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Chapter 1

Introduction

Abstract

By a result from [CJS], for a blow-up X’ - X of a locally noetherian scheme X in a permissible
center D every point 2’ of X', which is near to its image = in X with x € D, lies in P(Dir(Cx,p)),
if dim X < 2. We show that this holds for dim X < 5 under the additional assumption

dimRidx v + trdeg(r(z")/k(z)) = dimRid x

and get an application to resolution of singularities.

Resolution of the singularities

A resolution of singularities of a locally noetherian scheme X is a proper birational morphism
m:Y - X with Y regular, i.e., such that Y has no singular points. Then 7 induces an
isomorphism between open dense subschemes of X and Y. Thus X and Y share many properties.
For example, if X is an integral scheme, then dim X =dimY and X, Y have isomorphic function
fields. Therefore sometimes a resolution of singularities makes it possible to reduce a problem
to the case of a regular scheme. For instance, the Riemann-Roch theorem for smooth projective
algebraic surfaces over C can be generalized to proper schemes with rational singularities which
admit a resolution of singularities. This raises the question if a given locally noetherian scheme
X admits a resolution of singularities.

Brief historical overview

The theory of resolution of singularities is rather old. In 1676 Newton resolved singularities of
plane curves over C. The biggest influence to the theory came from Zariski and his students
Abhyankar and Hironaka. For three-dimensional varieties there is a resolution of singularities,
if the ground field has characteristic zero, [Zal], or the characteristic is greater than six, [Ab].
In his celebrated paper [Hil] Hironaka proved the existence of a resolution of singularities for
reduced excellent schemes X (see definition (4.1.1)) with residue fields of characteristic zero (e.g.
reduced schemes of finite type over a field of characteristic zero). He proved that there is a finite
sequence of permissible blow-ups (see definition (2.1.6))

Xn->Xn1—-..o X1 X=X
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with X, regular. For arbitrary characteristic of the residue fields there is not that much known.
By the paper [CJS] there is a functorial (see definition (4.3.3)) resolution of singularities for
excellent surfaces. Every three-dimensional separated noetherian quasi-excellent scheme admits
a resolution of singularities by the recent paper [CP]. For dimensions greater than three the
problem is open, at least in the form stated above. In [dJ] de Jong proves a weaker form of
resolution of singularities 7 : Y — X for a integral separated scheme X of finite type over a field,
where 7 is not necessarily birational.

An example for a resolution

Let us look at the following example. Let X be the spectrum of the ring k[z,y, z]/{z? + 3 - 22)
for a field k with chark # 2. It has a singularity at the closed point given by the maximal ideal
p = (z,y,2), cf. the picture below. Blowing up X in the closed subscheme {p} of X we get a
morphism Y — X for a scheme Y covered by the open affine subschemes

klz,y,z] B klx,y, 2] B klz,y,z] B
Spec(m) =: Yw, Spec(m) =: Yy, SpeC(m) =: Yz

(for more details see example (2.1.4)). The fiber of p in Y, is V' ({z)). The blow-up pulls apart
the point and leaves the complement of the center unchanged (up to isomorphism). As Y., Y,
and Y, are regular, the morphism Y — X is a resolution of the singularities of X.

The invariant H )((”Q

We come back to Hironaka’s method. Assume, to resolve the singularities of X, one has con-
structed a sequence of blow-ups ... » X3 - X7 - Xg = X. How do we show that X,, is regular
for some n? It is common to study the behavior of local invariants which measure the complex-
ity of the singularities, as also Hironaka did. One invariant is the m-th Hilbert-Samuel-function

H)(gr;) of the graded algebra grOx , of a point z € X, for m € N. If X is a hypersurface of a

regular scheme Z, then H)(gr;) contains the same information as the multiplicity of X in Z at x
(see lemma (2.2.2)). Thus it can be seen as a generalization of the multiplicity. The function
has values in the partially ordered set NV with the product order. It takes its minimal value

(depending on dimOx, and m) if and only if x is non-singular. Further, for a permissible
H(m+d)
X'z
degree d = trdeg(k(x')/k(x)). Thus, if the inequality is strict, one sees an improvement of the

singularity. If we have equality, we say z’ is near to x.

blow-up X’ - X and a point z’ over z € X, one has < H)(?? for the transcendence



i

Ridge, directrix and the invariant
Hironaka’s method of maximal contact implies that the points near to x all lie in a hyper-
surface of X. But this works only if the residue field k(x) of x has characteristic zero. For
positive characteristic one has a weaker form of maximal contact: There is an additive group
scheme Rid(Cx,p.), called ridge, naturally associated to the normal cone Cx p, over k(x)
(see definitions (2.1.6) and (2.5.12)). The near points all lie on the associated projective bundle
P(Rid(Cx px)) € 7 1 ({x}) (see remark (3.1.3)). Under additional assumptions all near points
lie in P(Dir(Cx,p.)) (see below). Here Dir(Cx p,) is the directrix. This is a vector group
scheme, i.e., as an additive group scheme, it is isomorphic to G]* for some m € N. The directrix
is also naturally associated to Cx p, and it is contained in the ridge. Usually, it is easier to
calculate the directrix then to calculate the ridge.

If 2" is near to z, the ridge Ridx , , associated to the cone Spec(grOx ;) over k(z), is a second
invariant. One has dim Ridx- ; + d < dim Rid x ; if H)(?,l;fl) = H)((mx) Then the invariant

i) = (HY, dimRidx, +m),

with values in the partially ordered set NN x N with the lexicographical order, is finer than H)(gr;)

(m+d) _ . .
If zg?:”;,) = zg(mgz for all m, we say 2’ is i-near to .

Main theorem

By a theorem from [CJS], if 2’ is near to x and dim X < 2, then 2’ is Dir-near to x, i.e. 2’ lies
on P(Dir(Cx p)) (see theorem (3.1.2)). This fact was crucial in [CJS] to successfully resolve
the singularities of two-dimensional noetherian excellent reduced schemes. The proof of the
cited theorem uses a result of Hironaka about Hironaka schemes, special additive group schemes
defined in [Hi3] (see definition (2.5.7)), that each Hironaka scheme of dimension at most two is
a vector group. If k() is a perfect field the statement is true for arbitrary dimension of X (see
remark (3.1.3)). In general, for dim X > 3 (already for dim X = 3, see example (3.1.4)) the point
z' can be near without beeing Dir-near to x. This can be repaired for dim X <5 if one replaces
‘near’ by ‘-near’. Our main result is (cf. theorem (3.2.1))

Main theorem. Let7: X' — X be a blow-up of a locally noetherian scheme X with dim X <5
in a permissible center D and let ¥’ be a point of X' i-near to a point x € X with x € D. Then
z' is Dir-near to x.

In the proof we show that there is a Hironaka scheme B with dim B < X, associated to the point
z', which is not a vector group scheme, if ' is near but not Dir-near to . Then by Oda’s
characterization of non-vector group Hironaka schemes B with dimB < 5, see [Od], B has an
explicit form. A calculation yields dim Ridx’ , +d < dim Ridx , . The theorem does not hold for
arbitrary dimensions of X. In fact, for dim X = 7 there is a counterexample (see (3.1.5)). For
dim X =6 the question is still open.
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Blow-up strategies and their i"-iterated variation

As an application we modify existing blow-up strategies to resolve singularities and give a
criterion for the modified strategy to be a resolution of singularities. To be more precise let C
be a subcategory of the category Sy of all noetherian excellent reduced schemes with dimension
at most N for some bound N € N where the morphisms of Sy are arbitrary scheme morphisms.
A strategy s on C (to resolve singularities) is the datum of a sequence of permissible blow-ups

s(X)=(X=8(X)o<s(X) < s(X)2«...)

for each scheme X of C. For example one can take the strategy constructed in [CJS] for C = Sy
and for an arbitrary N. Assume that a strategy s on C is given. Depending on s and N we
define a new strategy iV (s) with the property

N()(X) = (s(X)g < 5(X)) < ..« 5(X)p < iV () (V)1 <« iV (s)(Y)g < ...)

for Y := s(X), if the sequence s(X)g « ... < s(X), is a short i"-decrease. Here we call
X =5(X)g« ...« s(X), =Y an iV-decrease if for each singularity = of X with z € {i{ = max}
(see definition (4.1.8)) there is no point y of Y i-near to z, and the sequence X « ... < Y is a
short iV-decrease if additionally X = s(X)g <« ... <« s(X),_1 is not an i"V-decrease. If for each
n the sequence s(X)g « ... < 5(X), is not an i"V-decrease, we set i(s)(X) := s(X).

A criterion for iV (s) to be a resolution of singularities

We show that if the given strategy s is a desingularization, i.e. for each scheme X of C in
the sequence s(X)o < s(X); < ... some s(X), is regular, then iV (s) is a desingularization.
Further we show that iV (s) is a desingularization if and only if for each scheme X of C for
some n the sequence s(X)g < ... « s(X), is an i"-decrease. To verify that a given sequence
Xex ... 22X, of permissible blow-ups is an i"-decrease it is enough to study pairs of
singularities x; € X;, x;11 € X;11 with xj41 i-near to x;. Our main theorem implies that for such
a pair the point x;,1 is Dir-near to x;, provided dim X < 5. Thus we have the following criterion
for i (s) to be a desingularization (cf. corollary (4.2.6)).

Assume that all schemes of C have dimension at most five. The strategy i (s) is a desingu-
larization if and only if for each scheme X of C there is some n € N such that there is no point
of iV (5)(X),, which is Dir-near (see definition (4.2.4)) and i-near to a singularity x of X with

N _
x € {iy =max}.

Functoriality of iV (s)

The strategy i’V (s) inherits functoriality of s, at least with respect to regular (e.g. smooth)
surjective morphisms. We call a strategy s on C functorial in F, where F is a class of scheme
morphisms, if for each pair of scheme X,Y of C and each morphism Y — X of E the sequences
s(X) xx Y and s(Y) are equal up to ‘cutting out isomorphisms’ (cf. definition (4.3.3)). We
show (cf. corollary (4.3.8))



Assume that each morphism of E is surjective and regular, that E contains isomorphisms
and that E is stable under base change and compositions. Then i™¥ (s) is functorial in E if s in
functorial in E.

We do not think that the surjectivity assumption can be dropped, as we expect problems with
the functoriality with respect to open immersions, see remark (4.3.9).

Structure of the thesis

In the first chapter we recall of the definition and some properties of blow-ups, the Hilbert-
Samuel-function and group schemes. We focus on additive group schemes, examples of which
are the ridge, the directrix and the Hironaka scheme. In the last section of this chapter we cite
some results by Hironaka about blow-ups and near points.

In chapter two the objective is the proof of the main theorem. We reduce the problem to the
case of a point blow-up in the origin of a cone over a field. Then we reformulate the problem
into an inequality of dimensions of rings of invariants & of homogeneous ideals I of a polynomial
ring, see definition (2.5.15) and theorem (3.2.6). We achieve this with a case analysis using
Oda’s characterization of Hironaka schemes of dimension at most five. The ring of invariants
U is generated by elements Df for elements f of a Giraud basis F' of I (see section 3.7) and
differential operators D associated to multi-indices. Since a reduced Grobner basis is a Giraud
basis we can find F' via the Buchberger algorithm. Keeping track of the operations which appear
in the Buchberger algorithm, the poof of the main theorem is completed at the end of chapter
two in several technical steps.

In chapter three we cite results from [CJS] about blow-ups of finite-dimensional excellent schemes
and a variant of the Hilbert-Samuel-function. As a corollary we get that, for a noetherian
reduced finite-dimensional excellent scheme X and a sequence X = Xy « X7 « X9 « ... of
iN-decreases, some X, is regular. In the second section, for a given strategy s, we define the
iN-iterated variation i"V(s). We show that i"(s) is a desingularization if s has this property
and we reformulate our main theorem as a criterion for i"V(s) to be a desingularization. In the
last section we discuss the functoriality of i’V (s).

Comparison with the Ph.D. thesis of Bernhard Dietel

We should mention the Ph.D. thesis of Bernhard Dietel, [Di], which considers topics related
to the present thesis. His theorem C is our main theorem but he proved it with a completely
different approach. Dietel defined a refined version of Hironaka schemes, in short by replac-
ing the invariant Hg(";) by zg(mgz His main aim is to show results about the refined Hironaka
scheme in analogy to Hironaka’s results about the original Hironaka scheme. In our approach
we just use the classical notions of ridge, directrix and Hironaka schemes. We both use Oda’s

characterization of Hironaka schemes with dimension at most five.
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Conventions and notations

Zero is a natural number, i.e. N={0,1,2,3,...}. A regular scheme is locally noetherian and a
regular ring is noetherian. By a symmetric algebra over field £ we mean the graded k-algebra
A = ®;504; = Symy(Ay) over k, i.e. A is a polynomial ring over k in dimy A; variables and A
has a grading by setting degv = 1 for each variable v. For a scheme X we write I'X for the ring
of global sections I'(X, Ox ). For a point = of a scheme X we write Ox ,, mx , and x(z) for the
local ring at z, the maximal ideal of Ox ; and the residue field of Ox .. For a local ring A with
maximal ideal m we write grA for the graded A/m-algebra @&,m" ® 4 A/m.
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Chapter 2

Preliminaries

2.1 Blow-ups 1

We recall the definition of blow-ups X’ — X and list some of their properties. Further under
some assumptions we can give a description of the local rings of X'.

In this section we fix a scheme X and we fix a closed subscheme D of X. We denote the quasi-
coherent ideal sheaf of Oy which is associated to the closed immersion D - X by Z. We say
that D is an effective Cartier divisor on X if D = @ or if Z is an invertible Ox-module, see [GW],
(13.19).

Definition (2.1.1). A blow-up of X in the center D is a morphism of schemes m :
X" > X such that 7D is an effective Cartier divisor and such that m is universal with this
property, i.e. for each morphism of schemes T : X' = X such that 71D is an effective Cartier
divisor there is a unique scheme morphism f X = X' with 7o f=7. We write BlpX for X'.
We call 71D the exceptional divisor.

By the universal property a blow-up is unique up to a unique isomorphism.
Proposition (2.1.2). a) Let G denote the graded quasi-coherent Ox-algebra @pnZ"
where we set I° := Ox. Then the projective spectrum ProjG — X of G is the blow-up
of X in D.

b) For a X-schemeY there is a unique scheme morphism Bly,, p(Y') = BlpX such that the
following diagram commutes

Bly,,pY —=BIpX
Y X

¢) For a flat X-schemeY the diagram in b) is cartesian. In particular the blow-up of X in D
s a gluing of blow-ups Blp, X; — X; of open affine subschemes X; of X in D; = X; xx D.

d) For a closed immersion Y — X the morphism Bly.,pY — BlpX from b) is a closed
1MMErsion.

11
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e) For the open immersion Y = X\D — X the scheme morphism 7Y = BlgY — Y is an
isomorphism.

f) The open subscheme 1= (X\D) of X' is dense.
g) If X is locally noetherian, then a blow-up X' — X is proper.

Proof. a)-e) [GW], Propositions 13.91, 13.92, 13.96; f) [GW], remarks 11.25 and 9.24; g) [Li],
Proposition 8.1.12. O

Remark (2.1.3). We have the following affine description of the blow-up of X in D. For
a affine open subscheme Y = SpecA of X, for the ideal I of A with Y xx D = Spec(A/I) and
for the graded A-algebra G = @Gy = ®penI™ (where we set 10 =1 A) the base change of
BlpX - X by Y is the morphism ProjG — SpecA. The scheme ProjG is covered by the affine
open subschemes D, (f) = Spec(G yy) for homogeneous elements f € G of degree one. There is
a unique A-algebra morphism G — A such that the map G1 - G — A is the inclusion I € A.
For each element f € I = Gy the composition Gy — Gy — Ay is injective and the image is
the A-subalgebra A[I/f] of Ay generated by elements i/f, i € I. We get an isomorphism of
Y -schemes Spec(A[I/f]) = D+(f). We conclude that the blow-up of X in D is locally of the
form Spec(A[I/f]) - SpecA. We have f-A[I/f]=1-A[I]f] which induces an isomorphism

D.(f) xx D = Spec(A[I/f]®a A/T) = Spec(A[I/f1/(f - AL/ f])).

Thus the preimage of D under the morphism Spec(A[I]/f]) — SpecA is the closed subscheme
V(f) of Spec(A[1/f]).

Example (2.1.4). In the following example the scheme X has a singular point. Blowing-
up the point resolves the singularity (cf. the introduction of the thesis). Let X be the closed
subscheme V' (g) of the affine scheme Z = Spec(B) for the three-dimensional polynomial ring
B = k[x,y, 2] over a field k with chark # 2 and for the polynomial g = 22 + y? — 22. Let s be the
point of X corresponding to the maximal ideal I := (x,y,z) of B. The k = k(s)-vector space
mx s/m% . = 2k ® yk ® zk has dimension 3 > 2 = dim B/(g) = dimOx ,. Thus s is a singularity
of X. The open subscheme X\{s} of X is smooth over k and therefore there is no singular
point of X other than s. To see the smoothness, for A := B/(g), cover X\{s} with the standard
open subschemes Spec(A;), Spec(Ay), Spec(A;) of X. We have A, = k[w,z,y, z]/(P,Q) for
P=2?+y?-2% Q=wy-1. W.r.t. the polynomials (P,Q) and the variables (w,z,y,2) the
Jacobian matrix is

Since y, 2y are units of A, the matrix Jac has rank two. Thus k — B, is a smooth morphism.
Similarly one sees that A, and A, are smooth k-algebras. Let ¥ — X denote the blow-up
of X in the center D = {s}. For f e {x,y,2} write Y} := Spec(A[I/f]). By remark (2.1.3)
the schemes Y, Y, and Y, cover Y. The isomorphism ¢ : B = B[I/z] of k-algebras with
(p(2),6(y), #(2)) = (z,y/z, z/x) induces an isomorphism of k-schemes Y, = Spec(B/{1+y*-22)).
Similarly one gets

Y, = Spec(k[x,y, 2]/(z* +1-22)), Y, = Spec(k[z,y, 2]/(z* +y* - 1)).

12
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The schemes Y,,Y),,Y, are smooth over k. For example (0 2y —2z) is the Jacobian matrix w.r.t.
the polynomial 1+ y? — 22 and the variables (x,y,z). It has rank one since it is left invers to
the 3 x 1-matrix (0,-y/2,2/2). Then Y is regular and Y — X is a resolution of the singularities
of X (by propositions (2.1.2) and (2.1.5) Y - X is proper and birational). We determine the
preimage of D = the fiber of s. For f € {x,y, 2} the isomorphism B — B[I/f] from above induces
an isomorphisms B/(f) - (B[I/f])/(f). Then, by remark (2.1.3) for f € {z,y,z} the preimage
of D in Y} is the closed subscheme V(f) of Y.

Proposition (2.1.5). Let m: X' — X be the blow-up in D.

a) If X is locally noetherian, then m is locally of finite type and X' is locally noetherian.

b) If X is reduced, then X' is reduced.

¢) The by m induced morphism (X')red = Xvea 15 the blow-up of Xyeq in Xyeq xx D.
Assume additionally that D contains no generic points of X. Then

d) 7 is birational, if X is reduced,

e) 7 induces a bijection between the generic points of X' and X,

f) for each irreducible component Z of X the closed subscheme Blzy, pZ is an irreducible
component of X' and

g) dim X =dim X', if X is locally noetherian.

Proof. a) By remark (2.1.3) 7 is locally given by morphisms of the form A — A[I/f] for a
finitely generated ideal I of A. Thus 7 is locally of finite type, which implies that X’ is
locally noetherian.

b) By remark (2.1.3) X’ is covered by open affine schemes Spec(A[I/f]) where Spec(A) is
an open affine subscheme of X. Then A is reduced. Thus A[I/f] is reduced as a subring
of the reduced ring Ay. ring of the reduced ring Ay.

c) We have a commutative diagram

(Xred), z—> X'

Xied — X

where q denotes the blow-up in X,eq xx D. Since (X;eq) is reduced, it is enough to
show that the closed imm&ersion 7 is a homeomorphism. This follows form the fact that
7 H(X\D) resp. 74 (Xred\Xred xx D) is dense in X’ resp. (Xyea)'

d) Since X', X are reduced it is enough to show that there are open dense subschemes U’ ¢ X,
U ¢ X such that 7 induces an isomorphism U’ — U. This follows form proposition
(2.1.2)e),f) for U = X\D, U’ = 77'U.

e) Follows form c), d).

13
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f) Let mz : Z' - Z denote the blow-up of Z in Z xx D =: Dy. The closed immersion Z — X
induces a closed immersion Z' —» X’. By e) Z' is irreducible. The blow-up 7z induces
an isomorphism 7, (Z\Dy) = Z' xz (Z\Dz) ¢ Z\Dz. On the other hand the blow-up 7
induces an isomorphism

7Y Z\Dy) = X' xx (Z\Dz) = X' xx (X\D) xx Z = (X\D) xx Z = Z\D.

Thus the by Z’ - X’ induced closed immersion 7,'(Z\Dz) - 71 (Z\Dy) is an isomor-
phism. In particular the preimage for the generic point of Z under 7 lies in 7,}(Z\Dz) ¢
Z'. Then Z' is closed in X', irreducible and contains a generic point of X'.

g) By proposition (2.1.2)g), 7 is proper. By c¢),f) we may assume that X is an integral scheme.
Then 7 is birational. With [Li], corollary 8.2.7, we get dim X = dimY".
O]

Definition (2.1.6). Let x be a point of X.

a) Let gryOx denote the graded Op-algebra sheaf ®penI™"®0, Op. The normal cone Cx p
of X along D is the D-scheme Spec(gr;Ox). For x € D we denote the Spec(r(x))-
scheme Cx p xp k(z) by Cx.pz-

b) The tangential cone Cx 5 of X at x is the Spec(r(x))-scheme Spec(grOx ).

c) We say X is normally flat along D if Cx p - D is flat and we call D permissible
if additionally D is regular. For x € D we say X is normally flat along D at x if
Cx,p xpSpec(Op ) = Spec(Op ) is flat and we call D permissible at x if additionally
Op.z 15 a regular ring. The blow-up of X in a center D is permissible if D is permissible.

Remark (2.1.7). a) For a point x € D we have a commutative diagram with cartesian
squares
Proj(gr;Ox ®o,, k(x)) — Proj(gr;Ox) — BlpX

| | |

T D X

b) Assume that x is a closed point and assume D = {x}. Let w denote the blow-up X' - X
in D. Then we have ' ({z}) = Proj(grOx ) =t E. Let A be a symmetric algebra over
k(x) and let I be a homogeneous ideal of A such that we have an isomorphism of graded
k(x)-algebras grOx , = AJI. Let ¢1,...,¢m be non-zero homogeneous generators of I.
Let 2’ be a point of E. Let v an element of Ay such that z' lies in the open subscheme
Spec((A/I)w)) =2 U of E. We have (A[I)) = Aw)/Lv) and the ideal Iy of Ay is
generated by 1, ..., where for each j € {1,...,m} we set 1j = ¢; -v™98%  The ring
OFg 2 = Oy is the localization of A(U)/I(U) by a prime ideal. Let p denote the induced
prime ideal of A,y and identify i1, ..., m with their image in (A(,))p. Then we have

OE,I’ = (A(’U))P/(wlu s 7¢m>

In particular, if Ox, =@ R is a regular ring, then we can take A = grR and we have
OE,x’ = (grR(U))P'

14
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c) Assume that Ox 5 is noetherian and assume I, = ker(Ox 5y - Ops) # Ox 5. By [Ma),
theorem 15.7, the graded Op ,-algebra gr; Ox ;= ®penly ®0y o Op,w has the same Krull
dimension as Ox . . In particular we get

dimCx p, < dimgr; Ox, < dim X.
In the case I, = Ox , one has Cx p . =@. The same argument yields
dimCyx , = dimgrOx , = dim Ox ; < dim X.

In the remark we described the local ring Of ;. The following three lemmata give a description
of the local ring Ox ;v if D is regular at x and Ox ; is a quotient of a regular ring.

Lemma (2.1.8). Let m: X' — X be the blow-up of X in D. Let x resp. x' be a point of
D resp. x' e w1 ({z}). Let Y' - Y denote the blow-up of Y = Spec(Ox ) in Y xx D. Lety
denote the closed point of Y. Then there is a unique point y' of Y' which lies over x' and y.
Further Oxr z and Oy are isomorphic as Ox ,-algebras.

Proof. Since Y — X is flat, Y’ - Y is the base change of = with Y. We have k(y) xx x(z') 2
x(z"). Thus there is a unique point y’ € Y which lies over " and y. Write Y} := Spec(Oy ),
X/ = Spec(Oxr ). Consider following diagram of schemes

AN
!/
Y

X

AR

Y —= X' ~——X]

R

Y—>X-—Y

id
We define the morphisms «, 3,7, d below. Without these four morphisms the diagram commutes.
The morphism X’ — X induces a. The morphisms X; - X’ and « induce 8 which induces
v+ X] = Spec(Oxy4r) = Spec(Oyr,yr) =Y/, The resulting diagram commutes. The morphism
Y’ - X’ induces a morphism ¢ : Y, - X/ of Y-schemes which is a morphism of Y"'-schemes by the
universal property of the fiber product Y’ =Y xx X’. Thus the whole diagram commutes. Then
we have a morphism X, - Y, - X/ of X’-schemes and a morphism Y;" - X - Y} of Y'-schemes.
Both are the identity because for a scheme Z and a point z € Z the only morphism of Z-schemes
Spec(Oz ) - Spec(Oyz,,) is the identity. Then 6 is an isomorphism of Y-schemes. O

Lemma (2.1.9). Let x be a point of X =1 Z, such that Z and D are regular at x. Let
7 Z" - Z be the blow-up of Z in D. Then for every point ' of 7 1({x}) there is a reqular
parameter v of Oz, =t R with v ep:=ker(Oz, - Op ) and there is a prime ideal q¢ of R[p/v]
which contains the mazimal ideal m of the subring R of R[p/v] such that (R[p/v])q and Oz 4
are isomorphic as Oz, = R-algebras.

Here R[p/v] denotes the R-subalgebra of R, generated by the elements p/v, p € p.

15
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Proof. By lemma (2.1.8) we may assume Z = Spec(Oz). Since Z = SpecR and D = Spec(R/p)
are regular p is a prime ideal of R generated by regular parameters v1,...,v, of R. Then Z’
is covered by the affine open subschemes D, (v1),...,Ds(v,). Choose a v € {v1,...,v,} with
2’ € Dy (v). By remark (2.1.3) D, (v) and SpecR[p/v] are isomorphic as Z = SpecR-schemes. Let
q the to z’ corresponding prime ideal of SpecR[p/v]. Since ¢ maps to 2 under SpecR[p/v] = Z
we have ¢ 2 m. Then the isomorphism D, (v) = SpecR[p/v] induces an isomorphism of Oz, = R-
algebras (R[p/v])q 2 Oz . O

Now we study blow-ups of schemes X which are imbedded in a regular scheme Z. Until the
end of this section we are in the following situation. Let X be a closed subscheme of a regular
scheme Z and let D be a regular closed subscheme of X. We have a commutative diagram of
schemes

X —7

X——7

where mx resp. mz denotes the blow-up of X resp. Zin D. Let xe Dc X c Z, 2’ e X' c Z' be
points with 7y (z") = z. Choose a regular parameter v of Oz, =t R with v € p:=ker(R - Op )
and a prime ideal g of R[p/v] which contains the maximal ideal m of R such that (R[p/v])q =: R’
and Oy 4 are isomorphic as Oz, = R-algebras (see lemma (2.1.9)). Write J := ker(R - Ox ).

Definition (2.1.10). a) For a non-zero element f of R we denote the number v € N with

fep’\p”™ by vy f (where p®=R).

b) The strict transform J' of J in R’ is the ideal of R’ generated by all elements f[v™ € R’
for non-zero elements f € J with vpf >n >0.

¢) For a non-zero element of R the initial form inpf of f in gr, R is the image of f
under

Pl >l @R Rip — @pap™ @1 R/p = g1y R.
d) For the ideal p = pR/J we define the homogeneous ideal InyJ := ker(gr, R — grg(R/J)).
e) If p =2 m is the mazimal ideal of R than vnf, ing f, InnJ can be written without ”m”’

f) Assume that p =: m is the mazimal ideal of R. A standard basis of J is a finite tuple
(f1s---, fm) of non-zero elements of J such that

i) the ideal (inf1,...,infy,) of grR is equal to InJ,
i) vfi <vfa<...<vfp and

iii) for all j €{2,...,m} the element inf; lies not in the ideal (infy,...,inf;_1) of grR.
Remark (2.1.11). By Krull’s intersection theorem we have Npenp™ = {0}. Thus vy f exists.
Lemma (2.1.12). Assume the situation of definition (2.1.10)

a) The ideal (iny f | f € J) of gr,R is equal to InyJ.

16
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b) Let F be a subset of J with (inyf|f € F) = InyJ. Then the ideal (f/v"|n € N, f €
F\{0}, vpf >n) of R is the strict transform of J in R'.

¢) There is a morphism of rings o and an isomorphism of rings B such that the following
diagram of rings commutes

Oxrot —2= R ] ~—— R’

k]

Oxy——=R/J R

d) For two non-zero elements f, f' of R one has vy(f- f") =vof +vpf'.

Proof. a) For each n € N the kernel of the R/.J-module morphism p™/p"™*! — p™+.J/(p"* +.))
is generated by the images in p"/p™*! of all elements f € R with f e (p™\p™*!)n.J. This is
equivalent to the claim since gr, R — gry(R/J) is a morphism of graded rings.

b) [Hil], chapter III, lemma 6 on page 216.

c) By lemma (2.1.8) we may assume X = Spec(R/J), Z = Spec(R). By definition we have
J' 2 JR'. Thus R - R’ induces «. Let 7, p denote the image of v € R, p € R in R/J
and let g denote the image of q € R[p/v] in R/J[p/v]. Let ¥ resp. q denote the induced
element of R/J = Ox , resp. prime ideal of R[p/v] induced by v € R resp. g € SpecR[p/v].
We have an isomorphism of R/J = Ox ,-algebras ((R/J)[ﬁ/U])a 2 Oxr 4 and we have a
commutative diagram of rings

OX’,x' OZI7$/

((RIDp/]),~— (Rlp/v])q = '

Rlp/v]

We show that the morphism R’ - Ox . induces an isomorphism R'/I" = Oxs . It is
enough to show that the kernel of (R[p/v] — R,/J,) =: 7 is the ideal a generated by
all elements f/v"™ € R[p/v] for non-zero elements f € J with vpf > n > 0. The inclusion
a ¢ kery follows from a(R,/J,) = J(Ry/Jy) = {0}. An element g of R[p/v] has the form
g = hjv™ for suitable m € N, h € p™. If we have v(g) = 0 then there is some f € J and

some n € N with g = f/v™. This implies the equality in v"h = fv™ in R and with d) we get
vpf = vph +n —m >n which implies g € a.

Ry Jy = (R]J)s =———(R/J)[p/7]

d) Write v :=v,(f), v" := 15 (f"). Since R/p is regular, there are regular parameters x1, ..., Tm
of R, i.e. inyx1,...,inpz, is a k := R/m-basis of m/m?, such that p = (z1,...,3,,) for some
m € {1,...,n}. There are homogeneous polynomials P, P’ with degrees v, v in m variables

and with coefficients in R* u {0} such that

f=P(x1,...,2m) em”*t f=P(x1,...,72m) em”

17
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Then we have f- f' = (P-P')(z1,...,2m) € m***1. Since R is regular, the morphism
of k-algebras Sym, (m/m?) — grR is an isomorphism. Thus (P - P')(z1,...,zm) ¢ m**
which implies v(f - f")=v+ 1.

[

2.2 Hilbert-Samuel-function

We define the Hilbert-Samuel-function at a point x of a locally noetherian scheme X and cite a
result (theorem (2.2.6)) about its behavior for permissible blow-ups.

For two partially ordered sets I, J let IV denote the set of maps J — I. For two maps f,g:J — I
we write f < ¢ if it is true pointwisely. The set of all maps N — NN becomes a partially ordered
set. For a graded ring A and a natural number m e N"

A[Tl, ... ,Tm] = @nz(]A[TL . ,Tm]n

denotes the graded polynomial ring over A in m homogeneous degree one variables which has A
as a graded subring. A field k becomes a graded k-algebra by setting k,, := 0 for n > 0.

Definition (2.2.1). a) For a graded Algebra A = @®,504, over a field k with finite-
dimensional k-vector spaces Ay, n > 0, the Hilbert-Samuel-function H(A) of A
is the map

H(A):N->NV:m > H™ ), H™(A)(n)=dimg(A[T1,. .., Tnln).
We say H™) (A) is the m-th Hilbert-Samuel-function of A.
b) Let x be a point of a locally noetherian scheme X. The Hilbert-Samuel-function

Hx , of X at x is the Hilbert-Samuel-function of the graded r(z)-algebra grOx , =

n n+1
®n20mX,m/mX,x'

The following properties are easily verified.

Lemma (2.2.2). Let A resp. A’ be a graded algebra over a field k reps. k' with finite-
dimensional homogeneous parts.

a) One has the equivalences
H(A)=H(A") < 3meN: H™(A)=HM™ A,
H(A) <H(A) < HOU)<HOUA).
b) For all s,m €N one has H™ (A[Ty,...,Ts]) = H™*)(A).
¢) For alln,m eN one has H™(A)(n) = X" _o H™ (A)(n').

d) For all n € Ns1, m e N one has

HO (k) (n) = HO(K[Ty, .., T])(n) = (m - 1).

n
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e) Let x be a point of a locally noetherian scheme X and write d = dim Oy . Then one has
Hx > H(k(z)[T1,...,T4)). Equality holds if and only if X is reqular at x.

f) For a homogeneous non-zero element f of A=k[T1,...,Ty] of degree d one has
HO(A)(n) ifn<d m+n-1 m+n-d-1
o )
(AHD () {H(O)(A)(n)—H(O)(n—d) ifn>d n n-d

where we set (Z) =0 ifa<b.

Proof of e) and f). e) For a noetherian local ring A with maximal ideal m and residue
field x one has the inequality dim A < dim,(m/m?). The Equality holds if and only if A is
regular if and only if there is an isomorphism of graded k-algebras k[T1, ..., Tgim 4] — grA.

f) Let (f), denote the n-th homogeneous part (f) n A,, of the ideal (f) of A. For n < d we
have an isomorphism of k-vector spaces (A/(f))n & A, and therefore HO(A/(f))(n) =
HO(A)(n). Assume n > d. Write f = ¥ penn AaT® where we write T = (T4, ..., Thm),
T =T -...- T and where A\, € k are coefficients. Let multideg(f) denote the maximal
o€ Nm w1th )\ # 0 w.r.t. the lexicographical order on N"* and let LT f denote the monomial
AoT® for a = multideg(f) (cf. section 3.7). Let B denote the set of monomials of A, and
define the subset By := B\(LTf) ¢ B where (LT f) is the ideal of A generated by LT f. We
show that the k-linear map

qS:g}k»An/(f)m S A Y A -mmod (f)
f

mEBf mEBf

is an isomorphism. With the isomorphism we get

HO (A[(f))(n) = dimy, ( g}k) = #B-#(Bn(LTf)) = HO(A)(n) - HO(A)(n - d).
f

Assume that there is an element 3,5, A € ker(¢)\{0}. Then there is some homogeneous
polynomial g € A with Ymes; Amm =g f in A. Then we have A,,,mg = LT(Zmer Amm) =
LT(gf) = LT(g)LT(f) (see remark (3.7.7)) for a suitable mg € By with A, # 0. This is
a contradiction to the definition of By. Thus ¢ is injective. Let h be a non-zero element
of A, and write 8 := multideg(h). We show that hmod(f) lies in the image of ¢ by
induction on B. Write A’ := h—LTh. If ' = 0 then A'mod(f) = ¢(0). If A" # 0, we
have multideg(h’) < 8 and by induction hypothesis A’ mod (f) lies in the image of ¢. If
LTh ¢ (LTf) then we have LThmod (f) € im¢ and we are done. Assume LTh =g-LTf for
some monomial g € A. Then we have LTh =g-LTf =LT(gf). Then for A" := LTh-gf we
have LThmod (f) = h” mod (f) and h"” = 0 of multideg(h') < 5. By induction hypothesis
we get b’ mod (f) € im¢. Thus we have

hmod (f) = (LTh +h")mod (f) = A" mod (f) + h' mod ( f) € im¢.

Then ¢ is an isomorphism and the proof of f) is complete.
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Remark (2.2.3). By lemma (2.2.2) for two graded algebras A, A’ over fields k, k' one
has the implication H®(A) < HO(A") = HW(A) < HM(A"). This is not an equivalence in
general. For example for k =k, A=Ek[X]/(X3), A" = k[X,Y]/(X?, XY,Y?) one has

HO(A)=(1,1,1,0,0,...) ¢ HO(A") = (1,2,0,0,0,...),
HWY(A)=(1,2,3,3,3,...) < HP(A) =(1,3,3,3,3,...).

We will need the following proposition in sections 2.6 and 3.4.

Proposition (2.2.4). Let A be a noetherian local ring, let z be an element of the mazximal
ideal of A and define B := AJ/zA. Then one has H? (grB) > H) (grA). The equality holds if
and only if the image Z of z in gr' A is not a zero-divisor in grA and the morphism of graded
rings grA — grB induces an isomorphism grA/(Z) = grB.

Proof. [Hi4|, Proposition 5. O
Remark (2.2.5). Note that Z # 0 implies that Z is the initial form inz of z.

Theorem (2.2.6). Let X' — X be a permissible blow-up of a locally noetherian scheme X .
Let ' be a point of X' and denote its image in X by x. Write d := trdeg(r(x")/k(x)). Then
one has

oS, <HS)

Proof. We may assume that z lies in the blow-up center. Then the claim follows form [Si],
main theorem. O

Definition (2.2.7). In the situation of (2.2.6) we say x' is near to x if H)((d,)m, = H)((Ol

2.3 Additive elements

In this section we want to prove proposition (2.3.9). In the language of group schemes it says
that the ideal of an additive subgroup scheme of a vector group scheme is generated by additive
polynomials (cf. section 2.5). Further we define the ring of invariants (see definition (2.3.11)).
The ring of invariants U of an additive group scheme G carries the whole information about G.
If G is the ridge of a cone (see definition (2.5.12)) one calculate I with differential operators (cf.
section 3.7).

In the whole section we fix a field k and denote its characteristic exponent by p, i.e. one has
p =1, if chark = 0, or p = chark, otherwise. We fix a noetherian symmetric algebra A = ®;504; =
Symy (A1) over k. Let m denote the morphism A - A ®; A of k-algebras which is induced by
the morphism of k-vector spaces A; > AQr A:x - x®1+1®x. We fix a homogeneous ideal
I+Aof A.

Definition (2.3.1). An element f of A is called additive if m maps f to f®1+1Q f.

Example (2.3.2). a) Let z1,...,z, be a choice of a k-basis of A;. We show that a
homogeneous element f of A of is additive if and only if it has the form

(2.3.2.A) f=Xad+. o+ Al
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for coefficients A1,..., A, € k and for a p-power ¢q. Then we see that an element of A is
additive if and only if it lies in the k-subvector space of A generated by all elements ! for
ie{l,...,n}, q a p-power.

The choice of a k-basis of A; defines an isomorphism of k-algebras from A ®; A to the
polynomial ring k[x1,...,2n,2,..., 2] in 2n variables. Write z resp. z’ for (x1,...,2,)
resp. (z7,...,x}). The morphism m identifies with the k-algebra morphism k[z] - k[z, 2']
which sends z; to z; + 2. A polynomial f(x) is additive if and only if one has f(z +2') =

f(z) + f(z'). Clearly a polynomial like (2.3.2.A) is additive.

Let us show that every homogeneous additive element f of A has the form (2.3.2.A).
For a multi-index a € N" let V, denote the k-subvector space of k[z,z'] generated by
all monomials %2’ for B+ 8" = a. Then we have a decomposition klz,2'] = @aenn Va.

Further we have m(z®) € V,,. Thus we may assume f = z® for some a = (ay,...,q,) ¢ N".
If for some ¢ # j one has «;,«; > 0 then m(z®) has at least four monomials in k[z,z’]
and z® is not additive. Thus f = zf for suitable i € {1,...,n} and e € Ny;. We have e >0

because 1 € A is not additive. For p = 1 one sees that zf is additive if and only if e = 1.
Assume p > 0. Write e = gs for some p-power ¢ and for some element s € Ny;\pZ. Then we

have
s

m(f) = (e = (@ +al =3

t=0

|CHRED

q,.rq(s-1)

For s # 1 we would get a monomial s-x;x; not appearing in m(f) = xf + z,°. Thus

_ .4
f=x.

Let k be a perfect field. Then every homogeneous additive element f of A is a power of
an element of A;. To see this write

f=Xad+. .+ Al

as in (2.3.2.A) for a choice of a k-basis z1,...,xz, of A;. For the unique gth roots
A9 T ek of Ay, ..., A we have

f= ()\i/qxl +o A

Lemma (2.3.3). Assume that I is generated by additive elements. Then the k-algebra
morphism m : A - A ®y A induces a k-algebra morphism A/l - A/l ®; A/I.

Proof. To show: I < ker(A - A®r A > A/I ®, A/I). Let fi,...,fm be additive elements

which generate I. Write an arbitrary element f of I in the form f =3, f;g; for suitable g; € A.

Then we have m(f) = X;[(fi®1) -m(g) + (1 ® f;)-m(g;)]. Thus m(f) lies in the kernel of
A®r A— AT ®; A/I because (f; ®1), (1 f;) do. O

We want to show the opposite direction of lemma (2.3.3). For this we use a homogeneous
additive basis of I (see the definition below).

Lemma (2.3.4). Let A be a subset of A of homogeneous additive elements.

a) Let B be a subset of A. Then A lies in the k-subalgebra k[B] generated by B if and only

if A lies in the ideal (B) of A.
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b) There is a k-algebraically independent subset B of A with A c k[B].

Definition (2.3.5). a) In the situation of lemma (2.3.4)b) we call B a homogeneous

additive basis of A.

b) A homogeneous additive basis of I is a homogeneous additive basis of the set of all

homogeneous additive elements of A lying in I.

Remark (2.3.6). A k-algebraically subset of A has at most dim A elements because for
finitely many k-algebraically independent elements eq,...,e, of A one has

m =dimk[eq,...,en] = trdeg(Quot(klei, ..., em])/k) < trdeg(Quot(A)/k) = dim A.

Proof of lemma (2.3.4).  a) One implication follows from k[B] n A\Ag < (B). Let us show

the other implication. Assume A ¢ (B). Choose a k-basis z1,...,x, of A;. It is enough
to show k[A] ¢ k[B]. We show this by induction on n. For n =0 the claim is empty. For
n =1 every homogeneous additive element has the form )\x({ for A € k and a p-power ¢. For
two p-powers ¢,q" we have z{ € (x‘f,) if and only if z{ = (x‘{)e for some e € Ny;. Assume
n>1. If B lies in k[x1,...,2,-1] then this also true for A and we can apply the induction
hypothesis. Assume that there is some element b € B which has a monomial Az} for some
A € E\{0}. Choose such b such that ¢ is minimal. We have k[x1,...,z,-1] + k[b] 2 A.
For every element a € A and every element P € k[b] we have k[a,b] = k[a — P,b]. Thus,
replacing the elements of a € A (in particular of B) by elements a— P, for suitable P, € k[b],
we may assume, that all elements of A, except for b, lie in k[x1,...,2,-1]. Then the claim
follows by induction.

Choose a k-basis z1,...,z, on A;. We construct B by induction on n. For n = 1 and
A+ @ we have (b) 2 A for the element b of A with the smallest degree. Assume n > 1. If A
lies in k[x1,...,2,-1] we can apply the induction hypothesis. Assume that there is some
element b € A which has a monomial Az}, for some A € k\{0}. Choose such b such that q is
minimal. We have k[x1,...,2,-1] + k[b] 2 A. Thus for every element a € A there is some
homogeneous element P, € k[b] with a — P, € k[x1,...,2,-1]. By induction hypothesis
there is a k-algebraically independent subset B’ of {a — P,|a € A} =: A" with k[B'] ¢ A".
Then B'u{b} is k-algebraically independent because we have b ¢ k[x1,...,2,-1] 2 B’. Then
B:={b+ P, |be B} u{b} is k-algebraically independent and we have k[B] 2.4 2 B.

O

Remark (2.3.7). By definition I is generated by homogeneous additive elements if and only
if I is generated by a homogeneous additive basis of I.

Lemma (2.3.8). Let A be a subset of A of homogeneous additive elements and let B be a
homogeneous additive basis of A. Then each homogeneous additive element a of S with a € k[A]
has the form a =Yg b for coefficients Ay € k, almost all zero, and p-powers ey € N.

Proof. Let K|k be an extension of k by a perfect field. Then there are K-linearly independent
elements [y, for b e B, of (K®; A)1 with b = lbdegb for all b € B. Let a be an arbitrary homogeneous
additive element of k[A]\{0}. Set B’ := {b e B| degb < dega}. Then for suitable \, € K, b e B,

we have

a= Y AlIEC = S b
beB’ beB’
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for ey := dega/degb. The coefficients Ay lie in k because a € A and because B is K-linearly
independent where we identify B with its image in K ®; A. O

Proposition (2.3.9). ) The ideal I lies in the kernel of AS> A®, A - A/I®, A/I if and
only if I is generated by homogeneous additive elements. Is this the case then m induces
a k-algebra morphism AJl - AlI ® A/I.

b) Assume that I is generated by homogeneous additive elements. The equalizer
A—= A/l ®r A
of the morphisms of rings A B AL A~ A/l ®r A and a— 1®a is the graded k-subalgebra
of A generated by a homogeneous additive basis of I.

Proof. Choose a homogeneous additive basis B of I. Let k be an algebraic closure of k and let
A resp. I denote the k-vector space A ®; k resp. I ® k. We have commutative diagrams with
vertical injective maps

A—— Ay A——= A/l @ A/l or A——= Al @, A

T

D>|

The elements of B are powers of homogeneous elements of A of degree one. Since B is k-
algebraically independent there is a k-basis x1,...,x, of A; such that, as a subset of A, B is
equal to {z{',..., 2%} for a suitable s € {1,...,n} and for suitable p-powers qi,...,gs.

a) Assume [ is not generated by homogeneous additive elements but lies in the kernel of
A — A[I ® A/I. Choose a homogeneous element f € I'\(B) with the smallest degree. By
assumption the image of f in A/l ® A/I is zero. Since A/(B) - A/(B) ®y k is injective

the element f is not generated by z',...,z¥ in A. Then f has a non—addltlve monomial
h in the variables z1,...,z, which is not divisible by any of the x . We can see A X A
as a polynomial ring over k in the variables 21 ®1,...,z,®1,1®z1,...,1®z,. Then the

monomials of m(h) —h®1—-1® h are monomials of g :=m(f)-f®1-1® f. The element
g lies in the ideal I ®k A+ A®, I of A®; A and it is therefore a finite sum of elements of
the two forms i ® a, a’ ® i’ for homogeneous elements 7,i" € I, a,a’ € A. By the minimality
of f the elements i,i’ liec in (B). Then, as an element of A ®r A, g lies in the ideal J

generated by 2{' ®1,..., 28 ® 1,1®@z{",...,1®z¥. Since these elements do not generate
the monomials of m(h) -h®1-1® h, Which appear in g, g can not lie in J. This is a
contradiction.

b) Let a resp. [ denote the morphism A D A®,A— A/l ®; A resp. a —» 1 ®a. Then the
equalizer of @ and £ is the set U := {f € A|a(f) = B(f)}. Since o and /3 are morphisms
of graded k-algebras, U is a graded k-subalgebra of A. For an element b € B one has
ab) =b®1+1®b=0+1®b=(b). Thus we have k[B] ¢ U. We show the other
inclusion. Let U denote the k-subalgebra U ®; k of A. Assume there is an element
f eU\k[B] < U\Kk[B]. The element a(f)-A(f) lies in the ideal ] ®; A of A®; A. Since T is
generated by the monomials z{',..., 22, the elements 29 ®1,...,2% ®1 generate the ideal
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T‘X’E A. For a multi-index v € N” let V. denote the k-subvector space of A ®EZ generated
by all monomials z° ® 2% for § + 8’ = v. We have a decomposition Z@EZ = @qene Vo and
we have a(z”), 5(27) € V,. Thus we can assume that f is a monomial in z1,...,z,. Write
f = fif2 for monomials f; € k[B] and fy € A\(B) = A\I. We have

Tep Asa(f)-B(f) = (alfr) - B(f1)a(f2) + BUA)(alf2) - B(f2)).

Since a(f1) - ﬁ(fl)_e T?EZ and 5(f1) =1® f1, we get g = Oé(ig) - B(f2) € T@EZ. The
monomial fo®; 1€ A® A is a monomial of g and lies not in /®; A. This is a contradiction.

O]

Remark (2.3.10). Assume that k is perfect. Then by example (2.3.2)b) the homogeneous
additive elements of A are powers of elements of A1. Thus, if I is generated by homogeneous
additive elements and I is equal to its radical, then I = (Iy).

Definition (2.3.11). Assume that I is generated by homogeneous additive elements. The
ring of invariants of (I,A) is the graded k-subalgebra diffker( A—= A/l ®; A) of A from
proposition (2.3.9).

Remark (2.3.12). a) If I is generated by homogeneous additive elements by definition
for a homogeneous additive basis B of I the graded k-algebra k[B] is the ring of invariants
of (I,A).

b) For I not necessarily generated by homogeneous additive elements we will define the ring
of invariants of (I, A) via the ridge in (2.5.15).

Lemma (2.3.13). Every graded k-subalgebra U of A which is generated by homogeneous
additive elements is the ring of invariants of ((Us), A) where (Uy) is the ideal of A generated by
the homogeneous elements of U of positive degree.

Proof. Let A be the set of all additive elements of A lying in &. Let B be a homogeneous
additive basis of 4. Then we have k[B] =U and (B) = (U,). Thus B is a homogeneous additive
basis of (). Then the claim follows with remark (2.3.12). O

Lemma (2.3.14). Assume that I is generated by homogeneous additive elements and let U
denote the invariant ring (I, A). Then we have dim A/I = dim A — dimU.

Proof. Let B be a homogeneous additive basis of I. Then B consists of finitely many k-
algebraically independent homogeneous additive elements by,...,b; of A. Then we have U =
k[b1,...,b¢] and dimU = t. We show dim A/I = dim A —¢. For every field extension K|k the
set {bg ®1,...,b; ® 1} is a homogeneous additive basis of the ideal I ®; K of A ®; K and
one has dim A/I = dim A/I ®; K. Thus we may assume that k is algebraically closed. Then
every b; is a power y;* of an element y; € A;. Then for the nilradical A" of the ring A/I we
have dim A/I = dim(A/I)/N and (A/T)/N = A/{y1,...,y:). Since y1,...,y; are k-algebraically
independent, we have dim A/(y1,...,y) = dim A - ¢t. O
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2.4 Group schemes

We define group schemes and actions by group schemes and we give some examples.
Let S be a scheme and let C denote the category of S-schemes. Let (Grp) resp. (Set) denote
the category of groups resp. sets. Let

F:(Grp)®™ - (Set)¢™

be the forgetful functor form the category of contravariant functors form C to groups to the
category of contravariant functors form C to sets. For each scheme Y over S let Y (_) denote the
functor

C°PP - (Set) : X » Y (X) =Homg(X,Y).

Definition (2.4.1). a) A group scheme over S is a group object in C, i.e. il is a
S-scheme G together with a functor G (gp)(-) : COPP — (Grp) with F(Gawpy(-)) = G(1).
Often we write G(_) for G(gp)(2) and G for (G, G (grp)(2))-

b) A morphism of group schemes (over S) (G,Gcwp)(-)) —~ (G’,G’(Grp)(,)) is a mor-
phism ¢ : G — G" in C together with a morphism ¢(-) : G (qrp)(-) = GzGrp)(,) in (Grp)©™”
with F(¢(-)) = G(¢). Often we write G - G for (G,G(arp)(-)) = (G, Gy (2))-

¢) Let G be a group scheme over S. A subgroup scheme of G is a morphism of group
schemes (H,Hwp)(2)) = (G,Gcp)(2)) such that H — G is a inclusion of a closed
subscheme of G.

Remark (2.4.2). a) The contravariant yoneda functor
C > (Set)™ 1Y - Homg(_,Y) = Y ()

is faithfully flat. Therefore by the yoneda lemma the datum of the functor G (gp)(-) :C —
(Grp)cOpp is equivalent to the datum of three morphisms of S-schemes

w:GxgG—->G, e:S—>G, i:G->(G
such that one has commutative diagrams
;LXSid

exgid ixgid

GxsGxg G GxgG SxgG GxsG GxgG Gxg G

idxsﬂl Lu | | [« 4] J»

G xg G G G id G G S—° @G

sts G><5'G stG stG

=

idxge idx gt

where A denotes the diagonal morphism. We call e : S - G the neutral element
morphism and i : G xg G - G the group law morphism. Note that e is the neutral
element of the group G(S).
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b) The datum of a morphism of group schemes (G,G Gy (-)) = (G',GzGrp)(,)) is equivalent
to the datum of a morphism of schemes G — G’ such that one of the following equivalent
conditions s true.

i) For all S-schemes X the induced map G(X) — G'(X) of sets is a group homomor-

phism.
it) The diagram
G’ X g G —
GxsG——G

commutes where the horizontal maps are the group law morphisms.

Example (2.4.3). Let n be a natural number.

a) Let 8" - S a scheme morphism and let G be a group scheme over S. Set G’ := G xg S".
For every S’-scheme X the universal property of the fiber product induces a bijection

Homg(X,G) 2 Homg/ (X, G")

which is functorial in X. Thus the group scheme structure of G over S defines a group
scheme G’ over S’.

b) Assume that S is affine and let V' be a S-scheme isomorphic to A% (as a S-scheme). Each
of the following data are equivalent
i) A group scheme structure on V.
ii) A morphism of S-schemes S — V.

iii) A graded I'S-algebra structure I' = @;en(I'V'); on I'V and an isomorphism of graded
I'S-algebras I'V = Sympg(I'V);.

i) = ii) Just take the neutral element morphism e: S — V.

1) = 1i1) Define the I'S-module M := ker(I'V — I'S) @y I'S. Then one has an isomorphism
of I'S-algebras I'V = SympgM which induces a graded I'S-algebra structure on I'V
with I'V = Sympg(T'V);.

i7i) = 1) For every S-scheme X we have bijections
V(X) = Homl"Sfalgebras(FVva FX) = HomFS—modules((Fv)h FX):

functorial in X. By pointwise addition and scalar multiplication V(X) becomes a
I'X-module which is free of rank n. This defines a group scheme V. The scheme
morphisms p:V xgV -V and i: V - V from the remark above are induced by the
I'S-module morphisms

V) >TVersI'V:me-mel+lem and (I'V); >TV:mw--m.

Note that I'V - I'V ®@rg I'V is an injective morphism of graded I'S-algebras.
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We call this group scheme the n-dimensional vector group scheme over S and denote
it by G o. Write G ¢ =: ng if S = Speck for a field k.

c) Let VG s and Vi (G}" s be two vector group schemes over S. A scheme morphism
V — V' is a morphism of groups schemes if and only if the diagram of I'S-algebras
rv’ rv

| |

IV @rg TV — =TV @pg TV

is commutative where the vertical morphisms are induced by the group law and the hor-
izontal morphisms are induced by V' — V’. By the definition of the vertical maps (see b)
above) the diagram commutes if 'V’ - T'V is graded. The opposite direction is not true
in general. For example the diagram commutes if S = Speck for a field k of characteristic
two, I'V and T'V’ are both a polynomial ring k[x] in one variable over k and T'V - T'V' is

the morphism of k-algebras which maps z to 2.

d) Assume S = Speck for a field k. Let G be a closed subscheme of a n-dimensional vector
group scheme V over k give by an homogeneous ideal I of I'V =: A. We show that the
following are equivalent.

i) G is a subgroup scheme of V.

ii) the ideal I is generated by homogeneous additive elements of A.

i) = ii) The morphism G — V is a group morphism. Thus the diagram of k-algebras

(2.4.3.A) 11 T Aeyp A
Al —= AlI &, AT

commutes, where by b) above m is induced by the k-linear map A; - A@®p A:x -
x ® +1 & z and where the horizontal morphism is induced/given by the projection
A — A/I. Then by proposition (2.3.9) I is generated by additive elements.

i1) = 1) By lemma (2.3.3) the diagram (2.4.3.A) commutes. Let X be an arbitrary S-scheme.
Then (2.4.3.A) induces a commutative diagram

V(X) ~—— V(X) x V(X)

G(X) ~—— G(X) x G(X)

where the upper horizontal map is the group law on V(X). Since I is homogeneous
we have a factorization of k-algebras A — A/I — k which assures that the neutral
element of V(X)) lies in G(X). Further we have a commutative diagram of k-algebras

A A
L
AT ——= AJI

27



CHAPTER 2. PRELIMINARIES

e)

where A - A is induced by the k-linear map A; - A :x - —x. This shows that G(X)
is closed under (J) - (_)™! in V(X). Then G(X) is a subgroup of V(X).

Let S be a scheme, let n € Ny; by a natural number and let GL, g denote the open

subscheme of AgQ
S xgpecz, Spec(Z[Ti; |i,j € {1,. .. ,n}][detfl]

where det denotes the polynomial

det = Z SignUTlo.(l) oLt Tna(n)-
€Sy
Then for every S-scheme X we have a bijection from GL,, ¢(X) to the invertible matrices
GL,(T'X) over I'X, functorial in X. The matrix multiplication defines a group scheme
GL,, s over S, the general linear group over S. For n = 1 the group Gl, s(X) is the
group of units (I'’X')*. We call GL; g =: G, 5 the multiplicative group over S. Write
Gm,s = Gy 1 if S = Speck for a field k.

For a S-scheme X the set S(X) has only one element. This defines the trivial group
scheme S over S. For a group scheme G over S the neutral element morphism e: S — G is
a morphism of group schemes over S. If e is a closed immersion the trivial group becomes
a subgroup scheme of G.

Let ¢ : G - G be a morphism of group schemes over S and let H be a subgroup scheme
of GG. Then for every S-scheme X we have

G'xg H(X)={feG'(X)|¢o f factors through H} = (¢(X)) (H(X)).
Then G’ xg H becomes a subgroup scheme of G’. We denote it by ¢~1(H).

Let G be a group scheme over S and let e : S — G be the neutral element morphism. Let
¢ : G' - G be a morphism of group schemes over S. For every S-scheme X we have

G'xaS(X)={feG'(X)|¢pof=eo(X ~5)}=ker(¢(X)).

Then the group structure of G’ defines a group scheme structure on G’ xg S. We call this
group scheme the kernel of ¢ and denote it by ker¢. The projection G’ xg S - G’ defines
a morphism of S-group schemes ker¢ - G’. If the morphism e is a closed immersion than
ker¢ is a subgroup scheme of G'.

Definition (2.4.4). Let S be a scheme and let G be a group scheme over S.
a) For a S-schemeY an (left) action of G on'Y is a morphism of S-schemes GxgY =Y

such that for each S-scheme X the map G(X) xY(X) = (G xgY)(X) - Y(X) is an
action of the group G(X) on the set Y (X).

b) A morphism of ¢ :Y =Y’ of S-schemes with G-action respects the action by G if the

following diagram of schemes commutes.

GxgY ——=Y

| |

GxgY' —=Y'
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Example (2.4.5). a) Let V be a vector group scheme over S (see example (2.4.3)). The
I'S-module morphism (I'V); » I'S[T, T '] ®rs 'V : 2 + T -z induces a morphism of
S-schemes G, ¢ xg V' — V. For each S-scheme X the induced map (I'X)* x V(X) =
(G5 x5 V)(X) —» V(X) is the scalar multiplication in the I'X-module V(X). Thus
Gm,s xsV =V is an action of G, 5 on V. By an action of G, g on a vector group scheme
we always mean the action just defined.

For two vector groups V, V'’ and a morphism of schemes V' — V' the diagram

IV ——=TS8[T, T ers TV

| |

V' ——=T8S[T,T ' ers TV’

commutes if 'V’ - T'V is graded. The opposite direction is also true: Let f’ be an element
of (T'V')1. Denote its image in 'V by f. Let fo, f1, fo, ... be the homogeneous components
of f. Since the diagram commutes, we have TV - f = ¥4y T?- f4 which implies f = f;. Thus
I'V' > T'V is graded. Note that by example (2.4.3)c) V — V' is a morphism of group
schemes if 'V’ - T'V is graded.

b) Let V be an vector group scheme over S. Let C' be a closed subscheme of V' and let I
denote the ideal ker(I'V' - I'C'). We show that the following are equivalent.
i) the ideal I is homogenous.

ii) There is a Gy, s-action on C such that C' - V respects the G,, g-action.

i) =ii) Let I'V — T'S[T,T7'] ®rg I'V be the I'S-algebra morphism from a). For a ho-
mogeneous non-zero element f of I'V of degree d the image of f under I'V —
IS[T, T '] ®rs TV is T?® f. We get commutative diagrams of I'S-algebras resp.

S-schemes

(2.4.5.A) F[f—>FS[T, T ersTV
IC——=TS[T, T ']ersTC

(2.4.5.B) V<—GnsxsV

|

C<~—GpsxsC

i) = 1) We have a commutative diagram of S-schemes as in (2.4.5.B). This corresponds to
the commutative diagram (2.4.5.A) of I'S-algebras. Let f be an element of I and
let fo, f1, f2,... denote the homogeneous components. The image of f under I'V —
LS[T, T ®rs TV is Yyen T - fg. Tt lies in TS[T, T~ 1] ®rs I, i.e. fo, f1, f2,... € 1.
Thus I is homogeneous.
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Note that the G,, g-action on C' is uniquely determined by the G,, g-action on V.

c¢) For a group scheme G over a scheme S the group law of G defines a (left) group action of

G on G.

d) For a group scheme G over S and a S-scheme Y the projection pry : G xg Y - Y is an
G-action on Y. For each S-scheme X the induced map G(X) x Y(X) - Y (X) is the
trivial action.

e) For a group scheme G over S and two S-schemes Y,Y’ with G-action the morphism
Gxg (Y xgY)—>Y xgY’ defined by the diagram of schemes

idxpry

G Xg (Y Xg Y’)

prlxidj

GXSY’

l

YI

GX5Yﬁ-Y

is an action of G on Y xg Y. For each S-scheme X the induced map
GX)xY(X)=xY'(X) =Y (X)xY'(X)

is the componentwise action.

2.5 Additive group schemes over a field

The aim of the section is the definition of the additive group schemes ridge and directrix of a
given cone over a field (definition (2.5.12)). An other important additive group scheme is the
Hironaka scheme (see (2.5.7)). In can be described with its ring of invariants (see (2.5.5)). At
the end of the section we study quotients of cones by vector groups.

Let k be a field. In this section all schemes and group schemes are over k.

Definition (2.5.1). a) For a vector group scheme V a subcone of V is a closed non-
empty subscheme C' of V' with a (unique) G, o-action such that C — V respects the action.
A cone is a subcone of a vector group scheme. An additive group scheme is a subcone
G of a vector group scheme V' such that G -V makes G to a subgroup scheme of V.

b) A morphism of cones C - C' is a morphism of schemes C — C" which respects the
G k-action. A morphism of additive group schemes G — G’ is a morphism of cones
G — G which is a morphism of group schemes. If C - C' resp. G - G’ is the inclusion
of a closed subscheme then we call C a subcone of C' resp. G an additive subgroup
scheme of G'. A subvector group scheme of a group scheme G is an additive subgroup
scheme V' of G which is a vector group scheme.

¢

From now on we omit ”‘scheme”’ in expressions like ” ‘group scheme”’ or ” ‘morphism of additive

b

group schemes”’.
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Remark (2.5.2). a) For a cone C by example (2.4.5)b) T'C is a graded k-algebra with

b)

a)

(TC)o = k and, as a k-algebra, T'C is generated by (I'C)1. We call the maximal ideal
(I'C)s = @p1(I'C),, of T'C the origin and denote it by 0.

Let C be a subcone of a vector group V.. With a similar argument as in example (2.4.3)d)
we see that for each k-scheme X the neutral element of V(X) lies in C(X) and C(X) is
closed under (_) + (_)7L.

For every cone C' there is a smallest additive vector group Vo which has C as a subcone. By
example (2.4.3)b) the graded ring Sym; (I'C'); defines a vector group Spec(Sym,(I'C);) =
Vo. We have an epimorphism of k-algebras Sym,(I'V)y — I'C. By (2.4.5)b) C is a
subcone of V. Let C be a subcone of a vector group V. The the epimorphism (I'V); —
(I'C)1 = (I'Ve)1 makes Vi to a subvector group of V. Assume that C =: G is an additive
subgroup of V.. Write I :=ker(I'V - I'G), Ig :=ker(I'Vg - I'G). We have a commutative
diagram of k-vector spaces with exact rows

0 .[ FlV Ff 0
0 Ig I'Vg ra 0

Then by snake lemma I — Iq is surjective. Since I is generated by homogenous additive
elements, this is holds also for Ig. Thus G is an additive subgroup of V.

For two cones C,C" the following data are equivalent.
a) A morphism of cones C - C'.

B) A k-algebra morphism T'C' - T'C' such that the following diagram commutes

k[T, 7' ®, TC<~—TC

| |

k[T, T ®, TC' <—T'C’

v) A morphism of graded k-algebras TC' - T'C.

The equivalence o) < [3) and the implication §) < ~) are easy. To show [3) = 7) we
argument as in example (2.4.5)a). Let [’ be an element of (I'C");. Denote its image in
I'C by f and let fo, f1, fo,... be the homogeneous components of f. Since the diagram in
i) commutes, we have TV - f = ¥ gen T¢ - f4 which implies f = f1. This shows ) = 7).

A morphism of cones C - C" induces a k-linear map (I'C")y - (I'C)1. This induces
a morphism of graded k-algebras Sym;(I'C"); - Sym,(I'C)1 and a morphism of vector
groups Vo — Vor which respects the Gy, i-action.

In the situation of d), if C = G, C' = G are additive group schemes, the data o)) — ) are
equivalent to the datum of

d) a group morphism G - G'.

31



CHAPTER 2. PRELIMINARIES

The implication §) = «) is clear. Assume we have a morphism of cones G - G'. Then
for each k-scheme X we have a commutative diagram

Va(X) —= Ve (X)

]

G(X) —=G'(X)

where Vg (X) = Vi (X) is a group homomorphism and the vertical maps are inclusions of
subgroups. Then G(X) - G'(X) is a group homomorphism. This implies §).

f) Let G be an additive subgroup of a wvector group V. Then by examples (2.4.3)d) and
(2.4.5)b) the ideal I := ker(I'V - T'G) of T'V is generated by homogeneous additive elements
of T'V. Assume that k is perfect. Then homogeneous additive elements are powers of
elements of (I'V')1, see remark (2.8.10). Thus the reduced scheme Gyeq associated to G is
a vector group.

Definition (2.5.3). Let C' be a cone over a field. Define P(C) := Proj(I'C).

Remark (2.5.4). Let m: X' - X be the blow-up of a scheme X in a center D. Let T the
to D ¢ X associated quasi-coherent ideal sheaf of Ox. Let x be a point of D. Then the grading
on gr7Ox defines a cone Cx p , = Spec(gryOx) xp k(x) over k(zx). By remark (2.1.7) we have
1 ({z}) =P(Cx,p.e)-

Definition (2.5.5). a) Let G be an additive subgroup of a vector group V. Write A :=
'V, I :=ker(I'V - I'G). The ring of invariants of (G,V') is the ring of invariants of
(I,A) (see definition (2.3.11)).

b) For an additive group G the ring of invariants of G is the ring of invariants of (G, Vg)
where Vi is the smallest vector group which contains G as an additive subgroup (see remark

(2.5.2)).

Remark (2.5.6). a) By lemma (2.5.13) for a vector group V, building the ring of in-
variants defines a bijection between the additive subgroups of V' and the k-subalgebras of
'V generated by homogeneous additive elements of A.

b) Let G be an additive subgroup of a vector group V and let U € T'V be the invariant ring of
(G,V). Then by lemma (2.5.14) we have dim G = dim V' — dimU.

For a given vector group V and a point y € P(V') in [Hi3], page 1, Hironaka defines a special
additive subgroup of V. With the remark after that definition we get the following equivalent
definition.

Definition (2.5.7). Let V' be a vector group. Let y be an element of Proj(T'V) =P(V) =: P.
Also denote the induced element of Spec(I'V) =V by y. Let m denote the maximal ideal of
the local ring Oy,. Let M denote the subset of I'V =1 A of all homogeneous additive non-
zero elements h of A whose associated element in Oy, lies in m3°8"\md°e"*1  The Hironaka
scheme at the point y of P(V) is the additive subgroup Bp,, of V' which has k[M] as a ring
of invariants of (Bpy, V). In particular one has Bp, = Spec(A/(M)).
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Remark (2.5.8). a) Let q denote the homogenous prime ideal of T'V associated to y €
P(V'). The set M is a subset of q which implies q € Spec(A/(M)) = Bp,, and y € P(Bp,).

b) Assume that k is perfect. Then by remark (2.5.6)f) every element of M is a power of some
element v € Ay. By definition of M such a v lies also in M. Thus (M) is generated by
elements of Ay and therefore By, is a vector group.

c¢) For every homogeneous element u of k[M] the induced element of Op, lies in mdesv

Remark (2.5.9). Let C be a subcone of a vector group V. For an additive subgroup G of
V we write G+ C < C if and only if there is a (unique) G-action on C such that C -V respects
the G-action, i.e. one has a commutative diagram of k-schemes

GXkV—>V

]

Gx,C——C

where G x, V. =V is the G-action on V and the vertical morphisms are the obvious inclusions.
Equivalently for all k-schemes X one has a commutative diagram of sets

G(X) x V(X) —= V(X)

G(X) x O(X) —= C(X)

Assume G+ C ¢ G. We show that the closed immersion G — V' factors through the closed im-
mersion C — V which makes G to a closed subscheme of C. We have the following commutative
diagram

V=V><kk:—>kaV—>V

I

GXkV—>V

1]

G=Gxpk—Gx, C——C

Here the vertical morphisms are closed immersions induced by C -V, G - V,id:V - V.
The three left non-vertical morphisms are induced by the neutral element morphisms k — V,
k — C. Note that for each k-scheme X the neutral element of V(X) lies in C(X) which
induces a morphism k — C' such the triangle with the vertices G,G x;, C,G x, V' commutes. The

composition of the upper horizontal morphisms is the identity. Thus G — V factors through
C-V.

Theorem (2.5.10). Let C be a subcone of a vector group V. Write I :=ker(I'V - I'C') and
A:=TV.

a) There is a smallest k-subalgebra Uriq of A generated by homogeneous additive elements
such that I is the ideal (Uriq N I) of A generated by Uriq N I. The associated additive
subgroup Griq of V is the biggest additive subgroup of V with Grig+C ¢ C.
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b) There is a smallest k-subalgebra Upi, of A generated by elements of Ay such that I is the
ideal (Upiy N I) of A. The associated subvector group Vpir of V' is the biggest subvector
group of V with Vpy + C ¢ C.

Proof. a) [BHM]

b) Let W be a subvector group of V and let U denote the ring of invariants of (W, V). Let
m:A— A® A be the k-algebra morphism with m(z) =x® 1+ 1® x for all x € Ay, which
induces the group law morphism V x, V' — V. We have W +C c C' if and only if m induces
a k-algebra morphism I'C' - T'C @ T'W, or equivalently, if m(I) ¢ I ®, A+ A ® (U).
Below we show
Claim 1. m(I)c I @, A+ A, (U) <= IT=(InlU).

Then with claim 1 the existence of Up;, follows form the existence of Vpi.. Let W, W'
be two subvector groups of V' an let U,U’ € A denote their rings of invariants. Define
S :=UnU" and define the subvector group S = Spec(A/(S1)) of V. Below we show

Claim 2. For all k-schemes X we have W(X) + W(X') = S(X).

With claim 2 we see that W + W' := S is a subvector group of V, and for all k-schemes X
one has (W+W" ) (X)+C(X)=W((X)+W/'(X)+C(X)cC(X)iftW+CcC,W'+CcC
holds. This guarantees the existence of Vpj,.

Proof of claim 1. For each element f of I nU the element m(f) - f®1 lies in A®y (U1).
This shows ”‘«<="". We show ”‘="". Assume [ # (I nU). Choose a k-basis y = (y1,...,Yn)
of Uy and extend it to a basis (y,z) = (y1,---,¥Yn;21,...,2) of A1. Every element f of
A has the form ¥ g fggﬁ for unique coefficients fz € U. We equip N! with the (total)

graded lexicographical order (see example (3.7.4)). For f # 0 define multideg f := max{j ¢
N'| f5 # 0}. Define

A:={feA|f homogeneous and f e I\(I nUf)}, ¢ :=min{multideg f|f e A}.
Consider the k-linear map ¢ : A ®; A - A with

go‘gﬁ ifa’=0and 8’ =4

%Z)(gagﬁ@g“'zﬁ’):{ 0 } for a,a’ eN", 3,8 eN.

else

Choose some f € A with multideg f = §. We have

m(f) =Y m(fs) 3 2P e, wm(f)= Y f52P 0= s

BeN! B1<eB BeN,6<.8

where <. denotes the product order on N/, ie. 8 <. 8 < B-p3" ¢ N. We get fs =
(m(f)) e p(I®p A+ A®y (Uy)) € I. This yields f52° € (InU) (we have f5 eU). We have
multidegr < multideg f = § for 7 := f — f52°. This implies r ¢ A, i.e. 7€ (InU). We get
f=r+fsz° € (InU) in contradiction to f € A. This completes the proof of claim 1.

Proof of claim 2. We have V(X) = Homy_jinear (A1, I'X) and
W(X)={feV(X)|f(th)=0}, W'(X)={feV(X)|f(U)=0},

S(X) ={f eV(X)[f(&1) =0}
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We see W(X),W'(X)cS(X), ie. W(X)+W'(X)cS(X). For the other inclusion let f
be an element of S(X). Choose a k-subvector space T' of Uy such that the k-linear map
T@®S; — Uy is an isomorphism. Further choose k-linear maps g, ¢’ : A1 — Ay with ¢(T) =0,
g'(U]) =0, g+¢' =id. Then we have

(fog)Uh)=(fog)(T)+(fog)(S1)=0, (fog)U)=0.

Thus f=fog+fog e W(X)+W'(X). This completes the proof of claim 2 and the poof
of the theorem.
[

Remark (2.5.11). Let Vi be the smallest vector group which has C' as a subcone, see remark
(2.5.2). Then Vi is a subvector group of V. Since Griq € C € Vi, the group GRriq is the biggest
additive subgroup of Vo with Griq + C € C. This shows that the group Griq depends not the
choice of a imbedding of C' in a vector group. The same argument shows that Gpiy s independent

of the choice of a imbedding C' < V.

Definition (2.5.12). In the situation of theorem (2.5.10) the subgroup Griq resp. Vpir of
V is called the ridge of C resp. the directriz of C and is denoted by Rid(C) resp. Dir(C).

Definition (2.5.13). Let x be a point of a locally noetherian scheme X. The ridge
Ridx . at x resp. the directrizx Dirx , at x is the ridge resp. directriz of the cone
Cx z = Spec(grOx ) over k(x).

Remark (2.5.14). a) Assume that k is a perfect field. Then for a cone C over k we
have
Dir(C) = Dir(C)yeq € Rid(C)yeq € Rid(C),
where (Z)red denotes the associated reduced scheme. By remark (2.5.2)f) Rid(C)yeq is a
vector group. By definition of the directriz we get Dir(C') = Rid(C)yeq-

b) One can calculate the ring of invariants of the ridge by applying differential operators
on a Giraud basis of I (see section 3.7). This implies the following result (see corollary
(8.7.17)). Let C be a subcone of a vector group V over k. Let K|k be a field extension.
Then we have a equality of additive subgroups of V xy K over K

Rid(C) xj, K = Rid(C x4 K).

c) Let K|k be a field extension of k by a perfect field K. By a) we have Dir(C x K) =
Rid(C xg K)peq. With b) we get dim Dir(C x; K) = dim Rid(C').

Definition (2.5.15). a) For a subcone C of a vector group V the ring of invariants
of (C,V) is the ring of invariants of (Rid(C), V).

b) For a noetherian symmetric algebra A over k and a homogeneous ideal I of A the ring of
invariants of (I, A) is the ring of invariants of (C, V') where C' is the subcone Spec(A/I)
of the vector group V = Spec(A).

Remark (2.5.16). If C is an additive group then C' = Rid(C). Thus definition (2.5.15)
generalizes definitions (2.3.11) and (2.5.5).
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Lemma (2.5.17). Let V be a vector group over a field k, let C be a subcone of V' and let
V' be a subvector group of V. Let C' denote the the subcone Cn V' of V'. Then we have

dim V' - dim Rid(C") < dim V - dim Rid(C).

Proof. We have Rid(C) + C ¢ C. Then the additive subgroup S := Rid(C') n V' of V' has the
property S + C’ ¢ C'. This implies S ¢ Rid(C’). Let R resp. S resp. V denote the ring of
invariants € 'V of (Rid(C), V) resp. (S,V) resp. (V',V). By lemma (2.3.13) S is uniquely
determined by the property that it is a k-subalgebra of I'V generated by homogeneous additive
elements and IT'V/(S;) =T'S. We have I'S = T'(Rid(C)) ®ry I'V' =TV /(R.) + (V). Thus S is
the image of the k-algebra morphism R ®,V - T'V, a® b+~ a-b. With remark (2.5.6) we get

dim S =dimV - dimS > dimV - dimR - dim V = dim Rid(C) + dim V' - dim V.
Then S ¢ Rid(C”) implies dim V’ — dim Rid(C") < dim V' — dim S < dim V' - dim Rid(C). O

For a subcone C' of a vector group V' and for a subvector group V of V', whose action on V'’
induces an action of C, we can define a quotient C'/V (see the proposition below and definition
(2.5.20)). Our aim is to show that Rid and Dir commute with (_)/V (see lemma (2.5.23)).

Proposition (2.5.18). Let C' be a subcone of a vector group V'. Let V be a subvector
group of V' with V. + C c C. Write I := ker(T'V' - T'C) and let V € TV’ denote the ring of
invariants of (V,V'"). Define the graded k-subalgebra U := V[(InV) of TC. Let Q denote the
subcone Spec(U) of the vector group Spec(V). The k-scheme Q x; V' has a V-action induced
by the trivial V -action on @ and the group law-action on V' (see remark (2.4.5)e)). There is a
(non-canonical) isomorphism of cones ¢ : C — Q xi V' with the following properties.

a) It respects the V-action.
b) The composition pryo¢:C — Q is induced by the morphism U cT'C.

¢) The morphism pry o ¢ is the quotient of C' by V in the sense that pryo ¢ : C — Q is the
coequalizer of the projection V xp, C'— C' and the V-action V x;, C - C'.

Proof. We have a commutative diagram of k-vector spaces an upper exact row

(2.5.18.A) 0 Vi (V') (TV)

L |

Ve,V ——IVe, [V —=TV ®, 'V

0

where the vertical morphisms are defined by
a(z)=1®z, [(z)=(zmod(V;))®1+1®z, ~(y)=y®l+ley.
Choose an isomorphism of k-vector spaces V1 & (I'V) = (I'V'); such that

Vi

(V')

N

Vi@ (FV)l

(T'V)
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commutes. This induces an isomorphism of k-algebras
VeIV Symk(Vl @ (PV)l) = Symk((FV')l) =TV

By claim 1 in the proof of theorem (2.5.10) the set I NV generates the ideal I of T'V'. Thus the
last isomorphism induces an isomorphism of k-algebras U @, I'V 2 I'C, an isomorphism of cones
Q@ % V 2 C and commutative diagrams

rv’ u

N

Ve, 'V U T'V QxpV

V

114
-~
114

kel
=
-
[
11

This defines ¢ and shows b). The commutativity of the first two diagrams yields the commuta-
tivity of the diagram

V x, C oy xp (@ xk V)
C P QXkV

where the vertical morphisms are the actions on C, @ x; V as defined above, which shows a).
Let a denote the V-action Vxi(QxV) - @Qx;V. For c) it is enough to show that pr; : QxxV - Q
is the coequalizer of the pair (prQXv, a), i.e. one has pr; o Proyy = pry o a and pr; is universal
with this property. The last equality holds since both sides are the projection on ). Let
V %k (Q xx V) = Y be a morphism of k-schemes such that the compositions with proyy and a
are equal. Then we have a commutative diagram

pr
Voxp Q=V x; (Qxg k) 2 Q=Qxik
idxe
V X (Q X V)perV Q X V
Proxpry l l
QXkV Y

where e is the neutral element morphism k& — V. The composition of the two right vertical
morphisms gives us a morphism @ - Y. The commutativity of the diagram yields that Q x
V - Y is the composition prgo (@ — Y). On the other hand every morphism @ — Y with
proo(Q —»Y) =V x;Q —Y is unique, since by the commutativity of the last diagram it is the
composition @ - @ x; V - Y. This shows c). O

Remark (2.5.19). a) If we replace V' by the vector group Vo then we get the same
morphism C — Q.

b) If we have V' = C then U is the ring of invariants of (V,V') and @ is a vector group.
¢) For every k-Scheme X the map C(X) - Q(X) is the quotient of the set C(X) by the
group V(X), i.e. Q(X)=C(X)/V(X).
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Definition (2.5.20). We call the tuple (Q,C — Q) form proposition (2.5.18) the quotient
of C by V and we write C|V for Q.

Remark (2.5.21). a) Let x be a point of a scheme X and let D be an at x permissible
closed subscheme of X. Assume that X is a closed subscheme of a reqular scheme Z. Then
C72, Cp g are vector groups over k(x). For the ideal I := ker(Oz, - Op ;) the inclusions
I'c m"'Z,x, i €N, define a morphism of graded k(x)-algebras

a:I'(Cx,px) = er10x.a ®0p , k() > gr0x 4

with image I'(Cx »/Cp ). By [Hil], pages 194,195, the morphism « is injective. Thus we
get isomorphisms of cones over k(zx)

Cxpz2Cx2/Cpux, Cx.22Cx, D Xu(z) CDyx -

b) Assume the situation of proposition (2.5.18). The epimorphism of graded k-algebrasV — U
makes C[V to a subcone of V'|V. Assume C = G is an additive subgroup of V'. Then
G|V is an additive subgroup of V'|V, because for all k-schemes X the set G(X)/V(X)
is a subgroup of V'(X)/V(X). Since G - G|V x V is an isomorphism of cones, by
remark (2.5.2)e) G - G|V x V is an isomorphism of groups. In particular the composition
G - G|V x,V = G|V is a morphism of groups. If G is an additive subgroup of an additive
group G', then G|V is an additive subgroup of G'/V. On the other hand a subgroup G
of G'|V defines a subgroup ¢~1(G) of G’ (for the quotient morphism ¢: G' — G'|V ), see
example (2.4.3)g).

¢) In the situation of proposition (2.5.18), for a subgroup G of V' with V ¢ G, one has
G+CcC < GIV+ClVcC]V,
since for a k-scheme X one has

GX)+C0(X)cC(X) <= GX)V(X)+C(X)/V(X)cC(X)/V(X).

Lemma (2.5.22). Let V be a subvector group of an additive group G'. Let ¢ denote the
morphism of groups G' - G'|V. The mapping G — G|V is a bijection from the set of all additive
subgroups of G', which have V as a subgroup, to the set of all additive subgroups of G/V. The
inverse map is G — ¢"2(G). Further G is a vector group if and only if G|V is a vector group.

Proof. Let X be a k-scheme. The mapping H — H/(V (X)) is a bijection from the set of all
subgroups H of G'(X) with V(X) ¢ H to the set of all subgroups of G(X)/V (X), with inverse
map H + ¢(X )_1(F). The first claim follows with the yoneda lemma. Let us show the second
claim. If G/V is a vector group then G is isomorphic to the product G/V x; V of vector groups
and therefore it is a vector group. If G is a vector group, then by remark (2.5.19) G/V is a
vector group. O]

Lemma (2.5.23). Let C be a subcone of a vector group V'. Let V be a subvector group
of V! with V+C c C. Then V is an additive subgroup of Dir(C) and Rid(C) and we have
equalities of subgroups of V' |V

(Dir(C))/V =Dir(C/V), (Rid(C))/V =Rid(C/V).
Proof. Remark (2.5.21)c) + lemma (2.5.22). O
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2.6 Blow-ups II

In this section we recall some results by Hironaka about permissible blow-ups X’ - X of closed
subschemes X of regular schemes. We will need this later. More precisely we have an estimation
for the behavior of the dimension of the ridge (theorem (2.6.2)), a comparison of the the Hilbert-
Samuel-functions at points of X, X’ and at the fibers of X’ — X (proposition (2.6.6)), and a
statement for Hironaka schemes associated to points of X’ (lemma (2.6.7)).

For the whole section we assume the following situation. Let

X,(L ZI

be a commutative diagram of schemes, where X is a locally noetherian scheme, ¢ is a closed
immersion, mx resp. mz is the blow-up of X resp. Z in a center D ¢ X ¢ Z and 4’ is the induced
closed immersion. Let 2’ € X’ ¢ Z' be a point such that its image z € X ¢ Z lies in D. Assume
that D is regular and that X is normally flat along D at x. Write d = trdeg(x(z")/x(z)). Choose
a regular parameter v of Oz, =t R with v € p :=ker(Oz, - Op,) and a prime ideal ¢ of R[p/v]
which contains the maximal ideal m of R such that (R[p/v]), =t R and Oy, are isomorphic
as Oz, = R-algebras (see lemma (2.1.9)). Write

J— p— —/
Ji=ker(R > Ox.o), Ri=Oxa, R :=0xo, Rp:=0r1uye Bep=0i(u))e -
For the proof of theorem (2.6.2) below we need the following remark.

Remark (2.6.1). There is a numerical character vi(X,Z), introduced in [Hil], which
measures the singularities x € X. The Hilbert-Samuel-function can be seen as an alternative
invariant to v;(X,Z). By [Hij], Theorem III, one has v}, (X', Z") = v;(X,Z) if and only if '
18 near to x.

Theorem (2.6.2). If 2’ is near to x, one has the inequality
dim RidX/,xr +d < dim RidXJ;.

Proof. By lemma (2.1.8) we may assume X = Spec(R). Let K|x(z') be a field extension of
k(z") by a perfect field K. Define the cones resp. vector groups over K

Vi = CZ,ac Xk(z) K, Cg:= CX,(E Xk(x) K, V[,(' = C1Z’,:v’ Xk (x') K, C}( = CX',I' X k(') K.

Since 2’ is near to x, we have v, (X', Z") = v;(X, Z). Then by [Hi2], theorem (1,A), we get the
inequality
(X 2)k <7 (X') 2k

where, translated in our notation, ngt)(X/Z)K = dim Vi - dim Dir(Ck) and Téf)(X’/Z’)K =
dim V}; — dim Dir(C} ). With remark (2.5.14) we get

dim Vi — dim VI,( <dimRidx , — dim Rid x7
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Since Z' is not empty we have D # Z. Then by proposition (2.1.5) Z' — Z is a birational
morphism locally of finite type of noetherian integral schemes. Since Z is regular, it is universally
catenary (see definition (4.1.1) and see [Li], corollary 8.2.16). Then by [Li], theorem 8.2.5, we
have

d=dim Oz, - dim Oz 4 = dim Vg - dim V['<.

With the last inequality we get the claim. O

Remark (2.6.3). The assumption that X is embedded into a regular scheme is not necessary,
since with lemma (3.5.2) below the non-embedded case can be reduced the embedded case.

Definition (2.6.4). Define the map

iN->NY<N: m— (") = (B, dimRidx,, +m).

Let N¥ x N have the lexicographical order, i.e. for v,' ¢ NN and 7,7’ € N one has
(v,r)< (7)) < wv=vandr<r or v<v inNV.
The theorems (2.2.6) and (2.6.2) yield

Corollary (2.6.5). ig?,)x, < zg?)w

(1+d)
/’1,/

< H(2+d+s) < H(1+s) _ H(l)

(e’ T T Cxpe T X

Proposition (2.6.6). For s:=dimOp, one has H

Proof. [Hi4], inequality (4.1). O

In section 3.6 we will need the following result about point blow-ups. So assume additionally
that x is a closed point and that D = {z}, in particular p = m is the maximal ideal of R. The
grading of grR defines a vector group structure on V := Cz , = Spec(grR) over x(x). By remark
(2.1.7) we have 7' ({z}) = Proj(grR) = P(V') =: P. Identify x’ with its image in P. Let Bp .
denote the Hironaka scheme at ' € P. Let Up ,» € grR denote the ring of invariants of (Bp 4, V).

Lemma (2.6.7). Assume that x’ is near to x.
a) There is a standard basis (f1,..., fm) of J with in(f1),...,in(fm) € Up 4.
For je{l,...,m} let1; denote the element infj-(inv)"’(fj) of grR(inv) € R (by remark (2.1.7)

R is a localization of grR(iny) by a prime ideal).

b) The tuple (¢1,...,¢¥m) is a standard basis of ker(RY, — EIE) and for each j e {1,...,m}
one has v(v;) = v(f;).

Proof. By lemma (2.1.8) we may assume X = Spec(Ox ;) and Z = Spec(Oz ). The point 2’ lies
in the open affine subscheme Spec(R[m/v]) of Z'. By remark (2.1.3) we have Spec(R[m/v]) xx
D = Spec(R[m/v]/(v- R[m/v])) and therefore we have R}, = R'/vR’. Similarly one gets Ry =
Rl/v}_%’. By [Hi4], Theorem III, we have v, (X', Z") =v;(X,Z). Then by [Hi4], proposition 21,

1) there is a standard basis (f1,..., fim) of J with in(f1),...,in(fm) € Ugar,
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where Uy . € grR is the ring of invariants of (B, ., Cz ) for a certain additive subgroup By .
of Cyz ;. In the case D = {x} one has By, = Bp,s and therefore U, ;v = Up ,». This shows a).
Further by that proposition and the remark to the proof of this proposition on the same page

2) there is a standard basis (g7,...,g,,) of the strict transform J' ¢ R’ of J such that for
each j € {1,...,m} one has (g7 mod(v)) = ¢; under the identification R'/vR’ = R}, and
one has v(g}) = v(f;) = v(1)),

3) the tuple (iny,...,iney,) in grRY, of the initial forms of 41, ..., ¢y, is a standard basis of
the ideal it generates in grR',,

where 3) means that (¢1,...,1y,,) of R}, satisfies conditions i), i) in the definition (2.1.10)f).
Since z’ is near to x, by proposition (2.6.6) one has

=/ 1+d 2+d =/
HO N @R = He) = 2, = HED (@),
Then by proposition (2.2.4) one hai’grﬁ;j—; = grR /(inv). We have R = R'/.J’. Since (¢} ,...,g!")
is a standard basis of J' one has grR = grR/(ing{,...,ing, ). Let j be an element of {1,...,m},
set d; := v(f;) and let mps denote the maximal ideal of R’. In the commutative diagram

ledj mR/dj/mR/dj+

| |

ledj + (U)/(U) ﬁ-ledj + (U)/mR/dj+1 + (U)

1

we have the mappings
g‘;'l lng‘;,

| |

j ——=iny; = ing}’ mod (inv)

Note that the images of g;-' and 1; under the horizontal maps are not zero because one has
v(gj) = dj = v(¢;). Then one has

(ingf,...,ing/ }/(inv) = (inyy, ..., inth,,)

which implies grﬁ% = grR/(ine1,...,inty,) and (inyy,...,ine,) = InJg for the ideal Jy :=
ker(R%, — E;;) Then with 3) the tuple (¢1,...,%n) is a standard basis of Jj,. O
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Chapter 3

The main theorem

In this chapter we formulate the main theorem and prove it. First we show that the main
theorem follows from a fact about graded algebras over a field (theorem (3.2.6)). This is done
in three reduction steps in the sections 3.3, 3.4 and 3.6. For the last reduction we need the
explicit description (up to isomorphism) of Hironaka schemes of dimension at most five from
Oda’s characterization (section 3.5). We prove theorem (3.2.6) in section 3.8. For this we use
Giraud bases to calculate ridges. More precisely our Giraud bases are reduced Grobner bases
(see section 3.7).

3.1 Introduction

Let X be a locally noetherian scheme, let 7 : X’ — X be the blow-up of X in a closed subscheme
D and let x be a point of D.

Definition (3.1.1). A point 2’ of X' is Directrix-near to x or Dir-near to x if x'
is mear to x and x’ lies in the closed subscheme P(Dir(Cx p.)) of P(Cx.p.) = 7 ({x}) (see
remark (2.5.4)).

We recall the following theorem and its proof, see [CJS], Theorem 2.14.

Theorem (3.1.2). Ifdim X <2, X is a closed subscheme of a regular scheme Z and D is
permissible at x then a point of X' is near to x if and only if it is Dir-near to x.

Proof. Let 2’ be a point of X’ near to z. By remark (2.5.21) we have an isomorphism Cx,p =
Cx/Cp,y of cones over r(x). We have t({x}) = P(Cx.ps) € P(Czpz) = P. Identify
x’ with its image in P. Let Bp,s be the Hironaka scheme at z'. We have z’ € P(Bp,) by
remark (2.5.8). There is an additive subgroup scheme By .+ of Cz, (defined in [Hi4], §2) with
By. 2 Cpy and By, [Cp g, = Bp . By theorem IV from [Hi4] one has By, + Cx 5 € Cx g,
which implies Bpy + Cx pe € Cx,pq (see remark (2.5.21)). This implies Bp € Cx p, and
dim Bp ,» < dim Cx p » < dim X < 2 where the second inequality holds by remark (2.1.7). Then by
[Hi3] Bp ;- is a vector group. By definition of the directrix this yields Bp ,+ € Dir(Cx.pz) € Cx.p s
which implies &’ € P(Bp ) € P(Dir(Cx.p,z))- O
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Remark (3.1.3). a) The proof of theorem (3.1.2) shows that, if we omit the assumption
dim X <2, the theorem still holds, if Bp 4 is a vector group. This is satisfied, if k(z) is a
perfect field (see remark (2.5.8)) or if dim X <2-char(k(z)) -2 (see [Mi]).

b) Further we see that the inclusion Bp g + Cx p s € Cx po implies Bp, € Rid(Cx pz), by
the definition of the ridge. In particular we get x' € P(Bp ) € P(RId(Cx,p)). For this
conclusion we do not need the assumption dim X < 2.

The theorem does not hold for higher dimension of X. For dim X = 3, chark(x) = 2 we give
a negative example below. Hironaka showed in [Hi3| that up to isomorphism there is a unique
Hironaka scheme B of dimension three which is not a vector group (cf. also the Hironaka scheme
of type 3 in theorem (3.5.5)). In the following example the underlying scheme of B is X.

Example (3.1.4). Let X be the closed subscheme V(7) of Spec(k[y1,y2,y3,94]) = A} where
k is a field of characteristic two and where 7 is the polynomial 7 = 3% + azys + a2y?2, + aa3y;
for coefficients as, az € k with [k?(as,as3) : k%] = 4. Let 2 denote the closed point (yi,...,y4) of
X and let D denote the closed subscheme D = {z} of X. We have Cx p, = Spec(G) for the
k(z) = k-algebra G := k[y1,...,ya]/(T) = grOx . We show

a) that Dir(Cx p,) is the closed point V({y1,...,y4)) of A} and
b) that there is a point 2’ € X’ = Blp X near to z.
Then we have P(Dir(Cx,ps)) = Proj(k) = &, in particular " is not Dir-near to z.

a) Assume the contrary. Then we have dim Dir(Cx p ) > 1. Then there is a subvector space
W < k[y1,...,y4]1 with dimW < 3 and with 7 € k[W]. Let by, be,bs be k-linearly inde-
pendent elements of k[y1,...,y4]1 with k[b1,ba,b3]1 2 W. Choose some by € {y1,...,y4}
such that by,bg,bs, by is a k-basis of k[y1,...,ys]1. Write y; = Z?zl Aijb; for A;j € k,
i,j €{1,...,4}. Then we have 7 = w + \bj for X := A3, + agA3, + asA3, + azaz)i, and for a
suitable w € k[by, ba, b3]. By the assumption on as, a3 we have A # 0. Then Ab3 ¢ k[by, ba, b3]
implies 7 ¢ k[b1, b2, b3] 2 K[W], which is a contradiction. This shows a).

b) Let U denote the open subscheme D, (y4) = Spec((k[yl, oo ya )DL, - - - ,yi]), for y! :=
Yi/ya, of X' (see remark (2.1.3)). The inclusion k[y],v5, ¥4, ya] € k[y1,- .., ya][¥l,- -, y4]
is an isomorphism of k-algebras. It induces an isomorphism of k-schemes

2 2 2
Spec(k[y1,ya,y5,9al /(') 2 U for 7":=41" +agyy” + agys” + azas.

Consider the point 2’ of U with

2 2
z'=(81,6,83,84), for & =y)+ypys, So=yy +as, &=y +as, &i=ua

Then we have 2’ € 771(D) = 71 ({x}) by remark (2.1.3). The point =’ has the residue field
k(z") = k(\/a2,+/az). The scheme U is a closed subscheme of Spec(k[y],v5,y5,y4]) = V.
Identify 7/,&1, ..., & with their image in Oy,. We have 7" = €2 + &5¢3. The elements X :=
inéy,..., Xy = ing, are k(a')-algebraically independent generators of the r(xz')-algebra
grOy,s and we have int{ = X7 + XoX3. Then we have grOx . = k[y1,...,y4]/(7) with
degt =2 and grOx 4 = k(2')[ X1, ..., X]/(in7’) with deg7’ = 2. Thus by lemma (2.2.2)
we have H)((Dl = Hg(o,)w,. Further we have trdeg(x(z")/k(x)) = trdeg(k[\/az2,+/a3z]/k) = 0.
This shows b).
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In the example above we see the following improvement of the singularity z’. Since 7 €
Elyi,...,ya] is an homogeneous additive element we have Ridx, = Rid(Cx,) = Cx, which
has dimension three. On the other hand 7’ € k(2")[ X1, ..., X4] is not an additive element which
implies Ridxrﬂ;/ (2 CXIJ/J and dim RidX/7xl < dim CXI@J = 3.

Our main theorem (3.2.1) below shows that for dimX < 5 and for a point 2z’ of X’ near
but not Dir-near to x one always have the inequality dimRidy’, +d < dimRidx, for d =
trdeg(x(2')/k(x)). Unfortunately our main theorem holds not for arbitrary dimensions of X.
For dim X =7 there is the following negative example.

Example (3.1.5). Let X be the closed subscheme V(1) of Spec(k[z1,...,24,Y1,..,Y4]) =
Ai for a field k of characteristic two where 7 is the polynomial

T = yz + aly% + agy% + a3y§ + agagx% + a1a3.%'% + alagxg + alagag:ri

for coefficients a1,a2,a3 € k with [k?(a1,a2,a3) : k*] = 8. Let x denote the closed point
(x1,...,24,Y1,...,94) of X and let D denote the closed subscheme {z} of X. We have Cx p, =
Spec(G) for the graded k-algebra G := k[z1,...,24,y1,...,y1]/(7) = grOx ;. As in the example
above one shows

P(Dir(C)QD@)) = Proj(k) =d.

Define the point z’ = (X3, ..., Xy, V1,..., W) for

12 2 12 72
Xi=z1 +a1, Ay =x9 +az, AX3=x3 +az, Xy=ux4,

4 1 14 ! 14 ! ! ! ! ! ! 14 14
Vi=yy +x573, Yo=yo+x1x3, IV3=y3+T1Ty, Vi=yy+T1T5T3

of the open subscheme D, (z4) = Spec(k[x], x5, x5, x4, Y1, Ys, Y5, y4 1 /(T')) = U of X' for

r_or2 72 12 12 r2 r2 72
T =Yy tairy; +agxys +azys +az2a3r; +ai1a3ry, +a102T3 +aiaas.

Then we have 2’ € 771 ({z}) and x(z') = k(\/a1,/az,/a3). The scheme U is a closed subscheme
of Spec(k[z],zh, x5, x4,Y1, Y5, Y5, yq]) == V. Identify 7/, X1,..., Xy, D1,..., Vs with their images
in Oy . We have 7/ = Y7 + a1 Vi + a2 + a3)s + X1 XoX3. The element

(in)y + Japindy + /agindy + \/azinds)? € grOy

is the initial form of 7. As in the example above we see that z’ is near to x. Since in7’ is
an homogeneous additive element of grOy, we have dimRidys, + d = dimRidx, (for d =

trdeg(k(z")/k(x)) = 0).

So we have a theorem for dim X < 5 and a negative example for dim X > 7. What about
dimension six? We have neither a positive nor a negative answer. To prove our main result we
use Oda’s characterization of Hironaka schemes B with dim B < 5, see theorem (3.5.5). If one
wants to verify our main theorem for dim X = 6 one has to handle six-dimensional Hironaka
schemes. The author could not manage this.
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3.2 The main theorem and the strategy of the proof
Our main theorem is

Theorem (3.2.1). Let X be a locally noetherian scheme with dimX < 5, let x € X be a
point, and D € X be a closed subscheme with x € D such that D 1is permissible at x € D. Let
m: X" - X be the blow-up of X in D and let x' be a point of X' near but not Dir-near to x.

Then we have
dim Rid x/ ;v + trdeg(k(z")/k(2)) < dim Rid x .

Definition (3.2.2). Let m: X' — X be a permissible blow-up of a locally noetherian scheme
X. For points ' € X' and x € X we say ' is i-near to x if 7(z') =z and ig?,)x, = Zg?)m for
d :=trdeg(r(z")/k(z)).

Remark (3.2.3). a) Note that ig?,)x, = zg?)x implies ig?f;rf) = zg(mgg for all m e N.

b) With the notion of i-near points we can formulate our main theorem as follows.

Let m: X' - X be a blow-up of a locally noetherian scheme X with dim X <5 in a center
D and let x' be a point of X' i-near to a point x € X with x € D such that D is permissible
at x. Then x' is Dir-near to x.

)

In the section 3.3, ”‘Reduction to the embedded local case”’ we prove that the main theorem

holds if the following theorem holds.

Theorem (3.2.4). Let Z be the spectrum of a regular local ring, let X be closed subscheme
of Z with dim X <5, let x € X be the closed point and let D ¢ X be a closed subscheme such
that D is permissible at v € D. Let w: X' — X be the blow-up of X in D and let ' be a point
of X' mear but not Dir-near to x. Then we have

dim Ridx s + trdeg(x(z")/k(z)) < dim Ridx ;.

In the section 3.4, ”‘Reduction to cones”’, we prove that theorem (3.2.4) follows form the
following theorem.

Theorem (3.2.5). Let C be a cone over a field k with dimC <5 and let w: C' - C be the
point blow up of C in the origin 0 =: x (see remark (2.5.2)a)). Let 2’ € C' be a point near to x
not beeing Dir-near to x. Then we have

dim Rider o7 + trdeg(r(z")/k) < dimRidc 4.

In the section 3.6, ”‘Reduction to algebra”’, we prove that the theorem (3.2.5) holds if the
following theorem holds.

Theorem (3.2.6). Let S = &,nSo be a symmetric algebra over a perfect field K of char-
acteristic p = 2 or = 3. Assume dimg S1 > 3. For natural numbers n > 1, m > 2, 1 > 0 let

(T1ye ey Ty YLy e v s Yny 215 - - -5 21) be a K-basis of S1. Let hq, ..., hy, be homogeneous elements of
S of degree p, not all zero. For p =2 assume hy,...,hy, € K[z;x;|1 <i < j<m], forp=3
assumen =1 and hy = x1 a:% Let F be a finite subset of K[yY,...,yh,21,...,2] of homogeneous
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elements of S such that S/(F') has Krull dimension m. Let ¢ denote the K[z1,...,z]-algebra
homomorphism

K[y, oy 2, a] > Ky +ha, o yh + by, 2, 2]

with Y(y?) = yf + hi fori=1,...,n. Let Uiy € S resp. Uiy €S denote the ring of invariants
of ({F),S) resp. ((YF),S) (see definition (2.5.15)). Then we have dimU py +2 < dimUy gy -

The key ingredient for the proof of the implication (3.2.6)=(3.2.5) is Oda’s characterization of
Hironaka schemes of dimension <5 from [Od] which will be discussed in the section 3.5.
We prove theorem (3.2.6) in the section 3.8. In the proof we use Grobner bases, see section 3.7.

3.3 Reduction to the embedded local case

We show that for the proof of the main theorem (3.2.1) we may assume that X is embedded into
a regular scheme. More precisely we show that the main theorem follows from theorem (3.2.4).
The argument will use the following lemma.

Lemma (3.3.1). Let f:51 — S be a morphism of schemes and let sq € S1, s €S be points
with f(s1) =s. We assume that f quasi-equal at s1, i.e. the induced morphism of local rings

A = OS,S - 051,31 = Al

is flat, and the image of the maximal ideal m of A generates the maximal ideal of Ay and the
induced morphism of residue fields k = k(s) - k(s1) is an isomorphism. Let f':S7 - S’ be a
base change of f by a S-scheme S" and let s’ be a point of S" over s€ S.

a) The morphism of graded k-algebras grA — grA; is an isomorphism. In particular the
k-cones Cg, s, and Cg s are isomorphic.

b) There is a unique point s} of S} over s1 € Sy and over s’ € S'.
¢) The morphism [ is quasi-equal at s}.
d) Assume that S, S1 are locally noetherian.

i) The rings A and Ay have the same Krull dimension.

i1) A closed subscheme D of S with s € D is permissible at s if and only if D xg Sy =t Dy
is permissible at s7.

Proof. a) Let gr"A denote the nth homogeneous part of grA for n € N. The morphism
gr”" A — gr" A, is the composition

gr"A=m"® s k(s)2m" @4 k(s1)2m" ®4 A1 ®4, k(s1) 2 (MA])" ®4, k(51) =gr"A;.
b) The set-theoretical image of the morphism of schemes s1 x5 5" - S1 xg 5" = 5] is the set of
all points of S] with images s; in S; and s’ in S”. The isomorphism (s) - k(s1) induces

an isomorphism s1 x5 s" = s” of schemes.
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c) Let A" (resp. A}) denote the ring Ogr s (vesp. Og; o). Then the by f induced morphism
of local rings A" — A/ is the composition

a B
A'—>A'®AA1—>A'1

where « is the base change of A - Ay and f is the localization of A’ ® 4 A1 by the prime
ideal which corresponds to si. Then « and (3 are flat. Let m’ resp. £’ denote the maximal
ideal resp. residue field of A”. We have

(A'®s A1) /(M@ 4 A1) 2 A fm' @4 A1 2k @4 A1 2K @ k@ AL 2 K.

Thus m’®4 A; is a maximal ideal of A’®4 A;. Since S(a(m’)) lies in the maximal ideal of
Al we get that 8 is the localization by m’®4 A;. Then the image of m’ in A} generates the
maximal ideal of A] and the residue field of A} is isomorphic to (A'®4A1)/(m' ®4A41) 2 K'.
Thus f’ is quasi-equal at s.

d) i) Since A —» A; is flat we have dim A; = dim A+dim A; ® 4 A/m, see [Li], theorem 4.3.12.
As Ay ®4 A/m is a field, we get dim A = dim A;.

ii) First we show that D is regular at s if and only if D; is regular at s;. As a base
change of f the morphism D; — D is quasi-equal at s;. Thus it is enough to show
that S is regular at s if and only if S; is regular at s;. This follows from a) and i).

Second we show that D is normally flat at s along S if and only if D; is normally flat
at s; along S7. Write

A=0ps, I:=ker(A-A), G:=a;nl'/T",

A=A®4 A, L1=1®4A;, G =G®4A;.
Since A — A; is flat we have G 2 @;nIi/Ii*. Then D (resp. D) is normally flat at
s (resp. s1) along S (resp. S1) if and only if G (resp. G) is a flat over A (resp. Aj).

e Assume that G is flat over A. Then for every short exact sequence £ of Aj;-
modules the sequence

E'og G120 (Ai®aAe;G)2E 4G

is exact.

e Assume that Gy is flat over A;. Then for every short exact sequence £ of A-
modules we have

A1 ®y (5 ®ZG) ~ (A1 ®A6) ®ZGE (Al ® A 5) ®Z1 G

which implies the exactness of £ ®; G, because, as a flat morphism of local rings,
A - Ay is faithfully flat.

O]

Lemma (3.3.2). Let 7: X' - X be a blow-up of a locally noetherian scheme X in a center
D. Let z',x be points of X', X with w(x') = . Let X denote the spectrum of the completion of
the local noetherian ring Ox . and let T be the closed point of X. Let 7: X' > X denote the
blow-up of X in D:=D xx X. Then
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a) D is permissible at T € X if and only if D is permissible at z € X,

b) there is a unique point T € X' with image =’ in X' and image T in X,
&) K(T) = 5(a"), K(F) = (),

d) Hgiz=Hxi o, Hg z = Hx g,

e) T’ is near to T if and only if x’ is near to x,

f) @ e P(Dir(Cg 55)) if and only if 2" € P(Dir(Cx,pz)),

g) dim Ridg, 5 = dimRidx/ 4, dimRidg ; = dimRidx , and

h) X is a closed subscheme of a reqular scheme.

Proof. Let x, ' denote the residue fields at z, z’. We have x(Z) = k. The composition
f:X - Spec(Ox ) - X maps T maps to x and f is quasi-equal at T (see lemma (3.3.1)). Since
f is flat, 7 is the base change of 7 with X. By lemma (3.3.1) we have

1. the by X - X induced morphism C gz~ Cxz is an isomorphism of k-cones,
2. claims a), b) and c),

3. the morphism D — D is quasi-equal at Z and the induced morphism Cp=— Cpy is an
isomorphism of x-cones,

4. there is a unique point Z' € X’ which maps to 2’ and to #, and we have k(%) = &/,
5. the morphism X’ — X’ is quasi-equal at Z’ and

6. the k'-cones Cx/ , and Cs/ - are isomorphic.

Then we get claim d), we have isomorphisms of additive groups Ridx ; = Rid ¢ - resp. Ridx ;v =
Ridg, o, over k resp. £’ and we have a commutative diagram

X' X’
X’ XeT X'xxx
P(Czp2) - P(Cx.p:)
P(Dir(Cg p5)) ——— P(Dir(Cx,p.a))

This implies f). Claim d) implies e). By Cohen structure theorem, [Col, every complete noethe-
rian local ring is a quotient of a regular local ring. Then there is a regular local ring R such
that X is a closed subscheme of SpecR. O
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Proof that theorem (3.2.4) implies theorem (3.2.1). Let 2/ ¢ X’ 5> X 2 D 5 z as in

theorem (3.2.1) and let ' ¢ X’ T X>D>7 as in lemma (3.3.2). Then by theorem (3.2.4) and
lemma (3.3.2) we have dimRid g, 5, + trdeg(x(%')/£(%)) < dimRidg 5 . Again by lemma (3.3.2)
we get dim Rid x5 + trdeg(k(z")/k(x)) < dim Rid x 5. O

3.4 Reduction to cones

In this section we show that for the proof of the main theorem one can assume that X is the
underlying scheme of a cone over a field. More precisely we prove that theorem (3.2.4) follows
from theorem (3.2.5).

Lemma (3.4.1). Let ng : C" — C be the point blow-up in the origin x of a cone C' over a
field . Let x' be a point of 75 ({z}) =t E and let k" denote its residue field. Then there is an
isomorphism Ccr zr = Cp gr X1 A}{, of cones over k'.

Proof. Let C be a subcone of a vector group V over k. Let S denote the graded k-algebra I'V
and let I ¢ S denote the homogeneous ideal ker(I'V — I'C’). The local ring R := Oy, is the
localization of S by the maximal ideal S, = ®,51.5 = M. Let m denote the maximal ideal of R.
We have a commutative diagram

v v

] ]

C'——C

where 7y denotes the point blow-up of V in x and the left vertical morphism is the induced
closed immersion. We have V' = Proj(@,50M"). Let T be a non-zero element of S; such
that 2’ € C' ¢ V' lies in the chart Spec((®n>0M")(1)) € V'. The ring (®n0M") () is the
S-subalgebra k[T, T1/T,...,Ts/T] = S" of Sy where Ti,...,Ts are elements of S; such that
T,T,...,Ts is a s-basis of Sj. The local ring Oy, =t R’ is the localization of S’ by a prime
ideal g of S’ with T € ¢ (see Lemma (2.1.9)). Define the subring S}, := k[T1/T,...,Ts/T] of S’.
Let n denote the ideal of S’ generated by the image of ¢ under

S5 S NTY =SS
Then we have g = 1+ for the by T generated ideal v of S’. Let qg denote the ideal a(q) of
S'/(T). The k-module morphisms (T)* ®, qg - ¢**a®be a-b, for k, 1 €N, induce a morphism
of graded rings
B grinyk[T] ®x gry, Sp — gry,S’.

It is surjective, because we have

k
] i —i max{0,k—j i
=@ T and gf =Yyt = @™
1N =0 JeN

Every element f of ¢* can be written f = Zf:o fiT? + r for some f; € q%’i and some 7 € ¢**1 i.e.

T=YjeN ngj for suitable g; € qgax{o’kﬂfj }. For each i the element fimod q’?E”_i is unique since it

is the image under the composition of morphisms of k-vector spaces S’ — S}, — S%./¢% 17" where
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the morphism S’ - S is given by Y iy hiT* — h;. Thus §3 is injective. Let fi,..., fm € S\{0}
be homogeneous generators of I with degrees di,...,d,;, and identify them with their image
under the injective map S — R. For i € {1,...,m} let f/ denote the element T~% f; of S’
and identify it with its image under the injective map S’ — R’. Let I’ denote the ideal of S’
generated by fi,..., f;,. By lemma (2.1.12) I'R’ is the kernel of R" - O¢v , and by remark
(2.1.3) T-R'+I' - R’ is the kernel of R" - Op . The elements f{,..., f;, lie in S}, because
fi,..., fi € S are homogeneous. Let I}, be the ideal of S}, generated by fi,..., f,,. We have
I' =1,,8" = k[T] ®, I};. We determine the preimage 8~ IngI” (see definition (2.1.10)). The ideal
IngI' is generated by initial forms ingg of elements g of I'. An element g € I’ can be written in
the form g = ¥y ¢:T" for suitable elements g; € I, If g lies in ¢"\g"*! then there is a non-empty
subset © ¢ {0,1,...,n} such that for all i € © we have g; € ¢ *\gr" ™" and for all j € N\O© we

have g, € qmax{o’n+1_j}. Then by the definition of 8 we have
i “ 4k

B_l(inqg) = Z in(T)Ti ®y ing, gi € gr(TW[T] ®x Ing, I = J.
€O
Thus we have 3(J) 2 In,I’. The other inclusion also holds. Thus 8 induces an isomorphism

e gryR[T] ®x gry, Si/Ing, I = gr S [IngI'.

Let ¢ resp. g denote the ideal q(S'/I") resp. qr(Sy/Ig) of S'/I' resp. Sy/I;. We have
isomorphisms of graded r’-algebras

grOcr o 2 gr(S' /T ®@g R') = grz(S'/1') ®@g1/q k' 2 (gr,S" [IngI") ®gr/q K,
groE,x’ = gr(S,/(T -S"+ I,) ®gr R,) = grﬁE(S;E‘/IEJ) ®S’/q K2 (grqES,E/IanIIE) ®S’/q Hl)

€
K'[T) ®x grOp 2 K[T] ®, grOp o gr<T)/£[T] ®r (8T, St/Ing, 1) ®s/q k' 2 grOcs o
This completes the proof. ]

Proof that theorem (3.2.4) follows from theorem (3.2.5). Assume the situation of the-
orem (3.2.4). Set C := Cx ps. Then the point blow-up m¢ : €' - C' in the origin ¢ := 0 is
permissible. Write k := k(z). Note that we have C = CC,E,C' We have an isomorphisms of
projective k-schemes

mx ({2}) 2 P(Cx,p.) = P(C) 2! ({c}).

Let ¢ denote the point of 771({c}) € C’ which corresponds to 2’ € 73} ({z}). Then we have
¢ e ({c})\P(Dir(C)), since 2’ € 7} ({z})\P(Dir(Cx,px)). By lemma (3.4.1) we have

(@ _ plas)
Horer = Hoo (o) e

for d := trdeg(x(x")/k). Since ' is near to z the inequalities in (2.6.6) are equalities. Thus we

have
Hgf)c' — H(d+1) _ py(d+1) — H(O) _ H(O)

() T Tt ({=})a Cx.paz ~~Cgc

Thus ¢’ is near to ¢. Then by Theorem (3.2.5) we have

dim Rid¢r o + d < dim Ride..

51



CHAPTER 3. THE MAIN THEOREM

(1+s)
o (e

s := dimOp . There is some element ug of Ox’ s with Oﬂ;(D)J, = Oxr 4 /(up). Choose s
elements uq,...,us in Ox , such that their images in Op , generate the maximal ideal of Op ,.
Then we have

Using the inequalities in (2.6.6) again and that ' is near to x we get H)((O,)x, = for

Oﬂg(l({x}),x’ = Oﬂ'}é(D),az’ ®OD,x k= OXI@//('LLO, Uly .- ,U5>.
With proposition (2.2.4) we have
H®*) (qr(Oxr o [{u, . . . us))) 2 HY) (gr(Oxr o [{ug, . . . us-1))) 2 ... 2 HY (grOxr 40).
_ H(2+s)

¢ ({}),2”

get grO;—1((2)).0r = grOx 4[(Uo,...,Us) and for all i € {0,1,...,s} U; is not a zero-divisor in

All inequalities are equalities since H)((l,)x, Again with proposition (2.2.4) we

grOxr 4 /{Uo, . ..,Ui-1), where U; denotes the image of u; in gr'Ox/ . This implies
gro”}l({x}),x’ 2 grOx/ o [(inug, inuy, . . ., inug)

and that the elements inug,inuy, ..., inus are k(x’)-linearly independent. Choose a vector group
V over k(z") which has Cxs, as a subcone. Let ug ,...,uY be homogeneous preimages of

\%

inug,inuy,...,inus under I'V.— I'Cx/ ;. Then ug, ...,u, are k(z')-linearly independent ele-

ments of (T'V);. Thus V' := Spec(T'V/(u} ,...,uY)) is a subvector group of V. The intersection

» s

Cxr 4 N V' of subcones of V' is the cone Crid({z})ar- Then by lemma (2.5.17) we have
dim Ridxlwf =dim Rid(CXl,mf) < dim Rid(Cﬁl({m})’m,) +dim V —dim V’ = dim RidTr;(l({ac})ﬂc’ +s+1.

By lemma (3.4.1) we have dimRid¢r o = dimRid, -1 (4.y) ~ + 1. Further by remark (2.5.21) there
is an isomorphism of k-cones Cx , =2 U x, Cp 5 = Cc e X, Cp 5. Since Cp , is a vector group over
k of dimension s we get dimRid¢ . + s = dimRidx .. Altogether we get

dimRidx/z +d <dimRid -1y o +d+s+1=Rid 140y o +d+s+1
X ’ C )
=dimRid¢r o +d + s <dimRidg + s = dim Ridx

which completes the proof. O

3.5 Hironaka schemes with dimension at most five

Let k& be a field of positive characteristic p. We denote the k-module of Kéahler differentials

Q}C/Z = Q}C/Fp = Q}g/kp by Q' (k). By a derivation we mean an element of Dery(k, k) = Derg, (k, k) =
Deryr (k, k).

Let B be a Hironaka scheme over k of dimension < 5. If B is a vector group then, as an additive
group, it is isomorphic to G, for m = dimB. If B is not a vector group than we have a
characterization by Oda, [Od}fsee theorem (3.5.5) below. We get some corollaries which will be
needed in section 3.6.

Definition (3.5.1). Let q be a prime number. A family (x;)ic; of elements of k is q-
independent if ¢ = char k = p and the family of elements of k

(fo"]JEIﬁmte, (ei)iEJE{O,17...,p—1}J)
ieJ

1s kP-linearly independent.
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Remark (3.5.2). a) By [Stacks], Tag 07P0, a family (x;)ics in k is p-independent if and
only if the family (dx;)ier in QY (k) is k-linearly independent.

b) By a) for a p-independent family (x;);er in k there are derivations 0; : k — k, i € I, such
that for i+ j one has 0;(x;) = 6;; where 0;; denotes the Kronecker delta.

It turns out that for the classification of Hironaka schemes one should consider types instead of
isomorphism classes, cf. the introduction of [Od].

Definition (3.5.3). Two additive groups G and G’ over k are of the same type if there
is field automorphism k — k and a isomorphism G x k= G’ of additive groups over k.

Remark (3.5.4). By remark (2.5.2)d) two additive groups G and G’ over k are of the same
type if and only if there is an isomorphism of graded rings T'G =T'G’.

Theorem (3.5.5). A Hironaka scheme over k of dimension <5, which is not a vector group,
is of the same type as one of the following non-isomorphic additive groups.

Type 3. The additive subgroup Spec(k[ X1, X9, X3,Y1]/(T1)) of Gi,lw where
F1=Y?2 +a3 X5 + ang +agaz X}
for 2-independent elements ao, a3 of k,
Type 4-1. Spec(k[X1,..., X4, Y1]/(11)) €G) .,
Type 4-2. Spec(k[X1,...,X4,Y1,Y2]/(11,72)) €GE
Type 4-3. Spec(k[X1,...,X4,Y1,Yo,Y3]/(11,72,73)) € G;k
[

Type 4-4. Spec(k[X1,...,X4,Y1,Yo, Y3, Ya]/(71,72,73,74)) C Gg,k, or, equivalently,
Spec(k[ X1, ..., X4, Y1,Y5, Y3, Yy ]/(T1,72,73,74)) € ng, where

T = Y12 + a3X22 + ang + a2a3X42,

Ty = Y22 + a3X12 + a1X§ + alang,

T3 = Y32 + a2X12 + a1X22 + alang,

Ty = Yf + a2a3X12 + a1a3X22 + alang,

T4 = Yf + a1Y12 + a2Y22 + agY}? + a2a3X12 + a1a3X22 + a1a2X§ + alagagXZ

for 2-independent elements as,as (resp. ai,a2,as3) of k in the case of type 4-1 (resp. in
the case of type 4-2, type 4-3, type 4-4),

Type 5. Spec(k[X1,...,X5,Y1]/(70)) E(Gg’k_, where
0= Y3+ a1 X7 + aa X3 + a3 X3 + a1a9 X + aap X3
for 3-independent elements aq,as of k,
Type 5-1. The product of the one-dimensional vector group G, with a Hironaka scheme

of type 4-1,
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Type 5-2. G, xtype 4-2,
Type 5-3. G, . xtype 4-3,
Type 5-4. Gqpxtype 4-4,

Type 5-5. Spec(k[X1,...,X5,Y1]/(75)) EGg,k, where
T5 = Y12 + a1X12 + a2X22 + ang + a2a3X42 + alang

for 2-independent elements a1,as,as of k,

Type 5-*. Spec(k[X1,...,X5,Y1,....,Y,]/{m1,...,7,)) €G>, v e Ny, with

a,k ’
o 2 < 2
7 =Y+ 3 (0ig5) X7 + (g5 + . aifigy) X5 (=1,...,v)
=1 i=1

where a1, ...,aq are 2-independent elements of k, 01,...,04 : k - k are derivations with
di(aj) = 85 (see remark (3.5.2)) and gi,..., g, are elements of k*(a1,...,as) such that the
elements 1,a1,...,a4,41,...,q, of k are k*-linearly independent, and that the matriz

A=(0i95)i=1,..4;j=1,.v
has the property that the rows of dA, as elements of Q1 (k)®”, are k-linearly independent.

Proof. [Od], Theorem 3.14. O

Remark (3.5.6). a) A Hironaka scheme of type 4-1 is of the same type as the product
of Ggr, with a Hironaka scheme of type 3.

b) To be more precise, Oda shows that two Hironaka schemes of type 5-* given by choices

!/ ! !/ !
A1s--+5804,915---5G9y TESP.  Qqp,...,04,915---5Gy

are of the same type if and only if there is some non-zero element u of the by the ele-
ments 1,a1,...,a4,91,...,9, generated k*-subvector space U of k such that u™'-U is the
by 1,al,...,a},4,,-..,9. generated k*-subvector space of k.

We collect some corollaries which will be used in the proof (see next section) that theorem (3.2.5)
holds if the theorem (3.2.6) holds.

Corollary (3.5.7). Let V be a vector group over k. Let B = Bp, be the Hironaka scheme
at a point y of P(V') =P such that B is not a vector group with m :=dimB < 5. Let S = ®kenSk
denote the symmetric k-algebra TV and let U € S denote the ring of invariants of (B,V'). Then
there is a k-basis (X1,..., Xm, Y1,..., Y0, Z1,...,2Z;) of S1 with

Z/{:k[m,...,nn,Zl,...,Zl]

for homogeneous elements n1,...,n, of S of degree p, which are, depending on the type of the
Hironaka scheme B, as follows (with the notations of theorem (3.5.5)).
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(Type 3) n=1,m=3,m="m,

(Type 4-1) n=1,m=4,n =1,

(Type 5-1) n=1, m=>5,n =7,

(Type 4-n for 2<m<4) 2<n<d, m=4, 9 =T1,...,0, =Tp,
(Type 5-n for 2<m<4) 2<n<4d, m=5 0 ="T1,...,0 = Tn,
(Type 5) n=1,m=5,mn =1,

(Type 5-5) n=1,m=5,n =15,

(Type 5-*%) n=v>1, m=5n="T1,...,0n = Tn.

Proof. Write X, Y, Z, n for (X1,...,Xm), (Y1,...,Yn), (Z1,...,Z;), (m,...,nn). Fix a type
of the Hironaka scheme. By theorem (3.5.5) B is of the same type as the additive subgroup
B’ = Spec(k[X,Y]/(n)) of GI"". We may assume that B and B’ are isomorphic as additive group
schemes over k by reElacing plindependent elements by the images under a field automorphism.
Let Vi be the smallest vector group which has B as an additive subgroup, see remark (2.5.2)c).
Then Vg is a subvector group of V. We get commutative diagrams of additive groups over k
resp. graded k-algebras resp. k-vector spaces

T(ﬁ Goi" kX, Y]/(n) =— k[X.Y] k[X, Y]
B V¢ 1% I'B I(Vg) <~— S (T'(VB))1 =— 51

Choose a section (I'(V3))1 — S1 of e. This induces a morphism of k-algebras k[z,y] 2 T'(Vg) - S.
Identify X,Y ,n with their images in S. Choose elements Z1,...,Z; of 51 such that (X.,Y,2)
is a k-basis of S;. Then the ideal ker(S — I'B) of S is generated by the tuple of homogeneous
additive elements (7, Z). By lemma (2.3.13) the graded k-subalgebra U’ := k[n, Z] of S is the
ring of invariants of ("), S) = ((n, Z),S). Thus by definition of the ring of invariants of (B, V)
(see definition (2.5.5)) we have U' =U. O

In the situation of corollary (3.5.7) let us define a homogeneous element v of S and a family o
of elements of S(,), depending on the type of the Hironaka scheme, as follows:

(Type 3) v=X1, o=(21,...,2,X,X5,M1),

(Type 4-1 or type 5-1) v=Xy, o=(21,...,2,X,X5,M1),

(Type 4-n or type 5-n for 2<n<4) v=Xy, o=(2Z1,...,2, X, X, X3, V1,..., V),
(Type 5) v=X5, o=(21,...,Z,W1,...,W5),

(Type 5-5) we distinguish two cases,

(Type 5-5, case 1) v =Xy,
(Type 5-5, case 2) v=Xj,

=(21,...,2,U1,Us, U3, X1 [v, X5/V),
= (Zl,...,Zl,V1,...,V4),

g
g
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(Type 5-*) v=X5, 0=(21,....,2, X, ..., X, Vr1s-- . Vn),
where we define the following elements of S(,)

Zi=ZiJvfori=1,....1,

X; = (X;/v)? +a; fori=1,...,4,

Vi =Yiv+ X; Xy Jv? for {i,5,k} = {1,2,3},

Vi =Yafv+ X1 X2 X3/0?,

Wi = (X4/v)3 — a1, Wo = (X3/v)3 +ag, W3 =Yi /v - X3 -Xf/v?’,

Wi = X1 /v - X3X4/v3, Ws = Xofv - (X4/v)?,

Uy =Y1[v+ Xo X3/v2, Uy = (Xo/v)? + a3, Us = (X3/v)? + as,

V1 =Yi/ v+ X1X3/v%, Vo = Xofv+ X1 X4 /02,

Vs = (X1/v)% + a3, Vi = (X3/v)? + az(X4/v)? +ay,

Yy, =Yj[v+rjfor j=1,...,v where r; is the square root \/p(g;) in k[X1/v,..., Xs/v] of
the image p(g;) under the k>-linear map

(3.5.7.A) pik*(ar,. .. a4) - E*[(X1/v)?%, ..., (Xa/v)?] € k[ X1/v, ..., X4/v]
which is given by p(IT;e; @i) = [Ties(X;/v)? for all subsets I ¢ {1,2,3,4}.

Corollary (3.5.8). In the situation of corollary (3.5.7) let q € Spec(S) =V denote the to
y € P = Proj(S) associated homogeneous prime ideal of S. For the element v of S and the family
of elements o of S(,), as above, there is a prime ideal p of S,y with p 2 (o) such that S(,y — S
induces an isomorphism Ry, := (S(v))p — S(q) and such that the by o induced family in R is a
part of a system of regular parameters of R'y.

Proof. By remark (2.5.8) we have y € Bp,. In particular the elements Zi,...,Z; lie in q.
Choose derivations 9; : k - k with 8;(a;) = d;; (see remark (3.5.2)). Let 9Y denote the induced
derivations Sq —» Sy with 87 ({X1,...,Xm,Y1,..., Y0, Z1,..., Z;}) = {0}. By remark (2.5.8) we
have 71,...,m, € m? for the maximal ideal m := g4, of A,. For all ¢,j we have 9/n; € mPL
Inductively every element of the form 3;”1 e 821, for p < p, lies in mP™* and therefore it lies in
mn .S =gq. Then, in the respective cases, we get

(Type 3) m, X3 +aaX? , X2 +a3X?eq,
Type 4-1 or type 5-1) 11, X2 +axX? , X2 +a3X? eq,
2 4 3 4

(Type 4-n or type 5-n for 2<n<4) n,...,0n, Xi+a1 X7, Xo+a2X?, X5+a3X? €q,
(Type 5) m1, Xi+2a1 X3+as X3 +2a1a0 X3, X3+2a1 X3, X3+a1 X3+a? X3, 2X5+2a2X3 ¢
q,

ype o- 15 +asig, +azAy, +ag +ai €q,
Type 5-5) n1, X7 +a3X2, X2 +a3X?, X2+axXi+a1X2¢eq
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(Type 5-*) n1,... 70, Sy (000ig;) (X2 +a; X2) eqforall 1<i’' <4,1<j<n.

We have do;g; = Zf,:l 0yr0;g;day in Q' (k) and by remark (3.5.2) the elements da; are k-linearly
independent. Thus by assumption the four elements (0y019;)irj, - - -, (0i049;)ir ; of the k-vector
space k%" are k-linearly independent. Thus we get in the case of type 5-*

2 2 2 2
771,...,774, Xl +G/1X5,...7X4+a4X5 eq.

For the further argumentation in the case of type 5-5 we distinguish the cases X5 € q (case 1)
and X5 ¢ q (case 2).

In every case the element v € S lies not in q. This follows, in all cases except the case 2 of type
5-5, from q # .S, because v € ¢ would imply

q92(Z1,-- s Z1smiy ey, XYoo XE ) = (2, 2, Y YR XY XE )

YT no

in contradiction to q # S;. Let p denote the by q induced prime ideal of S,y. Then we have
S(q) = (S(v))p and we have b+ c C p for the ideals of S,

b= <Z1/U,.. .,Zl/v) = (Zl,... ,Zl) and
(Type 3 or type 4-1 or type 5-1)

¢= <771/U2a (X22 + GQUQ)/’UQ, (X?? + CL3’U2)/U2> = <y12a X, X3)a

(Type 4-n or type 5-n for 2<n<4) c= (Vi ..., V2 X1, X, As3),
(Type 5) = (W35 Wi, W2 Wi, Wa),
(Type 5-5, case 1)

¢ = (m/v?, (X5 +a3X3) /v, (X35 + aeX}) [0?, X1 [v, X5 /v) = (UF, Us,Us, X1 /v, X5/v),

(Type 5-5, case 2)

¢ = (0%, (X7 +a3X5) /0%, (X3 + a3 X3) 0%, (X5 + a2 XF + a1 X3) [0?) = (VI V3, Vs, V),

(Type 5-%)

c= (Y2 +q X2) v, (Y2 + gn X2) 02, X1, Xa) = (V2 V2 X, ).
One sees that the ideal (o) of S,y generated by the family o is the radical ideal of b+ ¢. Thus
b+ c < p implies (o) < p.
It remains to show that, as a family of elements of R, o can be extended to a system of regular
parameters of R};. Let ¢ be the number of elements of 0. We show below that R./(o)Rf =: C'is
a regular ring of dimension dim R, —¢. Then R /(o)R}; has a system p of regular parameters of
length dim R}, —t. Let p; be a lift of p to a system of elements of R7%,. Then (p;,0) has dim R,
elements and it generates the maximal ideal of RY,. Therefore o has the wished property.
The ring C = R /{0)R}; is a localization of the ring B := S(,y/{o) by the prime ideal pB. We
calculate B and dim B for each type of the Hironaka scheme.
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(Type 3) B =zk(\/az,\/a3z), dimB =0,

(Type 4-1) B =zk(\/az,/a3)[X4/v], dimB-=1,

(Type 4-n for 2<n<4) B=zk( /a1, /a2, /a3), dimB=0,

(Type 5-1) B = k(\/a2,+/a3)[X4/v,X5/v], dimB =2,

(Type 5-n for 2<n<4) B=zk(\/ai,\/a2,\/a3)[X5/v], dimB=1,

Type 5) Bzk(a” a)*), dimB=0,

Type 5-5, case 1)) B =k(\/az,\/a3z), dimB =0,

Type 5-5, case 2)) B = k(\/a3)[Xs/v, Xa/v]/{((Xs3/v)? +az(X4/v)? +a1), dimB=1,

Type 5-%) B =k(\/a1,/a2,/Gs,/a1). dimB=0.

We see that in the case of every type of the Hironaka scheme, except case 2 of type 5-5, the ring B
is a polynomial ring over a field in 0, 1 or 2 variables. Thus in these cases C' is a regular ring. In
case 2 of type 5-5, if C would not be regular, than the by (X3/v)?+az(X4/v)?+a; induced element
7 of Dyp for D := k(\/a3)[Xs/v, X4/v] would lie in the second power n? of the maximal ideal n
of Dyp. The elements ay,as of k(\/az) =: K are 2-independent. Choose a derivation 0: K - K
over K? with d(a;) =1 and d(as) = 0. Let dp denote the induced derivation Dyp — Dyp with
Op({X3/v, X4/v}) = {0}. Then the assumption would imply 1 = dp(r) € dp(n?) € n which is a
contradiction. Thus in all cases C' is regular. Further we have

(
(
(
(

dim Ry, — dim Ry /(o) R, = dim (S(y))p —dim Byp
= dimS(U) - dlmS(v)/p —dim B + dlmB/pB

=n+m+l-1-dimB=¢

As explained above now we find a system of elements p; of R, such that (p;,0) is a system of
regular parameters of R';. O

Corollary (3.5.9). Let mi,...,n, €U €S be the homogeneous additive elements from corol-
lary (3.5.7) of degree p = char(k) (p = 3 in the case of type 5 and p = 2 else). The induced
elements n) :== v™Pn; € (S(U))p =Ry, (fori=1,...,n) can be written, depending on the type of the
Hironaka scheme, in terms of elements of o as follows.

(Type 3 or type 4-1 or type 5-1) n| =V?+ XX,

(Type 4-n or type 5-n for 2 <mn <4) nl =Y+ XX, for {i,j,k} = {1,2,3} and
ny=Vi+ a1V} +aoVi+asVi + X1 XoXs,

(Type 5) 1} =W3+ai W3 +asW3 + Wi,
(Type 5-5, case 1) n; = Z/{12 + a1 (X1/v)? + ara3(Xs/v)? + Uslhs,

(Type 5-5, case 2) n|=V?+ay-V3+V3Vy,
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(Type 5-*) n]= yfi + P+ R; for 1 <i<n where the elements P; are non-zero k-linear
combinations of elements of the form X;X;, for 1 <i < j <4, and the elements R; lie in
the third power mi’%, of the mazimal ideal mp  of RY,.

E E

Proof. In every case except the case of type 5-* the claim is verified by a short calculation. For
the identity in the case of type 5-* we set N :={1,2,3,4} and for every subset I ¢ N we set

X} = H(Xl/v), X[ = HX“ ag = Hai, 8[ = H@Z

1el iel iel 1el

Then we have g; = ;e Ajzar for suitable coefficients A;; € k% (for j € {1,...,n}). For the
elements p(g;) (see definition of V,,, (3.5.7.A)) we have

p(g;) = 2 Na(XD)? = D N D Xgapg = 2 Nir o, Xy-0sar =Y. (959;) X
IcN IcN Jel IcN JEN JEN

4
=gi+ ), (Dig))Xi+ Y, (919X
i=1 JEN, #£J>2

Thus we have 7; = (Y;/0)? + 211 (0,9) (Xifv)* +a;) + gj = y,?j + P; + R for

Pi:= Y (959)X;, Rj= > (9595)%;.
JCN, #J=2 JEN, #J>2

For coefficients ci, ..., ¢, € k% we have following equivalences

>eiPi=0 = e > NiXjaps =0
i 7 JCICN,#J=2

< for all subsets I € N with #1I > 2 one has ch)\ﬂ =0
J

©2G9=2G ) A

J J TSN, #I<1
Thus Pi,..., P, are k*linearly independent, since 1, a1, as,as,as, g1, ..., gn are k2-linearly inde-
pendent. In particular the P; are non-zero. This completes the proof of corollary (3.5.9). ]

In the proof of theorem (3.6.1) below we study the behavior of the dimension of the ridge. Since
the dimension of the ridge is invariant under base change with field extensions, at some point of
the proof one can assume that the field is perfect. This simplifies the situation as follows.

Corollary (3.5.10). Let ni,...,n, €S be as in corollary (3.5.7) and let ny,...,n,, € Ry be
as in corollary (3.5.9). Let K|x' be the extension of the residue field k' of Ry, by a perfect field
K. There are

o o symmelric algebra S = ®;nS; over K,
e a graded K -subalgebra S’ of S,
o a K-basis (X1, Ty Yls--->Yn, 215---,21) 0f S1 and

e isomorphisms of graded K-algebras a: S ®, K - S, o' : grR, . K - S,
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such that we have

(3510A) (04(771)»--~aa(7ln)a0¢(zl)a---a04(zl)) = (yj]i)a"'aygazlw--azl)a
(35.10B)  (a/(mn)).....a" (). 0" (21,0 (Z0)) = (48 + hveo ot Bz, 2)

for hi,...,hy €S, depending on the type of the Hironaka scheme, as follows.
(Type 3 or type 4-1 or type 5-2 or type 5-5) hi =129,
(Type 4-n or type 5-n for 2<n<4) h;=xz;x; for {i,j,k}={1,2,3}, ha =0,
(Type 5) hi = -3,
(Type 5-*) hi,...,hy € k[ziz;|1<i<j<4]\{0}.

Proof. Let § be a symmetric algebra over K with dimg &1 = n+m + 1. We choose a K-
basis (21, Tm, Y1, Yn, 21,---,21) of Sy for natural numbers n,m,l as above. We iden-
tify Xq1,..., Xm, Y1,..., Y0, Z1,...,7Z; with their image in the symmetric algebra S ®; K =
Symy(S1 ®r K) over K. As K is perfect, for every j € {1,...,n} there is a unique homo-
geneous element €; € 51 ® K with e? =n;. The family

(Xl,...,Xm,El,...,En,Zl,...,Zl)
is a K-basis of S1 ®; K. There is a unique morphism « : S ®, K — S of graded k-algebras with
(a(X1)y.ya(Xp),aler),...,alen),a(Z1), ... va(Z)) = (T1, oy Ty YLy - oo s Yniy 21y - -+ 5 21)-

Then « is an isomorphism and satisfies (3.5.10.A). Let mp: denote the maximal ideal of R.
For a system (p1, ..., pt) of regular parameters of R, its image (inp1,...,inp;) in the symmetric
algebra grR, ®,/ K = Symy (m R, ®Rr, K ) over K is a K-basis of m r, ®p;, K. Every homogeneous
additive element P of grR7, ®,.s K of degree p has a unique element @) of mpr ® Ry IC with QP =P.
Thus, depending on the type of the Hironaka scheme, there are elements €], ..., €}, of My O K
with

(Type 3 or type 4-1 or type 5-1) inn| = 6’12 +inXs - inA,

(Type 4-n or type 5-n for 2<n<4) inpy] = 622 +in&jin&y, for {i,7,k} = {1,2,3}, and
i) = in(n) + X1 Xed3) = €7,

(Type 5) inn| = €, + mW2inWs,

(Type 5-5, case 1) inn| = €, + inldyinlds,

(Type 5-5, case 2) inn| = €, + inVsinV,

(Type 5-*) inn) =in(n) +R;) = € +inP; for 1 <i<n.

By corollary (3.5.8) we can extend o, as a family of elements of R}, by suitable elements
Ti,...,Ts to asystem (o, 71,...,7T;) of regular parameters of R%;. Then the family

. . 7 7 . .
(p1s-- s Py, inT1, .., inTg, €1, ... €,,in21, ..., inZ;)

is a K-basis of m R, ®x K where, depending on the type of the Hironaka scheme, the p1,...,pp
are as follows.
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Type 3 or type 4-1 or type 5-1) (p1,...,pm’) = (inXo,inAX3),

Type 4-n or type 5-n for 2<n<4) (p1,...,pn) = (inX1,inXy, inXs),
Type 5)  (p1,-..,pm) = (InWs, inWy, inWy, inWs),

Type 5-5, case 1) (p1,...,pm) = (inlha, inlds, in( X1 /v),in(X5/v)),
Type 5-5, case 2) (p1,...,pm) = (inVs,inVy, in)s),

Type 5-*)  (p1,...,pm) = (inXy,. .., inkXy).

(
(
(
(
(
(

Then there is a unique morphism o’ : grR ®,.» K - S of graded K-algebras with
(' (p1),..., & (pp), @' (inT), ..., o' (inT5), ' (€}), ..., a (€),),a'(inZy),...,a (inZ)) =
= (:Elv s T s T 1y e Tml4sy YLy - Yny By - e e Zl)'

Then o' is an isomorphism on its image=: " and satisfies (3.5.10.B). O

Remark (3.5.11). In all cases except the case 5 -5 we have k' = k(a;/pli) and therefore

/

the elements €}, ... €, lie Mpr O k' = mp . Thus the proof shows that in these cases corollary

(3.5.10) holds if we set k' =: K (then K is not necessarily perfect).

3.6 Reduction to algebra
Using the results from the last section we prove

Theorem (3.6.1). The theorem (3.2.5) holds if the theorem (3.2.6) holds.

Proof. Assume the situation of theorem (3.2.5). Let C be the subcone of a vector group V
over k. Let S denote the symmetric algebra I'V over k and let I denote the homogenous ideal
ker(S — I'C) of S. We have a commutative diagram of schemes

By =}t ({a})—V' oy

J

Ec =t ({a))——C"' " 0C

where m¢, Ty are point blow-ups in  and the two left vertical morphism are the induced closed
immersions. We get a commutative diagram local rings at x resp. z’

R,<~—R <~—R

;L]

B B ~—TR

where R resp. R is the localization of S resp. S/I by the maximal ideal S, € S resp. S, € S.
The morphism of rings S — R induces an isomorphism of k-vector spaces resp. k-algebras
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Sy = mp/m% resp. S = grR where mp denotes the maximal ideal of R. By remark (2.1.7)
we have Ey = Proj(grR) = P(V) = P. Identify 2z’ with its image in P. Let Bp, denote
the Hironaka scheme at 2’ € P. Let Up, € S denote the ring of invariants of (Bp,, V). By
lemma (2.1.9) there is a regular parameter v € R and a prime ideal ¢ of R[mpg/v] such that
(R[mp/v])s and R’ are isomorphic as R-algebras. By lemma (2.6.7) there is a standard basis
(fi,-.., ft) of J:=ker(R - R) = IR with in(f1),...,in(f;) € Ups. Copying the argument in
the proof of theorem (3.1.2) we get the inequality dim Bp ,» < dim C <5 and we get that Bp . is
not a vector group. Then Oda’s result gives us a characterization of Bp ./ as cited in theorem
(3.5.5). Then the characteristic p of k is two or three. By corollary (3.5.7) there are a k-basis
(X1, X, Y1,..., Y0, Z1,...,Z)) of S1 and certain homogeneous elements 7, ...,7, of S of
degree p with
Z/{]p,xl = k‘[?]l, ey Nn, Zl, ey Zl]

Write &' := k(z"). We have k = k(z). We have to show

(3.6.1.A) dimRid¢r 4 + trdeg(r'/k) < dim Rid¢
Let C}; denote the cone Spec(grﬁ%) over k'. By definition we have
(3.6.1.B) Ridc, = Rid(C), Ridg, . = Rid(Cg).

Let K|x' be a extension of k" by a perfect field K. By remark (2.5.14) or by corollary (3.7.17)
we have

(3.6.1.0) Rid(C xj, K) 2 Rid(C) xx K, Rid(Cf x.r K) 2 Rid(CF) x, K.
By corollary (3.5.10) there is a symmetric K-algebra S, a graded K-subalgebra S’ of S, a K-basis

(xly---7xmay17"'7yn7z1>"'azl) = (Eagaz)

of 81 and isomorphisms of graded K-algebras a: S xy K - S, o' : grR%, ®,r K - S’ such that
the following diagram of graded K-algebras commutes

SXkK = S

K[nla"'ann7Zh---7Zl] K[ylljaay’g?é]
0 P

Klinni,...,inn,,inZy,...,inZ)| — K[y} + h1,...,yh + hy, 2]

grRy, ® K = S’

where we write 7 = 7; - (inv) ™ and Z; = Z; - (inv)™" € grR(iny) S R, where hi,... hy, € S
are some homogeneous elements of degree p specified in corollary (3.5.10), and where for all
ie{l,...,n}, je{l,...,1} we have

a(m) =y}, o () =y +hi, 0(n;) =inni, D)) =y +hi,
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Oé(Zj) =Zj, O/(ian) =Zj, Q(ZJ) =ian, ’QZJ(ZJ‘) =Zj.
Define the finite sets of homogeneous elements
F:=a({inf1,....infy}) < K[y},....98,z], F =¢(F)cK[y]+hi,....y5+hy,z]

By lemma (2.6.7) we may assume that the elements fi,..., f; have the property that, for the
elements v; :=inf; - (inv)‘”(fj) € 8rR(iny) € R’ the tuple (¢1,...,1;) is a standard basis of the

ideal ker(R}, — R;;) of R}, and for each j € {1,...,t} one has v(¢;) = v(f;). Then we get an
isomorphism of graded x’-algebras

gr Ry = (grRYy)/(inty, . .., inty).

The morphism 6 maps inf; to iny;. Thus ' induces an isomorphism of graded K-algebras
grﬁ% x, K = S'[(F"). The last diagram induces commutative diagrams of cones over K

1% ]k K Z SpeJc(S) Spec(grRy) xu K ? Spec(S”)
Cxp K = > Spec(S/(F)) C};J,{fK—N>Spec(S’/(F’))
Rid(C x4 K) —= Rid(Spec(S/(F)))  Rid(Cly x, K) —== Rid(Spec(S'/(F")))

Where 3,7, 4, € are isomorphisms of additive groups over K. Let Uy € S resp. Upry € S’ denote
the ring of invariants of (Rid(Spec(S/(F'))), Spec(S)) resp. (Rid(Spec(S’/(F"))),Spec(S’)). By
remark (2.5.6) we have

dim Rid(Spec(S/(F))) = dimS - dimUpy, dimRid(Spec(S'/(F'))) = dim S’ — dim U .
With (3.6.1.B) and (3.6.1.C) we get
(3.6.1.D) dimRid¢; = dim S —dimlpy, dimRidg, . = dimS’ - dim U pry.
By lemma (3.4.1) we have dim Rid¢r , = dimRidg,, v + 1. We get
(3.6.1.E) dim Rider pr = dim S’ - dim Uy + 1.

Let q denote the to z’ € P associated homogeneous prime ideal of S. Then R, and S(q) are
isomorphic. For the homogeneous element w := v € S and the prime ideal p of S, from
corollary (3.5.8) we have an isomorphism of rings (S(,))p & S(q)- Thus the residue field ' of R},
is the quotient field of S(,,)/p. Then we have

dim S(w) = dim(S(w))p + dim S(w)/p =dim Rb + trdeg(/@'/k‘).
Combining this with

dim Sy =dimS -1, S@,K=S, gRpesK=S
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we get
(3.6.1.F) dimS -1 =dim S’ + trdeg(x'/k).
Combining (3.6.1.D),(3.6.1.E) and (3.6.1.F) we get
dimRider o + trdeg(x'/k) = dim Ridc, + (dimU py - dim U pry).

Thus the claimed inequality (3.6.1.A) follows if we show the inequality dimf; ) — dimUzry < 0.
By theorem (3.2.6) we have the stronger inequality dimi/py + 2 < diml . Note that the
assumption dim(S/(F')) = m from theorem (3.2.6) is satisfied because we have

m =dimBp z < dim C = dim(S/(F)) < dim(S/{y1, ..., Yn, 21, ..,21)) = m.

3.7 On Giraud bases and computation of the ridge

We recall the Buchberger algorithm for calculating (reduced) Grobner bases. A reduced Grobner
basis is a Giraud basis (lemma (3.7.14)). The ridge of a cone can be calculated by applying
differential operators on a Giraud basis, see theorem (3.7.16).

Let k be a field. For the whole section let S := k[X1,...,X,] be a graded polynomial ring
over k, i.e. S = ®,enSy is a symmetric algebra over k and (Xi,...,X,) is a k-basis of Sj.
Let I ¢ S be an non-zero ideal (not necessarily homogeneous). A finite subset of U,nS, will
be called homogeneous finite subset of S. For a multi-index « = (a1,...,a,) € N” we write
X% = X" ... X, For a polynomial f = ¥ enn Aa X, Aq € k, of S and for a multi-index
B e N"™ we write fg:= \gX”. For multi-indices a = (a1,...,a5),8 = (B1,...,5s) € N* we write
a! resp. (g ) for the product of factorials resp. of binomial coefficients

ap!-...-ay! resp. (61)(5")

a1 (7%

where we set (g "_) =0 if §; < ;. For a multi-index o € N” let D,, denote the k-linear map S — S
with

- (e

for all g € N®. The maps D,, a € N, are differential operators on S and they are also called
Hasse-Schmidt derivations.

Definition (3.7.1). For a finite subset F = {f1,..., fm} €S we define the k-subalgebra of S
Us(f1y. oy fm) =Us(F) :=k[Dyf|f € F, aeN"].
Remark (3.7.2). a) For arbitrary o, 3 € N one has Dy o Dg = (a;'B)DMIg.

b) For o € N define the Z-linear map 0% : Z[X1,...,X,] = Z[X] - Z[X] with 03(X?P) =
(B (B-a))XP~, BeN". One has 05 = [T}, (%)™ where we write a = (au1,...,an) and
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where ey, e, ..., e, denote the elements (1,0,...,0), (0,1,0,...,0), ..., (0,...,0,1) of N™.
With an induction on || = a1 + ...+ oy one can prove for all z, 2" € Z[ X] the equality

fo% « 4
B(z)= % (5)(852)(85 .
/BzﬁleNnv ﬁ+ﬁ/:a
Using the identity
Do =((a)'0g) @z k:S=2[X]@zk~Z[X]@zk =S

one gets for all s,s' € S

Da(s . S,) = E (Dﬁs) . (DBIS,).
ﬁ75/€Nn7 5+6,:a

¢) For an additive element a of S and for a multi-index o € N™ one has Dya € {a} Uk.

Definition (3.7.3). A monomial order on S is a total order < on N" such that the
induced order (also denoted by <) on the image of the injective map N - S : o —» X% is
compatible with the divisibility relation and with the product of in S, i.e. for all multi-indices
a,Ba’, 3 eN"

i) X\ X? implies X < X? and

i) X*<XP and X < X% imply X*- X < X8 . X5

Example (3.7.4). a) For «, € N" define
a<ex B = a=p or Bi-a;>0=01-®i1=...=p1 -« for some i€ {l,...,n}.
We call <jo, the lexicographical order on N™. It is a monomial order on S.

b) For «, 3 € N" define
aégrlexﬂ = (|Oé|,0[) < (|/B|7ﬁ)

for the the lexicographical order <" on NxN". We call <gjex the graded lexicographical
order on N™. It is a monomial order on S.

c) Let < be a monomial order on S. Then for every permutation of the basis (Xi,...,Xy),
i.e. for every automorphism o of {1,...,n}, we get a monomial order <, on S as follows.
Write (aq,...,0n)0 = (Qs1,y .-, Qgn). Define a <, 1< a, < Sy

Remark (3.7.5). Not to confuse monomial orders with the product order on N™ we write
<c for the product order, i.e.

a<.f < pB-aeN'
Definition (3.7.6). Let < be a monomial order on S.

a) For a polynomial f € S\{0} we define the multidegree of f and the leading term of
f(w.r.t. <) by

multideg f := max{a e N" | fo, # 0}, LT[ := fultideg f
and call f monic if LTf = X™wtdeef  yye set LTO := 0.
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b) We write (LT(I)) for the ideal (LTf|feI) of S.

¢) A Grobner basis of I (w.r.t. <) is a finite subset I’ € S which generates I and has
the property (LT(1)) = (LTf|f € F). Such a set is called reduced Grobner basis of 1
(w.r.t. <)if 0¢F, the elements of F' are monic and for every two distinct elements f,g
of F' and every o € N™ with LTg|f, one has fo = 0.

Remark (3.7.7). For elements f,ge S\{0} we have
LT(fg) =LTf-LTg, multideg(fg) = multideg f + multidegg.

The Buchberger algorithm gives a method to compute a reduced Grébner basis of an ideal of S
(see theorem (3.7.11)).

Definition (3.7.8). Fiz a monomial order on S and let F € S be a finite subset.

a) An element f € F\{0} is called reducible by F\{f} if there are a multi-index o € N™ with
fa #0 and an element g € F\{f} with LTg|f,.

b) Let f € F\{O} be reducible by F\{f} =t G. A one-step reduction of f by G is an

assignment
G s G / h !/ — _ fCM
DU GOlr) where o7 o)
for some a € N", g e G\{0} with LTg|fs #0 and for some c € k\{0} such that f' is monic
or f'=0.

¢) Let f©O e F\{0} and F\{f©} == G. A reduction of f(°©) by G is a sequence of one-step
reductions

Gu{f s Gu{f s Gu{fP ...
such that for some k € N the element f(k) s zero or not reducible by G.
d) A reduction of F is a sequence

F=rFO M, p@ ..

where for every i = 0,1,2,... the assignment F) — FO*D 45 4 reduction of an element

feFD by FO\{f} and for some k e N no h e F®N\{0} is reducible by FFN\{h}.

e) For f,g e F\{0} we define the s-polynomial of f and g

m

s(f,g) = flgb—f—gﬁg

where m is the monic smallest common multiple of LT f and LTg.
f) A Buchberger step on F is a sequence
F'—)F, - F// . F///

where F' == Fu{s(f,g)} for some f,g € F\{0} with s(f,g) ¢ Fu{0}, F' » F" is a
reduction of s(f,g) by F and F"":= F"\{0}.
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g) A Buchberger algorithm on F is a sequence of Buchberger steps
F=FO s p® p® .,

such that for some k € N the system F®) is a Grébner basis of (F).

Remark (3.7.9). a) Let F — F' be a reduction of an element f € F by G = F\{f} or a
Buchberger algorithm. Then F and F' generate the same ideal in S.

b) A reduction of a Grébner basis F of (F) is a Grobner basis of (F') again. To see this it is
enough to assume that the reduction consists of a single reduction step. A subset H € S is
a Grobner basis of (H) if and only if for each h € (H) there is some q € H with LT q|LT h.
Let F = Gu{f} —» Gu{f'} be a one step reduction and f' = c(f - gfa/LTg), G, f, g,
a as in definition (3.7.8)b). Let h be a n element of (F). By assumption on F there is
some q € F with LT q|LTh. If g € G then q € GU{f'} and we are done. Assume q = f.
If o = multideg f then LT g|LT f|[LTh. Thus g€ G < GU{f'} has the wished property. If
a #+ multideg f then multideg f = multideg f" and therefore LT f'|LT h.

The following theorem is known as Buchberger’s Criterion.
Theorem (3.7.10). As in the definition above fiz a monomial order < on S and let F ¢ S

be a finite subset. The set F is a Grébner basis of (F) if and only if for all pairs f,g € F\{0}
with s(f,g) #0 one can write

S(fvg): Zah'h

heF
for elements ay, € S with multideg s( f, g) > multideg(ay, - h) if ap - h # 0.

Proof. [CLOJ, theorem 6 on page 85. O

Theorem (3.7.11). Fiz a monomial order on S and let F' € S be a finite subset.
a) Every element 0 # f € F' has a reduction by F\{f}.

b) There is a Buchberger algorithm on F.
¢) If F is a Grébner basis of (F'), then there is a reduction of F.

d) There is a Buchberger algorithm F — F' of F and a reduction F' — F" of F'. Then F"
is a reduced Grobner basis of (F).

Proof. a) [CLO], proof of theorem 3 on page 64.
b) [CLO], proof of theorem 2 on page 90.
c¢) [CLO], proof of proposition 6 on page 92.

d) Follows from b) and c) and remark (3.7.9).
O

Remark (3.7.12). Fiz a monomial order on S and let F' € S be a finite subset which
generates I. Let F' — F' be a Buchberger algorithm and F' — F" be a reduction as in theorem
(8.7.11). Let M be a subset of S with F' € M with the property that M is stable under one-step
reductions and under forming the s-polynomial (f,g) ~ s(f,g), i.e.
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o If f,ge M, a e N" with f +g, 0+ f, € (LTg) and c € k\{0} such that f' =c(f - gfa/LTg)
is monic or =0 then f'e M,

o If f,g € M\{0} and m is the monic smallest common multiple of LTf and LTg then
s(f,g) = fm/LTf-gm/LTge M.

Then by definition of one-step reductions and of the s-polynomial the Grobner basis F' of I and
the reduced Gréobner basis F"' of I lie in M.

Definition (3.7.13). Let I be a homogeneous ideal of S. Consider the graded lexicographical
order on S. A Giraud basis of I is a homogeneous finite subset F' of S which generates I
and has the property that for every multi-index o € {multidegg|g € I\{0}} and every f € F with
|o| < degf one has Dy f =0.

Lemma (3.7.14). Let F be a reduced Grébner basis of I w.r.t. the graded lexicographical
order and assume that the elements of F' are homogeneous. Then F' is a Giraud basis of I.

Proof. Let f be an element of F' and let g be an element of I\{0} with |a| < deg f for « :=
multideg g. Since F is a Grobner basis of I we have LTg € (LTh|h € F). This yields the
inequality multideg h <. « for some h € F'. We have h # f because degh < |a| < deg f. Let v € N™.
If multidegh £. 7, then o £. v and therefore D, f, = 0. If multidegh <. v, then multidegh <~y
(property of monomial orders) which implies f, = 0 (the Grébner basis is reduced), in particular
Dafy=0. We get Do f =3 enn Dafy =0. O

Corollary (3.7.15). Let I be generated by a homogeneous finite subset F' of S. For the
graded lexicographical order let F' — F' be a Buchberger algorithm and F' — F" a reduction.
Then F" is a Giraud basis of I.

Proof. The set M of all homogenous elements of S has the properties from remark (3.7.12).
Thus the elements of F" are homogeneous. Since F" is a reduced Grobner basis of I (see
theorem (3.7.11)) it is a Giraud basis of I (see lemma (3.7.14)). O

Theorem (3.7.16). Let I be a homogeneous ideal of S and let F' be a Giraud basis of I.
Then Us(F) is the ring of invariants of (I,S) (see definitions (2.5.15) and (3.7.1)).

Proof. [BHM], corollary 2.3. O

Corollary (3.7.17). For a cone C over k and any field extension K|k the additive groups
Rid(C) x; K and Rid(C xj K) over K are isomorphic.

Proof. Let V be a vector group over k which has C' as a subcone. Set S: =TV, I :=ker(I'V —
I'C). Choose a k-basis x1, ...,z of S1. Let F' be a Giraud basis of I (it exists by theorem (3.7.11)
and lemma (3.7.14)). Then F is a Giraud basis of I ®; K w.r.t. the K-basis z1®1,...,2,®1 of
(S ®r K)1 where we identify F' with its image in S ®; K. Then by theorem (3.7.16) the graded
subalgebra

Use,k (F) =Us(F) & K

of S x; K over K is the ring of invariants of (Rid(C x; K),V x; K). The isomorphism
(S/{Us(F)i)) o K 2 (S K)/{(Us(F), ®; K) of graded K-algebras induces an isomorphism
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of additive groups over K
Rid(C) xj, K = Spec((S/{Us(F)+)) @ K) = Spec((S & K)/(Us(F); ®; K)) = Rid(C x; K).
O

3.8 Proof of theorem (3.2.6)

In this section we prove theorem (3.2.6). This will complete the proof of the main theorem.
First we need some lemmata. Until end of this section let & be a field of characteristic p > 0
and let S = k[z1,...,Zm,Y1,---+Yn, 21,---,21] be a graded polynomial ring over k, i.e. S is a
symmetric algebra over k£ and

($17'-'7xm7y17'")yn)zl7"'7zl) = (@a%?g)

is a k-basis of S1. As in the section above a finite subset of U,S, will be called homogeneous
finite subset of S. For a subset A of S or a tuple v := (v1,...,vs) of elements of S we write (A)
resp. (v) for the ideal of S generated by A resp. vy, ...,vs.

In the proof of the inequality dimpy +2 < dim ) from theorem (3.2.6) we will write Uiry =
K[u] for a family k-algebraically independent polynomials u = (ug,...,us) and show that there
is a K -algebraically independent family of polynomials v’ = (uy, ..., u$) in Uy, py, which assures
dimUpy < dimUypy. For this argument we need lemma (3.8.2). Further we will show that u
can be extended to a K-algebraically independent family in U,y by at least two elements. This
will be achieved with lemma (3.8.14).

Lemma (3.8.1). Let F be a finite subset of S. Set v:i=m+n+1.
a) For allueUs(F) and all « € N” one has Dou € Us(F') (see definition (3.7.1)),
b) For every finite subset G of Us(F') one has Us(G) < Us(F).

Proof. a) The element u is a k-linear combination of elements of the form Dy, g1-...-Dq, g for
teN ag,...,aqp e N”and g1,...,g: € F. We show with an induction on ¢ that D,u € Us(F).
Ift =0thenu=1and Dyu ek cUg(F). Ift =1 then u = Dy, g1 and Dyu = (O‘f‘l)Damlgl €
Us(F) (see remark (3.7.2)). Assume ¢ > 2. Write h:= Do, g1+ ... Do, ,9t-1, b’ := Dq, gt
For all § <. a one has Dgh € Us(F') and D,_gh' € Us(F') by induction hypothesis. Then

with remark (3.7.2) we get Dou = Y 5c,0 Dgh - Do_gh' € Us(F).

b) The k-subalgebra Us(G) of S is generated by elements D,(g) for g € G, a € N”. By a)
these elements lie in Ug(F).
O]

Lemma (3.8.2). Let ¢ denote the morphism S — S of k[y, z]-algebras with ¢(x1) = ... =
d(xp) =0. Let g € S\k be a homogeneous element. There are homogeneous additive elements
C1y...,¢ of S with

Us(p(q)) = k[o(c1), ..., d(c)], Us(q) 2 k[er, .., cr]

such that ¢(c1),...,0(¢;) are k-algebraically independent.
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Proof. We may assume (y,z) =y and ¢(q) # 0.

First case: ¢(q) additive. Then we have Us(4(q)) = k[¢(q)]. The element ¢ is a Giraud
basis of the principal ideal (¢) of S. Then by theorem (3.7.16) Us(q) is the ring of invariants
of ({(¢),S). Thus there is a set of homogeneous additive elements A ¢ S with Us(q) = k[A].
Let B be a homogeneous additive basis of ¢(.A) (see definition (2.3.5)). By lemma (2.3.8) there
are coefficients \, € k and p-powers ey, b € B, with ¢(q) = Y pe b because ¢(q) € d(Us(q)) =
K[$(A)]. Choose elements a, € A with ¢(ap) = b for all b e B. Set c:= Y5 Apa,’. Then c is
a homogeneous additive element of S with ¢ € k[ A] = Us(q) and we have Us(d(q)) = k[P(q)] =
k[o(c)].

Second case = the general case. An arbitrary element of Us(#(q)) is a finite sum
1 7
for suitable coefficients \; € k and multi-indices o, € N™. Then for a suitable r € (x) we have
u=r+s for s= Z)\i-(Daiq)-...-(Da;q) eUs(q)
7 k2

which implies u = ¢(s). As above by theorem (3.7.16) there are k-algebraically independent
homogeneous additive elements w1, ..., u; € k[y,z] with Us(é(q)) = k[u1,...,u]. Then we find

homogeneous elements s1,...,8; € Us(q) with ¢(s1) = u1,...,d(s;) = w;. By the argument of
the first case for every i € {1,...,l} we find a homogeneous additive element ¢; € Ug(s;) with
¢(c;) = u;. Then by lemma (3.8.1) the ¢; lie in Us(q). O

Lemma (3.8.3). Let F' be a homogeneous finite subset of S and let g be a homogeneous
element of S with g € (F)\{0}. The g lies in (f € F'|degf < degg).
Proof. Write g = ¥ ¢cp Ay f for polynomials Ay € S. Let m; : S — S; € 5, j € N, denote the

projection on the jth homogeneous component. We have

g = Tdeggd = Z 7Tdegg—degf()‘f) - f.
feF,deg f<degg

O]

Lemma (3.8.4). Let ¢: S — S denote the kly, z]-algebra homomorphism with ¢(z1) = ... =
¢(2m) =0. Let a=(ay,...,as) be a finite family in k[z] and o' = (a,...,a’,) a finite family in
klz]+k[y, z] such that a and ¢(a’) = (#(ay),...,¢(ay)) are k-algebraically independent families
in S respectively. Then the family (a,a’) is k-algebraically independent.

Proof. Let k[T, T'] denote the symmetric algebra over k such that
(Ivzl) = (T17 . '7T87T1,7 L 7Ts,’)

is a k-basis of k[T, T'];. We have to show that the k-algebra homomorphism k[T,T'] - S with
T; ~ a;, T}, = a, is injective. This map is the composition

KT, T'] = K[T] &) K[T'] 5 k[z] ®4 k[T'] > k[z] ®4 k[T'] > S

where ¢ is the k[T"]-algebra homomorphism with o(7};) = a;, 6 is the k[z]-algebra homomor-
phism with T}, - T}, + a}, — #(a},) and e is the k[z]-algebra homomorphism with 77, - ¢(a).
The map ¢ is injective because a is k-algebraically independent, 6 is a isomorphism and e is
injective because ¢(a’) is k-algebraically independent. O
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Definition (3.8.5). a) For a homogeneous ideal I of S with I + (k[z] nI) define

dr := max{min{deg f | f € F\k[z]} | F' homogeneous finite subset of S with (F')=1}.

b) A homogeneous finite subset F' of S with (F) # (k[z] n(F)) is called k[z]-prepared if
dpy = min{deg f| f € F\k[z]}.

Example (3.8.6). For F := {21, 22 +x121, 2371, 25}, G = {21, 22,21}, I = (F) we have dj = 4,
(G) =1, G is k[z]-prepared and F' is not k[z]-prepared.

Lemma (3.8.7). Let F be a homogeneous finite subset of S with (F) # (k[z] n(F)). Then
there is a homogeneous finite subset G of S with G\F ¢ k[z] which satisfies (F') = (G) and which
is k[z]-prepared.

Proof. Choose a k[z]-prepared homogeneous finite subset H of S with (H) = (F') =: I. Set
Gi:={feF|degf>dr}, Gy:={heH|degh<d;}.

and set G := G1 UG9. Then we have G\F ¢ G9 € k[z]. The identity (G) = (F') follows from the
inclusions

(GYcT=(F)<(G1)+(feF|degf<ds)c(Gr)+(G2)=(G)
where the last inclusion ”‘€”’ holds by lemma (3.8.3). As H is k[z]-prepared, G is it, too. [

Lemma (3.8.8). Let E be a k[z]-subalgebra of S such that for all elements f of S and all
multi-indices o € N1 58 e N one has the implication

fek andgfﬁfaeS = g’ﬁfaeE.

Let I be a homogeneous ideal of S with I # (k[z]n1I). Let F be a k[z]-prepared homogeneous
finite subset of S with (F) =1 and assume F~ ¢ E, where we define

F=:={feF|degf=ds}.

Fiz a monomial order on S. Let F' — F' be a Buchberger algorithm and let F' — F" be a
reduction (see definition (3.7.8)). Then F'" has the same property as F, i.e. F" is a k[z]-
prepared homogeneous finite subset of S with (F"Y=1 and F""" c E.

Example (3.8.9). The k-subalgebra k[y, z][ziz; |1 <i < j <m] of S satisfies the assumption
on E of lemma (3.8.8).

Proof of lemma (3.8.8). By definition a Buchberger algorithm is a finite sequence of assign-
ments G — G’, where every assignment (see definition (3.7.8))

i) is a one-step reduction or
ii) has the form G~ G u{s(f,g)} for f,g € G\{0} or
iii) has the from G — G\{0}.
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The reduction F’ — F" is a finite sequence of one-step reductions. Thus we may assume that
F ~ F" is of the type i), ii) or iii). The claim is clear if F'+~ F"" is of the type iii).

Assume that F — F" is of type i). Then F' ~ F" has the form FF = Gu{f} » F" =Gu{f'},
where f e F\{0}, G=F\{f} and ' =c(f-gfa/gp) for an element g € G, a coefficient ¢ € £\{0}
and multi-indices o, 8 € N**™* with 0 # gg|fs. Then we have I = (F) = (F") and the element
f" is homogeneous. For f’ = 0 we have F"'” ¢ E and F" is k[z]-prepared. Assume f’ # 0.
Then we have deg f' = deg f > degg. We have to show that f’ € k[z], if deg f’ < d;, and that
f'e E, if deg f' = d;. For deg f' < d; the elements f,g lie in k[z], which implies f’ € k[z]. For
deg f' = deg g = dr we have f,/gs € k, which implies f’ € E. For deg f’ = d > deg g the monomial
gp has the form ¢ 27" for some ¢ ¢ k\{0}, B’ € N' and by the property of E the element falgg
lies in E, which implies f’ € E. Thus, if F'— F" is of type i), F" has the claimed properties.
Assume that F'— F" is of the type ii), i.e. F"' = Fu{s(f,g)}, where s(f,g) is the s-polynomial of
some f,g e F,ie. s(f,g)=fm/fo—gm/gs for some o, 3 € N* with f,,gg # 0 and for the monic
smallest common multiple m of f,, gg. Then we have I = (F') = (F"') and the s-polynomial
s(f,g) is homogeneous. For s(f,g) = 0 we have F''~ ¢ E and F" is k[z]-prepared. Assume
s(f,g) #0. Then we have degs(f,g) > deg f,degg. As in the case of type i) we have to show
that s(f,g) € k[z], if degs(f,g) < dy, and that s(f,g) € E, if deg s(f,g) = d;. For degg,deg f < d;
the elements g, f lie in k[z], which implies s(f,g) € k[z]. For degs(f,g) = dr = deg f = degg we
have m/fo,m/gg € k and thus s(f,g) € E. For degs(f,g) = dr = deg f > degg we have gg € k[z]
and m = " f, for some ¢”’ € k. Thus the property of E yields m/gsz € E, which implies s(f,g) € E.
This completes the prove of lemma (3.8.8). O

Next we introduce ”‘lexicographically prepared”’ families. They are only relevant in the case of
type 5-*.

Definition (3.8.10). A lexicographically prepared family of S is finite family F =
(hi,...,hs) of homogeneous elements of S of degree two such that

o hi,...,hs#0,

e multideg hy <jex . - . <lex multideg hs where <jox denotes the lexicographical monomial order
on S and

e for every choice 1 <i+# j <s the monomial (hj)multidegh; 5 2€ro.
Write |F| for the set {h1,...,hs}.

Lemma (3.8.11). a) Every k-subvector space V of S with V € ¥q¢icjcm Tivj -k has a
lexicographically prepared family as a basis.

b) Let F be a lexicographically prepared family in S with |F| € k[z;xj|1 <i<j <m]. Then
for every element h € |F| and every exponent e € Ny1 one has h® ¢ (|F\{h}).

Proof. a) The vector space V lies in the k-vector space with the basis (2;z;)1<icj<m. Write
{mizjll<i<j<m}={vr,...,0} with v <jex ... <lex Ut
Choose a basis B of V' and apply the Gaussian elimination on B with respect to (vy, ..., vs).
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b) There are iy < jo and A € k\{0} with LTh = Az xj,. Set J = (x;|i € {1,...,m}\{i0,70})-
Then we have LTh ¢ J and |F|\{h} € J, which implies h® ¢ J 2 (|F\{h}).
O

Lemma (3.8.12). Let hy,...,h, be elements of k[z] and assume
1) chark=p=3,n=1 and hy = 2123 or

2) chark = p = 2 and (hy,...,hy) is a lexicographically prepared family of S consisting of
elements of k[z;x;|1<i<j<m].

Let J be an ideal of S with J = (Jnk[z]). Then we have the inclusion
kly] +hi,....y8 + hy, 2] ﬁ(k[g,g]+J) ck[z]+J.

Proof. Write y” + h for (4 +hi,...,yh +hy). Let g be an element of k[y? + h, z]n (k[y, 2]+ J).
Write g = ¥ enn (yF + h)7g, for suitable g, € k[z]. We show that, for € # 0, g, lies in J. Then
we have g — go € J, which implies g € k[z] + J. Let ¢ € N*\{0}. Choose i € {1,...,m} with
€; # 0 and write ¢; = sq for a suitable p-power ¢ and an element s € Z\pZ. Set €' := ¢ — ge; where
€1,€2, ..., Enims denote the elements (1,0,...,0), (0,1,0,...,0), ..., (0,...,0,1) of N**™+_ Tet
N resp. N’ denote the k-subvector space of k[z] generated by the element hg resp. by the set
{h*|a e N"\{qge;}}. Then we have

NN =Nn{h"|aeN"\{qge;}, |a|=q} -k Nn(h;|je{l,...,n}\{i}) = {0},

where the last identity is trivial in case 1) and holds by lemma (3.8.11) in case 2). Thus the
k-linear map N @ N’ — k[z] is injective. Choose some k-subvector space N of k[z] such that
No N'e N" - k[z] is an isomorphism. Then for the k[z]-submodules of k[z, z] = k[z] ® k[z]

MI=N®]€/€[§:|, M’ :=N’®kk[§], M" = N”®]€]{?[g]

the induced map ¢: M & M'® M" — k[z,z] is an isomorphism of k[z]-modules. Let p denote
the composition of k[z]-linear maps

Tl -1 r o .5
S=k[z,y 2]z @ k2] 5 kzz] > MeoM oM "3 MEk[]S k2] cs.
- deN™

%:n ray” < (rs )sene rhi <ir

where pry.er, pry; are the obvious projections. Then we have p(k[y, z]) = {0} and p(J) € J, since

J is generated by elements of k[z]. We get
Y\ v-¢ -1 (€ -1 (54
el)hfy eg’Y:I:S '(61)96:3 '(q)ge:ge

sz(k[g,z]+J)9p(g)=s’1-aoprMo¢’1[ > (
€'<yeNn

where s = (Sqq) comes from the identity

>

1<j<s

?)quyq@_j) S(XT+Y9) = (X +Y)® = Y (qu)Xqus—i.
J 0<i<qgs v
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Lemma (3.8.13). Let f be a non-zero element of S of total degree d, i.e. the mazximal
degree of the non-vanishing homogeneous parts of f is d, and let o € N"*™* be o multi-index
with |a| = a1 + ... + Apeme 2 d. Then we have fo = Do f - (z,y,2)".

Proof. Write s:=n+m+1. Write f =¥, ns Ay (2,9, 2)7 for suitable A, € k. We have

Daf = (“)Aa(z, y.2) 0 Y (V)Av(z, §.2) = Aa 40
a veNs\{a} ‘&

because, if v # o, we have (Z) =0 for v —a € Z°\N® and Ay =0 for v - o e N°. O

Lemma (3.8.14). Let J denote the ideal (z;xj|1<i<j<m) of S. Let f be an element of
(J + k[y,z])\k[y, z]. Then there are two k-algebraically independent additive elements a1, ay €

Us(f) nk[z].

Proof. Write f = ¥ enym caz® for suitable cq € k[y, 2]. Choose a multi-index € N**! such that
there is some o/ € N™\{0} with (cu)s # 0 and such that || is equal to the highest total degree
of all ¢o # 0, o e N™\{0}. As above (_)g is the projection k[y,z] — (y,2)? - k. Then by lemma
(3.8.13) the Dgcy, for a # 0, lie in k and Dge, is not zero. We get

(3.8.14.A4) Dsf = 3 (Dgca)z® € (Jnk[z] + k[y, 2])\k[y, z].
aeN™
For an index i € {1,...,m} write z; for (z1,...,T,...,Zm).

Claim: For every i € {1,...,m} with Dgf ¢ k[xz;,y, z] there is an additive element a of S with
a€Us(Dgf) nklz;]. -

We will prove this claim below. As Dgf ¢ k[y,z], by the claim there is an additive element
a1 € Us(Dgf) nk[z]. Since ay ¢ k = n;k[z;] (a is additive), there is some j € {1,...,m} with
ai ¢ k[z;]. Then we have Dgf ¢ k[z;,y,2z]. Then by the claim there is an additive element as
of S with as € Us(Dgf) nklz;]. By lemma (3.8.1) we have Us(Dgf) € Ds(f), which implies
a,a2 € Dg(f)nk[z]. By ay ¢ k[%] > ag ¢ k the elements a1, ag are k-algebraically independent.

Proof of the claim: Write Dgf = Y!_o hsaf + r for suitable hs € k[z,], r € k[y, 2] with hy # 0.
From (3.8.14.A) we get hy ¢ k. Then for the multi-index 7y := te; we have D, Dgf = hy € k[z;]\k,
which implies k # Us(D,Dgsf) € k[z;]. by remark (2.3.12) and theorem (3.7.16) we find an
additive element a € Us(DDgf). From Us(D~Dgaf) € Us(Dgaf) we get a € k[z;] nUs(Dsf).
This completes the proof of the claim and the proof of lemma (3.8.14). O

Proof of theorem (3.2.6). We reformulate the statement of theorem (3.2.6) in our setting.
Let k = K be a perfect field. Let hq,...,h, be homogeneous elements of k[z] of degree p with
{h1,...,hy} # {0} and assume

e p=3,n=1and hy = 2123 or
e p=2and {hl,...,hn}Ek[$i$j|1§i<jﬁm].

Let F' be a finite subset of k[y”,z] of homogeneous elements of S such that S/(F) has Krull
dimension m. Let v denote the k[z]-algebra homomorphism

Vikyf 2] > k[y" +h,z] with  (9(yy),- -, 9(yh)) = (U] + e,y yn + ha).
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Let Uy resp. U,y denote the ring of invariants of ({£7),S) resp. (('F'),S). We have to prove
the inequality
dlmU(F) +2< dimu(wp>.

Claim. For p = 2 we may assume, that the family h = (hq, ..., h,) is lexicographically prepared.
Proof of claim. We replace (y,h, z,%) by (v', 0,2 ,9") = (y1,- .-, yp, BYs oo Ay 20,0 200, 0")

s Tty

as follows. For a matrix M over K the expression M? resp. M 1/2 denotes the entry wise square
resp. square root of M. For a family F of elements of S the expression (F)g denotes the by
the family generated K-subvector space of S. By lemma (3.8.11) there is a lexicographically
prepared basis b’ = (h],...,h!,) of (h)k. Then there is a n’ x n-matrix B over K with h' = Bh.
Then for y' := (y1,...,Y5) = B2y one has B(y?+h) = y’2 +h'. There is a unique n x n’-matrix
B’ with h = B'h. We show that Q_’ is K-linearly independent. Let C' be a 1 x n’-matrix over K
with 0 = Cy’. Then one has 0 = C B2y, which implies CBY2 = 0, C?B =0, C*h’ = C*Bh =0
and therefore C' = 0. Thus g’ is K-linearly independent. Further we show

1/2
(Wi (y+ By )k = {0},

Let s be an element of this intersection. Then there is a 1 x n’-matrix L and a 1 x n-matrix
N with Ly’ = s = N(y + B""?y/). This implies 0 = (L*B + N + N’B'B)y?, which implies
0=L?B+N?+N?B'B, which implies 0 = (L?B+N?+ N?B'B)h = (L?>+ N?B' + N>B")h’ = L}/,
which implies 0 = Lg’ = s. Thus the intersection is zero.

Choose a K-basis 2,4, ...,2, of <Q+B’1/2g')f< and set 2/ = (21,...,2)) = (21, -+, 21, 2o qs -+ > 211)-
Then (z,y,2") is a K-basis of ;. Define the K[z']-algebra homomorphism

7/’, . K[g??g/] N K[gl2 +ﬁ,,§,], y/2 N y12 T h.

Then the restriction of ¢’ to K [y_2 +B"Y Qy_’ ] is the identity. The restriction of ¢’ to the subset

K[y?.2) = K[y, (y- B"?y)% 2] of K[y*y-B"y 2] = K[y 2]

is equal to 1, since we have 1(2) =v'(z) and
2 2 2 2
"W(QZ) ZT/J'(BIQI )+¢’(g2 +B,y, ): Bl(yl +hl) +g2 +B,gl :_2"'@: w(EQ)

In particular we have ¢'(F') = ¢)(F). Altogether we see that the tuple (y',2',h’, ") satisfies the
same assumptions as (y,z,h,?) and that h' is lexicographically prepared. This completes the
proof of the claim.

We go on with the proof of theorem (3.2.6). By the claim we may assume that the family h
is lexicographically prepared if p = 2. For the K[y, z]-algebra homomorphism ¢ : S - S with
¢(z) = 0 we have F' = ¢ypF. The ideal (¢F) of S is not generated by elements of K[z], ie.
(VF) # (K[z] n (¢F)). Otherwise we would have

F=¢yF c o((K[2]n (vF)) < (¢(K[] n (0 F))) € (K[2] 0 (g0F)) < (2)

which would imply
m =dim S/(F) > dim K[z,y] =m +n>m.

75



CHAPTER 3. THE MAIN THEOREM

By lemma (3.8.7) there is a homogeneous finite subset G of S with G\t¢)F ¢ K[z] which satisfies
(Y F) = (G) and which is k[z]-prepared. Then we have G = (GnyYF)u (G\¢YF) ¢ K[y* + h, z].
Let G” be a reduced Grobner basis of (¢ F') defined as follows. Let < denote the graded lexico-
graphical order on S with respect to the ordering (y,z,z) (see example (3.7.4)), i.e.

2%y’

IA

2¥y" 2" = (Jof + 18]+ ], B,y @) Siex (|| + 18]+ V], 8,4, )

for the lexicographical order <jox on Nx N” x Nl x N”, W.r.t. < let G » G’ denote a Buchberger
algorithm and let G’ —» G" denote a reduction (see theorem (3.7.11)). Then G” is a reduced
Grobner basis of (¢ F). We have

(VF)=(G)=(G") = I.
The set ¢G'"\{0} is a reduced Grobner basis of (F) w.r.t. < by the following four facts:
e The ideal (¢G") of S generated by ¢G” is equal to (F):

¢G" c p((VF)) < (pyF) = (F), F=¢vF c¢((G"))  (¢G").

e For an arbitrary ¢g"” € G” with ¢(g"”) # 0 it has a monomial lying in K[y,z]. As g” is
homogeneous, this implies multideg ¢(g”) = multideg ¢" and LT ¢(g"") = LT ¢".

e The monomials mq, a € N of elements m € ¢G”\{0} are monomials of elements of
G".

e We show that ¢G”\{0} is a Grobner basis of (F') with Buchberger’s criterion, theorem
(3.7.10): Let f"”,g" be elements of G with ¢(f"),#(g") # 0 and s(o(f"), p(g")) # 0.

Then we have LT f" = LT ¢(f"), LT ¢g" = LT ¢(g") and ¢(s(f",9")) = s(o(f"),d(g"))-
Since G" is a Grobner basis of (G”) by theorem (3.7.10) there are elements ay, € S, for
h e G", with s(f",9") = Yheqran - h such that for all h € G” with ap, - h # 0 one has

multideg s(f”,¢") > multideg(ay, - h). Then we get s(¢(f"),0(9")) = Thear ¢(an)@(h)
and, if ¢(ap)p(h) £ 0,

multideg s(¢(f"), ¢(g")) = multideg s(f”, ") > multideg(ay, - h) = multideg(¢(ap)p(h)).

For an arbitrary homogeneous finite subset M ¢ S\{0} write
M= :={meM|degm =d;}.
We define the K[z]-subalgebra of S
&= Ky, z][wizj|1<i<j<m] resp. &:=K[y,z][z1 - 23]

if p=2resp. p=3. We have G ¢ K[y’ +h,z] € £. By lemma (3.8.8) G" is K|[z]-prepared
with G”~ ¢ €. For the ideal J := (g € G| degg < dj) of S we have J = (K[z] nJ). We have the

inclusions

G nK[yzlc((WF) - K+J)nK[y,z] < (F)" - Kn(K[y.z]+J)+J ¢
SK[y +hz]n(K[y,z]+J)+JcK[z]+J
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where the first inclusion holds by lemma (3.8.3) and the last inclusion holds by lemma (3.8.12).
Further we have

G" n(K[z]+J)=G" n(K[z]nI+J)cG" n(K[z]nI)+G""

where ”‘#”” holds because G" is K[z]-prepared. Thus there is an element f e G" \K[y,z]. It
lies in €. Then by lemma (3.8.14) there are two K-algebraically independent additive elements
al,ab eUs(f)n K[z] cUs(G")n K[z].

For an arbitrary element g € G” by lemma (3.8.2) there are homogeneous additive elements
c*'f,...,cgg € S with

Us(¢(9)) = K[o(c]), ..., o(c)], Us(9) 2 K[c],.... ¢l ]

Since G" resp. ¢G"\{0} is a Giraud basis of (¢)F') resp. (F) (see lemma (3.7.14)), by theorem
(3.7.16) we have

Uiy =Us(9G"\[0}) = K[o() |g € G". 1< i< sg]. Uppry =Us(G") 2 K[c] |9 € G", 1< < 5],
Thus there are homogeneous additive elements cy,...,cs € S with
u(F> = K[d)(cl)’ tee 7(;5(05)]7 u(q/)F) 2 K[Cl, e ,Cs].

By lemma (2.3.4) we can assume, that the family (¢(c1),...,¢(cs)) is K-algebraically indepen-
dent. Then by lemma (3.8.4) the family ¢ := (c1,...,cs,a],a}) is K-algebraically independent
and we get

dimU gy +2 = 5+ 2 = dim K ['] = trdeg(Quot(K[c'])/ K) < trdeg(Quot(Uiypy)/K) = dimUy py

which completes the proof of theorem (3.2.6). O
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Chapter 4

A variation of blow-up strategies

In this chapter we show that, for resolving singularities of finite-dimensional excellent noetherian
reduced schemes, it is enough to achieve an improvement of the invariant i (see definition (2.6.4))
which is a combination of the Hilbert-Samuel-function and the dimension of the ridge. By an
improvement of i we mean an i"¥-decrease (see definition (4.1.21)). This is a finite sequence of
permissible blow-ups such that the invariant i’V of the ” ‘worst”’ points decreases. More precisely
we show the following. Let C be a subcategory of the category of finite-dimensional excellent
noetherian reduced schemes and let s be a strategy which associates a sequence

X=5(X)p<s(X)1 «<s(X)a«...

of permissible blow-ups to every scheme X of C. For example, this could be the strategy from
[CJS]. We define a new strategy i (s), depending on s, with the property that " (s) yields a
resolution of singularities for each scheme X of C if and only if s yields an i"¥-decrease for each
X (see lemma (4.2.3) and corollary (4.2.6)). One application of our main theorem is a criterion,
in terms of Dir-i-near points, for the fact that a sequence

X =iV () (X)g < iV (s)(X)1 « iV (s)(X)g < ...

is a resolution of singularities, provided dim X < 5, see corollary (4.2.6). The strategy i (s)
has a good functoriality property if the functoriality of the given strategy s is good. More
precisely we show that, if s has the property that for all schemes X of C the base change
of X = s(X)p < s(X)1 < ... with a surjective regular morphism Y — X is isomorphic to
Y =5(XxxY)p< s(XxxY) < ... up to contraction (see definition (4.3.3)) then the strategy
i™ (s) has also this property (see corollary (4.3.8)).

Convention: In the whole chapter by a blow-up we mean the blow-up of a scheme X in a
center D such that no generic point of X lies in D.

4.1 Blow-up sequences for excellent schemes

Motivated by the variant of the Hilbert-Samuel-function for finite-dimensional, excellent schemes
(see definition (4.1.5)) from [CJS] we introduce the refined invariant i (see definition (4.1.8))
and list some properties. Using a result about X™**-eliminations, theorem 5.17 in [CJS], which
we call max H"-eliminations, we deduce that every sequence of i"-decreases results in a regular
scheme (see corollary (4.1.22)).
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Definition (4.1.1). a) A scheme X over a field k is geometrically regular if for every
field extension K of k the scheme X xp K is reqular. A morphism of schemes S — T has
regular fibers resp. has geometrically regular fibers if for each point t of T the fiber
S xpt over the residue field of t is regular resp. geometrically reqular.

b) A locally noetherian scheme is quasi-excellent if

i) for each x € X all the completion morphism Spec(Ox ) - Spec(Ox ) has geometri-
cally reqular fibers and

i1) for every X-schemeY of finite type the set of all reqular points of Y is open in 'Y .

¢) A locally noetherian scheme X is catenary if for every pair of closed irreducible sub-
schemes Y € Z of X every maximal chain Y =Yy €Yy € ...Y; = Z of closed irreducible
subschemes of X has the same length, and X is universally catenary if every X -scheme
of finite type is catenary.

d) A locally noetherian schemes X is excellent if it is quasi-excellent and universally cate-
nary.

Remark (4.1.2). Each base change 8" = S xpT' - T" of a morphism S — T with geomet-
rically reqular fibers has geometrically reqular fibers: Let t' be a point of T' and let t denote its
image in T. Let k', k denote the residue fields of t',t and let L be a field extension of k'. Then
the scheme (S’ xprt") xyr L is reqular because it is isomorphic to the reqular scheme (S xpt)xy L.

The following theorem shows that many schemes are excellent.

Theorem (4.1.3). a) The spectrum Spec(R) of a complete local noetherian ring R (e.g.
a field) or of a Dedekind ring R with charQuot(R) =0 (e.g. R=7) is excellent.

b) A scheme locally of finite type over an excellent scheme is excellent.

¢) For an excellent affine scheme Spec(A) and a multiplicative set S of the ring A the scheme
Spec(StA) is excellent.

Proof. [EGAIV], section 7.8. O

Corollary (4.1.4). Let X' - X be a blow-up of an excellent scheme X. Then X' is
excellent.

Proof. By proposition (2.1.5) X’ - X is locally of finite type. Then the claim follows from
theorem (4.1.3). O

Setting: Until end of the section we fix a finite-dimensional excellent scheme X and a natural
number N with dim X < N.

In [CJS] the following variant of the Hilbert-Samuel-function is introduced. As in section 2.2
the set NV is partially ordered with

(vo,v1,...) < (¥h,11,...) < for all j €N one has v; <v} in N.
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Definition (4.1.5). a) We define the map
N
HY : X > NV:ig o gPxe)

for ¢¥(z) == max{N - dim O, | Z irreducible component of X with x € Z}.

b) We denote the ordered subset {HY (x)|z € X} of NN by imHY and denote the subset of
imHé\g of all mazximal elements by max imH%.

¢) For ve NN we define
{(HY >V = {z e X |HY (2) > v},

{HY =v}={z e X|HY(z) = v},
{HY = max} = {z e X | HY (2) e maximHY },

{HY <max} = {z e X |z ¢ {HY = max}}.

Lemma (4.1.6). Let x be a point of X. Then one has HY (z) > HO (k(z)[T1,...,Tn]).
The equality holds if and only if X is reqular at x.

Proof. We have ¢¥(z) > N - dimOx, and equality holds if z lies on a unique irreducible
component of X. Let m be a natural number and set d := dim Ox ;. By lemma (2.2.2) we have

H)((n;) > H™ (k(x)[T1,...,Ty]) and equality holds if and only if X is regular at z. We get

N — —
(416.8) BY(2)=BHOY O 2 D s HOD (h(2)[Th, .. Ta]) = HO (w(2) [T, .. T )

If X is regular at =, then x lies on a unique irreducible component of X and both inequalities
in (4.1.6.A) are equalities. If we have HY (z) = HO (k(z)[T1,...,Tn]) then we get H)((n;) =
H) (k(x)[Ty,...,Ty]) for m =N —d, i.e. X is regular at x. O

Remark (4.1.7). As a conclusion the set of all regular points of X is the set {HY = ﬁgg}
N N+1 N+2
or vty = (1, (1), (1), (%22), .. ) e

Similarly we do this for the following refined invariant. As in section 2.6 let NY x N have the
lexicographical order, i.e. for v,v/ € NN and 7,7’ € N one has

(v,r)<(/,r") < v=vandr<r or v<v in NV,
Definition (4.1.8). a) Define
N N
X >N XNz - i OO - (B0 dimRidx, + ¢) ()

for ¢ () as above.
b) As above define the ordered subset im z% of NN x N and the subset maxim z%

¢) For e NN x N define {i% > u}, {i¥ = u}, {i¥ = max} analogously to c) above.
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Lemma (4.1.9). Let x be a point of X. Then one has i (x) > (Vﬁgg,N) and equality holds
if and only if X is regular at x.

Proof. We show that we have dimRidx , + ¢ (z) = N if X regular at x. The rest follows
from lemma (4.1.6) and remark (4.1.7). Assume that x is a regular point. Then we have
qu)\(f (z) = N -d for d := dimOyx , since z lies on a unique irreducible component of X. Since
Cx» = Spec(grOx ;) is a vector group of dimension d over x(z) we have Cx, = Ridx, and
dimRidx , =d =N - ¢¥ (). O

By the following theorem the map H g is upper semi-continuous.

Theorem (4.1.10). For each v e NN the set {HY > v) is closed in X. Further the subset
=maz} of X is closed.
HY X is closed

Proof. [CJS], theorem 1.33 and lemma 1.36. O

Theorem (4.1.11). Let D be an irreducible permissible closed subscheme of X. Then for
all points z,y of D one has HY (z) = HY ().

Proof. [CJS], theorem 2.3. O

Remark (4.1.12). Recall that by proposition (2.1.5) for a blow-up Y' =Y (in a center
which contains no generic point of Y, by our convention for this chapter)

e Y' Y is locally of finite type and dimY =dimY' if Y is locally noetherian and

e Y' is reduced if Y is reduced.

Theorem (4.1.13). Let m: X' - X be a permissible blow-up of X. Let x’' € X" be a point.
Write x := w(2') and d := trdeg(x(z")/k(x)). Then we have

a) HY.(z") < HY(z) and equality holds if and only if 2’ is near to =, i.e. H)((d,)’x, = H(07)
b) oN/(2") < oX(x) +d and equality holds if z' is near to =,

c) i¥,(z") <i¥ (x) and

d) if x is reqular, then x’ is regular.

Proof. We may assume that z lies in the blow-center. a) and b) are [CJS], theorem 2.10. d)

follows from a) and lemma (4.1.6). By corollary (2.6.5) one has z'g?,)x, < ’Lg?)x With b) we get

N (2! N(z (PN (x .
i (o) = i ¢ Ox () GOx@)

which shows c). O

Definition (4.1.14). Let X X bea composition of permissible blow-ups. Let x,x’ be
points of X, X' .

a) We say x' is near to x if 7(z') =x and HY,(2") = HY (2).
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b) We say @' is i-near to x if m(z') =z and iy, (2") =¥ (x).

. . . @ _ (0
Remark (4.1.15). By theorem (4.1.13) 2 is i-near to x if and only if one has Hy/, =Hy,
and ¢%.,(z') = p¥(x) + d and

0 = dim Ridx/ o + ¢3/(2') - (dim Ridy , + ¢ (2)) = dim Rid s o + d — dim Rid x .

In particular definition (4.1.14) does not depend on the choice of N and we have a coincidence

with the definitions (2.2.7) and (5.2.2).

Definition (4.1.16). Let X be reduced. A max HY -elimination for X is a finite com-
position X' — X of permissible blow-ups such that for every connected component U of X and
for the induced morphism U' =U xx X" - U one has

a) either U is reqular and U' — U is an isomorphism

b) or U is not regular, the induced morphism {H}) < max} xx X' - {H} < max} is an
isomorphism and one has imH[]]V, N max imH[]]V =Q.

Theorem (4.1.17). Let X be noetherian and reduced and let X = Xo <« X1 « Xo < ... be
a sequence of max HY -eliminations. Then there is some n € N such that X, is regular.

Proof. [CJS], Theorem 5.17 O

We consider a weaker form of an elimination.

Definition (4.1.18). Let X be reduced. A weak max HN -elimination (for X) is a
finite composition X' — X of permissible blow-ups such that for each singularity x of X with
z e {HY =max} there is no point 2’ € X' near to x.

Corollary (4.1.19). Let X be reduced.

a) If X is connected, for each weak max HY -elimination p : X' — X there is a max H-
elimination Y' —Y = X and a composition of permissible blow-ups X' — Y’ such that p is
the composition X' - Y' - X.

b) Let X be noetherian and let X = Xy « X1 < Xo < ... be a sequence of weak max HN -
eliminations. Then there is some n € N such that X,, is reqular.

Proof. a) If X is regular the claim is clear. Assume that X is not regular. Write X = X 2
X3 2. X, = X' for blow-ups 7y, 71, ..., T,_1 in permissible centers Dy, D1,...,D,_1.
For i € {0,...,n— 1} the center D; may have one of the following types.
(type 1) D;c(X; - X)) '({Hx = max})
(type 2) D;c(X; - X) ' ({Hx <max})
(type 3) neither type 1 nor type 2.
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Step 1. Fix some i € {0,...,n - 1}. By theorem (4.1.11) the map H% is constant
on each irreducible component of D;. Thus D; is a disjoint union of two permissible
subschemes D!, D!? of type 1 and type 2. For UM = X\D!' U!? = X\D!* we have
D' < U, D? ¢ Uf". The blow-up X; < BlpnX; =: X; is of type 1. The induced

morphism Ufl « XZ XX, Ufl is an isomorphism. The blow-up X@ “«~ BlDw_SQXZ' = Z is
permissible and of type 2. The base change of 7; with Ul-t1 resp. Ufz is the base change of

X; <« 5(7 with Ufl resp. Uf2. Then X;,1 and 5(; are isomorphic as X;-schemes. Thus m;
is a composition of a permissible blow-up X; < X; of type 1 with a permissible blow-up
X; <« X1 of type 2.

Step 2. By step 1 we may assume that each blow-up 7; is of type 1 or of type 2. Fix some
i€{0,...,n—1}. Assume that 7; is of type 2 and 7,1 is of type 1. Define U; := X;\D;. The
induced morphism U; < U; xx, X;;1 is an isomorphism. We have D;,1 ¢ U; xx,; X;41. For
Vi == (X; - Xo) ' ({Hx < max}) the intersection V;nD;,1 is empty where we identify D;, 1
with its image in U;. Since U; and V; cover X;, D;q is closed in X;. Then the blow-up
Blp,up,,, = X; is equal to mir1 om;. By step 1 mjp10m; is a comp051t10n of a permissible
type 1 blow-up X; < X, with a permissible type 2 blow-up X; < Xj.1.

Step 3. By step 1 we may assume that each blow-up m; is of type 1 or type 2. By
step 2 we may assume that for some j € {0,...,n} the blow-ups m,...,7; are of type 1
and 7mj41,...,mph—1 are of type 2. Set Y’ := X,1. For the morphism mjo...om : Y’ —
X the induced morphism {HY < max} xy Y’ - {HY < max} is an isomorphism. We
show imHy, N maximHY = @. Assume that there is some point 3’ of Y’ with HY,(y') €
maximH%. By theorem (4.1.13) for the image = in X of ' we have HY,(y'") < HY (x)
which implies H{,(y") = HY (z) and y € (Y » X) "' ({HY = max}). Since the blow-ups
Tj+ls---,Tn-1 are of type 2 there is a unique point z’ € X’ with image ¢’ in Y’ and we
have Hé(v,(:n’) =HY (y ). Then 2’ is near to x in contradiction to the assumption. Thus
X « Y’ is a max 1mHX -elimination.

Let X have m € Ny; irreducible components. By proposition (2.1.5) each scheme X; has
m irreducible components. In particular each X; has at most m connected components.
Then for some [ € N the number of the connected components of X;, X;,1, Xj49,... is the
same. We may assume X = X;. Treating each connected components of X separately
we may assume that X is connected. Thus we are reduced to the case that all schemes
X = Xp, X1, Xo,... are connected.

Inductively we construct a sequence of max H N_eliminations X =Yy < Y] <« Y3 « ... and
for each n € N we construct a finite composition Y;, < X,, of permissible blow-ups such
that

Xo X3 Xs
Yo Y Ys

commutes. Then by theorem (4.1.17) for some n the scheme Y, is regular and theorem
(4.1.13) implies that X, is regular.

Forn e Nlet Y « Y7 « ... « Y, and Y < Xo, Y1 « X1,....Y, « X, be already
constructed. Then Yy, Y1,...,Y, are connected. The composition Y,, <« X, « X,,;1 is a
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weak max H” -elimination by lemma (4.1.20) below. By a) there is a max H" -elimination
Y,, < Y,+1 and a finite composition of permissible blow-ups Y;,11 < X,,41 such that

Xp=—Yu1

|

Y),<~—Y

commutes. This completes the proof of the corollary.
O

Lemma (4.1.20). Let X = Xy < X; < Xy < X3 be a sequence of schemes where Xy <« X1
and Xo <« X3 are permissible blow-ups and where X1 <« X5 is a weak maximH?Y -elimination.
Then the composition X « X3 is a weak maximH?Y -elimination.

Proof. Assume that there is a point x3 of X3 which is near to it image xg in X and xzq is a
singularity with zg € {Hé(vO =max}. By theorem (4.1.13) we have

HY (z0) = HY, (71) = HY, (v2) = HY, (23)

for the images z1, x2 of x3 in X;, Xs. By the same theorem for each point | of X; and its
image x(, in X, we have

Hgl (1'1) = HQO(ZUO) # Hgo(ﬂfé) Z H§(V1 ('Ill)
Thus x7 lies in {HN1 =max}. Since 9 is near to x; this is a contradiction. O
Definition (4.1.21). Let X be reduced.

a) An iN-decrease (for X) is a finite sequence of permissible blow-ups X = Xo « X «

.« Xy, for n > 1, such that for each singularity x of X with x € {z% = max} there is

no point x, € X, i-near to x. It is called short if X = Xg « X1 <« ... « X,,_1 is not an
iN-decrease or n = 1.

b) A sequence X = Xo < X « Xy < ... of permissible blow-ups yields an i™ -decrease if
for some n € N the sequence X = Xg < ... < X,, is an iN -decrease.

Corollary (4.1.22). Let X be noetherian and reduced. Let X = Xo < X; < Xo < ... a
sequence of schemes where each morphism X; < X1 is given by an i -decrease. Then for some
n €N the scheme X,, is regular.

Proof. We show that the composition Xy <« X7 « ... < Xon,1 is a weak max HN _elimination.
Then we get a sequence Xy <« Xonys1 < Xyni2 < ... of weak max HN-eliminations and with
corollary (4.1.19) the claim follows. We have imi%n cNVx{0,1,2,...,2N}. Let zon41 be a point
of Xony1. Assume that zon,1 is near to a singularity Ty € X with Zg € {Hg(v =max}. Denote the
image of xan1 in Xon by Tan. Then by theorem (4.1.13) we have i%w (Ton) 2 i%m”(angH)
and Ton is a singularity. Choose some point zoy € Xon with maxim z% 3 i)]\([w(acz]v) >

N ~ N N o~ .
Xon (Tan). Then we have o (zon) > ZX2N+1($2N+1) because otherwise Tox would by a point
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of {z%w =max} and xoy4+1 would be a i-near point of Zox in contradiction to the assumption.
Inductively one shows that there is a sequence of elements xg € Xg, 1 € X1, ..., xon € Xon with

(4.1.22.A) i, (o) > X, (21) > ... >N, (wan) >N, (zana1)-

Then we have v := H)A([O(xg) > H%N“(@NH) because otherwise (4.1.22.A) would be a strictly

decreasing sequence in {v} x {0,1...,2N} which is not possible. This is a contradiction to
H%NH (zan+1) = H)Ago (Tp) and Ty € {i%o =max}. This completes the proof. O

4.2 The i"-iterated variation of blow-up strategies

Let N be a natural number. Let C denote a subcategory of the category of schemes such that
each scheme of C is noetherian, excellent and reduced with dimension at most N.

For a given strategy on C (see the definition below) we define the i~ -iterated variation iV (s). For
a scheme X of C the blow-up sequence X =iV (s)(X)o < i’V(s)(X); < ... is, roughly spoken,
applying the strategy s on X until for some n the composition

X=s(X)g<s(X)1«...5(X), =Y

is an i"V-decrease and then applying the strategy s on Y and so on. If s is a desingularization
then " (s) has this property. With our main theorem we find an equivalent description for
iV (s) to be a desingularization (for dimension up to five).

Definition (4.2.1). a) A (permissible) strategy s on C (to resolve singularities)
is the datum of a sequence s(X) = (X = s(X)g < s(X)1 < s(x)2 < ...) morphisms of C
for each scheme X of C where each morphism in the sequence is a permissible blow-up.

b) For a scheme X of C and a strategy s on C s is a desingularization of X if there is a
n €N such that s(X)y, is reqular.

c) A strategy on C is a desingularization if it is a desingularization of each scheme of C.

d) A strategy on C is an i -decrease if for each scheme X of C the sequence s(X) yield an
iN -decrease.

Definition (4.2.2). Let s be a strategy on C. The i -iterated variation i™ (s) of s is
a strategy on C which is defined by the following two properties

a) If for a scheme X of C the sequence s(X) does not yield an i™-decrease then one has
s(X) =iV (s)(X).

b) If for a scheme X of C and some n € N the sequence X = s(X)g < s(X)1 « ... < s(X), =
Y is a short i -decrease then i™ (s)(X) is the sequence

X=s(X)g<...<s(X)n<iV(s) (V)1 <« (s)(Y)g < ....

Lemma (4.2.3). Let s be a strategy on C.

a) If s is a desingularization then s is an i -decrease.
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b) The following are equivalent.

i) s is an i’V -decrease.
i) i (s) is an i -decrease.

i) iN(s) is a desingularization.

Proof. a) Let X be a scheme of C. There is some n € N such that s(X), is regular, in
particular the sequence X = s(X)g <« ... < 5(X), is an i"-decrease.

i)= ii) Let X be a scheme of C. There is some n € N such that s(X)o < ... < s(X), is a short
iN-decrease. Then this sequence is equal to iV (s)(X)g < ... < i (5)(X), . In particular
iV (5)(X) yields an i"-decrease.

ii)= i) Assume that there is a scheme X of C such that s(X) does not yield an i"V-decrease. Then
we have s(X) =iV (s)(X) and iV (s)(X) does not yield an i"-decrease.

ii)=1ii) Let X be a scheme of C. There are integers 0 = ng <nj <mg < ... such that for each j e N
the sequence iN(s)(X)nj « iN(s)(X)nj+1 e iN(S)(X)nj+1 is a short i"-decrease.
Then by corollary (4.1.22) iV (s)(X)s,,, is regular for some m € N which implies that " ()
is a desingularization of X.

iii)=ii) Follows from a).
O

Definition (4.2.4). Let X be a finite-dimensional excellent reduced scheme and let X =
Xo <« X1 < ... be a sequence of permissible blow-ups in centers D; € X; and let x,, € X, xg € Xo
be points.

a) Let z1,...,x,-1 denote the images of x, in X1,...,Xp-1. We say x,, is Dir-near to
xo if T, is near to xo and for each j € {0,1...,n -1} with x; € D; the point xj.1 lies in
P(Dir(CijDjyl“j))'

b) We say xy, is Dir-i-near to x¢ if x,, is Dir-near and i-near to xo (see definition (4.1.14)).

We have the following deduction from the main theorem (3.2.1).

Theorem (4.2.5). Let X be a finite-dimensional excellent reduced scheme with dim X <5.
Let X = Xg < ... < X,, be a sequence of permissible blow-ups. A point x,, of X, is i-near to a
point xg of Xo if and only if it is Dir-i-near to xg.

Let C<5 denote the full subcategory of C of all schemes X of dimension at most five.

Corollary (4.2.6). a) A i"-iterated variation ™ (s) of a strategy s on C is a desingu-
larization if and only if for each scheme X of C there is some n € N such that there is no
point x,, of i (s)(X)n which is i-near to a singularity x of X with x € {i} = max}.

b) A iN-iterated variation i’ (s) of a strategy s on Ces is a desingularization if and only if
for each scheme X of Ces there is some n € N such that there is no point z,, of i™¥ (s)(X)n
which is Dir-i-near to a singularity x of X with x € {z% =max}.
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4.3 Functoriality

As above let N be a natural number and let C denote a subcategory of the category of schemes
such that each scheme of C is noetherian, excellent and reduced with dimension at most V.

In this section we show that a i"V-iterated variation i’V (s) of a strategy s (see definition (4.2.2))
is functorial (see definition (4.3.3)) with respect to surjective regular morphisms if s has this
property.

Definition (4.3.1). A morphism of schemes with locally noetherian fibers is regular, if it
is flat and it has geometrically reqular fibers.

Remark (4.3.2). a) Smooth morphism are regular, see [Stacks], Tag 07R6.

b) Flat morphisms are closed under base change. Then by remark (4.1.2) regular morphisms
are closed under base change.

Definition (4.3.3). Let E be a class of scheme morphisms. A strategy s on C is functorial
in E if for each pair of schemes X,Y of C and each morphism Y — X of E the sequences
$(X) xx Y and s(Y) are isomorphic up to contraction, i.e. there is a map ¢ : N - N with
#(0) =0 and ¢(n) < p(n+1) <p(n) +1 for all n € N and there is a commutative diagram

YZS(X)() X)(Y*S(X)l XthS(X)Q XXY-h...
Y =s(Y)4(0) s(Y) (1) s(Y)g(2)

with vertical isomorphisms where for all n € N the morphism s(Y )gm) < $(Y)gn+1) 15 the
identity if p(n) = dp(n+1).

Remark (4.3.4). a) By the definition of blow-ups the vertical isomorphisms in definition
(4.3.8) are unique and the morphisms in the sequence s(X)xxY are permissible blow-ups.

b) For a desingularization on C one can define the following weaker form of functoriality. We
call a desingularization s on C composition-functorial in E if for each pair of schemes X, Y
of C and each morphism Y — X of E there are numbers n,m € N such that s(X), xx Y
and s(Y'),, are reqgular and there is an isomorphism s(X), xx Y 2 s(Y),, of Y-schemes.

Proposition (4.3.5). Let X,Y be locally noetherian finite-dimensional excellent reduced
schemes with dim X, dimY < N. Let f:Y — X be a regular morphism.

a) For each point y €Y one has HY (y) = HY (f(v)).

b) If X is regular then Y is regular.

¢) For each point y €Y one has i¥ (y) = i¥ (f(v)).

d) If D is a permissible subscheme of X, then D xx Y is a permissible subscheme of Y.

Proof. We may assume that X,Y are noetherian. Let y be a point of Y and write z := f(y).
For d := dim Oy, by [CJS], lemma 1.37 (1), we have ¢¥ (y) = ¥ (z)-d and HY (y) = HY ().
Thus a) holds.
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b) Let y be a point of Y. With a) and with remark (4.1.7) we have H{Y (y) = HY (f(y)) = ulfgg
and therefore y is regular.

c) For z and d as above, we have a non-canonical isomorphism Cy,, = Cx 5 x w(x) Ai(y) of
cones over k(y), by [CJS], lemma 1.27. With corollary (3.7.17) we get

Rid(Cyy) 2 Rid(Cx iz Xu(a) £(¥)) Xn(y) Ayy 2 RIA(Cx 2) X2y 5(Y) Xi(y) Ay

which implies dim Ridy,, = dimRidx , +d. Together with ¢¥ (y) = ¢ (z) —d and HY (y) =
HY(x) we get i (y) =% ().

d) Let J denote the quasi-coherent ideal sheaf Oy which is associated to the closed immersion
D xxY - Y. Then we have J =7 ®0, Oy which implies gr;O0y = ®,nJ" ®0y Opxyy =
(gr70x) ®04 Oy. Thus the morphism Cy, px,y — D is flat as a base change of Cx p - D
with Y over X. The scheme D is regular and the morphism D xx Y — D is regular as a
base change of a regular morphism, see remark (4.3.2). Then by b) D xx Y is regular.

O
Lemma (4.3.6). Let X,Y be schemes of C. Let

YZXOXXy<—X1><Xy<—X2X)(Y<—...

[T

X =Xo X3 Xs

be a commutative diagram of schemes with cartesian squares where fo is a surjective reqular
morphism and where Xo « X1 « ... is a sequence of permissible blow-ups and Xog xx Y <«
X1 xxY <« ... is the induced sequence.

a) All squares are cartesian, the morphisms fi, fa, ... are surjective and regular and all hori-
zontal morphisms are permissible blow-ups.

b) For each n € N the sequence Xoxx Y « ...« X, xx Y is an iN -decrease if and only if
Xo < ...« Xy, is an iV -decrease.

Proof.  a) One has Xj,1xx,; (X;xxY)=Xj,1xxY. The morphisms fi, f2,... are surjective
and regular since they are a base change of fy (see remark (4.3.2)). Let Dgy, Dy, Do, ...
denote permissible centers of the blow-ups Xy < X; < .... For each j the morphism
Xjxx Y « Xji1 xx Y is the blow-up in D; xx, (X;j xx Y) =D;xx Y since f; is flat. By
proposition (4.3.5) the subscheme D; xx Y of X; xx Y is permissible.

b) Since fy is surjective, by proposition (4.3.5) we have maxim zy = maxim z% Write Y, :=

X, xx Y. Let y, yn, x, , be points of Y, Y,,, X, X,, with
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By proposition (4.3.5) we have
Hy (y) = HY (2), iy (y) =iX(z), if, (yn) = 0¥, (z0).
Then

e y is a singularity if and only if x is a singularity,
o ye {iYf =max} if and only if z € {i{ = max} and

e vy, is i-near to y if and only if x,, is i-near to x.

The surjectivity of f, yields the claim.

We can not drop the assumption that fy is surjective, as the following example shows.

Example (4.3.7). We give an example for a commutative diagram of schemes

U<—X'xxU

|

X X'

where X is a noetherian two-dimensional excellent reduced scheme, X « X' is a permissible
blow-up and the vertical morphisms are open immersions (in particular regular morphisms) such
that X < X' is not an i"-decrease but U < X’ xx U is an i’V -decrease.

Let X be the closed subscheme V' (f), for f = 22 +1y*z, of the affine space Spec(k[z,v, 2]) =: Z for
a field k with chark # 2. Similarly to example (2.1.4) one sees that the singular points of X are
the closed subscheme V ({z,y)) of Z. Let £ be a closed point of V ({z,y)) € Z and 1 := (x,y) € Z.
Identify x,y with their image in the regular local ring Oz¢ resp. Ogz,. The family (z,y) is a
system of regular parameters of Oz,. There is some ¢ € Oz¢ such that (z,y,q) is a system of
regular parameters of Oz¢. Let X',), Q resp. X, denote the initial forms of z,y,q in grOz¢
resp. of z,y in grOz,. The graded (§)-algebra grOz,¢ is a polynomial ring with variables
X,Y,Q. The graded x(n)-algebra grOz, is a polynomial ring with variables X',). We have
ing f = X%, in,, f = X%. This implies grOx ¢ = grOz¢/(X?) = grOx ,[Q]. We have ¢¥(£) = N -2
and ¢¥ (1) = N - 1. Then we get

aY (€)= H(d’%(g))(gr(’)x,g) - H(‘b%(")_l)(grox,n[Q]) - H(d’ﬁ(”))(gr(’)xm) - Y () = v
Thus we have V({z,y)) = {HY =v} = {HY = max}. By lemma (2.2.2) for all n € N we have
o (N+n)_(N+n—2)
" n n-2 /)
The ridge Ridx ¢ resp. Ridx, at & resp. n is the closed subgroup V(X') of the vector group
Cyz¢ = Spec(grOze¢) resp. Cz,. Thus we have
dimRidy ¢ + ¥ (€) =2+ N -2=1+ N -1 =dimRidx, + #¥ (1)
and we have V((z,y)) = {ix = (v, N)} = {i¥ = max}. Thus we have

dimRidy ¢ + ¢¥ (&) =2+ N -2=1+ N -1 =dimRidx,, + ¢} (1)
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and we have V ((z,y)) = {ix = (v, N)} = {i{ = max}.

Let X < X' be the blow-up of X in the closed subscheme D =V ({z,y)) of Z. Then X' is covered
by the open subschemes X := Spec(k[x,y, 2]/(z* + y*2)) and X} = Spec(k[z,y, 2]/{1 + 2°y*2)).
The scheme X is regular because it is smooth over k. The scheme X7 is a closed subscheme of
Spec(k[z,y,2]) =: Z]. The singular points of X| are the closed subscheme S’ := V ({z,y)) of Z].
Let m' resp. n' denote the point (x,y,z) resp. (z,y) of S’ and let ¢’ be a point of S"\{m',n'}.
As above we see that

o grOz: m is a graded polynomial ring over k(m') with variables X :=in,,(z), Y = ing (y),
Z :=in,,(2) and one has in,, (22 + y?2) = X2,

o grOyz: v is a graded polynomial ring over x(n") with variables X := in,/ (), ¥ = iny (y)
and one has in,y (22 + y?z) = X2 + ¢+ Y? for c¢:=in,y(2) € k(n")\{0},

e grOyz ¢ is a graded polynomial ring over x (') with variables X := ing/(z), Y := ing/(y) and
some third variable Q and one has ing (2% + y?2) = X2 + ¢- V? for c:=ing/(2) € k(£)\{0}.

Then as above and with lemma (2.2.2) we get HY,(¢') = HY,(m') = HY.(1') = v for the same
v e NN as above. The ridge Ridy’ v is the closed subgroup V(X) of the vector group Czimr
The ridge Ridx+ ¢ resp. Ridx, is the closed subgroup V(X,)) of the vector group CZ{,&’ resp.
Czi,nl. Then we have

iX(m') = (v,N), iX(') = (v,N = 1) =X, (€).

The image of m’ in X is the point m := (z,y,2). Thus m' is i-near to m € {i{ = max} and
X « X' is not an iV -decrease. On the other hand for the open subscheme U := X\{m} we have
maximify = {(v,N)} and the blow-up X’ xx U of U does not contain m’ (which is the only
point of X’ with i¥, = (1, N)). Thus U < X' xx U is an i"¥-decrease.

Corollary (4.3.8). Let E be a class of scheme morphisms such that
e cach morphism of E is surjective and regular,
e FE contains the class of all isomorphisms of schemes and
e F is stable under base change and compositions.
Let s be an in E functorial strategy on C. Then i™(s) is functorial in E.

Proof. Let X,Y be a pair of schemes of C and let Y - X be a morphism of F. Let

YZS(X)OXXY<—S(X)1 XXYhS(X)Q XXYh...

Y =5(Y)s0) s(Y)g(1) s(Y)g(2)

be a commutative diagram of schemes as in definition (4.3.3) for a map ¢ : N - N with
#(0) =0 and ¢(n) < ¢(n+1) < ¢(n) +1 for all n € N. Let m € Ny; be arbitrary such that
X =5(X)o < 8(X)1 « ... « 5(X)p1 is not an i"-decrease then by proposition (4.3.5) both

91



CHAPTER 4. A VARIATION OF BLOW-UP STRATEGIES

sequences s(X)o xx Y < ... < 5(X)m-1 xx Y and s(Y)g0) < --- < 5(Y)g(m-1) are not iN-
decreases. Then by definition of i"V(s) we have a commutative diagram

(4.3.8.A) Y =iV(s$)(X)oxx Y =—iV(s)(X)1 xx Y —— ... — iV () (X)m xx Y

id id id
Y:S(X)OXXY S(X)lxXY S(X)mXXY
Y = S(Y)¢>(O) S(Y)¢(1) . 8(Y)¢(m)

id id id
Y =i(s)(Y)g(0) () (YVgr) M (8)(Y) gy

If for each choice of m the sequence X = s(X)g < s(X)1 < ... « 5(X),, is not an i"-decrease
then we are done. Assume that for some m the sequence is a short i"-decrease. Then set
X":= 5(X)m and Y := 5(Y) 4(n). Since Y' = X' xx Y — X' is a composition of a base change of
a morphism of E with an isomorphism, the morphism Y’ — X’ lies in E. We have a commutative
diagram of schemes

X' xxY=s(XNgxx YV =—s(X)xx YV =——s(X )oxx YV =— ...

Y’=S(X’)0 XXrY, S(X,)l XX/Y’<—S(X’)2 XX/Y’<—...

Y’ = S(Y,)(z)l(o) S(YI)¢’(1) S(Y,)d)’(Z) <~ ...

where the upper vertical squares are cartesian and the upper isomorphisms are induced by the
isomorphism Y’ = X’ xx Y and where the lower diagram is given by the functoriality of s. Let
m' € Nyy be arbitrary such that X’ = s(X")g « ... < 8(X/),r_1 is not an i"V-decrease. Then as
above we get a commutative diagram of schemes

(4.38B) V() (X)mso xx Y =—— iV (8)(X)ms1 xx Y =—— ... =—— iV (8)(X)mmsmy xx Y

id id id
s(XNoxxY (X1 xxY sS(XNr xx Y
S(Y,)d’,(o) S(Y’)(b’(l) e S(Y,)(Z)'(m’)

id id id

N () (V) g(myrer (0) =1 () (V) g(mysqr (1) =+ =" () (V) gm) g ()
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The diagrams (4.3.8.A) and (4.3.8.B) yield a commutative diagram

Y =iV(s) (X))o xx Y =— iV () (X)1 xx Y =— ... =<— iV (8)(X)mmsmr xx YV

Y =iV (s)(Y)y0) N ($)(Y) ) N ($)(Y) (e

for ¥(j) = ¢(j), if j < m, and ¥ (j) = ¢(m) + ¢'(j —m), if j > m. If for each m’ the sequence
X' =5(X")g < ... < s(X") is not an i"V-decrease, then we are done. Otherwise go on as above.
Inductively we find a map ¢ : N - N with ¢(0) =0 and ¢(n) <t¢p(n+1) <¢)(n)+1for allneN

and a commutative diagram

Y =iV () (X)o xx ¥ = i () (X)1 xx ¥ —— iV (s)(X)a xx ¥ =—— ...

Y =iV (5)(Y) o) N () (V) N($)(V)p) =—— -

as wished. O

Remark (4.3.9). If E contains non-trivial open immersions and s is functorial in E we
can not expect that i (s) is functorial in E. The problem is that for a n € Ns1 and a scheme X
of C the sequence

$(X)g < ... < s(X)n

can be not an i -decrease while the base change with an open subscheme U of X
sS(X)oxx U« ...« s(X)nxx U

can be an iV -decrease, see example (4.3.7). We can not exclude the case that the blow-up U’ :=
$S(X)nxxU < $(X)pn+1xx U is neither an isomorphism nor the morphism U’ = s(U")g < s(U');.
If such a case appears then the strategy i (s) is not functorial in E.
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