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1 Introduction and overview

1.1 Eisenstein series and cohomology

Let G be a reductive linear algebraic group over Q and A the adeles over Q. Let us

consider the double quotient space
Xk :=K\G(A)/G(Q)Ac(R)".

Here Ag is the maximal split torus in the center of G, Ag(R)? C Ag(IR) is the connected
component of the identity, K = KoKy with Ky C G(Af) compact open and Koo C G(IR)
maximal compact. The space Xk has the Borel-Serre compactification Xg . It is a
manifold with corners, which has a stratification with respect to classes { P} of associate

parabolic Q-subgroups of G.

A representation (E, p) of G in a finite dimensional Q-vector space defines a local sys-
tem E on X g and one can consider the cohomology groups H*(X¢ x, E) and H* (X, E) :
li_n>1Kf H*(Xgx, E). The last cohomology group can be considered as the colimit of the
group cohomologies of all arithmetic subgroups I' C G(Q) with values in E. From this
point of view it is clear that these cohomology groups are of fundamental arithmetic
interest.

When coefficients are extended to C, Franke (1998) showed that the cohomology classes
in these groups may be represented by automorphic forms and that one has a direct sum
decomposition of the cohomology with respect to classes { P} of associate parabolic Q-
subgroups of G as G(As)-module, whenever Ag acts by a central character on E. The
summand corresponding to the parabolic G itself is denoted by HZ,,,(Xc, E/QEQ/Z) and
is called the cuspidal cohomology. It is build up by cusp forms, in other words, auto-
morphic forms whose constant terms at parabolic subgroups different from G are zero.

The cuspidal cohomology does not contribute to the cohomology of the boundary. The
complement to the cuspidal cohomology in H*(Xg, E/<§>E) is build up by Eisenstein
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series and residues of such.

As this decomposition of the cohomology is obtained by the theory of Eisenstein series
and therefore by an analytic summation process, it is not clear whether it respects the
natural Q-structure of the cohomology. The Q-rationality of the decomposition has
been proven in the case G = Resg,oGL, with K/Q a number field, see [Franke| (1998)
Theorem 20 and |Franke&Schwermer|(1998)) 4.3. Theorem, using a classification theorem

of Jacquet & Shalika| (1981) of cuspidal automorphic representations of GL, (Ak).

The Q-rationality of the decomposition above is of great arithmetic interest, as it can be
used to derive rationality results for special values of L-functions, which may occur as
constant terms of Eisenstein series or as integrals of Eisenstein series over cycles, see

Harder (1991) 3.1 orHarder| (1987) (4.2.2) and V.

1.2 Eisenstein cohomology for Hilbert-Blumenthal varieties

As the main goal of this thesis is the construction of so called Eisenstein cohomology
classes for G = Resp;qGLy with F a totally real number field, we recall Harder’s
definition of Eisenstein cohomology in this situation in more detail. |Harder| (1987)
considers the space X(; ¢ := K\G(A)/G(Q)Z(R)°, where Z C G is the center and
Z(R)° the connected component of the identity, and local systems E on X,k associated
to G-representations (E,p). The space X ; is a disjoint union of so called Hilbert-
Blumenthal varieties and also has the Borel-Serre compactification whose boundary is
homotopy equivalent to X  := K\G(A)/ B(Q)Z(R)° with B C G the standard Borel
subgroup of upper triangular matrices. The natural map 90X — Xy induces by
pullback a restriction map resg : H*(X{ y, E) — H* (0Xg k- E) on cohomology and by
passing to the colimit a G(Af)-equivariant map res : H*(X, E) — H*(dX},E). The
subspace Hp,, (X5, E) C H*(X, E), such that res : Hp, (X}, E) — im(res) is an isomor-

phism, is called the Eisenstein cohomology.

Harder determines the Eisenstein cohomology in two steps. First he describes the

cohomology of the boundary. It may be understood as a sum of induced modules

(A
IndB(Af

¢ : T(A)/T(Q) — C* and T is the maximal torus in G, see Harder| (1987) Theorem

)) C¢r, where the ¢ are the finite components of algebraic Hecke characters

1. More precisely, if a cohomology class on 9X{; is represented by a B(Q)-invariant
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differential form w, then w is in particular U(Q)- invariant, where U C B is the unipo-
tent radical, and therefore w may be developed into a Fourier series with respect to
the group U(Q). The class w is then already determined by the constant term of the

differential form w, this means by its zeroth Fourier coefficient.

As a second step Harder constructs a G(/A¢)-equivariant operator
Eis : im(res) ® C — Hp (X5, E®C),

which is a section for res. Explicitly it may be described as follows: If w € im(res) ® C
is represented by a B(Q)-invariant differential form, then Eis(w) := ¥, cc(0)/8(Q) 7'w
where the sum has to be defined by analytic continuation in general. If we have a
trivialization E = C, it turns out that res : H* 1(X[,C) — H2*~1(9X[,C) is not

surjective, where we set § := [F : Q].

1.3 The topological polylogarithm and associated Eisenstein
classes

The connection between Eisenstein classes and special values of L-functions may be
seen as motivation to construct Q-rational Eisenstein classes geometrically. One way
to do so is to specialize polylogarithms. [Beilinson & Levin (1994) constructed poly-
logarithms for relative elliptic curves. In the case of the universal elliptic curve with
level-N-structure £ — Xgx, G = SLy, Ky = ker(SLy(Z) — SLy(Z/NZ)), Beilinson
proved that the polylogarithm specialized along non-zero N-torsion sections actually
yields Eisenstein classes for SL,.

Following the ideas of Beilinson and |[Nori (1995) we can adapt this construction eas-
ily to our topological situation. Given a group G as before with a finite dimensional

representation ¢ : G — Aut(V) we may consider the space
m: T = V(Z) x KAG(R)’\V(A) x G(A)/V(Q) x G(Q) — Xg

for K¢ C ker(Aut(V(Z)) — Aut(V(Z/NZ))). It is a group object over X¢ x and its
fibers are topological tori, in other words, isomorphic to products of S1. One has the
pro local system Log associated to the V(Q) x G(Q)-module [T~ Sym* V(Q), where
V(Q) acts by multiplication with the exponential series and G(Q) via ¢. Furthermore,

we consider D C T g, which is the union of the images of non-zero N-torsion sections
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~——

with open complement U, and the relative orientation bundle y := det(V). From the
cohomological vanishing properties of Log one easily derives short exact localization
sequences

0 — H™WV)H (U, Log ' u") — H(D, mjp [[Sym* Ve u") = H(Xgx, ") — 0

k>0
foralln € Z. Givenasection f € H(D, 7'c|’D1 [0 Sym* V ® u") mapping to zero on the
right-hand side we get a unique cohomology class called the polylogarithm associated
to f
pOl(f) c Hdim(V)fl(u/ LOg ® 7T 1yn+1)

This class may be specialized along the zero section to obtain polylogarithmic Eisen-
stein classes
(Bis" (f))i=0 := 0" pol (f) € [T H™V) 7 (Xg x, Sym* V @ p"*1).
k>0
If we have n = 0, typical examples for such f may be given by functions f : V(Z/NZ) —
Q with f(0) = Yoev(z/nz) f(v) = 0. By the naturality properties of the polylogarithm

these polylogarithmic Eisenstein classes glue to G(A )-equivariant operators
Eis* : S(V(Af),Q)° @ H(Xg, u") — H*™V)7(Xg, Sym* V@ u"th),

where S(V(Ay),Q)° are the Q-valued Schwartz-Bruhat functions with [, (A) f(v)dv =
f(0) = 0. Levin| (2000) and Nori (1995) represented the polylogarithm cohomology
classes by explicit currents in the cohomology with C-coefficients. The polylogarith-
mic Eisenstein classes are then represented by Eisenstein-Kronecker series. With this
explicit description Blottiere (2009a) and Kings (2008) proved in the situation G =
Resp;qSLy with F/Q a totally real number field, that again the polylogarithmic Eisen-
stein classes are non-trivial Eisenstein classes, as their constant terms turned out to be
special values of partial L-functions associated to the field F. In this way they also
proved that these special L-values have to be rational numbers, a result which already

goes back to Siegel.

Here we only addressed the topological realization of the polylogarithm. Indeed, by
Kings| (1999) the polylogarithm for abelian schemes is of motivic origin and a powerful
tool to tackle deep arithmetic problems and conjectures. See for example Kings| (2001),
where the étale elliptic polylogarithm is a decisive instrument for the proof of the Tam-

agawa number conjecture for CM elliptic curves.
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1.4 Decomposition of Eisenstein classes

Even though the polylogarithmic Eisenstein classes are a mighty tool in arithmetic,

there is one obvious flaw: They are all stuck in cohomological degree dim (V') — 1.

In this work we present a decomposition principle for polylogarithmic Eisenstein classes
in the case G = Resp;qGLy, V = Resp,xG3 and F/Q a totally real number field.

The idea is very easy. We may see X k as a fiber bundle
¢ Xox = Xgx = K\G(A)/G(Q)Z(R)’,

where again X ¢ is a space considered by Harder, (1987) in his landmark paper. The
fiber is ¢ 1(1) = (A¢(R)°Keo N Z(R))\Z(R)/Zx and Zx := Z(Q)NK; C O} isa
subgroup of finite index of the units of Or C F the ring of integers. By Dirichlet’s unit

theorem we know that the fiber is compact and that we have for the cohomology

H*(¢7'(1),Q) = H*(Zx,Q) = H*(0O},Q) = /\Hom(o;,Q).

Using the coordinate on G(R) coming from the determinant we see that ¢ is up to
a finite covering a trivial bundle. So one has cohomology classes in H*(X¢, Q) re-
stricting to a basis of the cohomology of all fibers of ¢ and this gives a Leray-Hirsch

isomorphism
H* (¢ '(1),Q) ® H* (X g, ¢+ Sym" V @ 1) — H*(Xg x, Sym* V @ ).

The polylogarithmic Eisenstein classes may then be decomposed with respect to this

isomorphism. We get by evaluation
Eisk . ~
S(V(Af), Q)@ H(Xg, u") @ H(¢~'(1),Q)* = H"V)"11(XG, g, Sym* Vo ")

forg=0,..&—1=dim(e~1(1)).

We want to show that this decomposition of polylogarithmic Eisenstein classes is as
non-trivial as possible. In other words, we want to get as many of Harder’s Eisenstein
cohomology classes as possible. To do so we follow |Levin|(2000) and Nori| (1995) to rep-
resent the polylogarithm by a current and hence the polylogarithmic Eisenstein classes
by differential forms in de Rham cohomology. The decomposition isomorphism will be
made explicit by fiber integration on the level of de Rham cohomology. This gives the
decomposed polylogarithmic Eisenstein classes as Mellin transforms of theta series as

considered by Wielonsky| (1985).
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To determine the image of our polylogarithmic Eisenstein classes we calculate the con-
stant terms, in other words, the restriction to the cohomology of the boundary. We al-
ready have mentioned that we have thanks to/Harder (1987) a complete understanding
of the cohomology of the boundary of @ as a sum of induced modules Indg((ﬁ; )) Cor.
The precise relation between f and the constant term of the polylogarithmic Eisenstein

class Eis*(f) is then controlled by the horospherical map
G(A
p: S(V(B), QP & H(Xe, 1") = @Indy(n) Cy.
The horospherical map gives also the relation to special values of L-functions.

To understand the image of our polylogarithmic Eisenstein classes we have to deter-

mine which of the induced functions above may be realized by the horospherical map.
Our main result is as follows

Theorem. The operators Eisz factor through the Eisenstein cohomology. The image of Eis]; is
the whole Eisenstein cohomology in degree 2& — 1 — g, if k > 0. If k = 0, Eis) generates the
Eisenstein cohomology in degree 26 — 1, for g > 0 we get all Eisenstein classes but not those

associated to spherical functions (see section .

We want to remark a few things.

(@) The spherical functions are exactly those functions which are not in the image
of the restriction map to the cohomology of the boundary in degree 20 — 1. As
the Eis],; (f) have the same constant term for all 4, we cannot obtain the Eisenstein

classes associated to spherical functions in cohomological degrees ¢, ..., 2§ — 1.

(b) The Eisenstein cohomology of X{; ; is supported in cohomological degrees 0 and
¢,...,2¢ — 1, so that our Eisenstein operator actually generates most of the relevant

part.

(c) Even though Harder started with more general coefficient systems than we do,
see Harder| (1987) 1.4, we get all Eisenstein cohomology classes for non-trivial
representations. The reason is that after extending coefficients to Q his represen-
tations are direct summands in Sym® V @ det(V)", k > 1, and all weights Pir(R)
occurring in the cohomology of the boundary have to factor through the norm
character, see Harder| (1987) 2.8.

(d) We even get a much finer result. The sheaf Log has an integral structure which

allows us to define our polylogarithmic Eisenstein classes over the Ring Z[4],
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when we consider X¢ x and Ky defines the level-N-structure. From this we also
deduce integrality results for special values of partial L-functions for totally real

fields.

(e) However, it seems as if one cannot expect that the polylogarithm always gener-
ates much of the Eisenstein cohomology. To demonstrate this problem look at
F=Q(v-1)and G = Resr/oGLy. One would naively choose V = Resr,oG?.
We have dim(V) = 4 and this gives polylogarithmic Eisenstein classes in coho-
mological degree 3. Now we have X¢x = X ¢, since Ag(R)Keo = RxoU(2) =
C*U(2) = Z(R)°K and the part of Z(R), which does not split over R, al-
ready lies in the maximal compact subgroup. So there is no decomposition and
H3(Xck, E) = 0 by Poincaré duality. In this case the polylogarithm gives noth-
ing. Nevertheless, we hope for applications of the polylogarithm to other groups.
Especially the case of G different from GL, r with F a number field would be
interesting, as one does not know the Q-rationality of the decomposition of the

cohomology in this case, see section[I.1}

1.5 Outline of the thesis

This thesis has three main parts. We want to discuss them here in more detail.

1.5.1 The topological polylogarithm

In the first part we define the general geometric setup. We begin with the definition
of a family of topological tori over a manifold S as a proper submersion 7w : T — S
with connected fibers, which is a commutative group object over S. If S is connected
one identifies the category of families of topological tori with the category of finitely
generated free abelian groups L with 711 (S)-action (Proposition 2.1.4). This is done by
associating to L the quotient-torus (L ® R/L) X, (s) S. Here S is the universal cover of
S where 711 (S) acts on by deck transformations and 711 (S) acts on the left factor by the
module structure. So the torus T is determined by a representation 711 (S) — Aut(L),

which we call the representation associated to T.

This allows us to define locally constant sheaves on T by using L x 711 (S)-modules. Let

A be any noetherian ring. L x 711(S) acts on L by affine transformations. This makes
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the group ring A[L] a L x 711(S)-module. The augmentation A[L] T Ais equivariant
making the augmentation Ideal a := ker(aug) a L x 711(S)-module. Consequently,
A[[L]] := lfm A[L]/a" 1 is a L x 711(S)-module and the associated locally constant

sheaf on T is called the logarithm sheaf Log.

Next we deduce a purity result for projective systems of local systems indexed over the
natural numbers. If i : D — T is a closed submanifold of codimension ¢ of our torus
we get Ri'Log = i"'Log ® orp,7[—c] (Proposition [2.3.5), where orp, is the relative

orientation bundle. This gives a natural localization triangle
i,i 'Log ® orp,r[—c] — Log — j.j 'Log H,

where j : U — T is the inclusion of the open complement of D (Proposition [2.3.8)). We

calculate the well known higher right derived images of Log
RP7,(Log) = 0,p # d, R, (Log) ™% Rr.(A),
where d is the fiber dimension of 7r. From this we deduce the localization sequence

0 — H (U, Log ® or?/’;) — HO(D,i_1L0g®or§/s) e HO(S, 017 /3),

when 77 : D — S is a finite cover (Proposition [2.4.5).

To profit from the localization sequence, this means to get non-trivial polylogarithmic
classes, we need a good understanding of H(D,i " 'Log ® o /s)- Following Beilinson
et al.| (2014) we show that there is a section A — i~1Log of aug, if D is the union of the
images of torsion sections whose order is invertible in A (Proposition2.4.9). This gives
us the definition of pol(f) € H* (U, Log ® orr,s) for locally constant functions f :
D — A withaug(f) =0, as we have H*(D, A) ¢ H°(D,i 'Log) (Proposition.

For computational purposes we also need a trivialization of the pro vector bundle as-

sociated to Log. It comes from the isomorphism
Q[[L] = [[8ym“(L® Q), ! = exp(l),
k>0

which gives the nowhere vanishing C*-section v — exp(—v), v € L ® R, and the rela-
tion of Log to the symmetric powers of the representation 711 (S) — Aut(L) associated

to T: 07'Log = [Ti=oSym* (L ® Q) (Proposition 2.4.13), where 0 : S — T is the zero

section of the group object T.
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Moreover, we show that the localization sequence of Log may be calculated by resolving
the logarithm sheaf by non-continuous functionals. This gives a characterization of the

polylogarithms by differential equations (Proposition [2.4.20).

1.5.2 Polylogarithmic Eisenstein classes for Hilbert-Blumenthal varieties

First we recall the geometric situation ¢ : Mg := Xgx — Sk := X&/K, when we have
G = Resr/qGL, for a totally real field F. Let us keep the notation already fixed in
Section [1.3| and Section We construct a torus over Mg using the standard repre-
sentation G — Aut(V), V = Resg,oG3. This allows us to define polylogarithms and
polylogarithmic Eisenstein classes for My. We use the naturality properties of Log and
the localization sequence to show that we can glue our Eisenstein classes to G(Ay)-

equivariant operators as described in Section (Proposition |3.2.4).

As we have the polylogarithmic Eisenstein classes on Mg, we want to decompose the
cohomology. The proof is divided up into several parts.

First we calculate the higher direct images of Symk Ve uttl

. As ¢ is a fiber bundle it
suffices to understand the cohomology of the fibers, which we calculate using group
cohomology H*(Zk, Sym* V @ det(V)"*1). As the action of Z is semi-simple we easily

calculate these groups as H°(Zg, Sym* V @ det(V)"*1) @ H*(Zg, Q) (Proposition3.3.2).

This gives R* ¢, (Sym* V @ u"t1) = ¢, Sym" V @ p"*1 @ R*@.(Q) (Corollary3.3.3) and
we trivialize R*¢. (Q) by forms coming from global classes $* C H*(Mkg, Q) using the
fact that ¢ is up to a finite cover a trivial fiber bundle (Proposition (3.3.9).

These global classes define then by cup-product the decomposition isomorphism (The-
orem H*(Sk, 9. Sym* V @ u"t1) @ §° = H* (Mg, Sym* V @ u"t1), which we
finally discuss in the setting of de Rham cohomology with the theory of fiber integra-
tion (Section [3.3.1)).

1.5.3 Comparison with Harder’s Eisenstein classes

In the last part we represent the polylogarithmic Eisenstein classes by differential forms

and compare them with those of Harder.

Using the ideas of Nori (1995) we represent the polylogarithms explicitly by currents

describing the Eisenstein classes as differential forms. We give the description in adelic
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coordinates and calculate the decomposition of the polylogarithmic Eisenstein classes
by fiber integration (Lemma [4.3.6). We reinterpret this as a Mellin transform of a theta
series as considered by Wielonsky! (1985) (Theorem {4.3.10).

As Harder’s Eisenstein classes are determined by their restriction to the cohomology of
the boundary, we recall Harder’s calculation of the cohomology of the boundary of Sk
(Section[4.4). We restrict the polylogarithmic Eisenstein classes to the boundary where
they are determined by their constant terms (Proposition and derive rationality
and integrality results for these constant terms (Proposition [4.5.5). Then we define the
horospherical map controlling the relation between f and the constant term of Eis*( f)

and explain how the horospherical map determines the image of our Eisenstein opera-
tors (Proposition[4.5.7).

Next we translate our cohomology classes to (g, K)-cohomology and compare them
there with Harder’s Eisenstein operator. We see that the polylogarithmic Eisenstein
classes are in the image of Harder’s Eisenstein operator and therefore our operators

Eis’q‘ actually factor through the Eisenstein cohomology (Proposition .

Finally, we determine the image of our operators Eisl,; by studying the horospherical
map. The main ingredient is to show that the horospherical map is surjective, when

one allows general Schwartz-Bruhat functions, this means functions f where we do not

necessarily have [}, apf (v)dv = £(0) = 0 (Proposition 4.7.1).
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2 The topological polylogarithm

2.1 The logarithm sheaf on families of topological tori

We want to start with the definition and construction of the logarithm sheaf on families
of topological tori. These will be our main geometric objects. As we want to calculate
cohomology classes on them explicitly, we need practical and explicit descriptions for
locally constant sheaves on them. This is achieved by the theory of representations of

the fundamental group and equivariant sheaves on the universal cover.

2.1.1 Families of topological tori

For any site C we denote by Sh(C) the category of abelian sheaves on C. For a C*-
manifold S we denote by Mfd/S the category of manifolds over S.

Definition 1. Let 77 : 7 — & be a proper submersion of C*-manifolds. We call 7 :
T — S a family of topological tori or simply a torus over S, if it is a commutative group
objectin Mfd/S with connected fibers. Families of topological tori together with group
homomorphisms form a subcategory of Mfd/S, which we denote by Tori/S.

Remark 2.1.1. As the fibers of 7t are compact commutative Lie groups, they are topolog-

ical tori, in other words products of S' := {z € C: |z| = 1}.

Remark 2.1.2. We will always consider M fd/S with the usual topology of open covers.

It follows that we have a Yoneda embedding

Tori/S — Sh(Mfd/S), T — {X — T(X) = Hompsa/s(X, T)}
Let us fix a base point s9 € S and let us take ty := 0(sp) € T as base point for T,

where 0 : S — 7T is the zero section. If S is not connected, we choose a base point for

any connected component and do all our constructions for each connected component

11



2 The topological polylogarithm

separately. Any proper submersion of C*°-manifolds is a fiber bundle, see Ehresmann

(1995). From this we deduce a short exact sequence
0— 7T1(7;0,t0) i) 7T1(T,t0) 7-[4 7'(1(8,50) — O,

where as usual 75, := 7t~ 1(sg) denotes the fiber over sy. This sequence is split exact,
since 77, has the section 0., and we have a natural left 771 (S, so)-action on 771 (75, to) =
Hy(rt~Y(s0),Z) given by conjugation, as the latter group is commutative. In other

words, there is an isomorphism

7T1(7§0,f0) X 77-'1(8/50) = 7-[1(7-/ tO)/ (l,g) = i*(l)O*(g),

where the structure of the semidirect product is determined by 0 and the by the action
above.

We are going to construct locally constant sheaves on 7, which are induced by 71 (7, to)-
modules. The functor 7 — F3,, which assigns to a locally constant sheaf F its stalk
at the base point, establishes an equivalence between the category of locally constant
sheaves on a connected topological manifold 7 and the category of left-7t; (7, fo)-modules,
see [Iversen! (1986) IV Theorem 9.7. Note that we consider the universal cover 7 of T
equipped with a right 711 (T, to)-action.

Example 21.3. If m : T — S is a torus, we have the locally constant sheaf H :=

Homy (R'7t.(Z),Z) and Hs, = H1(Ts,, Z) by Poincaré duality.

Definition 2. A lattice L is a free Z-module of finite rank. Let A — A’ be a ring homo-

morphism and M a A-module. We set My := M ®4 A'.

Proposition 2.1.4. Let S be a connected C*-manifold, say with base point so € S. Then we

have an equivalence of categories
Tori/S — {lattices L with left-rt11(S, so)-action and equivariant maps}

T — H1(7;0,Z)

Proof. Given a 1(S, sp)-module L we have the torus T := Lr/L. As (S, so) acts on
L, we get an induced action on T. We denote by S the universal cover of S and set
TL = 8 Xy (550) T, where 8 X (55 T := 8 x T/m1(S,s0) and v € m1(S,s0) acts on
(s,t) € S x Tby (s,t)y = (57,7 't). We have a structure map 7 : 7, — S coming from

the first projection. The action of 711 (S, s9) on S is properly discontinuous and fixpoint

12



2.1 The logarithm sheaf on families of topological tori

free. So S may be covered by U C S open where Uy N U # @ implies y = id. If we
denote by U the image of U in S under the canonical map, we get 7=1(U) = U x T.
So our quotient space is a fiber bundle with typical fiber T and 7 is proper. Since the
action is by diffeomorphisms, 7} is even a manifold.

We endow pr; : U x T — U with the constant group structure as a group object in
manifolds over U. By construction all transition maps of our fiber bundle come from
the 711 (S, sp)-action on T. So all transition maps are group homomorphisms and this
means that we may glue all group structures pry : U x T — U to obtain a global
group structure on 7;. Obviously, equivariant maps f : L — L’ induce maps on the

corresponding spaces. This gives the desired quasi-inverse functor
{lattices L with left-711 (S, sp)-action and equivariant maps} — Tori/S

L— S an(S,so) L]R/L =: 71
Ul
Remark 2.1.5. We deduce from the theorem above that our family of topological tori
T has the universal cover S x Hy(T;,, R) where the fundamental group 71 (7T, to) =

Hy(Tsp, Z) ¥ 711(S, 80) acts by (x,0) - (I,77) = (x7,7 (v +1)) and the action of 711 (S, sp)

on H;(7s,, Z) is the monodromy action coming from the locally constant sheaf H.

Definition 3. A group homomorphism ¢ : 7' — 7 of tori over S is called an isogeny, if

¢ is surjective and ker(¢) is a finite covering of S. Here
ker(¢)(X) :=ker(¢ : T'(X) = T (X)), X € Ob(Mfd/S)

Remark 2.1.6. The kernel of a homomorphism ¢ : 7' — 7T of tori is always representable
as a base change with the zero section. More precisely, Proposition shows that
ker(¢) = S X 1 (S,50) Ker(¢s,) where s, = o — Ty, is the induced homomorphism on

the fiber over s.

Remark 2.1.7. Given a torus 7 over S we have for any N € Z the multiplication by N
isogeny [N] : T — T. On points X € Ob(Mfd/S) it is determined by the functorial

group homomorphism
N : T(X) = T(X),v+— N-o.

We call ker([N]) =: T[N] the N-torsion subgroup, it is a finite covering of S.

13



2 The topological polylogarithm
Definition 4. Let ¢ : 7' — 7T be an isogeny over S. The function
deg(¢p) : S — Z, s — | ker(¢s)]

is locally constant and is called the degree of ¢.

Remark 2.1.8. We have deg([N]) = N¥"™(T/S) where
dim(T/S):S — Z, s — dim(Ts).

Definition 5. A family of topological tori 77 : 7 — S has a level-N-structure, if the
sheaf of sections associated to T[N] in Sh(Mfd/S) is constant. If the fiber dimen-
sion dim(7T /S) is constant, this just means that there is an isomorphism 7 [N] = S x
(Z/NZ)dm(T/S),

Remark 2.1.9. For any ring A we set GL(M) := Auts_p4(M), if M is a finitely gener-
ated free A-module. If 7 : 7 — & has a level-N-structure, the associated representation

p:m(S,s0) = GL(H1(Ts,Z)) factors as p : 711(S,s0) — GL(H1(7s,,Z))(N) where
1 — GL(H1(7s,2))(N) = GL(H:1(Ts, Z)) — GL(Hi1(T5, Z/NZ)) — 1

is exact with the natural projection on the right hand side.

2.1.2 Definition of the logarithm sheaf

Consider the group algebra A[m;(7s,, to)] for any commutative ring A. We denote ba-
sis elements by I € m1(7,, tp) and write elements as Y f(I)], where f(I) € A and
f(I) = 0 for almost all I. The group 11 (7,to) = m1(Ts,, to) ¥ m1(S,s0) acts naturally
on 711(Ts,, t0) by (I,g) xv =1+ g-v, with [,v € m1(Ty, to) and g € 711(S,s0). We can
define this action directly in 771 (7, to) by x * v := x00,71.(x 1), x € m(T,t9) and v €
711(Ts, t0). This action induces a natural 71 (7, t)-action on the group Al (7, to)]-

The group algebra comes with the natural augmentation map
aug : A[mi(Ts,, t0)] = A, Zf(l)l — Zf(l)
1 !

The augmentation map is 711 (7, tp)-equivariant and the kernel a = ker(aug) is again a
7t1(T, to)-module. In this manner we get for n € INg the 711 (7, t9)-modules A[7t1(7s,, to)] /"
and Al[7ry(Try to)]] = lim Al (Toy )] /a1,
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2.2 Limits of locally constant sheaves

Definition 6. Let 7 be a torus over S. We define the locally constant sheaf Log’, s on
T as the sheaf associated to the 7r1 (T, to)-module A[r1(Ts,, to)]/a"*1, n € No, and call
it the n-th logarithm sheaf. im Log7, ¢ =: LogT /s is called the logarithm sheaf.

Remark 2.1.10. Logt /s is also locally constant and is associated to the 771 (7, tp)- module
Al[mt1(Ts,, to)]]- Moreover, we have the augmentation map aug : Logy,s — A coming

from the 711 (T, tp)-equivariant augmentation map aug : A[[711(75,, to)]] — A.

Lemma 2.1.11. Log%, s and Logy s are natural in families of topological tori 7t : T — S. In

other words, given a commutative square of (pointed) families of topological tori
Ay
AP
s—1-8
with p o0 = 0o q, we have natural morphisms Log% 5 — pflLog”T/S and Log7i/s —

p~'Logr/s. If the diagram above is Cartesian, these maps are isomorphisms.

Proof. We choose s;, € S’ with q(s,) = sp and set t; = 0'(s,).

Given a locally constant sheaf F on 7 associated to a 711 (7, tp)-module M we recog-
nize p~LF as the locally constant sheaf associated to the 71 (77, t))-module M where
the action is induced by the map p. : mi(7',t;) — m(7T,tp). The morphism p, :
711 ( sio,t(’)) — 7111(Tsy, to) is @ map of 711 (77, t})-sets. To see this choose x € 711 (77, t))

and v € 7 ( sé , t}) arbitrarily. We have
pe(x %) = pa (2007, (x 7)) = pu () (0)ps 0L, (x7) =

P (x)P+ (0)0:Tupu(x 1) = pu(x) % pu(©)
So p« + Al ( Sé J0)] = A[mi(Tsy, to)] is 1 (T, t))-equivariant. This induces the de-
sired maps on the level of sheaves. If our diagram is Cartesian the morphism p, :
m (7;?J 1) = 11(Ts,, o) is an isomorphism inducing the desired isomorphisms on our

sheaves. O

2.2 Limits of locally constant sheaves

2.2.1 Limits over the natural numbers

In the case of sheaves there can be non-trivial R? 1&1 for p > 2 and there may be no

such thing as a Mittag-Leffler condition on the system ensuring the vanishing of higher
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2 The topological polylogarithm

limits. We want to prove now that locally constant sheaves have, as expected, the same
behavior with limits as abelian groups. Let .A be an abelian category. We denote by AN
the category of all inverse systems in A indexed by the natural numbers. Objects of
AN are families (A,, a,) with objects A, in A and maps a, : A, 1 — A,. Morphisms

between (A, a,) and (B, b,) in AN are just commutative diagrams in A of the form

An+1 An An—l
ifwrl lfﬂ lfﬂl
Bn+1 Bn Bn—l

AN is an abelian category with kernels and cokernels defined componentwise.

Proposition 2.2.1. AN has enough injective objects, if and only if A has. We can characterize
injectives in AN as follows:
T = (Zy,,dy) is injective, if and only if each T, is injective in A and all the d,, are split epimor-

phisms.
Proof. Jannsen| (1988) (1.1) proposition. O

From now on we want to assume that .A has enough injectives and that inverse limits
indexed over IN exist in 4. The functor l£1 : AN — A sending an inverse system to its
limit is additive and left exact as right adjoint to the exact diagonal functor A sending
Atothesystem--- — A BAad a8, m particular l&n preserves injective objects.
Since AN has enough injectives and 1&1 is left exact, we form the higher right derived
functors R? @ We will often omit the transition maps of our system and simply write

(Ay) for objects in AN. Let us consider A = Ab the category of abelian groups first.

Definition 7. (A,,d,) in AN satisfies the Mittag-Leffler condition (M-L), if for any
n € N the decreasing filtration of A, F,, := im(A,+m — Ay) induced by the di, k > n,

becomes stationary.
Remark 2.2.2. 1f all d,, are surjective, then (A, d,) obviously satisfies (M-L).

Proposition 2.2.3. Let (A,) be in AbN. Then RP Wm(A,) = 0 for p > 2. If (Ay) satisfies
(M-L), then R} lim(A,) = 0.

Proof. Weibel| (1994) Corollary 3.5.4. and Proposition 3.5.7. O
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2.2 Limits of locally constant sheaves
2.2.2 (M-L) systems of locally constant sheaves

Let X be a topological manifold. The category Sh(X) of sheaves on X has enough

injectives and all limits over the natural numbers exist. For (F,) € Sh(X)N the formula
(im F,)(U) = lim F,,(U), U C X open

can be used as definition.

Definition 8. We say (F,,) € Sh(X)N is a system of locally constant sheaves on X, if each
Fu is a locally constant sheaf. We say that the system of locally constant sheaves (F)
satisfies the Mittag-Leffler condition (M-L), if for any x € X the induced system of abelian
groups (Fy,x) does so.

Proposition 2.2.4. Let (F,) be a system of locally constant sheaves on a topological manifold
X. Then R @(Fn) = 0 for p > 2 and if (F,) satisfies (M-L) R! 1'&1(}",1) =0.

Proof. Consider an injective resolution (F,) < (Z,)*® in Sh(X)N. We have by definition
Rpl'ﬁq(}"n) = H? (lgn ). HP (lgn Z3) is the sheaf associated to the presheaf

U s H((HmZ,)(U)*) = HP (lim T, (U)*).

So it suffices to show that HP(I'&nIn(U)') vanishes for any U C X open and con-
tractible for p > 2 or p > 1, if (F,) is (M-L). The complexes Z,(U)* are injective res-
olutions of M, := F,(U). To see this recall that Tou
constant sheaf M, = F, ;. Here we use that locally constant sheaves are constant on

is an injective resolution of the

simply connected manifolds (Iversen (1986) IV.9). So we may compute

HP(U, My) = HP(U, Fyu) = HP (23, (U)) = HP (Z;(U))

n

Now U is contractible and by homotopy invariance of sheaf cohomology with constant
coefficients (Iversen (1986) IV.1) we get H? (U, M,,) = HP ({pt.} , M,;) which is zero for
p > 1land M, for p = 0. So Z,(U)* is a resolution of M, and it is an injective resolu-
tion, because the section functor I'(U, ) is right adjoint to the constant sheaf construc-
tion which is exact. Since (Z}) is injective in Sh(X)N, all its transition functions are
split epimorphisms. In particular, all transition functions of (Z}(U)) are split epimor-

phisms. This implies that (Z} (U)) is injective in AbN. Therefore (M,) — (Z,,(U))* is

17



2 The topological polylogarithm

an injective resolution in ABN implying R? l&n(Mn) = HP(@ Z,(U)*). Now we can
use the results about limits in Ab to conclude that R” I'&n(}"n) =0 for p > 2 and if (F},)
satisfies (M-L) R I'&n(}"n) = 0. O

Remark 2.2.5. If (F,) is a (M-L) system of locally constant sheaves and (F,) — (Z,)® is
an injective resolution in Sh(X)N, then lim 7, — HmZ} is an injective resolution. This

follows easily from H? (im Z}) = RP lim(F;,) = 0,if p > 1.

2.3 Purity and localization

In this section we want to prove a purity result for (M-L) systems of local systems on
topological manifolds. This gives rise to localization sequences on cohomology, which
finally will be used to derive a very easy localization sequence for the logarithm sheaf

and to define the polylogarithm cohomology classes.

2.3.1 Purity for local systems

Let A be a noetherian ring and X a topological space.

Definition 9. A sheaf F on X is called a local A-system, or simply a local system, if it is
locally constant and if for all x € X the stalks F, are free A-modules of finite rank. The
sheaf 7* := Hom 4 (F, A) is also a local A-system and is called the dual of F.

Lemma 2.3.1. If 7 is an injective A-sheaf on a topological space X, then F ® 4 T is injective

for any local system F.

Proof. Given any inclusion C — D of A-sheaves we have a commutative diagram

where the vertical arrows are isomorphisms:

Hom(C,Z ®4 F) —= Hom(D,ZT®, F)

l l

Hom(C®p F*,I) — Hom(D ®4 F*,I)

To see this one uses the universal property of the tensor product, (F*)* = F and F* ®4
Z = Hom,(F,I). Since F* is a flat A-sheaf C ® 4 F* — D ® 4 F* is injective. Therefore
the lower horizontal arrow is surjective, because 7 is injective. So F ®4 Z is injective.

O]
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2.3 Purity and localization

Let Z C X be a closed subspace. The pushforward i, : Sh(Z,A) — Sh(X,A) on
the categories of sheaves of A-modules has a right adjoint i* : Sh(X, A) — Sh(Z, A)
(Iversen (1986) II. Proposition 6.6.).

Lemma 2.3.2. Let F be a local A-system on a topological space X and let G be any sheaf on X.

There is a functorial isomorphism

H(F®RaG) =i 'Foai'g.

Proof. We use the Yoneda principle: Let H be any A-sheaf on Z. By adjunction and the

properties of * and ® 4 we have isomorphisms
Hom(H,i'G @i ' F) = Hom(H @41 ' F*,i'G) = Hom(i.(H @41 ' F*),G)

Moreover, iy (H @41 ' F*) 2 i, H @41 'F* =i, H ®4 F* where the last arrow comes

from the adjunction morphism F — i.i~!F*. Therefore we get natural in H
Hom(H,i'G @41 ' F) =2 Hom(i,H ®4 F*,G) = Hom(i,H,G @4 F) =

Hom(?—[,i!(g @4 F))

O]

As i, is exact, i' is left exact. Purity is concerned with the calculation of the higher right
derived functors of i'. To do so we need some notation.

Let X be a topological manifold and A a noetherian ring.

e DT (X, A) denotes the derived category of bounded below complexes of sheaves
of A-modules. We identify this category with the homotopy category of bounded

below complexes of injective sheaves of A-modules.

e Dt (A) is the derived category of bounded below complexes of A-modules. We
identify this category with the homotopy category of bounded below complexes

of injective A-modules.

e If C = (C,d) is a complex of sheaves and p € Z, we denote by C|p]| the shifted
complex, in other words, C[p]? = CP** with differential d[p] := (—1)Pd. If Dis a
sheaf, we identify D with the complex which equals D in degree zero and is zero

elsewhere.
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2 The topological polylogarithm

Definition 10. Let X be a topological manifold of dimension d and A a noetherian ring.

The presheaf
U C X open — Hom(H% (U, A), A) =: orx(U)

is a sheaf on X. It is even a local A-system of rank 1 (Iversen! (1986) III 8.14.) and we call

it the orientation bundle of X

Definition 11. Let X be a topological manifold of dimension d. The dualizing com-
plex Dx on X is a complex of injective sheaves on X characterized up to homotopy
by the following property (Iversen| (1986)V1.2): There is an isomorphism natural in
A € D*(X,A): Homp (x4 (A, Dx) = Homps(4)(Te(X,A), A). Moreover, one has a
quasi-isomorphism orx[d] — Dx (Iversen (1986) V1.3.2).

Lemma 2.3.3. Let X be a topological manifold of dimension d and i : Z — X a closed subman-

ifold of codimension c. Then one has i' Dx = Dy.

Proof. [Iversen| (1986) VIII proposition 1.7. O

Definition 12. Let X be a topological manifold of dimension d and i : Z — X a closed

submanifold of codimension c. We define the orientation of Z relative X as the rank 1

— —1
local system orz,x 1= orz ®a 1 ory.

Proposition 2.3.4. Let X be a topological manifold of dimension d, i : Z — X a closed
submanifold of codimension ¢ and F a local system on X. Then we have Ri‘'F = orz;x ®4
i~ F[—c]in D(Z, A) functorial in F.

Proof. We start with the quasi-isomorphism orx[d] — Dx. ory ® F is flat and if we
tensor the last quasi-isomorphism with it, we get a quasi-isomorphism F[d] — Dx ®4
ory ®a F. The right-hand side is a complex of injectives by Lemma We get

Ri'Fld] = i'(Dx @401k @4 F) = i'Dx @41 lory @ai ' F
by Lemma and this equals by Lemma
Dy @ai lork@ai '\F =orz[d—cl@ai tory@ai '\ F=orzx®@4i 'Fld— (]

O]
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2.3 Purity and localization
2.3.2 Purity for systems of local systems and naturality

Proposition 2.3.5. Let X be a topological manifold of dimension d and i : Z — X a closed
submanifold of codimension c. Let (F;) be a system of local A-systems satisfying (M-L) on X.
We have in DT (X, A)

Ri (lim Fy) = Qi (i Fy @4 0r7/x)[—¢] = i (im Fy) @4 077/ x[ ]

functorial in (F,).

Proof. Take an injective resolution a : (F,) < (Z,)*® in Sh(X, A)N. We already had the
resolution b : (F,) < (Dx ®4 0r @4 Fu)n in Sh(X, A)N functorial in systems (F,).
Since (Z,)® is a complex of injectives in Sh(X, A)N, we get a map of complexes ¢ unique

up to homotopy making the following diagram commute

(Fn) : (Zn)®
\ /
(Dx ®@a 01y @4 Fn)

(Iversen|(1986) I Theorem 6.2). Let us consider the functor i'N : Sh(X, A)N — Sh(Z, A)N,
(Gn) — (i'Gn). We have now

1

| .l o i'Nc * =
Ri™N(F,) = (i'T,)* & ((Dx @4 0r @4 Fn)) D (i Fu @4 0r2/%)[—c],

where the map on the right-hand side is the functorial purity quasi-isomorphism p

from proposition The morphism i e isalsoa quasi-isomorphism, as
HP(i'T,)® = (HPi'Z}) = (RPi'F,) = HP (i (Dx ®a 01k @4 Fn)).

This gives a purity isomorphism
Ri™(Fy) = (i7'Fu @4 0r7/x)[~c] € D (Sh(X, A)N)

in the derived category of bounded below complexes of systems of sheaves of A-modules,
which is functorial in systems of local systems (F;). As (F,) is (M-L), we have that

1'&1 Fu = l'glIy’l is also an injective resolution by Remark In other words, R I'&n(]:n) =
lim 7, € D*(X,A) and one gets in D" (X, A)

Rilim , = Ri'Rlim(F,) = R(i' o lim)(F,) = R(lim oi™)(F,),
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2 The topological polylogarithm
since i' commutes as right adjoint with the limit. We go on with

R1im Ri™N(F,) = Rlim (i Fy @4 0rzx)[—¢] = Um(i "' Fy ® 4 0rz/x)[—c],

where we used purity and the fact that (i~1F, ®4 orz,x) is again (M-L). Finally, we

have

W (i1 Fy @a0rz/x) = i (im Fy) @4 077/x
which will follow from the following two lemmas and will complete the proof. O

Lemma 2.3.6. Let X be a topological manifold and let (F,) be a system of locally constant

sheaves on X. For any x € X the canonical map

(lim )y — lim(F, )

is an isomorphism. More generally, if Y is another topological manifold and f : Y — X a

continuous map, the canonical map f~* (1£1 Fu) — lim L F, is an isomorphism.

Proof. Let G be any sheaf on X and x € X. As X is a topological manifold any open
neighborhood U of x contains a contractible open neighborhood B of x. It follows that
the family B, of contractible open neighborhoods of x is a cofinal inductive system
in the family &l of all open neighborhoods of x. Therefore G, = lim, gu) =
ligBe 8, G(B). If F is locally constant, ]-"B is constant for B € ‘B,, as contractible spaces
are simply connected, and we have Fy = ligBe%x F(B) = F(B) for any B € B,. We
calculate
(lim F,)x = limy (lim ,)(B) = limy (lim  (B))
BeB, BeB,

as the limit commutes with the section functor. The inductive limit becomes constant

and therefore
liny (lim F,(B)) = lim F,(B) = lim .
Be®B,

This proves the first claim. The second follows easily from the first by considering the

induced maps on the stalks. O

Lemma 2.3.7. Let (F},) be a system of locally constant A-sheaves on a topological manifold X
and F a local A-system on X. Then the natural map (1&1 Fn) @4 F — 1&1(]—} ®a F)isan

isomorphism.
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Proof. By the preceding lemma the problem is local so it suffices to proof the corre-
sponding statement for a system of A-modules (F,) and a finitely generated free mod-

ule F. For any A-module M one has the functorial isomorphisms
Hom(M,@(Fn ®aF)) = @Hom(M, F,®4F) = @Hom(M ®a F*, Fy) =
Hom(M ®4 F*,@Fn) = Hom(M, (I'&nFn) ®a F)

from which the claim follows by the Yoneda lemma. O

Now we come to our important application of the purity result

Proposition 2.3.8. Let (F,) be a system of local systems on a topological manifold X satisfying
(M-L). Let i : Z — X be the inclusion of a closed submanifold of codimension c and j : U :=

X\ Z — X the inclusion of the open complement. One has an exact triangle in Dt (X, A)

i.(i7 (lim Fy) @4 0rz/x)[—¢] = lim F, = Rjej ' lim F, 5

Proof. Let F be any sheaf on X. Let us recall
i,i' F(V) = {s € F(V) :supp(s) C Z}

(Iversen| (1986) 11.6.6). Therefore, we have an exact sequence
0 i F = F = juj ' F,

where the arrows are the adjunction morphisms. If F is flabby, the last sequence is even
right exact. This means, if we replace F by an injective resolution Z, we get an exact

sequence
0= T =T —juj 'T—0

giving rise to an exact triangle in the derived category D" (X, A)
i,RI'F - F > Rj,j'FS.

If we apply now Proposition m to substitute i,Ri'F, we get the exact triangle as

claimed. ]
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Remark 2.3.9. Proposition is functorial with respect to pairs (X, Z), (X', Z'). By this

we mean given a Cartesian square of topological spaces

7 X

Pl

z—-X
with a topological manifold X, a closed submanifold Z of codimension ¢ and topologi-
cal submersion f (see Kashiwara & Schapira|(1990) Definition 3.3.1) we get by pullback
a morphism of exact triangles (apply id — Rf.f!) from

i.(i7 (lim Fy) @4 0rz/x)[—¢] = lim F, = Rjej ' im 7, 5
to
RE(I (im 7' Fy) @ 0rz1/x0)[—c] = Rflim f'Fy = RERL ™ im 71 F, 5

To see this we recall that X’ and Z’ have the structure of topological manifolds and
that Z" has codimension c in X'. After exploiting the commutation rules of the functors
involved the only thing that remains to be shown is that there is a natural pullback
isomorphism f'~lorz,x — orzx. As our diagram is Cartesian, we have a natural
pullback morphism i/~!f'A — f"i~1A by Kashiwara & Schapira| (1990) proposition
3.1.9 (iii). If we apply H4"(X)=dim(X’) \ye get the natural morphism i’ lory: /;x — 0rz /7.
Following the proof of Kashiwara & Schapira (1990) proposition 3.3.2 we may see that it
is actually an isomorphism. By the formalism provided by Kashiwara & Schapira (1990)
remark 3.3.5 we may conclude that we also have a natural isomorphism f'~lorz,x —
0Tz /X

Remark 2.3.10. If (X, Z), (X, Z') are two pairs of codimension ¢ as above with Z' C Z,
we have another compatibility. Z' C Z is also open, as both manifolds have the same

dimension. From this we derive a natural extension by zero morphism

i (i fm F, @4 0r71/x) = i (i1 fm 7y @4 0rz/x),
with the inclusions i : Z — X and i : Z' — X. If we denote by j : X\ Z — X and
j: X\ Z' = X the inclusions of the open complements, the morphism above fits into a
morphism of triangles

iL(' (jim F) © 4 0r/x)[~¢] — lim Fy — R}/ lim F, —'

| | L

b2 (i (B ) @4 077x) [ —€] —— lim Fyy ——> Rj.j~" lim F, —
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2.4 Construction of the topological polylogarithm

The right vertical arrow is just the restriction map.

Corollary 2.3.11. Let (F;) be a system of local systems on a topological manifold X satisfying
(M-L). Let i : Z < X be the inclusion of a closed submanifold of codimension ¢ with open
complement U := X\ Z and f : X — Y a continuous map of topological spaces. There is a

long exact cohomology sequence
— Rpflf\u*(l'&l}—n u) — Rpfcf|z*(1gni717:n ®ao0rz/x) = RPfo(lim Fy)

— R fly (m 7,y ) — Rp+1fcf|z*(1£1i71]:n ®a0rz/x) —

called the localization sequence for the pair (X, Z). The sequence is natural in pairs (X, Z) as

described in Remark[2.3.9land Remark

Proof. We take the exact triangle

i.(i7 (im Fy) @4 0rz/x)[—¢] = im F, — Rjoj ' im 7, 5
from Proposition[2.3.8|and apply Rf, to obtain an exact triangle

Rfoi. (i} (lim F,)) ® 4 0r7/%)[—c] = Rf.lim F, — RfRj.j ' lim ,, 55,
which equals

Rfi2 (i (lim Fy) @4 0r7%)[—c] = Rf.lim Fy — Rfjy.j ' lim F, 5

by the composition rules of derived functors. If we apply the functor H’, we obtain the

statement. ]

2.4 Construction of the topological polylogarithm

2.4.1 The localization sequence for the logarithm sheaf

In this section we prove the important vanishing result for the cohomology of the loga-
rithm sheaf. We will then derive a simple localization sequence for the logarithm sheaf,

which enables us to define the polylogarithm cohomology classes.

From now on we will often drop the subscript A at ®, when the coefficient ring has

been fixed.
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2 The topological polylogarithm

Proposition 2.4.1. Let 7w : T — S be torus of constant fiber dimension d and Log7,s = Log

the associated logarithm sheaf over the noetherian ring A. Then
RP7,(Log) =0, p #d, and aug : R, (Log) — Rém.(A)

is an isomorphism.

Proof. As the problems are local on the base, we may check the corresponding state-

ments for the stalks. Because 7t is proper, we have for any sheaf ¥ on 7 ands € S
RPm (F)s = Hp(n_l(s),}"‘rl(s)).

Now Logr/s,s = Logr-1(s)/4s) by Lemma[2.1.11}and we use Beilinson et al. (2014) The-

orem 1.6.1 to conclude. O

Remark 2.4.2. If T : T — S is a topological submersion, there is a relative orientation
bundle ory,s on T, see|Kashiwara & Schapiral (1990) Definition 3.3.3. If 7 : 7 — S'is
a torus, it is in particular a fiber bundle with orientable fibers and therefore ory,s =

IR, (A)*.

Now let D C 7T be closed such that 7rp : D — S is a (finite) covering. We set U :=

T \ D. One has orp = 7'(‘_D107’5.

Proposition 2.4.3. Let F be a local A-systemon S, 7t : T — S a family of topological tori of
constant fiber dimension d and D C T be closed such that 7t is a covering. The localization

sequence for the twisted logarithm sheaf =1 F @ Log reduces to a short exact sequence

0— Rd717'[|u*(7'[71f® L0g®07’7’/5) — 7T‘D*(7'[71./_"® L0g|D) ai? F =0

Proof. Because 7p : D — S is a covering, one has for any locally constant sheaf ¢
on D that RP7tp,(G) = 0, p # 0. To see this it suffices to show HP(7T|_Dl*(U),g) =0,

p # 0, for all small U C S. Take U contractible and uniformly covered, in other words

-1

H‘D*(U) = Lie; U; with 7tpy, : U; — U a homeomorphism for all i € I. The sheaf G,

is constant, as locally constant on something simply connected, and we calculate
H”(nﬁjl*(u),g) =H'(JJu,G) =] [H"(U;,G) =0, p #0,
i€l i€l
by homotopy invariance of sheaf cohomology with constant coefficients (Iversen (1986)

IV.1). The localization sequence for (=1 F ® Log"),

— R”_ln‘u*(n_l}"® Log®ory,s) — Rp_dﬂ‘D*(ﬁ‘Blf@) Log|p)
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2.4 Construction of the topological polylogarithm

— RPm, (m ' F @ Log @ orys) — R (m ' F ® Log ® or/s) —
provided by Corollary gives immediately isomorphisms
R, (™' F ® Log ® or7/s) — RP . (m' F @ Log @ orys)
for p <d —1and p > d. We extract the exact sequence
Rl (m '\ F @ Log ® or7/s) — Rdﬁln‘u*(rf’l}" ® Log ® ory/s)
— N‘D*(n’lf@) Logip) — Rim, (m 1 F ® Log ® or/s)
from our localization sequence. We have
Rt (m 1 F ® Log ® or/s) = F ® RPmt,(Log) @ R, (A)* =0

for p # d and Rim.(n~'F ® Log ® orr,s) = F by the projection formula, since 7 is

proper and F is flat. So we have the short exact sequence
0 — R, (m ' F ® Log ® or7s) — mp, (' F @ Logp) = F

But the last arrow is obtained by applying /& and the projection formula to the epi-
morphism 7 p, (Log7/, S\D) o Tt s A o, A, and therefore is itself an epimorphism (for

tr see Iversen, (1986) VIL4.). In particular
RP7T|U*(7T71F® LOg &® 07’7-/3) =0, p 75 d—1.
O

Remark 2.4.4. Let us recall the augmentation morphism 7 p, (Log|p) g T ps A %A T
is enough to do so on the fibers 777 !(s). So we have a topological torus T and D C T is
just a finite set of points. We have to examine the chain of maps

H(D, Logr|p) puriy= HY (T, Logr ® orr) — H(T, Logr ® orr) a4

ev

— HY(T,or7) = HU(T, A) @ orr(T) 2 A
We have HY (T, Log ® orr) = @qcp H?x} (T, Log ® orr) and isomorphisms
purity
H({x},A)"=" H{, (T, A) » H(T, A),

as T is orientable. We choose a generator 1(x) € H°({x}, A) and denote the corre-
sponding images with 1;,, € H?x}(T,A) and w(x) € HYT,A). We set w(x)* €
orr(T) the element dual to w(x). Given Y, f(x)1(x) € H%(D,Logp), f(x) € Logx,
purity maps it to Y, f(x)1, ® w(x)* € H%(T, Log ® orr). This is mapped by aug to
Yraug(f(x))w(x) ® w(x)* € HY(T,orr) and then by ev to Y, aug(f(x)) as claimed.
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2 The topological polylogarithm

Proposition 2.4.5. With notations from above we have an exact sequence

0— H" YU, 7 'F®Log®oryr/s) = H (D, 'F ® Logp) 2 HY(S, F)

Proof. Using the Grothendieck-Leray spectral sequence for the composition of functors

I'(U,—) =T(S,—) o my, we easily see
HP (U, 7w F @ Log @ ory/s) = HP~“"1(8, Ry, (n ' F @ Log ® or75)),

as RV, (m'F ® Log @ orrys) = 0, p # d — 1. Applying H%(S, —) to Proposi-
tion yields the result. O

Definition 13. We keep the notations from above.
Given f € H(D, 7't|’D1]-" ® Log|p) with aug(f) = 0 we define the polylogarithm associated
to f as the unique cohomology class

pol(f) € H* Y(U, n ' F @ Log ® or7s)

with res(pol(f)) = f. If 0(S) N D = @, we define the polylogarithmic Eisenstein class
associated to f to be the pullback

Eis(f) := 0% pol(f) € H*"Y(S, F ® 07} (Log ® or7/5))

2.4.2 Trivializations of the logarithm sheaf

Finding non-trivial polylogarithm classes is by definition equivalent to finding non-
trivial f € H(D, 7~'F ® Logp) with aug(f) = 0. For which D do we have sections or
a trivialization for Log|p?

We just write Log" = Log’ s, when the topological situation 77 : 7 — & has been fixed.

Lemma 2.4.6. The augmentation map 0~'Log — A splits. The image of 1 € A is denoted by
1o € HY(S,07Log). 0~'Log =: R is a sheaf of augmented algebras and Log is an invertible

1= YR-module.

Proof. 0~'Log is the local system associated to the 711(S,sp)-module A[[7(Ts,, to)]]-
The augmentation map corresponds to the augmentation map of this algebra. It has
the obvious 711 (S, sg)-equivariant section providing the section of the corresponding
sheaves. Obviously 711 (S, sp) acts by algebra homomorphisms on A[[7t1(7s,, to)]], there-
fore R is a sheaf of algebras. 7171 R is associated to the 711 (T, to)-module A[[7t1(Ts,, to)]]
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2.4 Construction of the topological polylogarithm

with the action (v, ) Y f(I)(1) = ¥ f(I)(71) for (v,y) € w1 (T, ty). Let us denote this
module by A[[7r1(7s,, to)]]r and the module associated to Log by A[[7r1(7s,, to)]]rog to

emphasize their different 71 (7, to)-structures. Then we see that the multiplication map

Al (Tso, to)llr ®@a Al (Tsg, to)lLog — All71(Tse to)|lLog, f @ 8+ - &

is 711 (T, to)-equivariant proving that Log is an 77~ !R-module. O

We set R" := 0~ 'Log".

Lemma 2.4.7. Let ¢ : T' — T be an isogeny of tori over S. We consider the logarithm sheaf
over a ring A and suppose that deg(¢)(s) € A* forall s € S, where A* always denotes the

units in a ring A. Then the natural morphism Logt/s — ¢~ 'Log7 s is an isomorphism.

Proof. 1t suffices to consider the map of underlying 711 (77, t,)-modules. It is given by
the natural map A[[m (7, t))]] L Al[[r11(Ts,, t0)]]- This map is an isomorphism by
Beilinson et al. (2014) proposition 1.1.5. O

Definition 14. Let X be a topological space, A — A’ a ring homomorphism and G a
sheaf of A-modules. Weset G4 := G ®4 A’.

Given a family of topological tori 7t : 7 — S with logarithm sheaf Log we may consider
Log* := aug (1) where aug : Log — A is the augmentation map. Log* is a sheaf of
sets on 7. We may realize this sheaf as a sheaf of sections of a topological space Log™*?
over S. To do so we set R := A[[rt1(7Ts,, to)]] and denote again by a := aug1(0) its
augmentation ideal. In R we have the group of 1-units 1+ a =: R;. The action of
m1(T, to) on R restricts to R{" making it a 711 (7T, tp)-module. Considering R{* with the
discrete topology we get Log*s? := T X, (T o) Ry - We had T = 8 x Hi(T5,R) and
therefore we may write Log**? = & X (8,50) (H1(Ts0, R) X 12, (T o) R{). The second
description tells us that Log™*¥ may be considered as a group object over S with typical
fiber Hy(7s,, R) x 701 (Tog o) R;. We also have the sheaf R{* of 1-units of the augmented
algebra R. One has the inclusion 6 : 71(7s,, to) C R{ giving rise to the inclusion 0 :
H — Ry If we consider the fibers of 7 with the discrete topology, we may summarize
this in the following pushout diagram of abelian sheaves on &

p

0—R{ —Log"F —=T —0

{1

0 Hz HR T 0
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2 The topological polylogarithm

where we consider 7 and Log™*? as sheaves of sections. Let H C T be a subgroup. By
this we mean that H is a sub local system of 7. We also may consider H as a subspace

of 7 covering S. Now we follow [Beilinson et al. (2014) Definition 1.5.1.

Definition 15. A multiplicative trivialization of Log along H is a morphism t : H —

Log**P, which is a section for p : Log*? — T.

Remark 2.4.8. A multiplicative trivialization of Log gives a section 1y € T(H, Log|y),

aug(ly) = 1, trivializing Log|y as an invertible n"Hl R-module.

Let 7(4) be the subsheaf of T consisting of all torsion sections whose order is invertible

in A and 7" the subsheaf of all torsion sections.
Proposition 2.4.9. There is a unique multiplicative trivialization peay : T — Log**? for
Log along TA). It is compatible with isogenies and for t € T[N](S) C TA(S) it is explicitly
given by the isomorphisms

t1Log =t }[N] 'Log = ([N]ot) 'Log = 0 'Log,

where one uses Log = [N]~'Log, as deg[N] € A*, and [N] ot = Nt = 0, as t is N-torsion.

Proof. By [Beilinson et al.|(2014) proposition 1.5.3. we have the statement, if S = {pt.}.
But as Log**? and T are fiber bundles over S, we may easily glue these local multi-

plicative trivializations to a global one by using unicity. O

This proposition tells us that torsion sections are a powerful tool to construct D C 7 for
which we can write down sections of Log|p. But before we can start calculations with

Log, let us have a closer look at the situation over A = C.

Definition 16. Let X be a topological space and R a sheaf of rings. For a projective
system (F), F := 1£1 Fu, of R-module sheaves and an R-module sheaf G on X we set
.7'—®72g = @(fn KR Q)

Let CZ be the sheaf of complex valued smooth functions on 7" and Q7 the de Rham

complex of complex valued smooth forms on 7. We set
Log™" := Log" ®c C7 and Log™ := lim Log™" = Log&cCT

to be the pro vector bundle associated to Log. As it comes from local systems, it is
naturally endowed with an integrable connection id ®d : Log® — Lo g°°®co; O}, whose

kernel is exactly Log.
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2.4 Construction of the topological polylogarithm

Proposition 2.4.10. Given a lattice L one has the isomorphism of augmented algebras

k
Q[[L]] — HSymk Lo, — exp(l) := Z lZ,

k>0 k>0

where the right hand side carries the Cauchy product and the augmentation is the projection
onto the Sym® Lo = Q- part. In particular, one has an isomorphism R = [Ti>o0 Sym* Hg of

[S¢

augmented Q-algebras and an isomorphism of systems (R") —% (TTi—o Sym*Hg) ,

Proof. Beilinson et al.|(2014) Corollary 1.1.10. O

Remark 2.4.11. This isomorphism does not work integrally. Nevertheless, let A be a

torsion free ring. We have

A[[L)] = [ Sym" Lpp, I+ exp(l) := )

—
k>0 k>0 k!

into a subring of [ [;> Symk La,- Here we define the A-submodule Symk Lpp C Symk Lq
to be generated by xgil] - x,[f”] with x1,...,x, € L,ij € No, I =1,..,nand Y} ;i =k,
where we define in any Q-algebra B the divided powers x[" := siforx € B. Ifey, ..., eq
is a basis of L, consider 1 < j; < .. < j, < dand i € Ny, I = 1,..,n, with
Y/ ,i = k, then e][-?] e e][i"] is a basis of Symk Lpp. The Symk Lpp give rise to local
systems Sym* H pp which are integral structures for Symk H 4o We have the projection

map py : R — Sym* Hpp which is induced by A[[L]] =% [T:>0Sym" Lpp 2 Sym* Lpp.

Remark 2.4.12. Transporting the action of the fundamental group via exp we may under-
stand the logarithm sheaf with complex coefficients via the completed symmetric alge-

bra, what we will always do from now on. In particular, we have R = [,>o Sym" Hc.

Set
Log®f := T X 1 (T ko) H Sym" H;(7s,,C).
n>0
The sections of Log™ may now be seen as the smooth sections s : 7 — Log*f. These
are 711 (T, to)-equivariant maps f : 7 — [I,>0 Sym" Hy(7s, C) such that for alln > 0
the component maps f, : 7 — Sym” H; (75, C) are smooth. In this sense it is also clear

what we mean by smooth or continuous sections of Log™*F.

Proposition 2.4.13. There is a unique continuous multiplicative trivialization of Log. By

this we mean a continuous homomorphism peont : T — Log**F, which is a section for p :
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2 The topological polylogarithm

Log™*F — T. It is compatible with N-multiplication and we have p .,y 1os = Pean- Explicitly
Pcont is given by exp(—v) = ¥,>0 (_ﬁi?m, where

v:8 x Hi(T,R),(s5,0) = v € H Sym" Hy(7s,,C)

n>0

is considered as a C*-section of Log on the universal cover of T .

Proof. 111(T,to) acts on [],,~o Sym" H;(7s,, C) by

(Ly) Y, fa=exp(l)- ) vfu

n>0 n>0

From the equivariance of exp

exp(—(v(l,7)) = exp(—(v ' (v+1))) =exp(—y 1) -7 " exp(—v) = (L, 7) ' exp(—0)

it is clear that the section above descends to a multiplicative trivialization as claimed.
The problem of unicity is local on the base S and as all spaces are fiber bundles over
S, we may reduce to the case where S is a point. This is Beilinson et al.| (2014) Lemma

2.1.2. O

We set R*" := 77 'R" ® C and R* = im R*" = 7~ 'R&CF the complex pro vector
bundle associated to 7 1R. Log™ is now a module over this sheaf of algebras. We
also have the sheaf of differential graded algebras 7 'R&Qr = R®@cx Q7 with the
trivial differential id ®d. One has Hz C R and H¢ C er interpreting sections of H¢

as invariant differential forms along the fibers of 7r. The canonical isomorphism
End(Hz) = Hz @ Hy, id — «

gives the canonical global section x of 7~ 'R&®Q7. The section « is closed and multipli-

cation with x gives an operator on our differential graded algebra.

Corollary 2.4.14. One has the isomorphism of pro vector bundles R* — Log™, f +— f - Pcont-
If endow R with the integrable connection V := d — x, this isomorphism commutes with the

connections.

Proof. As Log® is an invertible R*-module the isomorphism is clear, since aug(pcont) =

1 and pcont is a global nowhere vanishing section of Log®. To prove the compatibility
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2.4 Construction of the topological polylogarithm

of the connections we need to calculate id ®d(pcont ). This can be done on the universal

cover 7. We have

id ®@d(exp(—v)) = id ®@d E (—Z')®” _ Z id ®d£l'_v)®n _
n>0 : >0 !
y n(—y)*"! .n(!id®d<—v)) _y (_;)!Wid@@d(—v)

n>0 n>0
Write v = Y9, ¢; ® x; for some R-basis (e;) of Hy (75, R), where (x;) is the correspond-
ing dual basis of (e;) considered as coordinate functions on H; (7, R). Then
d d
id®d(v) = id®dZei Rx; = Zei ®Rdx; =«
i=1 i=1

We conclude id ®d(pcont) = Peont - (—«). This completes the proof. dJ

Now we come to our case of interest.

Proposition 2.4.15. Let 7t : T — S be family of topological tori with level-N-structure and
constant fiber dimension d. We consider D = T[N]\ 0(S) =& ((Z/Nz)?\ {0}) x S and
the logarithm sheaf Log over a noetherian ring A with N € A*. We have then a canonical
trivialization H(D, Logp) = H°(((Z/NZ)?\ {0}) x S, R). One has A C R and thus
any locally constant function
f:((Z/NZ)*\ {0}) x S — A, aug(f) = Y. flv,)=0€HS,A)
ve(Z/NZ)\ {0}

gives rise to a section f € H°(D, Log|p) of augmentation zero and therefore to a unique poly-
logarithmic cohomology class pol(f) € HY~1(U, Log ® ory,s). Moreover, we get the poly-
logarithmic Eisenstein class 0* pol(f) =: Eis(f) € H (S, R ® 0~lors,s), which induces

polylogarithmic Eisenstein classes
Eis"(f) € H*1(S,Sym* Hpp ® 0 Lorr,s),
whenever A is torsion-free.
Proof. A C R is Lemma The trivialization is Proposition Finally, we just

need Remark and Definition [13|to get pol(f). We set Eis"(f) := py(Eis(f)), where
pr : R — Sym* Hpp is the projection defined in Remark O

Remark 2.4.16. The restriction to torsion-free rings in the proposition above is not nec-
essary. To get the appropriate substitute for our Sym* Hpp one has to use the universal

divided power algebra I';(L), see Beilinson et al. (2014) Lemma 1.1.7.
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2 The topological polylogarithm
2.4.3 A differential equation for the polylogarithm

We want explicit cohomology classes representing our polylogarithms over C. To do so
we need an explicit resolution of Log over C, which allows us to calculate the localiza-

tion sequence in Proposition [2.4.5]

Lemma 2.4.17. Let X be an oriented n-dimensional C*-manifold and Qx = (Q%,d) the de
Rham complex of C-valued C*-differential forms. We may represent the dualizing complex of

Dx by non-continuous functionals on the de Rham complex:
DL (U) =T (U, Qy")*, U C X open
with differential d defined by

d(T)(w) == (—1)PIT(d(w)), w € T(U,Q%")*, T € T.(U, Q)

Proof. The Poincaré Lemma gives a quasi-isomorphism C — Qx. So Qx is a bounded
resolution of the constant sheaf C by soft C-sheaves. We conclude with [Iversen| (1986)
V.2.1. O

Remark 2.4.18. Dy is a complex of injective C-sheaves which also have the structure of
Cg-modules. One has a canonical quasi-isomorphism orx[n] = H™"(Dx)[n] — Dx
(Iversen| (1986)VL.3.). By choosing a volume form on X we may define integration of
n-forms. In other words, integration defines a functional T'.(U, Q%) = C, w — [, w
for any open U C X. This functional vanishes on exact forms by Stoke’s theorem and
therefore [ defines an elementin orx(X) = H " (Dx)(X). Itis nowhere vanishing and
we get the isomorphism C — orx, 1 — [. In particular, we get the quasi-isomorphism
C[0] — Dx[—n].

Now leti: Z — X be a closed oriented submanifold of codimension c.
We have the pullback morphism i* : Qx — i,Q)z. As i is proper we also get for any
U C Xopeni*:T.(U Qx) — I.(U,i,Qz) and by taking duals

i Te(U,i.Qz)* — Te(U,Qx)*

compatible with restrictions in U. So identifying Dx with the sheaf of non-continuous
functionals on Qx we get i. Dz — Dx and by adjunction i, : Dz — i*Dx. This is exactly
the arrow inducing Lemma We have then

H%(z,C) = H%(Z,0r;) = H*(Z,Dz[c — n]) = H*(Z,