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ABSTRACT. Let (M™,g) be a closed Riemannian manifold (m > 2) of
positive scalar curvature and (N, h) any closed manifold. We study the
asymptotic behaviour of the second Yamabe constant and the second
N—Yamabe constant of (M x N, g+ th) as t goes to +oco. We obtain
that limy—, o0 Y2(M x N, [g+th]) = 277 Y (M x R, [g+ ge]). If n > 2,
we show the existence of nodal solutions of the Yamabe equation on
(M x N,g + th) (provided t large enough). When s, is constant, we

prove that lim¢— o Yo (M x N,g + th) = Q%MYRTL(M x R™, g + ge).
Also we study the second Yamabe invariant and the second N—Yamabe
invariant.

1. INTRODUCTION

Let (W*,G) be a closed Riemannian manifold of dimension k > 3 with
scalar curvature sg. The Yamabe functional J : C*°(W) — {0} — R is
defined by

I ar|Vul% + squidug
[[ul|,
where ay :=4(k —1)/(k — 2) and py := 2k/(k — 2).
The infimum of the Yamabe functional over the set of smooth functions
of W, excluding the zero function, is a conformal invariant and it is called

the Yamabe constant of W in the conformal class of G (which we are going
to denote by [G]):

J(u) :

Y(W,|G]) = inf J(u).
wic)= it )

Recall that the conformal Laplacian operator of (W, G) is
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La = apAg + s,

where A¢ is the negative Laplacian, i.e., Agu = —>", gim? in the Eu-
clidean space (R", ge).

The celebrated Yamabe problem states that in any conformal class of a
closed Riemannian manifold (of dimension at least 3) there exists a Riem-
mannian metric with constant scalar curvature. This was proved in a serie
of articles by Yamabe [24], Trudinger [23], Aubin [5], and Schoen [20]. Actu-
ally, they proved that the Yamabe constant is attained by a smooth positive
function wpm,. It can be seen that a function u., is a critic point of the
Yamabe functional if and only if it solves the so called Yamabe equation

(1) L (uep) = A‘“Cp‘pk_2u0p
for A = J(ucp)/|]ucp|]§’,§_2. Recall that if G belongs to [G], then
Lg(u) = Séupk_l

where w is the positive smooth function that satisfies G = uP*~2G. There-
fore, Gy,,,, = u%jﬁG must be a metric of constant scalar curvature.

The solution of the Yamabe problem provides a positive smooth solution
of the Yamabe equation. Actually, as we pointed out, there is a one to one
relationship between the Riemannian metrics with constant scalar curvature
in [G] and positive solutions of the Yamabe equation.

Nevertheless, in order to understand the set of solutions of the Yamabe
equation, it seems important to study the nodal solutions, i.e., a changing
sign solution of (Il). In the last years several authors addressed the ques-
tion about the existence and multiplicity of nodal solutions of the Yamabe
equation: Hebey and Vaugon [10], Holcman [11], Jourdain [12], Djadli and
Jourdain [7], Ammann and Humbert [2], Petean [17], El Sayed [§] among
others.

Let

M(Le) < A2(Lg) < A3(Lg) < -+ /400
be the sequence of eigenvalues of L, where each eigenvalue appears repeated
according to its multiplicity. It is well known that it is an increasing sequence
that tends to infinity.
When Y (W, [G]) > 0, it is not difficult to see that

Y(W,[G)) = inf Mi(Lg)vol(W,G)E,
Ge[qG]

where vol(W, G) is the volume of (W, G).
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In [2], Ammann and Humbert introduced the [th Yamabe constant. This
constant is defined by

~. 2
YW, [Q)) := élél[fc ] N(Lg)vol (W, G)x.

Like the Yamabe constant, the /th Yamabe constant is a conformal in-
variant.

They showed that the second Yamabe constant of a connected Riemannian
manifold with nonnegative Yamabe constant is never achieved by a Riemann-
ian metric. Nevertheless, if we enlarge the conformal class, allowing general-
ized metrics (i.e. metrics of the form wP*~2G with u € LP*(W), u > 0, and u
does not vanish identically), under some assumptions on (W, G), the second
Yamabe constant is achieved ([2], Corollary 1.7). Moreover, if Y2(W,G) > 0,
they proved that if a generalized metric G realizes the second Yamabe con-
stant, then it is of the form |w[P*~2G with w € C3*(W) a nodal solution of
Yamabe equation. If Y2(W,G) = 0 and is attained, then any eigenfunction
corresponding to the second eigenvalue of L is a nodal solution.

Therefore, if we known that the second Yamabe constant is achieved,
we have a nodal solution of the Yamabe equation. However, this is not
the general situation. There exist some Riemannian manifolds for which
the second Yamabe constant is not achieved, even by a generalized metric.
For instance, (S*, gF) where g& is the round metric of curvature 1 (cf. [2],
Proposition 5.3).

Let (M,g) and (N, h) be closed Riemannian manifolds and consider the
Riemannian product (M x N,g + h). We define the N-Yamabe constant
as the infimum of the Yamabe functional over the set of smooth functions,
excluding the zero function, that depend only on N:

YN(M x N,g+h): ueCwlg}g)—{o} J(u).

Clearly, Y(M xN,g+h) < Yn(M xN,g+h). The N—Yamabe constant is
not a conformal invariant, but it is scale invariant. It was firstly introduced
by Akutagawa, Florit, and Petean in [I], where they studied, among other
things, its behaviour on Riemannian products of the form (M x N, g+ th)
with ¢ > 0.

Actually, the infimum of J over C*°(N) — {0} is a minimum, and it is
achieved by a positive smooth function.

When the scalar curvature of the product is constant, the critical points
of the Yamabe functional restricted to C°°(N) — {0}, satisfy the Yamabe
equation, and thereby, also satisfy the subcritical Yamabe equation (recall
that pp4n < pn). Hence, if Yn(M X N,g + h) = J(u), then the metric
G = uPm+n=2(g+h) € [g+h] has constant scalar curvature. When s, < 0,
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the Yamabe constant of (M x N, g+ h) is nonpositive, and in this situation,
there is essentially only one metric of constant scalar curvature, the metric
g + h. Therefore, this case it is not interesting.

It seems important to consider the N—Yamabe constant because in some
cases the minimizer (or some minimizers) of the Yamabe functional depends
only on one of the variables of the product. For instance, it was proved
by Kobayashi in [14] and Schoen in [2I] that the minimizer of the Yam-
abe functional on (S™ x S, g% +tg}) depends only on S'. Also, this might
be the case for (S™ x H™, g{ + tgpn) (for small values of t), where (H™, gp,)
is the m—dimensional Hyperbolic space of curvature —1. These Riemann-
ian products are interesting, because their Yamabe constants appear in the
surgery formula for the Yamabe invariant (see the definition below) proved
by Ammann, Dahl, and Humbert in [3].

We define the {th N—Yamabe constant as:

YE(M x N,g+h) = inf AN (Lysn)vol(M x N,g+ h)min,
Gelg+hln
where [g+ h]n is the set of Riemmanian metrics in the conformal class [g+ h]
that can be written as uPm+"~2(g 4 h), with u a positive smooth function
that depends only on NN, and )\IN (L) is the lth eigenvalue of Lg restricted
to functions that depend only on the variable N.

A generalized metric G = uPm+7=2(g+h) is called a generalized N —metric
if 4 depends only on N.

Petean proved ([I7], Theorem 1.1) that the second N—Yamabe constant
of a Riemannian product of closed manifolds with constant scalar curvature
is always attained by a generalized N —metric of the form |w[Pm+n=2(g + h)
where w € C3%(N) is a nodal solution of the Yamabe equation.

The aim of the present article is study the behaviour of the second Yamabe
constant and the second N —Yamabe constant of a Riemannian product (M x
N, g+ th) with t > 0. We prove the following results:

Theorem 1.1. Let (M™,g) be a closed manifold (m > 2) with positive
scalar curvature and let (N™, h) be a closed manifold. Then,

lim Y2(M x N,[g + th]) = 27 Y (M x R", [g + ge]).

t——+o0

From this theorem, as well as from some results in [I] and [2], we obtain:

Corollary 1.2. Let (M™, g) as above and let (N™, h) be a closed Riemannian
manifold (n > 2). For t large enough, Y2(M x N, [g + th]) is attained by a
generalized metric of the form |v|Pm+n=2(g+th), where v is a nodal solution
of the Yamabe equation on (M x N,g+ th). Moreover, v € C3*(M x N)
and is smooth in M x N — {v=1(0)}.
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We point out that the nodal solutions provided by the Corollary [[L2] in
general, are not the same solutions provided by ([17], Theorem 1.1), which
depend only on N (see Subsection 3.I] and Remark B.7)).

For the second N—Yamabe constant we obtain the next theorem:

Theorem 1.3. Let (M™,g) be a closed manifold (m > 2) of positive and
constant scalar curvature and (N™, h) be any closed manifold. Then,

lim Y2(M x N, g+ th) = 27 Yan (M x R™, g + g).
t—+o00
In Subsection B3] we will define the second Yamabe constant and the
N —second Yamabe constant for a noncompact manifold. There we prove:

Theorem 1.4. Let (M™, g) be a closed manifold of positive scalar curvature.
Then,

2
V(M x R", g+ go) = 2men Y (M x R™, [g + ge]).
If in addition (M™,g) has constant scalar curvature, then

2
Y]l%”(M X ang +ge) = ZWYR”(M X Rn).g +ge)-

The Yamabe invariant of W, which we denote by Y (W), is the supremum
of the Yamabe constants over the set My of Riemannian metrics on W:

Y(W):= sup Y(W,[G]).
GeMw

This important differential invariant was introduced by Kobayashi in [14]
and Schoen in [20]. It provides information about the capability of W to
admits a Riemmannian metric of positive scalar curvature. More precisely,
the Yamabe invariant is positive if and only if the manifold admits a metric
of positive scalar curvature.

Similarly, we define the [th Yamabe invariant of W by

Y(W):= sup Y'(W,[G]).
GeMyy
For a product M x N, we define the Ith N—Yamabe invariant as

Y (M x N) := sup  Yn(M x N,g+ h),
geEMpr, he My
In Section[4], we point out several facts about the second Yamabe invariant
and the second N —Yamabe invariant. Also, taking into account some known
bounds for the Yamabe invariant, we show lower bounds for these invariants.
Note, that frequently in the literature, the Yamabe constant and the Yam-
abe invariant are called Yamabe invariant and o—invariant, respectively.
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Something similar happens for the Ith Yamabe invariant and for the [th
Yamabe constant. In this article we are not going to use these denomina-
tions.

Acknowledgements. The author would like to thank the hospitality of
the members of SFB 1085 Higher Invariant at the University of Regensburg,
where he stayed during the preparation of this work. He would like to express
his gratitude to Bernd Ammann for very helpful discussions, remarks, and
for sharing his expertise. Also, he would like to thank Bernd Ammann’s
research group for their kind hospitality. Finally, he would like to thank to
Jimmy Petean for many valuable conversations and useful observations.

2. PRELIMINARIES

2.1. Notation.

Let (W*,G) be a Riemannian manifold. Throughout this article we will
denote with C2(W) and L% (W) the set of nonnegative functions on W, ex-
cluding the zero function, that belong to C*°(W) and LP(W), respectively.
We are going to denote with C(W) the positive functions of C(W).
LgQ W) and CZ (W) will be the subset of functions with compact sup-
port that belong to LY (W) and CZ(W), respectively.

Let H be one of these spaces of functions: C°(W), C°(W) or HZ(W).
We write Gr!(H) for the set of all /—dimensional subspaces of H. If u €
H, we denote with Grl(H) the elements of Gr!(H) that satisfy: If V =
span(vy, ..., v;), then V = span(uP*2vy, ..., uP ;) belongs to Grl(H).

2.2. Results from the literature.

Here, for the convenience of the reader, we state some important results
from the literature that we are going to use in the next sections.

The following theorem is due to Ammann and Humbert (Theorem 5.4 and
Proposition 5.6, [2]):

Theorem 2.1. Let (W* G) be a closed Riemannian manifold (k > 3) with
Y (W,[G]) = 0. Then,

20Y (W.[G]) < Y2(W.[G)) < [Y (W [G]) + Y (5M)7]%.
Moreover, if Y2(W, [G]) is attained and W is connected, then the left hand

stde inequality is strict.

We summarise the main results of [2] (Theorem 1.4, 1.5, and 1.6) in the
next theorem:
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Theorem 2.2. Assume the same hypothesis as in the theorem above:
a) Y2(W,[G)) is attained by a generalized metric if

Y2(W,[G]) < [Y(W,[G])2 + Y (S%)2]k.

Furthermore, this generalized metric is of the form |w|P~2G with
w € C3*(W) a nodal solution of the Yamabe equation.
b) The inequality in a) is fulfilled by any non locally conformally flat
manifold with Y (W,[G]) > 0 and k > 11 or Y(W,[G]) = 0 and
k>09.

In [1], Akutagawa, Florit, and Petean studied the behaviour of the Yam-
abe constant and the N—Yamabe constant on Riemannian products. More
precisely, they proved the following important result ([1], Theorem 1.1):

Theorem 2.3. Let (M™,g) and (N",h) be closed Riemannian manifolds.
In addition, assume that (M, g) is of positive scalar curvature and m > 2.
Then,

lim Y (M x N, [g+th]) = Y (M x R™,[g + g.]),

t——+o0

and

lim Yn(M X N,g+th) =Yre(M x R", g+ gc).
t—+o00

If (M, g) is a closed manifold, then (M x R™, g+ g.) is complete, with pos-
itive injective radius and bounded geometry. Hence, the Sobolev embedding
theorem holds (cf. [9], Theorem 3.2). If we assume that the scalar curvature
54 is non negative, then it is not difficult to see that Y’ (M™ xR", g+ g.) > 0
(see Section 23] for the definition of the Yamabe constant in the noncompact
case). If m,n > 2, it was proved in ([I], Theorem 1.3) that

(2) 0<Y(M xR [g+ge]) <Y (S™M).

2.3. Yamabe constant on noncompact manifolds.

Note that in the definition of the Yamabe constant the infimum of the
Yamabe functional could be taken as well over CZy(W), C*(W) — {0} or
H2(W) — {0} and it does not change. Thus, it seems natural (cf. [22]) to
define the Yamabe constant of a noncompact manifold (W*, G) as

Vul2 24
Y(W,[G]) = inf Jw an|Vulg, + scu’dvg
e ) 0) [ulE,
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The Yamabe constant, also in the noncomapct setting, is always bounded
from above by the Yamabe constant of (S™, g&). Since Y (S*,[gk]) = Y (S¥),
we have that Y (W) < Y(S¥).

2.4. Variational characterization of the /th Yamabe constant.
It is well known the min-max characterization of the Ith eigenvalue of
conformal Laplacian of a closed manifold (W*,G):

L d
MIG) = s dwletvdie
VeGrt(C=(W)) vev —{0} [v]|3

Jw ax|VolZ + sqvdug

= inf sup 5
VEGr(HE(W)) vev—{0} [ol2

For any Riemannian metric G, := uP*~2G in [G], the conformal Laplacian

satisfies the invariance property

La, (v) = ' "P* La(wv).
Since vol(W, G,,) = fW uPkdvg, we get

2 2
BN i e
VEGH(HXW)) vev—{0}y [y uPF202dvg

x(/ upkdvg)%.
W

Therefore, we have the following characterization of the [th Yamabe con-
stant of (W, G):

EalIN]

Ai(La, Jvol (W, G.)

Vol2 2d
YIW,[G) = inf cup A ! ”'ijc’” UG(/ WPhdvg)E.
ueCTH(W)  wev—{0} fW uPr—2v?dvg w
VeGri(H2(W))
If we enlarge the conformal class of G, allowing generalized metrics, then
we obtain

Vol? 2d
YIW,[G) =  inf sup  Jw alVelG + scv ”G(/ uPEdvg) .
el W) vev—(op  Jy uPr?0%dvg w
VeGrl (H2(W))

Let (M™ x N™,g + h) be a Riemannian product of closed manifolds
with s4 or sgi, constant. If we consider generalized N -—metrics instead
of N—metrics in [g + k], we have the following variational characterization
of the [th N—Yamabe constant:
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2 2
ag Vo + Sg+pv dv h
Y]lv(M X N,g+h) = inf sup fN | |g+h —~ ;7+ g+
uengm(N) veV—{0} fN uPm4n—2y d’Ug+h
VEGrl (HE(N))

x(/ P dug )
N

3. SECOND YAMABE CONSTANT AND SECOND N —YAMABE CONSTANT ON
RIEMANNIAN PRODUCTS

2

wtn (vol(M, g)) mEn

3.1. Second Yamabe constant.

Let (M™, g) be a closed manifold (m > 2) of positive scalar curvature,
and (N, h) any closed Riemannian manifold. Note that Y (M x N, [g + th])
is positive for ¢ large enough. By Theorem 2.1l we get

2FY (M xN, [g+th]) < Y2(MxN, [g+th]) < [Y (MxN, [g+th]) 5 +Y (S¥)5]%,

where kK = m + n. Applying Theorem [2.3] to these inequalities, we obtain
the following lemma:

Lemma 3.1. Let (M™,g) be a closed manifold (m > 2) of positive scalar
curvature and let (N™, h) be any closed manifold. Then,

9mrn Y (M x R™,[g + gc]) < liminf Y2(M x N, [g + th])

t——+o0
and

2

limsup Y2(M x N, [g+th]) < [V (M x R", [g+ g]) “2" + Y (™) 2 |mrn

t——+00

When (M, g) is (S™~1, go*~1) with m > 3 and (N, h) is (S', g§) the lemma
above implies that
: 2/ gm—1 1 m—1 1y _ o2 m
tliglooy (S X S%, g0 +tgy) =2mY(S™).
Here, we used that Y (S™~! x R,g(ﬁ”_l + g.) = Y(S™). But, by the
inequality (2)), this is no longer true for (S™~! x R", gi*~ ' + g.) when n > 2.

Proof of Theorem [11l. From Lemma [3.I] we only have to prove that

limsup Y2(M x N, [g + th]) < 277 Y (M x R",[g + gc]).

t——+o0

Given € > 0, let f = f. € O (M x R") such that
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J(f) SY(M xR", [g+ ge]) +e.

Assume that the support of f is included in M x Br(0), where Bgr(0) is
the Euclidean ball centred at 0 with radius R.
For ¢ € N, we denote with expg the exponential map at g with respect to

the metric h and with B%(0,) the ball of radius § centred at 0, € T,N.

Let ¢; and g2 be two points on N, and consider their normal neighbour-
hoods Uy = exp}!, (B}(0,,)) and Uz = expl, (B2(0,,)). We are going to choose
0 > 0, such that U; and Us are disjoint sets and for any normal coordinate
system x = (z1,...,x,), we have

(14 ¢) tdv,, < dup < (14 €)du,, .

Note that for the metric ¢*h, we have B(0,,) = th(Oqi). Therefore, if
we consider a normal coordinate system y = (y1,...,y,) with respect to the
metric t2h, we get

(1+&) tdvy, < dvpy, < (1+¢)dv,,
in Bﬁh(oqi)-
Let t; such that t10 > R. For t > t1, we are going to identify B;s(0) C R™
with U; = expih(Bf;h(Oqi)). Hence,

M x BRr(0) € M X Bs(0) ~ M x U; € M x N.
Let ¢;,¢ : M x N — R defined by

_ | fx.q9) (p,qg) € M xUj,

and
¢ = ¢1 + P2
Clearly, ¢; € CX(M x N), ¢ € LZ3*" (M x N), and the subspace V; :=
span(¢1, ¢2) belongs to Gr;(M X N).

If we choose tp such that sgyy < (1 + €)sy for t > t, then taking t >
t3 := max(t?, t9), it is not difficult to see that

(3) / A Vil o, + Sgrtn®i dvg in
MxU;

< (1 + 6)3/ am+n‘v¢i‘§+ge + Sgézzdvg"l‘ge’
MxBg(0)

and
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) /M Br(0) qbfm*”dvﬁge <{+e) /M U, ¢fm+ndvg+th'
XDR XUy

By the variational characterization of the second Yamabe constant we get

Y2(M x N, g+ th])

2 2
foN am+n’VU’g+th + Sg+th¥ dvg+th
< sup P —272
veVp—{0} foN PPman=2y dvg'i‘th

2
m+n
X ( ¢pm+ndvg+th)
MxN

2
_ sup D1 a?(foN am+n‘v¢i‘3+th + 39+th¢z2d”g+th)

2 (1 Pm+n 2 1 Pm+n
(a1 02)€R2 ~ {0} S 03O 4 035" dvg
2

Pm+n Pm+n m+n
X (/ 08 + &% dvg—i—th)
MxN

2
_2 Zi:l a?(foN am+n‘v¢i‘3+th + Sg+th¢z2d’”g+th)
= 2mtn sup

(a1,c2)€R2— {0} (af +a3)llenl2,...

In the last equality, we used that ||¢1|lp,... = [[92/lpm.n- ApPplying the
inequality (), we obtain

2
Y2(M X N,[g + th]) < 2%(1 + &) Pmtn

2
« sup Dim1 a?(foN am+n‘v¢i’§+th + 39+th¢z2dvg+th)

-
(a1,02)€R? —{0} (@F + a3) (fyrsppo) 91" gt ) b

By inequality (@), for any ¢ > t3, we have

4(m+n)—2 2

Y2(M X N, [g + th]) S (1 + 5) m+n  Q2m+n

Am+ ‘Vf‘2 o +s f2d'U +ge 4(m+n)—2
><foBR(O) mTn CAR g . 9Ty =(1+¢)” min 2m

(JrtwBr() FPmmdvgrg.) P men

()

4(m+n)—2

< (14e) min 27 (V(M xR, g+ go) +¢).
Finally, letting € goes to 0, we obtain that
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limsup Y2(M x N, [g + th]) < 27 Y (M x R",[g + gc]),

t—o00

which finish the proof.

Remark 3.2. The same proof can be adapted to prove that

limsup Y!'(M x N,[g + th]) < 7Y (M x R", [g + ge]),

t—+o00

for every [ > 2.

Corollary 3.3. Let (M™,g) be a closed manifold (m > 2) with positive
scalar curvature and let (N™, h) be any closed manifold (n > 2). Then, for
t large enough, we have

m4n m4n 2

Y?(M x N,g+th) < [Y(M x N,[g+th]) 2 + Y (S™™) 2" |mtn.
Proof. Since Y (M x R™, [g + ge]) < Y(S™*"), it follows that

27 (M X R, [g+g.]) < [V (M x R, [g+g.]) 5" + ¥ (§7+) "5 |

On the other hand, we know by Theorem 2.3 that lim;_, 1 oo Y (M X N, [g+
th]) =Y (M x R", [g + g.]). Thereby, provided ¢ large enough, Theorem [L.1]
implies the desired inequality.

O

Now, Corollary is an immediate consequence of the corollary above
and Theorem Hence, for t large enough, we have a changes sign solution
v € C3(M x N) of the equation

Lgynv = No[Prmen v,

We can choose v such that A = Y2(M x N, [g + th]).

Note that (M x N,g + th) is not locally conformally flat for sufficient
large values of t. Therefore, when m 4+ n > 11, Corollary is a direct
consequence of Theorem

Actually, as we mentioned in the Introduction, the second IN-Yamabe
constant of a product (M x N, g+th) is attained (when s, or s4, is constant)
by a generalized N —metric, and this provides a nodal solution of the Yamabe
equation on (M X N, g+ th) that only depends on N, i.e., a nodal solution
of

Lgpn(w) = YR(M x N, g+ h)w[P .
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However, in general, this solution is not the same solution that the one
provided by Corollary The reason is that Y2(M x N, [g+th]), generally,
will be smaller than Y2(M x N, g + th) (see Remark 3.7)).

3.2. Second N—Yamabe constant.

The second N —Yamabe constant is always attained by a generalized met-
ric. It can be proved, with the same argument used in [17], that the Ith
N—Yamabe constant is also attained by a generalized metric.

Lemma 3.4. Let (M,g) and (N, h) be closed manifolds such that Yn(M X
N,g+h) > 0. If any of the scalar curvatures sy or sgyp is constant, then

9 Yy (M x N,g+h) < YZ(M x N, g+ h).

The argument to prove the lemma is similar to the one used to proved the
first inequality in Theorem 211 (for the details see the proof of Proposition
5.6 in [2]). In this situation we only have to restrict to functions that depend
only on the N variable. For convenience of the reader we briefly sketch the
proof:

Proof. For u € LPm+n(N) and v € H?(N) — {0}, let consider

2
([ @mtnl VU2 + sgenv?dop) ( [y uPmendn) mFmpol (M, g)ﬁ

FN (u7 U) = fN up7n+"_2’02d’0h

The lemma will follows if we prove that for any u € Cy(N), with ||ullp,, ., =
1, and any V € Gr?(C*(N)) we have

(5) sup  Fy(u,v) > QﬁYN(M x N,g+h).
veV —{0}

The operator L, p,, .2 (g+h) restricted to HZ(N) has a discrete spectrum

0 < )\{V(Lup'nwrn*z(g_;’_h)) S )\éV(LquJrnfz(gJ’_h)) S LI

By the conformal invariance of the conformal Laplacian operator, the first
two eigenvectors v, and vy satisfy

Lg+h(vl) = )\ivupm+"_2?]1
and
Lyin(v2) = Ny uPm+n =2y,
Since uPmtn=2)/2y; and uPm+n=2)/2y, are eigenvectors of the operator

2*pm+n 2*pm+n
u 2 oLgipou 2
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restricted to HZ(IN) associated to the eigenvalues A (L, p,, +n=2(g +h)) and
)\éV(Lupmez(ngh)), respectively, we can choose v; and v such that

/ uPm 1 veduy, = 0.
N

The supreme (&) in any V' € Gr?(C°°(N)) is greater or equal than Supyevy—foy Fv (1, v)
when Vj := span(uvy, uvy). Actually, we have that

sup Fy(u,v =\ L pmin—2 .
vevo_{()} ( ) 2 ( Pm+ (g—‘,—h))

Now, using the Holder inequality and the definition of the N—Yamabe
constant we have that

pern*z

2Yn(M x N,g+h) < A (Lpmin-—2 ) / uPmtn=2dyy, ) P
HEmersig|( {1220) )

Pm4n—2

+ ( /{\’U2<0} upm+ndvh) o :|

By the Holder inequality, we obtain

Pm4n=2 Pmn=2 2

</ upm+ndvh> Pm+n + </ upm+nd,vh> Pm+n S 2Pm+n’
{v2>0} {v2<0}

therefore,
2
9Qmin YN(M X N,g+ h) < )\éV(Lupm“fz(g‘*‘h)).
O

Proof of Theorem[1.3. By the positiveness of the scalar curvature of (M, g),
there exists ty such that for any t > tg

0<Y(M x N,[g+th]) <YN(M x N,g+th).
Hence, by Lemma [3.4] we have

9w Yy (M x N, g+ h) < Y2(M x N, g+ h).
From Theorem 2.3 we obtain

O Ve n(M xR" g+ ge) < 1gm£Hsz\27(M X N,g+th).
—+00

For any € > 0, we choose f = f. € O} .(R") that satisfies

J(f) < Yrn(M x R", g+ ge) + €,
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then, we can proved, by a similar argument to the one used in the proof
of Theorem [T} that

limsup YZ(M x N, g+ th) < 2mL+nYRn(M xR", g+ ge)
t——+o0
This completes the proof.
O

Remark 3.5. If (M™,g) is a closed manifold (m > 2) of constant positive
scalar curvature, then Y (M X R™, [g+ ge]) = Yrn (M X R"™, g+ gc) if and only

if
tligloo YN(M x N,g+th) = tl}I—ElooY(M x N, [g+ th])
or equivalently

lim Y2(M x N,g+th) = Jim Y23(M x N, [g +th]),

t——+o0

for any closed Riemannian manifold (N, h).

For m and n positive integers, the o, , Gagliardo-Nirenberg constant is
defined as

n m
Vul?dv, )m+n wldvy, Ymtn 1 -1
o= |t e [V ) (g wdvye) .

UGH%(R")—{O} (f " |u|pm+ndvge) m+n

These constant are positive and can be computed numerically. In [I],
they were computed for some cases (m +n < 9, with n,m > 2). Also it
was proved in ([1], Theorem 1.4) that for any closed Riemmannian manifold
(M, g) of positive constant scalar curvature and with unit volume, it holds

_m
m—+n

Amns
(6) Yen (M x R", g + go) = —="29
Qmn
where A, ,, 1= (am+n)ﬁ(m + n)m_ﬁn_ﬁ_
An immediate consequence of (@) is:

Corollary 3.6. Let (M™,g) be a closed manifold (m > 2) of positive con-
stant scalar curvature and (N™,h) any closed Riemannian manifold. Then,

2 _m_ 9
lim Y2(M x N, g+ th) = mnsg " vol(M, g) i

t—+o00

Qmn
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Remark 3.7. If (W,Gs) = (M™x N"™, s "g+s"h) where (M, g) and (N, h)
are closed manifolds of constant positive scalar curvature and unit volume,
then (W,Gs) has constant positive scalar curvature and unit volume too.
Nevertheless, the scalar curvature of (W,Gys) tends to infinity as s goes to
infinity. Therefore, for s large enough, from (B) we obtain that Y (S™T7HF) <
Y (W x R¥ Gy + go), hence Y(W x R, [Gy + ge]) < Y (W x RF, G, +
ge). This implies that, for any closed k—dimensional manifold (Z,w) and t
sufficiently large, we have

Y(W x Z,[Gs + tw]) < Yz (W x Z,Gs + tw),

and

YXW x Z,[Gs + tw]) < YZ2(W x Z,Gs + tw).

3.3. Second Yamabe and second N—Yamabe constant on noncom-
pact manifolds.

Throughout this section, (W*, G) will be a complete Riemannian mani-
fold, not necessary compact, with Y (W, [G]) > 0. We define the [th Yamabe
constant of (W, G) as

VolZ + sqvd 2
YZ(VV,G) = inf sup fwak’ U’(’:2 ;GU UG(/ up’cdvg)z.
uellh (W) wvev-{0} Sy uPe=202dvg W
VeGr (G (W)
Proposition 3.8. Forl>2,0<Y(W,G) = Y'(W,G) < YY(W,G).

Proof. To prove that Y (W,G) < Y{(W,G) for I > 1, it is sufficient to show
that

(7) Y(W G) < sup fW ak|V’U|2G + SGU2dUG
T veV—{0} fW uPk—202dvg

for any u € L2 (W) with |[ully, =1 and V € Grl (C=(W)).
If v € V — {0}, by the Holder inequality, we have that

2
0< / uPk 20 dvg < (/ vPkdvg) P .
W W

Since Y (W, [G]) > 0, we have that [y, ax|Vv|g + sgv’dvg > 0 for any
v € V —{0}. Thereby, we obtain

I ak|Vul% + sgvidug - S @kl Vv|E 4 sqvidug

J(v) <
([, vPrdvg) 7% Jw wPE2vdvg
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Now, taking supreme on the right hand side of the last inequality we get

@.
Let u; € C%p (W) be a minimizing sequence of Y(W,[G]). We can
assume that [Ju;||p, = 1. Then,

Y(W,[G]) <Y'(W,G) < inf S ax|VolZ + sqvdug
: < T T evert (Cew) [ ul P 2dug

< / an| Vsl + souldvg = J(u) — Y (W,[G)),
w

1—+00

which finish the proof. O

Let (M™,g) be a closed Riemannian manifold and let (N",h) be a non-
compact manifold. Assume that any of the scalar curvatures s, or sgyy, is
constant, and in addition Y (M x N,[g + h]) > 0. Then, we define the ith
N—Yamabe constant of (M x N, g+ h) as

a Vol? + 5,4 p0%dv
Y (M x N,g+h) = inf sup Jy amnl |h_2 2g+h h
weLIpt™ (N) veV—{0} fN uPmin=2v2duy,
VEGr,(C(N)

2

X ( / upm”dvg) i (vol(M, g)) mEn
N

Proof of Theorem[1.7} We are going to prove the statement of theorem for
the second Yamabe constant case. The argument to show the assertion for
the second N—Yamabe constant is similar. We only have to restrict to
functions that depend only on R™.

First we are going to show that

Y2 (M xR, g +gc) < 20 Y (M x R, [g + ge]).
Let € > 0 and consider f = f. € O (M x R") such that

J(f) <Y (M xR", [g + ge]) + &

Assume that the support of f is in M x Bg(0). For R > 2R, we can
choose ¢; and g2 in Bj(0) such that Br(q1) N Br(g2) = 0 and M x Bg(g1)U
M x Br(q2) € M x By(0). Consider the function u := v; 4 vo where
vi(p,q) = f(p,q — q;), and let Vo := span(vy,vy) € Gr2(C®(M x R™)).
Then,
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Srisi (o) @min| VU2, + 5q03dvgtq,
Y2(M X Rnag“‘ge) < sup MxBpl0) 78 gtgg 2 ’ k
veVo—{0} foBé(O) uPmn =202 dug g,

2
X (/ upernd'Ug—l—ge) m-+n
MXBR(O)

<27 J(f) <275 (Y(M X RY, g+ g]) + ).

Letting € goes to 0, we obtain the desired inequality.

In order to prove the other inequality, let consider F : Lz;mofc”(M x R™) x
Gr2 (C°(M x R™)) — R (where 71 in the projection in the first variable)
defined by

2 2
Flu, V) = S xmn @man| Vl5 4 g, + 8g0%dvgs g,
" o o f upm+n—2v2d,v
veV—{0} M xR™ 9+ge

2
X (/ uPmtEndug g, ) MR
M xR™

Let u € C°(M x R™) with support included in M x Bgr(0). We claim
that for any V € Gr2(C°(M x Bgr(0))),

2
F(u,V) >2mnY(M x R",[g + g.])-
Without loss of generality we can assume that ||ul,,.,, = 1. Let k be a
positive integer, we define

w(pyq) = 4 T Ty, (P19 € M Br(0),

0 (p,a) ¢ M x Bg(0).
We are going to proceed in a similar manner to the proof of Lemma B4l
Let consider the operator P; : C2°(M x R™) — R defined by
2—=Pm+4n 2=Pm+4n
Pp(v) == amanty, > Agpg.(uy, °

If \¥ < A& are the first two eigenvalues of the Dirichlet problem for

v) + sgul> Py,

P, on M x Bg(0), and Ulf and v§ their respective associated eigenvectors,
Pm+n Pm+4n k

then u, 2 of and u, 2 v} are eigenvectors of the conformal Laplacian
k

Lupm 2o with eigenvalues )\’f and )\If, respectively. We can choose vf
k e

2—Pm+n 2—Pm+n

and v§ such that for wy :=wu, > o} and wy :=u, 2

v5 we have

(8) Lgige(w1) = Aluim+”_2w17
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9) Lgyg, (w2) = Azuim+”_2w27

and

(10) /M i U£m+”_2w1w2dvg+ge =0.
>< n

By the maximum principle, wy has no zeros in M x Br(0). Hence, we can
assume that w; > 0 in M x Bg(0). Therefore, by equation (I0), wy, must
changes sign in M x Bg(0). Let, z; := amax(0, ws2) and z9 := bmax(0, —ws).
We choose a, b € Ry such that

Pmtn—2 _2 _
/M = w, " "zpdvg g, = 1,
X n

forl=1,2.
Then, by the Holder inequality, we have

_ pm+n_2 2 pm+n_2 2
2= /M " U 21 dVg+g. +/M = U 25dVg+g.
XR™ XR™

Pt 9 Pr4n —2 Pt 2
m—+n— m—+n
< (/ Uy, dvgyg.) Pmin (/ 2" dug g, ) Prin
(w0} Mx B (0)

P 9 Pm4n—2 » 2

n+n— m—+n

+( / uy,” dvgyg,) Pmtn ( / 25" dvgg, ) Pt
{wa<0} MxBg(0)

By the definition of the Yamabe constant, we obtain

Pm+4n —2
Pm+n Pm+4n
uk dvg+ge >

2Y (M x Br(0),[g + ge]) < [(/{w2>0}

X < / Lyig. (Zl)zld”g-l—ge)
MxBg(0)

Pmtn—2
+ / gy, ) P / Lytg.(22) vy, )|
{w2<0} M x Br(0)

From equations () and (@) we get that

pm+n72

2V (M % Br(0), [g + gc]) < X ( / W dugs,) P

{w2>0}
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Pm4n —2

+</ uzm+ndvg+ge> Pm+n :|
{w2<0}

Then, applying again the Holder inequality, we have that

2
2Y (M x Bgr(0),[g + ge]) < A52Pm+n .
Therefore,

27 Y (M x Br(0),[g +9.)) < M.
Since \§ = ianeGrﬁk(Cgo(MxBR(o))) F(ug, V), we have proved the claim
for ug. Then, letting k£ goes to infinity we obtain that

F(u,V) > 27 Y (M x Br(0),[g + g.]) > V(M x R, [g + g.])

for any V € Gr2(C(M x Bg(0))).

Therefore, for any u € C°(M x R") and V € Gr2(CX(M x R")), we
can choose R sufficiently large such that u € C°(M x Bgr(0)) and V' €
Gr2(C(M x Bg(0))), and then we apply the claim.

Thereby, we obtain that

2
YZ(M x R™, g+ ge) > 2mnY (M x R™, [g + gc]).

0

As a consequence of Theorem [[L4] we can rewrite the statements of The-
orem [[.T] and Theorem [[.3] as follows:

Theorem 3.9. Let (M™,g) be a closed manifold (m > 2) with positive
scalar curvature and let (N™, h) be any closed manifold. Then,

lim Y?(M x N, [g+th]) = Y*(M xR, g + g).

t——+o0
If in addition s4 is constant, then

lim YZ(M x N,g+th) = Yg.(M x R", g + g.).

t——+o0

4. SECOND YAMABE AND SECOND N —YAMABE INVARIANT

Throughout this section W* will be closed manifold of dimension k.

If Y(W,[G]) > 0, then Y(W,[G]) = Y1(W,[G]). Therefore, we have that
Y(W) = YYW) if W admits a metric of constant scalar curvature equal
to zero. Recall that if Y(W) > 0, then W admits such of these metrics
(cf. [13]). By ([2], Proposition 8.1), we know that if Y!(W,[G]) < 0, then
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YYW,[G]) = —oo. Hence, if Y(W) < 0 or Y(W) = 0 and the Yamabe
invariant is not attained, then the first Yamabe invariant of W must be
—00.

Note that the infimum of {th Yamabe constant over the space of Riemann-
ian metrics of W is always —oo. Indeed, for every positive integer [, we can
find a metric G such that the first [ eigenvalues of L are negative (cf. [§]),
which implies that (M, [G]) = --- = Y{(M, [G]) = —oc.

4.1. Second Yamabe Invariant.
Proposition 4.1. Y2(W) > —oo if and only if Y2(W) > 0.

Proof. Suppose that Y2(W) < 0. Then, the second Yamabe constant of
any metric G is negative, which implies that Y2(W,[G]) = —oo. Therefore,
Y2(W) = —oo, which is a contradiction. O

Lemma 4.2. Let [G] be a conformal class of W and let G € [G]. Then,
Ni(Lg) and N(Lg) have the same sign.

Proof. Let u € C(W) such that G = uP~2G. Assume that \;(Lg) > 0 and
M(Lg) <0. Let Vo € Grl(H(W)) that realizes A\j(Lg). Then,
vLg(v)dv
wp_Jwtlahe g <o,
vevo—{oy Jyr uPr~?v3dvg
which implies that [;, vLy(v)dvg < 0 for any v € Vo — {0}. Therefore, we
obtain

0<N(Lg) < sup Jw vLe()dve <0,
vevo— {0y Jw v2dvG
which is a contradiction. Hence, \j(Ls) > 0.

Now, assume that A\;(Lg) = 0. Is easy to see that A\;(Lg) can not be
negative. If \(Ls) > 0, then we are in the same situation as above. Ex-
changing G by G, we get that \(Lg) > 0, which is again a contradiction.
Thus, \i(Lg) = 0.

]

Lemma 4.3. Y2(W) = —oo if and only if the second eigenvalue of the
conformal Laplacian is negative for all the Riemannian metrics on W.

Proof. If for any metric A\o(G) < 0, then Y2(W, [G]) = —co. Thus, if this is
fulfilled for all the metrics on W, then Y2(W) = —oo.
Now assume that Y2(W) = —oo. Therefore, for any metric G we have

Y2 (W,G) = inf N(Lp)vol(W,h)F = —cc.
he[G]
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Hence, there exists a metric G in the conformal class [G] with Ao (L) <O.
By Lemma (2] \y(Lg) must be negative. O

Proposition 4.4. If Y2(W) = —oo, then Y (W) < 0.

Proof. Lemma [A.3] implies that A2(Lg) < 0 for any metric G on W. There-
fore, the first eigenvalue of L is negative, and consequently Y (W, [G]) < 0.
Thereby, Y/ (W) < 0. O

Example 4.5.

a) Let M be a closed manifold with Y (M) < 0. For instance, take any
compact quotient of the 3-dimensional Hyperbolic space (M = H3/T'). Let
consider W := M U M, the disjoint union of two copies of M. We denote
with M; (i = 1,2) the copies of M. If G is any metric on W, let us denote
by G; the restriction of G to M;. Recall that the sign of the first eigenvalue
of the conformal Laplacian has the same sign that the Yamabe constant.
Thereby,

Xo(La) = min (max(h (M;, Gi)), Aa(My, G1), da(Ma, Ga) ) < 0

and
YX M UM)=—cc.

b) Let M be a compact quotient of a non abelian nilpotent Lie group.
It is known that Y (M) = 0 but the Yamabe invariant is not attained by
any conformal class. Then, W = M U M satisfies that Y2(W) = —oco and
Y (W) =0.

Proposition 4.6. If W admits a metric of zero scalar curvature, then
Y2(W) > 0.

Proof. If Y(W) > 0, then it is clear that Y2(W) > 0. Assume that Y/(W) =
Y (W, [Gyp]) = 0 for some metric Gg. Then, A\;(Lg,) = 0 and X2(Lg,) > 0.
Therefore, Y2(W, [Go]) > 0. If Y2(W,[Go]) > 0, then we have nothing to
prove. If Y2(W, [Go]) = 0, then by Theorem 2.2] part a) the second Yamabe
constant is achieved by a generalized metric G. Therefore Ao (Lg) = 0, which
is a contradiction.

O

4.2. Bounds for the second Yamabe invariant and the second N—-Ya-
mabe invariant.

An immediate consequence of the Theorem 2.1] is the following proposi-
tion:
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Proposition 4.7. If W admits a metric of zero scalar curvature, then

2FY (W) < YX(W) < [Y(W)% +Y(S%)3)%.

If W = Sk Y%(SF) = 2%Y(Sk). From Theorem [2.1] we have that
Y2(Sk, [gh]) = 2%Y(Sk). Hence, the second Yamabe invariant of S* is
achieved by the second Yamabe constant of the conformal class [gh]. But
recall that Y2(S*, [gk]) is not achieved, even by a generalized metric.

Also, it follows from Proposition .7 that the second Yamabe invariant
of a k—dimensional manifold is bounded from above by the second Yamabe
invariant of the k—dimensional sphere:

Y2(W) < Y2(Sh).

Example 4.8. Let G be the Riemannian metric on S*LIS* whose restriction
to each copy of S* is g&. Then, Y2(S* Up S*,G) = Q%Y(Sk) (o 2],
Proposition 5.1). Thus, Y2(S* L1 S*) = Y2(Sk).

Example 4.9. Let W = S~ x S (k > 3). Using that Y(S*1 x S!) =
Y (S*¥) ( ¢f [14] and [21]) it follows from Proposition [J.7 that Y?(S*=! x
S1) = 28V (SH).

Example 4.10. It was computed by LeBrun in [15] that Y (CP?) = 12/2r.
Then, 241 < Y?(CP?) < 4\/42r.

Bray and Neves proved in [6] that Y (RP3) = 2_%Y(S3). Therefore,
the second Yamabe invariant of RP3 is bounded by Y (S3) < Y3(RP3) <
()3Y(5%).

Both, are examples where the second Yamabe invariant is positive but
strictly minor than the second Yamabe invariant of the sphere.

Let M™ and N™ be closed manifolds (m,n > 2) with positive Yamabe
invariant. An immediate consequence of Theorem [I.1]is that

Y2(MxN) >2men  sup  max (Y(MxR™, [g+g7]), Y (N xR™, [h+g™])).
{s4>0,s,>0}

For S™ x S", we get that Y2(S™ x S") > 2%Y(S" x R™, (g + g2])-

In the following proposition we use several known lower bounds for the
Yamabe invariant to deduce lower bounds for the second Yamabe invariant
of a Riemannian product.

Proposition 4.11.
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i) Let M™ x N™ with m,n >3 and Y (M) > 0. Then,

m

Y%3(M x N) > 2mi+vam7ny(M) =

where By, = Gmin(m + ) (Ma) ™ (nay) i .
ii) Let M be a 2-dimensional closed manifold. Then,

2
Y2(M x S2) > 2y (sY),
33
where ¢ = (1.047)2.
iii) Let (M™,g) be a closed manifold with Ricci curvature bounded from
below by (m — 1). Then,

2

V(M x 81 = 2 ( vol(M, 9)

vol (8™, gi*)
iv) Let M3 and N? be closed manifolds. Then,

_2
s

Y2(M x S2) > 25(0.62)Y (S°)

and

YZ(N x §3) > 25(0.75)Y (SP).

The statements in Proposition E.11] are immediate consequence of apply
Proposition 7] to the lower bounds for the Yamabe invariant obtained in
[], [16], [18], and [19]. In all the cases, in order to obtain the bounds,
Theorem 2.3 (first equality) is used. In [I8] and [16], the authors estimated
the isoperimetric profile of S? x R? and M x S' and used them to obtain
lower bounds for Y (M x R?) and Y (M x R) respectively. In [19], the authors
compare the isoperimetric profile of S? x R? and S x R? with the one
of S%, and used it to obtain a lower bounds of Y (5% x R3,[¢g3 + g.]) and
Y (S? x R?,[g8 + ge]). In the following, for convenience of the reader, we
state the bounds obtained by Ammann, Dahl, and Humbert, Petean, and
Petean and Ruiz:

i) In [4], Ammann, Dahl, and Humbert proved that the Yamabe invari-
ant of a Riemannian product M™ x N™ with m,n > 3 and Y (M) > 0
is bounded from below by

Y(M % N) > B (M)min Y (S™)ir.
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ii) In [18], Petean and Ruiz proved that for any 2—dimensional manifold
M

Y (M x §?) > Y (SY).

v
33
iii) It was proved by Petean in [16] that if (M™, g) is a closed Riemannian
manifold with Ricci(g) > (m — 1)g, then

vol(M,g) \wr 1
Y(M xR ) > ———2— Yy (s™th.
(M Rolg+ ) > (grgmmy) ™ Y™
iv) In [19], Petean and Ruiz proved that if M is a closed 3—dimensional
manifold and if NV is a closed 2—dimensional manifold, then Y (M x

$2) > 0.63Y(S%) and Y (N x S3) > 0.75Y(S5).

Proposition 4.12. Let M™ be a closed manifold with Y (M) > 0 and N"
any closed manifold. Then,

2 m
Y2(M x N) > 2 AmnY (M)
Qm,n
Proof. Let g be a Yamabe metric (a metric that minimizes the Yamabe
functional in its conformal class) with positive Yamabe constant and unit
volume. Let h be any Riemannian metric on N. From Theorem and
Corollary [3.6] we obtain

Y2(M x N) > lim YZ(M x N, g+ th)

t—+o00
2 m
2min A Y (M, [g]) ™+
Om.n
The proposition follows taking the supreme over the set of Yamabe metrics
on M with unit volume. ]

— 27 Yan (M x R™, g + go) =

Example 4.13. From the proposition above we get that Y§2(52 x §2) >
84.01080 and YS?’S(S3 x S%) > 119.33249. Here, we used the numerical
computations of the Glariardo-Nirenberg constants carried out in [1], i.e,
Qg2 = 0.41343 and Q33 = 0.31257.
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