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CHAPTER 1

Introduction

Let k be a field which is complete with respect to a non-trivial discrete non-Archi-
medean absolute value | · | and let k◦ be its valuation ring, k◦◦ its maximal ideal, π a

uniformiser, and set b = |π|. Let k̃ = k◦/k◦◦ be the residue field of k. We require k̃ to be
algebraically closed. Fields with that property are classified by [Ser79, §4, Thm. 2, §5,
Thm. 3].

We denote by K the completion of an algebraic closure of k equipped with the unique
absolute value which extends the given absolute value on k. This is an algebraically closed
complete field by [BGR84, 3.4, Prop. 3]. We denote by K◦ the valuation ring and by K◦◦
the maximal ideal of K◦. We will consider the unique totally ramified extensions kn of k
of degree n ≥ 1 as canonically embedded into K and equipped with the absolute value
induced from that of K. Let πn be a uniformiser of k◦n. Note that by our choice of an
absolute value on kn the absolute of πn is b1/n. We denote by η, s the generic point and
the special point of Spec(k◦) respectively. For a scheme B over k◦ we denote by Bη and
Bs the generic and the special fibre respectively.

Let X be a geometrically integral, projective variety over k. We set XK := X ⊗k K.
We denote by Xan

K the analytification of XK in the sense of Berkovich (cf. [Ber90, Thm.
3.4.1]).

For q ∈ Q let D = qD′ be a Q-Cartier divisor on X such that D′ is an integral Cartier
divisor. Then a Green’s function for D is a continuous function on the complement of
supp(D′K)an in Xan

K which has logarithmic poles along Dan
K i.e., a function

g : (XK)anr supp(D′K)an −→ R,

such that if (fi)i∈I are local equations for D′ on an open covering (Ui)i∈I of X, for each
i ∈ I the function

g + q logb |fi|2 : Uan
i,Kr supp(D′K)an −→ R

extends to a continuous function on each Uan
i,K. Here, we consider supp(D′K) as equipped

with the reduced closed subscheme structure in XK. A pair of a Q-Cartier divisor D and
a Green’s function g for D will be called arithmetic divisor and written D + g. The set
of arithmetic divisors forms a Q-vector space.

An important class of Green’s functions arises from models. Let X be a model ofX over
k◦n, that is a projective flat scheme over k◦n with a fixed isomorphism X⊗k◦n kn ∼= X ⊗k kn,
and let D′ be a model of an integral Cartier divisor D′ on X, that is a Cartier divisor D′

on X satisfying D′|η = D′. We denote by πX : (XK)an → X⊗ K̃ the reduction map which
is given on K-valued points by reduction modulo K◦◦ of suitable projective coordinates
in K◦. For any x ∈ Xan

K let f be a local equation for D′ ⊗ K◦ around πX(x) in X ⊗ K◦.
Then the model function gX,D′ is defined by

gX,D′(x) = − logb |f(x)|2.

Clearly the definition of model functions can be extended to Q-Cartier divisors on X.

5



6 1. INTRODUCTION

Let g, h be two Green’s functions for the divisor D. Then g − h is a Green’s function
for the trivial Cartier divisor and we can define the distance of g and h by

d(g, h) = sup
x∈Xan

K

|(g − h)(x)|,

and this number is finite as X was assumed to be projective. Hence d is a metric on the
space of Green’s functions for D. We say that an arithmetic divisor D+ g is semipositive
if g is the limit with respect to the distance d of a sequence of model functions (gXl,Dl)l∈N
where each Dl is a vertically nef Q-Cartier divisor on a model Xl, that is, the degree of
O(Dl) restricted to any complete curve in the special fibre of Xl is non-negative. We say
that an arithmetic divisor is DSP if it can be written as a difference of semipositive ones.

It is an interesting question which arithmetic divisors are DSP because for a d-
dimensional prime cycle Z of X we can define the local height

λ(D0+g0),...,(Dd+gd)(Z)

with respect to DSP arithmetic divisors D0 +g0, . . . , Dd+gd with suppD0∩. . .∩suppDd∩
Z = ∅ after [Zha95] and [Gub03] (cf. Ch. 4). This local height extends the local
intersection numbers of Cartier divisors on models and, in fact, interesting local height
functions such as canonical local height functions on abelian varieties in the case of bad
reduction arise as heights with respect to DSP Green’s functions in a natural way. In
general it is difficult to give an explicit description of the class of DSP arithmetic divisors,
but in the case of the self product of a curve we can achieve a result.

Let X be a geometrically integral smooth projective curve over k and let X be a
projective regular strictly semi-stable model of X over k◦. By the theory of Berkovich
skeleta (cf. [Ber99]) the self-product of the geometric realisation of the dual graph |Γ(X)|2
of the special fibre naturally embeds into the Berkovich analytification (X ×k X)an

K of
the self product (X ×k X)K and the image S(X×k◦ X) under this embedding is a strong
deformation retract via a retraction map called τ . Let g : S(X×k◦X)→ R be a continuous
function. Then one can show that g ◦ τ is a Green’s function for the trivial divisor and we
are interested in the question when 0 + g ◦ τ is a DSP arithmetic divisor. If X is smooth
over k◦ then X ×k◦ X is smooth and the skeleton S(X ×k◦ X) is a point. Otherwise the
topological space S(X×k◦ X) has a natural cover by charts isomorphic to [0, 1]2 which are
unique up to a choice of an order on the set of irreducible components of the special fibre
of X and which we will refer to as canonical charts. The following result states that if the
restriction of g to each of this chart has reasonable regularity, then g ◦ τ is a DSP Green’s
function:

Theorem A (Cor. 3.7.4)
If the restriction of g to each chart of S(X×k◦ X) is of class C2 then 0 + g ◦ τ is a DSP
arithmetic divisor.

In the proof of the theorem we construct a series of projective models (Bn) of Xkn×kn
Xkn independent of the function g and Cartier divisors Dn on each Bn such that gBn,gn →
g ◦ τ for n → ∞. We want to relate the corollary to the following result of Kolb (cf.
[Kol16a, Theorem 3.32]), which has been stated before in a similar way for different
models by Zhang (cf. [Zha10, Prop. 3.3.1, 3.4.1]):

Theorem (Zhang,Kolb)
Assume that g0, g1, g2 are functions on S(X×k◦X) such that the restriction to each canon-
ical chart is of class C2. Denote by Din the Cartier divisors on Bn from above such that
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gBn,Din → gi ◦ τ . Then the limit of the series of local intersection numbers(
1

n3
〈D0,n,D1,n,D2,n〉

)
n∈N

exists for n→∞ and equals∫
S(X×k◦X)

∂xf0∂yf1∂xyf2 + permutations. (ZF)

By x and y we mean local coordinates in the canonical charts.

The context of this result is as follows. In [GS95] Gross and Schoen have constructed
a modified diagonal cycle ∆′ on the triple product X×KX×KX of a curve X over a global
field K, which is a 1-dimensional cycle and is homologically trivial. They define the height
pairing 〈∆′,∆′〉 in the sense of Beilinson–Bloch of ∆′ with itself. Later in [Zha10] Zhang
relates this number with the self intersection ω2

a of the admissibly metrised dualising sheaf
ωa of X in the following shape.

ω2
a = 〈∆′,∆′〉+ local contributions

The local contributions are (up to a factor) integrals of the form (ZF) for a special choice
of the functions fi. These terms come from harmonic analysis on graphs and these been
shown to be positive in [Cin11]. Assuming 〈∆′,∆′〉 ≥ 0 which is presently known in the
case of K = C(T ) this yields ω2

a > 0. By [Zha93] this is in turn known to be equivalent
to Bogomolov’s conjecture on the distribution of points of small height on X.

We are now confronted with two quantities. One quantity is the local height of X×kX
with respect to the DSP arithmetic divisors 0 + gi for i ∈ {0, 1, 2}. The other quantity
is the number (ZF) occuring as a limit of local intersection numbers. In fact these two
numbers coincide which is not clear neither from the existence of the limit of the intersec-
tion numbers, nor from the property that g ◦ τ is DSP. Kolb ([Kol16a, Ex. 3.36]) gives
a counterexample of a DSP arithmetic divisor on P1×k P1 where the limit of intersection
numbers does indeed depend on the way the Green’s function of this divisor is approxi-
mated. It was first observed by Zhang in [Zha95] that the height is independend of the
approximating sequence whenever this sequence satisfies certain positivity conditions i.e.,
semipositivity using an important result of Kleiman [Kle66].

In fact in our situation we achieve the following result:

Corollary (Cor. 4.3.2)
The formula (ZF) computes the local height of X ×k X with respect to 0 + f0 ◦ τ, 0 + f1 ◦
τ, 0 + f2 ◦ τ .

The main ingredient to the proof of this corollary is Theorem A. Fix i ∈ {0, 1, 2}. It is
known from algebraic geometry, that each divisor Din can be written as the difference of
ample ones, say Din = D′in−D′′in. The problem is, that this decomposition is not canonical
in general and one has to achieve that the sequences of Green’s functions gBn,D′in or gBn,D′′in
converge for n→∞. In our work we can show that if fi satisfies some convexity condition
CC, there is an ample divisor M on1 each Bn and a positive constant C ∈ N such that
C ·M + Din is vertically nef for all n. In fact, M can be chosen rather freely. The prove
relies on explicit computations of intersection numbers of curves in the special fibre of
Bn. Now by construction fi ◦ τ = gB,M + fi ◦ τ − gB,M is DSP and the associated model
functions gBn,M+Din converge for n→∞. This convergence is the essential ingredient to

1to be precise: There are maps Bn → B1 for each n and M is the pull-back of a fixed line bundle on
B1.



8 1. INTRODUCTION

prove the formula for the local height. From this point on the statement of the theorem
follows formally. To extend the results to arbitrary C2 functions we show that every such
function can be written as the difference of CC functions which is a purely analytic task.

One application of the explicit formula lies in solving partial differential equations on
(X ×k X)an

K . Let Y be an arbitrary projective variety of dimension d over k. Let Di + fi
be DSP arithmetic divisors for i ∈ {1, . . . , d} and set D0 as the trivial divisor. The rule

f0 7→ λ(D+fi)i∈{0,...,d}(Y )

which assigns to each DSP Green’s function f0 for the trivial divisor the local height of
Y with respect to D0 + f0, . . . , Dd + fd determines a measure on Y an

K , the Chambert-Loir
measure, which we will denote by

c1(O(D1), ‖ · ‖f1) ∧ . . . ∧ c1(O(Dd), ‖ · ‖fd).

By solving partial differential equations on (X ×k X)an
K we mean the following: Given a

measure µ we look for f1, f2, f such that

µ = f · c1(OX×kX , ‖ · ‖f1◦τ ) ∧ c1(OX×kX , ‖ · ‖f2◦τ )

where f, f1, f2 may be subject to constraints. In our work we focus on two kinds of partial
differential equations: Monge–Ampère type and Poisson type differential equations. The
first kind of differential equation has been investigated in [YZ10], [Liu11] and [BFJ15].
The second kind has been proposed by Shou-Wu Zhang in [Zha15]. It was observed in
[Liu11] that explicit formulae for local heights can be used to solve differential equations
by reducing to differential equations on real manifolds. In our case, the explicit formulae
for the local height allow us to reduce our differential equations to the real Monge-Ampère
equation and a linear elliptic equation of second order respectively.

Theorem B
2 Let f : |Γ|2 → R be a smooth function such that the support of f is contained in a
canonical square S = [0, 1]2 and has empty intersection with the topological boundary of
S in R2. Let g : |Γ|2 → R be a smooth function. Assume that u : S → R is a smooth
solution of the partial differential equation

f(∂xxg∂yyg − 2(∂xyg)2) = ∂xxg∂yyu+ ∂yyg∂xxu− 2∂xyg∂xyu

supported in the interior of S. Then u ◦ τ is a solution for the Poisson problem i.e.,

c1(O(X×kX)anK
, ‖ · ‖u◦τ ) ∧ c1(O(X×kX)anK

, ‖ · ‖g◦τ ) =

f · c1(O(X×kX)anK
, ‖ · ‖g◦τ ) ∧ c1(O(X×kX)anK

, ‖ · ‖g◦τ )

holds.

Another aspect of the functions fi ◦ τ is the following: Let Y be a good K-analytic
space. In [CLD12] Chambert-Loir and Ducros have developed a theory of smooth differ-
ential forms and currents of type (p, q) on Y . Roughly the idea is locally regarding the
Berkovich space as a tropical variety and then using the differential forms from tropical
geometry developed in [Lag12]. Chambert-Loir and Ducros have developed a theory of
plurisubharmonic metrics on line bundles or psh for short in this context of differential
forms. There is also a way of integration (n, n)-forms on n-dimensional Berkovich spaces.
If a metric can be written as the limit of psh metrics, then the say it is psh-approximable.
If a metric is the quotient of two psh-approximable metrics, then they call it approximable.

2On request of the reviewers the statement of Theorem B has been changed.



1. INTRODUCTION 9

For a psh approximable metric ‖ · ‖ on a line bundle L of Y there is a well defined Chern-
current c1(L, ‖ · ‖). Moreover, products of such Chern currents can be obtained using an
analogue of Bedford-Taylor theory.

Let Y be a projective variety over k. Any arithmetic divisor D + g defines a metric
‖ · ‖g on O(D). Now we can compare the different notions of positivity of metrics as
follows.

Theorem C
Let Y be the analytification of a projective variety of dimension d. Then

(i) If D + g is semipositive then the metric ‖ · ‖g is a psh-approximable metric on
O(D)an

K ,
(ii) if D1+g1, . . . , Dd+gd are semipositive then the Chambert-Loir measure associated

to these DSP arithmetic divisors coincides with the measure associated to the
wedge product of the Chern currents c1(O(D1), ‖ · ‖gi◦τ ) for i ∈ {1, . . . , d}.

Point (i) is due to Chambert-Loir and Ducros in case the metrics come from models D
where some power of O(D) is a globally generated line bundle. We generalise this result
to the semipositive case using a result from [BFJ16] which in turn we had to generalise to
the non-discretely valued case. Then (ii) follows from purely measure-theoretic arguments.

We turn back to the case of the self product of a curve. Now our approximation
theorem implies that fi ◦ τ determines an approximable metric on the trivial line bundle
and we can evaluate the integral∫

(X×kX)an
f0 ◦ τ · d′d′′(f1 ◦ τ) ∧ d′d′′(f2 ◦ τ) (DF)

explicitly which is the integral of f0 against the product of the Chern currents c1(OX×X , ‖·
‖fi◦τ ) for i ∈ {1, 2}. Using the previous theorem we see that this is the local height of
X×X with respect to f0◦τ, f1◦τ , and f2◦τ . Assume now that fi is a smooth function on
each canonical square for all i ∈ {0, 1, 2}. We can show (cf. Thm. 5.4.2) that each fi ◦ τ
is a smooth function in the sense of [CLD12] on the dense open subset Q of (X ×k X)an

K
which is the preimage of all topological interiors of charts |Γ|2 isomorphic to [0, 1]2 under
the retraction τ .

Theorem D (Thm. 5.5.2 (i))
We have the following explicit formula for the integral∫

Q

f0 ◦ τ · d′d′′(f1 ◦ τ) ∧ d′d′′(f2 ◦ τ) =

∫
S(X×k◦X)

f0∂xxf1∂yyf2 −
∫
S(X×k◦X)

f0∂xyf1∂xyf2,

(SP)

We also show that if all fi ◦ τ are smooth functions in the sense of Chambert-Loir
and Ducros then this is in fact the integral over the whole analytification. The essential
ingredient for the proof of our theorem is the computation of the canonical calibration, i.e.,
data for the integration of (2, 2)-forms coming from tropical geometry. Here the interplay
with the geometry of the Berkovich space is essential: For example, the formula would

not hold true if k̃ was not algebraically closed.

Comparing (DF) and (SP) we get a decomposition of the local height into a smooth
contribution which is an integral over Q and a singular contribution, which is an integral
with respect to a measure supported in the complement of Q.

The structure of this text is a follows: In Chapter 2 the necessary definitions and
constructions are given. Chapter 3 is devoted to our approximation theorem: In Section
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3.1 we discuss the analysis of a suitable class of functions on the geometric realisation of
products of graphs. In Section 3.2 we construct the models which we will use for showing
the DSP property of arithmetic divisors and investigate the structure of the special fibre.
In Section 3.7 we will show the DSP property for a class arithmetic divisors on products
of curves. To illustrate the ideas of the proof we do the baby case of a curve in Section
3.6. Finally we compare our result with existing results, one due to Liu (cf. [Liu11]) and
one due to Burgos, Philippon, and Sombra (cf. [BGPS14]).

Chapter 4 is devoted to applications: We prove our results on local heights of X×kX.
Here we also give the application of our approximation theorem to differential equations
of Monge-Ampère type and Poisson type.

Chapter 5 is devoted to the theory of smooth differential forms by [CLD12] and
Monge-Ampère measures. Here we prove our comparison results between the smooth
setting and the setting of DSP arithmetic divisors.
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CHAPTER 2

Definitions and Constructions

2.1. Notations/Conventions

The natural numbers are assumed to contain zero. For two sets we write A ⊂ B if
every element of A is contained in B. In particular, we allow equality. By an order on
a set S we will mean a total order. For a subset Z ⊂ Rn we denote by convhull(Z) the
convex hull of Z in Rn. A variety is an integral separated scheme of finite type over a
field K. If Z ⊂ X is a closed subscheme of a scheme X then we denote by Zred the
closed subscheme of X which has the unique reduced closed subscheme structure of Z.
Unless otherwise stated a divisor on a scheme will always be a Q-Cartier divisor. We
write divisors additively and reserve the multiplicative notation for line bundles. Let R
be a ring. By X ×R Y we mean X ×SpecR Y for two R-schemes X and Y . If S/R is a
ring extension we denote by XS the base change X ×R SpecS. We say that a morphism
ϕ : X → Y of schemes is projective if it factors into a closed immersion X → Y ×SpecZ PmZ
and the projection to Y for some m ≥ 1. This kind of morphism is sometimes called
H-projective. We say that a line bundle L is very ample relative to Y if there exists
an immersion i : X ↪→ Pm ×SpecZ Y such that i∗O(1) ∼= L . An immersion is an open
immersion followed by a closed immersion.

Let K be a field which is complete with respect to a non-Archimedean absolute value
and f : X → Y be a morphism of K-analytic spaces in the sense of Berkovich. Then we
denote by Int(X/Y ) the interior of f and by ∂(X/Y ) the boundary.

2.2. Berkovich Analytification

We recall the definition of the analytic space associated to an admissible formal scheme
as in [Ber94, §1]: Let K be a field which is complete with respect to a complete non-
trivial non-Archimedean absolute value |·|. Let K◦ be the valuation ring, K◦◦ the maximal

ideal and K̃ be the residue field. Let η, s be the generic and the special points of SpecK◦
respectively. We say that a scheme X over K◦ is vertical if the the image of the canonical
map X→ Spec(K◦) is the special point. By an admissible algebra we mean a K◦-algebra
isomorphic to a K◦-torsion-free quotient of K◦ 〈x1, . . . , xn〉 by an ideal I. We denote by
Spf(A) the formal spectrum of an admissible algebra A. An admissible formal scheme is a
formal K◦-scheme which admits a locally finite cover by Spf(A) for admissible K◦-algebras
A.

The analytic space associated to Spf(A) of an admissible formal algebra A is M (A⊗K◦

K), where M (B) is the Berkovich spectrum of an affinoid algebra B as defined in [Ber90,

1.2]. The special fibre over K◦ is defined as Spec(A ⊗K◦ K̃). These definitions globalise
yielding the analytification Xan and the special fibre Xs of X for an admissible formal
scheme X. This construction is functorial: For a K◦-morphism ϕ : X → Y between
admissible formal schemes we get a morphism ϕan : Xan → Yan between the associated

11



12 2. DEFINITIONS AND CONSTRUCTIONS

analytic spaces. Furthermore, there is a reduction map

πX : Xan → Xs

which is surjective by [Ber90, §2.4].

Let X be a K-analytic space. A formal model of X is a proper admissible formal
scheme X with a distinguished isomorphism Xan ∼= X. Let X be a separated scheme of
finite type over K. In virtue of [Ber90, Thm. 3.4.1] we associate to X the analytification
Xan. This construction is also functorial. So, for a separated algebraic scheme B of finite
presentation over K◦ we have two ways of associating a Berkovich analytic space with it:
First we can take the generic fibre of B and take the associated analytic space (Bη)

an. We
will denote this analytic space by Ban. On the other hand we can consider the analytic

space B̂an associated to the completion B̂ of B along the special fibre. There is always

a functorial inclusion B̂an ↪→ Ban which is an isomorphism if B is proper (cf. [Thu07,
Prop. 1.10]). We will be in the following setting repeatedly.

Assumption 2.2.1
Let k be a field which is complete with respect to a non-trivial non-Archimedean discrete
absolute value. Let k◦ be the valuation ring of k and π be a uniformiser. Set b = |π|−1.

Let k̃ be the residue field. Assume that k̃ is algebraically closed. Let kn be the totally
ramified extension of k of degree n. We denote by K the completion of an algebraic closure
of k, K◦ the valuation ring of K, and by K◦◦ the maximal ideal of K◦. We consider kn as
embedded into K and equipped with the induced absolute value.

2.3. Arithmetic Divisors

We will introduce the language of arithmetic divisors on projective varieties over a
non-Archimedean valued field which is partially a generalisation of the definition given in
[Mor16].

We will be in the situation of Assumption 2.2.1.

Convention 2.3.1
Let B be a scheme over k◦n. Unless otherwise stated, by the generic and special fibre we
mean the generic resp. special fibre over the generic and special point of k◦n. Under abuse
of notation we will denote them by Bη and Bs respectively.

Definition 2.3.2
Let X be a geometrically integral, projective variety over k.

(i) For d ∈ Q let D = qD′ be a Q-Cartier divisor on X such that D′ is an integral
Cartier divisor. Then a Green’s function for D is a continuous function

g : (XK)anr supp(D′K)an → R

such that if (fi)i∈I are local equations for D′ on an open covering (Ui)i∈I of X, for each
i ∈ I the function

g + q logb |fi|2 : Uan
i,Kr supp(D′K)an

red → R

extends to a continuous function on each Uan
i,K.

(ii) A pair of a Q-Cartier divisor D and a D-Green function g will be called arithmetic
divisor and written D + g. The set of arithmetic divisors has naturally the structure of
a Q-vector space.
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(iii) Let D′ be a Z-Cartier divisor on X. Let X be a model of X over k◦n, that is a
projective flat scheme over k◦n with a distinguished isomorphism X⊗k◦n kn ∼= X⊗k kn, and
let D′ be a model of a Cartier divisor D′ on X, that is a Q-Cartier divisor D′ on X and
an isomorphism D′|η compatible with the isomorphism X⊗k◦n kn ∼= X⊗k kn. Assume that

D′ is a Z-Cartier divisor. We denote by πX : (XK)an → X⊗ K̃ the reduction map. For any
x ∈ Xan

K let f be a local equation for D around πX(x). Then the model Green’s function
gX,D′ is given by

gX,D′(x) = − logb |f(x)|2.
Clearly, the definition of model functions can be extended to Q-Cartier divisors on X and
X respectively. For the rôle of b in the definition of gX,D′ cf. Rem. 3.3.1 later on.

(iv) Let g, h be two D-Green’s functions. Then g−h is a Green’s function for the trivial
Cartier divisor and we can define the distance of g and h by

d(g, h) = sup
x∈Xan

K

|(g − h)(x)|.

The space Xan
K is compact, as X was assumed projective. Hence d attains only finite

values and so defines a distance on the space of Green’s functions for D, indeed.
(v) We say that D + g is semipositive if g is the limit with respect to the distance d of

model functions gXl,Dl where each Dl is a vertically nef Q-Cartier divisor on a model Xl,
that is, the degree of O(Dl) restricted to any complete curve in the special fibre of Xl is
non-negative.

(vi) We say that an arithmetic divisor is a difference of semipositive arithmetic divisors
or DSP for short if it can be written as a difference of semipositive ones.





CHAPTER 3

The Approximation Theorem

3.1. Analysis on Products of Graphs

In this section we develop the analysis which will be used to prove our approximation
theorem. Namely we will define a notion of positivity of real valued functions on the
self product of the geometric realisation of a graph and will show that a large class of
differentiable functions can be written as a difference of this kind of positive functions.
These positive functions functions will give rise to DSP Green’s functions for the trivial
divisor. In the following let Γ be a finite graph in the sense of Def. A.4. In particular
every edge of Γ has an orientation.

Definition 3.1.1
We define the valence of Γ, denoted by val(Γ), as the maximal number of edges connected
to a vertex.

Definition 3.1.2
Let Γ be a graph. Assume that Γ has no loop edges. The orientation on the edges of
Γ provides us with an atlas of canonical charts on the self product |Γ|2 of the geometric
realisation of Γ (cf. Appendix A) each of them isomorphic to [0, 1]2. Choose coordinates
x, y of [0, 1]2. By dividing [0, 1]2 into the standard simplices {x ≤ y} and {x ≥ y} we
define the canonical two-simplices of |Γ|2.

x

y

(0, 1)

(1, 0)(0, 0)

(1, 1)

{x≤y}

{x≥y}

Figure 3.1.1. A canonical chart with the canonical two-simplices

(i) The relative boundary of [0, 1]2 is the topological boundary of [0, 1]2 in R2. The
relative boundary of |Γ|2 is the union of all relative boundaries of canonical charts. It will
be denoted by relbd(|Γ|2). The relative interior is the complement of relbd(|Γ|2) in |Γ|2
and will be denoted by relint(|Γ|2).

(ii) Let Z be a closed subset of Rn for n ≥ 1. We say that a real valued function
f : Z → R is of class Ck on Z if there exists an open set U ⊃ Z such that f extends to a
Ck(U)-function. We say that f is smooth if there exists a neighbourhood U of Z in Rn

such that f extends to a smooth function on U .
(iii) Let f : |Γ|2 → R be a continuous function. Let k ∈ N ∪ {∞} be a number. We say

f is a Ck function on |Γ|2 if the restriction of f to every chart in the atlas associated
to |Γ|2 is a Ck function on [0, 1]2. Then, we say that f is Ck on the squares and denote
the space of these functions by Ck

2(Γ2). If moreover, we demand the restriction of this

15
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function to each canonical square to attain rational values at rational points then we write
f ∈ Ck

2,Q(Γ2).

(iv) If f is a Ck-function on |Γ|2 and i ∈ {1, 2} we can define differential operators ∂xi
for i1, . . . , in ∈ {1, 2} as follows. Let Z be a chart of |Γ|2 and consider f as a function
on [0, 1]2. Then ∂xif is the usual derivative with respect to the i-th coordinate on the
relative interior of [0, 1]2. This extends to a function ∂xi1 ···xinf on the relative interior of

|Γ|2. Accordingly we define higher partial derivatives.
(v) Similarly we introduce the space Ck

∆(Γ2) of functions which are Ck on the canonical
two-simplices of |Γ|2 as the space of continuous functions on |Γ|2 whose restrictions to
the canonical 2-simplices are Ck. For such functions it makes sense to define the partial
derivatives on the union of the relative interiors of the canonical two simplices. If we
demand that in each chart the partial derivatives in x and y direction up to the k-th
order attain rational values at rational points then we write Ck

∆,Q(Γ2).

(vi) Let f : [0, 1]2 → R be a function. We say that f satisfies the convexity condition
CC if
(a) It is Lipschitz continuous on each square.
(b) For every x, y ∈ [0, 1] and every ε > 0 such that x+ ε ∈ [0, 1] and y + 2ε ∈ [0, 1] the

inequality

g(x+ 2ε, y + ε)− g(x+ ε, y)− g(x+ ε, y + ε) + g(x, y) ≥ 0 (CC1)

holds. For every x, y ∈ [0, 1] and every ε > 0 such that x+2ε ∈ [0, 1] and y+ε ∈ [0, 1]
the inequality

g(x+ ε, y + 2ε)− g(x, y + ε)− g(x+ ε, y + ε) + g(x, y) ≥ 0 (CC2)

holds. For every x, y ∈ [0, 1] and every ε > 0 such that x+ ε and y+ ε lie in [0, 1] we
demand that

g(x+ ε, y) + g(x, y + ε)− g(x, y)− g(x+ ε, y + ε) ≥ 0 (CC3)

holds. We will speak of CC-functions for short for functions which satisfy the convexity
condition CC.

(vii) Let f : |Γ|2 → R be a function. We say that f satisfies CC if the restriction of f
to every chart of the atlas associated to Γ2 is a function which satisfies CC.

Remark 3.1.3
(i) The property of a function of beeing CC on a graph depends on the orientation of

the edges of a graph. A priori it is not clear how the property of beeing CC behaves under
refinement of graphs.

(ii) Not every convex function on [0, 1]2 is a CC function. For example x2 + xy + y2 is
convex but not CC.

Definition 3.1.4
If f : |Γ|2 → R is a continuous function we can define the integral

∫
|Γ|2 f : For every

canonical chart Z ∼= [0, 1]2 we define
∫
Z
f =

∫
[0,1]2

f with respect to the standard Lebesgue

measure of total mass one. We define
∫
|Γ|2 f as the sum over all

∫
Z
f for all canonical

charts Z of |Γ|2. Let f : relbd(|Γ|2)→ R be a continuous function on the boundary. Let Z
be a canonical chart of |Γ|2. Then we define

∫
∂Z
f as the integral of f over the topological

boundary of Z in R2. The space ∂Z is the union of four copies of the unit interval on
which we have the standard Lebesgue measure each. We define∫

relbd(|Γ|2)

f =
∑
Z

∫
∂Z

f,
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where the Z runs over all canonical charts of |Γ|2.

Remark 3.1.5
Every CC-function f : [0, 1]2 → R satisfies

f(x, y) + f(x+ 2ε, y)− 2f(x+ ε, y) ≥ 0 (3.1.1)

and

f(x, y) + f(x, y + 2ε)− 2f(x, y + ε) ≥ 0. (3.1.2)

Indeed

f(x, y) + f(x+ 2ε, y + ε)− f(x+ ε, y + ε)− f(x+ ε, y) ≥ 0

and

−f(x+ ε, y)− f(x+ 2ε, y + ε) + f(x+ ε, y + ε) + f(x+ 2ε, y) ≥ 0

holds and adding these two inequalities we get (3.1.1) and similarly we get (3.1.2). Fur-
thermore, it can be shown that the conditions (3.1.1), (3.1.2), and (CC3) jointly imply
(CC1) and (CC2). However, the condition CC has the advantage that it can be checked
”locally”1 on each square, which will be useful in the proof of Prop. 3.1.13.

For later applications we are interested in functions on the self-product of a graph
which can be written as differences of CC-functions. It can be shown that C2-functions
on a closed subset of Rn can be written as a difference of convex functions. In analogy
to this result we will show that C2

2,Q-functions on the self product of a graph after a
suitable subdivision of the graph can be written as the difference of two CC functions.
In the remainder of the section we will prove the following theorem which is the crucial
ingredient in our approximation theorem. The theorem is divided in two parts: The first
claims that every C2 function on the self product of the S-subdivision in the sense of
Def. A.9 of a finite graph can be written as a difference of CC-functions. Moreover, the
second allows non-differentiability along the diagonals. Although the first claim follows
from the second and the ideas of the proof are essentially the same, the second proof is
much more technical due to the techniques of smoothening which are applied.

In the sequel we will assume Γ is a finite graph such that

(i) Γ has more than one vertex and at least one edge,
(ii) Γ has no double edges that is, for two vertices v1, v2 there is at most one edge

linking v1 and v2,
(iii) Γ has no loop edges.

Theorem 3.1.6
Assume that Γ be the S-subdivision of a finite graph. Let f : |Γ|2 → R be a continuous
function.

(i) If f ∈ C2
2(Γ2) then it is the difference of two CC-functions g, h in C2

2(Γ2). If
furthermore f ∈ C2

2,Q(Γ2) then g and h can be chosen in C2
2,Q(Γ2),

(ii) if f ∈ C4
∆(Γ2) then it is the difference of two CC-functions in C2

∆(Γ2). If fur-
thermore f ∈ C4

∆,Q(Γ2) then g and h can be chosen in C2
∆,Q(Γ2).

Proof. We define an auxillary function a : |Γ|2 → R. Let x, y be local coordinates in
one of the canonical charts of Γ. Then we define

a(x, y) = x2 − xy + y2. (3.1.3)

1i.e. in an appropriate G-topology on |Γ|2
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In Figure 3.1.2 we have depicted all eight possible ways how the canonical charts of |Γ|2
can intersect a fixed chart, which is filled in grey. The arrows at the diagonals indicate
the diagonal from (0, 0) to (1, 1) in the canonical charts. Then it is easy to see that a is
well-defined. This special structure of the canonical charts of |Γ|2 is due to to the fact
that Γ is the S-subdivision of some graph (cf. Rem. A.11 and A.8).

Figure 3.1.2. All eight ways how charts in an S-subdivision can intersect.
The arrow is the diagonal from (0, 0) to (1, 1) in each canonical chart

Let x, y be local coordinates in a canonical chart and ε > 0. Then we have the
following equalities.

a(x+ 2ε, y + ε)− a(x+ ε, y)− a(x+ ε, y + ε) + a(x, y) = ε2, (3.1.4)

a(x+ ε, y + 2ε)− a(x, y + ε)− a(x+ ε, y + ε) + a(x, y) = ε2, (3.1.5)

a(x+ ε, y) + a(x, y + ε)− a(x, y)− a(x+ ε, y + ε) = ε2. (3.1.6)

This shows that a is a CC function. Accordingly, whenever the failure of a function to be
CC is at least of quadratic order for ε→ 0, we can use positive multiples of a (which are
again CC) to make it CC.

We begin with the proof of (i): We restrict f and a to a canonical square which we
identify with [0, 1]2 and introduce coordinates x, y. We will now show that there is a real
constant M ≥ 0 such that M · a+ f satisfies CC. As |Γ|2 can be covered by finitely many
canonical charts we can choose M large enough that this holds for every square. Then
Ma is CC and Ma+ f is CC hence f = Ma+ f −Ma is difference of two CC functions
and we have shown our claim.

Note the following lemma:

Lemma 3.1.7
Let f : [0, b] → R be a continuous function and let f be twice continuously differentiable
on (0, b). Then we have the estimate∣∣∣∣12 [f(0) + f(b)]− f(b/2)

∣∣∣∣ ≤ 1

4
b2‖f ′′‖∞

where ‖ · ‖∞ is the sup-norm on C0([0, 1]).

Proof. We compute∣∣∣∣f(0) + f(b)− 2f(b/2)

(b/2)2

∣∣∣∣ =

∣∣∣∣f ′(ζ)− f ′(ξ)
b/2

∣∣∣∣
for suitable ζ ∈ (b/2, b) and ξ ∈ (0, b/2) by the mean value theorem. Then∣∣∣∣f ′(ζ)− f ′(ξ)

b/2

∣∣∣∣ ≤ ∣∣∣∣f ′(ζ)− f ′(ξ)
1
2
(ξ − ζ)

∣∣∣∣
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which equals

2|f ′′(η)|
for a suitable η ∈ (0, b) again by the mean value theorem, hence the claim. �

Applying Lemma 3.1.7 to the restriction of f to the lines convhull({(x + ε, y), (x +
ε, y + ε)}) and convhull({(x+ 2ε, y + ε), (x, y)}) respectively we conclude

−f(x+ ε, y)− f(x+ ε, y + ε) ≥ −Cε2 − 2f(x+ ε, y +
ε

2
)

and

f(x+ 2ε, y + ε)− f(x+ ε, y)− f(x+ ε, y + ε) + f(x, y)

≥ −Cε2 − 2 · f(x+ ε, y +
ε

2
) + f(x+ 2ε, y + ε) + f(x, y) ≥ −Cε2 − 5ε2 · C

for C = 1
4
‖f ′′‖∞. So (3.1.4) shows that we can choose M > 0 such that Ma+ f satisfies

(CC1). The argument for (CC2) follows by symmetry as the condition (CC2) is the same
as (CC1) with x and y interchanged. Likewise we see that there exists a C > 0 such that

−f(x, y)− f(x+ ε, y + ε) ≥ −Cε2 − 2f(x+
ε

2
, y +

ε

2
).

Increasing C we get

f(x+ ε, y) + f(x, y + ε)− 2f(x+
ε

2
, y +

ε

2
) ≥ −Cε2

and finally

f(x+ ε, y) + f(x, y + ε)− f(x, y)− f(x+ ε, y + ε) ≥ −2Cε2.

Accordingly we can increase M to achieve (CC3) for Ma + f . Now the proof of (i) is
complete.

For the proof of (ii) we define another auxilliary function b defined in canonical coor-
dinates x, y by

b(x, y) = |x− y|.
We have the equalities

0 = b(x+ 2ε, y + ε)− b(x+ ε, y)− b(x+ ε, y + ε) + b(x, y)

and

0 = b(x+ ε, y + 2ε)− b(x, y + ε)− b(x+ ε, y + ε) + b(x, y)

and

b(x+ ε, y) + b(x, y + ε)− b(x, y)− b(x+ ε, y + ε) =

{
0 for |x− y| > ε

2ε− 2|x− y| for |x− y| ≤ ε
.

(3.1.7)

Which in particular shows, that b is a CC-function.

Definition 3.1.8
Let f : U → R be a function on an open subset of Rn for some n ≥ 1. Let v ∈ Rn be a
vector. We will use the following notation for one-sided partial derivatives

∂+
v f(x) = lim

t↘0

f(x+ tv)− f(x)

|t|
, ∂−v f(x) = lim

t↘0

f(x− tv)− f(x)

|t|
.

and similarly define higher one-sided derivatives.
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The following lemma will be used for the regularisation of functions on [0, 1]2 with
singularities along the diagonal with functions which are differences of CC functions.

Lemma 3.1.9
Let g : [0, 1]2 → R be a continuous function which is of class C2 on the sets {x ≥ y} and
{x ≤ y} respectively. We define:

kg(x, y) =


1
2
(y − x)∂+

(1,−1)g(1
2
(x+ y), 1

2
(x+ y)) if x ≤ y, y 6= 0, x 6= 1

1
2
(x− y)∂−(1,−1)g(1

2
(x+ y), 1

2
(x+ y)) if x > y, x 6= 0, y 6= 1

0 otherwise.

Then

(i) The function g + kg is of class C1 on [0, 1]2.
(ii) There exists an M > 0 such that kg +M(a+ b) is CC on [0, 1]2.

Proof.

(i) The function g+kg is C1 at all points except possibly at the diagonal. By construction

∂+
(1,−1)kg(z, z) = lim

t↘0

2t∂−(1,−1)g(z, z)− 0

2t
= ∂−(1,−1)g(z, z)

and

∂−(1,−1)kg(z, z) = lim
t↘0

2t∂+
(1,−1)g(z, z)− 0

2t
= ∂+

(1,−1)g(z, z)

hold for all z ∈ [0, 1]. So we have the equality

∂+
(1,−1)(g + kg) = ∂+

(1,−1)g + ∂−(1,−1)g = ∂−(1,−1)g + ∂+
(1,−1)g = ∂−(1,−1)(g + kg).

The two-sided partial derivatives ∂(−1,1) of kg and g exist everywhere in [0, 1]2 and are
continuous. Now the gradient of g + kg on the triangle {x ≥ y} ⊂ [0, 1]2 agrees with the
gradient on the triangle {x ≤ y}. As we assumed that g is differentiable on each of these
triangles, this implies, that g+kg is differentiable on [0, 1]2 and hence the first part of the
lemma.

(ii) As g is C2 on the closed subsets {x ≥ y} and {x ≤ y} of [0, 1]2 we can choose M > 0
such that M · a + kg satisfies (CC1), (CC2), and (CC3) whenever all points appearing
in these inequalities are contained in either one of the subsets {x ≤ y} or {x ≥ y} of
[0, 1]2. This can be seen by extending the restriction of the function kg to a C2 function
on the upper (resp. lower triangle) to the whole square and applying the first part of
the theorem. We see that all points in the inequality (CC1) are contained in the same
two-simplex of [0, 1]2 if and only if |x− y| ≥ ε. Indeed, assume by symmetry that y ≥ x
holds. Then for every ε > 0

y ≥ x ∧ y ≥ x+ ε ∧ y + ε ≥ ε+ 2ε ∧ y + ε ≥ x+ ε⇔ y ≥ x+ ε

holds.
Let ε > 0 be a positive number. Now choose x, y with |x − y| ≤ ε to treat the cases

where possibly not all coordinates in the inequalities (CC1), (CC2), and (CC3) lie in the
same triangle of [0, 1]2. By symmetry assume y ≥ x. Then

|kg(x, y)− kg(x+ ε, y + ε)|

=
1

2
|x− y| ·

∣∣∣∣∂+
(1,−1)g(

1

2
(x+ y),

1

2
(x+ y))− ∂+

(1,−1)g(
1

2
(x+ y) + ε,

1

2
(x+ y) + ε)

∣∣∣∣
≤ ε2C,
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where C only depends on the Lipschitz constants of the first partial derivatives of g which
are finite by the mean value theorem. Now if y ≥ x and |x− y| ≤ ε then y + ε ≤ x + 2ε
and y ≤ x+ ε. Hence

|kg(x+ ε, y)− kg(x+ 2ε, y + ε)| =
1

2
|x− y| ·

∣∣∣∣∂−(1,−1)g(
1

2
(x+ y + ε),

1

2
(x+ y + ε))

−∂−(1,−1)g(
1

2
(x+ y + 3ε) + ε,

1

2
(x+ y + 3ε))

∣∣∣∣
≤ ε2C,

holds for a constant C only depending on g again by the Lipschitz continuity of the first
partial derivatives. So after possibly enlarging M we can arrange that (CC1) and (CC2)
are satisfied for M · a+ kg on the whole of [0, 1]2 for all ε > 0.

It remains to show that we can achieve (CC3). Note that (CC3) is satisfied for M ·a+kg
whenever |x− y| ≥ ε. So let x, y be such that |x− y| ≤ ε. We can assume that x ≤ y by
symmetry. Then the point (x, y) is contained in the closed segment L ⊂ [0, 1]2 from

(
1

2
(x+ y)− ε︸ ︷︷ ︸

=:z1

,
1

2
(x+ y) + ε︸ ︷︷ ︸

=:z2

)

to

(
1

2
(x+ y)︸ ︷︷ ︸

=:z′1

,
1

2
(x+ y)︸ ︷︷ ︸

=:z′2

).

We define k′N(z, w) = N(a(z, w) + b(z, w)) + kg(z, w) for any number N ≥ 0 and set

kN(z, w) := k′N(z + ε, w) + k′N(z, w + ε)− k′N(z, w)− k′N(z + ε, w + ε)

for (z, w) ∈ [0, 1]2 such that z + ε ≤ 1 and w + ε ≤ 1. The restriction of kN to L is affine
for any N ≥ 0 as ε is fixed. So to check kN(x, y) ≥ 0 it suffices to check kN(z1, z2) ≥ 0
and kN(z′1, z

′
2) ≥ 0. Note that for N = M we have kN(z1, z2) ≥ 0. By (3.1.6) and (3.1.7)

we have the following equality.

kN(z′1, z
′
2) = 2Nε+Nε2 +

ε

2
· ∂−(1,−1)g(z′1 +

ε

2
, z′2 +

ε

2
) +

ε

2
· ∂+

(1,−1)g(z′1 +
ε

2
, z′2 +

ε

2
)

As the restrictions of the derivatives to the diagonal are bounded functions we may enlarge
N such that kN(z′1, z

′
2) ≥ 0 for all ε and we are done. Enlarging M such that M ≥ N , we

are finished with the proof of the lemma.

�

Lemma 3.1.10
Assume that the function g : [0, 1]2 → R is C1 on [0, 1]2 and C4 on the closed sets {x ≥ y}
and {x ≤ y}. Then we define

k2
g(x, y) =

{
1
8
(x− y)2∂2,+

(1,−1)g(1
2
(x+ y), 1

2
(x+ y)) for x ≤ y

1
8
(x− y)2∂2,−

(1,−1)g(1
2
(x+ y), 1

2
(x+ y)) for x > y

Then:

(i) The function g + k2
g(x, y) is C2 on [0, 1]2,

(ii) there is an M > 0 such that M · (a+ b) + k2
g is CC.
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Proof.

(i) We define functions on [0, 1]2 as follows.

k+(x, y) =
1

8
(x− y)2∂2,+

(1,−1)g(
1

2
(x+ y),

1

2
(x+ y)),

k−(x, y) =
1

8
(x− y)2∂2,−

(1,−1)g(
1

2
(x+ y),

1

2
(x+ y)).

As k+ and k− are products of C2-functions on [0, 1]2 they are again C2-functions on [0, 1]2.
In particular k2

g is a C2 function on the sets {x ≤ y} and {x ≥ y} respectively. For any
z ∈ [0, 1] we have the equality

∂+
(1,−1)k

2
g(z, z) = ∂+

(1,−1)k
+(z, z) = lim

t↘0

1

t

(
1

8
4t2∂2,−

(1,−1)g(z, z)

)
= 0

and accordingly

∂−(1,−1)k
2
g(z, z) = 0.

We compute the second single-sided derivatives of k2
g at the diagonal. We do this by

computing the two-sided derivative of k+ and k− respectively using difference quotients
for the second derivatives. We have

∂2,+
(1,−1)k

2
g(z, z) = lim

t↘0

1

t2
(
k−(z + t, z − t)− 2k−(z, z) + k−(z − t, z + t)

)
=

lim
t↘0

1

t2

(
1

8
4t2∂2,−

(1,−1)g(z, z)− 0 +
1

8
4t2∂2,−

(1,−1)g(z, z)

)
= ∂2,−

(1,−1)g(z, z)

and likewise

∂2,−
(1,−1)k

2
g(z, z) = ∂2,+

(1,−1)g(z, z).

Hence

∂+
(1,−1)(g + k2

g) = ∂+
(1,−1)g,

∂−(1,−1)(g + k2
g) = ∂−(1,−1)g,

∂2,+
(1,−1)(g + k2

g) = ∂2,+
(1,−1)g + ∂2,−

(1,−1)g,

∂2,−
(1,−1)(g + k2

g) = ∂2,−
(1,−1)g + ∂2,+

(1,−1)g.

at (z, z) for z ∈ [0, 1]. We conclude that g + k2
g is C2 on [0, 1]2.

(ii) We have the estimate

|k2
g(z, w)| ≤ C|z − w|2 (3.1.8)

for all (z, w) ∈ [0, 1]2 and a real constant C > 0 only depending on g using the boundedness
of the partial derivatives and the definition of k2

g . We can find an M such that Ma + k2
g

is CC: Choose (x, y) ∈ [0, 1]2 and ε > 0. As k2
g is C2 on the two-simplices we find an

M > 0 such that Ma + k2
g satisfies (CC1), (CC2), and (CC3) whenever |x − y| ≥ 2ε. If

|z − w| ≤ 2ε then by 3.1.8 we have

|k2
g(z, w)| ≤ Cε2

for some bigger C. So we conclude

|k2
g(x, y)− k2

g(x+ ε, y)− k2
g(x+ ε, y + ε) + k2

g(x+ 2ε, y + ε)| ≤ 4Cε2,

|k2
g(x, y)− k2

g(x, y + ε)− k2
g(x+ ε, y + ε) + k2

g(x+ ε, y + 2ε)| ≤ 4Cε2,

|k2
g(x+ ε, y) + k2

g(x, y + ε)− k2
g(x, y)− k2

g(x+ ε, y + ε)| ≤ 4Cε2.
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Hence using (3.1.4), (3.1.5), and (3.1.6) we find a bigger M > 0 such that Ma+ kg is CC
on [0, 1]2.

�

After these preparations we can finish the proof of Theorem 3.1.6 (ii). We claim that
a C2

∆(Γ2) function c exists which satisfies CC and such that f + c satisfies CC. Let S be
a set of squares (possibly empty) of Γ2 and c be a CC function in C2

∆(Γ2) such that the
restriction of f + c to each square of S is CC. Let T ′ be any square not contained in S.
Using the notations from Lemma 3.1.9 and Lemma 3.1.10, the function f + kf + k2

f is C2

on T ′. Hence by the proof of the first part of the theorem there is an M > 0 such that

M(a+ b) + f + kf + k2
f

is CC on T ′. Moreover, by Lemmas 3.1.9 and 3.1.10 after enlarging M , the functions
kf +M(a+ b) and k2

f +M(a+ b) are CC on T ′, hence after enlarging M , also kf + k2
f +

M(a+ b). In virtue of the following Lem. 3.1.11 extend kf and k2
f to functions which are

C2 on each square different from T ′. Then by (i) we find that M(a + b) + kf + k2
f is CC

on the whole of |Γ|2 for some bigger M . We get that

• M(a+ b) + kf + k2
f + f is CC on T ′,

• M(a+ b) + kf + k2
f is CC on |Γ|2,

• f + c is CC on all squares of S,
• c is CC on |Γ|2.

Hence M(a + b) + kf + k2
f + f + c is CC on all squares of S. Moreover, we see that

M(a+ b) + kf + k2
f + f is CC on T ′ and c is CC on T ′. Hence M(a+ b) + kf + k2

f + f + c

is CC on S ∪ {T ′} and if we replace c by M(a + b) + kf + k2
f + c we have reached our

goal. Iterating the whole process of enlarging S, we can find a function c as desired. The
rationality claim is clear by construction. This finishes the proof of (ii). �

Lemma 3.1.11
Let f be a function on a square S of |Γ|2 which is C2 on the canonical two-simplices and
attains rational values at rational points. Then f admits a continuous extension to |Γ|2
which has rational values at rational points and is C2 on all squares different from S.

Proof. Let T be a square different from S. We define the extension f̃ of f to T . If

T does not intersect S then we set f̃ = 0 on T . Let T intersect S in a line l of T . Let
p be the orthogonal projection of T on that line and d(x) be the Euclidean distance of a
point x ∈ T to l. Then we set

f̃(x) =

{
(1− 16 · d(x)4)f(p(x)) if d(x) ≤ 1

2
,

0 else.

Let T intersect S in a point s. Denote by d(x) the distance of x to s. Then we define

f̃(x) =

{
(1− 16 · d(x)4)f(s) if d(x) ≤ 1

2
,

0 else.

As Γ has no double edges this is well-defined. Taking the distance to the fourth power

causes the second derivatives of f̃ to vanish in the direction of the normal to l. �

We close this section with a discussion of the rationality assumptions appearing in
this section. Let Γ be the S-subdivision of a graph.
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Definition 3.1.12
Let f be a real valued continuous function on a compact metric space (X, d). We define
the Lipschitz-norm by

‖f‖0,1 := sup
x∈X
|f(x)|+ sup

x 6=y

∣∣∣∣f(x)− f(y)

x− y

∣∣∣∣ .
We want to prove the following assertion:

Proposition 3.1.13
Assume that g : |Γ|2 → R is CC. Then g is the Lipschitz limit of C2

∆,Q(Γ2) functions which
are CC.

The proof will be split up in several parts.

Proposition 3.1.14
Let Γ be a graph. We denote by Γ′ the n-th BHM-subdivision (cf. Def.A.12) of Γ. Let g be
any Lipschitz continuous function on |Γ′|2. Then the following conditions are equivalent.

(i) The function g is CC on |Γ|2,
(ii) the function g satisfies the inequalities (CC1), (CC2), and (CC3) in every square

of |Γ|2 for rational values of x, y, ε,
(iii) The following conditions are satisfied:

(a) The function g satisfies the inequality (CC3) in every square of |Γ′|2 for
rational values of x, y, ε,

(b) the function satisfies the inequality (CC2) for rational values of x, y, ε in
each union of two charts Z and Z ′ of |Γ′|2 contained in the same chart of
|Γ|2 and intersecting in the lines {x = 0} in the chart Z and {x = 1} in the
chart Z ′ respectively,

(c) the inequality (CC1) holds in each union of two charts Z and Z ′ of |Γ′|2
contained in the same chart of |Γ|2 and intersecting in the lines {y = 0} in
the chart Z and {y = 1} in the chart Z ′ respectively for rational values of
x, y, ε.

Proof. The implication (ii)⇒(i) follows from the continuity of g and the continuity
of the expressions appearing in the inequalities. As the implications (i)⇒(ii)⇒(iii) are
trivial it remains to show that (iii) implies (ii). So assume that (iii) holds. We show the
case of inequality (CC1). We may assume that Γ is the connected standard graph B1

with two vertices and one edge.

We choose a canonical chart of |Γ|2 which we canonically identify with [0, 1]2. Let
x, y be the coordinates. We assume that x, y, ε ∈ Q are given such that such that (CC1)
holds and that the coordinates appearing in (CC1) lie in the chosen canonical chart. By
rationality of the coordinates and by the assumption (iii) we find an m ≥ 1 such that:

(i) m
ε
∈ N,

(ii) for all natural numbers s, k with 0 ≤ k ≤ 2m
ε

and 0 ≤ s + 1 ≤ m
ε

the points

( k
m
ε, s

m
ε) and ( k

m
ε, s+1

m
ε) lie in the same chart of |Γ′|2,

(iii) there exist natural numbers s, k with 0 ≤ k ≤ 2m
ε

and 0 ≤ s ≤ m
ε

such that

(x, y) = ( k
m
ε, s

m
ε).
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Then by assumption for all natural numbers s, k with 0 ≤ k ≤ 2m
ε

and 0 ≤ s ≤ m
ε

0 ≤ g(
k

m
ε,
s

m
ε) + g(

k + 2

m
ε,
s+ 1

m
ε)−

g(
k + 1

m
ε,
s

m
ε)− g(

k + 1

m
ε,
s+ 1

m
ε)

holds. We want to show

0 ≤ g(x, y) + g(x+ 2ε+
2

m
, y + ε+

1

m
)−

g(x+ ε+
1

m
, y)− g(x+ ε+

1

m
, y + ε+

1

m
).

This yields (CC1) on all squares of |Γ|2 because then for a given value of x, y, ε ∈ Q
such that (CC1) holds we can enlarge ε arbitrarily in steps of 1

m
as long the coordinates

appearing in (CC1) lie in the same chart of |Γ|2.

After rescaling we have reduced to the following statement: For m ≥ 1 an integer let
g : [0, 3m]2 → R be a function. Assume that

g(0, 0) + g(2m,m)− g(m,m)− g(m, 0) ≥ 0 (3.1.9)

holds. Assume that for every choice of natural numbers k and l with 0 ≤ k, l ≤ m and
k + 2 ≤ 3m and l + 1 ≤ 3m the inequality

g(k, l) + g(k + 2, l + 1)− g(k + 1, l + 1)− g(k + 1, l) ≥ 0

holds. Then

g(0, 0) + g(2m+ 2,m+ 1)− g(m+ 1,m+ 1)− g(m+ 1, 0) ≥ 0.

We will now prove this claim. Adding

g(m,m) + g(m+ 2,m+ 1)− g(m+ 1,m+ 1)− g(m+ 1,m) ≥ 0

to (3.1.9) yields

g(0, 0) + g(2m,m)− g(m, 0)− g(m+ 1,m+ 1)− g(m+ 1,m) + g(m+ 2,m+ 1) ≥ 0

and adding

g(m+ l,m) + g(m+ l + 2,m+ 1)− g(m+ l + 1,m+ 1)− g(m+ l + 1,m) ≥ 0

for all 1 ≤ l ≤ m− 1 yields

g(0, 0)− g(m, 0)− g(m+ 1,m+ 1) + g(2m+ 1,m+ 1) ≥ 0. (3.1.10)

We add

g(m, 0) + g(m+ 2, 1)− g(m+ 1, 1)− g(m+ 1, 0) ≥ 0

to (3.1.10) and get

g(0, 0)− g(m+ 1,m+ 1) + g(2m+ 1,m+ 1)

+g(m+ 2, 1)− g(m+ 1, 1)− g(m+ 1, 0) ≥ 0. (3.1.11)

and adding the inequalities

g(m+ l, l) + g(m+ l + 2, l + 1)− g(m+ l + 1, l + 1)− g(m+ l + 1, l) ≥ 0

to (3.1.11) for all 1 ≤ l ≤ m finally yields

0 ≤ g(0, 0) + g(2m+ 2,m+ 1)− g(m+ 1,m+ 1)− g(m+ 1, 0),

as desired.

The case of (CC2) follows by symmetry.
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We will now show the case of (CC3). We make the same reduction as in the case of
(CC1). Hence we have to show that if

0 ≤ g(m, 0) + g(0,m)− g(m,m)− g(0, 0) (3.1.12)

for a function g : [0,m+ 1]→ R and

0 ≤ g(l + 1, k) + g(l, k + 1)− g(l + 1, k + 1)− g(l, k) (3.1.13)

for all 0 ≤ l, k ≤ m+ 1 then

0 ≤ g(m+ 1, 0) + g(0,m+ 1)− g(0, 0)− g(m+ 1,m+ 1)

holds. We add (3.1.13) for l = m and all 0 ≤ k ≤ m− 1 to (3.1.12) to get

0 ≤ g(m+ 1, 0) + g(0,m)− g(0, 0)− g(m+ 1,m) (3.1.14)

and adding (3.1.13) to (3.1.14) for k = m and all 0 ≤ l ≤ m we get

0 ≤ g(m+ 1, 0) + g(0,m+ 1)− g(0, 0)− g(m+ 1,m+ 1)

as desired. �

Next, we will prove the following lemma.

Lemma 3.1.15
Let gn be the unique function on |Γ′|2 which equals g on the 0-simplices and is affine on
the 2-simplices.

(i) Let S be the union of two squares of |Γ′|2 intersecting in the lines {x = 0} and
{x = 1} respectively. We canonically identify S with [0, 2]× [0, 1]. If g satisfies

g(0, 0) + g(2, 1)− g(1, 1)− g(1, 0) ≥ 0

for all such unions then gn satisfies (CC1) on |Γ|2.
(ii) Let S be the union of two squares of |Γ′|2 intersecting in the lines {y = 0} and
{y = 1} respectively. We canonically identify S with [0, 1]× [0, 2]. If g satisfies

g(0, 0) + g(1, 2)− g(1, 1)− g(0, 1) ≥ 0

for all such unions then gn satisfies (CC2) on |Γ|2.
(iii) Let S be a square of |Γ′|2 intersecting in the lines {y = 0} and {y = 1} respec-

tively. We canonically identify S with [0, 1]2. If g satisfies

g(1, 0) + g(0, 1)− g(1, 1)− g(0, 0) ≥ 0

for all such squares then gn satisfies (CC3) on |Γ|2.
(iv) If g satisfies CC then gn satisfies CC.

Proof. The statement (iv) follows from (i), (ii), and (iii). We start with the proof
of (i). In virtue of Prop. 3.1.14 we can check this condition locally on the union of two
squares of |Γ′|2 intersecting in a vertical line and which we identify with S = [0, 2]× [0, 1].
We have reduced to the following statement: Let g be a function which is affine on the
canonical two-simplices of S. Assume that

g(0, 0) + g(2, 1)− g(1, 1)− g(1, 0) ≥ 0 (3.1.15)

holds. We claim that g satisfies (CC1) on S. The map

S(x, y, ε) = g(x, y) + g(x+ 2ε, y)− g(x+ ε, y + ε)− g(x+ ε, y)
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is affine on each of the following subsets of the set T of all (x, y, ε) ∈ [0, 2]3 such that
x+ 2ε ∈ [0, 2], y + ε ∈ [0, 1].

convhull

0
0
0

 ,

0
1
2
1
2

 ,

0
1
0

 ,

1
1
0

 , convhull

0
0
0

 ,

0
0
1
2

 ,

0
1
2
1
2

 ,

1
1
0

 ,

convhull

0
0
1
2

 ,

0
0
1

 ,

1
1
0

 ,

1
1
2
1
2

 , convhull

0
0
0

 ,

0
0
1
2

 ,

1
1
0

 ,

1
0
0

 ,

convhull

0
0
1
2

 ,

0
0
1

 ,

1
1
0

 ,

1
0
0

 , convhull

0
0
1

 ,

1
0
0

 ,

1
0
1
2

 ,

1
1
0

 ,

convhull

1
0
0

 ,

1
1
2
1
2

 ,

1
1
0

 ,

2
1
0

 , convhull

1
0
0

 ,

1
0
1
2

 ,

1
1
2
1
2

 ,

2
1
0

 ,

convhull

1
0
0

 ,

1
0
1
2

 ,

2
1
0

 ,

2
0
0

 .

Here convhull denotes the convex hull of a finite subset of points of R3. As the function
S is affine on each of the preceeding convex sets it suffices to check the positivity on the
extremal points. If 1

2
is a coordinate of an extremal point then all of the points (x, y),

(x + ε, y + ε), (x + ε, y), and (x + 2ε, y + ε) are contained in the same 2-simplex in
[0, 2] × [0, 1]. The function g is affine on the 2-simplices and S vanishes for this value of
(x, y, ε) by affinity. For all other extremal points the positivity of S follows from (3.1.15).
It is easily seen that these sets indeed cover T . The statement (ii) follows by symmetry.

The case (iii) follows using the same argument: The expression

R(x, y, ε) = g(x+ ε, y) + g(x, y + ε)− g(x, y)− g(x+ ε, y + ε)

is affine on each convex subset of

H =
{

(x, y, ε) ∈ [0, 1]3
∣∣ (x+ ε ≤ 1) ∧ (y + ε ≤ 1)

}
given in the following list.

convhull

0
0
0

 ,

0
1
0

 ,

1
1
0

0
1
2
1
2

 , convhull

0
0
0

 ,

1
0
0

 ,

1
1
0

 ,

1
2
0
1
2

 ,

convhull

0
0
0

 ,

0
0
1

 ,

0
1
2
1
2

 ,

1
2
1
2
1
2

 , convhull

0
0
0

 ,

0
0
1

 ,

1
2
0
1
2

 ,

1
2
1
2
1
2

 .

The non-negativity of piecewise affine functions can be checked on the extremal points of
convex sets. If 1

2
appears as a coordinate, then all of the points (x, y), (x+ε, y+ε), (x+ε, y),

and (x, y+ ε) lie in the same 2-simplex in [0, 1]2. But the function g is affine there, and it
is easily seen that this causes R to vanish. If 1

2
does not appear as a coordinate the non

negativity of R can be immediately deduced from the fact that g satisfies (CC3). This
finishes the proof. �

Now we can prove Prop. 3.1.13.
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Proof. Let gn be the n-th lattice approximation of g. Using a diagonal argument
it suffices to show that gn is the Lipschitz limit of CC functions with rational values at
rational points. Let m ≥ 1 be a natural number. Choose a function cm which is affine on
the 2-simplices, |cm| ≤ 1

4mn2 , and such that gn + cm has rational values at rational points.

Let a be the auxiliary function from (3.1.3) and let an be the n-lattice approximation.
Then by Lemma 3.1.15 the conditions of CC can be checked on the corners of squares and
unions of squares of |Γ′|2 identified with [0, 2]× [0, 1], [0, 1]× [0, 2], and [0, 1]2 respectively.
Here we get

|cm(0, 0)− cm(1, 0)− cm(1, 1) + cm(2, 1)| ≤ 1

mn2
,

|cm(0, 0)− cm(0, 1)− cm(1, 1) + cm(1, 2)| ≤ 1

mn2
,

|cm(1, 0) + cm(0, 1)− cm(1, 1)− cm(0, 0)| ≤ 1

mn2
,

and Equations (3.1.4),(3.1.5), and (3.1.6) yield

an(0, 0)− an(1, 0)− an(1, 1) + an(2, 1) =
1

n2
,

an(0, 0)− an(0, 1)− an(1, 1) + an(1, 2) =
1

n2
,

an(1, 0) + an(0, 1)− an(1, 1)− an(0, 0) =
1

n2
.

Hence the function 1
m
an + cm is CC and accordingly the function

gn = lim
m→∞

(gn +
1

m
a+ cm)

is the Lipschitz limit of CC functions. �

3.2. Semi-Stable Models and their Berkovich Skeleta

In general, models are difficult to understand and so are the induced Green’s functions.
However, they are easier to understand when the special fibre satisfies some additional
conditions. In the case of regular strictly semi-stable models Green’s functions for the
trivial divisor arising from these models are more accessible.

We will be in the situation of Assumption 2.2.1. Let X be a smooth projective
geometrically irreducible scheme over k and let B be a regular strictly semi-stable model
over k◦. Let g : |R(B)| → R be a real valued function on the geometric realisation of
R(B). Let τ be the deformation retract τ : (X ×k X)an

K → |R(B)| from Thm. B.6 (v)
determined by the model B. As every continuous function on the (X×kX)an

K is a Green’s
function for the trivial divisor the function g◦τ is a Green’s function for the trivial divisor.

Proposition 3.2.1
Let B be a proper regular strictly semi-stable scheme over k◦. Let g be a function on
|R(B)| which is affine on the simplices of R(B) and assumes rational values at the ver-
tices. By Prop. B.16 the function g corresponds to a Cartier divisor D on X which is
trivial on the generic fibre. Then we have

gB,D = 2 · g ◦ τ,
where we choose b as a base for the logarithm in the definition of the Green’s function on
the left hand side.
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Proof. Let x ∈ B̂an be a point. Let U′ be an open neighbourhood of πB(x) in B,
where πB is the reduction map, and let U be the base change U′K◦ . By linearity of both
sides of the equation we can assume that D is an irreducible component of the special
fibre. Moreover, after shrinking U′ we can assume that SpecA = U ⊂ BK◦ is étale over

L := K◦[T1, . . . , Tn]/(T1 · · ·Tp − π)

for n, p ∈ N and we have an isomorphism of reduction sets R(U) → R(L) by Prop. B.3.
Let f be a local equation of D on U′ around πB(x). If f is a unit in O(U) then gB,D(x) = 0
and the restriction of g to |R(Ui)| is zero, hence g ◦ τ is also zero. So let f be no unit.
After a permutation of coordinates and multiplication with a unit we can assume that T1

maps to f ∈ OU. By definition of gB,D we have

gB,D(x) = − logb |f(x)|2.

On the other hand by the construction of the retraction map (cf. Thm. B.6 (v)) g ◦ τ is
given by

g(− logb |f1|, . . . ,− logb |fp|),

where fj ∈ OU is the pull back of Tj for all j ∈ {1, . . . , p}.
By definition, the function g representing D is the piecewise affine function tak-

ing the value 1 at the point of |R(U)| corresponding to the component f1 = 0 and 0
at all other vertices. Consider |R(U)| which is the image of the skeleton of U under
(− logb |f1|, . . . ,− logb |fp|) by Thm. B.6 (v):

|R(U)| =

{
x ∈ Rp

∣∣∣∣∣
p∑
i=1

xi = 1, xi ∈ [0, 1]

}
.

The point corresponding to the component f = 0 is given by the point (1, 0, . . . , 0) of
|R(U)| and the restriction of the function g to |R(U)| is given by the first coordinate
function x1 as the function g is uniquely determined by the property of beeing 0 on all
vertices different from f = 0 and affine on all simplices. Hence we get the claimed equality

2g ◦ τ = − logb |f |2.
This finishes the proof. �

3.3. Gross–Schoen Semi-Stable Models

Remark 3.3.1
Let B be a proper regular strictly semistable scheme over kn and D be a Cartier divisor
with support in the special fibre of B. Set bn = |πn|−1 and let gB,D be the model
Green’s function with respect to the bn-logarithm and g′B,D be the model Green’s function
with respect to the b-logarithm. Then by the definition of model functions we have
g′B,D = n · gB,D.

Choose any real valued function g on |R(B)|. Then g ◦ τ is a Green’s function for the

trivial divisor as every continuous function on B̂an is a Green’s function for the trivial
divisor. We propose the following strategy to show the DSP property of g ◦ τ for g with
sufficient regularity:

(i) Find a series of models Bn such that R(Bn) is naturally a subdivision of R(B).
(ii) Consider the divisors gn which are lattice approximations of g via the correspon-

dence of Prop. B.16.
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(iii) Choose a suitable series of semipositive divisors Dn such that gBn,Dn+gn is semi-
positive and the sequence of model functions associated to Dn and gn converges
uniformly.

If we set h = limn→∞ gBn,Dn then we have g ◦ τ = h + g ◦ τ − h, hence g ◦ τ is DSP. We
will follow this strategy for the self product of a curve.

In [GS95] Gross and Schoen provide techniques to resolve the singularities of the
product of regular strictly semi-stable curves. Kolb generalises these techniques to con-
struct models with good properties for the d-fold self product of a projective curve (cf.
[Kol13]).

We will be in the situation of Assumption 2.2.1.

We have the following theorem, which is due to Deligne and Mumford ([DM69,
Lemma 1.12],[Kol16b, Satz 3.1]) which realises the first part of our strategy.

Theorem 3.3.2
Let X be a regular strictly semi-stable model over k◦ of the smooth geometrically irreducible
projective curve X. Fix an order of the irreducible components of the special fibre of X.
Let kn be the totally ramified extension of k of degree n ≥ 1 and k◦n its valuation ring.

Then for every singular point of X ⊗ k◦n we need to blow up at most bn/2c times to
get a regular point. Doing this for all singular points we get a regular strictly semi-stable
curve Xn over k◦n with generic fibre X ⊗ kn. Then there is a an order on the set of the
irreducible components of the special fibre of Xn such that

(i) the order is compatible with the order on the irreducible components of Xs in
the following sense: Let γ : Xn → X be the blow-up morphism. If C ≤ C ′

are irreducible components of the special fibre of Xn and γ(C) and γ(C ′) are
irreducible components of the special fibre of X then γ(C) ≤ γ(C ′),

(ii) there is a natural isomorphism of simplicial sets

R(Xn)→ sdBHM,n(R(X)).

Moreover, there is an order on the set of irreducible components of Xn,s such that the
same holds with the S-subdivision in place of the BHM-subdivision.

The next theorem by Kolb ([Kol16b, Theorem 3.3]) is based on the desingularisation
of products by Gross and Schoen ([GS95, Prop. 6.3, 6.11], see also [Har01, Prop. 2.1]).
It shows that we can find good models of products of curves.

Theorem 3.3.3
Let X be a regular strictly semi-stable curve over k◦ and fix an order of the irreducible
components of the special fibre. Let d ≥ 1 be a natural number. We succesively blow up
the irreducible components of the special fibre of the d-fold self product of X over k◦ in
the lexicographic order. We denote the resulting scheme by B. Then B is regular strictly
semi-stable and naturally R(B) is the d-fold product of R(X) together with the maps of
simplicial sets pri,∗ : R(B) → R(X) induced by the natural projection maps pri : B → X
to the i-th factor for i ∈ {1, . . . , d} (cf. Prop. B.13) as projection maps.

Our main tool will be intersection theory with supports.

Definition 3.3.4 (Intersection theory with supports)
Let B be a separated equidimensional scheme of dimension n and of finite type over k◦.
Let Y be an equidimensional closed subscheme. We denote by CHp

Y (B) the Chow group
of cycles of codimension p with support in Y in the sense of [Sou92, Ch. 2] (see also
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[Kol16b, Kap. 4.1]). Let Z be an equidimensional closed subscheme. If B is a regular
scheme we have an intersection pairing

(- ·B -) : CH1
Z(B)× CHp

Y (B)→ CHp+1
Z∩Y (B).

If Z is equidimensional of codimension d in B, then the natural map

CHl
Z(B)→ CHl−d(Z) (3.3.1)

is an isomorphism. We have proper push-forward of cycles and pull-back of divisor classes,
satisfying the projection formula (cf. Prop. [Kol13, Prop. 4.13]).

If B is proper over k◦ and Y ⊂ Bs then we have a push-forward to CHn
Y (B) →

CH1
{s}(Spec k◦). The latter group admits a degree homomorphism to Z mapping the class

of {s} to 1. This defines a degree map degY : CHn
Y (B)→ Z.

Definition 3.3.5
Let B be a scheme of finite type over k◦.

(i) A stratum of the special fibre is an irreducible component of the intersection of
a set of irreducible components of the special fibre.

(ii) We say that B satisfies the irreducibility condition IC if every non-empty inter-
section of irreducible components of the special fibre is again irreducible.

For the rest of the section let X be a proper regular strictly semi-stable curve. Choose
an order on the set of irreducible components of Xs. Let B be the scheme from Thm.
3.3.3 for d = 2. We assume that X satisfies the irreducibility condition IC. If F is an
irreducible component of the special fibre of B then we also have an intersection product
on that component. The intersection product with supports on B and the intersection
product on F are related by following proposition.

Proposition 3.3.6
(i) Let F be an irreducible component of the special fibre of B. Let D be a Cartier

divisor on B and Z ∈ CH2
F (B). Let F ′ be any Cartier divisor. Denote by ·F

the intersection product and by degF the degree map for zero-dimensional cycles
on the smooth surface F . Then

degF ((F ·B F ′) ·F Z) = degBs(F
′ ·B Z)

(ii) Let K be an irreducible component of the special fibre of X and let D be a Cartier
divisor on X. Then

degXs(D ·K) = degK(O(D)|K)

holds.

Proof.

(i) We can assume that Z is a prime cycle. We denote by iZ : Z ↪→ F , iF : F ↪→ B the
closed embeddings of Z and F . Then by construction of the degree maps it suffices to
show that

(F ·B F ′) ·F Z = F ′ ·B Z

holds in CH2(Z). But this follows as the left hand side is

c1(i∗Zi
∗
FO(F ′))

as well as the right hand side. Here c1 denotes the first Chern class of a line bundle.
(ii) This follows like the first part.
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�

We have a moving lemma in the special fibre of B which allows us to compute inter-
sections of strata of the special fibre.

Theorem 3.3.7
Let i ∈ {1, . . . , d} be a number. We denote by pri the natural map from B to the i-th
factor. Let K,K ′ be components of the special fibre of B and let priK 6= priK

′ for some
i. Then the cycle ∑

D∈(Bs)(0)

pri(D)=pri(K)

K ·B K ′ ·B D

is zero in CH3
Bs(B).

Proof. Cf. [Kol16b, Prop. 4.11]. �

Definition 3.3.8
Let K be an irreducible component of Bs. We make the following definitions:

(i) We define H(K) as the set of irreducible components H ′ of Bs with H ′∩K 6= ∅ and
pr1(H ′) 6= pr1(K) and pr2(H ′) = pr2(K).

(ii) We define V (K) as the set of irreducible components H ′ of Bs with H ′∩K 6= ∅ and
pr2(H ′) 6= pr2(K) and pr1(H ′) = pr1(K).

(iii) We define D(K) as the set of irreducible components H ′ of Bs with H ′ ∩ K 6= ∅
and priH

′ 6= priK for all i ∈ {1, 2}. For each H ∈ D(K) the set γ(H ∩ K) is a single
closed point as we asked X to fulfill IC. We denote by P (K) the finite set of points
p = γ(K ∩H) ∈ K ′ for H ∈ D(K).

Remark 3.3.9
(i) We can determine the maximal cardinality of the sets H, V , and D: We have
|H(F )| ≤ val(R(X)), |V (F )| ≤ val(R(X)), and |D(F )| ≤ val(R(X))2.

(ii) The points P (K) are the points (p, q) of X×k◦ X, where p, q ∈ Xs are double points
of the special fibre.

We have the following reformulation of Thm. 3.3.7 for d = 2:

Proposition 3.3.10
Let F be an irreducible component of the special fibre of B.

(i) If K ∈ H(F ) then

−K ·B F ·B F =
∑

K′∈V (F )

K ·B F ·B K ′

holds in CH3
Bs(B).

(ii) If K ∈ V (F ) then

−K ·B F ·B F =
∑

K′∈H(F )

K ·B F ·B K ′

holds in CH3
Bs(B).

We also have the following proposition:
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Proposition 3.3.11
We have the equality ∑

K∈(Bs)(0)

K ·B Z = 0

in CH1+l
Bs

(B) for every Z ∈ CHl
Bs(B).

Proof. In principal, this is [Kol16b, Prop. 4.10]. Note that as the special fibre of
B is reduced we have ∑

K∈(Bs)(0)

K = div(π) = 0

in CH1(B). Hence ∑
K∈(Bs)(0)

K ·B Z = 0

in CH1+l
Bs

(B) for every Z ∈ CHl
Bs(B). �

3.4. Curves in the Special Fibre of Gross–Schoen Models

In order to investigate positivity properties of Cartier divisors on regular strictly semi-
stable models we want to compute intersection numbers of divisors with curves supported
in the special fibre. When these curves are strata of the special fibre (in the sense of
Def. 3.3.5(i)) these numbers can be computed using the purely combinatorial relations of
Theorem 3.3.7. In the case of arbitrary curves we will find relations which allow us to
investigate positivity of divisors. These relations however will be in terms of the special
geometry of the irreducible components of the special fibre of the Gross–Schoen Models.

We will be in the situation of Assumption 2.2.1. Let X be a (not necessarily proper)
regular strictly semi-stable curve over k◦, X its generic fibre. We assume that X satisfies
the condition IC from Def. 3.3.5. Fix an order on the set of irreducible components of
the special fibre of X. We blow up the components of the special fibre of X ×k◦ X in
the lexicographic order as in Thm. 3.3.3. Let B be the resulting model of X ×k X and
γ : B→ X×k◦ X the natural morphism. For i ∈ {1, 2} we have natural maps pri : B→ X
arising from the two projections X×k◦ X→ X.

We shall need the following invariant of a point on a curve.

Definition 3.4.1
Let K be an algebraically closed field. Let S be a smooth integral surface and C be an
integral curve on S, let p be a closed point of S, and let f be a local equation for C
around p in S. We denote by mp be the maximal ideal of the stalk OX,p. Then we define
the multiplicity µC(p) of p in C as the biggest number r ≥ 0 such that f ∈ mr

p.

Remark 3.4.2
If p ∈ C the number µC(p) is a local invariant of C at p (cf. [Ful98, Ex. 4.3.9]).

Proposition 3.4.3

Let C, S, p be as in Def. 3.4.1 and let π : S̃ → S be the blow-up of S at p and E be the

exceptional divisor. Let C̃ be the strict transform of C and let r be the multiplicity of C
at p. Then the following holds.

(i) We have the equality of Cartier divisors π∗C = C̃ + r · E.
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(ii) If D is an effective Cartier divisor intersecting C properly and p ∈ D ∩ C, we
have the inequality D · C ≥ r ≥ 0.

Proof. For (i) claim see [Har77, Prop. V 3.6] and (ii) follows from [Ful98, Cor.
12.4]. �

We first investigate the impact of the morphism γ : B → X ×k◦ X to irreducible
components of the special fibre of X ×k◦ X. Let K be an irreducible component of the
special fibre of B and set K ′ = γ(K)red. In the following proposition we will see that K ′

is an irreducible component of the special fibre of X×k◦ X. We denote by γ|K : K → K ′

the restriction of the morphism γ to K.

Proposition 3.4.4
The closed subset K ′ of the special fibre of X ×k◦ X is an irreducible component of the
special fibre. The map γ|K : K → K ′ induced by the map γ : B→ X×k◦ X is the blow-up
of K ′ at the set of points P (K) defined in Def. 3.3.8.

Proof. First, we show the claim for X = Spec k◦[x, y]/(xy − π). The map γ : B →
X ×k◦ X is a priori given by a sequence of blow-ups. We define the following irreducible
components of the special fibre of X

K1 = V (x), K2 = V (y)

and choose the order K1 ≤ K2 on these components.

We set

S := k◦[x1, y1, x2, y2]/(x1y1 − π, x2y2 − π)

i.e., Spec(S) = X ×k◦ X. We define the following irreducible components of the special
fibre of SpecS.

C ′1 = V (x1, x2) = K1 ×k̃ K1,

C ′2 = V (x1, y2) = K1 ×k̃ K2,

C ′3 = V (y1, x2) = K2 ×k̃ K1,

C ′4 = V (y1, y2) = K2 ×k̃ K2.

We choose the lexicographic order on the set of irreducible components of the special fibre
of X×k◦ X i.e.,

C ′1 ≤ C ′2 ≤ C ′3 ≤ C ′4,

and we investigate the scheme B associated to this order in virtue of Thm. 3.3.3.

First we investigate the blow-up B′ of SpecS at the irreducible component C ′1. This
is the first step in the chain of blow-ups B → X ×k◦ X. By [Liu02, Lemma 8.1.4] the
scheme B′ can be covered by the spectra of the two k◦-algebras

Ri = k◦[x1, y1, x2, y2]/(x1y1 − π, x2y2 − π)[xi/xj]

for i ∈ {1, 2}. Here j = 2 if i = 1 and j = 1 if i = 2. For each i ∈ {1, 2} the morphism
from Spec k◦[x, y, z]/(xyz − π)→ SpecRi defined by the map of k◦-algebras

x 7→ xj, y 7→
xi
xj
, z 7→ yi

is an isomorphism with inverse map defined by the map of k◦-algebras

xi 7→ yx, yi 7→ z, xj 7→ x, yj 7→ yz.
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By Thm. B.11 the blown-up scheme B′ is already regular strictly semi-stable and in
particular the irreducible components of the special fibre of B′ are already Cartier divisors.
Further blow-ups in irreducible components of the special fibre have no effect, so B = B′.

By Thm. 3.3.3 the reduction set of B is the product of R(X) with itsself and the
projections are induced by the projections B→ X×k◦ X→ X in virtue of Prop. B.13.

Using the description of Rem. A.8 the reduction set has the following form:

C1

C2

C3

C4

Figure 3.4.1. The Reduction set of B

Here Ci is the strict transform of C ′i for all i ∈ {1, . . . , 4}.
We see that P (C1) = P (C4) = {V (x1, y1, x2, y2)} and P (C2) = P (C3) = ∅.
As C ′4 is not contained in the center of the blow-up γ : B→ X×k◦ X, namely C ′1, the

induced map γ|C4 : C4 → C ′4 is the blow-up of C ′4 at C ′1∩C ′4 = V (x1, x2, y1, y2) by [Liu02,
Cor. 8.1.17]. Hence the claim holds for K = C4. Moreover, we see that the restrictions
of C ′1 to C ′2 and C ′3 respectively are Cartier divisors and hence the maps γ : Ci → C ′i are
isomorphisms for i ∈ {2, 3}. Hence the claim holds for i ∈ {2, 4}.

It remains to investigate the impact of the blow-up on the irreducible component C ′1
of (X×k◦ X)s.

The restriction of γ|C1 : C1 → C ′1 is given in the charts SpecRi ∩ C1 by the natural
map

k̃[y1, y2]→ k̃[y1, y2][xi/xj]

for i ∈ {1, 2}. But for each i we have the relation xi/xj = yj/yi, hence γ|C1 : C1 → C ′1
is the blow-up of C ′1 at the point of C ′1 given by the ideal (x1, y1, x2, y2) of S, so our
claim also holds for C ′1 and we have shown our claim for our particular choice of a regular
strictly semi-stable scheme X.

Now we consider a general regular strictly semi-stable curve X following the argument
of [Kol16b, Lemma 3.5]. The property of beeing a blow-up is local on the target. A
priori K ′ is not an irreducible component of the special fibre, so we assume that K ′ is an
irreducible component of the special fibre of X ×k◦ X containing the image of K under
γ. Let X be a regular strictly semi-stable curve and let x ∈ X×k◦ X be a closed point in
the special fibre contained in the irreducible component K ′ of the special fibre. If x is a
regular point, then K ′ will be a Cartier divisor in a neighbourhood U of x and the map
K ∩ γ−1(U) → K ′ ∩ U is an isomorphism. In particular the image of K under γ is an
irreducible component of the special fibre which then has to equal K ′. By Rem. 3.3.9 (ii)
the points P (K) will not lie in U .

So let x be a singular closed point of (X ×k◦ X)s. Then x = (z, w) for two double
points z and w in the special fibre of X by [Kol13, 2.4]. By Prop. B.3 we can choose
U,V ⊂ X with z ∈ U and w ∈ V which admit étale maps to S = Spec k◦[x, y]/(xy − π)
and induce bijections of the reduction sets R(U)→ R(S) and R(V)→ R(S) respectively
in virtue of Prop. B.7. Then f : U×k◦ V→ S×k◦ S is an étale map.
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As any étale map is flat we can use the argument of of [Kol16b, Lemma 3.6] to show
that we get a cartesian diagram

B U×k◦ V

M S×k◦ S,
f̃ f

g̃

where M is the blow-up of M ′ := S×k◦S at the components of the special fibre as above
and B is the successive blow-up of W ′ := U×k◦ V at the components of the special fibre.
This yields the following cartesian diagram of the special fibres.

Bs (U×k◦ V)s

Ms (S×k◦ S)s

f̃ f

g̃

(3.4.1)

As all special fibres have the same number of irreducible components and the restriction
of γ to the special fibre is surjective there cannot be irreducible components of Bs which
don’t map to an irreducible component of the special fibre under γ. So the map γ maps
irreducible components of the special fibre of B to irreducible components of the special
fibre of X×k◦ X.

Recall that K is the unique irreducible component of the special fibre of W ′ mapping

to K ′ under γ. Set H = f̃(K)red and H ′ = g̃(H)red, p = f(x). Assume we have a scheme

S/k̃ and morphisms S → K ′ and S → H such that the diagram

S

��

''
K //

��

K ′

��
H // H ′

commutes. We consider the diagram

S

K K ′

Bs W ′
s

H H ′

Ms M ′
s.

∃!ϕ

f̃

Then as (3.4.1) is cartesian the dotted arrow ϕ exists uniquely. By [GW10, Cor. 11.49],

f̃ ∗(Ms) = f̃−1(Ms) as Cartier divisors in M . As Bs = f̃ ∗(Ms) is reduced, f̃ ∗(H) = f̃−1(H)

is reduced. As K is reduced, K is the scheme theoretic preimage of H under f̃ , by
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uniqueness of the reduced closed scheme structure. Hence, the map ϕ uniquely factors
over K by the universal property of the preimage. But as ϕ was arbitrary this means that
the diagram

K //

��

K ′

��
H // H ′

(3.4.2)

is cartesian. We know that H → H ′ is the blow-up of H ′ at the point p ∈ P (H) of H ′.
Note that by assumption the maps between the sets of strata of the special fibres of U,V,
and S are isomorphisms and hence g̃−1(p) = {x}. As the diagram (3.4.2) is cartesian
and by base change the map K ′ → H ′ is flat this implies that K is the blow-up of K ′ at
the point g̃−1(p) = {x} = P (K) by [GW10, Thm. 13.91]. This is what we wanted to
show. This proves the claim for a general choice of X and thus we have established the
proposition. �

We make the following assumptions:

Assumption 3.4.5
(i) Assume that X is a projective geometrically integral smooth curve and that X is a

projective regular strictly semi-stable model of X. Let B be the regular strictly semi-
stable model of X ×k X associated to the regular strictly semi-stable model X and an
order on the irreducible components of the special fibre of X in virtue of Thm. 3.3.3. Let
γ : B→ X×k◦ X be the natural morphism.

(ii) Let F be an irreducible component of the special fibre of B. Under γ the component
F will map to an irreducible component F ′ := γ(F )red of the special fibre of X×k◦ X by
the preceeding proposition. Let Z be an integral curve in F which does not map to a
point under γ. Set Z ′ := γ(Z)red. As F ′ is smooth, Z ′ will be a Cartier divisor in F ′.
The restriction γ|F : F → F ′ of γ to the irreducible component F is dominant and we

can pull back Cartier divisors along γ|F : F → F ′. We denote by Ẑ ′ the Cartier divisor
(γ|F )∗(Z ′) in F . This is the total transform of Z ′ under the blow-up γ|F : F → F ′.

Corollary 3.4.6
(i) For each H ∈ D(F ) the divisor H ·B F ∈ CH1(F ) is the exceptional divisor

γ−1(γ(H ∩ F )).
(ii) We have the equality of Cartier divisors

Z = Ẑ ′ −
∑

H∈D(F )

rH(H ·B F ) (3.4.3)

in F , where for each H ∈ D(F ) the number rH is the multiplicity of Z ′ in the
closed point γ(H ∩ F ) ∈ P (F ) and D(K) is defined as in Def. 3.3.8.

(iii) Let D′ be a Cartier divisor in F ′. Let H ∈ D(F ) be an irreducible component.
Then degF ((γ|F )∗(D′) ·F (H ·B F )) = 0 holds.

(iv) Let W be a curve in F . Define Ŵ ′ = (γ|F )∗(γ(W )red). Then we have

degF (Ŵ ′ ·F Ẑ ′) = degF (W ·F Ẑ ′).
(v) Let D be any Cartier divisor on X×k◦ X. Then

degBs(γ
∗D ·B Z) = degBs(γ

∗D ·B Ẑ ′).
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Proof.

(i) For each H ∈ D(F ) by Prop. 3.4.4 the supports of H ·BF and the exceptional divisor
E associated to γ(F ∩H) agree. Both supports are irreducible. H ·B F is reduced, as H
and F intersect with multiplicity one by [Kol16b, Prop. 4.8], and the exceptional divisor
E is reduced, as F is the blow-up of F ′ at smooth points. Hence, H ·B F and E agree as
Cartier divisors.

(ii) The right side of (3.4.3) is the strict transform Z̃ ′ of Z ′ under γ|F by Prop. 3.4.3

using (i). We claim that Z̃ ′ = Z. We can choose an open subset U ⊂ B such that

γ|Z∩U is an isomorphism to Z ′ ∩ γ(U). We have an open immersion Z̃ ′ ∩ U ↪→ Z and by
irreducibility of Z we have equality.

(iii) By (i) for every H ∈ D(F ) the divisor H ·B F is an exceptional divisor in F of the
blow-up γ|F : F → F ′, which means degF ((H ·B F ) ·F γ∗D′) = 0 for every Cartier divisor
D′ in F ′.

(iv) We have the equality of Cartier divisors

Z = Ẑ ′ −
∑

H∈D(F )

rH · (H ·B F )

in F , where rH are the multiplicities of Z ′ in γ(E ∩ F ). Analogous we get

W = Ŵ ′ −
∑

H∈D(F )

sH · (H ·B F )

for integers sH . As degF (Ẑ ′ ·F (H ·B F )) = 0 by (iv), we get the claim.
(v) Again we write

Z = Ẑ ′ −
∑

H∈D(F )

rH · (H ·B F ).

We note that by Prop. 3.3.6(i)

degBs(γ
∗D · Z) = degF (((γ∗D) ·B F ) ·F Z)

We have the natural commutative diagram

F ′
h // X×k◦ X

F
i

//

γ|F

OO

B

γ

OO

and see

(γ|F )∗(h∗D) = i∗γ∗D

so

degBs(γ
∗D ·B Z) = degF ((γ|F )∗(D|F ′) ·F Z)

holds. But for every H ∈ D(F ) we have

degF ((γF )∗(D|F ) ·F (H ·B F )) = 0

by the second point and hence the claim. �

We describe the structure of irreducible components of the special fibre of Bs.

Proposition 3.4.7
(i) All irreducible components of the special fibre of X×k◦X are of the form K1×k̃K2

for irreducible components K1, K2 of the special fibre of X.
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(ii) Assume F ′ = K1 ×k̃ K2 for irreducible components K1, K2 of the special fibre of
X. We have A ∈ V (F ) if and only if γ(A) = K1 ×k̃ K ′2 and K2 ∩K ′2 is a closed
point. Likewise A ∈ H(F ) if and only if γ(A) = K ′1 ×k̃ K2 and K1 ∩ K ′1 is a
closed point.

(iii) For i ∈ {1, 2} denote by pri |F → Ki the restriction of pri to F . If A ∈ H(F )
then

(γ|F )∗(γ(A ·B F )red) = (pr1 |F )∗({p})

for a closed point p of the special fibre of X. Likewise, if A ∈ V (F ) then

(γ|F )∗(γ(A ·B F )red) = (pr2 |F )∗({q})
for a closed point q of the special fibre of X.

(iv) If H ∈ D(F ) then γ(H) = K ′1 ×k̃ K ′2 for K ′1 ∩K1 = {p} and K2 ∩K ′2 = {q} for
irreducible components K ′1, K

′
2 of the special fibre of X and closed points p, q of

the special fibre of X.

Proof.

(i) This follows from the fact that k̃ is algebraically closed and hence each irreducible
component of Xs is geometrically irreducible.

(ii) This follows as the projection maps pri : B → X are defined as the composition
B→ X×k◦ X→ X.

(iii) By the previous we have the equalities

(γ|F )−1(γ(A ·B F )red) = (pr1 |F )−1({p})
and

(γ|F )−1(γ(A ·B F )red) = (pr2 |F )−1({q})

as subschemes of F for some points p, q. But as F → F ′ is dominant, [GW10, Cor.
11.49] implies (iii).

(iv) This follows from the definition of the projection maps. �

Proposition 3.4.8
Let C1 and C2 be two integral, proper non-singular curves over an algebraically closed
field K. For closed points p, q ∈ C1 consider the divisors {p} × C2 and {q} × C2 on
P := C1 × C2. Then for any divisor D on C1 × C2 the equality

degC1×C2
(D ·C1×C2 ({p} × C2)) = degC1×C2

(D ·C1×C2 ({q} × C2))

holds.

Proof. We consider the following commutative diagram.

C1
s1 // SpecK

C1 × C2

pr1

OO

sP

88

Here s1, s2, sP are the structure morphisms of C1, C2 and P to SpecK. Then

sP∗(D · ({p} × C2 − {q} × C2)) =

s1∗pr1∗((pr∗1({p})− pr∗1({q})) ·D) = s1∗[{p} · pr1∗(D)]− s1∗[{q} · pr1∗(D)]

holds by the projection formula. Now pr1∗(D) equals n · [C1] in CH0(C1) for some n ∈ Z.
Hence s1∗[{p} · pr1∗(D)] = ns1∗{p} and s1∗[{q} · pr1∗(D)] = ns1∗{q}, but ns1∗{q} =
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ns1∗{p} = n by the construction of the degree map and the fact that K is algebraically
closed. So

degC1×C2
(D ·C1×C2 ({p} × C2)) = n = degC1×C2

(D ·C1×C2 ({q} × C2))

and hence the claim. �

Corollary 3.4.9
Assume that A,B ∈ H(F ) or A,B ∈ V (F ) holds. Then we have the following equality:

degBs(A ·B Ẑ ′) = degBs(B ·B Ẑ ′)

Proof. We only treat the case A,B ∈ H(F ), the case A,B ∈ V (F ) follows by
symmetry. By Prop. 3.3.6(i)

degBs(A ·B Ẑ ′) = degF ((A ·B F ) ·F Ẑ ′).

We denote by W ′ the Cartier divisor γ(A ∩ F )red in F ′ and set Ŵ ′ = (γ|F )∗(W ′). Then
by Cor. 3.4.6 (iv) we see

degF ((A ·B F ) ·F Ẑ ′) = degF (Ŵ ′ ·F Ẑ ′).

Now our claim follows from Prop. 3.4.8 using that Ŵ ′ = (pr2 |F )∗({p}) for a closed point
p of Xs by Prop. 3.4.7 (iii). �

Proposition 3.4.10
Assume that Z is not a stratum of the special fibre (Def. 3.3.5(i)). Let p ∈ P (F ) be a
point and rp the multiplicity of Z ′ in p. Let K ∈ H(F ) ∪ V (F ) be arbitrary. Then

0 ≤ rp ≤ degBs(K · Ẑ ′)

Proof. By symmetry of the argument we restrict to the case where K ∈ H(F ). By
assumption there is a component H ′ ∈ D(F ) with γ(H ′ ∩ F ) = p. By Prop. 3.4.7 (iv)
the irreducible component F is of the form K1 ×k̃ K2 for two irreducible components of
the special fibre of X and γ(H ′) is of the form K ′1 ×k̃ K ′2 for two irreducible components
K ′1, K

′
2 of the special fibre of X with K ′1 ∩K1 = {q} and K ′2 ∩K2 = {r} for closed points

q and r of the special fibre of X. By Prop. 3.4.7 (ii) the unique irreducible component
A of the special fibre of B mapping to K ′1 ×K2 will be an element of H(F ). Hence by
Cor. 3.4.9 we will have

degBs(A ·B Ẑ ′) = degBs(K ·B Ẑ ′).

and hence we can assume that H and K intersect non-trivially.

As Z is not a stratum of the special fibre, we get that 0 ≤ degBs(K ·B Z). We use
Prop. 3.4.6 (ii) and Prop. 3.3.6(i) to get

0 ≤ degBs(K ·B Z) = degF ((K ·B F ) ·F Ẑ ′)−
∑

H∈D(F )

rH ,

where for each H the number rH is the multiplicity of Z ′ in the point γ(F ∩H) of P (F ).

So we get

0 ≤
∑

H∈D(F )

rH ≤ degF ((K ·B F ) ·F Ẑ ′) = degBs(K ·B Ẑ ′)

and in particular 0 ≤ rH′ ≤ degBs(K ·B Ẑ ′) as desired. �
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Proposition 3.4.11
Let A be an irreducible component of Bs different from F and assume that Z is not a
stratum of the special fibre.

(i) Assume that A ∈ D(F ) holds. Then for any B ∈ V (F ) ∪H(F ) we have

| degBs(A ·B Z)| ≤ degBs(B ·B Ẑ ′)

(ii) Assume that A ∈ H(F ) ∪ V (F ) holds. Then∣∣degBs(A ·B Z)
∣∣ ≤ (val(R(X))2 + 1)| degBs(A ·B Ẑ)|.

Proof.

(i) Note that by Prop. 3.4.3 and Prop. 3.3.6(i) the number degBs(A ·B Z) is the multi-
plicity of Z ′ in the point γ(A ·B F ). Now the claim follows from Prop. 3.4.10.

(ii) By Prop. 3.4.6 we have

degBs(A ·B Z) = degBs(A ·B Ẑ ′)−
∑

H∈D(F )

rH · degBs(H ·B F ·B A).

There are at most val(R(X))2 elements in D(F ) hence by the first part∣∣∣∣∣∣
∑

H∈D(F )

rH

∣∣∣∣∣∣ ≤ val(R(X))2 degBs(A · Ẑ ′)

holds and hence the claim.

�

Proposition 3.4.12
Let K,K ′ be different components of the special fibre of B and assume there exists an
i ∈ {1, 2} such that priK = priK

′. Then∑
A∈H(K)∪V (K)∪D(K)

| degBs(A ·B K ·B K
′)| ≤ 4 val(R(X)) + val(R(X))2

Proof. By symmetry of the argument we can restrict to the case i = 2. We can
assume that K and K ′ intersect non-trivially, because otherwise the claim is clear. Let
W = (H(K) ∪ V (K) ∪D(K))r{K,K ′}. We know that |H(K)| ≤ val(R(X)), |V (K)| ≤
val(R(X)), and |D(K)| ≤ val(R(X))2 holds by Rem. 3.3.9 (i). Hence, using the condition
IC, we get ∑

A∈W

| degBs(A ·B K ·B K
′)| ≤ 2 · val(R(X)) + val(R(X))2.

By Prop. 3.3.10 in CH3
Bs(B) we have

K ·B K ′ ·B K = −

 ∑
A∈V (K)

K ·B K ′ ·B A

 ∈ CH3
Bs(B)

and

K ·B K ′ ·B K ′ = −

 ∑
A∈V (K′)

K ·B K ′ ·B A

 ∈ CH3
Bs(B)
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so

| degBs(K ·B K
′ ·B K ′)|+ | degBs(K ·B K ·B K

′)| ≤ 2 val(R(X))

and the claim follows. �

We will make the following assumptions:

Assumption 3.4.13
(i) Let n ≥ 2 be an integer. We denote by Xn the scheme from Thm. 3.3.2. We can put

an order ≤ on the irreducible components of Xn,s such that R(Xn) is the n-fold BHM-
subdivision of R(X). Denote by cn : X ⊗ k◦n → X the base change morphism and by
βn : Xn → X⊗ k◦n the natural morphism.

Let Bn be the regular strictly semi-stable scheme associated to Xn for d = 2 from
Thm. 3.3.3 with respect to ≤ and denote by γn the morphism Bn → Xn ×k◦n Xn. For
i ∈ {1, 2} we denote by pri,n the projection maps Bn → Xn ×k◦n Xn → Xn and by pri
be the projections Bn → X. We choose a very ample integral divisor D′ on X and set
Dn = pr∗1 D

′+ pr∗2 D
′ on Bn. Recall that by convention the special fibre of Bn is the fibre

over the special point of k◦n and will be denoted by Bn,s under abuse of notation.
(ii) Let Z be an integral curve contained in the special fibre of Bn. Assume that Z

is not a stratum of the special fibre of Bn and that Z is contained in the irreducible
component F of the special fibre. Then Z ′ := γn(Z)red will be a curve in the irreducible

component F ′ of Xn ×k◦n Xn which is the image of F under γn. We denote by Ẑ ′ the
pull-back (γn|F )∗(Z ′) ∈ CH1(F ).

Proposition 3.4.14
Let K1 be an irreducible component of Xn,s which maps onto an irreducible component L′1
of (X⊗ k◦n)s under βn.

(i) The divisor c∗nD
′ is very ample on X⊗ k◦n.

(ii) The induced map K1 → L′1 is an isomorphism.
(iii) The line bundle O(β∗nc

∗
nD
′)|K1 is very ample.

(iv) If p ∈ K1 is a closed point then the line bundle O(β∗nc
∗
nD
′)|K1 ⊗ O({p})−1 has

non-negative degree on K1.

Proof.

(i) Let O(D′) be isomorphic to i∗O(1) for an embedding i : X→ Pmk◦ via ϕ : O(D′)→̃i∗O(1).
Let w : X ⊗ k◦n → Pmk◦n be the embedding induced by i. Then ϕ ⊗ k◦n is an isomorphism

between w∗O(1) = OPm
k◦n

(1) and O(c∗nD
′), hence c∗nD

′ is very ample.

(ii) We endow L′1 with the induced reduced subscheme structure. Let S be the singular
locus of X ⊗ k◦n. As L′1 is not contained in S, the induced map βn|K1 : K1 → L′1 is the
blow-up of L′1 at L′1 ∩ S by [Liu02, Cor. 8.1.17]. The scheme X is regular strictly semi-

stable, hence the irreducible components of the special fibre are smooth over k̃. As k̃ is
algebraically closed this is also is true for the irreducible components of (X⊗ kn)s. This

means that L′1 is smooth over k̃n. Hence the map βn|K1 is an isomorphism.
(iii) By the previous the map βn|K1 is an isomorphism and the pull back of a very ample

line bundle under an isomorphism is very ample.
(iv) The line bundle O(β∗nc

∗
nD
′)|K1 is very ample, hence has strictly positive degree on

K1. The degree of a closed point p with the reduced closed subscheme structure on the

smooth curve K1 is always one, as k̃n algebraically closed, and hence the claim. �

Proposition 3.4.15
Assume that there exists an i ∈ {1, 2} such that βn ◦ pri,n maps F to an irreducible
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component of the special fibre of X⊗ k◦n. Furthermore, assume that Z is not a statum of
the special fibre. Let K ′ be an irreducible component of the special fibre of Bn.

Assume that either i = 1 and K ′ ∈ H(F ) or i = 2 and K ′ ∈ V (F ).

Then

0 ≤ degBn,s(K
′ ·Bn Ẑ ′) ≤ degBn,s(Dn ·Bn Z).

Proof. We only show the claim for i = 1 and K ′ ∈ H(F ) the case i = 2 and
K ′ ∈ V (F ) follows by symmetry. We have

0 ≤ degBn,s(K
′ ·Bn Ẑ ′)

as K ′ intersects each irreducible component of Ẑ ′ properly: These are given by the strict
transform of Z ′ which equals Z and was by assumption no stratum and propably excep-
tional divisors of F and by Prop. 3.4.6 (i) the exceptional divisors are of the form (L·BnF )
for F , and those intersect K ′ properly as K ′ ∈ H(F ). Note that

degBn,s(K
′ ·Bn Ẑ ′) = degF ((F ·Bn K ′) ·F Ẑ ′)

by Prop. 3.3.6(i).

Now F maps surjectively on a irreducible component of the special fibre of Xn×k◦n Xn

under γn. This component is of the form K1 ×k̃n K2 for two irreducible components of
the special fibre of Xn by Prop. 3.4.7 (i). Moreover, by the hypothesis K ′ ∈ H(F ), the
component K ′ maps to a product of the form K ′1×k̃n K2 with K1 ∩K ′1 = {p} for a closed
point p of K1 by Prop. 3.4.7 (ii). We set

W = (γn|F )∗(γn(F ·Bn K ′)red) ∈ CH1(F ).

Then

W = (pr1,n |F )∗({p})
holds by Prop. 3.4.7 (iii). We have

degF ((F ·Bn K ′) ·F Ẑ ′) = degF (W ·F Ẑ ′)
by Cor. 3.4.6 (iv).

Now pr∗2 D
′ is a vertically nef divisor. Hence

degBn,s(Dn ·Bn Ẑ ′) = degBn,s((pr∗1 D
′ + pr∗2 D

′) ·Bn Ẑ ′) ≥ degBn,s((pr∗1 D
′) ·Bn Ẑ ′).

Now by the projection formula

degBn,s((pr∗1 D
′) ·Bn Ẑ ′) = degXn,s(β

∗
nc
∗
nD
′ ·Xn pr1,n,∗(Ẑ

′)).

Now pr1,n,∗(Ẑ
′) is s ·K1 for some s ≥ 0. So

degXn,s(β
∗
nc
∗
nD
′ ·Xn pr1,n,∗(Ẑ

′)) = s · degXn,s(β
∗
nc
∗
nD
′ ·Xn K1)

and by Prop. 3.3.6(ii) this equals

s · degK1
((β∗nc

∗
nD
′)|K1).

We compute

degF ((pr1,n |F )∗({p}) ·F Ẑ ′) = degK1
({p} ·K1 (pr1,n,∗ |F )(Ẑ ′)) = s · degK1

({p})
by the projection formula. We have

degK1
((β∗nc

∗
nD
′)|K1 − {p}) ≥ 0
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by Prop. 3.4.14(iv) and this yields

s · degK1
(((β∗nc

∗
nD
′)|K1 − {p})) ≥ 0

hence the desired inequality. �

Proposition 3.4.16
Let i ∈ {1, 2} be a number. Let K and K ′ be irreducible components of the special fibre
of Bn. Assume that either K ′ ∈ H(K) and pr2(K) is an irreducible component of Xs or
K ′ ∈ V (K) and pr1(K) is an irreducible component of Xs. Then

degBn,s(Dn ·B K ·B K ′) ≥ 1.

Proof. We only consider the case K ′ ∈ H(K) the other case follows by symmetry.
Recall that every irreducible component of (Xn ×k◦n Xn)s is of the form L1 ×k̃n L2 for
irreducible components Lj of Xn,s by Prop. 3.4.7 (i) for j ∈ {1, 2}.

Now γn maps K to K1×k̃nK2 ⊂ Xn×k◦nXn and maps K ′ to K ′1×k̃nK2 with K1∩K ′1 =
{p} for a closed point p of K1 for irreducible components K1, K

′
1, K2 of the special fibre

of Xn by Prop. 3.4.7 (ii). Then γn(K ∩ K ′) = {p} × K2 holds so pr2,n(K ∩ K ′) is an
irreducible component of the special fibre of Xn, namely K2.

By definition of Dn we have

degBn,s(Dn ·Bn K ·Bn K ′) = degBn,s((pr∗1,n β
∗
nc
∗
nD
′ + pr∗2,n β

∗
nc
∗
nD
′) ·Bn K ·Bn K ′). (3.4.4)

Note that pr∗1,n β
∗
nc
∗
nD
′ is vertically nef. Hence the right hand side of (3.4.4) is bigger or

equal than

degBn,s((pr∗2,n β
∗
nc
∗
nD
′) ·Bn K ·Bn K ′).

We use the projection formula and see that this expression equals

degXn,s(β
∗
nc
∗
nD
′ ·Xn pr2,n,∗(K ·Bn K ′))

As pr2,n∗(K ·Bn K ′) is an irreducible component of the special fibre of Xn we have
pr2,n,∗(K ·Bn K ′) = s ·K2 for some s ≥ 1. Hence

degXn,s(β
∗
nc
∗
nD
′ ·Xn pr2,n,∗(K ·Bn K ′)) = s · degXn,s(β

∗
nc
∗
nD
′ ·Xn K2)

and this equals

s · degK2
(β∗nc

∗
nD
′|K2) (3.4.5)

by Prop. 3.3.6(ii). We can apply Prop. 3.4.14(iii) as pr2(K) is an irreducible component
of the special fibre of X, and see that the line bundle O(β∗nc

∗
nD
′)|K2 is very ample. Hence

degK2
(β∗nc

∗
nD
′|K2) is ≥ 1, which means that (3.4.5) is ≥ 1. This proves our claim. �

Proposition 3.4.17
Let F be a component of the special fibre of Bn.

(i) If pr1(F ) is a point then H(F ) consists of two irreducible components contained
in the same canonical chart of R(B) as F ,

(ii) If pr2(F ) is a point then V (F ) consists of two irreducible components contained
in the same canonical chart of R(B) as F .

Proof. We treat only the first case, the second follows by symmetry. Let F map on
K1×k̃K2 under γn, where K1 and K2 are irreducible components of Xn. Then K1 maps to
a point under the map Xn → X. Using the description of the special fibre of Xn in [DM69,
Lemma 1.12] this means that pr1,n(F ) corresponds to an element of a chain of rational
curves connecting two strict transforms C1, C2 of irreducible components of Xs. This
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means there are exactly two irreducible components L,L′ of Xn,s which intersect K1 and
that the point corresponding to the irreducible component pr1,n(F ) is in the interior of the
line connecting the points corresponding to C1 and C2. But this means that H(F ) consists

. . .

Figure 3.4.2. An edge of the reduction set of Xn. The thick irreducible
components map to a component of Xs, the others don’t.

of the two irreducible components of Bn,s mapping to L ×K2 and L′ ×K2 respectively
under γn. Furthermore, these components are contained in the canonical chart of R(B)
containing the two components mapping to C1 ×k̃n K2 and C2 ×k̃n K2 respectively. �

Lemma 3.4.18
Assume that

g =
∑

A∈B(0)
n,s

g(A) · A

is a divisor with support in the special fibre of Bn. In virtue of Prop. B.16 consider g as
a function on |R(Bn)|. We canonically identify each square of |R(Bn)| with [0, 1]2. Let
L ∈ Q be a global Lipschitz constant of g. Then we can establish the following estimates.

(i) Assume that F surjects onto an irreducible component of Xs under the map
pr1 : Bn,s → X. If L ∈ Q is a global Lipschitz constant of g then∣∣∣∣∣∣degBn,s

n
2

∑
K∈H(F )

(g(K)− g(F ))K ·Bn Z

∣∣∣∣∣∣ ≤
L · val(R(X)) · (val(R(X))2 + 1) degBn,s(Dn ·Bn Z).

holds.
(ii) Assume that F surjects to an irreducible component of Xs under the map pr2 : Bn,s →

X. If L ∈ Q is a global Lipschitz constant of g then

n

2

∣∣∣∣∣∣degBn,s

 ∑
K∈V (F )

(g(K)− g(F ))K ·Bn Z

∣∣∣∣∣∣ ≤
L · val(R(X)) · (val(R(X))2 + 1) degBn,s(Dn ·Bn Z).

(iii) Assume that F surjects on an irreducible component of Xs under one of the maps
pri : Bn,s → X for an i ∈ {1, 2}. If L ∈ Q is a global Lipschitz constant of g
then

n

2

∣∣∣∣∣∣
∑

K∈D(F )

|g(K)− g(F )|K ·Bn Z

∣∣∣∣∣∣ ≤
2 · L · val(R(X))2 · (val(R(X))2 + 1) degBn,s(Dn ·Bn Z).

Proof. We start with (i): We apply Prop. 3.4.11 (ii) and see for every K ∈ H(F ) we
have

| degBn,s(K ·Bn Z)| ≤ degBn,s(K ·Bn Ẑ ′) · (val(R(X))2 + 1), (3.4.6)

and furthermore by Prop. 3.4.15

| degBn,s(K ·Bn Ẑ ′)| ≤ degBn,s(Dn ·Bn Z). (3.4.7)
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Now let L ∈ Q be a global Lipschitz constant of g, then∣∣∣∣∣∣degBn,s

n
2

∑
K∈H(F )

(g(K)− g(F ))K ·Bn Z

∣∣∣∣∣∣ ≤ L ·
∑

K∈H(F )

| degBn,s(K ·Bn Z)|,

and by (3.4.6) and (3.4.7) this is bounded from above by

L · val(R(X)) · (val(R(X))2 + 1) degBn,s(Dn · Z)

using Rem. 3.3.9 (i). The case of (ii) follows by symmetry.

Now we prove (iii). By symmetry of the argument we may assume that pr1 maps F
to an irreducible component of Xs. Then using Prop. 3.4.11 (i) and Prop. 3.4.15 we see
that for every K ′ ∈ H(F ) and K ∈ D(F )

0 ≤ degBn,s(K · Z) ≤ degBn,s(K
′ ·Bn Ẑ ′) ≤ degBn,s(Dn · Z).

Hence using Rem. 3.3.9 (i) we get the desired estimate

n

2

∣∣∣∣∣∣
∑

K∈D(F )

|g(K)− g(F )|K ·Bn Z

∣∣∣∣∣∣ ≤
2 · L · val(R(X))2 · (val(R(X))2 + 1) deg(Dn · Z)

as before using that the diagonal of [0, 1]2 has length
√

2 ≤ 2. �

3.5. Berkovich Skeleta of Gross–Schoen Models

In this section we will investigate skeleta of Gross–Schoen/Kolb models and how they
behave under base change. We will be in the situation of Assumption 2.2.1.

Let X be a regular strictly semi-stable curve over k◦ and n ≥ 1 be a natural number.
Equip the set of irreducible components of Xs with an order. In this section we will not
assume that IC (Def. 3.3.5(ii)) holds for X. Denote by Xn the model from Thm. 3.3.2
corresponding to the n-th BHM-subdivision of R(X) and by Bn the model of (X⊗kn)×kn
(X ⊗ kn) constructed from Xn using Thm. 3.3.3.

In the following we denote for any strictly poly-stable scheme W over K◦ by S(W)

the skeleton of Ŵan associated to W and by τW the retraction to S(W) (cf. App. B). Our
aim is to prove the following proposition:

Proposition 3.5.1
There exists a k◦-morphism ϕ : Bn → B such that

(i) The diagram

B // X×k◦ X

Bn
//

ϕ

OO

Xn ×k◦n Xn

OO (3.5.1)

commutes, where Xn ×k◦n Xn → X×k◦ X is the product map induced by the map
Xn → X.

(ii) The map ϕ̂an
K◦ maps the skeleton of B̂n,K◦

an
associated to Bn,K◦ into the skeleton

of B̂K◦
an

associated to BK◦.
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(iii) The diagram

B̂n,K◦
an ϕ̂an

K◦ //

τBn,K◦

��

B̂K◦
an

τBK◦

��
S(Bn,K◦)

Thm. B.6 (v)

��

ϕ̂an
K◦ |S(Bn,K◦ ) // S(BK◦)

Thm. B.6 (v)

��
|R(Bn,K◦)|

(A.5)
// |R(BK◦)|

commutes, the lower arrow is the isomorphism (A.5) induced by the subdivision,
and the restriction of ϕ̂an

K◦ to the skeleton is an isomorphism.

We will need some preliminary results in order to prove Prop. 3.5.1.

Lemma 3.5.2
Let ϕ be the canonical morphism Xn → X. Then ϕ̂an

K◦ maps the skeleton of X̂n,K◦
an

associated to Xn,K◦ to the skeleton of X̂K◦
an

associated to XK◦ and the diagram

X̂n,K◦
an ϕ̂an

K◦ //

τXn,K◦

��

X̂K◦
an

τXK◦

��
S(Xn,K◦)

ϕ̂an
K◦ |S(Xn,K◦ ) //

Thm. B.6 (v)

��

S(XK◦)

Thm. B.6 (v)

��
|R(Xn,K◦)|

(A.5)
// |R(XK◦)|

commutes. Moreover, the lower arrow is the isomorphism from (A.5).

Proof. Set S′ = Spec k◦n[x, y]/(xy − πnn) and S = S′ ⊗ K◦. Let S′n be the scheme
associated to S′ from Thm. 3.3.2 and set Sn = S′n ⊗ K◦. We will use the explict
description of the desingularisation in the proof of [Kol13, Lemma 2.7] to show that
there is a commutative diagram

Ŝn

an ϕ̂an
K◦ //

τSn
��

Ŝan

τS

��
S(Sn)

ϕ̂an
K◦ |S(Sn) //

µ

��

S(S)

ψ
��

|R(Sn)|
ξ

// |R(S)|

, (3.5.2)

where µ and ψ are the isomorphisms from Thm. B.6 (v) and ϕ is the natural morphism
Sn → S. We claim that ξ is the natural homeomorphism from the n-fold subdivision (cf.
Prop. A.13). We set A = K◦[x, y]/(xy−πnn). By the proof of [Kol13, Lemma 2.7] we can
cover M by charts Ui = SpecAi for i ∈ {1, . . . , n}, where Ai = K◦[x, y]/(xy−πn) and the
morphism Ui → S is induced by

x 7→ xπn−in

y 7→ yπi−1
n .



48 3. THE APPROXIMATION THEOREM

Denote by Â and Âi the K◦◦-adic completions of A and Ai respectively. Then the diagram

M (Âi ⊗K◦ K) //

n·(− log |x|,− log |y|)
��

M (Â⊗K◦ K)

(− log |x|,− log |y|)
��

|R(Spec(Ai))|
ξ
// |R(Spec(A))|

(3.5.3)

commutes, where ξ is the map

{x, y ∈ [0, 1]|x+ y = 1} → {x, y ∈ [0, 1]|x+ y = 1} :

(x, y) 7→ 1

n
(x, y) +

(
n− i
n

,
i− 1

n

)
. (3.5.4)

We can consider the commutative diagram

S(Spec(Ai))

��

ϕ̂an
K◦ |S(Spec(Ai)) // M (Â⊗K)

ψ

��
|R(Spec(Ai))| // |R(Spec(A))|.

Now the restriction of the isomorphism ψ between the skeleton and the reduction set
from Thm. B.6 (v) to the skeleton is an isomorphism, in particular injective. Hence, by

commutativity of the diagram, the image of ϕ̂an
K◦|S(Spec(Ai)) lies in the skeleton of M (Â⊗K◦

K) associated to Spec(A). As the retraction maps as well as the isomorphisms between the
skeleton and the reduction set commute with the colimit over all i, we get the commutative
diagram (3.5.2). From the explicit description in (3.5.4) we see that the lower arrow is
indeed the homeomorphism coming from the BHM-n-subdivision, as the homeomorphism
commutes with colimits and hence is determined on the simplices of R(S′n).

Now let X be an arbitrary proper regular strictly semi-stable curve and U open in X.
If U is smooth over K◦ then the statement is trivial because the special fibre of U does
not contain double points. Otherwise we can choose U which is étale over S′, elementary,
and such that the map U → S′ induces an isomorphism of reduction sets by Prop. B.3.
As the retractions and the isomorphism between the skeleton and the reduction set, as
well as the homeomorphism from Prop. A.13 commute with direct limits, we can assume
X = U. Let U′ be the scheme from Thm. 3.3.2 associated to U and θ : U′ → U the natural
morphism. We get a cartesian diagram

U′K◦
θK◦ //

α

��

UK◦

β

��
Sn χ

// S.
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This gives a diagram

S(U′K◦)

α̂an
K◦ |S(U′K◦ )

��

Û′
an

K◦

τU′K◦oo

α̂an
K◦
��

θ̂anK◦ // Ûan
K◦

β̂an
K◦��

τUK◦ // S(UK◦)

β̂an
K◦ |S(UK◦ )

��

Ŝn

an

τSn

zz

χ̂an
K◦

// Ŝan

τS

##
S(Sn)

χan
K◦ |S(Sn)

// S(S).

The diagram is indeed commutative by Thm. B.6 (ii). Diagram chasing shows that
θan
K◦|S(U′K◦ ) is an isomorphism onto S(UK◦). The induced isomorphism between |R(U′K◦)|

and |R(UK◦)| is the homeomorphism from the n-subdivision which again follows from the
description of this homeomorphism on 1-simplices, so we have finished the proof. �

Lemma 3.5.3
We have a commutative diagram

B̂an
K◦

̂(X×k◦ X)an
K◦

S(BK◦) S((X×k◦ X)K◦)

|R(BK◦)| |R((X×k◦ X)K◦)|,

ϕ̂an
K◦

τBK◦ τ(X×k◦X)K◦
ϕ̂an
K◦ |S(BK◦ )

ψ

where ϕ is the natural morphism B→ X×k◦ X and ψ is the natural homeomorphism
|R(B)| = |R(X)×R(X)| → |R(X×k◦ X)| = |R(X)| × |R(X)|.

Proof. Noting that the case where X is smooth is trivial, we reduce to the case
X = SpecK◦[x, y]/(xy− π) using the same arguments as in the proof of Lemma 3.5.2. So
consider

A := K◦[x1, y1, x2, y2]/(x1y1 − π, x2y2 − π),

i.e. SpecA = XK◦ ×K◦ XK◦ .

As in the proof of Prop. 3.4.4 the blow-up B′ of SpecA at the subscheme V (x1, y1)
can be covered by SpecAi where

Ai = K◦[x, y, z]/(xyz − π)

for i ∈ {1, 2} and SpecAi → SpecA is induced by

xi 7→ yx, yi 7→ z, xj 7→ x, yj 7→ yz,

where j = 2 if i = 1 and j = 1 if i = 2. As in the proof of Prop. 3.4.4 we see that B′ is
already the base-change to K◦ of the scheme from Thm. 3.3.3 associated to X for d = 2.
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Let Âi and Â be the K◦◦-adic completions of Ai and A respectively. Consider the
natural commutative diagram

M (Âi ⊗K◦ K) //

��

M (Â⊗K◦ K)

��
|R(Spec(Ai))|

ψ
// |R(Spec(A))|.

where ψ is the map (
(x, y, z) 7→

{
(y + x, z, x, y + z) if i = 1

(x, y + z, y + x, z) if i = 2

)
,

from
|∆2| = {(x, y, z) ∈ [0, 1]3|x+ y + z = 1}

to
|R(SpecA)| = |∆1| × |∆1| = {(x, y, z, w) ∈ [0, 1]4|x+ y = 1, z + w = 1}.

So |R(SpecAi)| gets mapped to the lower left and upper right triangle of the square
|R(SpecA)| for i = 1 and i = 2 respectively and the claim follows. �

Proof. (of Prop. 3.5.1) First we note from [Kol16a, Theorem 2.18] that there exists
a morphism such that (3.5.1) commutes. Repeatedly applying 3.5.2 and Lemma 3.5.3
yields the following commutative diagram.

B̂n,K◦
an

((

��

// B̂K◦
an

ww

��

Xn,K◦ ×K◦ Xn,K◦
∧an

//

��

XK◦ ×K◦ XK◦
∧an

��
S(Bn,K◦) //

��

S(Xn,K◦ ×K◦ Xn,K◦) //

��

S(XK◦ ×K◦ XK◦)

��

S(BK◦)oo

��
|R(Bn,K◦| // |R(Xn,K◦ ×K◦ Xn,K◦)| // |R(XK◦ ×K◦ XK◦)| |R(BK◦|oo

As the homeomorphism coming from the BHM-n subdivision commutes with finite prod-
ucts and direct limits, the morphism |R(Bn)| → |R(B)| is indeed the homeomorphism
from the subdivision. This proves the proposition. �

Let X′ be the model over k◦2 corresponding to the S-subdivision of R(X) and B′ the
product model corresponding to X′.

Proposition 3.5.4
There exists a morphism of k◦-schemes ϕ : B′ → B such that

(i) The diagram

B // X×k◦ X

B′ //

OO

X′ ×k◦2 X
′

OO

commutes.
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(ii) The restriction of ϕ̂an
K◦ to the skeleton of B̂′K◦

an
associated to B′K◦ maps into the

skeleton of B̂K◦
an

associated to BK◦. The diagram

B̂
′ an
K◦

ϕ̂an
K //

τ

��

B̂an
K◦

τ

��
S(B′K◦)

��

ϕ̂an
K |S(B′K◦ ) // S(BK◦)

��
|R(B′K◦)|

(A.4)
// |R(BK◦)|

commutes and the lower arrow is the isomorphism from Prop. A.10.

Proof. Once the existence of the map ϕ is established the proof goes exactly as the
proof of Prop. 3.5.1.

In the proof of the existence of ϕ in [Kol16a, Theorem 2.18] all arguments used for
the BHM-subdivision also work for the S-subdivision. Hence the statement of Prop. 3.5.1
also holds for S-subdivisions. �

3.6. The Case of a Curve

Before passing to the proof of our approximation theorem we want to discuss the case
of a curve briefly to illustrate the ideas of the proof. All results about curves will later
follow from the case of a self product of a curve (cf. Cor. 3.7.6 and Cor. 3.7.7), so the
presentation will be very brief. We will be in the situation of Assumption 2.2.1. Let X
be a geometrically integral smooth projective curve over the field k. We assume that X
possesses a projective regular strictly semi-stable model X over the valuation ring k◦. For
simplicity we restrict to the case

X = Proj k◦[x, y, t]/(xy − t2π),

that is XK = P1
K but the arguments are valid for the general case.

Let |R(X)| = [0, 1] be the geometric realisation of the reduction set of X and τ :
Xan

K → |R(X)| be the retraction map determined by X. Then any continuous function
g : |R(X)| → R defines a Green’s function g ◦ τ for the trivial divisor. We are interested
in the question when g ◦ τ is DSP.

Firstly if g is piecewise affine with rational values at points in Q ∩ [0, 1] it is DSP by
algebraic geometry: We can choose n ∈ N, such that all points where g changes slope are
multiples of 1

n
. Now the reduction set of Xn as constructed in Thm. 3.3.2 is the n-fold

BHM-subdivision of R(X). Hence n
2
· g is affine on the edges of R(Xn), hence belongs to

a Cartier divisor D on Xn with support in the special fibre by Prop. B.16. Moreover, it
satisfies

gXn,D = g ◦ τ
by Prop. 3.2.1 and Rem. 3.3.1. Now, as X is projective, there is an ample line bundle A
on Xn such that A+D is ample. Hence g ◦ τ = gXn,A+D− gXn,A is a DSP Green’s function
for the trivial Cartier divisor.

It is interesting how to construct explicit examples of functions g which are DSP but
not piecewise affine. The following construction is in a sense, a geometric approach to this
question. Choose a very ample integral divisor D on X. The special fibre of X2n has 2n+1
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components and the reduction set looks as follows: Here we numbered the components of

C1 C2 C3

. . .

C2n−1 C2n C2n+1

Figure 3.6.1. The reduction set of X2n

the special fibre C1, . . . , C2n+1 as indicated. Note the following lemma.

Lemma 3.6.1
The scheme X2n is the scheme obtained from X2n−1 in virtue of Thm. 3.3.2.

Proof. This can be immediately checked explicitly in charts. �

In virtue of the lemma we can recursively define D2n = 2nD2n−1 − E where E is the
exceptional divisor of the blow-up X2n → X2n−1 and D20 = D. Then Lemma C.7 implies
that D2n is very ample for every n ≥ 1.

Now fix n ≥ 1. We define

gn := g
X2n ,2

− 1
2 (n2+n)D2n

and

h̃n := gn − gX,D.
Unwinding the definition of D2n and using Gauß’ summation formula one sees that

(D2n)η = 2
1
2

(n+1)n(D)η

and hence that h̃n is trivial on the generic fibre.

By Prop. B.16 and Prop. 3.2.1 the function h̃n factors through the skeleton of X2n as

h̃n = hn ◦τ , where τ : Xan
K → S(X2n) is the retraction and hn is a piecewise affine function

on |R(Xn)|.
Now consider the function f(x) = 2x2 − 2x on [0, 1]. We compute the difference

of the 2n-th lattice approximation and the 2n−1-th lattice approximation at every point
xi = 2i+1

2n
∈ [0, 1] for i = 0, . . . 2n − 2. Set yi = 2i

2n
∈ [0, 1] for i = 0, . . . , 2n−1.

We have
1

2
(f(yi) + f(yi+1))− f(xi) = 2−2n (3.6.1)

for i = 0, . . . , 2n− 2. So the two lattice approximations agree on the points 2i
2n

, and differ

by 2−2n on the points 2i+1
2n

. We see that

D2n − (2n)D2n−1 =
2n−1∑
i=1

−C2i−1,

so

hn − 2hn−1 =
2n−1∑
i=1

−2nC2i−1,

hence

2−nhn − 2−(n−1)hn−1 =
2n−1∑
i=1

−22nC2i−1. (3.6.2)
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We conclude from (3.6.1) and (3.6.2) that under the correspondence of Prop. B.16 each
2−nhn is the piecewise affine function which agrees with f on the vertices of R(X2n)
respectively. This is illustrated in the following picture:

f(x) = 2x2 − 2x

Figure 3.6.2. The Cartier divisors 2 · h2 and 1
2
h4 considered as functions

on the reduction set.

This means that f ◦ τ is a DSP arithmetic divisor.

The convexity of the limit function f is not a coincident and this is manifest in the
following theorem:

Theorem 3.6.2
Set X = Proj k◦[x, y, t]/(xy − t2π) and for each n ≥ 1 let Xn be the model of Thm. 3.3.2.
Let g : |R(X)| = [0, 1] → R be a function which is convex, Lipschitz continuous, and
attains rational values at rational points. Let gn be the divisor on Xn which corresponds
to the function gn which satisfies g(p) = n

2
gn(p) on any vertex p of R(Xn) under the

correspondence of Prop. B.16. Choose a very ample Z-divisor D on X. Then there is a
number C > 0 such that

C · L ·D + gn

is vertically nef. Here L ∈ Q is a global Lipschitz constant for g.

Using the fact that any C2 function on the unit interval can be written as the difference
of two convex functions we get the following corollary.

Corollary 3.6.3
Let g : |R(X)| → R be a function which is C2 on each edge and has rational values at
rational points. Then g ◦ τ is a DSP Green’s function.

Proof. (of Thm. 3.6.2) As Thm. 3.6.2 will be a corollary (Cor. 3.7.6) of Thm. 3.7.1 we
will only briefly explain the main idea of the proof. So let gn be defined as in Thm. 3.6.2
for each n. Now fix an n ≥ 1. Intersection theory shows for 2 ≤ j ≤ n that

Ci · Cj =


1 if i = j + 1

−2 if i = j

0 if i 6= j + 1, j − 1, j.

All irreducible curves in the special fibre of Xn appear among the Ci. Hence if Z = Cj
for 2 ≤ j ≤ n. This yields

gn · Z =
n

2

[
g

(
j − 1

n+ 1

)
+ g

(
j + 1

n+ 1

)
− 2

(
j

n+ 1

)]
which is indeed non-negative by the convexity of g. The cases Z = Ci for i = 1, n+ 1 are
treated using the fact that D is ample on X, the Lipschitz condition, and the projection
formula. �
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3.7. Proof of the Approximation Theorem

We make Assumption 2.2.1 on the fields k, kn, and K. LetX be a smooth geometrically
integral projective curve and assume that X has a a projective regular strictly semi-
stable model of X over k◦. Fix an order on the set of irreducible components of Xs.
Let B the model of X ×k X constructed in Thm. 3.3.3. Then R(B) = R(X)2. Let
τ : Xan

K ×K X
an
K → |R(B)| be the retraction map associated to B. We will prove the

following theorem:

Theorem 3.7.1
If g ∈ C0

Q(R(B)) is a CC-function in the sense of Def. 3.1.2 (vii). Then 0 + g ◦ τ is a
DSP arithmetic divisor.

Proof. We will first assume that X satisfies IC (Def. 3.3.5). We begin by constructing
for each n ∈ N a model Bn of (X ⊗ kn) ×kn (X ⊗ kn) over the valuation ring k◦n. By
Thm. 3.3.2 we can realise the n-BHM-subdivision of R(X) as the reduction set of the
scheme Xn. Moreover, Thm. 3.3.3 provides us with a model Bn over k◦n of (X ⊗ kn)×kn
(X ⊗ kn) such that naturally R(Bn) = R(Xn)2 holds. As naturally |R(Xn)| ∼= |R(X)| we
get a distinquished isomorphism |R(Bn)| ∼= |R(B)| for every n ≥ 1. By Prop. 3.5.1 these
identifications are compatible with the retraction maps and the identifications respect
the property of g beeing CC on the canonical squares. Recall that by convention the
special fibre Bn,s of Bn is the fibre over the special point of k◦n. We identify irreducible
components of Bn,s with the corresponding points in |R(Bn)|.

For i ∈ {1, 2} we define projection maps pri,n : Bn → Xn as the compositions

Bn → Xn ×k◦n Xn → Xn

and pri : Bn → X as the composition

Bn → Xn ×k◦n Xn → Xn → X.

We denote by γn the map Bn → Xn ×k◦n Xn. We define a series of Cartier divisors with
support in the special fibre gn on the models Bn: For each n ≥ 1 we define g̃n to be the
unique function on |R(Bn)| which equals n

2
· g on all vertices of R(Bn) and is affine on its

simplices. Under the correspondence of Prop. B.16 this function corresponds to a Cartier
divisor gn on Bn with support in the special fibre. Choose a very ample Z-divisor D′ on
X. We consider for each n ≥ 1 the Cartier divisors Dn = pr∗1D

′ + pr∗2D
′ on Bn.

Lemma 3.7.2
Define gBn,gn with respect to the b-logarithm (cf. Rem. 3.3.1). Then we have uniform
convergence

gBn,gn = gn ◦ τ → g ◦ τ for n→∞

on Xan
K ×K X

an
K .

Proof. By continuity of g on the compact set |R(B)| the series of functions 2
n
g̃n

on |R(B)| converges uniformly to g. Using Prop. 3.2.1 and Rem. 3.3.1 we get gBn,gn =
2
n
g̃n ◦ τ → g ◦ τ for n→∞. �

The main step in the proof of the theorem will be proving the following lemma.

Lemma 3.7.3
Assume that X satisfies IC. Then there is a constant M depending only on the reduction
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set of X such that for each Lipschitz constant L ∈ Q of g the divisor

L ·M ·Dn + gn

is a vertically nef divisor on Bn.

The lemma implies the theorem because

0 + g = LM ·Dη + LM · gB,D + g − (LM ·Dη + LM · gB,D)

then is DSP.

In order to show Lemma 3.7.3 fix n ≥ 1 and choose any integral curve C in the special
fibre of Bn. We compute degBn,s(gn ·Bn C), and adjust M accordingly.

We have to deal with three kinds of curves C.

Case I) Strata K ∩K ′ for components K,K ′ of the special fibre of Bn with pri,n(K) =
pri,n(K ′) for some i ∈ {1, 2},

Case II) StrataK∩K ′ for two componentsK,K ′ of the special fibre of Bn with pri,n(K) 6=
pri,n(K ′) for all i ∈ {1, 2}.

Case III) Curves that are not strata of the special fibre of Bn.

We will treat these cases step by step.

First, we investigate Case (I). We restrict to the case C = K ·Bn K ′ with pr2,nK =
pr2,nK

′. The case pr1,nK = pr1,nK
′ follows by symmetry.

Now there are two cases.

Case A) The set pr2K = pr2K
′ is a point in the special fibre of X,

Case B) The set pr2K = pr2K
′ is an irreducible component of the special fibre of X.

In case A) by Prop. 3.4.17 there exist exactly two components A,B ∈ V (K) and A′, B′ ∈
V (K ′) respectively, where V (K) and H(K) are defined as in Def. 3.3.8 and the points
in |R(B)| associated to A,A′ and B,B′ lie in the same canonical chart of |R(B)| as K
and K ′ respectively. Caution: The projection maps used to define H,V,D are the maps
pri,n, not pri for i ∈ {1, 2}. Note that K and K ′ lie in the same canonical chart of R(B).
Using the description of R(Xn) in Rem. A.14 we see that the non-degenerate 2-simplices
containing degenerating to the 0-simplices K,K ′, A,A′, B,B′ are the simplices spanned
by

• B, A′, and K,
• K, K ′, and A′,
• K, K ′, and A,
• and A, K ′, and B′,

(see Fig. 3.7.1).

A

B

K

A′

K ′

B′

Figure 3.7.1. C is a ”horizontal” intersection of irreducible components.
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So we see among the components of the special fibre of Bn different from K and K ′

only A and A′ satisfy degBn,s(K ·Bn K ′ ·Bn A) 6= 0 and degBn,s(K ·Bn K ′ ·Bn A′) 6= 0
respectively. Prop. 3.3.10 implies −1 = degBn,s(K ·Bn K ′ ·Bn K) and similarly

degBn,s(K
′ ·Bn K ·Bn K ′) = degBn,s(−A ·Bn K ·Bn K

′) = −1.

Hence we have

degBn,s(gn ·Bn C) =
n

2

[
g(A)− g(K)− g(K ′) + g(A′)

]
(3.7.1)

and (3.7.1) is positive in virtue of (CC2) in Definition 3.1.2 (vi) using

ε =
1

n
,

A = (x, y),

K = (x, y + ε),

K ′ = (x+ ε, y + ε),

A′ = (x+ ε, y + 2ε),

and the fact that all points are contained in the same canonical chart of |R(B)|.
In case B) we consider

n

2

∣∣∣∣∣∣degBn,s

 ∑
A∈H(K)∪V (K)∪D(K)

A ·Bn K ·Bn K ′ (g(A)− g(K))

∣∣∣∣∣∣ . (3.7.2)

By Prop. 3.4.12 we have∑
A∈H(K)∪V (K)∪D(K)

| degBn,s(A ·Bn K ·Bn K
′)| ≤ 4 val(R(X)) + val(R(X))2.

Moreover, pr2K = pr2K
′ and K maps to an irreducible component of Xs under the map

pr2, so we apply Prop. 3.4.16 and get

degBn,s(Dn ·Bn K ·Bn K ′) ≥ 1.

Now

| deg(gn ·Bn K ·Bn K ′)| =

∣∣∣∣∣∣degBn,s

K ·Bn K ′ ·Bn n2
g(K) ·K+

∑
A∈H(K)∪V (K)∪D(K)

g(A) · A

∣∣∣∣∣∣
and this equals (3.7.2) by Prop. 3.3.11. If L ∈ Q is a global Lipschitz constant of g then
the expression (3.7.2) and hence | deg(gn ·Bn K ·Bn K ′)| can be bounded from above by

degBn,s(Dn ·Bn K ·Bn K ′) · L · (4 val(R(X)) + val(R(X))2).

by the triangle inequality. Hence for

M > (4 val(R(X)) + val(R(X))2)

we have degBn,s((LM ·Dn + gn) ·Bn,s K ·Bn K ′) ≥ 0.

Now we treat case (II). The reduction set R(B) is the product of the simplicial set
R(X) with itself there are exactly two irreducible components A and D of Bn,s different
from K and K ′ which satisfy degBn,s(A ·BnK ·BnK ′) 6= 0 and degBn,s(D ·BnK ·BnK ′) 6= 0
and the points corresponding to A and D lie in the same canonical chart of R(B) (cf.
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Rem. A.8). Then Prop. 3.3.10 yields deg(K ·Bn K ′ ·Bn K) = −1 = deg(K ′ ·Bn K ′ ·Bn K).
Hence

degBn,s(K ·Bn K
′ ·Bn gn) =

n

2
[f(A)− f(K) + f(D)− f(K ′)] . (3.7.3)

We assume K ≤ K ′ where ”≤” denotes the lexicographic order on the irreducible com-

ponents of Bn,s induced by the order on the set X
(0)
n,s:

K

A

D

K ′

Figure 3.7.2. C is a ”diagonal” intersection of components.

By (CC3) in Definition 3.1.2 (vi) the expression (3.7.3) is non-negative using

K = (x, y)

K ′ = (x+ ε, y + ε)

A = (x, y + ε)

D = (x+ ε, y).

We treat case (III), that means we want to investigate degBn,s(gn ·BnZ) for an integral
curve Z which is not an intersection of two different irreducible components of the special

fibre of Bn. We use the notation Ẑ ′ for the Cartier divisor (γ|F )∗(γ(Z)red)) in F (cf.
Ass. 3.4.13 (ii)). We want to compute

degBn,s(gn ·Bn Z) = degBn,s

n
2

 ∑
K∈(Bn)(0)

g(K) ·K

 ·Bn Z
 . (3.7.4)

By irreducibility, Z will be contained in an irreducible component F of the special fibre
of Bn. We apply Prop. 3.3.11 to (3.7.4) and get

degBn,s(gn ·Bn Z) = degBn,s

n2
 ∑

K∈(Bn,s)(0)

K 6=F

(g(K)− g(F ))K

 ·Bn Z
 . (3.7.5)

Only irreducible components K of Bn,s satisfying K ∩ F 6= ∅ as subsets of Bn,s will
contribute to this expression and following the notation of from Def. 3.3.8 these are given
by the elements of H(F ), the elements of V (F ), the elements D(F ), and F itself. Then
we can restate (3.7.5) as

degBn,s(gn ·Bn Z) =
n

2
degBn,s

 ∑
K∈H(F )

(g(K)− g(F ))K ·Bn Z+

∑
K∈V (F )

(g(K)− g(F ))K ·Bn Z +
∑

K∈D(F )

(g(K)− g(F ))K ·Bn Z

 .
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We will treat three cases:

Case a) The component F maps to irreducible components of Xs under both pr1 and
pr2,

Case b) the component F maps to an irreducible component of Xs under pr1 and to a
point under pr2 or vice versa,

Case c) the component F maps to a point under both pr1 and pr2.

We now treat Case a) i.e., assume that F surjects on irreducible components of X under
pr1 and under pr2. Then using Lemma 3.4.18 we see that the absolute value of (3.7.4) is
bounded by L ·M · deg(Dn · Z) with

M > 4 · val(R(X))2 · (val(R(X))2 + 1),

and L ∈ Q a global Lipschitz constant of g. This means that we have

degBn,s((L ·M ·Dn + gn) ·Bn Z) ≥ 0.

Now we treat Case b). By symmetry we can restrict to the case that F maps to an
irreducible component of Xs under pr1 and to a point under pr2. Note that in this case,
by Prop. 3.4.17, we have #V (F ) = 2. Let V (F ) = {A,A′}. We again know that the
points of |R(B)| corresponding to A and A′ lie in the same chart of R(B). By Cor. 3.4.9
we have

degBn,s(A · Ẑ ′) = degBn,s(A
′ ·Bn Ẑ ′). (3.7.6)

Moreover, by Prop. 3.4.6 we have

Z = Ẑ ′ −
∑

K∈D(F )

rK(K ·Bn F ) ∈ CH2
Bn,s(Bn), (3.7.7)

where for each K ∈ D(F ) the number rK is the multiplicity of Z ′ in the point γn(F ∩K).
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Then we see using (3.7.7) and then (3.7.6):

degBn,s(gn ·Bn Z) =
n

2

 degBn,s(A ·Bn Z) (g(F )− g(A))

+ degBn,s(A
′ ·Bn Z) (g(F )− g(A′))

+
∑

K∈H(F )

degBn,s (K ·Bn Z) (g(K)− g(F ))

+
∑

K∈D(F )

degBn,s (K ·Bn Z) (g(K)− g(F ))


=
n

2

 degBn,s(A ·Bn Ẑ ′)(g(A) + g(A′)− 2g(F ))

−
∑

K∈D(F )

rK degBn,s(K ·Bn F ·Bn A)(g(A)− g(F ))

−
∑

K∈D(F )

rK degBn,s(K ·Bn F ·Bn A
′)(g(A′)− g(F ))

+
∑

K∈H(F )

degBn,s(K · Z) · (g(K)− g(F ))

+
∑

K∈D(F )

(g(K)− g(F )) · degBn,s(K · Z)

 .

The expression

degBn,s(A ·Bn Ẑ ′)(g(A) + g(A′)− 2g(F ))

is non-negative by equation (3.1.2) in Rem. 3.1.5 with ε = 1
n
,A = (x, y), B = (x, y + 2ε),

F = (x, y + ε), so it suffices to bound the absolute value of

n

2

− ∑
K∈D(F )

rK degBn,s(K ·Bn F ·Bn A)(g(A)− g(F ))

−
∑

K∈D(F )

rK degBn,s(K ·Bn F ·Bn A
′)(g(A′)− g(F ))

+
∑

K∈H(F )

degBn,s(K ·Bn Z) · (g(K)− g(F ))

+
∑

K∈D(F )

(g(K)− g(F )) · degBn,s(K ·Bn Z)


from above by M · L · degBn,s(Dn ·Bn Z) for M only depending on R(X) and L ∈ Q a
global Lipschitz constant of g and to prove degBn,s(Dn ·Bn Z) ≥ 0.
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From Lemma 3.4.18 (i) we get

n

2

∑
K∈H(F )

|g(K)− g(F )| · degBn,s(K · Z)

≤ L · val(R(X)) · (val(R(X))2 + 1) degBn,s(Dn ·Bn Z)

where L ∈ Q is a global Lipschitz constant. Moreover, from Lemma. 3.4.18 (iii) we get

n

2

∑
K∈D(F )

|g(K)− g(F )| · degBn,s(K ·Bn Z)

≤ 2 · L · val(R(X))2 · (val(R(X))2 + 1) degBn,s(Dn ·Bn Z). (3.7.8)

Let H ∈ H(F ) be an irreducible component. Then by Prop. 3.4.10 we have

0 ≤ rK ≤ degBn,s(H ·Bn Ẑ ′).

Moreover, by Prop. 3.4.15 we have

degBn,s(H ·Bn Ẑ ′) ≤ degBn,s(Dn · Z).

Note that by the assumption IC, three different irreducible components of the special fibre
of Bn either intersect in a point with multiplicity one or don’t intersect. Hence

n

2

∑
K∈D(F )

rK degBn,s(K ·Bn F ·Bn A)|g(A)− g(F )| ≤ 2 · L · val(R(X))2 degBn,s(Dn ·Bn Z)

and
n

2

∑
K∈D(F )

rK degBn,s(K ·Bn F ·Bn A
′)|g(A′)− g(F )| ≤ 2 · L · val(R(X))2 degBn,s(Dn ·Bn Z).

So if we choose

M > 8 · val(R(X))2 · (val(R(X))2 + 1)

we have

degBn,s((L ·M ·Dn + gn) · Z) ≥ 0.

Now it remains to check case c) where F maps to a point of Xs under both projections
pri for i ∈ {1, 2}. By Prop. 3.4.17 we have the following picture in |R(Bn)| drawing all
0-simplices having a common non-degenerate 2-simplex with F :

V

A

B

F
T

D

W

Figure 3.7.3. Intersection with Z ⊂ F where pr1(F ) and pr2(F ) are points.

Note that all depicted points lie in the same canonical chart of R(B) by Prop. 3.4.17.
Then Cor. 3.4.6 (ii) tells us that

Z = Ẑ ′ − rV (F ·Bn V )− rW (F ·Bn W )
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holds as Cartier divisors in F , where rV is the multiplicity of Z ′ in the point γn(V ∩ F )
and rW is the multiplicity of Z ′ in the point γn(W ∩ F ). Now

degBn,s(A ·Bn F ·Bn W ) = 0,

degBn,s(A ·Bn F ·Bn V ) = 1.

This yields

degBn,s(A ·Bn Z) = degF ((A ·Bn F ) ·F Ẑ ′)− rV .

Likewise for the other components:

degBn,s(B ·Bn Z) = degF ((B ·Bn F ) ·F Ẑ ′)− rW
degBn,s(T ·Bn Z) = degF ((T ·Bn F ) ·F Ẑ ′)− rW

degBn,s(D ·Bn Z) = degF ((D ·Bn F ) ·F Ẑ ′)− rV .

By Cor. 3.4.9 we have

degF ((A ·Bn F ) ·F Ẑ ′) = degF ((T ·Bn F ) ·F Ẑ ′)

and

degF ((B ·Bn F ) ·F Ẑ ′) = degF ((D ·Bn F ) ·F Ẑ ′).

Putting everything together we get

degBn,s(gn ·Bn Z) =
n

2

[
degBn,s(A ·Bn Ẑ ′)(g(A) + g(T )− 2g(F ))

− rV · (g(A) + g(D)− 2g(F )) + rV · (g(V )− g(F ))

+ degBn,s(B ·Bn Ẑ ′)(g(B) + g(D)− 2g(F ))

−rW · (g(B) + g(T )− 2g(F )) + rW · (g(W )− g(F ))
]
.

We claim that degBn,s(gn ·Bn Z) ≥ 0 holds. We will only treat the term

n

2

[
degBn,s(A ·Bn Ẑ ′)(g(A) + g(T )− 2g(F ))

−rV · (g(A) + g(D)− 2g(F )) + rV · (g(V )− g(F ))
]
, (3.7.9)

the non-negativity of

n

2
degBn,s(B ·Bn Ẑ ′)(g(B) + g(D)− 2g(F ))

−rW · (g(B) + g(T )− 2g(F )) + rW · (g(W )− g(F ))

follows by symmetry. By Prop. 3.4.10 we have

0 ≤ rV ≤ degBn,s(A ·Bn Ẑ ′),

so the case degBn,s(A ·Bn Ẑ ′) = 0 is trivial. Assume that degBn,s(A ·Bn Ẑ ′) 6= 0 holds. We
divide (3.7.9) by

n

2
degBn,s(A ·Bn Ẑ ′)

and hence have to show that

g(A) + g(T )− 2g(F )− λ (g(A) + g(D)− 2g(F )) + λ (g(V )− g(F )) (3.7.10)
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is non-negative for all λ ∈ [0, 1]. As the expression is affine in the variable λ it suffices to
show this for all λ ∈ {0, 1}. If λ = 0, then (3.7.10) becomes

g(A) + g(T )− 2g(F ),

which is non-negative by Equation (3.1.2) in Rem. 3.1.5 with A =: (x, y), F =: (x+ ε, y),
and T =: (x+ 2ε, y). If λ = 1 we get

g(T )− g(D)− g(F ) + g(V ) (3.7.11)

for (3.7.10). If we set V =: (x, y),T =: (x+2ε, y+ε, F =: (x+ε, y+ε), and D =: (x+ε, y)
then (3.7.11) becomes

g(x+ 2ε, y + ε)− g(x+ ε, y)− g(x+ ε, y + ε) + g(x, y),

and this is positive in virtue of (CC1) in Definition 3.1.2 (vi). This finishes Case c).

As we always could choose M only depending on R(X) such that

degBn,s((LMDn + gn) ·Bn Z) ≥ 0

for every complete integral curve Z in the special fibre of Bn, we have finished the proof
of Lemma 3.7.3 and hence of Thm. 3.7.1 in the case that X satisfies IC.

We remove the irreducibility hypothesis IC as follows: It is easy to see that the 2-
BHM-subdivision of a graph does not have multiple edges. Hence X2 satisfies IC. This
implies that B2 satisfies IC. The pull back of g to the skeleton of B2 will satisfy the
conditions of Lemma 3.7.3 and we have proven the theorem in full generality. �

Using the analysis developed in Ch. 3.1 we get the following corollary:

Corollary 3.7.4
Let g ∈ C2

2,Q(R(B)) be a function on |R(B)|. Then 0+g◦τ is an DSP arithmetic divisor.

Proof. We consider the model X2 over k◦2 and can put an order on the irreducible
components of the special fibre of X2 such that R(X2) is the S-subdivision of R(X).
Denote by B′ the model of the product (X ×k X) ⊗ k2 corresponding the lexicographic
order on the irreducible components of the special fibre of X2. Note that by Prop. 3.5.4 the
retraction maps of (Xan

K )×K (Xan
K ) to |R(B)| and |R(B′)| respectively coincide and hence

g induces the same Green’s function for the zero divisor on (X ×k X)an
K either considered

as function on |R(B)| or considered as function on |R(B′)|. Moreover, pulling back g to
|R(B′)| doesn’t alter the differentiability of g. Hence we can assume that R(X) is itself
the S-subdivision of a simplicial set. By Thm. 3.1.6 (i) the function g is the difference of
two CC-functions h in C0

2,Q(Γ2). By Thm. 3.7.1 (0, h ◦ τ) and (0, l ◦ τ) are DSP, hence
(0, g ◦ τ) is DSP. �

Similarly we can prove the following corollary.

Corollary 3.7.5
Let g ∈ C4

∆,Q(R(B)) be a function on R(B). Then 0 + g is a DSP-arithmetic divisor.

Proof. Apply Thm. 3.1.6 (ii) and argue as in Cor. 3.7.4. �

We show how to derive the result for Green’s functions on curves.

Corollary 3.7.6
Let g : |R(X)| → R be a function which is convex on each edge and which has rational
values at rational points. Then g ◦ τ is a DSP Green’s function on X.
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Proof. Choose a very ample divisor D on X. We see that the pull back g̃ of g to
|R(B)| via the first projection is a CC function, because fixing x, it is constant in y-
direction. The proof of Thm. 3.7.1 we see that C pr∗1 D + g̃n is vertically nef for some
constant C > 0. Note we didn’t need to add pr∗2 D because g̃ is constant in y direction:
This means that terms of the form

∑
K∈V (F )(g(K)− g(F )) . . . always vanish and an esti-

mate of the form (3.7.8) can be established whenever pri(F ) is an irreducible component
for any i ∈ {1, 2}.

But by [Laz04, Ex. 1.4.3 ii)] C pr∗1 D + g̃n beeing vertically nef means that CD + gn
is semipositive, as desired. �

We also get the following corollary:

Corollary 3.7.7
If g : |R(X)| → R is the difference of two convex functions with rational values at rational
points, then g ◦ τ is DSP. In particular every function which is C2 on the canonical
1-simplices of |R(X)| induces a DSP Green’s function.

Proof. The first part is clear. The second follows from the fact that for every C2-
function f on [0, 1] we can find an M > 0 such that Mx2 + f(x) is a convex function. �

Remark 3.7.8
Lemma 3.7.3 together with Prop. 3.1.13 implies that Lipschitz limits of CC-functions
induce DSP Green’s functions. Hence, one sees that the rationality claims on the functions
in Thm 3.7.1, Cor. 3.7.4, Cor. 3.7.5, Cor. 3.7.6, and Cor. 3.7.7 can be dropped.

3.8. Comparison to Similar Results

In this section we first compare our result with a result by Liu (cf. [Liu11]) for totally
degenerate abelian varieties over Cp. For the rest of this section we assume that k equals
the completion of the maximal unramified extension of Qp for a prime number p. Let π
be a uniformiser and b = |π|−1. We denote by K = Cp.

First we consider T = (Gd
m). We have a natural evaluation map

τ : T an → Rd, x 7→ (− logb |x1|, . . . ,− logb |xd|)
This map has a continuous section i which maps a tuple (x1, . . . , xd) to the corresponding
Gauß point.

A complete lattice in T an is an analytic subgroup M which maps bijectively to a lattice
Λ in Rd under τ . We say that a lattice is rational if the corresponding lattice in Rd is
rational.

Definition 3.8.1
A totally degenerate abelian variety is an abelian variety A/k such that Aan = T an/M
for a complete rational lattice M in an algebraic torus T = Gd

m. Set Λ = τ(M). By
hypothesis we have maps

τ : Aan → Rd/Λ

and

iA : Rd/Λ→ Aan

induced by the maps τ and i from above.

We have the following result:
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Theorem 3.8.2
Let A be a totally degenerate abelian variety over K and Aan = T/M . Let g : Rd → R
be a Λ-periodic C2 function. Then g ◦ τ is a DSP-Green’s function for the trivial Cartier
divisor.

Proof. Cf. [Liu11, Cor. 3.10]. �

Now we want to compare this result with our result. The totally degenerate abelian
varieties which are the self product of a curve are exactly products of two Tate curves.
This can for example be seen using an argument involving the Albanese variety. So let
X be a Tate elliptic curve over k. We assume that X possesses a regular strictly semi-
stable Mumford model X over k◦. The analytification of X is of the form G1,an

m /M for a
complete lattice M . Then X ×k X is totally degenerate and its analytification is of the
form G2,an

m /(M2). Let Λ be the lattice in R2 which is the image of M2 under the natural
map τ : Xan×kXan → R2 and let i : R2 → Xan×kXan be the inclusion. We put an order
on the set of irreducible components of X and form the associated model B of X2 using
Thm 3.3.3. Then by [Gub07, Ex. 9.8] the set i(R2/Λ2) agrees with the skeleton S(B).
Let τB the retraction map to the skeleton associated to B. Then τB and i ◦ τ agree.
So every function as in the statement of Thm. 3.8.2 is in particular C2 on the canonical
squares of S(B). In our special case we get a generalisation of Thm. 3.8.2 in the following
sense:

(i) The functions considered need to be C2
∆,Q, or C2

2,Q.
(ii) We also allow models of X which are not Mumford models, that is, its skeleta

are not necessarily real tori.

Remark 3.8.3
We can also recover the formula in [Liu11, Thm 4.3] from Thm. 4.3.2. As in the proof of
Lemma 5.5.4 one can transform Zhang’s formula into the limit formula in [Liu11, Thm
4.3] by repeatedly applying integration by parts. By the Λ-periodicity of the functions in
question, all boundary integrals cancel.

We now come to the discussion of toric varieties. The following result is due to Burgos,
Philippon, and Sombra ([BGPS14]). Let k be any field which is complete with respect
to a non-Archimedean non-trivial discrete absolute value. Let Σ be a complete fan in Rn

and XΣ be the associated toric variety over k. Then we have the following theorem:

Theorem 3.8.4
Every function on Rn which is a difference of convex bounded continuous functions defines
a DSP Green’s function for 0 on XΣ.

Proof. See [BGPS14, 4.7.6]. �

Using the classification of toric smooth toric surfaces (cf. [CLS11, Thm. 10.4.3]) one
sees that the only toric variety in the form of C ×k C for a smooth projective curve is
P1 ×k P1. We define

X = Proj k◦[x, y, t]/(xy − t2π),

so X⊗K is P1
K and use Thm. 3.3.3 to form a model B so that B⊗K = (P1×k P1)K. The

skeleton S of B can naturally be identified with a subspace of the variety with corners
V in the sense of [BGPS14] and the restrictions of the retraction map τ : Xan,2

K → S
to the skeleton and the tropicalisation map Xan

K ×K X
an
K → V to τ−1(S) agree. Every
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C2
∆,Q-function and C2

2,Q-function on S with support in the interior of S defines a bounded
function on V . Here Thm. 3.8.4 implies our result.





CHAPTER 4

Applications

4.1. Formal Metrics and Local Heights

We survey the theory of formal metrics and local heights and closely follow [Gub07,
Ch. 3]. Let k be a field complete with respect to a (not necessarily discrete) non-trivial
non-Archimedean absolute value | · |. Denote by K the completion of an algebraic closure
of k equipped with the unique absolute value which extends | · |. Let X be a k-analytic
space and let L be a line bundle on X i.e., a sheaf of OX-modules which is locally trivial
for the usual topology on X. A metric on L is given by the following data: For each open
set U ⊂ X and each section s ∈ Γ(L,U) we have a continuous map

‖s(·)‖ : U → R≥0

such that ‖f · s‖ = |f | · ‖s‖ for each f ∈ Γ(OX , U) and which vanishes at a point x of U
if and only if s vanishes at x.

Let X be a proper variety over K and L be a line bundle on X. Whenever there is no
harm of confusion we will mean a metric on Lan whenever we speak of a metric on L. A
metric ‖·‖ on L is said to be formal if there is a formal K◦-model X of Xan i.e., Xan = Xan,
and a line bundle L on X such that Lan ∼= Lan and this isomorphism is compatible with
the chosen isomorphism Xan ∼= Xan such that for every formal trivialisation U of L and for
every s ∈ Γ(U,L) mapped to γ ∈ O(U) under this trivialisation we have |γ(x)| = ‖s(x)‖.
A formal metric is called semipositive iff in the definition above Ls is a numerically effective
line bundle on Xs. A metrised line bundle (L, ‖ · ‖) has a root of a formal metric if some
positive tensor power is formally metrised. A root of a formal metric is vertically nef if
some positive power is a vertically nef formally metrised line bundle.

We denote by g+ the set of isometry classes of vertically nef roots of formally metrised
line bundles on X. This is a monoid under the tensor product of metrised line bundles.
On the space of metrics for a fixed line bundle L on X we have the distance function

d(‖ · ‖, ‖ · ‖′) = sup
x∈Xan

(|‖s(x)‖/‖s(x)‖′|).

where s is a non-zero rational section of Lan. The function d defines a distance on the
space of metrics on L, as X was assumed proper.

A metrised pseudo divisor D̂ is a quadruple (L, ‖ · ‖, Y, s) where L is a line bundle on
X, ‖ · ‖ is a metric on Lan, Y is a closed subset of X, and s is a nowhere vanishing section

of L on XrY . The support supp D̂ of D̂ is Y . We set O(D̂) := L. If ϕ : X ′ → X is a

morphism of algebraic varieties we denote by ϕ∗D̂ = (ϕ∗L, ϕ∗(‖ · ‖), ϕ−1(Y ), ϕ∗s) the pull
back.

For a t-dimensional cycle Z on X and formally metrised pseudo divisors

D̂0, . . . , D̂t

67
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such that

supp(D̂0) ∩ . . . ∩ supp(D̂t) ∩ Z = ∅
we define the local height λD̂0,...,D̂t

(Z) as the intersection number in the sense of [Gub98]
on a joint formal K◦-model. When k is a discretely valued field and all models are
algebraisable this is the intersection number in the sense of an intersection product with
supports (cf. Def. 3.3.4) by [Gub98, Rem. 6.6]. This construction extends in the evident
way to pseudo divisors metrised by roots of formal metrics.

Definition 4.1.1
The completion ĝ+ of g+ is the set of isometry classes of line bundles (L, ‖ · ‖) on X with
the following property: For all n ∈ N there is a proper surjective morphism ϕn : Xn → X
and a root of a semipositive formal metric ‖·‖n on ϕ∗n(Lan) such that d(‖·‖n, ϕ∗n(‖·‖))→ 0

for n → ∞. We call the elements of ĝ+ semipositively metrised line bundles. We define:

ĝ := ĝ+ − ĝ+. We call elements in this group DSP-metrised line bundles.

Theorem 4.1.2
The local height of formally metrised line bundles uniquely extends to a local height func-
tion for DSP-metrised pseudo-divisors such that the following properties hold:

(i) If D̂0, . . . , D̂t are formally metrised pseudo divisors then λ coincides with the
definition of the local height for formally metrised pseudo divisors,

(ii) the function λ is multilinear and commutative with respect to the variables D̂i

and linear with respect to Z,
(iii) for a proper morphism ϕ : X ′ → X we have

λϕ∗(D̂0),...,ϕ∗(D̂0)(Z
′) = λD̂0,...,D̂t

(ϕ∗Z
′),

(iv) assume that D̂0, . . . , D̂t are ĝ+-metrised pseudo divisors. Let λ(Z) be the local

height of Z with respect to D̂0, . . . , D̂t and λ′(Z) be the local height of Z with

respect to D̂0

′
, D̂1, . . . , D̂t where we resplaced the metric ‖·‖0 of D̂0 by the metric

‖ · ‖′0. Assume that the metrics on O(D̂i) are semipositive for i = 1, . . . , t. Then

|λ(Z)− λ′(Z)| ≤ d(‖ · ‖, ‖ · ‖′) degO(D1),...,O(Dt)(Z).

Proof. See [Gub02, Prop. 5.1.8]. �

Remark 4.1.3
(i) We show how to compute the local height of metrised pseudo divisors which are

limits of vertically nef formally metrised pseudo divisors. It suffices to compute λ for

D̂0, . . . , D̂t for ĝ+ metrics and then to extend this by multilinearity.

Assume that for i ∈ {0, . . . , t} the metrised pseudo-divisors D̂in are formally metrised
with metrics ‖ · ‖in converging to ‖ · ‖i in the sense of Def. 4.1.1. As in the proof of
[Gub02, Prop. 5.1.8] we can uniformly in i choose for each n a variety Zn admitting a
proper surjective morphism ϕn : Zn → Z such that for each i ∈ {1, . . . , t}

d(‖ · ‖in, ϕ∗n‖ · ‖i) < ε

holds, where ‖ · ‖in are vertically nef formal metrics. We define

λn(Z) =
1

[K(Zn) : K(Z)]
λD̂0n,...,D̂tn

(Zn).

Then, by Thm. 4.1.2(iv) the sequence (λn(Z))n∈N is a Cauchy sequence and we get

λD̂0,...,D̂t
(Z) = lim

n→∞
λn(Z).
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(ii) We can still define the local height if ‖ ·‖0 is an arbitrary continuous metric on OXan

and D̂t are ĝ-metrised pseudo divisors for t ∈ {1, . . . , t}. By [Gub07, Prop. 3.3], the
metric ‖ · ‖0 is the uniform limit of a sequence formal metrics (‖ · ‖n)n∈N. We define the

pseudo divisors D̂0 = (OXan , ‖ · ‖0, ∅, 1) and D̂0n = (OXan , ‖ · ‖n, ∅, 1).
Then we set

λD̂0,...,D̂t
(Z) = lim

n→∞
λD̂0n,D̂1,...,D̂t

(Z).

This quantity only depends on the metrics ‖ · ‖i for i = 0, . . . , t by [Gub07, 3.7].
(iii) Let g : Xan → R be a continuous function. Then we define a metric ‖ · ‖g on the

trivial line bundle as follows: We take the global 1-section of OXan and set ‖1‖g(x) =
exp(−g(x)).

Definition 4.1.4
For each i ∈ {1, . . . , d} let ‖ ·‖i be a DSP-metric and we choose sections si of Li such that

∩i supp(si) = ∅.

Then we consider the metrised pseudo divisors D̂i = (Li, ‖ · ‖i, supp si, si). Then there
exists a unique measure µ such that if for each continuous function f : Xan → R we have∫

fdµ = λ(OX ,‖·‖f ,∅,1),D̂1,...,D̂d
(X).

We call this measure the Chambert-Loir measure. This is a Radon measure and only
depends on the metrics ‖ · ‖i by [Gub07, 3.7] and not on the choice of sections. We
denote this measure by c1(L1, ‖ · ‖1) ∧ . . . ∧ c1(Ld, ‖ · ‖d).

4.2. Local Heights for Arithmetic Divisors

We will be in the situation of Assumption 2.2.1. Our goal is to define the local height
for DSP arithmetic divisors.

Definition 4.2.1 (Local height for model arithmetic divisors)
Let X be n-dimensional projective variety over k for some n ≥ 1. Let Z be a t-dimensional
subvariety of X for some t ≥ 1. Let

D0 + g0, . . . , Dt + gt

be arithmetic divisors where for i ∈ {0, . . . , t} the functions gi are model Green’s functions
defined by models (Xi,Di) over k◦ni for various integers ni ≥ 1. Set n =

∏t
i=0 ni. We

assume that

suppD0,kn ∩ . . . ∩ suppDt,kn ∩ Zkn = ∅.

Denote by R the scheme-theoretic closure of the image of the diagonal map

∆ : X ⊗ kn → (X0 ⊗k◦n k
◦
n)×k◦n . . .×k◦n (Xt ⊗ k◦n).

We have canonical projection maps ϕi : R→ Xi for all i ∈ {0, . . . , t}. We define the local
height of Z with respect to the family (Di, gi)i∈{0,...,t} as

1

nt
degZs(ϕ

∗
0D0 · . . . · ϕ∗tDt),

where Z is the closure of Z in R.
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To justify the name local height we want to relate this to the local heights after Gubler
(cf. Ch. 4.1). Let D be an integral Cartier divisor. Every arithmetic divisor D + g gives

rise to a metrised pseudo divisor D̂ + g = (O(D), ‖ · ‖g, suppD, sD). Here sD is the
canonical rational section of O(D) and we construct the metric ‖ · ‖g as follows: We
choose an x ∈ Xan

K . Let f be a local equation for D on an open set U such that x ∈ Uan
K .

We set ∥∥∥∥ 1

f

∥∥∥∥
g

=
1

|f(x)|2
· exp(ln b · g(x)),

where b = |π|. Note that prescribing the value on 1
f

completely determines the metric

on U . This construction extends to Q-divisors using roots of metrics. If D+ g is a model
arithmetic divisor corresponding to a model X of X and a model D of D then we denote

by X̂ the completion of X along the special fibre and D̂ is the completion of D. Then

D̂ + g is the formally metrised pseudo divisor induced by the formal model (X̂, D̂).

We note the following properties:

Remark 4.2.2

(i) If D + g is semipositive, then D̂ + g is semipositively metrised pseudo divisor.
(ii) For model arithmetic divisors D0 + g0, . . . , Dt + gt and a t-dimensional cycle Z, we

have

λD0+g0,...,Dt+gt(Z) = λ
D̂0+g0,...,D̂t+gt

(Z),

where λ
D̂0+g0,...,D̂t+gt

(Z) is the local height with respect to the formally metrised pseudo

divisors D̂i + gi for i = 0, . . . , t.
(iii) If gn → g for n→∞ uniformly then ‖ · ‖gn → ‖ · ‖g for n→∞.

Proof. The first two statements follow from [Gub98, Rem. 6.6]. The third goes
as follows: The function g − gn is a Green’s function for the trivial divisor and by the
definition of the convergence of the gn, for every ε > 0 we have an n such that

d(gn, g) = sup
x∈Xan

K

|(gn − g)(x)| < ε.

Let x ∈ Xan
K and f be a local equation for X in U such that x ∈ Uan

K . Then by definition
of ‖ · ‖g and ‖ · ‖gn and the distance of norms∣∣∣∣ log(‖ · ‖gn)

log(‖ · ‖g)

∣∣∣∣ =

∣∣∣∣∣log

1
|f(x)|2 exp(ln b · g(x))

1
|f(x)|2 exp(ln b · gn(x))

∣∣∣∣∣ = |g(x)− gn(x)| < ε

holds. As this estimate does not depend on f neither on U we have d(| · ‖gn , ‖ · ‖g) → 0
uniformly in n as claimed. �

Definition 4.2.3
Let X be a projective variety over k and Z be a t-dimensional prime cycle. Let D0, . . . , Dt

be Cartier divisors such that

suppD0 ∩ . . . ∩ suppDt ∩ Z = ∅

and let g0, . . . , gt be DSP Green’s functions for D0, . . . , Dt. In virtue of Rem. 4.2.2 we can
define the height of Z with respect to the DSP arithmetic divisors Di + gi as

λ(Z) := λ
D̂0+g0,...,D̂t+gt

(Z).
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Remark 4.2.4
Let Di + gi for all i ∈ {0, . . . , t} be arithmetic Divisors on a projective variety Y over k
and Z be a t-dimensional cycle. Assume that there exist semipositive arithmetic divisors
Di + g′i and D′′i + g′′i such that Di + gi = D′i + g′i − (D′′i + g′′i ) for every i and⋂

i

(suppD′i ∪ suppD′′i ) ∩ Z = ∅. (4.2.1)

Assume there are models Yn of Y ⊗ kd(n) over k◦d(n) for integers d(n) ≥ 1 and vertically

nef Cartier divisors D′in and D′′in on models Yn such that

gYn,D′in → g′i

gYn,D′′in → g′′i

for n→∞. Then by Rem. 4.2.2 (ii) and Rem. 4.1.3 (i)

λ(D′i+gYn,D′in
−(D′′i +gYn,D′′in

))i=0,...,t
(Z)→ λ(Di+gi)i=0,...,t

(Z)

for n→∞.

4.3. Zhang’s/Kolb’s Formulae for Local Heights

We will make Assumptions 2.2.1 and 3.4.13 (i).

Choose three functions f0, f1, f2 in C0
Q(R(B1)). Then we can define lattice approxi-

mations fin for i ∈ {0, 1, 2} and n ∈ N which are affine on the simplices of R(Bn) and
equal n

2
fi on the 0-simplices as in the proof of Cor. 3.7.4. In virtue of Prop. B.16 the

functions fin correspond to Cartier divisors with support in the special fibre of Bn which
we also denote by fin. Denote by

〈-, -, -〉alg =
1

n3
degBn,s(- ·Bn - ·Bn -)

the normalised local intersection pairing on each Bn (cf. Def. 3.3.4).

Kolb proves the following theorem, which has been proven for a different class of
models Bn by Zhang (cf. [Zha10, Prop. 3.3.1, 3.4.1]).

Theorem 4.3.1 (Zhang,Kolb)
Assume that f0, f1, f2 ∈ C2

2,Q(R(B)) are functions. Then the limit of the sequence

(〈f0,n, f1,n, f2,n〉alg)n∈N (4.3.1)

exists for n→∞ and equals

〈f0, f1, f2〉an :=

∫
|R(B)|

∂xf0∂yf1∂xyf2 + permutations. (4.3.2)

Proof. For a proof we refer to [Kol16a, Theorem 3.32]. Note that for dimension
two the hypothesis on the degree of differentiability of the functions in the proof can be
relaxed to C2. �

Then we have the following formula for the height of X ×k X with respect to the fi
in case the fi are of type C2

2,Q(R(B)) for all i ∈ {0, 1, 2}.
Corollary 4.3.2
If the fi are C2

2,Q, the formula (4.3.2) computes the local height of X ×k X with respect
to the arithmetic divisors 0 + f0, 0 + f1 and 0 + f2.
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Proof. After passing to a subdivision of R(X) in virtue of Thm. 3.1.6 (i) for all
i ∈ {0, 1, 2} we choose f ′i and f ′′i which satisfy CC on the geometric realisation of the
reduction set |R(B)| and such that fi = f ′i − f ′′i . By multilinearity of the local height and
the formula we can assume that fi itself satisfies CC. Recall that the fin-s were defined
above as the lattice approximations. For all i ∈ {0, 1, 2} we choose very ample Cartier
divisors D′i on X such that

2⋂
i=0

supp(D′i|η) = ∅.

Then we set for each i ∈ {0, 1, 2}

Di = pr∗1 D
′
i + pr∗2 D

′
i.

By Lemma 3.7.3 we can assume X to fulfill condition IC and replace all Di by sufficiently
high multiples such that Di + fin ◦ τ is are vertically nef Cartier divisors on Bn for all
i ∈ {0, 1, 2} and all n ∈ N. Then Rem. 4.2.4 tells us that(

λDi|η+gBn,Di+fin◦τ−(Di|η+gBn,Di )
(X ×k X)

)
n∈N

=

(λgBn,fin (X ×k X))n∈N = (〈f0n, f1n, f2n〉alg)n∈N

converges to

λf0◦τ,f1◦τ,f2◦τ (X ×k X)

for n→∞. On the other hand side the limit is given by (4.3.2) by Theorem 4.3.1 which
proves the claim. �

Assume for the rest of the section that f0, f1, f2 are functions of class C2
∆,Q(R(B)).

Such functions are possibly not differentiable at the diagonals of the canonical charts and
we set

δ(fi)(x, x) =
∂+

∂x
fi(x, x)− ∂−

∂x
fi(x, x).

We define the regular contribution of 〈f0, f1, f2〉 to be

〈f0, f1, f2〉reg =

∫
|R(B)|rD

∂xf0∂yf1∂xyf2 + permutations,

where D is the the union of all diagonals {x = y} of the canonical charts. We define the
singular contribution of 〈f0, f1, f2〉 as

〈f0, f1, f2〉sg =

∫
D

∂x(f0)∂y(f1)δ(f2) + permutations−
∫
D

1

2
δ(f0)δ(f1)δ(f2)

We set

〈f0, f1, f2〉an = 〈f0, f1, f2〉reg + 〈f0, f1, f2〉sg ,

which is consistent with the previous definition as for functions which are differentiable
on the squares, the singular contribution vanishes. Using Cor. 3.7.5 and [Kol13, Bem.
5.33] we get the following theorem:

Theorem 4.3.3
Let f0, f1, f2 ∈ C4

∆,Q be functions. Then we can compute the local height of X ×k X with
respect to the fi as

〈f0, f1, f2〉an = 〈f0, f1, f2〉reg + 〈f0, f1, f2〉sg . (4.3.3)
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Proof. We can use the same argument as in Cor. 4.3.2. Note that in [Kol13, Bem.
5.33] again the hypothesis can be relaxed so that the statement of the theorem holds for
the chosen degree of differentiability. �

Remark 4.3.4
We can drop the rationality conditions in Thm. 4.3.3 and Cor. 4.3.2.

Proof. We can assume that R(X) is the S-subdivision of some graph and that B
satisfies CC. So we can assume that f0, f1, f2 are functions in C2

∆(R(B)) which are CC-
functions.

We denote by a : |R(B)| → R the function which in local charts is given by

a(x, y) = x2 − xy + y2.

Denote for each natural number m ≥ 1 and each i ∈ {0, 1, 2} by fim and am the m-th
lattice approximations on |R(Bm)| of fi and a respectively. Choose cimn piecewise affine
on R(Bm) such that |cimn| ≤ 1

4m2n
and such that fim + cimn ∈ C0

∆,Q(Bm).

In the proof of Prop. 3.1.13 we have seen that for all i ∈ {0, 1, 2} the function fim +
cimn + 1

n
am is CC for all n ≥ 1. Using Rem. 4.2.4 we see that the limit of the sequence(

λf0m+c0mn+ 1
n
am,f1m+c1mn+ 1

n
am,f2m+c2mn+ 1

n
am

(X ×k X)
)
n∈N

for n→∞ is

λf0m,f1m,f2m(X ×k X),

the height of X ×k X with respect to the DSP Green’s functions fim for i ∈ {0, 1, 2}.
The one-sided derivatives of 1

n
am and cimn tend to zero uniformly for n → ∞. So

using the formula in Thm. 4.3.3 we see that〈
f0m + c0mn +

1

n
am, f1m + c1mn +

1

n
am, f2m + c2mn +

1

n
am

〉
alg

=

〈
f0m + c0mn +

1

n
am, f1m + c1mn +

1

n
am, f2m + c2mn +

1

n
am

〉
an

which equals

λf0m+c0mn+ 1
n
am,f1m+c1mn+ 1

n
am,f2m+c2mn+ 1

n
am

(X ×k X)

by Thm. 4.3.3 converges to

〈f0m, f1m, f2m〉an

for n→∞ using the dominated convergence theorem.

So

λf0m,f1m,f2m(X ×k X) = 〈f0m, f1m, f2m〉an .

Now the analytic argument in the proof of [Kol16a, Thm. 3.32] shows that

〈f0m, f1m, f2m〉an → 〈f0, f1, f2〉an for m→∞.

We set fimn := fim+ 1
n
cimn+ 1

n
am. We can choose uniformly convergent diagonal sequences

(fimm)m∈N for each i ∈ {0, 1, 2} such that

〈f0mm, f1mm, f2mm〉an → 〈f0, f1, f2〉an for m→∞.
and

〈f0mm, f1mm, f2mm〉an → λf0◦τ,f1◦τ,f2◦τ (X ×k X) for m→∞.
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Hence

λf0◦τ,f1◦τ,f2◦τ (X ×k X) = 〈f0, f1, f2〉an

and this is what we claimed. �

Remark 4.3.5
Theorem 4.3.3 gives an explanation for the application of Formula (4.3.3) in the proof of
[Zha10, Cor. 1.3.2]). Here, Zhang implicitly uses that (4.3.3) computes a local height.
This can for example be justified by Thm. 4.3.3.

4.4. A Monge–Ampère Type Differential Equation

We will make Assumption 2.2.1.

Let X be a smooth, geometrically integral, projective curve over k. Let g1, g2 be DSP
Green’s functions on X ×k X for the trivial Cartier divisor. Note that by Def. 4.1.4 they
define a signed measure

c1(O(X×kX)anK
, ‖ · ‖g1) ∧ c1(O(X×kX)anK

, ‖ · ‖g2)

of total mass zero on (X ×k X)an
K the Chambert-Loir measure.

Let µ be any signed measure on (X ×k X)an
K of total mass zero. We ask the question,

whether there is a DSP Green’s function g for the trivial divisor such that

µ = c1(O(X×kX)anK
, ‖ · ‖g) ∧ c1(O(X×kX)anK

, ‖ · ‖g).

Similarly as in [Liu11] we give an approach to answering the question reducing it to the
solvability of a Monge-Ampère equation of mixed type in dimension two. The strategy is
as follows:

(i) Find analytic expressions in g computing the integral∫
fdc1(O(X×kX)anK

, ‖ · ‖g) ∧ c1(O(X×kX)anK
, ‖ · ‖g)

of a dense set S of functions f (e.g. smooth functions),
(ii) try to find g such that∫

fdµ =

∫
fdc1(O(X×kX)anK

, ‖ · ‖g) ∧ c1(O(X×kX)anK
, ‖ · ‖g)

for all f ∈ S by solving an associated real differential equation,
(iii) if g is a solution of the problem, show that g in fact gives rise to a DSP metric

using an approximation argument.

In our case the associated real differential equation in question is the classical real Monge-
Ampére equation in dimension two.

Definition 4.4.1
Let Ω ⊂ [0, 1]2 be a bounded open subset. Let f : Ω → R be a C2-function. We denote
by D2u(x) the Hessian of u : Ω→ R at a point x ∈ Ω. The classical real Monge-Ampère
problem is the solution of

detD2u(x) = f(x), u = 0 on ∂Ω (4.4.1)

for a function u.
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Remark 4.4.2
In [Liu11] the Monge-Ampère equation in question is elliptic, in particular in (4.4.1)
the function f is positive. However, in our situation only explicit formulae for heights
are available only for Monge-Ampère measures coming from metrics on the trivial line
bundle. Hence the measures in question will always have total mass zero and therefore
the associated real Monge-Ampère equation will always be of mixed type i.e., f changes
sign, unless the measure is trivial. Little is known about solution of Monge-Ampère
equations of mixed type. For references however, cf. [HK13] for a discussion of equations
of this type.

We will make Assumption 3.4.5 (i). Let λ be the Lebesgue measure on S(B) having
mass one on each canonical square of S(B).

Theorem 4.4.3
Let µ = fdλ be a signed measure on (X ×k X)an

K which is supported in the interior of a
canonical square S of S(B) which we canonically identify with [0, 1]2 for a smooth function
f on S. Let u ∈ C3 be a solution of

detD2u(x) = f(x).

with support contained in the interior of [0, 1]2. 1 Then

µ = c1(O(X×kX)anK
, ‖ · ‖u◦τ ) ∧ c1(O(X×kX)anK

, ‖ · ‖u◦τ ), (4.4.2)

i.e., u is a solution of the non-Archimedean Monge-Ampère equation

Proof. By hypothesis, µ is determined by the equation∫
(X×kX)anK

fdµ =

∫
S(B)

fgdλ (4.4.3)

for every continuous function f on (X ×k X)an
K and a fixed smooth function g on S(B)

supported in the interior of the square S. The smooth functions with support in the
interior of S are dense in the continuous functions with support in the interior of S.
Hence µ is determined by the property that (4.4.3) holds for all smooth functions f with
support in the interior of S.

By hypothesis, u satisfies

∂xxu∂yyu− (∂xyu)2 = g

with u = 0 on ∂[0, 1]2.

We will use Lemma 5.5.4 which will be essential in Ch. 5 and get∫
S

gh− (∂xh∂yu∂xyu+ ∂yh∂xu∂xyu+ ∂xyh∂xu∂yu) = 0

for all smooth functions h with support strictly contained in the interior of S. On the
other hand side u ◦ τ is DSP, by Cor. 3.7.4. So the measure

c1(O(X×kX)anK
, ‖ · ‖u◦τ ) ∧ c1(O(X×kX)anK

, ‖ · ‖u◦τ )

is defined and by Cor. 4.3.2 is uniquely determined by the property that∫
fc1(O(X×kX)anK

, ‖ · ‖u◦τ ) ∧ c1(O(X×kX)anK
, ‖ · ‖u◦τ ) =

∫
|R(B)|

∂xf∂yu∂xyu+ permutations

1The hypotheses of Theorem 4.4.3 have been changed on request of the reviewers.
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for every smooth function f on S. But we can restrict to functions which have support
in the interior of S, because u has that property. Hence u is a solution of the differential
equation (4.4.2). �

4.5. A Poisson Type Differential Equation

We will make Assumption 2.2.1. Let X be a smooth, geometrically integral, projective
variety over k of dimension n.

Definition 4.5.1
Let D be a Cartier divisor on X and g be a DSP Green’s function for D. Let g be a DSP
Green’s function for D on Xan. Let f be a DSP Green’s function for the trivial divisor
on Xan. The Poisson problem for g, f is finding a DSP Green’s function u for the trivial
divisor such that

c1(OX , ‖ · ‖u) ∧ c1(O(D), ‖ · ‖g)n−1 = f · c1(O(D), ‖ · ‖g)n

holds as measures on Xan. Informally speaking if ω = c1(O(D), ‖ · ‖g), then we look for
a solution of ddcuωn−1 = fωn.

As in Assumption 3.4.5 (i) we choose a regular strictly semi-stable model B over k◦

of X ×k X. Then we have the following result:

Theorem 4.5.2
2 Let f : |R(B)| → R be a smooth function such that the support of f is contained in
a canonical square S of R(B) and has empty intersection with the relative boundary of
R(B). Let g : |R(B)| → R be a smooth function. Assume that u : S → R is a smooth
solution of the partial differential equation

f(∂xxg∂yyg − 2(∂xyg)2) = ∂xxg∂yyu+ ∂yyg∂xxu− 2∂xyg∂xyu

supported in the interior of S. Then u ◦ τ is a solution for the Poisson problem i.e.

c1(O(X×kX)anK
, ‖ · ‖u◦τ ) ∧ c1(O(X×kX)anK

, ‖ · ‖g◦τ ) =

f · c1(O(X×kX)anK
, ‖ · ‖g◦τ ) ∧ c1(O(X×kX)anK

, ‖ · ‖g◦τ ) (4.5.1)

holds.

Proof. We use the same strategy as in Section 4.4. By hypothesis we have a smooth
solution u : S → R of the partial differential equation

f(∂xxg∂yyg − 2(∂xyg)2) = ∂xxg∂yyu+ ∂yyg∂xxu− 2∂xyg∂xyu

which has support in the interior of S.

For any smooth function h on S we have∫
S

h · f(∂xxg∂yyg − 2(∂xyg)2) =

∫
S

h · (∂xxg∂yyu+ ∂yyg∂xxu− 2∂xyg∂xyu).

Using Lem. 5.5.4 and using that f and u are supported in the interior of S we see∫
S

∂x(h · f)∂yg∂xyg + permutations =

∫
S

∂xh∂yg∂xyu+ permutations . (4.5.2)

2The hypotheses and the proof of Theorem 4.5.2 have been changed on request of the reviewers.
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But by Cor. 3.7.4 and Rem. 3.1.13 the functions u ◦ τ , f ◦ τ , and g ◦ τ are DSP Green’s
functions for the trivial divisor. Moreover, by Cor. 4.3.2 and Rem. 4.3.4 the left hand side
of (3.1.13) equals ∫

h · fc1(O(X×kX)anK
, ‖ · ‖g◦τ ) ∧ c1(O(X×kX)anK

, ‖ · ‖g◦τ ),

and the right hand side equals∫
h · c1(O(X×kX)anK

, ‖ · ‖u◦τ ) ∧ c1(O(X×kX)anK
, ‖ · ‖g◦τ ).

Note that the measures c1(O(X×kX)anK
, ‖ ·‖u◦τ )∧ c1(O(X×kX)anK

, ‖ ·‖g◦τ ) and c1(O(X×kX)anK
, ‖ ·

‖g◦τ ) ∧ c1(O(X×kX)anK
, ‖ · ‖u◦τ ) are supported in S. The smooth functions on S are dense

in the continuous functions. As we could choose h as an arbitrary smooth function on S
we get (4.5.1) i.e., u solves the Poisson problem. �





CHAPTER 5

Differential forms on Berkovich Spaces and Monge–Ampère
Measures

5.1. Differential Forms on Berkovich spaces

We recall the definition of differential forms on Berkovich spaces after Lagerberg (cf.
[Lag12]) and Chambert-Loir and Ducros (cf. [CLD12]).

Definition 5.1.1
Let V be a real affine space of dimension r, ~V the corresponding vector space, and ~V ∗ its
dual.

(i) Let U be an open subset of V . A superform of type (p, q) on U is an element in

Ap,q(U) = C∞(U)⊗R
∧p

~V ∗ ⊗R
∧q

~V ∗.

This defines a sheaf Ap,q on V .
(ii) We have differential operators on the sheaves Ap,q given by d′ = D ⊗ id and d′′ =

(−1)p id⊗D on Ap,q where D is the usual exterior derivative. Moreover, we have a map

J : Ap,q → Aq,p flipping the factors. Note that given a form µ ∈
∧q ~V we can contract ω ∈

Ap,q(U) with respect to the q-component. We denote the contraction by 〈ω, µ〉 ∈ Ap,0(U).

(iii) An orientation for V is an orientation for ~V . The set of orientations will be denoted
by Or(V ).

(iv) We denote by |
∧r ~V | the set

Or(V )×
∧r

~V

modulo the equivalence relation (o, λ) ∼= (−o,−λ). A class [(o, λ)] will be called a vector
volume. If f : V → W is an affine isomorphism of affine spaces of dimension r, then we
have an induced map f∗ : |

∧r V | → |∧rW |, which is defined in the obvious way.
(v) Note that Rr has a canonical vector volume: It is given by the class of

((e1, . . . , er), e1 ∧ . . . ∧ er),

where (ei)i=1,...,r is the standard basis of Rr.
(vi) Let µ = [(o, λ)] be a vector volume in V and U be an open subset of V . Then for

ω ∈ Ar,r(U) we can define
∫
U
〈ω, µ〉 as

∫
U
〈ω, λ〉 where U carries the orientation induced

by the orientation o, whenever this integral makes sense. The integral is independent of
the choice of a representative for [(o, λ)].

(vii) A polyhedral complex C in V is a finite collection of convex polyhedra satisfying
the following properties:
(a) If σ is a polyhedron of C and τ a face of σ, then τ ∈ C .
(b) The intersection of two polyhedra in C is a face of both.
The support |C | of C is the set theoretic union of all polyhedra of C . Every polyhedron
S of dimension l spans an l-dimensional affine subspace AS of V with associated linear
space LS.

79
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(viii) Let C be a polyhedral complex and P ∈ C be a polyhedron. The relative interior
of P is the topological interior of P in AP .

(ix) We define a superform α of type (p, q) on an open subset U of |C | is given by
the equivalence class of elements α′ ∈ Ap,q(Ω), where Ω is an open subset of V with
Ω ∩ |C | = U modulo the following equivalence relation: Two superforms α′, α′′ are the
same if their restrictions to each polyhedron of C agree.

(x) A calibration of a polyhedral complex C of pure dimension n is a map which assigns
to every polyhedron C of dimension n an element µC in |

∧n LC |. A calibrated polyhedral
complex is a polyhedral complex C together with a calibration.

(xi) We define the integration of superforms of type (n, n) on an open subset U of a
calibrated polytope (C , µ). We denote by Cn the set of n-dimensional polyhedra of C .
We set ∫

U

ω =
∑
C∈Cn

∫
U∩C
〈ω, µC〉 .

Now we can introduce differential forms on Berkovich spaces. Let K be a field which
is complete with respect to a non-trivial, non-Archimedean absolute value | · |. Let X be
a K-analytic space.

Let T be a split algebraic torus of rank r over K i.e., a K-scheme isomorphic to
Gr
m = Spec(K[X±1

1 , . . . , X±1
r ]) where Xi are indeterminates for i ∈ {1, . . . , n}. Denote by

X(T ) the abelian group of maps of analytic groups from T an to Gan
m . We denote by Ttrop

the R-vector space Hom(X(T ),R).

We define a map trop: T an → Ttrop: Let t ∈ T an be a point. The element of Ttrop

which assigns to ϕ ∈ X(T ) the value − log |ϕ(t)| is called trop(t).

If f : X → T an is a map of K-analytic spaces then the map trop ◦f is called ftrop. We
have a distinguished isomorphism of (Gn

m)trop with Rr given by mapping x to

(− log |X1(x)|, . . . ,− log |Xr(x)|).

A map f : X → T of a k-analytic space X to a split torus T will be called a moment map.

Definition 5.1.2

(i) For a tuple x = (x1, . . . , xr) ∈ Rr
>0 the Gauß norm on K[X±1

1 , . . . , X±1
r ] is given by∑

ν∈Zr
aνX

ν 7→ max
ν∈Zr
|aν |xν ,

where by xν we mean Xν(x).
(ii) The map trop: Gr,an

m → Rn has a canonical section: It assigns to each tuple x ∈ Rr

the Gauß-norm on K[X±1
1 , . . . , X±1

r ] corresponding to the tuple (exp(−x1), . . . , exp(−xr)).
The image of this section will be denoted by S. By [CLD12, 2.2.1] if ϕ : Gr,an

m → T an is
any isomorphism of the analytifictation of a split algebraic torus T with Gr,an

m then ϕ(S)
does not depend on ϕ and will be called the topological skeleton T an

sq of T .

We will state the Bieri-Groves theorem:

Theorem 5.1.3 (Bieri,Groves,Ducros)
Let X be a K-analytic space of dimension n and f : X → T an a map to the analytification
of a split algebraic torus T . Then ftrop(X) is a polyhedral complex in Ttrop of dimension
at most n. Moreover, the image of the boundary ∂(X/M (K)) of X is contained in a
polyhedron of dimension at most n− 1.
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Proof. This particular version is proven in [Duc12, Thm.3.2]. Cf. also ([BG86])
and [Gub07, Prop. 5.4]. �

In the sequel let X be a K-analytic space of pure dimension n.

Definition 5.1.4
A tropical chart on X is given by a map f : X → T an to the analytifiction a split algebraic
torus T and a compact polyhedron P in T an

trop which contains ftrop(X). A map of tropical

charts (f : X → T an, P ) and (f ′ : X → T
′ an, P ′) is given by a morphism of tori q : T an →

T
′ an such that f ′ = q ◦ f and qtrop(P ) ⊂ P ′.

Definition 5.1.5
Let U be an open subset of X.

(i) We define the presheaf Ap,qpre of smooth differential forms of type (p, q) as follows:
For an open subset X of U the group Ap,qpre(U) is the colimit over all Ap,q(P ) where
(f : U → X,P ) runs over all tropical charts.

(ii) We define the sheaf Ap,q of smooth differential forms of type (p, q) as the sheaf
associated to Ap,qpre. We say that an element x ∈ Ap,q is tropicalised on an open set U of
X if it is in the image of the natural map

f ∗ : Ap,q(P )→ Ap,q(U)

for a tropical chart (f : U → T, P ).
(iii) We denote by d′ and d′′ the differential operators on Ap,q induced by the respective

operators on superforms on polyhedra.

Remark 5.1.6
By [CLD12, 3.1.3] the forms of type (0, 0) can be identified with continuous functions
f : X → R that are locally of the form

ϕ ◦ (− log |f1|, . . . ,− log |fs|)

for invertible analytic functions fi with i ∈ {1, . . . , s} and a smooth function ϕ : U → R
on an open subset U of Rs.

By the Bieri-Groves theorem, Thm. 5.1.3, the tropicalisation ftrop(X) of a map f : X →
T from a K-analytic space X of dimension n to a split torus T in Ttrop of rank r is the
support of a polyhedral complex C . After [CLD12, §3.5] this polyhedral complex has a
canonical nowhere vanishing calibration which we will describe in the sequel:

Definition 5.1.7
Let C ∈ C be an n-dimensional polyhedron of ftrop(X). Choose a morphism of tori
q : T → Gn

m such that the restriction to AC of

qtrop : Ttrop → (Gn
m)trop = Rn

is an isomorphism. Let σ : Rn → Ttrop be the unique section of qtrop whose image is AC .
By Thm. 5.1.3 the set (q ◦ f)trop(∂X) is contained in a polyhedron of dimension ≤ n− 1.
So after a refinement of C we can assume that for every D ∈ C the image of the relative
interior of D under qtrop has empty intersection with (q ◦ f)trop(∂X). By [CLD12, 2.2.5]
the tropicalisation map T → Ttrop is a homeomorphism when restricted to the topological
skeleton of T (Def. 5.1.2 (ii)). Hence we can identify D with the corresponding subset of
the skeleton of T . After [CLD12, §2.4] the map f is finite and flat over every point of
D◦ of some positive degree dD (cf. Def. D.2). Let v = ((e1, . . . , en), e1 ∧ . . . ∧ en) be the
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canonical vector volume of Rn (cf. Def. 5.1.1 (v)). Set

µD = dD · σ∗(v).

We will define the integration of (n, n)-forms on a Berkovich space X of dimension n.

Definition 5.1.8
An atlas of integration for an (n, n)-form ω is a family (Xi, λi, Yi)i∈I of triples where

• I is an index set,
• (Xi) is a family of relatively compact opens in X covering supp(ω),
• (λi) is a smooth partition of unity associated to (Xi),
• Yi is an analytic neighbourhood of supp(λiω|Xi) in Xi and λiω|Yi is tropicalised

on Yi.

If an atlas of integration exists we set∫
X

ω =
∑
i

∫
Yi

λiω

if the expression is defined. The expressions on the right side are explained as follows: λiω
is tropical on Yi, hence it is the image of ω′ ∈ An,n(P ) for a tropical chart (f : Yi → T, P ).
We restrict ω′ to ftrop(Yi). We denote by µ the canonical calibration of ftrop(Yi) and set∫

Yi

λiω :=

∫
ftrop(Yi)

〈ω′, µ〉

if the expression is defined.

Definition 5.1.9
Let V be an affine space of dimension n and let X be a K-analytic space.

(i) Let α be a superform on V of type (p, p) on an open subset U . We say that α is
strongly positive if there exist superforms αj,s of type (1, 0) and non-negative functions fs
such that

α =
∑
s

fsα1,s ∧ J(α1,s) ∧ . . . ∧ αp,s ∧ J(αp,s).

(ii) Let P be a polyhedron. We say that a superform α is strongly positive if there
is a polyhedral decomposition of P such that the restriction of α to each polyhedron is
strongly positive.

(iii) A form α of type (p, p) on X is strongly positive if every point has an open neigh-
bourhood which admits a moment map f : U → T such that α is tropical on U , say
α = f ∗ω, and ω is a strongly positive form on ftrop(U).

(iv) A smooth function f : X → R is plurisubharmonic (psh) if d′d′′f is a strongly
positive (1, 1)-form.

(v) A continuous function f : X → R is globally psh-approximable or just psh-approxi-
mable if it is the uniform limit of smooth psh functions. We say that f is approximable if
it can be written as the difference of psh-approximable functions.

Let L be a line bundle on a proper K-analytic space X. We say that a smooth metric
‖ · ‖ on L is plurisubharmonic if for each local invertible section s the function − log ‖s‖
is a plurisubharmonic function.
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We have a distance on the space of continuous metrics on L: For two metrics ‖ · ‖, ‖ · ‖′
we define

d(‖ · ‖, ‖ · ‖′) = sup
x∈X
|log ‖s(x)‖ − log ‖s(x)‖′|

where s 6= 0 is any rational section of L.

Similarly we say that a metric ‖·‖ is psh-approximable if it is the uniform limit of smooth
psh-metrics with respect to d. We say it is approximable if there exist metrics ‖ · ‖1, ‖ · ‖2

on line bundles L1 and L2 respectively such that

(L, ‖ · ‖) = (L1, ‖ · ‖1)⊗ (L2, ‖ · ‖2)−1,

where ‖ · ‖1 and ‖ · ‖2 are psh-appriximable metrics. 1

Assume that ‖ · ‖ is a smooth metric on the line bundle L. We can define the first
Chern form c1(L, ‖ · ‖) as follows: Pick a point x and a section s which is invertible in a
neighbourhood U of x. Then we set

c1(L, ‖ · ‖)|U = d′d′′(− log ‖s‖).
This glues together to a smooth form c1(L, ‖ · ‖) on the whole of X.

Remark 5.1.10
Let X be a proper K-analytic space of pure dimension d. If ω ∈ Ad,d(X) is a smooth
form then there exists a unique Radon measure µ on X such that for every function
f ∈ A0,0(X) we have

∫
fdµ =

∫
f · ω.

Proof. See [CLD12, 5.4.6]. �

Proposition 5.1.11
Let L1, . . . , Ld be line bundles on a proper K-analytic space X of dimension d. Assume
that for every i ∈ {1, . . . , d} the line bundle Li carries the metric ‖·‖i which is the uniform
limit of a family of smooth psh metrics (‖ · ‖in)n∈N. Then the sequence of Radon measures

(c1(L1, ‖ · ‖1n) ∧ . . . ∧ c1(Ld, ‖ · ‖dn))n∈N

converges weakly. We denote by

c1(L1, ‖ · ‖1) ∧ . . . ∧ c1(Ld, ‖ · ‖d)
the limit. This is a Radon measure which we will call Monge–Ampère measure.

Proof. Let (Uj)j∈J be an open cover of X which admits invertible sections sij of Li
on Uj for all i and j. By compactness of X we can choose J finite. Now by [CLD12,
5.6.5] there for each j ∈ J there exists a unique measure

d′d′′(− log ‖s1j‖1) ∧ . . . ∧ d′d′′(− log ‖sdj‖d)
such that if f : Uj → R is a smooth function with compact support then∫

Uj

f · d′d′′(− log ‖s1j‖1) ∧ . . . ∧ d′d′′(− log ‖sdj‖d) =

lim
n→∞

∫
Uj

f · d′d′′(− log ‖s1j‖1n) ∧ . . . ∧ d′d′′(− log ‖sdj‖dn).

As − log ‖sij ⊗ s−1
il ‖i equals − log |h| for some invertible function h on Uj ∩Ul for all i, j, l

the form

d′d′′(− log ‖sij‖)− d′d′′(− log ‖sil‖)
1The definition of approximable metrics has been completed on request of the reviewers.
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vanishes on Uj ∩ Ul. Hence

d′d′′(− log ‖s1j‖1) ∧ . . . ∧ d′d′′(− log ‖sdj‖d)
glues together to a well-defined measure

c1(L1, ‖ · ‖1) ∧ . . . ∧ c1(Ld, ‖ · ‖d).

We want to show the statement about weak convergence. We choose a partition of
unity (λj)j∈J subordinated to the cover. Let f be an arbitrary smooth function on X.
Then λjf has compact support inside Uj and by construction we have∫

X

f · c1(L1, ‖ · ‖1) ∧ . . . ∧ c1(Ld, ‖ · ‖d) =∑
j

∫
Uj

λjf · d′d′′(− log ‖s1j‖) ∧ . . . ∧ d′d′′(− log ‖sdj‖) =

∑
j

lim
n→∞

∫
Uj

λjf · d′d′′(− log ‖s1j‖1n) ∧ . . . ∧ d′d′′(− log ‖sdj‖dn) =

lim
n→∞

∫
X

f · c1(L1, ‖ · ‖1n) ∧ . . . ∧ c1(Ld, ‖ · ‖dn)

hence the weak convergence. �

The following theorem connects Chambert-Loir measures (cf. Def. 4.1.4) and Monge–
Ampère measures.

Theorem 5.1.12
2 Let X be a projective variety over K of dimension d ≥ 0. Let L1, . . . , Ld be formally
metrised line bundles. Then

(i) The metrics on Li are approximable.
(ii) The Monge–Ampère measure coincides with the Chambert-Loir measure.

Proof. Assertion (i) is [CLD12, 6.3.5]. [CLD12, Thm. 6.9.3] shows that the mea-
sure conincides with the measure defined in [CL06, Def. 2.4] and [Gub07, Prop. 3.11]
in turn shows that this in fact coincides with our definition of Chambert-Loir-measure,
so (ii) follows. �

5.2. PSH-Metrics and Monge–Ampère Measures

We will assume that K is a field which is complete with respect to a non-trivial, non-
Archimedean absolute value. Denote by K◦ its valuation ring. We will prove the following
assertion connecting semipositive algebraic metrics with psh metrics.

Proposition 5.2.1
Let X be a projective variety of dimension d over K and L be an ample line bundle on
X. Let ‖ · ‖ be a metric on L and assume that there exists a family of projective models
(Xn)n∈N and semipositive line bundles Ln on each Xn such that ‖ · ‖Ln → ‖·‖ for n→∞.
Then ‖ · ‖ is globally psh-approximable.

Proof. By Prop. C.5 each ‖·‖n is the limit of model metrics induced by ample models
Lns. By [CLD12, Prop. 6.3.2] every ‖ · ‖Lns is the limit of smooth psh metrics ‖ · ‖nsl, as
the pull-back of smooth psh metrics is smooth psh again using [CLD12, 3.1.7].

2The statement of Theorem 5.1.12 has been changed on request of the reviewers.
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Fix n, k ∈ N. We pass to a subsequence (‖ · ‖nsl)l∈N such that d(‖ · ‖Lnsl , ‖ · ‖ns) < 1
l
.

Now fix n ∈ N. We pass to a subsequence (‖ · ‖Lns)s∈N such that d(‖ · ‖Lns , ‖ · ‖n) < 1
s
.

Then we pass to a subsequence to achieve that d(‖ · ‖Ln , ‖ · ‖) < 1/n. Now the diagonal
sequence (‖ · ‖nnn‖)n∈N satisfies d(‖ · ‖nnn, ‖ · ‖) < 3/n. We have found a sequence ‖ · ‖n
which converges uniformly to ‖ · ‖, hence the claim. �

Let L1, . . . , Ld be ample3 line bundles on X. For each i ∈ {1, . . . , d} let ‖ · ‖i be a
semipositive metric and assume that each ‖·‖i is the limit of a series of vertically nef model
metrics (‖ · ‖Lim)m∈N coming from projective models of X. We can define the associated
Chambert-Loir measure µCL (Def. 4.1.4). By Prop. 5.2.1 each ‖ · ‖i is a psh approximable
metric and we can define the Monge–Ampère measure µMA.

Theorem 5.2.2
We have the equality of measures µMA = µCL.

Proof. As both measures are Radon measures on Xan by [CLD12, Prop. 5.4.6] and
[Gub07, 3.12] we can achieve the equality by showing that for every continuous function
f : Xan → R the equality ∫

fdµMA =

∫
fdµCL

holds. As every continuous function is the uniform limit of smooth functions by [CLD12,
Prop. 5.4.6] it suffices to restrict to smooth functions f : Xan → R.

Fix a smooth function f : Xan → R. For every i ∈ {1, . . . , d} we assumed that
‖ · ‖i is the uniform limit of a series of model metrics (‖ · ‖Lim)m∈N. We denote for each
m ∈ N by µCL

m the Chambert-Loir measure associated to the model metrics ‖ · ‖Lim for
i ∈ {1, . . . , d}. Then by [Gub07, Prop. 3.12] we have weak convergence of measures
µCL
m → µCL for m→∞. For each i ∈ {1, . . . , d} we pass to a subsequence of (‖ · ‖Lim)m∈N

to achieve ∣∣∣∣∫ fdµCL
m −

∫
fdµCL

∣∣∣∣ < 1

m

and d(‖ · ‖Lim , ‖ · ‖i) < 1
m

. Now by Prop. 5.2.1 each ‖ · ‖Lim is the limit of a series of
smooth psh metrics (‖ · ‖iml)l∈N. We denote by µMA

ml the corresponding Monge–Ampère
measures. By Thm. 5.1.11 for each m ∈ N the sequence of real numbers (

∫
fdµMA

ml )l∈N
converges and from Thm. 5.1.12 it follows that for each m the limit is

∫
fdµCL

m . For each
l ∈ N we pass to a subsequence of (‖ · ‖iml)l∈N such that∣∣∣∣∫ fdµCL

m −
∫
fdµMA

ml

∣∣∣∣ < 1

l

and

d(‖ · ‖iml, ‖ · ‖im) <
1

l

holds after renumbering the sequence for all i ∈ {1, . . . , d}.
Now in particular we have

d(‖ · ‖inn, ‖ · ‖i) <
2

n

3The hypothesis ”ample“ has been added on request of the reviewers.
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for all n ≥ 1. Using Prop. 5.1.11 we can pass to a subsequence of (‖ · ‖inn)n∈N such that∣∣∣∣∫ fdµMA
nn −

∫
fdµMA

∣∣∣∣ < 1

n
.

Then for all n ≥ 1 we have∣∣∣∣∫ fdµCL −
∫
fdµMA

∣∣∣∣ ≤ ∣∣∣∣∫ fdµCL −
∫
fdµCL

n

∣∣∣∣+

∣∣∣∣∫ fdµCL
n −

∫
fdµMA

nn

∣∣∣∣+∣∣∣∣∫ fdµMA
nn −

∫
fdµMA

∣∣∣∣ < 3

n

so ∫
fdµCL =

∫
fdµMA

which we wanted to prove. �

5.3. The Canonical Calibration for a Poly-Stable Scheme

Let K be a field which is complete with respect to a non-trivial non-Archimedean
absolute value | · |. Let K◦ be the valuation ring and K◦◦ be the maximal ideal of K◦ and

K̃ = K◦/K◦◦ the residue field. We make the following assumption.

Assumption 5.3.1
Let U be an affine scheme of dimension m + 1 locally of finite presentation over K◦ such
that there exists an étale morphism

ϕ : U→ S(n, p, α) =: S

to a standard poly-stable scheme S associated to tuples n, p, and α (cf. Def. B.1 (i)),
and such that the induced map between the sets of strata ϕ∗ : str(U) → str(S) from cf.
Def. B.1 (iv) is an isomorphism. We denote by fij the pull-backs of the functions Tij on S
to OU(U). We set n =

∑
pi. By projection to the first pi−1 factors for each i ∈ {1, . . . , r}

we get an analytic map to the analytification of a split torus

ψ : Ŝan → Gn−r,an
m =: T an.

We set t := (ψ◦ ϕ̂an)trop and S := t(Ûan). We will identify T an
trop with Rn−r in the canonical

way.

Our aim is to describe the tropicalisation S.

Theorem 5.3.2
(i) The set S ⊂ Rn−r is given by

S = (− log |α1| · |∆p1−1|)× . . .× (− log |αr| · |∆pr−1|),

where for m ≥ 1 the space |∆m| is given by{
(x1, . . . , xm) ∈ [0, 1]m

∣∣∣∣∣
m∑
i=1

xi ≤ 1

}
.

(ii) The restriction of the map (ψ ◦ ϕ̂an)trop to S(U) is a homeomorphism onto its
image: It is the homeomorphism between S(U) and |R(U)| from Thm. B.6 (v).

(iii) If S(U) is m-dimensional the image of the relative Berkovich boundary ∂(Ûan/M (K))
under t is contained in the topological boundary of S in Rn−r.
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(iv) Assume that K̃ is algebraically closed and assume that S(U) is m-dimensional.
For each factor Rpi−1 of T an

trop for i ∈ {1, . . . , r} we denote by eil the l-th element
of the standard basis for l ∈ {1, . . . , pi − 1}. We consider the polyhedral decom-
position D of S containing only S itself and its proper faces. Then the canonical
calibration (cf. Def. 5.1.7) of D is given by assigning to S the class of(

(e11, . . . , er,pr−1), e11 ∧ . . . ∧ er,pr−1

)
∈
∣∣∣∧n−r

Rn−r
∣∣∣ .

Proof. By construction the map (ψ ◦ ϕ̂an)trop is given by mapping x ∈ Ûan to

(− log |f1,1(x)|, . . . ,− log |f1,p1−1(x)|, . . . ,− log |fr,1(x)|, . . . ,− log |fr,pr−1(x)|) ∈ Rn−p.
(5.3.1)

We consider the map from Ûan to |∆|p1−1 × . . . × |∆pr−1| which is given by assigning
to x the point

(− log |f1,1(x)|/− log |α1|, . . . ,− log |f1,p1(x)|/− log |α1|, . . . ,
− log |fr,1(x)|/− log |αr|, . . . ,− log |fr,pr(x)|/− log |αr|).

By Thm. B.6 (v), under our assumptions if we restrict this map to the skeleton of Ûan

associated to U, then it becomes a homeomorphism onto its image. From this it follows
that (5.3.1) is a homeomorphism onto its image, and hence (i) and (ii) follow.

We prove (iii): First we assume ϕ = id, hence fij = Tij. This hypothesis will be
removed in the final step of the proof. The topological boundary of S in Rn−r is given by

∂S =

{
(x11, . . . , xr,pr−1) ∈ [0,− log |α1|]p1−1 × . . .× [0,− log |αr|]pr−1

∣∣∣
∀i :

pi−1∑
j=1

xij ≤ − log |αi| ∧

(
∃l :

pl−1∑
m=1

xlm = − log |αl| ∨ ∃l∃m : xml = 0

)}
.

Let x ∈ ∂(Ûan/M (K)) be a point in the boundary. If S(U) is m-dimensional, then the
unique maximal stratum of the special fibre of U is a point. Hence, V (Tij)ij is a point

in the special fibre. Let π : Ûan → Us be the reduction map. By Prop. D.3 the set

Int(Ûan/M (K)) is given by the preimage of the set of closed points of Us under π and by
[Ber90, Lem. 2.4.1] we have

π−1(V ((Tij)ij)) =
⋂
i,j

{
y ∈ Ûan

∣∣∣ |Tij(y)| < 1
}
⊂ Int(Ûan/M (K)). (5.3.2)

But as x is a point in the boundary, there must be indices i ∈ {1, . . . , r} and j ∈
{1, . . . , ni} = {1, . . . , pi} (recall that S(U) was assumedm-dimensional) such that |Tij(x)| =
1, but this means that − log |Tij(x)| = 0. As

pi∑
l=1

− log |Til(x)| = − log |αi|

we conclude that ψtrop(x) ∈ ∂S holds and hence the claim.

We prove (iv): The polyhedral complex D has only one top-dimensional cell, namely
S. As the dimension of S equals n − r, we can choose q = σ = id using the no-
tation from Def. 5.1.7. By (iii) we have empty intersection of the interior of S with

(ψ ◦ ϕ̂an)trop(∂(Ûan/M (K))), so we need not pass to a subdivision of D . We denote by
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T an
sq the topological skeleton of T an (cf. Def. 5.1.2 (ii)). The natural map χ : T an

sq → Rn−p

is a homeomorphism by [CLD12, 2.2.5]. We denote by Int(S) the topological interior of
S in Rn−p. By [CLD12, §2.4] (ψ ◦ ϕ̂an) is finite and flat of some constant degree d ≥ 1
over each point of χ−1(Int(S)) (cf. Def. D.2).

We claim that d = 1 holds: We have assumed that S(U) is of dimension m. Hence, the
maximal strata of the special fibres of U and S are each zero-dimensional, hence closed
points z and w. As ψ is an isomorphism onto its image, it suffices to show that for any
point x ∈ ψ−1(χ−1(Int(S))) the degree of ϕ̂an above x is one. By (5.3.2) the reduction
of x will be the point w. The induced map between the residue fields of z and w is

an isomorphism, as K̃ is algebraically closed. Moreover, by assumption, w has only one
preimage under ϕs. By [Ber99, Lemma 4.4] π−1({z}) → π−1({w}) is an isomorphism.
Hence the degree of ϕ̂an is one i.e., d = 1. By construction, the canonical calibration will
be the class of (

(e11, . . . , er,pr−1), e11 ∧ . . . ∧ er,pr−1

)
as desired.

It remains to remove the hypothesis ϕ = id in (iii). From [Ber90, Prop. 2.5.8 iii)] we
see that

ϕ(∂(Ûan/M (K))) ⊂ ϕ(∂(Ûan/Ŝan)) ∪ ∂(Ŝ/M (K))

Let p ∈ ∂(Ûan/Ŝan) and let χp be the associated character and write Ûan = M (B), Ŝan =
M (A). Then by [Ber90, Prop. 2.5.2] B/ ker(χp) is not finite over A/ ker(χϕ−1(p)). In
particular ϕ is not an isomorphism in any neighbourhood of p. But π−1({z})→ π−1({w})
is an isomorphism, hence ϕ(p) /∈ π−1({w}). In particular there must be indices i, j such
that |fij(p)| = 1, which means that t(p) is contained in the boundary of S as we conclude

as in the case ϕ = id. So we see that ϕ(∂(Ûan/M (K))) is contained in ∂(Ŝan/M (K)) or
t(p) is in the boundary of S. Hence we have removed the hypothesis ϕ = id and proved
(iii) in full generality. �

5.4. Functions on the Skeleton and Smooth Functions

We keep Assumption 5.3.1 and make the following observation.

Proposition 5.4.1
Let f : S → R be a smooth function. Then f ◦ t is a smooth function.

Proof. This follows from the description of smooth functions in Rem. 5.1.6. �

This result generalises as follows to stricty poly-stable schemes over K◦.
Theorem 5.4.2
Let B be a quasicompact strictly poly-stable scheme over K◦. Let (Ui)i∈I be a cover by open
subschemes satisfying Assumption 5.3.1. Let f : |R(B)| → R be a continuous function
such that the restriction to each polysimplex |R(Ui)| for i ∈ I is a smooth function. We
define

U = B̂anr(∪i∂(Ûi
an
/M (K))).

Let τ : B̂an → |R(B)| be the retraction map. Then f ◦ τ |U is a smooth function.
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Proof. For each i ∈ I the set ∂(Ûi
an
/M (K)) is closed in Ûi

an
and hence by qua-

sicompactness in B̂an. Now beeing a smooth function is local on B̂an. So it suffices to
show that f ◦ τ |Int(Ûan/M (K)) is smooth. But as τ |Ûan equals t composed with an affine

transformation by Thm. 5.3.2 (ii), this result follows from Prop. 5.4.1. �

5.5. Computation of the Monge–Ampère Measure on X ×k X

Throughout the following section we will be in the situation of Assumption 2.2.1.

Assumption 5.5.1
Let X be a projective regular strictly semi-stable model over k◦ of a smooth, projective,
and geometrically irreducible curve X. In virtue of Prop. B.7 we can find a finite covering
(Ur)r∈T of X satisfying the following conditions:

(i) Each Ur is affine,
(ii) we have maps ϕr : Ur → Sr to standard poly-stable schemes Sr which induce

bijections ϕr,∗ : str(Ur)→ str(Sr),
(iii) if S(Ur) is one dimensional then r 6= u implies S(Ur) 6= S(Uu).

Then X×k◦ X is covered by the family (Ur × Ul)(r,l)∈T 2 , hence is a strictly poly-stable
model of X ×k X. Set T 2 =: J . For each (r, l) = j ∈ J we set Bj = (Ur ×k◦ Ul)K◦ .
We choose an order on the set of irreducible components of the special fibre of X. This
provides us with a simplicial set R(X) and provides us with canonical charts of the self
product of the geometric realisation of the reduction set |R(X)|2 isomorphic to [0, 1]2 and
we have the notions of differentiation and integration of Def. 3.1.4. By Prop. B.5 we can
naturally identify |R(X)|2 with |R(X×k◦ X)| and by Rem. B.8 with |R((X×k◦ X)K◦)|. Let
τ : (X ×k X)an

K → |R((X ×k X)K◦)| be the retraction to |R((X ×k X)K◦)| (cf. Thm. B.4,

B.6) and we denote by tj : B̂j

an
→ |R(Bj)| the restriction of τ to B̂j

an
for j ∈ J . By

Thm. 5.3.2 (ii) tj equals t from Assumption 5.3.1.

Theorem 5.5.2
Let fi be smooth functions on H := |R(X×k◦X)| for each i ∈ {0, 1, 2}. Set P = (X×kX)an

K
and Q = Prτ−1(relbd(R(X)×R(X)) and ∂H = relbd(R(X)×R(X)).

(i) For each i ∈ {0, 1, 2} the functions fi ◦ τ are smooth on Q. In addition we have
the following equality: ∫

Q

(f0 ◦ τ) ∧ d′d′′(f1 ◦ τ) ∧ d′d′′(f2 ◦ τ)

−
∫
∂H

∂yf0∂yf1∂xf2dνx +

∫
∂H

f0∂yf1∂xxf2dνy −
∫
∂H

f0∂yf1∂xyf2dνx

−
∫
∂H

∂xf0∂xf1∂yf2dνy +

∫
∂H

f0∂xf1∂yyf2dνx −
∫
∂H

f0∂xf1∂xyf2dνy =∫
H

∂xf0∂yf1∂xyf2 +

∫
H

∂xyf0∂yf1∂xf2 +

∫
H

∂yf0∂xyf1∂xf2

+

∫
H

∂yf0∂xf1∂xyf2 +

∫
H

∂xyf0∂xf1∂yf2 +

∫
H

∂xf0∂xyf1∂yf2, (5.5.1)

where dνx and dνy denote the x and y components respectively of the surface
outward unit normal of H.
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(ii) Assume that for each i ∈ {0, 1, 2} the function fi ◦ τ is smooth. Then we have∫
P

(f0 ◦ τ) ∧ d′d′′(f1 ◦ τ) ∧ d′d′′(f2 ◦ τ)

=

∫
Q

(f0 ◦ τ) ∧ d′d′′(f1 ◦ τ) ∧ d′d′′(f2 ◦ τ).

Proof. We begin with the proof of (i): By Thm. 5.3.2 (iii), if |R(Bj)| is 2-dimensional

then Q ∩ B̂j

an
is contained in the set U which is defined as the union of all the interiors

{Int(B̂j

an
/M (K))|j ∈ J}. If |R(Bj)| is one or zero dimensional then τ(B̂j

an
) is a one or

zero-dimensional face respectively of a 2-dimensional skeleton |R(Bm)| ∼= [0, 1]2 for some
m by Prop. B.9. So we get Q ⊂ U and clearly Q is open by continuity of τ . In particular
for each i ∈ {0, 1, 2} the function fi ◦ τ is smooth on Q by Thm. 5.4.2. For each j ∈ J
and each i ∈ {0, 1, 2} the function fi is smooth on B̂j

an
by Prop. 5.4.1 and hence

(f0 ◦ τ) ∧ d′d′′(f1 ◦ tj) ∧ d′d′′(f2 ◦ tj)

is a smooth form on B̂j

an
and hence integrable. In particular it is integrable on B̂j

an
∩Q

and as this holds for all j ∈ J the form

ω := (f0 ◦ τ) ∧ d′d′′(f1 ◦ τ) ∧ d′d′′(f2 ◦ τ) ∈ A2,2(Q)

is integrable on Q by finiteness of J .

For each j ∈ J set Qj := Q ∩ B̂j

an
. Note that relint(R(X) × R(X)) is the disjoint

union of the relative interiors of (R(Bj))j∈J . Hence Q is the disjoint union of the family
(Ql)j∈J of open subsets of Q. Using Assumption 5.5.1 iii) which guarantees that the
family (id |Qj)j∈J is a partition of unity we see that

(Qj, Qj, id |Qj)j∈J

is an atlas of integration for ω|Q.

Fix j ∈ J . By Prop. 5.4.1 and the construction of tj we see that ω|Qj is tropical on
Qj and by [CLD12, 3.8.5] we have∫

Qj

ω|Qj =

∫
relint(V )

f0 · d′d′′(f1) ∧ d′d′′(f2)

for V = |R(Bj)|. As all fi are smooth functions on relint(V ) we have∫
relint(V )

f0 · d′d′′(f1) ∧ d′d′′(f2) =

∫
V

f0 · d′d′′(f1) ∧ d′d′′(f2)

as the relative boundary has Lebesgue measure zero. Only the integrals where V is two-
dimensional can be non-zero, because (2, 2)-forms on one-dimensional polyhedra are zero.
So we assume that V is two-dimensional. We canonically identify V with [0, 1]2 and
introduce coordinates x, y.

By Thm. 5.3.2 (iv) the canonical calibration is given by

1 · |x ∧ y|.

Now we can evaluate the integral. For i ∈ {1, 2} we compute

d′d′′fi = ∂xxfid
′x ∧ d′′x+ ∂xyfid

′y ∧ d′′x+ ∂xyfid
′′x ∧ d′′y + ∂yyfid

′y ∧ d′′y
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hence

d′d′′f1 ∧ d′d′′f2 =∂yyf1∂xxf2d
′x ∧ d′′x ∧ d′y ∧ d′′y + ∂xxf1∂yyf2d

′x ∧ d′′x ∧ d′y ∧ d′′y
− ∂xyf1∂xyf2d

′d′′ ∧ d′y ∧ d′′y − ∂xyf1∂xyf2d
′x ∧ d′′x ∧ d′y ∧ d′′y

and so contracting d′x ∧ d′′x ∧ d′y ∧ d′′y by the canonical calibration we get

〈f0 ∧ d′d′′(f1) ∧ d′d′′(f2), |x ∧ y|〉 =

(f0∂xxf1∂yyf2 + f0f0∂yyf1∂xxf2 − f0∂xyf1∂xyf2 − f0∂xyf1∂xyf2) dx ∧ dy, (5.5.2)

hence ∫
Qj

f0 ∧ d′d′′(f1 ◦ tj) ∧ d′d′′(f2 ◦ tj) =∫
V

f0∂xxf1∂yyf2 +

∫
V

f0∂yyf1∂xxf2−∫
V

f0∂xyf1∂xyf2 −
∫
V

f0∂xyf1∂xyf2, (5.5.3)

and the following Lemma 5.5.4 now implies (i) using that by definition of the integral we
have ∫

Q

ω|Q =
∑
j

∫
Qj

ω|Qj .

Now we will prove (ii). Consider a chart B̂j

an
for j ∈ J . Let ∆ be any d-dimensional

polyhedron in |R(Bj)|. By [Gub07, Prop. 5.4] the closed domain U∆ := t−1
j (∆) in B̂j

an

has dimension d. But this means by Thm. 5.1.3 that the tropicalisation of U∆ will be
contained in a d dimensional polyhedron in any tropical chart. So for each tropical chart,
(U∆)trop will be a Lebesgue null-set if d ≤ 1. So we can discard closed sets of the form U∆

for d-dimensional polyhedra ∆ with d ≤ 1 when integrating a (2, 2)-form. In particular we
can discard τ−1(relbd(R(X) × R(X))) when integrating and hence for every β ∈ A2,2(P )
we have ∫

Q

β|Q =

∫
P

β

and the claim follows.

�

Using our results about the computation of local heights on products of curves we get
the following theorem.

Theorem 5.5.3
(i) For each i ∈ {0, 1, 2} the function fi◦τ is approximable in the sense of Def. 5.1.9 (v)

and we have the following equality.∫
P

(f0 ◦ τ) ∧ d′d′′(f1 ◦ τ) ∧ d′d′′(f2 ◦ τ) =∫
H

∂xf0∂yf1∂xyf2 +

∫
H

∂xyf0∂yf1∂xf2 +

∫
H

∂yf0∂xyf1∂xf2

+

∫
H

∂yf0∂xf1∂xyf2 +

∫
H

∂xyf0∂xf1∂yf2 +

∫
H

∂xf0∂xyf1∂yf2. (5.5.4)
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(ii) We have a decomposition ∫
P

(f0 ◦ τ) ∧ d′d′′(f1 ◦ τ) ∧ d′d′′(f2 ◦ τ)

=

∫
Q

(f0 ◦ τ) ∧ d′d′′(f1 ◦ τ) ∧ d′d′′(f2 ◦ τ)

−
∫
∂H

∂yf0∂yf1∂xf2dνx +

∫
∂H

f0∂yf1∂xxf2dνy −
∫
∂H

f0∂yf1∂xyf2dνx

−
∫
∂H

∂xf0∂xf1∂yf2dνy +

∫
∂H

f0∂xf1∂yyf2dνx −
∫
∂H

f0∂xf1∂xyf2dνy.

(iii) Assume that for each i ∈ {0, 1, 2} the function fi ◦ τ is smooth. Then

−
∫
∂H

∂yf0∂yf1∂xf2dνx +

∫
∂H

f0∂yf1∂xxf2dνy −
∫
∂H

f0∂yf1∂xyf2dνx

−
∫
∂H

∂xf0∂xf1∂yf2dνy +

∫
∂H

f0∂xf1∂yyf2dνx −
∫
∂H

f0∂xf1∂xyf2dνy = 0.

Proof. We will prove (i). By Cor. 3.7.4 the arithmetic divisors 0 + fi ◦ τ are DSP
for i ∈ {0, 1, 2}. By Thm. 5.2.2 the left hand side of (5.5.4) is given by the integral∫

(f0 ◦ τ)dµCL of f0 ◦ τ against the Chambert-Loir measure associated to the metrics
‖ ·‖f1◦τ and ‖ ·‖f2◦τ on the trivial line bundle. By Cor. 4.3.2 this integral is precisely given
by the right hand side of (5.5.4).

Now (ii) and (iii) follow formally from Thm. 5.5.2 (i) and Thm. 5.5.2 (ii). �

Lemma 5.5.4
Let f0, f1, f2 be functions on S := [0, 1]2 such that f0 ∈ C2(S) and f1, f2 ∈ C3(S). Then∫

S

f0∂xxf1∂yyf2 +

∫
S

f0∂yyf1∂xxf2 −
∫
S

f0∂xyf1∂xyf2 −
∫
S

f0∂xyf1∂xyf2

=

∫
S

∂xf0∂yf1∂xyf2 +

∫
S

∂xyf0∂yf1∂xf2 +

∫
S

∂yf0∂xyf1∂xf2

+

∫
S

∂yf0∂xf1∂xyf2 +

∫
S

∂xyf0∂xf1∂yf2 +

∫
S

∂xf0∂xyf1∂yf2

−
∫
∂S

∂yf0∂yf1∂xf2dνx +

∫
∂S

f0∂yf1∂xxf2dνy −
∫
∂S

f0∂yf1∂xyf2dνx

−
∫
∂S

∂xf0∂xf1∂yf2dνy +

∫
∂S

f0∂xf1∂yyf2dνx −
∫
∂S

f0∂xf1∂xyf2dνy,

where dνx and dνy denote the x and y components respectively of the surface outward unit
normal of S.

Proof. We will repeatedly use the following integration by parts formula which fol-
lows from Fubini’s theorem and the fundamental theorem of calculus. Let S = [0, 1]2 and
x, y be coordinates. Let f, g be C1(S) functions. Then∫

S

∂xfg = −
∫
S

f∂xg +

∫
∂S

fgdνx.



5.5. COMPUTATION OF THE MONGE–AMPÈRE MEASURE ON X ×K X 93

We compute ∫
S

f0∂xyf1∂xyf2 = −
∫
S

∂xf0∂yf1∂xyf2

−
∫
S

f0∂yf1∂xxyf2 +

∫
∂S

f0∂yf1∂xyf2dνx (5.5.5)

using integration by parts. Furthermore,∫
S

f0∂yf1∂xxyf2 = −
∫
S

∂yf0∂xxf2∂yf1

−
∫
S

f0∂yyf1∂xxf2 +

∫
∂S

f0∂yf1∂xxf2dνy (5.5.6)

again using integration by parts and∫
∂yf0∂yf1∂xxf2 = −

∫
∂xyf0∂yf1∂xf2

−
∫
∂yf0∂xf2∂xyf1 +

∫
∂S

∂yf0∂yf1∂xf2dνx. (5.5.7)

Putting (5.5.6), (5.5.7) in (5.5.5) we get

−
∫
f0∂xyf1∂xyf2 =

∫
∂xf0∂yf1∂xyf2 +

∫
∂xyf0∂yf1∂xf2

+

∫
∂yf0∂xyf1∂xf2 −

∫
∂S

∂yf0∂yf1∂xf2dνx.−
∫
f0∂yyf1∂xxf2

+

∫
∂S

f0∂yf1∂xxf2dνy −
∫
∂S

f0∂yf1∂xyf2dνx (5.5.8)

and by changing the roles of x and y

−
∫
f0∂xyf1∂xyf2 =

∫
∂yf0∂xf1∂xyf2 +

∫
∂xyf0∂xf1∂yf2

+

∫
∂xf0∂xyf1∂yf2 −

∫
∂S

∂xf0∂xf1∂yf2dνy −
∫
f0∂xxf1∂yyf2

+

∫
∂S

f0∂xf1∂yyf2dνx −
∫
∂S

f0∂xf1∂xyf2dνy (5.5.9)

and putting (5.5.8) and (5.5.9) in∫
S

f0∂xxf1∂yyf2 +

∫
S

f0∂yyf1∂xxf2

and ∫
S

f0∂xyf1∂xyf2 −
∫
S

f0∂xyf1∂xyf2
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respectively we get ∫
S

f0∂xxf1∂yyf2 +

∫
S

f0∂yyf1∂xxf2−∫
S

f0∂xyf1∂xyf2 −
∫
S

f0∂xyf1∂xyf2

=∫
S

f0∂xxf1∂yyf2 +

∫
S

f0∂yyf1∂xxf2 +

∫
S

∂xf0∂yf1∂xyf2 +

∫
S

∂xyf0∂yf1∂xf2

+

∫
S

∂yf0∂xyf1∂xf2 −
∫
S

f0∂yyf1∂xxf2 +

∫
S

∂yf0∂xf1∂xyf2

+

∫
S

∂xyf0∂xf1∂yf2 +

∫
S

∂xf0∂xyf1∂yf2 −
∫
S

f0∂yyf1f2∂xx

−
∫
∂S

∂yf0∂yf1∂xf2dνx +

∫
∂S

f0∂yf1∂xxf2dνy −
∫
∂S

f0∂yf1∂xyf2dνx

−
∫
∂S

∂xf0∂xf1∂yf2dνy +

∫
∂S

f0∂xf1∂yyf2dνx −
∫
∂S

f0∂xf1∂xyf2dνy

which equals ∫
∂xf0∂yf1∂xyf2 +

∫
∂xyf0∂yf1∂xf2 +

∫
∂yf0∂xyf1∂xf2

+

∫
∂yf0∂xf1∂xyf2 +

∫
∂xyf0∂xf1∂yf2 +

∫
∂xf0∂xyf1∂yf2

−
∫
∂S

∂yf0∂yf1∂xf2dνx +

∫
∂S

f0∂yf1∂xxf2dνy −
∫
∂S

f0∂yf1∂xyf2dνx

−
∫
∂S

∂xf0∂xf1∂yf2dνy +

∫
∂S

f0∂xf1∂yyf2dνx −
∫
∂S

f0∂xf1∂xyf2dνy

as desired. �



APPENDIX A

Simplicial Sets and Graphs

Let ∆ be the category of the finite sets [n] := {0, . . . , n} with non-decreasing maps
as morphisms. For i ∈ {0, . . . , n} we denote by di : [n − 1] → [n] the face maps which
miss the i-s element of [n] and for i ∈ {0, . . . , n − 1} we denote by si : [n] → [n − 1] the
degeneracy maps which are defined as follows

si(k) =

{
k if k ≤ i

k − 1 if k > i.

A simplicial set is a contravariant functor from ∆ to the category of sets. We denote
by ∆◦E ns the category of simplicial sets with natural transformations as morphisms.
We denote by ∆n:= Hom(·, [n]) the standard n-simplex. Let S be a simplicial set. We
introduce the notation Sn := S([n]) for the set of n-simplices of S. We say a simplex
s ∈ Sn is degenerate if it is in the image of one of the maps si : Sn−1 → Sn. If s is not
degenerate it is called non-denegerate. We define the dimension of S to be

dim(S) = sup{n ∈ N |Sn contains a non-degenerate simplex}.

Proposition A.1
Let C be a small category and P : C → E ns be a contravariant functor to the category of
sets. Then P is the colimit of representable functors.

Proof. Cf. [Awo06, Prop. 8.10]. �

Definition A.2
Using the proposition and by demanding that |∆n| is the standard topological n-simplex
and that the functor |?| commutes with colimits we get the geometric realisation functor
|?| : ∆◦ → Top.

For any natural number n ≥ 1 we define the n-truncated category ∆n as the full sub-
category of ∆ only containing the objects [0], . . . , [n] and we define a n-truncated simplicial
set to be a contravariant functor from ∆n to the category of sets. We define ∆n,◦E ns as
the category of n-truncated simplicial sets. Prop. A.1 applies to n-truncated simplicial
sets as well and we can define a geometric realisation functor |?| : ∆n,◦E ns→ T op. The
inclusion of categories ∆n ↪→ ∆ defines a functor T : ∆◦E ns → ∆n,◦E ns. Moreover, we
get a functor A : ∆n,◦E ns → ∆◦E ns as follows: For an n-truncated simplicial set Y we
set

A(Y )m = colim
k≤n

[m]→[k]

Yk.

In words A(Y )k is the same as Yk for k ≤ n and for k > n and it is filled with degenerate
k-simplices.

Proposition A.3
Let n ≥ 1 be a natural number.
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(i) The functor A is left adjoint to T . The unit of the adjunction is an isomorphism
id→ T ◦ A.

(ii) The restriction of the counit A ◦ T → id of this adjunction to the full subcat-
egory of ∆◦E ns consisting of simplicial sets of dimension of at most n is an
isomorphism.

(iii) We have equality A ◦ |?| = |?| ◦ A.

Proof.

(i) This is proven in [GJ99, Ch. V.1.].
(ii) We want to prove that the counit is an isomorphism when restricted to the category

of simplicial sets of dimension of at most n. To achieve this we show that for each m ≥ 0
and each n-dimensional simplicial set Y the natural map

TA(Y )m → Ym (A.1)

is bijective. We show surjectivity: If m ≤ n then the index category has an initial object,
namely id : [m] → [m], hence the left hand side equals Ym and the map (A.1) is the
identity.

Assume that m > n holds and x be an element of Ym. As Y is at most n-dimensional,
there is a composition of degeneration maps s : [m] → [n] and an n-simplex a such that
s(a) = x. Now the diagram

(TA(Y ))n = Yn //

s

��

Yn

s

��
TA(Y )m // Ym

commutes and the top arrow is the identity by the previous. So x is in the image of
TA(Y )m → Ym as desired.

We show injectivity: Now choose representatives x ∈ (Yk, a) for a : [m] → [k] of an
element z and y ∈ (Yl, b) for a map b : [m]→ [l] of an element w which map to the same
element in Ym under the map (A.1). But this map is induced by a and b respectively and
the mapping of x and y to the same element in Ym is exactly the condition of z and w to
be equal in the colimit. Hence the map (A.1) is injective.

(iii) Equivalences of categories commute with colimits and the respective geometric re-
alisation functors also commute with colimits. As any n-truncated simplicial set is the
colimit of l-simplices for l ≤ n it suffices to show the statement for such simplices. But here
the statement is clear as A ◦ |?| as well as |?| ◦A are the standard topological l-simplices.

�

Definition A.4
(i) A graph consists of the following data:
• a set V of vertices,
• a family E of tuples (a, b) for a, b ∈ V indexed over an index set I, the edges.

(ii) A morphism ϕ : Γ→ Γ′ of two graphs Γ = (V,E) and Γ′ = (V ′, E ′) is given by a map
ψ : V → V ′ such that if (a, b) ∈ E then (ψ(a), ψ(b)) is a member of E ′ or ψ(a) = ψ(b).
We denote by G r the category of graphs.

(iii) We denote by B1 the following graph: It consists of two vertices a, b and one edge
(a, b).

(iv) Every graph can be written as the colimit of its subgraphs isomorphic to B1 and
points. Hence there is a geometric realisation functor |?| which is uniquely determined by
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asking that it associated to B1 the unit interval [0, 1] and that it commutes with colimits
of graphs.

(v) Every graph Γ = (V,E) defines a 1-truncated simplicial set X as follows: We define
X0 as the set of vertices. The set X1 is the index set I of E plus for every v ∈ V an
element ev. We define the face maps d0 and d1 as follows: We require d0((a, b)) = a for an
edge (a, b) and d1((a, b)) = b, and d0(ev) = d1(ev) = v. The degeneracy map s0 is asked
to map every vertex v to the vertex ev. This determines a functor F ′ : G r → ∆1,◦E ns to
the category of simplicial sets. We compose this functor with the functor A from above
and get a functor F : G r → ∆◦E ns.

(vi) A graph is said to be finite if its set of vertices is finite and if the family of edges is
finite.

Proposition A.5
The functor F is an equivalence of categories between the category of graphs and the
category of simplicial sets of dimension at most 1. The diagram of functors

G r //

|?| ""

∆◦E ns

|?|zz
T op

(A.2)

commutes.

Proof. By Prop. A.3 it suffices to show that the functor F ′ to the category of 1-
truncated simplicial sets is an isomorphism. We define an inverse H as follows: Let S
be a 1-truncated simplicial set. Let V be the set of 0-simplices and I be the set of non-
degenerate 1-simplices. Then we define a family E of edges as follows: If k ∈ I then we
set ek = (d0(k), d1(k)). We set E = (ek)k∈I . Then H(S) := (V,E). We immediately get
H ◦ F ′ = id from the construction. It suffices to show the commutativity of the diagram
(A.2) only for the graph B1 and the point graph. But here the statements are immediately
clear. �

Let d ≥ 1 be number and let Γ be any graph without loop edges. We denote by Γd

the d-fold self-product of Γ in the category of simplicial sets and by |Γd| its geometric
realisation. Then |Γd| = |Γ|d. Let e1, . . . , ed be edges of Γ. We consider the edges as
subgraphs of Γ isomorphic to B1. Then there is a canonical isomorphism of the topological
space |e1 × . . . × ed| with [0, 1]d induced by the canonical isomorphisms |ei| ∼= [0, 1] for
i = 1, . . . , d. We have a canonical inclusion map of topological spaces

|e1 × . . .× ed| ↪→ |Γd|. (A.3)

Denote by E the family of edges of Γ. Then we have a family of tuples (Ze, ϕe)e∈Ed
where e ∈ Ed and Ze is a closed topological subspace of |Γd| and ϕe : Ze → [0, 1]d is an
isomorphism of topological spaces: If e = (e1, . . . , ed) then Ze is the image of |e1× . . .×ed|
in |Γd| under the map (A.3) and ϕe is the induced isomorphism Ze → [0, 1]d.

Definition A.6
We call the family (Ze, ϕe)e∈Ed the atlas associated to Γd. For a fixed e we will call the
pair (Ze, ϕe) a chart of the atlas. The sets Ze will be referred to as canonical squares or
just squares.

Definition A.7
Let f : |Γd| → R be a function. Let E be the set of edges of Γ. We consider the atlas
associated to Γd. Let e = (e1, . . . , ed) be an element of Ed. Denote by (Ze, ϕe) the



98 A. SIMPLICIAL SETS AND GRAPHS

corresponding chart. Note that ϕe : Ze → [0, 1]d is an isomorphism. By restriction of f
to (Ze, ϕe) we mean the map f ◦ ϕ−1

e : [0, 1]d → R.

Remark A.8
We want to compute the non-degenerate simplices of ∆[1]d for an integer d ≥ 1. The
category of simplicial sets products and coproducts can be constructed component-wise.
In particular if F,G : ∆◦ → E ns are functors, then (F × G)([n]) = F ([n]) × G([n]). By
[Kol16b, Cor. A 7], we have a canonical isomorphism

∆[1]d ∼= Hom(·, [1]d),

where [1]d is considered as a partially ordered set with respect to the lexicographic order.
Then an n-simplex is non-degenerate on the left hand side, if and only if it corresponds
to a strictly increasing map on the right hand side.

Definition A.9
We give the definition of the subdivision of a simplicial set after Segal ([Seg73, Appendix
1]) which we will call S-subdivision. We denote by sd∆

S : ∆ → ∆ the convariant functor
which is determined by the following properties.

• sd∆
S ([n]) = [2n+ 1],

• if α : [n]→ [m] is a morphism then

sd∆
S (α)(k) =

{
m− α(n− k) if 0 ≤ k ≤ n

α(k − n− 1) +m+ 1 if n+ 1 ≤ k ≤ 2n+ 1.

We define sdS : ∆◦E ns→ ∆◦E ns by S 7→ S ◦ sd∆
S .

Proposition A.10
Denote by sdS(·) the S-subdivision functor. Then

(i) The functor sdS(·) commutes with limits and colimits,
(ii) We have a functorial isomorphism |?| ◦ sdS(·) ∼= |?| which is affine on the sim-

plices of sdS(·).

Proof.

(i) This follows as colimits and limits in the category of simplicial sets can be given
by the rule

(lim
i∈I

Yi)m = lim
i∈I

(Yi)m

and the same holds for colimits.
(ii) This is [Seg73, Prop. A.1].

�

Remark A.11
We will describe the impact of S-subdivision on graphs. More precisely, if F is the
functor from the category of graphs to the category of one-dimensional simplicial sets, we
describe the functor F−1 sdS(F (·)). The graph G := F−1 sdS(FB1) will have three vertices
a, b, c. We demand (a, b) and (c, b) to be the edges of G. The natural homeomorphism
| sdS(B1)| → |I| maps a to 0, b to 1/2, and c to 1. The definition of sdS(B1) and the
isomorphism

| sdS(B1)| → |B1| (A.4)

extends to arbitrary graphs as every graph is the colimit of points and graphs B1.
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a b c

Figure A.1. The S-subdivision of B1.
For details cf. [Ber09, Ex. 5.2.6]

Definition A.12
Let n ≥ 1 be a natural number. We recall the definition of the BHM-subdivision after
[BHM93]. Let r ≥ 1 be an integer. Denote by sd∆

r the functor ∆ → ∆ which is given
by [n] 7→ [(n + 1) · r − 1] on the objects and for every non-decreasing map α : [n] → [m]
given by

sd∆
r (α)(ar + b) = ar + α(b)

for 0 ≤ b < r. Then we define the r-fold subdivision functor sdr(·) : ∆◦E ns→ ∆◦E ns by
S 7→ S ◦ sd∆

r .

Proposition A.13
Denote by sdBHM,r(·) the BHM-subdivision functor for r ≥ 1. Then

(i) The functor sdr(·) commutes with limits and colimits,
(ii) the functor sdr(·) induces a distinguished isomorphism of functors |?| ◦ sdr(·)→
|?| such that for each simplicial set the restriction of this isomorphism to each
simplex of sdr(S) is affine.

Proof.

(i) Cf. [Kol13, Prop. A.21].
(ii) Cf. [BHM93, Lem. 1.1].

�

Remark A.14
We describe the impact of the subdivision operator on graphs which is enough for our
purposes. We first describe the effect on the standard graph B1. The resulting graph
sdr(B1) will have r + 1 vertices v1, . . . vr+1 and we demand (vi, vi+1) to be an edge of
sdr(B1). The natural homeomorphism | sdr(B1)| → |B1| maps vi to i−1

r
∈ [0, 1] for all

i ∈ {1, . . . , n+1}. This description extends to arbitrary graphs as every graph can written
as the colimit of copies of B1 and points and we get a natural homeomorphism

| sdr(Γ)| → |Γ| (A.5)

for every graph Γ.

v1 v2 v3

. . .
vr−1 vr vr+1

Figure A.2. The r-BHM subdivision of B1

Cf. also [Kol13, Beispiel A.22].





APPENDIX B

Skeleta of Poly-Stable Schemes

Let K be a field which is complete with respect to a non-trivial non-Archimedean
absolute value | · |, which is not necessarily discrete. We denote by K◦ the valuation ring

and by K◦◦ the maximal ideal. We set K̃ = K◦/K◦◦. We keep the notations of Ch. 2.

Definition B.1
(i) Let r ≥ 0 be a non-negative number and n = (n1, . . . , nr), p = (p1, . . . , pr) be tuples

of non-negative numbers with pi ≤ ni for all i ∈ {1, . . . , r} and let α = (α1, . . . , αr) be a
tuple of elements from K◦◦r{0}. We define the standard poly-stable scheme S(n, p, α) as

Spec

(
K◦[T11, . . . , T1n1 , . . . , Tr1, . . . , Trnr ]/

(T11···T1p1−α1,...,Tr1···Trpr−αr)

)
.

(ii) A strictly poly-stable scheme is an integral scheme locally of finite presentation over
K◦ such that every point x in the special fibre has a neighbourhood which is étale over
a standard poly-stable scheme S(n, p, α) for suitable parameters n, p, α which depend on
x.

(iii) A morphism of K◦-schemes ϕ : X → Y is called trivially poly-stable if every point
in the special fibre of X possesses a neighbourhood U such that there exists a strictly
poly-stable scheme Z and a commutative diagram

U

ψ ""

ϕ|U // Y

Y× Z

χ

<< ,

where ψ is étale and χ is the projection. We denote by sPsttps the category of strictly
polystable schemes together with trivially poly-stable K◦-morphisms of schemes.

(iv) Let X be a strictly poly-stable scheme. A stratum of the special fibre is an irreducible
component of an intersection

C1 ∩ . . . ∩ Cp
of irreducible components Ci of the special fibre Xs of X. The set of strata of the special
fibre of X defines a partially ordered set str(X) by demanding that for s, t ∈ str(X) we
have s ≤ t if s ⊃ t. Caution: Note the reversed order of the inclusion.

(v) If ϕ : X→ Y is a K◦-morphism between strictly poly-stable schemes then we define
a map ϕ∗ : str(X)→ str(Y) by the rule

s 7→ s.

(vi) We say that a strictly poly-stable scheme X is elementary, if X posses a unique
maximal stratum of the special fibre.

The following proposition is immediate from the definitions.

101



102 B. SKELETA OF POLY-STABLE SCHEMES

Proposition B.2
(i) Let ϕ : X → Y be a trivially poly-stable morphism. Then ϕ is flat in a neigh-

bourhood of the generic point of each irreducible component of the special fibre.
(ii) Let X and Y be strictly poly-stable schemes and let p : X ×K◦ Y → X be the

projection. Then p is trivially poly-stable.

Proposition B.3
Let X be a strictly poly-stable scheme and x ∈ Xs be a point. Then x possesses a neighbour-
hood U which is elementary and admits an étale map ϕ : U→ S to a standard poly-stable
scheme S such that ϕ∗ : str(X)→ str(S) is an isomorphism of partially ordered sets.

Proof. Cf. the remark after [Ber99, Cor. 2.11] to see that every point possesses an
elementary neighbourhood. By definition of strictly poly-stable schemes there is an étale
map ϕ : U→ S to a standard poly-stable scheme S. Deleting all irreducible components
of S which have empty intersection with the image of ϕ yields an open subscheme U′ of S.
This is an open subscheme of a standard poly-stable scheme S′ such that U → U′ → S′

has the desired property. �

Every strictly poly-stable scheme B over K◦ comes with an associated polysimplicial
set R(B) which reflects the combinatorial structure of the special fibre. However, as we
will not make use of this structure, we will only state the properties of the geometric
realisation of R(B).

Theorem B.4
There is a unique functor |R(·)| : sPsttps → T op such that:

(i) If X is an elementary strictly poly-stable scheme étale over a standard poly-stable
scheme S associated to numbers n1, . . . , nr and p1, . . . , pr and the map X → S
induces a bijection of partially ordered set of the sets of strata of the special
fibres. Then

|R(X)| = |∆p1−1| × . . .× |∆pr−1|,

where |∆s| is the topological s-simplex for s ≥ 0.
(ii) For a strictly poly-stable scheme X the space |R(X)| is the direct limit over all
|R(X)| for X as in (i).

Proof. The uniqueness is clear by Prop. B.3. In [Ber99, §3] the functor |R(·)|
is defined as the functor which maps a strictly poly-stable scheme X to the geometric
realisation of the polysimplicial reduction set of X. That this functor indeed satisfies the
desired properties follows from [Ber99, Step. 15 of pf. of Thm. 5.1] and the construction
of |R(·)| for elementary strictly poly-stable schemes (cf. the remark after [Ber99, Cor.
3.7]). �

Proposition B.5

Assume that K̃ is algebraically closed. Then for two strictly poly-stable schemes X and Y
we have a natural isormophism |R(X×K◦ Y| ∼= |R(X)| × |R(Y)|.

Proof. Let B be an arbitrary strictly poly-stable scheme. We consider str(B) as a
category. We denote by N(B) the simplicial nerve of the category str(B). This defines a
functor N(·) from sPsttps to the category of topological spaces. Then by [Ber99, Lemma

3.10] we have an isomorphism of functors |N(·)| ∼= |R(·)|. But as the residue field K̃ is
algebraically closed we have N(X ×K◦ Y) = N(X) × N(Y) and hence |R(X ×K◦ Y)| =
|R(X)| × |R(Y)|. �
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The topological space |R(B)| of a strictly poly-stable scheme B can be realised as a

closed subspace S(B) of B̂an, the skeleton.

Theorem B.6 (Berkovich)

Let X be a strictly poly-stable scheme. Then there is a closed subset S(B) of X̂an, the
skeleton, such that the following holds:

(i) If ϕ : X → Y is a trivially poly-stable morphism of strictly poly-stable schemes,
then ϕ̂an(S(X)) ⊂ S(Y).

(ii) There is a deformation retract τ : X̂an → S(X). If ϕ : X → Y is a trivially
poly-stable morphism of strictly poly-stable schemes then

ϕ̂an ◦ τX = τY ◦ ϕ̂an.

(iii) The formation of the skeleton defines a functor from the category sPsttps to the
category of topological spaces in the natural way.

(iv) The space S(X) is the direct limit over all S(U), where U ⊂ X are open sub-
schemes of X which are elementary and admit a map to a standard poly-stable
scheme S(n, p, α) which induces a bijection of partially ordered sets of the set of
strata of the special fibre.

(v) There is a unique isomorphism of functors

Φ: S(·)→ |R(·)|

enjoying the following property:
Let U be a strictly poly-stable scheme as in Thm. B.6 (iv).
Denote by fij the pull-backs of the functions Tij. Then the isomorphism

S(U)→ |R(U)| = |∆p1−1| × . . .× |∆pr−1|

is given by the map

x 7→(− log |f11(x)|/− log |α1|, . . . ,
− log |f1p1(x)|/− log |α1|,
− log |f21(x)|/− log |α2|, . . . ,
− log |frpr(x)|/− log |αr|).

Proof.

(i) This follows from [Ber99, Thm. 5.2. vii)].
(ii) This follows [Ber99, Thm. 5.2. vii)].
(iii) This follows from (i) and (ii).
(iv) This follows from Step 15 in the proof of [Ber99, Thm. 5.2. vii)].
(v) This follows from Step 1 of the proof of [Ber99, Thm. 5.2. vii)] together with Step

6 a). �

Proposition B.7
Let X be a strictly poly-stable scheme of dimension n + 1. Then there exists a convering
(Ui)i∈I by open subschemes and étale maps maps ϕi : Ui → Si to schemes Si = S(n, p, α)
such that

(i) str(Ui)→ str(Si) is an isomorphism of partially ordered sets,
(ii) If i 6= j and S(Ui) is n-dimensional then S(Ui) 6= S(Uj).

Moreover, if X is projective, we can assume that each member of the family (Ui)i∈I is
affine and that the covering is finite.
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Proof. In virtue of Prop. B.3 we choose a covering (Ui)i∈I of X consisting of elemen-
tary open sets admitting étale maps

ϕi : Ui → Si.

for standard schemes Si = S(ni, pi, ai) and satisfying (i). We can assume that each zero-
dimensional stratum is contained in exactly one Ui. This enforces (ii). By [Liu02, Prop.
3.3.36] every finite set of point is contained in a common affine. So we replace each Ui by
an affine subset containing all generic points of strata of the special fibre of Ui and add
open subsets to the family (Ui)i∈I for points of X not covered by the family. As the zero
dimensional strata are closed points, we can assume that the new members don’t contain
these strata, hence the family (Ui)i∈I still satisfies (ii). �

Remark B.8
Assume that the residue field of K is algebraically closed. Denote by L the completion of

the algebraic closure of K. Then the residue field extension L̃/K̃ is trivial. Hence, arguing
as in Prop. B.5 we get

|R(B)| = |N(B)| = |N(BK◦| = |R(BK◦)|.
Proposition B.9
Let B be a strictly poly-stable scheme. Let U1 → S and U2 → S′ be étale morphisms from
open subschemes of B inducing bijections of the sets of strata. Assume that all generic
points of strata of U1 are contained in U2. Then S(U1) is a face of S(U2).

Proof. Clearly we can assume U1 ⊂ U2 and as U1 → U2 is étale we have a natural
commutative diagram

S(U1) //

��

S(U2)

��
|N(str(U1))| // |N(str(U2))|

by Thm B.6 (v). But |N(str(U1))| is a face of |N(str(U2))| and hence the claim. �

Now assume that k is a field which is complete with respect to a discrete non-trivial
non-Archimedean absolute value | · |. Let π be a uniformiser and set b = |π|−1. Almost
all schemes we will be dealing with will lie in the smaller class of so called regular strictly
semi-stable schemes. This smaller class has the advantage that its members are regular
schemes and have an intersection theory of divisiors with support in the special fibre
which is determined combinatorially.

Definition B.10
(i) A regular strictly semi-stable scheme is a flat integral separated k◦-scheme B of

finite type with the following properties:
• The generic fiber is smooth and geometrically irreducible,
• The special fiber is reduced,
• Every irreducible component of the special fiber Bs is a Cartier divisor on
B,
• The scheme theoretic intersection of any pairwise distinct components

C1, . . . , Cm

of the special fibre is smooth of codimension m in B or empty.
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(ii) A regular strictly semi-stable model of a smooth projective geometrically irre-
ducible variety B is a proper regular strictly semi-stable scheme B with generic
fibre B.

The following characterisation of semi-stability is due to de Jong and Hartl.

Theorem B.11
Let B be a irreducible scheme of finite type over k◦. Then B is regular strictly semi-stable
if and only if

• The generic fibre is smooth,
• The special fibre is reduced,
• Every closed point x of the special fibre has a neighbourhood which is étale over

k◦[x1, . . . , xn]/(x1 · · · xp − π)

for n and p non-negative numbers with p ≤ n possibly depending on x.

Proof. Cf. [DJ96, 2.16],[Har01, Prop. 1.3]. �

Every regular strictly semi-stable scheme is in particular strictly poly-stable. Let B
be a regular strictly semi-stable scheme. We equip the set of irreducible components of
the special fibre with a total order and define the reduction set as in [Kol16b, Def. 2.6]:

Definition B.12
Let X be a regular strictly semistable scheme. Fix an order on the set X

(0)
s of irreducible

components of the special fibre of X. Let β : [n]→ X
(0)
s be a non-decreasing map. We set

[β] = β(0) ∩ . . . ∩ β(n)

and denote by [β](0) the set of irreducible components of [β]. For every f : [n] → [m] in
the simplex category ∆ we define a map fβ : [β](0) → [β◦f ](0) by mapping each irreducible
component C to the irreducible component which contains C. We set

R(X) :=
∐

β∈Hom([n],X
(0)
s )

[β](0)

and for f : [n]→ [m] we set

R(X)(f) :=
∐

β∈Hom([m],X
(0)
s )

fβ.

Then R(X) is a simplicial set.

Note the following fact.

Proposition B.13
Let f : X→ Y be a morphism between regular strictly semi-stable schemes which is flat in
a neighbourhood of the generic point of each irreducible component of the special fibre of
X. Fix an order on the set of irreducible components of Xs and Ys respectively. Assume
that the rule

f∗ = (C 7→ f(C))

for every irreducible component C of the special fibre of X defines a non-decreasing map.
Then f∗ determines a morphism f∗ : R(X)→ R(Y) between the simplicial reduction sets.

Proof. See [Kol13, Prop. 1.17 ii)]. �
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Definition B.14
We denote by sS sttps the following category: Its objects are pairs (X,≤) where X is a
strictly semi-stable scheme and ≤ is an order on the set of irreducible components of the
special fibre. The maps are given by trivially poly-stable maps which respect the order
on the irreducible components of the special fibre. Then X 7→ R(X) defines a functor
R(·), the reduction set functor, from sS sttps to ∆◦E ns in virtue of Prop. B.13. We have
a natural forgetful functor F from sS sttps to sPsttps mapping a pair (X,≤) to X.

Theorem B.15
Let R(·) : sS sttps → ∆◦E ns be the reduction set functor. Then the following is true.

(i) Let B be a regular strictly semi-stable k◦-scheme. The simplical set R(B) is
the direct limit over all R(U) where U are open subschemes of B which are
elementary and such that there exists an étale map to

k◦[x1, . . . , xn]/(x1 · · ·xr − π),

which induces a bijection of the partially ordered sets of strata of the special fibre.
If U is such a subset then R(X) = ∆[p− 1].

(ii) Let F : sS sttps → sPsttps be the forgetful functor. If we denote by |?| the
geometric realisation functor of simplicial sets then

|?| ◦R = |R(·)| ◦ F.

Proof.

(i) This is [Kol13, Prop. 1.18].
(ii) This follows from the first point and the unicity properties of |R(·)|. �

Let B be any regular strictly semi-stable scheme over k◦. We denote by CaDivBs(B)Q
the group of Q-Cartier divisors with support in the special fibre. Let D ∈ CaDivBs(B)Q =
CH0(Bs)Q be a Cartier divisor with support in the special fibre. Then, as the latter group
is free, there is a unique representation

D =
m∑
i=1

qiCi,

where qi ∈ Q and Ci for i = 1, . . . ,m are the irreducible components of the special fibre
of B. The components Ci are naturally identified with points in the geometric realization
|R(B)| of the simplicial set R(B). Requiring fD(Ci) = qi and fD to be affine on each
simplex of R(B) we get a real valued function in the space

Caff
∆,Q(R(B))

of functions on |R(B)| which have values in Q on the vertices of R(B) and are affine on
each simplex. Clearly any such function gives a Cartier divisor with support in the special
fibre. We summarise this in the following proposition:

Proposition B.16
The correspondence

D 7→ fD

is an isomorphism between CaDivBs(B)Q and Caff
∆,Q(R(B)).



APPENDIX C

Algebraic Geometry over Valuation Rings

Let K be field with a non-trivial, non-Archimedean absolute value. Denote by K◦ the

valuation ring, by K◦◦ the maximal ideal of K◦, and by K̃ the residue field. Let X be a
projective variety over K and let X and Y be finitely presented, projective models of X
over K◦.
Proposition C.1
Let ϕ : X → Y be a morphism of models. Then it is a blow-up at a vertical finitely
presented ideal sheaf.

Proof. As Y is separated the morphism ϕ is projective by [DG67, II, Prop. 5.5.5].
The schemes X and Y are defined by finitely generated homogenous ideals I and J in
K◦[T1, . . . , Tn] and K◦[T1, . . . , Tm] respectively. We denote by A the smallest subring of
K◦ which contains all coefficients of I and J . This is a noetherian ring. Then I and J
are by construction defined over A, say by ideals I ′ and J ′. We denote by X′ and Y′ the
subschemes of PnA and PmA defined by I ′ and J ′. Now, locally on each standard affine of
Pm, the map X → Y is given by finitely many polynomials. We adjoin their coefficients
to A. This guarantees that ϕ is defined over A and provides us the following cartesian
diagram of schemes.

X //

��

Y

p

��
X′ // Y′.

(C.1)

Now we have a commutative diagram of function fields

K(Y) // K(X)

K(Y′) //

OO

K(X′)

OO

where by assumption K(Y) → K(X) is an isomorphism. Now, the extension of fields
K(X′)/K(Y′) is generated by finitely many elements f1, . . . , fr. We can think of f1, . . . , fr
as polynomials over K◦ and as K(Y) → K(X) is an isomorphism we can adjoin their
coefficients to A to achieve that the diagram (C.1) is still cartesian and the map X′ → Y′

is birational and projective. Now by [Liu02, Thm. 8.1.24], this means that it is a blow-up
at a closed subscheme Z defined by a finitely generated ideal I. Clearly, X′ ⊗ K = X,
hence X → X′ is dominant as the natural map X′ ⊗ K → X′ ⊗ Q(A) is. By [DG67, IV,
21.4.5], we can pull back Cartier divisors along X → X′. For an effective Cartier divisor
D, the Cartier divisor associated with the scheme theoretic preimage of D coincides with
the pull-back of the Cartier divisor associated to D. Now we can apply the argument of
the proof of [GW10, Prop. 13.91 (2)] to see that X→ Y is the blow-up of Y at p−1(Z),
which is defined by a finitely generated ideal, namely I⊗K◦. �
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Proposition C.2
Let π : X → Y be a blow-up of projective schemes of finite presentation over K◦ at a
finitely presented ideal sheaf I. Denote by O(1) the canonical line bundle of X and let A
be an ample Q-line bundle on Y. Then for m � 0 the line bundle m · π∗A⊗ O(1) is an
ample Q-line bundle.

Proof. This is [Har77, II, Prop. 7.10]. �

Definition C.3
Let X be a model of X. Let L be a Q-line bundle on X. A vertical modification is a Q-line
bundle of the form L⊗ L′ for a Q-line bundle with L′|X = OX .

Proposition C.4
Let X be a projective model of X of finite presentation over K◦ and L be a Q-line bundle.
Assume that L := L|X is an ample Q-line bundle. Let X′ → X be a morphism of projective
models of X. Then there is a blow-up X′′ of X′ at a finitely presented vertical ideal sheaf
such that L extends to an ample Q-line bundle on X′′.

Proof. Let X′′′ be a model of X such that there exists a very ample Q-line bundle
M such that M|X = L. We choose X′′ as the closure of the diagonal map

∆: X ×X → X′′′ × X′.

First, the morphism X′′ → X′′′ is a blow-up at a finitely generated ideal by Prop. C.1.
Hence, by Prop. C.2 a vertical modification of the pull back of M extends is an ample
line bundle on X′′. The morphism X′′ → X′ is projective and birational, hence a vertical
blow-up at a finitely generated ideal. This finishes the proof. �

The next proposition is a generalisation of [BFJ16, Prop. 5.2]:

Proposition C.5
Let L be semipositive Q-line bundle on a projective model of X of finite presentation over
K◦. Assume that L|X is ample. Then for every ε > 0, there exists a Q-line bundle D
which is trivial on the generic fibre such that for each m ≥ 1 the line bundle D⊗m is an
integral line bundle and for each rational section s 6= 0 of D⊗m the inequality

|log ‖s(x)‖D| ≤ εm

holds for all x ∈ Xan and L⊗D is ample. Here ‖ · ‖D is the norm defined in Ch. 4.1.

Proof. The proof is the same as [BFJ16, Prop. 5.2] but with [BFJ16, Cor. 1.5]
replaced by Prop. C.4. �

The following Lemma is [Har77, Ex. II 5.12 b)].

Lemma C.6
Let f : X → Y and g : Y → Z be morphisms of schemes. Let L be a line bundle on
X very ample relative Y and M be a line bundle on Y very ample relative to Z. Then
L ⊗ f ∗M is very ample relative to Z.

Proof. If i : X → Pn×Y and j : Y → Pm×Z are immersions such that L = i∗O(1)
and M = j∗O(1), we have the natural maps

h = X → Pn × Y → Pn × Pm × Z → PN × Z
for N = nm + n + m, where the last arrow is induced by the Segre embedding. Then
L ⊗ f ∗M = h∗O(1) and we have shown our claim. �
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Lemma C.7
Assume that K̃ is algebraically closed. Let Y be a projective scheme over K◦ and D be a
very ample integral divisor. Let p ∈ Ys be a reduced closed point of the special fibre and

let π : Ỹ→ Y be the blow-up of Y in p and E the exceptional divisor. Then 2π∗D−E is
very ample.

Proof. Set L = O(D) and let Ip be the ideal sheaf of p. Let i : Y → PnK◦ be an
embedding such that i∗O(1) ∼= L. By the projection formula, i∗(L

2⊗Ip) = O(2)⊗i∗(IP )
and the sheaves i∗(L

2 ⊗Ip) and L 2 ⊗Ip have the same global sections. Hence we have

reduced to the case X = Pnk◦ and L = O(1). As K̃ is algebraically closed Ip is the

ideal sheaf on Pn
K̃

associated to the homogenous ideal (x0, . . . , xn) of K̃[x0, . . . , xn] after

an K◦-automorphism of PnK◦ by Hilbert’s Nullstellensatz. So Ip ⊗ O(1) is generated by
its global sections. As in the proof of [Har77, Prop. II 7.10 b)] we see that D−E is very
ample relative to π. Furthermore, D is very ample on Y. Hence by Lem. C.6 the Divisor

D + D− E is very ample on Ỹ. �





APPENDIX D

Berkovich Analytic Geometry

Assume that K is a field which is complete with respect to a non-trivial non-Archime-
dean absolute value.

Proposition D.1
Let f : X → Y be finite flat morphism of good K-analytic spaces. Then f∗(OX) is locally
free of finite rank.

Proof. The statement is local on the target, so we can assume Y to be affinoid (by
goodness of Y ). By finiteness X will also be affinoid. By [Ber90, Prop. 3.3.5] f∗(OX) is
coherent and by using the projection formula we see that f∗(OX) is flat. Using the remark
after [Ber90, Cor. 2.3.2] we see that flatness and beeing coherent implies that f∗(OX) is
locally free using [Har77, III, §9, Prop. 9.2 (e)]. �

Definition D.2
Let f : X → Y be a finite flat morphism of connected K-analytic spaces. By Prop. D.1
f∗(OX) is locally free of finite rank which we define to be the degree of f (according to
[Ber93, Rem. 6.3.1 iii)]). Let y ∈ Y be a point. We say that f is finite of degree d
above y if there exists an analytic neighbourhood Z of y in Y such that the induced map
f−1(Z)→ Z is finite of degree d (according to [CLD12, 2.4.2]).

The following proposition is well-known (e.g. [Tem10, Ex. 4.3.2.5]), we state it
anyway due to the lack of a suitable reference. For a map ϕ : A → B of strictly K-affinoid

algebras we denote by ϕ̃ : Ã → B̃ the induced map between the canonical reductions.

Proposition D.3
Let M (A ) be a strictly K-analytic space. Then Int(M (A )/M (K)) is the preimage of

the closed points of Spec(Ã ) under the reduction map.

Proof. We denote by ϕ : M (A ) → M (K) the natural map. Let x be a point in
M (A ) and χx be the corresponding character. Then by [Ber90, Prop. 2.5.2] the point

is an inner point if and only if ϕ̃(Ã ) is integral over K̃ i.e., ϕ̃(Ã ) is a field. But this

happens if and only if ker(χ̃x) is a maximal ideal of Spec(Ã ) that is, the reduction of x
is a closed point. �
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Table of Symbols

B1: Oriented connected standard graph with one edge and two vertices 24, 96
∂(X/Y ): The boundary of a morphism of Berkovich spaces 11
M (B): Berkovich spectrum of an affinoid algebra B 11

B̂an: Berkovich analytic space associated to B̂ 12

B̂: Completion of a k◦-scheme B along the special fibre 12
sdBHM,r(·): r-fold subdivision operator on simplicial sets after Böcksted, Hsiang, Madsen

99
Caff

∆,Q(R(B)): Piecewise affine functions on the reduction set of a regular strictly semi-
stable scheme 106

CHp
Y (B): Chow groups of cycles of codimension p in B with support in Y 30

Ck
2(Γ2): Functions which are Ck on the canonical squares of a product of graphs 15

Ck
∆(Γ2): Functions which are Ck on the canonical 2-simplices of a product of graphs 16

Ck
2,Q(Γ2): Functions which are Ck on the canonical squares of a product of graphs with

rational values on rational points 16
Ck

∆,Q(Γ2): Functions which are Ck on the canonical 2-simplices of a product of graphs
where the partial derivatives up the k-th order exist, are continuous, and attain
rational values on rational points 16

c1(L1, ‖ · ‖1) ∧ . . . ∧ c1(Ld, ‖ · ‖d): Chambert-Loir measure associated to metrised line bun-
dles 69

convhull(Z): Convex hull of a subset Z ⊂ Rn 11
∆◦E ns: The category of simplicial sets 95
∆n: Standard n-simplex 95
D(K): Components of the special fibre intersecting the component K diagonally 32
d(g, h): Distance between two D-Green’s functions for a Cartier divisor D 13
|?|: Geometric realisation functor 95
H(K): Components of the special fibre intersecting the component K horizontally 32
Int(X/Y ): The interior of a morphism of Berkovich spaces 11
gX,D′: Model function associated to a Cartier divisor D′ on a model X 5, 13
R(·): reduction set functor for regular strictly semi-stable schemes 106
Zred: The induced reduced subscheme structure of a closed subscheme Z 11
relbd(|Γ|2): Relative boundary of |Γ2| 15
relint(|Γ|2): Relative interior of |Γ2| 15
S(B): skeleton of a strictly poly-stable scheme B 103
sdS: Segal’s subdivision operator on simplicial sets 98
∆n,◦E ns: The category of n-truncated simplicial sets 95
str(X): Partially ordered set of strata of the special fibre of a K◦-scheme 101
‖ · ‖∞: sup-norm of a continuous real valued function on a compact topological space 18
T an

sq : Topological skeleton of the analytification of a split torus 80
val(Γ): The valence of a graph Γ 15
V (K): Components of the special fibre intersecting the component K vertically 32
Xan: Berkovich analytic space associated to a seperated k-scheme X of finite type 12

113





Index

Admissible formal scheme, 11
Algebraic torus, 80
Approximable function, 82
Arithmetic divisor, 12
Atlas of integration, 82

Berkovich analytification, 11, 12
Bieri-Groves theorem, 80
Boundary

of morphism of Berkovich spaces, 11
relative, of a product of graphs, 15

Canonical 2-simplices, 15
Canonical calibration

associated to a strictly poly-stable scheme, 86
Canonical calibration of a polyhedral complex,

81
Canonical Charts, 97
Canonical charts, 15
Canonical Squares, 97
CC

CC1, 16
CC2, 16
CC3, 16

CC function on [0, 1]2, 16
CC function on the self-product of a graph, 16
Chern Class, first, 83
Convex Hull, 11

Degeneracy map, 95
Degree map, 31
Degree of a finite flat morphism of Berkovich

spaces, 111
Difference of semipositive=DSP, 13
Differentiable function on a graph, 15
Differential equation

Monge-Ampère, 74
Poisson, 76

DSP metric, 68

Edge, 96

Face map, 95
Finiteness of a morphism over a point, 111
Formal model, 12
Function

approximable, 82
CC, 16

differentiable on a graph, 15
Green’s, 12
plurisubharmonic, 82
smooth, 81

Gauß norm, 80
Graph, 96
Green’s function, 12

Immersion of Schemes, 11
Interior

relative of a product of graphs, 15
Relative of morphisms of Berkovich spaces, 11
Relative, of a Polyhedron, 80

Intersection theory with supports, 30
Irreducibility condition IC, 31

Measure
Chambert-Loir, 69
Monge–Ampère, 83

Metric
approximable, 83
formal, 67
on a line bundle, 67
plurisubharmonic, 82
psh-approximable, 83
root of formal, 67
semipositive, 67

Metric associated to an arithmetic divisor, 70
Metrised pseudo divisor, 67
Model function, 5
Model over k◦, 5, 13
Monge–Ampère measure, 83

order, 11

Plurisubharmonic function, 82
Polyhedral Complex

Calibrated, 80
Relative interior of, 80

Positive form, 82
Projective morphism of schemes, 11

Reduction map, 12
Reduction set of a regular strictly semi-stable

scheme, 106
Restriction of a map on a graph to canonical

chart, 98
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Scheme
regular strictly semi-stable, 104
strictly poly-stable, 101

Semipositive arithmetic divisor, 13
Simplex

degenerate, 95
standard n, 95

Simplicial set, 95
dimension of, 95
Geometric realisation of, 95

Skeleton
of a poly-stable scheme, 103
topological, 80

Smooth function, 81
Standard n-simplex, 95
Standard Assumption

2.2.1, 12
Standard poly-stable scheme, 101
Stratum of the special fibre, 31
Subdivision

BHM, 99
Segal, 18, 98

Superform
on Rn, 79

Tropicalised differential form, 81
Truncated simplicial set, 95

Valence of a graph, 15
Vertex, 96
Vertical modification, 108
Vertical scheme, 11
Vertically numerically effective, 13
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Berkovich. J. Reine Angew. Math., 595:215–235, 2006, http://dx.doi.org/
10.1515/CRELLE.2006.049.

[CLD12] Antoine Chambert-Loir and Antoine Ducros. Formes différentielles réelles et
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