uo) " uo ”
o 0 je— 20 9 ImV (Reyn Reyx(up) w
0Im A\ Ou plu, ) Tmy ¢ Imy <Imy 2Tm y(uo) H/UO yA)
Using (6.10) and (6.3]) gives the result. O

13.1. General Estimates in the WKB Region. In the previous section, we derived
general formulas for the A-derivatives of the center and radius of the osculating circles.
We want to use these formulas in order to control the behavior of the osculating circles
in the WKB region (us, u,). We now work out the corresponding estimates in general,
stating the assumptions needed for the estimates to work (see eqs (I3.0)), (I3.7), (I3.8))
and (I39) below). We also derive explicit formulas for the error terms (see eqs (I3.11)-
(I313) below). The remaining task will be to justify the above assumptions and to
control the error terms. This will be done subsequently in the different cases in the
following Sections

Consider an interval I = [uq,us] C (0,5]. We assume that on I the following
inequalities hold for suitable constants C, ¢ > 1,
“ | ImV
/ [m V] _ (13.6)
ug MY

7“‘E({jew§1my§0\/|ReV|. (13.7)

Lemma 13.3. Assume that ug € I and that (I3.6]) and (I37) hold. Then the func-
tion K (u) (cf. @I0))) is bounded on the interval I by

o =

< K(u) <e,
where ¢ = e€.

Proof. Comparing (6.10) with (6.7), we know that K (ug) = 2. Moreover, from (6.10])
and (6.11)) we obtain

d K ImV

—logK = —=—.

du 08 K Imy

Integrating and using (I3.0]) gives the result. O
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We now estimate the terms appearing in Lemma [I3.21 We again consider an inter-
val I = [uq, up). We assume that on I the inequalities (I3.6) and (I3.7) hold and that
the following inequalities hold for suitable constants C, ¢ > 1,

IRy _

13.8
ua V| ReV| — /|ReV(u)] (13.8)
|Re V(u)| < CQ[inf}\ReV\. (13.9)

Lemma 13.4. Under the assumptions (I3.0) -([I3.9), there is a constant ¢, = ¢i(c, C)
such that on I,

1
u)| < | ———+10 ) .
()] < 1 (e + 0
More precisely,
i 1 v/|ReV
y)\(u) — 217 <a | —F/=—=+ ‘8)\:90’ 7/|—|

Proof. We integrate by parts to obtain
[ [ Ll _d(s
v w, 20 Imy(u) du \ |¢|?
B A Y L
2i Imy(u) |,  Ju, du\2i Imy(u) ) |¢|?

i /“ @2 ImV
= 2 — (Rey — — .
2i Imy ug+ ! u, 1My cy 4Imy

Using this relation in (TI3]) gives

1
00 = 0 (90 57 )

1 2i /“ ®? ImV
Y — Rey ——— | .
2i Imy(u)  ¢*(u) /,, Imy 4Imy

We now estimate the resulting terms:

¢*(ua) ~ Imy(u) 2. 1Oyl 3
a <¢c—F—~—% a < C C —F————— ReV(u)| < C C a
2wy 0| = Imy(ua)| Yol < Rev | (w)| < C¢ |0yl

??(ug) 1 _ Imy(u) c3¢ e Co¢
¢%(u) 2 Tmy(u,) =¢ Im? g (ug) = | Re Vo [ReV(w)] < |Re V (u)]

'2;’@ %;
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2 (" ¢ ImV Y | ImV
_ < _
lu >/u Imy(R “Y” Imm )'—26 tmy [ Imzy'Rey 4Imy'

Moreover,

< _00362 ‘RGV( )‘ 5 05 c?

2 inf; |Re V| _§«/|ReV

Combining all the terms gives the results. O

Proposition 13.5. Under the assumptions ([I3.0)—(I3.9]), the following inequalities

hold,
a ub Ub 1
— 1 <
‘81 )\logK(u A)! /ua Ty <é
O gk <
dRex o\ ua|
op(u, A) [u Op(u, \) |u <e
ORe A OIm A lu,| =
where the error term & 1is given by
“ M Im V| \ImV(ub)\>< 1 )
E=c + + 10 13.11
Q/W (\Revr [Re V()| Revi] LWl (13.1)
C2 “* |Rey|
_ 13.12
+ reran v L, 1Rew (13:12)
e /“b{ Im?V +\ImV’\+!ReyHImV!}
2
|Re V|2 |Re V|

« [/u" (\/ﬁ+ \aAyOyﬂ du (13.13)

with a constant co = ca(c,C).

Proof. We integrate the formulas of Lemma [13.2] from u, to up. Possibly after inte-

grating by parts, we apply (I3.7)-([13.9) and Lemma[I3.4l More precisely, we estimate
the individual terms as follows:

I Tm V Imyy 9 /“b [ Tm V| < 1 >
—— 0
/ua m?y | Ju, [ReV] [Re V (u)] + 1930l

/u" ImV <ImyA Imyx(%))‘

Im’y \Imy  2Imy(u,)
= 0
_C/M Imy (Imy 2Imy >‘ |ReV| ‘ReV‘ +| AZIO|>
up ImV Rey) Rey)\( )>‘ /ub |ImV|< 1 >
<C’e +10
/ua $2Im?y <Imy 2Imy(ug) )| — |Re V| Re V| [N

/ub;_/ub¥%_/ub;_<%>
Uq ¢2Im2y B Uqa |¢5|2 Im2y ¢2 B Uq 2|¢S|2 Im3y du ¢2

(‘:z

“HImV!( 1
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i / af 1 NP
242 Im’yl,, 2/, 62 Im*y ) ¢?

i b 32 1 ImV 4
= 5 —~ Rey
242 Im’y |, . ¢2Im3y \ Imy 3

Uup 1 02 (1—1—02) . 1 |ImV|
< 2C%¢ R
/ua ¢2Im?y 2|ReV (uyp)| + /ua ReV| ( Tmy + | ey!)

U ImV / /“b [¢]> ImV /“
v O2Im2y J,, & ey J,,
[y my

Uq 2 2‘¢]2Im3y Uq

iIm V (up) / _/“" ](15\2 < iImV /“ >
T2 () i’ y(w) Ju, P L du\GoP Ity S,

B '/“b ImV Imy,
u,

—

2 #2Im?y
i (" 3Im?V —Imy ImV’ —4ImV Imy Rey [“
§/ua $2Im?y / A
N Y ImV /“y}\ <6102 | Im V (u ]/ < +]8>\yo\>
we P?Im?y Jy, "7 T 2 [ReV(u |ReV )]
+61C25/“b | Im V| < 1 +|8)\y0|>
2 Ju, IReV| \{/[ReV(u)|
+61025/“bdu<301m2‘/ | Tm V7| 4|ImV||Rey|>
2 Ju, |IReV|2  |ReV] |Re V|
<[ (s + 1ol
wa \/ReV(u)]
Combining all the terms gives the result. O

13.2. Estimates on the Interval [ug, u,|. We shall now apply the estimates of Sec-

tion I3l on the interval [ug,u,| (see (I0I4), (ITI2Z) and (IIIT)). Our task is to
show that the inequalities (I3.6]), (I3.7), (I3.8]) and (I39) hold. Moreover, we need to
estimate the error terms & in (I3.11))-(I3I3])). We begin by collecting a few properties
of our potential.

Lemma 13.6. At the points ug and u (see (IL12)), (ILI9) and (I0II)), for suffi-

ciently large Cs the potential satisfies the inequalities

|ReV(ug) — Re | <19 (13.14)
V) S 19202, [V"(uo)| S 197 (13.15)
Re V(up) < 2 ReV(u) <0. (13.16)

Proof. The inequalities (I3.14]) and (I3.I5) follow immediately from (IT.12]), (IT.14)
and (ITI9), (ITI8). Combining ([I314) with (I0.2), we find that for sufficiently
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large Cs,

15
ReV(ug) < T Re .
Moreover, similar as in the proof of Lemma [I0.1] again for large C5 one obtains

16 16 Re\  4c|Q)?
ReV(g)z—|Q|2g2_%_ReA:_L_L_ReA

13 ReX  4c|Q)? 14
17 4 Ren = 17 e

Combining these inequalities gives (I3.16]). O

Lemma 13.7. Assume that the condition ([I3:6]) holds. Then the conditions (I37),
([I338) and (I39]) are satisfied on the interval [ug,u,|. Moreover, choosing c¢1 and co
sufficiently large, we can arrange that the error terms & (I3II)-({I313) are bounded
by

1 e 1
e<— [ —. (13.17)

— 20 ug |ReV|
Proof. The inequality (I3.9]) follows immediately from Lemma [I2.3] Since the WKB
conditions are satisfied by Proposition [IT.1l, we know that

~VV — % (13.18)

The results of the analysis in [I2] [I1] gives us rigorous bounds for the error of this
approximation. This implies (I3.7)) for sufficiently large C.

In preparation for proving the other inequalities, we need a few estimates for the
potential. First, from the explicit form of the potential (2.8]), it is obvious that

VLIV <2 and  [Im V< |Q). (13.19)

Estimating the potential without derivatives is a bit more subtle because the constant A
comes into play. We first note that by construction of u, (see (I0.14)), (I0.12)), (I0.7)
and (10.2)), we know that

ReV < —-€119]. (13.20)
Moreover, using (I0.0) in (@3], the imaginary part of the potential is uniformly
bounded,

[Im V| < (9] . (13.21)

Therefore, by increasing €1 we can arrange that the real part of the potential dominates
its imaginary part in the sense that

| Re V\
| Im V| R
We now come to the proof of (I3.8]). We first need to estimate the real part of y.

Using ([I3:22]), we may express (I3.I8]) in terms of the real and imaginary parts of V'
to obtain

(13.22)

ImV 744
V—ReV 4V~

ywi\/—ReV—iImV—— W—ReV 4+ ——
Hence
| Im V| V']

Rey| < 22V
IReyl S =7+ 77

(13.23)
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(where the errors are again under control in view of (I3.22]) and the fact that the WKB
conditions are satisfied). The last estimate implies that

‘R iV Y]
= < + . (13.24)
/uo RV |ReV| uQ ’Rev, uQ |V|%

In the first integral on the right, we apply (I3.9) to obtain

/uylmvy< C Y ImV] 1
wo IRV = /TReV(u)] Juy /IRe V]~ /[ReV(u)|

where in the last step we again used the WKB approximation (I3.I8]) together with
the inequality (I3.6). The second integral in (I3.24]) can be estimated by

u ‘V/‘ u lvl’ u Re V/ u \Im V/‘
Y S T 3 < g T 3
u V]2 u |ReV|2 u |ReV|2 u |ReV|2
(EBEZ‘ID /u ( 1 >/ N Q| < 1 N [e]
~ Ju \WIReVE, [ ReV(w)z T VIRe V(W) (9] y/[ReV(w)]
where in the last line we also used again the monotonicity statement of Lemma 23]
together with (I3:20). Combining the obtained inequalities gives (I3.8]).
In order to prove (I3.I7), we first estimate the term 9yyp. Differentiating (IT.I3))
and using the monotonicity of ReV as well as the results of Lemma [[3.6] we obtain

1
VIRe V(u)]
For this reason, we may disregard the term 0yyo in (I3.11) and (I3.13]). In order to
estimate the integral (I3.11), we simply bound the first bracket in the integrand by
[T V| @22 1
|[ReV| ~ €1

The first summand in (I3:12) can be the estimated with the help the monotonicity
of ReV by

1.9 8 @mm 9 9
[ReV(up)| = [ReV(ur)|  |ReV(w)] = [ReV(u)| [ReV(uo)|

|Oxyo| <

(13.25)

_9/“T< 1 )’_9/“ ReV’< tr 10 V']
w \ReV w ReVET [ ReV] V|5
where in the last step we used again that the real part of V' dominates the imaginary

part and that ReV is monotone. Now the factor |V’|/ ]V\% is small in view of the
WKB property established in Proposition ITT.11
To estimate the integrand in (I3.12]), we fist use (I3.23)),

[Im V| V|
|Re V]| \V]%

[Rey| _ [ImV] Vi 2
[ReV| ™ |ReV|2  |ReV[[V] ™ \/[ReV]

Now the square bracket can be made arbitrarily small by applying again (I3.25)) and
Proposition IT.11
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It remains to estimate the nested integral (I3.I3]). We first exchange the orders of
integration,
/Urdu{ Im2V3 +|ImV’|—I—|Rey||ImV|}/ T
u |Re V|2 |Re V| uo /| ReV (7)]
ur dr Im?V  |ImV'| + |Rey||Im V|
:/uo W/ {\ReV]3+ ReV] }d”

Now we estimate the inner integral term by term. The first term can be estimated
with the help of (I3.21) and Lemma [12.3]

Uy 2 Up
[V 1
r |ReV|z r |ReV|z €1

Next, using (I3.19) and (I3:20), we find that
“r | Tm V! 1 1
[ s g w-nsg
- ‘ Re V‘ (‘31 e1
In order to estimate the remaining term involving Re y in (I3.20]), we first apply (I3.23]).
Then the first summand on the right of (I3:23)) gives rise to a contribution which is

precisely of the form of the first summand in the curly brackets in (I3.13]). Hence it
remains to consider the term

Y Im V] [V /“T [Im V'| + Re V’
< ImV
/T Rev) v =) VI

where in the last step we applied Lemma [[2.3] The first summand on the right can
be estimated with the help of (I3:21I]) and (I3.19) by

/uT|ImV| [Tm V7| </"T 0 T |0 1 .1
r vE S VE S e \v\%”~/|§2|e§>’

where in the last step we again applied Lemma 123l The remaining second summand
on the right is estimated as follows,

0

(13.26)

Ur Re V' ReV’ 1] 1
ImV Q < —
/T | Im ‘|V|2~H/ ReV)E = [ReV(a)] ~ €
where we again applied Lemma [I2.3]l This concludes the proof. ]

13.3. Estimates on the Interval [us, up|. In preparation, we note that, using (I0.1])
in ([@.3]), we again obtain the following uniform bound for Im V',

[Im V| < (9] . (13.27)
We treat the cases k = s and k # s separately.

Lemma 13.8. (Case k = s) Assume that k = s. On the interval [ug,ug|, the con-
ditions (I3.0)-({I39) are satisfied. Moreover, by choosing C1 sufficiently large, we can
arrange that the error terms & (I311]) -(I313]) are bounded by

g<i/ 1
—20/,, V'
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Proof. Near the pole, the potential has the following asymptotic expansion (cf. (IT.12))
and (IT.14)),

Q
ReV < —§ Q| — Rep+0(1) < —%

V' (u) = 2—13 +2Q%u + 0(1Q|u) + O(|Qu?) . (13.29)
Since (I3:29)) has a positive real part, we know that Re V' is monotone increasing. This
implies (I3.9]) if we also keep in mind that the imaginary part of V' is dominated by
the real part in view of (I3.28]) and (I3.19]). Moreover, using the results of the analysis
in [12, 11], we know that (I3I8]) holds with rigorous error bounds. This implies (I3.7))
for sufficiently large C. The inequality (I3.0)) follows from the estimate

/UOIImV]< “ | Im V|

0 Imy ~ Uy \/ ‘Re V‘
@3.28)

—Repu < —Rep S Red (13.28)

1 0
< ImV| < < — 13.30

where in the last step we used ([[0.2]) and (IT.I2]). In order to prove (I3.8]), we again
apply (I3:24) and estimate the two resulting integrals by

/U\Imvy< 1 v ImV| @5 1
, [ReV] = \[ReV(w)] Ju, VIReV] — /&5 ReV(w)]

/“ V| /“ Re V"’ /u Tm V|

3 S 3 + 3

u V]2 Jue (—ReV)2  Ju, ]ReV\’
“ | Im V|

“d

/du<m> W v [ReV]
- 1 + 1 wl 1 1 1
¥V ReV(w)  VIReV()] Red ~ V)] V()] €5/

In order to estimate &, we proceed exactly as in the proof of Lemma [I3.7], using the
following estimates:

<
IReV]z ~ (ReX)2 ™ (Cs)2

/uo [ V'] BEZ o |0 _ 1
w VI T ReXd ¥ es\/]9]

/“0 [Im V[ @23 4 0P _ 1

3 3
v 2 ui;; FiOPu “‘Z?E bt 2 (Rzgﬁ
/uo [l V[[V'| B2 4|0 (Red) @D 1
w VP ~ o (ReA? ef Y oeiVesT
This concludes the proof. O

In the case k # s, the function Re V' is monotone decreasing on the interval [ug, uo].
Therefore, when applying the estimates in Section [3.1] we need to proceed backwards
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in u, starting from ug. Therefore, the conditions (I3.8]) and (I3:9]) need to be replaced
by

“ | Rey| c
< (13.31)
/u VIV VIV
|Re V(u)| < C? [inf] |ReV]. (13.32)
U, U0

Lemma 13.9. (Case k # s) Assume that k # s. Then on the interval [ug, uo), the

conditions (13.0), (I37) and (I331), (I332) are satisfied. Moreover, by choosing C;
sufficiently large, we can arrange that the error terms & (I311)-I3I3) are bounded

by

S T2

Proof. Near the pole, the potential has the following asymptotic expansion (cf. (I1.20)

and (ILIE)),

Re p

ReV <

< —Re) (13.33)

V'(u) = —i—j; +20%u + 0(|Q]u) + O (|Q*u?) . (13.34)

Since ReV is convex on (0,up] and has its minimum at wuy, we know that the
function ReV is monotone decreasing on the interval (0,up]. This implies (I3:32]).
Moreover, using the results of the analysis in [12] [11], we know that (I3.I8]) holds with
rigorous error bounds. This implies (I3.7) for sufficiently large C'. The inequality (I3.0))
follows from the estimate

/“O|ImV|< “ | Im V| <u0|Q| < 1
u

, 13.35
CTmy 2Ly, JReV] S VRex © VG (13.35)

where we used (I3.33)), (I3:27) and (I1.20). In order to prove (I3.31]), we again ap-
ply (I3:24) and estimate the two resulting integrals by

uw IReVIT VIRe V(W) Ju |ReV] = /C5[V(u)|

v V| w0 (—ReV’) Y Tm V|

3 S 3 + 3

u ‘Vh u (—RGV)7 u \ReV\’
| Tm V|

uo 1 uQ
Sz/u %<¢—Rev> \/|ReV / [Re V]
_ 1 1 uo\Qy 1
S + S ;
V—ReV(u) /[ReV(u)] [ReV(u)| [V (u)]

where in the last step we applied (IT.20), (I3.33]) and (I0.2]).
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Ar(Xo) ﬁ/\o

AN

A

5AN

FIGURE 7. Annular regions.

In order to estimate &, we proceed exactly as in the proof of Lemma [I3.7], using the
following estimates:

/“0 [Im V2 @5, |0)? 1
w V2T (ReN)? T (€5)

/“0|ImV'|('I3<331JuO|Q|< 1
w V] ~  ReA 7 e5/|9]

@33 1 ) A5 25
VIS mrloPu 5 SR o T B
U Cy Cy
/uo [Im V[ [V T3 4y ]0| (Re))s @D
g V|2 ~ (ReA)? €3 ~oedVes
This concludes the proof. O

14. ANNULAR REGIONS WHERE |(1,| IS BOUNDED BELOW

We now construct regions in the complex A-plane in which [(z| is bounded below.
For given Ay and A\ > 0 we introduce the annular region

A == {A cC ‘ |Re(A — Ao)| € (AX,5A0)
(14.1)
and | Im(A — Xo)| € (AX, 5A)\)}

(see Figure [7). We again choose uy and wu, as the boundaries of the WKB regions
(see (I0.8)), (I0.14])). With these choices, we have the following result.

Proposition 14.1. For sufficiently large ||, the following statement holds: Choose
any € < 1/(1000). Suppose that for a given X,

€L (Umax)| < €. (14.2)
Then, choosing
Uy 1 —1
AN = 75E</ — > , (14.3)
72N/ |V| Ao

it follows that
£ < |¢r(Umax)| < 1000 & for all A € Ap(No) -

The remainder of this section is devoted to the proof of this proposition.
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14.1. Estimates in the WKB Region. We again consider the family of solutions
of the Riccati equation (ZI4) with initial conditions (I0.I6]) and (ITI3]) (where ug
is given by (ILI2) or (ILIT7)). We again let ¢ be the corresponding solution of the
Sturm-Liouville equation normalized according to (6.7)).

Proposition 14.2. Assume that
Ur
/ V] > €. (14.4)
Uy

Moreover, assume that on [ug,u,] the WKB conditions in Proposition [I1.1] as well as
the inequalities (I3.0)-({I39) are satisfied. Then by choosing the constants Cq,...C3
sufficiently large, we can arrange that the following statement holds. Choosing A
according to (I43)), for every X\ € Arp(\o),

35¢ < ‘19()\) "~ 9(o)

<190e¢

Up
Ug

U

0¢e < (1og K(\)

w — log K (Xo)

< 380¢,

Uy
with an arbitrarily small error.

Proof. We analyze what the condition (I4.4]) means. Combining the estimate

Up Up ‘V’ U 1
e [VTI= [ s v [T
ug ug VI o) ug 14
with (I4.3]), we conclude that
4
AN < bde sup |V]. (14.5)

3 (ugur)
This shows that varying A on the scale A\ keeps the form of the potential V' unchanged,
up to an arbitrarily small error.
By choosing the constants ¢; and ¢y sufficiently large, we can arrange that the as-
sumptions of Lemma [I3.4] and Proposition hold. Possibly by further increasing c¢;
and ¢z, we can arrange that on the interval [ug, u,], the WKB approximation

V/
~ VT -
Y i
holds with an arbitrarily small error. Moreover, we can make the error term & in

Proposition [[3.5] as well as the right side in (I3.10]) as small as we like. Hence on the
interval (ug,u,) and at A = Ao,

T ey
— — m ~ - ~ [
ORe\ 'uo o & u, 2Imy w 2Im~\V
0 wr
OImA w0 ™
9 5 K(u, )| =0
dRex ° 7 g
0 u Uro 1 1
log K (u,\)| "~ — — -
aImA ° (1 M)l /uo Imy /uo Im vV
ap(”) )‘) r 8]3(’&, )‘) r ~0
aRe)\ UO, alm)\ uON ’

where &~ means “up to an arbitrarily small error.”
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Since according to (I4.35]), the form of the potential is nearly constant on the
scale A, it follows that for any A € Ar(\o),

YA T =9 \o)| | = A=A _ R —
My =90l Reld = o) /uo 32 AN
u u v Im(\ — o)
log K "—log K "~ —1 — e —
o8 K2y ~log K(o)l2; & ~Im(x o) [ e
Using the form of the annular region, we obtain the result. ([l

14.2. Estimates of 9)(r in the Airy and Parabolic Cylinder Regions. Before
obtaining the estimates, we explain how we can arrange that the imaginary part of the
potential satisfies the assumptions (a) or (b) in Proposition IT.9and Proposition [T.11]
To this end, we make use of the fact that taking the complex conjugate of the Sturm-
Liouville equation (2.7)) is again of Sturm-Liouville form,

d2
< d2+V>¢ 0, (14.6)
but now with the opposite sign of Im V. For the construction of the resolvent, we are
free work either with the original equation or with the complex conjugate equation
because if the resolvent of (IZ4.6]) has been constructed, the corresponding resolvents
of ([27)) is obtained simply by complex conjugation, preserving all our estimates. With
this in mind, we can proceed as follows: In the parabolic cylinder region, the func-
tion Im V' either has a zero, or it is everywhere positive or negative. If it has a zero,
we are in case (b) of Proposition [Tl If it is everywhere positive, we are in case (a)
of Proposition 1.9l If it is everywhere negative, we work with the complex conju-
gate equation and are again in case (a). If we are in the Airy case, Lemma
gives three possible cases. In case (i), we may apply Proposition [T.11]in case (a). In
case (ii), we work with the complex conjugate equation and again apply case (a) in
Proposition [T.11l Finally, in case (iii) the assumption (b) in Proposition IT.11] are
satisfied for § < 3. We conclude that with this procedure, the assumptions (a) or (b)
in Proposition and Proposition (ITII]) can always be satisfied. In what follows,
we can take them for granted.
We consider the interval [u,,v], where (cf. (I0.15])

uy  in the Airy case
V=< Umax in the parabolic cylinder case (14.7)
Umax 10 the WKB case .

The following lemma is trivial in the WKB case because in this case the interval [u,, v]
reduces to a single point (cf. (I0.14]) and (I4.7))). But in the Airy and parabolic cylinder
cases, the next lemma gives control of the region near the zero of Re V.

Lemma 14.3. For any u € [u,,v],
|OACL (1) — OxCr(uy)|

2 2 2
< i (12108 00| (=) 52 0y} (0= 4 2 =)
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Proof. We first integrate the differential equation (T.I2]) from w, to u to obtain

ol = [ 6.

In the parabolic cylinder case, we now apply Proposition IT.9l Similarly, in the Airy
case, we apply Proposition IT.11l This gives

|6%(w)Ory(u)| < |¢%(ur)Ory(ur)| + €3 [d(ur)* (u — uy) (14.8)

Next, we want to estimate 9y log ¢. Differentiating the relation 0, log ¢ = y with
respect to A, we obtain

0 0

8_5 log ¢ = 0\y .

Integrating from wu, to u gives
” u
Oy loqu!W = / o\Y -
Ur

Now we can apply (I4.8) and again Proposition 1.9 respectively Proposition TT.IT] to
obtain

2
105 log ¢(u)| — |0x log b(ur)| < (W/w%u

3 2
|¢(€2)|2 <|¢2 ur)Oxy (ur )| (u — ur) + % ()2 (u — Ur)2>

C3
= €3 [Ohy(ur)| (u —up) + 72 (u—uy)?.

Finally, we compute the A-derivative of (g,
” u 1 u
|, = —5=-2 Oxlog ¢
‘ur w (252 w ¢2

Using the above estimate for 0 log ¢(u), we obtain

2 u
103CE () — rCr(ur)| < % / ENCY

<ﬂ/u ‘8,\10g¢(u)|—|—(32|8,\y(u)|(u—u)+e—4(u—u)2
= lo(ur)? Ju- ' ? " A o)
Carrying out the integral gives the result. O

14.3. Proof of the Lower Bound for |(1|. According to the estimates near the
poles (Lemmas [I1.7] and [IT.8]), by suitably increasing C5 we can arrange that

¢ (ue)| < 6. (14.9)

As is obvious from the expansion of the potential in (ITI4) and (ITIS]), by further
increasing Cs; we can arrange that on [ug, ug],
Re A
—ReV > 5

zglﬂl-
2
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Using furthermore that Im V' is bounded by < || (see again (I0.I) and ([@.3]), pos-
sibly by again increasing c3 we can again arrange that the real part of the potential
dominates the imaginary part. Hence

o o ImV 19] uo 1
<2 < < Q|2 . 14.1

/w ReVs2 | Tmevt = 0 e < v ) o
In view of the value of ug as given in (ILI2]) and (I1.I9]), one concludes that by
further increasing Cs, we can make the left side in (I4I0]) as small as we like. In view
of the formula for the radius of the osculating circle in the WKB region (I2.10]), this
means that that R is constant on the interval [ug, ug], up to an arbitrarily small error.
Since R(ug) = % (as is again obvious from (IZI0)), we can thus arrange by choosing §
sufficiently small that

‘R(W) - %‘ <e. (14.11)

Combining (I4.9]) with (I£I1]) and using that {7, lies on the osculating circle with
center p, the triangle inequality gives

o) — 5| < 2

Moreover, we know from ([2ZI0) that p is nearly constant in the WKB region. Thus
we can arrange that
on [ug, uy] .

ol — 5] < 2

Combining (I£2)) with the estimates of Lemma [[T.13] we obtain the following esti-
mates,

[SACNI| . ‘CL Ml = o),
> |, —cL(Ao | = e —cL(AoMZj
B e < [C2 O], = OO, | + e = )]

In order to estimate |(1,(\) |u — (M) ‘u , we go back to the osculating circle estimates

of Proposition [42] Knowing that at wg, the function (z is small (I49) and the
osculating circle has a radius close to one half (I4.11]), the mean value theorem yields

log K(A)]u, —log K (Xo)u,

= |Tog R(\)|u, — log R(\o)lx,

:%@wm—MMme

Moreover, elementary trigonometry shows that the angles satisfy the inequality

2
I, = o)l

< [I¢ = €0

1 -1
< 2arcsin ((5 — E> E) < be.

< 2e

and thus
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In order to control the behavior on the interval [us, u,], we apply Proposition [14.2]
(note that the condition (I3.6)) is satisfied in view of Proposition [2.1]). It follows that
one of the following two inequalities holds:

30¢e < \w)\w - ﬁ(AO)\W\ <200¢
60e < ‘logK(A)‘ur —logK()\o)LLr‘ <400¢ .

This in turn implies that the change of |(z| can be estimated from below and above
by

> 4e

‘CL(A)‘UT- — CL(20)]us

LW, = L),

Finally, the estimate of Lemma [I4.3] shows that the change of {7 in the Airy region
or the parabolic cylinder region is much smaller than the change of (; in the WKB
region. In particular, by choosing || sufficiently large (and noting that the size of the
parabolic cylinder and Airy regions tends to zero as |2| — o), we can arrange that

‘CL()‘”Z: —CLo)l,"
This concludes the proof of Proposition I4.1l

> 102 R0, = [P, = PO0),

< 400e R(Xo)|u, + ‘p(A)IuT = p(Ao)lu,

<500¢.

<e.

15. THE GREEN’S FUNCTION FOR A DOUBLE-WELL POTENTIAL

The goal of this section is to derive pointwise estimates of the Green’s function. For
the statement of the result, we need the parameter @ defined as follows. If Re V (tpay) <
0, we simply set @& = Uy (this case includes the WBK case and part of the parabolic
cylinder case). If conversely Re V (unyay) > 0, we denote the zeros of the real part of
the potential in the parabolic cylinder or Airy regions by vy g,

ReV(vy) =0=ReV(v,) and Vv, < Umax < VR -

Then @ is defined by the requirement that
I VR
/ ReW:/ Re vV . (15.1)
vy, U

Since our potential is almost symmetric around §, the points 4 and uy,., are all close
to 5. Working with our definitions has the advantage that we do not need to quantify
how close these points are.

Here is the main result of this section.

Proposition 15.1. Assume that for suitable constants C,§ > 0, the following inequal-
ities hold,

[€0(8) 63 @) [Ca(@) oh(@)] > — o (15.2)
Gl <C on (0], Kal<C on ) (15.3)
[CL(@)], |Cr(@)] = 6. (15.4)
Then, setting
s = min (|61 (@), |6r@)°) (s — va) (@) (15.5)
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the kernel of the Green’s function sy(u,u’) for 0 < u < u' < 7 is bounded by

- = ifu<a and v > 1

52 by
(5 + 355 ) ont) hew) o >l
(5 + 555 ok on) ifud < uk
(4G i) [ ) i oz

1 1 1 @ ' o
{5E+<5 52—2>/ oL |2}‘¢L )] ifuk < <.

We begin by estimating the Wronskian from below.
Lemma 15.2. Assume that (I5.2)) holds. Then

(@R, R = 5 [Gu (@) Cal@) w(or, 6m)]

Proof. We evaluate (I0.21)) at u = @, take the absolute value and using the inequali-
ties (I5.2). This gives

|w(¢L, oR)| = |¢LCL¢RCR (yr — |CLCRw ér, dr)|(Q),
concluding the proof. O

In order to estimate the Green’s function, we need to control both ¢? and (b% on
the whole interval (0,7). The estimates so far, however, only give us control of ¢? on
the interval (0,%) (and similarly of ¢} on the interval [Z,7]). The following lemma
gives a formula for ¢} on the remaining interval [Z, 7].

Lemma 15.3. For any u € [5, 7],

D _ w i ¢ (1) v im dr(v)
20 = o0 (G0() ST+ o 1y SE1) (156
where R
tjmg 2200) _ PR(2) +w(or, dr) (o) . (15.7)

Proof. First,

DIy PL(u) _ oL (@) o
03(0) = onlu) £ = o) S180 + o) [ (5E) (7)o
Computing the derivative on the right gives
(ﬁ)’ _ (9D)'or— 0L (¢R)" _ w(dD,¢R)
R % O

Integrating this equation from 4 to u, we obtain

AP (u) = pr(u) j;iug w(¢L, dr) dr(u / ¢2 .
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The Wronskian appearing here is most conveniently computed asymptotically at the
origin,

w(e, dr) = lim ((62)'(v) dr(v) — $L(V) ($R) (v)) = lim, Z}L%EU;

where in the last step we differentiated (2.17) and used the asymptotics of the funda-

mental solutions as stated in (ZI1)), (Z12]) and (ZI3). Applying ([6.2) gives (I5.6]).

In order to prove ([I5.7), we begin with the computation

onle) = 9u0) 20— g0y 20D [ (O

or(v) L(%) 3
B Pr(1) w(oL, Pr)
—o Gt W”)/U 7
We now divide by ¢r(v) and take the limit v N\, 0. This concludes the proof. O

Proof of Proposition [15.1l. Applying Lemma [I5.2], our task is to estimate the absolute
value of the expression
B o= PP (u) pp(u)
¢L(@) Cr(@) w(dr, Pr)

We consider the different cases after each other. In the case u < 4 and v’ > 4, we

apply (I24) to (I5.8)) to obtain

Bl <

forall 0 <u<u <. (15.8)

1 |92 () PR ()|
(¢L,¢R) .
Using that
|w(or, or)| = |¢L(@) pr(0) (yr — yr) (@)

we obtain the desired estimate.
Using the symmetry under reflections at Z, it remains to consider the case u, v > .
Applying Lemma [5.3] a straightforward computation yields

_ _Cr(@) — Cr(w)
b= Cr(1)

> X,

or(u) or(u') Cr(W) (15.9)

1 Cr(1) — Cr(u)
—yr(a) Cr(@)pr(a)? Cr(a)

@) - : yr(@) Cali ><1z>R< 7 Or(W) Or() Cr(1) (15.11)

In the case u > uf!, we estimate these terms by
WD) < S [or(u) oR(w)|
0] < o [6n(u) SR
WEID) < o [or(w) 630

- or(u) or(u') Cr(u) (15.10)
yr (i)

giving the desired estimate.
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In the remaining case @ < u < uf, we use the identity

|

[Cr(@) — Cr(u)| =

to obtain
1 e
) < 5 lontwoi)] | [
1 v
< T D/ 1 1
() < g5 ont) R0 | [
1
WD) < = [6n(u) SR
This gives the result. U

16. DEFORMING THE POTENTIAL

In the following estimates, we distinguish the cases that the real part of the po-
tential is positive and large near u = uy., or that it is negative or small there. We
refer to these cases as the double-well case and the single-well case, respectively.
Qualitatively speaking, in the double-well case the potential looks like in the Airy case,
whereas the single-well case comprises the WKB and parabolic cylinder cases. How-
ever, these regions are not exactly the same, making it necessary to use a new notation.
The important difference is that the single- and double-well cases are defined without
referring to the constants Ci,Cy,.... Instead, we work with the integrals (I5.]) and
introduce a new constant X > 0 (which will be specified Section [[6.I] below). More pre-
cisely, if Re V (unay) = 0, we are by definition in the single-well case. If Re V (tyay) > 0
(so that @ is defined by (I5.0])), we distinguish the

UR
single-well case : / ReVV <X
oL (16.1)
VR
double-well case : / ReVV > XK.
vr,

16.1. Estimates in the Double-Well Case.

Lemma 16.1. By choosing X sufficiently large, we can arrange that in the double-well
case the following estimates hold:

|pr(a)], |r()

lyr(@) —yr(@)| > V[V (@) . (16.3)
Moreover, the function ¥ defined by (I5.3) is bounded by

> > exp <2 /u Re \/V> . (16.4)

vL

e (16.2)

Proof. If X is chosen sufficiently large, we know from the estimates in Section
that the function |¢r| (and similarly |¢g|) can be approximated by the WKB wave
function (IT.39). Moreover, as stated after (IL39]), the coefficient of the exponen-
tially increasing fundamental solution is non-zero. This implies (I6.2). Moreover,
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differentiating (I1.39]), one finds that yz(4) ~ /V(4). Similarly, yr(a) ~ V(a),
proving (I6.3).

Finally, the estimate (I6.4]) follows immediately by using (I6.2)) and (I6.3)) in (I5.5]).
g

From now on, we choose X so large that the the statement of this lemma applies.

Lemma 16.2. For any € > 0, by increasing K we can arrange that for every eigen-
value Ag,
N € N
CL(a)] < 3 or |Cr(a)| < 3
Proof. Let \g be an eigenvalue. Then the eigenvalue condition (I0.22]) is satisfied
at u = 4, implying that

| << (16.5)

> |y — yr| at 4.

1
’¢%CL’ ’<Z5RC |~
Applying Lemma [[6.1], we obtain

|<L1fb)| + |<Rt Q)| < exp <2/ije\/V> > 2K

Applying again the argument after (I1.40), by increasing C; we can make the ex-
ponential factors as small as we like. Hence, for any given € > 0 we can arrange
that

1 1

—~ + -
[C(@)]  ICr(a)]
This gives the claim. ([l

>

(T)IM

We now apply Proposition [4.1l In order to combine estimates for (; and (g, we
L

modify (I4.3]) according to
uk 1 -1 ult 1 -1
A\ := T75emin </ — > , — > . (16.6)
ué/ |V| Ao uft |V| Ao

Thus we choose A\ so small that we can work with the same A both for (7, and (.
Decreasing A\ in this way can be described equivalently by making the parameter
in Proposition (I4.I]) smaller. The reason why this procedure is unproblematic is that
the parameter € is changed at most by a uniform constant:

Lemma 16.3.

uL

ul \V ]V

Proof. Similar as in the proof of Lemma [[2.12] and Section (2.5, we make use of the
fact that the potential is approximately reflection symmetric around u = 5. We thus
obtain

L L

</ur V(u)—vgw—u)\5 o o1
‘V‘ Ao ’V’ Ao ’V‘i (‘31‘9’ uy ‘V‘

This gives the result. U
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AL(/\()) AL()\O)

O |8

Ar(v)

Fi1cURE 8. Choice of the closed contour T
Lemma 16.4. Let Ag be an eigenvalue. Then, under the assumptions of the above
Lemmas 161l and [16.2, there is a closed contour T' of length at most 20 AX such that
ICLl, [Cr| > & along T .

Proof. Let Ao be an eigenvalue. Using Lemma [[6.2] we can arrange that (I6.5]) holds.
Without loss of generality we may assume that

‘CL(ZAL” < % )

because otherwise we repeat the proof with L and R interchanged. Applying Propo-
sition 4.1, we know that |(z(u)| > ¢ inside the annular region Ar(\g). We choose a
contour I' inside Af (o) close to the inner boundary (see the left of Figure []). If the
inequality |(gr(@)| > € holds along the contour I', there is nothing left to prove. Other-
wise, there is a point v on I' such that |(r(@)| < e. Again applying Proposition [4.1]
it follows that |(r(4) > € inside the annular region Ar(v). This makes it possible to
choose the contour I' as shown on the right of Figure Bl O

Proposition 16.5. The resolvent sy exists along I' and is bounded by

¢ Il VY |7 (u) pp(v')| ifu <t and v >d
|Or(u) o (u'))| if u,u’ > ulf
|67 (w) or.(u'))| if u,u’ < uk

e 2RV | gp () gR ()| if @ < u < ul?

AN

|s,\(u,u’)‘

e 2L BV gDy gy ()| ifuk <l <

Proof. We apply Proposition[I[5.1l By symmetry, in the estimates it suffices to consider
the index L.

We begin by estimating |(z|. In the WKB region, the total variation of the ra-
dius R of the osculating circle is under uniform control by Proposition 121l In the
region (0,uy) near the pole, on the other hand, this total variation is even small by
Lemma In the Airy region, Proposition IT.1T] provides uniform estimates. Fi-
nally, Lemma[IT.13] controls the total variation of (z, on the interval [u,,4]. Combining
these results, we conclude that

|<L|§1 on (0,’[1]

This gives (I5.3). Moreover, we know from Lemma [[6.4] that (I5.4]) holds for § = e.
We conclude that the assumptions (I5.3) and (I5.4) in Proposition [[5.1] are satisfied.
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Let us verify the assumption (I5.2]). From ([I6.2]) and (I6.3)) we know that

L 1 @ 625{
et 2 o (2 [ Re¥) 2 ey

Thus by further increasing X we can arrange (I5.2]). Therefore, Proposition [I5.1]
applies.
We estimate the integrals over 1/ (b% by

/u R /u Re We_gfgé* RevT g — %/u d 3[4 RevT

|orl? ~ dv
R
< <e—2f;5’ RevV _ =2 [;° ReW) < e 2 B ReVV

Using the lower bound for ¥ in (I6.4) as well as (I5.]) gives the desired estimate. [

16.2. Estimates in the Single-Well Case. In the previous section we chose the
parameter X. We now proceed with estimates in the single-well case for this fixed
value of XK.

Proposition 16.6. There is a suitable choice of ¢ < 1/(1000) such that for sufficiently
large Cq the following statement holds. If Ao is eigenvalue in the single-well case, then
the resolvent exists inside the annulus Ap(\o) (defined by (I41])) is bounded by

[sa(w,u')| S e|oL(uw) op(W)|  fu<u
(where the constant ¢ may depend on K and €).

Proof. Let Ag be an eigenvalue. Then the eigenvalue condition (I0.22) holds for any u €
(0,7). We now choose a specific value @ where the analysis of the expression in (10.22])
is particularly simple. To this end, we consider the osculating circle corresponding
to ¢, on the interval (0, u,). According to Lemmal[I2.6], we can make |((u¢)| arbitrarily
small. Thus for any 4 > 0 by increasing C; we can arrange that

| R(ug) — [p(ue)]| < 6.
Next, in the WKB region (ug,u,), we know from Proposition [[2.7] that the center p
of the osculating circle is approximately fixed, whereas the change of the radius R is
given explicitly in terms of the integral of Re/V. Using the estimate (IZ.2I)) together
with Proposition 2.2, for any given § > 0 we can arrange that that

| R(uy) — [p(uy)][ < 4.

If we start at u = u, and decrease u, the function ¢(u) will move along the osculating
circle with an angular velocity as given by (6.9]). We choose @ as the largest value of u
where the angle ¥ is such that ( is close to the origin. Then

|CL(@)] < 26 (16.7)

In what follows, we evaluate all functions at the point u. For ease in notation, we
shall omit the arguments of these functions. From the estimates in Section [[1] we know

that )
621 |or* ~ ——= (16.8)
Vi

(where the constants in the upper and lower bounds may depend on X). Moreover,

ly —yr| S VIV]. (16.9)
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Therefore, the eigenvalue condition ([I0.22]) gives rise to the estimate
1 1 |y —yr|

_z__

1
ICrl ™ 1¢2 v ~é’
implying that
ICr| < 6. (16.10)
Combining [I6.7) and (I6.I0) we conclude that for any 6 > 0, we can arrange by
increasing €; that at , 3
[SARCIRT R
We now vary the spectral parameter A (for fixed @ and X). Our goal is to analyze

how the left side of (10.22]) depends on A. To this end, it is most convenient to include
the phase of the factor ¢? into the corresponding factor ¢. Thus, using the notation

in (6.5]), we set
z=e2¢ so that $*C = |o]* 2.
Then, according to (6.6]),
209 |
z=pe —.
Hence (I0.2I]) can be written as

w(¢r, ¢r) 1 1 lor|?2r — |OL|%21
— D515 YL~ YRT - =YL —Yr+
PR |pr?z  |or|?2R |pL 2L OR[> 2R

It follows that

‘w( R R e e (A A lyr, — yr| -

PP | T | lorl?zr |orl*2r
Now we can vary the angle ¥ and the radius R = |K|~! of the osculating circles using
the formulas in Proposition Keeping in mind that the variation of ¥z and Kp
involves a minus sign (because we consider the differential equations backwards in u),
one sees that the variations of Re z;, and Re zg (and similarly of Im z, and Im zg) have
opposite signs.

We now choose A in the annulus Ap(\g) as defined by (I4.1). The resulting vari-
ations of z;, and zg are obtained by integrating the infinitesimal variations, exactly
as explained in the proof of Proposition 4.1l Given ¢ > 0, by choosing ¢ sufficiently
small we can arrange the variation is much larger than z at A = A\ (see the formulas of
Proposition [I4.2)). Thus the above consideration for the sign of infinitesimal variations
implies that Rez; and Rezgr (and similarly Im z; and Imzg) have opposite signs.
This gives rise to the inequality

\lor1*2r — |OL1*2L| = |67 2L -
It follows that inside the annulus Az (o),
w1
S A N
Using (16.8]) and (I6.9) together with the fact that |(r| and || are uniformly bounded

from above, we conclude after choosing ¢ sufficiently small, the first summand ma-
jorizes the second summand, i.e.

w(or, op)

SLOR

lyr — yr| -

> 1

~ |%kCr|
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Multiplying this inequality by |¢7| = |(r¢r and |¢}], we obtain

PLiL
(e o 2 12258
R
Using again that |{z| = |z1| is bounded from below, we conclude that
|w(r, dR)| 2 1.
Finally, we use this estimate in (ZI9]). This concludes the proof. O

16.3. Tracking the Eigenvalues. We are now in the position to complete the proof
of Theorem [[.Jl In order to locate the eigenvalues, we use the following deformation
argument. We consider for 7 € [0, 1] the homotopy

V.=ReV4+7ImV

with V' as in (27)). Then at 7 = 0, the potential is real. As a consequence, the
Sturm-Liouville operator is self-adjoint. It has a purely discrete spectrum with real
eigenvalues. If 7 > 0, on the other hand, the potential is complex. Our method is to
track each eigenvalue as 7 is increased.

At 7 = 0, we choose the contours as shown in Figure Bl with N chosen as follows.
First, we choose N at least as large as in Proposition [.7] for ¢4 so large that the
eigenvalue Ay satisfies the inequality (I0.2). The next lemma makes it possible to
arrange a spectral gap.

Lemma 16.7. By increasing N at most by four, we can arrange that for a suitable
constant ¢ > 0 and large ||,

)\N — )\N—l > C‘Q’ . (16.11)

Proof. In preparation, we want to show that there is a constant ¢; > 0 such that for
sufficiently large |€2|, the eigenvalues of the Hamiltonian (7.2]) satisfy the inequality

)\N+4 — )\N > ’Q‘ . (16.12)

To this end, we first note that the analysis in the proof of Proposition [(.7] shows that
the solution ¢ has no zeros on the interval (0,u”) near the pole at v = 0. Similarly,
the solution ¢" has no zeros on the interval (u?, ) near the pole at u = w. Moreover,
on the interval (u%,uf) where the potential is non-negative, we know from Lemma [7.4]
that ¢P has at most one zero. Therefore, counting the number of zeros of ¢ on the

intervals (u,u%) and (ul,ul), this number differs at Ay14 and Ay at least by three.

As a consequence, on one of the intervals (u”,uf) or (u”,ul), the number of zeros
of ¢P differs at least by two. By symmetry, we may assume without loss of generality

that this is the case on the interval (ul,u%). It follows from Lemma [T.5] that

"
/ (Imy|)\N+4 _Imy|)\N) > .
UL

Applying the mean-value theorem in the parameter A, we obtain

”
(An+a—An)  sup / |Oxy| = 7.

AEAN AN1a] Jul
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In order to estimate 0yy, we use the formula (7.I3]). Inserting the asymptotic expan-
sions near the poles (see (ILI5) and (IL22)) and using the rigorous estimates in [12]
Section 5 and 8], a straightforward computation gives the inequality (I6.12]).

The inequality (I6.12) shows that for any €2, one can choose N such that (IG.IT])
holds (for ¢ = ¢;/4). In order to show that N can be chosen uniformly in Q (for
large |€2|), we make use of the fact that the leading powers in 2 in the potential (2.8]) are
symmetric around u = 5. This implies the small eigenvalues have the same asymptotics
as ReQ) — 4oo (with the corresponding eigenfunctions transforming as ¢, (u) —
¢n(m —w)). As a consequence, we can choose N such that (I6.12) holds for all
with |Q| sufficiently large. O

For the chosen N, we choose the contour I'y such that it encloses the lowest N
eigenvalues, where N is chosen at least as large as in Proposition [[.7l The other
contours enclose one eigenvalue (see Figure [B]). Then all eigenvalues not enclosed
by Iy satisfy the inequality (I0.2]).

Now we continuously change the parameter 7 and follow each of the eigenvalues. We
also continuously deform the contours I'g, I'y, .. . such that they enclose the correspond-
ing points in the spectrum. If )\g is an eigenvalue in the single-well case, according to
Proposition the resolvent is well-defined and bounded along a closed contour I" in
the annular region Ar,(Ao) (which can be chosen for example as on the left of Figure[8]).
For an eigenvalue )\g in the double-well case, on the other hand, there are two possible
subcases. Either the eigenvalue is isolated in the sense that we can again choose the
contour as on the left of Figure[ll Or else the eigenvalue can be close to another point
in the spectrum, in which case we the contour as on the right of Figure 8 In both
subcases, the resolvent estimate of Proposition applies. Finally, we enclose the
remaining N lowest spectral points again by a contour I'g. Defining the corresponding
operators @), by

Qn::—i, sy dA, n € Ny,
211 Ty
we obtain a family of operators.

For clarity, we point out that spectral points may move from the single-well case to
the double-well case and vice versa. Moreover, the contours I';, do not need to be chosen
continuously in 7. Indeed, if two eigenvalues comes close together, the corresponding
contours must be changed discontinuously because the two contours enclosing the two
eigenvalues (as on the left of Figure §) must be joined to form one contour (as on the
right of Figure B). As a consequence, the operators @, will in general not depend
continuously in 7.

It remains to verify a-posteriori that the inequality (I0.2]) holds for all 7 € [0,1]
and for all spectral points not enclosed by I'g. To this end, we first point out that
the eigenvalues may change considerably compared to the size of the gaps between
neighboring eigenvalues (this is why the theory of slightly self-adjoint perturbations
does not apply here). But the previous methods tell us how the eigenvalues change
in 7 (in particular see Section [6] Section and Section [[2.3]). In simple terms,
these results show that the eigenvalues must satisfy the complex Bohr-Sommerfeld
condition (3.6]) with well-defined errors. Combining this formula with the mean value

theorem
I
‘\/Vl - \/VO‘ < sup VI (16.13)
ref0,1] /| Vx|
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and using that on the interval (ug,u,) the absolute value of the potential is larger
than €y ||, whereas | Im V| < ||, one sees that the eigenvalues change in such a way
that (I0.2) remains valid.

16.4. Uniform Boundedness of the (),, and Completeness. It remains to verify
that the constructed operators (g, @1,... at 7 = 1 have all the required properties.
The idempotence and mutual orthogonality of these operators follows immediately
from Lemma We now proceed by estimating the sup-norm of the operators @,,.
For the operator (Qg we again apply the theory of slightly non-selfadjoint perturbations:

Proposition 16.8. There is a constant co such that for all sufficiently large |Q|,
[Qoll < c2.

Proof. In view of the gap estimate (I6.11]), by increasing || we can arrange that | Im V|
is much smaller than the gap. This makes it possible to find a contour I'y enclosing
the first N spectral point whose distance to the spectrum is much larger than |Im V.
This makes it possible to estimate the corresponding contour integral in (84]) for n = 0
by estimating the Neumann series (83]). This gives the result. ([l

We next estimate the operators @y with £ > 1. We begin with a preparatory lemma.

Lemma 16.9. Along the contours I'y,1's, ..., the Hilbert-Schmidt norm of the resolvent
s bounded by

fosllas S [ | + [ ——
- uy \/‘V‘ Ao ult \/’V‘
(with \g as in (16.6))).

Proof. The Hilbert-Schmidt norm of the resolvent can be expressed in terms of its

kernel by
Isallhs = [ “du [ fsausa)
0 0

We begin with the single-well case. Proposition gives the estimate
™ ™ 9
Isallis <2 [ au [ au' |6 )|
i / du / du |1 () b (w) Crl )R ()| (16.14)
0 u

Near the pole at v = 0, the functions ¢, and ¢r may have a pole (see (IL22)). On
the other hand, the function (z(u) vanishes at v = 0. As a result, the integrand
in (I6.14) is bounded near the poles, as the following argument shows. We introduce
the functions p;, and pgr by

Ao

pr(v) =sup|Cr|  and  pr(u)=sup|(r|.

0,u [u,m)

Then the integrand in (I6.14) can be bounded by
¢ () dr(u) Cr()OR)|* < pr(w) [61.(w) 2pr(u) pr(w) [6r(W)2pr(u)

giving rise to the estimate

lsallds < 11 /OWPL(U)I%(U)IQPR(U)- (16.15)

c=L,R
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In order to estimate the obtained integrand near u = 0, we first note that (g is
uniformly bounded. Considering the asymptotics near u = 0 (see (ILI6]) and (I1.22])),
one sees that the function |¢.|?> may have a pole at u = 0. But in this case, inserting
the asymptotics into (6.I]), one finds that |(z| (and therefore also pr) tends to zero at
the inverse rate. We thus conclude that the integrand in (I6.I5]) is indeed bounded
near the poles.

Away from the poles, we can use the asymptotics (I6.8]) to obtain the result. This
concludes the proof in the single-well case.

In the double-well case, we work similarly with the resolvent estimate of Proposi-
tion The behavior near the poles is estimated just as in the single-well case. The

only additional issue is the behavior on the interval [ui, uf] in the Airy case. In this

case, combining the exponential factor exp(—2 f:R ReVV ) with the WKB asymptotics
gives rise to the estimate

e—2st ReVV ¢D(u) ¢R(U,) 5 1 e—2f7inin(“/’”R) ReVV )
o | VIV V(W)

A straightforward computation using the exponentially decaying factor on the right

gives the result. 0
Proposition 16.10. There is a constant co such that the operators Qi,Qo,... are
bounded by

HQTL” S co,

uniformly in €.
Proof. We estimate the contour integrals by

[@nll < L(I'n) sup l[sall
where L(I';,) denotes the length of the contour. The length of the contour is bounded
by 20 A\ with A\ as given by (I6.6]) (this is obvious in the single-well case, whereas
in the double-well case it was proven in Lemma [[6.4). Applying Lemma [16.9] and
Lemma [16.3] and using that the Hilbert-Schmidt norm majorizes the sup-norm, the
result follows. 0

It remains to prove completeness in the sense of (L7)) with strong convergence of
the series. Since completeness is a statement for fixed €2, we can rely on the theory of
slightly non-selfadjoint perturbations. Namely, Proposition 1] yields that there is N
(which might be much larger that the parameter N in the statement of Theorem [T.])
a family of operators Qg, Q1, ... with the completeness property

[e.e]
Z Qﬁ =1 with strong convergence .
=0

The spectral decompositions (@) and (Q5) are related to each other simply by forming
finite sums, i.e.

D Qu=)_Qn  (with A,AC Ny

neA AneA
whenever the operators on the left and right describe the same spectral points. In
particular, for large n, the operators (), are sums of one or two of the operators Q7.
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This implies that the series in (IL7)) also converges strongly. Since every the spectral
point is taken into account in exactly one of the operators @, it follows that

[e.e] o
Z Q= Z Qﬁ with strong convergence .
n=0 =0

This concludes the proof of Theorem [I.11
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