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Zusammenfassung

In dieser Dissertation studieren wir Dualitétssatze fiir relative logarithmische de Rham-
Witt Garben auf semi-stabilen Schemata X iiber einem lokalen Ring F,[[t]], wobei F, ein
endlicher Korper ist. Als Anwendung erhalten wir eine neue Filtrierung auf dem maximalen
abelschen Quotienten W‘i‘b(U) der étalen Fundamentalgruppe auf einem offenen Untersche-
ma U C X, die ein Maf fiir die Verzweigung entlang eines Divisoren D mit normalen
Uberkreuzungen und Supp(D) C X — U gibt. Diese Filtrierung stimmt im Falle von rela-
tiver Dimension Null mit der Brylinski-Kato-Matsuda Filtrierung iiberein.

Schliisselwdérte: étale Dualitét, relative logarithmische de Rham-Witt Garben, purity,

semi-stabile Schemata, Verzweigung, Klassenkorpertheorie.

Abstract

In this thesis, we study duality theorems for the relative logarithmic de Rham-Witt
sheaves on semi-stable schemes X over a local ring Fy[[t]], for a finite field F,. As an
application, we obtain a new filtration on the maximal abelian quotient W%b(U ) of the
étale fundamental groups 71(U) of an open subscheme U C X, which gives a measure of
ramification along a divisor D with normal crossing and Supp(D) C X — U. This filtration
coincides with the Brylinski-Kato-Matsuda filtration in the relative dimension zero case.

Keywords: étale duality, relative logarithmic de Rham-Witt sheaves, purity, semi-

stable schemes, ramification, class field theory.
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Introduction

The étale fundamental group, which classifies the finite étale coverings of a scheme, was
introduced into algebraic geometry by Grothendieck in the 1960’s in [SGA1, [Gro71]].
According to loc.cit., given a geometric point  on a connected scheme X, the étale funda-
mental group 7¢'(X, 7) is defined as the inverse limit of automorphisms Autx (Y (Z)) of the
fiber set Y (z) over the geometrical point Z, where Y ranges over all finite étale coverings
of X. If X is a variety over the complex number field C, then the étale fundamental group
is the profinite completion of the topological fundamental group. As the étale fundamental
group of a field is its absolute Galois group, we may view the theory of étale fundamental

groups as a generalization of the Galois theory of fields to the case of schemes.

An important subject in number theory is the class field theory of global and local fields
k, which describes the abelianization G%b of the absolute Galois groups in terms of objects
associated to the field k. Analogously, the higher dimensional class field theory of a scheme
X, which was developed by Kato[Kat90], Parshin[Par75], Saito [KS86] et al. in the later
1970’s and 1980’s, does the same for the abelianization 7{°(X) of the étale fundamental
group.

There are many delicate results in class field theory; ramification theory is one of them.
The aim of this thesis is to study ramification theory for higher-dimensional schemes of
characteristic p > 0. As in the classical case, we want to define a filtration on the abelianized
fundamental group of an open subscheme U of a regular scheme X over a finite field

[F,, which measures the ramification of a finite étale covering of U along the complement
S

D = X — U. More precisely, let D = [J D; be a reduced effective Cartier divisor on
i=1

X such that Supp(D) has simple normal crossing, where D1,---, Dy are the irreducible

components of D, and let U be its complement in X. We want to define a quotient group

S

7 (X, mD)/p" of 7 (U)/p", for a divisor mD = Y m;D; with each m; > 1, which
i=1

classifies the finite étale coverings of degree p™ over U with ramification bounded by mD

along the divisor D.

We define the quotient group m¢°(X, mD)/p" by using the relationship between 73 (U) /p™
and H'(U,Z/p"Z), and by then applying a duality theorem for certain cohomology groups.
For this we assume some finiteness conditions on the scheme X. First assume that X is

smooth and proper of dimension d over the finite field F,. For a finite étale covering of U
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of degree £", where ¢ is a prime different from p, this was already done by using duality
theory in f-adic cohomology [SGA1 [Gro71]]. The Poincaré-Pontrjagin duality theorem

gives isomorphisms
(V)0 = Hom(H\(U, j£™), Q/Z) = HI(U, ué™).

The case of degree p™ coverings is more subtle, as we deal with wild ramification and there
is no obvious analogue of cohomology with compact support for logarithmic de Rham-Witt
sheaves. In [JS15], Jannsen and Saito proposed a new approach. Their duality theorem,
based on Serre’s coherent duality and Milne’s duality theorems, together with Pontrjagin
duality give isomorphisms

ni*(U)/p" = Hom(H" (U, Z/p"Z), Q/Z) = Jim H(X, W Q%1 10g):

m

where W"QSlqu,log (see Definition 3.3.1) is the logarithmic de Rham-Witt sheaf twisted
by some divisor mD. Using these isomorphisms, they defined a quotient (X, mD)/p"
of m?(U)/p", ramified of order mD where m is the smallest value such that the above
isomorphism factors through H¢(X, Wnﬁ?ﬂmD,log)' We may think of 73*(X,mD)/p" as
the quotient of 7¢°(U) classifying abelian étale coverings of U of degree p™ with ramification
bounded by mD. In [KS14][KS15], Kerz and Saito also defined a similar quotient group by
using curves on X.

In this thesis we assume that X is proper (or projective) over a discrete valuation ring
R. More precisely, we may assume that X is a proper semi-stable scheme over Spec(R).
Then there are two cases: mixed and equi-characteristic. In the mixed characteristic case,
instead of logarithmic de Rham-Witt sheaves, Sato [Sat07b] defined the p-adic Tate twists,
and proved an arithmetic duality theorem for X. In [Uznl3]|, Uznu proved that over the
p-adic field 7{°(U)/n is isomorphic to some motivic homology groups, for all n > 0.

In this thesis, we treat the equi-characteristic case, where the wildly ramified case has
not been considered before. We follow the approach suggested by Jannsen and Saito in
[JS15]. Note that the situation is different from their case, as most of the cohomology
groups we meet are not finite. This requires us to use some suitable topological structure

on them. The main result of this thesis is the following theorem.

Theorem A (Theorem 3.4.5). Let X — Spec(IFy[[t]]) be a projective strictly semistable
scheme of relative dimension d, and let Xs be its special fiber. Let D be an effective
Cartier divisor on X such that Supp(D) has simple normal crossing, and let U be its open

complement. Then there is a perfect pairing of topological Z/p"Z-modules

H (U, WS 10g) * lim HE2 7 (X, W, Q4010 ) — HEP(X, WL,080) I 7/pmZ,
m

where the first term is endowed with the discrete topology, and the second term is endowed
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with the profinite topology.

Therefore, we can define a filtration Fil, on H'(U, WSl 1) via the inverse limit (see

Definition 3.4.12). This theorem and Pontrjagin duality give isomorphisms

ni*(U)/p" = Hom(H' (U, Z/p"7),Q/Z) = lim HE (X, Wa{f 1 100
m
and so we may define 73*(X,mD)/p" as the dual of Fil,, H'(U,Z/p"Z) (see Definition
3.4.12).

This thesis is organized as follows.

In the first chapter, we will prove a new purity theorem on certain regular schemes. Its
cohomological version will be used later for the trace map in the above duality theorem.
We recall some basic facts on étale sheaves and logarithmic de Rham-Witt sheaves in the
first three sections. In the fourth section, we collect the known purity results. In the fifth
section, we prove the new purity result theorem and study the compatibility with previously

known results.

Theorem B (Theorem 1.5.4 ). Assume X is as before, and i : Xg — X is the special
fiber, which is a reduced divisor and has simple normal crossing. Then there is a canonical
isomorphism
1 = .
Gys; e : vy x.[-1] —— RZ!WnQ?l})g

i,n

in D (X, Z/p"7).

Our goal in the second chapter is to develop an absolute duality on X. This can be
achieved by combining an absolute coherent duality on the local ring B = Spec(FF,[[t]]) and
a relative duality for f. For the former, we use the Grothendieck local duality, and the

latter is following theorem.

Theorem C (Theorem 2.3.1). Let f : X — B = Spec(F,[[t]]) be a projective strictly

semistable scheme. Then there is a canonical trace isomorphism

In the third chapter, we study the duality theorems of logarithmic de Rham-Witt
sheaves on our projective semistable scheme. In fact, we will prove two duality theorems.
The first one is for H(X, WnQJX log)» Which we call unramified duality:

Theorem D (Theorem 3.1.1). The natural pairing
HY(X, W% ,) x HEPH(X, W05 07) — HEP (X, W40 ) =5 2/

is a non-degenerated pairing of finite Z/p"Z-modules.
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The second duality theorem is the above main Theorem A for H*(U, WnQ?] o g). We call

‘s

it ramified duality. To define the pairing, we do further studies on the sheaves W, {2 X mD.log

in the middle two sections.

In the last chapter, we will compare this filtration with previously known filtrations in
some special cases. The first interesting case would be the filtration in local ramification
theory. We can show that for the local field K = F4((¢)) our filtration agree with the
non-log version of Brylinski-Kato filtration fil H!(K,Z/p"Z) [Bry83] [Kat89] defined by
Matsuda|Mat97].

Proposition E (Proposition 4.2.3). For any integer m > 1, we have Fil,, H'(K,Z/p"Z) =
fil, H'(K,Z/p"Z).

Notations and Conventions

In this thesis, sheaves and cohomology will be taken with respect to the étale topology
unless indicated otherwise. For a variety Y over a perfect field k of characteristic p > 0,
the differential sheaf Q3. is the relative differential sheaf Q%/ s For a regular scheme X, we
write the absolute differential sheaf Qﬁ( /7,88 Qﬁ( for short. For a scheme X and u € Ny, we
denote X* as the set of points of codimension v in X. The finite field [, is a finite field of

characteristic p > 0, i.e. ¢ is a finite power of the prime p.
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Chapter 1

Purity

1.1 Preliminaries on étale sheaves

Let X be a scheme, let i : Z < X be a closed immersion, and let j : U = X — Z — X be
the open complement. Let Sh(X) be the category of étale abelian sheaves on X, and let
D*(X) be its derived category with boundedness conditions, * = b, +, —.

Definition 1.1.1. The category T(X) is defined by the following data:

Objects are triples (4,7, ¢), with 4 € Sh(Z), # € Sh(U), and a morphism ¢ : 4 —
i*j. 7 in Sh(Z).

Morphisms are pairs (§,n) : (%1, 54, 01) — (%2, 5, ¢2), with morphisms & : 4 — %
and n : 74 — 6 such that the following diagram commutes

@ g

l& li*jw

Gy 2 i,

Theorem 1.1.2. ([Full, Prop.5.4.2])

(i) There is an equivalence of the categories

Sh(X) T(X)

T (’L{?:]ﬁ?:d);)

where ¢ g is the pullback of the adjunction F — j.j*.F under the closed immersion
1: 74— X.

(ii) Under above identification, we have the following siz functors

* Ji

Sh(Z) == Sh(X) == Sh(U)
it Jx

13
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which are given by

it G ~— (9, H,0); gi: (0,,0) <—— A
is: Y—>(9,0,0); J* (Y, ) ——s A
' Ker(¢) <—i (9,5, ¢); Gu o (%, A id) <—— .

(iii) The pairs (i*,iy),(is,3'), (1,5%), (5%, jx)are pairs of adjoint functors, so that each

functor in (i) is left adjoint to the functor below it.
(iv) The functors i*,i.,j*,j1 are exact, and j,i' are left exact.
(v) The composites i*jy, i'g1,i' g, 751 are zero.

Definition 1.1.3. The functor Ri' : DT(X) — D*(Z) is the right derived functors of
i', and the functor Rj, : DY (U) — DY (X) be the right derived functor of j.. The sheaf
R9'(F) (resp. R%j.(.F)) is the q-th cohomology sheaf of Ri'(F) (resp. Rj.(.F)).

Proposition 1.1.4. ([Full, Prop.5.6.11]) For % € Sh(X), we have an exact sequence(so

called localization sequence)
0= ii'Z = .F — j " F = i,RY'Z =0,
and isomorphisms
R1j.(j*F) = in(RTF).  (q¢=1)
1.2 Local-global spectral sequences

For the convenience of the reader, we repeat the relevant material from [JSS14].

Let X, Z,U be as before, and let m be a non-negative integer. Let DT (X,Z/mZ) be
the full subcategory of étale Z/mZ-sheaves on X, whose objects are the lower bounded
cohomology sheaves. For any .# € DT (X,Z/mZ), by taking an injective resolution I* —

%, we have an exact sequence
0 — iyi' I® — I® — j.j*I° — 0.
The connecting morphism gives a map

S5%(F) : Rjuj*F — i, Ri' F[1].
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in DY(X,Z/mZ), which is functorial in .#, and for any integer r,
05 (F)[r] = (=1)"69%(Z[r]).

We want to study the connection morphism 6'°¢ locally for a local ring of dimension 1.
Before that, we introduce the following notations.

For x € X, we have the following natural morphisms

{2} = {a}

7;7
N f{”}

X
Definition 1.2.1. For x € X, we define a functor

Ri\.Z . DY (X,Z/mZ) — D (x,Z/mZ)

as the composition (i')* o Ri-.F, where (i',)* is the (topological) inverse image functor for

étale sheaf.

Let 2,y be points in X such that = has codimension 1in T := {y}. Let iz (resp. iz, iy, )
be the natural map 7' < X (resp. * — X,y — X, Spec(O7) — T'). Note that z is closed

in Spec(O7), and its complement is y, so we have already defined 5;;3;({4 ), for any étale
sheaf ¢4 on Spec(Ory).

Definition 1.2.2. ([JSS14, 0.5]) For % € DT (X,Z/mZ), we define the morphism
5°°(F) : RiyuRi\,F — Riy. Riy,F
as Rip. R, (81 (¢* RifpF)) in DY (X, Z/m).

These connecting morphisms for all points on X give rise to a local-global spectral

sequence [Sat07a, §1.12] of étale sheaves on X

EY = @@ R*"Vigu(Riy,F) = HT(F).
reEXU

For a closed immersion i : Z < X, there is a localized variant

EY = @ R"Min(Ri,F) = i.R"7iN(F).
reXv*NZ

For x € X¥N Z, the natural map ¢, : x — X can be written as i, =01, : x SN Zi>X

and i, is exact, so we have the following result.
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Proposition 1.2.3. For any closed immersion i : Z < X, there is a local-global spectral
sequence
E = @ R 14u(Riy, F) = R (F).
TEZY

where 1, : x — Z and i, : x — X are natural maps.

1.3 The Logarithmic de Rham-Witt sheaves

1.3.1 Basic properties

Let X be a scheme of dimension d over a perfect field k of characteristic p > 0, and let
W, (k) be the ring of Witt vectors of length n.

Based on ideas of Lubkin, Bloch and Deligne, Illusie defined the de Rham-Witt complex
[11179]. Recall the de Rham-Witt complex W Q5 /i 18 the inverse limit of an an inverse system
(W% /k)nzl of complexes

° d d i d

of sheaves of W,,0x-modules on the Zariski site of X. The complex W, Q% Ik is called the
de Rham-Witt complex of level n.

This complex W,Q% Ik is a strictly anti-commutative differential graded W, (k)-algebra.
In the rest of this section, we will omit the subscript /k to simplify the notation.

We have the following operators on the de Rham-Witt complex ([I1179, I}):

(i) The projection R : W,,Q% — W,_1Q%, which is a surjective homomorphism of
differential graded algebras.

(ii) The Verschiebung V : W, Q% — W;,,11Q% , which is an additive homomorphism.

(iii) The Frobenius F : W,Q% — W,_1Q%, which is a homomorphism of differential
graded algebras.

Proposition 1.3.1. ([Il179, I 1.13,1.14])
i) For each n > 1, and each i, W, Q% is a quasi-coherent W, Ox -module.
(i) F h 1 d h i, W h w,O dul
1) For any étale morphism f: X — Y, QL — W0 is an 1somorphism o nOx-
1) i ‘tal hi X =Y, ff W05 W h W,O

modules.

Remark 1.3.2. Let ¥ be a quasi-coherent on X, we denote its associated sheaf on X4
by Z¢, then we have H (X z4p, F) = H (X g, Fat), for all i > 0[Mil80, III 3.7]. By the
above proposition, we may also denote Wnﬁg( as sheaf on Xg, and its étale and Zariski

cohomology groups are agree.
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Cartier operators are another type of operators on the de Rham-Witt complex. Before

stating the theorem, we set
ZW, Q% = Ker(d : W, Q% — W,Q4™);

BW, Q% :=Tm(d : W,Q% " — W,,0%);
(W, Q%) = ZW, Q% /BW, O
ZanQfX’ L= Im(F : W,—H_lQé( — WanX—)
= Ker(F"d : W, Q% % W, £ girh),
Since W1 QY = QY. ZW;1Q% (resp. BW;QY) is also denoted by ZQ (resp. BQY). Note

that ZQ%, BQL, and 52°(Q%) can be given Ox-module structures via the absolute Frobe-

nius morphism F on Ox.

Theorem 1.3.3. (Cartier, [Kat70, Thm. 7.2/, [1l196, Thm. 3.5]) Suppose X is of finite

type over k. Then there exists a unique p-linear homomorphism of graded Ox -algebras
c Py — Py
satisfying the following two conditions:
(i) Fora € Ox, C~Y(a) = a?;

(i) For dx € Q%, C~Y(dx) = 2P~ dx.

If X is moreover smooth over k, then C~1 is an isomorphism. It is called inverse Cartier

isomorphism. The inverse of C~! is called Cartier operator, and is denoted by C.

Higher Cartier operators can be defined as follows, which comes back to the above

theorem in the case n = 1.

Proposition 1.3.4. ([IR83, 1], [Kat85, § 4]) If X is smooth over k, then there is a
unique higher Cartier morphism C : ZyWy Q% — W,QY such that the diagram

ZiWn v Wn1Q%

el A

1s commutative. We have an isomorphism
W, g 2y W1 Qi JdV QT
and an exact sequence

0= dV™ It = 2y W, 1 Qe S W, 0.
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For a smooth variety X over k, the composite morphism
W 1Dy 5 W Qi — W, Q /dv 10!

is trivial on Ker(R : Wy,11Q% — W,Q%) = V'QL + dV"Q4% !, Therefore F induces a
morphism

FW,Qk — W, /dV it

Definition 1.3.5. Let X be a smooth variety over k. For any positive integer n, and any

non-negative integer i, we define the i-th logarithmic de Rham-Witt sheaf of length n as
Wl 1og = Ker(WaQy ~=05 W,k /dV" Qi)

For any x € X, we denote W, = WnQZ

rlog ° where k(x) is the residue field at x.

(z),log’

Remark 1.3.6. (Local description [I1179, I 1.3]) The i-th logarithmic de Rham-Witt sheaf
Wan(,log is the additive subsheaf of W,QY, which is étale locally generated by sections
dlog(z1]y, - - - dloglxil,, where x; € Oy, [z]n is the Teichmiller representative of x in

W,Ox, and dlog[x],, := ng}n”. In other words, it is the image of

dlog : (0% — W04
(1, ,2;) > dloglxi], - dloglz;],

Proposition 1.3.7 ([CTSS83|,[Il179]). For a smooth variety X over k, we have the follow-

ing exact sequences of étale sheaves on X:

(i) 0= Wl 1oy 2 W jop 5 Wi 1o — 0;

(ii) 0 — WaQl 1oy — Wil ——5 Wy /dV 1T = 0;
(i) 0 = Wyl 1o, — Z1WaQy =5 W,y — 0.

Proof. The first assertion is Lemma 3 in [CTSS83], and the second is Lemma 2 in loc.cit..
The last one is Lemma 1.6 in [GS88a], which can easily be deduce from (ii). In particular,
for n =1, (iii) can be also found in [I1179]. O

The logarithmic de Rham-Witt sheaves Wanmog are 7 /p"Z-sheaves, which have a
similar duality theory as the Z/¢"Z-sheaves u?" with ¢ # p for a smooth proper variety:

Theorem 1.3.8. (Milne duality [Mil86, 1.12]) Let X be a smooth proper variety over k of

dimension d, and let n be a positive integer. Then the following holds:

(i) There is a canonical trace map trx : H (X, W, Q% log) = L[P"Z. 1t is bijective if

X is connected;
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(ii) For any integers i and r with 0 < r < d, the natural pairing
HY (X, Wy jog) X HTH(X, W05 1) — Z/p"Z

is a non-degenerate pairing of finite Z/p"Z-modules.

Remark 1.3.9. The proof can be obtained in the following way: using the exact sequence
(i) in Proposition 1.8.7, we reduce to the case n = 1, which can be obtained from Serre’s

coherent duality via the exact sequence (i) and (iii) in the same proposition.

1.3.2 Boundary maps

The results in this subsection can be found in [JSS14, 0.7], for convenience of the reader, we
briefly summarize it. The boundary (residue) maps on logarithmic de Rham-Witt sheaves
were first defined by Kato [Kat86].

Since we will only use this in the characteristic p > 0 case, we may assume that X is
a noetherian excellent scheme over F,. Let z,y € X be two points with x € @ =: Z of
codimension 1 in Z. Let i, : z — X and ¢, : y — X be the natural maps. We may further
replace Z with Spec(Oyz ;).

Case (I): Regular case. We assume that Oz, is regular, so that it is a discrete
valuation ring. Let K = k(y) be its fraction field and k = k(x) be its residue field. Both
of them are fields of characteristic p. We know that H*(k, Wan,log) =0 for ¢ #0, 1.

(I.1) Sub-case i = 0. The boundary map 8;’?; is defined as the composition

dl B} dl
HO (K, Waih,) < KM () " = KM (k) /o 25 HO(k, Wal, o).
where KM (F) is the r-th Milnor K-group of a field F, dlog is the symbol map, and 4 is
the residue map for Milnor K-theory.

(I.2) Sub-case i = 1. In this case, we need assume [k : kP] < r. The boundary map 8;’%
is defined as the composition

avazl
HY (K, W, 0,) - HY(k, W, )

k,log

S r 9 k r
Hl(k:, HO(K h, WnQ[;gi,log)) - Hl(k’ HO(/{:, WnQE,log))

where the vertical isomorphisms come from Hochschild-Serre spectral sequence and the fact
that cd,(k) <1 and

HY (K, Wo ikl ) = 0= H'(E, W) for i>0.

The map 0 is induced by the boundary map defined in (I.1).
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Case (II): General case. In this case, we take the normalization 7 : Z/ — Z of

Z = Spec(Oz). It is a finite morphism since Z is excellent . Then we define

() =) Coriary ) (O30 ()

/Il,

. . . 1 .
where the sum is taken over all points ' € Z’ lying over =z, 9y is the boundary map

defined in Case (I) for the discrete valuation ring Oz ./, and
Corn(:v’)/n(x) : (l‘ WS, z’ log) (ZE W, Q;L‘ log)

is the corestriction map, which is defined in two different cases as in (I).

(IL.1) Sub-case i = 0. The corestriction map is defined as the composition
dl Nrot /e dl
HO (2!, Walf ) 2 K (m(a) /0" — KM (k(2)) /0" =25 HO (2, Wil o),

where N1,/ is the norm map in Milnor K-theory.

(I1.2) Sub-case i = 1. We shealfified the corestriction map in (II.1), and get an induced

corestriction or trace map

JCI'x//‘Z : W*WnQ;',IOg — W, Q.’L’ Jog*

Then we define the map Cory(,/)/x(z) as the map induced by tr,//, on H'.
Furthermore, we define the boundary maps for sheaves by sheafification. i.e., we want
to define a morphism of étale sheaves on X:

Gy W QL Q8

Y, log x log

By adjunction, it is enough to define

iy WSt — W 1o
in the category of étale sheaves on x. Let Z7,--- , Z, be the distinct irreducible components
of Spec((’)Sh ). Note that the affine coordinate ring of each Z; is a strict henselian local
domain of dimension 1 with residue field x(Z). Let n; be the generic point of Z;, by looking

at stalks, it is enough to construct
0 1 0
@H 7727 QZ—il_og) - H (J? W Qz log)

Now we define this map as the sum of maps that defined on cohomology groups for Z; as

before.
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1.3.3 Normal crossing varieties

n [SatO7a], Sato generalized the definition of logarithmic de Rham-Witt sheaves from
smooth varieties to more general varieties, and proved that they share similar properties
on normal crossing varieties.

Let Z be a variety over k of dimension d. For a non-negative integer m and a positive

integer n > 0, we denote by Cn(Z, m) the following complex of étale sheaves on X

m—1 (-1)™-0 (=1)™-0 . m—p
P iy log EB e WU P iwWu QN —
z€Z0 A xeZP

where i, is the natural map x — Z, and 0 denotes the sum of Kato’s boundary maps (see
§1.3.2).

Definition 1.3.10. (i) The mth homological logarithmic Hodge- Witt sheaf is defined as
the 0-th cohomology sheaf #°(C%(Z,m)) of the complex Ca(Z,m), and denoted by

I/TT’Z.
(ii) The mth cohomological Hodge-Witt sheaf is the image of

dlog : (03)°™ — P iaxWn Q' 1og,
A

and denoted by A7 .

Remark 1.3.11. If Z is smooth, then v}, = A nz = Wn QZIOg’ but in general )\mZ .
([Sat07a], Rmk. 4.2.3).

Definition 1.3.12. The variety Z is called normal crossing variety if it is everywhere étale

locally isomorphic to
Spec(k[xo, -+ ,xq]/(x0 - 24))
for some integer a € [0,d], where d = dim(Z). A normal crossing variety is called simple

if every irreducible component is smooth.

Proposition 1.3.13. ([Sat07a, Cor. 2.2.5(1)]) For a normal crossing variety Z, the nat-

ural map vy'y — Cr(Z,m) is a quasi-isomorphism of complezes.

Theorem 1.3.14. ([Sat07a, Thm. 1.2.2]) Let Z be a normal crossing variety over a finite
field, and proper of dimension d. Then the following holds:

(i) There is a canonical trace map trz : H(Z, I/iZ) — Z/p"Z. 1t is bijective if Z is

connected.

(ii) For any integers i and j with 0 < j < d, the natural pairing
HU(ZN, 5) x HH7U(Z,00 ) — B9 (Z,08 ) 225 2/

is a non-degenerate pairing of finite Z/p"Z-modules.
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1.4 The known purity results

In the f-adic world, the sheaf MZ@” on a regular scheme has purity. This was called
Grothendieck’s absolute purity conjecture, and it was proved by Gabber and can be found in
[Fuj02]. In the p-adic world, one may ask if purity holds for the logarithmic de Rham-Witt

sheaves, but those sheaves only have semi-purity(see Remark 1.4.3 below).

Proposition 1.4.1. (/Gro85]) Let i : Z — X be a closed immersion of smooth schemes
of codimension c over a perfect field k of characteristic p > 0. Then, forr >0 andn > 1,

R W Q% 1, =0 if m # ;e + 1.

For the logarithmic de Rham-Witt sheaf at top degree, i.e., Wanl( log where d = dim(X),
the following theorem tells us RCHZ'!Wanl(’IOg =0.

Theorem 1.4.2. ([GS88b],[Mil86]) Assume i : Z — X 'is as above. Let d = dim(X).
Then, for n > 1, there is a canonical isomorphism (called Gysin morphism)

Gysd - WnQ%TI(C)g[—c] - Ri!WnQ%]Og

in DY(Z,Z/p"Z).

Remark 1.4.3. Note that the above theorem is only for the d-th logarithmic de Rham- Witt
sheaf. For m < d, the RC+1i!WnQ”X1JOg is non zero in general [Mil86, Rem. 2.4]. That’s

the reason why we say they only have semi-purity.
Sato generalized the above theorem to normal crossing varieties.

Theorem 1.4.4. ([Sat07a, Thm. 2.4.2]) Let X be a normal crossing varieties of dimension
d, and i : Z — X be a closed immersion of pure codimension ¢ > 0. Then, forn > 1, there

is a canonical isomorphism(also called Gysin morphism)

d . d—c = od
Gys; 1 v, ;7 [—c] —— Ri'v, x

in D*(Z,Z/p"T).

Remark 1.4.5. The second Gysin morphism coincides with the first one, when X and
Z are smooth [Sat07a, 2.3,2.4]. In loc.cit., Sato studied the Gysin morphism of Vp X for
0 <r <d. In fact the above isomorphism for fo}X was already proved by Suwa [Suw95,
2.2] and Morse [Mos99, 2.4].

Corollary 1.4.6. Ifi: Z — X is a normal crossing divisor(i.e normal crossing subvariety

of codimension 1) and X is smooth, then we have

Gysd yffle[—l] e Ri!WnQ“f(,]Og

1

in DY(Z,Z/p"Z).
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Proof. This follows from the fact that WnQ% log = 1/2 > When X is smooth. O

We want to generalize this corollary to the case where X is regular. For this, we need
a purity result of Shiho [Shi07], which is a generalization of Theorem 1.4.2 for smooth

schemes to regular schemes.
Definition 1.4.7. Let X be a scheme over F,, and i € No,m € N. Then we define the i-th
logarithmic de Rham-Witt sheaf WRQS(,]og as the image of
dlog : (0%)®" — W, 0%,
where dlog is defined by

dlog(z) ® -+ @ x;) = dlog[x1]p - - - dlog[x;]n,

and [z],, is the Teichmiiller representative of x in W, Ox.

Remark 1.4.8. Note that this definition is a simple generalization of the classical definition
for smooth X, by comparing with the local description of logarithmic de Rham-Witt sheaves
in Remark 1.3.6.

As in Theorem 1.3.3, we can define the inverse Cartier operator similarly for a scheme
over F,. Using the Néron-Popescu approximation theorem [Swa98](see Theorem 3.2.10
below) and Grothendieck’s limit theorem (SGA 4 [AGV72, VII, Thm. 5.7]), Shiho showed

the following results.

Proposition 1.4.9. ([Shi07, Prop. 2.5] ) If X is a reqular scheme over Fy, the inverse

Cartier homomorphism C~' is an isomorphism.
Using the same method, we can prove:
Theorem 1.4.10. The results of Theorem 1.3.4 also hold for a regular scheme over Fy.

Proposition 1.4.11. (/Shi07, Prop. 2.8, 2.10, 2.12]) Let X be a regular scheme over F,.

Then we have the following exact sequences:

(i) 0= Walli oy 2 Warsm iy 1oy 25 Wi 1o — 0

(ii) 0 = Wil 1oy = Wil 03 Wiy AV QI = 0;
(i) 0 — Wyl 1o, — Z1WaQy S5 W, 0 — 0.

Proof. The claim (iii) is easily obtained from (ii), as in the smooth case. When n = 1, this

is Proposition 2.10 in loc.cit.. O

Let € be a category of regular schemes of characteristic p > 0, such that, for any
x € X, the absolute Frobenius Ox , — Ox ; of the local ring Ox , is finite. Shiho showed

the following cohomological purity result.
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Theorem 1.4.12. ([Shi07, Thm. 3.2]) Let X be a reqular scheme over F,, and leti: Z —
X be a regular closed immersion of codimension c. Assume moreover that [k(z) : k(z)P] =
pN for any x € XY, where k(z) is the residue field at x. Then there exists a canonical
isomorphism
’ 71 . - = }
93,77171 8 . Hq(Z’ WnQZilocg) H%JFC(X’ WnQ?,Iog)

if ¢ =0 holds or if ¢ > 0,m = N, X € 0b(€) hold.

Remark 1.4.13. In [Shi07, Cor. 3.4], Shiho also generalized Proposition 1.4.1 to the case
that Z — X s a regular closed immersion, and without the assumption on the residue
fields.

Corollary 1.4.14. Let X be as in Theorem 1.4.12, iy : x — X be a point of codimension
p. Then there exists a canonical isomorphism

0. W QN Plop] —=— REWLQN 1o,

g, z,log

in D" (x,Z/p"Z).
Proof. Let X, be the localization of X at x. The assertion is a local problem, hence we may
assume X = X,. By the above Remark 1.4.13, we have Rji!IWnQ%log =0for j#p,p+1.
The natural map W, Q"

elogl—P)] = RPit W, 0% logl0] induces the desired morphism 618 and
the above theorem tells us this morphism induces isomorphisms on cohomology groups. An

1z ,M)

alternative way is to show RpHiéWnQ% log = 0 directly as Shiho’s arguments in the proof
of Theorem 1.4.12. O

1.5 A new result on purity for semistable schemes

We recall the following definitions.

Definition 1.5.1. For a regular scheme X and a divisor D on X, we say that D has

normal crossing if it satisfies the following conditions:

(i) D is reduced, i.e. D =|J;c; D; (scheme-theoretically), where {D;}icr is the family of

irreducible components of D;

(it) For any non-empty subset J C I, the (scheme-theoretically) intersection (\;c; D;j is

a reqular scheme of codimension #J in X, or otherwise empty.
If moreover each D; is reqular, we called D has simple normal crossing.

Let R be a complete discrete valuation ring, with quotient field K, residue field k, and

the maximal ideal m = (), where 7 is a uniformizer of R.

Definition 1.5.2. Let X — Spec(R) be a scheme of finite type over Spec(R). We call X
a semistable (resp. strictly semistable) scheme over Spec(R), if it satisfies the following

conditions:
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(i) X is regular, X — Spec(R) is flat, and the generic fiber X, := X 1= X Xgpee(R)
Spec(K) is smooth;

(ii) The special fiber Xs := X 1= X Xgpee(r) SpEC(k) is a divisor with normal crossings

(resp. simple normal crossings) on X .

Remark 1.5.3 (Local description of semistable schemes). Let X be a semistable scheme

over Spec(R), then it is everywhere étale locally isomorphic to
Spec(R[To, te ,Td]/(T() te Ta — 7['))

for some integer a with a € [0, d], where d denotes the relative dimension of X over Spec(R).
In particular, this implies the special fiber of a semistable(resp. strictly semistable) scheme

is a normal (resp. simple normal) crossing variety.

Theorem 1.5.4. Let X — B := Spec(F,[[t]) be a projective strictly semistable scheme
over the formal power series ring Fy[[t]] of relative dimension d, and i : Xs — X be the
natural morphism. Then, there is a canonical isomorphism

Gys's : ve x.[-1] —= Ri!WnQ%’%g

in
in DY (X4, Z/p"Z).

We will use Shiho’s cohomological purity result (Theorem 1.4.12) in the proof, and the

following lemma guarantees our X satisfies the assumption there.

Lemma 1.5.5. Let X be as in Theorem 1.5.4.

(i) Let A be a ring of characteristic p > 0. If the absolute Frobenius F : A — A a v aP is

finite, then the same holds for any quotient or localization.

(i1) For any x € X, the absolute Frobenius F' : Ox , — Ox 4 is finite. In particular, our X
is in the category € .

(i4i) For any x € X, we have [k(z) : k(x)P] = p@+i.

Proof. (i) By the assumption, there is a surjection of A-modules ;" A — A for some m,
where the A-module structure in the target is twisted by F'. For the quotienting out by an
ideal I, then tensoring with A/I, we still have a surjection @;*, A/I — A/I . If S'is a
multiplicative set, then tensoring with S™1A still gives a surjection @}, S™1A - S714 .

(ii) Note that F[[t]] as F,[[t]]P-module is free with basis {1,t,--- ,#’~1}. The absolute
Frobenius on the polynomial ring F,[[t]][z1,- - ,zy] is also finite. Now the local ring Ox
is obtained from a polynomial ring over F,[[t]] after passing to a quotient and a localization.
Hence the assertion follows by (i).

(iii) For z € X°, the transcendence degree tr.degg, (¢))k(z) = d, and k() is a finitely
generated extension over Fy((¢)). So the p-rank of s(z) is the p-rank of Fy((t)) increased
by d, and we know that [F,((t)) : Fy((¢))?] = p. O



26 1.5. A NEW RESULT ON PURITY FOR SEMISTABLE SCHEMES

We need the following result of Moser.

Proposition 1.5.6. ([Mos99, Prop. 2.3]) Let Y be a scheme of finite type over a perfect
field of characteristic p > 0, let i, : * — Y be a point of Y with dim(@): p. Then we

have qux*WnQZ,log =0, foralln>1 and g > 1.

With the help of the above preparations, we can now prove the theorem.

Proof of Theorem 1.5.4. By Proposition 1.2.3, we have the following local-global spectral

sequence of étele sheaves on Z := X,:
EYY = €D R i (RiLW, Q%) = R (W, QK1)
ASYAS
where, for € Z, 1 (resp. i, = i 01) denotes the natural map z — Z (resp. © — X).

For x € Z", we have an isomorphism

log . d—u = .1 d+1
0,5 Wnﬂx,log[_u 1] —— szWnQXJOg,

by Corollary 1.4.14. Then

EY = P R W00k =0, if v#L
TEZY

where the last equality follows from Proposition 1.5.6. Hence the local-global spectral
sequence degenerates at the Fi-page, i.e., RTi!WnQ?ﬁ)g is the (r — 1)-th cohomology sheaf

of the following complex

90
1,1 d+1 1 2! d+1
D 1R i Wn QK 0y —= D i, Wiy,
zeZ0 zez!

dr—l,D
7 d+1 ‘1 r+1,! d+1
D R Wo Yy — D R i Wn Qe
zezr—1 TEZT

d+1,! d+1
EBd Lo R i Wi 05 o
T€Z

We denote this complex by B?(Z,d). Then Corollary 1.4.14 implies that, Hiign gives an
isomorphism C%(Z,d) = B:(Z,d), for any s, i.e., a term-wise isomorphism between the
complexes C2(Z,d) and B (Z,d). The following theorem will imply that Hiign induces an

isomorphism of complexes.

Theorem 1.5.7. Let X,Z := X, be as in Theorem 1.5.4. For z € Z¢ and y € Z°~" with
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T € @, then the following diagram

r qual

r—c ) r—c—1
Hq(ya WTLQyJOg) Hq(x7 Wan,log )
Io, log
Oigm J{%Zf’,n

Hy ™ (X, W Q% o) H (X W )

_
875 (W 1og)

commutes if g =0 or (q,r) = (1,d+1).

Theorem 1.5.7 implies 1.5.4. By Theorem 1.5.7, under the Gysin isomorphisms 1'°%, the
morphisms d;’o coincide with the boundary maps of logarithmic de Rham-Witt sheaves.
Hence Cy(Z,d) coincides with B (Z,d). And the Proposition 1.3.13 said the complex
Cr(Z,d) is acyclic at positive degree, and isomorphic to 1/27 4 at zero degree. This shows

the claim. O

We are now turning to the proof of commutativity of the above diagram .

Proof of Theorem 1.5.7. We may assume y € Z; for some irreducible component Z; of Z.

Note that Z; is smooth by our assumption. Then we have a commutative diagram:

log
giy n

Hq(ya WnQric ) H§+q (X’ WnQ&,log)

y,log
Gysiy

0.
Z]=—>X

HZS_H_q(Zj’ WnQT—l )

c—1 T
Z;log Hy +q(Zj7 %le (WWQX,log))a

where the right-vertical morphism is the edge morphism of Leray spectral sequence.
Hence we have the following diagram:

(-1)rop

H(y, W, Q¢ ) : H (2, W15

Gysy%Zj (1) Gyscl;%Zj

—1
65!‘?; (Wn QTZJ ,log)

Hy (Z;, W1 )

—14 —1
Hy 2 W) s

Zj,log

OZjHX (2) 92j<—>X

e—1iq . . 62?3(3lej(wnﬂrx,10g)) ctq . §
Hy (Zj7%Zj(WnQX,log)) Hy (Zj7%j(WnQX,log))

3)

6lyOC (WnQTX,log)

,T

H§+q(X’ WnQTX’log) H§+1+q (X7 WHQTXylog) .
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The square (1) is (—1)-commutative if ¢ = 0 or (¢,7) = (1,d+1). This is Theorem 3.1.1 for
g = 0 and Corollary 3.4.1 for (¢,r) = (1,d + 1) in [JSS14]. The square (2) is commutative
by the functoriality of 61°C The square (3) is (—1)-commutative by the functoriality of the
Leray spectral sequences: here the sign (—1) arise from the difference of degrees. Therefore

the desired diagram is commutative. O

Remark 1.5.8. In [Shi07, Thm. 5.4], Shiho proved this compatibility for more general
reqular schemes X over Fy where the residue fields of x,y are not necessarily to be finite

or perfect, but assuming that n = 1.

Remark 1.5.9. From the above proof, we can see that our new purity theorem still holds
if we replace the finite field Fy with a perfect field k of characteristic p > 0.

Corollary 1.5.10 (Cohomological purity). Assume X and Z := Xy are as before. For any

integer i < d+ 1, there is a canonical isomorphism
Gysin : HW (2,08 ;) —— HE (X, W05 )
Proof. This follows from the spectral sequence
B} = HY(Z, R W04 ) = Hy (X, W95 )

and the above purity theorem. O

Corollary 1.5.11. There is a canonical map, called the trace map:
d d
Tr: Hy (X, W,Q% ) — Z/p"Z.
It is bijective if Z is connected.

Proof. We define this trace map as GysZ n ©trz, where trz is the trace map in Theorem

1.3.14. U

We conclude this chapter with the following compatibility result.

Proposition 1.5.12. Let X,Z be as in Theorem 1.5.4, and let W be a smooth closed

subscheme of Z of codimension r, giving the following commutative diagram:

we—» 7

A
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Then the following diagram.:

Gyswsz

d—r r, ! d
Wanlog R"™ Vn 7

r+1,! d+1
R ZWWnQXJog

commutes. Recall that Ow -, x is the Gysin morphism defined by Shiho in Theorem 1.4.12,
Gsyw—z be the Gysin morphism defined by Sato in Theorem 1.4.4, and Gysz—,x is the

Gysin morphism in Theorem 1.5.4.

Proof. We may assume W C Z;, for some irreducible component Z; of Z. We denote the

natural morphisms as in the following diagram:

W 'z;
W—2,——Z

N

X

Then we have

d—r r,!.d
WnQW 2) / R VTL,Z

@ Ry WaQ% o

|

1! d+1
R ZWWnQX,log

Sato’s Gysin morphisms satisfy a transitivity property, which implies the square (1) com-
mutes. So does (2) due to Shiho’s remark in [Shi07, Rem. 3.13]. It’s enough to show the
square (3) commute. Hence we reduced to the case r = 0. Then we may write WnQCIEV,log
. . d—1
as the kernel of @erOZm*WanJog = ByewoiyWnll ..
will be the identity, and our definition of Gysin morphism locally is exactly that given by

Shiho(see the proof of Theorem 1.5.4). O]

Then Sato’s Gysin morphism






Chapter 2
Coherent duality

From now on, we fix the notation as in the following diagram.

X, X I ox,

fs f fn

s B = Spec(Fy[[t]) <2—n

where f is a projective strictly semistable scheme, Z = X is the special fiber and X, is

the generic fiber.

2.1 The sheaf Q%

We recall some lemmas on local algebras.

Lemma 2.1.1. Let (A,m, k) — (A", m', k") be a local morphism of local rings. If A" is

reqular and flat over A, then A is regular.

Proof. Note that flat base change commutes with homology. Hence, for ¢ > dim(A’), we
have Torj?(k,k) ®4 A = Tor;;‘/(k‘ ® A k® A") = 0. Since A’ is faithful flat over A, this
implies Torj;‘(k,k:) = 0, for ¢ > dim(A’). Therefore, the global dimension of A is finite.
Thanks to Serre’s theorem [MR89, Thm. 19.2], A is regular. O

Lemma 2.1.2. Let A be a regular local ring of characteristic p > 0 such that AP — A is
finite. Then QY is a free A-module.

Proof. By [Kun69, Thm. 2.1], regularity implies that AP — A is flat, so faithfully flat. The
above lemma implies that AP is regular as well. Then we use a conjecture of Kunz, which

was proved in [KN82], that there exists a p-basis of A. Therefore the assertion follows. [J

31
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Proposition 2.1.3. The absolute differential sheaf Q}( 1s a locally free O x-module of rank
d+1.

Proof. Note that we have an exact sequence
f*Qp = Qx = Q% 5 = 0.

Both f*Q}B and Qﬁ( /B Are coherent, so is Qﬁ( Then we may reduce to local case, and the
assertion is clear by the above lemma.
O

Corollary 2.1.4. The sheaves QY., ZQ% (via F), Q% /BQ% (via F) are locally free Ox-

modules.

Proof. As in the smooth case, using Cartier isomorphisms, we can show this inductively. [

2.2 Grothendieck duality theorem

The Grothendieck duality theorem studies the right adjoint functor of Rf, in D(;FC(X ),
the derived category of Ox-modules with bounded from below quasi-coherent cohomology
sheaves. There are several approaches to this functor.

In our case, we follow a more geometric approach, which was given by Hartshorne in

[Har66]. Here we only use the Grothendieck duality theorem for projective morphisms.

Definition 2.2.1. A morphism g: M — N of schemes is called projectively embeddable if

9 N
N
PX

for some n € N, where q is the natural projection, p is a finite morphism.

it factors as
M

Remark 2.2.2. In our case, the projectivity of the scheme f: X — S = Spec(F,[[t]]) and
the fact that the basis is affine imply that f is projectively embeddable [EGA, II 5.5.4 (ii)].

Theorem 2.2.3 (Grothendieck duality theorem). Let g : M — N be a projectively em-
beddable morphism of noetherian schemes of finite Krull dimension. Then, there exists a
functor f': DF.(N) — DJ.(M) such that the following holds:

(i) If h: N — T is a second projectively embeddable morphism, then (goh)' = h'og';
(ii) If g is smooth of relative dimension n, then ¢'(4) = f*(¥9) ® Q%/N[n] ;

(iii) If g is a finite morphism, then g'(4) = §*R om0y (9:On,9), where § is the induced
morphism (M, Op) — (N, 9.0n);
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(iv) There is an isomorphism
0, : Rg.R Horn,,(F,9'9) = R Homoy (RfFF .4,

for 7 € D, (M), 4 € D}.(N).

2.3 Relative coherent duality

Note that the morphism Rf.Q%4[d] — Q) induces a map Q4 [d] — f'Q) by adjunction
between (Rf, f'), which is denoted by Tr ¢ - In this section, we prove the following relative
duality result.

Theorem 2.3.1. Let f : X — B = Spec(F[[t]]) be a projective strictly semistable scheme.

Then we have a canonical isomorphism
Try - QU d) = f'ok.
This theorem can be obtained by some explicit calculations.

Lemma 2.3.2. —Lett: X — Pg be a reqular closed immersion with the defining sheaf T.

Then the sequence of Ox-modules
0= UT/T* — HQpy — Qx — 0
B
18 exact.

Proof. We only need to show that the left morphism is injective. Let I be the kernel of
the canonical morphism L*Q%,g — Q4. Since both L*Q];g and Q% are coherent and locally
free, the kernel K is coherent and flat. Then it follows that K is also locally free. By
counting the ranks, we have rank(Z/Z?)=rank(K). Thus, the induced surjective morphism

*I/T* — K is an isomorphism. O

Proof of Theorem 2.3.1. As f is projective, we have a decomposition of maps

X bty Pg

7

B

for some N € Z. Here ¢ is a regular closed immersion. Using Koszul resolution of Ox with

respect to the closed immersion ¢, we have

L!QI]PYJI = L*ng\fl ® *det(Z/T%)V[d — N].
B B
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By Lemma 2.3.2, we have
N+1 21V ~ (yd+1
L*ng ® det(Z/27)Y = Q.
Since p is smooth, we have isomorphisms

PO = p'Op @ p"Qp = Qgly 5[N] © p" Q) = QpaN].

Noting that
F'Qp = /PO,
the theorem follows.

O]

Remark 2.3.3. From the proof, we can see Theorem 2.3.1 is still true in more general
sttuations. In the light of our application, we just proof this simple case and remark that it

also holds if we replace the finite field I, with a perfect field k of characteristic p > 0.

2.4 Grothendieck local duality

Let (R,m) be a regular local ring of dimension n with maximal ideal m, and R/m = [F,.

For any finite R-module M, we have a canonical pairing

Res tr]Fq /Fp

H.(Spec(R), M) x Ext}y (M, Q%) — Hp(Spec(R), Q%) —> F, Z/pZ. (2.4.1)

Theorem 2.4.1 (Grothendieck local duality). For each i > 0, the pairing (2.4.1) induces

1somorphisms
Ewt%_i(M, O%) ®r R HomZ/pZ(Hﬁl(Spec(R), M),7/pZ),

H.(Spec(R), M) = Homeons( Extyy (M, Q}), Z/pZ),

where Homeont denotes the set of continuous homomorphisms with respect to m-adic topology

on Ext group.

Proof. This is slightly different from the original form of Grothendieck local duality in
[GH67, Thm. 6.3]. But, in our case, the dualizing module I = Hy(Spec(R), ) can be
written as hngomZ/pZ(A/m", Z/pZ) C Homg s (A, Z/pZ). Then we identify

Homa(Hy(Spec(R), M), I) = Homa(Hy (Spec(R), M), lim Homg, (A /m", Z/pZ))

= HOTTLA(HZH(SpeC(R), M), HomZ/pZ(Av Z[pZ)) = HomZ/pZ(Hti‘t(SpeC(R)a M), Z/pZ),
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where the second equality follows from the fact that each element of H{ (Spec(R), M) is
annihilated by some power of m. The second isomorphism in the theorem follows from the
definition of continuity.

O

2.5 Absolute coherent duality

In our case, the base scheme B = Spec(IF[[t]]) is a complete regular local ring of dimension
1. Combining Grothendieck local duality on the base scheme B with the relative duality

theorem 2.3.1, we obtain an absolute duality on X.
Proposition 2.5.1. Let . be a locally free Ox-module on X, and let F* be the sheaf
given by Hom (F,QLY). Then we have

H}\(B,Rf.7) = Hy (X, 7); (2.5.1)

Exty '(Rf.F,Qp) = H (X, FY). (2.5.2)

Proof. For the first equation, we have the following canonical identifications:

Hy(B,Rf.F) = H'(B,inRi,Rf.7)
= H'(B,isRfRi'F)
= HU(F,, Rfs«Ri'F)  (isds exact)
= HY(X,,Ri'%)
— H (X.7)

where the second equality follows from Rf,,Ri' =N Ri'Rf. in (SGA 4 [AGV72, Tome 3,
XVIII, Corollaire 3.1.12.3] ) or ([Full, Prop. 8.4.9] ).

For the second, we have

Exty  (Rfe7,Qk) = RY7I(B,RAomo, (R, QL))

(
= R'YI(B,Rf.Romo, (F, QL)) (adjunction)
= R'T(B,RfRHAomoy (F,95"[d]))  (Theorem 2.3.1)
= RYII(B,Rf.Z'd)) (definition of .F*)

— Hd+1_i(X, ﬂt)
L]

By taking different .%# in the above theorem and using Grothendieck local duality, we

obtain the following corollaries.

Corollary 2.5.2. The natural pairing

HY(X, Q%) x HEFZU(X, Q) = HE (X, o8 D 2/pz
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induces isomorphisms
HY(X,0¥y) = Homgpp(HE (X, Q) 2/p2),

HE (X, Q) 2 Homeon(H' (X, Q%), Z/pZ).
i.e., it is a perfect pairing of topological Z/pZ-modules if we endow H'(X, Q&) with the
m-adic topology and Hggl_i(X, Q§(+1_j) with the discrete topology.

Remark 2.5.3. For the first isomorphism, we can ignore the topological structure on co-
homology groups, and view it as an isomorphism of Z/pZ-modules. In the next chapter, we

only use this type of isomorphisms(cf. Proposition 3.4.8).

Corollary 2.5.4. The natural pairing
i j —i d+1—j d+1—j t
HY(X,ZQ%) x HE'H(X, Q7 /BT - HUP (X, Q%) =5 Z/pZ
is a perfect pairing of topological Z/pZ-modules, if we endow the cohomology groups with

the topological structures as in the above corollary.

Furthermore, we can do the same thing for twisted logarithmic Kahler differential
sheaves.

Let X be as before , and let 3 : U — X be the complement of a reduced divisor D on

X with simple normal crossings. Let D1, -, Dy be the irreducible components of D. For
m = (my,--- ,ms) with m; € N let
S
mD =mD = ZmiDl- (2.5.3)
i=1

be the associated divisor.

Definition 2.5.5. For the above defined D on X and j >0, m =m € N° | we set

Qj

Ypmp = Xx (logD)(=mD) = Q% (logD) ® Ox (~mD) (2.5.4)

where Qg((logD) denotes the sheaf of absolute Kdahler differential j-forms on X with loga-

rithmic poles along |D|. Similarly, we can define ZQngD, BQ?X|mD‘
Remark 2.5.6. Note that legﬁ) = Q¥ ® Ox(D) ® Ox(—D) = Q%", where d is the

relative dimension of X over B.

Corollary 2.5.7. The natural pairing

1 j —1 d+1—j tr
HY(X, Q% p) x HE (X, Q4 p) = BHEH(X o) =5 2/

is a perfect pairing of topological Z/pZ-modules, if we endow the cohomology groups with

the topological structures as before.
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Proof. Note that the pairing
% (logD)(—mD) ® Q% ((m — 1)D) — Q& (2.5.5)

is perfect. O
Similarly, we also have the following result.

Corollary 2.5.8. The natural pairing

H'(X, 2% _,p) x HE T (X Q%00 L0 0/ B oy p) = HET (X, Q4T =5 2/p2

X|-m X|(m+1)D X|(m+1)D

is a perfect pairing of topological Z/pZ-modules, if we endow the cohomology groups with

the topological structures as before.






Chapter 3
Logarithmic duality

Recall that f : X — B = Spec(F,[[t]]) be a projective strictly semistable scheme of relative
dimension d. In this chapter, we will prove two duality theorems. The first one is for
H(X, WnQ&JOg), which we call unramified duality. The second is for H*(U, WnQ{MOg),
where U is the open complement of a reduced effective Cartier divisor with Supp(D) has

simple normal crossing. We call it the ramified duality.

3.1 Unramified duality
The product on logarithmic de Rham-Witt sheaves
Wan(,log ® Wnﬂiﬁigj - Wnﬁgﬁ)g
induces a pairing
VL 5 RO R0 o W) R,

where the first morphism is given by the adjoint map of the diagonal map ¢ in the following

diagram

(a3

(1 ] ; d+1—j ' R d4+1—j
Rin (i Wy o, @ RIW, QY 0T) —— W0 |, ©F Riu Ri'W, 05!

= T

j d+1—j
Wiy 10 ® Wnlly ), -

Here the isomorphism is the given by the projection formula.
Applying RT'(Xs, ) and the proper base change theorem(SGAél%, [DT77, Arcata IV]),

we have a pairing
, 4 p » .
HY (X, Wn @ 0,) x HEPTH(X, WL 7) = HE(X, WoQehL ) =5 2/p"Z,  (3.1.1)

39
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where the trace map Tr is given by Corollary 1.5.11.
Theorem 3.1.1. The pairing (3.1.1) is a perfect pairing of finite Z/p"Z-modules.

Proof. By the exact sequence (i) in Proposition 1.4.11, the problem is reduced to the case
n = 1. For this case, we use the classical method as in [Mil86], i.e., using the exact sequence
(ii) and (iii) in Proposition 1.4.11, we reduce the problem to coherent duality. Before we
do this, we have to check the compatibility between the trace maps. It is enough to do this
on the base scheme B, by the definitions of trace map and residue map, and the following

commutative diagram:
d
RO+ 1] —Qf ., [1]

T T

RfQEd] ——— QL.

Proposition 3.1.2. The following diagram

Tr
H (B, Qg 10,) Z/pZ

HA(B,Qh) — ~7,/p7.

commutes, where § is the connection map induced by the following exact sequence
0= Qp g — Qp — Qp — 0.

Proof. We have the following diagram

Tr
HI%(B7QIB,10g) Z/pZ

S9]

tTFq/]Fq

HO(Fy, 00 ) — " 7,/
5
e/ (5)

® \\

HA(B, Q%) e Z/pz
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where the morphism ¢ : a — adlog(t), and K = Fy((t)).

The diagrams (1) and (6) are commutative by the definition of Tr and Res. (2) is
commutative by the functoriality of 4. That classical Milne duality is compatible with
coherent duality implies (3) is commutative. The local description of the Gysin map will
imply that the diagram (4) commutes [Shi07, Lem. 3.5] , [Gro85, II (3.4)]. The diagram
(5) commutes by the explicit definition of ¢ and the definition of the Tate residue map. [

Proof of Theorem 3.1.1(cont.) By taking the cohomolgy groups of the exact sequences (ii)

and (iii) in Proposition 1.4.11, we have the following commutative diagram with exact rows:

= (X, Q) Hi(X, Z,) HY(X, ) ——

¢ - -

ce HEP(X, QL) = HEP (X, Q4 B ) = BT (X o ) -

where M* means Homg, 7 (M, Z/pZ), for any Z/pZ-module M.
The isomorphisms for cohomology groups of Z Q?X and QJX are from the coherent duality
theorem, see Corollary 2.5.4 and 2.5.2. Hence, we have

i i = —i d+1—j\*
H (X, Do) = HE (X Q7)™

O]

Remark 3.1.3. For the case of j = 0, by using the purity theorem 1.5.4, the above pairing
agrees with that in [Sat07a, Thm. 1.2.2 ].

3.2 The relative Milnor K-sheaf

On a smooth variety over a field, the logarithmic de Rham-Witt sheaves are closely related
to the Milnor K-sheaves via the Bloch-Gabber-Kato theorem [BK86]. In this section, we
first recall some results on the Milnor K-sheaf on a regular scheme, and then define the
relative Milnor K-sheaf with respect to some divisor D as in [RS15, §2.3]. At last, we show
the Bloch-Gabber-Kato theorem still holds on a regular scheme over F,. This result is well
known to the experts but due to the lack of reference, we give a detailed proof.

In this section, we fix Y to be a connected regular scheme over F, of dimension d (cf.
Remark 3.2.2 below).

Definition 3.2.1. For any integer r, we define the rth-Milnor K-sheaf /Cf,VIYZw to be the

sheaf
T+ Ker | i KM (k(n)) KN @ ion KM (K(2)
zeylnT

on the Zariski site of Y, where T is any open subset of Y, n is the generic point of Y,
iy : x — T is the natural map and O is the sheafified residue map of Milnor K-theory of
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fields (cf. §1.3.2). The sheaf IC%, is the associated sheaf of IC%YZM on the (small) étale site
of Y.

In particular, ICTY =0 for r <0, ICOY = 7 and KM y =0%.

Remark 3.2.2. The connectedness assumption on Y is just for simplification our nota-

tions. In case Y 1is not connected, we write Y = Hj Y; as disjoint union of its connected

rY = @ZY*

where iy, : Y; — Y be the natural map. The results in this section still hold for non-

components. Then define

connected Y .

We define ICTM}’,naive to be the sheaf on the étale site of Y associated to the functor
A ®50(A)% ) <a@bla+b=1>

from commutative rings to graded rings.

Theorem 3.2.3. ([Ker09, Thm. 1.3], [Ker10, Thm. 13, Prop. 10]) Let Y be a connected

reqular scheme over IFy.
(i) The natural homomorphism I,y *" — KM, is surjective;

1 € restaue Jieias at att pornt o are inpnie, e map mat — 15 an
i) If the residue fields at all point of Y are infinite, th e — kM,

isomorphism;

(iii) The Gersten complex

0= KM — i K = P i (k(2) = @D i KM (i (z)) = -

zey! zeY?
is universally exact(see Definition 3.2.4 below) on the étale site of Y.

Definition 3.2.4. Let A’ — A — A” be a sequence of abelian groups. We say this sequence
is universally exact if F(A") — F(A) — F(A”) is exact for every additive functor F : Ab —
B which commutes with filtering small limit. Here Ab is the category of abelian groups and

B is an abelian category satisfying AB5 (see [Gro57]).

Remark 3.2.5.

(i) Another way to define the Milnor K-sheaf [Ker10] is to first define the naive K -sheaf
IC%}MWS as above, and then the (improved) Milnor K -sheaf as the universal continuous
functor associated to the naive K-sheaf. By Theorem 3.2.3 (iii), this definition agree with

ours.

(i) Theorem 3.2.3 (i) implies that IC%Y is €tale locally generated by the symbols of the form
{z1, -+, 2} with all z; € Oy
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(iii) The functor — ®z Z/p"7Z is an additive functor and it commutes with filtering small

limit, so the universal exactness property of Gersten complex implies the following sequence

0= K25 /0" = i KM (5(0) /9" = @D i K (5 () 1" — -+
zeY )

1S exact.

Let D = U;_;D; be a reduced effective Cartier divisor on Y such that Supp(D) has
simple normal crossing, let D1, --- , Dg be the irreducible components of D, and let 3 : U :=

Y — D < Y be the open complement. For m = (my,--- ,mg) with m; € N let

S
mD =mD = Z m;D;
=1

be the associated divisor. On N° we define a semi-order as follows:
m >m' if mgzmi for all 7.
Using this semi-order, we denote
m'D>mD if m >m.

By the above theorem, we may define the relative Milnor K-sheaves with respect to mD
using symbols(cf. [RS15, Def. 2.7]):

Definition 3.2.6. For n € Z,m € N°, we define the Zariski sheaf ’Cy{wan Jar 10 be the
image of the following map
Ker(Oy — O 1) @z 3K 1, — 3:KM0,..
r® {l‘la e ax’nfl} — {'xaxla e ,xnfl}

and define /Cf/[y'mD to be its associated sheaf on the étale site.
By this definition, it is clear that jJC%,WD = IC%U, for any m € N°.

Proposition 3.2.7. ([RS15, Cor. 2.13]) If m’ > m, then we have the inclusions of étale
sheaves
Kf“\,/[X|m/D - K:f"\,/[X|mD - ,C%X

Proof. The statement in [RS15] is on the Zariski and Nisnevich sites, and in particular,
works on the étale site. Instead of repeating the argument, we take a simple example:
X = Spec(A) is a local ring, D = (t) for some t € A, then U = Spec(A[t~1]). We want to
show IC%X|D - ny- It suffices to show {1 + at,t} € IC%X, for any a € A. Since 1 +tA is
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multiplicatively generated by elements in 1 4+ tA*, as

1

ltat=(1+t—
Tat =0+t 0T

(1 +t(a—1)).

We may assume a € A*. Note that 0 = {1+ at, —at} = {1+ at, —a} + {1 + at, t}, we have

{1+at,t} = —{1+at,—a} GICQTIX. O
Now we recall the Bloch-Gabber-Kato theorem on regular schemes.

Lemma 3.2.8. There is a natural map dlog[—], : IC%Y — WLy

Proof. 1f all the residue fields of Y are infinite, this is clear by Theorem 3.2.3. If not, we
can still construct this map via the following local computations. We first define this for
any ring A. Recall that the (improved) Milnor K-theory of A can be defined by the first
row of the following diagram [Kerl0]:

00— KM(A) — KM(A(t) =2 KM(A(t, 1)
ldlog[—]n idlog[—]n
0 M, WS, ) 22 W, 00,

() (t1,t2)

Here A(t) is the rational function ring over A, that is A[t]s the localization of the one
variable polynomial ring with respect to the multiplicative set S = {3, ait’| (a;);c; = A}.

The assertion follows from the following claim.

Claim M,, = W,),.
Once we have the dlog map for any ring, we will get a map on the Zariski site by
sheafification. The desired map is obtained by taking the associated map on the étale site.

Now it suffices to prove the above Claim.

Proof of Claim. We first assume n = 1, and in this case we have
A(t) 24 Q4 & A1) = QY

(a®@w,b) —a-w+b-dt

Using this explicit expression, we can show the kernel of i1, — 42, is Q). For general n, we
first noted that W), € M,,, and we can prove the claim by induction on n via the exact
sequence

0= VU +dV™UT" — W 5 W0 — 0

as 715 and 79, commute with R and V. O

By Definition 1.4.7, the image of dlog[—], contains in W,y .. It is clear that the
map dlog[—], factors through Ki‘,/ly /p". Therefore we have the following result.
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Proposition 3.2.9. The natural map in Lemma 3.2.8 induces an isomorphism
dlog[—] : KMy /" = WSy,

Proof. 1t is enough to show this map is injective. This is a local question, so we may
assume Y = Spec(A) is a regular local ring over F,. The Néron-Popescu desingularization
theorem below tells us that we can assume Y = Spec(A) is smooth over F,. Then we have

the following commutative diagram

KM " i M (K () /p"
dlog[—]nl o~

T ; T
Wil 10g = i Wnl2}, 10

of étale sheaves on Y. The injection on the first row follows from Theorem 3.2.3(iii), and
Remark 1.3.11 implies the injection on the second row. Therefore the assertion follows
from the fact that the right vertical map is an isomorphism, which is given by the classical
Bloch-Gabber-Kato theorem[BK86]. O

Theorem 3.2.10 (Néron-Popescu, [Swa98]). Any regular local ring A of characteristic p
can be written as a filtering colimit hﬂAi with each A; is smooth (of finite type) over F,.
i

3.3 The relative logarithmic de Rham-Witt sheaves

Assume X is as before, i.e., a projective strictly semistable scheme over B = Spec(F,][[t]]).
Let D = U;_;D; be a reduced effective Cartier divisor on Y such that Supp(D) has simple

normal crossing, let Dq,---, Dy be the irreducible components of D, and let j : U :=
Y — D — Y be the open complement of D. For m = (my,--- ,ms) with m; € N let
S
mD =mD = ZmiDl- (3.3.1)
i=1

be the associated divisor. In the previous section, we defined a semi-order on N* and
denoted
m'D>mD if m' >m. (3.3.2)

Definition 3.3.1. Forr > 0,n > 1, we define
WnQ;ﬂmD,]og C 2:Wnd og
to be the étale additive subsheaf generated étale locally by

dloglxi]n A --- AN dloglx,],  with ;€ OF, for alli, and x1 € 14+ Ox(—mD),
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where x|, = (x,0,---,0) € W,(Ox) is the Teichmiiller representative of x € Ox, and

dlog[z], = af[;j]n” as before.
Corollary 3.3.2. For any m € N*, J*WnQTX\mD,Jog = Wil jog- 1f m’ > m, then we have

the inclusions of étale sheaves

r r r
WnQX\m’D,log c WnQX|mD,log c WnQX,log'

Proof. By definition, W"Q;ﬂmD,log is the image of len\’/[leD under the dlog|—],. Hence the
first claim is clear and the second follows from Proposition 3.2.7 and 3.2.9. O

Theorem 3.3.3 ([JS15]). There is an exact sequence of étale sheaves on X:

r p r R Ar
O — Wn*l@XH — WnQX|mD,log — QX|mD7Iog — 0,

m/p|D,log

where [m/p]|D =37 [mi/p|D;, and [m;/p] = min{m € Njm > m;/p}.

Proof. This is a local problem, and the local proof in [JS15] also works in our situation. The
idea is reduced to a similar result for Milnor K-groups by the Bloch-Gabber-Kato theorem.
Then the graded pieces on Milnor K-groups can be represented as differential forms, which

will give the desired exactness. O

If m'D > mD , then the relation Ox(—m/D) C Ox(—mD) induces a natural tran-

e , , L .
sitive map W, X|m/Dilog WpQ X |mD log" This gives us a pro-system of abelian sheaves

Wl 7 T
@1 I/V"QX\mD,log;’
m

Corollary 3.3.4. The following sequence is exact
0— “@1” Wn—19TX|mD,Iog - “r&l,’ WnQTX|mD,10g - “@l” TX|mD,log —0
m m m

as pro-objects, where “@” is the pro-system of sheaves defined by the ordering between
m
the D’s, which is defined in (3.3.2).

In the rest of this section, we want to define a pairing between W, 1, log and the pro-

system “@” WnQ_(f{Trlng,log' First, we define a pairing between the quasicoherent sheaf

m
2xWnQ; and this pro-system. Then, using two terms complexes, we obtain the desired

pairing.

Theorem 3.3.5 ([JS15]). The wedge product on de Rham-Witt complex induces a natural
pairing

r 75 FIEY) d+1—r d+1
Wy X gn WnQX|mD,log — WQ5 .
m

In [JS15], Jannsen and Saito study this pairing for a smooth proper variety over a finite
field of characteristic p > 0, and their proof still works in our case. The proof only needs

some calculations with Witt vectors; we repeat their arguments here.
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Lemma 3.3.6 ([JS15]). Let A be an Fy-algebra, and let a,t € A. Then
[]- + ta}n = (x07 e 7xn—1) + (Z/O, e 7yn—1)

with (zo,- -+ ,xn-1) € Wy(Fy), and yo,- -+ ,yn—1 € tA. Here [z], = (x,0,---,0) € Wy, (A)

s the Teichmiiller representative of T € A.

Note that we have dz = 0 for z € W,,(IF;), so the above lemma implies d[1 + at],, =
d(yo, -+ ,yn—1) With y; € tA.

Lemma 3.3.7 ([JS15]). For (ag,- - ,an—1) € Wyp(A) andt € A the following are equivalent:

n—1

(i) (ao,al, s ,an_l) = (tbo,tpbl, s tP bn—l) with b; € A.

(ii) (ao,a1,--- ,an—1) = [t]n - (co,c1," - ,Ccn1) with c; € A.

Corollary 3.3.8 ([JS15]). With the above notations, for t € A, we have the following

formula:

m(n—1) m(n—1) m

n = d(tP Yo, -+ 1P Yn1) = d([t]" - (co,- - s no1))
PR T (e ene1)d[Em 4 [EE - d(cos - 1)

m(n—l)]

d[l +tP

In particular, the coefficients of d[1 + tpm(nfl)]n lies in [t]ﬁmflwn(A).

Proof of Theorem 38.3.5. It is equivalent to check the wedge product induces a well-defined
map
73 FS ) d+1— d+1 : d+1— d+1
2+ WSy — Hom(“Um " W, Q% 7 Wy = lim Hom(Wo Q5 0, W Q5T
m m

Let a be a given local section of W,€2;, we need to find a suitable m and a local section 3
of WnQSI(ﬁL_g log such that a A S is a local section of Wanf(H. This is equivalent to show
that we can find a1 € 1+ Ox(—mD) such that the coefficient of

d[1+ a1l  dlasy, dlagi1—r]n
Tradn " ol " Taarisln

lies in W, (Ox). By the above corollary, this is possible if we take m big enough to eliminate

the “poles” of a along D. O

Remark 3.3.9. We don’t have a map from “1'&1” Wanl;TTln_Dr log to Hom(3.WnQy;, WnQ§(+1).
m

In [Mil86], Milne defined a pairing of two terms complexes as follows:
Let
7= (7 12 7%, 9= (@ 47
and

A= (A )
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be two terms complexes. A pairing of two terms complexes
F* XG>

is a system of pairings
<300 FOx G0 — Y,

)

< >(1)71: FOx gt — ",

<> Fx g0 = o,

such that
dow(< 2,y >00) =< z,dy(y) >4, + < dz(x),y >1, (3.3.3)

for all z € ZY, y € 99, Such a pairing is the same as a mapping
F*RYG — .
In our situation, we set
1-C
WinZ® = ). ZiWoQ, — 2. W Q0

W,%9°* = [“l'&n” Wanl;ﬁ;g’log — 0];

W ® = W,k 225 W, QdH),

Corollary 3.3.10 ([JS15]). We have a natural pairing of complezes of length two

WnZ® x WoG* — W, . (3.3.4)

Proof. 1t is equivalent to define the following three compatible pairings

22 Wy x “Hm"Wo QG r = W Q5 (3.3.5)
m
2 ZAWR Q% 0 — W, Q%™ (3.3.6)
2 Wl x “Hm " Wo QG r = WL Q5H (3.3.7)
m

The pairing (3.3.6) is the zero pairing, (3.3.5) and (3.3.7) are defined similarly as given in
Theorem 3.3.5. The compatibility in the sense of (3.3.3) of those pairings is clear by noting

that W, Q315 0 € Ker(1 = O).
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3.4 Ramified duality
By Proposition 1.4.11 (iii), in D*(X,Z/p"Z) we have
RpWor10p = [ W0 =5 2 W,00] = W, 7°. (3.4.1)

Lemma 3.4.1. Let D be a normal crossing divisor on X. Then the induced open immersion
7:U:=X—|D| — X is affine.

Proof. To be an affine morphism is étale locally on the target, and étale locally D is given

by one equation. O

Then we have H'(X, W,.Z*) = H'(U, [Z1 W, — W,Q0]) = HY(U, Wanlog), by the
above lemma and Proposition 1.4.11 (iii). Therefore the pairing (3.3.4) induces a pairing
of cohomology groups

; . —i _ Tr

H' (U, W2 10) ¥ Jim HE (X, WHQ§T;5710g) — HEP (X, W Q5L — Z/p"Z. (34.2)
m

Note that, since the two left terms in the above pairing are not finite groups, we need to

endow them with some suitable topological structures in order to obtain a perfect pairing.

Proposition 3.4.2. The pairing (3.4.2) is a pairing of topological abelian groups, if we
endow the first term with discrete topology and the second with profinite topology.

Proof. 1t is equivalent to show that the following two induced morphisms are continuous:

H'(U, Wi 165) — Homeont Qin H;l(t%i(Xv anﬁlg‘r}ng,log)’ Z[p"Z);
m

lim H (X, W Q05 ) = Hom(H (U, WoQy10,), Z/p"Z).
m

Here the target Hom sets are endowed with the compact-open topologies. This first map is
automatically continuous, as the topological structure on H*(U, WnQ}}IOg) is discrete. For

the second map the claim is implied by the following two lemmas. O

Lemma 3.4.3. Let
<-,->:M><¥imei—>S
(2
be a pairing of topological abelian groups, where (N;)ier is a filtered inverse system of
finite groups, M and S are discrete groups, and the inverse limit is endowed with the limit

topology, i.e., the profinite topology. Assume that for each m € M the induced morphism
<m,- >: l'glNi )
%

factors through N;, for some i. Then the pairing is continuous.
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Proof. 1t is enough to prove that the induced map

a:limN; — Hom(M, S)

is continuous. Note that the target Hom group is endowed with compact-open topology.
The neighborhoods of 0 in Hom(M, S) is given by {f € Hom(M, S)|f(K) = 0}, for some
compact set K C M. But the topology on M is discrete, so any compact subset is finite.
It suffices to show that the inverse image of O := {f € Hom(M, S)|f(m) = 0}, for some
m € M, is open. Note that we have a~1(0) = Ker(< m, - >) follows from the definition.

Now by our assumption, we have, for some i € I,

Ker(@ N; — N;) C Ker(< m, - >).
i

But Ker(l'gli N; — N;) is a fundamental neighborhood of 0 for the profinite topology, which

is open. This is the desired conclusion. ]

Lemma 3.4.4. For any o € H'(U, W, log)’ the following morphism, which is induced
by the pairing (3.4.2),

: d+2—1 d+1— d+2 d+1
<@, > @HX—E Z(X’ WnQXng,log) - HX_E (X’ WnQXfZOQ)
m

factors through H;é‘Q_i(X, WnQ%:n_g log) for some m € N°.

Proof. We have the following commutative diagram

Hi(U’W"Q’{],log) X 1&1 Hg(t27i(X’W"QdXﬁ7£L;,log) - H?(tZ(X7W"Q§(:~:I%)g)
HY (X, W, Z*) X HE (X, W,9®) — HY (X, W, %)

I | |

Ext! (W, 4°*, W, *) X HE (X, Wa*) —= HE (X, Wo %)

. i d+1— d+1 . d+2—1 d+1— d+2 d+1
hgEXt’L(WnQX|m5,log’W”QX,log) X lngXs Z(‘)(’VV'"‘Q)(|'mDr,log) - HXS (X7W"QX,log)
m m

The second row is the cup-product pairing, the third row is the Yoneda paring, and the last
row the limit of Yoneda pairing. The arrow e is given by the edge morphism of the Ext-
spectral sequence. It is well known that the cup-product pairing commutes with Yoneda
pairing [GH70]. Note that a morphism to direct limit implies that it factors through some
term of the direct system. O

Now our main theorem in this thesis is the following result.
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Theorem 3.4.5. For each i,r, the above pairing (3.4.2) is a perfect pairing of topological
Z/p"Z-modules.

In the rest of this section, we focus on the proof of this theorem.

Proof. We can proceed the analogously to the proof of Theorem 3.1.1. First, we reduce this
theorem to the case n = 1, then using Cartier operator, we will study the relation between

this theorem and coherent duality theorems.

Step 1: Reduction to the case n = 1. We have a commutative diagram:

) -

e H (U W19 ,,) HY (U WS 100) HU(UQT

l i i

e l.ng;l(tQ_i(X’anlggl(ﬁfrln_[’;,log) > L Hd+2 ' X WnQdXJ’\_TlnDTlog * = L Hd+2 ' X QdXJ'\_rlnDTlog)* >
m

U,log

where M* means Homeont (M, Q/Z), i.e., its Pontrjagin dual, for any locally compact topo-
logical abelian group M. The fist row is the long exact sequence induced by the short exact
sequence in Proposition 1.4.11 (i), and the second row is an long exact sequence induced by
Corollary 3.3.4. Note that the inverse limit is exact in our case, as H‘;{tQ_i(X W, Q‘)i;‘r; Iy 1Og)
is finite for any m, the inverse systems satisfy the Mittag-LefHer condition.

By the five lemma and induction, our problem is reduced to the case n = 1.

Step 2: Proof of the case n = 1. In this special case, the relation between the

relative logarithmic de Rham-Witt and coherent sheaves can be summarized as follows.

Theorem 3.4.6. ([JS15]) We have the following exact sequence

d+1—r d+1—r C7 d+1—r d+1—r
0— QXJTmD log QXT D — QX+| D/BQXTmD -0,
where Qﬂq D Qg((logD) ® Ox(—mD) is defined in (2.5.4).

Proof. This is again a local problem, and the local proof in [JS15] also works in our situation.

The key ingredient is to show = Q% Jog N 94 X|mD- This can be obtained by a

X|mD,log
refinement of [Kat82, Prop. 1]. O

Lemma 3.4.7. For any m € N*, we denote mD = mD as in (3.3.1), and

QJ

X|mD Q]).{(logD)(—mD) = Qj)‘{(logD) ® Ox(—mD)

as before. The parings

d+1

< Oé,ﬂ >0 0— OZ/\ﬂ ZQXl mD X QX|(S+1) QX‘D’
— /\ﬁ . Qd+1 r BQd +1—r Qd +1
< O[,ﬂ >O 1— (Oé ) . X‘ —mD X X| (m+1) D/ X]| m+1)D )(|D7

d+1
<a,f>1p=aAB: Dy _,p X Qg \(m+1)D - QX|D’
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define a paring of (two terms) complexes

Fo X G — A (3.4.3)
with
T = (295 p = D)
9% = (it yp T O 0/ B )
A = Q) =5 04 = (O =5 ag™h.
Proof. This is easy to verify. O

By taking hypercohomology, the pairing (3.4.3) induces a pairing of hypercohomology

groups:
H'(X, Z5) x HE2(X,9°,) - HE2(X, 0% = BE(X, Q4L ) =5 Z/pZ. (3.4.4)
Now by Corollary 2.5.7 and 2.5.8, we can show

Proposition 3.4.8. The pairing (3.4.4) induces the following isomorphism.

Hl(Xa 557:1) HomZ/pZ(HC)Z(tQ_Z(X7g:m)7Z/pZ)
d+2—1 d+1—
HomZ/pZ(HXt l(Xa WnQXJT(m_T_l)DJOg)a Z/pZ).

(3.4.5)

e

Proof. This can be done by using the hypercohomology spectral sequences
TP = HO(X, 73) = BPV(X, Fh);

HEP? = HY (X,97,,) = H (X, 9°,,).

Corollary 2.5.7 and 2.5.8 tell us that
IE?(] o~ HomZ/an(IIEiH’l*qJ*p, Z/an),

and this isomorphism is compatible with d;. Hence we still have this kind of duality at
the Fs-pages. Note that, by definition, p # 0,1, TEP? =11 EP9 = (0. Hence both spectral

sequences degenerate at the Fo-pages. Therefore we have the isomorphism in the claim. [

Up to now, we haven’t used any topological structure on the (hyper-)cohomology group.

Note that H;l(tQ*i(X , Wnﬂgﬁ(ln;_’;l) D,log) is a finite group, and we endow it with discrete
topology. Hence we endow H'(X,.%2) with the discrete topology. Now the Pontragin

duality theorem implies:
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Proposition 3.4.9. There is a perfect pairing of topological Z/pZ-modules:

lim B (X, Z) x lim HY 274 (X QSI(T(lmL) D.tog) — Z/PZ (3.4.6)

where the first term is endowed with direct limit topology, and the second with the inverse

limit topology.

Proof. Note that the Pontrjagin dual Homeont(+, Z/pZ) commutes with direct and inverse
limits. Then the proof is straightforward. O

Remark 3.4.10. The direct limit topology of discrete topological spaces is still discrete,

and the inverse limit topololgy of finite discrete topological spaces is profinite.
We still need to calculate the direct limit term in the above proposition.
Proposition 3.4.11. The direct limit li lgﬂHF( F*) = HY(U, O 1og)-
Proof. First, direct limits commute with (hyper-)cohomology, hence
lim H(X,.Z2) = H'(X, lim .Z,).
% m % m

Note that
T = 1.2 =5 .90

For coherent sheaves, the affine morphism j (see Lemma 3.4.1) gives an exact functor j,.

Hence we have
HZ(Xv []*ZQU _—> ]*Qr ]) = (U [ZQT Qr ]) = HZ(U7 QTU,]Og)?
where the last equality follows from the special case n = 1 of Proposition 1.4.11 (iii). [

Proof of Step 2. The duality theorem in case n = 1 directly follows from the above two

propositions. O

Now the proof of our main Theorem 3.4.5 is complete.
We denote

©: HY(U,Woy10,) — Homeon(li y_Hd“ (X W o 1o0g)s 2/ 2);

= ngHom(Hd+2 (X WG o 10g)- Z/P"Z)
m

U LHM (X WA ) — Hom(H' (U, WoS10,), Z/p"'Z).

Using this duality theorem, we can at last define a filtration as follows:
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Definition 3.4.12. Assume X, Xy, D,U are as before. For any x € H'(U, WnQTU]Og), we
define the higher Artin conductor

ar(x) := min{m € Nj | ®(x) factors through Hg(':2_i(X, WnQ?(Til_l;,]Og)}’

For m € N®, we define
FZZW”LHZ(U7 WTLQ;],Iog) = {X € HZ(U’ WHQ;‘],Iog” GT(X) < m}v

and

(X, mD)/p" := Hom(Fil,, H*(U,Z/p"Z),Q/Z)
endowed with the usual profinite topology of the dual.

It is clear that Fils is an increasing filtration with respect to the semi-order on N*. If

s =1, i.e., the semi-order is an order, we have

Fily H' (U, Wn Q) 105) = Homg g (H (X, W QG0 ), 20" ).

The quotient 74P (X, mD)/p" can be thought of as classifying abelian étale coverings of U

of degree p™ with ramification bounded by the divisor mD.



Chapter 4

Comparison with the classical case

In this chapter, we want to compare our filtration with the classical one in the local rami-
fication theory.
4.1 Local ramification theory

Let K be a local field, i.e., a complete discrete valuation field of characteristic p > 0, let
Ok be its ring of integers, let k be its residue field, and let vx be its valuation. We fix a
uniformizer m € Ok, which generates the maximal ideal m € O.

The local class field theory [Ser79] gives us an Artin reciprocity homomorphism
Artg : K* — Gal(K*™/K),

where K# is the maximal abelian extension of K. Note that both K* and Gal(K?*/K)
are topological groups. Recall the topological structure on K* is given by the valuation
on K, and Gal(K?* /K) is the natural profinite topology.

For any m € N, the Atrin map induces an isomorphism of topological groups
Artg ®1: KX @ Z/mZ = Gal(K™/K) ® Z/mZ.
In particular, take m = p™, it gives:
Artg ®1: KX /(KX 5 Gal(K*/K) ® Z./p"Z. (4.1.1)
For n > 1, the Artin-Schreier-Witt theory tells us there is a natural isomorphism
On : Wi(K) /(1 — F)W,(K) =N HYK,Z/p"Z), (4.1.2)

where W,,(K) is the ring of Witt vector of length n and F' is the Frobenius.
Note that H'(K,Z/p"Z) is dual to Gal(K**/K)®Z/p"Z, the interplay between (4.1.1)

and (4.1.2) gives rise to the following theorem.

95
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Theorem 4.1.1 (Artin-Schreier-Witt). There is a perfect pairing of topological groups,
that we call the Artin-Schreier- Witt symbol

Wn(K)/(1 = FYW,(K) x K*/(K*" — Z/p"Z (4.1.3)
(a,b) = [a,b) == (b,L/K)(a) — &
where (1 — F)(«a) = a, for some a € W,,(K*P), L = K(«), (b, L/K) is the norm residue

of b in L/K, and the topological structure on the first term is discrete, on the second term

is induced from K*.

Proof. This pairing is non-degenerate [Tho05, Prop. 3.2]. Taking the topological structure

into account, we get the perfectness by Pontrjagin duality. O

We have filtrations on the two left terms in the pairing (4.1.3). On W, (K), Brylin-
ski [Bry83] and Kato [Kat89] defined an increasing filtration, called the Brylinski-Kato

filtration, using the valuation on K:

ﬁl}%an(K) ={(an-1, " ,a1,a9) € Wy(K)| pil/K(ai) > —m}.

We also have its non-log version introduced by Matsuda [Mat97].
fil,, W (K) = il W, (K) + V" " ill% W, (K), (4.1.4)

where n' = min{n,ord,(m)} and V' : W,,_1(K) — W,(K) is the Verscheibung on Witt
vectors.
Both of them induce filtrations on the quotient Wy, (K)/(1 — F)W,(K), and we define

il Y (K, Z/p"7) = 6, (1% (W, (K) /(1 — FYW,(K))) = 6, (AW, (K)),  (4.1.5)

fil,, HY (K, Z/p"Z) = 6, (filyy (Wi (K) /(1 — FYWy,(K))) = 6 (fil, Wy (K)). (4.1.6)
We have the following fact on the relation of two above filtrations.
Lemma 4.1.2. ([Kat89], [Mat97]) For an integer m > 1, we have
(i) fily H' (K, Z/p"Z) C filyf H' (K, Z/p"Z) C fily, . H' (K, Z/p"Z),
(ii) fily H' (K, Z/p"2) = fily® H' (K, Z/p"Z) if (m.p) = 1.

Remark 4.1.3. The non-log version of Brylinski-Kato filtration is closely related to the
Kihler differential module Q) [Mat97], and it has an higher analogy on H'(U), where U
is an open smooth subscheme of a normal variety X over a perfect field with (X — U)yeq is
the support of an effective Cartier divisor [KS14].

On K*, we have a natural decreasing filtration given by:

U[?:KX’U?(:OIXO U ={x e K*| z=1mod n"}.
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The following theorem says the paring (4.1.3) is compatible with those filtrations.

Theorem 4.1.4. (/[Bry83, Thm. 1]) Underling the Artin-Schreier-Witt symbol (4.1.3),
the orthogonal complement ofﬁligg_lHl(K, ZJp"Z) is UR - (K*)P" /(K*)P", for any integer
m > 1.

Proof. A more complete proof can be found in [Tho05, §5]. O

Corollary 4.1.5. The Artin-Schreier- Witt symbol (4.1.3) induces a perfect pairing of finite
groups
fily(Wa(K) /(1 = F)W,(K)) x K*/(K*)" - U — Z/p"Z.

Proof. First, note that the filtration {U}},, has no jump greater or equal to 0 that di-
visible by p, as the residue field of K is perfect. Then, we may assume (m,p) = 1. By
Lemma 4.1.2 (ii) and the above Brylinski’s theorem, we have, the orthogonal complement
of fil,, H (K, Z/p"Z) = fil°8 | HY (K, Z/p"Z) is U (K*)?" /(K *)?". The rest follows easily
from the fact that the Pontrjagin dual H” of an open subgroup of a locally compact group

G is isomorphic to G /H*, where H* is the orthogonal complement of H. O

4.2 Comparison of filtrations

Let X = B = SpecF,[[t]], D = s = (t) be the unique closed point. Then U = Spec(F,((t))).
Our duality theorem 3.4.5 in this setting is:

Corollary 4.2.1. The pairing
, . ) . 1
H' (K, WaQ; 1) X @HS? (B, Waldpo b 1og) — Z/P"Z
m
s a perfect paring of topological groups.

In particular, we take : =1, = 0, and get

HY(U,Z/p"Z) x Yim Hy (B, W11 10g) — Z/D"L. (4.2.1)

We want to compare this pairing (4.2.1) with the Artin-Schreier-Witt symbol (4.1.3).

Lemma 4.2.2. We have H}(B, anlB\mD Iog) > KX /(K*)P" -UR. The diagram
HY (B, Wl (1) posog) < K7 /(K" - Ut

|

];Is1 (B7 WnQ%ﬂmD,]og)

KX/(K*)P" . Um
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commutes, where the left vertical arrow is induced by the morphism of sheaves, and the

right vertical arrow is given by projection. In particular,
lng;(B7 anlBlmDylog) = KX/(KX>pn'
m

Proof. We prove this by induction on n. If n = 1, the localization sequence gives the

following exact sequence
0— HS(B’ QlB\mD,log) - HO(B7 Q%ﬂmD,log) - HO<U7 QlU,log) - Hsl (B7 Q%ﬂmD,log) — 0.

The Bloch-Gabber-Kato theorem [BK86] says K*/(K*)P = HO(U, Qlljlog)v and by defi-
nition, it is easy to see that Uy - (K*)P/(K*)P = HO(B,Q}BlmD log)- For the induction
process, we use the exact sequence in Theorem (3.3.3):

1 p 1 R 1
0— I/[/vn*lQB|[m/p]D,log = WnQB\mD,log - QX|mD,log — 0.

Note that the first term involves dividing by p. But for the filtration {U}},,, there are
no jump greater or equal to 0 that divisible by p, as the residue field of K is perfect. The

commutativity of the diagram follows also directly from the above computation. O
Now our main result in this chapter is the following:

Proposition 4.2.3. The filtration we defined in Definition 3.4.12 is same as the non-log

version of Brylinski-Kato filtration, i.e., for any integer m > 1,
Fil, H'(U,Z/p"7) = fil,, H (U, Z/p"7Z).
Proof. Since N is a linearly ordered set, we have

Fil,, HY(U,Z/p"Z) = HomZ/an(Hsl(B,Q}BImD’log),Z/p”Z)
= Homgng (K™ /(K*)" - U, Z/p" L)

= fil,H (U, Z/p"Z)

where the second equality is given by Lemma 4.2.2, and the last is Corollary 4.1.5. ]
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